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ABSTRACT

This dissertation presents the development and application of an inherently robust
nonlinear trajectory tracking control design methodology which is based on
linearization along a nominal trajectory. The problem of trajectory tracking is reduced
to two separate control problems. The first is to compute the nominal control signal that
is needed to place a nonlinear system on a desired trajectory. The second problem is
one of stabilizing the nominal trajectory. The primary development of this work is the
development of practical methods for designing error regulators for Linear Time
Varying systems, which allows for the application of trajectory linearization to time
varying trajectories for nonlinear systems. This development is based on a new
Differential Algebraic Spectral Theory. The problem of robust tracking for nonlinear
systems with parametric uncertainty is studied in relation to the Linear Time Varying
spectrum. The control method presented herein constitutes a rather general control
strategy for nonlinear dynamic systems. Design and simulation case studies for some
challenging nonlinear tracking problems are considered. These control problems
include: two academic problems, a pitch autopilot design for a skid-to-turn missile, a
two link robot controller, a four degree of freedom roll-yaw autopilot, and a complete
six degree of freedom Bank-to-turn planar missile autopilot. The simulation results for
these designs show significant improvements in performance and robustness compared

to other current control strategies.
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CHAPTER 1

INTRODUCTION

1.1 - Problem Statement and Background

The problems that will be handled in this work are nonlinear and time-varying (NLTV)
dynamic systems with multiple-inputs and multiple-outputs (MIMO). In general we
will describe the nth order NLTV MIMO systems using

&= f(t.&v)
n = h(t.£,v)

Where £ € R" is an n vector of states; v € R™ is an m vector of external inputs to the
process; 17 € RP is a p vector of outputs of the plant which are directly measurable from
an external sensor; f is a nonlinear vector function which relates the states, inputs. and
time to the state derivatives; and A is a nonlinear vector function which relates the states.
inputs, and time to the measurable outputs. Processes described by governing equations
of this type are also often called non-autonomuos nonlinear. If f and k& are not explicit
functions of time then the system is called Nonlinear time-invariant (NLTI) or
autonomous nonlinear.

All physical systems are actually nonlinear, time varying, and infinite dimensional.
To allow for any design some simplifying assumptions about the model of a system must
be made. Often Linear Time Invariant (LTI) models of a process sufficiently capture the

behavior of a process to allow for a LTI controller that can achieve the desired controlled
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behavior. Finite dimensional linear time invariant controller design is a mature
engineering science so where it can achieve the prespecified output performance
requirements, it is a very valuable tool. However, over time more demanding systems
that can only be poorly handled by LTI controller design methods have arisen and are
becoming more common.

Aerospace control is an important branch of the science which contains some of the
most demanding nonlinear design problems, cf. [11], [17], [27]- The first airplanes did
not have the benefit of modern control (including both techniques and technology). Thus
early aircraft were designed with inherent stability. That is, the center of lift is designed
to be behind the center of gravity to provide pitch stability, and large vertical fins are
used to provide stability to yaw.

By allowing the center of lift to move forward, the aircraft is capable of making
greater pitch maneuvers which are critical to fighter aircraft in the contest for air
superiority. The use of automatic control allowed for aircraft designs which are
inherently unstable and capable of more rapid maneuvers while maintaining flight quality
characteristics and without causing greater demands on the aircraft operator. The
continued desire to increase performance characteristics has led to greater inherent
nonlinearity of aerosystems, viz [6]. Some examples of current areas of research and
technical development that are attempting to realize such performance demands include
moving to non-axisymmetric missile bodies and the use of nontraditional effectors in the
next generation of super-maneuverable aircraft.

All aircraft exhibit time variance from such exogenous states as altitude, time varying
lift coefficients, and changing mass distribution because of fuel loss. Additionally, high
performance aircraft change flight conditions rapidly and lead to greater time variance
and model imprecision. Rapid maneuvers decrease the reliability of the steady state

assumptions on airflow which lead to the imprecision in the aecrodynamic models of the
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vehicle. These facts add to the increasing need for rigorous nonlinear control design
strategies which can handle highly nonlinear and time varying plants.

Traditional axisymmetric missiles use Skid-to-Tumn (STT) autopilots which effect a
maneuver by pitching or yawing. To improve the maneuvering capabilities, research is
being done on developing Bank-to-Turn (BTT) autopilots for non-axisymmetric missile
bodies. These preferred orientation control airframes have a primary lift plane which
gives the missile greater pitch capability. However, the non-axisymmetric design creates
large coupling, especially between sideslip and roll rate and between the roll and yaw
control inputs. Additionally, the primary lift plane allows for high angle of attack
maneuvers which exhibit greater nonlinearity. Thus, the design of BTT autopilots
requires nonlinear controllers that can deal with plants which are highly nonlinear and
highly coupled.

There is also a demand for performance improvement in terms of agility and flight
envelope expansion for manned aircraft. Greater agility allows a pilot to place and
maintain himself in an advantageous position, ie. in a position that threatens his
opponent and in which his foe can not threaten him. High agility maneuvers elicit more
nonlinear behavior as the aircraft rapidly moves through diverse flight conditions limiting
the effectiveness of linear approximations. Flight envelope expansion refers to increasing
the range of sideslip and Angle-of-Attack (AOA) at which the aircraft can safely
function. The flight envelope is normally limited by air intake for propulsion and high
AOA aerodynamic stalls. Envelope expansion is also useful for placing the pilot in an
advantageous threat position. However, the nonlinearity of the aircraft becomes more
prominent.

There are also changes in the airframe that have beneficial effects for the aircraft but
create greater inherent nonlinearity. One consideration is improved stealth. Reasonable
stealth improvements are being incorporated into new designs, even for aircraft not

designed specifically for stealth missions. These modifications improve the detectability
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characteristics of the aircraft but can create undesirable aerodynamic behavior. Tallies
aircraft are also being researched. Removing the vertical tail results in lower radar
signature, reduced weight and drag, and reduced cost and maintenance. It also reduces
stability and creates greater demands on the controller.

Perhaps the greatest new demand on nonlinear airframe control arises from the use of
nontraditional effectors. These novel effectors exhibit highly nonlinear response
characteristics. These effectors include thrust vectoring, reaction control, pneumatic
devices, vortex control, and active flexible structure control. Thrust vectoring creates
yaw or pitch moments by mechanically redirecting the thrust from the jet exhaust. Thrust
vectoring allows for effective control in the expanded flight envelope, i.e. high AOA and
large sideslip. Reaction control uses small jets located around the airframe which can
creative a reactive force such as is used in spacecraft. Reaction control is not dependent
on aerodynamics and is also capable of flight envelope expansion. Pneumatic devices
affect the boundary layer of airflow, and can provide moderate roll, pitch, and yaw
moments. Passive porosity control equalizes pressure gradients across an airfoil. Wing
flexion can also be used to generate control moments. Allowing the wings to be more
flexible can reduce the weight of an aircraft, thereby reducing the cost, and allows for
deformations that improve performance.

The combined use of these new effectors allow for aircraft behavior far beyond
anything presently attainable. Aircraft designs currently being researched incorporate
multiple sets of effectors for each axis of rotation. Thus, in addition to the highly
nonlinear response of the effectors, there is also the added problem of control allocation.
The problem of controller allocation has yet to be adequately addressed and must
incorporate several different factors. First, the control problem for the next generation of
aircraft is what is typically referred to as the over controlled plant. That is, there are more
control inputs than outputs to be controlled. Second, the effectors have different regions

of greater effectiveness. Third, there are considerations outside of the control perspective
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that influence the selection of which effectors are to be used. One such consideration is
stzalth, e.g. optimizing effector allocation to minimize radar signature. Fourth, all
effector allocations must avoid controller saturation which can lead to instability such as
susceptibility to pilot induced oscillations. Finally, the design must allow for time
varying control allocation. This allocation scheme allows for the aircraft to perform in
multiple modes which have been optimized to either minimize fuel consumption,
maximize agility, maximize stealth, minimize wear, et. al.

These more demanding problems have precluded traditional LTI designs and are the
driving force for the development of nonlinear controllers which can provide the higher
agility and expanded flight envelope envisioned for the next generation of super-
maneuverable aircraft and high reliability missiles. This dissertation presents the
application of a new control strategy to the problem of missile autopilot design. These

preliminary results indicate much promise in many of these areas of air vehicle control.

1.2 - Overview of Other Current Noialinear Design
Methods

There are many nonlinear design methods that have recently been proposed and some
have been shown to be able to meet the stringent performance requirements. Among the
most notable are feedback linearization, sliding mode control, neural network control,
Lyapunov-Based Design, and dynamic inversion. Each has its individual strengths and
weaknesses. However, current demanding designs have relied heavily on Gain
Scheduling, which is based on LTI design which has only limited justification.
Obviously, by far the most well studied and developed control strategies are for LTI
systems. This fact creates a powerful incentive to try to generalize LTI controllers to
nonlinear plants. This is the motivation for gain scheduled (GS) controllers. Effective

implementation is contingent upon successfully capturing the plant nonlinearity of the
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plant. This method is very popular in industry especially in aerospace control. Some of
the numerous examples include [29], [53], [71], [79], and [92]. This design technique has
evolved from so called naive gain scheduling into more sophisticated forms but still only
has theoretical validation for slowly varying commands. The greatest justification for
this method is that it has been used successfully to design a large number of practical
controllers. The benefits are obvious. It maintains all the properties of LTI systems
during design. This includes not only classical concepts of modality and frequency, but
also allows for designs that incorporate optimality and robustness. Thus, this method has
been used to generalize H, and u-synthesis design to nonlinear systems.

There are several limitations associated with gain scheduled design, cf. [91]. All of
these arise from the fact that theoretical justification has been provided only for
sufficiently slowly varying systems in which the scheduling variable sufficiently covers
the nonlinearity of the system. First, there has been no development to show that linear
properties of the design such as robustness measures will be carried over into the closed
loop nonlinear system. This can translate to decreased performance but certainly means
that more conservative designs are used to increase stability margins. This means
sacrificing performance. Second, in high performance systems the assumption about
slowness of the system is lost. Thus, the only way to justify performance or even
stability is by substantial simulation. This leads to the third point. Part of the overall
design process involves redesign of individual airframe components. This iterative
redesign of the airframe leads to new plant models for which the controller must be
redesigned. So, each new model requires a tedious redesign of the controller which
includes a thorough simulation justification to validate, and possibly a large number of
design iterations to reach performance requirements in the nonlinear system. This
iterative design can be exacerbated by using robust designs, such as p-synthesis, that are
already iterative in nature, with no guarantee of translating the robustness into the actual

plant.
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Feedback Linearization is a nonlinear design methodology that conceptually is based
on precise cancellation of nonlinearities, and assigning the desired error dynamics. This
is a relatively well explored nonlinear method of control in aerodynamic applications, cf.
[37], and [6]. Here we will only consider the input-output feedback linearization problem
which is more relevant to the output tracking problem under consideration. Perhaps the
greatest benefit of using this method is that the error dynamics are assigned a desired LTI
structure. Thus, classical concepts of mode and frequency response can be considered for
the closed loop system. Additionally, the nominal design provides exponential tracking.
In other words, the tracking error decays exponentially.

However, there are numerous limitations to consider. First, the traditional design
methodology is in effect non-causal as it assumes the availability of not only the desired
output but also r + 1 derivatives, where r is the relative degree. This requires a practical
method of estimating these functions. Second, the method is limited to autonomous
nonlinear systems which are linear in the input, a.ka. affine nonlinear systems. Third,
the design is limited to systems in which the internal dynamics are stable. The problem
of tracking in non-minimum phase systems can however be handled by output
redefinition which can afford approximate trajectory tracking, but does not have a
systematic formulation. Even with stable internal dynamics, theoretical justifications can
only guarantee that the internal states are bounded. Thus, at the least the performance can
become extremely degraded due to internal states, and at worst can depart from the
domain of operation. Finally, stability justification of such designs rely on precise
nonlinearity cancellation. This fact means that model uncertainties lead to unpredictable
behavior. In other words, the robustness of such designs is extremely difficult to analyze
or design for.

Another nonlinear control methodology currently being researched is sliding mode
control, which also has a strong theoretical foundation. Some applications of sliding

mode control to aerospace problems are in [94]-[96], and [57]. Some of the positive
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aspects include LTI error dynamics and a robustness to nonlinear parametric
perturbations. Sliding mode control assigns a desired LTI sliding manifold which can be
achieved in finite time. Thus, modal and bandwidth properties of the error dynamics can
be used in the design. In addition, Sliding mode control uses either a discontinuity or a
smoothed nonlinear approximation to insure robustness with respect to state and input
uncertainties. This robustness is limited only by the bandwidth of the actuators.

Perhaps the most insidious limitation of this method is the high control activity, i.e.
chattering and rapid switching. While this is the source of the robustness of this design, it
limits the applicability. High control activity can lead to actuator saturation, accelerated
aging of mechanical systems, or excitation of unmodeled dynamics. All of these can
cause a degradation of performance, or even possibly loss of stability. A tradeoff can be
made between robustness of performance and control activity by appropriately choosing a
region of smooth controller action. Additionally, the tracking problem is limited by
controller form and internal dynamics just as feedback linearization. Specifically, general
methods are currently available only for tracking autonomous affine nonlinear systems
for minimum phase systems.

Lyapunov-Based design is a broad title which covers any method which seeks to
applies Lyapunov's second method directly to a particular plant. This method
encompasses Lyapunov redesign and backstepping control. One very important benefit
of this method is that it allows the designer to directly design for nonlinear robustness.
Also, these methods allow for a great variety of nonlinear systems including
nonautonomous systems. This broad design class also includes nonminimum phase
plants. Perhaps the greatest benefit of this method is its greater flexibility. This
flexibility allows for the opportunity of the designer to assign whatever stability
properties that are desired and physically feasible for a given nonliear plant, which
includes global, uniform, and exponential stability.
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On the other hand, this same flexibility requires greater effort and consequently
greater design times due to the lack of a fixed design paradigm. Additionally, where a
fixed design structure is applied, such as in Backstepping, the flexibility is lost. Also in
general, LTT concepts such as modality and frequency response are lost. In the face of
perturbations of the nominal model, global properties can be lost. Given a general
nonlinear model, the nonlinear error dynamics about a nominal trajectory can be very
difficult to express directly. This fact contributes to the difficulty in formulating a
trajectory tracking design. Thus, there are currently no general methods for trajectory
tracking, and apparently at best very few specific examples. One notable exception is the
problem of setpoint tracking for which the method of redefining equilibrium points offers
an obvious solution.

Dynamic inversion is another popular nonlinear design methodology with particular
applicability to aerospace applications, viz. [3], [5], [19], [66], [80], [102], and [119].
Generally, this method separates the airframe into fast dynamics (pitch rate, roll rate, and
yaw rate), and slow dynamics (angle of attack, sideslip, and roll angle). The fast states
are used to drive the slow states to their desired values, and the effectors are used to drive
the fast states to their desired values. For the case when the aircraft is over controlled,
Snell [103] has modified the solution by using the fact that the nonlinear input gain is
right invertible.

Dynamic inversion is a popular design that appears to be gaining in popularity as a
method for aircraft control synthesis. Its greatest benefit to designers is that it explicitly
handles the nonlinearity of a plant and allows the nonlinear behavior to be replaced with
linear. This fact means that all of the methods of LTI control can be applied to the
nonlinear problem, including optimization such as Hy,, p-synthesis, or Eigenstructure
assignment for decoupling.

Dynamic inversion shares a severe limitation with feedback linearization. Any

inherent nonlinearity which could improve performance is canceled out. Consider a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



10

hypothetical nonlinear system described by

t=z—2+u

The dynamic inversion control (and also feedback linearization control) that achieves the

linear behavior

is given by

u= -:z:+:z:3

This means that dynamic inversion control has canceled out an inherent stabilizing
nonlinearity of the plant. This nonlinear cancellation could actually reduce the envelope
of stability of a trajectory because canceling useful nonlinearities can lead to actuator
saturation for moderate errors.

Nonlinear robustness analysis is important for dynamic inversion design because of
imprecise nonlinear cancellation, aerodynamic disturbance forces and unmodeled
dynamics arising from model simplifications such as rigidity. However, nonlinear
robustness analysis is very difficult and means any attempt at precise nonlinear
cancellation must be handled very carefully. Attempts at robust assignment of the desired
LTI dynamics may not provide commensurate improvements of the nonlinear system
because of the unmodeled nonlinear effects arising from imprecise cancellation.

One very important limitation for all of these nonlinear techniques is that the design
procedures assume that the states are directly measurable. Even in the case where such
states are directly measurable, the cost for including sensors to measure these states can
be considerable if not prohibitive. As is well known, in general nonlinear systems do not
have the separability principle that linear systems have. So even for exponentially stable
observers and exponentially stable controllers, there is no guarantee of stability for the
closed loop system. More restrictive assumptions can be made which do insure the

stability of an observer based design.
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Each design methodology has unique benefits and detractions which make it more or
less applicable to a particular problem. However, the usefulness of true nonlinear designs
seems to be somewhat limited. It seems that few nonlinear design methods are actually
being used in practice. In cases where LTI controllers are found to be simply incapable
of achieving the desired performance, there is considerable incentive to try these
relatively new methods. While it is true that capable controllers have been designed by
gain scheduling, the design process is made more involved and lengthy and in some cases
may not be sufficient. This may be especially true for the next generation of effectors,
which exhibit such highly nonlinear behavior that linear designs may not be able to take
advantage of them. So, it seems that a true nonlinear design methodology that can retain
some useful properties of each nonlinear controller with sufficient theoretical justification
might be very useful. The design method presented in this paper shows great promise in
realizing this goal by accurately preserving some linearity properties, allowing for rapid

single pass redesign, and taking advantage of the nonlinear nature of plant and effectors.

1.3 - Overview of Proposed Control Method

The genesis of most engineering development in nonlinear system theory is indirectly
based on the original work of Lyapunov, The General Problem of the Stability of
Motion [61]. He developed two distinct methods for assessing the stability of a
trajectory. The first method, also called the indirect, relies on finding explicit or
approximate solutions to the disturbed equations of motion, i.e. the error dynamics
about a nominal trajectory. He used successive linear approximations to find solutions
which converged to solutions of the nonlinear equations. A very famous result of his
first method, is the method of linearization. He used his first method to prove that for a
large class of systems if the first approximation, the linearization, is stable then the

nonlinear equation is stable. The lineairzaiton of a nonlinear system is given by
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= A(t)x + B(t)u (1.1)
y=C(t)z+ D(t)u

where
_9f _of
AN =36l BO=7%,
oh oh
W) =gl., D)= %[g'a

Lyapunov's original theorem on the linearized system is

Theorem 1.1 If the system of differential equations of the first approximation is regular,

and if all the characteristic numbers are positive, then the undisturbed motion is stable.

Linearization is the method that is used in the development of the design strategy
presented herein.

The second method, also called the direct, relies on what has come to be called
Lyapunov functions to justify the stability of a trajectory. This is perhaps the most
common method for proving the stability of a trajectory that most current nonlinear
control strategies use. Additionally, the second method has now been used to justify the
stability of a trajectory of a nonlinear system based on the linearization about the nominal
trajectory.

Application of Lyapunov's Theorem 1.1 to control problems has been very fruitful.
Although he was originally only interested in stability in the sense of boundedness as
applied to the motions of the planets, control scientists have made suitable development
to allow for asymptotic stability which is more critical to engineering problems. His
development on linearization is the justification for all linear control strategies as applied

to nonlinear plants.
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For a given constant output of a particular autonomous nonlinear process, a constant
nominal input can be derived along with a LTI regulator to maintain the desired output.
A natural extension of this method is to generalize this procedure to track a given
trajectory. However, as is well known, when the linearization is applied to a time-
varying trajectory the resulting linearized error dynamics is itself time-varying. Thus, the
linearizaiton can only properly be applied for control synthesis if LTV controllers can be
designed to stabilize a given trajectory.

There are two problems that have prevented the application of the linearization
technique of design for trajectory tracking controllers. The first is the need for a general
method of inversion of nonlinear plants. The inverse plant generates a nominal control
that places the plant on the desired trajectory. The second limitation has been general
techniques for handling LTV systems. LTV stabilization methods are necessary to
stabilize the nominal trajectory. A method for handling LTV system stabilization will be
presented and is based on early work by Floquet [21].

In 1879 Floquet published a little known work on linear differential equations with
analytic coefficients [21]. He first proposed the extension of factorization ‘o the problem
of linear differential equations with complex valued non-constant coefficients. This work
has since been extended to LTV dynamic systems, cf [142], and [136]. This research
along with the developments in LTV transformations by Silverman [97], and Wolovich
[121] has led to practical methods for handling LTV error dynamics.

The first difficulty that has limited the application of linearization to nonlinear
trajectory tracking is the need for an effective method of nonlinear system inversion.
Several researchers have developed techniques for nonlinear inversion, c¢f[33]-[35], [77],
[85], and [100]. Developing a nominal control for any plant is made more difficult by the
fact that a nonlinear inverse of non-minimum phase plants will be unstable. The problem

of finding causal stable inverses is a very difficult area of research which is still very
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active. However, the work in this field is sufficiently mature to allow for application to
many nonlinear control problems.

The intention of this work is to present a design method which uses linearization to
achieve the trajectory tracking control of a nonlinear system. This design method first
applies feasible nonlinear inversion to design a controller which causes the plant to
acquire a desired output trajectory. Second, the method presents a systematic procedure
for the design of a feedback controiler which realizes a LTV error regulator to make the
trajectory exponentially stable. Thus with some mild and reasonable assumptions on the

nonlinear plant which will be stated later, the complete controller achieves exponential

tracking of any desired output.
i
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Figure 1.1 Controller Structure

Practical limitations must be pointed out here. First, to gain access to derivatives of
the desired output trajectory, the desired output must be filtered. This action leads to
bandwidth limitations on the space of output functions which can be tracked. This is a
minor limitation as the output can be made arbitrarily close to the desired output. This
effect can also be used to achieve desired plant behavior, such as avoiding actuator limits
and output rate limits. Second, real systems are modeled with differential equations
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which that only approximately represent the true behavior. Thus, any controller must be
able to maintain stability and performance in the presence of unmodeled and improperly
modeled system behavior.

The problem of robustness with respect to plant uncertainty is a very important
consideration for nonlinear designers. Early simulation results on the trajectory
linearization control seemed to indicate a large amount of inherent robustness in this
control strategy. So this work attempts to investigate and quantify this inherent
robustness to allow for the design of sufficient robustness to controller and plant
parametric uncertainty in trajectory tracking problems. To this end, new results are
presented on the robustness of the control structure to parametric perturbations in terms

of the LTV spectrum.

1.4 - Dissertation Organization

Chapter 1: General background information is presented on the nature of the type of
systems to be controlled and then some of the control methodologies that have been
applied to them. First, the motivation for the control strategy is given. Then, a brief
analysis of the benefits and limitations of some of the most common nonlinear control
strategies are considered. Finally, an overview of the control strategy of the particular
control strategy used is given.

Chapter 2: This chapter presents an overview of LTV differential equations. First
fundamental definitions and results such as existence of solutions are shown. In the
second section LTV concepts of observability and controllability are given. Next, the
background on Differential Algebraic Spectral Theory (DAST) that forms the basis of the
LTV tracking error stabilization is given. The development begins by considering scalar

differential equations and then extends results to vector differential equations.
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Chapter 3: A procedure is presented for the systematic design of a robust nonlinear
tracking controller. Methods for PD-eigenstructure assignment are given and then
methods are given for generating a pseudoinversion for minimum and nonminimum
phase systems based on differential geometric methods.

Chapter 4: This chapter consists of the theoretical basis for the observed inherent
robustness of trajectory linearization. First, the perturbation models are defined. Then
the robustness theories that derive from these models are presented. The robustness of
the Bounded-Input Bounded-State (BIBS), and uniform exponential stability with respect
to parametric uncertainty in LTV systems is stated in terms of the PD-spectrum. These
results are then extended to the nonlinear robustness question of trajectory tracking.
Finally, the question of the unavailability of states is addressed by considering LTV
observers. The observer based PD-spectrum assignment tracking of trajectories is shown
to be exponentially stable under certain mild conditions.

Chapter 5: The usefulness of the trajectory linearization control strategy is illustrated
by applying this procedure to several nonlinear control problems, where simulation
results are offered for each. First, two academic problems are studied that illustrate the
unusual capabilities of this new method versus other design methods. Second, a straight
forward design of a two link robot arm is implemented and simulated. This design
procedure can be generalized to similar systems derived from the Lagrange equations of
motion. Third, the design of an AOA trajectory tracking controller is presented for a time
varying pitch axis missile. This design uses a Radial Basis Function (RBF) neural
network to realize the pseudo-inverison of the plant. Next, a controller which can track
arbitrary roll angles while regulating sideslip in a four degree of freedom (4DOF) missile
model is designed and simulated. Finally, a complete 6DOF missile autopilot is designed
and simulated using the trajectory tracking controller for a Bank-To-Turn (BTT) missile.
This design is then compared with a feedback linearization controller and a dynamic

inversion controller.
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Chapter 6: A summary of the main results are presented. Then conclusions are drawn
about the effectiveness of this nonlinear control strategy. Finally, insight gained in this
work is used to speculate on useful future work.

The main contributions of this dissertation include:

1) developing robustness measures based on PD-spectra

2) combining state-of-the-art NL control techniques to accomplish causal, stable
nonlinear pseudo-inversion

3) designing and implementing in simulation LTV stabilizing controllers and observers
based on PD-spectral assignment

4) making practical application of LTV transformations to achieve state feedback
stabilization and realizing time varying system matrices

5) Applying these techniques to the design of demanding control problems
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CHAPTER 2

OVERVIEW OF LTV SYSTEMS

2.1 - Fundamentals of Linear Time Varying System
Theory

LTV systems are common in many engineering problems. Discrete time linear systems,
signal modulators and demodulators, and linearization of nonlinear plants along
trajectories are some very well known origins of LTV systems. The last example is a
very important one that is particularly relevant in this work. Unlike LTI systems,
general analytic techniques for arriving at solutions to LTV ordinary differential
equations do not exist. This fact has limited the development and applicability of LTV
techniques for control.

Before presenting the definition of a LTV system we need to consider the nature of a
time varying matrix. A matrix U (t) = [u;;(t)] represents two separate mappings. First
it represents a mapping from time to a matrix of real numbers which is denoted by
U(-) e CkJ,R™!) where

C*(J,R™) = {{a;] : J — R™!| the derivative a{?) exist on J and

al?

;j iscontinuouson J forp=0,1,..., k}

Second, this matrix at any time ¢ represents a mapping from the real space R’ to another
real space R™. This meaning of the matrix is a useful mapping in describing differential

equations and is written U (t).

18
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An axiomatic development of LTV systems can be found in [105]. However, we
shall assume a less formal development more typical of engineering analysis. By a LTV
system defined on the interval J we mean a differential equation of the form

&(t) = A(t)z(t) + B(t)u(t)
y(t) = C(t)=(t) + D(t)u(t) (2.1)

where A(-) € C*%(J,R™*") is called the system matrix, B(-) € C*}(J,R™™) is
called the input matrix, C(-) € C* !(J,RP*") is called the output matrix,
D(-) e C(J,RP*™) is called the direct feedthrough matrix, z(t) € R" is the vector of n
states at time ¢, u(t) is the vector of m inputs, and y(2) is the vector of p outputs. Note
that all matrices are assumed to be bounded even on open intervals. This assumption
simplifies analysis and is common in engineering analysis, cf. [14], [48], [82], [109],
[122], et al.
Note that as a special case of (2.1) some scalar LTV systems are defined by

y™(t) + ar(t)y™E) + ... + aa(®y(t) = Bou™(t) + ... Ba(t)u(t)  (22)

where y(t) is the output, r(t) is the input and y(*)(t) denotes the zth derivative of y(t)
with respect to time. D'Angelo presents a method for a state-space realization of this

scalar equation, viz. [14] p.22. These scalar systems have state space realizations of the

form
z(t) = A(t)z(t) + b(t)u(t)
y(t) = cz(t) + bo(t)ult) (2.3)
where
[0 1 0 0 ]
0 0 1 .- 0
A(t) = : : : .. : (2.3a)
0 0 0 .o 1
. an(t) - an-l(t) - C211—2(t) o - al(t) 4
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bi(t)
b(t) = | 2 (2.3b)
ba(t)
bo(t) = Bo(2) (2.3¢)
B A (n+k—i d*b;(t)
bi(t)—ﬂi(t)—;;o( A )a,-.j_k(t)Tt’,c— (2.3d)
ct)=[1 0 --- 0 0] (2.3¢)

Any system matrix of the form of (2.2) is said to be in the companion canonical form. Of
particular note, SISO phase variable form is a realization as above with a system matrix
in companion canonical form and with input matrix such that b,(t) =1, and b;(t) =0
Vi # n.

We will make some further practical assumptions about the type of plants that will be
considered. By relative degree we take the standard definition. The relative degree of a
MIMO system is a vector, in which the ith element of the vector is equal to the number of
times the ith output must be differentiated to be an explicit function of the inputs.
Throughout, we shall only consider LTV systems with relative degree greater than zero,
or equivalently that D(f) = 0. This assumption simplifies much of the analysis and is
reasonable as it is consistent with the high frequency attenuation of physical plants.

The following definitions are useful in the expression of nonhomogenous, also called
forced, solutions to (2.2). To allow the development of the non homogenous solution of

x = A(t)z + h(t) (2.4)

we must first consider the homogenous solution of the state equation

& = A(t)z. 2.5)
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Definition 2.1 An n x n matrix X(¢) is a matrix solution of (2.5) if each column of
X(t) satisfies (2.5).

Definition 2.2 A fundamental matrix solution of (2.5) is an n x n matrix solution X(¢)
such that detX (¢) # O.

The importance of a fundamental matrix solution of (2.5) is that it consists of n
linearly independent solutions for (2.5). Thus, these n independent solutions form a
solution basis for (2.5). The fundamental matrix leads to a general solution of (2.5) given
by

z(t) = X(t)[ X Y m)=(r) + /tX'l(s)h(s)ds]

which is called the variation of constants formula for (2.5). This formula leads to another

useful definition.
Definition 2.3 A state transition matrix of (2.5) is the n x n matrix
®(t, to) = X ()X (to)

The state transition has also been called the matrizant, the principal fundamental
matrix, the normalized fundamental matrix, and the characteristic matrix. In [14], it is

verified that the state transition matrix has the following properties :

¢y (t,t) = I.
) o(t, 1) = B(t, £)P(y, 7).
€)) o7l(t, 7) = B(7,1)
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This definition leads to solutions of (2.5) in the form of

z(t) = O(t, to)=(to) + /t:@(t, T)h(T)dT

which for quiescent systems, i.e. z(tg) = 0, yields the superposition integral

z(t) = A t‘b(t, TYh(T)dT.

Thus, equation (2.1) is linear with respect to inputs only when the system is quiescent.
Although general solutions do not exist, useful characterizations of the stability of
(2.1) can be given in terms of the state transition matrix. The following theorem is from

page 3 of [109].

Theorem 2.1 State Transition matrix characterization of stability: The equilibrium

pointz, =00f(2.5).,t>t>0,is

1. stable iff sup;>¢, [| (2, to)|| := c(to) < oo.

2. asymptotically stable iff lim, ... ||®(t, to)|| = 0.

3. uniformly stable iff supy,>oc(to) = Supe,>0SuPe>, || (L, to)ll :==c < o

4. uniformly asymptotically stable and uniformly exponentially stable (u.e.s) iff there exist
constants k,a > 0 such that ||®(t, to)|| < kexp[ — a(t — to)], Yt = to, Vio > 0.

for any finite initial conditions (o).
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The following definitions and results come from [31]. Another important definition

for LTV systems is the Wronskian matrix associated with (2.2).

Definition 2.4 The Wronskian matrix is an n X n matrix

é1 ¢ - bn
W(b..da)=| 8 0 o
5"'_1¢1 6n—1¢2 .. 5n_1¢n

where ¢; are solutions of (2.2), and 6 is the derivative operator § = a‘%.
The independence of ¢; are characterized by the Wronskian.

Definition 2.5 The Wronskian A(¢1,...,$,) is the determinant of the Wronskian matrix

W(é15--- s&n)-

Lemma 2.1 If ¢1,...,¢, are n — 1 times continuously differentiable scalar functions on
an interval J, then ¢,,...,¢n are linearly independent on J iff the Wronskian

A(Py,...,0n) is nonzero on J.

There is an important relation between fundamental matrices for vector systems with
system matrix in companion canonical form (2.3a) and the Wronskian matrix for scalar
systems. The scalar system (2.2) is equivalent to the state space realization of (2.3) with
companion canonical system matrix. A fundamental matrix for (2.3) forms a linearly
independent Wronskian matrix for (2.2).

Finally and perhaps most importantly, we come to a justification of the existence and
uniqueness for a solution of the LTV system. The following existence theorem and its

extensions come directly from [122].
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Theorem 2.2 For the linear system represented by (2.5), with A(t) continuous for all
t € (— 00,00), the system has a unique solution z(t; z(to), to) which is defined for all
t € ( — oo, 00) and which passes through x(t,) at t,.

The existence and uniqueness of solutions of (2.5) is especially important in this
development as we shall be considering state feedback regulation of LTV systems and the
closed loop system will be in the form of (2.5). This result has already been well
developed for the general systems in the form of (2.1), viz. [122]. In the case where the
input is continuous, the state vector is continuously differentiable, and the output is
continuous. If the input is piecewise continuous, then the state vector is continuous and
the output is piecewise continuous, or continuous under our assumption that D(t) = 0.
Similarly, the assumptions on A(t) in (2.5) can be relaxed so that it is only required to be
a regulated function of ¢, i.e. has a right and left hand limit at each point. This implies
that a regulated function is continuous a.e. and thus is integrable. Under this assumption,
a unique continuous function z(t; z(to), to) exists that satisfies (2.5) a.e. Additionaily,
characterizations of the state solutions can be related to the output according to the

assumptions on C'(t) and D(t).

2.2 - Definitions of Controllability and Observability

The notions of controllability and observability are more complex for LTV systems than
for LTI systems. The following definitions are useful in capturing the many different
controllability and observability properties for LTV systems as represented by (2.1).
Because concepts of controllability and observability are so complex for LTV systems
and definitions vary according to the author and his particular needs, there are many
different definitions and consequent theorems. The definitions and theorems stated
herein are as used throughout this work and are consistent with many other authors, cf

[14], and [99].
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The first definition captures the most basic meaning of controllability of a LTV
system defined on an infinite interval. A system that is completely controllable on an
interval is a system for which a bounded input exists on the interval that takes the system
from the initial state to any desired final state.

Definition 2.6 A system is said to be completely (state) controllable on the interval
[to.ts], or simply, controllable on [to,t(], if each initial state z(t;) can be transferred to

any final state z(ts) using some bounded control u(t) over the closed interval [to.ty].

Common practice has come to be to use the term controllable in reference to state-
controllability. = We shall also use controllability in this fashion. = Anywhere
controllability is used, it assumed to mean state controllability. Similar definitions for

output controllability have been given in the sources but are unnecessary in the current

work, cf [14].

Definition 2.7 A plant is said to be totally controllable on [to,f;] if it is completely
controllable on every finite subinterval of [¢.¢]; it is said to be totally controllable at £,

if for a given ¢ it is completely controliable on every finite interval [¢o,t ).

Definition 2.8 The controllability matrix is given by

Qc(t) = [B(t),AB(t),---. AF~'B(t)]

where A.(t) is a Vector Polynomial Differential Operator (VPDO) given by

Aty = — A(t) +6

Theorem 2.3 The following are equivalent
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) (1) is completely state-controllable on [to,t]
(i)  Mito,tr) = [ ¢(to, t) B(t)B (£)¢ (to, t)dt is nonsingular

(iii)  The rows of ¢(to,t)B(t) (or, equivalently, the rows of W='(t) B(t), where W(t)
is a fundamental Wronskian matrix) are linearly independent functions of t on some finite
subinterval [t;,t;] of [to.tf].

M (o, t5) is called the controllability gramian of the LTV system. Because general
solutions to LTV systems are typically uncomputable, the controllability gramian is more
useful for LTI systems. The controllability matrix for LTV systems in the form of (2.1)
offers a convenient method for verifying the controllability properties of a system,
without having to find explicit solutions. The following two theorems provide a method
for verifying that a given system is either completely, or totally controllable on an
interval.  Also, uniform complete controllability is a stronger version of total

controllability, and is defined after the theorems.

Theorem 2.4 System (2.1) with A(t), B(t) differentiable n — 2, n — 1 times almost
everywhere on [to,ts] is completely state controllable on [to.ty] if the controllability
matrix Q.(t) has rank n almost everywhere on some finite subinterval.

Theorem 2.5 System (2.1) with A(t), B(t) differentiable n — 2, n — 1 times almost
everywhere on [to,tf] is totally state-controllable iff the controllability matrix Q (t) has

rank n almost everywhere on [to,t5].

Definition 2.9 The system characterized by Eq. (2.1) is said to be uniformly (completely)
controllable on [to,tf] if the controllability matrix Q.(t) has rank n everywhere on {to,¢ f].
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Clearly, if a linear time-invariant system is controllable in either the complete or total

sense, then it is also uniformly controllable.

Uniform complete controllability is a stronger condition than total controllability.
This property will be useful in finding transformations to LTV canonical forms. This
controllability property has also been called instantaneous controllability. This
appellation is appropriate because impulsive functions can be used to achieve any desired
state instantaneously for any system which is uniformly controllable.

Observability in LTV systems is more complex than for LTI systems. Roughly
speaking, an observable system in the form of (2.1) is one in which internal information
about the states can be found from the external signals of the output and input.

Definition 2.10 A system characterized by (2.1) is said to be completely observable on
the interval [to,t] if. for specified ¢, and ¢/, the initial state z(t,) = zqof the system can

be determined from the knowledge of y(t) and u(t) on [to.t5].

Definition 2.11 A system characterized by (2.1) is said to be totally observable on the
interval [to,t] if it is completely observable on every subinterval of (¢t ].

Definition 2.12 The observability matrix Q,(?) is defined by

Q.(t) =[C(t) ALC'(t) ... A™IC(t)]

where A, is the VPDO is given by

Do =A(t)+6
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The observability matrix can be used as the controllability matrix is used to

characterize the observability of a LTV system without finding explicit solutions to (2.1).

Theorem 2.6 The following are equivalent

(i) (2.1) is completely observable on [to,t]

(i)  N(to,tr) = [T (ts, t)C (t)C(t)d(to, t)dt is nonsingular
(iii)  The rows of C(ts)¢(to, t) are linearly independent on [ty,tf|.
(iv)  The following adjoint system is completely state-controllable

&' (t) = — A'(t)z*(t) £ C (t)u(t)

y(t) = F B(t)=(t)

N (tg,t5) is called the observability gramian of the LTV system. Because general
solutions to LTV systems do not exist, the observability gramian is more useful for LTI
systems. Part (iv) of Theorem 2.6 and Theorem 2.7 use what is commonly called the
duality property. The duality property of LTV systems allows one to make statements
about the observability of a system by considering the controllability of the adjoint
system. Similarly, the controllability of a system can be found by studying the
observability of the adjoint system.

Theorem 2.7 The system characterized by (2.1) is totally observable on [to,t;] if and only

if the adjoint system is totally state-controllable on [to,ty].
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Theorem 2.8 The system characterized by (2.1) is totally observable on the interval
[to.ts] if the columns of C(t)¢(to,t) are linearly independent on every subinterval of

[to.ty].

Corollary 2.1 The system characterized by (2.1) is totally observable on the interval

[to.ts] if N(to, tf) is nonsingular on every subinterval of [to.ts].

The following two theorems use the observability matrix to characterize the complete

or total observability of a LTV system.

Theorem 2.9 The system characterized by (2.1) with A(t), C(t) differentiable n — 2,
n — ltimes almost everywhere on [totf] is completely observable on [toty] if the

observability matrix Q,(t) has rank n almost everywhere on some finite subinterval.

Theorem 2.10 The system characterized by (2.1) with A(t), C(t) differentiable n — 2,
n — 1times almost everywhere on [to,t] is totally observable on (to,tf| if and only if the

observability matrix Q,(t) has rank n almost everywhere on [to,ty].

Definition 2.13 The system characterized by (2.1) is said to be uniformly observable on
(0.t /] if the observability matrix Q,(t) has rank n everywhere on [to,t].

Uniform complete observability is a stronger observability condition than total
observability similar to the relation between total and complete controllability. It
amounts to instantaneous observability, i.e. with knowledge of the input and output the
states can be found instantaneously. Uniform observability will be used to construct

transformations of (2.1) to a canonical observability form.
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2.3 - Overview of SPDO's

Now we will consider theoretical characterizations of scalar LTV differential equations
based on Differential Algebraic Spectral Theory (DAST). This material is adapted from
work presented in [128], [129], [130], [136], [137], [142]. Consider a general nth order
scalar unforced LTV differential equation represented by

¥ + an()y™ D + - + 0a(t)y + )y =0 (2.6)
with initial conditions
y(k)(tO) = Yko ’k = 07 17 ey — 1

This equation can be represented using a symbolic operator called a scalar polynomial
differential operator (SPDO)

Dy =5 + an(t)6™ ! + -+~ + aa(t)d + aq(t) 2.7

This system is equivalent to the state space representation of (2.3) with no input and with

system matrix in the companion canonical form A.(t) = comp(a;(t), @a(t), ..., an(t))
[0 1 0 - 0 ]
A =] o0 .- 0 1 O (2.8)
0 e 0 1
| —a(t) —ao(t) - - —aa(?)

The SPDO representation of (2.6) is D,{y} = 0. Brisson originally introduced the
symbolic operator representation of (2.6) in 1808. In 1827, Cauchy used a factorized

symbolic operator
Do = (6 = An)--+(6 — A2)(6 — A1) (2.9)

to represent a linear differential equation with a;(t) = a;. It is well-known that this

subclass, which is the class of LTI systems, enjoys an algebraic spectral theory that
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facilitates analytical solutions, precise stability criteria, frequency domain analysis and
synthesis, and (robust) stabilization control design techniques. However, as is also well-
known, this (time-invariant) algebraic spectral theory does not carry over, in general, to
the time-varying case.
In 1879, Floquet considered a more general factorized symbolic operator
Do = (8 = An(2))---(8 — X2(t)) (8 — Aui(2)). (2-10)

for analytic differential equations in the form of (2.6). In general, the order of the \;(t) is
important due to the loss of commutativity from the time invariant to the time variant
factorization. Floquet showed that for coefficients with Laurent expansions, there was a
factorization which could be expressed in terms of another Laurent expansion. These
results have since been extended to LTV dynamic systems where the coefficients a;(t)
are real valued functions of a real variable t. A well known problem for the factorization
of LTV dynamic systems is that the \;(¢) exhibit finite time singularities for real valued
factorizations. In a revision of [136], necessary and sufficient conditions were
established for the existence of a factorization of the SPDO representation (2.7) of a
general LTV system. The solution is to allow for complex factorizations even for real
valued coefficients a;(t).

Before presenting this existence result, three key terms need to be defined. The
concept of eigenvalues associated with this factorization (2.10) can be generalized to the
time varying case with two entities

Series D-spectrum (SD-spectrum) for D,

{Ak(t) }Z:l

Parallel D-spectrum (PD-spectrum) for D,
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{pe(t) = A k(t) ez

Also, associated with the PD-spectrum {pi(t)}%_, is the Canonical Modal matrix V (t)

given by
1 1 1]
Dm{l} Dpz{l} Dp..{l}
ve)=| Da{t Di{1} - DL{1} Q.11)
-Dgl—.l{l} D;n—.l{l}_j

where D, = (6 + pi), D = D, Dt

D, is said to be a well defined SPDO if the coefficients «; are regulated C*
functions of time, ie. that the coefficients have derivatives of any order except at a
countable number of finite discontinuities. A PD-spectrum is said to be well defined if it
is free of finite time singularities.

With these definitions we can now state the main theorem on existence of a

factorization of the form of (2.10) for general LTV systems (2.6).

Theorem 2.11 Let D, be a well defined nth order SPDO with complex valued

coefficients. Then the following are equivalent:
(i) Da{y} = O has a fundamental set of solutions {yx}}_, such that for each k < n,

Wi = A(yy,.-..yn) € IH(C)

where 1 is a subset of the D-ring of regulated analytic functions for which f(t) = 0 for

some t.

(ii) Dy has a well-defined PD-spectrum {pi(t) }%_, such that for each k < n
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Vi = detV(py, ... pi) € I(C)

(iii) Dq has a well defined SD-spectrum {\¢(t)} -,

An nth-order SPDO D, with locally integrable coefficients has well-defined SD- and
PD-spectrum, where the SD- and PD-eigenvalues are solutions to the SD- and PD-
characteristic equations, if and only if D, can be factored into 1st-order and irreducible
2nd-order SPDOs with locally integrable coefficients. The SD- and PD-eigenvalues are
unique up to the constants of integration.

The Series D-spectrum is so named as there is an obvious realization for (2.6) with an
input u(t) as a series of 1st order systems connected as in figure 2.1, where Ag(t) are in
general complex valued. Similarly, the Parallel D-spectrum has been so named because
(2.6) with complex valued pi(t) can be realized with the parallel conneciton of Ist order
systems as in figure 2.2. Because the complex PD-eigenvalues occur in conjugate pairs,
each conjugate pair p;;.1(t) = 0i(t) £ wi(t) can be realized through the algebraically
similar realization in figure 2.3. These two spectra merge in the LTI case into the well
established eigenvalue spectrum. The system matrix I"(t) for the state space realization
with the output of each Ist order subsystem in figure 2.1 as a state variable is called the

Series Spectral canonical form (SS canonical form) associated with the SD-spectrum.

() 1 0 --- O
0 Af(t) -, :
re=| : - 0 (2.12)
: .1
| 0 - 0 ()]

and the system matrix 7(¢) for the state space realization with the output of each Ist
order subsystem in figure 2.2 taken as a state is called the Parallel Spectral canonical

Jform (PS canonical form) associated with the PD-spectrum
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T(t) = diag [Pl(t), m(t)a S ] pn(t)] (2-13)

where diag[p;(t), p2(t),---, pn(t)] is a (block) diagonal matrix with elements
[P1(2), p2(2), - - -, pn(t)] on the diagonal from left to right.

ut) . . 4 ()
.__.1‘ T —— / -——-—J\z /'———-—— [ — ot 2/,_——‘ / —_—
b S 5 — X —
A ) A (l) =~ A -
Figure 2.1 Series Realization of SPDO
\\{
T -p1(t) -~
uft) — —— N yit)
-y — / ——— 2/’ ————— -
'y - 'y
T 'Pz(t) -~
TN
—= T ——-. /
by —

Figure 2.2 Parallel Realization of SPDO
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o(t) *l
z - !
| |
~ |
u(t) |
| ‘ : 70,
P
L]

i

It

2
>
kX

|

Figure 2.3 Real Coefficient Realization of Complex Conjugate PD-Eigenvalues

The following theorem originally formulated by Floquet, formally details a method
for finding a SPDO factorization when a fundamental set solutions of (2.6) is known.

Theorem 2.12 Let D, be an nth order SPDO operator and let {y;(t)}, be any
Sfundamental set of solutions to Do{y} = 0. Let

()} Y2 Yi
Qu=der| 2
ygi—u yg-n 1_(:'-1)
and
Qo:=1

Then the scalar function \(t) in (2.10) can be written as

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



36

_ Qi(t)
Ai(t) = 6{l°gQ,-_1(t)
In particular,
_ ¥
MO =10

satisfies (2.10) for any solution y(t) to D,{y} = 0.

A useful consequence which illustrates the relation between a PD-spectrum and a
fundamental set is the following corollary from [142].

Corollary 2.2 Let p(t) be any function such that A\,(t) = p(t) satisfies (2.10). Then

y(t) =exp _/ p(t)dt

satisfies Do{y} = 0.

A few technical results from [142] facilitate finding SD- and PD-eigenvalues for the
SPDO (2.7). First, the following Lemma gives a method for realizing an SPDO of order

n from one of order n — 1.

Lemma 2.14 Let Dg be an (n — 1)th order SPDO operator given by

D3 =8""1+ B 18"+ + 326 + Bh

= (6 — An—1)-(6 — A2)(6 — A1),

and let D, be an nth order SPDO operator related to Dg by
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Do = (6—)‘R)Dﬂ
=6+ -+ ad+ay

Then the coefficients a of D, can be obtained from the coefficients 3; of D3 by:

@] [=h 0 - o 0 [&] [4
az 1 A -l : B2 Ba
=10 T : o+ (2.15)
Qp—1 : - . = An 0 Ba-1 Bn—l
| Qn | 0 0 1 —An] L Bn ] Bn )
where (3, == 1.

With this Lemma, we can now define a method to construct an important matrix

P, € F**" recursively by

P =[1},
and
_{ P O
P, = [an_l 1] (2.16)

where the kth element a,—; & in the row vector a,_; is an explicit function of Ay, Aa,---,
An-1 and their appropriate derivatives obtained by repeated applications of (2.15) to
Da, = (6 = Ae)(6 — Ag—1)---(6 — A1)

=6 + a6+ -+ ageb + agy

With these tools, we can now state a general method for solving for the SD-
eigenvalues and the PD-eigenvalues. The following Theorem contains the characteristic

equations which can be used to solved for an SD-spectrum.
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Theorem 2.13 Let D, be an nth order SPDO as in (2.7). Then Ty = { N}, is a SD-
spectrum for D,if and only if i, i = 1,2,---,n, satisfy simultaneously the set of n

nonlinear differential equations A( - ) = 0, each of order n — k, k = 1,2, ---,n, given by

Ar(Ar) Zl 0
As(A, A 2
S I SR el I
Aﬂ(Alr. T Aﬂ) (in 6
where R(\1, -+~ Aa) € F**0+1) s the block matrix consisting of the first n columns of

the (n + 1)th order canonical matrix R (A1, ---, Ap,A) = P} given by (2.16).

Similarly, the PD-spectrum consists of n linearly independent solutions of the
characteristic equation A;(\;). The independence constraint insures that the PD-
spectrum forms a fundamental set for (2.7). However, these are nonlinear equations
which can be solved to find PD- and SD-spectrum for the LTV equations. These
equations exhibit undesirable behavior such as finite escape times. However, theorem
2.11 guarantees the existence of well behaved complex solutions to these characteristic
equations. In effect, the problem of finding fundamental sets which can characterize the
solutions of these LTV equations can be translated into the problem of finding solutions
to n nonlinear differential equations. For control problems, these techniques do provide a
method of synthesizing LTV differential equations from a desired PD-spectrum (or SD-
spectrum) which can achieve time varying characteristics unobtainable by LTI methods.
And in the context of state feedback control problems, this will allow us to create a time
varying state feedback which gives the closed loop plant a desired PD-spectrum.

The Canonical Modal matrix (2.11) mentioned earlier has additional important uses in
describing a PD-spectrum. The first importance of the canonical modal matrix, is in

characterizing a PD-spectrum. This is brought out in the following Theorem.
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Theorem 2.14 Let T, = {pi(t)}:_, be a set of PD-eigenvalues of an nth order SPDO of
Dqo. Then Y, constitutes a PD-spectrum for D, if and only if

detV'(t) #0
where V (t) is the Canonical Modal matrix associated with Y ,.

Another fundamental importance of the Canonical Modal matrix, is that the columns
of the Canonical modal matrix are the column PD-eigenvectors v;(t) of A.(t) which
satisfy

A (t)vi(t) — pilt)vi(t) = Bi(t)
and the rows u;(t) of V ~1(t) are the row PD-eigenvectors of A.(t) which satisfy

uy () Ac(t) — pilt) (8) = —it;

Also, the Canonical modal matrix can be used to characterize a Wronskian matrix W (¢)

for (2.7).

W(t) = V(t)exp / T(t)dt

where T'(t) is the Parallel Spectral canonical form (2.13). Because of the equivalence
between the SPDO representation of (2.7) and the state space realization in Phase variable
canonical form with companion matrix A.(t) and the fact that the PD-eigenvalues form a
fundamental set of solutions, this Wronskian matrix also forms a fundamental matrix for
the state space realization.

The following definition is used in characterizing the exponential stability of LTV

systems in terms of the PD-spectra.
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Definition 2.14 Let 0 : J — R be a locally integrable function on the interval J = [Ty,
o0). The extended mean of o(t) over J is defined by

1 to+T
em (o(t)) =limsup — / o(r)dr
to, tel T—o0,6>T 1 J1g

t
=lim[ sup —l—/a(r)d'r]
T—o Lt>t+T, 62T t —t0 Ji

With the previous definition, the following Theorem formally treats the problem of
characterizing the stability of a LTV differential equation in either the scalar form of (2.6)

or the equivalent state space realization in phase variable canonical form in terms of the

PD-spectra.

Theorem 2.15 Let D, be a well defined nth order scalar polynomial differential

operator

Do = 6™ + aa(t)6™ L + - + ay(t)6 + a1(2)

with a well defined PD-spectrum {pi(t)}r_, in I = [Ty, oc). Let wr(t) and u:(t) be a
column PD-eigenvector and a row PD-eigenvector associated with pi(t) respectively.
Then the null solution to the LTV system D,{y} = 0 is uniformly asymptotically stable
Jor all tg > Ty if and only if

(i) there exists a 0 < ¢ < o0 such that

Re{ em (pk(t))} = - <0
tel

and moreover
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(ii) there exist hy > 0 and O < dy < ¢ such that
“'Uk(t)u:(to)" < hiexpdi(t — to)

Remark Condition (ii) is automatically satisfied if all PD-eigenvalues are of polynomial
order or slower; that is, an integer m > 0 exists such that
im 28 o k=12 - n
tm
t—00
A similar sufficient condition to guarantee exponential stability of a LTV system also
exists based on the extended mean of SD-eigenvalues.
The last Lemma to be presented in this section provides a method of synthesizing a

LTV differential equation in either the phase variable canonical form or as a scalar

differential equation (2.6).

Lemma 22 Let Y,={p(t)}i., be a PD-spectrum for D, and let
Va+1(p1, p2, s Py p) be the (n+ 1) x (n+ 1) modal canonical form obtained by
augmenting with p the modal canonical matrix V,(p1, p2, - -+, pn) associated with Y, as

Sfollows:

Vatr1(P1, 02, -5 pns p) = (V3]

- L -
"n(pl: P2,y pn) P
= DP{P}

| D1} D Yp} DIYp} |

Then the coefficients ai(t) of Do can be obtained by
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— v kn+1
detV;(pl) P2, pn) '

473

where v;; denotes the algebraic cofactor of v;;.

Thus given a desired PD-spectrum, the time varying coefficients «;(f) of the
corresponding SPDO (2.7) can be found. This result will be used in the PD-spectrum

assignment design presented in the sequel.

2.4 - Extension of PD-Spectra to Multi-input Multi-
output systems

The preceding section developed the concepts of PD- and SD-spectra for scalar LTV
systems and the equivalent phase variable canonical form. This section will generalize
the concepts of PD-spectrum to the LTV MIMO problem as in equation (2.1). To
facilitate this, we will first introduce the concept of Vector Polynomial Differential
Operators (VPDO) which are useful in dealing with state space realizations.

Let K be the differential ring of regulated C™ functions on [0, o). Let K" be the n-
dimensional differential module of n-vectors wv(t) = col [vi(t)], and K"*" be the
differential module of n x n matrices A(t) = [a;;(t)], with entries v; and a;; from K.
The following two n-dimensional, first-order, mutually adjoint vector polynomial
differential operators (VPDO)

Pa=06—-A(t) = Q ar

and

QA = 6 +AT(t) = P(_AT)

play an instrumental role in the development of a differential-algebraic spectral theory for

both LTI and LTV systems. For instance, a MV LTV system (2.1) can be represented by
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Paz = B(t)u

y=C(t)z+ D(t)u
Moreover, if we define the inverse VPDO P! = [61 — A(t)]™! as the integral operator
such that P;'P4 = Z, where Z is the identity operator, then the output g(t) with zero
initial conditions can be conveniently represented by

y(t) = [C(H)[6I — A®)] ' B(t) + D(t)]u(t) 2.17)

In the sequel, we shall adopt the convention that P4 = Z, the identity operator, and
PE =P, Pkt . The same applies to Q4. Although the VPDOs P4 and Q 4 are defined
for n-vectors v € K™, we will also use them on matrices M € K"*" in a column wise
fashion. For n = 1, A(t) becomes a scalar function, say a(t), and the VPDOs P4 and
Q4 become SPDOs denoted by P, and Q,, respectively. The following definitions

characterizes a PD-spectrum for general system matrices.

Definition 2.15 (a) A continuously differentiable scalar function p(t) is called a PD-
eigenvalue of an n-dimensional VPDO P, if there exists a Lyapunov transformation

matrix L(t) such that the vector

p(t) = L(t)po(p(1))

where
1
o)) = | &Y
or-1(1)
satisfies Piy_,p = 0, or what is the same
#(t) = [A() — o(t)T1p() @.18)

The vector p(t) is then called a PD-eigenvector of P4 associated with p(t).
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(b) Let p(t) be a PD-eigenvalue of Py4. A vector q(t) satisfying Q4_,nq = 0, or what

is the same
a(t) = —[A@®) - p(t)I]"q(t) (2.19)

is called an adjoint PD-eigenvector of P4 associated with p(t).

(c) Let p(t) and g(t) be a PD-eigenvector and an adjoint PD-eigenvector for P4
associated with a PD-eigenvalue p(t). Then p(t) is called a PD-eigenvalue of A(t). The
vectors p(t) and g'(t) are called a column PD-eigenvector and a row PD-eigenvector,

respectively, of A(t) associated with p(t).

The following definition introduces the notions of a differentially distinct set. This
notion is subsequently used to define the concept of a PD-spectrum for a MIMO LTV

system.

Definition 2.16 Let {p;(t)}_, be a set of k PD-eigenvalues of A(t). The set is said to be
differentially distinct if the associated set of column PD-eigenvectors {pi(¢)}E,is

linearly independent.

Remark. Being in a set, p;(t) are distinct in the sense that p;(t) # p;(t). However, they

are not necessarily differentially distinct. Consider, for example, the set

{pi()}, ={-3 3, 5:;;:15} for A = comp[1,0.25, —4]. The associated column PD-

eigenvectors are
1 1 1
1 11 __ ef—1
n= "12 ) D2 = % y P3| 3@E+1)
4 1 :

which are clearly linearly dependent.
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Definition 2.17 (a) A differentially distinct set of n PD-eigenvalues {p;(t)}~; for an n-
dimensional VPDO P, is called a PD-spectrum for P4, and for the associated n x n
matrix A(t).

(b) A PD-spectrum {p;(t)}~, for an n-dimensional VPDO P, together with a set of
associated PD-eigenvectors {p;(t)}~, is called a PD-eigenstructure for P, and for the

associated n x n matrix A(t).

The following theorem defines a block diagonal matrix that is useful in the synthesis
of PD-spectra for MIMO systems.

Theorem 2.16 Let A(t) =diag[Ai(t), Aa(t), ..., Ait)], where A; € K™ ™ are
bounded companion matrices. If p(t) is a PD-eigenvalue of Ai(t) for some i < | with an
associated column PD-eigenvector p;(t) € K™, then it is a PD-eigenvalue for A(t) with

an associated column PD-eigenvector p(t) generated from p;(t).

With what has been presented we can now state necessary and sufficient conditions
for the uniform exponential stability of a MIMO LTV system in terms of the PD-

spectrum.

Theorem 2.17 Let P4 be a VPDO having a PD-spectrum {pi(t)}i_, with
[Repr(t)] < M, t >0, for some M < oco. Let pr(t) and qkT(t) be a column PD-
eigenvector and a row PD-eigenvector associated with py(t) respectively. Then the null
solution to the LTV system Pz = 0 is uniformly asymptotically stable for all to > Ty if

and only if for every k = 1,2,...,n,

() there exists a 0 < ¢ < 0o such that em (Re pg(t)) = —cx < 0
tg, tel

(i) there exist hy > 0 and 0 < d¢ < cx such that ”pk(t)q,:(to)” < hredtt=t) for qll

t>tg > T
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Theorem 2.17, given above, gives necessary and sufficient stability criteria in terms of
the PD-spectrum of a LTV system. This theorem will allow us to assign LTV dynamics
to a closed loop system that maintain u.es.. This will permit us to design LTV
controllers that can achieve performance beyond the capabilities of LTI controllers while

guaranteeing the stability of the closed loop plant.

Remarks

1. Condition (ii) is automatically satisfied if the imaginary parts of all PD-

eigenvalues are of polynomial order or slower; that is, an integer m > 0 exists such that

. Im pi(t)
lim ———~

t—oo M

=0, k=12,--,n

In particular, it holds if Im pg(t) are uniformly bounded.

2. If em(Repi(t)) > 0 for some ¢y > T, and 1 < k < n, then the null solution to
to.tel
Psz = 0 is unstable. However, if em (Re p(t)) = O for some tg > Ty, and 1 < k < n,
tg.tel

the null solution may be either stable, asymptotically stable, or unstable, but it cannot be

exponentially stable.
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CHAPTER 3

TRAJECTORY LINEARIZATION
DESIGN

3.1 - Design Method

Lyapunov's original work The General Problem of The Stability of Motion is arguably
the most fundamental work in the analysis and synthesis of feedback control of
nonlinear systems for modem control engineers. His results were first published in
1892, and since then have been used in the proof of stability of almost all nonlinear
controllers. Any control strategy which relies on linear approximation, either implicitly
or explicitly make use of his results. Modern control strategies such as variable
structure control and backstepping make explicit use of his techniques in the proof of
the stability of the closed loop controlled system.

Originally, his work was motivated by the question of what effect perturbations in
the orbit of the planets would have. In planetary mechanics, disturbances to the fixed
elliptical orbits occur in two kinds. The first are periodic disturbances arising from the
effect of the planets on each other. The second kind is the effect of slow changes in the
elliptical patterns of orbit also called secular inequalities. Would the secular inequalities
build up over time and cause the pattern of planetary orbits to take on a new
configuration. To put this in a context more appropriate to control engineers, when

perturbed would the path of a planet return asymptotically to its original orbit, or would it

47
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diverge from the original path and assume a new trajectory. Lyapunov and earlier
researchers such as Laplace and Lagrange wanted to know if slow changes in the ellipse
parameters of the solar system could lead to the destruction of the solar system. This is a
question of the stability of motion. Is a given trajectory stable in the face of
disturbances? To this end he considered two methods.

The second method, or the direct, relies on generalized energy functions that could
be used to characterize the behavior of nonlinear systems. These generalized energy
functions have come to be called Lyapunov functions and were generalized from
mechanical system concepts. A point in a system of minimum potential energy is an
equilibrium point for a mechanical system, and the stability of an equilibrium can be
determined by looking at the time derivative of the potential. The origins of this method
began with Toricelli's principle. Lagrange, Dirichlet, and Liouville were instrumental in
the development of this method which was later refined, generalized, and rigorously
developed by Lyapunov.

The first method of Lyapunov is also called the indirect. The first method is the
method of determining the stability by examining the solutions to the disturbed equations
of motion. Lyapunov introduced a characteristic number concept of exponential growth
or decay of solutions of differential equations whose negative value has since come to be
called the Lyapunov exponent. When the Lyapunov exponents of all solutions to a
differential equation can be shown to be negative, the system is asymptotically stable.

One important result that Lyapunov was able to prove by the indirect method, was
that for a large class of systems if the first approximation is stable then so is the nonlinear
system. His technique for finding solutions was to use successive linear approximations.
The first approximation is what is now commonly termed the linearization. Linearization
forms a powerful tool for the analysis of nonlinear systems, and for the synthesis of
exponentially stabilizing nonlinear controllers.
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Linearization does more than justify the stability cf a trajectory. It also gives
qualitative information in that the linearization gives characteristic modes of decay or
growth, i.e. spectral information, which locally characterizes the behavior of the nonlinear
system. In the context of stability of motion, the local stability of a trajectory of a
nonlinear system can be characterized by the stability property of a linearization about the
nominal trajectory. Most commonly for autonomous nonlinear systems, linearization is
used about a constant trajectory which results in LTI error dynamics. Linearization of
NLTV systems about any trajectory or of NLTI systems about a time-varying trajectory
results in LTV error dynamics. General explicit solutions for LTV systems do not exist
and thus linearization has been limited as a method of characterizing the stability of a
trajectory. However, constant trajectories for NLTI systems result in LTI linearization
for which explicit solutions with well defined modal behavior can be found and used to
characterize the local nonlinear behavior. So, linearization has proved useful in
formulating local LTI controllers for constant trajectories. A technique called Gain
Scheduling has been used as an ad hoc method to extend these results to time varying
trajectories.

The design method presented in this dissertation was developed in the context of true
trajectory linearization. The problem of controlling a nonlinear plant is broken into two
parts. The first part consists of finding a feedforward control signal that causes the plant
to obtain a desired nominal trajectory. This design amounts to the problem of nonlinear
inversion. This method will be applied to both minimum and nonminimum phase plants.
The existence of nonminimum phase plants means that stable inversion generalizations
will be needed to avoid unbounded nominal controls. This generalization of the inversion
problem is called pseudoinversion.

Lyapunov's original question was whether a trajectory is stable. For his needs
bounded stability was sufficient to show the stability of the structure of the solar system.
In control, the problem is one of finding an input that asymptotically stabilizes the
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trajectory. However, assuming the existence of a nominal control, Lyapunov's techniques
can be very useful in formulating feedback stabilizing controls. The second part of the
design relies on linearization to formulate a state feedback that exponentially stabilizes
the desired trajectory. PD-spectral design methods are used to design a state feedback
control law that exponentially stabilizes the nominal trajectory. Thus the complete
controller generates a control input that will achieve exponential tracking of a given
output trajectory.

The design procedure will now be outlined. We assume that there is a nonlinear
plant described by the following differential equation.

£(t) = F(E(), v(t)) 3.1)
n(t) = h(£(t), v(2))

where £ are the n states that describe the system. There are m inputs v(t), and p outputs
7(t). Now, the design objective is to track a desired output 7(t). Suppose there exists a
nominal state trajectory £ (t) and a nominal control % (t) that satisfy

€)= fFE®,2()

7(t) = h(€(t),B(t))

That is, the nominal control places the system on the desired trajectory. In section 3.3 we
will present methods that can be used to compute the nominal control T(t).
Now, state feedback is required to stabilize the trajectory. The error about the
nominal trajectory is given by
e(t) = &(t) - €()
y(t) = n(t) -7 (t)
and the tracking error control input by
u(t) = o(t) — v ()

The linearized tracking error dynamics are given by
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Z = A(t)z + B(t)u 32)
y=C(t)x+ D(t)u

where
_af _8fy
A0=3gle, BO=Fl,
_%hn _ Ok
clt) = o€ gw D(t) = Bulz.s

In section 3.2 we will present methods that assign uniform exponentially stable linearized
error dynamics using a PD-spectral assignment procedure. The robustness of PD-
eigenstructure assignment will be considered in Chapter 4.

Trajectory Linearization Design Procedure for Trajectory Tracking

1. Find a controller that generates an input v(t) that places the system on the desired
trajectory. This is the problem of inversion of the nonlinear input-output mapping. Due
to the causality constraint, stable and causal inverses do not exist for physical systems.
Thus pseudo-inverses that use stable and causal approximations to the exact inverse must
be used.

2. Assume the plant is on the nominal trajectory and the state errors are available.
Design a PD-spectrum assignment controller that generates a control u(t) = K(t)x(t)
that stabilizes the nominal trajectory and achieves the required robustness.

3. If the states are not available, then an exponential observer is required. The
observer states can then be used for the feedback. For LTV systems the principle of
separability is valid, and an observer based controller can be used to achieve exponential
stability of a nonlinear system under some mild conditions.

4. The complete control that achieves the trajectory tracking objective 1is

v(t) =T (t) +u(t).
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The complete nonlinear controller is shown schematically in figure 3.1. The inverse
plant or pseudo-inverse generates a nominal control to achieve the nominal trajectory.
The LTV error stabilizing controller uses feedback to cause the nonlinear plant to remain
on the nominal trajectory.

J

NI

E Linear Time u v : 6
c Varying Emor + Noniinear Time . o)
Stabilizing ! Varying Plant | ; v

N | 1

)
T
l

N

=
N

Figure 3.1 Controller Structure

3.2 - PD-Spectral Assignment Design

A formal development of the LTV technique for assignment of exponentially stable
error dynamics to achieve trajectory tracking will be presented in this section. Certain
assumptions about the linearized plant are necessary to insure the existence of a
feedback controller that stabilizes the plant.

Assumption 3.1 We will consider general LTV systems described by

z=A(t)z+ B(t)u, Vt >ty (3.3)
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y=C(t)z

Where, x(t) is an n vector of states; u(t)is an m vector of inputs; (%) is a p vector of
outputs; A(-) € C*%(J,R*™)is an x nsystem matrix; B(-) € C*}(J,R™™) is a
n x m input matrix; C(-) € C(J,RP**) is a p x n output matrix. Also, A©(¢)
B)(t) are bounded for 0 < g<n—1,and 0<r<n—1 and C(t) is a matrix of
bounded functions. Also, we will assume that system (3.3) is uniformly complete
controllable with a lexicographically fixed basis of the controllability matrix, i.e. the
columns of the controllability matrix that are linearly independent are fixed in time, and

that B(t) is of rank m Vt.

All, of these assumptions are reasonable for engineered systems. Specifically,
complete controllability is an important consideration when designing a system because
for any system without this property no controller will be able to effect the stability or
performance of the uncontrollable portion of the plant in the face of uncertainties and
disturbances. It is also unlikely that engineering systems will lose controllability on sets
of finite measure for the operational range of the system. Thus, uniform controllability is
a reasonable assumption. Also, the designer is unlikely to design for a system that uses
an actuator to primarily effect one output variable for a period of time, and then is used to
realize another desired output variable for another p- riod of time. Thus the lexicographic
basis is reasonable. However, generalizations can be made for systems in which such
control activity is required or desired.

Recall, that a LTV system is uniformly (state) controllable if the controllability matrix
given by
Qc(t) = [B(2), AcB(2), -+, AT B(2)]

where A.(t) is a VPDO given by
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At) = — A(t) +6

is of rank n for all £ in which the system is defined. A lexicographicaily fixed basis of
the controllability matrix means that there exist n fixed columns of Q(¢) that are linearly
independent for all £.

The concept of similarity transformations is well known for LTI systems. A
similarity transform preserves the eigenvalues, spectral and stability properties, and
system properties such as controllability and observability. This concept can be

generalized to a time varying state transformation by the Lyapunov transform.

Definition 3.1 Consider a linear transformation

z(t) = T(t)z(¢)

where T(t) is a n x n differentiable matrix function of time. This matrix transformation

is called a Lyapunov transformation if

1) T(t) and ’i‘(t) are matrices of continuous and bounded functions for all ¢t > to

2) € < |detT(t)| for some € > 0, and forall £ > ¢

A Lyapunov transformation T(t) effects a coordinate transformation on a system
matrix. Given one state space description (4.0), the state space description with the

redefinition z(t) = T(t)=(t) is given by

z= Ar(t)z + Br(t)u, Vt > to (3.4)
y = Cr(t)
where
Ar(t) = [T(t) At) + T(8)|T™\(2) 3.5)
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Bx(t) = T(t)B(t)
Cr(t) =C(H)TH(2)

Note that a Lyapunov transformation reduces to a similarity transformation for constant
matrices.
The following definition is useful in discussing two systems for which a Lyapunov

transformation exists.

Definition 3.2 The system characterized by (3.3) and denoted by [A(t), B(t), C(t)] is
algebraically equivalent to the system characterized by (3.4), and denoted by
[AT(t), Br(t), Cr(t)], if they are related by a Lyapunov transformation.

The Lyapunov transformation is important in that it preserves the most important

properties of a system. The first property is the input-output property. That is

y(t) = C(£)2(2, to)z(to) + /to C(1)®(t, 7)B(r)u(r)dr

= Cr(t)®r(t, to)2(to) + /t:C'T(t)@T(t, 7)Br(t)u(T)dr

where z(fy) = T(fo)z(to). The second property is that a Lyapunov transformation
preserves the internal (state) stability of the system. This fact is shown in the following

theorem.

Theorem 3.1 Suppose the n x nmatrix T(t) is a Lyapunov transformation. Then the
linear state equation x = A(t)x is uniformly stable (respectively, uniformly

exponentially stable) if and only if the state equation

£(2) = [T(R)A() + T T ()=(2)

is uniformly stable (respectively, uniformly exponentially stable).
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With this important concept of Lyapunov transformation, we now show that for any
uniformly controllable LTV system of the form (3.3) there exists an algebraically
equivalent Canonical realization. This transformation is the so called Silverman-
Wolovich transformation. The existence of such a transformation and the form of the

Multi-Variable Phase Variable Canonical form are given in the following theorem.

Theorem 3.2 (Silverman-Wolovich): 4 Lyapunov transformation T(t) for (3.3) exists
such that the realization z(t) = T(t)z(t)is in the Multi-Variable Phase Variable
Canonical form if (3.3) satisfies Assumption 3.1, i.e. the smoothness conditions and

uniform controllability.

The Multi-Variable Phase Variable Canonical form is given by
z = (T@t) + T)A@R)T (t)z + T(t)B(t)u, Vt > to (3.6)

2= Ap,(t)z + By(t)u, Vt > {o

y(t) = C(t)T () =(t)

Ayn(t) Ap(t) - Au(t)
Ayt) = Az;(t) Az?(t) Azfl(t)

An(t) Ap(t) --- Au(t)

_9 . 0o - o -

o 0 0 - o0

1 bia(t) bua(t) - bim(t)

0 0 0 .- 0
B)=|g o o . 0

0 1 bys(t) -~ bam(t)

0 0 0 e- 0

0 0 0 - 1
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where
[0 1 0 e 0]
0 0 1 --- 0
As(t)=| z S
0 0 0 e 1
| Qidi 1 +1 Qid+2 Xid  +3 - Qg |
[0 0 0 e 0]
0 0 0 - 0
Ax(t)=| z R
0 0 0 -+ 0
| Qidy 1 +1 Qide  +2 Qi +3 7 Qig ]

The proof of this is given for SISO systems in Silverman [97], and the proof for
MIMO systems is given in Wolovich [121]. Additionally, the proofs are constructive in
nature and provide a method for finding a Lyapunov Transformation which will realize
the phase variable canonical form. This means that any LTV system that satisfies
Assumption 3.1 can be transformed to the MVPV canonical form.

We now define another useful canonical form. The following canonical form is
useful in synthesizing a closed-loop feedback system that realizes a desired MIMO PD-
spectrum. This system can be realized from the MVPV form by canceling out the sub-
blocks which are not on the main diagonal and assigning to each diagonal block a TV
companion matrix that realizes the d; desired PD-eigenvalues. The algebraic equivalence
of this realization will provide a method for uniform exponential stabilization of LTV
systems. The Block Decoupled Phase Variable Canonical form is given by

z=A4(t)z + Bp(t)u, Vt > to 4.1)

y(t) = Cr(t)=(2)

Ap(t) An() --- Ay(t)
A (t) Azg(t) - Aa(t)

Ad(t) = : : . :
Ap(t) Ap(t) - Au(t)

Reproduced with permission of the copyright owner. Further reproduction prohibited without pefmission.



58

0 1 0 0
0 0 1 - 0
Ai(t) = : : : IR
0 0 0 1
| Bidi+1 Bid_+2 Bid,+3 - Bid
[0 0 0 --- 0]
0 00 --- 0
Ag(t)=|: :
0 0O 0
0 00 0]
[0 0 0o -~ 0 ]
0 0 o - 0
1 blg(t) b13(t) .- blm(t)
0 0 0 0
B(t)=|g o9 o0 .. o0
0 1 baa(t) -+ bam(t)
0 0 0 0
0 0 0o - 1

and Cr(t) is an unprespecified output matrix. This canonical form is useful as it
represents the closed loop structure of a physical system with the state feedback for a
Decoupled MIMO system with a desired PD-spectrum.

The following theorem formally states the method for assigning a desired PD-

Spectrum to a LTV system which satisfies Assumption 3.1.

Theorem 3.3 (LTV PD-spectral assignment): Let {p;;(t)};2]";_, be a desired PD-

spectrum and let {(3;;(t) :';;“FI be the synthesis coefficients for this PD-spectrum. For a
LTV system that satisfies Assumption 3.1, there exists a state feedback u(t) = K(t)x(t)

that can exponentially stabilize the system by assigning a closed loop system matrix that
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is algebraically equivalent to a Block Decoupled Multi-Variable Canonical system as in

equation 4.1 with the desired pd-spectrum.

Proof: First by Theorem 3.2 there exists a Lyapunov transformation T(%) that will give
an algebraically equivalent realization that is in Multi-Variable Phase-Variable canonical

form. Now, define the state feedback in terms of the new states

n

() = 3 = Gmi)5(8) + 3 Bt —ruta

i=1 =1

n

uk(t) = Z — agi(t)z:i(t) + Zkﬂk,j(t)z(dk-dk"’j) -
=1

=1

m—k

- Zb(k,m—k+l+l)(t)u(m—k+l+l)(t)
=1

u(t) = K:(£)=2(t)

where o, is the mth lexicographic index and d,, = Y _ 0, are the indices used in forming
k=1

the lexicographic basis of the controllability matrix,and 5 ;j(t) are the synthesis
coefficients for the kth companion block of an exponentially stable PD-Spectrum. This
system matrix realizes the desired PD-spectrum for MIMO systems, and is thus
exponentially stable. A Lyapunov transformation preserves the stability of the original

system, and thus (3.3) is exponentially stabilized by

u(t) = K. ()T (¢)=(t)

u(t) = K(t)z(t) |
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The above theorem formally states a method for assigning a PD-spectrum. Theorem
3.1 gives a state feedback K(t) that yields a closed loop system which is algebraically
equivalent to the Block Decoupled Multi-variable Canonical form 3.1 with a desired PD-
spectrum. By appropriately assigning the desired spectrum the LTV system can be
exponentially stabilized. However, perfect cancellation is impractical and it is thus
important to study the robustness of this closed loop system, which will be discussed in

Chapter 4.

PD-Spectrum Assignment Procedure.

1. Transform the MIMO LTV system into Multi-Variable Phase Variable (MVPV)
canonical form by a state coordinate transformation T(t)z(t) = =(?).

2.For each block companion matrix A;(t) in the MVPV matrix A(t), choose the
desired PD-eigenvalues and synthesize the coefficients of the SPDO associated with
A;(t). Then design the state feedback control law v(t) = K (t)2(f) to obtain the
desired closed-loop dynamics in the MVPV coordinates.

3. The actual control law u(t) = K(t)z(t) is given by K(t) = K. (¢)T(¢t).
Remarks.
1. For BIBO stability, exponential stability must be achieved by assigning negative

extended mean to all the PD-eigenvalues. To this end. it suffices te keep

Re{pk(t)} < —e < O for some prescribed € > 0.

2. No identical PD-eigenvalues should be assigned within any companion block
Aii(t). For block size larger than 2 x 2, ensure that all PD-eigenvalues are differentially

distinct.

3. If a pair of complex conjugate PD-eigenvalues p; j(t) = o(t) + jw(t) is assigned,
keep w(t) from vanishing.
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4. The PD-eigenvalues should be continuously differentiable n — 1 times.

5. Assign a PD-spectrum that achieves the required robustness. In effect, this
amounts to assigning PD-eigenvalues sufficiently far left as will be justified in Chapter 4.

Some tradeoff may be necessary to avoid exciting unmodeled modes, i.e. avoiding

singular perturbations.

6. To assure that the time variance of the PD-eigenvectors does not decrease the
stability radius of the trajectory, move the PD-eigenvalues slowly to limit the growth
bound on the PD-eigenvectors as used in the PD-spectral stability theorem. Moving
slowly involves keeping the derivatives of the PD-eigenvalues small. This keeps the
canonical modal matrix close to the constant value, which is one easy way to limit the
growth bound on the PD-eigenvalues. This is not a limit on the inherent time variance of

the system or trajectory to be followed which using this method is theoretically unlimited.

3.3 - Techniques For Nonlinear Pseudoinversion

The problem of system inversion has been widely studied and is an often considered
method for the problem of trajectory realization, obtaining a desired trajectory.
Additionally, inversion is an implicit part of design in many popular nonlinear trajectory
tracking controllers such as feedback linearization. Explicit methods for system
inversion have been developed for large classes of SISO and MIMO nonlinear systems.
However, these general methods do not seem to consider two very important points.
First, these methods assume the availability of derivatives of the desired output that may
not actually available. That is to say the methods actually invert the plant from
7 — u for some 7 > 0, and not from 77 — u. Unless the reference signal actually

generates these signals directly, causality will require some sort of approximation to
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obtain this value in real time. Second, these methods do not consider the stability of the
inverse.

Now, we will present a general method for pseudo-inversion of a large class of
nonlinear systems which can be used to synthesize a controller which will generate a
nominal control that places the system on the nominal trajectory. This method is named
pseudo-inversion as it results in a stable inverse system even for non-minimum phase
systems. First, we will consider SISO systems, and then a method will be provided for
generalizing to MIMO systems.

Consider the SISO, affine, autonomous nonlinear systems

£ = £(&) +9(E)v G.7)
n = h(€) +d(€)v

as a special case of 3.1, where f(£), g(£), and h(&) are smooth vector fields, ie. they
have continuous partial derivatives of any required order. The Lie derivarive of a scalar
function h(z) with respect to a vector field f(x) is defined by:

Lsh(e) = T5 - £(6)

Let Q be a region in R" containing the origin. The system (3.7) is said to have a well-
defined relative order r = 0 in Q) if d(z) # 0 Vz € Q. Suppose that Vz € (2,
n*) = L5h(€) + LyL5 'h(€)v, LoLy'h(§) =0, k=12, ....r—1

N = L7h(€) + LoLy 'h(€lv,  LeL§'h(£) #0

where L¢h = h, L%h = Ly L% 'h. Then (3.7) is said to have a well-defined relative
orderr > 0in().

The notion of zerodynamics can be extended to nonlinear systems with a well

defined relative order r as follows. Let z = [(;|{2]T, where
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21 n
a=(2|=| " (3.8)
z =1

Then it is possible to find a (nonlinear) state coordinate transformation 2z = ®(x), where

®( - ) is a smooth invertible function (a diffeomorphism), such that

L _0% . |G
2= ¢ ¢ [Cz]
n=2
where
i 21 ] I 23 i i 0 i
Z9 4 0
&1 = : = : + : v (3.9a)
Zr-1 Zr 0
S _L}h(@‘l(z))J _LgL}‘lh(tP“‘(z))_
and
. Zr+l
Ca=1| : | =9(z)=Y(, ¢) (3.9b)
Zn

Equation (3.9) is called the normal form for the NL system (3.7). Equation (3.9a) is in
NL phase variable canonical form. Equation (3.9b) defines an m = n — r dimensional
submanifold wherein the state evolution can be rendered unobservable in the closed-loop
system by letting

—L%h(z) 1
v= r—1 + r—1
LgLf h(z) = LgL% h(x)

7 (3.10)
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The state feedback control law (3.10) renders the /O mapping v — 77" of the closed-
loop system linear as a chain of r integrators, and (3.9a) is termed “internal dynamics” for
the closed-loop system. In particular,

¢, =¥(0, &) (3.11)

is defined to be the zerodynamics of the NL system (3.7). Thus, (3.7) is said to be
(exponentially) minimum phase if its zerodynamics (3.11) is (exponentially)
asymptotically stable.

For a SISO, affine, autonomous nonlinear system (3.7) with a well-defined relative

order r > 0 in a region (2, define
1

u(&) = LI h@E)

Then the inverse I/O mapping from the nominal 7(7 — @ is given by (3.10) with
vV = Tr]’(r)

v = —p(€)LFh(E) + u(E)m" (3.12)

=%(€) + u(€)7"

The governing equation for the nominal state variables is obtained by substituting (3.12)
into (3.7):
F(&) +9(&)[w(&) + & (3.13)

= [f(€) — w(€)L3h(€)g(E)] + [u(€)g(E)]n'"
= ¢(€) +v(E)7")

T

In order for the inverse system defined by (3.12) and (3.13) to be (small signal. finite
gain) BIBO stable, the origin £ = 0 must be (locally) exponentially stable, or at least
uniformly asymptotically stable. The dynamics of the nominal inverse system (3.12) and
(3.13) consists of a chain of r integrators and the zerodynamics of (3.7); see Figure 3.2.
Thus, even if the latter is stable, (3.13) still needs to be stabilized. This can be

accomplished by approximating 7(” with 77 = 7(£,7).
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First, suppose that the zerodynamics of (3.7) is uniformly asymptotically stable. Let

AET) = =D _aez +ar7 (3.14)
k=1

==Y aL'h(€) +arm
k=1

This results in the following stable pseudo-inverse of (3.7) from 77 — ¥

&= |F&) - 1) arn1Lih(£)g(8) | + arn(€)g(€)m (3.15)
k=0
2= —p(€))_arnLh(€) + an(€)m (3.16)
k=0

where Y 1 _, ar+1 A\F with a,,; = 1 is a Hurwitz polynomial to be designed; see Figure 3.
3(a). Note that the coefficients a; need not be constant, and time-varying dynamics may
provide performance improvement or real-time design tradeoffs that are not attainable by
LTI designs.

If the zerodynamics of the nonlinear plant (3.7) is not uniformly asymptotically
stable, design

ANET) = =ki(€) — Y_arL5h(E) + ka(7) (.17)
k=1

where k(&) is to stabilize the unstable modes of the inverse system corresponding to the
unstable zerodynamics of (3.7), and k3(7) is to equalize the “DC gain” of the

corresponding pseudo-identity. This results in the closed-loop inverse system shown in

Figure 3.3(b),
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€= { F(€) + u(®) [k(f) - iamz:';h(e)]g@} + HE)GEkAT)  (.18)

k=0

7= u(e) [k(f) - iaML;h(a} + w(€)ka ) (3.19)
k=0

It is noted that in both cases the inverse system is stabilized by state feedback. Since
state feedback does not alter the zerodynamics, the zeros dynamics of the inverse system,
which is the (pole) dynamics of the plant. Therefore, the pseudo-inverse is guaranteed to
cancel out the dynamics of the plant. If the plant zerodynamics is uniformly
asymptotically stable, then it will be canceled by the control law (3.14). The resulting
pseudo-identity will consist of the poles defined by > _;_, ar+1\* (or PD-eigenvalues if a
time-varying SPDO Y ;_,ar+1(t)6* is used). Otherwise, the pseudo-identity will
include the unstable plant zerodynamics, and the dynamics of the inverse system under
the control law (3.17). In other words, the pseudo-identity will be nonminimum phase.

Since the goal of the stabilization of the inverse system is to achieve small signal
BIBO stability, it is imperative to design for exponential stability, or at least uniform
asymptotic stability. It is not necessary to achieve global stability, as long as the domain
of stability encompasses the operating envelope. The performance goal of the design is

7 — 7l in a suitable norm within the

to minimize the error ||© —Z| ~ u(§)

operating envelope and bandwidth.
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CHAPTER 4

ROBUSTNESS OF PD-SPECTRUM
ASSIGNMENT

The preceding chapter presents a method for design of a nonlinear trajectory tracking
controller. The design relies on Lyapunov's first method to achieve this goal. The error
dynamics are assigned desired exponentially stable time varying modes. Exponential
stability provides powerful inherent robustness. However, additional insight is desired
concerning the placement of PD-eigenvalues that can achieve robust performance. This
insight is useful in the design of the nonlinear trajectory tracking controller. A design
engineer can use this information to determine the location of PD-eigenvalues that will
keep the output trajectories sufficiently close to the desired trajectory for the range of
expected parametric uncertainty in the plant.

In this chapter the robustness of PD-spectrum assignment is first developed for LTV
systems. Toward this end, Section 4.1 details the specific perturbation model. This
model includes uncertainty in the system and in the input matrix. Section 4.2 gives the
norm bound on the uncertainty for which a given PD-spectrum is bounded input bounded
state (internally) stable, and exponentially stable.

Next, the robust stability criteria are extended to nonlinear systems in Section 4.3.
First, the overall control structure is shown to achieve exponential tracking in the nominal
case. Next, the norm bound on the uncertainty of the plant is shown for a given PD-

spectrum when the nominal control does not change for a given nonlinear perturbation.

69
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The nonlinear robustness theorem guarantees that if the nominal control realizes the
desired trajectory for the perturbed system and the perturbations are less than a certain
bound then the trajectory is exponentially stable. A nonlinear perturbation in the nominal
plant that falls within a certain bound limit and causes a change in the required nominal
control will result in a trajectory which will remain in a ball about the nominal trajectory.
This property will be captured in the concept of a uniformly ultimately bounded solution.

Section 4.4 addresses the problem of trajectory tracking control when the states are
not available for feedback in formulating the control law. This problem is addressed by
using LTV observers. First, the seperability property is established for LTV systems,
which allows for independent design of controller and observer. Then conditions are
given for which the observer based trajectory linearization design method will achieve

asymptotic tracking of a desired output trajectory for a nonlinear plant.

4.1 - Robustness Models

Due to imprecision in the plant model and controller implementation, it is necessary to
consider the robustness of the trajectory linearization design as well as any control design
method. To this end it is necessary to construct a robustness model which predicts the
effect of such imprecisions. The robustness model of the closed loop plant includes time
varying perturbations in the plant system and input matrices, and in the controller. Let
A A,(t) represent the uncertainty in the model of the plant system matrix. and AB(t)
represent the uncertainty in the model of the plant input matrix. Perturbations in the state
feedback that assigns the desired PD-Spectrum are denoted by AK(t). The perturbation
in the controller arises due to numerical imprecision in the physical realization of the

controller, and due to simplifying assumptions in the controller design which reduce the
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difficulty in finding K(¢). Now, if we add these perturbations into the nominal system
model, then the perturbed system is given by.

B(t) = (Ap(t) + AA,(t))z(t) +
+ (By(t) + ABy(t){[K(2) + AK(2)][2(t) + wa(t)] + wa(t)} (4.2)

where w,, (t) represents error in the state measurement and wy(t) is a general disturbance.
The only assumption on these two signals w,(f) and wy(t) is that they are bounded in
some suitable norm. The perturbed system and input matrices are assumed to satisfy
Assumption 3.1. This implies that the controllability of the system remains unchanged
and the perturbations are sufficiently smooth and bounded. The perturbation model (4.6)

is shown in figure 4.1.

——— AA ()

W, —x(1)
» ¥ —=B,M+AB() —+ ¥ —— / ——
iy &

. Ap(t) -

W,

K+ AK() — 5

Figure 4.1 LTV Robustness Model

We can rewrite the terms in the perturbation model (4.6) in the form of the following

equation
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#(t) = [Ap(t) + Bp(t)K(2)]=(t) +
+[AAL(t) + ABy()K(2) + AB,(t)AK(t) + By(t) AK(2)][=(t) + wa(t)] +
+ [By(t) + ABy(t)|wa(t) + [By()K(t) — AA(t)]wn(?)

where the disturbance terms and matrix perturbations are bounded and thus the
disturbance terms can be captured into two new bounded disturbance terms u,(t) and
u (t) where

u1(8) = [By(t) + ABy(t)|wa(t) + [Bp(t)K(2) — AAy(t)]wn(t)

wy(t) = wy(t)

We can also group all of the uncertainty terms into a single uncertainty term by defining
AAq(t) = AAL(t) + AB,(t)K(t) + ABy(t)AK(t) + By(t)AK(t)

Recall the fact that the desired closed loop matrix A4(t) is given by
Aa(t) = Ap(t) + By()K(2)

We can now write the perturbation model in the following form.

&(t) = Ag(t)z(t) + AAd)[z(t) + ua(t)] + ui(t) 4.3)

The perturbation model (4.3) represents a system as shown in figure 4.2, or the equivalent
representation of figure 4.3. The perturbation model shown in figure 4.2 represents a
system in Block Decoupled MVPV canonical form. For LTV systems that satisfy
Assumption 3.1, we can assume the nominal system is in the form of figure 4.2 because
any realization of the system is algebraicly equivalent to the Block Decoupled MVPV
canonical form. Figure 4.3 is an equivalent representation. This form clarifies the
mappings used in the Small Gain theorem. The nominal system is the mapping H;. and
the perturbation is analyzed as a feedback mapping Hj, which puts the system in a form
conveniently formulated for the Small Gain theorem.
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Figure 4.2 Perturbation Model
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Figure 4.3 Equivalent Perturbation Model
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4.2 - Robustness Analysis of LTV Systems

In this section we consider the problem of the robustness of PD-eigenstructure
assignment. The importance of this analysis for nonlinear control will be made clearer
in the next section. Before this analysis can begin, we must give some fundamental
definitions and consider two theorems which we will use to justify this robustness. The
first is the Small Gain theorem which will be used to establish Bounded Input Bounded
Output (BIBO) stability of the perturbed model. The second is the Gronwall-Bellman
Lemma which will <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>