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ABSTRACT

The current popularity of the process capability index, a measure of a supplier’s ability
to meet the product specifications demanded by a customer, has become a matter of some
controversy. While admitting the validity of much existing criticism, this research demon-
strates that sample estimation of the triple index (Cp/, Cp, Cpu), a variant of the widely used
index pair (Cp, Cpk), is equivalent to estimation of the natural parameters (i1, 5) whenever the
measured process characteristic X has an unconditional (marginal) normal probability density
function. This includes processes which obey the strictly stationary, normal ARMA(p. q)
model. By this extension to stationary normal models beyond ARMA(O, 0), the author shows
the continued viability of the process capability index as a decision making tool of wider
applicability. Estimators of the indices (Cp/, Cp, Cpu) are studied under conditions of both
sample independence and sample autocorrelation. A new method for determining a joint
confidence region for the triple index (Cpl, Cp, Cpu) is given. The region presented is, both

conceptually and computationally, more direct than previously known approaches.
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CHAPTER 1. INTRODUCTION

This work is a critical examination of process capability indices and their sample
estimators, in particular, the two most commonly computed single-number indices, Cp and
Cpk. In theory these indices serve as summary measures which aid decision makers in
evaluating the capability of a production process. Process capability analysis is the umbrella
term for a group of tasks in which these indices, according to some authorities, play too
prominent a role.

1.1.  Process Capability Analysis

Among the goals of a process capability analysis, as summarized by Montgomery
(1996), are (1) predicting how well a process will hold its natural tolerances, (2) assisting
product developers and designers in selecting or modifying a process, (3) assisting in
establishing an interval between sampling for process monitoring, (4) specifying performance
requirements for new equipment, (5) selecting between competing vendors, (6) planning the
sequence of production processes when there is an interactive effect of the processes on
tolerances, and (7) reducing variability in the manufacturing process.

Montgomery (1996) defines process capability analysis as “an engineering study to
estimate process capability.” This definition, being circular, needs more discussion. For
concreteness, suppose a modern, high-volume bottling plant fills two-liter bottles with soft
drink. The entire filling process is a complex, highly mechanized operation, designed to run
continuously with few stoppages. It is a virtual mathematical certainty that not every bottle
filled contains exactly two liters of soft drink. Filled bottles vary in volume. The plant manager

knows this, so do his customers, and so do the government agencies charged with monitoring
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the performance of the bottling plant. Now perhaps the manager reasons that most customers
would view an interval from 1.90 to 2.10 liters per bottle as a reasonable specification interval
and perhaps the government agrees with this reasoning. These specification limits may, in
some cases, be contractually written between supplier and customer. In this case the
government agency may impose monetary fines on the bottler for selling product outside this
interval. Certainly in any case, a specification interval serves as a baseline for the manager in
the sense that producing within the interval is the minimum goal.

If the plant manager could measure, without error, the quantity of each bottle filled,
he would perhaps find an overall pattern or shape to his past census data. He would hope to
find that the measured quantities clustered around some target value, say 2.00 liters per bottle.
He would be pleased if the very large majority of quantities measured did not vary “too much”
around this target, either above or below, say from 1.95 liters to 2.05 liters, and that this
variation around the target occurred in a random pattern through time. The manager would
describe the process as historically stable. Finally, he would hope that this natural tolerance
interval, from 1.95 to 2.05 liters per bottle for virtually all his bottles, was contained within
the specification interval required by his customers. The quality of past stability is important
because while no one can see the future, the manager hopes that if conditions remain the same
into the future, the past census data, if acceptable, can be repeated. He forecasts the future
from the past.

In the more likely case, our plant manager does not measure the quantity of every
bottle, but periodically pulls a filled bottle from a shipping carton ready for distribution and

measures the volume of soft drink. Without one hundred percent inspection, the manager is
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now, not only extrapolating future bottle quantities, but interpolating bottle quantities from
the past, already filled but unobserved.

Resigning himself to the fact that even in a stable filling process, bottles will vary in
quantity over time, the manager will seek to maintain quantities within natural tolerance limits
which are themselves within specification limits. Note that in our example, the natural
tolerance interval [1.95, 2.05] of the process is completely contained within the specification
interval [1.90, 2.10] of the process. The manager refers to his process as capable.

Grant and Leavenworth (1988) give five possible courses of action available after
comparing natural tolerance limits to specification limits. They are (1) taking no action, when
the natural tolerance limits of a process fall well within the specification limits, (2) adjusting
the center, when the natural tolerance range is about the same as the specification range, but
an adjustment of the center is necessary, (3) reducing variablility, which is usually the more
complex action, often requiring changes in methods, tooling, materials, or equipment, (4)
changing the specifications, which may be negotiable, and (5) resigning to losses, in which case
the focus shifts to scrap and rework costs.

1.2. The Stability of a Process

At the minimum, a process capability analysis requires an attempt by management to
use observed past product characteristics in order to both forecast future characteristics and
backcast past, but unobserved, characteristics. In other words, by an early stage, a process
capability analysis must include a mode! of the measured characteristic X. If X'is produced

sequentially through time, we are seeking to model F{ X} the joint cumulative distribution

function of a time series { X, } ..
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Of course, obtaining complete knowledge of F{X' y by observation is not possible.
The science of mathematics has a lot to say about computing probabilities when the generating
model is assumed. The much more difficult problem is often referred to as inference or inverse
probability. Given realizations {x,,x,, .. ., x, }, what was the joint cdf F{X' - that generated
them? The difficulties are of both aliases and dimensions. There are so many alternative s
which could have spawned this string of numbers. It gets worse. Perhaps the joint cdf F is
changing through time, making it difficult or impossible to forecast or backcast. We get a
perspective on the enormity of the inference problem when we reflect that observing a
realization of a time series {x,, x,, . . ., X, } is really observing a sample of size one. The problem
may not be hopeless. Ifthe random variables { X, }: possess a stationary ergodic structure,
in which time averages possess the same information as ensemble averages, it is possible to
make inferences on their joint cumulative distribution function F from just one realization
through time.

We will take as our definition of process stability, a process such that the unconditional
(marginal) cumulative distribution function of X, neither changes with, nor depends onits time
index ¢. It is as if each X in the time series, unconditional on others in the time series, is drawn
from the same marginal cdf F.

If { X, }" are identically distributed then by definition, each of any finite number of
the X ’s possesses the same marginal cumulative distribution function F.. Independent and
identically distributed means that the joint cdf of any finite number of these random variables
factors into identical marginals. However, our definition of stability will not demand this

factorization. To seethis, let X, —u = ¢(X,_, —u)+a,, wherea areindependent, identically
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distributed normal random errors with mean zero and constant finite variance > forallinteger
t, uis a finite constant, and ¢ is a constant such that -1 <¢ < 1. This is the so-called stationary
normal autoregressive process of order one, denoted AR(1). Now for each integer ¢, X, is
marginally normal with mean 1 and variance o’ = o% / ( 1- ¢2 ) which do not depend on¢. So
the time-ordered collection { X, }: is called identically distributed. Yet the joint cdf of any
finite number of { X, }2 does not factor into these identical marginals because they are not
independent.

We see that the working definition of stability used in the statistical process control
literature includes the case of independent, identically distributed characteristics, but is more
general. In fact, the so-called strictly stationary time series models qualify as viable stochastic
models under our definition of process stability. See Box and Jenkins (1993) or Hamilton
(1994) for an extensive survey of these models.

1.3. The Indices Cp, Cpl, Cpu, and Cpk

Suppose the bottling process has been running in a stable manner for a long time with
a mean p of 2.00 liters per bottle and that almost all bottles measured inside the natural
tolerance interval [L7L, UTL] = [1.95. 2.05] in liters per bottle. Suppose further that the
specification interval is [LSL, USL] =[1.90, 2.10] in liters per bottle. If we divide the length

of the specification interval by the length of the natural tolerance interval, we get

(USL-LSL) (210-190) 020 _
(UTL-LTL) (205-195) 010

2.00.

The natural tolerance interval fits inside the specification interval twice. The process is “twice
capable.” This is good in the sense that the natural variability of the bottling process is only

half of what is required by the customer, as measured by the length of the specification interval.
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This ratio of specification interval length to natural tolerance interval length is the motivation

behind the measure known as the Cp index,

_ USL-LSL

G
™ 6

(1.1)

The natural tolerance interval length (7L - LTL) is denoted 6c in accordance with the
common assumption that the measured characteristic X is normal and so about 99.73 percent
(almost all) of the probability of X is within plus or minus three standard deviations G of the
process mean Lt

Now suppose a competitor to our bottler is filling two-liter bottles of soft drink in a
stable normal manner, with a natural tolerance interval [L7L, UTL]=[1.85, 1.90], on the same

specification interval [LSL, USL] =[1.90, 2.10]. He computes his Cp as

(USL-LSL) _(210-190) 020
(UTL-LTL) (190-185) 005

Does this mean the competitoris twice as capable as our bottler with his Cp of 2.00? Of course.
it should not. In fact, the competitor is currently filling almost all his product outside
specifications, whereas our bottler is filling almost all his product within specifications. The
problem, of course, is that while our bottler is centered in the specification interval. the
competitor is not. The Cp index ignores the process mean . It is not a part of the definition
of Cp and does not enter into the calculation of Cp at all. We conclude from this example that
the Cp index is not an unambiguous measure of process capability whenever the process mean
u does not fall at the midpoint of the specification interval m = (LSL + USL)/2. At most we
should interpret the Cp value as a measure of potential process capability, conditional on the

supplier’s ability to center the process mean p at the midpoint m of the specification interval.
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On the other hand, the Cpk index was designed for a process which is not centered at
the midpoint of the specification interval. First define two indices, a lower index Cpl/ and an

upper index Cpu. Then take Cpk as the minimum of the lower and upper indices, that is,

w—LSL USL—p.}
36 ' 3¢ )}

Cpk = min{Cpl, Cpu} = min{ (1.2)

Note that if u = m = (LSL + USL)/2, then Cpk = Cp. Otherwise Cpk is strictly less than Cp.

We calculate the Cpk of our bottler as

Cpk = min{Cpl, Cpu} = min {u ~ LSL USL- u}

36 ' 3o

. {2.00-— 190 2.10-2.00
=min ,
0.05 0.05

} = min{2.00, 2.00} = 2.00
and for his competitor as

1875-190 210-1875
0025 ' 0025

Cpk = min{ }: min{-100, 9.00} = -1.00.

It appears that the competitor, with his Cpk of negative one, is not more capable than our
bottler. We will shortly see what this negative one means.
1.4. The Proportion m, of Product Outside Specification

Now given that the process characteristic X is stable and normal with mean p and
standard deviation o, there exists a relationship between the indices (Cp/, Cpu) and the

proportion 7, of product outside the specification interval. We have

LSL ©
Tg = oy + oy = Jfﬂx)aﬁu— Jf_ﬂx)dx

USL
=(D[LSL—u]+l_¢[USL-u]
c c

= ®[-3Cpl]+1 - D[3Cpu]

= ®[-3Cpl] + ®[-3Cpu], (1.3)
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where f (x) is the probability density function of a normal random variable with mean 1 and
standard deviation o, ® is the standard normal cumulative distribution function, and (7, 7, )
are the proportions of X produced below the lower specification [imit and above the upper
specification limit. If only Cpk is known, then we have bounds on w, given by
®[-3Cpk] < my < 20[-3Cpk]. (1.4)
For the centered process, we have Cpl = Cp = Cpu, and so
Ty = O[~3Cpl]+ ®[-3Cpu] = 20[-3Cp]. (1.5)
Note the lack of an exact functional relation between Cpk and i, except at the boundary defined
by Cp! = Cp = Cpu. This is because the Cpk index “throws away” a piece of information. [t
throws away either Cp! or Cpu and we may not know which. To calculate w,,, one needs either
(Cpl, Cpu) or (Cp, Cpk), since
1ty = ®[-3Cpl]+ ®[-3Cpu] = ®[-3Cpk]+ ®[-3(2Cp - Cpk)). (1.6)
In any case, Cpk alone does not determine 7).
We calculate the proportion w, of product outside specification for our bottler as
g = 2®[-3Cp] = 24[-3(2.00)] = 2®[-6] =0
and for his competitor as
1ty = ®[-3Cpl]+ ®[-3Cpu] = ®[-3(~100)] + D[-3(9.00)]
= ®[+3]+ d[-27] ~ 0.9986.
1.5. The (Cpl, Cpu) Indices as Reparameterization of (1, G)
In a technical sense, calculating and using the indices Cp and Cpk amounts to a

reparameterization of the problem of measuring process capability and it is worthwhile
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examining explicitly under what conditions this reparameterization is informationally equiva-
lent or invariant.

Consider a process characteristic X which is normally distributed with known mean u
and known standard deviationc. Let the specification limits be two known constants with LSL

strictly less than UUSL. From the definitions

u—LSL USL-LSL USL-pn ]
Cpl, Cp, Cpu) = , ,
(Cpt. Cp o) ( 30 6c 3o > (1.7)
we immediately have the very important relation
Cp:-;-(CpI+Cpu). (1.8)

Also, with (USL - LSL) and o each assumed positive, it follows that

USL-LSL 1,
=T (Cpl +Cpu) > 0.
p= 2( pl +Cpu)

Cp
and so Cpl + Cpu is positive. In the interest of clarity, we will often display the triple index
(Cpl, Cp, Cpu), but we must keep in mind that the middle coordinate is always the simple

arithmetic mean of the two outer coordinates. The pair (Cpl. Cpu) displays the real action.

Now from

— LSL USL -
Bo o “), (1.9)

Cpl. G =(
(Cpt, Cpu) o o
we can solve for (i, G) to get

Cpl USL - LSL ]

USL-LSL), ————=
Cp1+Cpu( ) 3(Cpl +Cpu) (1.10)

(h,0)= [ LSL +

Equations (1.9) or (1.10) define a bijective mapping between two regions of the real plane
given by

{(u, o) eR2|c>O} and {(Cpl, Cpu) eR2|Cp1+Cpu>O}. (1.11)
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With this mapping, the cat is out the proverbial bag. And in our introductory chapter, no less.
It would appear that there is nothing to be gained from using the (Cp/, Cpu) parameterization
over the (14, ) parameterization, at least from the purely technical viewpoint of equivalence.
Given fixed LSL and USL, one can safely go back and forth between two points (u*, o*) and
(C*pl, C*pu) and never worry about straying from the path linking them.

We are careful to point out here that while the (Cpl, Cpu) parameterization is
equivalent to the (p, &) parameterization, the (Cp, Cpk) “parameterization” is equivalent to
neither. In fact, it is an abuse of language to refer to (Cp, Cpk) as a parameterization at all.
hence the quotation marks. Put simply, one cannot recover either (i, o) or (Cp/, Cpu) from
(Cp, Cpk), even given the specification limits LSZ and USL. We feel it important to state this
fact since a casual reading of the practitioner literature would lead one to the conclusion that
(Cp. Cpk) is equivalent to (1, ) at all levels of decision making. This is simply not the case.
The confusion is partly due to the fact that the proportion , of product outside specification
can be determined from (Cp, Cpk), as we have seen, since

1y = ®{-3Cpk]+D[-3(2Cp - Cpk)].

Now we realize that quality control personnel probably do not “throw out” the Cp/ and
Cpu indices when they compute a Cpk index. Yet in light of this potential loss of information
when Cpk is taken as the minimum of Cp/ and Cpu, we recommend that the Cpk index be
avoided. The two constituent one-sided indices, Cp/ and Cpu, should be reported without
confounding. In fact, we believe that it makes good practice to give the triple (Cpl, Cp, Cpu).
The middle index is always the simple arithmetic mean of the two outer indices. The Cpkindex,

if desired, can be gotten visually as the minimum of the two outer indices. Note carefully that

10
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it is quite possible for the left index Cpl/ to be greater than the right index Cpu. We suggest
the convention of order (Cpl, Cp, Cpu), with Cpl on the left, Cp in the middle, and Cpu on
theright. The first and third indices are measures of the actual performance of the process while
the middle index is a measure of potential performance conditional on the process mean being
adjusted to the center of the specification interval. For example, suppose that one of either
Cpl or Cpu is unacceptable, yet Cp is acceptable. This tells us that the process mean 1 needs
centering at m = (LSL + USL)/2, accomplished perhaps with a relatively simple adjustment by
an operator. On the other hand, if Cp is unacceptable, then the length of the natural tolerance
interval as measured by 60 is unacceptably wide, which is likely to be the more serious case.
Its correction could very well involve a major action such as capital investment in equipment.

Returning to our illustration, we see that our bottler has a triple index of
(Cpl, Cp, Cpu)=(2.00, 2.00, 2.00).

The three coordinates are equal, indicating that he is correctly centered in the specification
interval. Further, he is twice capable. The competitor has a triple index of
(Cpl, Cp, Cpu)=(-100, 4.00, 9.00).

If he can center his process without upsetting the spread of his process, he is then four times
capable. We can tell that he is not centered in the specification interval because the three
coordinates are not equal. In fact, the Cp/ of negative one indicates that his process mean is
below the lower specification limit.
1.6. The (Cpl, Cp, Cpu) Diagram

Figure 1.1 introduces a schema which we call the (Cpl, Cp, Cpu) diagram or, for ease

of pronunciation, the triple index diagram. It is not meant as a computational tool but rather

11
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y; \ (C*pl - C*p, C*pu - C*p)
N

Figure 1.1. The (Cpl, Cp, Cpu) Diagram

12
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as an analytical learning device. With it, we hope to see how the three components of the triple
vary in response to changes in the natural parameters (i1, ). Later we will refate the diagram
to the proportion m, of product outside specification.

Figure 1.1 plots points (Cp/, Cpu) in the real plane, (Cpl/, 0) on the horizontal axis. The
two dashed diagonal lines through the origin (0, 0) represent the two lines Cp/ + Cpu =0 and
Cpl - Cpu=0. Each will be prominent in what follov:s. We call the line Cp/ + Cpu =0, the
boundary of feasiblity. We call the positive ray of the line Cp/ - Cpu =0, the ray of potentiality.

With (USL - LSL) and o each assumed positive, it follows that

USL-LSL 1

- Y cpi+Cpu)>o.
p 5 (Cpl+Cpu)>

Cp=
and so Cpl+ Cpuis positive. Therefore, the points (Cp/, Cpu) are restricted to lie strictly above
the boundary of feasibility, that is, above the line Cp/ + Cpu = 0. But note that each of Cp/
and Cpu can be negative, although not simultaneously.

The orthogonal projection of the fixed point (C"*p/, C*pu) onto the ray of potentiality
(the line Cpl - Cpu = 0) s the point (C*p, C*p), where C*p = (C*pl+ C*pu)/2. Inthis manner,
we “recover’ the triple index (C*pl, C*p, C*pu) from the point (C*pl, C*pu) and its
orthogonal projection (C*p, C*p). The orthogonal projection of (C*p/, C*pu) onto the
boundary offeasibility (the line Cp/+ Cpu=0)is the point (C*pl- C*p, C*pu - C*p). Of course,
(C*pl, C*pu) = (C*p, C*p) + (C*pl - C*p, C*pu - C*p).

The point (C*pl, C*pu) is a measure of the current process capability. Its projection,
the point (C*p, C*p), is a measure of the potential process capability if, while holding the
process standard deviation o fixed, the process mean p could be moved to the specification

interval midpoint m = (LSL + USL)/2.

13
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Given any fixed point (C*p/, C*pu) in the feasible region Cp/ + Cpu > 0, it is possible
for one, but only one of its two coordinates to be negative. This happens when the mean n
lies outside the specification interval [LSL, USL]. Given any fixed point (C*p/, C*pu) not on
the ray of potentiality, the point (C*p/ - C*p, C*pu - C*p) will have one negative and one
positive coordinate. Further, the two coordinates sum to zero, being deviations from a mean.
Of course, the point (C*p, C*p) must lie in the positive quadrant, on the ray of potentiality.

The dotted line through the point (C*p/, C*pu), parallel to the boundary of feasibility
and perpendicular to the ray of potentiality, is the line Cp/ + Cpu=C*pl+ C*pu. Itisthe trace
of points (Cpl, Cpu), starting at the point (C*p/, C*pu), as p varies through the reals while ¢
remains fixed. On the other hand, the dotted line through the point (C*pl/, C*pu) and the ongin
(0, 0) is the line Cpu/Cpl = C*pu/C*pl. Its feasible portion is the trace of points (Cp/, Cpu),
starting at the point (C*p/, C*pu), as ¢ varies through the positive reals while i1 remains fixed.
1.7. The (Cpl, Cpu) Indices as Measure of Actual versus Ideal (i, o)

Consider a Supplier A and his process characteristic X which is normally distributed
with mean p  and standard deviation 6, We have already talked of [LTL, UTL] = [4¢, 4,],
the actual natural tolerance interval of a normal process, and its relation to the process

parameters
1 1
(P.4~°.4)=(§(A0+Al)v g(Al"Ao)). (1.12)
Now when Customer / gives a specification interval [LSL, USL] = [/, /|] to Supplier 4. he

is, in a sense, communicating to the supplier an ideal random variable which we take to be

normal with mean ,; and standard deviation &, such that
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(llzvo'l):(%(lo*'[l)’ ([1‘10)). (1.13)

We have

USL-LSL _ L,-Io _ (hi-1)/6 _o;
66 A-Ay (A4 -4)6 o4

Cp= (1.14)

In other words, the Cp index can be interpreted as the ratio of the customer’s ideal process
standard deviation to the supplier’s actual process standard deviation. Thisis a noise-to-noise
ratio. If Cp is less than one, then the supplier’s currently attainable noise level is greater than

the customer’s allowable noise level. Continuing, we have

(llzvo'i):(%([o +1y), é(ll ‘10)),

implying
(Io. [,)=(n; -30;, u;+30)). (1.15)
yielding
(Cpl. Cou (u LSL US3L0 u) (p;c-;lov 113;:1.4]
Ly

—(us —30’1) (uy+307)—py
30'4 30"4

Or  Ba~Hy Or Hr—ky
oy 30, o4 30,4

— Ky Hr—Hg
Cp+———~L (Cp+—"—=
(P 30_4 D 30, ) (1.16)

i

Since Cp = (Cpl+ Cpu)/2 is anoise-to-noise ratio, then each of Cp/ and Cpu is a noise-to-noise
ratio, although Cp/ and Cpu are perturbed. This is because all three have denominators in the
parameter G, only. We could choose to display the triple index (Cp/, Cp, Cpu), in terms of

the actual and ideal natural parameters, as
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Gy Hy—-Hr Or Of Hr—H4
Cpl,Cp, Cpu)=| =L+ . : +
(Cpl. Cp, Cpu) (GA %, " o, o, 3o, ) (1.17)

If the supplier is centered in the specification interval, then u = 1, and so
(Cpl. Cp, Cpu)=(Cp. Cp. Cp)-

1.8. A Compendium of Bijections

We bring together several bijections for further insight. In order to maintain a
consistent notation, let us refer to Supplier 4, where the letter “4” is meant to suggest “actual”
throughout this section. We also refer to Customer /, where the letter “/” is meant to suggest
“ideal.” Let us denote the supplier’s actual natural tolerance interval [L7L, UTL]as[4,,4,].
Let us denote the customer’s ideal specification interval [LSL, USL] as [/, /,]. We then have

for Supplier 4,

(4o + 4), é(Al ‘Ao))

|-

(UA»G'A):(

or (4p, 4)=(n4—30,4 H,y+30,)

which define the supplier’s bijection between the regions
l(hs.0.4) €R*c >0} and {(4o, 4)R?| dy< 4},

For Customer /, we have
1 1
(r-00)=(3U 1), £(i=ho))

or (Iy,1))=(u;—30;, n;+30;).
which define the customer’s bijection between the regions
{(p.,, o) eR?|o; >O} and {(10, L)eR*|Iy< I[}.
Now the utility of the two indices (Cp/, Cpu) is in defining a crosslink between the two

bijections. In terms of interval endpoints, we have
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(40 + 4)-21, 211‘(A0+A1))

Cpl, Cpu) = ,

which, for fixed [/, /,], is itself a bijection between the regions of the real plane given by
{(4.4)R?| 49< 4} and {(Cpt. Cpu)eR?|Cpl+Cpu>0}.

In terms of noise-to-noise ratios, we have

(Cp[,Cp’ll)z O +“’A—p'1’ Oy +l~l1—l»l.-l
64 304 o4 304 )

which, for fixed (1, o)), is itself a bijection between the regions of the real plane given by
{(us.04)eR?|c >0} and {(Cot Cpu)<R?|Cpl+Cpu>0}.

We could choose to display the triple index
p—-LSL USL-LSL USL-u )
36 66 3o
=((A0+A1)—210 Iy -1 211‘(A0+A1)]
A-4p T A4 A - 4

| Sr Ba-Mr Or Op Hi—Hy
64 304 G4 Oy 304 )

(CpL. Cp, Cpu)=(

Note that Cp = (Cpl + Cpu)/2, as it should.
1.9. Criticisms of the Indices Cp, Cpl, Cpu, and Cpk

These facts no doubt prompted M. Johnson (1992) to assert that none of the process
capability indices Cp, Cpl, Cpu, or Cpk adds any knowledge or understanding beyond that
contained in the basic parameters mean p, standard deviation o, target value m, and
specification limits [LSL, USL]. While this is a criticism at the most basic level, yet we feel
it to be the easiest to answer. His argument is that since the indices are the result of a
reparameterization of u and ¢ and nothing more, they are therefore unnecessary. But

“unnecessary” is not the same thing as “useless.” This is like saying that the coefficient of
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variation G/ is “unnecessary” because it adds no knowledge beyond that contained in the
basic parameters 1 and 6. Yet decision makers find the coefficient of variation useful in
comparing two normal distributions, which is exactly what is going on with the process
capability indices. As another example, in Bayesian statistics it is much easier to work with
the precision parameter rather than the variance parameter of the normal random variable. The
precision is defined as the inverse of the variance, thatis, y = 1 /6. Now it is not necessary
to do this, but it is efficient. It is ultimately a question of utility versus cost.

The indices (Cp/, Cp, Cpu) were designed by engineers who saw the problem in terms
of noise-to-noiseand signal-to-noise ratios. Itis not surprising to find that statisticians without
engineering background disparage this index approach and prefer working with the natural
parameters (i, ). We take a middle ground. It is our view that, barring misspecification of
the probability law governing the process X, the indices (Cpl/, Cp, Cpu) have an interpretive
role in aiding decision makers. However, we also feel that the natural parameters (.. 6) must
suggest the estimative approach to be taken.

Another criticism of process capability indices is that they are computed using sample
estimates ({1,G) of the population parameters (1, ¢). This results in sample estimates
(C‘pl ,Cp, C'pu) of the population indices (Cp/, Cp, Cpu). For example, given the specification

limits [LSL, USL] and the natural moment estimates

(ﬂ,&)=(f,s)={ 3 x. \/—’—i(xi - %)’ ] (1.18)

one could compute natural estimates

w—LSL USL-LSL USL—[L)

(CPI'CP’CP")z( s & 3
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_(f-LSL USL - LSL USL-f)

3s 6s 3s (1.19)

Often these point estimates are reported without any indication of their sampling variability.
This criticism is surely a valid one. However, in light of the equivalence of the parameterizations,
it follows that much of the criticism directed at the use of the capability indices (Cp/, Cp, Cpu)
is not about the indices at all, but is about the absence of inferential procedure in general. These
problems would still exist even using the natural parameterization (u, 6), which is to say, the
sampling variability in sample estimators of (i, ) can be ignored quite as simply as the
sampling variability in the estimators of (Cp/, Cp, Cpu) can be ignored. It is a fact that given
LSL and USL, X can be parameterized in (Cpl, Cpu) as in (u, G).

Furthermore, finding an estimator with good sampling properties for the pair of indices
(Cpl, Cpu) is practically equivalent, which is to say, only a little more arduous, than finding
a good estimator for the pair (1, 6). To see this, note that the joint maximum likelihood

estimators of (i, o) from an independent, identically normal sample of size n are given by

R R | l < 2
(l»l.uch.m.)=[;ZXia ZZ(Xi"X) ] (1.20)
i=1 i=l

It follows from the invariance property of maximum likelihood estimators under regularity

conditions that the joint maximum likelihood estimators of (Cp/, Cpu) are

;s . iy  -LSL  USL-fi.
(Cplm,Cpum,):(uw‘ ML)

~ N =~ o)
30, 30, (1.21)
while the joint maximum likelihood estimators of (n,;, 7,,) are
(ot » Toug )= (©[-3Cpha ) ®[-3Cpus]) (1.22)

Finally, the maximum likelihood estimator of Cp = (USL - LSL)/60 is given by
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- USL - LSL
Cose = Tes
ML

(1.23)

We could choose to display the joint maximum likelihood estimator of (Cpl. Cp, Cpu) as

b ~

(Cotvg. Cora.. Crurg ) = ( 36
S

if we remember it to be a two-dimensional random vanable.

ﬁ..\,ﬂ‘ -LSL USL-LSL USL- }:L.\,HJ
6Gyg 36,1

), (1.24)

To take another point estimation strategy, consider uniformly minimum vanance

unbiased (UMVU) estimators, that is, unbiased estimators which have minimum variance

within the class of all unbiased estimators for a particular parameter. It is well known that for

an independent, identically normal sample of size n, a complete sufficient statistic for (p, o)

is given by

(f,s)=[;,‘-ix,-, ;i—lg(x,-ff].

i=l

(1.25)

By the theorem of Lehmann and Scheffé, every bijective transformation of (X, §) is also a

complete sufficient statistic for (i, o). Furthermore, that transformation which is unbiased for

(i, o) is the unique UMVU estimator of (i, o). This UMVU estimator is found to be

) A f1& -1 M(n-1)/2) | 1 & 2
(Aevor - Staov) = (;Z Xi. > Tm2] \n-1 2 (Xi - X)

i=1 i=l

(= B )

where the gamma function is defined by

Mx]= [ e,
0

the integral being finite for all real x except the nonpositive integers.
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Now since ( X- LSL, USL - X) is a bijective transformation of (X, S), it isitselfa
38 3S

complete sufficient statistic for (i, ), and one need only find its unbiased multiple to locate

w—LSL USL-p
306 3o

the unique UMVU estimator of (Cp/. Cpu) = ( ) Taking

Cohanr = rlj[[((::;))ii]] nz_ 1 ( /\7_3 :I = ) (1.27)
we find
E[Cplirnr]= ”;?L =Cpl. (1.28)
Also, taking
Cpugrpr = g[[((::;)) ’z]] ”3 : ( US[3.; X ] (1.29)
we have
E[Cpuprgr | = US3L0— b= Cpu. (1.30)

By the theorem of Lehmann and Scheffé, (éplmmw épumﬂt') is the unique UMVU

estimator of (Cp/, Cpu). Similarly, the unique UMVU estimator of Cp = (USL - LSL)/6G is

given by
. =-12] 2 (USL - [_SL)
oo = f(n-2)2]Vn-1" 65 /) (1.31)
since
A USL - LSL
E|C, 1 |=——=(Cp. (1.32)
[ Pumz,] P 4

We could choose to display the unique UMVU estimator of (Cpl. Cp. Cpu) as
(éplLMVL' , éPL:MVL’ .G Piant ) (1.33)

if we remember that it is a two-dimensional random variable.
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A final criticism of the process capability indices reasons that each is a ratio of lengths
rather than a direct measure of the proportion r, of product outside specification. A simple
rebuttal to this attack would begin by observing that so too are the natural parameters (1, 6)
merely a length (from the origin) and a length (from p to the point of inflection of the density),
and not direct measures of m,,.

1.10. Contribution of the Research

The process capability index pair (Cp, Cpk) is widely used in industry. Its study has
been the preoccupation of a number of researchers for some years. We wish to shift the focus
to the triple index (Cpl, Cp, Cpu), a variant of (Cp, Cpk). One advantage to this shift will be
the maintenance of a bijective parametric equivalence with the natural parameter pair (. G)
for normal process characteristic X. A second advantage will be an easier method for
constructing joint confidence regions in (Cpl. Cp, Cpu) and the proportion =, of product
outside specification. We are convinced that the (pk index represents a wayward path. as
witnessed by the difficult forms that its current derived body of inferential procedure has
revealed.

While the sampling properties of the common estimators for the indices (Cp. Cpk)have
been examined for the case ofindependent, identically distributed normal characteristics. their
sampling properties under more general conditions have not. In particular, we investigate
estimators of (Cpl , Cp, Cpu) when the sample observations are normal, but autocorrelated.
We give a lower bound on the mean of the random variable Cp/C p, showing the potential
dangers lurking in small samples from autocorrelated processes. This case would include

sampling from stationary normal ARMA(p, q) processes, as presented in Box and Jenkins
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(1993). Inlight of the many data sets taken from business and industry which Box and Jenkins
analyze, it follows that the sampling properties of capability indices under autocorrelation
mark an important area for investigation.

1.11. Organization of the Research

This research is organized into five chapters. Following a first introductory chapter,
Chapter 2 presents a review of the relevant background literature which provided the
groundwork and motivation for the current research. In Chapter 3, some common estimators
of the process capability indices (Cp! , Cp, Cpu) are analyzed with respect to their sampling
properties in the simplest case of independent, identically distributed normal measurements.
A discussion of why normality is often manifested in real world data is provided. We continue
with classical interval estimation, presenting a method for determining a joint confidence
interval forthe truetripleindex (Cp/, Cp, Cpu) which is, both conceptually and computationally,
more direct than any method previously published. This procedure leads to both point and
interval estimators of the proportion n;, of product outside specification, a parameter which
many experts feel to be of foremost importance in process capability analysis.

Chapter 4 begins with a discussion of continuous linear stochastic differential equation
models and their relation to discrete linear stochastic difference equation models. In particular,
we seek an explanation for the frequent observance of autocorrelation in measured data. After
demonstrating a lower bound on the mean of the random variable Cp/Cp, we then take up the
sampling properties of estimators of the indices (Cp/ , Cp, Cpu) under autocorrelation. This
very important area has been largely neglected due to the high degree of mathematical

intractability in the problem. Chapter 5 contains our summary and conclusions.
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CHAPTER 2. REVIEW OF THE LITERATURE

Process capability indices (PCls) have been popular for over twenty-five years, since
the capability ratio (CR) was introduced by Ekvall and Juran (1974). Variant forms of the CR
index have proliferated both in use and variety during the last decade, which has seen the birth
of the indices Cp, Cpk, Cpm, Ppk, and others. This has sparked significant controversy. Some
believe PCIs should be discontinued while others feel they have use in conjunction with other
measures. Some use PClIs as absolute measures. Many feel these measures have had a major
negative economic impact on industry.

While the process capability indices have led to some improvements, they have, almost
certainly, been the cause of many unjust decisions. Procedures for determining process
capability by a single index were propagated mainly by over-zealous customers who viewed
them as a panacea for problems of quality improvement. Rigid adherence to rules for
calculating the indices Cp and Cpk on a daily basis, with the goal of raising them above 1.333
as much as possible, caused a revolt among a number of influential and open-minded quality
control statisticians. Statistical terrorism, unscrupulous manipulation or doctoring, and calls
for their elimination are all reported in Kitsa (1991). More moderate voices (Gunter, 1989),
and more defenders (McCormick, 1989), (Steenburgh, 1991), (McCoy, 1991), have been
heard. This heated debate, which flared in 1991, says something may be wrong with these
indices or their use.

Additional indices, introduced by Chan et al. (1988), Spiring (1991), Boyles (1991),
and Pearn et al. (1992), take account of a target not at the specification midpoint or possible

non-normality of the original process characteristic. Confusion among practitioners occurs
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since they have been denied a clear explanation of the meaning and underlying assumptions.
This is exacerbated even further because of the twin modern approaches to the PCI, as
insensitive measure of nonconforming product versus loss considerations.

The form of the loss function by far the most favored is a quadratic function of i, but
little supporting evidence for this choice has appeared. Infact, the father of squared error loss,
W.F. Gauss (1821), defends his choice strictly as a matter of mathematical simplicity and
convenience. Should someone object to his specification as arbitrary, he writes, he is in
complete agreement. Furthermore, in the context of PCls, it can intelligently be asked what
is gained from this confounding. If one is really interested in a loss function, why not just
estimate the expected loss £[L] and not some unnecessarily complicated function of it?

According to Kotz and Johnson (1993), the issue does not lie in their mathematical
validity, but in their application by those who believe the values are deterministic rather than
stochastic. They feel that once the variability is understood and the bias is known, the use of
these PCIs can be more constructive. In fact, Kotz and Johnson advocate process improve-
ment in general, rather than focusing on a single measure or index.

2.1. The Cp Index

The Cp index is defined by

_ USL~ LSL

(:
p & £

2.1)
where 6° = E[(X - u)z]. Itis, at best, an indirect measure of the potential ability to meet the

specification requirement, LSL < X< USL. Clearly, large values of Cp are desirable and small

values undesirable.
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What motivates the “6” in the denominator? If X'is normal with mean u and standard
deviation o and p = (LSL + USL)/2, then the proportion of product outside the specification
limits is 2®[-d/c], where d = (USL - LSL)/2 is the half-width of the specification interval and
® is the standard normal cumulative distribution function. Since Cp =d/3c, 2®[-3Cp] is the
proportion of product outside the specification limits. If Cp = 1.00, then 2®[-3Cp]=0.27%
NC (nonconforming product) or 2700 NCPPM (nonconforming parts per million). Similarly,
a Cp of 1.33 gives 63 NCPPM and a Cp of 2.00 gives 0.002 NCPPM. Of course, having a
Cp of 1.00 does not guarantee 0.27% NC. There will never be less than 0.27% NC only at
u=(LSL + USL)/2. In other words, a Cp of 1.00 is an indication that it is possible to have
NC as small as 0.27%, provided that p is at the specification interval midpoint.

Carr (1991) believes that in the academic analyses of PCls, the original motivation has
been lost. He suggests simply using NCPPM as a capability index. Constable and Hobbs
(1992) define “capable” as referring to percentage of output within specification. Lam and
Littig (1992) suggest 3Cpp = ®~'[(w, +1)/2] and use 3Cpp =@~ '[(7 + 1)/2] based on an
estimator of 7, from the observed X. Wierda (1992) suggests using ~®~'[#,]/3.

Herman (1989) distinguishes “mechanical industries,” such as the automotive industry
where the Cp began, and “process industries.” The difference is in measurement error. The
sample variance S = n_l—T S (X;-X )2 is an estimator of 52 + (measurement error variance).

i=l
Inaddition, each of these components could have within-lot and between-lot components. He

suggests the “process performance index” or PPI,
_USL-LSL

P =— 2.2
P 6orory - 22)
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Montgomery (1985) recommends a minimum Cp of 1.33 for existing processes, 1.50 for new
processes. For projects of essential safety, 1.50 for existing and 1.67 for new. He does not
explain his exact rationale for these numbers, however.

From Kotz and Johnson (1993), the natural moment estimator of = is

USL—)?J [LSL-)?]
= ] ——

&0=I‘¢[ S S

(2.3)

a biased estimator. A UMVU estimator of =, exists (Kotz and Johnson, 1993) but is

complicated. Each seems to depend on the assumption of normality.

The only parameter in (USL - LSL)/6c is 6. Take 6 = \/ —-I—Z(X,- -X )2 , where

n-1 i=l
- n n-1)6>
X = -I—Z X;. fXis N([.L, c? ) then L—.,L— is x,z,_l . A 100(1 - )% confidence interval
ni7 o~
for o2 is given by
(n-16* (n-1)5"
2 T2 , 2.4
Xn-1,1-2j2  Xn-l.a/2 (24
and so a 100(1 - a)% confidence interval for Cp is
2 2
Xn-1.a/2 A& A Xn-11-a/2
' (2.5)

Kotz and Johnson give five pages to the approximation of 2.
2.2. The Cpk Index
The Cpk index was introduced to give p some influence on the value of the PCI. It

is given by

Cpk = min{Cpl, Cpu} = min{ B ;LSL USL- “}

3o

27

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



_d-|u-L(LSL+USL)|
- 3o |

Ly 1
-{1-!” Z(LiuUSL)[}CP 2.6)

AN

where d= (USL - LSL)/2 is the half-width of the specification interval. Since Cp =d/3c, we
have Cpk < Cp, with equality if and only the process mean p falls at the specification interval

midpoint m = (LSL + USL)/2. If Xis N (u, c? ) then the nonconforming product =, is

¢[ Lsi - u] e O[USI.:;' - u] = ®[-3(2Cp - Cpk )]+ ®[-3Cpk], 2.7)

and therefore,
®[-3Cpk] < my < 20[-3Cpk]. (2.8)
From Kotz and Johnson (1993), take

d -

X-1(LsL+UsL)|

Cpk =
P 3G

(2.9)

n

where G = —ITZ(X' - ,?)2 . Then with {X,}'l iid N(u,cz), we have X ~ N(u, 0‘/‘\/'_1)
n_

i=l

and 6 ~x,,_;6//n , and they are independent. The statistic Jr_1| X-L(LSL+USL) I/& has
a folded normal distribution. It is distributed as |/ +&|, where U ~ N(0.1) and
5= %;—' u—-+(LSL +USL)|, making E[C’plc] and Var[épk] complicated functions of the
parameters (7, i1, o, LSL, [/SL). Thisestimator of Cpkisbiased with both positive and negative
components. The biasis positive for p = (LSL + USL)/2. When u = (LSL +USL)/2,the bias
is positive for n= 10, but becomes negative for larger numbers. The biasgoes to zero, however,

as n becomes large. The variance of Cpk increases as d/c increases, but decreases as

I nw-1(LSL+ USL)I increases. It also decreases as n increases. Even when # is as large as
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40, there is substantial uncertainty in Cpk and Kotz and Johnson deem it unwise to use it as
a preemptory guide to action.

Chou and Owen (1989) derive the distribution of Cpk of equation (2.9) through the
joint distribution of (Cpl, Cpu), where Cpk = min{Cpl,Cpu}. This joint distribution is
complicated since (épl, (:‘pu) are two dependent noncentral ¢ variables. Guirguis and
Rodriguez (1992) use the formula of Chou and Owen as the basis for a computer program.
They give graphs of the probability density function of Cpk for selected parameter values and
sample sizes of 30 and 100.

Bissell (1990) uses the modified estimator

USL-X LSL +USL
— for uy2z—m
C"p k= 3¢ 2
X-LSL LSL +USL |- (2.10)
—— for p<—m
3c 2

This differs from Cpk only in the use of 1 in the place of X. Kotz and Johnson (1993) point
out that C’'pk cannot be calculated unless i is known, in which case one would not need to

estimate it. The distribution of C'pk in equation (2.10) is proportional to a noncentral ¢ with

LU g

(n- 1) degrees of freedom and noncentrality parameter g {a’ - ' T

o 'pk isnot of practical use, it will not differ greatly from Cpk ,exceptwhen p = (LSL+USL)/2.
Unfortunately, a process mean p close to the specification interval midpoint m is precisely the
situation hoped for by a process manager.

Zhang et al. (1990) and Kushler and Hurley (1992) give confidence intervals for Cpk
which are complicated to compute since they involve a noncentral £, but Kushler and Hurley

suggest as an approximation
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/2

n-t n-l {r[(n-z)/z]}z

n-2 2 |[[(n-1)/2] @11
Heavlin (1988) suggests
/2
A n—1 A2 (n-5)
& ———+Cph ——"——
Cpk +z““’2{9n(n 3) " P -1 (- 3)} 2.12)

as an approximate 100(1 - a)% confidence interval for Cpk. Chou et al. (1990) provide tables

of approximate 95% lower confidence limits for Cpk under the assumption of normality.
Franklin and Wasserman (1992) carried out a simulation study to assess the properties

of these limits and discovered that they are conservative. They found the actual coverage for

the limits to be about 96%. They provide the lower bound

1 2k |
épk—zl_a{_‘+ p } s

9n 2(n-1) (2.13)

which they found to produce accurate results for » at least 30. Kushler and Hurley (1991)

suggest the simpler formula

A l_zl-a
Cph{ ——=2
P { 2n-1) } (2.14)

while Kotz and Johnson (1993) report good results for the two-sided confidence interval

A 1z l-a/2
Cpk{ ——=%l<
P { m } (2.15)
which first appeared in Heavlin (1988).
Inarecent article, Pearn and Chen (1997) present a case study using hypothesis testing

to determine the capability of a process which produces rubber strip components for audio

speakers. The measured characteristic is the weight of the rubber strip and for each speaker
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model, aunique productionspecification [LSL, USL]is set. The authors discuss three common

estimators of Cpk. The first, proposed by Bissell (1990), is given by

USL- X LSL +USL
——— for p2——m
é’p k= 3o 2
X - LSL LSL+USL |- (2.16)
——— for p—m4m
36 2

The second estimator is the natural estimator given by Kotz and Johnson (1993),

d-| X -L(LSL+USL)|

Cpk = - . (2.17)
3c
The third estimator, newly proposed by Pearn and Chen (1997), is given by
A {d—(;\’-—m)IA(p.)}
C"pk = . (2.18
P 3S )
where
1 ifueA={p|u2m}
Ly(n)= 2.19
4(w) {—1 £ e A : (2.19)

Pearn and Chen (1997) report that Bissell’s estimator C'pk assumes the knowledge
of whether the process mean is above or below the specification midpoint, whereas their own
Bayesian-like estimator C”pk only requires the knowledge of Pr{p > m] or Pr{u < m]. This
presumably may be obtained from historical information. Kotz and Johnson (1993) had
previously investigated their natural estimator and were able to show that, while both their
estimator and Bissell’s are biased, the variance of their Cpk is smaller than Bissell's C'pk .

Pearn and Chen (1997) show that under the assumption of normality, the distribution
of the estimator 3(n)l/2 ¢ "pk is t,_,(3), a noncentral ¢ with (n - 1) degrees of freedom and
noncentrality parameter §=3(n)2Cpk. Pearn and Chen (1997) also show that Cpk = b ff' "pk

becomes an unbiased estimator of Cpk, where the “debiasing factor” bf is given by
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_ 2 T{(n-1)/2]
br ‘\/: r(n-2)/2] 220

Furthermore, the variance of C"pk is smaller than that of the estimators of Bissell (1990) or
Kotz and Johnson (1993). The authors opt for their own Cpk in their case study application.

Pearn and Chen (1997) point out that looking at a single point estimate of Cpk from
sample data and making a decision is highly unreliable. They present a procedure for engineers
to correctly determine whether their processes meet the capability requirement preset in the
factory. To determine whether a given process is capable, they consider the statistical
hypothesis H,,: Cpk < C (process is not capable). Based on the sampling distribution of C"pk.
the rejection probability, commonly called the p value, can be evaluated as

p value = Pr[Cpk = W|Cp <C|= pr[z,,_l (6) = 3n"2WB}!| Cpk < C], 2.21)

where the observed value of Cpk is W. The authorsgive extensive tables of pvalues for various
sample sizes, a range of values W, and C equal to 1.00 or 1.33. Their four step procedure is
(1) decide the definition of “capable,” setting C'to 1.00 or 1.33 and a-risk to 0.01 or 0.05, (2)
calculate the value W from the sample, (3) check the table based on the value # and sample
size n, and (4) conclude the process is capable if the p value from the table is less than c.
2.3. The Cpm Index and Its Variants

The Cpm index was introduced by Chan et al. (1988a) in the literature but was first
proposed by Hsiang and Taguchi (1985) at the ASA, Las Vegas. While Hsiang and Taguchi
were motivated exclusively by loss function considerations, Chan was interested in compari-

sons with Cpk. The original definition has
USL-LSL d
Vo  +(u-TF oo +(u-1)"" @22

Cpm=
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where T'istypically (LSL+USL)/2. Ifitis not, it can be a very poor measure. Chaneral. (1988b)

give a modified version,
min{USL-T,T—-LSL} _ d-|T-m|
3\102 +(u—T)2 3\52 +(pn- 7')2 : (2.23)

If T=m, then C*pm = Cpm. Ifnot, then it has the same potentially poor performance as Cpm.

C*pm=

Since 6% + (n— T)2 > a2, we have Cpm < Cp. If T= ., then Cpm is the same as Cp. If, also,
u = m, then both Cpm and C*pm are the same as Cpk. If, further, the process characteristic
has a stable normal distribution, then a value of 1.00 for all four indices means that the
proportion of product within specification limits is about 99.73%. Negative values are
impossible for Cp and Cpm. Theyare impossible for C*pm if T falls within specification limits.
They are impossible for Cpk if p falls within specification limits.

Kotzand Johnson (1993) point out that if the loss function is proportional to (X — T)z ,
then the denominator of C*pm is a measure of average loss, and so there is no need for USL,
LSL, or the factor 6. They question the use of a cumbersome Cpm or C*pm rather than the
loss functionitself. Inthe final analysis, as Kushler and Hurley (1992) state, the main distinction
between the Cpm and Cpk is that the Cpk emphasizes the (USL - LSL), while the Cpm uses
T'to scale the loss function in the denominator. If 7'is not equal to m, “ . . . moving the process
mean towards the target (which will increase the Cpk and Cpm indices) can reduce the fraction
of the distribution within specification limits.” Kotz and Johnson (1993) provide point
estimators for Cpm and C*pm (when X is normal) which are functions of noncentral chi-
squareds, each of which is, in turn, an infinite Poisson-weighted average of central chi-

squareds. Confidence interval estimation is, of course, no more tractable.
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Boyles (1992) proposed the index

C* pm= ! +
3 ’ 22
3| (T-LSLY (USL - T (2.249)
for use when u = 7. The expectation
Exe|(X-T)|= Exar|(X -1V |X <T]pr{x < 7] (2.25)

is the semivariance, introduced for an asymmetric loss function. He gives a natural estimator

2 - -2
(%=1 (X% -T)
é+pm — l 'Yx<T + .", >T
3| M{T-LSLY  mUSL-T)Y | (2.26)

Even for a normal process characteristic. its distribution is complicated. Kotz and Johnson
(1993) derive expressions for the mean and variance under the very restrictive conditions that
n=m=T.

Pearn er al. (1992) give the index
d-|p-—m| _ d-lp-m|
WEX-TP  3yo? +(u-T)

Cpmie = T (2.27)

They note that Cpmk < Cpm and also Cpmk < Cpk. Whenever u=m =T , then Cp = Cpk =
Cpm = Cpmk. The estimator of Cpmk has a complex distribution. [ts expected value is a
product of betas and chi-squareds.

Kotz and Johnson (1993) suggest a class of PCIs defined by Cpm(a) = (1 —aC* )Cp‘

where |G| = l| £~ T| is small. The positive constant a is chosen to balance variability and
c

departure from target. A natural estimator is given by
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= 2
Cpm(a) = {1 —a{ X ; T} } Cp. (2.28)

This estimator is distributed as a complex function of chi-squareds and normals. The Cpm(a)
has the same drawbacks as the Cpm. If T is not equal tom, T -6 and T + 6 can correspond
to different proportions NC items.

In a recent paper, Zimmer and Hubele (1997) provide tables for computing quantiles
of the sampling distribution of the sample estimator of Cpm. The application of these values
to hypothesis testing is illustrated.

It is difficult for us to work up any enthusiasm for the Cpm index or any of’its progeny.
The Cpm index confounds, into one summary measure, the two subproblems of estimating the
proportion &, of product outside specification and estimating monetary or related loss. Now
clearly each of these subproblems is important. Yet we feel that the Cpm index and its variants
are too difficult to estimate and understand. It would seem that the better course would be
to directly attack estimation of the long-run behavior of the random charactenstic X through
estimates of (i1, 5). From these estimates, an estimate of the proportion mt,, of product outside
specification can be found. The analysis of loss can then be addressed.

It is not always clear from the literature exactly whose loss is to be measured. Isit the
supplier’s loss or is it the customer’s loss? If the Cpm index is meant to communicate
information between a supplier and outside customers, should not the customer’s loss be the
important focal point? The literature of Cpm seems to concentrate on the supplier’s loss.
Suppose the supplier computes a Cpm tailored to one of his customers. But now he must

construct a second Cpm for a second customer who has a different loss function, e cetera.
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Perhaps it is best for the supplier to concentrate on estimating 7, a concept which should
migrate across customers more easily. If the customer is truly indifferent to any X inside the
specification interval, then the case can be made that his relevant measure is the supplier’s
proportion w, of product outside specification. Together with a rate of production and data
such as selling price, materials costs, labor costs, overhead costs, costs of rework for product
outside specification, and the like, he can, in theory, determine cash inflows and outflows
attributable to the product. Admittedly, these figures may be less than sharp.
2.4. The Effect of Autocorrelation on Process Capability Indices

Yang and Hancock (1990) have shown that for an autocorrelated sample {X,}

identically distributed from a population with mean u and variance o2, the usual sample

variance §% = —— (X X ) has expected value ES> =(1-p)o~. where
n-1 =1
n(nz—l) ) n(nil:)/’
Pij = Py 2.29
n(n l) izf ’ i<j ’ ( )

is the average of the »n(n - 1) pairwise correlation parameters of the model. For positively

correlated { X; } , thisimplies that S will tend to underestimate 5 and so Cp =(USL - LSL)/6S

will tend to overestimate Cp. This reinforces the bias in 1/S, which tends to overestimate (p.
The effect is similar for the Cpk index.

In a recent article, Shore (1997) uses Monte Carlo simulation to demonstrate how
autocorrelations may adversely affect the sampling distributions of Cp and Cpk, and suggests
remedies. He uses the autocorrelation function p() = exp(-Ak) for various positive A and n
to simulate autocorrelated data. He concludes that (1) the capability indices are biased upward,

the bias diminishing with increasing », and (2) the standard errors of the indices increase
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considerably when autocorrelation is present, relative to an uncorrelated process, particularly
for n less than fifteen. He distinguishes between instantaneous process capability and long-
term capability, and suggests two remedies. A model-dependent remedy approximates the
autocorrelation population parameter and adjusts the estimated process variance accordingly.
A model-free remedy seeks to adjust the estimate of the population variance by rational
subgrouping of samples from the process.

2.5. Non-Normality and Robustness

Marcucci and Beazley (1988) have devised PCls for attributes. They consider

_o(1-0)) _ o/(1-0)
(1-0)o, o/(1-0,)

R (2.30)

where o is the actual NC and o, is the maximally acceptable NC. An R of 2 is indicative of

a poor process. An estimator of R is given by

5 X+3 (l1-0
R= 2 L 3
n—X+§‘{ o, | (2.31)

Unfortunately, the variance of this estimator is large and so is its positive bias.

In his seminal paper, Kane (1986) devoted only a short paragraph to the effects of non-
normality of the measured characteristic X on properties of capability indices. He suggests
using the proportion of product outside specification as a capability index.

Gunter (1989) has studied the interpretation of Cpk under three different non-normal
distributions, (1) a skewed distribution (chi-squared), (2) a heavy-tailed distribution (), and
(3) auniform distribution. These three were standardized to have amean ofzero and a standard

deviation of one. The NCPPM for plus or minus 3¢ are 14000 for (1), 4000 for (2), and O for
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(3). Recall that a standard normal has 2700 NCPPM by comparison. He uses the word
“hopelessness” in describing any attempt at meaningful interpretation.

English and Taylor (1990) have carried out extensive Monte Carlo studies of the
distribution of Cp for normal, symmetrical triangular, uniform, and exponential distributions,
using sample sizes of n = 5, 10, 30, and 50. For 7 less than 30, there can be substantial
departures from the true Cp value. In addition, the values for the exponential distributions
differ sharply from the values for the three symmetrical distributions.

Kocherlakota ezal. (1992) have established the distribution of Cp = d /36 intwo cases,
when the process distribution is (i) contaminated normal with 6, = 6, =& and (ii) contami-
nated with an Edgeworth series

fe(e)=(1=1a3D7 + L2 D* + £23D%) ¢[x: 0,1]. (2.32)
Here D/ is the jth derivative with respect to X and A, and A, are standardized measures of
skewness and kurtosis. Kotz and Johnson (1993) derive moments of Cp for a more general
contamination model with £ components (but with each component having the same variance).
The E[C‘;] is a multinomially-weighted average of noncentral chi-squareds. Their main
observation is that this contaminated version of Cp can have a negative bias whereas the
uncontaminated C‘p always has a positive bias. Kocherlakotaetal. (1992) derive the moments
of Cpu = (USL -X ) / 36 . The distribution of this estimator is a mixture of doubly noncentral
t distributions.

Price and Price (1992) estimate by simulation, the expected values of C’p and Cpk for
several process distributions including normals, uniforms, betas, and gammas. They used

E[Cp/Cp|= E[Cp|/Cp and E[Cpk/Cpk]= E[Cpk]/Cpk to compare distributions. On
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comparing the estimates for the normal distribution with the correct values, they found that
the estimates are in excess by about 2% for n = 10 and 0.5% for n = 30 or 100. Sampling
variation was also evident in the nine gammas they examined. As skewness increases, so does
E[ép/Cp], reaching a remarkably high bias even for » as large as 100. The same holds for
E[épk/ Cpk].

Clements (1989) proposed a method of construction based on the assumption that the
process distribution can adequately be represented by a Pearson distribution. The aim is to
replace the 6 in the denominator of Cp by numbers 6, and 8, such that

Pr[£~0,06 < X <£+6,6]=00027. (2.33)
In calculating Cpk, Clements suggests using the same value of 8, but replacing the sample mean
with the sample median. Johnson et al. (1992) suggest using
_ USL - LSL _ 2d

Cp(B8) = ——=— 3
p(6) oo - (2.34)

where 0 is now chosen so that the “capability” is not greatly affected by the shape of the process
distribution. Reflecting on the two methods of Clements and Johnson, we see that Clements
makes a direct allowance for the values of the skewness and kurtosis coefficients, while
Johnson aims at getting limits which are insensitive to these values. But each method relies
on the assumption that the population distribution has a unimodal shape close to a Pearson
(Clements) or a gamma (Johnson).

Chan et al. (1988) proposed using distribution-free tolerance intervals to obtain
“distribution-free” PCIs. These tolerance intervals are designed to include at least B of a
distribution with preassigned probability (1 - a) for a given f close to one and a close to zero.

A natural choice for B is 0.9973. Unfortunately, construction of such intervals require
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prohibitively large samples of size 1000 ormore. Chanetal. (1988) suggest an alternative that
would require smaller sample sizes of around 300. They recommend taking § = 0.9546 and
using 1.5 times the tolerance interval length, or § = 0.6826 and using 3 times the tolerance
interval length, in place of 66. The reasoning behind these heuristics comes, of course, from
the normal distribution, which would no longer make them “distribution free.”

Franklin and Wasserman (1991), together with Price and Price (1992), are the pioneers
in the application of bootstrap methods to the estimation of the Cpk. However, experience
has indicated that a minimum of one thousand bootstrap samples are needed for a reliable
calculation ofbootstrap confidence intervals for the Cpk. Thedifficultiesin thisapproachcome
about because the indices are ratios of random variables with a large amount of vanability in
the denominator. Similar difficulities arise in estimating a correlation coefficient or the ratio
of two expected values. Cochran (1963) writes of the distribution of ratio estimators, “the
known theoretical results fall short of what we would like to know for practical applications.”

Rodriguez (1992) reports various attempts to extend the definitions of standard
capability indices to non-normal distributions. The idea is to generalize the formulas for the

standard indices by replacing 3o with percentiles, as in

(2.35)

Cpk:min{ USL-Pys Pys—LSL }

Fooogr — Fos Fos— Fooors

This extension applies to unimodal skewed distributions. It simplifies to the familiar Cpkwhen
the distributionis normal. Asnoted by Pearneral. (1992), thebasic disadvantage of percentile-
based extensions is that the extreme percentiles P 3 and P, o7 cannot be estimated
precisely unless a massive number of process measurements are available. This problem can

be circumvented if one assumes a parametric distribution for the data and computes the
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percentiles from the fitted distribution. Pearn et al. (1992) believe that by working with
distributions from a large class such as the Pearson system or Johnson system, one can fit data
distributions with a wide variety of shapes. Rodriguez (1992) answers that equations for fitted
Pearson or Johnson curves are “generally complicated and difficult to interpret.” He believes
that simpler distributions, chosen from a smaller family of distributions such as the gamma,
lognormal, or Weibull, can serve as useful models for the process distribution, while providing
reasonable curve flexibility. He notes that the gamma family is the Pearson Type III family,
and the lognormal family is the Johnson S, family. The Weibull family, however. does not
belong to either system.

In a recent article, Sarker and Pal (1997) consider measuring the concentricity of a
circular machined component. Concentricity generally does not follow the normal distribution

pattern, but is explained through an extreme value distribution of either Type 1,
F(x)= exp{—exp{— t—;g—}} 0<x<x (2.36)

or Type 2,

—k
F(x):exp{—{—xga} } a<x<x. (2.37)

The authors discuss three proposed methods commonly used for non-normal distri-

butions. In Method 1, the capability index taken is

where X is the sample mean, S is the commonly used sample standard deviation, and 4S5 is
chosen instead of 3S in the denominator because of skewness. The process is considered

capable if CPU is at least one. In Method 2 per Owen (1962), a non-normal curve is fitted
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to the data, and the proportion of product outside specification is estimated. That proportion
nonconforming is converted to an equivalent z-score for a normal distribution. The z-score
is then divided by an appropriate factor to get the value of the process capability index CPU.
The process is considered capable if CPU'is at least one. Method 3. which corresponds to the
suggestion of Clements (1989), uses the Pearson family of curves to approximate almost any
distribution. From the sample data, the mean, standard deviation, skewness, and kurtosis are
calculated. Based onthe skewness and kurtosis values, standardized 99.865 and 50 percentile
values are read from a table to calculate the estimated 99.865 and 50 percentiles. The process
capability index CPU is calculated as
USL-M

CP(]='—_’(IP —M , (239)

where Up is the estimated 99.865 percentile and M is the estimated 50 percentile. The process
is considered capable if CPU is at least one.

Although Method 1 is used extensively by many industries because of its simplicity.
the authors point out that there is no known statistical basis for the denominator. Methods
2 and 3 are too laborious to do manually. This leads the authors to suggest a fourth method
for measuring capability. An extreme value Type 1 distribution, whose parameters (., 0) are

estimated from the sample, is fitted to the data. The index is computed as
USL —X05

X099865 ~X0.5

where x; is the ith percentile.
CPU indices are estimated under the four methods for three data sets of varying

skewness, kurtosis, and percentage nonconforming product in the sample. The authors
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observe that Method 2 clearly underestimates the CPU, whereas Method 3 overestimates the
CPU. The authors use simulation to give 95 and 99 percent critical lower bounds for the true
CPU on their Method 4 for various sample sizes.

In a recent article, Somerville and Montgomery (1996) examined four non-normal
distributions for their effect on inferences made using the standard capability indices, Cp and
Cpk. The gamma, lognormal, Weibull, and 7 distributions were analyzed. Various shapes for
each ofthe four distrbutions were considered. The errors associated with a normal assumption
on a non-normal distribution were evaluated and tabulated. The proportions nonconforming,
in parts per million, were compared to those obtained with the normal distribution. The errors
were found to be extremely large in most instances. The skewness and kurtosis of the non-
normal distributions contribute to a significant difference in the defect percentage. The authors
recommend that a sample distribution for which a capability estimate is desired should be
evaluated for departures from normality. The authors also recommend that methods which
compensate for non-normality should be considered if a high degree of confidence is to be
placed on the capability estimates.

2.6. Multivariate Process Capability Indices

Frequently, a manufactured item possesses several measurable quality characteristics.
These measurements must be separately and simultaneously controlled since the assessed
quality of the ultimate product is a function of these combined effects. Only recently have
multivariate PCIs been investigated. It would seem obvious that the drawbacks observed for
the univariate PCIs can only multiply. As it turns out, these “multivariate” indices are often

simply univariate indices in disguise.
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if{X; }v are the measured variates, the usual practice is to look at the v-dimensional

rectangular parallelepiped defined by

{LSL; < X; <USL;},. (2.41)
Chan et al. (1990) suggest using the product of the v univariate Cpm values as a multivariate
PCI. But this will not do, even ifthe variates are independent. A very small Cpm inone variate
can be compensated by a very large Cpm in another variate. This is clearly an unsatisfactory
quality for an index to have.

Kotz and Johnson (1993) stress that any single index of process capability based on
multivariate characteristics has an even higher risk of misuse and misinterpretation than is the
case for univariate PCIs. But just one year earlier with Pearn et al. (1992), they formulated
just such an index. As in Chan er al. (1990), they begin with the assumption that v
characteristics (X, X5, . . . , X) are measured for each of n items and that the specification
limits for these characteristics are prescribed in the form (X — T)' A™' (X - T) < ¢” for vectors
X'=(X,,....X ), T'=(T},....T,),and the v x v positive definite matrix A. The specification
region is an ellipse in the (X}, X;) plane for v =2 and a v-dimensional ellipsoid for v > 2.

In a recent article, Byun et al. (1997) develop a probability vector which assesses the
producibility of a product design with given specifications in terms of process capability and
manufacturing cost. Quality characteristics are classified into three categones, critical
characteristics { X; }, , major characteristics {r, }n., , and minor characteristics {Z; }n3 , accord-
ing to their relativeimportance. A PCl for each ofthe (n2, +n, +n;) characteristics is computed.
Then a PCI for each of the three categories is calculated by

(P CI critical » PCI, major > PCI minor )
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= ( min{PCIy } ,min{PCIy }'h .min{ PCI } ) (2.42)

ny

A weighted geometric mean of all (r, + n, + n;) PCls is calculated as

:/’z"'.

w /2w, Yn, 1%
[(PC[Y‘---PCIYQ) ]

I/n
PCl yyerat = [( PCIy,--PCly,_) ]

In, wy/ 2w,
x| (PCI,-- PCIZ ) . (2.43)

Manufacturing cost is also considered and is included as MC, the fifth element of a probability
vector. The probability vector is given by
PV = PClriicats PCllmgjor» PCluminor+ PCloverait: Mc|. (2.44)

The authors claim that the vector can be used for determining a good design which has high
process capability and low manufacturing cost. The authors demonstrate its application to the
production of beef stew and ham slice pouches.
2.7. Recent Approaches and Criticism

In the first of two articles, Levinson (1997a) gives exact confidence limits, in the case
of iid normal observations, for the index Cp = (USL - LSL)/6c and also exact confidence limits
for Cpl=(u- LSL)/36 and Cpu=(USL - n)/3c. Of course, Cpk=min{Cpl, Cpu}. Theinterval
for Cp is simple enough. The intervals for Cpl/ and Cpu are more difficult, involving the
noncentral . In addition, Levinson gives one-sided tolerance factors.

In the companion article, Levinson (1997b) compares two approximate lower
confidence limits for Cpk under iid normal sampling. Kushler and Hurley (1992) per Zhang

et al (1990) give

(2.45)

n-1 _n—l{r[(""z)/z]}z N
2

= Cpk{1-
U =H TR T2 T 2 (T 0)2)
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as the lower 100(1 - )% confidence limit for Cpk. On the other hand, Franklin and Wasserman

(1992) per Bissell (1990) recommend

Ay W2
¢ = 5pk-21-a{5l;+j%} | (2.46)
Comparing the two approximations to the exact noncentral ¢ result for Cpk = 1. Levinson
draws several conclusions. First, each approximation improves with anincrease in sample size.
Second, even with n= 200, the approximations provide only 95 percent assurance that the true
Cpk is better than 0.9 when Cpk = 1. Third, point estimates of Cpk based on 7 of 10 or 20
are meaningless. Fourth, the equation (2.45) approximation underestimates, while equation
(2.46) overestimates, the lower 100(1 - )% confidence limit for Cpk as computed from the
true noncentral 7.

Tsui (1997) per Kane (1986) summarizes the applications of process capability indices
as (1) comparing process performance, (2) comparing among different processes. (3)
providing information about proportion conforming or closeness to target, and (4) providing
directions for quality improvement. He separates “proportion conforming” approaches from
“loss function” approaches. He believes in measuring loss more directly, rather than

incorporating loss into a PCI, and proposes “yield” as the most natural index for measuring

conforming product. He defines yield ¥ by

USL
Y= j dF(x), (2.47)
LSL

where F(x) is the cumulative distribution function of the process characteristic .X. Tsui also

defines the complementary measure, potential yield, given by
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p+d
v, = [aF(x), (2.48)
p-d
whered= (USL - LSL)/2 is the half-width of the specificationinterval. Tsui claims that together
04 » Y) provide the same information about the process as (Cp, Cpk), but does not require a
normality assumption. Of course, it does require symmetry in an assumed known F{(x).
Kaminsky, Dovich, and Burke (1998) give an overview of process capability indices
currently inuse and discuss problems with them. They point out that most of the current indices
are applicable only for normally distributed processes in a state of statistical control. They
show that Cpk is an ambiguous measure in the sense that two processes with the same Cpk can
have a different number of nonconforming parts per million items that leave the plant. They
also show, by example, that the alternative methods of estimating the true Cpk of the process
can produce different estimates of Cpk. Inaddition, the estimators for Cpk exhibit considerable
variability, and a single point estimate of the process capability can be significantly different
from the true value. They describe a procedure to conduct a process capability analysis.
without the use of any process capability index, using the binomial distribution and exceedance
probabilities to describe the number of nonconforming items that leave the plant. Forexample,
if the measured characteristic X is Weibull with probability density function given by

f(x)=k(x/6) '™ exp{-(x/e)" } x20, (2.49)

then the proportion p of nonconforming product is

USL
p=1- ff (x)dx. (2.50)
LSL

If it is common to send out shipments with a lot size of N items and if T is the total number

of nonconforming items in a lot of N items, then
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N N-
pr[r=t]=(:}"(n—pr" =012 N @5
and

.'V N . -
PT>e]= [i )p'(l—p)‘V L 1=0,12,...,N. (2.52)

i=t+l

With this procedure, according to Kaminsky et al. (1998), the use of any process capability
index is “totally unnecessary, and a strong argument is provided to eliminate the use of process

capability indices.”
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CHAPTER 3. CAPABILITY INDICES UNDER NORMAL INDEPENDENCE

We begin by examining the assumption of the normality of the measured characteristic
X. There are often justifiable reasons for this model. When normality is met in practice, a well-
developed body of knowledge is available to draw upon. Of course, practitioners must always
be aware of the possible consequences from using the wrong model.

3.1. Why Some Real World Data Exhibit Normality

This is not the place for a rigorous discussion of the limit theorems of probability and
statistics. Their statement and full import are neither elementary nor concise. We refer the
reader to Billingsley (1986), Lehmann (1983), Rohatgi (1976), or Serfling (1980). Neverthe-
less, a very small background is needed in order to proceed.

Random variables are functions (from the sample space of outcomes into a field of
numbers) and there are several ways in which the limit of a sequence of functions may be
defined. The common types of convergence are (1) almost sure convergence, (2) convergence
in mean square, (3) convergence in probability, and (4) convergence in distribution. Let us
point out that type (1) implies (3), (2) implies (3), (3) implies (4), and when the limit function
is constant, (4) implies (3). Our concern is with (4) convergence in distribution.

The sequence of random variables {Y, } is said to converge to Y in distribution, if and
only if at each point A where Y is continuous,

lim £y, (A) = Fy(2). (.1
n—>
The important point here is that for large but finite 7, the probability Fy. (A)=Pr[¥, <A]can

be approximated by the probability Pr[Y <A]= Fy(A), which may be simpler.
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When one talks of the central limit theorem (CLT), one is really invoking a group of
results whose commonality is convergence in distribution to a normal random variable. The
Lindeberg-Levy version of the CLT states that for {X,} independent and identically
distributed with mean p and finite standard deviation o, the normalized sequence of random

variables

ol ] o

converges in distribution to the standard normal random variable.

This has been generalized in several directions. For example, it is not necessary that
the sequence of random variables be identically distributed nor even independent. In fact, the
finite variance requirement can be dropped. Each generalization requires additional require-
ments on higher moments. See Serfling (1980) for a complete survey.

More generally, a sequence of random variables {X, } is asymptotically normal with
“mean” |, and “standard deviation” ,,, if {( X, —1,)/c,} converges in distribution to the
standard normal random variable. Here {u,} and {c,} are sequences of constants, not
necessarily the mean and standard deviation of { X }.

Roughly speaking, when a random variable represents the total effect of a large number
of small causes, none of which dominates, the central limit theorem asserts that the distribution
of that variable tends to the normal distribution. Supposethe randomvariable X, canbewritten

as X, =ayY +a,, +---+a,¥,, where each of ¥ have finite variance. We form the sequence

n-n»>
of partial sums
_X,-EX, (ali+ah+---+aV,)— (@£ +aEY +---+a,EY, )
Sn- m— lir_t_x . _ v . .~ w\
S = Xn —'EXn — (alYl +a2Y:'2 t e +anYn5-(alEYl +a2EY?. +eee +anEYn)
" JVarX, Jar(a\t, +ats +--- +a,¥,)
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(@} -aER) + -+ +(a,F, ~ a,ET,)

T Featieerar) G

Ifthe sequence S, converges in distribution to a standard normal random variable, we say that
the central limit holds. We expect convergence of S, to standard normal when no individual
a.Y, variable “contributes more” than the others.

Kececioglu (1991) considers how the normal random variable may be generated in the
world, both naturally and as a human construct in the context of reliability. Whenever a wear-
out process is involved in the determination of the time to failure, or whenever many additive
effects are involved, or whenever units exhibit an increasing failure rate, time to failure may
follow a normal distribution. For some random variables a normal law may be an acceptable
approximation in the center, but not in the tails. He gives examples of applications.
Incandescent lamps have exhibited normally distributed times to failure. Shoes, clothing,
furniture, simple electronic parts, mechanical parts, and simple parts with homogeneous
deterioration properties have been observed to have normally distributed times to failure. The
stress at failure of many structural materials has been found to follow the normal distribution.

But not all random variables can be regarded as the sum of many small effects and so
there is no theoretical reason to expect a normal distribution to result. Non-normality can result
when one or more substantial or extreme effects are predominant, as would be the case when
values of the variable are concentrated near the lower or upper boundary of the distribution.
Aninteresting point to be made is that evenif 'S, does not converge in distribution to a standard
normal random variable, it will converge to some L?-random variable if the Y, s feeding into

it are each L2, that is, if each Y, has finite positive variance (Kreyszig, 1978). This is because
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the random variables of finite positive variance constitute a Banach space with the appropriate
norm (with the appropriate inner product, they also make a Hilbert space). It follows that any
L2-random variable can be regarded as the sum of many small effects. In fact, the unique
expression of an L2-random variable as a linear combination of basis L.2-random variables can
be viewed as a compendium, if you will, of limit results. This should serve as a warning against
any hasty invocation of a normal central limit theorem effect.
3.2. Estimating Cp when p is Known and 6 is Unknown

Let the random variable X be normal with finite mean p and finite positive standard
deviation ¢. Let the specification limits be finite, fixed, and known with LSL strictly less than

USL. The index Cp is given by

_USL-LSL

G
P 6G

(3.4)
It is a measure of actual process capability whenever the process mean u is equal to the
midpoint of the specification interval, that is, whenever p =m = (LSL + USL)/2. Otherwise,
it is a measure of potential process capability, conditional on the ability to center the process
mean 1t at the midpoint m of the specification interval without disturbing the process standard
deviation o. Note that Cp is positive since each of its numerator and denominator is assumed
positive.

Ifboth p and & are known, then Cp is known and does not have to be estimated. Also,
if u is unknown and o is known, then Cp is known and does not have to be estimated. In this
section, we take up the case of known 1t and unknown o. This case is likely artificial, yet it
may provide insight into the more realistic case of both p and ¢ being unknown. It is also the

traditional approach to looking at an estimation problem. With 1 known and 6 unknown, we
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n
take the statistic S = \[-l-z (X; - u)z as our point estimator of o. Note carefully u in the
n;-

definition of S.

It will be sometimes convenient and often times instructive to study the random
variable C‘p/ Cp (no problem occurs in division since Cp is assumed positive). For example,
a realization C‘p/ Cp of 1.05 means that the estimated Cp is S percent larger than the true Cp.
while a (:'p/ Cp of 0.90 indicates that the estimated Cp is 10 percent smaller than the true Cp.

For the case of known p and unknown o, we have

Cp _(USL-LSL)/6S o
Cp (USL-LSL)/6c S’

where again,

S=Jli(x,-—u)2.

n i=l

It is well known that for {X} distributed /id N (p., o’ ) the random variable

n
_lf (X; —u)z is distributed as x,l,, a chi-squared random variable with » degrees of
T =i

!

freedom. Therefore we have C‘p / Cp = /S distributed as vn Xn ! the square root of n times
an “inverted chi” with n degrees of freedom. The random variable X, lis simply the reciprocal
of the square root of a chi-squared random variable, that is, x,, b= / \/x? )

To derive the probability density function of the inverted chi, we start with the pdf of
the chi-squared. Let X be distributed chi-squared with n degrees of freedom. The pdf of X

is given by
£(n2)/2 %2

Sfyr(x)= W

(3.6)
for nonnegative real x and positive real 7. It can be shown that E[ X]|=n and Var[ X]=2n.
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By the change of variable y = x~ Y2, we get the pdf

~(n+1) -1/2y?

SrO) = fx x(¥)

& relepr=2 e

l dy I{n/2]2"?
for nonnegativereal y and positive real n. To get the expected value of the inverted chi random

variable Y,
x -n —l/..
E[r]=
[¥] jyfy(y)dy [=Z | S
[(n— [)/2] (" 3)/2 y-ne—I/ZyZ "
(/227§ T{(n—1)2]2 7

dy

The integral is equal to one, and so

-] - oS

which is finite for real n greater than one.

We next get £ [Y 2 ] as an intermediate step toward the determination of Var{Y],
—n+l -1/2y*

[Fvar

E[r?]= jy-my)dy [ dy

_Hn-2)af" 7 yrentin
rn/2]2"22 g r(n-2)/2]202

The integral is equal to one, and so

E[Y2]=E[(x-l)z]=r[(”‘z)/z]z("_“)/ 1 I{(n-2)/2] 1

" 2222 2 Tw2] n-20 G

which is finite for real n greater than two.

The variance of Y is seen to be

Var(Y]=Var[y,'| = E[r?]- E2[Y]
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(3.10)

1 {[(n 1)/2] 1 }2 1 103[(n-1)/2]

“n-2 In/2] V2 -2 2 I'z[n,/Z]
which is finite for real 77 greater than two.

Note that each of the mean and variance of the xi random variable grows without
bound as n grows without bound. On the other hand, each of the mean and variance of the
x;l random variable approaches zero as 7 grows withoutbound. The x,z, runs away to infinity
while the %, : collapses into the origin.

Now consider again the random variable Cp/Cp. Recall that Cp/Cp is distributed as

Jn Xn ! thatis, the square root of » times an inverted chi with n degrees of freedom. We have

E[%J=E[Jr7x;‘]=«/§E[x = 2) 7]( G.11)

, C n n I'"' (II - 1) 2
v & |- i vl 22 L0

_n r[(n—u/z]\/gz_L_ [ Cp .
n-2 { T[w2] V2| n-2 E Cp | (3.12)

From Abramowitz et al. (1965), page 257,

and

fim nbe L1+

o Tlneb] (3.13)

for any real a and b, and so we see that E[C’p/Cp] approaches one, while Var[é p/Cp]
approaches zero, as n grows large. Therefore, if we take the mean squared error of therandom

variable ép/ Cp around one, we get
wse| 2= g [C2 | | va| C2 L L C2 |
Cp Cp Cp Cp
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- - 2
n 2| Cp Cp
=—=FE“ = — -1
n-2 [@}*{E[cp] } | G149

which approaches zero as » grows large. Therefore, the statistic Cp is consistent both in mean
square and in probability for Cp. Though it has a positive bias in finite samples, the statistic
Cp is asymptotically unbiased for Cp. The relative bias can be viewed in Table 3.1, which we
address shortly.

It will be instructive to approximate the mean and variance of Cp /Cp by finite Taylor
series expansion even though we have exact results in this simplest of cases. Doing so will help
us evaluate the accuracy of these Taylor series approximations. We will not have this luxury
when we later consider autocorrelated data. At that point, we must rely on simulations to
assess our approximations.

Let g be a twice-differentiable, real-valued function. Then £ [g( Y )] is approximately

given by

E[g(r)]= :?E[Y ]+%g"E[Y ]-Var{r]. (3.15)

n
Let Y =) (X; ~u)’. We know that

i=1

E[—%—Y]zn and Var[—lz-Y]= 2n.

c o
Therefore,
E[¥]=nc® and Var[t]=2nc".
1 3 -
Letting g(Y) = % = Y"l/zv gl(Y) = _;_Y-3/2’ and gn(Y) =%Y_3/2, we have

E{g(V)] = gE1Y]+ g"E Y] -Var[Y]

_ (ncz)"/z +%%(ncz)-5/3 e
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and so

That s,

Q]_ E[ssz]_ JZE[—J%]=0JZE[8(Y)]
=C "{c ln +%Gnl3/z}
=1+ 4_,,

dee]. ] .2
Cp Cp 4n’

3.

16)

How accurate is this approximation? Table 3.1 allows comparison of this approxima-

tion with the true mean for various sample sizes 7. Let = @p/ Cp. Also, let E [é] be the true

mean of 6 =C'p/Cp and let E[é] be the Taylor series approximation of the mean of

6=C p/ Cp. We denote the relative error as E - E / E . Repeating, we have

(n—l )/2
el e| |- Tiar -
E[8]= 1«‘:[%] = 1+%, 3.
(E-E)/E E[e]_é[é]— —ié] G.

20

17)

18)

19)

We see from Table 3.1 that the approximation is remarkably accurate. Its relative error is less

than four percent for #» as small as five, and less than one percent for » as small as ten.

Next we approximate Var[ép/Cp] by the Taylor series approximation for the

variance of a function of a random variable,
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Table 3.1. Exact vs. Approximate Mean of 0= Cp/Cp

no ] o] (e-£)E

5 1.18942 1.15000 0.03314
10 1.08379 1.07500 0.00811
20 1.03956 1.03750 0.00198
30 1.02590 1.02500 0.00088
40 1.01925 1.01875 0.00049
50 1.01532 1.01500 0.00032
100 1.00758 1.00750 0.00008
200 1.00377 1.00375 0.00002
300 1.00251 1.00250 0.00001
400 1.00188 1.00188 0.00000
500 1.00150 1.00150 0.00000
1000 1.00075 1.00075 0.00000
Var[g(¥)] = {gE[Y]} -Var[Y] (3.20)

n
Let Y=Z(X,——u)2. We know that E[¥]=nc® and Var[Y]=2nc". Letting

i=1

8)= =12 g (1) =3 ¥ g()= 77 we have

Var[g(Y)] = {g’E[Y]} -Var(Y]

= {— %(ncz)'y 2 }2 -2nc?

e’
and so
Var G = Var[—] = no-ZVar[—] =no*Var[g(¥ )]
Cp JY

et 1

Toande? 2n
That is,
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Cp|l - |Cp s
Var| = | =V
w[Cp] W[Cp] o (3.21)

The mean squared error of Cp/Cp around one is approximately given by

lgl 133

et el
=—+{l+—=-1p =—+{—> | (3.22)

which approaches zero as 7 gets large, showing that the sequence of approximating statistics
is consistent both in mean square and in probability for Cp.

The chi-squared random variable has one parameter, n. Consequently, its mean and
variance are functionally dependent. We could use this fact to directly insert our Taylor series-
approximated E[C’p/ Cp] into the Var[CA'p/Cp]‘ Substituting equation (3.16) into equation

(3.12), we have

that is,

Cp Cp n { 3 }’
Ve Ve — =
ar[Cp:I W[Cp] n-2 +4n ' (.23)

We see that E[C’p/ Cp] approaches one, while V. ar[ép / Cp] approaches zero, as ngrows large,
showing that the sequence of approximating statistics is consistent both in mean square and
in probability for Cp by this alternate approximation. Of course, we must remark that

consistency is the minimum requirement of any reasonable estimator.
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We can evaluate our two approaches to approximating Var[(:‘p/ Cp]. Letf = Cp/Cp.
Also, let Var[é] be the true variance of & = Cp/Cp and let I}ar[é] be the estimated variance
of 6 = é’p/ Cp computed directly from the Taylor series approximation for the variance of
6= Cp/Cp . Finally, let Vw[é] be the estimated variance of 8 = Cp/Cp computed recursively
from the Taylor series approximation for the mean of 6= Cp/Cp. We denote the relative

errors as (V——I;)/V and (V-V)/V. Repeating, we have

6-CP (3.24)
Cp
Cp r[(n-l)/z] n .
E[e] [ P]——W— 2 (3.25)
Co|l__n _p2qaj_m r[("—l)/Z]\/7 : 5
var[6] = V"’[cp} 2 E [9]-,,-2‘{ 2] 5}’ (3:20)
£[8]= E[@] — e (3.27)
Cp 4n
[e] VW[CP]_—I—, (3.28)
Cp| 2n
%[é]:%[g’i]: I —{l+i}2. (3.29)
Cp| n-2 1 n-2 4n
-y == o] -Vald] | _Vald] (3.30)
Var[e] Var|6)]
(V -V)/V = Vw[é]_ffar[é- =1- l7‘”:‘}: . (3.31)
Var[O] Var_G-

Table 3.2 reveals that the Taylor series estimator I;ar[é] consistently underestimates the true
variance while the recursive estimator Ve ar[é] overestimates the true varance. It takes a

sample size of n = 100 before the relative error of each falls below four percent.
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n Var[é] I}ar[é] (V—V)/V Var[é] Var[é] (V -V )/V
5 0.251956 0.100000 0.603105 0.251956 0.344167 -0.365981
10 0.075546 0.050000 0.338152 0.075546 0.094375 -0.249239
20 0.030424 0.025000 0.178280 0.030424 0.034705 -0.140711
30 0.018959 0.016667 0.120893 0.018959 0.020804 -0.097315
40 0.013758 0.012500 0.091438 0.013758 0.014780 -0.074284
50 0.010794 0.010000 0.073559 0.010794 0.011442 -0.060033
100 0.005193 0.005000 0.037165 0.005193 0.005352 -0.030618
200 0.002548 0.002500 0.018838 0.002548 0.002587 -0.015306
300 0.001688 0.001667 0.012441 0.001688 0.001705 -0.010071
400 0.001262 0.001250 0.009509 0.001262 0.001272 -0.007924
500 0.001008 0.001000 0.007936 0.001008 0.001014 -0.005952
1000 0.000502 0.000500 0.003984 0.000502 0.000503 -0.001992

Table 3.2. Exact vs. Two Approximate Variances of 6= Cp/Cp

When the population standard deviation & is unknown, the true Cp is unknown, hence
the estimator of Cp is subject to sampling error. When the sampled data are iid normal, it is

a simple matter to report a lower confidence bound for the true Cp. Since Cp/Cp =o/S is

distributed as v An ! the (1-a)lower confidencebound forthe true Cpis given by C‘p]} Xn.a ,
n

where xi' « isthe (lower) a percentile of x,z, . Table 3.3 givesthe 0.95 lower confidence bound

for the true Cp for a selected sample size n and a selected value of Cp= U—SL—;SLi where

n
S = lz (X; - u)z . For example, when Cp is estimated to be 1.40 using a sample size of
" iz

n =20, the 0.95 lower confidence bound for the true Cp is given by 1.03120. That is, one is
0.95 confident that the true Cp is at least 1.03120. Yet when Cp is estimated to be 1.40 using
a sample size of » = 1000, one is 0.95 confident that the true Cp is at least 1.34751. We see

that increasing the sample size » increases the precision of the lower bound, as it should.
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Table 3.3. 0.95 Lower Confidence Bound on True Cp with Known pu

Estimated Cp

n 1.00 1.20 1.40 1.60 1.80
5 0.47864 0.57437 0.67010 0.76582 0.86155
10 0.62772 0.75326 0.87881 1.00435 1.12990
20 0.73657 0.88388 1.03120 1.17851 1.32583
30 0.78512 094214 1.09917 1.25619 1.41322
40 0.81408 0.97690 1.13971 1.30253 1.46534
50 0.83384 1.00061 1.16738 1.33414 1.50091
100 0.88278 1.05934 1.23589 1.41245 1.58900
200 0.91728 1.10074 1.28419 1.46765 1.65110
300 0.93252 1.11902 1.30553 1.49203 1.67854
400 0.94160 1.12992 1.31824 1.50656 1.69488
500 0.94655 1.13586 1.32517 1.51448 1.70379
1000 0.96251 1.15501 1.34751 1.54002 1.73252

We note that this lower bound has a Bayesian interpretation in that it corresponds to
| oo /2
the lower o percentile of the posterior distribution of Cp/Cp = S/c = { —5 Z (X; - u)"' }
neG -y

when p is known and the prior density of ¢ is taken to be the standard noninformative prior
on the positive reals, that is, ¢ proportional to 1/c on the positive reals or equivalently, log &
proportional to a constant over the reals. For example, when the estimated Cp is 1.40, the
posterior probability is 0.95 that the true Cp is at least 1.03120. See Box and Tiao (1973) and
Zellner (1971) for excellent discussions on noninformative prior distributions.

Let n,, be the proportion of X outside the specification interval [LSL, USL] and let &,

be the proportion of X within, so that n, + ; = 1. If u=m, then Cp/ = Cp = Cpu and so

g = l_Ttl = l—Pf[LSL < XSUSL]
=1- Pr[-3Cpl < Z < 3Cpu]

=1-Pr{-3Cp < Z <3Cp]
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Table 3.4. 0.95 Upper Confidence Bound on True ;, with Known p

Estimated Cp

n 1.00 1.20 1.40 1.60 1.80
5 0.15102 0.08487 0.04440 0.02159 0.00975
10 0.05968 0.02383 0.00838 0.00259 0.00070
20 0.02712 0.00801 0.00198 0.00041 0.00007
30 0.01850 0.00471 0.00098 0.00016 0.00002
40 0.01460 0.00338 0.00063 0.00009 0.00001
50 0.01237 0.00268 0.00046 0.00006 0.00001
100 0.00809 0.00148 0.00021 0.00002 0.00001
200 0.00593 0.00096 0.00012 0.00001 0.00001
300 0.00515 0.00079 0.00009 0.00001 0.00001
400 0.00473 0.00070 0.00008 0.00001 0.00001
500 0.00452 0.00066 0.00007 0.00001 0.00001
1000 0.00388 0.00053 0.00005 0.00001 0.00001

= 1-{®[3Cp] - o[-3Cp]}
= 1-{1- ®[-3Cp] - ®[-3Cp]}
=2@[-3Cp], (3.32)
where @ is the standard normal cumulative distribution function. Now since ® is strictly

increasing in its argument, the (1 - a) upper confidence bound for the true &, is given by

2
Xn,a

39

X

.

20 -3C'p

, where Cp is the (1 - c) lower confidence bound for the true Cp.

Table 3.4 gives the 0.95 upper confidence bound for the true =, for a selected sample size n

and a selected value of Cp = Q‘S’L—é—sﬂ For example, when Cp is estimated to be 1.40 using

a sample size of n = 20, the 0.95 upper confidence bound for the true ,, is given by 0.00198.
That is, one is 0.95 confident that the true 7, is no greater than 0.00198. Even if the process

mean p is not located at the specification interval midpoint m, we can still interpret this
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confidence bound as a measure of the potential w,, subject to centering the process in the
specification interval without disturbing .
3.3. [Estimating Cp when Both 1 and ¢ are Unknown

When both pt and ¢ are unknown, we have

Cp (USL-LSL)/6S o
Cp (USL-LSL)/6c S’

where here

1 & 2
S= —Z(Xi-f) .
n—l‘.=l

It is well known that for {X}, distributed iid N (p., o> ) the random varniable

n
—1—2-2 (X i — X )2 is distributed as x,z,_l , a chi-squared random variable with (» - 1) degrees
G" =l

of freedom. It follows that the random variable Cp/Cp = o/S is distributed as vn -1 Xl
the square root of (n - 1) times an “inverted chi” with (n - 1) degrees of freedom. Its mean

and variance are

A » a1 THn-2)/2| [n-
E[%] = ENn—Tx;4|=Vn=1Ex;4 ] = r[[(n = /2]] sz_l (3.34)

and

| épl_ a7 oo q_n=1_n-1T*[(n-2)2]
pw[é]—pa’[ﬁx"“]'("-I)m[x"“]"n-s' 2 T(n-1)2]

-1 {F[(n—Z)/’Z] n—l}z n-l _52[@]_

“n-3 F[(n—l)/Z] 2 | n-3 Cp
Weseethat £ [Cp / Cp] approaches one, while Var[ép/ Cp] approaches zero, asngrowslarge.

Therefore, the statistic Cp is consistent both in mean square and in probability for Cp. Though
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it has a positive bias in finite samples, the statistic Cp is asymptotically unbiased for Cp. The
relative bias can be viewed in Table 3.1, if one adjusts for the loss of one degree of freedom.

It is interesting to note that if we use the sample mean instead of p in the calculation

” n _ l n
of Cp, that is, if we use S = —lTZ(X,--—X)2 rather than —Z(X,-—u)z, we get
n-14 n

i=1

A I(n-2)/2 - 3 3
Cp| I[(n-1)/2]V 2 4n-1)  4n 4n(n-1)
and
Cpl n-t [T[(n-2)/2] [\=1) 1 1 1
Var o= - = = —+ . (3.37)
p| n-3 |I[(n-1)/2]V 2 2(n—1) 2n 2n(n-1)
1
The additional terms, , are estimates of the pure or incremental bias

—_— and —_—
4n(n—1) 2n(n-1)
in each estimator due to the use of the sample mean, instead of the population mean, in
calculating S. They represent the cost of not knowing the population mean p.

The mean squared error of (:’p/ Cp around one is approximated as

~ N N 2
MSE| L | =varl @ | 15| L
Cp Cp Cp

-—-n——l—EJQ +{E & -1

Skl I+ 3 2+l+ 3 —12 3
“n-3 4(n-1) 4(n-1) ’ (3.38)

which approaches zero as 7 gets large, showing that Cp is consistent both in mean square and

in probability for Cp in its Taylor series approximation.
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Table 3.5. 0.95 Lower Confidence Bound on True Cp with Unknown p

Estimated Cp

n 1.00 1.20 1.40 1.60 1.80
5 0.42152 0.50583 0.59013 0.67443 0.75874
10 0.60783 0.72940 0.85096 0.97253 1.09409
20 0.72971 0.87560 1.02159 1.16753 1.31347
30 0.78143 0.93771 1.09400 1.25029 1.40657
40 081170 0.97404 1.13638 1.29872 1.46106
50 0.83214 0.99857 1.16499 1.33142 1.49785
100 0.88218 1.05862 1.23506 1.41149 1.58793
200 091707 1.10048 1.28389 1.46731 1.65072
300 0.93241 1.11889 1.30537 1.49185 1.67833
400 094152 1.12983 1.31813 1.50644 1.69474
500 0.94650 1.13580 1.32510 1.51440 1.70369
1000 0.96249 1.15499 1.34749 1.53999 1.73249

n
Of course if § = —l—lz (X, -X )2 is used in the computation of Cp, then we have
n=—1i=

(n - 1) degrees of freedom and the (1 - ) lower confidence bound for the true Cp is given by

’ 2
Cp x":'_l'la , where x,z,_l_a is the (lower) a percentile of xi_l . Table 3.5 gives the 0.95 lower

confidence bound for the true Cp for a selected sample size n and a selected value of

~ _USL-LSL

n
Cp T where § = ‘[ _le( X; - X )2 . For example, when Cp is estimated to be
n=1i=

1.40 using a sample size of n = 20, the 0.95 lower confidence bound for the true Cp is given
by 1.02159. That is, one is 0.95 confident that the true Cp is at least 1.02159.
Again we observe that this lower bound has a Bayesian interpretation in that it

corresponds to the lower a percentile of the posterior distribution of

1/2

n
Cp/Cp=S/o = {(_ll)_° (X, - X )2} when the prior density of (i, o) is taken to be
n=1)c" iz
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Table 3.6. 0.95 Upper Confidence Bound on True n, with Unknown p

Estimated Cp

n 1.00 1.20 1.40 1.60 1.80
5 0.20603 0.12914 0.07666 0.04304 0.02283
10 0.06823 0.02866 0.01068 0.00353 0.00103
20 0.02859 0.00862 0.00218 0.00046 0.00008
30 0.01906 0.00491 0.00103 0.00017 0.00002
40 0.01489 0.00348 0.00065 0.00010 0.00001
50 0.01255 0.00274 0.00047 0.00007 0.00001
100 0.00813 0.00149 0.00021 0.00002 0.00001
200 0.00594 0.00096 0.00012 0.00001 0.00001
300 0.00515 0.00079 0.00009 0.00001 0.00001
400 0.00474 0.00070 0.00008 0.00001 0.00001
500 0.00452 0.00066 0.00007 0.00001 0.00001
1000 0.00388 0.00053 0.00005 0.00001 0.00001

the standard noninformative prior, that is, o proportional to 1/c on the positive reals and
independently, 1 proportional to a constant over the reals.

If p = m, then the (1 - a) upper confidence bound for the true n, is given by

) ’ 2 ) , 2
2<D[—3Cp %"—’%J where Cp &;— is the (1 - o) lower confidence bound for the true Cp.
— n -—

Table 3.6 gives the 0.95 upper confidence bound for the true &, for a selected sample size n

USL - LSL

P For example, when Cp is estimated to be 1.40 using

and a selected value of (:'p =

a sample size of n = 20, the 0.95 upper confidence bound for the true &, is given by 0.00218.
That is, one is 0.95 confident that the true & is no greater than 0.00218. Again, even if the
process mean p is not located at the specification interval midpoint m, we can still view this
confidence bound as a measure of the potential m,, subject to centering the process in the
specification interval without disturbing 6. And again, this might require no more than a simple

adjustment by the machine operator.

67

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.4. Estimating (Cpl, Cp, Cpu) when y is Unknown and  is Known

From the definitions
u-LSL USL-LSL USL—u)
Cpl, Cp,Cpu) = . .
(Cpl. Cp. Cpu) ( o . = ) (3.39)
we see the basic identity
1
Cp= E(Cpl+ Cpu). (3.40)
An important observation is that for any joint estimators of the form
Ay A A n-LSL USL-LSL USL~[1)
Cpl, Cp,Cpu)= — = . = 3.
(Cpt, Cp. Cpu) ( v = ) (3.41)
a similar identity obtains, namely
s 1s- N
Cp= ~2-(Cp1+Cpu)_ (3.42)
Now consider the natural estimators
A AL A X-LSL USL-LSL USL-X
{, Cp, Cpu)= ) . o An
(Cp »Lp, Pu) ( 3o o o ) (3.43)
n
where X = lz X; . Note that here. Cp = Cp is a known constant.
r i=]
We have
A X-LSL - LSL
E[CpI] = E[ } =k —=Cpl (3.44)
3o 3¢
and
Var[C'pI] = Var[ X~ LSL] -t sVar[ X - LSL]
3o 9~
1 o1 1 or 1
= —I/ X = — 3
pei e B b e (3.45)
We also have
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



USL—Y]_USL-u_

efcpn] - £ 2

and

The covariance can be gotten as

X-LSL USL-X

Cov[ép/, épu] = Cov[

3o 3o 9
1 - | - 1
= 952 Cov[X, - X] =- P Cov[X X] = —-gc—zl/ar[X]
B -
B 90'2 n " on
Of course, we have
COV[CPI . épu] —1/9n _

Corr[épl, C'pu] =

Jar|Col] ParlCpu] VO Vom
Now since C’p = Cp is a known constant, we should observe
E[(:'p] = E[Cp]=Cp and Var[ép] =Var[Cp]=0.
which we confirm by
E[C'p] = E[%(C.'p[+(;pu)] = %E[épl]+zlE[(?'pu]

l 1
= -2—Cp1+—2-Cpu =Cp

and

Var[ép] = Var[%(épl + éP")]
= VarlCpl] + LVar| Cpul+ 2 Corl Gt Cu
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]: '2 Cov[ X - LSL,USL - X|

(3.46)

(3.48)

(3.49)

(3.50)




11 11 2( l)
=t ——t— -—]=0.
497 49n 4\ 9n

(3.52)

Infact, each of Cpl and Cpu is normal, each being a linear function of the normal X. Yetthe

pair (C’pl, C‘pu) is degenerate in the line %ép[ + —;-f'pu = Cp. This means that either of the

pair (C’pl, épu) can be estimated and we automatically get joint power. precision. and

confidence for both.

With 1 unknown and ¢ known, the statistic

(Cpl, co. Cpu) =( 36 6c 36

X-LSL USL-LSL USL—Y)

has one degree of freedom represented by X . It isboth the maximum likelhood (ML) estimator

and the uniformly minimum variance unbiased (UMVU) estimator for the population triple

index (Cpl, Cp, Cpu). Since Cpl is normal with mean Cp/ and variance 1/9n. we know that

a (1 - a) confidence interval for the true Cp/ is given by

A ’ 1 A , 1
[Cpl—-zwz ;, Cpl+:a,2 E;]’

(3.53)

where Z,; is the upper /2 percentile of the standard normal random variable. Similarly. a

(1 - a) confidence interval for the true Cpu is given by

A 1 - I
[Cpu - Za/zwl“g'; Cpu + Zw:\,a";].

(3.54)

A joint (1 - o) confidence region for the true (Cp/, Cpu) is given by the line segment

joining the points in (Cpl, Cpu)-space,

Cpl -z 71’—, (:pu-i-: ; ‘/—-
( 14 /2 9 /2 9 )
and é [ + 2 —1 épu—" —1
gy | . 4
P a'2119 /2 on |
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In other words, a joint (1 - o) confidence region for the true (Cpl, Cpu) is given by the line

segment in the (Cpl/, Cpu) plane,

. , T - ( 1
Y (Cpl"‘ za/?. 9—,; R Cpu ~+-Z,1/2 g—n-J
. T - 1
+(1-7)| Cpl + 242 o Cpu —zq)> on (3.56)

forallreal 0 <y <1. Also, a joint (1 - ) confidence region for the true (Cpl, Cp, Cpu)is given

by the line segment in (Cp!, Cp, Cpu)-space,

3 T - A I
Y(CPI ~Za/2ygn Cp. Cpu+zyp ;)

- 1 - - [1
+(1—y)(Cp1+za,21’3;, Cp. Cpu—bwz\la]

(3.57)
for all real 0<y <1. Recall that with ¢ known, Cp = Cp, a known constant.
To take a numerical example, suppose we have estimated
(Cpt, Cp. Cpu)=(1200, 1250, 1300) (3.58)

based on n = 100. Fora = 0.05,

] 1 1
: ,-.1/— = 20,005 /—— N 1.960,/—— ~0.065,
*2Yon ~ “°9%%y 9(100) 900

and a joint 0.95 confidence region for the true (Cp/, Cp, Cpu) is given by the line segment in
(Cpl, Cp, Cpu)-space,

y(L135, 1250, 1365)+(1-y)(1265 1250, 1235), O<y<l. (3.59)
This line segment casts a shadow in the (Cpl, Cpu) plane, which we show in Figure 3.1. Itis

perpendicular to the ray of potentiality and intersects it at the point (1.250, 1.250).
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Cpu y

(1.135, 1.365) /

(1.265, 1.235)

Figure 3.1. 0.95 Joint Confidence Line for True (Cpl, Cpu), Unknown y, Known ¢

72

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A 0.95 confidence interval for the true proportion i, of product outside specification
can be gotten. Since
®[-3(1.135)] + D[-3(1.365)] = ®[-3.405]+ B[ -4.095]
=0.0003309 +0.0000211 = 0.0003520, (3.60)
®[-3(1.265)] + ®[-3(1235)] = ®[-3.795] + ®[-3.705]
= 0.0000739 + 0.0001057 = 0.0001796, (3.61)
®[-3(1.250)] + B[ -3(1250)] = ®[-3.750] + B[ -3.750]
= 0.0000885 + 0.0000885 = 0.0001770, (3.62)
a 0.95 confidence interval for the true proportion r, of product outside specification is given
by
[0.0001770, 0.0003520]. (3.63)
Since Cp=Cp is known, 2¢[—3C’p] =2®[-3Cp] is the potential proportion of
product outside specification, if the process could be centered in the specification interval
without disturbing the process standard deviation . We shall denote it as
To, potential = 2¢[‘3CP]
= 2[-3(1.250)] = 2®[-3.750]
= 2(0.0000885) = 0.0001770. (3.64)
Note that this is equal to the lower limit of the true ©t, of equation (3.63), as it should be.
At this point, one may be excused for believing that the (Cp/, Cp, Cpu) parameteriza-
tion does not lend itself to interval estimation as readily as the (1, ¢) parameterization. But

computing the 0.95 confidence interval for the true proportion w; of product outside
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specification directly from the statistic (X, o) rather than (C’pl, C’pu) takes the same number
of calculations.

This case of unknown p yet known ¢ may at first appear to be rather artificial. But
consider a normal process which has the physical tendency to “slip rigidly.” Thatis, the spread
of the process tends to remain constant while the center of the process may change. In such
a scenario, management may have a very precise estimate of G but are less certain about L.
3.5. Estimating (Cpl, Cp, Cpu) when p is Known and c is Unknown

Consider the natural estimators

A A oA w-LSL USL-LSL USL—u)
Cpl, Cp, Cpu) = , ,
(Col. Cp. Cpu) ( 38 6S 3s ) (3.63)
where
l 2
S=\/;Z(X,-—u) . (3.66)
i=]
We have
. p,—LSL] - LSL [0] Cp
EC [ :E = E oy =C IE -
[Cel] [ 38 o s P e
I‘[(n—l)/2]\/;
=Cpl -——"—= |~ 3
? 2] V2 (3.67)
and

-~

A u—LSL] {u—LSL}Z 'o] S e
Ve [ =V = Var| — |= C-plVar| =
ar[Cp] ar[ 3S o ar-S plVar Cp

~cpil &
n-2 Cp |

n-2 rr/2] 2

=C2p1{-2 {F[("“)/Z] n}z
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2[(yp—
:Czpl{ n _gr I 1)/2]}. (3.68)

n-2 l"z[n/ 2]
We also have
~ 1 JUSL-u] USL-u Jo]_ Cp
E[Cpu] - E[ 35 ]— 3o E[S] =Cpu E[Cp]
_ o Tn-0)/2] \/’rj X
= Cpu F[n/Z] > (3.69)
and

R . [USL-n] (USL-u)? ‘o] ) Cp
ar =Var = Var| > | = C? puVar| =2
Var|Cpul [ 38 ] { 3o } 'S [Cp

» | on (Me-v2] @)
=C‘”‘{n_z‘{ [m2] E}}

zczp,,{ " _zrz[("-l)ﬁ]}

n-2 2 T*n2]

(3.70)

The covariance can be gotten as

w—LSL USL—u]
3§ ' 38

- - - L~ 1
_ 3LSLUSL3 “Cov[l 1]=u LSL US, um[_]

Cov[épl, C"pu] = Cov[

b -

J J

S'Ss

_ B LSLUSL-p Varl:-q] = Cpl CpuVar &
3o 3o S Cp

=Cpl Cpu {,,—fg B EZ[%]}
= Cpl Cpu {nfz _{F[(I."[;/lz)]/z] \/g}}

75

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(3.71)

2

n nT¥r-1)2]

=Cpl C, - —
P P"{n__z > l"z[n/Z]

Note that Cov[épl , C’pu] can be any real number, positive, negative, or zero. Also, we can

see that
Cov[C'pl, C'pu
\/ Var[ébl] \/ Var[(:'pu]

n _ﬁrﬁ@-upu

n-2 2 I?n2]

) n  nT*(n-1)/2] n  nT?[(n-1)/2]
\P”l{n-z_i r2[n/2] }\/Czp"{n—z—i r2[n2] }

_ Cpl Cpu — e
|Cpt||Cpu|

provided p does not fall at either LSL or USL. If p falls within the specification limits. then

Corr[C'pI, C‘pu] =

Cpl Cpu {

(3.72)

C ov[épl , C'pu] is positive one. If u falls outside, then it is negative one. There are problems
atthe two poles p=LSL and p= USL, at which @p[ or f’pu isidentically zero, and so Var[f‘pl ]

or Var[épu] is zero. Note further that

E[Cp]= EB(C‘;;I + C’pl)]

_1 He=072] fn 1. T(n-072] [a
=2 T V2 T2 T e \/;
[

_ (n-1)/2] [n _
_CP_I“E/Z_]—\/; (3.73)

and
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Var[ép] = Var[% (C’pl + C‘pl)]

= % Vm‘[épl] + % Var[(:'pu] +§' COV[(}PI , éPu]

=(£_C2pl+%clpu+%Cpleu) . {r[(n-n)/z]‘g}zl

n—2—

_ {%(Cpl + Cpu)}z{ ,,'_' 2 {r[(rn[;/lz)ia] \[g} | }

o | n [Me-12] 1]
=C*p n_z“{ I{n/2] \E} , (3.74)

which are consistent with equations (3.11) and (3.12).

With u known and o unknown, the statistic

w—LSL USL-LSL USL-pn )
3§ 6S ’ 3§

(épl. Cp., C'pu) = (

has one degree of freedom represented by the random variable

S=\/;’l‘i(Xi —l—l)z,

i=l
It is the maximum likelhood (ML) estimator for the triple index (Cpl, Cp, Cpu), that is,
u—-LSL USL-LSL USL—u)

Pl Cose, G, = , : 3
(Colyvg. Cose. Coupg, ) ( 35 oS 35 (3.75)
To get the uniformly minimum variance unbiased (UMVU) estimator for (Cp/, Cp, Cpu), we

can take each coordinate of the ML estimator times the “unbiasing factor” to get

- - ~ Iin/2 A n -
(Cotant . Comnnu - Counay ) = F_[(_rr[’:/—l)]/z_]\/’% (Cois . Covi. Coury )

Ifn/2] |2 ( w—LSL USL-LSL USL—p.)
(3.76)

Mn-1)/2]Nn\ 38 °~ 65 3§
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A (1 - a) confidence interval for the true Cp is given by

2 ed
A | Xna2 A |Xni-a2
Co d . P \l o § G.77)

where xi /2 and x,z,‘ I-a/2 are the lower o/2 and (1 - o/2) percentiles of the chi-squared

random variable with » degrees of freedom. Similarly, a (1 - a) confidence interval for the true

ol 9
A Ana/2 A Xn. 1-a/2
CPI\IT’ Cp[\l__,,— . (3.78)

while a (1 - a) confidence interval for the true Cpu is

Xn a/.. Xn l—a/ 2
(3.79)

A joint (1 - ) confidence region for the true (Cpl/, Cpu) is given by the line segment

Cplis

joining the points in the (Cpl, Cpu) plane,

[ ’Xn /2 ’X»n a2 ]
’Xn l—a/- ’Xra l-a/2

In other words, a joint (1 - a) confidence region for the true (Cpl/, Cpu) is given by the line

segment in the (Cpl, Cpu) plane,

Y C[ an a./.. ’Xn a/2
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X 2 xn I-a/2
l 'Y Cpl f nl—a/ f a./ (3.81)

forallreal 0 <y < 1. Also, ajoint (I - &) confidence region for the true (Cp/, Cp, Cpu) is given

by the line segment in (Cpl, Cp, Cpu)-space,

y Cpl f n. a./.. ’Xn a/- /Xn a2
Xn [-a/., Xn I a./.. Xn [~a/2
+(1-7)| G l,, " \f ] (3.82)

forallreal 0<y <1.
To take a numerical example, suppose we have estimated
(Cpt. Cp. Cpu)=(1200. 1250. 1300) (3.83)

based on n = 100. For a = 0.05,

\/x,. -2 _ |Xioo.0975 /‘29-56'=1.138248655,
100 100

\/;n .a/2 \F‘"’O 0025 742219 ~ 0861521329,
100 100

and a joint 0.95 confidence region for the true (Cp/, Cp, Cpu) is given by the line segment in

(Cpl, Cp, Cpu)-space,

y(1034, 1077, LI20)+(1-y)(1366, 1423, 1480), O<y<l. (3.84)
On the (Cpl, Cp, Cpu) diagram of Figure 3.2, this line segment can be imagined as two line
segments. The first line segment lies in the subspace spanned by ((:‘pl, C‘pu) = (1.200, 1.300)
and runs from the point (1.034, 1.120) to the point (1.366, 1.480). It represents a 0.95 joint

confidence region or line for the true (Cp/, Cpu). The second line segment lies on the ray of
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Cpu /

(1.366, 1.480) yd

Ve
7
/s

(1.423, 1.423)

(1.034, 1.120)
AN 7 (1077, 1.077)

N1/ Cpl

Figure 3.2. 0.95 Joint Confidence Line for True (Cpl, Cpu), Known y, Unknown ¢
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potentiality and runs from the point (1.077, 1.077) to the point (1.423, 1.423). It represents
a 0.95 confidence interval for the true Cp. Since the estimator of (Cpl, Cp, Cpu) has only one
degree of freedom, the total joint confidence is 0.95. Of course, if 1t lies at the midpoint m of
the specification interval, then the two line segments coincide.
A 0.95 confidence interval for the true proportion m, of product outside specification
can be gotten. Since
@[-3(1.034)] + ®[-3(1.120)] = ®[-3.102] + ®[-3.360]
=0.0009612 +0.0003898 = 0.0013510 (3.85)
and
®[-3(1.366)] + B[ -3(1.480)] = D[-4.098] + B[—4.440]
=0.0000209 + 0.0000045 = 0.0000254, (3.86)

a 0.95 confidence interval for the true proportion &, of product outside specification is given

by
[0.0000254, 0.0013510]. (3.87)
From the Cp confidence interval, we can get a confidence interval for a potential .
Since
29[-3(1077)] = 2®[-3231] = 2(0.0006 168) = 0.0012336, (3.88)
2[-3(1.423)] = 2®[-4.269] = 2(0.0000098) = 0.0000196., (3.89)
we have
[0.0000196, 0.0012336]. (3.90)

Observe that the lower limit of this 0.95 confidence interval for potential n, falls below the

lower limit of the 0.95 confidence interval for the current r, asit should. Also, the upper limit
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of this 0.95 confidence interval for potential =, falls below the upper limit of the 0.95
confidence interval for the current 7, as it should.

Again, one may begin to suspect it better to make the computations with the realization
of S. But computing the 0.95 confidence interval for the true proportion 7, of product outside
specification directly from the statistic (n, S) rather than (ffpl. C'pu) takes the same number
of calculations. There is no advantage in returning to (L. S) for these calculations. once given
(Cpl. Cpu). The equivalence is undeniable.

This case of known p but unknown ¢ may at first appear to be rather artificial. We
may imagine a normal process which becomes diffuse over time while maintaining its center.
In this situation, management may have a very precise estimate of i but are less certain about
the spread of the process as measured by c.

3.6. Estimating (Cpl, Cp, Cpu) when Both i and ¢ are Unknown

Consider the natural estimators

X-LSL USL-LSL USL-X ]

(Cpt.Cp. C‘pu)=( 3S 3 S (3.91)

where

(% s>=[ 3 ¥, \/—i—l‘im—ff]. G

I
n3 n-17
Again we see an identity,
Cp=~(Col+Cpu) (3.93)
2 . - 3.7D
We will need the definition of the noncentral  random variable. Consider the random

VA . 3. . .
variable ¢, 5 = \/_:—8_ where Z is standard normal, %7, is chi-squared with v degrees of
xXv/Vv
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freedom, d is a real constant, and Z and x%, are statistically independent. The random variable
1, 5 is called the noncentral ¢ with degrees of freedom v and noncentrality parameter 5. On

writing

s = 250 Z =1, +8Jv ol . (3.94)

\/acv/v \fxv/v \/xv/v

we see that the noncentral ¢ is the sum of a central £ and a multiple of an inverted chi, each

statistically independent of the other. Deriving the mean and variance,
E[t(, 5] = E[tv +5-\[\7X_;l]

3 rl(v-1)/2] 1
SJ_E[XV] Sfv—+_——— 2] 5

_ F[(v-l)/Z] v

=8~ rv2] “‘\g (3.95)
Va’[’C.s]=Vaf[tv+5~/\7x3']=Var[tv]+62vVar[x;']
v +62v{ 1 _{l"[(v—l)/z]_l_}z}
T v-2 v-2 rfv2] V2

—5(1+8%)- { vﬂﬂ]\ﬂ

(1+52)—Ez[t;_8], (3.96)

and

v-~-2

Now consider the natural estimator of Cp/ given by

X- (L LSL
éplzf—LSL___,\_’—uﬂx—LSL o/dn | ojn
38 3S 35
o/vn
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X RoH- LSL
i c/«f- o/\n _ l[ Z+9, }sz,-l.s, (3.97)

“3n 52 V| o fin-1)| e
o>
where
_MoLSL g orw-LSE g i 3.98
5, = i =3Jn < JnCpl. (3.98)
This yields
n—1.9, 1 r[(" 2)/2
£[Crl)= [ J;] N I(n -1)/2\/ 2
M(n-2)/2] [a-1 D
= =Cpl E| == 3
PV T [C] 6.99)
and
A s, |1 r
Var[Cpl]:Var[ e J_%Var-"_l'sl]

1 |n-1; s r{(n-2)/2] [n=1)"
=’97{n_—3_(l+5’)—{8‘ r(n-1)/2]V 2 }}
[, Hn-2/2) i)
+8’)—{3JZ r(=-1/2]V 2 }

-91'1-:;;(”5%)—52[6,71]_

“9nn-3 9nn-3 Cp
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2
1 n-1 ., |n-1 [T[(n-2)/2] [n=1
= —_—— 4 _ J
9n 3+Cp{n—3 {F[(n—l)/z] 2 [ [ (3.100)
Next consider the natural estimator of Cpu given by
A _(M (3.101)

Cpu =
pU="35

By symmetry, we have

rf(n-2)/2] [n- 8
— ey 7=2)/2] [n ‘=Cpu5[—]_ (3.102)

and

1 E2[¢
l£—3(‘ +83) - E2[Cpu]
Cp

l n-1 1 n- 2 2 2
——+————9nC pu—C pu E
9nn-3 9nn-3 I:Cp]

1 n-1 +C2pu{”‘l _EZ[QJ}

“onn-3 n-3 Cp
I II 1 2 ép
+CpuV
9nn 3 e W[Cp]
_Lnml ap, Inmt [Tl=2)2] fa=T]"
“onn-3 - P3|V 2 [ [ (3.103)
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where

_USL-p USL i
d, =3 —3~/ C
= ol V" o

The covariance can be gotten as

A A X-LSL USL-X
Cov{Cpl, Cpu]zCov[ CRRT: ]

-E X -LSLUSL-X _E X-LSL E USL-X
38 38 3S 3S

E[#J [(X - LSLYUSL - X)]-Cpt E[gﬁ ] Cpu E[g ]

1 - v 2{ Cp
= [—S—]{USL E[X]- E[ xz] ~ LSLUSL + LSL E[X]} ~Cpl Cpu E [5]

,
-E ‘, USLu - e L= LSLUSL + LSL b Cot Cou £ 2
S- n Cp

1 6> G
£ ]{(u - LSLYUSL - ) - —n—} Cpl Cpu E> [Cﬁ ]

E[ 2] u LSL)(US;—u) 91,,} cpchuE[g?}
el 2t

1 n-1 n-1 F[(n—Z)/Z] n-1 ?
=__97_n——_3+CPICpu{n—3_{[‘[(n—-l)/Z] 2 }} (3.105)
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Note further that

E[CP] [ Cpl+Cp1)]

1. [(n-2)/2] [n=1 1. T[(n-2)/2] [n=1
2P Ty 2 l"[(n—l)/Z]\/j
_1 r[(n-2)/2] [n—1
=5 (Cot+ o) s \/j

M(n-2)/2]
=P Han2]V 2 (3.106)

and

Var{ép} = Var[zl (f' pl+C pl)}
1
4

1l o . C’p | R} Cp 2 ép
=—C*plVar| == |+—=C*puVar| = |+ = Cpl CpuVar| —
4 p [Cp:l 4 Cp| 4 P Cp

Var [Cpl]-i-l Var[cpu]+ Cov[Cpl. Cpul

1o, 1.2 2 } Cp
={—C*pl+—-C*pu+=Cpl Cpu Var| =——
{4 Prrg- purytpiten [C

P
- {%(Cpl + Cpu)}2 Var [%] =Cp Var[%]
e, {n 3 { [[((:j)g]] H (3.107)

which are consistent with equations (3.34) and (3.35).

In Chapter 1, we gave the maximum likelihood (ML) and uniformly minimum variance
unbiased (UMVU) point estimators for the triple index (Cpl/, Cp, Cpu) for the case of
independent normal random variates where both p and ¢ are unknown. It remains to discuss

interval estimation of (Cp/, Cp, Cpu). We have previously demonstrated the equivalence of
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this task to that of estimating unknown (i, o). Of course, in so far as the joint interval
estimation of (i, &) is not elementary (it is usually omitted in elementary statistics courses),
we can expect a similar level of effort ahead of us in our (Cp/, Cp, Cpu) endeavor.

We begin by constructing a (1 - a)? joint confidence region for (i, ) for the case of

independent normal random variates. Now it is known that a (1 - o) confidence interval for

n-1 n-1
S|z S |7 3.108
l: \[Xi—l. l~a/2 JXi—l.aﬁ } (3.108)

We also know that a (1 - ) confidence interval for unknown p is given by

unknown G is given by

— S — S
[X‘fn-l,a/z 7—; X+tn—l.ct/2 7;1-—] (3.109)

Yet it will not do to take the Cartesian product of these two confidence intervals and call the
result a (1 - a)? joint confidence region for the true (i, o). This is because, even though the

- - S
random variables X and S are independent, clearly X +¢,_; T and § are not. We must
n

take a different tack.
Observe that if we knew o, then a (1 - o) confidence interval for the unknown p would
be given by
[/?-zm/Z —% X+2zqp %] (3.110)
Take the lower endpoint from the ¢ confidence interval of equation (3.108) and substitute for
cinthe pu confidence interval ofequation (3.110). Repeat for each element of the 6 confidence
interval. In this way, we distribute the total (1 - a) confidence of the o confidence interval

across the p axis. The procedure results in the trapezoidal region depicted in Figure 3.3,
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Figure 3.3. (1 - )? Joint Confidence Region for True (i, 6)
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representing a (1 - o) joint confidence region for the true (i, 6). For more discussion, the

reader is referred to Lindgren (1976). The four vertices of the trapezoid are the points

.
— 2 - -
W= X-Zs | L s S
\ n Y Xn-l.1-as2 Xn-1.1-a/2
( Z f 1 1
= /2 n- n-
SE = X+J—S 3 y S —2'———’ (3.“2)
. n Xn-1. 1-a/2 Xn-1.1-a/2
Za/2 n-1 n-1
NW = X -—=S§ |— . S =1 (3.113)
An-1.a/2 Xn-1l.a/2

— 2 - —
NE=|X+22s | 2oL g 220 (3.114)
x;—l.a/l An-l.a/2 ’ »

which we indicate in Figure 3.3 by their compass designations. The joint confidence region

(3.111)

-

il
5

Sy

for the unknown (U, &) is the set of all convex combinations of the vertices of the trapezoid

given in equations (3.111) through (3.114), that is, the set of points in the (i, 5) plane,

— Z — ~1
o X-2s |~ L s |52
n N X1 1-a2 Xn-1.1-a/2

- | “a/2 n-1 n-1
+B| X+ =5 | .S |5
no N X1 1-a2 Xn-1.1~a/2
( 4 [ n-—1
+y| X - \7_2 S ; A
L o VXn-ta2 Xn-1.0/2 )
( \

- . 2 -1 n-1
+8| X+ 2g | I S |-2=_ .
2 d 2 115
. Vn Xn-1,0/2 Xn-1,e/2 ) G )

for all real o, B, v, and & in the interval [0, 1] such that a + B +y + 6= 1. Inrepeated samples,

(1 - a)? of the constructed trapezoids would contain the true (1, ). We also note that the
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trapezoid corresponds to a region of Bayesian posterior probability (1 - a)? when the prior
density of (, ©) is taken to be the standard noninformative prior, in which G is proportional
to 1/c on the positive reals and independently, p is proportional to a constant over the reals.

We next demonstrate the construction of a (I - a)? joint confidence region for the true

(Cpl, Cpu). Given the specification limits LSL and USL, we have

u—LSL USL—u)
36 36 /)

(Cpl,Cpu)=( (3.116)

We substitute, one at a time, the four vertices of the (i, o) confidence region, given by
equations (3.111) through (3.114), into equation (3.116) to get the four vertices of a (1 - a)?

joint confidence region for the true (Cpl, Cpu) shown in Figure 3 .4,

z _ _ _ A
x-Zm2gl "l g uUsL-X+ jﬁ L
‘/;; Ln~1.1-a/2 Xn—l -a/2
3S 7n—l Xy 7n—l , (3.117)
Xn-1.1-a/2 Xn-1.1-a/2 )
\
x+22g| 7l g USL—X’—;/: n-l
‘/— Xn-l 1-a/2 Xn—l l-a/2
38 |— n-1 3 ’n—l , (3.118)
Xn—1.1-0/2 Xn-1.1-a/2 )

= | Za/2 n-1
g-2Llg| mml s usL-X+22s |- I
‘/— Xn—l a/2 ‘/; x;—l.a/?.
35 |1 3SJ :;-1 ) (3.119)
Y1, a/2 Xn-1.a/2 )
=  2af2 n—1 Za/2 n-1 )
X+ LS |5 -LSL USL-X-"2S |-
“/; An-1. a2 n Xn—-1.a/2
38 :I—l 3 ’n—l . (3.120)
An-1,0/2 Xn-1,a/2 )
o1
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Figure 3.4. (1 - a)? Joint Confidence Region for True (Cpl, Cpu), Unknown (u, G)
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Simplifying yields the four vertices

( > )
~ [ An-11-a/2 %2 A An-1.1-/2 "2
SW = | Cpl = - . G + "
PV n—1 Wit PN T Ao 3 n]’ (5.121)

\

( 2 5
A | Xn-11-ai2 Tai2 A An-11-a2  “a2
SE = Cpl + . C : - A
\ PN s PN ] (3.122)

i f 2
A / An-lai2 Zai2 A |Xn-la2 ‘a2
NW:> C 1 - - C J + -~ s

9 R
-~ Xn-l.a/2 ‘a2 A Xn-l.ai2  Za2
NE > C, [ + . C - ~
[PJ =1 3dn’ PN o1 3m ) (3.124)

where we have kept the compass labels from the (11, 5) confidence region. Note this carefully.

in as much as the “northern” points now appear below the “southern” points in the (Cp/. Cpu)

confidence region of Figure 3.4.

To see that the set of all convex combinations of these four vertices form a

parallelogram in the (Cp/, Cpu) plane, rewrite the vertices as

3
Xn-1.1-a/2 [ A A a2
SW = | ———==(Cpl, C + -1, 1). (3.125)
amt (PR Co) = (L)
Kol 2 (A A “a2 -
SE:J—"——'—— Cpl. + 1. -1), (3.126)
——=(Cpl. Cpu) = -1
xi-l-a/l A = a2 -~
NW = | ———(Cpl, C, + -1, 1), (3.127)
n-—1 (p pu) J9n( )
NE = M(C‘pl, Cou) + Z2(1, -1) (3.128)
n-1 9n

We now see how to form a (1 - ) joint confidence region for the true (Cp/, Cpu). To get

the two upper vertices, we start at the point estimator (C‘pl . C‘pu) . We“inflate” it by the factor
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2 >
Xn-t1-a2 '“l“/ 2 , then we walk due northwest and due southeast Ta‘;—&ﬁ units to arrive at the
e n

points marked SWand SE. To get the two lower vertices, we start at (C'pl, épu), “deflate”

2
it by the factor 7—(5'-’—”1‘—’2 . then we walk due northwest and due southeast by the same
n_
:;9/_2 V2 units to arrive at the points marked NW and NE. We therefore have a (1 - at)* joint
n

confidence region for the true (Cp/, Cpu) in the shape of a parallelogram. The parallelogram

is a rectangle if and only if the point estimator (C'pl. C'pu) lies on the ray of potentiality, that

zu/ 2

is, ifand only if (Cpl, Cpu) = (Cp. Cp). Only then will the Ton V2 “walk” from the subspace

spanned by (C'pl, C’pu) be orthogonal to the subspace spanned by (épl, f‘pu) Furthermore.
it is clear that the SW and SE vertices project into the same point on the ray of potentiality, while
the NW and NE vertices project into a second, but lower, common point on the ray. These
two projections are respectively, the upper and lower (1 - &) confidence limits for the true (p.
This is not surprising. The (Cpl, Cpu) joint confidence region was born of the (i, o) joint
confidence region, the construction of which began with an unconditional confidence interval
for c. And Cp depends on G but not p.

We hasten to add that the (1 - a)? confidence region thus constructed is only one of
many possible (1 - a)? confidence regions. There are uncountable possibilities. This region
is perhaps the easiest to construct. Wemust also state that the parallelogramas drawnin Figure
3.4 has a general orientation between 45 and 90 degrees from the horizontal Cp/ axis. This will
be the case whenever Cpl < Cpu. On the other hand, the orientation will be between 0 and

45 degrees from horizontal whenever Cpl > Cpu. When Cpl = épu = Cp, the confidence
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region is a rectangle lying at an exact 45 degree orientation to horizontal, on the ray of
potentiality.
To take a numerical example, suppose we have estimated
(Cpt. Cpu)=(1200, 1300) (3.129)

based onn = 101. For o =0.05,

2 2
\[xn-n.n-a/z i} \/Xm"-”s - / 129561 _ | 138248655,
n—1 100 100
52 VAT ,742219
J n—i.a/2 =\/ 100.0.025 ~ 0861521329,
n-1 100 100

Z
a2 _ _Zooas . 196 4065009096

Jon  Jo(101) 909

Substituting into equations (3.125) through (3.128) gives
SW = 1.138248655(1200, 1.300) +0.065009096(-1, 1) = (1301, 1.545),
SE = 1.138248655(1200, 1.300) + 0.065009096(1, — 1) = (1431, 1.415),
NW = 0.861521329(1.200, 1.300) + 0.065009096(-1, 1) ~ (0.969, 1.185),
NE = 0.861521329(1.200, 1.300) + 0.065009096(1, — 1) ~ (1099, 1.055), (3.130)
which are the four vertices of a 0.9025 joint confidence parallelogram for the true (Cp/, Cpu).

displayed as Figure 3.5. Note that
1301+1545 1431+1415

= 1423,
2
0.969;— 1.185 - 1.099 + 1.055 = 1077,

that is, the SW and SE vertices project into the upper limit of the previously computed 0.95
confidence interval for o, while the NW and NE vertices project into the lower limit of the

confidence interval.

95

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Ve
Cpu //
SW=(1301,1.545) ,~
e
SE=(1.431, 1.415)
R0, high
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AN 7/
AN /
AN /
N 7/
AN /
AN e
AN 7/
AN /
AN /
\\ /
7
\y Cpl
>t
/ N
/ N
/ N
/ AN
V4 N
/ AN
J/ AN
/ AN
/ AN
/ \\
4 AN
AN
AN
AN
N
AN
N
N
AN
AN
AN
AN
AN
N
N
AN
AN
AN
AN
N
N
AN
AN

Figure 3.5. 0.9025 Joint Confidence Region for True (Cpl, Cpu), Unknown (i, ¢)
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Determining a (1 - a)? confidence interval for the true proportion n, of product outside
specification from the (Cpl, Cpu) confidence region is a simple task. We ask the reader to
consider Figure 3.5 in order to address the sensitivity of 7, to movement in the (Cp/, Cpu)
plane.

Now every feasible point (Cp/, Cpu) of Figure 3.5 maps into a value w,. We may
imagine a bivariate function

o(Cpl, Cpu) = ®[-3Cpl]+ ®[-3Cpu] =,

defined for feasible (Cpl, Cpu). Starting at any fixed feasible point (C*p/, C *pu), then moving
orthogonally toward the ray of potentiality, decreases m,,. This corresponds to moving the
process mean p toward the specification interval midpoint m while holding the process
standard deviation o fixed. On the other hand, starting at any positive fixed feasible point
(C*pl, C*pu), then moving away from the origin in the subspace spanned by (C*p/, C*pu),
decreases 7. This corresponds to decreasing the process standard deviation ¢ while holding
the process mean 1 fixed. There are problems when one of the pair (C*p/, C*pu) is negative.
This corresponds to the mean L being outside the specification interval. In such a case. one
actually increases the proportion m, of product outside specification by decreasing o.
However, in our numerical example, all feasible (Cp/, Cpu) are positive and it is a simple matter
to locate the two (Cpl, Cpu) points which determine the endpoints of a (1 - a)* confidence
interval for the true w,,. Clearly, the intersection of the line segment joining the SW and SE
vertices with the ray of potentiality determines the lower endpoint of this confidence interval,
while the NW vertex determines the upper endpoint. These are the points in Figure 3.5,

o, high = (0.969, LI85) and mg 4, = (1423, 1423). (3.131)
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Since
@[-3(0.969)] + ®[-3(1.185)] = ®[-2.907] + ®-3.555]
=0.0018246 +0.0001890 = 00020136 (3.132)
and
@f-3(1.423)]+ ©-3(1.423)] = D[-4.269] + B[ -4.269]
= 0.0000098 + 0.0000098 = 0.0000196, (3.133)

a0.9025 confidence interval for the true proportion i, of product outside specificationis given

by
[0.0000196, 0.0020136]. (3.134)
We can get the associated 0.95 confidence interval for a potential m,. Since
20(-3(1077)] = 24[-3231] = 2(0.0006 168) = 0.0012336, (3.135)
20[-3(1423)] = 20{-4.269] = 2(0.0000098) = 00000196, (3.136)
we have
[0.0000196, 0.0012336]. (3.137)

Observe that the lower limit of this 0.95 confidence interval for potential n,, falls at the lower
limit of the 0.9025 confidence interval for the current n,, as it should. Also, the upper limit
of this 0.95 confidence interval for potential =, falls below the upper limit of the 0.9025
confidence interval for the current &, as it should.

Note that the VW vertex, in isolation, locates a (1 - /2)(1 - a) upper confidence bound
on the true current ;. This is because the triangle with vertices NW, NE, and X of Figure

3.3 isa (1 - a/2)(1 - ) confidence region for the true (u, ).

98

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



While the Cpk index is not of primary interest to us, we see how to arrive at a (1 - o)
confidence interval for the true Cpk from Figure 3.5. First we recognize that for all (1 - ot)?-
plausible (Cpl, Cpu) above the ray of potentiality, we have Cpk = Cpl, putting the plausible
Cpk in the interval [0.969, 1.423]. Also, for all (1 - o)?-plausible (Cp/, Cpu) below the ray of
potentiality, Cpk = Cpu, putting the plausible Cpk in the interval [1.055, 1.423]. Taken
together, we have a 0.9025 confidence interval for the true Cpk of [0.969, 1.423]. Recalling
the 0.95 confidence interval for Cp to be [1.077, 1.423], and the identity

o = ®[-3Cpl]+ ®[-3Cpu] = ®[-3Cpk]+ ®[-3(2Cp - Cpk)).
we have
®[-3(0969)]+ ®[-3(2(1077) - 0.969)] = B[-2.907] + B[ -3555]
= 0.0018246 +0.0001890 = 0.0020136 (3.138)
and
®[-3(1.423)] + ®[-3(2(1423) - 1423)] = B[-4.269] + B[-4.269]
= 0.0000098 + 0.0000098 = 0.0000196, (3.139)
giving a 0.9025 confidence interval for the true proportion ©t, of product outside specification.
[0.0000196, 0.0020136]. (3.140)
This is identical to the confidence interval for , previously derived from (Cp/, Cpu), given
as equation (3.134). It is obvious that a confidence interval for n; is much more easily gotten
from (Cpl, Cpu) than from (Cp, Cpk).

We must point out that our method of determining a (1 - ct)? joint confidence interval

for the true (Cpl, Cpu) is considerably easier than the comparable methods of Levinson

(1997a). He must utilize noncentral ¢ tables. We use z and chi-squared tables.
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3.7. Estimating Cpk when Both p and ¢ are Unknown

Chou et al. (1989) derive the probability density function and moments of Cpk.
However, we cannot resist an alternate derivation of the mean in a parameterization which
provides more direct insight into this average behavior of Cpk.

The index Cpk is given by

(3.141)

Cpk = min{Cpl, Cpu} = min {u -LSL USL-u }

36 ' 3o
It provides a numerical indication of the capability of a process that is not centered between
its specification limits. When the process is centered, the Cpk index is numerically identical

to the Cp index. The natural estimator of Cpk is given by

(3.142)

- s A A X-LSL USL-X
Cpk = Cpl,Cpu} = mi ,
ok = min{Cpl, Cpu) mm{ L U8 }

where

- | 1 <« =2
(X’S)=['ZX:-, ;;—IE(X:'—X) ] (3.143)

n i
As before, it will be fruitful to investigate the random variable Cpk /Cpk . In what

follows, we cannot allow a Cpk of zero. In other words, we will not allow u to be at either

LSL or USL, the specification limits. These poles must be analyzed separately. We have

. [X-LSL USL-X
- min .
Cpk _ 38 35
Cpk min{u—LSL USL—u} : (3.144)
36 3o

It is seen that this random variable depends, of course, on u in the parameter space, but also
on the realization of the sample mean X above or below the midpoint m of the specification

interval [LSL, USL].
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Consider the region of the parameter space where p<m. Ifalso X <m, then

Cok X-LSL 36 _X-LSLo

Cok 35 up-LSL u-LSL S’ (3.145)
but if X > m, then

Cpk USL-X 36 _USL-Xo
N - (3.146)

Cpk 3§ p-LSL u-LSL S
We can get the expected value of theratio Cpk /Cpk inthe region of the parameter space where

u < m by using the law of total probability applied to expectations, that is,

E[gp_k]zE[z_ﬂclfgm]pr[,?gm]+g[—(-{s—[‘_—yg|f>mj|Pr[/—Y— >m]

Cpk u-LSL S u—LSL S
ol [ X-LSL, = USL-X - =
(3.147)

the second line following from the independence of (X, S). Recall that

E[%] = ;[[((Z:T))/j]] ";1. (3.148)
Now it is known that
E[z\_’lfsm]=u-%{%} (3.149)
and
E[X|X > m]= u+%{17¢5}, (3.150)
-

where ¢ and ® are the standard normal pdf and cdf evaluated at s/n Substituting into

equation (3.147) gives

Cpk|_Tl(n-2)/2] [n1
E[Cpk]- [[(n-1)/2]V 2
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st sl
) LSL+|—1L‘;£'—1{¢}¢+ u+ﬁLl_® (l—(p)
n- [

_H(n-2)/2] [n=tf,_¢o/Jn USL-n, o ¢o/Jn
-F[(n—l)/Z]\/T{¢ w- LSL p—LSL(I (D)—u—LSL}

; j USL=k g da/vn
[(n- oo ®) zu—LSL}' G.151)

Now consider the region of the parameter space where u > m. Ifalso X <m, then

Cok X-LSL 306 X-LSLo
Cpk~ 3§ USL-p USL-p S§°

(3.152)

but if X >m, then

Cpk USL-X 30 USL-Xo
Cpk 35S USL-u USL-u S

(3.153)

We can get the expected value of the ratio C pk / Cpk intheregion of the parameter space where

1 > m by using the law of total probability applied to expectations, that is,

E[Cpk]z E[,?-LSL _c_lysm]l,,[ySm]+5{2¥-_f"_2|y>m}pr[y>m]
Cpk| | USL-u S USL-u S

=E[g:l E X—LSLI/\_’Sm Pr[)?Sm]+E USL - X
S USL —u USL —pn

x> m]pr[x > m]}

(3.154)
the second line following from the independence of (X, §). Substituting into equation (3. 154)

gives

{2)- rf(n-2)2]

Cpk | T[(n-1)/ 2]
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¢
-LSLH;-—"—{i} USL-{u+i{_—}}
N Jn @] g, Jnl1-@]] ;4
USL-p USL-u

_T(n-2)/2] {n—l u-LSLy bo/dn o 60/Vn
T IV 2 {USL—p(b USL -t (1-) USL—u}

_I{(n-2)/2] {n; l{u—LSL¢+(1_¢)_2 ¢c/Vn } 5.155)

- Tf(n-1)/2] USL -p USL-p

m—p
where ¢ and ® are the standard normal pdf and cdf evaluated at ;/7—;

We now have two expressions for E[C'pk / Cplc],

g If(n-2)/2] [n- - ,
gl Cok | _Hn=2)/2] [n=1[,  USL p(l_¢)_2¢o,&
Cpk uw-LSL w-— LSL

 I(r-1)/2]

} for u<m

and

E[C’pk]_r[("‘z)/z] ,";‘{”'L‘SL¢+(1—<D)—2dm/‘/'—'} for u>m.

Cpk | T[(n-1)/2] USL ~u USL - p

(3.156)
m—p
where ¢ and @ are the standard normal pdf and cdf evaluated at m.
We canreparameterize these two expressions into a single expressionfor £ [C‘ Pk /C, pk].

Let A= USL-LSL be the length of the specification interval in process standard deviations

o]

be the unsigned “offset” distance between the process mean and the

and let 6=|m_Ll
c

specification interval midpoint in process standard deviations. We then have the single
expression for E[épk / Cpk],

E[épk] _T{(n-2)/2] [n- 1{1+ 4{8(1-¢)—¢/ﬁ H

Cpk | T[(n-1)/2]V 2 A-25 (.157)
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m-pu

o/Vn

We derive this single expression in Appendix A. We point out that this equation (3.157)isexact

n=>8vn.

where ¢ and ® are the standard normal pdf and cdf evaluated at

_'m-u
(o]

and not an approximation.
Consider 6 fixed and not equal to zero. We see that ¢[8«/;] approaches zero, while

Q[SJ;] approaches one, as n approaches infinity. We have

. T[(n-2)/2] [n21 5(1-®)-¢/Vn
— I‘[(n—l)/Z]Jj{l+4{ A-25 }}

=l{l+4{w}}=l. (3.158)
A-25

That is, E[épk/Cpk] approaches one as n grows large. Therefore, Cpk is asymptotically

unbiased for Cpk.

On the other hand, considering § fixed and equal to zero, we have for each finite n,
p Cpk|_Tl(n-2)/2] n—l{l_ 4 } .
Cok | T[n-02]V 2 | avamn)® (.159)

which approaches one as n grows large, and again Cpk is asymptotically unbiased for Cpk.

Equation(3.157) revealsthe highdegree of complexity inthe structure of £[Cpk/Cpk |,

5(1-®)-¢/vn
A-25

attributable to the expression , which is not monotonein»n. Kotz and Johnson

(1993) give the values of £ [épk/Cpk] for u=m and A =6, which corresponds to Cp and Cpk
each equal to one. They compute a E[(:'pk/Cpk] = E[C’plc] equal to 1.002 for n = 10,
decreasing to 0.977 for n = 30, and increasing to 1.000 for 7= 79500. It would appear that
the complex behavior of C'pk is not a strong argument for its use as a measure of process

capability.
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CHAPTER 4. CAPABILITY INDICES UNDER NORMAL CORRELATION
The previous models have, as a key assumption, independent, identically distributed
normal random variates. The situation changes substantially when the variates are no longer
independent. Inparticular, serial autocorrelation is not anuncommon feature of a sample taken
overtime. It isknown that the sample variance is a biased estimator of the population variance
when the sample observations are correlated. The bias can be positive or negative and
substantial in size. Yang and Hancock (1990) show that for an autocorrelated sample {X i }n

identically distributed from a population with mean u and variance o2, the usual sample

n
variance 2 = —J—[Z(X, - Y)Z has expected value ES* =(1-p)o”, where
n=lia
n(n-1) ) n(n-1);2

Zpu 4.1)

i<j

oy n(n

is the average of the n(n - 1) pairwise correlation parameters of the model. This implies that

in Cp= —U—Sl‘ggﬂ the denominator will tend to underestimate ¢ and so Cp will tend to

overestimate Cp. This reinforces the effect of the bias in 1/S as an estimator of 1/c which also
tends to produce overestimation of Cp. There will be a similar effect for Cpk.
We confront two unpleasant facts throughout this chapter. First, with the sample

{X; }n autocorrelated, the random variable /S is no longer distributed as v — 1 ;. since

{X;} areno longer independent. Second, X and > _(X; - X )2 are dependent. To see this,
i=1

let x be a random n-vector with mean vector pu with identical coordinates, correlation matnx

R, and covariance matrix o2R. Let C=1I- ll 1’ be the centering matrix, that is,
n

Cx=x-%=(X,-X,X, - X, X, - X) (4.2)
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and

xXCx=x'CCx=(x—-X)/(x-X)= Z(X, - .7)2 ) (4.3)

i=lI
Then
Cx=x-% ~ N,(Ci, 6’CRC) = N, (0, 6°CRC) (4.4)
and
(I- C)x = % ~ N, ((I- O, (I~ C)R(I- C)) = N,o(, 6*(I- C)R(I-C)). (45)
We point out that Cx = x — X is degenerate in the (# - 1) dimensional hyperplane defined by
the condition (x —X)'1 =0, while (I- C)x = X is degenerate in the line spanned by the vector
of ones, 1.
Now since
(I-C)o’RC=c’RC-c"CRC=0,,,. (4.6)

we have by a theorem in Graybill (1976), page 138, that the linear form X = (I - C)x and the

n hi
quadratic form (x-X)'(x-X)=x'Cx are dependent. Thatis. X and > (.X, - X) are

1=l

dependent. This prevents us from factoring expectations such as

oty

which would simplify certain derivations for well-behaved f and g.

4.1. Why Some Real World Data Exhibit Autocorrelation
In this section, we seek an explanation for why autocorrelated data are so often

observed. What is the nature of the true random process which begets such realizations? We
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find a partial answer in the theory of linear stochastic differential equations. We must add that
the major portion of this section is drawn from the textbook of Pandit and Wu (1983).
Many important problems in engineering, the physical sciences, and the social sciences,
are initially formulated as differential equation models. The particular differential equations
are usually suggested by a combination of existing theory and past experimental data. Perhaps

the most familiar example to students of physics is Newton's law.
d* X (1) dx(t)
m dtz( = F{t, X —~. (4.8)

for the position X(¢) of a particle acted on by a force  which may be a function of time 7. the

position X(¢), and the velocity 4X(t)/dt . To determine the motion of a particle acted on by
a given force F, it is necessary to find a function X(¢) satisfying equation (4.8). If the force

is that due to gravity, then

md~X(t) =-mg (4.9)
dt* ' '
On integrating equation (4.9), we have
dXx(t) e
p 81 +6
X(t)=—:,_’-gt2 +eyt +¢a, (4.10)

where ¢, and c, are constants. To determine X(¢) completely, it is necessary to specify two
additional conditions, such as the position and velocity of the particle at some instant of time.
These conditions can be used to determine the constants ¢, and c,.

An even simpler model is the constant percentage decay model.

d‘;\;(t) =—ay X (1)
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or

dX(t)
dt

+og X(t)=0. (4.11)

Its solution is

X (1) = Cy exp{-aot} (4.12)
with X(0)=C, as boundary condition. This model postulates that at any time ¢, the
characteristic X is instantaneously diminishing at a constant percentage rate c.,. This model
may adequately describe the size of a physical object which exhibits a constant percentage
decay at rate ot,.

Equations (4.9) and (4. 1 1) describe models which are deterministic, that is, their future
is assumed completely determined or predictable, with no error, from the past. More realistic
models are so-called stochastic or probabilitistic models, which seek only to describe the long-
run average behavior of the state variable X. We can convert equation (4.1 1) to a stochastic

equation by adding the white noise forcing function Z(¢), giving

or
(D+og)X(t)=Z(1). (4.13)
where E[Z(t)| =0 forall rand E[Z(t)Z(t - u)] = 538(u) for all fand u. This linear stochastic
differential equation, called a continuous autoregressive model of order one, is denoted A(1).
To obtain the solution to equation (4.13), we invert the operator to get
X(t)=(D+og) " 2(2).

Since the inverse of differentiation is integration, we get
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X(t)= J:G(u)Z(t-u)duzJ:G(t—u)Z(u)du. (4.14)
The solution to G(¢) in (4.14) is
G(r) = exp{-at} (4.15)
fort > 0 and G(¢) =0 otherwise.
Therefore,
X(t)= j: exp{-ogu} Z(t - u)du = J: exp{—a(t - u)} Z(u)du. (4.16)
Consider now (s) = E[ X(t)X(t - )] the process autocovariance function. We have
Y(s)= 7 G(u)G(u+s)du.
So we have for the A(1) model,

Y(s)= J:D exp{—oote} exp{—oto(u +s)} du

o7
= exp{—ags} (4.17)

209
for all nonnegative s. Note that this autocovariance function is never zero. Even though the
forcing function Z(t) is completely uncorrelated, the characteristic X(¢) exhibits nonzero
autocovariance and nonzero autocorrelation at all lags s.

Many systems met in practice are continuous. For such systems, continuous models
in the form of differential equations provide a “live” description. These continuous models are
well-suited for characterization and they are therefore extremely useful in system analysis and
system design, in addition to system prediction and control. On the other hand, discrete models

are popular since they can be readily obtained from a discrete set of data by extending the linear

regression methods. Moreover, such models are adequate when one is interested only in
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predicting a system at discrete points. With this in mind, we look for a discrete model which
matches the continuous model on their autocovariance functions.

Let A be the fixed sampling interval. We have

y(s)= E[X(I)X(t —s)],

and so
Y(kA) =y, = E[X(£) X (1 - kA)] = E[ X, X,_;].
Now since
2
c
1(s) = —%exp{—ags}
0
and v, = y(kA), we have
0’2 0’2 k
s)=y(kA) = —Z-exp{-oys} = %
v(s)=v(ka) 200 p{-ags) 2a0¢’
where
¢ = exp{-aoA}. (4.18)

To derive an expression for the variance of the error term, we note from the Yule-Walker

equations that

{YO=¢YI+G§
Ye =0 k-1 , k=1
implying that
2 G?Z 2 G%
o, =—={1- = —=(1—-exp{—20,A
a 2%( ¢) Zao( p{—20A}). (4.19)

Equations (4.18) and (4.19) give the discrete AR(1) parameters (tb, 0',2,) in terms of

the continuous A(1) parameters (ao, 0";') and the sampling interval A. We can invert these
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2 2
~-In¢ and o2 = 20(00'2,, _2Iln¢ Gaz-
1-¢ A 1-¢

We display these two

equations to get o, =

important sets of relations together as
2 0'% 2 0'%
=expy—gAt, O =——(I- =—=(l-exp{-20pA
¢ =exp{-aod}, o 2a0( ¢ ) 2a0( xp{-2aoA}) (4.20)

and

-In¢d 2 2a00'§ -2Ind 0',2,
= R g, = =

g

We can study the effect of the length A of the sampling interval on the sampled discrete

model by observing equation (4.18). First consider the case of a large sampling interval A.
When the sampling interval is large, we see from equation (4.18) that

Ah_r:; ¢ = Ah_x;r; exp{-ayA} =0, (4.22)

and so the model becomes X, = a,, an AR(0) model or a discrete white noise sequence with

variance, again by equation (4.19),

2 0'22 2 0‘%
lim o, = lim —=(1-¢")=—==
lim o = lim 2ao( ¢) 20, O (4.23)

This shows that if the observations are taken so far apart that the autocovariance or
autocorrelation function decays to zero within the length of the sampling interval, then there

is practically no correlation between the successively sampled observations. Note that

0'3, _ 6% l—d)2 2

1-¢% 200 1-¢% 209

c% = =y(0). (4.24)

When the sampling interval is small, we have from equation (4.18) that
li =l —agAp=1 425
lim ¢ = lim exp{-a,eA} =1, (4.25)

and so the model becomes X, — X,_; =a,. Thisis the nonstationary random walk in discrete

time.
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The linear stochastic difference equation given by

Xt —¢1Xr~l _¢2Xt—2 - '¢nXt—n

426
=a,-0a, | -0a; 5~ —0,_1a;_p (4.26)

is a discrete autoregressive moving average model, denoted ARMA(n, n- 1). Inan analogous

manner, the linear stochastic differential equation given by

d"X(t d" ' X(t
dt( )+an_17’%—)+---+aoX(t)
d" ' Z(t dZ(t (4.27)
=Bn—l—ﬁ__[(—)+.”+ﬁl__(__)-+z(t)

is a continuous autoregressive moving average model, denoted AM(n, n - [). The solution

P o]
to the discrete model can be expressed as X, = ZGJ a,_; . while the solution to the
j=0

continuous model is X(¢) = J: G(v)Z(t - v)dv. The function G is called Green's function.
These are the y-weights in the discrete ARMA models of Box and Jenkins (1993). From
Pandit and Wu (1983), we have the remarkable fact that when a stochastic system governed
by equation (4.27) is sampled at uniform intervals, the resultant discrete system has a
representation of the same form as equation (4.26).

The simplest system governed by differential equations with constant coefficientsis the

dX(t ) .
first order system, dt( ) +0agX(t)=Z(t). Its uniformly sampled process has the discrete

representation of the AR(1) model, X, —;X,_| =a,. It can be shown that this is no longer
true for higher order systems. For example, a uniformly sampled second order system does
not, in general, have an AR(2) representation. However, it can be shown that when a
continuous autoregressive moving average process, in the form of a linear differential equation

of autoregressive order n and arbitrary moving average order, is sampled at uniform intervals,
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the resultant sampled process is ARMA(n, 71 - 1). See Pandit and Wu (1983) for examples of
some corresponding models.
4.2. The Indices (Cpl, Cp, Cpu) and the ARMA(p, q) Model

We have earlier demonstrated the equivalence of estimating the index (Cp!, Cp, Cpu)
to estimating (u, o) whenever the data are iid normal realizations and the specification limits
are known. We must now ask to what extent autocorrelated observations damage this
equivalence.

Suppose that the random data obey a stationary normal ARMA(p, g) process, that is,

(1-018- ;B> - ---—¢,B° X, -p) = (1-0,B-0,8" —---~0,B%) a,
or
b,(BN X, —n)=04(B)a,, (4.28)

where the a, are iid N (O, o‘ﬁ ) and B is the backshift operator defined by B? X, = X,_ p- We

can express (X, — ) in moving average form as

_68,4(8)
6,(B)

a, = y(B)a,

(X —u)
= (l+ v, B+ \usz +\u333 + ) a,,
= VA TVl T W3d 3t
©
=D Via;, (4.29)
i=0
where y, = | and the sum converges in probability by assumption. The variance of X, is given

by

Var[ X,]=Var[ X, - 1] =Var[§:0 w,-a,_,-]
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= i Vw'[\y,-a,_,-] = i \V.; Var [a,_,—]

i=0 i=0
2 - 2
=0, X Wi . (4.30)
i

€
Now marginally, each X is normal with mean p and variance ci— = cf, Z w2 . Therefore, the
=0

estimation of (Cpl, Cp, Cpu) must be equivalent to estimating (L. G ¢ ) = (u, o, /z T ]

for fixed LSL and USL.

Let us be clear here. If one is interested in characterizing a stable normal process for
capability purposes, and if one defines a stable normal process as a series { X, }: such that
each X, has identical marginal normal probability density function independent of time ¢, then
admitting the stationary normal ARMA(p, q) processes impairs the indices (Cp/, Cp, Cpu) only
to the extent that the variance parameter of X, is now a function of several parameters. This
makes its estimation a more difficult task. Of course, estimating the natural parameters
(1, o ¢ ) involves the same level of difficulty.

4.3. The Effect of Autocorrelation on the Sample Variance

Recall that for an autocorrelated sample { X; }n identically distributed from a popula-

tion with mean p and variance o, the usual sample variance S* = —-Z(X -X ) has
t i

expected value ES* =(1-p)o?, where

n(n-1) 7 n(n-1)/2
n(n~ 1) Zpu Zpu (4.31)
i®j i<j

is the average of the n(n - 1) pairwise correlation parameters of the model. To see this,
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i=l i=1 123}
e n(n—l)
={1—;}Z Qo= ZXX (4.32)
i=1 i)
Taking expectations yields
n(n—l)
{1—-}2,\’2—— Y XX,
iz)
& o 170D
={1-;}ZE[X,.~]—; S Exx,]
i=1 izj
1 [ n(n-1)
:{l—;} (O’ +H )—; gcq+n(n—l)

- {1_%},,(02 +12) =~ {n(n- )05 +nln - )n’}
= (n-1)(0? +12) - (n-1)o?p - (n- >
=(n-1)o> +(n-u’ - (n-1)c’p - (n- )u*
=(n-1)(c* -o%p)
=(n-1)(1-p)o’ (4.33)
We see that

5] ;L5 -7 |- S 7|

1 = 2
=——(n-1)1-p)o
~(1-p)o% (434)

and so we have the desired result, £5% = (1-p)o”.
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With a result from Searle (1982), it is even easier to demonstrate. Let x be a random

n-vector with mean vector p with identical coordinates, correlation matrix R, and covariance

matrix o2R. Let C=1- 1 11’ be the centering matrix, that is,

n
Cx:x-iz(Xl—.Y,Xz—Y,---,X,,—f)l (4.35)
and
x'Cx=x'CCx=(x-x)x-) =3 (X, - X)* (4.36)

i=1
From Searle (1982), we have
E[x'Cx]= trace[CczR] +u'Cu
=o>traceCR +0

= g*traceCR
= (n-1)(1-p)o>. (437)

It follows that
E[Sz] = E[—l—x’Cx] = -I—E[x’Cx] = (n-1)1-p)=(1- Plo’. (4.38)
n-1 n-1 n—1
4.4. A Lower Bound
We can go further by observing that if one where to use the sample variance

1 = . . . .
§% = — (X, -X )2 as an estimator of the population variance o2, the ratio of the
n—lizl

estimated Cp to the true process Cp would be

Cp _(USL-LSL)/6S o
Cp (USL-LSL)/éc S (4.39)

Now since (1-p) = £52/c?, we have
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62 2 (o3
P=(1-‘5)"’2={ } == (4.40)

ES'T ,/ ES?

The ratio P is suspiciously close to E [0'/ S], but of course, they are not the same. However,

< E[E] =K Q , so we have a lower
S Cp

by Jensen’s Inequality, one can show that P =

ES2
bound on the mean of the random variable C'p/ Cp.

Jensen’s Inequality states that if g is a convex function on the real line R. and both .Y
and g(X) are integrable random variables, then g(E[X]) < E[g(X)]. Also, if g is a concave
function on R, and both X and g(X) are integrable random varnables, then g(£[X]) = E[g(X)].
Strict convexity or concavity in the assumption implies strict inequality in the conclusion.

To get a lower bound on E[c/S], note that by strict concavity we have
EVs? = E[S]< VES? or 1/E[S]> l/\/’E.? Bystrict convexity wehave E[1/S] > 1 / E[S].
Putting together gives 1 /JE <t /E[S]<E[1/S] or G/J_EF <GE[1/8], that is.

P=—2 < E[E] = E[-@] Therefore P = (1- 5)—1’,2 is a lower bound on E[ép/Cp].

,/Eg-’- S Cp

Suppose the process follows an AR(1), thatis, (X, —pu)—¢(.X,_; —p) = a,. where the
a,areiid N (0, 0',2,) and -1 <¢ <1. Itis well known that the variance of the process characteristic
X, is given by Var[X ,] =c’= 0'3, / (l - ¢2 ) Also, the covariance j periods apart is given by

—4J 4t 2 _ 472 2 . . : .
Cov[X,,X,_j] =¢ Var[X,] =¢’'c"=¢ c,,/(l—d) ) and the correlation j periods apart is
given by Corr[X,, X,_j] =¢’.

Consider a sample { X, } from an AR(1) process, consecutive in time, taken at the
n

uniform time interval consistent with the parameter ¢. Let 5% = —I—I-Z (X,-X )2 be the
n-=1
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Table 4.1. Values of (1-p) = ES%/c? for AR(1)

¢ n=10 n=20 n=30 n=40 n =50
0.1 0.97805 0.98895 0.99262 0.99446 0.99557
0.2 0.95139 0.97532 0.98348 0.98758 0.99005
0.3 0.91837 0.95811 097185 0.97881 0.98301
04 0.87654 0.93567 0.95658 0.96723 0.97370
0.5 0.82218 0.90526 0.93563 0.95128 0.96082
0.6 0.74950 0.86184 090517 0.92788 094184
0.7 0.64943 0.79529 0.85696 0.89031 091111
0.8 0.50783 0.68300 0.77006 0.82051 0.85306
0.9 0.30264 0.46873 0.57744 0.65214 0.70574

sample variance. This is commonly called the unbiased estimator of 62, but of course, it is no
longer so. Its relative bias will depend on the parameter ¢ and the sample size n.

Table 4.1 shows, for selected sample size 7 and parameter ¢, the estimation bias ratio
(1-p) for the AR(1) model. See Appendix C for the computation of p. Note that since
(1- )= ES?/c?, this bias ratio gives the mean of the sampling distribution of S? as a
proportion of the true variance of X. From Table 4.1 we see, for example, that for ¢ =0.9 and

n =20, we would be underestimating the true process variance by (1 - 0.46873) or about 53

percent on average if we use % = L (X,- X)* as an estimator of o2 in an AR(1)
=1

process.

Table 4.2 gives the value of P = (1- 5)_[/2 for selected sample size n and parameter
¢ in the AR(1) model. This value provides a lower bound on £ [C‘p / Cp]. From Table 4.2 we
see, for example, that for ¢ =0.9 and n =20, we would be overestimating the true process Cp

1 &

by at least 46 percent on average if we use s? =——IZ(X,—Y)2 as an estimate of 6= in an
n=1o

AR(1) process.
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Table 4.2. Values of P =(1- b’)_uz < E[f’p/ Cp] for AR(1)

¢ n=10 n=20 n=30 n=40 n=>50
0.1 1.01116 1.00557 1.00371 1.00278 1.00223
0.2 1.02523 1.01257 1.00837 1.00627 1.00501
03 1.04350 1.02163 1.01438 1.01077 1.00861
04 1.06811 1.03380 1.02245 1.01680 1.01342
05 1.10285 1.05102 1.03383 1.02529 1.02019
0.6 1.15509 1.07718 1.05108 1.03813 1.03042
0.7 1.24088 1.12134 1.08024 1.05981 1.04765
0.8 1.40326 1.21001 1.13956 1.10397 1.08271
09 1.81775 1.46063 1.31598 1.23831 1.19036

Now consider the AR(2) process (X, —p)—,(X,_; —u)—é,(X,-2 —1) =a,, where
again a, are iid N (O, 0,2,). The requirement of stationarity restricts the parameters (¢,, ¢,) to
the joint conditions ¢, + ¢, <1.¢, -9, <1,and -2<¢, <2.

Tables 4.3 through 4.7 gives the lower bound P =(1- 6)—[/2 of E[ép/Cp] for an
AR(2) process, for values of (¢, ¢,) and 7. An asterisk indicates parameter values outside
the region of stationarity. We see that P can be quite high for (¢, ¢, ) in certain regions of the
parameter space. For example, when (¢, ¢,) =(0.7,0.2) and 7 = 10, we have P = 1.86888,
indicating that in repeated samples we are overestimating the true process Cp by at least 86
percent. On the other hand, when (¢,, ¢,) = (0.7, 0.2) and n = 50, we have P = 1.22473,
indicating that in repeated samples we are overestimating the true process Cp by at least 23
percent. The damage, in terms of the relative bias of the estimator, is “contained” somewhat
by the larger sample size n.

4.5. Estimating Cp when p is Known and ¢ is Unknown
Let {X;} be multivariate normal with equal means p, equal variances o2, and

correlations p(#, j) not necessarily zero. In this section we assume a known process mean
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Table 4.3. Values of P = (1-5)™"? < E[Cp/Cp] for AR(2) with n = 10

-0.9

0.95266
095164
0.95029
0.95012
095105
0.95245
0.95362
0.95416
0.95398
0.95325
0.95235
095165
0.95147
0.95196
0.95310
0.95469
0.95642
0.95792
0.95886
0.95908
0.95856
0.95756
0.95650
0.95594
0.95644
0.95842
0.96202
0.96693
0.97237
0.97706
0.97963
0.97942
0.97780
0.98013
0.99920
1.06669
1.30266

-0.8

0.95210
0.95174
0.95108
0.95119
0.95199
0.95301
0.95383
0.95422
0.95419
0.95393
0.95371
0.95377
0.95427
0.95522
0.95652
0.95797
0.95933
0.96039
0.96103
0.96131
0.96142
0.96172
0.96261
0.96449
0.96760
0.97192
0.97712
0.98255
0.98752
0.99187
0.99709
1.00824
1.03783
1.11854
1.37768

-0.6

L
L

0.95158
0.95215
0.95239
0.95289
0.95366
0.95450
0.95529
0.95597
0.95663
0.95736
0.95826
0.95940
0.96078
0.96235
0.96404
0.96579
0.96760
0.96957
0.97185
0.97467
0.97829
0.98294
0.98879
0.99598
1.00476
1.01591
1.03159
1.05711
1.10535
1.21132
1.51624

*

0.4

0.95153
0.95282
0.95376
0.95478
0.95595
0.95723
0.95861
0.96010
0.96175
0.96360
0.96571
0.96810
0.97081
0.97389
0.97743
0.98157
0.98652
0.99254
1.00002
1.00944
1.02163
1.03801
1.06146
1.09801
1.16154
1.28984
1.63711

*
*

&

-02

*

0.95187
0.95397
0.95581
0.95773
0.95984
0.96220
0.96434
0.96783
0.97122
0.97511
0.97962
0.98492
0.99121
0.99882
1.00819
1.02003
1.03543
1.05626
1.08593
1.13120
1.20712
1.35427
1.73850

*

0.0

*

0.95275
0.95613
0.95947
0.96307
0.96712
0.97176
0.97714
0.98345
0.99094
1.00000
1.01116
1.02523
1.04350
1.06810
1.10285
1.15509
1.24088
1.40326
1.81775

L4
s

120

0.2

0.95467
0.96053
0.96688
0.97413
0.98268
0.99296
1.00560
1.02151
1.04210
1.06969
1.10834
1.16583
1.25896
1.43252
1.86888

L
*

0.4

0.95916
0.97086
0.98477
1.00202
1.02416
1.05367
1.09474
1.15533
1.25258
1.43196
1.87831

0.6

*

0.97209
1.00228
1.04363
1.10406
1.20035
1.37673
1.81267

*
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.

1.03369
1.18784
1.56697

0.9
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-1.8
-1.7
-1.6
-1.5
-1.4
-1.3
-1.2
-1.1
-1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
-0.2
0.1
0.0
0.1
0.2
03
0.4
0.5
0.6
0.7
08
0.9
1.0
I.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8

Table 4.4. Values of P = (1-p)™/? < E[Cp/Cp] for AR(2) with n =20

-09

0.97512
0.97561
0.97539
0.97531
0.97572
0.97586
0.97561
0.97553
0.97585
0.97623
0.97628
0.97607
0.9759S
0.97621
0.97669
0.97704
0.97701
0.97678
0.97676
0.97720
0.97791
0.97841
0.97841
0.97817
0.97834
0.97928
0.98057
0.98131
0.98122
0.98141
0.98341
0.98676
0.98874
0.98971
0.99765
1.01453
1.04147

-0.8

0.97532
0.97555
0.97556
0.97565
0.97589
0.97600
0.97603
0.97617
0.97643
0.97666
0.97676
0.97686
0.97709
0.97743
0.97777
0.97801
0.97820
0.97848
0.97896
0.97956
0.98010
0.98053
0.98102
0.98181
0.98296
0.98421
0.98537
0.98673
0.98899
0.99243
0.99650
1.00183
1.01293
1.03541
1.10153

s

-0.6

*

0.97551
0.97574
0.97598
0.97624
0.97653
0.97683
0.97716
0.97752
0.97791
0.97833
0.97879
0.97930
0.97988
0.98050
0.98120
0.98199
0.98289
0.98393
0.98511
0.98649
0.98814
0.99013
0.99256
0.99558
0.99950
1.00480
1.01224
1.02347
1.04267
1.08210
1.20922

-
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-0.4

*

L

0.97569
0.97613
0.97661
0.97712
0.97768
0.97828
0.97895
0.97969
0.98050
0.98140
0.98241
0.98355
0.98484
0.98632
0.98803
0.99003
0.99240
0.99525
0.99875
1.00314
1.00882
1.01644
1.02721
1.04357
1.07139
1.12869
1.30439

®
L d

-0.2

0.97597
0.97680
097767
0.97862
0.97967
0.98084
0.98216
0.98363
0.98531
0.98723
0.98946
0.99205
0.99514
0.99884
1.00340
1.00911
1.01651
1.02645
1.04051
1.06188
1.09815
1.17204
1.38836

]
L

0.0

€

0.97650
0.97800
0.97961
0.98141
0.98346
0.98581
0.98852
0.99170
0.99546
1.00000
1.00557
1.01257
1.02163
1.03380
1.05102
1.07718
1.12134
1.21002
1.46063

121

02

.

L

0.97758
0.9804t
0.98359
0.98731
0.99171
0.99701
1.00353
1.01172
1.02232
1.03656
1.05669
1.08719
1.13838
1.23970
1.51859

.

04

0.98010
0.98616
0.99350
1.00270
1.01460
1.03059
1.05315
1.08724
1.14409
1.25525
1.55527

*
L

0.6

.

0.98782
1.00497
1.02901
1.06519
1.12521
1.24153
1.55119

.
®
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Table 4.5. Values of P =(1-p)"/? < E[Cp/Cp| for AR(2) with n = 30

-09

0.98355
0.98350
0.98358
0.98356
0.98370
0.98363
0.98371
0.98384
0.98377
0.98382
0.98400
0.98402
0.98397
0.98412
0.98430
0.98429
0.98428
0.98449
0.98471
0.98472
0.98474
0.98505
0.98535
0.98538
0.98550
0.98601
0.98642
0.98650
0.98702
0.98801
0.98843
0.98931
0.99145
0.99279
0.99725
1.00361
1.02960

—0.8

L d

0.98354
0.98358
0.98366
0.98372
0.98381
0.98387
0.98398
0.98407
0.98415
0.98427
0.98440
0.98450
0.98464
0.98481
0.98497
0.98512
0.98534
0.98558
0.98580
0.98607
0.98641
0.98678
0.98716
0.98765
0.98827
0.98893
0.98974
0.99086
0.99220
0.99395
0.99663
1.00036
1.00695
1.01984
1.06109

0.98361
0.98376
0.98392
0.98409
0.98427
0.98447
0.98469
0.98492
0.98517
0.98545
0.98575
0.98608
0.98645
0.98686
0.98732
0.98783
0.98342
0.98909
0.98986
0.99076
0.99182
0.99311
0.99468
0.99664
0.99917
1.00256
1.00733
1.01453
1.02667
1.05141
1.12903

L d

-

0.98373
0.98402
0.98434
0.98467
0.98504
0.98545
0.98589
0.98637
0.98691
0.98750
0.98817
0.98892
0.98977
0.99075
0.99187
0.99319
0.99474
0.99661
0.99891
1.00178
1.00549
1.01045
1.01744
1.02802
1.04589
1.08241
1.19600

®
-

-0.2

0.98394
0.98447
0.98505
0.98568
0.98639
0.98717
0.98804
0.98902
0.99014
0.99142
0.99289
0.99462
0.99666
0.99911
1.00212
1.00590
1.01077
1.01730
1.02650
1.04045
1.06403
111219
1.25889

0.0

*

0.98432
0.98529
0.98636
0.98757
0.98895
0.99052
0.99234
0.99446
0.99697
1.00000
1.00371
1.00837
1.01438
1.02244
1.03383
1.05108
1.08024
1.13956
1.31598

*
x

122

0.2

L

0.98506
0.98694
0.98908
0.99158
0.99455
0.99812
1.00250
1.00800
1.01510
1.02464
1.03809
1.05850
1.09294
1.16257
1.36497

L

0.4

0.98681
0.99090
0.99588
1.00214
1.01023
1.02108
1.03641
1.05963
1.09876
1.17728
1.40110

0.6

.

0.99224
1.00411
1.02082
1.04611
1.08863
1.17338
1.41126

.
*
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0.7
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-0.3
0.2
-0.1
0.0
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0.6
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0.8
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Table 4.6. Values of P =(1-5)"/* < E[Cp/Cp] for AR(2) with n = 40

-09

0.98758
0.98760
0.98766
0.98766
0.98770
0.98772
0.98777
0.98777
0.98785
0.98785
0.98790
0.98797
0.98797
0.98805
0.98812
0.98813
0.98824
0.98832
0.98834
0.98849
0.98859
0.98864
0.98884
0.98897
0.98907
0.98937
0.98954
0.98979
0.99025
0.99051
0.99122
0.99182
0.99296
0.99435
0.99725
1.00196
1.01731

-0.8

0.98762
0.98766
0.98772
0.98777
0.98782
0.98788
0.98794
0.98801
0.98808
0.98816
0.98825
0.98834
0.98844
0.98855
0.98866
0.98880
0.98894
0.98910
0.98928
0.98948
0.98971
0.98998
0.99028
0.99063
0.99105
0.99154
0.99217
0.99293
0.99392
0.99524
0.99709
0.99987
1.00456
1.01394
1.04288

-

-0.6

0.98768
0.98779
0.98791
0.98804
0.98817
0.98832
0.98848
0.98865
0.98884
0.98905
0.98927
0.98952
0.98979
0.99009
0.99043
0.99081
0.99125
099174
0.99231
0.99298
0.99377
0.99472
0.99587
0.99733
0.99920
1.00170
1.00521
1.01050
1.01939
1.03742
1.09334

L
L]

L]

-04

.

0.98778
0.98799
0.98823
0.98848
0.98875
0.98905
0.98938
0.98975
0.99015
0.99059
0.99109
0.99165
0.99228
0.99301
0.99385
0.99483
0.99599
0.99738
0.99909
1.00122
1.00397
1.00766
1.01284
1.02066
1.03381
1.06059
1.14373

-0.2

0.98794
0.98833
0.98876
0.98924
0.98977
0.99035
0.99101
099174
0.99258
0.99354
0.99464
0.99593
0.99746
0.99929
1.00154
1.00435
1.00799
1.01285
1.01970
1.03004
1.04748
1.08302
1.19255

0.0

-«

0.98822
0.98895
0.98976
0.99067
0.99170
0.99288
0.99425
0.99584
0.99773
1.00000
1.00278
1.00627
1.01077
1.01680
1.02529
1.03813
1.05981
1.10397
1.23831

®
-

.

123

0.2

*

0.98879
0.99020
0.99181
0.99370
0.99594
0.99863
1.00193
1.00606
1.01140
1.01856
1.02865
1.04392
1.06970
1.12211
1.27910

0.4

0.99013
0.99321
0.99699
1.00173
1.00785
{.01605
1.02762
1.04514
1.07470
1.13462
1.31131

.
.

0.6

0.99431
1.00336
1.01612
1.03545
1.06805
1.13386
1.32527
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1.02070
1.08749
1.28021

0.9

1.16156




’]“ ¢

-1.8
-1.7
-1.6
-1.5
-14
-1.3
-1.2

-1.0
09
08
0.7
06
0.5
04
03
02
0.1
0.0
0.1
0.2
03
0.4
0.5
06
0.7
0.8
09
1.0
11

L3
1.4
LS
L6
L7
1.8
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Table 4.7. Values of P =(1-p) ™" < E[Cp/Cp| for AR(2) with n =50

-0.9

0.99007
0.99009
0.99011
0.99012
0.99014
0.99017
0.99018
0.99022
0.99023
0.99028
0.99029
0.99035
0.99036
0.99042
0.99045
0.99050
0.99056
0.99060
0.99068
0.99072
0.99082
0.99090
0.99099
099112
0.99122
0.99142
0.99155
0.99181
0.99202
0.99241
0.99276
0.99341
0.99412
0.99532
0.99741
1.00142
1.01370

-0.8

0.99008
0.99012
0.99016
0.99020
0.99024
0.99029
0.99034
0.99039
0.99045
0.99051
0.99058
0.99065
0.99073
0.99081
0.99090
0.99101
0.99112
0.99125
0.99139
0.99155
0.99173
0.99193
0.99217
0.99245
0.99278
0.99317
0.99365
0.99425
0.99503
0.99606
0.99751
0.99969
1.00335
1.01070
1.03315

-0.6

-
L]

0.99013
0.99022
0.99031
0.99042
0.99052
0.99064
0.99077
0.99090
0.99105
0.99122
0.99139
0.99159
0.99181
0.99205
0.99232
0.99262
0.99296
0.99336
0.99381
0.99434
0.99497
0.99572
0.99664
0.99779
0.99927
1.00125
1.00403
1.00821
1.01523
1.02941
1.07312

-0.4

*

0.99021
0.99038
0.99057
0.99077
0.99099
0.99123
0.99149
099178
0.99210
0.99245
0.99285
0.99330
0.99380
0.99438
0.99505
0.99583
0.99676
0.99787
0.99922
1.00092
1.0031t
1.00604
1.01015
1.01636
1.02677
1.04790
1.11326

=
*

*

-0.2

0.99034
0.99065
0.99100
0.99138
0.99180
0.99227
0.99279
0.99338
0.99405
0.99481
0.99570
0.99673
0.99795
0.99941
1.00121
1.00345
1.00635
1.01022
1.01567
1.02389
1.03772
1.06584
1.15270

*
-

=

0.0

0.99057
0.99115
0.99180
0.99253
0.99335
0.99430
0.99539
0.99667
0.99818
1.00000
1.00223
1.00501
1.00861
1.01342
1.02019
1.03042
1.04764
1.08271
1.19035

*

124

02

0.99103
0.99215
0.99345
0.99497
0.99677
0.99892
1.00157
1.00488
1.00916
1.01488
1.02295
1.03514
1.05569
1.09751
1.22473

L
-

«

04

0.99211
0.99459
0.99763
1.00144
1.00636
1.01295
1.02223
1.03627
1.05996
1.10810
1.25297

*
L 3

0.6

0.99550
1.00282
1.01314
1.02875
1.05508
1.10851
1.26753

[
.
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L.O1731
1.07257
1.23585

0.9

1.14031



n

and so we use S = JLZ(X, —p.)2 in the definition of Cp. The lower bound for

i=l

o G
E[:S_'] = E[C—i} in this case is not dramatic. Since
ES? = B| L3 (X, -uf |= 213 E(X, -u)]} = 2no? = o2 (4.41)
n i=l ' n i=l n ) A
we have

2 c o G
6’ :l: <E[—]: El:_p_:l
ES~ ES? S Cpl

and so the lower bound becomes 1. That is,

Cp
1<ElS|=£l%2
<#[2] [Cp]. s

To sharpen this lower bound, we will derive a Taylor series approximation to E[C’p/Cp] in
this very important case where the sampled data is subject to autocorrelation.

Recall the Taylor series approximation,

E[g(Y)]= gE[y]+21 g"E[Y]-Var[Y], (4.43)

n n 2 n R
wherewelet Y =Y (X, —n)?. Wewill need both E[Z(X,- —u)”] and Var[Z(X,— —u)’]‘
il

Now

El:i(Xi—u)z}ziE(Xi—u)z =2":0'2 =n0’2’ (4.44)

i=1 =1 i=l

but the variance is more difficult. We begin with

9

Var[i(Xi‘u)szE {i(X.-—u)z}- -Ez[il(f\’i-u)z]. (4.45)

i=1 =l

We know the second term on the right straightaway as
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52[7: (X; - u)z} = (nc? )2 =n*c*, (4.46)

i=l

but the mean of the square is more difficult. Continuing, we have

E[{i(xi ‘1»1)2} jlz E[{(Xl -11)2 +(X3 - u)z +em (X, - ﬂ)z}z]

i=1

= E[i(xi —n)’ +n(§l)(Xi -y (X, - ”)Z]

i=l i#]'

- E[i(xi - u)4}+5[”(f)(«\’, -u){x; - “)2}

=] izf

n n(n-1) >
=S X -w e [(X -u) (X, -u) ] (4.47)
i=l -

Consider the /th term in the first summation of terms on the right of equation (4.47). We have
(X = w)* = (X = (X - n)°

= (Xi -2uX; + uz)(X,- - 2pX; '*‘l»lz)

=X} -4} 6l X —ap’x, +ut (4.48)
Taking expectations and moments from Appendix B gives

E[(X,- - u)4] = E[ X} —an} +6u’ 7 -4’ X, +u
= E[ |- 4nE] X7 |+ 60 B[ 7 | - P E 2]+
=3c* +6p2c? +put —4u(3u0’2 +u3) 4»6;12(0'2 + pz) —4u3(u) +pt
=3c* +6p%c? +pt —6u?e? - 2ut +ple? +p?

—6uZc? —2u* +4p%c? +4pt -2t +p?e? +pt - 2pt + 0t

=36*(1)+126?(6-6+1-6+4+1)+p*(1-2+1-2+4-2+1-2+1)

=30*(1)+p?c?(0)+p*(0)
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=3c?, (4.49)

and so

n
1=

E|(X,-n)*]= X 30" =3n0". (4.50)
1 i=l

The second summation on the right side of equation (4.47) contains cross products and is more
difficult. Taking the (i, j)th term, we have
(X - (X - ) = (X7 - 20X +02) (47 - 20X +°)
= X} X7 202X, —2uX, X7+ X7 + 0 X5
HW XX -2 X, 200 X+t (4.51)
Taking expectations gives
E[:(Xi —up(X, - u)z] = E[X,?X}]- 2uE[ X} X J- 2uE] X, X7

+p2E[X,-2] + qu[ij-] a2 B[ X x|~ Bl - 2B X et 452)

Taking moments from Appendix B gives
E[(X,- ~p) (X, - u)z] =c*(1+2p}) + 21’0 (1+20;) + p*
—2p(po?(1+2p;) + 1) - 2u(uc? (1+ 20;) +p?)+u?(o? +p?)

+u?(c? +p?)+ap?(o?p; +u?) - 20’n- 20 +p?,

or
E[( X, - u)Z(X]- - u)l] =g+ 204p,%- +2u%c? + 4u20'2p,-j +ut
“2p2s? —4I-l20'29,-j —apt —2p%62 —41120‘253,; —opt e 4t
+|J.20’2 +M4 +4u202p,-j +4p.4 -~ Zu" —2u4 +u4.
or
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H (X -wP(x,-w)' |=o* ) +o*}@)

+u202(2-2—2+1+ I)+u.20’2p,-j(4-4—4+4)

Ht(1-2-2+1+1+4-2-2+1),

or

E[(X,- -w)(X; - u)z] =c*(1)+cp}

We have
n(n-1)

Y E

2]

Therefore,

Vw[i(Xi - u)z}

e (2)+ uzoz(o) + pzczp,-j (0)+ T (0)

=c4(l+2p§-).

n(n-1)

=c* ¥ (1+203).

izj

n(n-1)

> 04(I+2p§.)

=

-

(Xi -l»l)z(Xj —!»1)-

|

(4.54)

= 3nc? +c4"(nz—:l)(l+2 2)—rz?’c:f4
=]

n(n-1)

=3nc* +n(n-1)* +2¢* ¥ p} -n’c*

a4 2 4 4 4 2 .2
=3nc* +n°c” -nc® +2¢" Y pz-nc

Reproduced with permission of the copyright owner.

i=J

n(n~-1) > 4

i#j
4 4n(n—l) 5
=2n6" +2¢" ) pj;

i#j

pi-}

=2¢" {n +n(n- l)ﬁz}

n(n-1)

= 264{n+ >

izj
=2na*{1+(n-1)p},

(4.55)
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n(n—-1)
where p2 = L Z p;- is the average of the squares of the n(n - 1) pairwise correlations.

"(n - l) iz
We emphasize that p? is the average of the squares and not the square of the average, as our

unfortunate symbol might suggest. Collecting results, we have

E[Z(X.- —u)z} = no’ (4.56)
i=l
and
Var[Z(Xi ~ u)"'} =2n6*{1+(n-1)p°} (4.57)
i=1

For completeness, we note

£[s?]- E[ﬁi(xi —u)z]ﬁE[i(Xi —u)"'] =onet=s’ sy

i=l
and

varls] = Var[%f_(x,. —u)2]= nlear[‘Z(X,. - u)"']

i=1

_ 1 4 21 _,)1 o 1]l
_n—22nc {l+(n-—l)p }-—20’ {n +{l }p } (4.59)

n

n
where §° = %Z(X, —n).

i=l

n
To get an approximation for E[Cp/Cp], first take ¥ = Z (X; - 1,1)2 . We know that

i=1

E[Y]=nc? and Var[Y]= 2no'4{l +(n- 1)62}. Letting g(¥)= % =y gives
gM)= ‘%Y_'yz and g"(¥) = %Y-s/z. We have
1
E[g(Y)]~ gE[¥]+ 3 g"E[Y]-Var[Y]

= (nO'2 )_l/2 + %%(naz ).5/2 . 2no"‘{l +(n- 1)52}
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-y -1, 3 32 -1 =2
=n"" e+ n {l+(n l)p}

= n‘uzo"l{l + %n"{l +(n— 1)52}}

st -l

E[%] = E[%] = cJEE[%] = oVnE[g(Y)]
zc&;lﬁ{l+%{%+{l—%}ﬁz}}
= 1+%{%+{1~%}52}_ (4.60)

n
To get an approximation for Var[é p/ Cp], firsttake ¥ =D (X, - u)z . Weknow that

i=]

and so

|

=

E[f]=nc® and Var[¥]=2nc*{1+(n-1)p?}. Letting g(¥)=—==r""? gives
g’(Y)=—%Y'3/2 and g"(Y)=%Y‘5’2. We have

Var[g(?)]~ {g E[Y]} -Var[Y]
= {—l(ncx2 )_3/2 }2 -2n6*{1+(n-1)p%}

= i(ncz)-32nc4{l +(n- 1)62}

- {1+(n-1)52},

21120'2
and so

Var[%] = Var[%] - nczlf'ar[%] = noVar[g(r)]

! 2{l+(n—l)52}

~ ng? 5
2n‘c
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2n
A2
=\ n P r. (4.61)

Collecting resulits,

Co| ACp 3[1 { 1}_2
E| =2 =B E =1+ —+{1-—
[Cp] [Cp] +4{n+ nfP (4.62)
and
Cpl s [Cp| 11 { 1}_2
Ve Var| =2 |= ={ = +{1-—
w[Cp] W[Cp] Z{n n P (4.63)
Note that for iid { X;} , p =0 and p =0, giving
Cp 3 | ép 1
E|=£|x1+=— and Var|-E|~—
[CpJ 4n an W[Cp:l 2 (4.64)

our previous results by equations (3.16) and (3.21).

The mean squared error of C'p/ Cp is approximately given by

ol 3 {2

{33
et pedtae s

SR RH R O

which goes to zero as n grows large. Therefore, the statistic Cp, under autocorrelated
observations, is consistent both in mean square and in probability for Cp in the Taylor series

approximation.
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How accurate are these approximations given by equations (4.62) and (4.63)? We will
assess their accuracy for the stationary normal AR(1) model through simulation. We proceed
as follows. We fix a sample size » and a parameter ¢. We generate 10,000 realizations of a
time series of length n, (X, —u)—¢(X,-; —u)=a,, where the a, are iid N(O, cg). Without
loss of generality, we take p equal to zero and o% equal to one. We take X, equal to zero.

For each of the 10,000 generated series, we calculate

L% o]
S _{ni=l ' } ' (469
resulting in 10,000 realizations of 1/S. Wenext find the mean and variance of the 10,000 values
of 1/S by
I | 1oeoo(
E[E]zm 2 [S—;J (4.67)
and
-~ T | loooo( 2 p loooo( 2
Vw[§]=m ,-=1 (3} —[m 2 [SD . (4.68)
We then determine, for 0= ép/ Cp,
o2 sl (]
and
el ] o
D S Sl 1-¢ S

The following computational device will ease the calculation of our Taylor approxi-
mated mean and variance for the AR(1) model. Suppose a stochastic process follows an

AR(1), that is, (X, — u)—¢(X,_; — ) = a,, where the a, are iid N (O, cﬁ). The correlation j
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periods apart is given by Corr[X,, X,_ j] =¢’/. Consider a sample {X,} from an AR(I)

process, consecutive in time, taken at the uniform time interval consistent with the parameter
)y 13 2 . .
¢. Let S° == (X, —u)" be the sample variance. In Appendix C, we show that
n t=1

n(n—1)/2 n
_ 2 2 b 1-¢
p—n(n—l) Zpij"n(n—l)l—tb{n l—d)} (4.71)

i<j

and

R 5 nln-ly2 , 2 e { l_¢3,,}
n- 1 i 4.72)

P =n(n—l) E pij___n(n—l)l—d)2

Therefore, for a sample of size n from the AR(1), we have

y g 2n
E| G ~FE Cp =l+z l4—{l~l} 2 %’ n—l—d), and
Cp Cp 4\n nj|nln-1)1-¢2 1-¢2
ar| 2 | < vr| 2| 2 L L2 O
Cp Cp| 2|n nj|nln-1)1-¢* - [{[ (4.73)

Note that for ¢ equal to zero, we get our previous results of equations (3.16) and (3.21) for

id {X,} .

Table 4.8 compares the simulated mean E [é] and variance Vo ar[é] of 6 = Cp/Cp with
the Taylor-series-approximated mean E [é] and variance Var[é] of 6 =Cp /Cp for sample
sizes nand ¢ of the AR(1) model. A tilde over the expectation or variance operator indicates
the simulated value, while a carat over the operator indicates the Taylor approximated value.

We denote the relative errors by

_ .., E|6]-£6 £l8
(E-E)/E= [,]E[é][]ﬂ—%,
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10
10
10
10
10
10
10

20
20
20
20
20
20
20

30
30
30
30
30
30
30

40
40
40
40
40
40
40

50
50
50
50
50
50
50

Table 4.8. Simulate vs. Approximate Mean, Variance of 0= Cp/Cp, Known p

¢

0.1
0.2
0.4
0.5
0.6
0.8
0.9

0.1
0.2
04
0.5
0.6
0.8
0.9

0.1
0.2
0.4
0.5
0.6
0.8
0.9

0.1
0.2
0.4
0.5
0.6
0.8
0.9

0.1
0.2
0.4
0.5
0.6
0.8
0.9

E[g]

1.08899
1.09435
1.11988
1.14415
1.18235
1.37039
1.69762

1.04556
1.04854
1.06263
1.07602
1.09721
1.20398
1.40005

1.02945
1.03152
1.04120
1.05043
1.06508
1.13976
1.28027

1.02192
1.02352
1.03105
1.03821
1.04955
1.10717
1.21614

1.01732
1.01863
1.02473
1.03055
1.03980
1.08708
1.17781

E[9]

1.07636
1.08060
1.10017
1.11833
1.14619
1.26845
1.41883

1.03822
1.04046
1.05094
1.06083
1.07639
1.15232
1.27434

1.02549
1.02701
1.03415
1.04093
1.05166
1.10566
1.20083

1.01912
1.02027
1.02568
1.03083
1.03902
1.08079
1.15759

1.01530
1.01622
1.02058
1.02473
1.03135
1.06537
1.12943

(E-2)F

0.011598
0.012564
0.017600
0.022567
0.030583
0.074388
0.164224

0.007020
0.007706
0.011001
0.014117
0.018975
0.042908
0.089790

0.003847
0.004372
0.006771
0.009044
0.012600
0.029919
0.062049

0.002740
0.003175
0.005208
0.007108
0.010033
0.023826
0.048144

0.001986
0.002366
0.004050
0.005648
0.008127
0.019971
0.041076

134

0.077640
0.081370
0.099141
0.116428
0.144469
0.295602
0.605689

0.031752
0.033502
0.041691
0.049653
0.062574
0.133775
0.284837

0.019540
0.020645
0.025887
0.030995
0.039372
0.086144
0.187323

0.013946
0.014714
0.018458
0.022135
0.028133
0.061374
0.132892

0.011019
0.011629
0.014626
0.017599
0.022462
0.049462
0.107648

Vr[]

0.050908
0.053733
0.066780
0.078889
0.097461
0.178964
0.279218

0.025480
0.026975
0.033957
0.040556
0.050928
0.101545
0.182893

0.016992
0.018007
0.022764
0.027284
0.034440
0.070439
0.133886

0.012746
0.013515
0.017120
0.020556
0.026013
0.053858
0.105058

0.010198
0.010816
0.013719
0.016489
0.020898
0.043580
0.086288
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-9/

0.344307
0.339646
0.326414
0.322422
0.325385
0.394578
0.539008

0.197531
0.194824
0.185508
0.183212
0.186116
0.240927
0.357903

0.130399
0.127779
0.120640
0.119729
0.125267
0.182311
0.285267

0.086046
0.081487
0.072489
0.071335
0.075356
0.122462
0.209448

0.074508
0.069911
0.062013
0.063072
0.069629
0.118920
0.198425



(7 -V)7 = FarlO) V]| _Zerle]
Var[e] Var|6)]

We first address the two columns of Table 4.8 labelled £ LB. and Vo ar[é] If we accept
the simulated £ [é] and simulated V. ar[é] as close to the true mean and variance of 6 = Cp/Cp
we see that each decreases as 7 increases, but each increases as ¢ increases. This is to be
expected. The simulated E[é] range from a low of 1.01732 at the point (n, $) = (50, 0.1) to
a high of 1.69762 at (n, $) = (10, 0.9). Recall that 1.69762 indicates that C’p is overestimating
the true Cp by almost 70 percent on average. The simulated Ve ar[é] range from a low of
0.011019 at (n, ) = (50, 0.1) to a high of 0.605689 at (1, $) = (10, 0.9).

The Taylor-series-approximated mean E[é] and variance Var[é] follow the same
pattern, that is, each decreases as n increases, but each increases as ¢ increases. This isa good
sign, of course, indicating that these approximations are generally tracking the true parameters.

We now evaluate our Taylor-series-approximated mean E [é] and variance Vw[é] of
6= Cp/Cp through their errors relative to the simulated values. We look to the columns of
Table 4.8 labelled (£ - £) / E and (V7 -V) / V . Our mean E[é] performed well except at the
point (n, $) = (10, 0.9), where it has a relative error of 0.164224. At all other points (», ¢),
our £ [é] has a relative error of less than 0.10 and most are much smaller than 0.10. Note that
(E -E ) / E decreasesas nincreases, butincreasesas ¢ increases. Also notethatall (E -E ) / E
are positive, indicating that the Taylor-series-approximated mean E[é is consistently
underestimating the true mean.

Our Taylor-series-approximated variance Var[é] did not perform as well. It did not

achieve arelative error below 0.10 until 2=40. Itsrelative error also displays a curious bathtub
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shape in ¢ for all sample sizes n, where it reaches a relative minimum at ¢ =0.5. Note also that
all (17 -V ) / V are positive, indicating that the Taylor-series-approximated variance I}ar[é]
is consistently underestimating the true variance. This is to be expected since the finite Taylor
series expansion truncates positive terms.
4.6. Estimating Cp when Both 1 and ¢ are Unknown

Let {X;} be muitivariate normal with equal means u, equal variances 2, and
correlations p(/, /) not necessarily zero. In vector notation, let x be a random n-vector with
mean vector . with identical coordinates, correlation matrix R, and covariance matrix 62R.

In this section we assume that the common process mean p is unknown and so we use

n
S = \/_II.Z(X ~-X )Z in the definition of Cp. Recall that we have a lower bound for
n_

i=l

E[C‘p/ Cp] given by

! < E| C_p
1-p Cpp

where
_ 1 n(n-1) ) n(n-1)/2
n(n-1) % Y n(n-1) E v

is the average of the n(n - 1) pairwise correlation parameters of the model.

We will derive the Taylor series approximation for E[C‘p/ Cp],

E[g(1)]~ gE[Y]+ g"ElY]-VarlY),

n n
where we first let Y=Z(X,~—Y)2. We will need both E[Y]=E|:Z(X,-—)?)2} and

i=l i=l

Var(Y]= VW[Z (X,- - Y){l From previous results,

i=1
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i=1

where C=1- 1 11’ is the centering matrix and

n
n(n-1)

Zpy

n(n poye

2

n(n-1)/2

Zpy

i<j

[Z(X ,\7)] (n—-1)(1-p)o? = c’traceCR, (4.74)

is the average of the n(n - 1) pairwise correlation parameters of the model.

n 5
At equation (D.23) of Appendix D, we derive an expression for Var[z (X, - .?)":I

given by

n(n—l)

(n- l)—— > P

=j
2 n(n-1Xn-2)
. Z PiiPi t

izjzk

26

3

B

n(n-1)

Zpy

izj

2n(n-1) n(n-1)

i#j

2P 2P

iej

i=l

(4.75)

which we denote by 2c*traceCRCR. Note that traceCRCR is the sum of the terms within

the braces. The justification for this notation is at equation (D.23) of Appendix D.

Recall the Taylor series approximation,

1
E[g(Y)]=~ gE[Y]+ Eg"E[Y] -Var[Y]. (4.76)
To get E[(:'p/Cp], first take ¥ = i(X,- - f)z . We know that
i=1
E[Y]= E[i(x,. - :v‘)z} =(n-1)(1-p)o” =c’traceCR 4.77)
i=l
and
Var([Y]= Var[z": (X - )?)2} =20*traceCRCR . (4.78)
i=1
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I 3 <
=Y—Vzgivesg'(Y)=—-£Y_3/2andg”(Y):—Y-’/z. We have

Letting g(¥) = y

1
Jr
1
E[g(7)]~ gE[¥]+ + g E[Y] Var[Y]
= (cs'ztraceCR)-l/2 + li(o""traceCR).S/2 26*traceCRCR
24

= i{(traceCR)—l/2 + %(traceCR)-S/:Z rraceCRCR}
c

= i(traceCR)-Vz { 1+ % (traceCR)™ traceCRCR},
o

and so

E[—g%] - E[%] - GME[-JI—?] = oVn-1E[g(1)]

~ovn-1 l(traceCR)_ 1/2{1 + %(traceCR)_2 traceCRCR}
c
=vn- l(traceCR).V2 { 1+ %(traceCR)-2 traceCRCR}

ey 1)(&—5)}'”2{1 +2f(n- l)(l—ﬁ)}—ztraceCRCR}

1

N {l + %{(n -1)(1- 5)}_2 traceCRCR}

e traceCR traceCR

1 l+i traceCRCR
I-p 4 ’

Therefore,

gl gCe|__t [, 3_traceCRCR
Cp b Cp _,/1—5 4 traceCR traceCR | - (4.79)

< E[g—e} which we have previously derived, appears

P

Interestingly, the lower bound

I-p
as the first factor in this Taylor series approximation. We also point out the resemblance of

equation (4.79) to each of equations (4.62) and (3.36).
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n
To get Var|[Cp/Cp. first take ¥ =" (X; —p)” . Letting g(¥)= 7‘_1; _ 7 V2 gives
i=l

1 3
g'(¥) =—‘2‘Y.3/2 and g"(F) =ZY_5/2. We have

Var[g(Y)]~ {g E[Y]} - Var[¥] (4.80)

2
-32
={—%(oztraceCR) } 20*traceCRCR

= 21 (traceCR) traceCRCR,,
o’

and so

Var[%]:Var[z] (n-1)o? Var[ J’i] (n—-1)o? Var[g(Y)]

_(traceCR) > traceCRCR

= (n-1)c>
(n-1) P

=(n- 1o’ ﬁ{(n -1)(1- E)}—3 traceCRCR

traceCRCR
202 (1-p)
1 tracecCRCR
2(1-p) traceCR traceCR -

Therefore,

Cp s | Cp 1 traceCRCR
Var| =2 |~ Var| £ | = —— (481)
Cp Cp| 2(1-p)traceCR traceCR" ‘

Collecting results, we have

Cp Cp 1 3 traceCRCR
El £ |x E| === —={1+=
l:CP :l |: ] ) { 4 traceCR traceCR } (4.82)

and

varl €2 | < vl € 1 tracecCRCR )
Cp Cp 2( -P) traceCR traceCR " (4.83)
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Note that in the case of uncorrelated characteristics {X i }n,

é;_? 1 14 3 traceCRCR
Cp 1-p 4 traceCR traceCR
1 1+ }_ traceCICI 1+ 2 traceCC
4 traceCl traceC1| 4

1-0 traceC traceC
3  traceC 3 3
=1+= =1+ =1+ (4.84)
4 traceC traceC 4traceC 4(n-1) :
and
varl C2 |1 tracecCRCR 1 traceCICI
Cp| 2(1-p) traceCR traceCR ~ 2(1-0) traceCl traceCI

1 traceCC_ 1  traceC
2 traceC traceC 2 traceC traceC

1 1
" 2traceC  2(n-1) (4.85)

since C=1- 1 11’ is idempotent with its rank equal to its trace, each equaling (- 1). This
n

is consistent with our previous equations (3.36) and (3.37) for the case of independent,
identically normal characteristics { X; } .

How accurate are these approximations given by equations (4.82) and (4.83)? We will
assess their accuracy for the stationary normal AR(1) model through simulation. We proceed
as follows. We fix a sample size 7 and a parameter ¢. We generate 10,000 realizations of a
time series of length n, (X, — ) —&(X,_| — 1) =a,, where the a, are iid N(O, 0',2,). Without
loss of generality, we take p equal to zero and 0% equal to one. We take X, equal to zero.

For each of the 10,000 generated series, we calculate

1 l < 2| "
§={——Z(&—X)} : (4.86)

n=1ig
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resulting in 10,000 realizations of 1/S. We next find the mean and variance of the 10,000 values

of 1/S by
E[l]— | 100f
s]” 10000 & |5, (4.87)
j= J
and
0000 2 0000 2
_ I 1 ! 1 1! 1
Varl $ 17 To000 & |57) | o000 = |5 )] (4.88)
j=l \ 9 =L\
We then determine, for 6= C’p/ Cp,
a1 o Cp| o 1 1 A1
E@|=E|=—|=E|=|=cE|—=|= El —
g [Cp] [s} y [3] -4 [9] (4.89)
and
> al_ool el o [o]_ 25 J1]_ 1 -~ [1
bl reft]

Table 4.9 compares the simulated mean £ [é] and variance Vo ar[é] of § = Cp/Cp with
the Taylor-series-approximated mean E[é] and variance Var[é] of § = Cp/Cp for sample
sizes n and ¢ of the AR(1) model. A tilde over the expectation or variance operator indicates
the simulated value, while a carat over the operator indicates the Taylor approximated value.

We denote the relative errors by

T i w2

E[e E[‘.
o Vald]-val]  Vald
OO ]

We first address the two columns of Table 4.9 labelled £[6] and /% ar[é]. If we accept

the simulated £ [é] and simulated V¢ ar[é] asclose to the true mean and variance of § = (:‘p/ Cp,
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Table 4.9. Simulate vs. Approximate Mean, Variance of 0= (:'p/Cp, Unknown

n

10
10
10
10
10
10
10

20
20
20
20
20
20
20

30
30
30
30
30
30
30

40

888888

50
50
50
50
50
50
50

o

0.1
0.2
0.4
0.5
0.6
0.8
0.9

0.1
0.2
0.4
0.5
0.6
0.8
0.9

0.1
0.2
0.4
0.5
0.6
0.8
0.9

0.1
0.2
0.4
0.5
0.6
0.8
0.9

0.1
0.2
0.4
0.5
0.6
0.8
0.9

£

1.11189
1.13249
1.20359
1.26364
1.35334
1.74926
2.33702

1.05370
1.06407
1.10064
1.13228
1.18095
1.41767
1.81075

1.03431
1.04123
1.06567
1.08687
1.11967
1.28483
1.58237

1.02511
1.03026
1.04858
1.06453
1.08928
1.21559
1.45288

1.01961
1.02371
1.03823
1.05089
1.07056
1.17164
1.36750

[p]
1.09674
1.11607
1.18120
1.23570
1.31720

1.68780
2.27278

1.04598
1.05550
1.08813
1.11609
1.15906
1.37125
1.74331

1.03016
1.03646
1.05813
1.07674
1.10552
1.25183
1.52484

1.02244
1.02715
1.04335
1.05727
1.07882
1.18960
1.40397

1.01786
1.02162
1.03456
1.04567
1.06287
1.15168
1.32727

(E-£)E

0.013625
0.014499
0.018603
0.022111
0.026704
0.035135
0.027488

0.007327
0.008054
0.011366
0.014299
0.018536
0.032744
0.037244

0.004012
0.004581
0.007075
0.009320
0.012638
0.025684
0.036357

0.002605
0.003019
0.004988
0.006820
0.009603
0.021381
0.033664

0.001716
0.002042
0.003535
0.004967
0.007183
0.017036
0.029419

142

20

0.093547
0.099676
0.125207
0.148962
0.186446
0.377850
0.775707

0.033814
0.036026
0.045880
0.055385
0.070857
0.153647
0.318028

0.020332
0.021605
0.027404
0.033045
0.042289
0.093908
0.202418

0.014500
0.015411
0.019647
0.023852
0.030812
0.070183
0.152419

0.011228
0.011885
0.015070
0.018244
0.023527
0.053812
0.119234

Var(]

0.057690
0.062090
0.080528
0.097672
0.124839
0.266189
0.551420

0.027090
0.028978
0.037445
0.045587
0.058805
0.130063
0.275261

0.017696
0.018886
0.024324
0.029580
0.038147
0.085291
0.183239

0.013139
0.014006
0.018000
0.021864
0.028157
0.063018
0.136758

0.010448
0.011129
0.014283
0.017332
0.022293
0.049785
0.108648
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0.383305
0.377082
0.356841
0.344316
0.330428
0.295517
0.289139

0.198853
0.195637
0.183849
0.176907
0.170089
0.153495
0.134476

0.129648
0.125850
0.112392
0.104857
0.097945
0.091760
0.094749

0.093862
0.091169
0.083830
0.083347
0.086168
0.102090
0.102750

0.069469
0.063610
0.052223
0.049989
0.052450
0.074835
0.088783



we see that each decreases as n increases, but each increases as ¢ increases. This is to be
expected. The simulated E[é] range from a low of 1.01961 at the point (n, ¢) = (50, 0.1) to
a high of 2.33702 at (7, ) = (10, 0.9). The simulated 7ar[8| range from a low of 0.011228
at (n, $) = (50, 0.1) to a high of 0.775707 at (n, ) = (10, 0.9).

The Taylor-series-approximated mean E[é] and variance I?ar[é] follow the same
pattern, that is, each decreases as 7 increases, but each increases as ¢ increases. Again, this
indicates that these approximations are generally tracking the true parameters.

We now evaluate our Taylor-series-approximated mean E [é] and variance I«"ar[é] of
0= ép/ Cp through their errors relative to the simulated values. We look to the columns of
Table 4.9 labelled (E -E ) / E and (17 -V ) /17 . Our mean If[é] performed well for all (n, ¢),
with a relative error of less than 0.05. Note that (E -E ) / E decreases as 7 increases, but
increases as ¢ increases. Also note that all (E -E ) / E are positive, indicating that the Taylor-
series-approximated mean E [é] is consistently underestimating the true mean.

Our Taylor-series-approximated variance Var[é] did not perform as well. It did not
achieve a relative error below 0.10 until » = 30. Its relative error again displays a curious
bathtub shape in ¢ for » = 40 and 50, where it reaches a relative minimum at ¢ =0.5. Note
also that all (17 -V ) / V' are positive, indicating that the Taylor-series-approximated variance
Var[é] is consistently underestimating the true variance.

4.7. Estimating (Cpl, Cp, Cpu) when p is Unknown and ¢ is Known

Consider the natural estimators

X-LSL USL-LSL USL—.Y)

(Cpt. Cp. Cpu) =( - o= - (4.91)
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n
where X = lz X;. Note that here, Cp = Cp is a known constant.

i=l

We will need Var[X]="Vt [ ZX} First,

gl i) ol

i=] i=l

=E[iX3 "(:V}X} [Z.X]

i=1 i*j

5] Th |- 1]

i=1 i2f
2 2 "7"("-[) 2 2 9
=n(o‘ +u')+o” Zpij +n{n-u~ —np~
i#j
=no> +n(n-1)o°p
=nc*{1+(n-1)p}. (4.92)
and so
Var[ X]= Var[ > X,} = —lTVaT[Z X,-]
i=l n i=l
1 3 _, &* —
=—nG {t+(n-1)p}= —{1+(n- )p}
n n
21 I_—
=c-{—+{l——}p}. (4.93)
n n
Now for unknown it and known o, we have
A X-LSL| u-LSL
E|Cpl|=E = =Cpl
fopr] - T5EE |- 22 @5
and

%]

. X - LSL
Var[Cp1]=Var[ = ]:9;2 Var[X - LSL]— —
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-ch l+ l_l ~ —_l_ l.{.{l_l}a 95
962 |n AP["9\n n| | (4.95)
Similarly,

~

E[Cpu|=Cpu and Var[Cpu|= (4.96)

—
O | m—
—N—
X |-
+
—

|
3|~
H—/
Ol
hV—-J

The covariance can be gotten as

Cov[épl, C'pu] = Cov[X —LSL , USL - X] !
3o 3o

S
Tt \n 2P 79\n nP[ (4.97)

Of course, we have

Corr[Cpl, Cpu| = Cov|Cpl. Cpu] =- (4.98)
Jvar|Cot]\Var|Cpu]
Now since Cp = Cp is a known constant, we should observe
E[Cp|=E[Cp]=Cp and Var[Cp|=Var[Cp]=0, (4.99)
which we confirm by
E[C‘p] = E[%(C‘p[ + C’pu)] = %E[C‘pl] + % E[C’pu]
-_-21Cp1+%Cpu=Cp (4.100)

and

Var[Cp] =V B(Cpucpu)]

=ZVar[CA'p1]+£Var[C' ]+ Cov[Cpl Cpu]
={i+%-%}{é{i+{l—%}a}}=o. 4.101)
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In fact, each of Cpl and Cpu is normal, each being a linear function of the normal X . Yet the

pair ((:'pl, C"pu) is degenerate in the line %C‘p[ + —;-C'pu =Cp.

Suppose for the moment that p is known. Since Cp/ is normal with mean Cp/ and

variance 1 {l + { I- —1-}5} a (1 - o) confidence interval for the true Cp/ is given by
n

9 |\n

5 11 N1 - (1 N1
[Cpl—za/z\[g{;+{l—;}p}, CP1+Za/z\/‘9-{;+{l—;}P}J, (4.102)

where 2y, is the upper a/2 percentile of the standard normal random variable. Similarly, a

(1 - o) confidence interval for the true Cpu is given by

A 1jl | A L1 1
[CPH—ZQ/ZJ—Q‘{;'F{I—;}D}, Cpll-f-za/ZJ-g—{;'!'{l—;

] m

A joint (1 - a) confidence region for the true (Cpl/, Cpu) is given by the line segment

joining the points in (Cpl/, Cpu)-space,

- 11 | - 11 I]—
[Cpl—za/zJa{;+{l—;}p}, Cpu+za/2‘[5{;+{l——}p}

n

|

N 111 1| A 11 I
and (Cp1+za/2\/:9—{;l—+{l—;}p}, Cpll—za/zJa{;+{l-;}

)

(4.104)

In other words, ajoint (1 - o) confidence region for the true (Cpl, Cpu) is given by line segment

in the (Cpl, Cpu) plane,

G o P e o

+(l_y)(c~,,,+zm\/g{%{l-i}a}, Cou-za 51+
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forallreal 0 <y < 1. Also, ajoint (1 - o) confidence region for the true (Cp/, Cp, Cpu) is given

by the line segment in (Cp/, Cp, Cpu)-space,

A 1{1 | - - A 1]1 H_
Cpl - ——+4l-— , Cp, Cou+z 5 |—q9—+31——
Y{ P zalz\/9{n { n}P} p, Lpu sz\/g{n { n}P}]
- 1]1 1 A - 1{1 -
1- [+ z ——+l=—7p Cp, Cpu-z — =+ l-=
+( Y){Cp + (1/2\/9{n+{ n}p}' D PU — 212 9{n+{ n}p}]

(4.106)

forallreal 0<y <1.

With the variance-covariance structure of the sample {X; }n assumed completely
known, interval estimation of the triple index (Cp/, Cp, Cpu) becomes a one-dimensional
problem in the unknown parameter u. The (1 - o) confidence line for the true (Cpl, Cpu) plots
as a line segment perpendicular to the ray of potentiality, similar to our Figure 3.1.

4.8. Estimating (Cpl, Cp, Cpu) when p is Known and ¢ is Unknown

Consider the natural estimators

(Cpt. Cp, Cpu) = ( = —3231: AL 6—SLSL : Ust' = ) (4.107)
where
S=\/%§(Xf—u)2. (4.108)
We have
deo= o555l
=Cpl E[%]z Cpl{l+%{%+{l—%}62}} (4.109)
and
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it il )l _1i=2
~C pl{z{”+{l n}p }} (4.110)

We also have
do 7} o
=CpuE[—g§]szu{1+%{;l’-+{l~-:;}52}} @.111)
and
Varl ] - VW[US3LS— u] _ {Us;- " }z Vm[%] o Va'[%]

<Clpl LIl L _1ls2
=C W{Z{n+{l n}p }} (4.112)

The covariance can be gotten as

n-LSL USL- p.]
3§

_n 3LSLUSL B eov [ ] LSLUSL By [S]

Cov[ép[, épu] = Cov [

-

Col
] =Cpl CpuVar —"—J
Cp

_k- LSL USL —pn Var I:
3o 3o

11 -
=~ Cpl Cpu {5{;+{1—;}92}}\ (4.113)

Note that Cov[épl, épu] can be any real number, positive, negative, or zero. Of course,

S
S

regardless of the approximations, we have
Cov[CpI Cpu]

Jvar|Cpl)\[var| Cpu]

Corr[cpl Cpu =+1, (4.114)
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provided u does not fall at either LSL or USL. If u falls within the specification limits, then
Cov[épl, C’pu] is positive one. If i falls outside, then it is negative one. There are problems
at thetwo poles p=LSL and p=USL, at which Cpl or Cpu isidentically zero, and so Var[épl]

or Var[épu] is zero. Note further that

E[Cp] = EB(épz . c‘pl)]

L £ L0 PO P21 PO PO 3 O PO
~2Cpl{l+4{n+{l n}p }}-&- Cpu{l+4{n+{l ”}p }}
l—l}‘z

—(P (4.115)

Var[(" p] = Var[%(épl +C pl)]

and

Var[épl] + % Var[épu] + % Cov[é pl, C'pu]
zGCsz%Czpu +%CP1 Cpu){zl{nl+{l - %}52}}
= {%(Cpl + Cpu)}2 {%{% + {l - %}52 }}
=C*p {%{%4-{1-%}52}}, (4.116)

which are consistent with equations (4.62) and (4.63).

|-

4.9. Estimating (Cpl, Cp, Cpu) when Both 1 and 6 are Unknown

We now consider the natural estimators

X—LSL USL-LSL USL-X
3§ 6S 3§ )

(oL, Cp, C'pu)=( @17
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where

| |

We have previously obtained approximations for E’[é’p/Cp] and Var[ép/Cp], given in

n

2 X

i=l

n

> (X - XY

i=l

1

n

(%, s):(

equations (4.82) and (4.83). It follows that

E[Cp]=~ E[Cp]= ﬁcf = {1 + % MZ:&C:SCR } (4.118)
and
2
Var[ép] ~ I?ar[ép] __Cp _ traceCRCR (4.119)

2(1-p) traceCR traceCR
Because of the dependence of (X, S), the first two moments of Cpl = (X ~ LSL)/3S and
Cpu =(USL - X)/3S are much more difficult to approximate. We have
J-3el5 53]

S S

_LSL

-~

X -LSL
38

1

3

_LSL

E[Cpl]= E[ 3

1 1

_1 'd

3
1

3o

{E[X]E[%}—Cov[

{E[.Y]E[%]+Cov

X 's']}

=5}

3o

E[X]-LSL

5[3
S

+LCov
3o

[

J

_LSL

3o

r

g

X, 9—]
S

]

S

(¢

S

]

p +—l-(7ov|:/\—’, l:l
Cp| 3 S

=Cpl El:g_z] + % \ﬁ/ar[i—’]\[Var[l/S] Corr[f. %]

ey

=Cpl E[

1

-p

;”_ traceCRCR
4 traceCR traceCR
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LI A {l—l}_ 1 traceCRCR Corr[ e l]
3 n n P 20-2(1 —~p) traceCR traceCR Y

= Cpl 1 L+ }_ traceCRCR
=P D 4 traceCR traceCR

1-p

+l l_,_{l__i_}a 1 traceCRCR Corr[,? _l_]
3yn n 2(1-p) traceCR traceCR g | (4.120)

where the approximations are gotten from equations (4.82), (4.83), and (4.93). In a similar

manner, we have

~ 1 JusL-X Gl . [o1

e [ ]——JVar Varlys] Corr[,?, H

1 3 traceCRCR
=~ Cpu =<1+
J1-p 4 traceCR traceCR
L 1, {l _ 1}5} 1 traceCRCR Corr[ 7 l]
3 n n 26~ (1 - ) traceCR traceCR S
_C l traceCRCR
i Ji-p p 4 traceCR traceCR
1 1 1 traceCRCR =1
- [= - Corr| X, — (4.121)
3 n n 2(1-p) traceCR traceCR

Note that we have
1 A 1 1A A 1
-2~E[Cp1] + -Z—E[Cpu] = E[Cp] and > [Cpl] . E[Cpu] [Cp] (4.122)
as they should, but Corr[;\’- , -;:] is still a missing piece to the puzzie.
Since Corr[,? , é] isnot amenable to Taylor series approximation in this very complex

case of autocorrelated observations, we must turn to the problem of estimating the natural
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parameters in the ARMA(p, q) model. Now Box and Jenkins (1993) favor the maximum
likelihood (ML) criterion for choosing coefficient estimates, since the likelihood function from
which ML estimates are derived reflects all useful informationin the data about the parameters.
However, finding exact ML estimates can be computationally burdensome, and least-squares
(LS) estimates are an alternative. Ifthe random shocks are normally distributed, LS estimates
provide exactly, or very nearly, ML estimates.

LS estimates are those which give the smallest sum of squared residuals SSR. Linear
least-squares (LLS) may be used to estimate only pure AR models without multiplicative
seasonal terms, but all other models require a nonlinear least-squares (NLS) method. One NLS
method is the grid-search procedure, where the coefficient is assigned a series of admissible
values and an SSR is found for each combination of these values. The combination of
coefficients with the smallest SSR is chosen as the set of LS estimates. This method is not often
used because of the great time involved in evaluating the sum of squared residuals for the many
combinations of coefficient estimates.

The most commonly used NLS method is Marquandt’s compromise. Marquandt’s
method is called a compromise because it combines the best features of Gauss-Newton
linearization and the gradient method, also known as the steepest-descent method. The
practical advantage of the Gauss-Newton method is that it tends to converge rapidly to the
least-squares (LS) estimates, if it converges. The disadvantage is that it may not converge at
all. The practical advantage of the gradient method is that, in theory, it will converge to the

LS estimates. However, it may converge so slowly that it becomes impractical to use.
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Marquandt’s compromise combines the best of these two approaches. Except in rare cases,
it converges quickly to the LS estimates.

Inadditionto its feature of reflecting all information in the sample, maximum likelihood
estimates possess the attractive property of asymptotic normality. If the sample size 7 is
sufficiently large, the distribution of the vector of maximum likelihood estimates 0 canbe well

approximated by a multivariate normal distribution,

A I -
0~ N(Bo, ~Inf '(e)), (4.123)
where 6, denotes the true parameter vector and Inf(0) is the information matrix. An estimate

of the information matrix is

- L
inf = - l—‘_azéggae ’(e)
n 0=8, (4.124)
where log L(6) denotes the log likelihood function
n
log L(8) = X log fy g, (i|€i-1.8), (4.125)
i=l

and Q,_, denotes the history of observations on X obtained through time (i - 1). The matrix
of second derivatives of the log likelihood is often calculated numerically. Substituting

equation (4.124) into equation (4.123), the terms involving the sample size 7 cancel so that

-1

S & log L(0)

E(é-eo)(é-eo) = YT s =[n inf]_l_ (4.126)

In this way, an approximate (1 - o) confidence ellipsoid for the true parameter vector 6, can
be gotten as

n(6-80) Tnf (6-80)< (2eguz. -ax (4.127)
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where xf, +g+2.1-a i the lower (1 - a) percentile of the chi-squared random variable with
degrees of freedom (p + q + 2) representing the dimension of the parameter vector 6.
Suppose the process follows an AR(1), thatis, (X, —u)— (X, | —p) = a,, where the
a,are iid N (0, cﬁ) and -1 <¢ < 1. The variance of the process characteristic X, is given by
Var[ X, =g’ =02 / 1 cb . Given the maximum likelihood estimates (ﬁ, G,. J)) of the
natural population parameters (i1, 6., ¢), we can determine the maximum likelihood estimates

of the reduced parameters (i1, 6 v ) by

. .. 1
(H~°’.\')=[ll~ S, W] (4.128)

which, in turn, determine the maximum likelihood estimates of (Cp/, Cp, Cpu),

n-LSL USL-LSL USL- ﬁ)

(Cot. Cp. Cpu)= (36‘ © Tesy 3y

_ [1 - LSL USL - LSL USL - ;1
R o . . 4.129
360 % 60", ‘_IT,, 30'a L., ( )
1-¢~ 1-¢~ 1-¢~

Let G be the gradient matrix

oCpl &Cpl cCpl
on oo,
&Cpu oCpu  SCpu
u a, B |,

G=

(J1-62  —(u-LSIN1-0° —(u- LSL)¢,/1 ¢’
B 3o, 3o'a
-\/1-¢2 —~(USL-u}1-¢* —(USL- u)¢,/1 o> |- (4.130)
36, 302
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We have, by Theil (1971), page 383,

(Cpt, Cpu)~ Nz((sz, Cpu), %Glnf"(;'),

(4.131)

approximately for large n. From this, a (1 - &) joint confidence ellipse for the true (Cp/, Cpu)

is found to be

Pran Al
n(¢-c) (Glnf"G') (€-¢)<%3 1o

4 [

(4.132)

where ¢ = (épl, C'pu) , ¢=(Cpl,Cpu) , %3 1-o is the lower (1 - o) percentile of the chi-

squared random variable with two degrees of freedom, Inf~! istheinverse ofthe numerically

estimated information matrix, and G is the estimated gradient matrix

~ ~7
3o, 3G,

(B
I

= = =
30, 30, 30,

—,/1 —$2  ~(A-LSLW1-8  —(i- LSL)py1-42 ]
36,
J1-6%  ~(USL-pW1-8 —(USL-i)p1-8° |

(4.133)

This procedure involves much approximation and it would seem foolish to attempt such with

small samples. Potential inaccuracies are exacerbated in higher order ARMA(p, q) models,

where the y parameters may decay slowly. Box and Jenkins (1993) suggest a sample size »n

of 50 or larger.

Fortunately, we are seeking an estimate of (L, c’y)=(u, G, ,Z \u,z] and not
i=l

strictly the constituent parameters (i, 6,, W, W5, - ). Now since the random variables

ni_ i=l

R P A

approach
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(mox)= [u, ca‘li w7 ]

both in mean square and in probability, we know that the estimators

X-LSL USL-LSL USL-X’)

(Cet. Cp. Cpu) =( 3§ 65 38

approach the true (Cpl, Cp, Cpu) both in mean square and in probability. Furthermore, we
see from Table 4.9 that E[C‘p/Cp] is less than 1.10 for n at least 40 and ¢ no more than 0.6
in the AR(1) model, suggesting that the approach to the true parameters is sufficiently fast,

at least if the autocorrelation is not too high.
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CHAPTER 5. SUMMARY AND CONCLUSIONS

Gunter (1989) gives the example of the well-meaning manager who required that all
suppliers providing prototype parts for his department meet minimum Cpk standards, despite
the fact that no processes for producing the parts yet existed and that the total number of parts
to be purchased was less than two dozen. A second example was that of the supplier who, in
order to meet the Cpk requirements of a large customer, made sure that all parts collected for
the Cpk measurements were made by the most skilled operator on the best machine. Gunter’s
final example is that of the plant that prided itself on its high Cpk despite the fact that control
charts showed the processes to be mostly out-of-control.

Examples such as the three above are often cited by critics of the process capability
indices as instances of the weaknesses inherent in the indices. Of course, these scenarios do
not show drawbacks in the indices as much as they point to the dangers of ignoring the
probabilistic assumptions necessary for the reasonable use of these indices. If the process
capability indices had not been invented, and the natural parameters (pt, ) were used in each
of the above examples, one would be standing on the same shaky ground. This is because
estimation of the natural parameters (1, G) is equivalent to estimation of the triple process
capability index (Cp/, Cp, Cpu) whenever LSL and USL are known and the process X has a
marginal normal probability density function (pdf) with mean p and standard deviation o.
independent of ¢.

The equivalence of the two parameterizations was demonstrated in Chapter 1. Once
this equivalence is understood, misuse of the process capability indices is seen in the broader

context. This caninclude anything from a simple failure to account for the sampling variability
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of the estimators, to misspecification of the population generating the random characteristics.
Yet emphatically, the indices themselves are not the source of these failures.

Following the literature review of Chapter 2, our third chapter addressed estimation
of the three process capability indices (Cp/, Cp, Cpu) for independent, identically distributed
normal characteristics. We discussed the apparent normality of observed data. Whento expect
it and when not to. We gave the common point estimators of (Cpl, Cp, Cpu), including
maximum likelihood (ML), uniformly minimum variance unbiased (UMVU), and natural
moment-based estimators. We continued with classical interval estimation, presenting a
method for determining a joint confidence interval for the true triple index (Cpl, Cp, Cpu)
which is, both conceptually and computationally, less obtuse than any method previously
published. For our effort, we were rewarded with both point and interval estimators of the
proportion &, of product outside specification, a parameter which many experts feel to be the
raison d’étre of process capability analysis. Also in Chapter 3, we investigated the
performance of Taylor series approximations to particular means and variances, as a prelude
to their use in Chapter 4, where they became indispensible rather than merely interesting.

We began Chapter 4 with a brief, elementary excursion into linear stochastic
differential equations. This provided the necessary insight into the phenomenon of
autocorrelation and its effect on the sample variance. We proved the existence of a lower
bound on the mean of the random variable C'p/ Cp for autocorrelated data. We then
investigated the common point and interval estimators of (Cpl, Cp, Cpu) under the stationary
normal ARMA(p, g) model, thereby broadening the realm of applicability of these process

capability indices. This investigation necessitated using Taylor-series-based approximations
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for the mean and variance of a random variable. These approximations, while analytically
intensive in their derivation, uitimately proved satisfying, both practically by their acceptable
relative errors, and aesthetically intheir artistic proportions. We conclude that autocorrelation
seriously compromises naive estimators of (Cpl/, Cp, Cpu) for small samples and large
population correlation parameters. When sampling from autocorrelated models, ceferis
paribus, more data is better than less data.

Issues not addressed include the sensitivity of (Cp/, Cp, Cpu) to non-normality, and
the presence of systematic measurement error in the sampled data. While these important
topics have been approached by researchers (see Chapter 2), remedies have been less than
satisfactory and more work should be done.

We note that our focus on the triple index (Cpl, Cp, Cpu) is at odds with the current
practice, which tends to emphasize the index pair (Cp, Cpk). We believe our approach to be
superior in that it maintains an equivalence with (i, ¢), given LSL and USL, while sacrificing
nothing. In fact, we are convinced that the intensive academic attention given the Cpk index
has resulted in criticisms of the (Cp/, Cp, Cpu) indices, from some quarters, that they hardly

deserve.
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APPENDIX A. DERIVATION OF AN IMPORTANT MEAN
We have two expressions for E[épk /Cpk],

Cok | _H(n=2)/2] [n-1], USL- do/n .
E[Cﬁk] [ /2] {d>+u_LS;(l—¢)—2——u_LSL} for u<m

and

C'pk _ F[(n—Z)/Z] n—1{u-LSL L d)G/,\/;I’ X
E[CP" }_ I{(n-1)/2] sz S H-®) -2 for wom.
(A1)

where ¢ and @ are the standard normal pdf and cdf evaluated at gy
/

We canreparameterize these two expressionsinto a single expressionfor £ [(:‘ k| Cplc].

USL - LS. be the length of the specification interval in process standard deviations
c

Let A=

be the unsigned “offset” distance between the process mean and the

andletzs:""'”
(e}

specification interval midpoint in process standard deviations.
USL-—LSL,ade5 =‘ m—u"we
c

First, consider that foru <m = (LSL+USL)/2, A =
c

USL-u w-LSL USL-p 1A+6 L
=sA+8 = =1A-5 =
have " 2 o > , and W LSL % A s Substituting into the

first line of equation (A.1) gives

Cpk|_Tl(n-2)/2] [n=1[_ USL-p , $o/n
[C[pnk] [(n-)z] 2 {¢+ —LSL(I—q))—-u—LSL}
_M(r-2)/2] a1 34+8 b/n
T T(n-1/2]V 2 1¢+ A-a(l‘cb)—ng—a}
I(7-2)/2] [n—-1 ZL 1A+ o/n
“T[m-02]V 2 { iy %A-SQ—Z%A—S}
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_r[(n—Z)/Z. ,n—-l 1A-6 +1A+6_1A+5 ¢/J_
Te-0/2]V 2 {gA‘ad) ;A-S ;A-—sd) TA- 5}
I‘[("—Z)/Z' n—lJ%A+8+ A—6_%A+8 ©- 4,/[

Mn-02]V 2 |ta-5 |1a-5

_He-2)2] [a-1f, 25 25 o . é/vn
r{(n-1)/2]V 2 1a-5 1A-3 1A-3
_I(n-2)/2] [a=1 l+28(1--<b)—2¢/\fr7
CIf(n-1)/2]V 2 1a-5
-2)/2 - —-P)-
_Mn-2)/2] [n=1} _[8(1-®)-0/Vn a2
M(n-1)/2]V 2 A-25 : -
where ¢ and ® are the standard normal pdf and cdf evaluated at — MU sdn.
c/f s/\n|
- LSL -
On the other hand, for u >m = (LSL+USL)/2, A = —(—]%——, andd = mc a ,we
w-LSL USL-1 _ 1 5 5 u-LSL 3A+3 L
have =5A+8, S 247 , and USL—p—%A—S' Substituting into the

second line of equation (A.1) gives

- (("T)Z et 02 o]
o2 it o )
Mo BT, 42t o 20k
e e e 24

Ry |
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I{(n-2)/2] [n-1 5D — b/
I[(n-1)/2] \/_:z__{l * 4{?{5—}}’ (A3)

where ¢ and ® are the standard normal pdf and cdf evaluated at ——= / J_ But for it >m, we
c

have : /:/% = =-8+/n, and so
Q[GN_] ®[-5n | = 1- @[5n]
and
[c/f] ¢[-8n| = ¢[6/n].
We can therefore express equation (A.3) as

Cpk | _T(n-2)/2] [n=1 5(1- ®)—b/vn
E[CﬁkJ_l"[(”—l)/Z] \/_;{IM{ A-23 }} (A-4)

_sln

for u >m, where ¢ and ® are the standard normal pdf and cdf evaluated at

This is identical to the earlier equation (A.2) for E[(:‘pk / Cpk] in the region of the parameter

space it <m. Therefore, we have the single expression for £ [C‘pk / Cpk],
= Nr-2)/2 - —D)-o/
£ Cok | _ [(n-2)/2] [n=1 |, 4l30-9) o/vVn As)
Cpk | T[(n-1)/2]V 2 A-28 :

where ¢ and ® are the standard normal pdf and cdf evaluated at mou_ l m-u

o/yn| | ©

USL - LSL
BE—

and A=
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APPENDIX B. MOMENTS OF THE MULTIVARIATE NORMAL
Let (X,, X,, X;, X,) be multivariate normal with equal means u, equal variances o2,
and covariances G,, G;3, G4, 933, Ozg> and ©,,, not necessarily equal to zero. We wish to
demonstrate the following moments by derivation from the multivariate normal moment
generating function,
E[X]=n
E[Xlz] =o? +p?
E[X,X5]=0p +p*
E[Xf] =3pc? + ul
E[XlzXz]z u(cz +20'12)+u3
E[ X\ X, X3]=n(c12 +013+0 )+ u?
E[X{‘] =30 +6p’c? +p*
E[X?XZ] = 30’|2(0'2 +u2)+3u202 +pt
E[XlzX%] =o* +20"122 +2u2(0'2 +20’12)+u4
E[XIZXZX3] = 2612013 +0'23(o'2 + u2)+ 2u%(oyy +o,3) +pic? +u?

E[ X\ X3 X3X,]=013034 + 03024 + 023014

+12(02 + O3+ 04 +O03 +04 +G34) +1*.
It will be convenient to also have these moments expressed in terms of the pairwise correlation
coefficients p|,, py3, P4 P33, P24 aNd P34,

E[X]=p
E[X 12] =q2 +p?

E[X,X,]=c%p;, +1?
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E[Xf] =3po? +p?
E[X,ZXZ] =po?(1+2p1) +u’
E[ X, X, X3] = uo”(p12 + P13 +px) + 1’
E[Xf] =3c? +6|,l.20’2 + p.4
E[X?Xz] = 30'2p,2(0'2 + uz) +3uo? +ut
E[XlzXZZ] = 0'4(1 +2pf2) +2ulo?(1+2py; )+t
E[X12X2X3] =20"p1,013 +02023(02 + l-lz)+ 2u’6?(pyy +py3) + nPo? +pt

E[X\ X, X3X,]= 6*(P12P34 +P13P24 +P23P14)

1707 (P12 +P13 +P1a +P23 +Pag +P34) 1.

Let (X}, X,, X;, X,) be multivariate normal with equal means p, equal variances o2,
and covariances G, ,, G| 3, 0|4, 053, G4, aNd 53,4, not necessarily equal. The moment generating
function is given by

m(ty,ts.t3, 1) = exp{p.(tl +1y +13 +t4)+%[0'2(tl2 +13 413 +t;})
26211ty +20 3t 13 + 26 14111y +20 33013 + 20405ty + 20340314 | }- (B.1)
Note that m(0,0,0,0) = 1.

The first partial derivative of m with respect to ¢, is given by
om

\
= =m(ty, b2, 13,1,) ¥ [u +G7t) +Galy +O 303 "‘0'14’4], (B.2)
1

yielding

2 (0000)=E[X\] =1, ®3)

The second partial derivative of m with respect to (¢, £,) is given by

&m

=G ymi! ,tz,t3,t4
atlatz 12 (1 )
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+{Ll. +62t1 +0O 2l +03l3 +O’l4f4]
xm(tl,tz,t3,t4)[u +0%t, + Oty +Ga3ls +0'24t4].

Collecting terms gives

&m
ot 0ty

=m(ty,t,13.1,)

,
X[O'lz +(l~l+0'2‘| +GCy2ly 0303 +°'14’4)(H +G7 I +G2f; +O23/3 +0’24‘4)], (B.4)

yielding

&m
ot Ct,

(0.0,00) = E[ X, X3 | =515 + 17 (B.5)

Also, by letting £, equal ¢, in equation (B.5), we get E[X 12] =c? +p*.
The third partial derivative of m with respect to (¢,, ,, £;) is given by

63”1 2
————=m(t,5.13.14) (ll +0 L +G 1l +01383 +°|4’4)0'23
Ot,01,0t5

+(p.+0'2[2 +03f +O03l3 +624t4)0'|3]

) ol ‘
+|:0'[2 +(u. +G7) + Ol +01343 +Cl4t4)([.l+0'~t2 +0C2d) +Ca3l3 +O'24[4)]
><”'(’1JzJ3J4)[LL +02t3+013 + 036 +°’34f4]-

Collecting terms gives

&m

2
= = - m(tl,tz.t3~‘4)[0'23(l1+0’"’1 +0)20 +01303 +014‘4)
3!10t26t3

5
+0'[3([1 +0'212 +0'|2[l +Ga3l3 +0‘24t4)+0'[2(p.+0"'t3 +O’l3l‘ +0923n +0’34[4)

+([.l. +O'Ztl +0)3l) +O3l3 +0’l4t4)(u.+0'2t2 +0 24 +0930l3 +0'24t4)

X(l»l+°2t3 +0130 +0230 +°’34’4)]’ (B.6)
yielding
ﬂ—(0,0.0,0)= E[X\ X, X5]=p(0)2 + 013 +03) + 1. (B.7)
01,0, 0ty
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By letting ¢, equal ¢, in equation (B.7), we get E[X,2 Xz] = u(cz + 20‘12) +u’. Furthermore,
by letting ¢; and ¢, each equal ¢, in equation (B.7), we get E[X?] =3uc? +p’.

The fourth partial derivative of m with respect to (¢,, 1,, 5, ;) is given by

o*m
0t,0t,6t:01,

=m(t),ty.13,43)[023614 +6)13524 + 012034

+014(u +G2ty +Gpt +O3l3 + GCaly )(u +0213 + 63ty +0 36 +O34t4 )

+°’24(u+6211 +012f +0)343 +°’|4‘4)(u+0‘2f3 +013/ + 0330 +G34’4)

+0’34(u+0'21| +Gyyly +G3l3 +cl4t4)(u+czt2 +0 1t +Gx3l3 +o'2414)]

+"‘(‘l,‘2,f3,t4)[u+02’4 +G 4y +G 20y +0'34’3]
x[0'23(p. +62t +6 1t +6 313 +c|4t4)
+c|3(u+o'2t2 +G 2t +03t3 +0'24t4)+0'l2(u +6%t;+ 63t + 035 +0'34t4)
Hu+0%1 +0 15t + G383 + 014ty S+ 671, + O 1ah + 52313 + 024ty )
x(u+0'2t3 +03l +Oy3lp +0'34t4)], (B.8)

yielding

-——52'——(0,0,0,0) = E[ X, X, X3X,]

0t,0t,0t301,

= [0'23014 +013024 +T12034 +!—12(°'|4 +G4 +034)]
Hu]x [u(st +013+612) + u3].

Rearranging terms gives

3*m

——F—F (0,0,0,0) = E] X, X7, X5X.
611612613&4( )= E[ X\ X2 X3X,]

= +17 (012 +0 3 +04 +Oa3 +Gag +034 )+t (B.9)
G12034 03024 +0230 4 tH (O2 +0 |3 04 +023 +O3g +034 )+ H
By letting #, equal #, in equation (B.9), we get

E[X%X2X3] = 20'120'13 +0’23(O'2 +u2)+2u2(012 +0’l3)+p.20'2 +[J.4.
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By letting #, and ¢, each equal ¢, in equation (B.9), we get
E[Xf‘Xz] = 3012(02 + u2)+ 3pzcz +u4.
By letting ¢, equal #, and letting 7; equal ¢, in equation (B.9), we get
E[XIZX%] =c* +20122 +2u2(0'2 +20,2)+u4.
Finally, by letting ¢,, ¢;, and ¢, each equal ¢, in equation (B.9), we get

E[X{‘] = 3¢ ~1~6p¢20'2 +u4.
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APPENDIX C. THE AR(1) CORRELATION MATRIX
Suppose the stochastic process X, obeys a stationary normal AR(l), that is,
(X, -u)-&( X, — 1) = a,, where the a, are iid N(O, oi) and -1 <¢ < 1. It is well known
that the variance of the process characteristic X, is given by Var[X ,] =¢? = oyz, / (l ~? )
Also, the covariance j periods apart is given by Cov[X,, X,-j] =¢Var[ X, ] = ¢j0',2,/(l —¢2)
and the correlation j periods apart is given by Corr[X s X j] =¢’.
Considerasample { X, } fromastationarynormal AR(1)process, consecutivein time.

taken at the uniform time interval consistent with the parameter ¢. The correlation matrix of

the sample is given by
3 1 ¢ ¢2 ¢3 . (b"—l ]
I N S S
L S T R A
¢3 ¢2 ¢ 1 .. ¢n—4
] d)n_l ¢n—2 ¢n—3 d)n—-t 1 .

We are interested in the sum of the n(»n - 1)/2 terms in the triangle below (or above) the main
diagonal of ones. We denote this sum of terms as ) _ triangle.
Now
3. triamgle = (11 + (1~ 2% +(n~3)p% -+ 4"
(o0 o 28 )
= (n+rp? + 1?4+ 1" )~ (6 +207 +307 + -+ (n—-1)0"")
=n(¢p+* +¢’ +--- +9" )= (6+20% +37 +-+- +(n- 1o""). (C.1)

The first group of terms on the right side of equation (C.1) can be rewritten as
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n(¢+¢2 +¢3+-o-+¢""')=n(l+¢+¢2 +&° +-- " - l)

= n{ ll-—d; - l}_ (C.2)

Now consider the second group of terms on the right side of equation (C.1),

¢+2¢2 +3d)3 +---+(n_ l)d)n-[
:¢(l+2¢+3¢2 +-4¢3 +...+(n_ l)¢n-2)
=¢’(O-{-l-+~2<b+3d>2 +4¢3 +ot(n- l)¢n—2)

=¢{ﬂ+ﬂ+d¢2 +d¢3 +d¢4 +--~+d¢n_[}
dp do ddb dp db dd

d e
INPTRPIRIW

(=)
=¢{(1—¢")—n¢"“(1—¢)}_

(1-¢)*

Substituting from equations (C.2) and (C.3) into equation (C.1) gives

Zf"iangle =n{_l_:£_ l}_d){(l"d)")_nd)"; (1 ""b)}

=0 (1-9)

{1-¢" 1-¢}_¢J0-¢”%"¢”*U-¢)
(1-9)*

\

( P A ST L Ve
=n{1-¢ -1+¢}_¢<(1 ¢")-ne""(1 0|

1-¢ -0y
ftet) flelney
Lo (1-4)°

176

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



et ]Jiee)
R =ih "’{ (1-o7

_n{1-9)(e—¢")- ~(1-¢")+no"(1-¢)

(1-4)*
_n(l—d))d)—n(l—d))d)” ( )+n¢" (1-9)
(1-9)’
_ m(1-¢)-9(1-9")
(1-¢)*
_mp $(1-¢")
-6 (1-¢)
¢ 1-¢"
n(n—1)/2
Let p = (n-1) Zp,j denoted the average of these n(n - 1)/2 terms. We have
mn-— i<j
T S 2 I
%p" An-D1-¢| 1-¢] (€3)
n(n—1)2
Let p° = ( ) Z pq denote the average of the squares of these n(n - 1)/2 terms. We
nn-1) 2

then have, by substitution of ¢ for ¢ into equation (C.5),

n(n-1)/2 2 2n
52 22 [ 1-¢
P "~ n(n-1) Z Py n(n-1)1-¢> {n 1—¢> }

1<j

(C.6)

We note that while stationarity considerations demand the restriction-1 <¢ < 1, equation(C.5)
actually holds for any real ¢ not equal to 1, while equation (C.6) holds for any real ¢ not equal

to 1 or -1. Of course, positive integer # is at least 2.
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APPENDIX D. DERIVATION OF AN IMPORTANT VARIANCE

Let {X;} be multivariate normal with equal means p, equal variances 2. and

n 5
covariances o(/, j) not necessarily zero. We seek Var[Z( X, -X )":l
i=l
Now

Vw[é(xi —A")Z}Var[i x-1yxy X}

1 ..
Using the identity Var[Z]= E[Z|- E*[Z].let Z=3 X2 =Y X3 X,. giving

i=l =1 i=1

and so

We rewrite the first expectation on the right side of equation (D.1) as

{{é X7 —;12": XZX} }_ E[ZX:Z": X,-J

i=| i=1 =l

__E[i X:Z": X,iX,]Jr E[Z": X,-_ZH:X.-i X,-_Zn: X}

i= =1 i=1
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> Xz X.-]={(n—l)(1—a)cl}2 =(r-1)*(1-p)'c*.

(D.1)



n n{n-1)
Substituting Z XZZ X; Z X =Y XZ{Z Xt+ Y XX ,} into equation (D.3) gives
i=1 i=] i=] i=1 i=l izf

Expanding equation (D.4) gives

{Zr-%ix,ix,} - [ﬁx}ix}}-%z«:[" X}ixf]

1 I

n n(n-1) 1 n n n n
__E[le > XX, ]+—2—E[§X,ZX,~Z X,-Z X,}- (D.5)

n i=l =)

Substituting
n n ”n n n n(n-1) n(n-1) n(n—1)
ZX,-ZX,ZX,ZX > X7 ZX"+ZZX' XX+ XX D XX,
i=1 i=l i=l =1 i=| iz izj i#j

into equation (D.5) and collecting terms gives

i=l i= = izj

E {Z":X,?_léx,.im}z ={1—%}E[Z":X,? "IX,J——E[i ,?"‘"z"fv,.xj}

I 2 5 Z"(”—l) n(n-1) n(n—-1)
+n_2EZX ZX +22X XX+ D XX XX | D)

i=l i=1 i=l iy iy =)

Distributing the last terms of equation (D.6) gives

1~ —_ZXZX} - HeS et |-2 [ZX(Z) }

i=1 i=l1 =l i=l i#j
1
+—51E
n i

M:

n n(n-l) n(n-1) n(n-1)

1 i=1 i=| i*®j i#j i*j
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Substituting

n(n—1) n(n-1) 2n(n-1) - 4n(n-i1Xn-2) n(n—1Xn-2Xn-3)
ZX,-X]» ZXI'X]= Z X,-"Xj+ Z XXX,,+ ZX:‘X]‘XI:XI
i iej izf izjzk iz jekzl
into equation (D.7) gives

{ZXZ——ZX,iX,} {1-—} [ZXZZX ]-—E[i "('fivx}

i=l I =1 i)

7‘_-{5[2; X3 X2 ] 215[; X~"('fi¥ X, ]}

=1 izj
1 2n(n-1) 4n(n-1Xn-2) 5 n(n-1Yn-2Xn-3)
+=E Y Xxj+ D XXX+ XX XX|  (Ds)
n i®f i»j2k i#jek=2l

Distributing the last line of expectations of equation (D.8) gives

E{ﬁﬁ-gix,ix,}z (-3t x ]E[z "‘g';X]

1+

+l{5[i X,?i X,’:l +2E[Z X~"(§lzv X; ﬂ L [wf” X7 X;

n i=| i=l i=1 izj i)
1 4n(n—1xn-2) 5 i n(n-1Xn-2)n-3)
n izjzk n iz jzk=l

Collecting the terms of equation (D.9) gives

2 ) n 2n(n-[) 1 2n(n-1) N
—{;——2—}E ZX, 2 XX +;5E Z X' X5

i=l i#j i#]
1 4n(n-1Xn-2) 5 i n(n-1Xn-2Xn-3)
+—2E Z Xi Xij +—2£ ZXinXkXI ) (DIO)
n izjek n iz jekel
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Substituting

n 2 n ” n 4 n(n—1) 2 2
ZXiZXi-szi+ Z X,X;
i=l =l i=1 iz
and
n n(n-1) 2n(n-1) n(n—-1Yn-2) )
sz SXX;= Y Xx;+ Y XXX
iy izj iz jek

into equation (D.10) gives

E {ixf-%f:x,ix,}z ={1-%}2 [ZX“ S x X"J

i=l izj

-Zn(n—l) n(n—-1)n-2) l 2n(n~1)
_%{1_1}5 > O xXx;+ Y Xx; XkJ = [Z XZXZ]

| i=) i-jek i®j
1 4n(n-1)Xn-2) 5 1 n(n-1)n-2Xn--3)
+—7E Z X,- Xij +7E ZX,-X]'X/‘X[ ) (Dll)
n | iwjk n ie ekl

Collecting the terms of equation (D.11) gives

4 2 1 n(n~1)Yn-2) 5 l n{n—-1 n-2Xn~-3)
+{n—2—;{1—;}}E Z X XXk + ZE ZX,-XI-X,‘X[ ) (DIZ)

iz jzk i=jekel

Distributing expectations across the sums in equation (D.12) gives

R =t

A3 018 ngx] |- {1 Sl
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2 n(n— n(n~1)
«{{1—%} +%} (Z')E[X}XIZ.]—%{I—%} > E[X,?X,-]

izj i®j
n(n—-1Xn-2)
+{i,-3{1-1}} > Exxx]
nn n izjzk

1 n(n—1Xn-2Xn-3)
t 2 E[XinXIcXI]_ (D.13)

n i jekel
We are now ready to substitute moments into equation (D.13). From Appendix B,
E[X;4 ] =3¢ + 6;120'2 + p]‘
E[X,—3Xj} = 3cs'2p,-1-(c>'2 + p2)+ 31.120'2 +u4
E[x? x}]=0*(1+20} ) + 20707 (1+ 205) +ut*

E[X,—ZXij] = 20'4p,;,-p,-k +czp,-k (0,2 + uz) + 2u202 (p,-]- +Pik ) +ple? + ut

E[XinXle] =*(pyPu + PP jt + P jxPir)
2 2 4
+U C (p!]+plk +pi1+pj/t +pjl +pk[)+“‘ .

Substituting into equation (D.13) gives

l n
-S x.
nz !

=

no )32 N3z
X,-} ={l———} Z{Bo4+6u203+u4}
= ni iz

E {Z"; X7 -
i=1

l

—

1

2 n(n—1)
+{{l—nl} +n%} Z {c“(l+2p;})+2uzcz(l+2p,.j)+u"}

i®f

4 I"("_l)31 2. 0222 3
-~ l—; > {c p,-j(c +1 )+3uc +1 }

i

n

4 2 {1 1} n(n~1Xn-2) 20’4p,]-p,-k +0’2pj,, (0'2 + uz)
+{ — - — —_——
n’ n

izjzk +2|.12<5'2 (p,-j +p,-,,)+ uzcz +!-l4

4
| nn-n=2Xn-3) | ¢ (pyp,d +PuPjt +P jlcpil)
+—

n i#jrk2l +u262(pgj +Pi +Pi Pk +Pjt +Pk1)+l’-

(D.14)

&
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For later computational clarity, we rewrite the lead coefficients of equation (D.14) as

n n n 2 n
E {Z}X‘Z_%Z}X‘ZIX‘} ={1—-2-+nl2}z{3o“+6u202+u4}
= = =

n i=1

-1
+{1 - E+i2}n("z ){04(1 +2p§)+2u202(l +2p,.j)+ u4}

=)
n(n-1)
+{-‘1’- - i} S {3o'zp,-j (0'2 + u"') +3u’c’ + u“}
n-.n izf

2

,
. { 6 2}n(n—l)(n—2) 20'4p,-jp,-k +6%p jk (0'2 + l—l')
n- n

ik -}-2;120'2 (p,-j +Pik ) + u"'cz + u“

| "(n=1Xn=2Xn-3) c? (p;,-pu +PuPjt +P jltpil)

+ —
2 2 4. (D.15)
n jeket | +H707 (D5 +Pu +Pu P +P 1+ Pk ) T I

To begin the simplification of equation (D. 1 5), we examine the coefficients of the terms

involving only u*. They are

{l—%+;12-}n+{l—%+%}n(n—l)+{%—%}n(n-— )

+{i, - 2}n(n ~1)(n-2)+ ;lz—n(n -1)(n-2)(n-3)

n n
is equal to
{I—Z+L,}n+{l——6-+l,}n(n— 1)
n n n n
+{E,— - 2}n(n ~-1)(n-2)+ L,n(n -1)(n-2)n-3)
n n n-
is equal to

{n—2+_rl;}+{l_%+;z7?}(n2 -n)

+{n—62—— %}(n"' B +2n) +;12—(n4 —6n° +11n° -6n)
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is equal to

{n—2+l}+{n2-7n+13—1}
n n

+-{—2n2 +12n—22+£}+{n2 —6n+ll—%}
n

is equal to

n2(1—2+l)+n(1—7+12—6)+l(—2+l3—-22+ll)+l(l—7+12—6)
n

=n2(0)+n(0)+l(0)+£(0)=0+0+0+0= 0.

We see that the u* terms drop out, as they should.

Returning to equation (D. 15), we next examine the coefficients of the terms involving

only u2c2. They are

{l—-2—+—l,—}6n+{l—z+i,}2n(n— 1)
no o2

n n n

2 -1+ S - Zhan-1)(n-2)
*{n n} {n n}

is equal to
2 2
{6—1—~+—9,-}n+{2——lg+—l§}n(n—l)+{i,——}n(n—l)(n—?.)
n n- n I/ n- n
is equal to
{6—1—2—+i,}n+{2—ﬁ+£}(n2 -—n)+{-g,-—-2—}(n3 ~3n? +2n)
n n n n n~ n ’
is equal to
R |
{6n—12+9}+{2n~—18n+34—l§}+{—2n2+12n—22+-3}
n n n
is equal to
[
n*(2-2)+n(6—-18+12)+(~12+34-22)+ —(6- 18 +12)

n
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= n?(0)+n(0) + 1(o)+%(o)= 0+0+0+0=0.

We see that the pu?c? terms drop out, as they should.

Returning to equation (D.15), we next examine the terms involving only uzolpij. They

are
2 3 ﬂ(ll—l) 4 4 R(’l—l) > >
{I——+——} > 216> Zp,] —-—t 2, 3o7p;u
n n n|
izj i#f
6 2 n(n—i}n-2) s o -
+{—2——} Y {wicPpu +2u%c?(py; +ou )}
nc N ek
1 n(n—-1)Yn-2)Xn-3)
2.2
+— z {H c (P.'j +Pik TP +Pjk ‘*‘le*'Pkl)}
h iz jrk=zl
is equal to
) 3 n(n—l) 4 4 n(n—l)
{l-;+n— Moo D>+ = 3us? > p;
izj #j
—IXn-2
6 2 ) 2n(n-l)(n—2) 6 ) 5 2n(n [Xn-2)
+{‘?‘_}“ o DPatiz--p2meT  2py
n n iz jek n n izj=k
6 2 , ’n(n-l)(n—Z)
o
n n i=jzk
1 n(n—l)(n—")(n—.’o) 1 5 _,n(n—l)(n—2)(n—3)
—n’c’ P T e 1 R 3 7
irjrkel n izjrk=l
1 5 _)n(n—-l)(n—Z)(n—-.‘v) 1 5 _’n(n—l)(n—2)(n—3)
+—=ue  Ypy +tKOC Dpi
ixjekzl n izjrk=l
\ _,n(n-—l)(n—Z)(n—_‘») 1 5, 7n(n—l)(n—2)(n—3)
—HeT Py +tsweT  Ypy
n e ekl n izjrkzl
is equal to

2 3 n(n—l) 4 4 n(n—l)
{1——4--—— nlc? 2P+ {n 3uc? P

n n- i®j i=j
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6 n(n—l) 6 n(n—l)
+{ }(n 2u’e? Y p;+ {”z ——}Z(n 2u’e? Y p;
n

izj i#j
6 n(n-1)
+{— - -—}2(11 2)u’c? D P
” i%j
1 R 2n(n—l) 1 5 s n(n-1)
+—(n-2)(n-3W’c® Y p; +—=(n-2)(n-3u’c” 3 p;
n i) n i)
1 3 5 n(n-1) n(n—-l)
+—(n-2)(n-3’c” Y p; + (n 2)(n-3)u’c? D 0y
n i2j " Ity
1 , 2n(n—l) n(n D
+—(n-2)(n-3’c® Y p;+— (n 2)(n-3’e” Y p;
n i®) n- =

is equal to

8 12 2 2"(""“) 12 n(n—l)
{4—;‘*';,:}110' 2Pyt n_""" o® X py

iz izj

30 ,,(,,_1) 6 n(n—l)
+{———}( n-2)u’c? 2.5+ (n=2)(n- u'e” ;.

n- izj i)

n(n-1)
Collecting the coefficients of p’c? > p;; » we have

Itj
0 6
{4——8—+£}+{$—1—2—}+{-3—,9—1—}( n-2)+—(n-2)(n-3)
n n n n n- n n-
is equal to
o3B3 {2 8o-2-3
n n° n- n n n n n°
is equal to

1(4—10+6)+1(-s-12+50—3o)+-17(12+12—60+36)
n n

= 1(o)+%(o)+—lf(o)=0+0+o=o.

We see that the p’c?p,; terms drop out, as they should.
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Returning to equation (D.15), we next examine the terms involving only 6*. They are

2 n(n-1)
{1—34»—}230 +{l——-+i2} > o

n n" NN o

{1-3+_}3m4+{1__+_}n(n-1)
{1_z+_} sno* +{1-24 2 2 <o
~fan-s+2 2ot o - sn+s-2lot
(i)

Next, consider the 0'4pij terms in equation (D.15). They are

4 4 n(n-1) 6 2 n(n—1)Y(n-2) )
(447 -2

n n n

i#) i=jzk
12 n(n—l) 6 2 4n(n-l)(n—2)
{————} 2Pt TS 2P
n- izj n i=jek
12 12} PGy {6 2} Pl
{22l S ey {5220t S,
{nl n izj 4 n- n izj
12 12 n(n-l) 12 n(n—l)
{5 2e Se |- B+ -2 Ty
n iz n iz
n(n-l)
={-—_2} 2.5
i*j

Next, consider the c“pg. terms in equation (D.15). They are

2 3 n(n-1) 4 6 n(n-1) )
(-2, 215 205 -4 8o
n- izj n - n izj
Next, consider the 0'4pijpik terms in equation (D.15). They are
n2

izj2k iz jzk
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6 2 n(n=1)(n-2) 12 4 n(n—l)(n—Z)
{-7—;} 2 20'pypu =13 2 PiiPik

(D.16)

(D.17)

(D.18)

(D.19)



Next, consider the o“p,-jp,d terms in equation (D.15). They are
1 n(n-1Xn-2Xn-3) 4 . 3 4n(n—l)(n—.?.)(n—.’a)
-3 Z c (Pijpu +PuPjr +P ,-kP.-l) =—60 ZP,-,-PH , (D.20)
n izjek=l n iz jzk=zl
Recall that

[zxz-—zx,f;x,] {(n—l(l—p)c} =(n-1)*(1-p)°c".

I

We need to expand (n~1)°(1-5)°c*. Now

(n-12(1-p)2c* = (n—1c*{1- — S
n p) e’ =(n-1)"c"{l o > Py

) =

2 4 2 n(n-1) 1 n(n—1) n(n-1)
=(n-1)"c"q1- ZP;‘,“*’ 2 2Py 2.Pi

n(n_l) izj n (n— izj izf
[ 2 n(n-1)
n(n 1) g Pi
=(n- 1)20" ! >
(Il 1 n(n—~1) ’ n(n-1)Xn-2) n(n-1Xn-2(n-3) .
F—{2 2 P4 2ePat  2PiPu
{ ”-(n— [) izj izjrk i jek=l
which simplifies, giving
s 9 4n(n—l)
(n=1(1-p)’c* ={n* ~2n+1}c* {——2}0 S py
=)
4n(n—-l) 5 4 4n(n-—l)(n--?.) 1 4n(n—-an-—Z(n--3)
+56" Y pj+—=50" 2 PyPu +—3O 2_PyPu (D.21)
n i2j n i=jek n i= ekl

Substituting from equations (D.16), (D.17), (D.18), (D.19), (D.20), and (D.21) into
i=l
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n 1 n n - n n
-Affw-tSxtal l-elEe-tEasx)
i=1 nict = i=1 n;
5 s n(n-l) 4 n(n—l)
=(n"—l)o +{-——2 P+ {2——+— > 0
ut] lt]
12 4 4n(n—l)(n—") 4n(n~l)(n—2(n—3)
+{—5 - —}o 2PiPu+ 50" 2.PyPu
n n 1= j2k i=jek=l
n - n "l)
> 1 2 (n—1) o) (n
_(n —2n+l)0' —{; Zpy——c > 05
(£ =)
4n(n-l)(n-’) n(n-l)(n—l(n—3)
-—=0 Zpljplk Z PiiPii
i=jzk iz kel
which equals
3 4 Jn(n-l) n(n—l)
(2n-2)c ——’;0' Zp,, {2——+— Z pu
i=j =y
n(n—l)(n-") ) 4n(n—an-Z(n-‘S'v)
"{——“}0 p,jp,k +—=0 Zpijpkl
i=j=k n i=j=k=l
which equals
n(n—l) 7 2 n(n-1) 5
(n~ 1—— 2P+ { }Z Py
20’4 ) =) n =) {
4 2 n(n-1)n-2) 1 n(n—1Xn-2(n-3)
*{7 - —} 2Pt 2.PyPu
L n n i=jzk i=j=k=l
which equals
n(n—l) 1 2 1)° n(n—1)
o i Y TE
20_4{ i®j n iz {
2 2 n(n—=1Xn=-2) 1 2 n(n—-1Xn—-2(n-3) .2'_7_)
——{1——} 2 PiPie +{—} 2 PiPu
SRS By n izjekel
Now since
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n(n—-1) n(n-1) n(n-1) n(n-1Xn-2) n(n—1Xn-2(n-3)

2P 2P =22 Pitd D pgPat D PyPu

i#j i®j izj i=jzk i=jek=l

we have the alternate expression for (D.22),

[ Zn(n-l) 2 n(n-1) 5
(-0-2"50, +{1-2}'S 03
1 Nz =]

9 nn=1Xn-2) {1}2"(""‘) n(n-1) | (D .23)

— XZPyPa Tyt 2Py 2Py
izj

i=y2k i) J

.

The expression in (D.22) or (D.23) is Var[z (X, - ‘?)Zj!. We denote the sum of the terms

i=l

in the braces of (D.22) or (D.23) as traceCRCR. and so

parl:i (X’ - ,\7)2} =20traceCRCR . (D 24)

i=l
This notation is not accidental. Let x be a multivariate normal random 7n-vector with mean

vector p with identical coordinates, correlation matrix R. and covariance matrix 6°R. Let
1 . . 3

C =1-—1Y be the centering matrix. that is
n

Cx=x-%=(X-X.X,-X.---. X, - X)

and

x’Cx=x'CCx=(x-X)'(x-X) = (X, - .Y')Z ‘

=1

Now use the fact, from Searle (1982), that
Var{x'Cx] = 217'ar:e[(Cc>'2 R)(Cc>'2 R)] + 4u.’C(0'2R)Cu

=20 traceCRCR + 0

=26 traceCRCR.

and so
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n
Var[ (X;,-X )2] =Var{x'Cx] = 26*traceCRCR,
=1

1

that is, the expression in (D.22) or (D.23) is Var[z (X;i-X )ZJ and the sum of the terms in
i=l

the braces of (D.22) or (D.23) is raceCRCR.

Note that in the case of uncorrelated characteristics { X;} ,

Var[i (X.' -X )2] = 20" traceCRCR

i=1
=26 traceCICI = 26*traceCC
= 2c*traceC = 26* (n - 1),

since C= I——lll' is idempotent with its rank equal to its trace, each equaling (» - 1).
n

Therefore,

Var[Sz]sz[”_i_lg(Xi—f)z}: I ,Vw[gl(X,.—f)z}

(n=1)"

= - 26" (n—1)

which is consistent with known normal theory.
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