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ABSTRACT

Registration is the process of spatially aligning two objects and is normally a
preprocessing step in most object recognition algorithms. Registration of images and
recognition of signatures of objects in images is important for clinical and diagnostic
purposes in medicine. Recognizing structure, potential targets for defense purposes and
changes in the terrain, from aerial surveillance images and SAR images is the focus of
extenstve research and development today. Automatic Target Recognition is becoming
increasingly important as the defense systems and armament technology move to use
smarter munitions. Registration of images is a preprocessing step in any kind of machine
vision for robots, object recognition in general, etc. Registration is also important for
tuning instruments dealing with images.

Most of the available methods of registration today are operator assisted. The state of
registration today is more art than science and there are no standards for measuring or
validating registration procedures. This dissertation provides a viable method to
automatically register images of rigid bodies. It provides a method to register CT and
MRI images of the brain. It uses wavelets to determine sharp edges. Wavelets are
oscillatory functions with compact support. The Wavelet Modulus Maxima technique
and the Principal Component Analysis (PCA) are exploited to determine the invariant
structures between images. The Modulus Maxima technique is used in isolating
singularities. It also provides a mechanism to characterize the singularities in the images
using Lipschitz exponents. This research provides a procedure to register images which
is computationally efficient. The algorithms and techniques are general enough to be
applicable to other application domains. The discussion in this dissertation includes an

introduction to wavelets and time frequency analysis, results on MRI data, a discussion
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on the limitations, and certain requirements for the procedure to work. This
dissertation also tracks the movement of edges across scales when a wavelet algorithm is
used and provides a formula for this edge movement. As part of this research a

registration classification schematic was developed.

xt
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CHAPTER 1

INTRODUCTION TO ISSUES IN MEDICAL
IMAGING

1.1 Introduction

This dissertation studies the registration of images with an emphasis on registering
medical 1mages. Image registration is an image processing technique of spatially aligning
two similar images by rotating, translating, shearing, etc. This dissertation provides a new
approach to image registration which does not require operator assistance, and is etficient
in terms of computational time complexity.

1.2 Digital Image Processing

Digital tmage processing is now becoming widely accepted in the medical community and
medical imaging of patients by physictans for treatment and diagnostic purposes is a
growing trend. Digital image processing stated simplistically is the manipulation of images
by 1 computer. At a very basic level this requires that scenes, in a naturally occurring form,
be digitized by a scanner for further processing by a computer. In medical imaging several
types of scanners are available tor the purposes of digitizing organs ot the human body.
The ditferent scanners along with the associated techniques, can image ditferent kinds of
information about body tissue, structure, etc. The images have different sizes and different
gray scale digitize resolution. A\ turther discussion on this subject is the content of the next
secrton. In addition this chaprer provides an overview of dara formars used tor medical
images, common image processing techniques and some insight into medical data storage

needs.
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When o physical image s diginized, the image 1s stored in the form of a recrangular
sampling grid. The cenrer of each grid s the location of what s commonly referred to as
the picture element called pixel. The image space is thus divided into small regions. In
black and white binary images as well as in gray scale images, the brightness intensity at
each pixel location 1s represented by an integer value called the gray level. Each pixel has
an address represented by its row number and column number and a brightness level
represented by the gray level. All the pixels together make up the imuage which can then be
manipulated, stored, displayed, printed, etc. The number of pixels it takes to represent a
physical picture gives a measure of the scanners quality. If a digitized picture has a smaller
pixel size then the physical image is digitally represented by a larger number of pixels. The
number of pixels that make up rows and columns of the rectangular grid is reterred to as
picture size. Another tactor that determines the quality of the picture is the gray scale
resolution. In most pictures the brightness at a pixel location is represented by an integer
in the range 0 to 255 [256-level gray scale]. An integer in this range of 0 to 235 can be
represented in eight bits using a binary number system. Since it takes eight bits o store
numbers in this range, one byte of storage space is adequate. Such images are often
reterred to as 8-bit images. However recent trends,  with the newer scanners used for
medical imaging are providing better quality both in terms of size and gray scale resolution.
It is not uncommon to find new scanners that provide an image size of 2048 <2048 with
4096 gray levels. This consritutes 12-bit tmages as it takes nwelve bits to store numbers in
the range [0,4096]. The minimum amount of data that can be read from a disk or
nchwork channel or written to a disk or nerwork is one byte {eight bits). However in the
registers of the computer, we can use bir level information, with the help of instructions

thar are capable of  addressing bir ficlds. When writing or reading trom a disk, man

o
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memory, or even tor the purpose ot transmussion,  we have to deal with byres. So the
rechnique of it stutting [Pohl84] s commonly used. For example, bit-srutfing allows
programmers to store two 12-bit numbers into three bytes (fwenty four birs) and read,
write or transmit that intormation.
An image 1s often viewed as a two-dimensional light-intensity function, where the value or
amplitude of f(x,y) at spatial coordinates (x,y) gives the intensity (or brightness) of
the image at that point. When an image is digitized, the digitization of the spatial
coordinates (x,y) is referred to as image sampling and the amplitude digitization is called
gray level quantization.
Once the images are digitized they can be subjected to a number of operations using
numerical algorithms for the purpose of storage, transmission, enhancement, etc. This
digital processing of images is often called digital image processing. Some of the more
Common image processing operations are :
® Image segmentation
Segmentation is the process of subdividing an image into its constituent parts or
objects. Each object is isolated from the rest of the image ftor further analysis or
classification.
®  Object Classtfication
Objecr classitication is the process of assigning each image or cach object in an image
ro one ot several pre-established groups (classes) thar represent all the possible rvpes
ot objects expecred to exist in the image. This s actually o last step in an object
recOgNINoOn process.

e learure bixrraction
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As a measurement ot the value of some quantifiable property of an object. .\ feature 1s
A tuncrion of one or more measurements, computed so that 1t quantifies some
characreristic of the object.

e [Edge detection
An edge s a boundary between two regions with relatively distinct gray level
properties. Edges may represent object boundaries, object shape changes, and in the
case of medical images, changes in tissue density or texture within organs.

¢ Hidden Surtace Removal
This 1s done when three dimensional objects are rotated and have to be viewed on a
display device, which s essentially two dimensional. The surface of the object that is
not within the viewing angle is removed so that only the part that is facing the
observer is displayed.

¢ Skeleronizing and Thinning
Skeletonizing is the process of reducing the structural shape of a plane region to a
graph via an operation called thinning. Thinning is the process of interactively deleting
edge points of a region subject to the constraint that deletion of these points does not
remove end points and does not break the connectedness by causing excessive
erosion.

¢ Image Registration
Finding a correspondence between two images. The next chapter addresses this topic
exrenstvely.

The tocus of rthis disserration is image registration. Specitically the focus is on medical

images. Medical images provide constraints and characreristics that are specitic ro the field
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ot Medical Inaging. Flence, a briet discussion of medical imaging modalities, therr
resolution and storage space requirements torm part ot the next section.

1.3 Medical Imaging

Many of the tssues in the area of medical imaging are the same as in any other area of
image processing. However, there are also issues that are so specific to the area of medical
imaging that have almost no tmpact upon general image processing algorithms. This
section addresses some of the concerns that differentiate the field of medical imaging trom
ditterent tields.

1.3.1 Legal Issues and Its Implication

Because of legal repercussions, compression ot medical images must be lossless at this
time. This reduces the compression ratios that are achievable. 1t affects the transmission
of medical images and denies any improvements lossy images could provide. Any image
processing technique must adhere to these constraints. For some of the clinical needs,
chnicians and radiologists can use images with some loss of data, but clearly where one
crosses this line 1s a subject matter of research and debate. Preliminary diagnostic
procedures, simulations, training, image registration, image restoration, allow for some
amount ot data loss. However, compression ot images must be lossless.

1.3.2 Data Formats

Medical Intormancs and Radiological societies have adopted data format standards tor
storage, fransmission and tor use in medical imaging equipment that have additional
constraints as compared to those thar are commonly used in other arcas of image
processing. The dara image formats thar are specitic to medical tmaging are:

e Digiral Imaging und Communications in Medicine Standard (D1COM)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



e Medvission

e Network Common Datr Form (NETCDI).

These are the standards thar are used in medical imaging equipment, medical image
transmission, medical image storage, etc. The other commonly used data formats, though
to a lesser extent, in Medical Imaging are:

e Portable Graymap(PGM),

e DPortable Bitmap (PBM),

e Windows Bit Map (BMP),

¢ Joint Photographic Experts Group Standard (JPEG),

e Graphics Interchange Format (GIF),

e Tag Image File Format (TIFF).

The Magnetic Resonance Images (MRI) and Computer Topography (CT) Images of the
brain used in this dissertation were obtained in DICOM format. The DICOM images
were converted to PGM format for this research. The DICOM-PGM format conversion
routines were part of this dissertation research.

1.3.3 Imaging Modalities

A wide variety of image modalities are used to image patients. These modalities acquire
tmages using very ditterent techniques. The physics behind each of the imaging techniques
18 ditferent. As a consequence of this, from a single image scene, each of these modalities
diginze ditterent information. To exemplify the issue consider a situation thar a single
bram s imaged with imaging modalities MR, CT and PITL The MR image would provide
Information on sott tissue, fatty cells, erc. and some information on bone structure, the

CT image would provide the best information on denser rissue like bones, and the PET

6
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would provide the best intormanon with respect to blood tlow, arteries and vemns. More
importantly, the size ot the image and the gray scale resolution tfrom each modalin's
scanner s different. Some ot the imaging modalities in use are:

e Computed Tomography [CT]

e Magnetic Resonance Imaging [MRI]

¢ Positron Emission Tomography [PET]

¢ Single Photon Emission Computerized Tomography [SPECT]

¢ Magnetic Resonance Spectroscopy [MRS]

e Ultrasound [US]

e Diugital Subtraction Angiography [DSA]

e Digital Fluorography [DF].

1.3.4 Medical Imaging Data

The ditterent imaging modalities often provide varying image sizes and gray scale variation.
Typically image sizes vary from images of size 256 x 256 to 4096 x 4096. The gray scale
resolution varies from 8-bit pixels to 16-bit pixels. When a patient is scanned, several
images ot the patient’s organ are obtamned, usually a few millimerers apart. For example
when MRI images are obrained each exam would result in obtaining about 50 images. Dara
trom a study done a few years ago is presented in the table below and provides a measure
of the volume of data and gray scale vartation with imaging modality. This data s obrained
trom Rabbani{Rabbani91]. Because of continuing improvements in scanner technology
most new scanners nowadays are providing image sizes which are larger and wirh grav
levels ranging trom 0 to 4096 (16-bir images). Usually patients in large cancer research

cenrers, are examined and imaged once a month. When the dara storage requirements are
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all summed. the storage requirements are now in Terabytes and growing. Storing and
transmitting ot this data for tele-radiology purposes is a major new issue.

Table 1-1: Data generated for ditferent medical imaging modalities.

Modality Image Gray Level Average Average

Dimension Number of Mbytes

images per per exam

exam
CT 512 x 512 12 30 16
MRI 256 x 256 12 50 6.6
DSA 1024 x 1024 8 20 20
Digital 1024 x 1024 8 15 15
Fluorography

Ultrasound 512 x 512 6 36 10

SPECT 128 x 128 8 or 16 50 0.8 or1.6
PET 128 x 128 16 62 2
Digitized Film 2048 x 2048 16 4 32

Image analysis and tmage processing algorithms such as image registration, image
segmentation, image compression, image classification, etc., have to deal with multi-modal
as well as uni-modal images of varying size and resolution. While some human organs are
almost nigid, many other organs have huge shape transtormations depending on factors
like the posture of the body, food and liquid ingestion, etc. Image analysis and image

restorarton issues become quite complex in this environment.
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1.4 Conclusion

The tocus of this dissertation research is only registration ot medical images. Registration
15 2 process of mapping one image onto another. Images are also registered for a variety of
other needs ranging trom object recognition for military purposes, automatic navigation of
robots through terrain, recognition of land terrain, to determine changes in the geography
of real estate, rectification of display distortions, map and cartographic projections,
automatic adjustment of instruments, etc. The medical imaging registration is usually done
to detect regional growth such as detecting bone assimilation in the case of bone grafting,
the growth of cancerous cells, for general diagnostic purposes, and for improved set
compression purposes as proposed by Karadimitriou and Tyler [Karadimitriou97]. Medical
Image matching is another rapidly evolving field of interest, with its own unique
operational conditions.

The next chapter addresses the issues related to image registration. A literature survey of
techniques used in the registration of images, as well as a classification of these techniques,

is also included as part of this chapter.
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CHAPTER 2

IMAGE REGISTRATION - TECHNIQUES,
ANALYSIS AND A LITERATURE REVIEW

2.1 Introduction

Why should we register objects? What purpose does it serve to register images? At the
outset, this chapter attempts to answer these questions at the outset. The remainder of
this chapter is a review of the literature on medical image registration. The emphasis has
been to focus on the techniques for of image registration. Since this dissertation is devoted
to the development of a technique of registration where the control points (homologous
points) are determined using wavelets, the medical aspects of the treatment, the radiation
doses needed, or other purely clinical aspects are not be emphasized. Though, some of
the content is devoted to external markers, this is also not the focus of this literarure
survey. These sections have been included only for completeness and to demonstrate that
we are aware of these techniques to obtain control points. After reviewing the literature on
the techniques to register objects, this chapter provides a schematic diagram that lays out a
basis by which registration techniques can be classitied. This schematic in Figure 2-1 is a
direct outcome of the literature survey in this field. This chapter also presents a model for
registering images and shows how correlation coetticient is relared to a mean square
ditference or euclidean distance between the images being registered. Fach image in rhis
case 15 viewed as a normalized vector with mean zero. As the mean square distance
decreases the correlation coefticient increases.  Intuitively it 1s casy to sce that as images
are betrer spanally aligned the mean square distance between them decreases and the

correlation coetficient tncreuses.
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2.2 The need for registration

Registration of two images A and B means the determination of translation and rotation
parameters, which when applied to say image B, would spatially match the other image, t.e.
image A. For ngid bodies there is no distortion but the transformations are affine.
Registration in a broader perspective includes the need to shear or in some way distort one
of the objects to provide a match to the second object or template. This is usually done to
rectity distortions.
There i1s a great need to register objects in almost all areas of image processing including
the area of medical imaging. The human eye constantly registers objects for the purpose of
object recognition, object classification, and this registration is superior to any other
known technique. For this reason, all of the commercial image registration algorithms
available for registering medical images, require operator assistance. Research in the area of
automatic registration is still in its infancy. There are no commercial automatic registration
tools to register medical images in the market today. However, the army and navy are
exploring the area of image registration and research is moving toward automatic image
registration. This dissertation research deals with registration of Magnetic Resonance brain
images. These can essentially be treated as registration of rigid bodies. To provide a deeper
appreciation for registration, the next few paragraphs detail some areas where there is a
great need for tmage registration:
¢ In machine vision, registration of scene images is a fundamental operation. Useful data
1s derived only after registration and tusing of information obtained from multiple
sensors. This 1s especially true for robots attempting underwater navigation, navigation

through unknown terrain. Registration is almost always necessary for robots to
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recognize objects. For example, a robor in an automated tactory would first register as
a step in the recognition of an object then classity and place ir at the appropriate bin.

e For aerial images, the matching operations are needed for a variety of applications. For
example, change detection, map updating, aerial surveillance, and target recognition
warrants its use during war time. Registration has to be done many times if there is a
changing terrain. In aerial images, the images are obtained from an altitude higher than
the tallest structure in the scene. The position of the sun when the image is obtained,
the cloud cover, etc., are issues that have to be considered when registering aerial
images.

¢ In medical imaging, different modalities provide additional complimentary
information. Single Photon Emission Computed Tomography (SPECT), Positron
Emission Tomography (PET), and Magnetic Resonance Spectroscopy (MRS) provide
functional information, but delineate anatomy poorly. Magnetic Resonance Imaging
(MRI), Ultrasound (US) and X-ray imaging and Computed Tomography (CT) depict
aspects of anatomy, but provide little functional information. Computed Tomography
(CT) provides better information on denser tissue like bone, but Magnetic Resonance
Images (MRI) provides more useful information on soft tissue, for example, fatty
tissues, cancerous regions, etc. In patient diagnosis, there are many situations that
warrant the need for additional information from the ditferent imaging modalities and
then integrate this into a useful form. This requires images to be registered betore
integration (fusion). An example of an application area for multimodality would be
radiotherapy and nuclear medicine. In radiation therapy planning, a CT scan is needed
tor dose distribution calculations, while the contours of the targer lesions are best

outhned with  MRI. Determination of anatomical location of dystunctional areas and
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studies on functional-structural relationships are tacilitated by integration of functional
and morphological intormation. This integration is achieved through image registration
and 1s another example application.

Registration of monomodal images in medical imaging is usetul in applications where
atlas data are used, tor example in studies over a patient population. Registration of
monomodal images is essential in monitoring a patient’s progress when treatment is
administered over a period of time. This is usually the case with patients undergoing
cancer treatment. Such studies are also done to closely monitor how well a bone graft
is taking.

Registration, according to Lisa Gottesfeld Brown [Brown92), is often necessary for:

1. integrating information taken from different sensors,

™

tinding changes in images taken at different times under different conditions,

3. inferring three-dimensional information from images in which either the camera or the
objects in the scene have moved, and

4. model-based object recognition.

2.3 Techniques Used in Registration

Many classes ot methods have been developed for image registration. Classification of
these methods can be done on several basis [Barnea72|[Elsen93|[Elsen91]. Based on the
literature survey of the techniques used in image registration, the following modified basis
for classitication is offered :

2.3.1 Level of Abstraction

Registration methods can be categorized by the level of abstraction. The description
hierarchy at which the matching is performed could be at the pixel level, the simplest case,

up to matching based on high level object derived descriptions, like roads, buildings,
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arteries, anatomical landmarks, etc. Ar the pixel level the avalable descriptors are pixel
properties such as intensity, color, gray level, etc. The matching at the pixel level can be
based on some form of area correlation [Brown92){Herbin89]. The intensities may change
based on imaging conditions and multimodal registration may require gray level
normalization. At the other extreme, matching is done based on derived object descriptors
that are context sensitive [Brooks89]. For example, recognizing semantic structures like
roads, buildings, reservoir, lakes, major arteries, certain anatomical structures that could be
used by matching these structures and their interrelationships. The higher the level of
descriptions at which the matching is attempted, the more likely the descriptions are
invariant to changes in the imaging conditions [Medioni84]. However, the harder part is
deriving image descriptors that are consistent across the available set of images on which
digital registration is attempted. Moreover, to some extent, some level of abstraction is
helptul bur that has to be based on the context of the images. This dissertation makes usc
of shapes of structures that stay invariant across the images being registered.

2.3.2 Matching based on the number of dimensions

Matching can be performed at the one dimensional, two dimensional or three dimensional
level. When a one dimensional level is used, the image is essentially treated as a one
dimensional signal. This reduces to ftinding the ideal delay. In filter theory parlance, it
translates into processing the image signal through a filter process that has a linear phase
thus preserving the waveform but introducing ideal delays. Without some criteria that 1s
able to recover from the local minima, this process may not find the global minima. This
matching process may have to deal with such issues. Speech signals are usually processed
as one dimensional signals. Two dimensional methods are based on several criteria. For

most clinical srudies that require multimodal registration, the assumption 1s made that the

14

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



images were generared in the same plane relative to the patient. Depending on the
objective function being optimized in the registration process in a particular study, like that
of compressing sets of images. this assumption need not be made. Flowever in most cases,
it 18 assumed that the images being generated are similar. Objects of different types are not
registered in the normal case. In medical imaging it is assumed that the image slices
obtained using ditferent modalities, or the same modality, are views of the same scene or
organ. In aerial surveillance when incoming missiles or enemy war planes have to be
dentitied, each satellite provides a two dimensional picture of the same object but from
ditferent angles. To do a target recognition, the images have to be first registered and then
tused. Three dimensional methods in the area of medical imaging, do not consider
tomographic images as a set of individual slices but consider them as a volumetric data set
that can be registered with another three dimensional volumetric data set. However, it
must be pointed out that this volume is constructed from two dimensional slices. This
necessitates extrapolating between the slices and thus creation of data. This type of
registration is usetul in clinical surgery preparation and other diagnostic needs. Since
storage and archival of medical data cannot afford any distortion or creation, however
accurate the process ot extrapolation, legal requirements do not, at this time, permit three
dimensional registration for compression purposes [Clarysse91][Elsen91][Faber91]. In this
dissertation, registration is performed at the two dimensional level. The ideas, algorithms
and techniques can be extended to the three dimensional level.

2.3.3 Origin of Image Properties

Registration  algorithms may  erther use patient related intrinsic image properties or
extrinsic image properties that are added to the patients. Intrinsic properties are pixel

intensities, anatomical landmark points, geometrical features like cortex, ventricles, etc.
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[Rousseau92]. Matermals like radio pharmaceuticals, contrast media for angiograms, etc.,
administered to pattents to enhance the contrast, are considered intrinsic properties.
Examples of extrinsic properties are head frames, skin markers, etc. In this dissertation
only intrinsic properties are considered.

In stereotactic procedures, where targets deep within the brain are approached through a
small hole in the skull or by a narrow beam of high energy ionizing radiation, a reference
trame is attached to the patients head by screws fixed to shallow drill holes in the skull.
Provisions are made to ensure accurate replication of the frames. These provide
commonly used extrinsic markers. Some frames can be attached to the head in a more
patient-friendly manner [Sharman96]. Plastic mold or dental mold are also widely used as
extrinsic markers. These markers are then used as control points. The Wavelet Modulus
Maxima approach used in this dissertation could detect both extrinsic or intrinsic markers
as the edge effects that produce points of singularity [Sharman97.1][Sharman97.2).

2.3.4 Elasticity of Transforms

Image matching transforms can be classified as rigid atfine, projective or curved. Each of
these categories indicate the degree of elasticity and shearing used in the transformation. A
transform s called rigid if the distance between any two points in the first image is
preserved when these two points are mapped in the second image. Rigid body
transtormations can be decomposed into translation, rotation and mirror retlection. Let
(x,y) represent a point in one of the two images being registered and (x’,y’) be the
corresponding point in the second image, which will ultimately be matched with the point
(x,¥) n the ficst image. Mathematically the transtformation that relates the two points

(x.y) and (x',»") in the two images being registered 1s :
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where @ denotes the rotation angle and t.‘ ‘ denotes the translation vector[Elsen93|. The
»J
two points (x,y) and (x’, ") in the two images being registered are referred to as
homologous points in the literature on this subject. For this reason the same
nomenclature has been adopted in this dissertation.
Since the images that are used in this dissertation, are brain images obtained through MRI
and CT scans, this research deals with rigid body transformations.
Affine transtormations are transformations where any straight line in the first image is

mapped onto a straight line in the second image, while parallelism is preserved. Affine

transformations in two dimensions may be represented as

Tl Ta, a.Tx] [¢.]
= B + Eq. 2-2
Y (@ an |y L
fa,, a, ] .
where o a. B real-valued matrix [Dougherty87].
L4 2

A projective transformation maps a straight line in the first image onto a straight line in
the second image but parallelism between the lines is not preserved. Curved
transtormations are also projective transformations but in these tranaformations a straight
line is mapped into a curved line.

Some transtormations call for uniform scaling in the x, y and z directions. Since organs
undergo shape changes, non-uniform scaling transtormations may need to be considered.

The plasticity property is very ditficult to model, even though some of the organs undergo
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such distortions [Wolberg90|. Registration, in such cases need very caretul and extensive
human intervention from an expert.

2.3.5 User Interaction

Most current registration processes are semi-automatic. An expert user identifies points on
each image that are homologous. Registration is then done manually based on matching
the homologous points. In some cases, the user identifies points and other structures like
lines, organs, blood vessels, etc., and then registration is done based on these derived
abstractions as well as the points. State-of-the-art commercially available registration
software for medical imaging is semi-automatic. Research in fully automated registration
techniques is in its infancy.

In a tully automated registration process, the points or structures are automatically
detected by an image processing program. It is for this reason that wavelet based
registration should make a significant contribution to the fields ot medical imaging and
registration. To keep within the scope of this dissertation, only rigid body transformations
have been considered. MRI and CT scans of the brain can be considered rigid bodies.
Within these rigid bodies, search algorithms can be used. but, exhaustive search methods
are computationally expensive. In this research, wavelet based techniques are used to
detect singularities in known geometrical positions and to locate homologous points and
then register the images. These wavelet based techniques are not considered to be
computationally expensive [Bruce96]. The method considered in this dissertation provides
a way to turther reduce this time complexity.

2.3.6 Other considerations

A point-to-point match method for registration can be done by using a Singular Value

Decomposition (SVD) technique to find a least squares fit. Alpert, Kennedy and Correia
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[Alpert90], in their study use SVD to register PET and CT data sets. In this study accurare
anatomical localization was needed and multimodal registration was necessary to treat
tumors. They knew that a1 tumor involved nodes that had increased glucose metabolism
and this was used to manually obtain the homologous points. Evans et. al [Evans89] used
the SVD technique to register PET and MRI of brain images, while Hill, et. al {Hill91]
used SVD to register point-to-point CT and MRI skull base images successtully. SVD is
often referred to as Principal Component Analysis or the K-L Transform. The SVD of
the covariance matrix of a cluster of points chosen automatically or with user help, is used
to define the principal energy axis. The SVD also gives the variance in directions
perpendicular to the energy axis line. To elaborate, the general idea of Principal
Component Analysis, is to use the centroid of the points and find the eigenvectors of the
covariance matrix. The points used in the calculations, are those that are identified by a
radiologist. In this dissertation we use points obtained by using the Wavelet Modulus
Maxtma. These eigenvectors of the covariance matrix describe the axis of minimum least
square distances for the given set of points. This yields an orthogonal object reference
system. The same process is applied to the second image, that is to be registered with the
tirst image. This information is then used to derive the parameters of the transform. This
transtormation consists only of rotations and translations [Toennies88]. Another
advantage 1s that the eigenvalues assoctated with the eigenvectors of the covartance matrix
represent magnitications, and may be used to specify scaling parameters tor applications
that involve changes in magnification. Meyer et. al [Meyer93] not only used points but line
and plane descriptors in the registration process to find the Least Mean Square error

during the optimization.
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Another frequently used method in medical image registration 15 based on matching
moments. Points and other landmarks are used in this process. The moment ot inertia is
computed and from that the principal axis of the object 1s calculated. The extent of
rotation 15 computed based upon aligning the principal axis of inertia and then the
translation parameters are computed based on the centroid of the homologous points and
landmarks.

Correlation based methods map regions of pixels on a best fit basis. This is widely used in
image registration. Most of these techniques are semi-automatic. The hypothesis of this
research is that using wavelets one can detect points of singularities in the images to be
registered. This process does not require any user interaction. The images being registered
have known landmarks that can be used for registration. These are located in certain
regions of the image and the Wavelet Modulus Maxima can help identify these features.
The points identified by the Wavelet Modulus Maxima form structures that are shape
invariant. We use principal components of the shapes in the registration process. In the
case of brain images the shape of the skull is invariant. This observation allows us to use
the SVD or moment of inertia technique to register the objects. The optimization
function in most registration algorithms is a mean square error reduction among the
homologous points. However, it the purpose of the registration is set image compression,
then the optimizing function should be the difference image minimization. However a
quantitative measure is the correlation coefficient and the goal is to maximize it by rotation
and translation of the images.

2.4 Mathematical Model for Registration

Let fi(x,y) and f,(x,y) represent the two images that are to be registered.
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. [{ :i represent the translation operator or transtorm. /"' is the inverse of 1™ in the

X -x
sense T_lli = . Since this is a linear operation the inverse exists.
Yy

e R (6) represent the rotation operator or transform. R ™' (@) is the inverse in the
sense R™'(8) = R(-6).

e M be the scaling or magnification operator. M~ is the inverse of M providing for
shrinking of the image.

e G, be the gray level adjustment that may be needed.

Since we are considering rigid body registration in this study, plasticity is not considered.

The correlation coefficient, 7, between two images is defined as

DR S T W ey) P Sy xews)
r= x=0 y=0 12 Eq'z_s

{x:L\!AGESZE-\ y=IMAGESI 2 x=IMAGESIZE -\ y=IMAGESIZE

Shen-7iey] > SIA (x,y)—fz<x,y)]_}

x=0 =0 x=0 »=0
Let f;(x,y) represent the image after registration obtained by translating, rotating,

magnitying (or shrinking) and adjusting the gray levels in tmage represented by f.(x,y).

filx,y) = R(G){;OleGLf: (x,y) Eq. 2-4

[f we consider each of the images f,(x,y) and f,(x,y) to be normailzed vectors with

zero mean we have the relationships

(]

> fi(ey) =1 Eq. 2-
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2 [ =1 Eq. 2-6

> f(x.3)=0 and Eq. 2-7
2 fie =0 Eq. 2-8

We can now establish the relationship between the mean squared ditference (D:)

between the images and the correlation coefficient (7). The mean squared difference

(D:) ts 2 measure Euclidean distance berween the images and the correlation coefficient

1s the cosine of the angle between the images.

D =(fix. )~ fo(x)) =201-r) Eq. 2.9
The objective of the registration is to minimize D* which is the same as maximizing the
correlation coefficient ( 7).

2.5 Conclusion

This chapter presents some of the more commonly used methods in registration. There
are several variants of these basic techniques that have been used for the purposes of
registration. Based on the literature survey done as part of the research for this
dissertation, the schematic in Figure 2-1 was developed to represent the classification of
registration techniques. This research uses a novel and automated approach for locating
the homologous point pair. Moreover, once the homologous point pairs are obtained, the
transtorm parameters are computed using a new and different correlation measure. Most
ot the research efforts in registration provide no quantitative and conclusive way of
determining the accuracy ot the registration process. In this work the objective is to

minimize the ditference image by maximizing the correlation cocfficient between the
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images being registered. There 1s a strong likelthood that this process will be totally
automated. These are major motivations for this research project. Medical images may be
stored using wavelets in the tuture. The use of wavelets is being widely touted by
researchers in Medical Imaging (hospitals and commercial establishments). If wavelets
become the accepted industry standard for Medical Imaging, the results of this project will
probably be used as a front-end. The results of this project can also be implemented in
registration of Landsat images.

To comprehend wavelets and this application, it is imperative that one understands
Fourier Transforms and issues related to time-frequency analysis. The next chapter is
devoted to explaining concepts of aliasing, frequency domain analysis and wavelets in

general.
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CHAPTER 3

TIME FREQUENCY ANALYSIS AND THE
WAVELET TRANSFORM

Wavelets are used in this dissertation. Wavelets are new functions that are used to
represent signals. They are alternatives to Fourler transforms. Wavelets are short waves
instead of long waves. Figure 3-1 shows a picture of sinusoidal wave and Figure 3-2 shows
a function that decays rapidly. Figure 3-3 shows the Mexican Hat Wavelet. The successful
use of wavelets depends upon the actual signal and the application for which the analysis is

done.

15

-10 ¥ oh g 10

Figure 3-1 : Sine wave (does not decay)
To explain wavelets and its impact, we use Fourier techniques - the connection between
time and frequency, as this idea remains the center of signal processing. Wavelets are
alternatives rather than replacements for stationary signals. However for non-stationary

signals Wavelet Transforms provide a better analysis than Fourier Transforms. This new

25
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Wavelet Transtorm is much more local. Instead of transforming the time description into
the pure trequency description. this new method tinds a good compromise - a time

frequency description [Strang96]. Wavelets are ideal for analyzing non-stationary signals

because of it localization property.

A function that decays to zero

Figure 3-2: A function that decays and also does not oscillate

Mexican_hat wavelet function
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Figure 3-3 : Mexican Hat Wavelet (Function decays as well as oscillates)
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3.1 Introduction

A background for wavelet research includes background and knowledge of Fourier
Transforms and time frequency issues. This chapter is devoted to Fourier transforms and
those time frequency issues that are needed as an introduction to wavelets and the Wavelet
Transtorms. An introduction to some of the other transforms, for example the Walsh
Transtorm, Wigner Distribution (WD) and the Windowed Fourier Transform (WFT) or
the Short Time Fourier Transtorm (STFT) are also included because they have a role in
this background material. This discussion focuses on the differences in the time frequency
plane, when these transtorms are used.

3.2 Definitions

Fourier Transforms provide a spectrum showing the frequency content of the signal. To
explain some of the issues involved in signal processing and in frequency domains, the
definition of the important terms are provided here.

¢ Hilbert space is a space that has an inner product. An inner product is detined as
(r.gy=1]rygwds Eq. 3-1
where if L*(R) denotes the Hilbert space of measurable functions, then f e L*(R)
and g e L’ (R).
Gerald Kuser provides a more comprehensive notion of a Hilbert space. A Hilbert
space H 1s any vector space ( for example F(Z),F(N)and L (R)) with an inner

product satisfying [Kaiser94]:

1. Posiuvity : || f][)0 forall f € H with f #0, and ||0]|=0

2. Hermiticity : (f,g)=(g. f)Vf.geH

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3. Linearity: < feg+h>=c<f.g>+<f.h>Vf gheHceC
A Hilbert space s the space of all functions f(x) with finite energy. All speech signals
and signals from images are tinite energy signals. Let L?(R) also denote the Hilbert

space of measurable tunctions, then

[17 (017 dx(+ Eq. 31

Let L°(0,27) denote the collection of all measurable functions / defined on an

interval (0,27) with
[l Gl ate <o Eq. 3-2
0

e The classical norm f(x) € L*(R) is given by

IAIF = [1f(oF dx Eq 33

e The convolution of two functions f(x) € L*(R)and g(x) € L*(R)is defined as

f(x)xg(x) = '[f(u)g(x —u)du Eq. 3-4

where * denotes the convolution operator. In the discrete case using a digital filter

with filter coefficients A{#], the convolution is

an

yin]= Zx[k]h[n—k] Eq. 3-5

k=
with ourput  y[#], and input x[n] representing some signal and filter impulse

responses at discrete times £ = a7 and where T is assumed to be 1 [Oppenheim89].
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In an amalogous manner, the two dimensional convolution of a  signal

flx,y)e LZ(R:) with a filter function A(x,y) € L:(R:) 1s given by

j: Jr;f(rl= Tz)h(x— 0.y Z':)dz'ldz': Eq. 3-6

Selo
The discrete convolution in two dimenstons of two functions :

1. asignal f(x,y) represented in the form of a discrete array of size A x Band

2. a set of filter coefficients h(x,y) represented in a discrete array of size Cx D 1is

defined by the relation:

1 M-1N=-1
Fx,)xh(x,y)= N Z Zf(m, mh(x —m,y —n) Eq. 3-7

where x=0,1,23,.. M—-land y=0,123...N-1 and where * denotes the
convolution operator. The M x N array represents one period of the discrete
convolution tn two dimensions, if M and N are chosen such that M > A4+C-1

and N2 B+D-1.

e The Fourier Transform F(w) of a continuous function f(x) is defined as
Fw)= [ f(x)e™ax Eq. 3-8

where the inverse Fourter Transtorm is given by

|

F(x) === [F(w)e"=dw Eq. 39

9

b/

In the discrete case we have the Discrete Fourier Transtorm given by:
] & Zimkn
F (k)= VZ flkle ¥ where k €[0,N —1] Eq. 3-10

n=0

and the nverse Discrere Fourter Transtorm is given by
29
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N -1 2xikn

f(n)y=D F(k)e ¥ where ne[0,N 1] Eq. 3-11

k=0
The Fast Fourter Transform (FFT) is tunctionally the same as the Discrete Fourier
Transform (DFT) and they yield the same results. However the FFT has a time

complexity of O(nlogn) and s profoundly faster than the DFT which has time
complexity of the order O(n*) [Bracewell86].

The Fourier transform of a signal x[n] is X(e™). The signal is in the time domain
and X(e") is in the frequency domain. The time variable nis discrete and the
frequency vartable w is continuous. X(e™) is 27 periodic.

e Many sequences can be represented by a Fourier integral of the form
- ]ZX "Ye"™ dw Eq. 3-12
x[n]= 27 - (e™)e q- 3-
where X(e™) in discrete-time (signal processing notation) is:

X(™) = Zx[n]e"“"’ Eq. 3-13

n=-w
In general, the Fourier Transform is a complex-valued function of w. In “rectangular”

torm the Fourier Transtorm can be expressed as :
P

X(e™)= X (e™)+iX,(e™) Eq. 3-14
In “polar” form, the Fourter Transtorm can be expressed in terms of the magnitude

p P gn
[X(e™) and phase ZX(e™) as

BN | VL, W 12V (™) - -
X(e™)=slX(e™)e™ " [Eq. 3-15
The reason for providing this expression in “polar” torm s to use the phase in

determining the direction of the gradient in a two dimensional vector field.

30
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e Another point is that, by Parseval’s energy equality, for finite energy signals. the energy

15 the same in the nme doman and the trequency domain

Total Energy = J‘If(t) Tdt = J-[F(w)|: aw Eq. 3-16

For any function f(x), let f,(x) denote the dilation of f(x) by a scale tactor of

a. Then
1
fu= ) Eq. 3-17

e For a two dimensional case, let L*(R*) be the Hilbert space of measurable, square-

integrable functions. The classical norm of f(x,y) € LI*(R") is given by
A = T J1f eyl dxay Eq. 3-18

-0

e The two dimensional Fourier Transform is given by the formula [Weaver83]

o

Fowow)= | [ FGep)e™ ™™ dedy Eq. 3-19

DO
e The convolution theorem states that the convolution in the time domatn is equivalent
to multiplication in the frequency domain. Similarly convolution in the frequency
domain 1s equivalent to multiplication in the time domain. Using the functions that
were used to define the one and two dimensional convolutions, we can represent the
relationships as:
For the one dimensional case
F(x)*h(x) < F(w)e H(w) Eq. 3-20

F(w)xH(w) < f(x)eh(x) Eq. 3-21
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where F(w) and H(w) are the Fourier Transforms of the functions f(x) € L (R)
and A(x) € L*(R) respectively and w is the variable denoting the frequency.

For the two dimensional case:

S yyh(x,y) < F(w,,w,)e Hiw, w,) Eq. 3-22
Fw ,w  xH(w,.w, )& f(x,y)eh(x,y) Eq. 3-23

where w,_and w, represent trequencies in the two dimensions x and y. F(w, ,w,)
and H(w,,w,)are the Fourier Transform of the functions f(x,y) € L*(R*) and

h(x,y) € *(R*) respectively. The * denotes the convolution operator and e
denotes the multiplication operator.

e For any function of f(x,y) € L*(R*), let f,(x,y)denote f(x,y) dilated by a factor
a. Then

1

lal

fole)=—3f (g,f) Eq. 3-24

A translation operation applied to a function w(#) in combination with a scaling
action, this composite operation, is referred to as an affine operation. The affine
operation simultaneously scales and translates the independent variable.
Mathematically (assuming real numbers) the atfine operation maps the original varable

X 1nto a new independent x’ by the formula

x-b
a

X' = Eq. 3-25

where a 15 the scale parameter and b is the translation. It should be noted that affine

operations are not commutitive.
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3.3 Digital Signal Processing

Suppose a signal f(f) is represented by N sample points separated by Af. The rotal rime
interval over which the signal is sampled 1s:

T'= NAt Eq. 3-26
where 7T is the truncation window.

3.3.1 Sampling

Continuous signals sampled at a frequency of twice the Nyquist frequency can be
reconstructed pertectly by the Whittaker-Shannon sampling theorem. For a digital
computer to process any signal it has to be sampled. When we sample a signal x.(f), we
normally do so at a uniform sampling rate for a tixed period of time. The process of
sampling can be viewed as using an impulse train modulator followed by the conversion of
these values to a sequence. The ditference between the sampled signal values x_(¢) and the
sequence x[#], is that x_(f) is a continuous signal (specifically an impulse train) that is
zero except at integer multiples of T. The sequence x[#], on the other hand, is indexed by
the integer variable #, which, in effect, introduces time normalization. This means x[n]
contains no explicit information about the sampling rate. In other words, samples of the
continuous signal x.(#) are represented by the finite numbers x[2] rather than as the
area ot impulses in x (7). When sampled speech signals or signals obtained from any
process, even image signals are examined, they are basically a uniformly sampled sequence
x[n]. The Fourier Transform consists of periodically repeated values of the Fourier

Transtorm ot the continuous signal x.(f). The periodically repeating coptes of the

Fourier Transtorm ot x (1) are shitted by the sampling trequency T and then
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superimposed to produce the Fourier Transtorm ot the sequence x[{#]. Figure 3-4 shows
the continuous-time Fourter spectrum of a band limited signal and that of a sampling
tunction. It also shows the spectrum after the two signals are convoluted with no aliasing
and with aliasing.

Since a signal can be sampled with a finite number of points, this sampling process
truncates the signal by ignoring any value of the signal that is outside the truncation
window. This has the same result as setting all values of the signal to zero outside the
window. Since the sampled signal consists of N independent measurements, it is

reasonable to compute using a total of N points on the spectrum. Since we assume f(¢)
is sampled with spacing Af, its spectrum, F(s) is periodic with period yAt' If we
, consider N evenly spaced sample points on the spectrum F(s)of f(¢) and consider one

cycle of this periodic spectrum centered about the origin; then N points computed by

1 1
either DFT or FFT on F(S) is over the range —ES s< AL If the N points in the

Frequency spectrum are separated by an interval As, then the entire period is NAs.

Hence
NAs = 1 Eq. 3-27
.Y; o
implies
A 1 1 Eq. 3-28
S=-——=— Q. -
NACT T k
It we consider a band limited signal with 5 as its highest frequency, then s, = AL I'he

maximum trequency that can be computed is inversely related o the time domain sample

spacing.
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Figure 3-4 : This figure shows (a) Fourier spectrum of a band limited signal (b) Fourter
spectrum of a sampling tunction (c) Spectrum of the sampled signal without
aliasing and (d) the spectrum of the sampled signal with aliasing
[Oppenheim89].

The sample spacing in one domain dictates (or is dictated by) the truncation width in the

other domain. It we compute high-tfrequency components of the spectrum, then we must

finely sample the time domain. High resolution in the spectrum (small As) warrants use of

a large truncation window in the time domain, even it the function is narrow. Another
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observation that can be made for real signals (the case ot signals from speech, images, etc.)
s that the spectrum F(s) s Hermite [Castleman96][Vitterli92]. The lett halt of the
spectrum 1s 2 mirror image of the right half of the spectrum. Therefore, from the point of

N N

view of information content, the *7/5 realand the %/ imaginary values in the left halt of

the spectrum are redundant.

3.3.2 Filtering and Convolution

The most common operation in signal processing is filtering. Digital filtering can be

implemented in at least two ways.

1. The filtering operation could be implemented by digital convolution of the sampled
signal x[71] and the filter coefficients A[n].

2. The second method involves transforming of the input signal x[n] and the filter
impulse response A[#] to the frequency domain using the Fourier Transform and then
performing a simple multiplication.

It either the signal sequence x{n] or filter coefficient sequence A[n] is of shorter duration,

then digital convolution s computationally efticient. In wavelets, the filter coefficients are

of tinite length. They are called Finite Impulse Response filters. Digital convolution seems

to be a better choice for digital filtering.

Most naturally occurring signals are band limited. If the input signal f(#) is band limited

i
" 2At

to 8, ==, the convoluted signal would also be band limited and with suitable

mterpolation, the signal can be reconstructed. However there is inherent truncation which
destroys bandlimitedness and additionally causes some aliasing. The effects of aliasing can

be reduced to tolerable levels by over sampling, or by low pass tiltering prior to sampling.
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From digital signal processing techniques, we know that convolution with the impulse
response produces artitacts at both ends of the truncation window by smearing the
discontinuity. While the smearing ettect at the ends of the truncation window cannot be
avoided completely, it can be reduced to tolerable levels by :

1. making the truncation window wide with respect to the important components of

the signal, so that nothing of interest is damaged.

o

arranging tor x[n]to have equal amplitude at each end of the truncation window, so
that little or no discontinuity appears when it becomes periodic. This is usually done
by multiplying the truncated function by a windowing tunction

[Castleman96][Vitterl192] .

Figure 3-5 : Shows a sinc function.
The box function shown in Figure 3-6 is also the representation of an ideal low pass filter.
Sub-optimal filters particularly those that are easy to implement by computer (the Haar or
box tunction filter) can introduce artitacts into an image, usually without warning. Filters

involving the rectangular pulse in one domain, have an unsavory behavior in the other
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domain due to the intinite waves of the sinc ( j tunction producing a Uringing”
7

ettect. The sinc function and its Fourter are shown in Figures 3-5 and 3-6.

H,(j$2)

-l
It

Figure 3-6 : Spectrum of the sinc function - ideal low pass filter
3.3.3 Down Sampling
Signal processing sometimes requires down sampling and up sampling of the signal. Down
sampling [Aravena95][Oppenheim89][Strang96] is the process where alternate sample
points are discarded and a new signal v[n] is created. The index for the new sequence is
the same as before but the sequence values correspond to every other point of the
previous signal. This can be represented by the transformation in the spatial domain as
shown below:
vin]= ({2)x or v[n]= x[2n] Eq. 3-29
In the Frequency Domain down sampling causes the Frequency response magnitude to be
scaled down by a factor of 2. This is exactly the amount by which the sampling rare is
reduced and the Frequency Spectrum gets “spread-out” by a tactor of 2. Frequencies are

doubled when compared to the original sequence.
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Figure 3-7 : Downsampling

(a) Figure 3-7(a) shows the Fourier Transtorm of a bandlimited continuous-time
signal:

(b) Figure 3-7(b) shows the Fourier Transform of the impulse train of samples
obrained with sampling period 7'

(¢) Represents the Fourier Transform ot the impulse train of samples just as in Figure
3-7(b) but here the we are changing the frequency axis from Q to o:

(d) Figure 3-7(d) shows the discrete-time Fourier Transtorm of the downsampled by 2
with trequency represented as @ :

(e) Figure 3-7(c) shows the same downsampled signal as in Figure 3-7(d) but here the
frequency axis is in continuous time by Q.
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Mathematically this translates to:

V(w) = %[F(%) + F(‘—;— +7z)] Eq. 3-30

Figure 3-7 [Oppenheim89] shows the Fourier Transtorm of a bandlimited continuous-
ome signal and the Fourier Transform ot the sampled signal with sampling period 7.
Down sampling is illustrated in the Figure 3-7(d) and 3-7(e). In image processing this
means that we examine the signal with a lower resolution. Down sampling can also cause
aliasing it the highest frequency in the band limited signal w, does not satisty the relation
w,M({x , where M is the down sampling rate (in the previous example A was 2).
Down sampling reduces the signal length in the time domain by half if the down sampling
rate is 2. Down sampling is a common signal processing technique. In image processing
applications it allows for lowering the image resolution. Since the filters in the Wavelet
Analysis typically remains the same, application of the filter in a iterative fashion leads to
frequency banding.

3.3.4 Up sampling

Up sampling [Aravena95][Oppenheim89]{Strang96] is the process when the sampling rate
is increased by a tactor L. For purposes of simplicity, let us consider L =2. Typically a
zero is inserted between every other sample thus increasing the number of sample points
by 2. Figure 3-8 [Oppenhetm89] illustrates the up sampling process in the trequency
domain. This is a process that (in some ways) is considered the opposite of down
samphing. Mathematically this is represented as:

vin]= [T 2]x[n] Eq. 3-31

v[2n] = x[n] Eq. 3-32

40

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



v2n+1]=0 f2g. 3-33

X 1oy
1
-Sd Qu O
las
Xl
N [ ]
T
/’\/]\/\
-2 -7 = 2x w = 52Y
Kele™t
as =2
T
—er = _z PR o,y weBT
[ L L L T [
=
Hlelv]
L
1 [] 1 1
=21 - I x b w=0r
L L
£}
X le>)
LI Y
T 7T
/\ 1 1 /\
-3 — -2 JA 4 ko) wer
8 L

Figure 3-8 : Upsampling

a) Figure 3-8(a) shows the continuous-time Fourier Transtorm of a bandiimited signal.

b) Figure 3-8(b) shows the discrete-time Fourier Transform of the sampled bandlimited
signal.

¢) Figure 3-8(c) shows the Fourier Transform of the signal in Figure 3-8(b) down
sampled by 2.

d) Figure 3-8(d) shows the Fourier Transtorm of a ideal low pass filter with gain ot 2

o .

and cutoft trequency ot P

e) Figure 3-8(e) shows the Fourier Transtorm of the original signal after it subjected to
upsampling and then filtered with the low pass filer shown in Figure 3-8(d).

11
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In the Frequency domain this translates to the magnitude of the Frequency response ot
the oniginal signal being scaled up by a tactor of L, which in this case 1s 2. The Frequency

spread shrinks by a factor of L and the frequency w, becomes —*. There are L copies

L

ot the spectrum in the range [O,27z]. This can be represented as:

Viw) = F(2w) Eq. 3-34
Instead of inserting zeros between every other sample point, usually a linear interpolation
is done. If the intermediate points are fit with a Gaussian curve, then the Gaussian curve is
used instead of the zeros in the upsampling process. This filtering leads to the “Gaussian
smoothing”. “Gaussian Smoothing” is commonly done in Medical Imaging where a three
dimensional image is generated from two dimensional MRI or CT slices. The inter-slice
points are obtained by “Gaussian smoothing”. Most of the commercial signal processing
sottware provide an upsampling function. The software must be used with a caution

because they may actually be an interpolating function, instead of upsampling with zero.

yd
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Y
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Figure 3-9 : Figure shows a plot of a simple sine wave
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Figure 3-10 : The above tigure shows the sine wave in Figure 3-9 with a non-linear phase

added.
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Figure 3-11: The above figure shows the sine wave in Figure 3-9 with a linear phase
added.

3.4 Frequency Domain Analysis

The Fourter Transform yields a break down ot the frequency components of the signal.
Another way ro say this s, that the Fourier Transform yields the frequency magnitude
response and a phase response in terms of the frequency. These characteristics are a

tunction of only the frequency. They provide no idea about how the trequency changes
43
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with respect to time. The Frequency Magnitude Response contains intormation about the
intensity and the phase contains information about the wavetorm. Lincar phase systems
introduce what 1s called an ideal delay but preserve the wave torm. Figure 3-9 shows a
simple wave. Figures 3-10 and 3-11 show the same wave as in Figure 3-9 with a non-linear
and linear phase added to it, respectively. From Figures 3-9, 3-10 and 3-11 we can observe
that linearity preserves waveform. Linearity of phase causes the most acceptable torm of
signal distortion which makes signal reconstruction easier. [t is for this reason that digital
tilters are usually designed with a linear phase.

3.4.1 Fourier Transform

The Fourier Transform [Vitteri92][Weaver83][Young93] is very useful for stationary
signals. The Fourier Transform is a technique for representing a signal in terms of its
spectrum. In signals that involve music, speech, images, etc., the spectrum evolves over
time 1n a significant way. Their frequencies are constantly changing. This time evolution of
these frequencies is not retlected in the Fourier Transtorm, at least not directly. The
Fourter Transform contains information about the frequencies of the signal over all times
(duration of the signal) instead of showing how the frequencies vary with time. Thus, there
18 no localized information when the Fourier Transform is considered.

For signals such as images with sharp variations, or signals with sharp discontinuitics, a
problem with the Fourier Transform is that in order to accommodate a discontinuity or a
“steep-chmb”, high frequency terms appear that are not localized but are added
everywhere.

This limitation led to the introduction of two-dimensional signal processing tools which

provided |Kaiser94][Chan93):

4
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e ume-frequency representations. For example, the narrow Band  Ambiguity
Function (AF), Wigner Distribution. Short Time Fourier Transtorm, erc., provided
the spectral properties that are time dependent, ie., non-stationary or quasi-
stationary.

e ume-scale representations. For example, the wide Band Ambiguity Function,
Wavelet Transtorm, etc., extract the localized contributions of the signals with the
scale parameter.

The delta function §(¢) , has an infinite temporal resolution and no spectral resolution as
illustrated in Figure 3-12. Figure 3-12 also shows the Fourier Transform or spectrum of a
time limited function.

The Fourier Transtorm is slave to the Sine and Cosine functions. When we compute the
Fourier Transform, we are actually representing the function in terms of Sine and Cosine
functions which are periodic functions. The Fourier Transform is actually a great tool for
analyzing stationary signals. However they are inadequate when it comes to representing
non-stationary signals. Gabor Transforms attempted to address this problem. The Fast
Fourier Transtorm is simply a more computationally efticient reformulation of the Fourier
Transform.

3.4.2 Walsh Transform

The difficulty of the frequency spectrum being unable to provide a time component can
be overcome with the Walsh transform. This transtorm has properties similar to the
Fourter Transtorm, but with piece-wise constant bases instead of the exponentual sine and

cosine bases [Fournier94].
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Bases and Resolution

Infinite Resolution (infinite energy)

Fourter Basis
() cos(agt)
oo temporal resolution 0 temporal resolution
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Finite Resolution (finite energy)
fime-irmited band-imited
A
R O\ S
T = O/ 1V
rect(t/T) sinc(t/T)

Good temporal resclution  Poor femporal resolution
Poor spectral resolution Good spectral resolution

Figure 3-12 : Shows figures of functions with poor and good spectral resolution[Orr96).

The Walsh Transtorm cocfficients are given by:

143
!

If(””{(’)dt Eq. 3-35
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where

D | —

x__‘ 1 ‘ 1
W, ,(0)=(-1)* ' x [W;(Zt + 5—)4—(—1)("" W (2r— -)J Eq. 3-36
with w,(£) =1, where j ranges trom 0 to ®,and ¢g=0 or 1.

1 i . I
E <t< > and are O outside of this interval.

The Walsh tunctions are normally detined —
The orderings for their index /is usually equal to the number of times the function
changes sign (zero-crossings of the function). Figure 3-13 is a time domain representation
of the first 8 Walsh functions.

The Walsh tunction can successfully be used to represent certain discontinuities if they
occur at integral values of the spatial or time variable. But for the vast majority of signals,
where discontinuities may occur anywhere in the signal, the Walsh Transform introduces
high frequency terms that are added globally for all ¢ to deal with singularities. Therefore,
the Walsh Transform sutters from the same deficiency as other transforms of unlocalized
informaton.

3.4.3 Short Time Fourier Transform

The STFT [Chui][Rioul91][Kadambe92] attempts to deal with the non-stationary aspect of
signals by chopping the signal or windowing the signals into short consecutive segments
and then computing the Fourter Transform of the Windowed Signal. In the Gabor
Transtorm a Gaussian Window is used.

The STFT of the signal f(r) is defined as:
STFT(w,t) = | f()h" (¢ = 2)e ™ d Eq. 3-37

where /(1) is the sliding window function centered ar time 7.

17
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Figure 3-13 : Figure shows Walsh functions [Fournier94]
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In mathematical terms this equation s an expansion ot the signal in terms ot a tamily of

mt

functions  A°(fr = r)e™ . which are generated through transhtions 7 in time and
translations w in frequency. In the case ot the Gabor Transtorm [Gabor46] the sliding

window s 4 Gausstan Window of the form

h(t) = h(0)e™ and STFT(w.7) € L*(R*) Eq. 3-38
This transtorm is often used in signal processing especially in the processing of speech
signals. This implementation is done by convolving the original signal with a constant
shape window function like a Gaussian window, computing the Fourier Transform, and
then repeating the process traversing across the length of the signal. The results can be
plotted in a time-frequency plane where the size of the window remains the same
throughout the plane. One known problem with this method is that it does not capture
frequency changes that occur inside the window. One way to capture frequency changes
with time 1s to decrease the size ot the windowing tunction. However, this results in too
many windows and increased computational time. Additionally, the lower frequency
components are poorly resolved. It is not possible to obtain arbitrarily fine localization in
time and tn trequency due to the uncertainty principle. The uncertainty principle dictates
the lower bound for the time-bandwidth product of possible basis functions by the

equarion

At e Aw 2'4—1—- Eq. 3-39
T

where (Af) and (Aw) are variances of the absolute values of the function and its Fourier
Transtorm respectively [Chui][Araven93].
The I'ourter Transform provides information regarding how the amplitude changes with

trequency or the phase changes with trequency. The windowed Fourier Transform (STFT)
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decomposes a tunction into a set of trequency intervals of the same size in the frequency
domuain. The spatial and trequency resolution of a Windowed Fourier Transform is
constant. In most naturally occurring signals like speech, images, seismic signals, music,
etc., high frequency components are ot shorter duration and low frequency components
are ot longer duration. With a single constant window, it is difticult to analyze both the
fine and large structures of an image. The single window resolution also introduces
misleading high frequencies when decomposing local features Mallat89][Mallat92.1]
[Mallat92.2].

Consider a function f(f) that changes from a value of O to 1 in a very short interval of
ume Al in the neighborhood of some point ¢,. The function has a value of 0 prior to
the edge £, and has a value of 1 after the edge. Additionally assume that the rise of the
edge, in the neighborhood ¢, 1s a pure sinusoid wave of frequency w,. It is reasonable to
expect that the STFT coefticients would decrease rapidly for terms with frequencies
greater than w,. However, in reality, this does not happen because the edge is very
localized and has only halt of the sinusoidal wave’s period. Consequently when the
frequency w is large with respect to w,. the modulus of the STFT coetficients
S(t,,w) decreases slowly. Although the signal f(£) is locally a pure sinusoidal wave of
trequency w,, at a frequency 2w, , the STFT coefficient |S(z,.w,)| is still about half the
value of [S(¢,.2w,)| according to Mallar. This numerical property makes it hard to
interpret the Windowed Fourier coefticients when the feature is very localized with respect
to the size of the support window funcrion A(f) . From a compurtational standpoint, the
mnability ot the STFT to produce an orthonormal decomposition also muakes it less

desirable [Chan93] [Young93] [Rioul92].
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3.4.4 Wigner-Ville Distribution

Wigner-Ville distribution  was  first developed tor characterization ot phase-space
uncertainty in Quantum Mechanics [Wigner32]. Since phase-space uncertainty and time-
trequency uncertainty are analogous, it is a tool for time-frequency analysis [Classen80).
The Wigner-Ville distribution is a time-varying power spectral density function computed
as a time-varying, instantaneous estimate of autocorrelation [Kadambe92]. The Wigner-
Ville distribution attempts to overcome the time versus frequency trade off of the STFT

with a distribution that can be represented as
wi(t,w) = If(t + %)f'(t - %)e_:"mdr Eq. 3-40

where f° is the complex conjugate of f. This corresponds to the Weyl-Heisenberg
coherent state arising from translations and modulations of a single function.

This distribution exhibits 2 number of useful properties like time-frequency support or
nonpositivity, instantaneous trequency or beat frequencies (being real valued and perfectly
localized for chirp signals)[Kaiser94], group delay, etc. By its bilinear nature, it introduces
cross-correlation terms in the time-frequency energy representation. This makes
interpretations of the coefticients difficult. Its Wavelet Transtorm also exhibits cross terms
in the energy distribution, however this is overcome by choosing the wavelet such thar the
Fourter Transform of the wavelet F(w) =0 for w <0.

3.5 Wavelets and Filter Banks

As quoted in the literature [Viterli92][Mallat97][Duchowski98) that a constant logarithmic
scale tor frequency is natural to the ear and natural to the human eve. So the preference
would be to observe high frequency components in a highly localized time window and to

observe the low frequency components with longer time windows or windows with better
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trequency resolution. The Wavelet Transform being a function of scale and space provides
this opportunity. Pertorming atfine operations on the single prototype wavelet, usually
reterred to as “mother wavelet” in wavelet literature, creates a set of scaled and translated
versions of the mother wavelet called the wavelet basts set and this set serves as a set of
basts functions tor the analysis and synthesis of tunctions. Mathematically, the Continuous

Wavelet Transform (decomposition) of a function f(#) with respect to a “mother

t—b R
wavelet” y,, = %/ZW(T) for a>0 can be written as inner products in L (R) as

shown :

Wil fa.0) =<1 (0, v{%) »% I f(t)@a? Eq. 341

where a,beR.

e The tactor %/Z ensures that the functions y/,, have a constant norm in the space

L*(R) of square integrable functions.
Here the original function f(f), a function over the independent variable 7, is mapped
into a new two-dimensional function across scale aand translaton b. A wavelet
coefticient WY[f](a,b) at a particular scale and translation represents how well the signal,
S(£), and the scaled and translated y(f) “mother wavelet” match. Therefore, if a part

of the signal f(¢) is similar to the “mother wavelet” at a certain scaling and translation,

then the wavelet coefticient at that scale and translation, WY[f](a,b), will have higher

magnitude. In other words, the coetficient represents the amount of correlation between

the signal and the wavelet at a particular scale and translation.

U
N
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Since wavelets provide a tinite impulse response filter, convolution in the time domain ts a

, - . e . : !
way to obrain rthe waveler coetticients. The bandwidth of the filters is proportional o —
a

[Prasad97][{Strang96][Young93]. The scale parameter @ is normally chosen such that it is
inversely proportional to the trequency w to obtain a time-frequency representation
[Kadambe92][aravena96][Strang96][Young93]. Since the scale a is chosen to be inversely
proportional to the frequency w, the Wavelet Transform provides high spectral resolution
and poor temporal resolution tor low frequency. By the same argument, when a is small
the Wavelet Transtorm provides high temporal resolution enabling a zooming in effect of
the singularities, and other local features of the signal.

The remainder of this section addresses the types of functions that are admissible as
wavelets and their relation to multiresolution analysis.

Wavelets are localized waves or functions with mean zero. For a function to be a wavelet it
must satisty the following conditions [Aravena95][Chan93] [Kaiser94][Young93]:

. the wavelet must have compact support.

2. J-(//(t)dt = (0) = 0. This condition implies that the zero frequency component must

T
be zero. w(w) is the Fourier Transform of w(t). This condition implies that the
wavelet exhibits an oscillatory behavior, i.e., the function takes on both positive and
negative values.

Figure 3-14 provides an example of a waveler namely the Flaar Wavelet and its spectrum,

Figure 3-14 also includes the scaling function and tts Fourier Spectrum tor a Daubechies

wavelet with 8 vanishing moments.
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Figure 3-14 : This figure shows the Haar scaling function and Haar wavelet along with the
Fourier spectrum of each of these functions. The figure also shows the
Duabechies D8 wavelet and its Fourier spectrum [Orr96].

For computational efticiency integral powers of 2 are used for frequency partitioning and

this provides a binary dilation of 27, a dyadic translation of 57 and a typical wavelet set
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obtaned from W(Z’x—k)Vj,k €Z. This 1s normalized to a unit magnitude and yields

basts functions ot the form

gz//.,\_(t)=2§y/(2fx—k). Eq. 3-42
This basis will constitute an orthonormal basis if

v,y .., (r)> =3, ®3,, Eq. 3-43
O is the Kronecker delta.

Any [*(R) function can be approximated, up to as arbitrarily small precision by a finite

linear combination of the y, , [Daubechies88][Daubechies93].

The Wavelet transform WT[f](l/Z’ ,k/2’) yields an integral wavelet transtorm evaluated

at dyadic position b =k/2’ with binary dilation @ =27’ [Orr96]. The existence of the
inverse wavelet transform depends on the choice of the mother wavelet .
Mathematically for the inverse transtorm to exists, the wavelet must satisfy an admissibility

condition

J‘ '/’ (W)l

Eq. 3-44
Il
The reconstruction formula tor the function f is given by
C, tdat (t—b)
1) = —|\W D)y ——|db Eq. 3-45
(0 s _[af 1 a.b)w " q 3-45

tor @ > 0. It is these conditions on €, that require w(0) = 0 and that w oscillates. If

w
oscillates  then .[l//(t)dt =0 = y(0) =0. The Continuous Wavelet Transtorm is more

like a group of Short Time Fourier Transtorms with a different window for each

w
U

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



trequency. The STFT, (reter to Eq. 3-38) are obtained by translations through rime and
rranslations  in frequency thus providing a constant bandwidth and generating a

spectrogram with tixed spectral and temporal resolution. In contrast, the Wavelet

e L . b A(t-b) . )

I'ranstform is an expression in functions ot Tl// ) generated by translations of
a

b in time and dilations of a in scale.

Both the STFT and the Wavelet Transtorm are highly redundant when the parameters
(w, Z') and (a,b) are continuous. Therefore, the transtorms are evaluated on a discrete

grid on the time-frequency and time-scale plane. Another reason for this is to reduce the
required computational time. When this grid allows a set of basis functions to be an
orthonormal basis, we get a parsimonious representation meaning to say there is no
redundancy. This s a very natural process for signals obtained from images. Usually we
consider a dyadic grid; however, there is a good reason to consider a biorthonormal
wavelet basis. Practical uses of a non-orthonormal basis is not common at this stage of
evolution; however, permitting one and allowing redundancy for the purposes of error
correction especially in the case of communications over network lines shows its
importance.

When using Wavelet Transtorms we will construct, in this research, wavelets or wavelet
coetticients that lead to perfect reconstruction, especially when quantization errors are
not considered. These filters in the analysis and synthesis banks are anti-aliasing meaning
they cancel aliasing. To make matters easy, quadrature mirror tilters may be added as a
condition to make the construction of the synthesis bank filters from the analysis filrers

(or vice versa).

0
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From a signal processing point of view, a wavelet is a bandpass filter. In the dyadic case it
s acrually an octave band filter. The Wavelet Transtorm can be interpreted as a
constant-Q filtering with a set of octave band tilters, tollowed by tiltering at the respective
Nyquist frequencies (corresponding to the bandwidth of that particular frequency). Based
on this interpretation the multiresolution analysis view was introduced by Mallat [Mallat89)
[Mallat92.1] and Meyer [Meyer92]. This multiresolution view is essentially a successive
approximation procedure where we consider the signal at different levels of resolution.
This process 1s widely used in image compression, computer vision and signal processing.
The wavelet decomposition is a successive approximation method which adds more and
more projections onto detail spaces or spaces spanned by wavelets and their shifts at
different scales.

3.6 Conclusions

Wavelets can be used as a tool for detecting singularities. In this dissertation, wavelets will
be used to detect the singularities. The location of the singularities leads to a set of points
that are then employed, to register medical images. How this is done forms the contents
ot the next chapter. The next chapter dwells into the two dimensional algorithm to find
the wavelet coetficients where in one case the image is down sampled at each stage of the

iteration and in the other case the filter coetficients are upsampled instead of the down

sampling of the image matrix.
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CHAPTER 4

WAVELET MODULUS MAXIMA IMAGE

4.1 Introduction

Singularities and irregular structures carry important information about signals. Images
with sharp changing intensity or gray scale provide the locations of the object contours.
This 1s useful in the recognition of edges, boundaries and important features.
Decomposing signals with the Wavelet Transtform into elementary building blocks that are
localized both in space and frequency, can characterize the local regularity of signals. The
local regularity of a tunction i1s normally measured with Lipschitz exponents and these can
be used for signal characterization.

4.2 Definitions and Derivations

The information presented in this section is purely for information and background
purposes, so that the reader would have a better comprehension of the research. The
information that forms the initial part of this section comes from various sources and is
mostly what would be the content of a senior level or graduate course on “Real Analysis”
[Aravene96][Burden93]|[Mallat92.2][Cohen89][Rovden88]. However the content is
presented in the context of its application to this research. We have also presented a more
detailed derivation of some of the results because the current reviewed literature assumes
these results to be trivially obvious. At the carly stages of this research, it was felt that the
Lipshitz exponents could be also be used in our technique to register images. However as
we developed our registration method, we realized that it was not significant to our

method. Theretore the technique we developed does not use Lipschitz exponents. The
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registration  technique developed in this research uses the Wavelet Modulus  Maxima

trechnique developed by Mallat [Mallar89] [Mallat92] and Zhong [Zhong90]. The

theoretical 1ssues relating to the Wavelet Modulus Maxima is discussed in section 4.3.

e A\ tunction f:[a,b]—)R 1s said to sausty a Lipschitz condition with Lipschitz
constant L on [a,b] if for every x,y E[a,b] R
f ()= f)| < Le-)] Eq 4-1

e If fsatsties a Lipschitz condition with Lipschitz constant L on an interval [a.5]
then
f eC[a,b] Eq. 42
1e., f is continuous in the closed interval [a,b].

e Let fbea function defined on aset X of real numbers and x, € X. fis said to be
continuous at X, if

lim /(x) = f(xy) Eq. 4-3

X=X,
The function fis said to be continuous on X if it is continuous at each number in

X . C(x) denotes the set of all continuous functions on X .

e It fhas a derivative that is bounded on [a,b] by L, then fsatisties a Lipschitz
condition with Lipschitz constant L on [a,b].

e A function f(f,y) is said to satisfy a Lipschitz condition in one variable y on a set

DeR’, provided a constant L > 0 exists with the property

!f(t,y,)—f(z,y:) = LLVI V2 Eq. 44
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whenever (I,yl ) (l,yz) eD. L iscalled the Lipschitz constant tor f. If for L >0

Eq. 4-5

2,

tor all (I,y) €D then f satisties a Lipschitz condition on D in the variable y with
Lipschitz constant L .
From elementary calculus we know that the continuity of a function at a point does
not imply difterentiability of the function at that point. However, differentiability does
imply continuity.

e Let n be a positive integer and let & be such that n<a <n+1. A function f(x)is

said to be Lipschitz a at x,, if and only if there exists two constants A >0 and

hy >0 and a polynomial of order n, Pn(h) , such that for A< A,
£ (e, + 1) - P,(W)| < AlH® Eq. 46

¢ The tunction f(x)is uniformly Lipschitz @ over the interval (xl ,xz), if and only if
there exists a constant A >0 and for any x,,x,+h €(x,,x,) there exists a
polynomial of order n, P,(h) such that
\f(x, +h)— P,(W)| < Alb* . Eq. 4-7

e Lipschitz regularity of f(x) at x,, is the superior bound of all values « such that
S (x)is Lipschitz « at x,.

e A tunction is singular at x,, if it is not Lipschitz lat x,.

e It f(x) s Lipschitz o, for @ >n, then f(x) is # times ditferentiable at x, and the

polynomial P,(h) is the first #+1 terms of the Taylor series of f(x) at ¥, .

60)
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Note that for n=0, P(h) = f(x(,).
Suppose f e(,"'[a.b]. S exists on [a,b] and x, E[a,b]. For every x E[a,b]
there exists £(x) berween x, and x with

f(x)=P(x)+R,(x) Eq. 4-8

where

) v+ Y ) T
+f (x(,)(x xr)) +...+f (""0)("r XO)

P,,(x):f(x0)+f“’(x0)(x—xo) i o Eq. +4-9
n £ v ¥
Pw=37 (x"l(,x %) Eq. +10
and
{nel) _ n-1
R,,(x)zf (&) Eq. 4-11

(n+1
The Taylor polynomial [Burden93] is also called a Maclaurin Polynomial (if x, =0)
and that Taylor series is called the Maclaurin series.

e The Lipschitz regularity «, gives an indication of the differentiability of f(x). If the
Lipschitz regularity &, of f(x) where n <, <n+1 is n times differentiable at x,
but its #” derivative is singular at X, then ¢, characterizes this singularity.

e It f(x) is Lipschitz then its primitive g(x) is Lipschitz a +1. However it is not true
that 1f a function is Lipschitz @ at a point x,, then its derivative is Lipschitz @ -1 at
the same point.

e If a is notan integer anda > 1, a function is uniformly Lipschitz @ on an open
interval (x,,x,), it and only it its derivative is uniformly Lipschitz @ —1 on the same

interval.

6l
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The local maxima of the Wavelet Transtorm modulus provides enough intformation
tor analyzing singularities [Lu94|[Lu96][Holshneider93][Mallat92}. These authors prove
that the modulus maxima detects all singularities and the local Lipschitz exponents can
be measured from their evolution across scales. The local frequency of the oscillations
of a digital signal can be measured trom the points where the modulus of the Wavelet
Transtorm is a local maximum with respect to both the scale and spatial variable
[Rioul92]{Zhong90]. By analyzing the Wavelet Transtorm Modulus Maxima across
scales, the white noise present in the signal can be ditferentiated from the original
image information.

The classical tool for measuring the Lipschitz regularity of a function f(x) is to
evaluate the asymptotic decay of its Fourier Transform F(w). A bounded function

S (x) 1s uniformly Lipschitz a over R if it satisfies

IlF(w)‘(l+iw|")dw<+oo Eq. 4-12
where
Fw) = [ f(x)e™ax Eq. 4-13

This condition is suthficient but not necessary. This condition provides a global
regularity condition over the whole real axis, however from this condition it is not
conclusive whether the function is locally more regular at any particular point x,. This
1s because the Fourier transtorm unlocalizes the information along its spatial variable.
Hence, the Fourier transtorm does not measure the local Lipschitz regularity of a

tunction etticiently or accurately.
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It one assumes that a wavelet has compact support, then the value of the Wavelet
Transtorm W[ f1(a,x,) depends upon the values of f(x) in a neighborhood of
x,. In addition, the magnitude 1s proportional to the scale a. At fine scales (ie., tor
large values of a) the Wavelet Transtorm will yield localized information about f(x).

A Wavelet Transform does provide excellent localization in both time and frequency
especially as contrasted to the Fourier Transform, the Gabor Transform or the Short
Time Fourier Transform, Lapped Orthogonal Transforms, etc. [Holshneider]
[Mallat92.}{Strang96}.

e The number of vanishing moments relates to the smoothness of a function. To
discuss vanishing moments of tunctions, we first consider the vanishing moments of a

wavelet which are nothing but functions which satisty the certain conditions which has
been discussed in chapter 3. A wavelet w(x) is said to have n vanishing moments, if

and only if for all positive integers & < n, it satisfies,
[ x*yAx)dx = 0. Eq 4-14

As the number of vanishing moments increases in the time domain the oscillations of

the tunction increase and in the frequency domain the function exhibits a smoother
decay. The consequence of the cancellations of w(x) is that the values of
WIT f J(a,x,) are influenced by the regularity of the function f. In the previous

chapter the Wavelet Transform was detined as

wrlyJa.s)- <f ()w / E;_” . Eq. 4-15

| :
.- @ N . - .
where 1f C, = IM"@ < x , s inverse transtorm is:
9]
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R t—b -
~r=c) ] f’I""lf(-\')l(a.b)wLT) Eq. 416
This provides the basis ot the following derivation, for a wavelet ¢ with n+1

vanishing moments

‘<f~l//a.b> = '<f -P+P, %.b> = Kf— P, l//‘,_b>+<P, t//a.,,>| Eq. 4-17

|<f—P,y/a,,,>+<P,y/a_b> SKf—P, '//a.b>’+'<1’,%.b> Eq. 418

since '< P, '//a.b> =0 whenever the degree of the inner product is KP V. >\ <a-1

<a0 +ta, + 0+ +H'a, ‘//a.b> =a0<1, ‘//a.b> +a1<’, ‘/’a.b> +a2<t2, Wa.b)"'- : '+an<tn’ V’aj:)

Eq. 4-19
and, (Ly,5)=0, (t.¥,) = 0, (1) =0, (", 1, ) = 0. Eq. 4-20
Using these results and applying them to our equations we have
|W7If](a,b)| = l<f’yja.b> = {(f - Pw., >§ <G ”t - t()la}Ws:.b (”P’ Eq. 4-21
C fle—[ ., (it = C Va flay +6 -1, | ()i Eq. 422
lay+b-1,|" <l +[p-1") < C(al” " +}p - 1,]%) Eq. 423
Ca f_lay +b=1,"wlyly < C,Va f(la|”ly|a wlo— 1 Jw () Eq. 4-24
where T, =CC,. Let lb - t(,‘ <(Cia. From this we have
b—1,]" <|C,| lal”. Fq. 4-25

We now have
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b1 slal"( ¢ +|CS[“) Eqg. 4-26

lal®|y y

" b - t,)’a)’l//( y)ldy Eq. 4-27

WILf Na,b)l< Cova | (Ial" y

Wl Jat) < v [{lafb" +

C,

ala|a)'l//(y)'dy Eq. 4-28

Wi f)a.b)| < C.Va i(]al“lyl”lu/(y)’ + ’Cs!ala}alvf()’)l)dy Eq. 4-29

wir @) < C.va [lal* D [ (Day + Cova JIC,"lal )y Eq. 4-30
w1 f)(a,b) < lal"“:l’ K, +K, Eq. 4-31
w1l f fa.b) < Klal™? Eq. 4-32

This shows that as the scale a goes to zero, the amplitude of wavelet coetticients
|WT f1(a,b)] in the region Ib—tol < Cia decays rapidly if f is regular at ¢,, however
if f has some singularity at this point, the decay is slower [Cohen96].

C d” L
(l‘*‘l“’l)a;'/} = e f(x) exists for a < f and B> 1

If [F(w)| <
The Inverse Fourier Transform is given by the expression
()= [ Fovyer ™ aw Eq. 4-33

Ditterentiating both sides we have

d 174
dx"”

(1 [74
ax”® -

f(x)= %—7 F(w)e ™ dw = J F(w) (e"™ )dw = “. Fw)(2mw)™ (™™ )dw
L x -n -n -0

Fiq. 4-34
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x) = ;l.F(w)(2;a’1v)"(ez‘”x”)dw =(272)()" J-F(w)(w)“(e:”“”)dw FEq. 4-34

)| <[22 [ Fw)wl*dw Eq. 4-35
C

<[2)°| f e llwl,)‘”ﬂ Eq. 4-36

< KJ- I _*—l‘lwltlz)mp <wfor a<fand f>1 Eq. 4-37

As mentioned earlier in this section, a wavelet has # vanishing moments, if and only if

for all positive integers & < n, it satisfies the equation
[x*ylx)ae = 0. Eq. 4-38
4.3 Wavelet Modulus Maxima
For any integer p <n, F(w) can be factored into
F(w) = (iw)* y'(w) Eq. 439
where
1. F(w)is the Fourier Transtorm of w(x) and
2. w(x) is the p” derivative of y'(x), ie.

w(x) = dp —y'(x) Eq. 4-40

and y'(x) is an admissible wavelet. Hence

wWif () a.b) = f(x)*w,(x) =

(f(V) a Wu(‘f)) (d f(x)*y/u(‘c)) Eq. 4-41
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The Wavelet Transtform of f(t‘) with respect to the wavelet y/(x) 15 thus equal to the
Waveler Transtorm of its p” derivative, computed with the wavelet y'(x). and

multiplied by a” (ais the scale factor, and is inversely proportional to the frequency).
It p is an integer such that 0<a - p <1 the function f(x) is uniformly Lipschitz &

P

on an open interval ]ab[ if and only if P is uniformly Lipschitz @ - p in the

same interval.

It follows that the Wavelet Transform is well adapted to estimate the local regularity of
functions.

The Wavelet Modulus Maxima is useful in locating all the singularities in the signal.
This dissertation research makes use of this property of the wavelets to identify the
singularities in the images of the brain to do registration. Mallat et. al.
[Mallar89][mallat92.1][Mallat92.2] present the following argument regarding the

Wavelet Modulus Maxima. If 8,(x) is a smoothing function and f(x) is some signal
in L,(R), then edges with the scale a are local sharp variation points of f(x)

smoothed by 9a(x). Consider wavelets y'(x) and w*(x) defined as

://d‘(x) = de;:_x) and l//a:(x) = id%i(i) Eq. 4-42
W' fo)a.b) = fryl, () and WT2[f()]@.6) = Fxwl, () Eq 4-43
wr[reoka) = r+(a2) -l (s 0,(4) Eq. 444
wr*f (x))(a.b) = f*(a dTQ;(L)) = ac—g?(f(x)* 6,(x)) Eq. 4-45
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The Wavelet Transtform WT‘[f(x):Ka,b) and W'I'z[f(x)](a,b) are proportional to

the first and second derivative of f(x) smoothed by Q(V) For a fixed scale a

+

wT' [f(x)Ka,b) yields the local extrema with respect to the variable x and these
correspond to the points where W7~ [f(x)](a,b) changes sign, 1.e, zero-crossings of
wr* [f(x)](a,b). The locations where WT? [f(x)](a,b) changes sign, correspond to

the inflection points of the function f*8,(x) . The local extrema approach has several

advantages over the zero-crossings approach. An inflection point can be either the
maximum or minimum of the absolute value of the first derivative, see Figure 4-1. The

local maxima of the absolute value of the first derivative are sharp variation points of

S*6,(x), whereas the minima correspond to slow variation points. The two types of
inflection points can be distinguished by observing the value of WT'[f(x)Ka,b), but
they cannot be differentiated using the location on the x-axis where WT* [f(x)](a,b)
changes sign, ie., trom the zero crossings of W™ [f(x)](a,b). Theretore the

singularities can be detected by observing the behavior of WT' [f(x)](a.b). The

Canny edge detector uses a Gaussian smoothing function and is more suited for
continuous functions. However, it does not have a natural built in scaling function.
The Wavelet Transform has an advantage over the canny edge detector because it can
be easily adapted to discrete signals, espectally thosc using orthogonal wavelets. This
will work well with image dara. Another advantage of the Wavelet Transform Modulus
Maxima method s that elegant recursive tast algorithms can be used to reduce
computing time. We adapt the definition ot S. Zhong [Zhong90] to define Wavelet

Transtorm Modulus Maxima.
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A modulus maxima occurs at a point (a,,x,), it (a,,%,) is a local maximum of the

modulus, and furthermore in any neighborhood of (a,.x,) there is a point (a,.x )

with

risNas <) <[wrlsNas ).

Eq. 4-46

S (x)

Figure 4-1 : This figure shows a function and then the plot of the function convolved with
a smoothing tunction &, . The third plot from the top is a plot of the A
Wavelet Transform of the function, where the wavelet is the first derivative of

the smoothing function. The last plot is again the Wavelet Transtorm of the
function in the first plot. However the wavelet is so chosen that it 1s the
second derivative of the smoothing tunction [ Mallat92.1].
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The local extremum is any point (a,.x ) where ( dW T[fKa,.x, )) changes sign or
dx
\

has a zero-crossing at x = x, , when x varies.

Using the derivation lWT[f(‘c)](ab)[ < Ca® and by taking the log of both sides of
this equation

loglwT{ £ (x))(@.)] < 1og(C) + alog(a) Eq. 4-47

The Lipschitz regularity at x, is the maximum slope of straight lines that remain above

log’WT[f(x)](a,b)', in log scale. For our purposes of registration, only the modulus

maxima is used in detecting the singularities in the signal. We extend this definition to
more than one dimension by considering the local maximum of the modulus for all

the neighboring pixels.

Let H(x,y) be a smoothing function. (By smoothing function we mean a function
whose integral over xand y is equal to 1 and converges to 0 at “infinity””). For each
scale let 8, (x,y) represent the smoothing function at that a scale. Let f(x,y) be a
function representing the image gray values. Then the smoothed image (or low pass
image) 1s obtained at different a scales by convolving f(x,)) with 8, (x,y). The
gradient vector at any point 1s

V(f*6,)x.y) Eq. 448
The direction of the gradient vector at any point (x,.,) indicates the direction in the
image plane (x,y)along which the directional derivarive of f(x,y) has the largest

absolute value. Edges are points where the modulus of the gradient vector 1s maximum
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in the direction towards which the gradient vector points in the image plane. Let

w'(x.v) and ¥ (x.y) be two wavelers where

dB{(x,y
v'(x,y) = c(ix ) Eq. 4-49
w:(x.y)*—*‘ﬁ-g—'-;’i)- Eq. 4-50

Since we will be considering the Wavelet Transforms at different scales, we can

represent the wavelet functions at ditferent scales as:

1 1(-" y) , 1 ,(x y)
5 l// N an '/1 - 5 =3 'P- . 4—’-1
a a a dy. (%) a- Eq >

l —
l//a (xvy)— ava

The Wavelet Transtorm can now be computed by considering the x direction and the

y direction with components as shown :

WT'[f())@.b) = f(x.p)*wi(x.y) Eq +-52
W[ (O)@.b) = f(x.yyw?(x.y) Eq. 453
The edge points can be located by computing the gradient vector at each point on the
image plane using the two components WT'[f(x,»)|(@.6) and WT3[f (x,»))(a.b).

From an implementation stand point WT" [ S(x, y)](a,b) represents the vertical edges

and WT~ [f(x,y)](a,b) represents the horizontal edges. The modulus of the gradient

vector 1s proportional to

M, f(x.y) = JjW/"[ Feenlan)| +wr s nlas)| . Eq. 4-54
where M, f(x,y) is the modulus of the gradient vecror thar can be computed at
every point in the image plane at scale @. The angle 8, of the gradient vector with

the horizontal ( x-direction) at scale @ is given by
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wr*[f()a.b)
WT'[f(x)](a.b)

6, =tan ' (

d

Eq. 455

It should be noted that the modulus ot the gradient vector and the direction is
computed at every point in the tmage plane at scale a. The direction of the gradient
vector, as mentioned earlier, at any point indicates the direction in the image plane,
along which the directional derivative has the largest absolute value. From a practical
standpoint, the Wavelet Modulus Maxima can also be computed by comparing the
modulas of the Wavelet Transtorm at every internal point with its nearest eight
neighbors to determine if the value is greater than one of these neighbors and greater
than or equal to the rest of the neighbors. The location of the Modulus Maxima
provides the edge information.

4.4 Wavelet computation

In the one-dimensional case the algorithm to compute the wavelet algorithm can be

represented with the following diagram:

In this diagram the following notation is used:

e f[n] is the input sequence.

o [(Z) is the Z - Transform of the Low Pass Filter .

e H(Z)is the Z - Transtorm of the High Pass Filter.

° lZ implies down sampling by 2.
The input sampled sequence represented as f{#n] is subjected to a low pass tiltering
operation. The low pass corresponds to a smoothing filter function. The same image 1s
also subjected ro high pass filtering operation. The output trom the high pass tiltering

operation provides the wavelet coefticients after down sampling of the coefficients. Atter
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down sampling the output from the low pass filter, it is passed to the next stage where 1t is
once again subjected to a low pass and high pass tilter operation. The output trom the
high pass tiltering after down sampling provides wavelet coefticients at that stage. The
output from the low pass filtering operation after down sampling is passed on to the next
stage. The output of the high pass provides details and high frequency information. The
output from the low pass filtering operation provides a smoother image. The process is

repeated to a stage, where the application environment dictates stopping the algorithm.

2
O~

‘12

HIZ)—O—l

L{Z)

£(n]

z1

Figure 4-2 : Shows the decomposition scheme for wavelet analysis
As mentioned in the previous chapter, the filtering operation can be implemented as a
multiplication in the frequency domain or convolution in the spatial domain. In the case of
signals trom images, the one dimensional case is generalized. We apply the Waveler
Transtorm to the rows and columns and to deal with the two dimensional signals, we

assume the scaling tunction as separable. We then have :
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Hx.v) = g(0glv)

WI(Y ‘) v(x) ()Y) Fq. 4-56
W
v

(v0) = gLwly)
(x) = v (y)

where

¢(x) is the scaling function when we process in the horizontal direction
(parallel to the x-axis)

. ¢(y) is the scaling function when we process in the vertical direction (parallel
to the y-axis)

° y/(x) 1s the wavelet that is used in the horizontal direction and

* l//(y) is the wavelet that is used in the vertical direction.

When an image is transtormed from the spatial domain to the wavelet domain, we
essentially subject each of the rows of the image, to low pass filtering with the scaling
tunction, and then down sample them by two. This leads to an image matrix with N
rows and N/2 columns. Each row of the original matrix is also subjected to high pass
tiltering and then down sampled by two. Once again we get a matrix with N rows and
N/2 columns. So given an original image f(x,y) shown in Figure 4-3, we obtain the
image f'(x,y) shown in Figure 4-4.

Each column of image f'(x,y) is now subjected to a low pass filtering operation and
then down sampled. The columns of the image f'(x,y) ure subjected to high pass
tirering and down sampling. This results in four images each one a fourth the size of
original image.  In a typical Wavelet Transform coetficient computation, the image that s

subjected to low pass in both the horizontal and vertical direction is taken as the input for
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the second stage and this image is subjected to all the operations the original image was
subjected . This process is repeated untl diminishing returns from the application
environment are met stopping the process.

Original Image f(x,y) of an MRI of the brain

Figure 4-3 : MRI scan of the brain.

Figure 4-4 : Partial Analysis of the MRI of the brain.
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Lae® *‘;..;-ft" Rt

— Lot —
The columns of this half of the The columns of this half of the
image are subjected to low pass image are subjected to low pass
filtering and downsampling filtering and downsampling

A e 4 ——
The columns of this half of the The columns of this half of the
, . . image are subjected to high pass
image are subjected to high pass filtering and downsampling
filtering and downsampling

Figure 4-5 : Wavelet decomposition of a brain image
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At cach stage an inpurimage f(x,y) ot size N < N s decomposed into four sub-images
ot size (N /scale) x (N / scale):
¢ An image is smoothed in the x and y direction: obtained by convolving

[ *4(x.y)

* An image that has been subjected to high pass filtering in the horizontal direction can

contain  information about vertical edges; obtained by the convolving
1
£ e *u'(x,p).

® An image that has been subjected to high pass filtering in the vertical direction can

contain information about horizontal edges: obtained by convolving
S G y) *p(x,y).

® An image that has been subjected to high pass filtering in the horizontal and vertical

direction can contain information about diagonal edges: obtained by convolving

fo, ey * v (x,y).

The tmage that was subjected to low pass filtering operations serves as the input image for
the next stage. Figure 4-5 shows the MRI of the brain during and after the first stage of
the analysis. Figures 4-6 and 4-7 show the next two stages in the process of performing
the Wavelet Transform on the MRI image.

Using the image containing horizontal edges (Figure 4-8) and vertical edges (Figure +4-9),
the the Wavelet Modulus image and the Wavelet Modulus Maxima image are computed.
Figure 4-10 shows the modulus image atter the ftirst stage. Figure 4-11 shows the modulus
maxtma image atter stage 1. The tterations can be repeated for several stages depending on

the demands of the application domain.
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4.5 Conclusion

In order to register images, the computation of the Wavelet Modulus Maxima Image is

one of the key steps.

The image smoothed in both the
horizontal gnd vertical direction serves
as the inputxg)r the next stage.

Figure 4-7: Stage three of wavelet decomposition of an MRI image of the brain
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Figure 4-8 : Image showing honizontal edges

Figure 4-9 : Image showing vertical Edges
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Figure 4-11 : Image showing the Wavelet Modulus Maxima Image

This chapter dealt with the computation of the Wavelet Modulus Maxima image and the
computation of the Wavelet Transform. Both theoretical and practical issues were
explored, however, several implementation issues need clarification. The next chapter

addresses implementation of these issues as well as our methodology to register images.
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CHAPTER 5

REGISTRATION, IMPLEMENTATION AND
VALIDATION

5.1 Introduction

This chapter details the step by step procedure to register images and implementation
issues relating to the registration procedure. A section of this chapter is devoted to issues
related to the validation of registration techniques used in this dissertation.

5.2 Steps in the registration process

In this section a step by step procedure to register two images is presented.

Step 1 - Compute the Wavelet Modulus Maxima for both images
When we register one image with another we determine Wavelet Modulus Maxima
for each image. In Chapter 4 the procedure to obtain the Wavelet Modulus
Maxima of any image was presented. For this discussion, we consider the two
simple images shown in Figures 5-1 and 5-2. These are MRI images of the brain
obtained trom the same patient that have been rotated and shifted. The Wavelet
Modulus Maxima for the images in Figures 3-1 and 5-2 are shown in Figures 3-3
and 5-+4 respectively.

Step 2 - Find the convex hull for both the Wavelet Modulus Maxima Images
We use the Akl-Tousant Hull Algorithm to determine the points on the Convex
Hull. This algorithm is included in Appendix C of this dissertation. The Wavelet
Modulus Maxima Image obtained in Step # | is the input tor the Akl-Tousant

FHull Algorithm.
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Figure 5-1 : Image # 1 MRI of the brain Figure 5-2 : Image # 2 (Image # 1 rotated)

We take the original image and obtain the Wavelet Modulus Maxima Image

Figure5-3 : Modulus Maxima Image for Figure 5-4 : Modulus Maxima Image for
image on Figure 5-1 image on Figure 5-2
82
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The convex hull program uses the image displayed in Figure 5-3 as input and
determines the points on the convex hull displayed in Figure 5-5. Similarly using
the image displayed in Figure 5-4 as input the hull program produces the set of

points on the convex hull displayed in Figure 5-6.

Figure 5-5 : Hull points obtained using the Figure 5-6 : Hull points obtained using the
image on Figure 5-3. image on Figure 5-4.

Step 3 - Move each image to the center of the image frame.

Using the points that form the convex hull for each image, find the centroid for
each image from of the points on the hull. Then move the original image using the
centroid to the center of the image frame. Figures 5-7 and 5-8 show the original
images centered in the image frame.

Step 4 - Find the principal components of both images and compute the angle.
Find the principal components of the images using the points on the hull. Using
the principal axis of these points, we compute the rotation angle. We then rotate
one of the two images by this rotation angle. Since both images were moved to the

center of the frame, this movement is actually a translation. After this translation
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tollowed by rotarion of one of the images, the two images are registered.  Figure
5-9 shows the rotated image. The registered images can be tused in a variety of
ways. The fusion of registered images is a separate important area that requires
image registration. Each apphication dictates how images are fused. In Medical

Imaging, the modalities can dictate the fusing technique.

Figure 5-7 : Original Image Figure 5-8 : Rotated Image

Figure 5-9 : Registered Image
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Images in Figures 5-7 and 5-9 are registered using the tour steps given in this
section. Even though four different steps were used tor the explanation of the
method, sottware can be written to integrate these steps into one. The next
chapter provides a pseudo code for some of the steps, in order to provide better
clarity from a programming point of view. Iteration is used to improve the

accuracy.

5.3 Implementation Issues

This section deals with implementation issues about processes, software and
programming.

5.3.1 Software

The software was written in a C++ environment, however the software could have been

written in any other language. Though the programs were compiled in a Visual C++

environment only C features were used. Two reasons prompted this choice:

1. The Visual C++ provided type checking and better adherence to a safer programming
environment. By using the C++ compiler, this was ensured in the programming

process; however the object oriented features were not used.

o

The C language is widely available especially in embedded system environments. Thus
a greater portability of this code is achieved.

The programming was actually done on a PC; however the code can be easily adapted to
other environments like UNIX] etc.

Particular artention was paid to features like order of multiplication, use ot double and
long double where precision was important. Software engineering principles calls tor

partitioning the code into tunctions. This was done only as far as efficiency was not

sacriticed. Macros were used to provide readability as well as for inlining the code.
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5.3.2 Wavelet Computation

5.3.2.1 Signal Extensions

The first issue that the software addresses is extension ot the signal. This is necessary
because we are dealing with finite signals when we use signals from images. In the process
ot computing the Wavelet Transtorm, we must convolve the input signal (image) with the
high pass and low pass filters at each stage. This convolution causes border distortions to
the signal in all finite signals. When this occurs there are three options available to extend
the signal in the time domain leaving the gray code field to resolve this issue:

SAMPLED ORIGINAL SIGNAL

15 T T —
10 -
@ [~
=
g o]
b
o
()
5t .
&
o L L

0 5 10 15 20
Sample Number

Figure 5-10 : Original sampled signal

¢ Extending the signal by zeroes both before and after the actual signal. Figure 5-10
shows an example of a one dimensional signal and Figure 3-11 shows the signal

padded with zeros shown as dots. In signal theory, extending signals by zeros is
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reterred to as Zero-padding. Zero-padding introduces a jump in the tunction and

causes border distortions in normal images that extend to the frame boundary.

SAMPLED ORIGINAL SIGNAL EXTENDED BY PADDING WITH ZEROES

15 T T T
10 .
E i
< o
>
e
&
5f -
0¢——o—6— &—6—o—o—o—
0 5 10 15 20

Sample Number
Figure 5-11 : Orniginal sampled signal with zero padding

¢ The signal 1s extended by repeating the signal. This is good if the signal is genuinely
periodic or almost periodic. The filter matrix becomes circulant and can be
implemented by using the modulus operation on the index of the matrix holding the
filter. However it also produces a jump in the signal introducing border distortions.
Figure 53-12 shows the signal in Figure 5-10 extended by periodicity. In signal
processing, when a signal is extended by repeating the signal, it i1s often referred to as
“extended by periodicity”.

¢  Signals can be extended by reflecting the signal at either end. This i1s referred 1o in
signal processing language as symmetric extenston. Symmetric extension extends the

images 1n a continuous way at the border.

87

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



SAMPLED ORIGINAL SIGNAL EXTENDED BY REPEATING THE SIGNAL
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Figure 5-12: Original sampled signal with periodic extension

SAMPLED ORIGINAL SIGNAL EXTENDED BY REFLECTING THE SIGNAL
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Figure 5-13 : Original sampled signal with symmetric extension
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Although the objective pertormance of circular convolution i1s good, symmetric extension
produces the best results according to image processing literature [Strang96][Proakis95].
Figure 3-13 shows the original signal in Figure 5-10 extended using the technique of
symmetric extension. In our use of MRI images ot the brain, the brain image often resided
several pixels away from the border and the choice of extension had no negative eftect.
But since this registration process could be generalized for use with other application
areas, symmetric border extensions were chosen and implemented.

5.3.2.2 Choice of Wavelets

Wavelet theory and its application to image processing provides us with the knowledge
that orthogonal wavelets are not symmetric. However, biorthogonal wavelets are
symmetric. Additionally, we wanted the filters to be maximally flat half band filters.
Maximally tlat filters are filters that have more zeroes (z-domain) at frequency @ =0 and
@ =rx. It we chose filters that are not maximally tlat, they tend to produce a
checkerboard effect according to Strang and Nguyen[Strang96]. In the spatial domain this
means that we are interested in an increasing number of vanishing moments being zero.
Increasing the number of vanishing moments produces smoother wavelets with more
oscillations. The consequence of producing smoother wavelets is that the number of filter
coetficients increase [Strang96]. As the number of filter coefticients increase, the
computational efticiency is adversely affected. So, the choice of wavelets is a tradeoft
between these competing interests. In the registration process, we are primarily interested
in the analysis phase of the Wavelet Transform and not in synthesis or reconstruction, and
in this strict sensc, these considerations regarding a checkerboard effect, ringing, etc. are
not an important. However, 1t s likely that wavelets will become a targer part of Medical

Imaging in the tuture and registration may serve as 4 necessary preprocessing step. If that
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happens, number of coetficients which impacts the computational efficiency becomes
more important in registration of images. Hence, this factor was taken into account in our
choice of wavelets. Even so, a large number of candidate wavcelets could have been
selected for our purpose of computing the Wavelet Modulus Maxima because they
satistied the needed conditions.

For the purposes of this dissertation we selected and used the quadratic spline wavelet
shown in Figure 5-14. It is antisymmetrical, and has small compact support. The cubic
spline serves as the smoothing (scaling) function. The derivative of the quadratic spline is
the cubic spline. Figure 5-15 shows a plot of the cubic spline function. Haar Wavelets are
the simplest of the wavelets and the scaling function is simply a box function. Haar
Wavelets have one vanishing moment, which means that they do not approximate
functions very rapidly. Similarly, the wavelet coefficients when Haar Wavelets are used do
not tend to zero as fast as almost all other known wavelets, at finer levels. Therefore, Haar
Wavelets do not produce as much contrast in coeftticient size between smooth and non-
smooth sections of the image as wavelets with more vanishing moments. Daubechies
Wavelets, the Morlet Wavelet, the Mexican Hat Wavelet, the Coiflet Wavelets and the
Symlet Wavelets do not satisty the condition that the wavelet function is the derivative of
the scaling function. This is a necessary condition that the wavelet must satisty in order for
the Wavelet Modulus Maxima technique, according to Mallat [Mallat89] [Mallat92]. The
next chapter, presents results of using this registration process on a number of data sets.
There are other considerations that serve as determinants for the choice of filrers used in
any application where wavelets are used.  Signals processing using filters, require us to
permit either low frequency or high frequency or other frequency components ot the

signal to pass through the filter but then may require the attenuation of the  frequency
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components that are to be tiltered out ot the processed signal. Computation of the
Waveler Transform coetticients require subjecting the signal to high pass and low pass
filters during each phase of the computartion, as explained in the previous chapter. Ideally
in all such cases we would like to have a perfect stop band attenuation. However, there is
no ideal filter that provides a pertect stop band attenuation, when finite impulse response
filters are considered. We encounter, the well documented phenomenon known as the
Gibbs phenomenon[Rasmussen93] causing frequency leaks and stop band errors.
Conventional digital signal processing techniques settle for the stop band error to be

equiripple [Strang96][Proakis95][Oppenhein89).

2
QGuadralic Spline Wavelet

Figure 5-14 : Quadratic Spline Wavelet

15 10 s W

Cobic .S',‘aﬂ//he Fincticn
Figure 5-15 : Cubic Spline Function. (Derivative ot the Quadratic Spline Wavelet)
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5.3.3 Convex Hull Algorithm

There are several algorithms that can be used to tind the convex hull of a set of points.
We used the algorithm by Akl and Toussaunt [AkI78] [AkI79]. This algorithm is presented
in Appendix A. The algorithm has computational time complexity O(nlogn). This is a
fast algorithm that can be easily parallelized. We chose this algorithm from among the
many avalable and equally efticient algorithms because of its simplicity. The data structure
used 1s a doubly linked list which allows back tracking and elimination of points not on the
hull. However it the dimensionality of the image were to be increased, this algorithm must
to be modified or replaced.

5.3.4 Principal Component Analysis

This program is designed and written for two dimensional images. However this program
can be easily modified for images with more than two dimensions. The code for this
program computes the eigenvalues and eigenvectors for both images plus the angle
between the principal axes of the two images. The details ot this computation are
presented in Appendix C.

5.3.5 Translation

Each image of the brain is “moved” to the center of the image frame. The centroid of
each image 1s computed using the Wavelet Modulus Maxima Image. Based on the
coordinates of each centroid, the required displacement 1s determined. The center of the
image frame s located at the coordinate location [IMAGESIZE/2, IMAGESIZE/2],
where IMAGESIZE is the number of pixels in one dimension of the image. For a
256 x 256 pixel image, the IMAGESIZE is 256. Sometimes, when an image is translated,

parts of the image tall outside the new image trame. When this occurs, the part of the
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image outside the frame 15 discarded. It 1s assumed that the parts of the image that are
outside ot the convex hull constitute no actual part ot the MRI of the brain. It is our
assumption that no usetul intormation is lost. Figure 3-16 reflects this part of the

implementation.

Shifted image frame

This part of the original
image after translation
talls outside of the
image frame and s

discarded

256

Image trame

This part of the image
trame is filled with zeroes

Figure 5-16 : Shows the etfects of translation of the image frame.
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5.3.6 Rotation
The rotation has irs ongin of the frame of reterence at the center of the image frame. The
rotation matrix for clockwise rotation rhrough angle € is given by

cosd siné (1 k

R= = Coset_k 1] Eq. 5-1

—sind cosé

where k& =tan@. Implementing the matrix with & saves extra multiplication [Strang96].
When we rotate the image frame about the center of the frame, the corners of the rotated
tmage frame are no longer contained within the unrotated frame. We discard the parts of

the image that are no longer contained within an unrotated frame as shown in Figure 5-17.

Unrotated Image Rotated Image

Discarded

Figure 5-17 : Shows the effect of rotarion ot the image trame
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5.4 Validation

The question to be answered 1s: How does one know 1t the objects have been registered
correctly? In medical imaging, there 1s no unique or standard method to validate the
registration process. In current professional meetings on Image Registration, this issue has
been vigorously discussed and debated. There are several practices that are normally used

to gauge the accuracy of registration which will be examined.
5.4.1 Using a physician to validate

In many registrations, physicians identify the points on objects that are to be registered.
Since they are responsible for the diagnosis, they act as the judge whether the registration
is accurate. Studies have shown that this method is very physician dependent and hence
subjective. For lack of a standardized method for registration, this method of validation is
the usual practice.

5.4.2 Using the difference Image to validate

At the outset, when this dissertation was proposed, it was believed that the difference
image would serve as a measure to judge the accuracy of registraton. The difference image
would have longer run lengths once the images are registered. At first glance, this appears
to be an excellent idea. However, run length encoding has some intrinsic problems in the
way it encodes data. The run length encoding algorithm is only efficient for images that
have long run lengths. However, it images have short lengths, run length encoding can
double the size of the encoded image. Our experimental results produced almost doubled
encoded image sizes. For example an MRI of the brain in PGM format has an image size
of 65,607 bytes and its run length encoded size balloons to 116,048 bytes, which is almost
double the size of the original image. Run length encoding has an analogous etfect on its

ditterence tmage file. According to Castleman [Castleman96] ditference images produce
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strong gradients. If a registration process is not accurare, the difference image is one which
has strong gradients. The method we have proposed determines the translation and
rotational parameter accurately and produces resultant registrations with an accuracy
within two degrees of pertect registrations in the tests used.

5.4.3 Using a Scatter plot to validate

The scatter plot is an excellent tool to verify if two images are correlated. The scatter plot
of two images f,(x,y) and fz(x,y) is obtained by plotting the points (G,,G,) where
G, is the gray level at any pixel position (x,y )in the first image and G, is the gray level

at the same pixel position in second image. We obtain all the points in the scatter plot by

considering every pixel location in both images. If two images are completely correlated,

then these points will cluster about the 45" degree line passing through the origin. Our
experir.nenml results show that this happens only if the two images are perfectly registered
and similar.

It is sometimes difficult to notice translation or rotation in normal video, hence the MRI
tmages of the brain is printed in reverse video format. In reverse video, gray level of zero
is represented by black and gray level of 255 s represented by white.

Figure 5-18 shows a plot of an image ot LENA with an MRI. We see that the scatter plot

is well spread out. However it we look closely at the scatter plot of the two brain MRI’s in

Figure 5-19 most of the points tend towards a 45° linc passing through the origin.

However as images are aligned spatially we see that the scatter plot begins to show points

falling more or less on a 45 through the origin. To demonstrate the effect of spatial
misalignment due to rotation, on the scatter plot and how scatter plots can be used in
registration, Figures 5-20 through 5-28 were developed.
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IMAGE # 2 (MRI of the brain)

SCATTER PLOT
250 LB T T T T]

T

IMAGE #1

0 50 100 150 200 250
IMAGE # 2

Figure 5-18 shows the scatter plot of rwo uncorrelated (LENA and MRI shown) images.

There is no clustering observed about a 45" line passing rhrough the origin.
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It nwo images are similar, the scatrer plot shows some clustering about the 45" line
through the origin. Figure 3-19 shows the scatter plot of two MRI images of the brain.
The images are similar in the sense that they are MRI images of the brain, but come from

two ditterent patients.

INAGE # 1 (MRI of the brain)

IMAGE # 2 (MRI of the brain obtained from a different patient)
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IMAGE #2
Figure 5-19 : Scatter plot of brain images obtained trom two different patients.
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Figure 5-20 shows the scatter plor of a brain image  with a rotated version of the same

1
image where the roranon s by 25",

IMAGE # 1 (MRI of the brain)

IMAGE # 2 (Image #1 rotated by 25" )
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IMAGE #2

Figure 3-20 : Scatter plot of an MRI brain image with its rotated version (25").
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Figure 5-21 shows the scatter plot of a brain image with a rotated version of the same

. . . )
image where the rotation is by 20",

IMAGE # 1 (MRI of the brain)

IMAGE # 2 (Image #1 rotated by 20° )
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IMAGE # 2

Figure 3-21 : Scarter plot of an MRI brain image with its rotated version (20").
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Iigure 5-22 shows the scarter plot of a brain image with a rotated version of the same

: ]
image where the rotation s by 10”.

IMAGE # 1 (MRI of the brain)

IMAGE # 2 (Image #1 rotated by 10° )
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150 260
IMAGE #2

Figure 5-22: Scatter plor of an MRI brain image with its rotated version (10°).
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Figure 5-23 shows the scarter plor of a brain image with a rotared version of the same

. . . o
image where the rotation is by 5°.

IMAGE # 1 (MRI of the brain)

IMAGE # 2 (Image #1 rotated by 5° )
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IMAGE #2

Figure 5-23 : Scarter plot of an MRI brain image with its rotated version (5%).
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Figure 5-24 shows the scatrer plot of a brain image  with a rotated version of the same

. . . 0
tmage where the rotation s by 4°.

IMAGE # 1 (MRI of the brain)

IMAGE # 2 (Image #1 rotated by 4° )
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IMAGE # 2

Figure 5-24 @ Scarter plot of an MRI brain image with its rotated version (4").
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Figure 5-25 shows the scatter plot of a brain image with a rotated version of the same

. . . ~0
image where the roration is by 3.

IMAGE # 1 (MRI of the brain)

IMAGE # 2 (Image #1 rotated by 3" )
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IMAGE #2

Figure 5-25 : Scatter plor of an MRI brain image with its rotated version (3").
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Figure 5-26 shows the scatter plot of a brain image with a rotated verston of the same

. . . 0
image where the roration s by 2

IMAGE # | (MRI of the brain)

IMAGE # 2 (Image #1 rotated by 2° )
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IMAGE #2

Figure 5-26 : Scarter plot of an MRI brain image with its rotated version (2°).
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Figure 5-27 shows the scatrer plot of a brain image  with a rotated version of the same

. . . )
image where the rotation is by 1°.

IMAGE # 1 (MRI of the brain)

IMAGE # 2 (Image #1 rotated by 1° )
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IMAGE #2

100

Figure 5-27 : Scatter plot of an MRI brain image with its rotated version (1°).
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When two tmages are pertectly registered, the cluster of points on the scatter plot s on a
45" line that passes through the origin. Figure 5-28 is a plot of two perfectly registered

images.

IMAGE # | (MRI of the brain)

IMAGE # 2 (Same as IMAGE # 1. Ideal case of perfect registration)
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IMAGE #2

Figure 5-28 : Scatter plot of two pertectly registered MRI brain images
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Figures 5-29 through 3-35 demonstrare the cttect on the scatter plot due to spatial
misalignment resulting trom translation. Figure 3-29 shows a scatter plot of a MRI image
ot the brain with the same image translated by one pixel in the horizontal direction and

one pixel in the vertical direction.

IMAGE #1 (MRI of the brain)

IMAGE # 2 (Translated version of IMAGE # 1)
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IMAGE #1
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IMAGE #2

Figure 5-29 : Scatter plor of an MRI brain image with its translated version .

(Horizontal transhition - 1 pixel and vertical translation - 1 pixel)
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Figure 5-30 shows a scatter plot of a MRI image ot the brain with the same image

translated by two pixels in the horizontal direction and two pixels in the vertical direction.

INMAGE # 1 (MRI of the brain)

IMAGE # 2 (Translated version ot IMAGE # 1)

(Horizontal translation - 2 pixels and vertical translation - 2 pixels)
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Figure 5-30 : Scatter plot of an MRI brain image with its translated version .
(Horizontal rranslation - 2 pixels and verrical translation - 2 pixels)
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Figure 3-31 shows a scatter plot of a MRI image of the brain with the same image
rranslated by three pixels in the horizontal direction and three pixels in the vertical

direction.

IMAGE # 1 (MRI of the brain)

IMAGE # 2 (Translated version of IMAGE # 1).

(Horizontal translation - 3 pixels and vertical translation - 3 pixel)
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Figure 5-31 : Scatter plor ot an MRI brain image with its translated version .
(Horizontal rranslation - 3 pixels and vertical translation - 3 pixels)
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Figure 5-32 shows a scatter plot ot a MRI mage of the brain with the same mmage

translated by four pixels in the horizontal direction and four pixels in the vertical direction.

IMAGE # 1 (MRI of the brain)

IMAGE # 2 (Translated version of IMAGE # 1).

(Horizontal translation - 4 pixels and vertical translation - 4 pixels)
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Figure 5-32 : Scatter plot ot an MRI brain image with its translated version .
(Horizontal translation - 4 pixels and vertical translation - 4 pixel)
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Figure 5-33 shows a scatter plot ot a MRI image of the brain with the same image

translated by five pixels in the horizontal direction and five pixels in the vertical direction.

IMAGE # 1 (MRI of the brain)

IMAGE # 2 (Translated version of IMAGE # 1).

(Horizontal translation - 5 pixels and vertical translation - 5 pixels)
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Figure 5-33 : Scatter plot of an MRI brain image with its translated version .
(Hornzontal translation - 5 pixels and vertical translation - 5 pixels)
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Figure 5-34 shows a scarter plor of a MRI image of the brain with the same image

translated by ten pixels in the horizontal direction and ten pixels in the vertical direction.

IMAGE # 1 (MRI of the brain)

IMAGE # 2 (Translated version of IMAGE # 1).

(Horizontal translation - 10 pixels and vertical translation - 10 pixels)
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Figure 5-34 @ Scatter plot of an MRI brain image with its translated version .
(Horizonral translation -10 pixels and vertical translation - 10 pixels)
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Figure 5-35 shows a scatter plot of a MRI image of the brain with the same image
translated by twenty pixels in the honzontal direction and twenty pixels in the vertical

direction.

IMAGE # 1 (MRI of the brain)

IMAGE # 2 (Translated version ot IMAGE # 1).

(Horizontal translation - 20 pixels and vertical translation - 20 pixels)
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Figure 5-35 : Scatter plot of an MRI brain image with its translated version .
(Horizontal translation - 20 pixels and vertical translation - 20 pixels)
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These scatter plots demonstrate that as rhe images are “more registered” the points on the
scarter plot trend toward the 45" line through the orgin.

Figure 5-40 shows a scatter plot for :

[1} Two rectangles shown in Figures 5-36 and 5-37 respectively, which overlap in the

center of the image trame.

Figure 5-36 Image of a rectangle (IMAGE # 1). Figure 5-37 : Image of a rotated but
overlapping rectangle
(IMAGE # 2).

[2] two squares shown in Figures 5-38 and 5-39 respectively, which overlap in the image

frame.

Figure 5-38 Image of a rectangle (IMAGE # 1). Figure 5-39 : Image of a shifted but
overlapping square.
(IMAGE # 2).

Note that gray level of zero is represented by black and gray level of 235 is represented by

white. The scatter plot tor the overlapping recrangles has the same distribution as the

scarter plot for the overlapping squares.

An obscrvation trom the Figure 5-40 1s that difterent images can have the same scatter

plor. Ir also shows that the scatter plot does not give an indication in a quantitative sense
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as to how well the images are registered. Scatter plots show trends and contirm how well

objects are registered. However tor some types of images scatter plots are suspect as a tool

to determine how well images are registered. In the case of gray scale MRI images scatter

plots do show trends that can be used to conclude how well images are registered.

e S
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IMAGE #
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50 100 150 200 250
IMAGE #2

Figure 5-40 : Scatter plot
(1) tor image in Figure 5-36 with image in
Figure 5-37 and also
(2) for image in Figure 5-36 with image in
Figure 5-37.

Figure 5-44 shows a scatter plot tor :

[1] a rectangle shown in Figure 5-41 and a circle shown in Figure 3-42 respectively. These

do not overlap.
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Figure 5-41 Image ot a rectangle (IMAGE # 1). Figure 5-42 : Image of a non
overlapping circle
(IMAGE # 2).

[2] a square shown in Figure 5-43 and a circle shown in Figure 5-42 respectively. These

do not overlap.

Figure 5-43 Image of a square (IMAGE # 1). Figure 5-44 : Image ot a non
overlapping circle
(IMAGE # 2).

Note that the scatter plot for the rectangle and the circle has the same scatter plot as the

square and the circle. The scatter plot in Figure 5-45 clearly shows that scatter plot from

disstmilar objects can have the same distribution.

Based on these scatter plots, we offer the following observations:

. When images are registered the scatter plot is a 45" line through the origin.
g 24 p £ gl

2. When the registration error is within a few degrees (rotation) or a few pixels

. . .- . ) -
(translation), the scatter plot shows a significant clustering around a 45" line through

the origin.

3. For similar images, these scatter plots cluster about a 45" line through the origin.
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4. For dissimilar images, these scatter plots have no clustering about the 45" line through
the origin.

5. A scatter plot cannot be used as a basis to predict the similarity of images. Dissimilar
images can have the same scatter plot.

6. A scatter plot can provide a visual qualitative measure of how well images are

registered, in most situations.
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Figure 5-40 : Scatter plot
(1) ftorimage in Figure 5-41 with image in
Figure 5-42 and also
(2) tor image in Figure 5-42 with tmage in
Figure 5-43.
For certain images scatter plots are suspect as a tool. However for MRI images of the

brain scatrer plots do show strong trends as has been shown and explained. Additionally

it provides a visual and qualitative measure.
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5.4.4 Using a quantitative measure to validate

To validate a registration, perhaps the best measure is a quantitative measure. Consider an
image fl(\’ y). It this image f,(x y) is translated and rotated by predetermined amount:
is the registration technique able to determine the rotation and translation accurately? The
technique used in this dissertation does.

If we now introduce artifacts inside the translated and rotated tmage (to simulate growth
of cancer lesions in brain images): does the registration technique predict the rotation and
translation correctly? The technique used in this dissertation does, with accuracy.

The correlation coefficient also provides a quantitative measure to estimate how well two
images are registered. It suffers from some of the same deficiencies as the scatter plot. But
since it 1S a quantitative measure it can be incorporated as part of an algorithm. This
dissertation uses the correlation coefficient to determine how well images are registered.
The next chapter is devoted to testing the registration method. Several cases have been

considered and presented.
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CHAPTER o6

EXPERIMENTAL RESULTS

6.1 Introduction

This chapter is devoted to presenting the results of the method of registration. Also
presented are detailed steps taken to prepare the images for registration and the entire
registration process as well as conclusions. It is important to point out that some of the
figures in this chapter have been printed in reverse video tormat. In the normal image, the
background is black and this corresponds to gray level 0 while white corresponds to the
gray level of 255. In reverse video format, the gray level of 0 is painted as a white and
black is changed to a gray value of 255. All other gray levels take on intermediary values.
The reverse video format is obtained from the normal image by subtracting its gray levels
from 255 and performing the display of the resultant image.

6.2 Validation

As previously mentioned, a demonstration that our method works is if we attempt to
register images with known translations and rotations, and our procedure predicts the
rotation and translation parameters correctly. Previously we showed that as images

become more registered, the scatter plot of the images being registered converges towards
the 45° line. This convergence provides a qualitative measure. For the same image, after
registration with itself, the correlation coetficient 1s 1. Since we are considering similar
images like MRI or CT images of the brain, aerial surveillance photos of the same region,

the correlation coetficient between images being registered is non-negative (> 0) even

berween misaligned images and tends to increase to 1 as the images are better spatially
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aligned. As the correlation coefficient # increases, r° increases. Flowever this is not true
in the general. The correlation coetticient between tmages can be negative and in these
cases as r increases from -1 to 0, r* will actually decrease. For the class of images we
considered for registration the correlation coefficient is non-negative and so r* increases
when r does. In this research, the correlation coefficient is used as a measure to predict
how well images are registered in place of the scatter plot. The correlation coetficient, 7,
between two images is defined as :

x=IVHGESIZE-) y=INHGENIZE -]

> 2 [fn .y) —fl(x—,y)][fz ) —7(—vy)]

r= = _Eq. 6-1
x=MAGESZE -1 y=[NAGENIZE -] 2 = NHGESIZE-| y=IMAGENIZE -1 2).2
> [fen-fiE) T X [Aen-FE)
x=0 »=0 x=0 y=0
where

e fi(x,y) and f,(x,y) are the gray levels at each pixel location (x,y) in the first and

second tmage being registered respectively, and

e fi(x,y) and f,(x,y) are the average gray levels in the first image and second image
respectively, averaged over all image pixels in the image frame.
This measure is also referred to as Pearson’s r. This term can have both negative and
posttive values. This is not desirable from the point of view of interpreting the value. The
magnitude ot ¥ provides the relevant information in our case, indicating how well the
images are registered. From a programming standpoint, 7 is used as the measure to
indicate how well two images are correlated. If r* is zero, the interpretation is that the
images are not correlated and if a value of #* is one, the interpretation is complete

correlation. Since the correlation coetficient is a quantitative measure, it is used as the
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mechanism to stop iterations of our algorithm to register images. When r° exceeds a pre-
assigned threshold value, we stop our algorithm and consider the images to be registered.
Please note that when we register images we are registering objects like brain images from
the same patients, etc. Registration is done for similar images. For example, it does not
make chinical sense to register the image of a chest with a brain image. For this study, we
define similar images from the perspective of the medical image registration application
domain. We consider brain images from the same patient as similar images. However, it is
recognized that similar images may constitute a broader and more inclusive definition to
satisfy other application domains.

6.3 Results

In this section the steps in our registration are presented in pseudo code form to provide a
programming environment as well as become more specific at each step. To establish that
this procedure works and produces the necessary results within acceptable levels of
tolerance, results are presented for the following two categories:

1. Simple pictures.

2. MRI Brain Images.

We consider translation and rotation as well as the introduction of artifacts to show that in
cach of the cases this procedure does register.

6.3.1 Pseudo Code
Procedure Registration(imagel, image2)
Begin
c_tmagel = Center_Image_in_Image_frame (imagel):

c_image2 = Center_Image_in_Image_frame (image2):
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corr = correlation_coetticient (c_imagel, c_tmage2):
Rotation_angle = 0:

it (corr < Thresholdl) {

principal_axist = Find_PCS_atter_Modmax_and_Hull(c_image1):

temp_image = c_image2:

do {

principal_axis2 = Find_PCS_after_Modmax_and_Hull{temp_image);
Angle = Compute_angle(principal_axis1, principal_axis?2)
Rotation_angle = Rotation_angle + angle;

temp_image = Rotate_second_image(c_image2, Rotation_angle)
corr = correlation_coefficient (c_imagel, temp_image);

} while (corr < Threshold1)

s
j
Do Fine_tuning(c_imagel, temp_image, corr);
End
Procedure Find_PCS_after_Modmax_and_Hull (image);

Begin
1. Modmax_Image = Wavelet_Modmax_program(image):
2. Hull = Convex_Hull(Modmax_image):
3. Principal_axis = Principal_Components (Hull);

End

Procedure Center_Image_in_Image_frame (image)

Begin
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Do twice the tollowing 4 steps |
1. Modmax_Image = Wavelet_Modmax_program(image):
2. Hull = Convex_Hull(Modmax_image);
3. Centerotd_Coordinates = Find_centeroid(Hull);
4. 1mage = Translate_image_to_Frame_Center (Centroid_Coordinates,
IMAGESIZE, image);
}
End
Procedure Fine_Tuning (imagel, image2, corr)
Begin
For dir = (curr, north, northeast, east, southeast,
south, southwest, west, northwest) {
LABEL1: T_IMG = Translate_image(image2, dir, 1 pixel);
new_corr = correlation_coefficient (imagel, T_IMG);
if (new_cort > corr) {
image2 = T_IMG;
corr = new_corr;
while {
R_IMG = Rotate(image2, counter_clockwise, 1 degree):
new_corr = correlation_cocfticient (imagel, R_IMG);
it (new_corr > corr) |
image2 = R_IMG:

COIr = new_corr:
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R_IMG = Rotate(image2, clockwise, 1 degree);
new_corr = correlation_coefticient (imagel,
R_IMG);

if (new_cortr > corr) {

image2 = R_IMG;

corr = new_corr,

}

do (corr > new_corr);

GOTO LABELT;

}

END
6.3.2 Simple pictures

Several cases are considered which are presented case by case.

6.3.2.1 Casel

Figures 6.1 and 6.2 are images of two rectangles. Figure 6.2 is a translation of the same

rectangle shown in Figure 6.1.

The horizontal edges, vertical edges and the Wavelet Modulus Maxima Images are
generated by the wavelet analysis program on the object in the images shown in Figures
6-1 and 6-2. A hull program uses the points that constitute the Wavelet Modulus Maxima

Image as input and generates the convex hull for each of the Modulus Maxima [mages. An
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image cenrering lgorithm rakes the hull pomnes, compures the centroid and moves each of
the mmages to the cenrer of the image frame. Table 6-1 shows the relationship of
subsequenr Figures 6-3 through 6-12 o the mages shown in Figures 6-1 and 6-2.

Subsequent Figures 6-3 through 6-12 present compured results for Figures 6-1 and 6-2.

Figure 6-1: Rectangle Figure 6-2 : Translated Rectangle

Frigure 6-3 : Honzontal Fdge (Image # 1) Frgure 6-+4 ¢ Horizonral lidge (Image # 2)
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Figure 6-5 : Vertical Edge (Image # 1)

Figure 6-6 : Vertical Edge (Image # 2)

Table 6-1 : This table shows the relationship ot subsequent Figures 6-3 through 6-12 to

the images shown in Figures 6-1 and 6-2.

Image type Image #1 shown in Figure 6-1 Image #2 shown in Figure 6-2
Vertical Edge Figure 6-3 Figure 6-4

Horizontal Edge Figure 6-5 Figure 6-6

Modulus Maxima Figure 6-7 Figure 6-8

Hull Figure 6-9 Figure 6-10

Registered Image Figure 6-11 Figure 6-12

The correlation coetticient ( # ) and the correlation measure ( 7~ ) for the images in

Figures 6-11 and 6-12 are presented in Table 6-2.

Table 6-2 : The correlation coetticient ( # ) and the correlation measure ( #° ) for the
images in Figures 6-11 and 6-12.

Correlation coetticient (r)

1.000000

Correlation measure r-square

1.000000

12
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Figure 6-7 : Modulus Maxima Image Figure 6-8 : Modulus Maxima Image
(Image # 1) (Image # 2)

Frigure 6-9 Hull : (Image #1) Figure 6-10 : Hull (Image # 2)
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Figure 6-11 : Image # 1 after registration Figure 6-12 : Image # 2 after registration

6.3.2.2 Case2
Figures 6-13 and 6-14 are images of the same rectangle. The rectangle in Figure 6-14 is

created by a rotation of the rectangle in Figure 6-13 of ninety degrees.

Figure 6-13 : Image # 1. Figure 6-14 : Image # 2 - rotated version
ot Image # 1.

Frgure 6-15 shows rhe ditference image for the purpose of dlustranon.

129

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 6-15 : Difference image between image # 1 and # 2.
A Wavelet Modulus Maxima image is obtained for each of the images in Figures 6-13 and
6-14. These points on the Modulus Maxima image serve as input to a program that
computes the convex hull. The convex hull program provides us the points that are
shown in Figures 6-16 (hull points for image in figure 6-13) and 6-17 (hull points for image
in figure 6-14). The principal component analysis program uses the points on the convex
hull as input and computes the angle the principal axis makes with the horizontal

direction. For the points displayed in Figures 6-16 and 6-17 this angle was computed to be
92.46” and -2.18"respectively. Based on this information the angle of rotation is
computed to be 94.64°. The image in Figure 6-18 is obrained by rotating the image in
figure 6-14 by 94.64" in the counterclockwise direction. Figure 6-19 shows the difference
tmage obtained by subtracting the image in Figure 6-18 trom the image in Figure 6-13. The
expectation was a resultant angle of rotation of 90", but this did not happen. An analysis
ot the hull, shows that cach of the hulls have tive points, not four as may be visually

appdaren t.
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Figure 6-16 : Hull (Image # 1) Figure 6-17 : Hull (Image # 2)

Figure 6-18 : Image # 2 rotated by 94.63". Figure 6-19 : Ditterence Image between
tmage # 1 (Figure 6-13) and
mage in Figure 6- 18,

These five points include the bottom left corner of rhe hull which acrually consists of two

coordinate points or two pixels. This results in a principal axis. derermined by the principal

component analysis, to be skewed to 9246" and = 218", This skewing produces an angle

of roration of 94,647 insread of rhe expected (correcty rornon of 90" . Further analysis

of this problem reveals that when we do waveler analvsis, we essenrlly pertorm a1
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convolution. A convolution actually extends the signal and in a sense “walks” the edges.
This ettect 1s not noticeable in Figures 6-16 and 6-17 with the eye. In tilter theory, such a
distortion means an ideal delay in a Linear Time Invariant (LTI) system. In wavelet
analysis, there are two phases, an analysis phase and a synthesis phase. The synthesis
phase has a built in delay mechanism to deal with this delay. However, if we consider only
the analysis phase, the edge gets shifted. Moreover, an analysis of many edge detection
algorithms [Weeks97][Dougherty87] that involve the use of a mask, e.g. the Sobel edge
detector, Prewitt Edge detector, Robert’s Edge detector have their edges move. This is
analogous to what a convolution produces. With wavelets, this directs attention to two
issues:
1. The shorter the high pass filter , the tewer the number of pixels the edge moves. The
movement as far the modulus maxima image is concerned also depends on the values

of the filter coeffictents.

1o

As a wavelet analysis is done over scale, the convolution causes the edge to move at
each stage. This movement of the edge can be expressed in terms of filter lengths and
stage of the iteration. This edge movement expression is as follows:
Let

n, denote the length of the lowpass filter.

1, denote the length of the high pass filter.

stg denote the stage ot the iteration in the wavelet analysis process.
¢ Then at each stage of the wavelet analysis, the lowpass image blurs to envelop (1, - 1)

extra pixels. The resultant edge movement for low pass images is (n, — 1) *s1g.
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e ‘The high pass edges are detecred ar most (2, — 1) pixels away tfrom the actual edges in
rhe tirst srage. In subsequenr trerations, the high pass edges move out by i tactor of at
most (1, — 1) *stg+(n, —1). We say “at most”, because this movement also depends
upon rhe filter coettictent values. This high pass edge contributes to the detection of
the modulus maxima edges. Hence, the modulus maxima edges also move by at most
(m —1)*stg +(n, — 1) pixels. An important consideration that needs to be accounted
tor, is the size of the pixels.

e The direction of the edge movement s in the direction in which the input signal is
processed.

Figure 6-20 show the Modulus Maxima Image for the image in Figure 6-18 and Figure

6-21 shows the convex hull for the image in Figure 6-20.

Figure 6-20 : Modulus Maxima Image Figure 6-21 : Hull points from Modulus
tor image in Figure 6-18. Macima Image in Figure 6-20.

The recrangle in Frigure 6-20 does not show a connnuous line bur a line thar is astring of
several small slands of dashes. The reason for rhis as the inreger approximanon of the
puscl coordinares. The Waveler program does tind rhe pomnrs. IF the resolution s much

higher these smuall dashed lines scen in Figure 6-20 would appear more closer rogether
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giving the perception ot a continuous line. The correlanion cocthicient berween the images
n Figures 6-13 and 6-18 s 0.9341. After compuring the principal components tor the hull
points shown in Figure 6-21 we find that the principal axis is oriented at 9115" with the
horizonral. Since the principal axis for the hull points shown in Figure 6-16 (for IMAGE
# 1) makes and angle of 9246" with the horizontal direction our program determines
that the rotation angle should be an additional 131", Figure 6-14 is now rotated by

95.95” (94.64° +131”) in the counter clockwise direction and the rotated image 1s shown
in Figure 6-22. Figure 6-19 shows the difterence image obtained by subtracting the image

in Figure 6-18 trom the image in Figure 6-13.

Figure 6-22 : Image in Figure 6-18 rotated Figure 6-23 : Difference image between
by 9595". Image 1in Figures 6-13 and
6-22.

The correlation coefficient between the Figures 6-13 and 6-22 computes to 0915, As the
value s less than the correlanion coetticient berween the images in Figures 6-13 and 6-18 is
above rhe threshold and higher than the value obruined tfrom the current ireranon the
registration program uses the image in Figure 6-18 and performs a fine tuning. In the fine

: : - : L :
runing stage ar cach irerarion the figure is rotared by 17 in the clockwise or counter
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clockwise direction. It the correlanon coetticient is improves the step is continued in the
same direction. However the rotation s retracted it the correlation coctticient decreases
trom its previous value. The fine runing algorithm also rranshares the image by 1 pixel in
cach ot the possible directions to improve the correlation coetticient, retracting a step if
the correlation coetticient drops. Figures 6-24, 6-26, 6-28, 6-30 and 6-32 arc obtained by
successively rotating by one additional degree the image in Figure 6-18 in the clockwise
direction. This is achieved by actually rotating the image in Figure 6-14 by 93.64°, 92.64°,
92.64" and so on in the counter clockwise direction. The reason for doing this is because
rotation causes geometric distortion. This rotation is done by the fine tuning program
since each rotation by 1" led to an increase in the correlation coefficient between the

rotated image and the image in Figure 6-13.

Frgure 6-24 @ Figure 6-14 rorared by 93.64” Figure 6-25 @ Difterence image benween
(counter clockwise roration ). image in Figures 6-13 and
{Fine Tuning Program ireration). 6-24.
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Figure 6-26 : Figure 6-14 rotated by 92.64" Figure 6-27 : Difference image between
(counter clockwise rotation ). image in Figures 6-13 and
(Fine Tuning Program tteration). 6-26.

Figure 6-28 : Figure 6-14 rotated by 91.64" Figure 6-29 @ Difference image berween
(counter clockwise rotation ). image 1n Figures 6-13 and
(Fine Tuning Program iteration). 0-28.

As the difference tmage shows, and the value of the correlation cocfficient (7} contirms,

our algorithm does register the images in Figures 6-13 and 6- 14 correctly. For rhis rest we
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- . - D : ) :
used o tixed rotation angle of 907 and the algorithm derermunes the angle of roration to

be 89.64".

Figure 6-30 : Figure 6-14 rotated by 90.64" Figure 6-31 : Ditterence image between
(counter clockwise rotation ). image in Figures 6-13 and
(Fine Tuning Program iteration). 6-30).

Figure 6-32 @ Figure 6-14 rorated by Figure 6-33 @ Ditterence image bernveen
{counter cluckwise rotation ). mage in Fgures 6-13 and
(Fine Tuning Program treration. 6-32.

Table 6-3 provides the correlinon coctticient as well as the 77 measure for each stage of

rhe ireranon.
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Table 6-3 : Table showing the correlation coefticient and measure with each tteration.

Image and Iteration Correlation Correlation

coefficient (1) | measure ( 7*)

with image # 1 | with image # 1

Original Image # 2 ( At 90° to image #1) 0.258369 0.066755

Image # 2 rotated by 94.64° 0.934102 0.872547

[ counter clockwise ]

Image # 2 rotated by 95.95°(= 94.64° +131°) 0.915322 0.837815

[ counter clockwise |

Image # 2 rotated by 93.64°(= 94.64° —1°) 0.9541194 0.904770

[counter clockwise]( Fine Tuning Program)

Image # 2 rotated by 92.64°(=94.64° —1° - 1°) 0.967081 0.935245

[counter clockwise]( Fine Tuning Program )

Image # 2 rotated by 0.981562 0.963464
91.64°(=94.64° -1°-1° -1°%)

[counter clockwise]( Fine Tuning Program )

Image # 2 rotated by 0.992640 0.985335
90.64°(=94.64° —1°-1°-1"=-1")

[counter clockwise]( Fine Tuning Program )

Image # 2 rotated by 0.994092 0.988219
89.64°(=9464" 1" -1"-1"-1" -1")

fcounter clockwise]( Fine Tuning Program )

138

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



6.3.2.3 Case 3

Figures 6-34 and 6-35 are images of the same recrangles, however this nme, the recrangle
in Figure 6-35 1s a translanion of the rectangle in Figure 6-34. Additionally some artifacts
were intentionally added inro the rectangle. In brain images tor example, there may be
growth or shrinkage in rumors and this should not atfect the registration. In bone gratts,
the bones may integrate and this may cause volume shrinkage. The registration should
work despite these internal changes. This algorithm also provides good results in such
cases. The shape and size of the internal changes does not affect the accuracy of
registration. The registration technique has been made insensitive to the internal changes.
Even when the two images are spatially aligned, the correlation coefficient may not reach
high levels. The extent of internal change will also dictate the correlation coefficient. So

instead of judging how well images are registered by a threshold value it is important to

also keep track of the point where the correlation coetticient reaches a maxima value.

Figure 6-34 : Image #1 Recrangle. Figure 6-35 : Image # 2.
Again the Modulas Maxima Image and the conves hull points are computed for cach of

the images shown in Figures 6-34 and 6-35.
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Figure 6-36 : Modulus Maxima Image for Figure 6-37 : Modulus Maxima Image for
for Image # 1 (Figure 6-34). for Image # 2 (Figure 6-35).

Figure 6-38 : Hull points for image in Figure 6-49 : Hull points for image in
Figure 6-36. Figure 6-37.

Figures 6-36 and 6-37 are the Modulas Maxima Images and Figures 6-38 and 6-39 are the
convex hull points for the images in Figures 6-34 and 6-35 respectively. Then the image
frame centering program is run using these hull points shown in Figures 6-38 and 6-39, as
input. This program finds the centroid of the hull points and computes the translation

parameters to translate each of the images to the center of the image frame.
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Figure 6-40 : Image # 1 shown in Figure 6-34  Figure 6-41 : Image # 2 shown in Figure
centered in image frame. 6-35 centered in tmage
frame.

Figure 6-42 : Difterence Image using images in Figures 6-40 and 6-41.
The results tor the centered images are shown in Figures 6-40 and 6-41. Figure 6-42
presents the difference imuage obrained by differencing rhe images shown in Figures 6-40
and 6-41. After moving the abjecrs to the cenrer of the image frame, the correlation

coefficient and correlation mcusure are compured roo determine if further use ot the

registration algorithm s required.
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Table 6-4 1 Correlation coctticient and correlation measure for Figures 6-40 and 6-41.

Correlarion coctticient (e} 0.919809

Correlation measure r-square | 0.846048

The threshold value for any correlation depends largely on the image type. A choice of
threshold values will be intluenced and probably dictated by the application domain.
6.3.2.4 Case4

In this case we address the registration of the images in Figures 6-43 and 6-44. These
images are the same square, but the square in Figure 6-44 is a translation of the square in
Figure 6-43. The square in Figure 6-43 is located at a corner of the image frame and this

requires two iterations of the image centering program. The reason for the second

centering tollows.

Figure 6-43 : Image #1 Squarc ar the corner Figure 6-34 : Image # 2 Square
The waveler analysis program is run on borh images and the hull points are computed
using the Waveler Modulus Maxima Images as input and these resultant points are shown

in Figures 6-45 and 6-46.
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Figure 6-45 : Hull points obtained trom Figure 6-46 : Hull points obtained from
the Modulus Maxima Image the Modulus Maxima Image
ot the object in Figure 6-43. of the object in Figure 6-44.

Using these hull points, the centroid for each set of the hull points shown in Figures 6-45
and 6-46, 1s computed and subsequently used to compute the translation parameters.
However, Figure 6-45 has only three hull points showing whereas, Figure 6-46 has five hull
points showing. This occurs because one edge of the Modulus Maxima Image, for the

image in Figure 6-45, was located outside the image frame.

Figure 6-47 : Translared version of image Figure 6-48 : Translated version of image
in Figure 6-43 using image on in Figure 6-44 using the
Figure 6-45 image in Fgure 6-46.
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Using the timage cenrerng algorithm the images. are rranslared o rhe center ot the image
trame. Figure 6-47 shows the effeer of this mranshiion using the points in Figure 6-45.
Figure 6-48 1s the translited version ot the image using the points in Figure 6-46. The

difference image berween the images in Figure 6-47 and 6-48 is shown in Figure 6-49.

Figure 6-49 : Ditterence image (Figures 6-47 and 6-48 differenced).

Figure 6-50 : Image in Figure 6-43 afrer Figure 6-51 : Image in Figure 6-44 after
second irerarion. second iteration.

{44
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Figure 6-52 : Ditterence Image (Image in Figures 6-50 and 6-51 differenced).
The wavelet analysis, hull computations and the image centering algorithm are rerun on
the images shown in Figures 6-47 and 6-48 to produce the Figures 6-49 and 6-50. Figure
6-51 1s obtained by difference the images in Figures 6-49 and 6-50.

Table 6-5 : The following table shows the correlation coefficients and measures after each
iteration between the translated images.

[teration # 1 | Correlation coefficient (r) = 0.645072
Correlation measure r-square = 0.416118
Iteration # 2 | Correlation coefficient (r) = 1.000000
Correlation measure r-square = 1.000000

6.3.2.5 Observations

1. The edges move because of convolution.
2. Our procedure appears to work for binary images in general.
6.3.3 MRI Images

We chose  MRI images of the brain for additional verification and testing of our

registration algorithm. Compared to the images used in section 6.3.2, MRI images are gray
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scaled and have a noisy background. Again both translations and rotations of the brain

MRIs are presented.

6.3.3.1 Translation

Figure 6-53 : Image #1 MRI of a brain. Figure 6-64 : Image # 2

Translated image of the

brain shown in Figure 6-33.
The MRI brain image in Figure 6-34 is a translation of the same MRI brain image that is
shown in Figure 6-33. The images shown in Figures 6-33 and 6-54 are used to produce the
difference image shown in Figure 6-55. Our registration analysis begins with the wavelet
program run on both images to generate the Wavelet Modulus Maxima Image tor each
image shown in Figures 6-33 and 6-34. The resultant Waveler Modulus Maxima Images tor
these are shown in Figures 6-36 and 6-37 respectively. The hull points computed for the
Modulus Maxima Images in Figures 6-36 and 6-37 and the hull points are shown in
Figures 6-38 and 6-39 respectively. The image tframe centering algorithm results, to center
rhese images, are shown in Figures 6-60 and 6-61. .\ comparison ot the Figures 6-36 and

6-38, shows that some of the points that constitute the convex hull shown in Figure 6-38
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cannot be seen m the Figure 6-36. This s an importanr observation because the Modulus

Maxima Image serves as the mput to the convex hull program.

Figure 6-55 : Ditterence image displayed in reverse video tor clarity.
The low resolution ot our viewing devices (monitor, printer paper) and the human eye’s
limited ability to distinguish all shades of gray, is the cause for those points to be not
visible in Figure 6-56. However when the convex hull program is run, the computer uses

raw gray levels and knows the existence of the points in question.

Figure 6-56 : Modulus Maxima Image Figure 6-57 : Modulus Maxima Image
tor image in Figure 6-33. tor image in Figure 6-34.
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Figure 6-58: Hull points Figure 6-59 : Hull points
for image in Figure 6-36. tor image in Figure 6-57.

The convex hull program changes the gray value of the points that constitute the hull to
255, thus making them visible to the human eye. It 1s important to point out that our
principal components analysis program, uses the location of the points on the convex hull

and not the gray level.

Figure 6-60 : Image in 6-33 centered Figure 6-61 : Image in 6-54 centered
in the image trame in rhe image frame
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Figure 6-62 : Difterence Image ( Images in Figures 6-60 and 6-61 are differenced)
Table 6-6 shows the correlation coefticient and measure tor the images before registration
and atter the centering algorithm was run. Since these correlation coefficients and
measures are closer to one, the algorithm is terminated. The correlation coefficient r
above 0.99 indicating that the accuracy of the registration is very high.

Table 6-6 : Shows the correlation coetticient and measure.

Correlation for Images in Figures 6-33 and 6-54 . | Correlation coefficient (r) = 0.530488

(Betore registration) Correlation measure r-square = (0.281418
Correlation for Images in Figures 6-60 and 6-61 . | Correlation coetficient (r) = 0.999768
(After first iteration in registration) Correlation measure r-square = 0.999535

The magnitude of the translation does not aftecr the accuracy of the registration as long as

the objects being registered remain completely within the image frame.
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6.3.3.2 Rotation

This section is devoted to registration of MRI images of the brain that have been rotated.

Figure 6-63 shows an MRI image of the brain and Figure 6-64 shows the same MRI

rotated by 20°. The difference image using images from Figures 6-63 and 6-64 is shown in
Figure 6-65.

Figure 6-63 : Image #1 MRI of brain. Figure 6-64 : Image # 2 (Image # 1
rotated (20°) ).

Figure 6-65 : Difference Image (Difference between Figures 6-63 and 6-64)
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Figure 6-66 : Modulus Maxima Image for Figure 6-67 : Modulus Maxima Image for
brain scan in Figure 6-63. brain MRI in Figure 6-64.

The Wavelet Modulus Maxima computed for the images in Figures 6-63 and 6-64 are
shown in Figures 6-66 and 6-67. The convex hull points computed from the Wavelet
Modulus Maxima Images shown in Figures 6-66 and 6-67 are shown in Figures 6-68 and

6-69, respectively.

Figure 6-68 : Hull points obtained using Figure 6-69 : Hull points obtained using
the image in Figure 6-66 as input. the tmage in Figure 6-67 as
input.
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Figure 6-70 : MRI brain image shown in Figure 6-71 : Difference Image

Figure 6-64 rotated by 24.93°. Images in Figures 6-63 and
(Counter clockwise rotation) 6-70 differenced.

The principal component analysis uses these hull points and computes the principal axis.
The principal component analysis program for the hull points shown in Figure 6-68
computes the angle the principal axis makes with the horizontal to be 80.99°. Similarly for
the hull points in Figure 6-69 the angle computes to 56.07°. The angle of rotation for the
first iteration is the angle between the principal axis from the two figures and this works
out 24.93°. The MRI brain scan shown in Figure 6-64 is rotated counter clockwise by
24.93%and this is shown in Figure 6-70. Figure 6-71 shows the difference between the
original image (Figure 6-63) and this rotated image (Figure 6-71). The correlation
coefficient between the images in Figures 6-70 and 6-63 is 0.903543. This is a significant
increase from the correlation coefficient value between the unregistered images shown in
Figures 6-63 and 6-64. In the next iteration the hull points are computed for the image in
Figure 6-70. Using these hull points the angle the principal axis makes with the horizontal

direction computes to 87.50°. The program therefore requires that the image in Figure

6-70 be rotated by 6.51° in the clockwise direction. Since rotation geometrically distorts
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the image with every rotation, nstead of rotating the image in Figure 6-70 by 6.51" in the
clockwise direction, we rotate the image in Figure 6-64 by 18..41" in the counter clockwise
direction.  This new rotated image is shown in Figure 6-72. Figure 6-73 shows the
ditference image between the images in Figures 6-63 and 6-72. The correlation coefticient
between the Figures 6-63 and 6-72 computes to 0.972718. The program then switches to
the tine tuning mode because the correlation coefficient reaches above the set threshold
and also because turther usage of the modulus maxima technique does not lead to

improvement of the correlation coefficient. The fine tuning algorithm determines that a
further rotation of 1° in the counter clockwise direction would lead to an improvement of
the correlation coefficient. Once again instead of rotating the image in Figure 6-72 by 1”

the program achieves the same objective by rotating the image in Figure 6-64 by 19.41° in
the counter clockwise direction. This rotated image is shown in Figure 6-74. Figure 6-75
shows the ditference image between the images in Figures 6-63 and 6-74. The correlation
coefficient between the Figures 6-63 and 6-74 computes to 0.991998. The algorithm
terminates at this point because further movement of the image by the fine tuning routine
does not lead to an increase in the correlation coefficient.

The correlation coefficients and correlation measures tor this registration are shown in the
table 6-7. As indicated in our algorithm (chapter 5) and as the pseudo code in section
6.3.1, the registration procedure is tterative. Irerations are continued until the correlation
coefticient satisfies a threshold value, as is the case with all programs that compute
solutions to problems by iteration. The threshold value used for this application domain is
discussed turther in section 6.4. It should be noted that only the second image is rotated,

keeping the first image fixed for this and all subsequent analysis.
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Figure 6-72: MRI brain image shown in Figure 6-73 : Difference Image
Figure 6-64 rotated counter Images in Figures 6-63 and

clockwise by 18..41°. 6-72 differenced.

Figure 6-74 : MRI brain image shown in
Figure 6-64 rotated counter

clockwise by 1941°. 6-74 differenced.

Figure 6-75 : Difference Image
Images in Figures 6-63 and
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Table 6-7 : This table shows the correlation coetticient and measure at the difterent stages

of the iteration for brain MRIs.

Images being considered

Correlation

Images 1in Figure 6-63 and 6-64. (Betore
Registration) [ Image in Figure 6-64 1s

rotated clockwise by 20°]

Correlation coefficient (r) = 0.765776

Correlation measure r-square = 0.586413

Correlation between the images in Figure
6-63 and 6-70 is computed. The image in
Figure 6-64 has been rotated by 24.93°
counter clockwise to produce image in

Figure 6-70.

Correlation coetficient (r) = 0.903543

Correlation measure r-square = 0.816389

Correlation between the images in Figure
6-63 and 6-72 1s computed. The image in
Figure 6-64 has been rotated by 1841°
counter clockwise to produce image in

Figure 6-72.

Correlation coeffictent (r) = 0.972718

Correlation measure r-square = 0.946181

Correlation between the images in Figure
6-63 and 6-74 1s computed. The image in
Figure 6-64 has been rotated by 19.41"
counter clockwise to produce image in

Figure 6-74.

Correlation coetticient (r) = 0.991998

Correlation measure r-square = 0.984060

Figure 6-64 1s the image ot the same brain shown in Figure 6-63 with a rotation ot 207,

The registranion method developed in this research determines the angle to be 19.41°.

155

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



This s very close ro accurare. We once agin conclude that this registration rechnique s
tast and accurate.

Now ler us consider i case where one of the MRI brain - images 1s given a prederermined
rotation of 30" in the clockwise direction with respect to the MRI brain image used to
produce ir. Our procedure converges in one iteration for this 30" rotation. Figures 6-76
and 6-77 are still MRI images of the brain of the same patient, but one s produced by a
30" rotation of thé original. Figure 6-78 shows the ditterence image prior to registration
ot Figures 6-76 and 6-77. The hull points are obtained from the Wavelet Modulus Maxima

Image atter the wavelet analysis for Figures 6-76 and 6-77 are shown in Figures 6-79 and

6-80 respectively.

Figure 6-76 : Image #1 MRI of a brain Figure 6-77 : Image # 2 Rotated (30°)

The principal component analysis 1s run using the points on the convex hull of each
Wavelet Modulus Maxima Image determines the angle of roration by taking the dot
product of the princpal components. This angle was derermined to be 29" in the counter
clockwise dircetion. The resulrant image after the 297 counter clockwise roration is shown

mn Figure 6-81. The image in Figure 6-81 is subrracred from rthe original image in Figure
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6-76 and this is shown in Figure 6-82. Table 6-8 shows the relationship between the
images and the correlation coefficient and measure for this case. The correlation

coefficient is above 0.98 indicating that the registration procedure does work accurately.

Figure 6-78 : Difference Image (Images in Figures 6-76 and 6-77 are differenced)

Figure 6-79 : Hull points obtained for Figure 6-86 : Hull points obtained for
the image in Figure 6-76. the image in Figure 6-77.
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Figure 6-81 : MRI brain image shown in Figure 6-82 : Difference Image
figure 6-77 rotated by 29° Images in figures 6-82 and
(counter clockwise rotation). 6-81 differenced.

Table 6-8 : The behavior of correlation coefficient and measure as the images are rotated.

Images being considered Correlation

Images in Figures 6-76 and 6-77. Image | Correlation coefficient (r) = 0.756488

in Figure 6-76 is rotated clockwise by | Correlation measure r-square = 0.572273

30° to produce image in Figure 6-77.

Images in Figures 6-76 and 6-81. The | Correlation coefficient (t) = 0.984874

image in Figure 6-77 has been rotated | Correlation measure r-square = 0.969976

by 29° counter clockwise to produce

image in Figure 6-81.

6.3.3.3 Rotation, Translation and Artifacts

In this section the case of an MRI image that has undergone translation and rotation is
presented. In addition in the rotated MRI image of the brain artifacts have been

introduced. This has been done to simulate internal changes in the MRI of the brain.
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Regardless ot the extent and shape of the internal changes the procedure developed in this
research is able to accurately register the images. Figures 6-83 and 6-84 represent the initial

two 1mages to be registered. Figure 6-85 1s obtained by raking the ditterence between the

images in Figures 6-83 and 6-8+4.

Figure 6-83 : MRI of the brain (IMAGE# 1)  Figure 6-84 : The same MRI as in Figure
6-83 rotated by 30" artifacts
added. ‘

The registration procedure is applied to the initial images and after a few tterations we get

the registered images shown in Figure 6-86. The image in Figure 6-86 is obrtained after

applying the transtormations to the Figure in image 6-8+4. Figure 6-87 shows the difference
between the image in Figures 6-83 and 6-86. The initial correlation between the images to
be registered (Figures 6-83 and 6-84) is 0.688755. The correlation coefficient between the
registered images shown in Figures 6-83 and 6-86 1s 0.900972. The corrclation coctficient
ts not higher in this case partially due to misalignment and partially due to the images being
registered having dissimilarities. Here in lies one of the deficiencies in using the correlation
coctticient to access how well two images registered. It is likely that two brain tmages with

4 grear amount of inrernal ditferences but with perfect spatial alignment could have a
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lower correlation coefficient. Table 6-9 shows the correlation coefficient between the

images before and after registration.

Figure 6-85 : This figure shows the difference between the
images in Figures 6-83 and 6-84.

Figure 6-86 : Image 6-84 after registration.

Figure 6-87 : Difference image obtained

by taking the difference
between the images in

Figures 6-83 and 6-86.
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Table 6-9 : The behavior of corrclation coetticient for the case when artifacts are added to
a rotated MRI of the brain.
Images being considered Correlation
Images in Figures 6-83 and 6-84. Correlation coetficient (r) = 0.688755
(Unregistered Images ) Correlation measure r-square = 0.474384
Images in  Figures 6-83 and 6-86. | Correlation coefficient (r) = 0.900972
(Registered Images ) Correlation measure r-square = 0.811751

The registration procedure computes the angle of rotation to be 29.6°. This is very close

to 30° the actual angle of rotation indicating that the procedure is very accurate.

6.4 Observations and conclusions

Several observations about this registration algorithm and procedure follow:

1. Appendix B offers an explanation for changes in the gray scale distribution once the
images are rotated. The experimental results presented in part of Appendix B show a
sample distribution of gray levels for a square that had all its pixels with gray value
equal to a 100 and was then subjected to various rotations. Because of the changes in
the gray scale distribution even after registration, the difference image will have some

pixels at different gray levels, from the rotation.

o

The number of iterations shows no apparent correlation with the degree of rotation. A

number of angles of rotation were chosen ranging from 2° to 90" for testing. In all

the cases tested, the algorithm converged. Additionally using diftferent images with the

same angle of rotation could even converge with a different number of iterations. So it
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1s not reasonable to relate the angle of rotation with the number ot iterations required
tor convergence because this also depends on the images.

3. For gray scale images, like the MRI, which have noise as part of the image frame, some
denoising is required. In this algorithm. denoising is done by ignoring all wavelet
coefticients in the Wavelet Modulus Maxima Image that are less than 40. The
maximum value for these coetficients is 255. The threshold value may need to be set
at different values for different applications.

4. When is an image is registered, the correlation coefficient and measure is examined
and used to terminate the registration algorithm. In all cases tested, this has worked
successtully. However, one must be cautious with the values used for the threshold
because of the possibility that brain images, with significant internal changes, can yield
a lower correlation coefticient even if registered with a previous scan of the same brain
which did not have these internal changes.

5. We found that the edges located by the wavelet program moved. It was the
convolution that caused movement of the edges. Convolution is part of the normal
wavelet analysis and synthesis. This chapter provides equations for bounds on the
movement of the edges tor each step in the wavelet iteration program.

6. The algorithm affords a choice of the size of the Wavelet Modulus Maxima Image to
use for computing the hull and on the translation and rotation parameters. The trade-
ott ts the smaller the image size, the smaller the number of hull points produced and

this aftfects the accuracy. At most, the wavelet program should be limited to three

levels of tteration.

~l

The time complexity of the Wavelet Modulus Maxima algorithm s O(n?).  The

principal component analysis algorithm also has a time complexity of the order of
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O(n”). However, since in each stage of the wavelet analysis the size of the image 1
reduced by a factor of 2**, where stage denotes the wavelet iteration routine, the
time complexity for the principal component analysis is actually O((2°**n)*). The
hull algorithm time complexity is of O(m, logn,) where n, is the size (the input to the
hull program) ot the Wavelet Modulus Maxima Image. This Wavelet Modulus Maxima

2 stage

Image matrix is a very sparse matrix and of size n, so the time complexity of the

hull program can be more accurately written to be of the order O(27** nlog(2°***n)) .
This is true when downsampling is used as part of the Wavelet Analysis program - we
get a smaller downsampled image with each iteration. However, in the version of the
algorithm the image frame size stays constant, but the filter size is incremented in
each iteration by upsampling it with zero. The Modulus Maxima Image contains far
tewer points regardless of the algorithm used. In the actual coding of the program we
use a doubly linked list to store the points on the Modulus Maxima Image and this list
serves as input to the program that computes the convex hull.

6.4.1 Limitations and Failures

The technique does not work for the following situations:
1. Busy images which contain many objects probably will not be correctly registered by
this technique. This i1s because the image centering algorithm is designed to center one

object in the image; typically true in medical images.

S

The images must be completely contained within the image trame. Rotation should
not yield parts ot the object falling outside the image trame. The algorithm does not
work tor aerial surveillance tmages but with some modification can be adapted to work

with these images. In general, the techniques can be used in this application domain of
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Medical Imaging burt the algorithms must be moditied to work with aerial surveillance

images.

(O]

This algorithm does not work when dissimilar objects are registered and the results are

unpredictable. The registration technique does not predict the dissimilarity of objects.

But, 1t can serve to register similar objects that lie completely within the image frame.

The procedure has been tested for only one object in the image frame; typical for

most medical images.

4. Noisy images tend to produce inaccurate results. However, the noise level in most
MRI images is at a level where a cutoft value for the wavelet coefficients, denoises the
image to a level where this registration performs well. For MRI images a cutoff of 60
denoises the images well.

5. Gray level redistribution is caused by the rotation and how we interpolate pixel
intensities at integral pixel locations after rotation. The gray level in the rotated image
at any point, gets its value from one or more adjacent pixels in the unrotated image
(see Appendix B). Appendix B also presents the redistribution of gray values when a
stmple rectangle is rotated.

6. Though the techniques are more general, this algorithm was specifically designed to

automatically register medical images which are MRI scans of the brain. To make the

rechnique applicable to other areas, the algorithm may have to be modified. Threshold
cutott values on wavelet coefficients must be adjusted to the image types being
registered. This 1s a limitation due to using correlation as a measure to estimate the

accuracy of registration.

=~

The number of iterations is unpredictable and cannot be correlated to the angle of

rotanion. The number of iterations depends upon the MRI scans being registered. The
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procedure s iterative because the gray level redistribution caused by rotation leads to
the object boundaries being detected with a degree of error. Additionally the detection
of edges using wavelets adds to this error. Therefore the principal component analysis
yields the principal axis for the images being registered, with a margin of crror that

requires the procedure to be iterative.
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CHAPTER 7

SUMMARY AND FUTURE DIRECTIONS

Registration of trmages 1s an important area of image processing. Any time a comparison is
made between images, as in the case of medical images, aerial surveillance photos to
predict changes in the terrain, or automatic target recognition; these images have to be
registered. Registration is an important preprocessing step in object recognition and object
classification. As the world gets more automated, the need to register images automatically
will be more necessary. In medical imaging, medical images have to be registered for doing
atlas studies, for obtaining diagnostic information, and for other clinical purposes.
Registration of images has been taken for granted in many situations. It is for this reason
that the state-of-the-art in this area is mostly art. There is no standardization or even
agreement on validation techniques at this time. The age old technique of “eye-balling” has
been used as a technique to register images. Because some gray level changes cannot be
discerned with the human eye, what constitutes registered images, has been variable and
operator dependent. Depending on the resolution of the image, it is almost impossible to
point out neighboring pixels with a mouse pointer. The methodology developed in this
dissertation addresses this problem. A quantitative measure of knowing how well images
are registered by using the correlation coefticient is presented. The correlation coefticient
has deticiencies and affects all registration techniques developed. Rotation affects all
registration techniques since 1t distorts the object. Because of the gray level redistribution,
the detection of edge boundaries is affected. The number of iterations to register images is

unpredictable, but after the iterations it does register the objects.
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7.1 Contributions

The contributions of this dissertation are:

1. A new method to register images is proposed. This method is very fast and accurate.
Our method uses a smaller and more sparse matrix to compute the translation and
rotation parameters and thus contributes an algorithm with improved time complexity
while keeping the accuracy to quantitied tolerable levels.

2. It automates the process of registration, which is mostly a manual procedure in
medical imaging at this time.

3. The procedure uses wavelets to register images and thus may be more acceptable as a
preprocessing step to wavelet based compression techniques; assuming wavelet
compression techniques become more acceptable in medical imaging.

4. This dissertation shows the relationship of the scatter plot to image registration. The
suggestion is that it may be a better technique for “eye-balling” purposes than looking

at raw images. As similar images are better registered the scatter plot clusters about the

45° line passing through the origin.

(2]

This dissertation strongly suggests using the correlation coefficient to measure the
extent to which images are registered. Since a correlation coettficient may fail at times
to obtain the threshold, “eye-balling” of the scatter plot could be added. If the method
is made semi-automatic by using a trained operator to assist in the validation of the
convergence, this method becomes more accurate.

6. This method makes a contribution in detecting and documenting the location and the
movement of edges when wavelet techniques are used. The dissertation provides a

formula that predicts the location of edges after each iteration.

167

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7. Rotation of images introduces the need for interpolation to get smoother edges.
Pixels are located at integral positions: however, during rotation some pixels in the
rotated image do not fall at integral coordinate positions. Appendix B documents the
etfects of truncating tloating point values to integral values. Appendix B also
documents the impact of using bilinear extrapolation. The discovery of this
redistribution of gray values is another contribution. The effect of a redistribution of
gray values is significant when rotation is part of any technique that does lossless
compression. This redistribution is not noticeable when rotated images are visually
inspected. Computer based techniques are affected by this redistribution. In this
research we have used bilinear interpolation with backward mapping. Bilinear
interpolation with forward mapping as well as other interpolation techniques used
during rotation will result in a different redistribution of gray levels thus affecting any
further analysis that is made using the result; for example the computation of principal
components, correlation coefficient, the location of edges, etc. However even tor a
different choice of the interpolation technique, this registration method will work.

8. This research shows that no registration procedure can accurately register images by
detecting edges if rotation is involved. Rotation essentially redistributes gray values
causing edges to be detected with a margin of error. So even the age old technique of
“eye-balling” will have errors because a picture with redistributed gray levels will lead
even trained operators to detect edges with some error. Any validation technique that
uses gray levels will also have some builr in inaccuracy.

7.2 Future Directions

This wavelet based registration technique is desensitized to the internal changes of the

object being registered. However, the technique could be more application domain
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sensitive it 1t 15 made only partially sensitive to internal features of the objects being
registered. The internal features that the procedure is made sensitive to should be dictated
by the objects being registered. This technique could be improved to register busy images
and images with multiple objects. A better denoising algorithm would help in detecting
true edges as compared to detecting some edges that are due to noise (this is some times
referred to as a false positive). The cutoft threshold must be determined by using training
images from the application domain. This technique would be improved if the number of
iterations were more predictable.

Registration can be extended to automatic target recognition and data mining. In this
dissertation research, we used two dimensional images but the technique can be extended
to three dimensional volume data sets. Future research may also consider adjusting for
edge movements and better edge detection. An extension that is being pursued is to

execute this code in a parallel computing environment.
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APPENDIX A

CONVEX HULL

A convex hull was used in determining the principal axis and the required rotational
parameters. In this Appendix, the convex hull algorithm that was modified, for this
dissertation is detailed.

The convex hull CH(S) of a set of points § is by definition the smallest convex set'
containing S ( i.e., the convex polygon with the smallest area that includes all the points of
S, either as its vertices or as interior points [Akl93]). We specify CH(S)) by listing the

points of S which are on the boundary of CH(S), in clockwise order.

Figure A-1: A set S of points, indicated by the small squares in the figure

© Asetis convex if and only if the line segment determined by every pair of its points lies
entirely in the set.
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The convex hull for the set of points in Figure A-1 1s shown in Figure A-2. There are
several algorithms for finding the convex hull but tor this research. the algorithm by Salim

Akl and Godtried Toussaint [Akl78] [Akl79] was chosen.

Figure A-2: The convex hull CH(S) is the region inside the polygon.
Let S be a set of four or more points in a plane which are not on the same line. The steps
to determine the convex hull CH(S) are :

Step 1

Identify four points® P, P,, P, and P, (shown in the Figure A-3) from S as indicated

belows:

P, - a point with minimum x coordinate value.

P, - a point with maximum y coordinate value.

* It is possible that any two consecutive points, of the four points £, P,, P, and P, may
cotncide giving us only three distinct pornts.
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P, - a point with maximum x coordinate value.

3

P, - a pomnt with minimum y coordinate value.

Each P eCH(S).

P2
| |
o | ] .l
| ]
= ® P3
B 1 =
u ]
P1 .
| |
[ |
P4

Figure A-3: Four points at the extremities.

Step 2

Eliminate points ot the set § that are inside the quadrilateral AP PP, from further
consideration’.

Separate the remaining points into four disjoint subsets corresponding to the regions
(shown in Figure A-4) detined below:

R, : region to left of the directed line segment from P, to ..

R, : region to left of the directed line segment trom £, to FB,.

: The points inside the quadrilateral are not points on the boundary and hence we do not
include in our list.
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R, : region to lett the directed line segment from F; to F;.
R, : region to left the directed line segment trom P, to A.
A point P(x, y) lies to the left of the directed line segment from F(x,y) to P(x,y), it

S:(y—yl)(x: —x)+(x1 _x)(y: _,V)>O.

Figure A-4 : Figure shows the four regions. There are no points in the shaded regions
Step 3
Sort the points in regions R, and R, in ascending order of the x-coordinate and store
themin lists L, and L,.
Sort the points in regions R, and R, in descending order of the x-coordinate and store
them in lists Ly and L;.
Step 4
For each of the lists L, through L,, climinate points from the list according to the

procedure outlined below:
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Consider the first list L,. Start at the beginning of the list. Consider three consecutive

points F.(x,.y.), B, (., Vi), and F._.(x,.,,V,.-), which correspond to three

consecutive elements of the list.

Compute 5= (V. = Ve (X2 = X)) + (5 =X )Yz = Vien) -
If s>0 and if the end of the list has been reached stop the procedure otherwise
move to the next point, 1.e. K =k +1.
If s<0, remove B, (x,,.V,.,) from the list. If, P (x,,y,) is not at the
beginning of the list, move one backward on the list to the previous point on the
list, .e k=k—1, otherwise move forward to the next point on the list ie.
k=k+1.

Repeat the above step of computing s until the end of the list is reached.

Step 5

Merge the lists L;, L,, L; and L, to generate CH(S).
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APPENDIX B

BILINEAR INTERPOLATION

For any image, the gray levels are only detined at integral values of a grid. However after a
geometric transformation like rotation®, shearing etc., the gray level for the transtormed
image will in general be computed trom fractional or non-integral points (coordinates that
are not on the grid ). Similarly the points at integral coordinates in the original input image
may map onto non-integral points on the sampling grid of the output image. This causes
image distortions. To smooth any distortions arising trom the transformation, gray level
interpolation is done. There are several ways gray level interpolation can be done; for this
research a bilinear interpolation was chosen. The reason for this choice being that it
provides a better interpolation compared to simple linear interpolation and nearest
neighbor interpolation. Additionally, the price in terms of programming complexity was
small. Compared to other higher order extrapolation methods, it provides a good trade-oft

in terms of execution time.

Input Image Gnd Output Image Grid
fley) e > glx'.y")
x,y are integral x',y" are tractional

Figure B-1 : Pixel Carryover

+ All rotation for this research is done using equation 5-1 about the center of the image
frame.
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There are two possible ways one could transter the gray levels, using bilinear interpolation.
One 1s the pixel carry-over or torward mapping approach and the other is the pixel filling
or backward mapping algorithm. In the forward-mapping approach, when the input pixel
maps to a posttion that is a non-integral coordinate position, its gray level s divided
among the four neighboring pixels. This 1s wastetul because many input pixels map to
coordinate positions outside the image frame of the transformed image. In addition each
output pixel is addressed several times, with many input pixels contributing to its final gray
level. In this research pixel-filling or backward mapping is used. Figure B-1 shows torward
mapping and Figure B-2 shows backward mapping.

This Appendix covers the process used for gray level interpolation used in this
dissertation. There are two processes:

1. Backward-Mapping Algorithm

2. Bilinear Interpolation

o Backward-Mapping Algorithm

Input Image Grid Output Image Gnid
f(xvy) _________________ > g(x’ﬁy,)
X,y are fractional x',y" are integral

Figure B-2 : Pixel tilling
In this approach the output pixels are mapped back into the input image, one at a time, to
establish gray levels. It an output pixel falls between four inpur pixels, its gray level is
determined by gray level interpolation, which tor the purposes of this research was chosen

to be bilinear interpolation. This algorithm generates the output image pixel-by-pixel,
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line-by-line. The gray level tor each pixel 1s determined by one interpolation between at
most four input pixels.

o Bilinear Interpolation

Let the gray level at some point (x’,y") on the transformed image map to the gray level at
some point (x,y) on the input image. If the point (x, y) is a point that is not an integral
coordinate point, then this point is inside a square whose vertices have coordinates that
are integral values. Assuming that the point (x’, ") on the grid for the output image are
integral points, if the corresponding point of the input grid is a non integral point (x,y)
we consider the vertices of the square that surrounds this point (x,y). Let us assume that
the four vertices are points with coordinates (x,y3,), (x,+1y), (x,,y +1) and
(x, +1,y,+1). We further assume that f(x,y) represents the gray level at any point

(x,p) on the input image grid.

Sl +1y7)

)
—(x1+1,y1)

Sl +1, y1+1)

(x1+1, y1+1)

(xLyl+1)

Figure B-3 : Bilincar Interpolation
The tour corners ot a grid are (x1,yl), (x1+1, y1), (x1,y1+1) and
(x1+1, y1+1).
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The tollowing set ot equations produces a bilincar interpolation tunction which fits

S (x,y) at the corners [Castleman96].

S ) =F )+ (x=x)[f(x + Ly = f(x )] Eq. B-1
Sy +D)=flx y +D+(x=x)[f(x, + Ly, + D= f(x.y+D] Eq. B-2
Jf(x.y) =f(xay1)+(y_y1)[f(x~y1 +1)—f(x~y1)] Eq. B-3

Basically, the bilinear interpolation is a hyperbolic paraboloid that intersects all planes
parallel to the xz -plane and all planes parallel to the yz-plane in a straight line. It must be
noted that when adjacent four corner neighboring pixel gray levels are interpolated using
the bilinear algorithm the transformed image has boundaries that are continuous and
smoother. Figure B-4 shows the original image ot a rectangle that is rotated by 90 degrees,
about the center of the image trame using equation Eq. 5-1. Figure B-5 shows the kink in
the surface when bilinear interpolation is not used. Figure B-6 shows the same

transtormed image as in Figure B-1 but with bilinear interpolation.

Figure B-4 : Rectangle
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Nouce the Eink

/

Figure B-5 : Rectangle in Figure B-4 rotated by 90°. (No interpolation is used)

Figure B-6 : Rectangle in Figure B-4 rotated by 90° (Bilinear interpolation used).

Table B-1 : The above table shows the pixel gray levels for the image in Figure B-7.

0 0 0 0 0
0 150 150 () 0
0 150) 150 Y )
0 150 150 0 0
0 0] 0 0 0

Table B-1 shows the gray levels of an image of size 3 by 3 of the rectangle on Figure B-7.
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This image on Figure B-7 was rotated by 30" about the cenrer of the image frame and is
shown in Figure B-8. The grav levels for the 5 by 5 image after roration 1s shown in rable
B-2. Table B-3 shows the number of points in the rotated image, to which each pixel from
the original image, contributes gray levels.

Table B-2 : The above table shows the pixel gray levels tor the image in Figure B-8.

0 15 40 0 0
0 95 150 60 0
40 150 150 20 0
15 95 75 0 0
0 0 0 0 0

Figure B-7 : Figure shows a rectangle ina 5 Figure B-8 : Figure shows the rectangle
in by 5 image. Figure B-7 rotated by 30°.

Table B-3 clearly indicates that some pixels contribute to more than one pixel in the
rotated image. Table B-4 shows the amount contributed by cach pixel from the original
tmage o pixels in the rotared image. Table B-3 shows thar the conrriburion of the gray

levels s non unitorm. Some pixels of the original image conmibute to as many as 5 pixels
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in the rotated image. Additionally some pixels contribute a lot more gray level value than

other pixels as shown in table B-4.

Table B-3 : The (7, j)* entry in the table shows the number of pixels of the rotated
image, (shown in Figure B-8), to which a contribution 1s made, by the
(N pixel of the original unrotated image (shown in Figure B-7).

1 2 2 2 1
2 4 4 4 2
2 4 5 5 2
2 4 5 5 2
1 2 2 2 1

Table B-+: The (i, j)" entry in the table shows the amount of gray level contribution

made to rotated image, (shown in Figure B-8), by the (i, /)" pixel of the
original unrotated image (shown in Figure B-7).

0 0
155.384740 | 135.288599
135.288599 | 190.192343
155.384740 | 135.288599

0 0

olo|ojo|o
(e} fou) Fan) for) Fa]
(o] fan]l Far) Fen) fen]

This essentially results in a redistribution of gray levels. This redistribution causes
distortion of the objects in the tmage. However for objects with high resolution, this
distortion is not observable under visual inspection. This is demonstrated with the help of

Figures B-9 and B-10. Figure B-9 shows the image of a rectangle which has a much higher

resolution. Figure B-10 shows the same image rotated by 30°. The rotated tigure does
not show the distortions and gray level distributions, when the image are visually

inspected.
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Figure B-9 : Figure shows the image of a rectangle

Figure B-10 : Figure shows the image of the rectangle in Figure B-9

rotated by 30" about the center of the image frame
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APPENDIX C

PRINCIPAL COMPONENT ANALYSIS

C.1 Introduction

Principal Component Analysis (PCA) is concerned with explaining the variance-covariance
structure through linear combinations of the original variables. Its general objectives are:

e data reduction and

® interpretation.
To examine the relationship among a set of p correlated variables, it may be useful to
transform the original set of variables into a new set of uncorrelated variables called
principal components. If the original variables are linearly dependent, it will result in tewer
uncorrelated variables, resulting in the reduction of the dimensionality of the problem.
These new variables are derived in decreasing order of importance. Principal Component
Analysis is essentially a vartance minimization technique. The first principal component
accounts for as much of the variation as possible in the original data, second principal
component accounts for as much of the remaining variation as possible, and so on. The
transtormation is orthogonal.
If the original variables are nearly uncorrelated, then there is no point in carrying out a
PCA for dimensionality reduction. In the case of a two dimensional image, the inherent
assumption in using Principal Component Analysis is that the image data ts at the least
somewhat spatially ellipsoidal. In this case the principal axis of rhe ellipse would account

for most of the spatial variance. Principal Component Analysis would identity the axis as
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the principal components. Figure C-1 illustrates the ellipse firting the data points and the

principal components.

A
. Major axis
.~ (First principal
e component )
y Centroid
_ Minor axis
“.. Second principal component
(0,0) X —

Figure C-1 : The dotted line shows the principal components for the set of points shows
as dots in the figure.

Algebraically, principal components 1,Y..Y,,..Y, are linear combinations of the p

random variables X" =[X,, X,.... X,] with mean g and covariance matrix X .

Y =a, X, +a,X,+.. . +a,X, Eg. C-1
Y. =a, X, +a,X,+. .. +a,, X, Eq. C-2
Yp =aplX1 +ap:X3+ ...... +aprp Eq. C-3
Y, =a,X Eq. C-4
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where af:[aﬂ,aﬁ,am...am] 15 a vector of constants. To eliminate the

indeterminacy due to scale, the coetficient vector a s restricted to unit length. This is
done by imposing the orthogonality condition

aja =1. Eq. C-3

This particular normalization procedure ensures that the distances in the p—spaces (the

original domain of the variables as contrasted to the transformed domain) are preserved
[Chattield80].

The first principal component Y is the linear combination with maximum variance,
determined by choosing a, and hence the linear combination a;X that maximizes
Var(¥,) = Var(a] X) = Ela] (X - u)( X - 1) a,]1= a E[(X - p)(X - 1) Ja, = & Za

Eq. C-6
subject to a/a, = 1.
The second principal component is the linear combination a; X that maximizes

Var(Y,) =Var(al X) = E{al (X - p)(X - g)" @, )= al E[(X ~ )X - )" Ja, = al Za,

Eq. C-7
subject to the tollowing conditions :
1. ala,=1 and Eq. C-8
2. Cov(l ¥.) =Cov(al X,al X)=0. Eq. C-9

The i principal component is the linear combination a] X that maximizes

Var(Y)=Var(al X)=Ela’ (X - u)(X - p) a1=a] E[(X — p)(X - u)" ]a, =a] La,
Eq. C-10

subject to the following conditions :
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l. a,Ta, =] and Eq. C-11

2. Cow(Y ¥,)= Cov(a] X,a] X)=0 forall k <i. Eq. C-1

o

To maximize the vartance tunction subject to one or more constraints, one can use the
method of Lagrange multipliers[Edwards94]. We formulate the Langrangian function

L(a) as shown in the equation
L(a,))=a]Za —(a]a, -1)] Eq. C-13
Ditterentiating, with respect to a, , we get

L
Jda

= 2ZXa,-2a,4 Eq. C-14

1

Setting the above equation to zero, we have

(Z-11)a, =0 Eq. C-15
To have a solution tor @, thatis not a null vector, (X — /1) must be singular. 4 must be
chosen so that

T - 7A]=0 Eq. C-16
The covariance matrix ¥ is a square symmetric matrix and positive semidefinite®. The
eigenvalues of the covariance matrix X are real and nonnegative.

Let the covartance matrix X have the eigenvalue-eigenvector pairs (A, e,) ,

(A, e.), . (A,e,)where A, 2 4, 2 A, 2...4, =2 0. The "

P P

principal component Y, satisties the following conditions:

Var(Y,) = e,T Ze, = A, wherei=123..,p Eq. C-17

! 1

Cov(Y ,Y, )= e,TZek =0 torizk Eq. C-18

= A symmetric matrix £ and the quadratic form @ 7 £ a = 0 forall a.
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The principal components are uncorrelated and have vartances equal to the eigenvalues of
z.
Total population vartance =
[ p
G+ Opnt...0,, =D Var(X,)= A, + A, +..+4, =tr(2) = Var(¥))
- lzltiq. C-19

where o, = Var(X,).

The proportion of total variance due to the k" principal component is equal to

)'k
A+ A+ A+ ...+ 4

P
A more detailed proof of the above results is found in most multivariate statistics text
books [Chatfield80][{Cooley71] and hence is not replicated here. This research uses these
results in determining the principal components of the modulus maxima image.
C.2 Computation
This part of the appendix deals with the steps to compute the first principal component
and the angle relative to the x ~axis for a set of points in a plane.
Let the gray level tor each pixel in any image be represented by f(x,,y,) where x, and
Y, are the pixel coordinates in the horizontal and vertical direction. Steps to compute the
principal components for a two dimenstonal binary image are :
e Stepl

Compute the centrotd (4., 44, ) of the object in the image.

The centrod (u

M) 15 compured using the equations given below. We only

x ?

consider points tor which f(x,,y,)=0.
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l n
U, = ;Z X, Eq. C-20
1=1

l n
M, = ;Z y, and Eq. C-21
1=1

nis the number of pixels tor which f(x,,y,)#0.

e Step2
B O-.XZ‘ - .
Compute the covariance matrix % = " |- We only consider points tor which
S(x,p)=0.
&, .
o, = -’;in' -M; Eq. C-22
l d ) ]
O, ==y - M; Eq.C-23
l n
Oy = o XYy, —M.M, and Eq. C-24

nis the number of pixels for which f(x,,y,)#0.

e Step3

Compute the largest eigenvalue A, . This can be done using the equation

(0. +0,)+ \/(o"‘x + o-”.)l -4(o.0, —0.)
2

A, =

e Step4
Compute the corresponding eigenvector for the eigenvalue A | using the equation

given below:
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1

e, = .
oo, | B €26

This eigenvector is the tirst principal component. It is the major axis of the object.
The minor axis 1s orthogonal to this axis in the same plane.

e Step5
Compute the angle of the major axis relative to the x —axis . This angle is given by

the equation shown below:

/11 _ O-xx
o Eq. C-27

xy

¢ = a tan

C.3 Usage

In this dissertation we compute the principal components of the two objects being
registered. The difterence in the angle of the first principal component with the x —axis

is computed.
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APPENDIX D

INTRODUCTION TO EDGE DETECTION

D.1 Introduction

An edge is the boundary between two relatively distinct gray level regions. The underlying
assumption made by edge detection techniques is that each of the regions separated by the
edge are suttficiently homogeneous that the transition between two regions can be
determined on the basis of only gray level discontinuities. Most edge detection techniques
determine edges by computing an approximate local derivative operator.

Figure D-1 shows the gray level profile, the first and second derivatives of a function that
represents the gray level profiles. The first derivatve of the gray level protfile is positive at
the leading edge of a transition, negative at the trailing edge, and zero in areas of constant
gray level. The second derivative is positive for the transition part associated with the dark
side of the edge, negative for the transition part associated with the light side of the edge,
and zero in areas of constant gray level. Hence, the magnitude of the first derivative can be
used to detect the presence ot an edge, and the sign ot the second derivative can be used
to determine whether an edge pixel lies on the dark side or light side. The second
derivative changes sign (a zero crossing) at the midpoint of a transition in gray level and
this information provides an approach for locating edges in an image.

Itan nxn image f(x,y) is treated as consisting of # rows and # columns we can find
the first and second derivatives in the horizontal and vertical directions at each pixel
location (x,y) in the image. The gradient of the image f(x,y) at location (x,y) is given

by
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3f (x,y)/0x

VS = ; :
P = laram/an) Be b

The gradient vector points in the direction of maximum rate of change of f(x,y)at
(x,»).
The direction of the gradient vector represents the direction of the edge and is given by

the expression :

o a
Edge direction = tan ' ( —a{;/-o{c—j . Eq. D-2

For an image with digitized pixels, the difference between adjacent pixel values is used to
approximate the derivative. The different commonly used edge detectors differ in. how
they compute partial derivatives and the gradient at every pixel location. The computation
of the edges is accomplished by spatial convolution of the digital image data using a kernel
or set of masks.

Using a weighted average of each pixel in the input image and its eight surrounding
neighbors a value is computed for the output image at this pixel location. This group of
pixels used to compute a weighted average is called the kernel. The weights used to
compute the weighted average represented as a 3 x 3 array is called the convolution mask.
Each edge detector makes use of a ditferent 3 x 3 convolution mask. Spatial convolution
with these masks essentially results in high pass spatial filtering. The high pass filtering
vields convolutior; coefticients that are used enhance high trequency components and to
remove low trequency components. This procedure results in edge enhancement and edge
derection.

Constder the 3 x 3 mask M show below:
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m, m, m,
M ={m, m, m;

meg m; Mg
Let f(x,y) represent the gray level at pixel location (x,y) for an nxn input image. Let
O(x,y) represent the same gray value at location (x,y)in the output image after

convolution of this # x 1 input image using this 3 x 3 the mask. The output gray values

O(x.y) tor every pixel location (x,y) in the output image, 1s computed as:

O(x,y)=ZZf(x——1+j,y—l+i)mU+3,) Eq. D-3

i=0 j=0
Gray levels in the output image for pixels that are on the image frame boundary are
computed trom only those pixels that are inside the image trame of the input image.

D.2 Mask Types

D.2.1 Laplacian Edge Detector

The Laplacian edge detector is a scalar operator tor 2 — D functions. It is defined as:

S f(x,¥) . G f(x.,y)
Ax’ Ay’

Vif(x,y) = Eq. D4

The Laplacian edge detector tinds all edges regardless of their direction. The Laplacian
operator generates sharper peaks at edges than many of the edge detecotrs discussed in

this appendix. It 1s implemented using any one of the two kernels shown below:

Mask # 1

Mask # 2
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D.2.2 Sobel Edge Detector

The Sobel edge detector consists of two masks. One mask provides better information
about horizontal edges and the other mask provides better information about vertical
edges. Every input image pixel is convolved using both masks. The maximum value
obtained after both convolutions are done, is used as the pixel gray level in the output

image for that pixel location. The result is called an edge magnitude image.

Mask # 1
-1 -2 -1
M = 0 0
2 1

Mask # 2
-1 0 1
M = - 2 0 2
-1 0 l

D.2.3 Prewitt Edge Detector

The Prewitt Edge detector also uses two masks. Every pixel in the input image is
convolved with both masks. The maximum value obtained after the two convolutions is
used as the pixel gray level in the output image for that pixel.

Mask # |
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Mask # 2

D.2.4 Kirsch Edge Detector
The Kirsch Edge detector consists of eight masks. Each pixel in the input image is
convolved using all eight masks. The maximum pixel value obtained after the eight

convolutions is the pixel gray level in the output image for that pixel.

Mask # 1
5 5 5
M= - 0 -3
-3 -3 -3
Mask # 2
-3 s
M=|-3
-3 -3 -3
Mask # 3
-3 -3 5
M =1-3 0 5
-3 -3 5
Mask # 4
-3 -3 -3
M =]-3 0
-3 5
Mask # 5
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Mask # 6
{—3 -3 -3
M = 5 -3
Ls 5 -3
Mask # 7
-3 =
M = o -
-3 -
Mask # 8
5 -3
M = -3
-3 -3 -3

D.2.5 Roberts Edge Detector

The Roberts edge detector also uses a difference technique but uses a different spatial
convolution than was used by the other edge detectors in this Appendix. It uses two
distinct ditferences to represent a finite approximation to the derivative of brightness. The
direction of the edges is computed in the diagonal directions and the magnitude is
combined by taking the square root of the sum of the squares of the magnitude.

Let f(x,y) represent the gray level at pixel location (x,y) in an n x n input image. Let
O(x.y) represent the gray value at location (x,y)in the output image atter convolution
ot the input image. The output O(x,y) for every pixel location (x,y) in the output

image tor the Roberts Edge Detector, is computed as shown:
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O(x,¥) = J(f(x.y +1) = F(x+ 1Y) +(f(x+Ly+1D)— f(x.p) . Fq. D-5

D.3 Observation

The edge detectors presented in this Appendix are commonly used edge detectors. All

these edge detectors magnity noise [Russ94][Baxes94][Gonzalez92].
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