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NOTATIONS

The notations used in this dissertation are standard and most of them are defined
before they are used. Some widely recognized notations used without definitions are
listed here:

I always denotes the identity matrix with dimensions determined in context.
E{-} is the expectation operator.
exp{-} is the (matrix) exponential function.

If A is a matrix or a vector, then A7 is its transpose and A* is its conjugate
transpose.

If z is a complex number, then Re(z) and I'm(z) are, respectively, its real and
imaginary parts.

R is the set of real numbers.

RH is the space of all proper and real rational stable matrix transfer func-
tions.

If A is a square matrix, then trace(A) is the trace of A.

viii
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ABSTRACT

A fundamental question in feedback control design is how to achieve desired perfor-
mance under system uncertainties and external disturbances. The well-known LQG
and H, control design techniques are well suited for achieving some well-defined op-
timal transient performance under certain classes of stochastic external disturbances
such as white noise. However, these optimal control design techniques are highly
model dependent and may be very sensitive to parameter variations and system
uncertainties. The H, control theory, on the other hand, was developed precisely
because of the desire to overcome these deficiencies. One potential shortfall of the
existing M, control design method is that it is very hard to handle transient per-
formance naturally. Thus it is desirable to develop a systematic design technique
that combines the good aspects of both LQG (or H;) and H, design techniques.
This is precisely the motivation for the multiobjective design framework developed
in this dissertation.

Motivated by the development of a time domain game approach for Hy/Ho
control, three multiobjective design problems related to filtering and control are
formulated on time domain in this dissertation. Based on a new constrained opti-
mization result proved in this dissertation and M, control design, the multiobjective
filtering problem has been solved by an optimally designed filter while the multiob-
jective control problems have been solved by combining an optimally designed filter
and a feedback gain. It is shown that all the results can be obtained by solving the

corresponding set of coupled Riccati equations.

ix
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CHAPTER 1

INTRODUCTION

This chapter gives a brief introduction to and motivation for the multiobjective
optimal control theory developed in this dissertation. Some previous work in the
literature are reviewed and a brief overview of this dissertation is given at the end

of the chapter.

1.1 MULTIOBJECTIVE OPTIMAL DESIGN

It is probably fair to say that the most important objective of any control design
is to achieve certain desired performance specifications in spite of external distur-
bances and noises, system parameter variations, and variations of system operating
conditions. The desired performance specifications are usually measured in terms
of the behavior of the system’s steady state response and the behavior of the sys-
tem’s transient response, respectively. For example, the requirements on the steady
state error with respect to some desired tracking signals and the requirements on
overshoot, rise time, and settling time with respect to a step reference signal are
typical steady state and transient performance specifications. Designing a controller
to satisfy these performance specifications for an ezactly known linear system is in
general not very hard. Many optimal design methods can be used to achieve (at
least, approximately) the goal, for instance, some well-known modern state space
control techniques such as pole placement, LQG, and H, design methods. The most
notorious problem associated with those design techniques is the lack of guaranteed

robustness with respect to external disturbances and model uncertainties. That is,
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the performance of these control laws may be very sensitive to inevitable external
disturbances and system uncertainties.

It is precisely the robustness consideration for which feedback control was orig-
inally developed. But merely feedback is, however, not sufficient to guarantee the
robustness of a control system just as pole placement, LQG, and H, control laws
are all feedback control laws. In fact, it is in general impossible to design a feedback
control law that will perform well in all aspects. For example, it is well known
from classical control theory that, to have a good tracking for signals with large
bandwidth, one needs large bandwidth for the closed-loop transfer function; on the
other hand, to have a good disturbance rejection to measurement noise (usually in
a high frequency range), one needs to roll off the high frequency response as much
as possible; that is, one would prefer to have low bandwidth for the closed-loop
transfer function. These objectives clearly contradict each other. What a judicially
designed feedback can usually achieve is to improve the system performance in one
aspect by sacrificing the system performance in another aspect. Thus a feedback
control design is a process of making tradeoffs between conflicting objectives.

Two prominent conflicting objectives in most feedback control designs are good
transient response and robustness with respect to disturbances and system uncer-
tainties. Usually a very robust control law tends to make the system’s transient
response poor. On the other hand, a system with an extremely good transient re-
sponse for a nominal operation condition (or model) may be very sensitive to external
disturbances and parameter variations. This can be easily understood by consider-
ing, for example, the manoeuvrability and the ability to handle the road roughness
between driving a tank and riding a bike. In this case a good control design should

be a compromise between good transient performance and robustness.
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It is gencrally agreed that an LQG or H. criterion can be a good measure for
transient performance, while the Ho, optimal control design framework is developed
primarily because of the robustness consideration. Thus it is natural to consider a
design framework that can systematically make the design tradeoffs between these
two design objectives. The development of this multiobjective design framework is

the main topic of this dissertation.

1.2 OVERVIEW ON MULTIOBJECTIVE FILTERING AND
CONTROL

The multiobjective control problem has received a lot of attention from the control
research community in the past decade [4, 5, 7, 10, 11, 14, 17, 22, 26, 30, 32, 34,
33, 36, 44, 48]. Many different formulations have been proposed in the literature
(see also [40], though it is the Hy/H approach has a better physical interpretation
and clearer motivation as discussed in the last section, and attracts a great number
of researchers. It should be pointed out that the term H,/H usually is assigned
to any multiobjective optimal design of which the performance measures have both
H2(LQG) and H interpretations.

Some major results about multiobjective control with an H,/H interpretation

are discussed as follows.

e Fixed-order controller design by minimizing an auxiliary cost functional [4,
17, 18]: This formulation minimizes an upper bound on the H, norm of the

closed-loop transfer function subject to an H,, norm constraint.

e Convex optimization using LMI [22, 14, 19, 11, 7, 5]: The advantage of the

convex optimization approach is that there exist effective and powerful algo-
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rithms for the solutions of these problems. However, it is difficult to generalize

this approach to nonlinear system.

e Optimizing an entropy cost functional {29, 30, 15]: This approach designs
a controller to minimize the so-called closed-loop entropy which provides an
upper bound of H, cost, while guarantee the ., performance. It turns out
that this approach is equivalent to the approach of minimizing an auxiliary

cost functional in [4] for the single external input case(29].

e Power signal characterization[10, 48]: This approach can treat systems with
both white noise and bounded power disturbances. The design objective is to
minimize the power of the output error signal. It is essentially a time domain
approach and has a close relationship with the problems considered in the

subsequent chapters.

e Nash game approach [26, 34]: This approach uses the Nash equilibrium strat-
egy as performance measure to characterize the problem with a very clear
‘H,/Hoo interpretation. It is also possible to generalize this approach to non-
linear system [27]. Another benefit we can get from this approach is that it
allows us to define Hy and H, problems on finite time horizon, which, clearly,
could not be done by frequency-domain approaches. However, only a state
feedback problem was solved in [26] and the output feedback problem turns

out to be very difficult {34].

Another multiobjective optimization topic is the so-called multiobjective filtering
design problem. This problem is interesting because it can either provide solutions

for multiobjective optimal control as shown in this dissertation or for robust signal
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(W]

processing. One significant work was done by Khargonekar and Rotea [23] using the
frequency domain approach and Kalman filter structure.

Motivated by the bounded power approach, game approach and the work in
(23], three new multiobjective filtering and control problems, that is, multiobjective
filtering, multiobjective output feedback control and H., Gaussian control, are for-
mulated in this dissertation. It turns out that, comparing with the existing Haz/Hoo
formulations stated above, the formulations in this dissertation have clearer moti-
vation and natural H,/H., interpretations, and more important, the solutions to

these problems are given in simple and computable forms.

1.3 DISSERTATION OVERVIEW

The purpose of this dissertation is to provide a systematic, self-contained and, in
most cases, rigorous presentation for the mixed H,/H filtering and control the-
ory in time domain. The dissertation is organized as follows: After Introduction,
Chapter 2 provides some preliminary results from signals, H,/Ho control theory
and proves a new constrained optimization problem which is used throughout the
subsequent chapters. Chapters 3, 4, 5 are devoted to solve multiobjective optimal
filtering, control problems and H., Gaussian control design. Finally, conclusions

can be found in Chapter 6.
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CHAPTER 2

PRELIMINARY RESULTS

In this chapter, some important preliminary results are presented. Complete proofs
for most of these results, though well-known, are still given bearing in mind two pur-
poses: first, it is the author’s desire to make this dissertation self-contained; second,
some new proofs for old results reflect new point of view on the problem (e.g. output
feedback Hoo control), which provides the motivation for the design results obtained
in Chapters 3, 4, and 5. Some results in control theory (e.g. transition matrix for a
time-varying system), which could be easily found in standard textbooks, are used
directly without citations and proofs.

In Section 2.1, we first introduce Ho, and H, norms of a matrix transfer function,
then we discuss the properties of bounded power signals and white noise signals. In
Section 2.2, a new constrained optimization problem is solved and the results will
be used throughout this dissertation. In Section 2.3, H2(LQG) control design is

presented while, in Section 2.4, H., control design is addressed.

2.1 NORMS AND SIGNALS

In this section, we shall give the definitions of M, and H; norm of a matrix transfer
function. These norms will be used as performance measures for multiobjective
filtering and control designs. There are two classes of stochastic signals which are
of interests in this dissertation for the development of multiobjective filtering and
control design. The first class is called the bounded power signal and the second is

the well-known white noise signal. The basic definitions and properties of bounded
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power signals will be given in Section 2.1.2, while those of white noise signals are
summarized in Section 2.1.3. We shall also present the relations between these
signals and norms of a matrix transfer function. It should be pointed out that a
deterministic version of bounded power signals can also be defined (see [48] and [13])
and the results obtained in this dissertation can, then, be derived correspondingly

in a deterministic framework.
2.1.1 Hy AND Hy NORMS

A norm is a real-valued functional || - || defined on some vector space X (of signals

or systems) if it satisfies the following properties:
L jz{l =2 0,
2. ||z|| = 0 if and only if z = 0,
3. |laz|| = |a||z||, for any scalar o,
4. lz +yll < li=ll + Iyl

for any £ € X and y € X. A real-valued functional || - || is called a semi-norm on X
if it satisfies properties 1, 3 and 4 but not necessarily 2.

Given a G(s) € RH., with a state space realization (A, B, C, D), we denote
Al|lB
G(s)=D+C(s] — A)™'B = |—}—| .

C|D

L -

The H,, norm of a stable G(s) is defined as:

1G(5) oo = sup {G ()}
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where #(s) is the largest singular value of G(s).

The H, norm of a stable G(s) with D = 0 is defined as

G ()l = \/2—17‘: /_o:o trace|G*(Jw)G(jw)]dw.

2.1.2 BOUNDED POWER SIGNALS

Given a real stochastic signal u: u = [uy(t) ws(t) -  wm(t)]" € R™, where
u;(t), 4 = 1,---,m are real stationary random processes, define the mean and

autocorrelation matrix of u, if they exist, respectively, as follows:

E{ui(t)}

E{UZ(t)} 1 /T )
E{u} = . Ruu(7) = Jim T./o E{u(t + 7)ul (t)}dt.

] E{um(t)}

The Fourier transform of R,.(7), if it exists, is as follows:

1 0 .
Sy = — R, (T)e 7" dr.

27 J -0
We shall be interested in the set of signals « for which both R,, and S,, exist. The

so-called bounded power signal is defined as follows:

Definition 2.1 A wvector stationary stochastic signal w s said to have bounded

power if
1. both R,. and S, cxist,

1 (T .
2. im = / E{||u|]*}dt < co.
T—oo T Jo
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Let P be the space of all signals with bounded power. A seminorm can be defined

on P:

1 4T .
lullp := y/ Jim = / E{||u||2}dt = \Jtrace[Rua(0)], Yu € P.
— 00 0

An important property of bounded power signals is that we can use them to induce

the H., norm of a system. For a stable system shown in Figure 2.1:

w G A .

Figure 2.1: A Stable System Driven by A Bounded Power Signal

Let w be a bounded power signal, we have
1T 2
Jhim % [ By
Jim & [ ity

Too T Jo

where ‘sup’ is taken over all bounded power signals w.

1G($)lleo = sup

2.1.3 GAUsSIAN WHITE NOISE SIGNALS

Many sources of noise signals in engineering are normally modeled by the well-known
Gaussian white noise. Mathematically, a Gaussian white noise wg(t) is a stationary

random process that satisfies:
W1) E{wy(t)} =0,
W2) E{wy(t)wl(m)} = Qt)o(t — 1),

where §(¢) is Dirac ¢ function and Q(#) is a positive definite matrix. In this dis-
sertation, we shall assume, without loss of generality, Q(t) = [, where [ is an

identity matrix, i.c., wy(?) is a zero mean stationary process with an identity power
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spectrum. A more rigorous description of the white noise process can be found in
standard textbooks for stochastic processes (see, e.g., [41]).
White noise signals have a natural relation with the H, norm of a stable system

as shown in Figure 2.2:
1 white noise z
2 wO > G .

Figure 2.2: A Stable System Driven by a White Noise

For this system, we have

G = J@;E {3 [ et}

Indeed, let G be a system described by

&t = Az + Bw,, z(0)=0,

z = Cux,

then the impulse response of this system is g(t) = Cexp(At)B. By Parseval Theo-

rem, we have

(Al = . /700 tracela*(NalNdt = Jtracel BTOB)
166Nl = [ tracel (D)t = irace (BB

where () = J;~ ezp(A* T)U" UexplAar)at 2 v sotves tue wollowing Lyapunov equation

ATQ+QA+CTC =0.

Now, since z(t) = f5 Cexp[A(t — 7)]Bw(7)d7, we have

tow £ 7 [ sl
P2 T\ T Sy Y
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1 T rt gt ) .
= lim E{T/o /0 /0 wy (1) BT exp(ATT)CT Cexp(As) Bwy(s)ds dr dl,}

T—o0

T—o0

1 T gt gt .
= lim T/o / /0 trace{ BT exp(ATT)CT Cexp(As)BE[wo(s)wl (7)) }dsdrdt
g .

1 (T gt gt
= lim —/ / /0 trace{ BT exp(ATT)CT Cexp(As)BS(s — 7)}ds dr dt
0o Jo

T—oo T

T [t
= lim l/ / trace{ BT exp(ATT)CT Cexp(AT)B}dr dt
T—oo T Jo Jo

= /oo trace{ BTexp(ATt)CT Cexp(At)}Bdt = trace{ BTQB} = ||G(s)|}3.
Jo

An important relation between stochastic signals is the so-called independence of

signals which is defined as follows:

Definition 2.2 Two vector stationary stochastic signals wi(t) and w.(t) are said

to be (mutually) independent if for any t, > 0 and t3 >0
E{w(t:1)w; (t2)} = E{wi(t1)} BT {wa(t2)}-
2.2 CONSTRAINED OPTIMIZATION

A new constrained optimization problem is solved in this section. The results are
used in the subsequent chapters to prove results of multiobjective optimal filter-
ing and control design. Proofs of both sufficient and necessary conditions for the
constrained optimization are given.

Given A € R*™**, Be R"™", C € R?*", D € R”" and R = DD? > 0, define,
respectively, the following index functionals:

Jl(L(t), P(f)) = trace (/01 P(f)(]/‘) , T >0,

where L(¢) and P(t) > 0 ou [0, T] with P(0) = 0 satisfies:

(A + L(OC)P(t) + P()(A+ L(H)C)T + (B+ L(HD)(B + L)D)" = P(t).  (2.1)
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and
Jo(L, P) = trace(P),

where A + LC is Hurwitz and L, P > 0 satisfies:
(A+ LC)P + P(A+ LC)T + (B+ LD)(B+ LD)" =o0. (2.2)

The constrained optimization problem is defined as:
Problem 1: finding (L.(t), P.(t)) such that J;(L(t), P(¢)) is minimized at
(L.(t), P.(2)), i.e.
T
J\(L. (), P.(t)) = mintrace ( ] P(t)dt> ,
: 0

where (L(t), P(t)) and (L.(t), P.(t)) are all subject to the constraint (2.1).
Problem 2: finding (L., P.), where A + L.C is Hurwitz, such that J(L, P)

is minimized at (L., P,), i.e.
Jo( L, P,) = r£1i11)1 trace(P),

where (L, P) and (L., P.) are all subject to the constraint (2.2).

Since the values of Jy(J;) are determined only by L(t)(L) or P(t)(P), for sim-
plicity, J1(L(t), P(t)) and J»(L, P) will be denoted by J1(L(t)) and Jo(L) hercafter.
The sufficient conditions for this optimization problem are proved in Section

2.2.1, while the necessary conditions are presented in Section 2.2.2.
2.2.1 SUFFICIENT CONDITIONS

The sufficient conditions for the constrained optimization problem arc summarized
in the next two theorems, reflecting finite time horizon case and infinite time horizon

case, respectively.
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Theorem 2.1 Consider Problem 1 defined in finite time horizon. If there is a

solution P,(t) > 0 on [0,T] with P.(0) =0 to
(A — BDTR™'C)P.(t) + P.(t)(A — BDTR™'C)T — P.(t)CTR™'CP,(t)
+B(I — DTR™'D)BT = P,(t),
then Ji(L(t)) achieves the minimum value at L.(t) = —(P.(t)CT + BDT)R™!
Proor. Take AP(t) = P(t) — P.(t). Then
AP(t) = (A+ LC)AP(t) + AP(t)(A+ LC)T + (L — L.)R(L — L.)7,

where L,(t) = —(P.(t)CT + BDT)R~!. Now, let ®(¢,0) be the transition matrix of

A + L(£)C. Then
AP() = [ “®(t, $)(L(s) — Lu(s)R(L(s) = L.(s))787 (¢, s)ds = 0

for any L(t) and AP(t) = 0 if L(t) = L.(t). Therefore J(L) — J(L.) > 0 for any

L(t) which means that .J(L(t)) achieves the minimum value at L,(%). a

Theorem 2.2 Consider Problem 2 defined in infinite time horizon case. If there

is a stabilizing solution P, > 0 for
(A— BDTR™'C)P, + P.(A- BDTR™'C)T — P.CTR™'CP.
+B(I - DTR™'D)BT =0,

i.e., A= BDTR™'C — P,CTR~'C is stable, then Jo(L) achieves the minimum value

at L, = —(P.CT + BDT)R""
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PROOF. Since P, is a stabilizing solution, so A + L,C is Hurwitz, where L, =
—(P.CT + BDT)R™'. Now for any L for which A + LC is stable, we have P > 0

solving

(A+ LC)P+ P(A+LC)" +(B+ LD)(B+ LD)" =0.
Now take AP = P — P,. Then

(A+ LC)AP + AP(A+ LC)T + (L - L)R(L - L)T =0.

By a standard property of Lyapunov equation, we have AP > 0 and AP =0 if and
only if L = L,. Hence J(L)— J(L.) > 0 for any L, which means that J(L) achieves

the minimum value at L,. a

2.2.2 NECESSARY CONDITIONS

The following theorems provide the necessary conditions for finite time horizon and

the infinite time horizon case.

Theorem 2.3 Consider Problem 1 defined in finite time horizon. If there are

L(t) and P(t) satisfying
(A+ L(t)C)P(t) + P(t)(A + L(t)C)T + (B + L(t)D)(B + L(t)D)T = P(t),

and L(t) is the argument that minimizes J(L(t)), then there is a solution P,(t) > 0
on [0,T] with P.(0) =0 for

(A — BDTR™'C)P. + P.(A -~ BDTR™'C)" — P.CTR™'CP.
+B(I - D'R™'D)B" = P,,

and the minimum value of Ji(L(t)) is also achieved at L. = —(P.CT + BDT)R™!
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Theorem 2.4 Consider Problem 2 defined in infinite time horizon. Suppose
(C, A) is detectable. If there are Ly and P, > 0, where A+ L,C is Hurwitz and P,

solves
(A+ LC)P, + P(A+ L,C)T + (B+ LiD)(B+ L;D)" =0,
such that Jo(L) is minimized at L,, then there is a P, > 0 solving
(A— BDTR™'C)P. + P.(A—~ BDTR™'C)" - P.C"R™'CP.
+B(I - DTR*D)BT =0.

Moreover, an optimal L, can be obtained as L. = —(P.CT + BDT)R™! if A+ L.C

1s Hurwitz.

The proof will be given only for Theorem 2.4 since the proof of Theorem 2.3 is (a
little bit) easier and follows from that of Theorem 2.4 closely, as long as we drop
the requirement that A + L,;C is Hurwitz.

Before proving Theorem 2.4, we need to establish some preliminary definitions
and propositions.

First, two sets Sy, and Sp are defined as follows:
Definition 2.2 Define S;, C R™*? as
S,={L:LeR", A+ LC s Hurwitz}
and Sp C R™™ as
Sp={P:P=P"eR™",

(A+ LC)P + P(A+ LC)Y' +(B+ LD)(B +LD)" =0, for some L € St}
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Clearly, given A, B, C, and D, S;, and Sp are not empty since (C, A) is detectable.

A direct conclusion from the above definition is P > 0, VP € Sp.

Proposition 2.5 For any L € Sy, there is one and only one P € Sp solving
(A+ LC)P + P(A+ LC)T + (B+ LD)(B + LD)” = 0.

In addition, A — (PCT + BDT)R™'C is Hurwitz.

PRrOOF. For any L € Sy, it is obvious that there is a P > 0 solving
(A4 LC)P + P(A+ LC)T + (B + LD)(B + LD)" =0.

Hence P € Sp. Now let P, > 0 € Sp also solve the above equation, i.e.,
(A+ LC)P, + P((A+ LC)T + (B + LD)(B + LD)" = 0.

Define AP = P — Py, then
(A+ LC)AP + AP(A+ LC)T = 0.

This gives AP =0or P = P,.
Next, if A — (PCT + BDT)R™'C is not Hurwitz, then it has (at least) one
eigenvalue A on the closed right-half plane, thus Re(\) > 0. Rewrite the Lyapunov

equation
| (A+ LCYP + P(A+ LC)T + (B+ LD)B+LD)" =0
as
[A — (PCT + BD")R™'C|P + P|A — (PC" + BD")R™'C|" + BI — D"R™'D)B”

+PCTR™'CP + L + (PC" + BDT)RYRIL + (PC" + BD"YR™" = 0.
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Let 2 be a left eigenvector corresponding to )\, i.e., z7[4 — (PCT + BDT)R™IC] =

AzT, then:
z7[A — (PCT + BD")R™'C|Pz + 2" P[A — (PCT + BD")R™'C|"2
+2T PCTR™'CPz +2TB(I — DTR™'D)BTz
+zT[L + (PCT + BDT)R™Y|R|L + (PCT + BDT)R™'|Tz =0,
or
2Re(N)zT Pz + 2T PCTR™'CPx + z'B(I - D'R™'D)Bz
+z7[L + (PCT + BDT)R™YR[L + (PCT + BD")R [Tz = 0.
Since I — DTR~'D > 0, we have:
CPz =0, (I-D'R'D)BTz=0, [L+(PCT+BD")R'|Tz=0,
or zTL = —zT(PCT + BDT)R™! which implies:
T (A + LC) = zT[A — (PCT + BDT)R™'(C] = Az,

i.e., A+ LC is not Hurwitz, a contradiction. Hence A — (PCT + BDT)R™!C is

Hurwitz. a

Let {P;, i = 1,2,---} be a sequence in R**". Correspondingly, we define a
sequence {L;, 4 =2,3---} in R®* with L1, = —(P.CT + BDT)R™'. The limits
of {P;} and {L;} arc defined as follows:

Definition 2.3 P, and L. are said to be the limits of sequences {P;} and {L;} if

for any x € R",

" P = lim 2" Pz, L.=—(P.CT + BD")R™.

11— 00
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If these limits exist, we denote

P,=1lm P, L,=limL;y = - lim(PCT + BDT)R™.

1—00

It is easy to see that L; has a limit if P; does.

Proposition 2.6 A sequence {P;} converges to some P, if and only if the conver-

gence is entry-wise, that is, if p};j and pkj« are entries of P; and P,, then
- 1 i y _ .. e
Prjx = il_LIgpkj7 k’?] - 17 27 ) T
ProoF. If the convergence is entry-wise, i.e.,
pkj*=ili}gp1l'cja k,j=1,2,-~-,n,
then, for any x € R", we have

lim z7Pz = lim 5 pliziz; = Y lim p;ziz; = Y prjutna; = z” Pz

So

P*=hmP,

11— 00
Conversely, if P; converges to Py, i.e. Vz € R"
zT P,z = lim T Pz, Vz € R",

1— 00

or

] =1 nt — ; z .

> PigTiTq = }_{I& D PigTiTy = > }ig})quxj-fq-
5a 79q J4

Comparing coefficients on both sides and considering that « is arbitrary, we obtain:

. = 1im 1"
pjll* - i]i{})loqu?

that is, P, converges to P, entry-wisely. a
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We are interested in a pair of special sequences {£;} and {L;}, which are gener-
ated by the following procedures:

Procedures:
1. Choose L from Sp,

2. Solve P;,2=1,2,.--, from:
(A + L;C)P; + P(A + L;C)T + (B + L;D)(B + L;D)" =0,

3. Set Ly, = —(PCT + BDT)R™!, i=1,2,---.

A direct consequence from this construction is, by Proposition 2.5, that A + L,C

and A+ L;1,C =A— (PCT+BDT)R™IC, i=1,2,---, are all Hurwitz.

Proposition 2.7 Sequences P; and L; generated by the above Procedures 1-3 always

have limits P, and L,.

PROOF. We only need to prove that P, has a limit P.. Note that we have, for

i=1,2,---,

(A+ L;C)P; + P(A+ L;C)T + (B + L;D)(B + L;D)" =0,

(A+ Liz1C)Pigy + Pt (A + LiyyC)T + (B + Liz1 D)(B + Lis D)T = 0.
Define AP, = P,y ) —~ P, and AL; = L;, — L;, then

(A + LitC)AP, + AP(A+ L, C) — AL;RALT =0,
which gives that AP; < 0. This means that for any z € R"

0<---< ;[;TH+1(E < :1;TPi:c <-.- < :L'TP1:L'.
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Hence lim 2T P,z exists and

11— 0

. T BT i _ . i, _ . _ T
lim z* Pz = lim E Pk ThTj = E lim pi xrT; = E PrjsZrlT; = T Pz,
1—QOQ —00 k] kJ 11— 00 k_]

where prj. = limi_co pj; and P, = [pi;.]. Therefore P; has a limit and so does L;

with

L, = lim Liyy = — Jim (PCT + BD")R™!' = ~(P.CT + BD")R™".

Lemma 2.1 For sequences P; and L; generated by the Procedures 1-3, if P, and L,

are the limit points of these sequences, then P, > 0 solves,
(A+ L,C)P. + P.(A+ L.C)T +(B+ L.D)(B + L.D)T =0,

where L, = —(P.CT + BDT)R™L.

PROOF. Suppose P, and L, are the limit points of sequences P and L;, with
L, € S;. Let p}; and py;. be entries of P; and P,. Let I}, and lp,, be entries of L;

and L,. By Proposition 2.6, we have entry-wise convergence:

Prix = lliglopij ka] = 112a e, T

and consequently, for any m =1,--- ,nand ¢ =1,---,p,
_ . 1 1 T ; _ 1 . . 7 A ¢ i
l"“l* - -hm lmq(ﬁk;j? l“aJ =12, II,) - l'rnq(.llm p;cjv }“s.] =1,2,--, n’)’
71—0C 11— 00
since I, is a continuous function of pi;, k,j =1,2,--+,n.

Next, we define

F(P, L) = (A+ LiC)P, + P(A + L,C)" + (B + L;D)(B + L:D)".
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Obviously, F(P,,L;) = 0, Vi = 1,2,---. Let fi;, k,j = 1,---,n be entries of
F(P;, L;), then they are continuous functions of all p};j and linq. Therefore

fige = B Fii(phgs ) = 0. kij = 1,--.m.
This shows that F(P,, L,) =0 or

(A+ L,C)P,+ P,(A+ L.C)T + (B + L.D)(B + L.D)T =0,

where L, = —(P.CT + BDT)R™!. O

It is worth pointing out that A + L,C may not be Hurwitz. Actually, its eigenvalues
are on the close left-half plane. The reason is as follows: recall that eigenvalues
Ati, "+, Ang of A + L;C are all on the open left-half plane, for z = 1,2,---, and
clearly Aj;, j =1,--+,n are continuous functions of l;'nq, m=1,---,n g=1,---,p.

If AL, - -, Ans are eigenvalues of A + L,C, then

Re(A;.) = lim RefAji(Fn,)] = Rehsu(lim By, )] 20, j=1,0-,m.

- M4
So Aj« lie on the close left-half plane.

Now we are in the position to prove Theorem 2.4.
ProOOF. Ifthereisan L, € S; and a P, € Sp such that
(A+ LCYP,+ P(A+L,.CYT +(B+L,D)B+ L,D)' =0,

and .J,(L) achieves the minimum value at L, take L, as the initial value and generate
the sequences P; and L; using the Procedures 1-3. Then the following claims can

be made (see Proposition 2.7):
1. 0<--<Puy<P<-- <Py

2. {P, i=1,2,---,} and {L;, i = 1,2,--+,} have limit points P, and L. and

P. < P.
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Hence by Lemma 2.1, P, and L, = —(P,CT + BDT)R~! solve
(A+ L,C)P. + P.(A+ L.C)" + (B + L.D)(B + L.D)" = 0.
If A+ L.C = A— (P.CT + BDT)R™!C is Hurwitz, then
Jo(L,) = trace(P,) < trace(Py) = Jo(L1) < Jo(Ly),

thus Jy(L,) = Jo(L1), i-e., Jo(L) achieves the minimum value at L, = —(P,CT +
BDT)R-!

The next corollary tells when we have a stabilizing solution.

Corollary 2.1 Suppose (A, C) is detectable and
|
A—-jw B

has full row rank for all w,

c D

then A + L,C is stable, where L, = —(P,C*T + BDT)R™! and P, solves

(A+ L,C)P, + P.(A+ L.C)T + (B + L.D)(B + L,D)" =0.

2.3 H3(LQG) CONTROL

We shall revisit the standard H, control in this section from a different point of
view in terms of the optimization problem solved in the last section.

Consider a dynamical system:

t = Az + Byw + Byu, z(0) =0, (2.3)
z = lel,' + D12'U,, (24)
y = Cyx+ Dyw. (2.5)
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We shall make the following standard assumptions:
(A1) (A, B,) is stabilizable and (Cs, 4) is detectable,

(A2) R, := DL,Dy; >0, Ry := Dy DY, > 0,

A— ]wI B2
(A3) has full column rank for all w,
C'1 D12
A—-jwl B
(A4) has full row rank for all w.
CZ D21

Let T, denote the matrix transfer function from w to z.

‘H, Control Problem: find a control law u = K(s)y that stabilizes the closed-

loop system and minimizes ||T%y]|2, where

1 00 . .
1 Tewlls = \[57? /_  trace(T3,(ju) Ten )

LQG Control Problem: Let w be a Gaussian white noise signal with unit power
spectrum: E{w(t)} =0, E{w(t)w’(r)} = I§(t— 7). An LQG control problem is to
find a control law u = K(s)y that stabilizes the closed-loop system and minimizes

(in infinite time horizon)
7= lim = /TE{||Z||2}zt
J= — ] dt.
T—oo T Jo

Define
A=A - BR7'DI,C), A, = A— B\DyR;'Cy,
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P:=B(I - DI R;'Dy)B, Q:=Cl'(I - DR 'DL)C,.

It is well-known that the H, and LQG problems are equivalent so we have the

following theorem:

Theorem 2.8 There exists an Ho(LQG ) controller in the form of

8-
It

A% + Bou + Ly(Coi —y), #(0) =0,

u = Fg.’f?,

where Fy = —R7'(DY,Cy + BYX,), Ly = —(B1 DY, +Y,CT)R; ' and X, >0, Y2 > 0

are stabilizing solutions to
ATX, + XyA, — XoBoRT'BI Xy +Q =0,
AYs + VAT — YoCT R7'CyYy + P = 0.

We have shown in Section 1.1.2 that if a system G(s) is driven by a white noise

signal wp, then

. LT
Gl = \’,,@;oE {;/(, [El dt},

where z is the system response to wy. We will use this result in the proof of Theorem

2.8. We shall also need the following lemma:

Lemma 2.2 Consider the system described by equations (2.3) — (2.5) where w = wy

is a white noise. Suppose the controller K(s) = B(sI — A)~'C. Then we have

E{z(t)wl(s)} = (enBy + enBDyy)/2, s<t or Elz(t)wl (s)} =0, s>t
- . - -
.“‘ B_gé C1p Chro

‘“]/L("T‘(" i = (I,’H,(l (f.’l,'])[."l(f' - 5)] =

o
e
)

-
-
.
~
1BV
(5
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PROOF. Since K(s) = B(s] — A)7'C, the closed-loop system becomes

L= AL+ Bwo.
where & = [ v zr 17 and B = | BT (BDay)" 7. Hence
t - ~
T= / explA(t — 7)|Bwo(T)dT
Jo
and

El iy (1) wo(2°(0) | = B /()"exp[A(t—r)]Bwo(ﬂwé‘(s)dr}}

t N A
= / exp[A(t — 7)) BE{wo(T)w] (s)}dr = /0 explA(t — 7)|Bé(T — s)dT
_Ojo ELPLAL — 1 )| Ly Wol! JWy \d) fut — Jo CrpER T e o ydT

which gives E{z(t)wl(s)} = (e11Bi + ¢12BDs;)/2, for s < t; or E{x(t)wg (s)} = 0,

for s > t. 0

Corollary 2.2 Consider the system:

7 = Ax+ Bowy + Byw + Bou, x(0)=0,

Yy = Chax + Dagwy.

where wy is a white noise and w is a stationary signal.  Suppose wy and w are
(mutually) independent and all notations are same as those in Lemmna 2.2, then. we

have
E{a(t) wl'(s)} = ( (e By + e19BDay) /2, s <t or E{x (wl(s)} =0, s>t

Now we prove Theorem 2.8.
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PROOF. As we have pointed out, H, minimization problem is equivalent to mini-
. 1 /7 . . .

mize 711m E {—’I_’ / ||z||2dt}, where z is the system response to white noise w = wy.
— 00 0

Hence, we can prove the theorem as follows: Let X, > 0 and Y; > 0 be stabilizing

solutions to
ATX) + XA, — XoBoRT'BY X, +Q =0
AY, + VoAl — YaCTRy'ChYa + P = 0.

We can use the first Riccati equation to get

Jim E{ / ||z||2dt} = Jim E{ / (1212 + ng)dt}
= lim E % /0 PO +2xTX23':)dt}

1 T
= lim F {—/ (”Cll‘ + D12u||2 -+ 2$TX2(AIE + B]’UJO + Bz’u))dt}
T—o0 T Jo
1
T

T
= ’Illm E{— (’IL - FQII)TR'[ (u - FQ(L‘) + 2(13TX2.Bl’lU0)dt}
—_ 00 O
)

A
= lim E{%/OT((’IL—FQ.’E T

T—o0

R1 (’LL - Fz’lf)dt}

+111_I.{.1°T/ trace[2X, By E{wox" }]dt

1 /T
= lim FE {—/ ((u = Fox)T Ry (u — Fzzv)dt} + trace(BY X, B)).
T—o0 T Jo ’

Clearly, if the system states are available, then M, control law would be u = Fyz.

If the states are not available, we can design a standard observer-based controller:
T =AZ + Bou+ L(Cyot —y), u= .
Defining e =z — i, we get

=(A+LCy)e + (By + LDy)wo := Are + Brwy, w— IFhx = —Fse.
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So we can solve e(t) = [; exp[AL(t — 7)]BLwo(r)dT and
lim E | = e ||2dt
Jim By [0

= 111_{1;10 E {% /(;T eTF2TR1 Fgedt} + trace(BlTXgBl)

= trace{ FT Ry F,Y'} + trace(BY X2 By),
where Y = [5° exp(ALt) B, BT exp(ATt)dt satisfies:

(A+ LCY)Y + Y(A+ LCy)T + (By + LDy)(By + LDy)T = 0.
Therefore,

(A+ LC)(Y = Ya) + (Y = Vo) (A + LCy)T + (L — Ly)Ro(L — Ly)T =0,

which shows that ||T..||2 = E{J;° ||z(¢)||*dt} is minimized by L = L,.

2.4 Hs CONTROL DESIGN

In this section, some results from H,, control design are given. Our interest here is
to show that the output feedback controller structures for Ho, and H, design could
have very similar details though essentially they are different as pointed out in
[16]. The significances of those similarities are that they provide clear motivation,
especially, for the research conducted in the multiobjective control design, which
shall be addressed in detail in the subsequent chapters.

Consider the control system shown in Figure 2.3:

The system equations are as follows:

z = Az + Byw + Byu, :1;(0) =0, (2.6)
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Figure 2.3: Linear Control System with Disturbance w

z = CliL'-*-Dlz’UI, (27)

Yy = CQ$+D21’LU, (28)

where 2 € R™, y € RP, 2 € R® and w € R" is a disturbance signal. Let T3, be
the closed-loop matrix transfer function from w to z.
‘H,, Control Problem: find a control law u = K(s)y such that the closed-loop

system is stable and
ITewlloo < ¥, where ||Towlleo = sup d{Tzw(jw)}
for some prespecified v > 0.

2.4.1 STATE FEEDBACK DESIGN

For state feedback design, the following assumptions are made:
(A1) (A4, B,) is stabilizable,

(A2) R1 = D;I:ZDlg > O,

A—jwl By
(A3) has full column rank for all w.

Ch Dy
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Theorem 2.9 There exists a state feedback controller such that ||T.u||ee < v if and

only if there is a stabilizing solution X, > 0 solving
AT X o + XooAs + Xoo(B1BT /4 = BaR{'B3 ) Xoo + Q = 0,

where Ay := A — ByR{'DT,C, and Q := CT(I — D12R{'D%,)C,.
If X exzists, then the state feedback control can be taken as: u = Fyx, where

Fo = —R;Y(DT,C1 4+ BT X ), and the worst disturbance signal is w, = v~ 2BT Xo.
2.4.2 OvuTtpUT FEEDBACK DESIGN

We shall make the following standard assumptions:

(A1) (A, B») is stabilizable and (C3, A) is detectable,

(A2) R, = D;I;Dlz > 0, Ry = DQID;I > 0,

(A3) has full column rank for all w,
Ci D,

(A4) has full row rank for all w.
Cs Do,

For simplicity, the following orthogonalities are assumed:
So A, = A and Q = CIC,.
Clearly, state feedback design should have a solution if we want to consider the

output feedback design. Hence, there exists a stabilizing solution X > 0 for:

ATX o + XooA + Xoo(B\BT /4% — ByR{'BN )Xo+ CTC, =0
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and H. state feedback gain becomes F, = —R(‘Bép Xoo. It is well known that there
may exist many Ho output feedback controllers. However, as we have mentioned
before, tracking the similarities between H., and H, controllers leads us to being
especially interested in the existence of the follow special structure of H,, output

feedback control u:

= (A+72BBT X )%+ Bou+ L(Coz — y), #(0) =0,

U = FoI.

Initially, this controller looks very similar to an H,(LQG) controller if we treat
F., as the optimal LQR feedback gain, but a further observation could tell the
essential difference, that is, we can no longer separate the state estimation and
feedback control. On the other hand, the term v 2BTX_i can be thought as
the estimation of the worst possible disturbance signal w., hence, basically, this
controller is constructed based on the worst possible disturbance case and that is
the very reason to cause the big difference between this controller and an H,(LQG)
controller.

Now we state the following theorem:

Theorem 2.10 Suppose the state feedback Ho, control design has a solution. That

is, there is a stabilizing solution Xo 2> 0 solving
ATX o + XooA + Xoo(B1BT /4* — ByR7'BI X+ CTC, =0,

then, there exists an output feedback Ho, controller in the form of

Il

(A4+~72B, BT X )i + Bou + L(Coi — ), £(0) =0,

uw = Foi, Feo= _Rl_lB-;[“X'oo,
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if and only if there is a stabilizing solution Yo > 0 solving

Yool A+ 7 2B BT Xoo + LCy) + (A + 7 2B BT Xoo + LC)T Y

+77 %Yo (B1 + LD21)(Bi + LD3;) Yoo + XeoBo Ry ' B] Xoo = 0,
where L is chosen such that A+ v 2BBY Xo + LC, is stable.
PrOOF. First, it is noted that ||T.u|le < 77 is equivalent to

0< J(ww) = [ (Plll? - llzMdt, Y, w 0.
Next, by using the Riccati equation:

AT X oo + XooA + Xoo(B1BT /4* — BoRT'BI) X, + C{C, =0,
it is easy to complete square for J(u,w):

J(u,w) = [Tl = @ - [ Dialu — @),

where @, = v 2B7 X oz and @, = —R['Bf Xz = Fz. Clearly, for state feedback,
we have v = %, and w = 10, as the optimal solutions which proves a special case of
Theorem 2.9.

Define r := w—y"2BY X oz and v := Dia[u - Ry ' BY Xoo|x. The system equations

are converted into:

it = (A++v2BBTX.)x + Bir + Byu, z(0) =0,
v = Dp|R7T'B] Xoot +u] = —DiyFox + Dypu,

Yy = Cg.’L' + D21'w = Cz.’L’ + D'zﬂ',

and the performance index becomes:

Juw)= [T = llol?)de.
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Now consider an observer-based controller for the above system and performance

index:

g = (A+72B1B{ Xo)& + Byu+ L(CoZ — y), £(0) =0,

w = Foz,

where L is chosen such that A + vy 2B; BT X, + LC, is stable. Define e = = — %,

the system equations can be further simplified to

¢ = (A+72BBT Xy + LCy)e + (By + LDsy)r, €e(0)=0,

v o= DmRi'lB’erooe = —Di, Fe.
Now if there is a stabilizing solution Y., > 0 solving
YoolA +772B1BT X oo + LCs) + (A +7972B1Bf Xoo + LC) Yoo
+772Yoo(By + LDy )(By + LD9y) Yoo + XooBaRT' BY Xoo = 0,
then using this equation, we can complete square again for J(u, w):

Tuw) = [T@IrE = llelt)dt = [l =72 Bl YaselPdt.

Hence J(u,w) > 0, Vr # v 2B Yye, or, || Tiwllew < 7. Clearly, the worst distur-
bance signal is r, = y72BT Yoe or w, = v 2B (Xez + Yooe) which is not achievable
in this case.

On the other hand, if the controller:

i = (A+v2BBTX)E + Bou+ L(Cot — y), #(0) =0,

uw = Fox
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guarantees the Ho, performance from w to z, or, equivalently, from r to v of the

system

¢ = (A+~"2BBTXo + LCy)e+ (By + LDx)r, ¢(0) =0,

v = DpR7'BIX.e = —DyFe,

then by the Bounded-Real Lemma, there exists a stabilizing solution Y for
YoolA + 7 2B BY Xo + LCy) + (A+772B1 BT Xoo + LCy) Y,
+972Yo(B; + LDy )(By + LDs1) Yeo + XooBaRT'BY X = 0.
This concludes the proof. O

A lemma, from [26](see Lemma 2 in [26]) is given as follows, which will be used

in the subsequent chapters.

Lemma 2.3 Suppose

i = Az + Bw, z(0)=0,

z = Czx

describes a linear operator R.,. Define || R.u

Tl z||2dt
co.f0.T] = SU —O—MI—L— Then the
o0 wp\Jforll'wll‘ldt

1. || Rawlloofor) < 7, e, 0 < j;;r(vzﬂwllz — |lz|])dt, Vew #0

following two statements are equivalent:

2. The Riccatr equation
—~P=ATP+PA+~*PBB'P+C"C

has a solution P(t) > 0, P(T) = 0 with no finite escape time on [0, T).
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CHAPTER 3

MULTIOBJECTIVE OPTIMAL FILTERING

This chapter is dedicated to multiobjective optimal filtering design. The filter prob-
lem is formulated in Section 3.1. In Section 3.2, the results for finite time horizon

are presented while the results for infinite time horizon are given in Section 3.3.

3.1 PROBLEM FORMULATION

Consider the following plant G:

i = Az + Bywy+ Byw, z(0) =0, (3.1)
z = Cz, (3.2)
2 = Cyz, (3.3)
y = Chx+ Dyguwy, Rp:= DgoD.zTo > 0, (3.4)

where z € R™*, y € RP, z € R", 3, € R®, w € R" is a bounded power disturbance
signal and wy € R™ is a white noise signal with E{wy ()} = 0 and E{wy(t)wj (1)} =
I5(t — 7). wy and w are (mutually) independent. Let the filter be denoted as:

]

L 50

where 2 and 3 are estimates of = and zg.

34
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The multiobjective optimal filtering problem considered in this chapter is to find

a filter F in the following given form:

& = A%+ L(Coi —y) = (A + LCY)& — Ly, #(0) =0, (3.5)
: = O, (3.6)
20 = C().’i', (37)

where L is the filter gain, such that 2 and 2, are made as close to z and zy as possible

in some sense. This problem is graphically illustrated in Figure 3.1.

7
w
7 e
W
eo _ 3 y G 1
e - Z 1
Figure 3.1: Multiobjective Optimal Filtering
Let ¢ = z — 2 and eg = z9 — %. For optimization purpose, two cost functionals

are defined as:

[2dt

r T

J(F, w, we) = E/ (Fllwll? = lel®)dt,  Jo(F, w, we) = E/ €o
Jo 0

for finite time horizon, and

T3(Fyw, wy) = llm —/ (2 w]]? = llel|*)dt, Ty F,w, wp) = lun —/ E|eq)|*dt

for infinite time horizon.
Note that for the case of finite time horizon, the resulted [ is a time -varyving
filter and there is no stability requirement imnposed on it, while for the case of infinite

time horizon the resulted F is a time-invariant filter and is indeed expected to be
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stable. So in the case of infinite time horizon, we have the transfer function F'(s) of
the desired filter F' and we say that F' is admissible if F'(s) € RH .

Hence the multiobjective optimal filtering problem discussed in this chapter can
be defined as follows:
Filtering Problem 1 (finite time horizon):
Find a filter F, in the given form of (3.5) — (3.7) and a worst disturbance

signal w, under white noise such that:
JI(F*, Wy, 'LUO) S. JI(F*7 w, lw0)7 J?(F*7 W,y wO) S JQ(F7 W, wO)

hold for all F' and all w.
Filtering Problem 2 (infinite time horizon):
Find an admissible filter F, in the given form of (3.5) — (3.7) and a worst

disturbance signal w, under white noise such that:
']3(F*7 W, ,IUO) S J3(F*7 w, wO)a J'l(F*a Wy, 'U}()) S ']4(F7 Wi, Iwo)

hold for all F' and all w.

3.2 MULTIOBJECTIVE FILTERING DESIGN—FINITE
TiME HORIZON

A design approach is presented in this section for Filtering Problem 1 formulated
in Section 3.1.
Note that by defining e, := « — &, the plant-filter system can be characterized

by the following equations called the Plant-Filter Equations (PFEs):

(.im = (1‘1 + LCQ)GT, + (BO -+ LD-Z())'(U() + Bl'IU, C;E(O) = 0, (38)
c = C1Cu—,, (39)
cy = C'(](fm. (310)
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The filter design results are summarized in the following theorem:

Theorem 3.1 For the given plant G and given cost functionals J, and .J», there

exist a filter F, and the worst disturbance signal w, under white noise such that
J1(Fy, wa, wo) < J1(Fu,w,wp),  Jo(Fyy wa, wo) < Jo( F, w., wo)

for all F and w, if there are Pi(t) > 0 and P»(t) > 0 on [0,T] with P,(T) = 0 and
P,(0) = 0 solving

(A — P,CTRy1Cy — BoD3,R;'Cy)T Py + Pi(A — P,CTR;'Cy — ByDI Ry Cs)
+~v~2P,BBT P, + CTC, = —Py(2),

(A — BoDIR;'Cy + v~ 2B, B P\)P; + Py(A — BoDL,Ry'Cy + v 2B, B P,)T
—P,CTR;'CyPy + Bo(I — DIy Ry Dag) BY = Py(2).

Moreover, if the above solutions ezist, then an optimal filter F, can be obtained as:

&
Il

(4 = P.Cy R5'Cy — ByDyy Ry ' Co)i + (PaCy + BoDio) Ry''y,  £(0) =0
2 = lei'
2() = C()i
i.e., L, = —(P,CT + ByD}))Ry', and the worst disturbance signal under white noise

18 Wy = ’)'_2B11 Pie,.

Furthermore, the optimal filter F, and the worst signal w', = v BT Pie!. achieve
0 < Jy(F.,w.,,0) < .J(F.,w,0)
for all w # w.,, where ¢!, satisfies:

¢ = (A+ LCy)e, + Biw

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



38

PROOF. Suppose there exist solutions Pi(t) > 0 and P:(t) > 0 on [0,T] with
P, (T) = 0 and P,(0) = 0 for the corresponding Riccati equations. Taking L. =
—(P,CT + ByDE)Ry', we have

r 2 2 2 T 2 2 2 d T
B(Foyw,we) = B [ (Pl = llelP)de = B [ (Pllull? = el = Zet Prle)en)ds
T
= E/O (V2w = |leli2 — 2¢TPi()[(A + LuCa)es + (Bo + L. Dag)wo + Byw]
—el Py (t)e,)dt
T T
- E /0 2w — w.|2dt — /0 trace{(Bo + L.Day)T Py (t)(Bo + L.Dao) }dt,

where w, = v~ 2BY Pie,. Note that Corollary 2.2 and the Riccati equation about P,
are used to derive this result. It is easy to see that: J)(F, w.,wp) < Ji1(Fy, w, wp)

for all w.

Next, it is shown that Jy does achieve the minimum value at L,. For any L,

substituting w, into the PFEs, we get:

é: = (A+LCy+v2B\BTP))e, + (B + LDsg)wo,

eqg = Coeg.

Now, let ®(#,0), ®(0,0) = I be the transition matrix of A + LCy + 2B, BT P,

then ey = [y Co®(t, s)(By + LDag)wo(s)ds. Hence

T
Jo(F, w,, wp) = E/ o ||2dt
JO
’1‘ l‘ ,' I al (3} e rr
=F { / / / w! (T)(B() —+ LDQ())I (I)[ (f, T)Cé '()(I)(t, S)(B() =+ LDQ())?U(S)(iT ds (H}
JO J0O JO

T bt - o
= lrace {/ / /( b(s — T)(B() -+ LDQO)I o’ (t, T)COI CO(I)(t, .S‘)(B() + LDQ())(ZT s (h‘,}
JO O J0 J0
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= trace /' C C() /L (I)(t S)(B() + LD 0)(BO -+ LD 0)’ <I)' (t S)ds dt
Y 0 0 0 bl 2 2 ] d

= trace {C’O /0 ! Y (t)dtCT } ,

where Y (t) = J§ ®(t,s)(Bo + LDa)(Bo + LD4o)T®7(t, 5)ds satisfies:
(A+ LCy, +v2B,BTP)Y (t) + Y(t)(A + LC, + v 2B, B P,)T
+(Bo + LDy)(By + LDy)" = Y (t).

This is the constrained optimization problem solved in Chapter 2, thus, by Theorem
2.1 in Chapter 2, J, achieves the minimum value at L. = —(P,CY + ByoD%)R;".

Therefore, the filter F,:

i = (A- PCTR;'Cy — BoDLR;'Cy)i + (P,CY + BoD5) Ry,
7:’ = Cli,
7:'0 = Coi

and w, = 772BY Pje, achieve:
Ji(Fy, wy, wo) < Ji(Fy,wywg),  Jo(Fuywae, wp) < Jo(F, w, wy).

It is easy to show that if there is no white noise, then w, = v :BT P/, and the

filter F, achieve: 0 < J,(F., w.,0) < J(F.,w,0), where ¢!, satisfies:

¢! = (A+ LCy)el, + Biw
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Theorem 3.2 For the given plant G and cost functionals J, and J,, if there exists

a a filter F, in the given form with a worst disturbance signal w, such that:
0 < Ji(F.,w.,0) < J(F.,w,0)

for w # w, and a worst disturbance signal w, under white noise such that
Ji(Foywa,wo) < JH(Fu,w,wp),  Jo(Fu, W, wo) < Jo(F, wa, wo)

for all w, then, there are P(t) > 0 and Py(t) > 0 on [0,T] with P/(T) = 0 and

P»(0) = 0 solving
(A — B,CTR;'Cy, — ByDL,Ry'C2)T P, + Pi(A — P,CTR;'Cy — BoD3y Ry ' Co)
+y~*PB,BTP, + CTC) = -P,(2),
(A — BoDLR;'Cy + v 2B,BT P\)P, + Py(A — BoD Ry'Co + v~ 2B, B )T
—P,CT Ry CyPy + Bo(I — DL Ry Do) BY = Po(t).

PROOF. Suppose there exist a filter F, in the given form (hence, there exists an

L,) and a w, such that
0 < Ji(F.,w,,0) < Ji(F.,w,0) for all w # w,.
This tells that ||Rewllcoo,r} < ¥, Where R, is a linear operator defined by (note

that we take wg = 0):

¢ = (A+ L.Cye. +Byw, e.(0)=0,

c = 6'1 C:IE.

By Lemina 2.3, there exists a Py(t) > 0 with P (T) = 0 solving

—P = (A+ L.Cy) P+ P(A+ L.Cy)+~72PB,B"'P, + CT'C,
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and w, = y~2B] Pie.. It is easy to show that w, = v 2BT Pje, is the worst distur-
bance signal under white noise, i.e., we have: Jy(Fy, w.,wp) < Ji(F.,w,wp). Now

substituting w, into the PFEs, we get

é: = (A+ L.Cy+~2B,BYP)e, + (By + L.Dyy)wy,

€ = COean

and J(F,w., wo) = E g ||eo||*dt = trace {Co i Y (£)dtC }, where Y (t) = [§ ®(t, 5)(Bo+
LDqy)(Bg + LDoo)T®T(t, s)ds satisfies:

(A+ LCy +~2B,BTP)Y () + Y(#)(A+ LCy + v *B, BT P))T
+(By + LDyy)(By + LDzo)T = Y(t)

Since F, (or L,) achieves the minimum value of J,, by Theorem 2.3 in Chapter 2,
there exists a Py(t) > 0 with P»(0) = 0 solving
(A = BoD}yR;'Cy + v 2B B P\) P, + Py(A — ByD3 Ry'Cy + v~ 2B, BT P)”
—Py,CYR;1CyPy + Bo(I — DY Ry Dyg) BT = Py(t).

Moreover, L, = —(P,C} + ByD},)Ry"' and hence P, > 0 solves:
(A - P,C]R;'Cy — ByD3y Ry ' C)T' Py + Py(A — PB.CITR;'Cy — BoDY, Ry Cy)
+v72P,B,BTP, + CTC, = —P,(1).

This concludes the proof. a
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3.3 MULTIOBJECTIVE FILTERING DESIGN—INFINITE
TiME HORIZON

In this section, the design results for Filtering Problem 2 formulated in Section

3.1 are presented.

The following standard assumptions are made:

1). (Cs, A) is detectable,

A—jwl By
2). has full row rank for all w.

C? D20

The filter design results are summarized in the next theorem.

Theorem 3.3 For the given system G and cost functionals J3 and Jy, let (C, A) be

detectable. If there are stabilizing solutions P, > 0 and P, > 0 for:
(A — P,CTR;'Cy — BoDLR;'C2)" Py + P{(A — P,CTR;'Cy — BoD3yRy'Cy)
+y 2P BiBTP, +CTC, =0,
(A — ByDYR;'Cy +~v72B,BT P\)P, + Py(A — BoDL,R;'Cy + v72B, B P\)"
—PyCy Ry 'Cy Py + By(I — Doy Ry Dy) By = 0,

then by choosing L, = —(P,CT + ByDI)Ry', the filter F.:

i
I

(4 = PB,CIR;'Cy — ByDy Ry Cy)d + (PCY + BeD3)Ry'y, #(0) =0,
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and the worst disturbance signal w, = ’y—?BITPIem under white noise achieve:
J3(Fyy We, wo) < J3(Fu,w,wo),  Jy(Faywe,wp) < Jo(F, w., wp).

Furthermore, the worst disturbance signal w', = v BT Pie’. and filter F, achieve:
0 < J3(Fi, i, 0) < J3(F, w, 0)

for all w # w,, where €, satisfies:
é, = (A+ LCy)e,, + Byw.

Conversely, if there ezists a filter F, (hence an L,) with a worst disturbance

signal W', such that :
0 < J3(F, wl,0) < J3(Fy,w, 0) for all w # w,
and a worst disturbance signal w, under white noise such that
J3(F,, we,wo) < J3(Fe,w,wp), Ja(Fu,ws,wp) < Ja4(F, ws, wp),
then, there are stabilizing solutions Py > 0 and P, > 0 solving:
(A+L,C))TP, + P(A+ L.Cy) + v ?P,B\Bl P, + CTC, =0,
(A = ByDYRy*Cy + v 2B\ Bl P\)Py + Po(A — ByDL,R;'Cy +~72B, BT P)”
—P,CYRy'CyPy + By(I — D3Ry Dyy) By = 0.

Moreover, if A +y~*B BT P, — (P,Cl + ByD}))Ry'Cy is stable, then L, can be
chosen as L, = —(P,CT + BoDI))Rg'. In this case, there is a stabilizing solution

P >0 for
(A — P,Cy Ry'Cy — ByD3yR;'Cy)"' Py + Pi(A — P,C) Ry'Cy — ByDjy Ry ' Ch)

+y7:P,BB'P +CT'C, = 0.
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PROOF. (Sufficiency) Note that A — ByD} Ry'Cy — P,CTR3'Cy + B, BT P/~ is
stable since P, and P, are stabilizing solutions.

First it is shown that A+ L,C, is stable where L., = —(P,C? + By D%)) Ry". Suppose
that A + L.C» is not stable, then there is an z and a A with Re(A) > 0 such that
(A+L.Cy)z = Az. Multiply z” from the left and z from the right of the P, equation,

we get
A+ NzTPix 4+ 2TP BB Piz/y* + 27CTCiz = 0.
The above equation implies that B Plz =0, C,z = 0. Hence
(A+ L,Co +72B1BTP))z = (A — BoDL,R;'Cy — P,CTR;'Cy + B,BT P, /v%)x
= (A+ L.Cy)z = Az,

i.e., A—By D}, Ry'Cy— P,CY Ry Cy+ B, BT P, /+? is not stable either, a contradiction.
Thus A + L,C, is stable.

Now

To(For w0, w0) = {hm— [ vuwuz—nen%dt}

. 1 /T .
= 2 (78 (ol = el = el 0P ) ar}
. 1 T, 2 T
= 'lhm T / Y E||lw — w.||*dt — trace{(Bo + L.Dag)" P\(Bo + L.D2x)}
—00 J0O
where w, = fy—zB'{'Pleg,. is the worst signal under white noise and it is bounded since
A+ L.Cy+ By 2Bl Py = A = ByD}yR;'Cy — P,CY Ry Cy + BB P,/

is stable. So L,(or Fy) and w, achieve J3(F., w., wy) < J3(F., w, wy).
Next it is shown that Jy achieves the minimum value at L, under w,. Let L be

any filter gain such that both A + LC and A + LCy + v 728, BT P, are stable (we
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know that L, is one of them so such an L does exist). Substituting w, into the PFE

to get :

é: = (A+ LCy+ v *B;B] P\)e, + (By + LDy)wy, (3.11)

€y = Co@z. (312)

We can solve eg as eg(t) = f; Coexp{AL(t — 7)}Brwo(T)dT, where A, = A+ LC, +
v~ 2B,BTP,, Bp = By + LDyy. Define Q := BT eap[AT(t — 7)]CT Coexp[AL(t —
s)]BL. So

X 1T
IFwewn) = i B{ 3. [ a0 ae}

= }L%E{%,-/()F /Ot /Otwg(T)Qng(s) dr ds dt}
= lim T/ //trace QLE[wo(s)wq (T ]}drdsdt

T—o0
= IILIEOT/ / trace COFCOe'Lp[A, t — 5)|BLBl exp[AL(t — ) ]} ds dt
= trace {CgCO lim —/ / exp(As)B,BY exp(ATs)ds dt } = trace(CJ CoPy),
where P, = [{° exp(As) B Bl exp(A% s)ds satisfies
APy + PBAT + B.BT =o0.
Since there exists a stabilizing solution 2 > 0 to
(A— BoD}yR;'Cy + v 2B\ BI P\)Py + Py(A —~ ByDY,Ry'Co + v 2B B] )"

—PzC'I R() ICZP) + B()(I DQ()R D.Z[))B() - 0

Hence by Theorem 2.2, L, = —(P,Cl + By DY) Ry will minimize Jy(F, w,, wy), i.c.,

Ji(Foywe, ) < Jy(F,we, wy) for all L (or F).
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It is easy to show that w!, = v"?B¥ Pje’ achieves 0 < J3(F,, w.,0) < J3(F., w,0),
where e/ satisfies é,, = (A + LCh)el, + Byw.

(Necessity) Suppose there exist a filter F, (hence an L,) in the given form and
a w, such that: 0 < J3(F,,w,,0) < J3(F.,w,0) for all w # w,. This tells that
| Rewlloo < 7, where R, is a linear operator defined by (note that wo = 0 in this

case):

¢ = (A+L.Cy)e, + Biw, e.(0) =0,

e = Ciel.

By the well-known Bounded-Real Lemma [46], we have a stabilizing solution P; > 0
solving
(A+ L.Cy)TP, + P{(A+ L.Cy) + v 2PB,Bf P, + CTC, = 0,

and the worst disturbance signal w, = v~2BT P,¢.,. Moreover, A+L,Co+v~2B, B} P,
is stable, so (Cs, 4 + v~2B,BTP,) is detectable. It is easy to see that w, =
v~2BY Pie, achieves J3(F,, w,,wo) < J3(Fy, w, wp), i.e., w, is the worst disturbance

signal under white noise. Now substituting w. into the PFEs, we have:

é:r: = (A + L*C‘Z + ’Y_?‘BIB,IFPI)GJ: + (BO + L*D20)1U0 = .ALC;,; + BL’[U0=

eg = Coey,

and by the assumption, J;(F, w., wy) > trace(C’ngOI-’Q) = Jy(F., w., wy) holds for

all F' (or L) in the given form, where P, satisfics:

AP+ 132‘”1’;,'. + BI‘-B’:{‘. = 0.
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By Theorem 2.4, there exists a solution P, > 0 and P> P solving
(.4 — Bng;)RalC'3 -+ ’Y_2BlBTP1)Pg -+ PQ(A — BoD’ZI;)RalCz + ’7_2BIB;PP1)T
—PZC'?TRO_ICQPQ + B()(I - D{OREIDQO)BS = Q.

If A+~ 2B, BTP, — (P,CT + ByD},)R;'C: is stable, then L, can be chosen as
L. = —(P,CT + ByDL)Ry! since trace(CTCoPy) = Jy(F., ws, wp). Consequently,

there is a stabilizing solution P, > 0 solving

(A — P,CTR;'Cy — BoDL,R;'Cy)T Py + Pi(A — P,CYR;'Cy — ByDJyR5' C,)
+~v72P,B,BTP, + C{C, = 0.

This concludes the proof. O
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CHAPTER 4

MULTIOBJECTIVE OPTIMAL CONTROL

This chapter addresses the output feedback multiobjective optimal control problem.
The design approach is mostly motivated by the state feedback results in [26] which
will be presented first without proof in Section 4.2. The filtering design results in
Chapter 3 also provide some guidance for us to look for a controller structure. The
design results are presented in Section 4.3 and 4.4, for finite time horizon and infinite

time horizon, respectively.

4.1 PROBLEM FORMULATION

The motivation for the multiobjective optimal control problem considered in this
chapter can be nicely presented as follows:
First, consider the standard LQG control in Figure 4.1, where wy is a white noise

signal. It is well known that the LQG design treats system performance under exter-

DI W,
G |,

y u

s

o F

Y

EQT

Figure 4.1: Classical LQG Control

nal stochastic disturbance without model uncertainties. Hence, a natural question
is: can we take the robustness problem into account when we try to achicve the

quadratic optimization performance? This question is shown in Figure 4.2.

48
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Figure 4.2: A Possible Hy/H,, Controller

This problem can be formulated as follows: consider a linear control system G

in Figure 4.3.

T | W
A G W,
y T

4 K

Figure 4.3: Control System with Bounded Power Disturbance and White Noise

The system equations are given as follows:

T = Az + Bowo+ Byw + Byu, z(0)=0, (4.1)
y = Cax+ Dypwy, Ry := DyDi >0, (4.2)
z = Ciz+ Dpu, Rpp= DﬁDlg, (4.3)
z0 = Coz+ Doy, Rpy:= D},Dg >0, (4.4)

where the disturbance w is assumed to have bounded power and wy is assumed to
be a white noise with E{wo(t)} = 0 and E{wy(t)wl ()} = I6(t — 1), where I is an

identity matrix .
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Define the following cost functionals:

nwww) = B{ [TO7 ol - 7).

T
Jo(u, w,wo) = E{/O ||20||2dt}

for finite time horizon case and

T—oo

— 1 LT a2 112
hwwyu) = Jim B{3 [0 ol - e},

. 1 /T 2
Jafw,w,wo) = Jim By [l dt

50

(4.5)

(4.6)

(4.7)

(4.8)

for infinite time horizon case, where u is the output feedback control law to be

designed.

Then the Multiobjective Optimal Control Problem is defined as:

finding an output feedback control law u, and the worst disturbance signal

w, such that:

Jl(u*, w*,wo) S Jl(un'w, 'lU()),

JZ('U'*-; Wy, wO) < Jg('ll,, Wy wo)

for the finite time horizon case; and

AN

Jg('u*,w*,'IU()) J3('ll.,.,,'U),'LU()),

Jo(Uu, we, wo) < Ja(u, wy, wo)

for the infinite time horizon case.
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4.2 MIXED Hy/Hew CONTROL—STATE FEEDBACK

Clearly, in order to let the output feedback control problem formulated in the last
section have a solution, the corresponding state feedback control problem must be
solvable first. In this section, a state feedback approach for mixed H,/H,, control
design is presented without proof. A simplified case with its proof can be found in
[26].

Note that to simplify the notations, the following abbreviations are used:
As = A— ByRy} D},Co, Aj = A~ ByDJR5Cs,
P := By(I — D3Ry Dy0)By, Q := Cy (I — Doz Ry D,)Co.

Theorem 4.1 For system G described by equations (4.1) — (4.4) and the associated
cost functionals J, and Jp, there ezist linear memoryless state feedback strategies

(Nash equilibrium strategies) u. and w,. such that:

OS Jl(u,.,w.,O) < Jl(unwao)v

J2(u*,w*’0) < J2(u”w*,0)’

if and only if the following coupled Riccati differential equations:
—~P, = (A, — BoR3,'BI P)TP, + P\(A, — ByR3} BT P,) + v 2P,B,BT P,
+[C1 — DRy, (D3,Co + B] P)|T[C — D12 RGN (DL, Co + BT By)],
—Py = (A, +772B,BTP)TP, + Py(A, + v 2B,BTP) — P,B,R;}BI' P, + Q

have solutions Py > 0 and P, > 0 on [0,T] with P\(T) = 0 and Py (T) = 0.
Furthermore, if the solutions erist, we have w. = vy ?BT Pz and u, = F,x with

F, = —R3}(DLCo + BIP,).
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For the case of infinite time horizon, we shall make the following standard as-

sumptions:

(A1) (A, B,) is stabilizable and (C;, A) is detectable.

Theorem 4.2 There ezist linear memoryless state feedback strategies (Nash equi-

librium strategies) u. and w, such that:

IN

0 < Jg(u*,w*, 0) .]3(’11,*,’11], 0)1

Jo(us, we,0) < Jy(u,ws, 0),

if and only if the following coupled Riccati equations:
(A — BoRgy By P2)"Py + Pi(A, — ByRyy By P3) + v *PB. B P,
+[C1 — D12 Rg; (D3,Co + B] P»)|T[C1 — D12Rg, (DE,Co + BT P)] = 0,
(As +77°B\BI P\)"P; + Py(As + v *B\Bl P\) — P,B;RyBI P, +Q =0

have stabilizing solutions P, > 0 and P, > 0, i.e., A, + v :B,BT P, — B,R;;} BT P,
is stable.

Furthermore, if the solutions ezist, we have w, = v 2B Piz and u, = F,x with

F. :== —R3}(DL,Co + BT P,).

4.3 OuTPUT FEEDBACK MULTIOBJECTIVE
CONTROL—FINITE TiME HORIZON

Output feedback design results are established in the following theorem for multi-

objective optimal control in finite time horizon.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



53

Theorem 4.3 Suppose the state feedback control problem in Section 4.2 is solvable,

i.e., there are P, > 0 and P, > 0 with Pi(T) =0 and P,(T) = 0 solving
—P, = (A, — ByR5) BT P,)T P, + P,(A, — B2Ry; Bl P,) +v72P,B, BT P,
+(C1 — D12 R} (D§Co + B} Py)"[C1 — D1a Ry (DgyCo + B3 By)),
—P, = (A, +~v"2B,BTP)" P, + Py(A, + v 2B, B{ P,) — P,B,R;; BT P, + Q.

There exist a w, = vy :B] Piz and an output feedback control law u, in the form of:

(A+ v %B,BT P, + ByF.)i + L.(C2% - y),

&
1

u, = FEzZ,

where F, = —Rg; (DL Co + BY P,), such that

IA

J1 (%, W, Wo) J1 (U, w, wo),

Ty (s, Wa, wo) < Ja(w, W, wo)

if and only if there is a Py > 0 on [0,T) with P3(0) = 0 solving
P3 = (Af + ’Y_2B1BTP1)P3 + P3(Af -+ 7—2B1BTP1)T - P3C2TR;0102P3 + P.

Moreover, if the solution ezists, then L. can be chosen as L. = —(ByD}, +

P3CT) Ry .
PROOF. Since there exist solutions P, > 0 and P, > 0 on [0, 7] solving
—-P = (As — BgRgleg'Pg)TPl + P (A — BgRgleng) + ’y“ZPIBlBTPl

+[Cy — D12 Ry, (D3, Co + Bl P))T[Cy — D1y Ry, (DE,Co + By Py)),
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~Py = (A, +v72B,BTP\)TP, + Py(A; + v 2B BT P}) — P,B, Ry BT P, + Q,

we have:

B { [ 07wl - afPyee
= 5{ [0 Il - 41" - 67 Raer)

T .
= B{ [ Iolf = 1?7 Pua - o Bz — T Pidlan).
0

Now, using the equation for P,, we get
T 2 2 2
B [* (2 lwll® - 11z1%)dt

T
= E{A [’)’2 ||w - 'lU,.(”2 - 'lLTRlzu + ’U/Z‘ngﬂ*
—2111T(P1B2 -+ CIT.Dlz)(’U, - ’U,*) - 2.’IITP1B0’LU0]dt},

where Ryy := DL, Dis, w, = v 2BT Pz, and @, = —Ry; (D5,Co + BYPy)z, i.e., the
optimal strategies for state feedback case. Clearly, if we take w = w,, then for any

u, hence for the optimally designed output feedback control law u.,, we have
J1 (U, Wa, o) < Jy (1, w, wy).

Now we prove the theorem:

(Sufficiency) If there is a P3 > 0 on [0, 7] with P;(0) = 0 solving
Py = (A;+~v BB P\)Ps + P3(A; + v *B, BT P)" — P,CT R;!C,Ps + P,

by substituting the w. into the system equation, we get

T = (A + ’)/—QBIB,{‘Pl).'L' + B()'lU() + BQ'II,7 T(O) = 0, (413)
Yy = Czl' + D2Q'LUQ, R20 = D20Déo > 0, (414)
zg = Cox+ Dgyu, Ryy = Dg;D()Q > 0. (415)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



55

This is a standard LQG problem [1, 16]. Thus the optimal control law is given by

= (A+77*B,BTP))% + Bou, + L,(Ca% — y), (4.16)

8-
I

u, = F.z, (4.17)

where F, = —R;;} (D},Co + BT P,) , L. = —(ByD%, + PBsCT)R5;, P, and P; solve:
—P, = (As +772B,B] P\)" P, + P,(A, + v *B:BT P\) — B,B,R;}BI P, + Q,
Py = (A; +772B,BTP,))Ps + P3(A; + v 2B, BT P)T — P3CT Ry} CyPs + P,

with Py(T) = 0 and P;(0) = 0, and u, achieves:
Jo(Un, Wa, wo) < Jo(u, w., w).

Note that it can be calculated that

T T
JQ('U,*, W, ’LU()) = t{race {B()Bg‘/(; Pgdt} + trace {FERDQF* /0 Pg(t)dt} .

(Necessity) Suppose that w, = v~"2BT Pz and u,:

= (A+~"2B,BTP, + B,F,)& + L.(Cyi — y),

8-

U, = F,z,

where F, = — Ry, (DL, Cy + BT P;) such that:

Jl(u*7w*7w0) Jl(’u,*,'lU,ZU()),

IN

Jg(’u,*, W,y 'LU()) S .]2(u, Wy ’wo).
Substituting w, into the system equation, we get

& = (A+~" B\B{P\)z + Bowo + Byu., z(0) = 0,
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y = Cox + Dywy, Ry := Dzng;) >0,

20 = Cyx + Dyruy, Ry := Dg;Dog > 0.
Thus
T
Ja(ttey waywo) = B [ flz0]%dt
T d
= E/ [T CT Coz + 227 CT Doy + wT Rppu + a—t(zTsz)]dt
0
T .
= E/O [zTCT Coz + 22T C] Doyu + ul Ropu, + &7 Pox + xT Pyx + zT Py]dt.

Now using the equation about P, we get
T T
Jg(u*, Wy, ’U)o) = E[) (u* - ﬁ*)TRoz('lL* - ﬂ.)dt + 2E[) .'L‘TPQ.Bowodt
T T
= E/ (s — @n )T Roo(u, — @.)dt + 2t7‘ace/ Py ByE{wyz” }dt.
0 0
By Lemma 2.2, we have E{zwl} = By/2. Hence
T T
Jo (U, we, wo) = E/ (s — Tx) T Rog (2 — @, )dt + trace/ P,ByBTdt
0 0
= E/ — Ua) Roz(u. — T )dt + trace/ B0 P, Bydt.
We only need to consider the first term. Define e = x — &, then
T T
E /0 (e — )T Roa(tts — @.)dt = E / " FT Ry Fedt.
0

With u, in the form:

Il

(A+~72BB{ P, + ByF,)% + L.(Cof — y),

u, = F,1,
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e satisfies:
é=i—%=(A+~v 2B BTP, + L,Cy)e+ (By + L.Dy)wy = Ar.e + By, wo.
Let ®(t,0) be the transition matrix of A+~ 2B; BT P, + L.Cs, then
e = /D " ®(¢,7)(Bo + LDso)wodr.
This gives:
E /0 " T FT Ry Fredt
=F {/OT /Ot /Ot wT (1)BL @7 (t, 7)FT Rpo Fu®(t, 7) B, w(s)dT ds dt}
— trace { /0 ’ /0 t /0 " FTRoyF.®(t, 7) By, E{w(s)w(r)} BL. &7 (¢, 7)dr ds dt}
= trace { /0 ) /0 t /0 " FT Ry Fu®(¢,7)By.6(r — s)BE. &7 (¢, 7)dr ds dt}
= trace {FfRozF* /OT Y(t)dt} ,
where Y (t) = [; ®(t, s)B.B}_ ®7(t, s)ds > 0 satisfies:
Y=A,Y+YAY +B, BT, Y()=o0.
Since

T T
Jo (U, Wa, Wo) = trace {F*TROQF*/O Y(t)dt} + tmce/o B P, B,dt

is the minimum value, by Theorem 2.3 in Chapter 2, there isa P; > 0, P3 < Y

with P3(0) = 0 solving
Py = (A; +~v72BBTP)) Py + P3(A; + v 2B, BT P,\)T — P,CT Ry} CyPs + P,
and L, can be chosen as L, = —(ByDL, + P;CT) Ry since

. T T
Jo(tay Wa, wo) = t'race{FfRozF* / Pgdt} + trace / BT P, Bydt.
0 0

This concludes the proof.
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4.4 OuTPUT FEEDBACK MULTIOBJECTIVE
CONTROL—INFINITE TiME HORIZON

The design for the infinite time horizon case is more complicated than that for finite
time horizon case. The main concern is the stability requirement since asymptotic
properties are considered here. Some additional assumptions are made as well as

the Assumption (A1) made in Section 4.1:

A—jwl B,
(A2) has full column rank for all w,
Co Dy,
A—jwl B
(A3) has full row rank for all w.
Cy Dy

These two assumptions guarantee that the corresponding H, Riccati equations have
stabilizing solutions when v — oo.
The design results are summarized in the next theorem, addressing both sufficient

and necessary conditions.

Theorem 4.4 There exist a w, and an output feedback control law u, such that

J3(u*, w*st) S JS(u*ywawO)a

Ja(thwy Waywo) < Jy(u, wa, wyp),

of the coupled Riccati algebraic equations:
(As — BoR, BY P)T Py + Py(A, — ByR;) BT Py) + 2P, B, BT P,

+[C1 — D12 R (D§,Co + B] P,)|"(C1 — D12 Ry, (DF,Co + BT Py)] =0,
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(As +v?BiB{ P\)" P, + Py(A; + v ?BiB] P1) — B,ByR3 B] P, + Q =0,
(Af +772B1B{ P)Ps + Ps(A; + v ?B1BT P,)T — PsC] Ry CoPs + P =0

have stabilizing solutions P, > 0, P, > 0, and P; > 0, i.e., both A, +~v 2B, Bf P, —
ByRyy BT P, and Af + v~ 2B, BT P, — PyCT Ry C; are stable.

If the solutions ezist, we have: w, = v 2BY Pix and u, is of the following form:

B
Il

(A +y"2B,BT P, + ByF.)i + L.(Cai — ), (4.18)

u, = F.2, (4.19)

where F, = —Rg; (DL,Co + BT Py) and L, = —(By D%, + PsCT)R3.
Conversely, if the state feedback control problem is solvable, i.e., there are stabi-

hizing solutions P, > 0 and P, > 0 for:
(As — B2Rgy B; P2)T Py + P\(A; — BoRy} B P,) + vP,B, BT P,
+[C1 — D12 R3; (D5,Co + By P2))T[C1 — D1aRyH (DL Cy + BT By)) = 0,
(As + 7 2BBT P\)T P, + Py(A; + v 2B,BTP,) — P,B,R;}BfP, +Q =0,

and there is an optimal control u, in the form of:

& = (A+~7B,BTP, + ByF,)i + L,(Cof — ), (4.20)

ue = F.z, (4.21)

where F, = — Ry, (DL,Co + BY P,) and a w, such that:

IN

'I'i(“’*aw*awﬁ) ‘]3(7-1'*,7-0’ wO)a

Ji(t, we, wo) < Jy(u, w,, wy),
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then, there is a P3 > 0 solving
(Af + ’7_2BIB1TP1)P3 + Pg(Af -+ ’Y_ZBlB’{Pl)T — P3C§R{0102P3 + P =0.

Moreover, if A+y~2B,BF P,~(ByD%,+P3;CT)R5y C, is stable, then L, = —(Bo D%+
PaozT')Rz_Ol .

PROOF. Suppose there exist stabilizing solutions P, > 0, P, > 0 and P; > 0, to

the following Riccati equations:
(As - B2R621.B2TP2)TP1 + Pl(As - BzRale§1P2) + ’Y_zplBlB'iI‘P]
+[C1 — D12Ry3 (D5;Co + Bj P)|T[C1 — Di2Ry; (D, Co + B3 P)] = 0,
(As + v 2B,BTP))TP, + Py(A, + v 2B,BTP)) — P,ByRy,!Bf P, + @ = 0,
(Af + ’)’_2B1B{P1)P3 + P3(Af =+ ’)’_2BlBTP1)T — chzTR;OICQP;; + P =0.
Let u be any stabilizing control law. Since
. LT o0 02 2
jim B {7 [l - a1P)ae
: LT o w2 TAT T AT T
= Th_{&E ?/0 (Y*l|lw|)* — = C{ Crz — 2z C{ Dy1gu. — u” Ripu)dt ¢ .
Now, using the equation for P, we get:
. 1 T 2 2 2
ji B {2 [ ol - aiP)ae
T 2
= E{Thm Y2 lw — w,||* = uT Rygu + T Ryt
—o00 Jo

—2.’IJT(P1B2 + C{'Dlg)(’u - ﬂ,) — ZZ‘TPlBQ’EU()]dt},
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where R := DEDyy, w, = v 2BF Piz, and 4, = — Ry, (D},Co + Bf Py)z, i.e., the
optimal strategies for state feedback case. Clearly, if we take w = w,, then for any

u, hence for the optimally designed output feedback control law u,, we have
T3 (U, We, wo) < J3(t, W, Wo)-

Now, we design u, to minimize J;. By substituting the w, into the system equation,

we get:
i = (A+~72B,BTP)z + Bywo + Byu, z(0)=0, (4.22)
y = Cz.’L' + Dgo’(l)o, R20 = Dzng‘O > 0, (423)
29 = Coz+ Dgou, Ry := Dg‘zDog > 0. (4.24)

Since the index functional J; is taken into account, clearly, this is a standard LQG

problem [1, 16]. Thus the optimal control law is given by

= (A+7"2B,BTP))% + Byu. + L.(Cof — y), (4.25)

8-

u, = F., (4.26)

where F, = —Rg; (D%Co + BY B,) , L. = —(ByD%, + PsCT)R3' and u, achieves:
T4, Wey wo) < Jy(u, w,, wyp).

Note that it can be calculated:
Jy(Ue, We, wo) = trace {BngPg} -+ trace {F*TROQF*PQ,} .

Conversely, suppose the state feedback control problem is solvable, i.e., there are

stabilizing solutions to:

(A, — ByR3}BYP,)T P, + Py(A, — B,R;;!BIP;) +~2P,B, BT P,
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+[C1 — D12R3; (D3,Co + BY P)|T[C1 — D1aRyy (DL, Co + BT Py)] = 0,
(As + v 2B,BTP))TP, + Py(A, + v *B,BTP)) - P,B,Ry'BIP, +Q =0,

and let u, be in the form of:

= (A+72BBTP, + BoF,)i + L.(Co& — y), (4.27)

8-

u, = F.z, (4.28)
where F, = —Rg; (DE,Co + BI P;). Let u, and w, achieve:

J3(u*7w*7w0) S JS(uhw?wO)’

Ji(ts, Wi, w) < Jy(u, w., wp).

Note that, from the proof above, w, = y~2Bf Piz. Now substitute w, and u, into

the system equations, we get:

T = (A + ’Y_zBlepl).’B + Bo'l.Ug + Bz’i},*, ZII(O) = 0,

y = Caoz+ Dywy, Ry := D20D§) >0,

2y Coz + Dosus, Ry := DY,Dgy > 0,

and

: 1T
TiCousy wawn) = Jim B oo [ lzolPdt

. 1 T s al
= 71520 E {T /0 [T CY Cor + 227 CT Dogu, + ufRogu*]dt} .
Now using the equation about P, we get:

Ji (s, W, wp)
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= lim F

T—o0

1 /7T
/ (’U,,., - ’I.L,.,) Roz( il u*)dt} +271_1_I’{.1°E {_j:/o ,’L‘TP2B()’U}0dt}

T—o0

= lim F

T—o0

= lim F { (u* — )T Roy (. — ﬂ*)dt} + 2trace{ lim —/ PZBOE{szT}dt}

/ (s — Ts)T Rop (e — u*)dt} + trace(Py By BY),

where @, = —Rg; (D3,Co+ B P,)z. We only need to consider the first term. Define
e = — I, then
) 1 /T _\T _ s 1 T ¢ror
TLBIgOE {T/o (s — Tu)” Roo(ux — u,)dt} = ILL{EOE{?/; e F, Ry F.edt } ,
where e satisfies:
é=i—2%=(A+~v"2BBTP, + L.Cy)e + (By + L.Dy)wo = Ap.e + By wp.
Hence e = f§ exp[AL.(t — 7)|Br. wodT. This gives:
: 1 /T
Jim E {f /0 el FT RozF*edt} = trace(FT Ry F.Y),
where Y = [§° exp(AyL.s)Br. BT _ezp(AL_ s)ds > 0 satisfies:

ALY +YAT + B, B =0.

Since Jy(ue, Wy, wp) = trace(FI Ry F.Y) + trace(BI P,By) is the minimum value,

by Theorem 2.3 in Chapter 2, there is a P3 > 0, P; < Y solving
(A; +472B,BTP)P; + Ps(A; + v 2B, BT P\)T — P,CT R}/ C,P; + P = 0,

and if A + v 2B,BT P, — (ByDY%, + PsCT )R C, is stable, then, L, can be chosen
as L, = —(ByDX, + P,CT) Ry since

Ji(ty, Wy, wo) = trace(FT Ry F,P3) + trace(BE Py By).

This concludes the proof.
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CHAPTER 5

Hoo GAUSSIAN CONTROL

In this chapter, a new multiobjective control problem is formulated which will be
called the H., Gaussian control. The reason for using this name is that the design
is naturally motivated by H, and LQG control and hence presents a trade-off
between H,., performances and LQG performances. It turns out that this H
Gaussian problem can be solved in a very similar way to that in which the classical
LQG control problem is solved: combining an optimally designed filter and a state
feedback control. But here we use the H., state feedback gain instead of LQR
feedback gain. It should be pointed out that unlike LQG design, the Separation
Theorem does not hold for H,, Gaussian control design, i.e., the filtering design
must be designed together with state feedback control.

In Section 5.1, the proposed H,, Gaussian problem is formulated. The motiva-
tion for this problem can also be found in this section. The H,, Gaussian design
are the main contents in Section 5.2 for finite time horizon case and in Section 5.3

for infinite time horizon case.

5.1 MOTIVATION AND PROBLEM FORMULATION

To motivate the problem, let us consider a feedback control system shown in Figure
5.1, where A € RH, is the modeling error with ||Al|e < % for some prespecified

v > 0 and wy is the measurement noise.

64
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Figure 5.1: A Feedback Control System

We want to ask this question:

Can we find a K such that the system is robustly stable with respect
to a set of model uncertainties and the effect of wy, on the system perfor-
mance is minimized?

To answer this question, let us separate the problem into two parts:

1. If there is no wy, i.e., the measurement is noise-free, this turns out to be a

typical H., control design problem.

2. If there is no model uncertainty A, i.e., we know model perfectly, then it is well
known that an LQG approach provides a good design to minimize the effect

of wg on the system performance while guarantee the closed-loop stability.

The question is how one can take into account both model uncertainties and external

disturbances in feedback design. As it is pointed out in Chapter 1, a design trade-off

has to be made, i.e., to do the trade-off between H., design and LQG design.
Note that, without noise wg, the feedback control system in Figure 5.1 can be

put into the general H,, framework as shown in Figure 5.2
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T— ] e W

4 K

Figure 5.2: H., Control System with Disturbance w

If the plant G is subject to some additional white noise disturbance wy, naturally,

we have an extended system framework as shown in Figure 5.3.

A —— W
G |
y u

- K

Figure 5.3: A System with Both Model Uncertainty and White Noise

To provide more hints for problem formulation, let us consider H, design and

LQG design in more details:

e Hint from H. Control: Consider the structure of a central M., Controller
shown in the Figure 5.4. Clearly, this controller consists of a state feedback

Ho control Fi, and a state estimator F'(s).

e Hint from LQG Control: Consider the structure of an LQG controller shown
in Figure 5.5. This controller consists of a Kalman filter and LQR feedback

gain Fi,,.

Obviously, these designs suggest that we may achieve design trade-off between Ho

and LQG performances by adopting the controller structure shown in Figure 5.6.
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Figure 5.4: A Central H,, Controller
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Figure 5.5: An LQG Controller
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Figure 5.6: A Possible H,, Gaussian Controller
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Based on the above consideration, the M., Gaussian control problem is formu-
lated as follows:

Consider a generalized system G with the following equations:

T = Az + B()’LU() + Blw + BQ’U., .’E(O) = 0, (51)
z = Ciz+ D12’U/, R = D;FZDIQ > 0, (52)
y = Chyxr+ Dywy, Ry= Dgng;) > 0, (53)

where z € R”, y € R?, z € R?; w € R™ is a bounded power signal and wy € R™
is a white noise signal. wp and w are (mutually) independent.
Motivated by Ho and LQG designs, it is assumed that the controller has the

following structure:

&

= Ai+Bu-—Ly, (0)=0, (5.4)

v = Fi, (5.5)

where & € R" is an optimal estimate of the state in some sense and A, F and L are
design parameters to be chosen.

Let e = z — 2. Define the following cost functionals:

J1 (u, w, wy)

B{ [ 0Pl - el (5:6)
Jo(u, w,wg) = FE {./0’1‘ He||2dt} , (5.7)

for finite time horizon case and

1 T . . .
J3(u, w,wy) = lll_{lgoE {T/o (v*|wl)* - ||z||2)(lt}, (5.8)
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Ja(u, w,wp) = Th_r&E T/o llell“dt ¢ ,

69

(5.9)

for infinite time horizon case. Then the H. Gaussian control design problem is

defined as follows:

Ho Gaussian Control: Find an optimal output feedback control law

u, and a worst disturbance signal w, under white noise such that:

IN

J1 (U, W, Wo) Ji (e, w, wo)

JQ('LL*,'LU*,’LUQ) < JZ(Uﬂ Wy, w0)1

or

VAN

J3 (U, Wa, Wo) J3 (s, w, wo)

J4(u*7w*aw0) < J4(U, w*va)a

hold for all w and w.

(5.10)

(5.11)

(5.12)

(5.13)

5.2 Hyp GAUSSIAN CONTROL DESIGN-FINITE TIME

HORIZON

In finite time horizon, there is no stability requirement so what is concerned is just

the control regulation. The results are summarized in the following theorem.

To simplify notations, we shall introduce:
Ay = A - ByR['DI,C\, A,:= A~ ByDLR;'C,,

P := By(I — DyyRy'Dy)BY, Q:=CT(I - D,R'DY)C,.
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Theorem 5.1 Let the dynamical system G be described by equations (5.1)-(5.3).
If there are solutions P, > 0, P, > 0 and P3 > 0 with P,(T) = 0, P,(T) = 0 and

P5(0) = 0 solving the following differential Riccati equations:
ALP + PiA, + P((B\BT /v* — ByR{'B])Pi+ Q = - P,
Py(Ay +v2B\B{ P, — PsC] Ry'Co) + (Ay + v 2B1B] P, — B,CTR;!C,)T P,
+v~2P,B\B] P, + (D%,C, + BT P))TR7}(D%,C, + BT P,) = — P,
[Ay + 7 2B\B{ (P + P)]Ps + Ps[Ay + 7y *BiB] (P, + P)|”
—P,CTR;'CyPy + P = P,

then, there ezist an optimal control law u, and a worst disturbance signal w, under

white noise such that:
']I(u*» W, ’I.U()) <A (’LL*, w, wO), JZ(u*a W, wO) < Jg(’ll,, Wi, 'Z.Uo).
If the solutions exist, we have w. = v~ 2BY (P,z + Pse) and the optimal controller is

given by:

i = (A+~72BB'P, +L.C, + B,F.)& — Ly, #(0) =0,

u, = F,z,

where F, == —RyY(D%,C\ + BY P\) and L., = —(ByDL, + PsCI\R;'. Furthermore,
u. and w, = v :B] (P12’ + Pye') achicve 0 < Jy(u,,w.,0) < Ji(u.,w,0) for all

w # w,, where

i’ = A2' + Byw+ Bou, ¢ =1 —i.
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Conversely, let Py > 0 with P,(T) = 0 solve
ATP + PiA, + P(B,BY /y* - B,R{'BNP + Q = - P,.

and let controller u,

= (A++y2B,BTP, + L.C, + B,F.) — L,y, %(0) =0,

8-

u, = F.2, F.:=-R7Y(DLC,+ BIPp
with a worst disturbance signal w., achieve
0 < Jy(us, w,,0) < Jy (e, w,0), for all w # w’.
If there ezists a worst disturbance signal w, under white noise such that

Jl('ll,,,,w*,w()) S ']l(u*vwaw())a JQ('U,*,'LU*,'UIO) S JQ('IL, W 'LUO),

then there are solutions P, > 0 and P3 > 0 with P,(T) = 0 and P;3(0) = 0 solving

the following differential Riccati equations:
Py(A, +77°B\B] P, — P;C] Ry'Cy) + (A, +v72BBT P, — PsCTR;'Cy)T P,
+y™*PB,B{ P, + (DL,C, + Bf P)TR;Y(DY,C, + BI'P)) = — P,
[Ay + ¥*BiB] (P, + P,)|P3 + P3[A, + v 2B,BY (P, + P,)]T
—P,CTR;'CyPs + P = P,

Moreover, L, can be chosen as L. = —(BoD3y + Py\CTYRy"' and Jo(L) is minimized

at L,.
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PROOF. (Sufficiency) Suppose there exist solutions Pi(t) > 0, P»(t) > 0 and
P3(t) > 0, Vt € [0,T], with P,(T) = 0, P,(T) = 0 and P;3(0) = 0 solving those
three differential Riccati equations.

Define 7 := w — v 2BYPiz, v := Dy, {u-i— RTY(DLCy +B;‘FP1):1:}. Then the

system equations can be rewritten as

i = (A+7"2BB{P\)z+ Bowy + Bi7 + Bou, z(0) =0,
v = Dip {R7Y(DLC + B P)z +u},

y = Cox + Dyywy,

and the performance index J; becomes:

h(wwywn) = B{ [ Pl - alPat}

=F {/OT(72||T||2 - l|v||2)dt} — /OT trace{B] P,(t)By}dt.

Note that the first Riccati equation and Corollary 2.2 are used to get the result

above. Using L. = —R7'(D%,C, + BT P,) to construct a standard state estimator:
&= (A+~"2B,BTP)i + Byu + L.(Cyi —y), £(0)=0,
then, a natural choice of the optimal control law v = u, would be u. = — Ry (DT,C,+

BT P))z. Accordingly, the system can be further simplified into

e = (A + ’Y~2B1B;1‘P1 + L*Cg)e + (Bo + L*Dgo)'on + Br, (’(O) =0,

v = DpRTYDLC, + BIP)e,

and J; becomes(by using the second Riccati equation and Corollary 2.2):

T v I " ’l‘ il
Ty (e, w, wp) = E {/0 Y2 — 'y’zBerzeszt} - /o trace{ BY P, (t) B, }dt
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T
“'2E“/0 BTPQ(B() + L,,Dgo)'ll)odt
T 2 —2 T 2 T T
=F /0 Yi|r = v~*Bi Pye||?dt —/0 trace{ By P, (t)By}dt
T
— /0 trace{(Bo + L.Dao)" Pa(t)(Bo + L.Dao) }dt
T ot
2 /0 /0 E{z7(r)P,(7) B, BXwo(t) }drdt
T 2 -2 T 2 T T
=F /0 y ”7‘ - Bl P26” dt —‘/0 tT(LC@{Bo Pl(t)BO}dt
T
—/0 trace{(Bo + L.Dao)" Ps(t)(Bo + L, Dao) }dt

Hence we have Ji(u., w.,wp) < Ji(uw, w,wp), where 7. = v 2BTPye — w, =
Te + Y 2BY Pix = v~2BT (P,z + Pse).

Next, it is shown that u, does minimize the index J, under the worst disturbance
w,. Let L be any filter gain. Substitute w, (or r.) into the system equations, we

get:

¢ = (A+~72B,BTP,+ LCy +v72B,Bf Py))e + (By + LDy)wp, e(0) =0,

= Ape+ Brwp.

Let ®(¢,0) be the transition matrix for Ay, then e = [j ®(¢,7)BLwy(7)dT and

T
Jo(u, we, we) = E {/ Hcllzdt}
0
T ot o
=F {/0 /0 ./o wy (T)BT®T (¢, 7)B(t, ) Bwo(s)dT ds dt}

T o " R
= trace {/ / / O(t, 8) B E{wy(s)ws (1)} B O (¢, 7)dT ds (h‘,}
o JOo JO
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T t t T AT
= trace {/O /0 /O O(t,5)BL6(r — s)BL®T (¢, 7)dr ds dt}

T gt T
= trace {/ / ®(t,s)B,BT®7(t, s)ds dt} = t'race{/ Ydt},
o Jo 0
where Y = [ ®(t,s)B, BT ®7(t, s)ds > 0 satisfies:
ALY +YAT+ B BT =vV.

By Theorem 2.1 in Chapter 2 and using the third Riccati equation, J, achieves the
minimum value at L = L,, which means that u, is the desired optimal control. Thus

u, and w, achieve:
J1 (U, Way wo) < Ty (s, w, Wo),  Jo(Un, Wa, wo) < Jo(u, wa, wp)-
It is easy to verify that w, =y~ 2BT (P,z' + P¢’) and u, achieve
0 < Ji (e, ws, 0) < Ji (e, w, 0),
where 2’ satisfies
i = A + Blw+ Bou, € =2 — i
(Necessity) Suppose Pi(t) > 0, Vt € [0,T] with P;(T") = 0 solves
AP + P A, + P((B\B] /v* — BR{'BI )P, + Q = —P,

and the controller u,

Il

(A+77 BBl P + L.Cy + ByF.)i — Luy,  (0) =0,

u. = Fd4, F,:=-R/YD%,CH + BI'P)

with a w! achicves

0 < Jy (e, wl, 0) < Ji (e, w, 0).
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Hence for the noise-free system

' = Az’ + Byw+ Bou,, z(0) =0, (5.14)
z = Cl.’L'I -+ Dlz’ll,*, R] = DﬂDlz > 0, (5.15)
Yy = Cz.’L", (516)

we have || R.y||co,f0,7] < 7. A completing square procedure can be done for J; (u., w, 0)

by using the Riccati equation above:
T s = (12 =\ 12
Ji(teyw,0) = B{ [ (#*llw = @.|* = || Dz (. — @.)[)dt},
where W, = v 2BT Pz’ and @, = —R7'(D%,C, + BY P))z'. Define
r':=w— 2Bl P/, v.:=Dp{u.+R(DLC+BIP)r}, ¢ =12 -3
Then the system can be converted into another equivalent one:

e = (A -+ ’Y—QBIB;I"Pl + L*C2)el + B17‘/7 6(0) =0,

v, = Du{R7'(DLC:+ BIP)e'}.

which defines an equivalent operator R,.,» = R.,. Thus ||Ry.r||co0r] < 7. By
Lemma 2.3, there is a P,(t) > 0, V¢t € [0, T], with P»(T) = 0 solving:

Py(A+~7BiB] P, + L.Cy) + (A, + v 2B\B] P, + L.C,)" P,
+v72P,B,BT P, + (D!,C, + BT P)TR7Y(DY,C, + B P) = — P,
and the worst disturbance 7/, (thus w!) is:

i =~ B{ P!, wl, =71, 4+~ B Pia’ = v :BY(Px' + Pye’).
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Now for the system with white noise
T = Az + Bo’wO + Bl'w + BQ’LL, .’L(O) = 0,

z = Clx + D12'U/, RI = DIT:‘ZDIQ > 07

Yy = CZLI?—I—DQ()H)Q, R0=D20Dg:)>0’

it is easy to verify that w. = vy 2BY(P,z + Pse) is the worst disturbance signal
under white noise, that is, Ji(u., w.,ws) < Ji(u., w,ws). On the other hand, by
assumption we have Jp(uy, Wy, wo) < Jo(u, w,.,wp), which means that J, achieves
the minimum value on the support of [0,7] through the optimal control u, under

w,. By substituting w, into the system equations, we get:

é¢ = (A+72B,B]P,+ L.Co+~" BB Py)e + (By + L.Dy)wy, e(0) =0

= Ap.e+ Bp wo.

Again, let ®(t,0) be the transition matrix of A, then e = [y ®T(¢,7)B.wo(7)dT

and
T
Jo (U, Wy, Wo) = tmce{/o Ydt}
is the minimum value, where Y = [ ®(¢, s)B,,. BY ®7(t, s)ds > 0,Y(0) = 0 satisfies:
ALY +YAY + B, Bl =Y.

Thus by Theorem 2.3 in Chapter 2, there is a P3(¢) > 0, V¢ € [0, T, with P3(0) =0

solving:
(A + 7B B{ (P, + P)|Ps + P3[A, + 2B, B (P, + P))"

—P:sC-rz['R(TIC2P:; +P ="
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and L, can be chosen as L. = —(Bo D%, + PsCY)R;". Substituting L, back into the

Riccati equation about Py, clearly Py(t) > 0, Vt € [0,T] with P(T) = 0 solves:
Py(Ay + 7 *BBl P, — PsC] R;'Cy) + (Ay + v *B\B P, — PsC] R;'Cy)" Py

+v 2P,B, BT P, + (D},C: + B P\)*R{Y(D%,C, + BY P) = —P,.

5.3 Hoo GAUSSIAN CONTROL DESIGN—INFINITE
TiME HORIZON

We shall make the following standard assumptions for infinite time horizon case:
(Al) (A, B,) is stabilizable and (C», A) is detectable,

(AQ) Ry := DQOD% >0 and R; := Dngg > 0,

[
(A3) has full column rank for all w,
C Dy
A—-jwl By
(A4) has full row rank for all w.
C Do

Note that these assumptions guarantee that the Riccati equations corresponding
to the standard H, control problem have stabilizing solutions.

To simplify notations, we shall usc the same abbreviations introduced in the
last section. The infinite time Ho, Gaussian control design is presented in the next

theorem.
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Theorem 5.2 Let the dynamical system G be described by equations (5.1)-(5.3)
and assume that assumptions (A1)-(A4) are satisfied.

If there are stabilizing solutions Py > 0, P, > 0 and P3; > 0 solving the following

Riccati equations:
ATP + PiA, + P\(B,BT /v* - BoR{'BNP, +Q =0,
Py(Ay +v7*BiB{ P, — P,CTR;'Co) + (4, + v 2B BT P, — PCTR;'Cy)T P,
+y7*P,B,B{ P, + (D1,C: + B; P\)" R{}(D,C, + B] P;) =0,
[Ay +77*B\B{ (Pi + P,)|Ps + Ps[Ay + v BBl (P, + P,)|”
—P;CTR;'CyP3+ P =0,

i.e., AI -+ (B]BlT/’)’2 et BQRI_IBQT)P17 (l'fld Ay =+ ’)’_2BlB'1T(P1 + Pg) - PSC;FR(;ICZ
are both stable. Then, there exist an optimal control law u, and a worst disturbance

signal w, under white noise such that:
']3(71'*) Wy, 'IU()) S ']3(u*7 w, ?U()), J‘l(u*a Wy, IWO) S J4(u7 Wiy, wO)'

If the solutions ezxist, we have w, = v 2B (Piz + Pye) and the optimal controller is

given by:

& = (A+~" BBl P+ L.Cy + BoF)i — L,y, (0) =0,

Uy = F,Z,

where F, := —R7'(DL,Cy + BIP\) and L. = —(BoD}, + PsCT)Ry'. Furthermore,

we and w, = vy 2B (P’ + Pye’) achieve 0 < Js (1., w,, 0) < Js(u,, w, 0), where

' = Az + Biw + Byu, ¢ =u'— 3.
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Conversely, let Py > 0 be a stabilizing solution to
ATP, + PiA, + P(B,BT /v* — B;R{'BT)P, +Q = 0,

and let controller u,.:

&

= (A+~7*B,BTP, + L.Cy + ByF,)i — L,y, %(0)=0,

u, = F.&, F,:=-R7YDLC,+ BIP)
with a worst disturbance signal w. achieve
0 < J3(t, w, 0) < J3(tu,w,0), for all w # w..
If there exists a worst disturbance signal w, under white noise such that
Ji (U, Way wo) < Sy (U, w,wo),  Jo(t, we, wo) < Jo(u, W, wy),
then there are solutions P, > 0 and P3 > 0 solving the following Riccati equations:
Py(A+~7*B\B{ P, + L.Cy) + (A+ vy 2B, B] P + L,C5)" P,
+v 2P,BiB{ P, + (D,C\ + By P\)" Ry {(D{,C + B] P1) = 0,
[Ay +~7*B\Bl (P, + P,)|Ps + P3[4y + v * BBl (P, + R,)|"
—P;CTR;'CoP3 + P = 0.

Moreover, if A+~ BBl (P, + Py) — (BoD%, + PsCT)R;'Cy is stable, then we can

choose L. = —(Bo D3+ P,CTYRG' and there is a stabilizing solution Py > 0 solving:
Py(Ay +v72B\B] P, — PsCy Ry Cy) + (A, +~72B\BT P, — P,CTR;'C.)" Py

+~v72P,B,BI B, + (DT,C, + BY P)T Ry Y(DT,Cy + BI'P)) = 0.
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Proor. (Sufficiency) Suppose that there are P; > 0, P, > 0 and Ps > 0 solving:
ATP + Pl A, + P/(B\BT /v — B.R;*BIP, +Q =0,
Py(Ay +~"2B\BTP, — P,CTR;'Co) + (A, + v 2B,BT P, — P,CTR;'C,)T P,
+y~2P,B,B{ P, + (D1,C, + B P\)" R} (D%,C, + BT P,) = 0,
[Ay + v 2B1BT (P, + P)|P3 + P3[A, + v 2B,BT (P, + P)|T
—P;CTR;'CyP; + P =0.

First, it is claimed that A, + v 2B1BT P, — P,CTR;'Cy = A+~2B,BTP, + L,C,
is stable, where L, = —(ByD%, + P,CT)R;'. The reason is as follows: if A +
v~2B1BT P, + L.C, is not stable, then at least one of its eigenvalue ) is on the

closed right-half plane, i.e., Re(A) > 0. Let = be the eigenvector corresponding to

A, then
TPy (A, + v 2B,BTP, - P,CTR;'C,)z
+zT (A, + v 2B,BT P, — P,CTR;'Co)" Py
+v7%z" P, B, B] Pyz + 27 (D,C, + B P))" Ry Y(DT,C, + BY Pz =0,
or
2Re(N)z” Pox + 2" (DY,C1 + By PRy (DT,C, + BY P)z
+7”2:1:7‘P2B[B’11'P2:1: = (),
which gives BY Pox = 0 and (D?,C, + BY P))z = 0. Thus

[/*\y + ’Y—zBlB’lI‘(Pl + I)Q) - R;C;Ralc’z]l‘ = [14 + ’}’_2B|B,11‘P1 -+ L*Cg].’lf = /\.’I},
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which means that A, +v~2B,BY (P,+P,)—P,CI R;'C, is not stable, a contradiction.

Now consider the index J3. Let u be any stabilizing control law. Define
ri=w-y"2Bf Pz, v:=Dy{u+ R (DLC, + B P)z}.
Then the system equations can be rewritten as
z = (A+ 7_2BlBlTP1)m + Bywg + Bir + Bou, z(0) =0,

v = Dlg{Rl‘l(DITQCI+B;,FP1)x+u},

y = Chz + Dywy,

and the performance index J; becomes:

J — lim EdL [T (2 wlf? = [|2]12)dt
s w,un) = fim B { % [Pl = 1)

L LT a2 2 T
—%LI&E{?/O (Y|l = o]l )dt} — trace{By P\ By }.

Note that the first Riccati equation and Corollary 2.2 are used here.

Using L, to construct a standard state estimator:
T = (A+~7B\BTP\)i + Bou + L.(Cy3 — y), #(0) =0,
then, a natural choice of the optimal control v = u, would be
. = —R7(D},Cy + B Py)%.

The system can be further simplified into

e = (fl + ’)’—QBlB’lI‘Pl + L*CQ)C + (B() + L*DQQ)UJO + By, 6(0) = 0,

v = DuR7Y(D!,CH + BIP)e.
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Note that 4 + v 2B Bf P, + L.C, is stable. Now J3 becomes (by using the second
Riccati equation and Corollary 2.2):

1 (T .
J3 (U, w, wp) = }EEOE {_f/o Y |r — 'y_zBlTPgeH“dt} — trace{BY P, By}

. 1 T
—Q%LI{:OE {T./O CTPQ(BO -+ L*Dgo)det}

T
= 71im E {%/ V|r — fy_QBf‘PzeH?dt} — trace{ BT P, By}
— 00 0
-trace{(Bo + L.Dgo)TPQ(Bo + L*Dgo)}
Hence we have:

J3 (U, Wa, wo) < J3(us, w, wy),

where r, = v 2B Pbe — w, =7, + v 2BTPix = v 2BT(P,z + Pye). Next, it is
shown that u, does minimize the index J; under the worst disturbance w,. Let L be
any filter gain such that both A +~y~2B,BT P, + LCy and A+~ 2B, BTP, + LC, +

v~2B, BT P, are stable. Substitute w, (or 7,) into the system equations, we get:

(A+~72BBTP, + LCy + v 2B, BT P))e + (By + LDag)wy,

e(0) =0,
= Ape+ Brw.

Note that e = [ exp[A,(t — 7)] BLwo(r)dr and

. 1 7T .
Ja(w, W, wy) :’lll—rgoE -7-;/0 le]|*dt

1 T [ t . , .
= 71im E {T / / / wy (1) B7 exp[AY (t — 7)]exp[AL(t — $)]| Brwo(s)dr ds (li;}
—o0 Jo Jo Jo

1 (T ot o~ -
= trace {111111 7 / / / exp[AL(t — 8)|BL6(t — ) B} exp[AT(t — 7)]dr ds (1‘1‘,}
—o T Jo Jo Jo
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1 T gt
= trace {Ill_l}olo T/o -/(; exp[AL(t — s)| BBl exp[AL(t — s)]ds dt} = trace{Y}
where Y = [5° exp(ALs)BBTexp(ALs)ds > 0 satisfies:
ALY +YAT + B BT = 0.

By Theorem 2.2 and using the third Riccati equation, J; achieves the minimum
value at L = L, where L, = —(BoD%, + P,CT)R;*, which means that u. is the

desired optimal control. Thus u, and w, achieve:
J3(tgy We, wo) < T3 (s, w, we),  Ja(tn, W, wo) < Jy(u, wy, wp).
It is trivial to show that that w/, = y"2BT (P2’ + Pye') and u, achieve
0 < J3(us, ws,0) < J3(1te, w,0),
where z' satisfies
T =Ar'+ Blw+ Bou, e =2' -3
(Necessity) Suppose P; > 0 solves
AlPi+ PiA. + P((BiB] /¥’ — B.R{'B})PL+Q =0

and the controller .,

= (A -+ ’Y_.ZBlB?.Pl + L*Cz + BQF*).’i' — L,.:Ij, i?(O) = 0,

8-

u« = F&, F.:=-RY(DL,C +BIP)

with a w, achieves 0 < J3(u,, w;,0) < J3(u.,w,0). Hence for the noise-free system

@' = Az’ + Byw + Byu,, z(0) =0, (5.17)
z = lel’f/ -+ Dmu*, Rl = D’{;DlQ > 0, (518)
y = Cya', (5.19)
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we have ||R.u|lc < 7. A completing square procedure can be done for J3(u,,w,0)

by using the Riccati equation above:
. 1 r 2 ~ 112 ~ 2
J3(ue, w,0) = 7lxm E _f/ (v llw — .|| = || D12(ue — @)||7)dt ¢,
— 00 0
where @, = v 2BT Pz’ and 4. = — Ry (D%,C, + B P,)z’. Define
v i=w -y B{Pix', v.:=Di{u.+R(DLCi+BiP)a'}, & =11

Then the system can be converted into another equivalent one:

¢ = (A+~72B,BTP, +L,C,)e + Byr', e(0)=0,

v. = Du{R{Y(DLCi+BIP)e}.

which defines an equivalent operator R,.,» = R.,. Thus ||R,. ||l < . By Bounded-

Real Lemma, there is a P, > 0 solving:
Py A+~ *B\Bf P, + L.Cy) + (A, + v *B,BT P, + L.C;)" P,
+y7*P,B,BT P, + (DY,C, + BT P))"R;Y(DY,C, + BT P)) =0,
and the worst disturbance 7/, (thus w,) is:
. =vBl P!, w,=r.+~v BT Pz’ =y 'BT (Piz' + Ps¢).

Now for the system with white noise

T = Az + Bowy + Byw + Bou, x(0) =0,
A —— Cl.’E -+ D12'll,, R[ = D’II‘QDlz > 0,

Yy = Cyx + Dygwy, Ry= D20D210 > 0,

it is easy to verify that w, = v 2BYT(Piz + Pye) is the worst disturbance signal

under white noise, that is, J3(u., w., wo) < J3(us, w,wy). On the other hand, by
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assumption we have Jy(u,, ws, wp) < Ja2(u,w., wy), which means that J, achieves

the minimum value through the optimal control u, under w,. By substituting w.

into the system equations, we get:

(A + 7_2BlB?P1 + L*Cz =+ ’)’_zBlB;rPQ)C -+ (Bo + L*Dzo)’wO, 6(0) =0
= Ar.e+ B, wg.

Note that e = [; exp[AL.(t — 7)]Br.wo(7)dr and Jy(ua, w., wy) = trace{Y} is the

minimum value, where Y = [;° ezp(AL.s)Br.BF exp(AT_s)ds > 0 satisfies:
A Y +YAT + B, BT =0.

Thus by Theorem 2.3 in Chapter 2, there is a P; > 0 and P; <Y solving:
[Ay + v 2B\B] (Py + P,)|Ps + Ps[A, + v >BB{ (P, + P)]”
—P3CTRy'CyP; + P =0.

Furthermore, if A + v=2B,BY (P, + P;) — (BoD}, + P,CT)R;'C is stable, then L,

can be chosen as L, = —(ByD}, + PsCT)R;'. Substituting L, back into the Riccati

equation about P, clearly P, solves:

Py(Ay + v *B,B{ P, — P,C{R5'Cy) + (A, + 7B, B] P, — P,CY R;'C,)T P
+y 2P, B, B} P, + (D|,C, + B} P\)" R{(D!,C\ + BI P,) = 0.

The proof is complete.
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CHAPTER 6

CONCLUSIONS

Control theory as engineering science has experienced tremendous progresses in 20th
century. The distinct features of control are that it is both engineering-oriented and
mathematics-oriented. However solving engineering problems in simple and under-
standable mathematical ways is not always an easy thing. There is a trade-off here,
that is, the trade-off between simplicity and complexity. Hence, the achievements in
control should stick closely with problems which have solid engineering backgrounds
while at same time the results should be presented in simple and clear mathematical
languages. Like Einstein said,“Everything should be made as simple as possible, but
not simpler.”

In the last decade, researchers in control have dedicated a lot of efforts to multiob-
jective control in hoping to design trade-off controllers between different performance
requirements. This dissertation is a continuation of such efforts and contributes
mainly to developing time domain game approach for multiobjective optimal filter-
ing and control, aiming at providing design trade-off between robust performances
and H,(LQG) performances. From filtering to control, the results obtained provide
systematic design approaches with clear interpretations for practical dynamical sys-
tems. Hence, the theory developed in this dissertation is closer to engineering rather
than an ‘artificial theory’, which strongly entitles the possibility of potential engi-
neering applications of the results obtained.

During the process of developing multiobjective optimal filtering and control

theory in this dissertation, significant difficulties were met when trying to generalize
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game approach to output feedback design which must be adopted in engineering
since the system states are usually difficult to obtain. The difficulties are mainly
caused by the desired consistency between theoretic framework and the performance
of dynamical systems as well as the computation complexity. Motivated by Kalman
filter design and its application to LQG control, a similar filter structure is naturally
adopted for filtering and control design in this dissertation. It is, then, very clear
that the trade-off design between robust and LQG performance should be the opti-
mization target of a multiobjective design. This formulation finally returns simple,
graceful and computable results as presented in this dissertation. It is also noted
that, in practice, a trade-off between robustness and transient (LQG) performances
is of more engineering interests than artificial theoretic interests. All results in this
dissertation could be obtained through solving some set of coupled Riccati equations
and these coupled Riccati equations are solvable by standard numerical integration.

It is worth pointing out that, though discrete time systems are not treated in
this dissertation, all results of filtering and control can be extended to discrete time
systems through a corresponding formulation. An example of such a generalization
can be found in [6].

Yet there are a lot of problems remaining to be solved which may be of further
research interests, though significant progresses have been achieved in this disserta-

tion. Let me end this dissertation by pointing out some of these problems.

1. It is still of theoretic interest to show if the filter structure used for multiobjec-
tive optimal filtering and control in Chapter 3, 4 and 5 is a globally necessary
optimal choice, which will provide a rigorous answer to the question: why do

we want to choose this special filter structure?
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2. Kalman filter does have a recursive algorithm and it is used broadly in the fields
of both control, estimation and signal processing. Hence it will be of great
interests to develop the recursive algorithms for the multiobjective filtering

and control results obtained in this dissertation.

3. Sampled-data control systems are another important class of engineering sys-
tems. How to generalize the results obtained to multiobjective filtering and
control for sampled-data control problems is a challenging and very interesting

problem.

The dissertation ends here but, definitely, control research is endless.
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