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Abstract

We address the open question of which representations of the modular group
SLy(Z) can be realized by a modular category. In order to investigate this problem, we
introduce the concept of a symmetrizable representation of SLy(Z) and show that this
property is necessary for the representation to be realized. We then prove that all con-
gruence representations of SLy(Z) are symmetrizable. The proof involves constructing a
symmetric basis, which greatly aids in further calculation. We apply this result to the re-
construction of modular category data from representations, as well as to the classification
of semiregular categories, which are defined via an action of the Galois group Gal(Q/Q)

on their simple objects.



Chapter 1. Preliminaries
1.1. Introduction

The concept that would later come to be called a modular category' originally arose
in the context of 2-dimensional rational conformal field theory [45]. Quantum field theories
are mathematical structures designed to axiomatize and formalize the rules of quantum
physics, and conformal field theories are QFTs which are invariant under conformal trans-
formations. Moore and Seiberg [28, 29] investigated rational chiral CFTs and determined
a set of data— the Moore-Seiberg data— that sufficed to describe their properties. How-
ever, their formulation was dependent upon a non-canonical choice of basis. The definition
of a modular category, then, is a realization of those properties in a basis-invariant setting,
and the Moore—Seiberg data can be discerned among the invariants and properties of the
category: the fusion matrices (as described in Section 2.3), the S-matrix (Section 2.6), the
F-matrix? (see [44, Chapter VI]), and the pentagon and hexagon relations (Theorem 2.1.2
and Definition 2.5.1). That many modular categories arise as the representation categories
of regular vertex operator algebras [17, 18, 51| is ultimately this same fact viewed in a dif-
ferent context.

The connection between modular categories and RCFTs is expressed through a
3-dimensional topological quantum field theory (see [41, 45, 24, 50]). This is a monoidal
functor from the cobordism category 3Cob to the category Vec(k) of finite-dimensional
vector spaces over a field k, preserving the symmetric braiding (see Sections 2.1 and 2.5).

Roughly speaking, the objects of 3Cob are 2-manifolds with marked points, and the mor-

'Many authors prefer “modular tensor category,” but there seems to be no consensus on the precise
implication of the word “tensor.”
2Also known as the 6j-symbols.



phisms are cobordisms connecting them — here, a cobordism M : A — B is a 3-manifold
whose boundary is identified with A LI B in the obvious way, and which contains a ribbon
graph that connects the marked points of A and B. Every modular category % gives rise
to such a TQFT, with the ribbon graphs being precisely those of the graphical calculus in-
troduced in Section 2.1.3. See [22, 43] for a description of how the resulting TQFT can be
used in constructing a RCFT.

As one might expect from their intertwined algebraic and topological structures,
modular categories are closely related to algebraic topology. A number of concepts from
areas such as knot theory and homology can be recognized in their study. The quantum
trace (Definition 2.2.7) immediately gives rise to a family of invariants for braids and
links, as a trivial example. Invariants for 3-manifolds may likewise be constructed from
modular categories. The Kauffman bracket, Jones polynomial, and Jones—Wenzl idempo-
tents may be seen as precursors to the ideas used in the graphical calculus, and the skein
modules that underlie them can be used to construct modular categories. For more on this
topic, see [45].

A recent application of modular categories and the TQFTs that arise from them is
in the realm of quantum computation and quantum information. Quantum computation
requires novel methods of fault-correction — classical methods (e.g. simple duplication of
the data) are often impossible or impractical when dealing with qubits, which cannot be
read or copied without causing the quantum state to collapse. The first error-correcting
code for qubits was the toric code devised by Kitaev [4, 25]; this was later generalized into
the Levin—Wen string-net model [26]. In these designs, information is stored in a system of

anyons in a 2-manifold that exhibits a topological phase. While such a system has not yet



been constructed in reality, a physical implementation of the concept has been considered
wherein the anyons take the form of quasiparticles® in fractional quantum Hall liquids.
Such topological phases correspond, one-to-one, with (unitary) modular categories [49].
Explicitly, the anyons correspond to the simple objects of the category, their trajectories
through spacetime are the ribbons of the graphical calculus, and the results of fusing them
together are recorded by the fusion matrices and related statistics such as the F-matrices.
Computation is then performed by braiding the anyons, and the topological invariance
expressed by the ribbon structure (see Section 2.5) makes the state resistant to small-scale
errors. A more complete description of topological quantum computation is given in [49].
The name “modular category” comes from the fact that each such category gives
rise to a family of representations of the modular group SLy(7Z); this will be described in
more detail in Section 3.1.2. This group and its representations appear in many areas of

mathematics. For example, there is a well-studied action of SLy(Z) on the upper half of

az+b
cz+d’

the complex plane, H. Namely, for g = [¢4] € SLy(Z), we define gz = Then, a mod-
ular form of weight w on a finite-index subgroup I' C SLy(7Z) is a meromorphic function

f :H — C that is bounded as z — oo? and which satisfies the symmetry condition

(0 /)(2) = (cz+d)""f(g2) = f(2)

for all z € H and all g € I'. Modular forms are of interest primarily in analytic number
theory, and are related to elliptic curves, Riemann surfaces, and Dirichlet series [1]. Mod-
ular categories give rise to modular forms; if € is the representation category of a regular

vertex operator algebra V = @,y Vi, then for each v € V,, there is a family of functions

3Pointlike defects, usually packets of excited particles, that behave like anyons.



{faw}ac(w) satisfying

(- for)(2)] [ furo(g?) | [ funnl(2) ]
(9 fa:z,v)(z) — (24 d) faz,v:(gz) — p(g) faQ,?(Z)
(9fur.0)(2)] Far o(92)] o)

for all z € H and g € SLy(Z). Here r¢ is the rank of €, and p(g) is one of the SLy(Z)
representations of € (see Section 3.1.2). It may be shown that all such representations
have congruence kernels [9]. As such, taking I' := ker p, the family { fo}acim(#) defines a
vector-valued modular form of weight w on I'.

A full list of topics with connections to modular categories would fill many pages.
For a more thorough history, we refer the reader to sources such as [13, 3, 14, 45].

There is an ongoing project to classify the modular categories (up to equivalence).
It has been shown that, for any rank r € Z™", there are only a finite number of equiv-
alence classes of modular categories having that rank [7]. Following this, a series of pa-
pers by various authors ([42, 6, 33]) have classified all modular categories with rank 6 or
less. Another approach is to organize modular categories according to the orbits of a cer-
tain Galois action, which we will define in Section 2.6.17. When this action is semiregu-
lar —i.e. fixed-point free—the category is called k-semiregular, where k is the number of
orbits. In [38], the transitive categories, which are automatically 1-semiregular, are com-
pletely classified. Most of the results in this dissertation arose in the investigation of 2-
semiregular categories, which are discussed in Chapter 4. Other approaches include clas-
sifying categories by their dimension ([5, 8]; see Definition 2.3.7) or by their Frobenius—
Schur exponent ([47]; see Section 2.5.2). It is the author’s hope that this dissertation will
be helpful in furthering this classification project.
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1.2. Overview

The structure of this dissertation is as follows.

In Chapter 2, we describe in detail the properties and data that define a modular
category. In brief, a modular category is a monoidal category possessing a fusion structure
and a compatible ribbon structure and satisfying a non-degeneracy condition. The fusion
structure makes Ob(%) into an algebra over a field, usually taken to be C. Meanwhile, the
morphisms in any monoidal category may be represented in a visual format similar to a
braid diagram in a process known as graphical calculus, and the presence of a ribbon struc-
ture causes these diagrams to behave in a manner similar to the braid or knot diagrams
on which they are based — by remaining invariant under the Reidemeister moves, for in-
stance. The non-degeneracy condition ensures that the generators of the fusion algebra are
distinguishable in an appropriate sense. This chapter includes proofs of some properties
which, while well-known, are often glossed over in the literature.

In Chapter 3, we consider MC representations: finite-dimensional representations
of the modular group SLy(Z) that arise from a modular category in a natural way. The
question of which finite-dimensional SLy(Z)-representations occur in this way remains
open, but it may be shown that any such representation must be congruence, and we show
that it must also be symmetrizable. Complex congruence representations are easily classi-
fied by means of the Chinese remainder theorem. There exist finite-dimensional SLy(Z)-
representations which are not symmetrizable, but all examples displaying this behavior are
not congruence. It is therefore natural to inquire whether there are any complex congru-

ence representations of SLy(Z) which cannot be symmetrized. The primary result of this



dissertation is that this is impossible:
Theorem 3.1.10. Every finite-dimensional complex congruence representation of SLo(Z)
is symmetrizable.

To prove this theorem, we make use of the classification of congruence SLy(Z)-
representations (as devised in [39, 40]), and we provide a number of proofs regarding the
details of this construction.

In Chapter 4, we describe various applications of the results in the previous chap-
ters. The techniques used in our proof of Theorem 3.1.10 can be used to construct an
explicit symmetric basis for any congruence representation —indeed, as part of the re-
search that led to this dissertation, we implemented a GAP package [36] that does so. We
demonstrate how this basis can be used in addressing the question of realizability: for
some representations, we find immediately a proof that they are not realizable, while for
others, it is possible to reconstruct data (such as the fusion rules) of a possible category
realizing them. We also consider semiregular modular categories and the Galois action by
which they are characterized. By making use of symmetrizability and the properties of
MC representations, we derive certain properties of semiregular categories in general and
2-semiregular categories in particular.

1.3. Definitions and notation

We denote by e : ®/z — C the map given by e(k) = e*"*; this forms an isomor-
phism from the additive group ®/z to the group of finite roots of unity in C. For k& € NN,
(pi=e (%) is a primitive root of unity of order k. Particularly, : = e (i) = (. We fix v/(

to be the positive square root (op.



We assume the reader is familiar with the basics of category theory, as covered in
e.g. [27]. If € is a category, we will write € = Ob(%) for the set of objects and €'(a,b) =
Morg (a, b) for the set of morphisms in € from a to b. The opposite category €°P is identi-
cal to € except for having all arrows reversed.

For a vector space V over a field k, its dual is V* := Homy (V] k).

For k a field, we write k for its algebraic closure. When n € Z*, the Galois field
extension Q((,) is also denoted Q.

For G a group, its character group is G = Hom(G, k*).

For A € M, (k) and B € GL,(k), we write A? := B7'AB. When k = C, the
conjugate transpose of A is denoted At := AT; if A" = A=, then A is called unitary. The

field extension of Q found by adjoining all entries of a matrix A is denoted Q(A).



Chapter 2. Modular Categories
We will first describe in brief the various properties defining a modular category;
we refer the reader to [3, 13, 23, 27] for more detailed treatments.
2.1. Monoidal categories
2.1.1. Monoidal structures
Definition 2.1.1. Let € be a category. A monoidal structure (®,1,a, A, p) on € consists

of the following data:

a bifunctor ® : € x € — €, which we call the tensor product,

a designated object 1, called the unit object,

 a natural isomorphism o : (+ ® +) ® « = + ® (+ ® +), called the associator (with a
component ®gp.: (a®b) @c— a® (b®c) for all a,b,c € €) and

o natural isomorphisms A : 1®+ — +and p: +®1 — -, called the left and right unitors
(with components A\, : 1 ®a —aand p,: a®1 — a for all a € ¥).

When considering multiple categories, we will label the data of € by ®7, 1%, a%, A\*, and
p?. Note that, for any morphism ¢ € %(a,b) and any object ¢ € €, we have p®c = p®id,
in ¥(a ® ¢,b ® ¢) and similarly ¢ ® ¢ € €(c ® a,c ® b). To save space, we will label these
simply by ¢ when the meaning is clear from the context.

The isomorphisms «;, A, p must satisfy an associativity axiom. As a demonstration
of this axiom, consider a sequence [a, b, ¢] of objects in €. This sequence corresponds to
several possibly-distinct objects in &, such as x = (a®1)® (b®¢) and y = a @ (b 1) ®c).
The axiom states that a;, A, and p should form a unique isomorphism z — y (this being
simply id, if = y). Such an isomorphism — the composition of tensor products of a, A, p,

and their inverses, along with the identity —is called a legal isomorphism. Extending this



idea to arbitrary sequences of objects in €, we have the following:

Associativity axiom. Consider any sequence of objects [ay,as, - , ay)| with a; € €.

Suppose x and y are two objects obtained by tensoring the sequence in order and inserting

parentheses and 1s arbitrarily. Then there is a unique legal isomorphism from x to y.
This axiom may be difficult to handle directly, but the MacLane coherence theo-

rem gives conditions which are more easily checked. For a proof of this theorem, see [27,

§VIIL.2].

Theorem 2.1.2 (MacLane coherence theorem). The associativity aziom is equivalent to

the commutativity of the following two diagrams (known as the triangle and pentagon azx-

ioms) for all w,x,y,z € €:

Az, 1,y

(zel)oy

(w@r)®(y®2)

a(wW W(&Z)

(w®r)®Yy)® 2 w®(z®(yez2))

awvzyyl Talyyyz

(0 (r®y)® :2) w®((z@y) ©:2)

Qw, (2Qy),2

A monoidal category in which a, , ., A;, and p, are identities for all objects
x,y,z € € is called strict. The functor category End(?) of any abelian category o, with
F®G:=FoGand1 :=idy, is an example of a strict monoidal category. When % is
strict, each finite sequence [x1, 2z, -+ , x| of objects in € corresponds to a unique object
in %’; hence, by convention, we simply omit the parentheses and 1s and name that object
T1RX2Q - & Ty

Let us now construct an explicit example of a monoidal category. Let G be a group

9



and w a normalized 3-cocycle of G with coefficients in k* for a field k; then, define the
category ¢4 = Vecg (k) as follows. Objects in ¢ are G-graded, finite-dimensional k-vector
spaces; that is, each V' € € has the form @ V, where each V, is a finite-dimensional k-
vector space. Morphisms in ¢ are vector space homomorphisms which preserve the grad-
ing —in other words, a morphism V' — W has the form @, s ¢, where each ¢, : V, — W,
is a vector space homomorphism.

We may define a tensor product ® on ¢ via

VeW),= P VoW .

h,keG
hk:g

To define the associator, we first find that

(UeV)eaW), = P (U, @k Vi) @u Wiy,
h},li,mGG
m=g

UeVeW),= B U,k (ViokWn) .

h,k,meG
hkm=g
The associator is then the canonical associator of k-vector spaces applied componentwise,

multiplied by the scalar given by w:

w(h,k,m)

a: (Uy @k Vi) @x Wiy ——= Up @k (Vi @k W) -

The unit object 1 of ¢ is defined by 1,, = k and 1, = 0 for g # 1¢, and the left and
right unitors are scalar multiplication: with ¢ € 1, we have c ® v — cv and v ® ¢ > cv.
These choices satisfy the conditions of Theorem 2.1.2, hence define a monoidal category.
Explicitly, since w is normalized, we have wy, 3, = 1, so the triangle axiom is trivial, while

the pentagon axiom translates directly to the 3-cocycle condition

w(h, k,mn) - w(hk,m,n) = w(h,k,m) - w(h,km,n) - w(k,m,n) for all h,k,m,n € G .

10



2.1.2. Monoidal functors
To compare two monoidal categories, we define a monoidal functor: a standard

functor plus additional data to carry the monoidal structure.
Definition 2.1.3. Let ¢ and 2 be monoidal categories. A monoidal functor' (F, g, p2)
from € to Z consists of

e a functor F': ¢ — 9,

« an isomorphism ¢, : 17 — F1%, and

e a natural isomorphism s : F\(+) ® F(+) = F(+®+), called coherence,

such that the following diagrams commute for all a,b,c € €

g Y4
17® Fa ——%* 5 Fa
%J TF(AF)
‘92(]1%7@)

F19 @ Fa —— F(1¥ ®a)

I
Fa®1? P Fa
al TF(p:f)
a €
Fa® F1¢ 2917, po g 1%)

(Fa® Fb) @ Fe —7 Fa® (Fb® Fe)

2 ‘V &(bﬁ)

Fla®b)® Fe Fa®@ F(b® c)

P2 (am F(a%) %«‘”b@C)

F(a®@b)@c) ——— F(a® (b))

If po and g are identities, we call (F, @q, p2) a strict monoidal functor; any
monoidal category € admits a strict monoidal functor (id,id,id)y : € — €. When the

monoidal structure is clear, we will denote (F, ¢q, ¢2) only by F.

IThe object defined here is sometimes called a strong monoidal functor, with a laz monoidal functor
differing only in not requiring ¢y and 5 to be isomorphisms.

11



Given two monoidal functors (F, g, p2) : € — 2 and (G,7,72) : Z — &, the
composition (G,70,72) © (F, o, p2) : € — & is given by (G o F, G(po) ° 0, G(p2) ©12),

wherein the monoidal structure consists of the compositions

19— ¢17 S, gppe

v2(Fa,Fb) G(p2(a,b))

GFa® GFb G(Fa® Fb) GF(a®b) .

It is easy to check that this gives another monoidal functor.
Definition 2.1.4. Let (F, g, p2) and (G, 7o, 72) be monoidal functors € — 2. Then a
natural transform of monoidal functors n : (F, g, p2) — (G,70,72) is a natural transform
1 : ' — G so that the following diagrams commute for all a,b € €

F1?

w0

17 Jmn%>

R

G1°¢

Fa® Fb 2% paob)

n(a)®n(b)J ln(aé@b)
Y2 (a’b)

Ga®Gb ——— G(a®D)
If 7 is a natural isomorphism (i.e. n(a) is an isomorphism for all @ € %), it is an
n
isomorphism of monoidal functors; in this case we write (F, ¢, v2) = (G, Y0, 72)-

Definition 2.1.5. A monoidal functor (F, g, ¢2) : € — 2 is called a monoidal equiva-

lence if there exists some monoidal functor (G, 79,72) : Z — € such that

<G7 Y0, 72) © <F7 ©o, 902) = (1d7 1d7 ld)cﬁ
<F> ©o, 802) © (G770772) = (1d> ida ld)@ .

In this case, we say € and Z are monoidally equivalent.

12



Proposition 2.1.6. Suppose (F, ¢g, p2) is a monoidal functor. Then (F, @, ¢2) is a

monoidal equivalence if and only if F' is an equivalence of categories.

Proof. Suppose we have a monoidal functor (F, g, ¢2) : € — & wherein F' is an equiva-
lence of categories. This means there is a functor G : 2 — % and natural isomorphisms
€ : FG — idg and n : idy — GF. Equivalently, GG is a left and right adjoint for F' and
both F' and G are full and faithful. The right adjunction may be expressed through a nat-
ural isomorphism 7 : €(+, G(+)) — Z(F(+),+), which acts as follows: for a € ¢ and = € 2,

7 sends a morphism « : a — G(z) to the composition
() : Fa 29 pGe =5 &
and 77! sends B: Fa — x to
4B a ™ GFa —% Gz .

Let us use 7 to extend G to a monoidal functor. Noting that ¢! is a natural iso-
morphism F1% — 17, we first define o : 19 — G17 by v == 7 ('), which is an
isomorphism because ¢y is. This definition yields a commutative diagram

FG17

17 =
\ / (2.1)
o F(70)
F17

Similarly, for each x,y € &, we have an isomorphism

Ex®ey

—1
%:F(Gm@Gy)&)FGa:@)FGy—)x@y,

and we define v, : G ® Gy — G(r ® y) by Ya(z,y) = 7' (F2(x,y)). This makes 75 a

13



natural isomorphism, because ¢, 7, and ¢, are. The corresponding diagram is

F(Gr ® Gy) «2— FGz ® FGy
lF(W) Ja@s (2'2)
FGx®y) ——— xQy

Next, we show that 7y and v, make the diagrams from Definition 2.1.3 commute.
Applying the natural isomorphism 7 to the square that involves A\, we find the following

square:

€
FO% @ Gr) — 2, pGr

F(vo)l TFG(W)

F(G17 @ Ga) 92 FG(17 ©a)

It therefore suffices to show the following diagram commutes:

€
F(1% @ Gz) - o
m Or A@
. Os FG(\?
F(yo®id) 3 F(y0)®id e®id id ®e o
FG17 ® FGx ]19 ®z

% 06 X

F(G17 @ Gx) F(7) Fea” @)

The commutativity of the various internal polygons holds as follows:

o The squares labeled (), O, and ()3 commute by the naturality of €, A7, and ¢,
respectively.

o The triangle labeled O, commutes by the properties of the tensor product.
o The triangle O and square (g commute due to (2.1) and (2.2) respectively.

o The square labeled ()7 is precisely the corresponding square for ¢y and hence com-
mutes because F' is a monoidal functor.

We therefore conclude that the outer square commutes for all z € 2.

14



For the hexagon, we follow the same strategy. Applying 7 yields the outer hexagon

of the following diagram:

F((Gzr ® Gy) ® G=z)

F(Gz ® (Gy ® G=z))

x %
F(Gz ® Gy) @ FG= FGr @ F(Gy ® Gz)
O3 O3
F(y2)®id id ®@F(v2)
Os
F(y2®id) F(id ®72)
r®y)Q FGz P2id id ®p2 FGr @ FG(y ® z)
a@
FGx@y)®Gz) \ (FGx® FGy) @ FGz FGr® (FGy® FGz) | F(Gx® Gy ® z))
Qe (e®e)®e O2 e®(e®e) e®e
F(y2) Oy 2 Oy F(y2)
TRy ——— @ (Y ®2)
e O1 T

FG((z®y) ® 2) FG(z® (y®2))

FG(a?)

The commutativity of the various internal polygons holds as follows:

« The squares labeled O1, Oy, and O3 commute by the naturality of €, a?, and ¢,
respectively.

« The squares labeled 4 all commute due to (2.2).

o The hexagon labeled 05 is precisely the corresponding hexagon for ¢ and hence
commutes because F' is a monoidal functor.

We therefore conclude that the outer hexagon commutes for all z,y, 2 € 2. As such,
(G, 70,72) is a monoidal functor.

It remains only to show that FG = (id,id,id)y via € and GF = (id,id,id)¢ via 7.
These follow immediately from (2.1) and (2.2); for example, the first triangle of Definition
2.1.4 applied to F'G is precisely (2.1). O

15



Note that Proposition 2.1.6 holds only if we already have a monoidal functor: the
existence of an equivalence of categories F' : € — 2 does not imply that F' can be
equipped with a monoidal structure.

In theoretical situations, we often assume a monoidal category to be strict thanks
to the following theorem [23, Thm. XI.5.3].

Theorem 2.1.7. Every monoidal category is monoidally equivalent to a strict monoidal

category.

Proof. Let € be a monoidal category. Define a new category, € (the “strictification”),

as follows. The objects of € consist of all finite sequences of objects in %, including the

empty sequence, @ = []. For the morphisms, first define a map F : € — ¢ by
1, if s =09,
F(s) =4 q, if s = [aq], (2.3)

(1 ®a)®az)®...)Ray,, ifs=lay,...,a,;

then set
€ (s,t) = C(F(s), F(t)) .
%' is then a category with composition inherited from €.

We may now define a monoidal structure on €. For objects s,t € €, we define
their product s ® t to be the concatenation of the sequences s and t. The associativity
axiom of € then provides a unique legal isomorphism v, : F(s)@ F(t) — F(s®t), as these
differ only in the placement of parentheses. We may therefore define p ®¢: s©t — s O,

canonically, as the composition

1
Vgt ¢

F(s®t) 2 F(s)@ F(t) 2% F(s) @ F(') —2% F(s' o ) (2.4)
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for any ¢ : s — ¢’ and ¢ : t — t’. Note that v : F(+) ® F(+) — F(+ ® +), consisting of the

legal isomorphisms v, defined above, is a natural transformation. This follows from the

fact that
Fs®@ Ft — F(s®t)
Voi
Fs® Ft
el PP
Fs' ® Ft
Vet 4t

VSI t/

Fs @ Ft —— F(s ot

clearly commutes for all relevant morphisms. This makes ® a bifunctor: for any s,t € ¢,

id; ©@id; = vgp o (dps) @idp ) © V;tl
1

= Ugto© V;t

:idSQt
and for o1 : 8 = &, o8 =" Yt =t and Pyt — 17,

(p2001) © (g 091) = varpr o (020 01) © (ha @ 1)) o v
= vgr o ((p2 @ Ya) o (1 ® Y1) © V;tl
= Vgr g © (2 ® 1) V;,lt' ° Vg 10 (01 @ 1y) © V;tl
= (2@ Y2) o (01 © 1) ,
where we use the fact that ® is itself a bifunctor.
As concatenations, s © @ = @O s = sand (s ©t) Ou = s O (t ® u) for all

sequences s,t,u € €. Thus, we choose @ as the unit object and set a?™, \¢”, and p?"

to be identities; the associativity axiom is then trivially satisfied. It then suffices to show
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that the a®™, A?™, and p?" thus defined are natural isomorphisms. For ¢ : s — ¢,

P Oidy = vy oo (p@idi) ovyg
=Vggowo V;é
=

by the naturality of v. Similarly, idy ®¢ = ¢. Moreover, for ¢ : s — s, ¢ : t — t/, and

i u — ', the diagram

Fs®Ot)@ Fu +—— F(s0OtOu) ——— Fs®@ F(t ®u)

v1 vt
(Fs® Ft) ® Fu o Fs® (Ft ® Fu)
(pRY)Bu PR (PRH)
(Fs'® Ft') @ Fu' o Fs' ® (Ft' ® Fu')

F(s 0t ® Fu —— F(s 0t ou) «+*— Fs' ® (Ft' © Fu')
commutes by the naturality of v (for the top and bottom pentagons) and of a”; the left
path is (¢ ®¥) ® p and the right is ¢ © (¢ © p), so they must be equal.

This confirms that (®, @,id,id, id) is a strict monoidal structure for €.

It remains to show that ' and 4 are monoidally equivalent. The map F defined
in (2.3) may be extended to a functor €% — €; since €*(s,t) = €(F(s), F(t)) for all
s,t € €°, we simply define F(¢) = ¢ for ¢ € €*(s,t) and then the functorial identities
are trivial.

As such, we claim that (F)id, ) is a monoidal functor € — %; here we use the
identity F(2) % 1%. In Definition 2.1.3, the diagram

& )\;és
1 ®Fs ——— F's

S

Fo®Fs —% F(@Os)

18



commutes for any s € %' because A%, is a legal isomorphism 1¢ @ Fs — F's, but vg
is the unique such morphism, so A%, = v . The same argument holds for the diagram
involving p%.. Similarly,

(Fs® Ft)® Fu -2 Fs® (Ft ® Fu)

l/s/ N‘tu

F(s®t)® Fu Fs® F(t ®u)
id

F(sOtoOu) —=——— F(s®tOu)
commutes for any s,t,u € € because af, py p, and v, w © Vitou © Vsotu © Vs are both legal
isomorphisms (Fs ® Ft) ® Fu — Fs ® (Ft ® Fu) and hence equal. This confirms that
(F,id,v) is a monoidal functor.

In light of Proposition 2.1.6, it remains only to show that F' is an equivalence of
categories. It suffices to show that F' is full, faithful, and essentially surjective on objects
[27, IV .4, Theorem 1]. For any s,t € €™, we have (s, t) = € (F(s), F(t)) by the defini-
tion of €, so F is clearly full and faithful. Also, for any a € €, we have F([a]) = a, so F

is surjective. Thus, (Fid,v) is a monoidal equivalence ™' — €. O

As a result of this theorem, results for strict categories will usually generalize im-
mediately to non-strict cases. Practical applications, however, often involve non-strict cat-
egories, and as their associativity morphisms are not trivial, explicit calculation of their
data must take those morphisms into account.

2.1.3. Graphical calculus

We often represent morphisms in a monoidal category visually by means of mod-
ified braid diagrams. This technique is called “graphical calculus.” This works best for
strict categories, so when we provide such diagrams, we will assume strictness; it is pos-
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sible to extend the method to handle non-strict categories, but this sacrifices clarity.
Let € be a strict monoidal category. A morphism ¢ : @ — b in % is represented by
a single oriented strand with a coupon labeled appropriately; the coupon is omitted in the

case of the identity:

Diagrams in this dissertation are to be read from top to bottom; the arrow head may be
omitted except when a strand points upwards. Also, since the category is strict, we have
a®1 =1®a=a for all a € €, so strands corresponding to the unit object 1 are often not
drawn. When they are useful for clarity, we will draw them as a dashed line. For example,

we can represent the fact p, = id, with the following diagram:

a E 1

Composition of morphisms is represented by stacking them vertically, while the tensor

product is represented by placing the strands next to each other:

~ ~

Additional properties satisfied by %, as introduced in the following sections, will

add new topological properties to these diagrams.

2This follows from the fact that ® is a bifunctor.
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2.2. Duals and rigidity
Any vector space V over a field k has a corresponding dual vector space, namely

V* := Homy(V, k), and we may define an evaluation map evy : V*® V — k and a coeval-
uation map coevy : k — V ® V*. These are given, respectively, by evy (¢ ® v) = p(v) and
coevy (k) = Yier kvi @ @i, where {v; }ier is any basis for V' and {;}ier the corresponding
dual basis. This motivates the following definition on a monoidal category.
Definition 2.2.1. Let ¥ be a monoidal category and a € €. A left dual (a*,ev,, coev,)
for a consists of

e an object a*,

e a morphism ev, : a* ® a — 1, called evaluation or annihilation, and

e a morphism coev, : 1 — a ® a*, called coevaluation or creation,

satisfying the following rigidity axioms: the composition

-1
coevg

Ao o evy Pa
a1 — (a®a")®ae —"—>a®(a*®a) — a®1l —— a

must equal id, and

-1
Py coev ev Ag
aF —— a1l —5 "R (@®ad) *— (¢*®a)®a* ——> 1R@a* —— a*

must equal id,«. In particular, neither ev, nor coev, can be zero morphisms.

For brevity, we sometimes denote (a*,ev,, coev,) simply by a*.

A right dual for a, denoted *a, is defined symmetrically.® Its morphisms are written
evl ta®*a — 1 and coev, : 1 — *a®a. Results for left duals apply symmetrically to right

duals, so we will mention only the former except when necessary.

3Some authors use the opposite convention, naming a* a right dual and vice versa.
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The evaluation and coevaluation morphisms for a left dual are represented graphi-

cally by cups and caps:

If a has a left dual (a*, ev,, coev,), then the object a* is unique up to a unique iso-
morphism consistent with ev, and coev, [13, Prop. 2.10.5] —in other words, duality is a
property of € rather than additional data, but the precise object chosen as the dual is not
canonical. Moreover, if (a*, ev, coev) gives a left dual for a, then (a,ev, coev) gives a right
dual for a*; so, a = *(a*) = (*a)* via unique isomorphisms.

The unit object 1 is always self-dual: 1®1 = 1, so (1, Ay, py ') serves as a left dual.

If ev, and coev, are both isomorphisms, then a is called an invertible object.
Lemma 2.2.2 ([3, Lemma 2.1.6]). Suppose a has a left dual. Then, for all b,c € €, there

exist canonical isomorphisms

Cb®a,c)=ZE(bc®a")

C(b,a®c)=€(a"®@b,c) .
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Proof. We may assume without loss of generality that € is strict. Define a homomorphism

f:F0b®a,c)— €(b,c®a*) by sending ¢ : b® a — ¢ to the composition

pRa™

bRcoev,
b — 3 bRa®a* —— c®a*

and similarly define g : €(b,c ® a*) — €(b® a,c) by sending : b — ¢ ® a* to

n®a c®evq
bQa — c®R®a*®a —2= ¢

Then g o f(p) is the composition

idp ® coevy ®idg P
_—

bR a bRa®a* a —2— cRa* a —s ¢

which is simply equal to ¢ by the rigidity axioms:

In the same way, f o g(n) = n, so we have an isomorphism. The proof of the second

isomorphism is similar. O

Definition 2.2.3. If both a and b have left duals, then applying both of the above iso-

morphisms to €(1,b ® a*) yields

€ (a,b) =€ (b",a") .

Under this isomorphism, ¢ : @ — b corresponds to the composition

b2 b Ra®at —— QbR at —2s g,
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which we call the left dual of the morphism ¢ and denote ¢* € %(b*,a*). Its graphical

representation is
b*

*

a

Lemma 2.2.4. Suppose a,b have left duals and let ¢ € € (a,b). Then:

(2.5)

and similarly for the second equation. ]

Now, if every object of € has a left dual, we say that € is left rigid. Rigid means
simultaneously left and right rigid.

If € is left rigid, then we may define a functor (+)* : € — €°P by fixing an arbi-
trary left dual (a*,ev,, coev,) for each a € %, sending each object to its fixed dual, and
sending a morphism ¢ to ¢* as defined above. It may be shown that this functor is full
and faithful, and that it is an equivalence of categories if and only if € is rigid [21, p. 71].

We may extend this to a monoidal functor by making use of the following:

Lemma 2.2.5. If objects a and b have left duals, then b* ® a* is a left dual for a ® b.

Proof. We may assume that % is strict; then define

- )
EVaxb = COEVyxp ‘=
(i

These are easily shown to satisfy the rigidity axioms. O
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Remark 2.2.6. A problem arises in that there is often no way to choose left duals for
all objects in € such that (a ® b)* = b* ® a* for all a,b. However, as they are both left
duals, we do have a unique isomorphism 9, : b* ® a* — (a ® b)*. In fact, it may be
shown that these isomorphisms form a natural isomorphism 1) : («5 ® +1) — (1 ® +3)* and
that ((+)*,4,id) gives a monoidal functor € — €, called the dual functor. Here € is the
monoidal category obtained from % by reversing the tensor product. Applying the dual
functor twice gives a monoidal functor ((+)**,4),1d) from € to itself, appropriately called
the double-dual functor; the object a™ = (a*)* is the “double dual” of a. Just as we did
for monoidal structures, if 1, is the identity for all a, b, so that indeed (a ® b)* = b* ® a*,
then we call € strictly left rigid. Moreover, it may be shown that every left-rigid category
is equivalent to a strictly-left-rigid one, so in much the same way as before, we can often
assume the rigidity is strict for theoretical purposes.

Rigidity allows us to define the following.
Definition 2.2.7. Let € be left rigid and @ € %. For any morphism ¢ : a — a**, the
composition

coev pRa* ev*
I —a®ad — a*®ad* —— 1

is called the left quantum trace of ¢ and denoted Tr(yp) € €(1,1). The right quantum
trace Tt is defined similarly when € is right rigid.

The graphical representations are as follows:

Let us return to our example ¥ = Vecg (k) from Section 2.1. Consider an object
V = @ ec Vg Each Vj is a vector space, so has a vector-space dual, (V,)* = Homy (V;, k).
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Define the (left) dual object of V, V*, by (V*), := (V,-1)*; that is, the g grade of V* con-
sists of the vector-space dual of V-1. This is clearly an object in ¢. For each g € G, let
{v]}ier, be a basis for V;; and {¢]}ic;, the corresponding dual basis of (V)" = (V*),-1

Next, define evy : V* @ V' — k, given on generating elementary tensors by

90? ® U? — 59%??(”?) = 0g,n0i; -

Notice that this always lies in the trivial grade, as v lies in grade g and ¢ in grade gL

Finally, define coevy : k — V ® V*, given by

1r—>ZZw;;_17g-vig®gof.

geGiel,
To show that this gives a left dual of V', let a = Y e Yieq, @fvy € V (with af € k).

Then the first rigidity axiom is satisfied as follows:

=2 D alf

geGiely

r—)ZZ (1))

geGicly

) ZZW 1y @l (v ®90])®v)

g,heGicly jel),

D0 DD Whierg W, 6] (1] @ (9 @07))

g,he€G i€l jEI,

’ev—v> Z Z Z 0 ,hdi,j cWhh-1g " w;;,l’g : CL?(U? & 1)

g.heG i€, jEI,

'L Z Z Z ) ,hém *Whh1lg " w;;,w - a

g,heGicl, jel,

- T

geGi€ly

Sy
S

v

=a.
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The second axiom is similar, and uses the fact that w;;q’ g = Wolgg! because w is nor-
malized. In fact, a symmetrical construction shows that V* is also a right dual for V.
2.3. Fusion
Definition 2.3.1. Let % be a strictly-monoidal, left-rigid, semisimple, abelian, k-linear
category such that € (z,y) is a finite-dimensional k-vector space for all z,y € % and the
bifunctor ® is k-bilinear on morphisms. Denote by Irr(%) a set of representatives for the
isomorphism classes of simple objects in 4. Then % is called a fusion category if the fol-
lowing hold:

o |Irr(%)| is finite.

o 1 € Irr(%) (and is thus a simple object).

o Forall a,b € Irr(%), we have €(a,b) = 6, - k. Note that this implies that each
morphism in % (a, a) has the form £ - id, for some k € k.

We then call 74 := |Irr(%€)| the rank of €.

If all of the above hold except that 1 is not simple, the result is called a multi-
fusion category; for this, see [13, 14]. Fusion categories may be defined over any field, but
for simplicity, we will assume all fields have characteristic zero.

Semisimplicity, together with the finite-dimensionality of the morphism spaces,
then implies that any object = in a fusion category ¢ may be written as a (finite) direct

sum of simple objects:
T = @ X a
a€lrr(€)
for non-negative integers X,. Since € (x,a) is a k-vector space and a is simple, we may

use Schur’s Lemma to find X, = dimy (% (z,a)), and moreover, comparing the decomposi-

tions gives dimy (% (z,vy)) = dimy (€ (y,z)) for all x,y € €.
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As a particular case, consider any a,b € Irr(%); then we have

a®b= P Ngy-c

c€lrr (%)
where each Ng, = dimy (¢(a ® b, c)) is a non-negative integer. We call {Ng,b}a’bﬁem(%ﬂ)
the fusion coefficients of €, as they characterize the “fusion” structure — that is, the ac-
tion of the tensor product of €. This fusion structure is recorded in the Grothendieck ring
Ky(%), the free abelian group generated by Irr(%’) equipped with the multiplication rule
a-b=73.N¢,c. We often consider the “Grothendieck algebra” Ky(%) := Ko(¢) ®z I for
IF a field, especially when F = k.

Definitions given for fusion categories vary. For example, many authors define fu-
sion categories to be rigid (i.e. from both sides), but we require only left rigidity; this is
due to the following lemma.

Lemma 2.3.2. Let € be a fusion category. Then € is also right rigid. For each a € €,

we have *a = a* and a = a**.

Proof. Let a € Irr(%); by semisimplicity, the results may be extended linearly to all ob-
jects. First, we have an isomorphism % (a,a) — %(a*,a*) given by taking the left dual
(Definition 2.2.3); thus dimy (€' (a*,a*)) = dimg(€(a,a)) = 1. We conclude that a* is
simple, and hence also a**.

Thus, € (a,a™) is non-zero if and only if a = «**. However, by Lemma 2.2.2, we
have €(a,a*) = € (a®a*, 1), and by semisimplicity, dim(% (a®a*, 1)) = dim(€' (1, a®a*)).

The latter space is certainly non-zero, as it contains coev,. Hence a = a**.
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Choose an arbitrary isomorphism 7, : @ — a**. Then a*, along with the morphisms

<

evl, = evVgro(n, ®idy) ta®a* — 1
coev!, := (id,- @1, ') o coevy : 1 = a* ®a

gives a right dual for a. That ev/ and coev/, satisfy the rigidity axioms follows from the

fact that ev, and coev, do, and is easiest to see graphically:

The other axiom is similar. Hence we have a right dual; as a result, if *a is any right dual

for a, we have *a = a* [13, Prop. 2.10.5]. O

We therefore call a* simply the dual of a in this case. When a € Irr(%), we assert
a* € Irr(%¢) as well. Note that, though we can always choose a family of isomorphisms
{Ns : @ = a™}4ecq, there is generally no way to do so canonically [3, Rmk. 2.4.2].

Now let a,b,c € Irr(%¢). We may use the fact that N, = dim(¢'(a ® b,c)) =

dim (% (¢, a ® b)) to relate the corresponding fusion coefficients. Lemma 2.2.2 gives
Cla®bc)=ZC(a,cb")=C(c" ®a,b") and  F(c,a®b) = E(a" ®c,b)

c bt b CN ~ ~ b b
so we have Ny, = N, = Ny .. Similarly, 1 ® a = a® 1 = a,s0 Ny, = N/ = dap-

Combining these results yields a number of identities:

c b a* b
ab — Nc*,a - Nb,c* =N

*
a*,c

_ A na
= Nb*,a* = IV b
b b _
Nﬂ,a — Na7]l - 6a,b
1 _ 1 _
Na,b - Nb,a - 5177(1* :
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Definition 2.3.3. For cach a € Irr(%), consider the fusion matriz N,, defined by
[NaJoe = Ng, for b,c € Irr(%). This (real) matrix has non-negative integer entries,

so by the Frobenius—Perron theorem [13, Thm. 3.2.1], it has a real, non-negative eigen-
value with magnitude greater than or equal to that of any other. That eigenvalue is

called the Frobenius—Perron dimension of a and denoted FPdim(a). The function

FPdim : a — FPdim(a) is a character of the Grothendieck ring Ky(%), and the only
one with all non-negative values [13, Prop. 3.3.6]. In fact, for each a € Irr(%¢), FPdim(a) is
an algebraic integer and FPdim(a) > 1 [13, Prop. 3.3.4].

Remark 2.3.4. As N{, = N?

a*,c’

we have N, = (Na*)T; hence N, and N, have the same
spectrum and FPdim(a) = FPdim(a*). In the same way, Ny = id, so FPdim(1) = 1.
Definition 2.3.5 ([30, Prop. 2.4]). Consider again an arbitrary isomorphism 7, : a — a™.

Define the squared norm of a as the product

la? == Tr(na) - Tr ((151)") - (2.6)

We observe that this definition does not depend upon our choice of isomorphism: since
% (a,a*) = k, any isomorphism therein is a scalar multiple of 7,, and the trace is k-linear.
The quantum trace is a morphism in ¢’(1,1) = k, so it has the form kidy for some k € k;
we therefore view it, and hence the squared norm, simply as an element of k.

As an aside, the name “squared norm” raises the question of what “norm” it might
be the square of; this will be addressed in the next section by Lemma 2.4.6.

Lemma 2.3.6. For any a € Irr(¢), we have |a|? # 0.

Proof. Consider Tr(n,), which is the composition

coevyg, x Na®a* % EVgx

1 —%aQad =—a"®Rae 1.
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Denote p := evo(n, ® id,) and suppose Tr(n,) = 0. Then Im(coev,) < ker(u), and since
coev, is injective and non-zero, Im(coev,) = 1. On the other hand, ev,« is non-zero and
Na is an isomorphism, so Im(u) # 0. As 1 is simple, this means Im(u) = 1 as well. We
have a ® a* = ker(u) @ Im(u), so dim(%¢'(1,a ® a*)) > 2. However, applying Lemma 2.2.2,
dim(%(1,a ® a*)) = dim(%(a,a)) = 1. By contradiction, Tr(7,) must be non-zero. A

similar argument works for Tr((n;!)*), and the statement follows. O
Definition 2.3.7. The global Frobenius—Perron dimension of € is defined as

FPdim(%) = »_  FPdim(a)®,
a€lrr(%)

while the global (categorical) dimension is

dim(%) == > la|*.

a€lrr (%)

Remark 2.3.8. When k = C, these two concepts of global dimension are interrelated. It
may be shown that, for all @ € €, the squared norm |a|? € C is real and totally positive

[13, Prop. 7.21.14], and for all a € Irr(%), we have [14, Prop. 8.21]
0 < |a|* < FPdim(a)? .

Thus, dim(%’) < FPdim(%). If dim(%) = FPdim(%) then € is called pseudounitary; this
is equivalent to having |a|? = FPdim(a)? for all a € Trr(%).

Remark 2.3.9. If FPdim(%) € Z, then ¥ is called weakly-integral; if FPdim(a) € Z for
all a € Irr (%), it is called integral. A weakly-integral category defined over C is automati-
cally pseudounitary [13, Prop. 9.6.5].

In 4 = Vecg(k), any object V' is isomorphic to

@ dimy (V) - €4 ,

geG
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where e, is defined by (e;), = k and (e,), = 0 for h # g (so in particular e;, = 1). As a 1-
dimensional vector space, each e, is simple; hence, ¢ is semisimple with Irr(¥) = {e, }4ec-
The other fusion properties follow immediately from the definition, so ¢ is a fusion cate-

gory. It is then straightforward to see that (ey)* = e,~1 and that

[Neg] = NgF, = gh,k

€h,€k €g,€h

describes the fusion structure.
2.4. Pivotal and spherical structures

Consider again the double-dual functor (+)** from Remark 2.2.6. As noted in the
previous section, a = a** for any a in a fusion category, but there is generally no consistent
way to choose a complete set of isomorphisms [3, Rmk. 2.4.2]. There are also categories
where a and a** fail to be isomorphic, such as the category of finite-dimensional comodules
over the quantum group U,(slz) [13, §5.6 and Ex. 7.19.5]. When a consistent set of isomor-
phisms does exist, it is called a pivotal structure:
Definition 2.4.1. Let % be a left-rigid monoidal category. A pivotal structure on € is an

isomorphism of monoidal functors

§ : ldrg — (')**

with components &, : a — a* for a € €. A category equipped with a designated pivotal
structure is called pivotal.

We only need to assume left rigidity here: the same argument as in Lemma 2.3.2
(with &, itself as the relevant isomorphism) shows that any pivotal category is rigid.

Definition 2.4.2. In the presence of a pivotal structure, we may extend our definition of
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the quantum trace (Definition 2.2.7): for any morphism ¢ : a — a, define

Trg(gp) = Tr(fa ° 90)

Try(p) = Tt/ (po &, ') .

In particular, we call dimg(a) := Tre(id,) = Tr(&,) and dimg(a) == Tri(id,) = Tr'(§;") the
left and right quantum dimensions of the object a.

When the pivotal structure is unambiguous, we will abuse the notation slightly and
omit the subscript &.
Lemma 2.4.3. Let & be a pivotal structure on €. For any a € €, we have (§;1)* = &,x,

and hence dim¢(a*) = dimg(a).

Proof. We may assume % is strict and strictly rigid, and hence use graphical calculus:

where the third equality is due to the naturality of £, and & = idy by the first diagram of
Definition 2.1.4. A similar process shows that (£;1)* o (£,+)™! = idy++, confirming the first
statement.

Applying this, along with Lemma 2.2.4, to dim¢(a*) gives

dime(a*) = = &' = dimg(a) ,

which confirms the latter statement. O

Once more, there is a concept of strictness to consider; if («)** = idy as monoidal
functors and ¢ is the identity (so a = a** and §, = id, for every a € %), then we say ¢
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is strictly pivotal, and as usual we may assume this for most theoretical purposes.* As a

result, £ is often omitted from graphical diagrams. For instance:

dimg(a) = = a

Definition 2.4.4. Suppose £ is a pivotal structure on €. If Tre(p) = Trg(¢) for all endo-
morphisms ¢ of €, we call £ a spherical structure and € spherical.

Lemma 2.4.3 shows that dim(a*) = dim(a) for any @ in a spherical category.

Let us now consider the relationship between fusion and pivotal structures.
Remark 2.4.5. If ¢ is fusion and has a pivotal structure &, then dimg : @ — dimg(a) (and
similarly dimy) is a character of the Grothendieck group Ko(%) [13, Prop. 4.7.12]. This
means dim(1) = 1 and dim(a®b) = dim(a) - dim(b) for all a, b € Irr(%€). Moreover, dimg(a)
and dimg(a) are non-zero for any simple object a [13, Prop. 4.8.4].

Lemma 2.4.6. Suppose € is fusion and spherical. Then (dimg(a))? = |a|* for alla € €.

In particular, dimg(a) # 0.

Proof. We may take &, : a — a™ as the isomorphism in (2.6). Then
la]* = Tr(&,) - Tr(&e) = dimg(a) - dimg(a*) = dimg(a) - dimé(a) = (dimg(a))2

by Lemma 2.4.3 and sphericality. The last statement follows from Lemma 2.3.6. O]

Note that |a|* does not depend on &: the squared norm exists independently of the
choice (or existence) of pivotal structure.

Corollary 2.4.7. If € is fusion and spherical over C, then dim¢(a) € R\O for a € Irr(%).

Proof. This follows from the fact that |a|? is real and totally positive (Remark 2.3.8). [

4Every pivotal category is equivalent, as a pivotal category, to a strictly-pivotal one [34, Thm. 2.2].
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Corollary 2.4.8. If € is spherical and pseudounitary, dime(a) = +FPdim(a) for all
a € Irr(6).

It has been conjectured that every fusion category admits a pivotal structure, and
indeed a spherical one, but while this holds for every currently known example, the gen-
eral case remains unproven [13, Question 4.8.3]. However, it is known to hold in the pseu-
dounitary case:

Proposition 2.4.9 ([13, Prop. 9.5.1]). If € is a pseudounitary fusion category, then there
is a unique spherical structure € on € satisfying dimg+ (o) = FPdim(a) for all a € Irr(%).
In particular, all such dimensions are positive and real.

Importantly, {* is unique in satisfying dimg+ (a) = FPdim(a) for all a € Irr(%€), but
there may be other pivotal (and possibly spherical) structures on % not satisfying that
condition. For example, ¥4 = Vec{ (k) has a distinct pivotal structure £X arising from each

linear character y € G’, with the component

*3k

& reg = ()™ = ¢4

given by multiplication by x(g). Said structure is spherical if and only if x> = 1, and £+
corresponds to the trivial character.

2.5. Braids and ribbons

2.5.1. Braidings

Definition 2.5.1. Let € be a monoidal category. A choice of braiding on € is a natural
isomorphism

B ®e) — (2®+1);
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that is,

b:®0 — ®oT

where 7 simply swaps the coordinates of € x . The components of 3 are 8,5, : a ® b —
b® a for a,b € €. Further, the following diagram, as well as the same diagram involving

71 instead of 3, must commute (these diagrams are called the hezagon axioms):

6a,b®c

a®(b®c) — (b®c)®a

b®a)@c—">b®(a®c)
A category equipped with a designated braiding is called braided.
It is immediate from the definition that, if 3 is a braiding for €, then so is 371

A braiding is represented graphically by crossing the strands, hence the name:

Ba’b: ak \711 6;;: b( )a

The hexagon axioms are then represented by

a%mc ) k(}\% aHmc ) \)\;‘ |

Since all the morphisms involved in the hexagon axioms are isomorphisms, we may take

inverses of both sides to show that they imply the “other” two hexagon axioms:

b@cHa ) b(L‘}ﬁ b®c%a ) b’;/k‘a
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As was the case for the triangle and pentagon axioms, the hexagon axioms imply

a more general axiom. Consider the following example. Choose a set (rather than a se-
quence) of objects in €, say {a, b, c}. Let x and y be two objects obtained by tensoring
these objects, along with 1, in any order —say, z = ((c®a)®1)®b and y = (1®b)®(a®c).
A braided legal isomorphism from x to y is the composition of tensor products of a;, A, p,
[, and their inverses, along with the identity. Such an isomorphism has an obvious image
as an actual braid, specifically its graphical representation. For instance, here are the im-
ages of two such isomorphisms:
c \/ a |b

\ N

AN

-1
)\b ° ﬁa@c,b ° Paxec © 50,(1 ?
A

a '\ b
\

P

The images of these two isomorphisms are isotopic as braids, so the axiom states

o

-1
O‘]L,b,g@g ° ﬁc@a,b ° 1 ,cQa,b © 50@(1,1 ”

that they should be identical as morphisms. The general statement is as follows:

Braid axiom. Consider any set of objects {ai,as, - ,an} with a; € €. Suppose x and y

are two objects obtained by tensoring the sequence in any order and inserting parentheses

and 1s arbitrarily. Then two braided legal isomorphisms from x to y are identical if and

only if their diagrams are ambient isotopic as braids with labeled strands.

Theorem 2.5.2 (Joyal-Street coherence theorem [21, Cor. 2.6]). The hexagon azioms of

Definition 2.5.1 imply that € satisfies the braid axiom when equipped with the braiding (3.
Braidings satisfy a number of topological properties when interpreted graphically,

including in particular Reidemeister moves II and III. The obvious identity 3, Lo Bap =
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idagt = Bra © ﬁl; ; translates to Reidemeister Ila and IIb:

N %

) = = ( (2.7)

L
[

Further, the naturality of 3 translates to
and the same with reversed braidings; combining this with the hexagon axioms yields

4
%

ﬁb,c ©° ﬁa,c °© ﬁa,b = Ba,b °© Ba,c ° Bb,c .

)

a '\ b c

That is,

This, along with the corresponding equation involving 87!, corresponds to Reidemeister
[TIa and IIIb. This identity is also known as the Yang—Baxter equation; aside from the
obvious connection to knots and braids, it occurs in the context of quantum physics and
statistical mechanics.?

It is possible to create a braided category out of any monoidal category (including
one which is already braided), as follows.
Definition 2.5.3 ([31, Def. 3.1]). Let € be a strict monoidal category. A half-braiding

for an object a € € is a natural isomorphism a ® « — « ® a (with components 1, : a ® b —

b ® a for each b € ¥) satisfying the braid relation

Ve = (1dy @1c) © (1 @ 1d,)

5See, for example, [19].
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The Drinfeld center® of €, denoted Z,(%), is the monoidal category in which
« the objects consist of all pairs (a, ) where a € € and 1 is a half-braiding for «,

o the morphisms (a,v) — (b,n) consist of all ¢ € ¥(a,b) that are consistent with 1
and 7 in the sense that (id, ®¢) o 1h. = 1. ° (p ® id.) for all ¢ € €, and

e the tensor product ® is given by (a,?) ® (b,n) == (a ® b, (¢ ® idy) ° (id, ®@7)).

Then Z,(%) admits a braiding 5" defined by 5, , .,y = ¥b- That 5" satisfies the condi-
tions of Definition 2.5.1 follows from the conditions on the half-braiding.

When % is not strict, the construction of Z;(%’) merely requires inserting the obvi-
ous legal isomorphisms. If we have an actual braiding 5 for €, then € embeds into Z;(%)
as a braided subcategory via a — (a, 3,.). The notation Z;(%) for the Drinfeld center is
to distinguish this construction from the Miiger center Z,(%), which we will describe in
Definition 2.6.2.

Returning to our example, the category ¥ = Vecp (k) admits a braiding only if G is
abelian. In this case, braidings are in 1-to-1 correspondence with maps v : G x G — k*

satisfying

w(h7k7g) : 7(g7hk> : w(gv h? k) = /7(97 k) ' W(h,g, k) ' /7(97 h)

wil(kuga h) ’ 7(gh7 k) ’ wil(g7 h, k) = f}/(gv k) ’ wil(g7 k, h) ’ ’}/(h, k)

for all g, h, k € G; the pair (w,7) is called an abelian 3-cocycle of G on k [21, Prop. 3.1].
The corresponding braiding has 87 : e, ® e, — e, ® e, given by multiplication by (g, h).
The equalities above ensure that 57 satisfies the hexagon axioms. Moreover, given such a
braiding, we can define a quadratic form ¢(z) := v(x,z), and this gives an isomorphism

between the cohomology group H3, (G, k*) (i.e. the group of abelian 3-cocycles) and the

6Also called the quantum double.
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group of quadratic functions G — k*. Two abelian 3-cocycles of G on k* give rise to the
same quadratic form if and only if there is a braided monoidal equivalence between the
resulting categories [21, Thm. 3.3].
2.5.2. Twists and ribbon structures

As discussed in the previous sections, the morphisms in a rigid, braided monoidal
category obey most of the Reidemeister moves: the rigidity axioms correspond to plane
isotopy, while (2.7) and (2.8) correspond to Reidemeister II and III. For Reidemeister I,
the only move that alters the writhe of a knot, we need an additional structure.
Definition 2.5.4. Let € be a rigid, braided monoidal category. A twist” is a natural
transformation

0 : idy — idy

satisfying Ousp = Boa © Pap © (0o @ 6p) for all a,b € €. This condition is represented by

| b | = (2.9)

The component 6, : a — a of 8 is called the twist of the object a. A category
equipped with a designated twist is called twisted or balanced.

A twist is called a ribbon structure if 0, = (0,)* for all @ € €, and a category
equipped with a ribbon structure is called ribbon itself.

Note that, if € is fusion and a € % is simple, then we may view 6, € ¥(a,a) as an
element of k, just as we did with the quantum trace. It is immediate that 6, = 1. If 4 is

also ribbon, then rigidity implies that 6, = 6,+ as elements of k.

"Also called a balancing transformation.
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Definition 2.5.5. If ¥ admits a twist 0, we define the T-matriz of € by [T].p = 0apba

for a,b € €. The T-matrix acts on the Grothendieck ring Ky(%) as follows:

T-x2=1T- @ Xbb = @ 5a,b9aXbb = @ GaXaa .
belrr (%) a,belrr (%) a€lrr(€)

If ¢ additionally admits any spherical structure, the order of T is finite® and is called the
Frobenius—Schur exponent of €; it is sometimes denoted FSexp(%).
There is a close connection between twists and pivotal structures. Let & be a rigid,
braided monoidal category and a € %. Then we may define the Drinfeld isomorphism
Vg : @ — a*: if € is strict, it has the form
coevgx ®id, vy ®id g

ﬁa**,a

and diagram

\

a**

If € is non-strict, v, may be defined similarly by inserting the obvious legal isomorphisms.
It is straightforward to show that the Drinfeld isomorphisms {v, }.c¢ form a natural iso-
morphism v : idg — (+)**. This isomorphism may then be used to construct a twist from a
pivotal structure and vice versa:

Proposition 2.5.6. Let € be a rigid, braided monoidal category. Then pivotal structures
and twists on € are in one-to-one correspondence: the relation between a pivotal structure

& and the corresponding twist 0 is

h=¢"1ouw .
8This follows from Vafa’s theorem; see [34, Thm. 5.5] and Remark 2.6.7.
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Proof. We may assume % is strictly rigid and use graphical calculus. Suppose £ is a piv-
otal structure on ¢. Then we may define 0 := £~ o v from idy to id¢, which is a natural
isomorphism because ¢ and v are. That 6 satisfies the condition of Definition 2.5.4 follows

from the naturality of § and (2.8):

)

&*

Hence 0 is a twist.

For the converse, suppose 0 is a twist on €. Define £ : idy — (+)** to be v o 71,
which is a natural isomorphism because v and 6 are. We must then show that the dia-
grams of Definition 2.1.4 commute. Since we have assumed that € is strictly rigid,” these

become

Hence € is a pivotal structure.

The maps thus defined are clearly inverses, giving the correspondence. O]

Note that Proposition 2.5.6 does not mean that, if a given category % is equipped

with a pivotal structure and a twist, then those structures will correspond in this way; in

90therwise, we must use the fact that zﬁayb is the unique isomorphism a** ® b** — (a ® b)** to see that
the bottom rectangle commutes.
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other words, if @ is pivotal, then the proposition lets us find a twist on %, but it may be
one of several possible choices of twist (and vice versa).

If, however, a pivotal category % is equipped with the corresponding twist, then

Tre(0,) = Tr(&, " 0 0,) = Tr(&, " o (a0 va)) = Tr(vg) |

so this trace is independent of our choice of pivotal structure (and similarly for Tre(6,)).
Proposition 2.5.7. In the context of Proposition 2.5.6, if 0 is a ribbon structure, then the

corresponding pivotal structure & is spherical.

Proof. We may assume % is strict. Consider any endomorphism ¢ : @ — a in 4. Then we

have

Here we used the right-sided form of Lemma 2.4.3. We conclude that ¢ is spherical. O]

The converse of Proposition 2.5.7 holds, at least for fusion categories. To show this,

we first need this lemma;
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Lemma 2.5.8. Let € be a rigid, braided, strict monoidal category. Then

W U

and the same with reversed braidings.

Proof. For the first equality, we compose both sides with the isomorphism 3, ; ®idy-. On

the left, we have

while on the right, the hexagon axioms and naturality of g give

Since the results are isotopic as braids, they are identical by the braid axiom. The other

three equations may be proved in the same way. O]

Proposition 2.5.9. Let & be a spherical structure on a fusion category € in the context of

Proposition 2.5.6. Then the corresponding twist 0 is ribbon.

Proof. We may again assume % is strictly rigid. It suffices to show that 6, = (6,)* for all
a € Irr(€), as the result then follows by semisimplicity. Let a € Irr(%). Both ,+ and (6,)*
lie in €' (a*, a*), and since a* is simple, we have

Ga* - tl : ida* (9(1)* - tz : ida*

Tre(0q) = t1 - dime(a®) Tre((0a)") = t2 - dimg(a™)
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for t1,t, € k. It is therefore enough to show that these traces are identical. To do so, we

apply graphical calculus. Immediately,

Tre(0o) = Tr(ve) = a
@

On the other hand, using our assumption of strict rigidity (so that ;' ® &1 = fa_*l@a) and

the naturality and sphericality of £, we have

Trﬁ((ea)*) - Tl“é((@a)*> -

Applying Lemma 2.5.8 to this yields

Ha* - <9a)*- D
2.6. Modularity
2.6.1. Double braidings

Let € be a braided category with braiding . Define the double braiding (or mon-

odromy) of two objects a,b € € to be

akb

2,b:ﬂb,aoﬂa,b: 2 6%(&@[),&@[)).
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A consequence of the braid axiom is that, for any a € %, we have Bl?’a = idy, and simi-
larly ﬁg,ﬂ =id,y [23, Proposition XIII.1.2]. This motivates the following definition:
Definition 2.6.1. An object a of a braided category € is called transparent or central if

5;; = [pq for all b € €, so that
2,1) = (6_1)12),0, = ida@b Blia = (5_1)2717 = idb@a .

Graphically, strands labeled by a can “pass through” any other strand:

If all objects are transparent, then € (or rather its braiding) is called symmetric.
Definition 2.6.2 ([32, Def. 2.9]). The Miiger center Zy(%) of a braided category € is the
full subcategory of € consisting of the transparent objects of €. Clearly Z5(%¢) = ¢ if and
only if € is symmetric.

If ¢ is semisimple, then it suffices to consider the transparency of the simple ob-
jects; thus, we can view Irr(Z5(%)) as a subset of Irr(%). In this case, we say the Miiger
center is trivial if Irr(Z5(%)) = {1}.

Now, if € is braided and spherical, then for a,b in %, we may consider

Smb - Tr(ﬁz*b) .

Omitting the pivotal morphisms, this is represented by
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It follows from sphericality and Lemma 2.5.8 that

b p
a* b < <
Sa,b - 2 = 2 = Sb*ﬂ,* .
A similar procedure shows that S, = S4; hence
Sa,b = Sb,a = Pa*b* — Sb*,a* . (210)

Further, if 3}. , = idg«p, then clearly

Sap= @ @ = dim(a) - dim(b) .

In particular, since 1 is transparent, Sy, = S,1 = dim(a

2.6.2. The S-matrix

Definition 2.6.3. Let € be a ribbon, fusion category over a field k with chark = 0; such
a category is sometimes called premodular. We may then view S,;, € € (1,1) as an ele-

ment of k and define the S-matriz of € by

[S]a,belrr((ﬁ) = Sa,b .

We further define the C'-matriz (also known as the charge conjugation matriz) by

[C]a,belrr(‘ﬁ) = 5b,a*

and the m™ Gauss sum

> 6 dim(a)?

a€lrr(¥)

for m € 7. We write 7+ for 7+!
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Lemma 2.6.4 ([3, Thm. 3.1.7]). Let € be premodular. Then C' commutes with S and T,

and C* = 1. Further,
(ST)? = 7152 (2.11)
(ST™')? =7175%C . (2.12)

Y

Proof. The given properties of C' follow immediately from (2.10), 6, = 04+, and a = a™*.

The others are most easily shown by graphical calculus. O]

Lemma 2.6.5. For any a € Irr(%) in a premodular category, we have the following:

a

b = di‘l“(”a) id, (2.13)
a

b = di:’(’;) id, (2.14)

Proof. We will prove the first equation. Since a is simple, we have

b = pid, (2.15)

for some p € k. Taking the trace of both sides, we have

Sap = ppdim(a) . (2.16)

The second equation is similar. O
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Lemma 2.6.6. Let € be premodular. For a,b,c € Irr(€), we have

Sap = Z ab dim(d) (2.17)
delrr (¢ 9 eb
dim(a) dim(b) = Y N¢,dim(d (2.18)
dEIrr(v’)
SapSac =dim(a) > Ny Sea - (2.19)
deIrr(€)

Proof. By (2.9), we have 82, = f,qs © (6, ® 6,"). Using the additivity of the trace [13,

Proposition 4.7.3], we have

=0,'0," > N, oy Tr(0,

c€lrr(¢)
cGIrr(f)
= > N dim(c) .
ab
celrr(€) 8 Hb

In the same way, dim(a) dim(b) = dim(a ® b) = Xger(e) N, dim(d).

For the third equation, the hexagon axiom yields
a* N b c
(\\2 a* y b®c
]

Consider taking the trace of both sides. The right becomes S, (4gc). On the left, we may
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apply Lemma 2.6.5 to find

a b
_ Sa,bSa,c
dim(a)

Then, in the same manner as before, we have

Sa bSa c

) 9 — S
dim(a) ab@e
Sa,bSa,c = dim(a) Z Nbd’cSa’d y
delrr(6)

which confirms the statement. O

Vafa’s theorem ([46]). Suppose € is premodular. Then, for each a € Irr(%), the twist 6,
is a finite root of unity.

Remark 2.6.7. Note that Vafa’s theorem is more commonly stated only for modular cat-
egories (as defined in the next section), but may be extended to premodular categories via
Proposition 2.6.12—the twists of objects in € will be the same as their images when % is
embedded into the modular category Z;(%). If € is in fact modular, then (:—t)% is also a

root of unity, but that value could be zero for a premodular category.
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Proposition 2.6.8. Let a € Irr(€) for a premodular category €. Define x, : Irr(¢) — k

by setting

o Sa,b
~ dim(a)

Xa(D) :

Then xo extends to a homomorphism Ko(€) — Kk, that is, a character of the Grothendieck
ring Ko(€). This character is irreducible (because 1-dimensional). In particular, xy coin-

cides with the character dim : b — dim(b).

Proof. As an additive group, Ky(%) is free, so x, extends to a group homomorphism.

Clearly x.(1) = 1. It suffices to show that x,(b® ¢) = xa(b) - xa(c). Applying (2.19),

o Sa,b@c
Xalb®c) = dim(a)

B 1
~ dim(a)

Z Nl;i,cs%d
delrr (%)

1
~ (e e

= Xa<b> ’ Xa(c)
for all b, ¢ € Irr(%) and hence for all elements of Ky(%') = (Irr(%)). O

Recall from Section 2.6.1 that, when 37. , = ida+gy, we have S, = dim(a) - dim(b).
For a partial converse, we have the following generalization of [32, Prop. 2.5]:
Proposition 2.6.9. Let € be premodular over a number field k,*° and suppose that there
exists an automorphism o € Aut(k) such that o(dim) = FPdim as characters of Ko(€)

(cf. Definition 2.6.17). Then, any pair a,b € Irr(€) satisfying S, = dim(a) - dim(b) also

satisfies oy = ida- gy

Y0therwise dim : Ko(¢) — k* and FPdim : K((%) — C* are not comparable.
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Proof. Suppose S, = dim(a) - dim(b) for some a,b € Irr(%’). Then, by Lemma 2.6.6, we

have

dim(d N¢ dim(d
abee a,b

delrr (¢ delrr(6)

Applying o to both sides yields

Z <99;b) FPdim(d) = Y N, FPdim(d)

delrr (¢ delrr(€)

which we then restrict to summands with N? ap 7 0

S N (1 . ( 69 9b>> FPdim(d)

delrr (%)
N¢,#0
By Vafa’s theorem, for any d € Irr(%), 903 is a root of unity; hence, so is o ( ) Con-

sider the embedding into C; then ‘o (99—)‘ < 1. Since NZ, FPdim(d) is strictly positive,

we then have

Re (N;{b (1 —p ( 962b>> FPdim(d)) >0

with equality if and only if o (ei—‘éb) = 1, or equivalently, 6, = 6,0,. We conclude that this
holds for every d with N, # 0.
Now, we have a ® b = Y, NJ,d. For each d with N7, # 0, let {de}n 1 be a basis

for €(a ® b,d). Let tq,, be the section corresponding to mg,. Then

Tdm © bdn = idg

Nes
Z Z ldn © Tdmn = ida®b .
delrr(¢) n=1
N0
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We may now use these, along with (2.9), to show that

ZZZ

delrr(%) n=1 0 0;,
\) N&,#0
delrr(¢) n=1 0 eb delrr(%’ ) n=1 9 9b
N¢ ,#0 N¢ ,#0
which is equal to id,gp by applying the above properties once more. O]

Note that the condition of Proposition 2.6.9 is fulfilled when % is pseudounitary
with the canonical spherical structure £, as there Corollary 2.6.16 applies and we have
o =id.
Lemma 2.6.10. Let € be premodular and a € Irr(€). If a € Z3(€), then xo = x1. As a

partial converse, if the conditions of Proposition 2.6.9 hold and x, = x1, then a € Zy(F).

Proof. For the first part, suppose a is transparent. Then S,;, = dim(a) - dim(b) for all
b € €, and hence x, = x1.

For the second part, suppose the conditions of Proposition 2.6.9 hold and x, = xu1;
this means S, = dim(a)dim(b) for all b € 4. Applying the proposition gives 52, =
idg«gp. It is easy to show that Zy(%) is closed under taking duals, so we conclude that a is

transparent. OJ

53



2.6.3. Modular categories
Definition 2.6.11. A modular category % is a premodular category whose S-matrix is
invertible — that is, the columns of S are linearly independent.

We now mention some well-known properties of modular categories.
Proposition 2.6.12 ([31, Prop. 5.10]). If € is spherical and fusion, then Z,(%) is modu-
lar. If € is also ribbon, then it embeds into Z1(€) as a ribbon subcategory.'*

Lemma 2.6.13 ([13, Prop. 8.14.2 and 8.15.4]). If € is modular, then

717 = dim(¥%) (2.20)

S? = dim(%)C . (2.21)

Verlinde formula ([13, Cor. 8.14.4]). For all a,b, c € Irr(€) with € modular, we have

Ne. 1 Sa,dSbdScx d
“dim(?) i, dim(d)

Corollary 2.6.14. Let € be modular. For each a in Irr(%), define the diagonal matriz D,

by
Sa,b*
dim(b) '

[Dabcetrr(#) = Obe
Then SN,S™' = D, for all a € Irx(€). This fact is often stated as “the S-matriz diagonal-
izes the fusion rules.”
Proof. We have

Sa,b* Sb,c

ab*
[DaS]b,c: Z [ dedc— Z 5bd S,c: dlm(b) .

delrr(€) delrr(¢) <b>

11Via the embedding given in Definition 2.5.3.
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On the other hand, using (2.21),

[SNJoe= 3 SpalNe,

delrr(6)

_ 1 Z Sb,dSa,eSd,eSc*,e
dim(%) , ) dim(e)

o 1 Z [SQ]b,eSa,eSc*,e
dim(¥) | cire(®) dim(e)

B 1 Z Oepr AIM(€) Sy e Sex e
dim(¢) | cire(®) dim(e)

o Sa,b* Sc*,b*

~ dim(b¥)
Sa,b*Sb,c

~ dim(b)

Thus SN,S~!' = D,.
Corollary 2.6.15. Let ¢ be modular over C. Then Sy« = S, for all a,b € Trr(%).

Proof. Define v;, to be the b row vector of S. Then, by the calculations in the previous

corollary, we have

Sa,b*
dim(b)

VbNa =

Vp .

On the other hand, the fusion matrices N, are real and satisfy N, = (N,)T (Remark

2.3.4). As such,
[Navyle ZNic%:ZSd,bNg*,d
d

and so, recalling that dim(b) is real (Corollary 2.4.7), we have

Sa b* f Sa* b*
N, Ny = ’ .
v = (vlee)! = (dlm(b) V") dim(b) "
Combining these two results, we have

T _ S(l*,b*
dim(b)

Vb’2 .



Since |vy|? = |b]? is non-zero by Lemma 2.3.6, this completes the proof. O

Corollary 2.6.16. A premodular category € is modular if and only if the characters of
the Grothendieck ring Ko(€) are precisely {Xa}acim(e) (With xo defined as in Proposition
2.06.8). In this case, if k = C, there exists an object Y € Irr(%), called the Frobenius—
Perron object, such that xyy = FPdim. We have Y = 1 if and only if € is pseudounitary

with the canonical spherical structure £ (as in Proposition 2.4.9).

Proof. Ky(%) is a commutative algebra of dimension |Irr(%’)|, so has |Irr(%’)| distinct irre-
ducible characters; thus, some character of Ky(%) fails to appear among the |Irr(%)| irre-
ducible characters y, if and only if x, = x; for a,b € Irr(%). By definition, % is modular
if and only if the columns of S are linearly independent, which corresponds to yx, being

distinct characters. O

When % is modular, we may use these characters to define a useful Galois group

action on Irr(%):

Definition 2.6.17. Let ¢ be modular over a field k and let 0 € Aut(k). For each a €
Irr(%), consider o(x,), which must also be a character of Ky(%). In light of Corollary

2.6.16, there is a unique element of Irr(%’), which we denote by &(a), such that

Xé(a) = J(Xa> .

Moreover, as o is invertible, the map & : Irr(%) — Irr(%) defined in this way is bijective —
in other words, ¢ is a permutation of Irr(%’). This may be viewed as an action of Aut(lk)
on Irr(%).

As a particular case, when k = C, we may consider the field Q(S) and denote its
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Galois group by Galy := Gal(Q(S)/Q). Then the action defined above factors through the
action of Galy on Irr(%). In fact, the field Q(S5) is cyclotomic:
Theorem 2.6.18 ([35, Prop. 5.7]). Let € be modular over C. Then Q(S) < Q(T) =

Q(Cxn), where N := ord(T') (the Frobenius—Schur exponent of € ) is finite. Moreover, for

all a,b € Irr(€), both Sap and x.(b) = di‘:’(’;) are cyclotomic integers in Z[Cy].

This Galois action will be explored further in Chapter 4.

A modular category is, in a sense, one which is “as far from symmetric as possible”:
Lemma 2.6.19. If € is modular, then Z3(€) is trivial. In particular, if 9 is braided,
spherical, and fusion, then Zy(Z1(2)) is trivial.

As a partial converse, if € is premodular and pseudounitary with the spherical

structure £, and Zy(€) is trivial, then € is modular.

Proof. The first statement follows from Lemma 2.6.10 and Corollary 2.6.16; the second
follows from applying this to Proposition 2.6.12.

For the partial converse, if ¥ has the given properties but is not modular, then
there exists some a € Irr(%) such that a 2 1 and y, = x1. Applying Lemma 2.6.10,

we see that a € Z5(€), so Z3(€) is not trivial. O
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Chapter 3. Representations and Symmetrizability
3.1. Representations of SLy(Z)
3.1.1. Definitions
Consider the modular group SLy(Z). Denote s := [§ '] and t := [} }]. Then

SLo(Z) = (s, t), subject to the relations
st =id (5t)® = 5.

Definition 3.1.1. A projective representation of SLy(Z) over a field k is a group homo-
morphism SLy(Z) — PGL, (k) for some r € Z*, while a (linear) representation of SLy(Z)
is a group homomorphism SLy(Z) — GL,.(k) for some r € Z*. The dimension r is called
the degree of the representation.

A [lift of a projective representation p is a linear representation p so that p = 7o p,
where 7 : GL, (k) — PGL, (k) is the canonical projection.

In this dissertation, representations are linear unless specified to be projective.

From the above presentation, we can see that any pair of r x r matrices (S5,7") with
S* = aid, (ST)* = bS? (3.1)
for some a,b € k* defines a projective representation p of SLy(Z) given by

pls) = PO =T.

If in fact @ = b = 1, then the same definition defines a linear representation. Conversely,
any projective representation p can be described by such a pair, namely by (arbitrarily-
chosen) representatives of p(s) and p(t) in GL,(k), so we may abuse the notation accord-
ingly.
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In light of this, consider a projective representation p given by (S,7') and let a,b
be as defined in (3.1). If k* contains elements «, 8 so that a'? = a and 33 = b, then the

assignment (s := o739, t := af~'T) defines a lift p of p:

b 1 N2
_ T 3 _ 2 _ w2
5= id, = id, (st)® = 046635 —( S) =s°.

Further, suppose that (s',t') gives another lift of p; then m(s') = 7(s) = S, so s’ = As for
A € k*. Similarly, ¢ = ut for p € k*. Solving (3.1) then yields A* = 1 and M = A2,
so we conclude that y'? = 1 and A = p3. Thus, all lifts of (S,T') have the form (u=3s, ut)
where p is a 12'® root of unity in k; in particular, there are at most 12 distinct lifts up to
equivalence [9, Section 1.2].

3.1.2. Representations from modular categories

Definition 3.1.2. Let € be a modular category over a field k and consider the associ-

ated pair of matrices (S, T), which we call the modular data of €. From Lemmas 2.6.4 and

2.6.13, we see that (5,7 satisfies

S* = dim(%)%id (ST)* = 7752,

Te

As we assumed char(k) = 0, both dim(%)? and 7 are non-zero. Thus, (S,T) defines a
projective representation py : SLo(Z) — GL(V) = GL,, (k), where V' := K} (%) is the
Grothendieck algebra defined in Section 2.3. The degree of py is 14 = |Irr(€)| < 0.

The lifts of py are called the modular category (MC) representations arising from
% [35]. As described in the previous section, each lift p is defined by s := p(s) = A\S and
t = p(t) = pT for some A\, u € k*; the matrices (s,t) are therefore sometimes called

normalized modular data.
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When working with a MC representation p, we will generally assume it is expressed
in terms of matrices with respect to the natural basis of V' given by Irr(%). Given this,
the following important properties immediately hold.

o The matrix s = p(s) is symmetric (by (2.10)).

o The matrix ¢ = p(t) is diagonal (by the definition of T").
These properties motivate the following definition.
Definition 3.1.3. Let p be a representation of SLo(Z). A basis B is called a symmetric
basis for p if, with respect to B, the matrix p(s) is symmetric and p(t) is diagonal. If such
a basis exists, then p is called symmetrizable.

For simplicity, we may call p itself symmetric to indicate that it is equipped with a
fixed symmetric basis; then, a representation of SLy(Z) is symmetrizable if and only if it is
equivalent to a symmetric representation.

Remark 3.1.4. Any permutation of a symmetric basis for p is also a symmetric basis for
p. Further, symmetrizability is preserved under direct sum and tensor product of represen-

tations: if p1, po admit symmetric bases By, Bs respectively, then

{(v1,0) | v, € B1} U{(0,v2) | vo € By} and {v1 @ vy | v1 € By, vy € By}

are symmetric bases for p; @ ps and p; ® py respectively.

Definition 3.1.5. A finite-dimensional representation p of SLy(Z) is called congruence

if it factors through SLy(Z/nZ) for some positive integer n. The smallest such n is called
the level of p and denoted ¢(p). Equivalently, p is congruence of level n if ker(p) C SLy(7Z)
is a congruence subgroup of level n.

Note that there exist representations of SLy(Z) which are not congruence [15], and
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among these there are examples which are symmetrizable and some which are not; some
examples of both are described in our paper [37]. However, it has been shown that all MC
representations are congruence:
Proposition 3.1.6 (|9, Theorem II(i)]). Let p be a MC representation arising from a
modular category €. Then p is congruence, and {(p) = ord(t) < oo.

In the complex case, we may specialize the above as follows.
Lemma 3.1.7. Let p be a MC representation arising from a modular category € over C.
Then p is a unitary representation, and for any g € SLo(7Z) the (unitary) matriz p(g) is

defined over @, = Q((,), where n = ord(t).

= TT hold.! The

Proof. For unitarity, it suffices to show that S™! = 3 1
latter is immediate, as T" is diagonal and all entries are roots of unity by Vafa’s theorem.
For the former, we recall that S,;, = Sy« (by (2.10) and Corollary 2.6.15). Also, by

(2.21), we have 3 cpy#) Sa,eSep = Aim(€)dp,q-. We then find

1

S. : T SacS;r
[ dime }a:b dlm( )ceg‘r”) e
Z Sa,cg,c

dlm( celrr(%)
Sa7cSC,b*

dlm( ce%:‘f)

:50,,1) .

Lifting p¢ then normalizes away the factor of dim(%), so p is unitary.

The point regarding Q,, follows from Proposition 3.1.6; see also [35]. ]

!These properties imply that je is unitary in the sense appropriate to a projective representation.
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It is now natural to ask which representations of SLy(Z) actually arise from modu-
lar categories in the way we have described. Hence, the following definition.

Definition 3.1.8. A representation p of SLy(Z) is called realizable? if it is equivalent to a
MC representation arising from some modular category %. In that case, we say that p is
realized by €. Note that a representation may be realized by more than one category.?

As of this writing, it is largely an open question as to which representations are
realizable, though results have been found for some cases [10]. It is therefore useful to con-
sider criteria by which we may show that a representation cannot be realized. The above
discussions yield the following.

Lemma 3.1.9. In order for a representation p to be realizable, it is necessary for it to
have finite degree and be congruence and symmetrizable.

As noted above, complex representations of SLy(Z) can indeed fail to be sym-
metrizable; by the lemma, these cannot be realized by any modular category. However,
our examples for this behavior are noncongruence representations, and hence are not very
helpful in the study of realizability, as they have already been eliminated from considera-
tion. Therefore, we may ask whether symmetrizability can fail in the congruence case as
well. We will show that this is not possible:

Theorem 3.1.10. Every finite-dimensional complex congruence representation of SLa(Z)
is symmetrizable.

This result appears in our recent paper as [37, Thm. 2.10]|. In the next chapter,

we will describe our proof of this theorem and provide some information on the process

2Sometimes called admissible.
3In the known cases where this occurs, the categories differ only by Galois conjugation.
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beyond that found in that paper.

3.2. Quadratic modules and Weil representations

3.2.1. Definitions

Remark 3.2.1. Let p be a finite-dimensional complex congruence representation of

SLs(Z). We may then decompose it as a direct sum:

p=Pp;,

jeJ
where |J| < oo and each p; is an irreducible representation. Note ((p) = lem({p;};jecs).

The representations p; are called the irreducible components of p. Each p; can be further

decomposed as a tensor product by applying the Chinese remainder theorem:

pi = Q) Pik

kEKj

where |K;| < oo and {p;«}rex, are irreducible representations whose levels are all powers
of distinct primes.* The representations p;; are called the tensor components of p.

To classify all finite-dimensional complex congruence representations, it therefore
suffices to examine irreducible representations of SLy(Z/p*Z) for primes p and positive
integers A. Representations of this type have been completely classified by Nobs and Wol-
fart through the use of subrepresentations of Weil representations arising from quadratic
modules [40] (which are defined below). We will detail their classification in Section 3.3.
Definition 3.2.2. Let M be an additive abelian group. A nondegenerate quadratic form
on M is a function ) : M — Q/Z such that

(i) Q(—a) = Q(a) for all « € M and

(ii) B(a,b) := Q(a+b) — Q(a) — Q(b) defines a nondegenerate bilinear map.

4The level £(p;) is then the product of those prime powers.
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The pair (M, Q) is then called a (nondegenerate) quadratic module.

The subgroup {w € Aut(M) | Q(wz) = Q(z) for all x € M} of automorphisms
fixing @ is denoted Aut(M, Q).

Quadratic modules are closely related to pointed modular categories—a modular
category ¢ is called pointed if the tensor product makes Irr(%’) into a group.® Precisely:
given any pointed modular category %, we may take M = Irr(%¢) and Q(a) = 6,, and
then (M, Q) is a quadratic module; on the other hand, given a quadratic module (M, Q),
one can use the Eilenberg-MacLane theorem [11, 12] on abelian 3-cocycles to construct a
unique (up to equivalence) pointed modular category €' (M, Q) [20, 21].

Each quadratic module has an associated projective representation of SLy(Z):
Definition 3.2.3. Let (M, Q) be a quadratic module and denote by V := CM the space of

complex-valued functions on M. This space is equipped with a natural Hermitian form

(f,9)=>_ fla)g(a),
acM
and we denote the vector norm of f € V by ||f]| :== \/(f, f). Note that V' admits a stan-
dard orthonormal basis: {d, | @ € M}, where J, is the function defined by 6,(b) = d,p. As

described in [39, Satz 2 & §2|, we then have a projective representation
W(M,Q) : SLy(Z/p*Z) — PGL(V)
defined by

50, == W(M,Q)(s)(5,) = fﬁ‘ " e(—B(a,b)) &,
beM (32)

tdq = W(M, Q)(t)(da) = e(Q(a)) da -

°In other words, for each a € Irr(¢), we have a ® a* = 1 and can view a* as an “inverse object” for a;
see, for example, [14, Sec. 8].
6See also [13, Thm. 8.4.9].
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Here 7 = Y ,cnr€(Q(a)) is the Gauss sum of (M, Q). This representation is called the
Weil representation associated to (M, Q).

In fact, W (M, Q) is precisely the projective representation pe(ns,g) arising from the
pointed modular category € (M, @), as described in Definition 3.1.2; the modular data

(S,T) of €(M, Q) are given explicitly by

Sa,b = e(_B(a7 b)) and Ta,b = e(Q(a)) ' 5a,b

for a,b € M. The Gauss sum 7 coincides with the +1 Gauss sum 7 of €(M, Q), as
defined in Definition 2.6.3. Since W (M, @) is realizable in this way, any lift thereof to a
linear representation of SLy(Z) will be congruence and symmetric by Lemma 3.1.9.

As we can always take a lift of W (M, @), we will assume going forward that the
projective representation W (M, @) is in fact a linear representation of SLy(Z) (and hence
congruence and symmetric). Conveniently, the Weil representations used in the classifica-
tion at hand” are all linear representations as presented.

3.2.2. Symmetrizability

Though W (M, Q) itself is symmetric, subrepresentations of a symmetric represen-
tation are not always symmetrizable [37, Ex. 2.8]. To prove Theorem 3.1.10, it is therefore
prudent to determine conditions under which a subrepresentation of W (M, Q) is guaran-
teed to be symmetrizable, as follows.

Lemma 3.2.4. Let n : SLy(Z) — U(n) be a symmetric representation. Suppose U € U(n)
commutes with n(g) for all g € SLy(Z). Let ¢(x) = Uz and ¥(x) = Uz for x € C"; note

that v is an antilinear operator. Then:

7See Table 3.1.
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(i) For any x,y € C", we have (n(s)z, y) = (n(s)d(y), ¥ (z)).

(ii) If p is a subrepresentation of n and there exists an orthonormal eigenbasis S for
p(t) such that each element of S is fized by v, then S is a symmetric basis for p.

Proof. Since 7(s) is symmetric, 7(s) = n(s)~!, which implies

(n(s)z, y) = (n(s) 'z, y) = (n(s)y, z)

for any x,y € C". As a result, we have

(n(s)e(y), ¥(@)) = (n(s)v(x), Y(y)) = (bnls)z), ¥(y)) = (n(s)z, y),

which proves (i). Then, for any z,y € S, the matrix coefficients of p(s) are given by

P(8)ye = (n(s)z,y) = (N(s)V(y), v(z)) = (N(s)y, ) = p(8)ay

which means p(s) is symmetric with respect to S. Since S is an eigenbasis for p(t), this

confirms that it is a symmetric basis for p. ]

Now consider a quadratic module (M, Q) and some w € Aut(M, Q). We define the
associated C-linear map ¢, : V.= V by ¢, () := due and the antilinear map p,, as the
composition of ¢, and complex conjugation, relative to the standard basis {0, | a € M}
for V. Note that ¢, preserves (-,-), hence is an isometry on V' in the usual sense.
Proposition 3.2.5. Let p be a subrepresentation of W (M, Q) on the subspace Y C V.
Suppose w € Aut(M, Q) is an involution and B an orthonormal basis for Y such that

(i) each element of B is an eigenvector of p(t),
(ii) for any f € B such that f and @,(f) are linearly independent, we have B (f) € B.

Then p is symmetrizable.
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Proof. Let By := {f € B | f and p,(f) are linearly dependent}. This means that, for
each f € B, there exists some 1y € U(1) with $,(f) = nsf. In particular, we have
(V) = \/ir 2, (f) = Vgt

Now, since w? = id, > = id. So, applying (ii), we see that all elements of B \ By
come in pairs: {f, @,(f)}. Choose By C B\ B; to consist of one element from each pair,

so that BoNp,(By) = @ and B = By U By LU g, (By). This construction ensures that

S={visf | f€Bi}u {j§<f+%<f>> | feB}u {jé(f—%(f)) | f € By}

is an orthonormal basis for Y. As @, is antilinear, g (h) = h for all h € S.

Finally, for each f € B, we have p(t)(f) = & f for some & € U(1). Then

PP, () =Pupt) ' (f) = u(& 1 f) = §u(f) -
Therefore, S is an eigenbasis for p(t). By Lemma 3.2.4, § is a symmetric basis for p,

which means that p is symmetrizable. O

3.3. Irreducible representations of SLy(Z/p*Z)

We will now describe the method devised by Nobs and Wolfart for constructing
congruence representations of SLy(Z). We refer the reader to [39, 40] for full details. In
this section we will prove a number of results about said representations and then use
them to prove Theorem 3.1.10.

3.3.1. Nobs—Wolfart quadratic modules

Fix some prime p and positive integer A. Throughout, we denote A, = Z/p"Z.
To construct irreducible representations of SLy(Ay) (or, equivalently, congruence repre-
sentations of SLy(Z) with level p*) we consider the types of quadratic modules (M, Q) de-
scribed in Table 3.1, wherein M is an Ay-module (see [39, Def. 3]).
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Table 3.1. Types of quadratic modules with at most two elementary divisors.

Type ‘ p ‘ M ‘ Q ‘ Other parameters
LY
D A>1|  Av@ A, »
_ 2 2
P=21 g ea, | TEEY
N, Azl 2*
P p odd 22ty + 2 | te N, () =—1
Ay @ Ay 4 P
A>1 p t=3 mod4
p=2 r(z? + 2°ty?) 0<o<A—2
Ay 1 DA, | 2 T2
RO\ (r, 1) A>2 A1 Ao 22 r,t € IN and odd
P T odd r(x? + p7ty?) 1<o<A-1
Ay @ A, —_—
A>2 p)‘ T,tE{l,U,}
p odd ra?

Here u is a fixed quadratic nonresidue mod p. In view of the number of cyclic fac-
tors of M, we will call type Ry (r) a unary quadratic module and all the others binary
quadratic modules. Type Ré\; %(r,t), which we will call the extremal case, is of particular
interest: the second factor of M is simply Z/27, which has implications for the structure
of Aut(M, Q) (see the appendix).

We equip each choice of M with a ring structure. For types D » and Ry (r), we
use the natural ring structure. For the others, we identify M with a quotient ring via the
mapping (z,y) — = + Xy, with X defined as follows:

o for type Ny, let X := 1(1++/=3), and then M = A, & A, = Z[X]/(2"),
o for type N, with p odd, let X := $(1++/—t), and then M = A\® A\ = Z[X]/(p"),

o for type RS,\(r,t), let X = /—29¢,and then M = A\ & A\_,-1 =
ZIX]/ (271 X),

o for type RgA(r, t) with p odd, let X := /—p°t, and then M = A, & Ay, =
Z[X]) (P X).
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The A)-module M then inherits the multiplication and complex conjugation of the quo-
tient ring, as well as the norm (denoted Nm) of Z[X]. In particular, for N,», we have
Q(x,y) = Nm(z,y)/p"; for R2,(r,t), we have Q(z,y) =1 Nm(z,y)/p".

For all of the above types, the projective Weil representation W (M, @) described in
Definition 3.2.3 is in fact a linear representation of SLy(Ay) (39, §2].

The structure of Aut(M, Q) for each of these representation types is as follows:
Proposition 3.3.1. Let (M, Q) be a quadratic module of one of the types given in Table
3.1. Then we may define a group homomorphism det : Aut(M) — AX (except for type RS,
where the codomain is AY_,_, for p = 2 and A}_, otherwise). By abuse of notation, we
write det for the restriction det |Aut(M7Q). Then:

o C:=Im(det) is trivial in the extremal case, and is otherwise equal to (—1).
o The subgroup
A :=ker(det) = {w € Aut(M) | Q(wz) = Q(x) for all x € M and det(w) =1}
is abelian and satisfies [Aut(M, Q) : A} = |€] < 2.
o The short exact sequence

1 2 Aut(M, Q) £ ¢ 1

is right-split; as such, Aut(M,Q) = A x €. In the extremal case, Aut(M, Q) = 2.

The proof of Proposition 3.3.1, the explicit definitions for det, and a deeper inves-
tigation of the structure of Aut(M, @) and 2 are given in the appendix. Note that, when
¢ is not trivial, finding a section for det amounts to choosing k € Aut(M, Q) such that
ord(k) = 2 and det(k) = —1. The subgroup 2 and corresponding involution x will be
highly relevant in the upcoming sections: we will generally view elements of Aut(M, Q) as

either w or ko w, where w € 2.
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3.3.2. Standard irreducible representations

The most prominent representations of SLy(A)) arise in a standard way from the
binary quadratic modules (types Dyx, Ny, and R;A(r, t)). To address these, we will use
the following lemma.

Lemma 3.3.2. Let (M, Q) be a binary quadratic module. For any w € A, (kow)? =id.

Proof. Indeed, for type D,x, we have

(kew)*(2,y) = Klwlwy,w ') = (2,y)

for all (z,y) € M. For type Ny or R7\(r,t), we have w = w~! and thus

for all @ € M. Incidentally, the extremal case has k = id, and it is easy to show that 2 has

exponent 2; the condition (ko w)? = id follows trivially. O

Characters of 2 naturally give rise to subrepresentations of W (M, Q) (see Defini-
tion 3.2.3). More precisely:

Definition 3.3.3. Denote by 2l the character group of . Then, for any x € QAl,
VX:={feC”| f(wa) = x(w) - f(a) for all a € M and w € A} (3.3)

is an SLy(A))-invariant subspace of V. The restriction of W (M, Q) to VX is denoted by

W(M,Q,x).

Using (3.3) and Lemma 3.3.2, it is straightforward to verify that ¢, (as defined in

Section 3.2.2) maps VX to VX, In fact, W (M, Q, x) is equivalent to W (M, Q,X) via ¢,.
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A basis for VX can be chosen as follows (cf. [40]). For any y € 2 and a € M, define

o= x(€) ba
ec
Clearly, fX € VX. Whenever fX # 0 (which occurs if and only if Stab(a) C ker()), define
fx
Il

=

Let 6 be a complete set of representatives for the orbits of 2 on M chosen so that, for

each a € 6 with ka ¢ a, we have ka € . Define
60X := 0N {a € M| Stab(a) C ker(x)} .

By Lemma 3.3.2, Stab(ka) = Stab(a) for any a € M, so any pairs {a, ka} lie in the same
character space; that is, for each a € X with ka ¢ 2a, we have ka € 6X. Moreover, since

the A-orbits are disjoint, the set
B = {f} |ac )

is an orthonormal basis for VX,
Proposition 3.3.4. Let (M,Q) be a binary quadratic module. Then, for any character

Y € 2, the subrepresentation W(M,Q,x) is symmetrizable.

Proof. 1t suffices to show that the basis BX defined above satisfies the conditions in Propo-
sition 3.2.5.

Recall that for, any a € 0% and w € A, we have Q(wa) = Q(a). As such, (3.2) yields

Z X wa Z X )50.)(1 = 6(62(0’))]2< : (34)

a ||fa|| wed ||fa|| wed

Thus, BX is an eigenbasis for t.
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Further, by definition and Lemma 3.3.2, for any a € 6%, we have

_ —1 _ —1 — fX
a Z X nwa - Z X w “lka = Jka > (35)
||fa | Sen IIfa =" ’

noting that || fX|| = ||fX]|. If ka € a, then ka = pqa for some p, € 2A. This implies
_ _ -1 — : :
X, = [Xa=x(pg ) fX, and hence fX and @, (fX) are linearly dependent. Thus, if fX and
D,.(fX) are linearly independent, then ka ¢ a. By the assumption on 6 and the preceding

discussion, ka € 60X, and so fX = $,.(fX) € BX. The statement now follows from Proposi-

tion 3.2.5. [l

Remark 3.3.5. Let 0f := {a € 60X | ka € Aa}. Then, by the proof of Proposition 3.2.5,
there is a choice of subset 65 C 6X such that 05 N k(03) = @ and 0% = 67 U O3 L k(05). A

symmetric basis of W (M, @, x) can then be chosen to be

= (Y [a oty u{ st + ) [ee B} U

where the notation p, is as in the proof of Proposition 3.3.4.

S = 1) [aeory,

o

When x? =1 (i.e. x = X), ¢x becomes an auto-equivalence of VX, so if ¢, # id,

then W (M, @, x) admits a further decomposition into eigenspaces of p,:
V¥ :={feVX| f(ka)=+£f(a) foralla € M} .

The corresponding subrepresentations are denoted by W (M, @, x)+.
Proposition 3.3.6. Let (M, Q) be a binary quadratic module. Then, for any x € A satis-

fying x* =1 and .|y # id, the subrepresentations W (M, Q, x)+ are both symmetrizable.

Proof. 1t suffices to show that every element in the symmetric basis SX for VX in Remark
3.3.5 is a +1 eigenvector of ¢,, since this will imply that S := V¥ N §X are symmetric
bases for W (M, Q, x)+.
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By (3.5), for any a € 6%, we have o, (fX) = fX. Moreover, since x> = 1, we have
faa = X, which means o.(fX) = fX,. Therefore, for any a € 6, it is readily seen that
L (fX+ ) € VX, and 5 (fx — £5) € VX

Finally, for any a € 0y, we have ka = p,a for some p, € 2. In this case, the same
computation as in the proof of Proposition 3.3.4 shows that o, (fX) = fX, = x(u;')fX

Ra a’?

which equals 4 fX (because x? = 1). This completes the proof. O

The question of which characters y € 2 give rise to irreducible W (M, @, x) was
answered as a remarkable result of [40]; we need the following definition for the statement.
Definition 3.3.7. Let (M, Q) be a binary quadratic module which is not extremal, and
let A < Aut(M, Q) be as defined in Proposition 3.3.1. A character y € 2 is called primi-
tive if there exists some ¢ € A such that x(¢) # 1 and ¢ fixes pM pointwise.

Nobs and Wolfart showed that most primitive characters of 2 give rise to irre-
ducible representations. More precisely, they proved the following theorem.

Theorem 3.3.8 ([40, Hauptsatz 1]). Let (M, Q) be a quadratic module of type Dy, Ny,
or non-extremal R7, (r,t), and let A < Aut(M, Q) be the corresponding subgroup. If x € 2A
is primitive and not an involution, then W (M, Q, x) is an irreducible representation of
SLy(Z) with (W (M, Q,x)) = p*.

Moreover, suppose that (M, Q1) and (Ms, Qs) are two such quadratic modules, de-
note by Ay and Ay the corresponding subgroups, and let x1 € ﬁll and xo € ﬁlg be primitive
characters that are not involutions. Then W (My, Q1, x1) = W (Ma, Q2, x2) if, and only if:

o (My,Q1) and (Ms,Q2) are equivalent as quadratic modules (i.e. there exists a group
isomorphism n : My — My with Q1(a) = Q2(n(a)) for all a € M), and

o under that equivalence, we have either x1 = x2 or X1 = X2
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The case of x? = 1 is not directly covered by the theorem, but W (M, Q, x)+ turns
out to be irreducible in many cases. The precise details can be found in the complete list
of irreducible representations of SLy(A,) in [40, pp. 521-525]. When x is not primitive,
the resulting subrepresentation is usually reducible. The exceptions will be detailed in the
next section.

Definition 3.3.9. Let p be a prime and \ a positive integer. We will call an irreducible
representation p of SLy(Ay) a standard irreducible representation if there is some binary
quadratic module (M, Q) and some character y € 2 so that p is equivalent to W(M,Q,x),
or, when the latter is reducible, to one of W (M, Q, x)+.

Combining Propositions 3.3.4 and 3.3.6, we have:

Proposition 3.3.10. For any prime p and positive integer X\, every standard irreducible
representation of SLo(Z/p 7)) is symmetrizable. O
3.3.3. Special irreducible representations of SLy(Z/2'Z)

There is a family of representations for p = 2 that are not covered by Proposi-
tion 3.3.10 and must therefore be handled separately. For a quadratic module (M, Q) of
type R\ (r,t) and x € 2, we denote the representation W (M, Q, x) of SLy(Z /2 Z) by
RS\ (r,t,x). A representation of the form RS, (r,¢, x) is usually reducible when y is not
primitive, as expected. However, some cases with ¢ = A — 2 or A — 3 will contain a unique
irreducible subrepresentation of level 2* that does not occur among the standard represen-
tations [40, Sec. 6]. We will call the irreducible representations appearing this way special;
they are denoted by RJ,(r,t,x):. We list all the special irreducible representations (up to

equivalence), together with a choice of basis for each, in Table 3.2.
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Table 3.2. Special irreducible representations.

Type M Basis in [40]
R%(1,3,x1)1 AL @ Ay | 9(1,0), 9(0,1)» 9(0,0) — O(1,1)
00.0) — 0(2.2), 0(2.0) — 0(0.2), O(1.0) + O(—1.0)s
R% (1,3, 1)1 A, @ A, (0,00 — 0(2,2)s 0(2,0) — 9(0,2), 0(1,0) T O(~1,0)
0(1,2) = 0(=1,2)> O(0,1) + O0,—1), O(2,1) + O(2,-1)
R§4 (7,3, x1)1 5(1,0) +0(-1,0), 0(3,0) + (=30, O(1,1) + d(—1,1),
Ag b Al
re{1,3} 0(3,1) + 0(=3,1), 0(0,0) — 04,05 O0,1) — O(a1)
R35(r, 1, x1)1 A @ A, fxfor a ? {1,3,5,7} x {0,1}, le —fgél’o),
r € {1,3} f(22 f62)7f f(go)af(o2) f82)
R%(r, 1, X2 for a € 1357 0,1},
55 (1, 1, X2)1 Ay A, £ { }x {~X2 } N
re{1,3} f(40 f42)>f f 60 J22) — Ji2)
Rl (r,t, x1)1 Ao, fXy) for odd 1 jx < 151 by ©0 = f (XllGLOX)f
(r,t) € {1,3,5,7} x {1,3} f(4o f12 o ey — Jaany Jeay — Jaoy
R (ryt, xh See table at [40, p. 512]. The basis elements are of
(r,t) € {1,3,5,7} x {1,3}, | Ax_1 ® Ay | the form fX for some a € Y, or f(x Y fék_gfxvy)
A>T, x € (x3) for some (z,y) € Y7 .

In this table we use the following notation. Let x; denote the trivial character. For
R2;(r,1), we have 2 = ((—1,0)) x ((9,2)), and x> denotes the character determined by
ker(x2) = ((9,2)). Finally, for R)\%(r,t) with A > 7, we have 2 = ((—1,0)) x (), where
a=(1-2"%—2279 1) and y3 denotes the character determined by ker(ys) = ((—1,0)).

The sets Yy and Y; are defined as the following disjoint unions:
Yo = {(2,0) |z odd} U {(z,y) |y €{0,2}, s =4 -2y + 85, 0< j <220 1} |
Y= {(z,y) |y €{0,2}, =2y +8j,0<j <22 -1}
U{(z,0) |z =2+4k, 0<k <2V° 1} .
We may now prove the following proposition.

Proposition 3.3.11. Fach of the special irreducible representations listed in Table 3.2 is

symmetrizable.
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Proof. We will apply Lemma 3.2.4 to show that each basis in the table is a symmetric ba-
sis for the corresponding representation.

First, we observe that each basis in the table is an orthogonal basis. Indeed, this is
clear for the first six rows, as d, and d;, are orthogonal for all a # b. For the last row, it
follows from the fact that Y, and Y] are disjoint.

Next, we claim that each basis element in the table is fixed by @,., as follows. Re-

call that k(z,y) = (z,y) = (z, —y) for this type. It is immediate from this that each basis
element in the first three rows is fixed by @,..
For R2(r,1), direct computation yields (9,2) - (z,1) = (x,—1) for each

x € {1,3,5,7}. If x = x1 or xa, then x* =1, so

@n(f(ﬁ&)) = SOH(J?;J)) = fé,fl) = x(9, Z)f();,l) = fé@)

for any x € {1,3,5,7}. Moreover, since M = Ay @ A,, for any (z,y) € Ay x {0,2}, we have

@k(fé,m) = okfGow)) = flomyp = f():(v,y) :
This confirms that each basis element in the 4" and 5% rows is fixed by @,.

For Rys(r,t), M = As & Ay, so k acts trivially on M. Hence, for any a € M, the
function fgﬂ is fixed by ®,.. Since P, is antilinear, it also fixes the other basis elements, as
cach is a Z-linear combination of fX1.

Similarly, for R ®(r,t) with A > 7, we have M = Ay_; & A,, so (again) k(z,y) =
(x,y) for any (x,y) € Ax_1 x {0,2}. Therefore, for any (z,y) € Ax_1 x {0,2}, the function
f(ﬁ’y) is fixed by ®,.. Since P, is antilinear, it also fixes the rest of the basis elements.

Finally, we claim that each basis element in the table is an eigenvector for t. In-

deed, for any quadratic module (M, @) of type R\ (r,t), (3.2) and (3.4) show that any
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function of the form d, or j} fora € M and y € A is an eigenvector of t with eigenvalue
e(Q(a)). To show a basis element in Table 3.2 is an eigenvector of t, it suffices to show
that the value of Q(a) is the same for each index a € M among its summands. Recall that
Q(z,y) = r(z* + 29ty?)/2* € Q/7Z in this case. In particular, for (z,y) € M, we have
Q(z,y) = Q(—z,y) = Q(z, —y). Our claim then follows from the computations below.

« For R%(1,3), Q(0,0) = Q(1,1) = 0.

« For R%(1,3), Q(0,0) = Q(2,2) =0 and Q(2,0) = Q(0,2) = 1.

« For R3,(r,3), Q(0,0) = Q(4,0) = 0 and Q(0,1) = Q(4,1) = 2.

e For R3;(r,1), Q(2,0) = Q(6,0) = £, Q(2,2) = Q(6,2) = ¥, Q(0,0) = Q(8,0) = 0,
and Q(0,2) = Q(8,2) =

r
3

« For R§6(r7~t, X)1, the basis elements are either of the form fg‘l for some a € M, or of

the form f(é;y) — f()ilﬁ_%,y) for some (2z,y) € M. As such, it suffices to verify the

following equality for any (2z,y) € M:

r((16 — 2z)? + 16ty?)  r(4x? + 16ty?)

o For R)73(r,t) with A > 7, any element in Y; is of the form (2u,v) € Ay_; x {0,2}
by definition. Now, we find

7“((2”2 —2u)? + 2)‘*325?)2)
2>\
r(22 7% — 22y + 4u? + 223 t?)
o\

Q2% = 2u,v) =

= Q(2u,v) .
In summary, each of the bases in Table 3.2 is an orthogonal eigenbasis for t with basis ele-
ments all fixed by .. Applying Lemma 3.2.4, we see that the normalization of each basis

is a symmetric basis for the corresponding representation. O

7



3.3.4. Unary representations
Unary quadratic modules are those of type Ry (r), where p is an odd prime and

M = A, is cyclic. In this case, it is easy to see Aut(M, Q) = {£1}, and we define
k:M — M, a— —a .

The representation W (M, @), denoted simply by R,x(r), decomposes into two subrepre-
sentations R, (r)+ corresponding to the (£1)-eigenspaces of ¢,. For A = 1, these are
irreducible. For A\ > 2, each contains a unique irreducible subrepresentation of level p*,

denoted (R, (7)+)1. Specifically, [40, Satz 8] shows that
R (r) = (R (1)4)1 @ (Rpa (1) )1 @ Ryp—2(7)

wherein R, (r) is the trivial representation. We will call the irreducible representations
Rp(r)+ (A = 1) and (R (r)+)1 (A > 2) for any odd prime p the unary irreducible rep-
resentations of SLy(Z/p*Z.).

With some minor changes from [40],® an orthonormal basis for each unary irre-

ducible representation can be chosen as follows. For z € M = A, and ¢ € {£1}, define

y _ 1 -
.f:c,a = \/g(sa: + \/55—1’ = \/55:0 + @,@(\/géx) and fx,a = ﬁfx,& .

It is then straightforward to show that

@n(f:r,s) = fw,e and @n(fw,s) = fee - (3.6)

Also, by (3.2) and Q(z) = Q(—z) = ra?/p*, both f,. and f,. are eigenvectors of t.

8Ct. [40, p. 509]. With g, 1 . as defined in loc. cit., here we have hy ., = ﬁ(gy,k,s + ENGr—1—y) oe)-
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Further, for 0 <y < p*1, 1 <k < p, and ¢, € {£1}, define

hy,k,a,r] = \/— (\/_Cka + \/_Cka) prerap)‘ D,e +
aEA1

By (3.6) and the antilinearity of @,, we find that hy k., = @, (hyrer). Moreover, for any

A > 2 and any integers y and a,

Sy _ rpy +ap*™t)? _ r((py)® + 209 +a?p®2)  r(py)? _ Qlpy) € Q/Z .

Q(py + ap®
p* P p

Therefore, for A > 2, hy 1., is an eigenvector of t. Then, denoting

= {fx,e

A
reM* withl1<z<? ; }

we have the following orthonormal eigenbases for t:
e For Rp(r)+, B:= ./T"_|_1 U {50} .
o For R,(r)_, B:=F_; .

o For (R, (r):)1 with A > 2,

1
BiIFEUng —h €,
{\/5 0,k,e,

In summary, each unary irreducible representation admits an orthonormal basis B that is

1<k<p1}.
2

an eigenbasis for t and is fixed by @, elementwise. We conclude by Lemma 3.2.4 that B is
a symmetric basis. In other words, we have the following proposition.

Proposition 3.3.12. Fvery unary irreducible representation is symmetrizable. [
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3.3.5. Proof of Theorem 3.1.10

In light of the decomposition described in Remark 3.2.1, Theorem 3.1.10 now fol-
lows immediately from the following proposition.
Proposition 3.3.13. Let p be a prime and \ be a positive integer. Fvery irreducible com-

plex representation of SLa(Ay) is symmetrizable.

Proof. According to [40, Hauptsatz 2] and the tables in [40, pp. 521-525], every irreducible
representation of SLy(Ay) is equivalent to one of the following:

» a standard irreducible representation,

« a special irreducible representation,

e a unary irreducible representation, or

 a tensor product of two representations of the above three types.
Since symmetrizability is preserved under taking tensor product (see Remark 3.1.4) and
each of the first three types of representations is symmetrizable by Propositions 3.3.10,

3.3.11, and 3.3.12, we are done. O
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Chapter 4. Applications
4.1. Corollaries of Theorem 3.1.10
Lemma 4.1.1. Suppose p is a unitary complex representation of SLy(Z.) that is irreducible

and symmetric. Then p(s) = § ori-§ for some real symmetric matriz s.

1

Proof. Denote s := p(s). Since p is unitary and s is symmetric, s~! = s = 5. Because 5°

is in the center of SLy(Z), Schur’s Lemma shows that s* € C - id. Since s* = id, s* = +id
and 5= s°.

Combining these, we find that if s* = id, then 5 = s and so 5 := s is real; otherwise,

(i-s)? =id and so § := —i - s is real. O

Corollary 4.1.2. Every irreducible complex congruence representation of SLy(Z.) is equiv-

alent to a representation p such that p(s) = § ori-§ for some real symmetric matriz §.
Proof. This follows immediately Theorem 3.1.10 and Lemma 4.1.1. O

Corollary 4.1.3. Let p be an irreducible complex congruence representation. Then p(t)

has an eigenvalue of order n = ord(p(t)) = €(p) and no eigenvalues of higher order.

Proof. First, Theorem 3.1.10 lets us express p with respect to a symmetric basis. Since
n = ord(p(t)) is finite, every eigenvalue (i.e. diagonal entry) of p(t) is a finite root of

unity.! It is then clear that

n = lem ({ord() | 6 € spec(p(t))}) .

In particular, the statement holds if n is a prime power.

LCf. Vafa’s theorem.
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Otherwise, as in Remark 3.2.1, we have

p=Di;

J=1

where each p; is irreducible with ¢(p;) = P

;o and no= [0, p;‘j . Applying the previous

paragraph to each p; gives, for each j, an eigenvalue 0; € spec(p;(t)) with order p;‘j . Since

all these orders are coprime, the order of 6; ® --- ® 0,,, € spec(p(t)) will be n. O

Note that the converse of Corollary 4.1.3 is false — knowing the t-spectrum of p is
not enough to determine whether p is congruence.
4.2. Reconstruction
4.2.1. Strategies for reconstruction

Suppose we are given a finite-dimensional complex congruence representation p.

It is then reasonable to ask what information we can determine regarding any potential
category or categories realizing p. That is, suppose some modular category € realizes p.
If this leads to a contradiction — by implying there exists a € Irr(%) with dim(a) = 0 in
violation of Remark 2.4.5, for instance — we can conclude that p must not be realizable.
Otherwise, we can endeavor to reconstruct some of the data of &, specifically the S and T
matrices and fusion rules, from the data of p.

Theorem 3.1.10 is helpful in this task, as it allows us to assume the existence of a
symmetric basis for p. Indeed, the techniques used in the proof of the theorem can be used
to construct such a basis explicitly; we have implemented a GAP package, SL2Reps [36],
which generates a symmetric basis for any given irreducible congruence representation p
and outputs the corresponding matrices p(s) and p(t) (reducible representations may be
handled by applying Remark 3.1.4). To relate the resulting data to that of our potential
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category, we use the fact that two symmetric bases are always related by a real orthogonal
matrix [33, Theorem 3.4]. In fact, we have the following description of said matrix.
Lemma 4.2.1. Let p be a complex representation of Sla(Z)) and suppose B is a symmet-
ric basis for p. Denote s = p(s) and t = p(t) with respect to B. Now suppose B’ is some
other symmetric basis for p and let U be the orthogonal change-of-basis matriz from B to
B, so that sV is the matriz for p(s) with respect to B' and similarly for t. Then U, = 0
for all a,b € B with different t-eigenvalues. In other words, U is a block-diagonal matrix:
the blocks correspond to the distinct eigenvalues of t, and each has size equal to the corre-
sponding multiplicity.

In particular, for any eigenvalue of multiplicity 1, let a be the corresponding eigen-

vector in B; then Uy = Uy = 04 for all b € B.

Proof. Both t and tV are diagonal matrices and have the same eigenvalues; as per Remark

3.1.4, we may assume without loss of generality that the eigenvalues are in the same order.

This means t and tV are in fact identical. Then Ut = tU, and the main statement follows.
For the last remark, the above gives U,, = Uy, = g0, for some u, € C; then

ta,a = (tU)a,a = Uztma, SO U, € {:i:l} O

4.2.2. Examples
Example 4.2.2. Consider p := R (1)_, which has level 7 and degree 3. We have a sym-
metric basis S = {f1_, fo_, f3.—} for p (as given in Section 3.3.4). We find the following

matrices with respect to S.

G- GG G+ ¢ 0 0
p(s)zﬁ GG G- -G+ PO =10 ¢ 0
—G+¢ -G+¢ -G+¢ 0 0 ¢
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Now suppose p is realized by some €. Denote by B the basis given by Irr(%¢’). We attempt
to reconstruct the change-of-basis matrix U so that &’ := SV = B. The eigenvalues of p(t)
are all distinct, so by Lemma 4.2.1, U must be diagonal with diagonal entries in {£1}.

We next consider which element of S" will correspond to the unit object in B. We

denote the elements of S’ by x1, z9, 73.

p(ﬁ)a,b

Let us first suppose z; is our unit object. Then x,(b) := + ORE

for a,b € §'. To

p(s)a,b
p(8)a,1

2
identify the Frobenius—Perron object Y,? we calculate D, := > e for each a € S

Dy =5—(2+20 +2(7 — (2 ~ 1.8412

Dy =542 — (3 — (7 + 2¢8 ~ 9.2959

D3 =5— (7 + 202 +2¢ — (L ~ 2.8629
We chose x; = 1, which makes D; = dim(%). As per Remark 2.3.8, the largest value we
found, Dy, must be FPdim(%"). We conclude that xo = Y. In turn, this determines the

entries of U, as all entries of the row of p(s)Y corresponding to Y must have the same sign

(see Definition 2.3.3). Finally, we normalize p(s)Y and p(t)V so that dim(1) = 0y = 1:

1 -G-¢ 1+¢+¢ 10 0
S=|-G-¢ -1-¢-¢ 1 T'=10 ¢ 0
14+ ¢+ ¢ 1 G+¢ 0 0 ¢

The other two choices yield similar, but distinct, results. If x5 is the unit object,

p(s)a,b
p(8)a,2

we have x,(b) :=

; repeating the above process, we find dim(%) ~ 2.8629,

FPdim(%¢’) ~ 9.2959, Y = z;, and

G+ I+ G+G 1 ¢z 00
S=11+G+¢ 1 —(r — ¢ T=10 1 0
1 ~G -G —1-G-G 00 ¢

2 As defined in Corollary 2.6.16.
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Finally, if 23 is the unit object, we have dim(%) = FPdim(%) ~ 9.2959 and Y = z3 = 1
(in other words, ¢ will be pseudounitary with the canonical spherical structure {1 in this

case). Then

—1-¢G—¢ 1 - = ¢ @ 00
S = 1 G+¢G 1+6G+¢ =10 ¢ 0
G- 1+G+E 1 0 0 1

The three different results differ only by permutation of the basis elements and Ga-
lois action. Specifically, the order-3 Galois action defined by (7 — (2 sends the first result
to the third, then to the second, then back to the first.

We can now calculate the fusion structure by applying the Verlinde formula. The

first pair (S,T) found above yields the following fusion matrices.

010 001
N, =id No=11 01 Ns=10 1 1
011 1 11

We observe that all entries are non-negative integers, as required. The other two pairs give
the same output (up to basis permutation).

Unfortunately, successfully “reconstructing” the S and T matrices and fusion rules
in this way does not guarantee that a modular category with such data actually exists.
However, modular categories realizing this p (and thus having the above fusion rules) do
exist — they are well-known and were classified in [16].

Example 4.2.3. Consider the representation p := Rj,(1,1, x1,1), which has level 9 and

degree 4. Here M = 7./97 ® 7./3Z., and

A= {aeM|Nma)=1} = (a) x (—1)
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where a = (4,1) has order 3 and —1 = (8,0) has order 2. The character x := xi is

defined by a — e(5) and —1 — e(3) = —1; it is primitive, so p is a standard irreducible
representation (see Section 3.3.2).

We first construct a symmetric basis for p, as follows. We choose a complete set of
representatives for the orbits of 2 on M*, say § = {(1,0),(2,0),(4,0),(0,1)}. Each has

trivial stabilizer in 2, giving an orthonormal basis BX = {f} o, fi5.0): fli.0) flo.0)} for p- To

symmetrize this, we observe that

¢n(f(>8,1)) = f;((o,n = f(%,z) = —fffm)

and all the other basis elements are fixed by $,.. Thus, as in the proof of Proposition 3.2.5,

a symmetric basis is S = {f{ o), f5.0)s [la.0): 7 [o.)}-

Applying (3.2) yields the following matrices with respect to S.

G+ —G-G G+¢§ V3 G 0 0 0
1 [~6-6¢ G+& ~G—-¢ V3 0 ¢ 0 0
pls) = 3 | 2. 7 4 _ 5 8 p(t) = 7
GHeG G- G+ —V3 0 0 ¢ 0
V3 V3 -Vv3 0 0 0 0 G
Define U and &’ := SY as in the previous example; again, the eigenvalues of p(t) are dis-

tinct, so U is diagonal with diagonal entries in {£1}. This is enough to conclude that p
is not realizable: the entries of p(s)Y must lie in Q(Cord(p(t))) = Q(Cy) (see Theorem 2.6.18
and [33, Theorem 3.7]), but regardless of our choices for U, p(s)Y will have £+/3 as an en-
try, and V3 ¢ Q(Go).

Alternatively, we can use the fusion rules to reach the same conclusion. Denote the
elements of S’ by z1,...,x4. It is immediate that x4 cannot be the unit object: regardless
of the entries of U, we have (p(s5))s4 = 0, and this would imply dim(1) = 0. For the same
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reason, x4 # Y.

Suppose then that x; is the unit object. We find

Dy =27+ 27¢5 + 18(y + 18(5 + 27¢¢ = 2.5481
Dy =27 — 18¢5 + 9¢g + 9¢5 — 18(] ~ 3.8342

D3 =27 —9¢3 — 27¢5 — 27¢5 — 9¢¢ ~ 74.6177,

so we conclude that x3 = Y and determine the entries of U as appropriate. However, ap-

plying the Verlinde formula to the resulting data yields the specious “fusion matrices”

0 1 0 o0
1 2 2 3
leld NZZ \/_
0 2 1 3
0 V3 V3 2]
0 0o 1 0 0 o0 o0 1
0 2 1 3 0 V3 V3 2

Ny — V3 N, V3 V3
1 1 1 3 0 vV3 V3 1
_0\/§¢§ 1] 12 1 \/3_

These have non-integer values, so cannot come from any fusion category. The other
choices of 1 have similar results, and hence are also impossible. We conclude that it is not
possible for p to be realized by any modular category.

In contrast, the superficially-similar representation R3» (1,1, x1,0) turns out to be
realizable. A category realizing it is described in [42, 5.3.10]; that paper classifies all mod-
ular categories of rank 4 or less.

Let us now consider a reducible representation. It was shown in [10] that R, (1)

with p odd (which has level p and degree 3(p + 1)) is not realizable. Taking the direct sum
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with another representation, however, may yield a realizable representation, as shown in

the following example.

Example 4.2.4. Let p; := Rsi (1), and py := R%(1,3,x1)1 (see Sections 3.3.4 and 3.3.3

respectively) and consider p := p; @ ps. Recalling Remark 3.1.4, we have a symmetric basis

S = {(00,0), (0,

90,00 — O(1,1)

V2

)a (fl,—l—ao)? (f2,+70)a (0’5(1,0))’ (076(0,1))}

for p (cf. the symmetric bases for p; and py). We then have the following matrices with

respect to S.

0

The p(t)-eigenvalue 1 has multiplicity 2, meaning U is not necessarily diagonal in this

0
0
0
0

5v2
5v2

21/10 210
0 0
~5—-v5 5-+5
5—v5 —5—-+5
0 0
0 0

0 0
5v2 52
0 0
0 0

-5 5
5 —5]

' o o o o

0
1
0
0
0
0

0 0 O
0 0 0
GG 0 0
0 ¢t o
0 0 =2
0 0 O

o o o o o

—1

case. Applying Lemma 4.2.1 and switching the first two basis elements if necessary, we

may assume without loss of generality that the change-of-basis matrix U has the form

u

@] (aw] (a] @] 4

v

—Uu

o o o O

0
0

€3

0
0
0
€4
0
0

o o o o

€5

0

o o o o o

where e3, 4, 5,6 € {1} and u,v € R with u? + v? = 1.
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As usual, we denote the elements of S’ := SV by x1,...,z5. We find

| 2u2V5  2uvvb 2ues /10 2uey /10 Svesv/2  buegy/2 ]
2uvV/5 2025 21}63@ 20e44/10 —5ue5\/§ —5ue6\/§
v 1 |2uesv10 20e3v10  —5—V5  eses(5— VD) 0 0

pls)” = —-
100 12ue /10 20e4v/10 e3e4(5—V5)  —5—+/5 0 0
51}65\/5 —5ue5\/§ 0 0 -5 Seseg
_5v66\/§ —5uegy/2 0 0 Seseq -5

It is clear from the zeroes in this matrix that the only possible choices for 1 are xy and x,.

Suppose x; = 1. By Theorem 2.6.18 and [33, Theorem 3.7], we know that

Ss.9 _ j:(,O(S)U)gg _ ineg\/E _ ig
S31 (p(5)Y)31 2ues\/10 U

and

P
[N
—
)
~

, 6 )ss i_—5ue5\/§ _ U
Ss.1 (p(5)Y)s5,1 Svesy/2

must lie in Z[Cora(pt)) = Z[C20)- As u and v are real, the only possibility is that /v = £1,
and since u? + v* = 1, we conclude that u,v € {+1/v2}. We write u = €1/v2, v = e2/y2 with
€1,6a € {ﬂ:l}

\/5 6162\/5 26163\/5 26164\/5 deges  Deae
6162\/3 \/5 26263\/5 26264\/5 —deies dejeg
1 [2e1e3v5 2e2e3v5 =5 —+/5  eseq(5—V/5) 0 0

p(s)’ = —-
10 26164\/5 26264\/5 6364(5 — \/g) -5 — \/5 0 0
56265 —56165 0 0 -5 56566
| e —5ejeq 0 0 Heseq =5
Now, as 1 = 1, we calculate D; = Dy = 20: either x; or x5 could be Y. If we
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choose 1 =1 =Y, we have

11 2 2 NG 100 00 0]

1 1 2 2 5 =5 010 00 0

g 2 2 —1-+v5 —14++v5 0 0 - 00¢G 0 0 0
2 2 —1++v5 -1-vV5 0 0 000 ¢ 0 0
NGV 0 0 —/5 5 00 0 0 4 0
V5 =5 0 0 V5 —V5] 00 0 0 0 —i

On the other hand, if o =Y,

11 p 2 -5 5 100 00 0]
11 2 2 NGRS 010 00 0

o 2 2 —1-+v5 —14++5 0 0 - 00¢G 0 0 0
2 2 —14+V5 —-1-+v5 0 0 00 0 ¢ 0 0

-5 V5 0 0 —/5 V5 000 0 4 0
—Vv5 Vb 0 0 V5 =5 00 0 0 0 —i

We observe that, in both cases, € is pseudounitary and weakly-integral (because
FPdim(%) = dim(%) = 20 € Z), but is not integral (because, for example, FPdim(z5) =
V5 ¢ 7). Note that the first pair is the case with the canonical spherical structure

described in Section 2.4.9. Both pairs produce the fusion matrices

N1 =id N2

I
o O O o = O
S O O o O =
S O O = O O
S O = O O O
—_ o O O O O
o =R O O O O
S O O = O O
o O o~ o o
o O = O = =
o O~ = O O
= = O O O O
= = O O O O

o O R O O O
o O = O O O
O O = = O O
_ = O O O O
_ - O O O O

o O OO = = =
O = O O O O
_ o O o o O
_ =0 O O O
_ =0 O O O
O O R = O
O O = = = O
—_ o O o o O
O = O O O O
— = O O O O
= O O O O
O O = = = O
O O R, R, O
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On the other hand, if we choose x5 = 1, then there is no way to choose the other
unknowns consistently — we ensured that z; = 1 by our assumption in (4.1).

These fusion rules (and the most well-known category having them) are called
SO(5)a. The family of modular categories with SO(p), fusion rules, where p is an odd
prime, are known as metaplectic modular categories. Such categories were classified in [2[;
explicit fusion rules may be found in [48, Section 4.2.1], and from these we can see that
the metaplectic modular categories with p =5 do in fact realize p.

4.3. Semiregular modular categories
4.3.1. Galois orbits

Let % be a modular category over C and consider the absolute Galois group
Gal(Q/Q). As described in Definition 2.6.17, we have an action of Gal(Q/Q) on Irr(%); to
wit, o € Gal(Q/Q) corresponds to 6 € Sym(Irr(%)) with xs(a) = 0(Xa) for all a € Irr(%).
We denote by Gy the image of Gal(Q/Q) in Sym(Irr(%)); when unambiguous, we will
just write G. The set of G-orbits in Irr(%) is denoted Orb(%) and will be the focus of this

chapter. The G-orbit of a simple object a € Irr(%’) is denoted
G-a:={6(a)|c e G} ={belrr(¥) | xo = 0(xa) for some o € G} .

Let p be one of the MC representations of ¢ and (s, t) the corresponding normal-
ized modular data (see Definition 3.1.2). In light of Theorem 3.1.10, we may assume p is
a matrix representation with respect to some symmetric basis; ¢ is then diagonal, so for
brevity we write t, := t,, for a € Irr(%¢’). Recall that each ¢, is a root of unity by Vafa’s
Theorem. The level of p is n := ord(¢), so s and ¢ are matrices over Q,, ([9, Theorem II];

cf. Theorem 2.6.18). The action of G therefore factors through Gal(Q,/Q) = (Z/nZ)*,
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and it suffices to consider the action of this finite subgroup.

Lemma 4.3.1 ([38, Eqn. 5.19]). For each o € G, we have

for all a € Trr(€). Moreover, there exists a sign function i, : Irv(¢) — {£1} so that
0(Sap) = to(a) - So(a)p = Lo (b)  Sa500)

for all a,b € Irr(F).

Definition 4.3.2. The quadratic orbit of o € Q is
G* a={c*a)|oceqG}.
In particular, for & € Z* and m coprime to k,
2 m j2m . X . . k
G* Gt =AG " 17 € (Z/qZ)" with j < 5}

Corollary 4.3.3. Ifa,b € Irr(%) lie in the same G-orbit, then t, and t, have the same
order (as roots of unity) and lie in the same quadratic orbit.
Also, for any a € spec(t), any element in the quadratic orbit of a will have the

same multiplicity as o. The number of quadratic orbits present in spec(t) is less than or

equal to |Orb(%)|.

Proof. For the first part, write ¢, = (;* with & = ord(¢,) and m coprime to k. Let o €
G be the element so that b = &(a). As o is a Galois action, it must send (;, — C,f; for j
coprime to k. We then apply Lemma 4.3.1 to find t, = 02(t,) = ,127".

Next, consider some « € spec(t) and denote its multiplicity by m(«). Then m(a) =

Y 0ecorb(#) Mo(a) where mo(a) is the multiplicity when restricting to the elements of the

92



orbit O. If mp(a) = 0, then Lemma 4.3.1 gives that mo(c?(a)) = 0 as well. Otherwise,

there exists some a € O such that t, = a. Consider the subgroup
H,={oceqG| ts(a) =t} .

For any ¢ € GG, the orbit-stabilizer theorem yields

— |Ha| — |Ha|
|Ha N Stabg(a)| |Ha n StabG(fr(a

mo(a) = mo(ts) Ml = mo(ts) = mo(o?()) .

By summing over all orbits, we find that m(a) = m(o?(a)) for any o € G.

The last statement follows immediately from the first. m

Define ord : Orb(%’) — Z* by ord(G - a) = ord(t,). The above corollary shows that
this map does not depend on the choice of a within its orbit.
4.3.2. Semiregularity

Recall that a group action on a set X is called fized-point free or semiregular if
Stab(x) is trivial for all x € X.
Definition 4.3.4. When the action of the group G on Irr(%) is semiregular, we say that
% is k-semiregular, where k = |Orb(%)|.
Lemma 4.3.5. Let € be a k-semireqular modular category. Then:

o Foranya € Irr(¥), |G- a| = |G|. In particular, all orbits are of the same size, and
the rank of € is r¢ = k - |G|.

e« Q(5) = Q(dim) := Q({dim(a) | a € Irx(¥)}). This field is real, so S is a real

matriz.

» Each object in Irr(€) is self-dual.

Proof. For the first point, the orbit-stabilizer theorem gives |G - a| = |G| /|Stab(a)| = |G|.
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Next, it is immediate that Q(dim) C Q(S). For the converse, we recall that Q(S)
is an abelian extension,® so Q(9) is a Galois extension of Q(dim) and we may consider the

Galois group H := Gal(Q(S)/Q(dim)). Let n € H and observe that, for each a € Irr(%),

Xﬁ(ﬂ)(a) =n(x1(a)) = n(dim(a)) .

By definition, 7 fixes dim(a) for all a € Irr(%’). Thus, x31) = x1 = dim, which implies
that /(1) = 1; since the action is fixed-point free, this implies 7} = id. As this holds for
all of H, the action of H is trivial, and Q(S) = Q(dim) via Galois correspondence. That
Q(dim) is a real field follows from Corollary 2.4.7.

Finally, (2.21) gives S? = dim(%)C. Since S is real and symmetric, the proof of

Lemma 3.1.7 yields S™1 = WST = WS, and we conclude that C' = id. O]

4.3.3. 2-semiregular modular categories

It was shown in [38] that the 1-semiregular categories are precisely those where the
action of (G is transitive, and such categories were completely classified. Let us now con-
sider the case with |Orb(%’)| = 2. While the classification of 2-semiregular categories
remains incomplete, we can eliminate or classify certain cases. For example, we have the
following.
Proposition 4.3.6. Let € be a 2-semiregular modular category and p any of its MC rep-
resentations. Then p cannot have any representation of type Dpx(x) as a tensor compo-

nent (as defined in Remark 3.2.1).

Proof. Consider any semiregular category % and MC representation p thereof and suppose

n = Dy (x) occurs as a tensor component of p. Let p’ be the irreducible component of p

3Theorem 2.6.18.
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containing 7, so
pFrEney

where ¢ := {() is coprime to p. Since p is symmetric, we may assume that 7 is given with
respect to the symmetric basis BX constructed in Remark 3.3.5 and that v is given with

respect to some fixed symmetric basis S, so
{a®b|aecB¥and be S}

is a symmetric basis for p’. We may calculate that, with respect to BX,

spec(n(t)) = {(} | m € Z/p*Z}

with the multiplicity being 1 whenever m € (Z/p*7)* and 2 otherwise. In particular, we
can find z,y,z € BXso that [n(t)l. = 1, [n(t)]y = G, and [n(t)]. = (i, where uis a
quadratic non-residue mod p*. Choose some arbitrary b € S and note that [y(t)], is a root

of unity of the form ¢, (where v is not necessarily coprime to ¢). Then

[0'(D]asr = ¢4
[0 (O)]yep = G - ¢4
[0/ ()]ep = G - €5 -

Now, since ¢ is coprime to p, we can see that no two of the above three values will share a

quadratic orbit. Applying Corollary 4.3.3, we find that |Orb(%")| > 3. O

Now, for any congruence SLy(7Z) representation p, denote by Q(p) the set of orders

of roots of unity in spec(p(t)).
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Lemma 4.3.7. Let € be 2-semireqular and choose an object z ¢ G -1 so that
Ir(6)=G-1UG-z.

Denote ny := ord(G - 1) and n, := ord(G - z). Then eithern, | ny =mn orny | n, =n (or

both: ny =n, =n).

Proof. As noted in the proof of Corollary 4.1.3, we have n = lem(nq,n,). If ny = n,, the
statement is therefore trivial. So, assume ny # n,. We decompose p into its irreducible

components, writing

Suppose that some j exists such that Q(p;) = {nq,n.}, i.e. spec(p;(t)) contains a
root of order ny and another of order n,. Then p; is of level n. As a result, Corollary 4.1.3
guarantees that spec(p;(t)) contains a root of order n, and since spec(p;(t)) C spec(t), the
statement holds.

On the other hand, suppose that the above never occurs, which means that for each
j either Q(j) = {n1} or Q(j) = {n.}. Rearranging the labels if necessary, we then have

¢ m
p=(Dr) o (Dn)
Jj=1 j=0+1

with the two summands having t-spectra {ny} and {n.} respectively. This is, however, im-
possible: no MC representation can be isomorphic to the direct sum of two representations

with disjoint t-spectra [6, Thm. 3.18]. O

This lemma immediately implies that either Q(p) = {n} or Q(p) = {m,n} with
m | n, m # n. Let us consider the latter case. We will use the following minor result of the
classification from [39, 40] that we discussed in Section 3.3:
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Lemma 4.3.8. Let 1 be an irreducible congruence representation of Slio(Z). If none of n’s

tensor components are equivalent to a representation of type Dp,\(x), then

> mult(e) < ) mult(§) .
aespec(n(t)) &€spec(n(t))
ord(a)<€(n) ord(§)=£(n)
In other words, if we include multiplicities, there are more t-eigenvalues of the highest or-

der than of all other orders combined.

Proof. From the classification given in [39, 40] and calculation of (3.2), we can determine
that the statement holds for every standard, special, and unary representation except

Dpx(yy- It then extends to tensor products thereof, which covers all cases. O

Proposition 4.3.9. Let € be a 2-semiregular modular category and p one of its MC rep-
resentations, and suppose Q(p) = {m,n} withm | n, m # n. Then p has at least

one subrepresentation n with Q(n) = {m,n} and at least one subrepresentation v with
Q(v) = {m}.

Proof. We first note that if no subrepresentation n with (n) = {m,n} exists, then we can
use the same argument used in the proof of Lemma 4.3.7: we can decompose p as a direct
sum of representations with disjoint spectra, which gives a contradiction. On the other
hand, if no subrepresentation v with Q(v) = {m} exists, then by applying Lemma 4.3.8

(and noting that its condition is fulfilled because of Lemma 4.3.6), we have
{a € Irr(¥) | ord(t,) = m}| < [{a € rr(€) | ord(t,) = n}| .

This is impossible, because there are only two orbits. Explicitly, all elements within a
given orbit must have the same order by Corollary 4.3.3, so one of the above sets must

be G - 1 and the other G - z. However, by Lemma 4.3.5, we have |G - 1| = |G- z| = |G|. O
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Appendix. Structure of Aut(M,Q) and A
In this appendix we will consider in detail the structure of the group Aut(M, Q)
and its abelian subgroup 2 for the representation types described in Section 3.3.1. In par-
ticular, we will prove Proposition 3.3.1, which is repeated here for convenience:
Proposition 3.3.1. Let (M, Q) be a quadratic module of one of the types given in Table
3.1. Then there is a group homomorphism det : Aut(M) — AY (except for type R7\, where
the codomain is AY_,_y for p =2 and AS__ otherwise). By abuse of notation, we write det
for the restriction det \Aut(MQ). Then:
o C:=1Im(det) is trivial in the extremal case, and is otherwise equal to (—1).
o The subgroup
A :=ker(det) = {w € Aut(M) | Q(wz) = Q(z) for all x € M and det(w) = 1}
is abelian and satisfies [Aut(M, Q) : A} = |€] < 2.
o The short exact sequence

1 A Aut(M, Q) —%5 ¢ 1

is Tight-split; as such, Aut(M,Q) = A x €. In the extremal case, Aut(M, Q) = 2.

We prove Proposition 3.3.1 by considering each type in turn. When € is not trivial,
our proof will hinge on finding an involution x € Aut(M, Q) with det(x) = —1, as this
will define a section for det (as mentioned in Section 3.3.1). Let us first dispense with the
unary case.

Lemma A.0.1. For type Ry (1), Aut(M, Q) = Z/27; that is, A is trivial and k = —1.

Proof. Recall that type R, (r) is only defined for p # 2. Here M = Ay, so Aut(M) = AS;
we define det = id A
For this case, Q(z) = %2. Thus, an element o € A3 lies in Aut(M, Q) if and only
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2 = rz2 mod p* for all z € M. We recall that r is coprime to p, so this implies

if ra’x
a? =1 mod p*; since p # 2, we have only two solutions: o = £1 mod p*. Both clearly

fix @), confirming the statement. O
Lemma A.0.2. For type Dy, Aut(M,Q) = A x (k) with A = A5 acting on M wvia
a(z,y) = (a 'z, ay) and k : (z,y) — (y, ).

Proof. Since M = A, @ A,, we have Aut(M) = GL2(A,), the group of 2 x 2 matrices over

A, with determinants in AY. Let det be the standard determinant.

Now, an element w = [¢ {] € Aut(M) stabilizes Q(z,y) = 7¢ if and only if

xy ax + by)(cx + dy
Qay) = 2 = CTHINEED) _ o)) e Uy
p p
or equivalently,
zy = (azx + by)(cx + dy) = acx® + (ad + be)xy + bdy?  mod p* | (A.1)

for all (z,y) € M. It is immediate that (A.1) implies
0=ac mod p
0=bd mod p

1 =ac+bd+ ad+ bc=ad+bc mod p

and vice versa. Hence, w € Aut(M, Q) if and only if these three equations hold.

Assume then that w € Aut(M, Q). We have ac = 0 mod p*, and this implies that
either a = 0 or ¢ = 0. Explicitly, if a Z 0 and ¢ #Z 0, then p | a and p | ¢. Then, however,
p | (ad — be), contradicting the invertibility of det(w). In the same way, either b = 0 or
d = 0. However,ifa=b=0ora=c=0orb=d=0o0rc=d =0 mod p*, then
ad — bc = 0, so these cases are impossible.
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0

The remaining possibilities are w = [§ 9] and w = [

b]. Since ad + be = 1, we have

two possible matrices for w:

a0 0 ot a0 01
or =
0 « a 0 0 « 1 0

with a € AY. Conversely, both matrices clearly satisfy the three equations above, so this
precisely comprises Aut(M, Q).
Clearly € = (—1). We have 2 = { [0461 g} ‘ a € Af }, and k acts as [{ }]; note

that ord(x) = 2 and det(x) = —1. We conclude that Aut(M, Q) = 2A x (k) as required. [

Lemma A.0.3. For type Ny, Aut(M,Q) = Ax (k) with A= { (a,c) € M | Nm(a,c) =1}

acting on M by multiplication and k : (z,y) — (z,y).

Proof. As in Lemma A.0.2, M = A, & A, so Aut(M) = GLy(A,), and we use the stan-
dard determinant. In this case, however, M is equipped with a quotient ring structure, as

described in Section 3.3.1. Explicitly, we have a norm Nm(a, ¢) = a*+ac+uc® € Ay (where

@ = +*), and multiplication by (a,c) € M corresponds to the matrix {‘CL a’}r‘fj} (which has

determinant Nm(a, c)). Complex conjugation corresponds to x = [{ ], which has order 2
and determinant —1 as required.

An element w = [2 8] € Aut(M) fixes Q(z,y) = W if and only if

Nm(z,y)  Nm(ax + by, cx + dy)

” » = Qu(z,y) € Vg

Qr,y) =

or, equivalently,

2% 4+ 2y + uy® = Nm(a, ¢)2? + (2ab + ad + be + 2ucd)ry + Nm(b, d)y*>  mod p*
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for all (xz,y) € M. As in Lemma A.0.2, we find that this is equivalent to

1 =Nm(a,c¢) mod p* (A.2a)
@ =Nm(b,d) mod p* (A.2Db)
1 =2ab+ ad+ bc+ 2ucd mod p* . (A.2¢)

It is worth handling the case p = 2, A = 1 separately here. In this case, direct
calculation shows that

Aut(M, Q) = Aut(M) = Ss

generated by the order-3 element [ 1] and x = [} 1]. We therefore assume in the following
that either p # 2 or A > 1.

Suppose that w = [2 5] € Aut(M, Q). Then we claim that at least one of v :=2a+ ¢
and w := a + 24uc is not divisible by p (and is hence invertible mod p*). Assume otherwise;
then (2w — v) = uc = (20w — w) = ua =0 mod p. Recall that p{u, so a =c =0 mod p,
and so Nm(a, c) = a® + ac + uc®* =0 mod p, contradicting (A.2a).

Therefore, we assume first that p{ v. Multiplying (A.2b) by v? yields
uwv? = v2(0* + bd + ud?) = (vb)? + vb - vd + W d®> mod p* .
By (A.2c), we have vb = 1 — wd mod p*, so
0= (1—wd)?+ (1 —wdwvd+uw?d* —uw® mod p* .

Rewriting v and w in terms of @ and ¢ and expanding the right hand side of the above

equation in powers of d, we have

0 = (40— 1) Nm(a, ¢)d® + (1 — 4a)ed + (1 — 44)(1 — Nm(a, ¢) + a* + ac) mod p* .
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By (A.2a) and the fact that 4u — 1 = u,
0=u(d® —cd — (a* + ac)) mod p* .

Since u is invertible mod p*, we conclude that 0 = (d — a — ¢)(d + a) mod p*.

Now, if (d —a — ¢) # 0 mod p* and (d + a) Z 0 mod p*, then p divides both of
them. But then also p | (d + a — (d — a — ¢)) = v, a contradiction. Thus one must be
equivalent to zero. If d — a — ¢ =0 mod p*, then we have d = a + ¢ mod p* and

vb=1—w(a+c) modp*
vb = (a + uc)(2a + ¢)
b=a+uc,

while if d+ ¢ =0 mod p*, we have d = —a mod p* and

vb=1+wa mod p
vb = (—1c)(2a + c)

b= —dc .
This results in two possible matrices for w:

a —uc a a-+uc
or
c a—+c

c —a
for (a,c) € M with N(a,c) = 1.

1 1
0 —1

On the other hand, suppose p f w. Then, multiplying (A.2b) by w? and proceeding

a —uc
c a+c

in the same way yields

0= (b+uc)(b—a—1uc) modp*.
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As before, if (b + uc) #Z 0 and (b — a — uc) # 0, then p divides both and hence also w,
a contradiction. We therefore have b = —uc or b = a + 4c and arrive at the same two
matrices as above.

We can easily check that these two matrices satisfy (A.2a) — (A.2c) for any element

(a,c) € M with norm 1. This confirms the statement. O

Lemma A.0.4. For type R7\(r,t) withp # 2 and 1 <o < A—1, Aut(M, Q) = Ax (k) with

A={ (a,¢) € M | Nm(a,c) =1} acting on M by multiplication and k : (z,y) — (x,y).

Proof. Here M = Ay & Ax_,, so we must consider the definition of Aut(M) more carefully.

Write My, M, for the cyclic factors of M. Any endomorphism w : M — M has the form

w(z,y) = (Wi1(7) + w21 (y), wi2(r) +w22(y))

where:
o w1 € Hom(My, M;) = Ay acts as multiplication within A,.
e wyy € Hom(My, My) = A,_, has image lying in the unique subgroup of M; isomor-
phic to My, namely (p”). Thus, there is a unique b € A,_, so that ws1(y) = p7t(by)
for all y € M,. Note that p7t(by) = p°thy mod p* for all lifts b and § (of b and y
respectively) into A,. We will therefore use the notation b to refer to an arbitrary

lift of b.

o wio € Hom(M;, My) = A,_, is defined uniquely by ¢ := w;2(1). Explicitly,
wi2(z) = ¢ m(x) for all € My, where 7 is the canonical projection Ay — Ay_,.

o wqs € Hom(Ms, Ms) = A,_, acts as multiplication within Ay_,.
We therefore define

I:={[¢b]|a€Ayand bc,d € Ay_, }

with the action of I on M given by

(28] (2,y) = (az + p7t(by), en(z) + dy) = (az + p7thy, cm(x) +dy) .

103



Under this action, I" is a monoid (with identity [§ 9]). To see this, we first observe that,

for any # € Ay, we have p°t(n(z)) = p°tz mod p*; similarly, for any y € Ay_,, we have

7(p°t) = p°ty mod p*~?. The multiplication in T' is therefore given by

el
h j c d

(ax + p°thy, em(w) + dy)
h g

= (fax + fp7thy + ptgex + ptydy,

hr(ax) + hp’tby + jem(x) + jdy)
= ((fa +p7tge)z + pt(x(f)b+ gd)y),

(hm(a) + je)m(x) + (p7thb + jd)y)

| fa+potge w(f)b+gd
hr(a) + je  p°thb+ jd

(z,y) -

Define det : I' — Ay, by det([28]) = m(a)d — p“tbe. From the multiplication above

we can easily find that det is a homomorphism. We claim that w = [¢4] € T is invertible

if and only if det(w) # 0, as expected. Precisely: an element HL H } is the inverse of w if

and only if, for all (x,y) € M,
1= fa+p7tgc mod p*

0=n(f)b+ gd mod p*~°

0= hn(a)+ jc mod p*=°

1= p7thd + jd mod p*~7 .

(A.3a)
(A.3b)
(A.3c)

(A.3d)

Suppose that det(w) € A5 _. Fix a lift dy of d and let ae\to(w) = ady — p°thé € AS be

the corresponding lift of det(w); note that the choice of b and & are immediately irrelevant

mod p*, and we will show later that the choice of d is as well. First, (A.3Db) yields

0= p(’tfg + p”tgci mod p*

104



for all relevant lifts. Multiplying (A.3a) by do, we then find

dy = czofa + Jop”tfyé mod p*
do = dofa+ p°tfbé mod p*
do = f - deto(w) mod p*

f = deto(w)'dy mod p* .

To show that this does not depend on the choice of czg, let d = czo—i-p’\_(’q, with ¢ € A,, be
another lift. The corresponding lift of det(w) is det; (w) = ad; — p7tbé = deto(w) + p*“qa.

We arrive at the same result:

dy = f - dety(w) mod p*

do +p*~7q = f(deto(w) + p*~7ga) mod p*
dy = f - deto(w) +p*7q(fa—1) mod p*
dy = f - deto(w) + p*7q(p7tge) mod p*

dy = f- aa:g(w) mod p* .

We find g = —det(w) b, h = —det(w) !¢, and j = det(w) 7w (a) mod p*~° by similar
calculations, so the inverse of w is uniquely determined as

deto(w)'dy  — det(w) b
[ @@ —dawn ]
—det(w) e det(w)'w(a)

-1
The converse follows from det being a homomorphism. It is now clear that
Aut(M)=T" = { [25] ‘ a € Ay and b,c,d € Ay_, with (w(a)d — ptbc) € AS_, }

and det is a group homomorphism Aut(M) — A5, .
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We now recall the quotient ring structure of M described in Section 3.3.1, particu-
larly the norm Nm(z,y) = 22 + p°ty?. Under the convention established above, multipli-

cation by (a,c) € M corresponds to [z ﬂ_((f)] (with determinant 7(Nm(a, ¢))) and complex

conjugation corresponds to x = [§ % ] (with order 2 and determinant —1).

Now, w = [24] € Aut(M) stabilizes Q(z,y) = an;i)(\x,y) if and only if

Qlr.y) = an;f\m,y) _ r Nm(ax —i—p"t]()l/)\y),mr(x) + dy) Q) € Q/Z

or, equivalently,

r(z? 4 p7ty?) = r(Nm(a, c)z® 4+ (2p7tn(a)b + 2p°ted)zy + (p* t26° 4 ptd®)y®) mod p* .

Since r € AJ, the same process as in Lemma A.0.2 shows that this is equivalent to

1 =Nm(a,¢) mod p* (Ada)
p’t = p°t(d®* + p°tb*) mod p (A.4b)
0 =2p°t(r(a)b+cd) mod p. (A.4c)

Assume w € Aut(M, Q), so that the above hold. In particular, (A.4a) implies a* =

1 mod p?, and since o > 1 this implies p { a. Then we use (A.4c) to find

0 =2p°t(n(a)b+ cd) mod p*
0=m(a)b+cd mod p*~?

m(a)b = —cd mod p*~°
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and then substitute into (A.4b):

Pt = p°t(d* + p°tb*) mod p*
1=d+p°th> mod p°
m(a)? = 7(a)?d® + ptr(a)??® mod p*°
m(a)? = m(a)d® + p°t(—cd)® mod p =
0= d*(n(a)® +p7tc®) — w(a)* mod p*~°
0=d*—m(a)> mod p**

0= (d+m(a))(d—n(a)) mod p*~7 .

If (d+ m(a)) # 0 mod p*~? and (d — 7(a)) Z 0 mod p*~9, then p divides both, in which
case p | 2m(a); since p # 2, this implies p | 7(a), a contradiction. Thus d = +7(a)
mod p*~?, and it then follows from (A.4c) that b = F¢ mod p*~?. This results in two

possible matrices for w:

a —c a & a —c 1 0
or = :
¢ 7(a) ¢ —m(a) ¢ m(a) 0 -1
It is again easy to check that these satisfy (A.4a) through (A.4c) for any (a,c) € M with

norm 1, which confirms the statement. O

Lemma A.0.5. For type R3,\(r,t) with 0 < o < X — 3, we have Aut(M, Q) = A x (k) with

A={ (a,¢) € M | Nm(a,c) =1} acting on M by multiplication and k : (z,y) — (x,y).

For the extremal case R}y %(r,t), instead Aut(M,Q) 2 A ={a€ M | Nm(a) =1 }.

Proof. Here M = A _1 @& Ax_,_1, so we use the same convention as in Lemma A.0.4:

Aut(M) = { [24] ] a € Ay, bed € Ay oy with (w(a)d —27the) € AX , ;| .

c
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The extremal case differs only in that My = 7Z,/27, which means = [{ %] = [} ] = id.

The argument is largely the same as in that lemma, as well. In this case, w = [¢ }]
fixes @ if and only if
1  =Nm(a,c) mod 2} (A.5a)
27t = 2°t(d* + 2°tb*) mod 2* (A.5b)
0 =2""(n(a)b+cd) mod 2* . (A.5c)

First consider the case where 1 < o < A — 2. Suppose w € Aut(M, @), so that

the above hold. In particular, (A.5a) implies a> = 1 mod 27, and since ¢ > 1 this implies

2t a. Then we use (A.5c) to find

0=2""¢(n(a)b+ cd) mod 2*
0=m(a)b+cd mod 2*77!

m(a)b = —cd mod 277!

and then substitute into (A.5b):

N
—~
S
N—
no
Il

2°t = 2°t(d* 4+ 2°tb*) mod 2}

1=d®+27th> mod 227

m(a)? = 7(a)?*d* + 27tn(a)** mod 27

m(a)?d® + 2°t(—cd)*> mod 2277

o
Il

d*(m(a)?® + 2°tc*) — n(a)® mod 2277
0=d*—7(a)> mod 2"

0= (d+n(a))(d—m(a)) mod2) .

Now, we claim that this implies (d+7(a)) =0 mod 2*~~! or (d—7(a)) =0 mod 2},

Suppose not; then 2 divides both. We have 2 { 7(a) and 2 | (d — 7(a)), so 2 t d. Thus both
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m(a) and d lie in Ay ;. We therefore have

m(a)? =d* mod 27

1= (n(a)"'d)? mod 2" ;
that is, m(a)~'d lies in kern, with n: AX | — (A§—0>2 given by = + z?. We recall that

{£1}, foro >\ —2
kern =

{£1, 227771+ 1}, otherwise.
In either case, we have d = +7(a) mod 2*7°~! and hence b = F¢ mod 21
Now suppose 0 = 0 (so M = Ay_1 & Ay_; and 7 = id). The equations (A.5a) -

(A.5¢) become

1 =Nm(a,¢) mod 2* (A.6a)
1 =d*+th> mod 2} (A.6b)
0 =2(ab+cd) mod 2* . (A.6c)

From (A.6c) we have ab = —cd mod 271, Also, since 2 { (ad — tbc), at least one of ad and
bc must be odd.

Suppose first that ad is odd (and hence a,d € A5 ;). From (A.6b) we find

a® = a*d® + ta*»® mod 2*

a? = a?d* + t(—cd)® mod 2!
a? = d*(a® +tc®) mod 2!

a? =d*> mod 2*7!

0=a"2d> mod 2.
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Thus a~'d € kern, with n: AY_; — (A§_1)2 given by z + z?. We recall that

{£1}, for A <3
kern =
{£1, 2272 £ 1}, otherwise.

Suppose a~'d =2*24+1 mod 2*71, so d = (272 £ 1)a mod 2*~!. We then have

ab= —c((22"2 4+ 1)a) mod 2*7!

b= —c(2*?+1) mod 2’
but then

V4 td® = (—(22 2 £ 1)e)® + (212 £ 1)a)?
— (22)\—4 :i: 2)\—1 + 1)02 + (22)\—4 :i: 2)\—1 + ].)ta/2
= (22 £ 2 Y (a® +tP) + (a® + t?)

=421 41 mod 2",

which contradicts (A.6b). We conclude that d = +a mod 2*~! and b = Fc¢ mod 2* 1.
If be is odd, a symmetrical argument leads to the same conclusion.

Thus, regardless of whether o = 0, we have two possible matrices for w:

a —c a c a —c 1 0
or =
¢ 7(a) ¢ —m(a) ¢ m(a) 0 -1

These are easily checked to satisfy (A.5a) through (A.5c). Recalling that « is trivial for

the extremal case and has order 2 otherwise, we conclude the proof. O

Having thus covered all relevant representation types, we conclude that Proposition

3.3.1 holds. 0
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The specific structure of 2 is largely irrelevant to our proof of Theorem 3.1.10 and
is given in [40]; however, we will detail here a case where the structure differs from that
given in that paper. Here ¢" || b means that ¢" exactly divides b; that is, ¢" | b and ¢"** 1 b.

Proposition A.0.6. If (M, Q) is of type Ry, (r,1) with X > 3, then

For all other cases of type R7, (r,t) with odd p, A is cyclic:

Proof. First note that, for all cases, 2| = 2 - p*~?. To see this, fix some ¢ € A,_,; then

(a,c) € M has norm 1 if and only if

a>=1-p°t> mod p* .

Since o > 1, we have 1 — p°tc? = 1 mod p; 1 is a quadratic residue mod p, so 1 — ptc? is
a quadratic residue mod p*. Moreover, p # 2, so there are exactly two choices of a € A,
solving the above. This confirms that || =2 [A\_,| =2 p*~°.

Now suppose p =3, A > 3, and 0 =t = 1. We calculate that, for any (a,c) € 2,

(a,¢)® = (a® — 9ac?, 3a*c — 3c?)
= (a®> — 9ac?, 3c —12¢%)

= (a® — 9ac?®, 3c(1+2¢)(1 —2¢)) .

We now show that, for any (a,¢) € 2 and any k > 1, the second coordinate of (a, c)*"

is divisible by 31, We proceed by induction. For the base case (k = 1), observe that,
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for any ¢ € A,_,, exactly one of ¢, (1 + 2¢), and (1 — 2c¢) is divisible by 3. Therefore,

32| 3¢(1 + 2¢)(1 — 2¢). Assuming then that the statement holds for a given k, we have
(0,00 = ((a,0")" = (b,3"a)?
for some b € Ay, d € Ay_;. Then
(b, 351 d)® = (b* — 9b(3"1d)?, 3(3¥"1d)(1+2(35d))(1 — 2(3"d))) .

Since 3*¥+2 clearly divides the second coordinate, this confirms the statement.

3)\72 3>\72

In particular, 3*~! divides the second coordinate of (a,c)* ", so (a, c) = (g,0)
for some g € Aj. Since this still lies in 2, we have Nm(g,0) = ¢> = 1 mod 3%, and we
conclude g = 1. Thus the order of each (a,c) € 2 is at most 2 - 3*~2.

Taking ¢ = 1 € A,_,, the earlier discussion shows that there exists some a € A, so

that (a,1) € 2. We then claim that, for & > 1, the second coordinate of (a,1)?" has the

form 3**1d for 3 1 d. For the base case, we have
(a,1)* = (a* — 9a,—9) = (a® — 9a,9(—1)) .
For the inductive step, suppose the statement holds for some given k£ > 1; then, as above,
(a, ) = (0,3 1d)* = (b* — 9b(3¥+1d)?, (35 d)(1+ 3% - 2d)(1 — 3¢+ - 2d))

Since k > 1, we have

3(3k+1d)(1 + 3%+ . 2d)(1 — 2(3%+1d))
3h+2

=d(1+3""-2d)(1-3""".2d) =d#0 mod 3 .

As a result, for all 1 < k < 3*72, the second coordinate of (a,1)* is not equivalent
to 0 mod 3*~?, and hence (a, 1)* # (41,0). Thus ord(a,1) > 3*~2 and we conclude that
either ord(a,1) = 2-3*2 or ord(—(a,1)) = 2 - 3*~2. Denote whichever has this order by a.
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2.3/\73

Now, consider [ := « . The above calculations show that

B =(b3"%d)
with 3*~2d # 0, and then we have

b +3(32d)>*=1 mod 3*
b+ 32 =1 mod 3
=1 mod 3",
since A < 3 implies 2\ — 3 > A. Hence b = +1. Note that 3 generates the unique order-3
subgroup of (o), namely {(1,0), (1,3*72),(1,2-3*72)} (which are, incidentally, precisely the
elements of 2 that fix 3M pointwise).
On the other hand, consider (a,c) = (271 mod 3*,271 mod 3*~!). Then, writing
2a =1+ 3" and 2c = 1 + 3* '/ for some k,{ € Z, we have
4Nm(a,c) = (2a)* + 3(2¢)?
= (14 3%)% + 3(1 + 3> 1¢)?
=142-3% 4+ 3% +342-3% 43212
=4 mod 3*

Nm(a,c¢) =1 mod 3*
so (a,c) € A. The second coordinate of (a,c)? is
3¢(1 —2¢)(1+2¢) =0 mod 3",

s0, in the same way as before, we have (a,c)® = (+£1,0) and thus either ord(a,c) = 3 or
ord(—(a,c)) = 3. Denote whichever has this order by (. Clearly ( ¢ (53}, so we conclude
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that
A= {a) x () -

Now we consider the remaining cases. For p = 3 and A < 2, the statement can be
checked directly. So suppose that p = 3 and A > 3, but either 0 > 1 or t = 2 (recall t = 1

or u with u a non-residue mod p = 3). We calculate
(a,c)® = (a3 —37ttac?, 3c(1 —4- 3"’11502)) :

By the same argument as before, there exists some a € A, so that (a,1) € 2. We claim
that, for all £ > 1, the second coordinate of (a, 1)3k is exactly divisible by 3*. For the base

case,
(a,1)® = (a4 —37"ta,3(1 —4- 3071t)) :

Ifo>1,thenl —4-3"1%*=1 mod3. Ifc=1butt=2,thenl —4-3"1t=-7=2
mod 3. In either case, the second coordinate is exactly divisible by 3. Next, suppose that

the statement holds for a given k, so (a, ¢)3" = (b, 3%d) for 3+d. Then we have

(a’ C)3k+1 _ <(a7 C)3k>3

— (53 — 37 b(3%d)?, 3(3%d) (1 — 4 - 3"*1t(3’“d)2))

and clearly 1 — 4 - 3°~'#(3*¥d)? = 1 mod 3, confirming the statement. We may therefore
conclude that ord(a,1) > 3*7?, and hence that either ord(a,1) = 2377 or ord(—(a, 1)) =

2 - 327, Denoting the element with that order by «, we then have
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Finally, suppose p > 5. We then have

p—1 p—1
2 2

(Gg C)p = Z <2p> (—p”t)jap_2j02j7 Z (262—1 1) (_pat>éap—2£—102€+1
J

5=0 /=0

As in the previous cases, there exists some element (a,1) € 2A. We claim that the second
coordinate of (a, l)pk is exactly divisible by p*. For the base case, denote by 7; the second

coordinate of (a,1)?. Then, noting that % > 2, we have

p—1
=
p o\l p—20—1
- —p°t)‘a?
Y §<2€+1>( p7t)a
=1y
et 204+ 1
T 1
— o(p—1) -
=par P [ (~D) T T 2y 2€+1<p2£ >(—t)gpg“ap2“
(=1

Denoting by y the term in the parentheses, this becomes
v =p(a"" +py) .

Since p 1 a (as otherwise Nm(a, 1) = a® + p°t # 1), p || p(a?~* + py). For the inductive step,

suppose that the statement holds for some given k > 1, so that we may write

(a, 17" = (b, p*d)

with p t d. Then, denoting the second coordinate of (a,1)?""" = ((a, 1)**)? by Y41, we
have
p—1
2 D o \pp—20—1¢ k 7\20+1
Ver1 = ( )(—p )07 (p7d)
= \20+1
:pk—i-lbp—ld_‘_(_pat)%(pkd)p_'_ Z < p )(_pat)ébp—%—l(pkd)%-i-l
o \20+1
— pk—l—lbp—ld
k42 el ol 4 p(k—1)—2 = 1 p—1 0 ol+20k—17p—20—1 120+1
—1) 7z p— = PR —t) p? TP T
(1) 05 (e )0
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Denoting by y the term in the parentheses, this becomes

Vi+1 = pk+1(bp_1d +py) .

As before, ptb, so p"t || pFH (0P~ d + py).

A—o

As in the previous case, we conclude that ord(a,1) > p*~7, and hence that either

ord(a,1) = 2-p*=° or ord(—(a, 1)) = 2 - p*=2. Denoting the element with that order by «,

we then have

which concludes the proof. O
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