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Abstract

In this thesis we consider the Toeplitz operators on the weighted Bergman spaces
and their analytic continuation. We proved the commutativity of the C*—algebras gen-
erated by the analytic continuation of Toeplitz operators with special class of symbols
that are invariant under suitable subgroups of SU(n, 1), and we showed that commuta-
tive C*—algebras with symbols invariant under compact subgroups of SU(n, 1) are com-
pletely characterized in terms of restriction to multiplicity free representations. Moreover,

we extended the restriction principal to the analytic continuation case for suitable maxi-

mal abelian subgroups of the universal covering group SU(n, 1), and we obtained the gen-
eralized Segal-Bargmann transform, where we used it describe the spectral representation
of Toeplitz operators. In particular, we proved that Toeplitz operators are unitarly equiv-
alent to a convolution operator, and we used the Fourier transform to describe their spec-

tra.



Chapter 1. Introduction
Toeplitz operators were first studied by the mathematician Otto Toeplitz. Origi-

nally, Toeplitz operators were defined by infinite matrices of the form

cofdg g a3 a-3g

R 5 L] a1 a2
A —

+ (g a ey} (1]

©oag ay a1 agp

Figure 1.1. Toeplitz Matrix

Where the entries on the diagonals are fixed. The matrix A corresponds to the se-
quence (a,)*, , this matrix can be viewed as an operator acting on the Hilbert space (2.
This raises the problem of characterizing the sequences (a,,)>,, such that the correspond-
ing Toeplitz matrix is the matrix of a bounded linear operator on ¢? [1]. The characteriza-
tion was given by Otto Toeplitz in the special case where a_,, = @,.

Theorem 1.0.1 (O. Toeplitz) The Toeplitz matrix corresponding to a two-sided se-
quence (a,)>,, is the matriz of a bounded operator on ¢* if and only if there exists f €
L>(0D,do) such that a,, = f(z)z7do(z).

oD

Let B™ be the unit ball in C", and consider the weighted Bergman space
AL(B™) = {f € L*(B",duy) : f is holomorphiconB"}

where

'

1— 2 A—n—ld
Ty T

dpa(z) =

The Toeplitz operator on the weighted Bergman space A3(B"), with symbol ¢ € L>(B")



and weight A > n is defined by

TV A3(B") — A3(B")

Y = P\(6f)

where Py : L*(B", du,) — A2(B") is the orthogonal projection
Pf(z) = . FW)KA(z,y)dux(y)
and K, is the kernel, which is given by
Ky(z,y) = (1— < z,y >

This definition of the Toeplitz operator works when A > n. So, a natural ques-
tion would be, is it possible to extend the definition of the weighted Bergman spaces, and
Toeplitz operators to include the weights A that are less than n? It turns out that the
weighted Bergmann spaces does not reduce to zero when we consider A > 0, this is called
the continuous part of the Wallach set [18]. In [3], the authors constructed Hilbert spaces

of holomorphic functions with reproducing kernel
Ky\(z,w) = (1 — zw)™

with weights A > 0, and they proved these spaces coincide with the weighted Bergman
spaces when we restrict the values of A\ to A > n.

In [7] the authors generalized the work of Chailuek and Hall, and proved the ex-
istence of analytic continuation of weighted Bergman spaces to include all weights « in

R — V where V' a discrete set. These spaces are Sobolev spaces of holomorphic functions of



certain order. Moreover, they proved the existence and uniqueness of the analytic continu-
ation of the Toeplitz operators.

One interesting problem is to find families of commutative C*—algebras generated
by Toeplitz operators, and the spectral decomposition of the Toeplitz operators. For ex-
ample, it was shown that the C*—algebra generated by Toeplitz operators is commuta-
tive if and only if there is a pencil of hyperbolic geodesics such that the symbols of the
Toeplitz operators are constant on the cycles of this pencil [15]. Another approach to this
problem was presented in [5] where the authors used tools from representation theory to
construct commuting families of C*—algebras. In particular, they have applied the re-
sults in [4], to show that Toeplitz operators with symbols that are invariant under maxi-
mal abelian subgroups of SU(n, 1) generates commutative C*—algebras. Moreover, they
applied the restriction principal to show that Toeplitz operators on the weighted Bergman
space can be realized as a convolution operator against a certain function.

In this thesis we will construct commuting families of C*—algebras generated by
the analytic continuation of the Toeplitz operators, and we will show that the restriction
principal can be used to find the spectral decomposition of the analytic continuation of
the Toeplitz operators. In other words, our main goal is extend the results in [5] to the
analytic continuation case. This thesis is arranged as follow: Chapter 2 reviews the ba-
sics on bounded symmetric domains, weighted Bergman spaces and representation theory.
Chapter 3 describes the work in [2] on the analytic continuation of Toeplitz operators. In
chapter 4 we construct commutative families of C*—algebras generated by the analytic
continuation of Toeplitz operators. Further, we show that the if H is a compact subgroup

of SU(n, 1), then the C*—algebra generated by Toeplitz operators with H —invariant sym-

3



bols is dense in the algebra of bounded operators on the weighted Bergman space. Fur-
thermore, we show that the weighted Bergman space admits a decomposition into a direct
sum of irreducible U(n)—modules and T"—modules. Chapter 5 discusses the spectral de-
composition of the Toeplitz operators. First, we show that the restriction principal can
be applied in the analytic continuation case, this allows us to write the Toeplitz operator
as a convolution operator, then we use the Fourier transform to describe the spectrum of
the Toeplitz operators. This only works when we have symbols invariant under a maximal
abelian subgroup of SU(n,1). We will use a different approach to deal with the case when
we have symbols invariant under the group U(n), we will show that the analytic continu-
ation of Toeplitz operator with U(n)—invariant symbols is unitarily equivalent to a mul-
tiplication operator and we will give explicit description of the eigenvalues of the Toeplitz

operators.



Chapter 2. Preliminaries
2.1. Bounded Symmetric Domains

The definitions and examples in this preliminary section were taken from [18].
Bounded symmetric domains are generalization of the open unit disk. The unit disk in
the complex plane can be realized as the upper half plane using the Cayley transform,
similarly bounded symmetric domains can be realized as symmetric tubular domains,
where the symmetric tubular domains are generalization of the upper half plane. Let V' be
an n-dimensional vector space. An open unit ball Q C V is called symmetric if the group
of automorphisms Aut(€2) acts transitively on €.

Jordan triple product isamap V x V x V. — V, (z,a,w) — {za*w} which is
symmetric, bilinear in z and w, and conjugate-linear in a. The Bergman endomorphism

associated with (a,b) € Z x Z is defined by

B(a,b)z := z — 2{ab*z} + {a{bz"b}"a}

The map B(z,§) is invertible when (z, ) belongs to the unit ball 2. The quasi-inverse of z

with respect to £ is defined as

2% = B(2,6) 7' (2 — {2€72})

which can be uniqely written as

where p(z,€) is a sesqui-polynomial having no common factor with A(z,¢), and the map

Az, &) :ZxZ—C



is a sesqui-polynomial with A(0,0) = 1, and A is called the Jordan triple determinant
associated with (2.
Example 2.1.1 Let B = {z € C : |z|< 1} be the open unit disk in C with associated

Jordan triple product {za*w} = zaw. The Bergman endomorphism is given by
B(a,b)z = (1 — ab)?z

and the quasi-inverse of z with respect to & 1is

z

26 = —
1—z¢

Therefore, the Jordan triple determinant A(z,€) is given by

Alz,6) =1—2¢
Example 2.1.2 Let Z = M, «,(C) be the space of n x n matrices over C. Consider the
unit ball
Q={z€ Muxn(C): I, — 22" > 0}
the group of automorphism Aut(Q2) can be realized as SU, (C) which acts transitively on )

by the fractional linear transformation

a b
2= (az+b)(cz +d)”"

c d

The associated Jordan triple product on My, «,(C) is given by
* 1 * *
{za*w} = E(za w + waz)
the Bergman endomorphism is B(a,b)z = (I — ab*)z(I — ba*), and the quasi-inverse of z
with respect to € is 2¢ = (I — z€*)"1z. Therefore, the Jordan triple determinant is given by
A(2,€) = Det(I - =¢")

6



2.1.1. Joint Peirce Decomposition

Let Z be an irreducible Jordan triple with an associated irreducible bounded sym-
metric domain Q. An element ¢ € Z is called tripotent if {cc*c} = c. Let a,b € Z, if
{aa*b} = 0 then a,b are called orthogonal. A non zero tripotent b is called primitive if
it can’t be written as a sum of two orthogonal tripotents. A frame of Z is a maximal set

of orthogonal primitive tripotents. The cardinality of a frame is called the rank of Z. Let

Ok + 5jk

e1,...,e, be a frame of Z. Set Z;; :={z € Z : {eyejz} = 5

z where 1 < k <r}, then
we have the joint Peirce decomposition

®
Z= Y Z

0<i<j<r
Define the numbers a := dim(Z;;) for 1 < i < j < r,and b := dim(Z,,) for

1 < j <r, the numbers a,b are called the characteristic multipliers of Z. The dimension of
Z is given by

a

n:T+§T(T‘—1)+Tb
and the genus of Z is
p:=2+4+r(a—1)+b

Example 2.1.3 Let Z be the space of m x m matrices over the complex numbers C. A
frame of Z is given by he matrices e; where the (i,1)-th entry is 1, and zero elsewhere. The

characteristic multipliers of Z are a = 2,b =0, and the genus of Z isp =2+ m.



2.2. Weighted Bergman Space
Let Z be an irreducible Jordan triple of dimension n and rank r with an associated

symmetric domain €. The volume of 2 is

o D+ (k=13

W‘”/dvz =
o e T +24 (r+k—2)5)

VS

n

Ca(p — ;)

La(p)

where
Ta(y) = (2m)")/2, HF(?/ - g(j —1))

for y > %(r —1).

The space L?(Q, dug) is equipped with the inner product

(f.9)a = /ng(@dun

where duq is the probability measure

Definition 2.2.1 The Bergman space on ) is the subspace of L*(2) consisting of holo-
morphic function

H*(Q) :={f € L*(Q) : fis holomorphic}

The Bergman space is a closed subspace of L*(€2), and the orthogonal projection

Po: L*(w) = H?*(w)



is called the Bergman projection. Since the Bergman space is a closed subspace of L*(),
then H?(Q) is also a Hilbert space. Moreover, it’s a reproducing kernel Hilbert space with
kernel

K(z,w) = A(z,w)™?

where A(z,w) is the Jordan triple determinant, and p is the genus. The kernel is invariant

under Aut()) in the sense that
K(z,w) = Det () K(g(2), g(w)) . Det g'(w)

for all ¢ € Awt(2). This allows us to define a measure on €2 that is invariant under the
action of Aut()

du(z) = Az, z) Pdu(2)

The function A(z,2)*7? is integrable for all A > p — 1, and

Therefore,

defines a probability measure on ().
Define the Hilbert space L3(Q) := L*(€,du,), the weighted Bergman space H3(2)
of weight A > p — 1 is defined as the subspace of holomorphic functions in L3(f2). The

space H2(2) is a reproducing kernel Hilbert space with kernel

K\(z,w) = A(z,w)™



Example 2.2.1 Consider the unit disk Q2 in C. We have n=r=1, b=0, a=2, and p=2.
The Jordan triple determinant is A(z,w) = 1 — zw. For A\ > 1 The kernel of the weighted

Bergman space is

Kx(z,w) = (1 — zw)™*

where A = 2 corresponds to the unweighted Bergman space, and A\ = 1 corresponds to

Hardy space on the unit disk with kernel (Szego kernel)
K(z,w) = (1 —zw)™*

2.2.1. Sobolev Spaces
Let s be a real number. The Sobolev space W*(R") is the space of generalized func-

tions u whose Fourier transform u(€) is locally integrable, and such that

ulle= Rnlﬂ(fﬂz(l + [€]%)*/2dg < oo (2.2.1)

The Fourier transform of the space W* will be denoted by Ws. The spaces W*, and

W are Hilbert spaces with norm

< Uy >= / HETE(1 + |€[2)/2de. (2.2.2)

If we take s=0, then space Ws is the space L*(R™). By Plancherel’s theorem we
have W0 = F-1IW0 = L*(R™). If s = m where m is positive integer, then the space
W™(R™) consists of square integrable functions u(x) whose generalized derivatives D*u(x)
are also square integrable for 1 < |k|< m. In this case the norm (2.2.1) is equivalent to the

norm

JulP= 3" / DFu(a) Pl = Y ﬁ / kaa(aﬁdg (2.2.3)

|k|<m k| <m

10



Let €2 be a bounded domain in R™ with smooth boundary. For s > 0 the Sobolev

space W*(Q) is defined by

W2 (Q) :={f: Q — R where f has an extension Lf ontoR" suchthat f € W*(R")}

The norm on W*(2) is defined by ||u||, = inf||Lf||, , where the infimum is taken over all
the extensions Lf. The space W~%(2) is defined as the dual space of W*(Q2) [8].
2.3. Representation Theory

Representation theory studies algebraic structures by representing their elements
as linear transformations over a vector space. This field of mathematics emerged after an
observation of Dedekind, he noticed that if we have a finite group and we replaced each
entry in the multiplication table then the determinant of the resulting matrix factors into
a product of irreducible polynomials each one occurs with multiplicity equal to it’s of de-
gree [9].

A unitary representation of a group G is a group homomorphism 7 into the group
of unitary operators on a Hilbert space H, such that the map g — m(g)z is continuous for
every x € H,. Unitary representations usually arises when the group G acts on a locally

compact Hausdorff space €. If G acts on €2, then GG acts on the functions defined on Q by

m(9)f(x) = f(g~'x)

and this action can be modified to obtain a unitary representation of the group G. For

example, if the space () admits a G—invariant Radon measure u, then the representation

m(g9)f(z) = f(g~"x)

11



is a unitary representation on L*(€2,du). If we consider the more general case where ) ad-

mits a Radon measure g such that

du(gz) = ¢(g, z)dp(x) (2.3.1)

where ¢ is a positive continuous function that satisfy the cocycle relation

o(ry, p) = o(x,yp).»(y, p)

Then the representation

w(9)f () = (9,9~ a) " f (g™ )
is a unitary representation on L*(€2,du). A Radon measure that satisfy 2.3.1 is called a
strongly quasi-invariant measure [10].

We can consider representations of the group G on L?*(G) by allowing G to acts
on itself. If G acts on itself by left translation then, we get the left regular representation
7(9)f(z) = f(g~'x), and the right regular representation is defined by 7(g)f(z) = f(zg).
The right regular representation is usually used when we have an object G whose elements
need not have inverses.

Let 7 be a representation of a group GG on a Hilbert space H,, a subspace M of H,
is called invariant subspace for 7 if m(g)M C M. The representation 7 is called irreducible
if it doesn’t have non-trivial invariant subspaces. Let u € H,, the closed linear span M of
{m(g)u : g € G} in H, is called the cyclic subspace generated by w. If the M = H,, then
u is called cyclic vector for m. The representation 7 is called cyclic representation if it has
cyclic vector [10]. Zorn’s lemma can be used to show that every unitary representation can
be decomposed into a direct sum of cyclic representations.

12



Theorem 2.3.1 (Schur’s Lemma) Let 7 be a unitary representation of a group G, and
C(m) be the space of bounded operators on H, that intertwine with w. The representation m
is irreducible if and only if C(m) consists only of scalar multiples of the identity.

Let 7 be a unitary representation of a group G on a separable Hilbert space H. Let
R(m) be the smallest weakly closed algebra of bounded linear operators that contains 7(g)
for every g € G. The representation 7 is called primary if the center of R(m) consists only
of scalar operators. If every primary representation of a group GG decomposes as a direct
sum of the same irreducible representation, then the group G is said to be of Type I [11].
2.3.1. Induced Representations

Suppose we have a locally compact group G, and a closed subgroup H C G. If we
have a unitary representations of H, then we can use it to construct a unitary representa-
tion for the group G, the new representation can be considered as an extension of the rep-
resentation of H. The process of constructing new representations of G' out of representa-
tions of it’s closed subgroup is very important tool for providing irreducible representation.
The induced representations are the unitary representation of G that are coming from the
action of the group G on sections of homogeneous vector bundles on G/H [10].

Let ¢ : G — G/H be the quotient map, and assume ¢ is a unitary representation
of the subgroup H on the Hilbert space H,. Let C(G,H,) be the space of all continuous

functions from G to H,. Define the space

Fo:={f € C(G,H,) : q(supp f) is compact and f(zh) = o(h™)f(z) forz € G,h € H}

Proposition 2.3.1 [10] If o« : G — H, is continuous with compact support then the

13



function
falz) = / o(v)a(zv)dy
H
belongs to the space Fy and is left uniformly continuous on G. Moreover, every element of
Fo is of the form fo for some a € C.(G,H,).

Let < u,v >, denote the inner product on the Hilbert space H,. The group G acts
on the space Fy by left translation f — L,f. Assume there is an invariant measure [ on
G/H wunder the left translation action. Since the representation o is a unitary representa-
tion of the subgroup H, then for f(x) and g(x) in Fy, the inner product < f(x),g(z) >,
depends on the coset q(x) of x. So the inner product defines an integrable function on

C.(G/H), this make it possible to define an inner product on Fy

< fig>= /G =0 > dptar

Let F be the Hilbert space completion of Fy, then the left translation operators L,
extends to a unitary operators on F, so we have a continuous map x +— L.f from G to
F for each f € Fy. So, they define a unitary representation of G. This representation
is denoted by Ind% (o), and is called the representation induced by o [10]. The construc-
tion of the induced representation relies on the assumption that G/H admits an invari-
ant measure. There are two ways to construct the induced representation when G/H does
not have an invariant measure. The first method is to replace the measure p with a quasi-
invariant measure on F, and change the action of the group G to make it unitary. The
second method requires modifying the space Fo and the advantage in this case is that the
mduced representation does not depend on the quasi-invariant measure.

Geometrically, the space Fy can be viewed as the space of compactly supported con-

14



tinuous sections of a vector bundle over G/H, and the induced representations Ind% (o) as
the representations of G on sections of homogeneous Hermitian vector bundles over G/H,

for further details we refer to [10].

15



Chapter 3. Analytic Continuation of Toeplitz Operators
3.1. Introduction

The weighted Bergman space of weight a@ > —1 on the unit ball B" is defined as
A2(B") = {f € L*(B",du,) : f is holomorphic on B"}

where

MNa+n+1)

1—|z|*)*d
Tt 1) ()

dpa(z) =

A holomorphic function f(z) = >, /37’ on the unit ball B" belongs to the weighted

Bergman space A2(B") if and only if

2jfa+n+1)
I = U5 f ia g n e

MNa+n+1)

the factor
L'(|jl[+a+n+1)

remains positive even when o« > —n — 1. This was the motiva-

tion to extend the space A2 to include the weights a > —n — 1, by setting
A2(B"™) := {f holomorphic on B" :||f||, < oo}

We will see later that this definition can be extended further to include all real numbers
except possibly a discrete set, where the discrete set arises from the poles of the Gamma
function.
3.2. Toeplitz Operators and Pseudo-differential Operators

Pseudo-differential operators were used [7] to show that weighted Bergman spaces
can be realized as holomorphic Sobolev spaces of certain order, this new realization made
it possible to define weighted Bergman spaces H3(2) almost everywhere on R. In this sec-

tion we will describe how Toeplitz operators were defined using pseudo-differential opera-

16



tors, and how this gives us a new realization of Bergman spaces on bounded strictly pseu-
doconvex domains (2.
Definition 3.2.1 [13] Suppose Q C C" is open, u € C?(Q), and z € Q. The Levi form of

u at z is the quadratic form

n 2
w +— Lev(u)(z;w) = af—auz_
=1 jU~k

J

ij_k

Definition 3.2.2 [13] A bounded domain 2 is strictly pseudoconvez if there ezists a
neighbourhood V' of bd(Q) and a function r € C*(V') with the following properties:

1. ANV ={z€V:r(v) <0}
2. dr(z) #0 for every z € V

3. Lev(r)(y,w) > 0 for every y € bd(2) and every nonzero w in the complex tangent
space to the boundary at w

The Hardy space H?(0) consists of L?(99) functions that have holomorphic Pois-

son extension in 2. The Poisson extension operator K is defined as
K : C®(0Q) — C>*(Q), AKu =0 on €, and Ku|so=u
Another useful operator is the operator that restricts the values to the boundary of €2
v O (Q) — C™(09)
YU = uloo

The Poisson extension operator acts as a bounded operator from the Sobolev space
W*(9) onto the subspace of harmonic function W;/%(Q) ¢ W*+/2(Q), and from

W, (052) onto W,f;;l/ ?(€), where W5, (€) is the subspace of holomorphic functions in

Ws(£2). The operator v acts as a bounded operator from W3, (Q) onto W*~1/2(9Q),

17



and from W ,(£2) onto W,f;ll/ ?(8Q). Therefore, the space W;,,(Q) is isomorphic to
W 2(00), and W, (Q) is isomorphic to W/2(5€).

Let m € (—o0,00). The Hérmander class of symbols of order m is denoted by S™
and it is defined as the set of all functions o(z, ) in C*°(R™ x R™) such that for any two

multi-indices « and [, there exists a positive constant C,, g such that
(Dg Do) (,€)|< Cap(1+ €))7

the pseudo-differential operator T, associated to a symbol ¢ is defined by

(T,0)(x) = (2m) "2 / oz, €)p(€).da

Definition 3.2.3 [2/ Let A be a pseudo-differential operator of order m, and symbol p.

If the total symbol p(x, &) has an asymptotic expansion p(x,§) ~ me_j (x,&), then the

§=0
operator A is called classical pseudo-differential operator. Where the asymptotic expansion
o0 k—1
p(z,&) ~ me_j(x,g) means p(x, &) — me_j(x,f) belongs to the Hormander class
5=0 §=0

Stem=k for each k.

Let U™ denote the space of all WDO of order m. If A € U™, then A maps
W, (082) into W ™ (9Q) for any s € R. Let Ha be the completion of C*°(99) with
respect to the norm ||ul’, :=< Au,u >pg. Then Hy = W= (9Q) as sets with equivalent
norms [2].

Let A be a pseudo-differential operator of order m, the generalized Toeplitz opera-

tor Ty : WEE™(9Q) — H?(99) is defined as T4 = ITA where
I 12(99) — H*(99)

is the orthogonal projection.
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If the order m is non zero real number number, then A" is also a pseudo-differential

operator of order mr. Let Hr, be the completion of Cye,(0€2) with respect to the norm
||9U||2TA =< Taz,x >p0

then Hy, = W:;l/ 2(89) with equivalent norms . The Poisson extension operator K acts

from W ,(0€2) into W;:;lﬂ(Q). Therefore, KW:ZZ/Q(aQ) = W}EZ‘H)/Q(Q).
Let p be a function on the bounded strictly pseudoconvex domain 2 such that: p €

C>®(Q), p>0o0nQ, and p=0,Vp # 0 on 9. For a > —1 define the space
A% ={f € L*(Q,ca,pp™dz) : [ is holomorphic on Q}

where ¢, , = ( fQ p“dz)~1. We will show that this reproducing kernel Hilbert space coincide

with a certain Sobolev space. Let a > —1, and consider f = Ku € C%,(Q).
17 = [ 1Podz =< oF,f o
=< pKu, Ku > =< K" p*Ku, u >yq
= < Tk pag U, U >
The operator K*p®K is a pseudo-differential operator of order —(« + 1). Therefore,
A2, = KW (00) = W)

this equality says the space Ai, , does not depend on p.
Theorem 3.2.1 [7]

For a > —1 the function

C(a) ::/Qpa(z)dz

extends to a holomorphic function on C —{—1,-2,-3,...}.
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For a« € R — {—1,—2,—-3,...}, define the space
ALy =Wyt ()

with norm

2 2
Hf”a#mp = Z ||afoa+2m,p

lv|<n
. .. . a+1 . L 9 .
where m is nonnegative integer with m > — . The function f is in the space A7 , if
and only if 0" f € A2 ,,, , for all multi-indices v with [v|< m.An equivalent norm on A? ,

is

2

1120 = 3| P21
=0

a+2m,p

where

n

D:=> (9;0)9;

j=1

For a > —1, and ¢ € L*(9) the Toeplitz operator qua’p) is defined by
(a.p) . g2 2
T¢ : Aa, p Aa’ p

T, f = Pa(o f)

where P, : L7 , — AZ  is the orthogonal projection. The analytic continuation of Td()a’p ) is
defined as follows.

Definition 3.2.4 ([7]) Let p be a positively signed defining function for Q, ¢ € L¥(Q),

ap+1
ap € R, and m non negative integer such that m > — 0+

. Assume for each f €

C2o,(Q), and z € Q, the integral



can be analytically continued from o > —1 as a holomorphic function in o to some neigh-
borhood of oy, the function Fy ,  belongs to Aio#, and the operator T' = f 1— Fy
extends to a bounded operator on Aio#. Then we say the Toeplitz operator quo’ao’p) exists,

and we set Td()o’ao’p) =1T.

Let Z, :={a € C—{-1,-2,-3,..} : Cy(a) = 0}. For k =0,1,2,... let BC*(Q2) be

the subspace of functions in C*(€) with derivatives less than or equal to k are bounded.
BC*(B") := {f € C¥(Q) : 0V0rf € L™(Q) for every |v|+|u|< k}

The following theorem shows that the existence of the analytic continuation of
Toeplitz operators is guaranteed when the symbol ¢ is in BC*(Q).
Theorem 3.2.2 ([7]) Let k > 0 be an integer. If ¢ € BC*(Q), then T(z()a’p) exists for all
a€(—k—1,00)—(Z,U{-2,-3,—4,...}).
Theorem 3.2.3 ([7]) If ¢ € L>®(Q2) has a compact support on 2, then qua’p) exists and

unique for allo € R — Z,,
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Chapter 4. (*-algebra Generated by Toeplitz Operators

In this chapter we will construct commuting families of C*—algebras. Representa-
tion theory can be used to find commuting families of C*—algebras generated by Toeplitz
operators, it has been shown that certain multiplicity free representations corresponds to
commuting families of Toeplitz operators with symbols admitting an invariant property.
In particular, if H C G is a compact subgroup then 7,|y is multiplicity free if and only if
the family of Toeplitz operators over A2(B") with H-invariant symbols is commutative [4,
Theorem 6.4].
4.1. Reproducing Kernel of A;, ,(B")

The reproducing kernel of the weighted Bergman space A%(B") when o > —1 is
given by

Ko(z,w) = (1 — zap)~ @t HD)

The authors [3] showed that the same formula gives the reproducing kernel when the we
consider the weight o > —n —1. I will use the symbol K, 4 for the kernel of Ai’ 4(B"), and
K, for the kernel of the space A2(B").

We will follow [3] in defining a norm on A2 ,,(B"). In particular, define the operator

QI

Then Nz" = |r|z" for all multi-indices 7. Choose a non-negative integer m such that m >

a+1

. A function f is in AZ ,(B") if and only if 0"f € A2, . (B") for all multi-indices v
with |[v|< m [2]. Therefore, a function f is in A2 ,(B") if and only if N*f € A2, (B") for

all k with 0 <k <m.
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Define the operators

N N
A= (] (1
( +oz—|—n+1—i—m) ( +a—|—n—|—1—|—2m—1)
N N
B=(UI+——)...(]
( +oz+n+1) ( +oz+n+1+m—1)

The inner product on A2 ,(B") is defined by
< f,9>ar=<Af,Bg >atom

where the inner product < Af, Bg >,12m is taken over the usual weighted Bergman space
A2 5, (B") [3]. The functions {2"} forms an orthogonal basis for the space A2 ,(B"), and

direct calculations show that

T 1
P PO L GRS

4.1.1
"T(a+n+14]r|) ( )

where 9, ; = 1 when r = s, and zero otherwise.

The kernel of the weighted Bergman space A2, (B"), is given by
Kesom(z,w) = (1 — 2.70)(tnt1+2m)
Let f € A2 4(B"), we have
< f,(AB) 'Kyiom >as=< Af, B(AB) ' Ko iom >atom=< Af, A7 Ko tom >atom

=< fa AA_lKa-‘r?m >atom=—< f> Ka+2m >a4om= f(Z)

Therefore, the kernel of A2 ,(B") is

Ko (2,0) = (AB) "Korgm)(w) = (1 - 2.0) !

where the last equality holds because for any non-zero s we have

(I + g)(l —zw) = (1- Zw)—(s-&-l)
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This proves the following proposition.
Proposition 4.1.1 [3] For a > —n — 1, the reproducing kernel of the space Ai’#(B”) is
given by

Koy(z,w) = (1 — zav) "1

4.2. Toeplitz Operators on B"

Let I, be the diagonal matrix I, ; := diag(1,1,...,—1). The map
< Spp CME X CM 5 €, < zyw >0 = w2

is a Hermitian form. The group U(n, 1) is the subgroup of Gl(n + 1,C) that preserves the
Hermitian form

< Az, Bw >, 1=< z,w >y

for all matrices A, B € Gl(n + 1,C). The group SU(n, 1) is the subgroup of U(n, 1) con-
sisting of matrices with determinant one. The group SU(n, 1) acts transitively on the unit

ball B™ by the fractional transform

a v
2= (az+v)(w'z +d)™*
w' d

where a € M, (C), d € C, and v, w € C".

Toeplitz operators on A% (B") are given by
a) . A2 n 2 n
T : A%(B™) — AZ(B)

TE(f) = Palf )

where P, is the Bergman projection, and ¢ € L>(B").
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The proof of the following lemma can be found in [4].
Lemma 4.2.1 Let L(A2%(B"™)) be the space of bounded linear operators on A%(B"™). For

every a > —1, the map
L* — L(AL(B"))
Qr— Téa)
18 1njective.

Let m : H — H be a unitary representation of a Lie group H. we will use the no-
tation Endy(H) as in [4] to denote the space of bounded operators that intertwine with
the representation m. Multiplicity free representations are important in constructing com-
muting families of Toeplitz operators. If the Lie group H is of type I domain, then the

representation 7 is multiplicity free if and only if Endy(H) is commutative [12].

Let a > —1, the representation

Ta(9)(F)(2) = jalg™" 2) f(g7"2)
is the holomorphic discrete series representation of SU(n,1) on A%(B"). Where

Jo : SU(n,1) x B" — C

Ja 2| = (e +d)y~ !

We lift the map j, to SU(n,1) x B" to make it well defined for non integer values of a.

Where SU(n, 1) is the universal covering of SU(n,1).

For ¢ € L>°(B") and h € SU(n, 1), let ¢n(2) := p(h~'2). It was shown in [4] that
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for @« > —1 we have

Tal(g) o TH = T o ma(g)

P

Let H be a subgroup of SU(n, 1), we say ¢ is H-invariant if ¢,,(z) = ¢(z) for every
h € H, and for a.e z € B". The following result says that, for a compact subgroup H,
the space of Toeplitz operators with H-invariant symbols is dense in the space of operators
that intertwine with the representation .
Theorem 4.2.1 ([4]) Let H be a compact subgroup of G. The space T (L>*(B")") of
Toeplitz operators on A%(B™) with H- invariant symbols is dense in Endz(AZ(B")) of H-
intertwining operators on A%(B") under the strong operator topology.

The following result characterize the commutativity of Toeplitz operators in terms

of multiplicity free representations.

—_—

Theorem 4.2.2 ([4]) Let H be a closed subgroup of SU(n,1). And L”(B")ﬁ be the set of
H- invariant symbols.

I- If for « > —1 the algebra of bounded ﬁ—intertwining operators for my|z is com-
mutative, then the C*-algebra generated by Toeplitz operators with H- invariant symbols is
commutative.

1I- Ifﬁ] 15 compact, then the C*-algebra generated by Toeplitz operators with H-
invariant symbols is commutative if and only if ma|5 is multiplicity free.

4.3. Representation of SU(n,1) on A2 ,(B")
In this section we will construct commuting families of C*—algebras, these families

are generated by the analytic continuation of Toeplitz operators. In particular, we will ex-

tend [5, Theorem 2] to include the case @ > —n — 1. Moreover, we will prove a nice density
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theorem for the C*—algebra generated by the analytic continuation of Toeplitz operators
with symbols satisfying an invariant property.
Let G = SU(n, 1), and H be a subgroup of G. For & > —1, we consider the repre-

P

sentation of SU(n,1) on A%(B"), defined by

The map j, satisfy the cocycle relation

joc(gh7 Z) = ja(gv h'z>ja(ha Z)

On the space AZ ,(B"), the representation

is unitary. We only need to see the action on the kernel to show the unitarity of the repre-
sentation. We will use the notation Ky, (2) := Ko 4(z,w).
The transformation rule of the Bergman kernel [18] says that; If U : B" — B" is

bi-holomorphic mapping, then
K(z,w) = Det¥(2) K(¥(z), ¥(w))Det¥ (w)

where W(2) is the complex derivative.
When we consider the action of the group SU(n, 1) on B", the transformation rule

read as

ja(Q; Z)Ka,#(gzv gw)ja(ga w) = Ka,#(zﬂ w)
If we apply the representation 7, on K;ﬁ#(z), then we get

Ta(9) By 4(2) = jalg ™", 2) K3 4 (97" 2) (4.3.1)

27



and we have

ja(ga Z)Koli#(gz) :ja(g7 Z)Ka,#(gz7 U))
=Ja(9:2) Ja(9, 7 W) Ko (92, 9(97'0)) jalg, g7 1w) L
:ja(g7 g_lw)_l Koc,#(z7 g_lw)

—1

=Jalg~" w) K3 4" (2)

where j,(g, g7 'w)™! = j,(¢7', w) follows from the cocycle relation of j,. Therefore, the

representation in equation 4.3.1 becomes
7Toc(g) olﬁ#(z) = ja(g_la Z) 2}7#(9—12) = ja(ga w)ng;&(Z)
The reproducing kernel has the property K, 4(z,w) =< K}, K7 , >. Therefore,

< o Ky, T Koi# >= < ja(g,w)Kif‘;ﬁ,ja(Q,Z)Ki,z# >

=Jalgw) < K7y, K37y > jal(g,2)
:ja<g7z) jOl(gaw)KOé,#(gZ?gw)

=< KZQ#,KQ# >

this shows that the representation 7, is unitary.

When working in the space A2 ,(B") we choose a non-negative integer m such that

a+1

m > — . The space AZ ,(B") is independent of the integer m when o > —n — 1,
because the inner product on the monomials

rINa+n+1)
Fa+n+1+]r])

<22 >ap= O
and the kernel

Koy(z,w) = (1 — zav) !
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are both independent of m. The problem when considering the case & < —n — 1 is that
the space Ai’ #(IB%”) depends on the integer m, and we lose the unitarity of the representa-

tion m,. So, we will focus on the analytic continuation case where a« > —n — 1. Moreover,

Odo—l—l

if 9 > —n — 1, and m be a non negative integer such that m > — . The analytic
continuation of the Toeplitz operator T was denoted by 7.5, in this section we will
omit p because we can take p(z) = (1 — |2[2). In particular, T will represent the ana-
Iytic continuation of T2,

We have seen in Chapter 3, if ¢ € BC™(B"), then T exists for all & € (—n —
1,00) — (Z,U{-2,-3,—4,...}). From now on, when we write « > —n — 1, we will also
mean that we are excluding the points in Z, U {-2,-3,—4,...}.

Proposition 4.3.1 Let L(A2 ,(B")) be the space of bounded linear operators on the

weighted Bergman space Ai,#(B"). For every a > —n — 1, the map

BC"(B") — £(A§7#(IBB"))

Q11— Téo’a)

18 1njective.
Proof: For a > —n — 1, take @1, g2 € BC"(B"™) such that Té‘i’“) = Té,‘;""). The

restriction of o on (—1,00) implies Té?) = Té‘;), and 1 = @9 follows from Lemma 4.2.1.

The connection between representation theory and the commutativity of Toeplitz
operators was presented in [4]. The following proposition is the cornerstone in finding com-
muting families of Toeplitz operators using representation theory. In particular, we need

the Toeplitz operators to commute with the representation m,, and this can be done by
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restricting the representation 7, to suitable subgroup of SU(n,1).

Let ¢ € BC"(B") and h € SU(n, 1), define p,(z) := o(h™'z). The proof of the
following proposition follows from [4] in the case where o« > —1, and the uniqueness of the
analytic continuation for the case o > —n — 1.

Proposition 4.3.2 For every Toeplitz operator ngo’a) we have

Ta(g) o TF = T 0 ma(g)

—_—

Corollary 4.3.1 Let H be a subgroup of SU(n,1). The symbol ¢ is H-invariant if and
only if TS intertwine with o) 5 .

Multiplicity free representations corresponds to commuting families of Toeplitz op-
erators, we will show this also remains true when we consider the analytic continuation
case. Let H be a Lie group of type I, and 7 : H — L(H) be a unitary representation of H
on a Hilbert space H. The representation m admits a unique direct integral decomposition
(up to unitary equivalence)

@
T~ /A M (T)Tdp(7)
H
where H is the set of equivalence classes of irreducible unitary representation of H, p is a
Borel measure on H, and m, : H — N U {oo} is the multiplicity function [12]. A unitary
representation 7 is called multiplicity free if m,(7) < 1 for almost all 7 € H.
Let Endy(H) be the set of operators that intertwine with the representation 7, the

ring Endy(H) is commutative if and only if the representation 7 is multiplicity free [12].

Let H be a subgroup of SU(n, 1), and BC’”(IB%”)E’ be the set of symbols in BC™(B") that
are H-invariant. Also, we will use T(O’O‘)(BC”(IB%”)ﬁ ) to denote the C*-algebra generated
by Toeplitz operators on the Hilbert space Ai,# (B™).
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Lemma 4.3.1 ([7]) Let Q be a domain in C* and F(x,y) be analytic on 2 x Q such that
F(x,2) =0 on Q. Then F is identically zero on € x Q.

The following lemma appeared in the proof of Theorem 2 in [7]. We will need it to
show that the space of generalized Toeplitz operators with H—invariant symbols is dense
in Endg(AZ ,(B")).

Lemma 4.3.2 Let W be a finite dimensional subspace of Aiy#(]B%”) of dimension qr. As-

sume W has basis {f1, ..., fg, 91, s gr }- If u € CT*" is such that

I
i
for every p € BC™(B"), then u = 0.

Proof: Suppose we have u € CT*" such that

E E <nga)fi,gj>u_ij:0
jooi
for every ¢. Then

/Q #(2) 2 DT i(2)9;(2).dpu(z) = 0

J

for all p € BC™(B"). Therefore, we have

> 2 T fi(2)g5(2) = 0 (4.3.2)

almost everywhere on 2. Since the left hand side of equation 4.3.2 is continuous, then the

equation holds everywhere on €). Define the function

F(x,y) = Z Z Ui fi(2)g;(Y)

then F(z,2) = 0 on Q. Therefore, the function F is zero on Q x Q0. Since the functions f!s
and g;s are linearly independent, then u;; =0 for every i, j.
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The C*- algebra 7@ (BC™(B")"), Toeplitz operators with H- invariant symbols,
is dense in End ﬁ(Ai#(]B%”)) under the strong operator topology, the following proposition
shows that this density result still holds for the analytic continuation of Toeplitz operators
with H- invariant symbols, the proof is close to the proof of [7, Theorem 2]. If F'(a, ) is a
function that depends on «, then we will use the notation An,,(F') to denote the analytic
continuation of the function F' to a neighborhood of «y.
Proposition 4.3.3 Let H be a compact subgroup of SU(n,1). For every a > —n — 1, the
space T(O’O‘)(BC”(B")E) is dense in Endg(A?2 ,(B")) the space of H -intertwining opera-
tors on AZ,;&@”) under the strong operator topology.

Proof: Since H is compact, then Ai#(B") decomposes into an orthogonal finite di-
mensional H—invariant subspaces. Let ag > —n — 1 and W be a H—invariant finite di-
mensional subspace of Aiov#(B”) with basis f1,..., f4, 91, ..., gr. Let T' be a bounded operator

on A2 ,(B"), we will show that there exists ¢ € BC™(B") such that
< szvgj > =< Té:a())flagj >

Define the operator
R: BC"(B") —» C¥"
(RQO)Z] =< T;O“O)fi,gj >

which can be written as

(Rp)ij = Anao(< TS fi, g5 >)
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Suppose u € CT*" s orthogonal to the image of the operator R, that s

ZZ < ngao)fi,gj >U_ij: 0
7 7

for every ¢ € BC™(B"). So, we have

Anao(z Z < Téa)fi,gj > U_U) =0

J

which implies

ZZ<Téa)fi,gj>u_,~j:0

J K3

Therefore, by Lemma 4.3.2 we have u;j = 0. Which means that the image of R is CI*".

Since W was an arbitrary finite dimensional H—invariant subspace, then
T(O’a)(BC”(B”)ﬁ) is dense in Endg (A2 ,(B")) in the weak operator topology. Moreover,
the space T(O’“)(BC”(B")ﬁ) is a convex subspace. Therefore, the space T(O’O‘)(BC’”(IB%”)ﬁ)
is dense in Endﬁ(Ai#(B”)) in the strong operator topology.

O

One of our main goals is to establish a connection between the commutativity of a
subspace of generalized Toeplitz operators and multiplicity free representations. First, we
need the following Lemma. The proof can be found in [4, Lemma 6.3].
Lemma 4.3.3 Suppose that V is a linear subspace of the space L(H) of bounded linear
operators on a Hilbert space H. If V' consists of operators that commutes, then the closure
of V' in the strong operator topology also consists of operators that commutes.
Theorem 4.3.1 Let a > —n — 1.

1) If Endg (A% ,(B")) is commutative, then T(O‘)(BC”(IB%”)E[) is a commutative C*-

algebra.
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2) If H is compact, then T(O‘)(BC”(B”)E') is a commutative if and only if wo|5 is
multiplicity free.

Proof:

(1) Using proposition 4.3.2 we have every Toeplitz operator with H -invariant symbol
commute with the representation 7. Therefore T (BC™(B")H) Endg (A2 ,(B")), and
the commutativity of Endg (A2 _,(B")) implies T(a)(BC’”(]B%”)ﬁ) is also commutative.

(2) If the C*—algebra T(a)(BC’"(IB%”)ﬁ) is commutative, then by proposition 4.3.3
and lemma 4.3.3, we have the space Endﬁ(Ai’#(IB%”)) is commutative. Therefore, the rep-

resentation m,|g is multiplicity free. Conversely, if the representation 4|5 is multiplicity

free, then Endy (A2 ,(B")) is commutative, and the commutativity of T@(BC™(B™)H) fol-

lows from (1).

4.4. Representation of U(n) on A2 ,(B")
We will need this section when we discuss the spectrum of Toeplitz operators with
symbols invariant under U(n) and T". This will be done in chapter 5.

The group U(n) acts on the unit ball B" by
U(n) x B" — B"

(9,2) = g.2
this action induces an action on the space Ai’#(IB%”). In particular, we have a unitary rep-

resentation

To 1 U(n) x A2 ,(B") — A2 ,(B")

Ta(9)f(2) = f(g™'2)
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Let ¢ € BC™(B") and h € U(n), define pp(z) := ¢(hz). The following proposition
characterizes the Toeplitz operators that intertwine with the representation m,. The proof
follows from proposition 4.3.2 by only restricting to the subgroup U(n).

Proposition 4.4.1 If a > —n — 1, then we have

Ta(h) o T = T o 7 ()

® ®n

for all ¢ € BC™(B"™), and h € U(n).
Corollary 4.4.1 Let H be a closed subgroup of U(n). If ¢ € BC™(B"™) is H— invariant,

then

for all h € U(n).
Let T™ be the subgroup of U(n) consisting of diagonal matrices. The subgroup T"

acts on B" by (t, z) + tz, and the representation on A? ,(B") is also given by
o : T" x A2 ,(B") — A2 _,(B")

Ta(9)f(2) = f(g™'2)

which is a unitary representation. The algebra P(C™) of polynomial functions on C" is
dense in A2 ,(B"). Moreover, P(C") is U(n)—invariant, which allows us to decompose the
space A2 ,(B") into a direct sum of Hilbert spaces.

The following result was proved in [14], the proof for the analytic continuation case
, where o > —n — 1, is the same because P(C") is T"—invariant, and dense in A2 ,(B"). It

shows that the space Ai 4(B") decompose into a direct sum of irreducible T" —modules.
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Proposition 4.4.2 The algebra P(C™) decomposes into an irreducible T™—modules

P(C") = > Cz"

meN™
where Cz* % C2° as T"—modules and Cz* 1 Cz® whenever a # b. Moreover, for every

a > —n — 1 we have

A2 LB = czm

meN™

as orthogonal Hilbert spaces.

When o > —1, the space Ai’# (B") also admits a decomposition into a direct sum
of irreducible U(n)—modules, this is a well known result and the proof can be found in
[14]. The decomposition also holds for the case & > —n — 1, because the algebra P(C") is
U(n)—invariant and dense in A7 ,(B").

Proposition 4.4.3 Let P¥(C") be the space of homogeneous polynomials of degree k, the
space P*(C") is an irreducible U(n)—module, and the decomposition of P(C") is given by

P(C") =) PHC)

keN

Moreover, if a > —n — 1, then

A 4(B") =P PHCY

keN

as orthogonal Hilbert spaces.
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Chapter 5. Spectral Representation of Toeplitz Operators

The main goal of this chapter is to diagonalize Toeplitz operators with symbols in-
variant under a subgroup of the group of all biholomorphisms of B". We will use the nota-
tion A3(B"™) to denote the weighted Bergman space, and in this case A = a +n + 1. The

kernel of the reproducing Hilbert space A3(B") is given by
K\(z,w)=(1—- < z,w >)"*

Also, we will use the notation T, f,’\) to denote the Toeplitz operator for the case A > n, and
for the analytic continuation case when A > 0. In particular, when we write A > 0, we

mean A € R* — Z, where
Zy={ eR-—{n,n—-1,n-2,...} : C,(\) =0}

and
C(N) ::/ (1 —|z*) " tdz
these values of A\ ensures the existence of the Toeplitz operators.

On the unit ball B”, the Segal-Bargman transform was used to derive a formula for
the spectrum of the Toeplitz operators, which was given as an integral formula in terms of
the symbols [15, 16]. We will extend the results in [5] to the case when the weight A > 0.
In particular, we will consider the class of symbols in BC"(B"™) that are invariant under
maximal abelian subgroups of SU(n, 1), and we will show that Toeplitz operators can be
realized as a convolution operator. Moreover, we will use the Fourier transform to find the
the spectral representation of the Toeplitz operators.

The group U(n) is not a maximal abelian subgroup of SU(n, 1), so we will adapt
another approach to describe the spectrum of Toeplitz operators with U(n)—invariant
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symbols. In particular, we will show that the work in [14] still holds in the analytic con-
tinuation case.
5.1. The Restriction Principle

Let V be a vector space and J an R-linear endomorphism such that J? = —1I, then
J is called a complex structure on V. If the a vector space V' has a complex structure J,

then we can define the complex multiplication
(a+1b).v = av + bJv

where a,b € R. In other words, equipping a vector space with a complex structure allows
us to view it as a complex vector space. An almost complex structure J on a smooth man-

ifold M is a differentiable vector bundle isomorphism
J:T(M)—T(M)

such that

Jp : Tp(M) — T, (M)

is a complex structure on T,(M), that is J> = —I for every z in the manifold M. A real

submanifold S of M is totally real if
T.SNJ.(T,S)={0} for any z €S

Let M C B" be a submanifold. If f — f]|5/ is injective on the space of holomorphic
functions, then M is called restriction injective [5]. Let H be a closed subgroup of G :=
SU(n, 1), and H be the inverse image of H in the universal covering of G. Assume that
the submanifold M = H.zy = H. 2o is restriction injective, then there exists a measure on
M that is invariant under the submanifolds H and H [5).
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Proposition 5.1.1 For A > 0, the map x» : lfIZO — C, defined by

xXa(h) = ja(h, z0) ™!

1 a unitary character satisfying

ga(hk, z9) = ja(h, zo)xa(k) ™"

forallhe H, ke H,,.
Proof: The case for X > n was proved in [5], and the case when X > 0 is almost
the same, in fact, both of the them follows from the cocycle relation. Assume X > 0, and

ki, ko € fIZO, then we have

a(kika) = x(kika, 20) ™1 = ja(k1, ko.20) " ia (K, 20) 7

since ko € ﬁZO then ko.zg = 2. Therefore

a(kika) = gx(k1, 20) " dn(k2, 20) 71 = xa (k1) xa(k2)

so the map x» is a multiplicative character. Moreover, for h € H and k € f]zO

gr(hk, z0) = ja(h, k.z0)jx(k, z0) = ja(h, z0)xa (k)™

For A > n the character y, is a representation of I—LO, so we can consider the
induced representation Indg X, we will denote the induced representation by 7,. The
0
Hilbert space for the induced representation is denoted by LiA(M ,dp) which consists of

the functions f : H — C that are square integrable with respect to the invariant measure
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w1 and they satisfy
F(kh) = xa(h)~" f (k) (5.1.1)

for all k € H and h € H.,,. Moreover, H acts by

h.f(k) = f(h""k)

which is a unitary representation, and the space M is identified with H / ﬁZO =~ H/H,.

There are five conjugacy class of maximal abelian subgroups of SU(n,1). In this
section, when we write a subgroup H of SU(n, 1) we mean a maximal abelian subgroup
that is either quasi-elliptic, quasi-parabolic or quasi-hyperbolic. We will define a differen-
tial operator N for each one of them. We will consider these subgroups in more detail in
section 5.2.

The quasi-elliptic abelian subgroup corresponds to the maximal compact torus in
SU(n, 1), and it is given by

aty
ato

_ _ a,ty,...,tn €T
E(n) = q ko = Det (kt,a)=1
atpn
a

For this subgroup we define the operator Ng,) := 0 to be the zero operator.

The Quasi-parabolic subgroup can be written as a subgroup of SU(n, 1) as:

( aty )
ato
Catn 1 at1ystn1 €T,y €R
P(n) = Prya= a(1+iy) a(ig) ;nﬂtl"l'ti*lile
2 2

\ a(fié) a(lfiﬁ) )
. 0
For this subgroup we define the operator Np(,) := ya—
Yy

The quasi-hyperbolic can be written as a subgroup of SU(n, 1) as:
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_ o .. a1, tn—1 €T,s€R
H(n) — ht,s,a - . at ) an+1t1...tn71:1
n—

a cosh s a sinh s
a sinh s a cosh s

sinh s 0
cosh s0s

For this subgroup we define the operator N, :=
Suppose n > A > 0, let m be the smallest non-negative integer such that A + 2m >

n. Let H ba a maximal abelian subgroup of SU(n, 1), define the operators:

N N
A= (I + By (1+ )
Ny Ny
Byi=(I+—"2 . g+=2
S i L S W

We define the space V) to be the space of analytic functions f : H — C such that

A\By felL? (M, dpu) and satisfy

XA+2m
f(hhy) = xa(ha) 7" f ()
for all h € H, and hy € I:Izo. Moreover, the space V), is equipped with the inner product

< fog>n=<A\B\ f,A\B\ g >p2

XA+2m

If A > n, then we take Ay = By = 1.

Define the map Dy : H — C by Dy (k) = jx(h, z), the cocycle relation of j, implies
D)\<hh1) = X)\(hl)_lD)\(h)
If we apply the operators A)B) on D), then we have

A)\B)\ D)\(h) = CD)\+2m(h) (513)

41



in the quasi-elliptic and quasi-parabolic case, where ¢ is a constant that depends on h.
Therefore, D) belongs to the space V). In fact, equation 5.1.3 does not hold for the quasi-
hyperbolic case, but we still have D) € V), even in this case, we will prove this in section
5.2.

Now, define the restriction operator Ry : A3(B™) — V), by

Rx(f)(h) = Dx(h) f|ar(h.20)

and let Sy be the closure of Ry(A%(B")) in V). The point evaluation maps are continuous
in A%(B"), it follows that R, is closed. Therefore, the operator R} : Sy — A3(B") is well-

defined and

R \f(2) = < R\f, K, >\=< f,R\K, >gs,

:ﬁ _ A\Byf(h) A)\B)\(D)\(h)K(h-ZO;Z)> dp(h)
H/Hx,

Using integration by parts, the operator R} can be written as

R = [ o 10 QAB (DA 0,2)) du

where () is a polynomial differential operator acting on h.
The following proposition shows that the restriction operator Ry intertwine the rep-

resentations (my|z, A3 (B")) and (7, Sy) where 7, is the left regular representation on S,.

Proposition 5.1.2 If f € A2(B"), and h, hy € H, then Ry(mx(h1)f)(h) = (ma(h1)Raf)(h)
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Proof:

R(ma(ha) f)(h) =Dx(h)(ma(h1) f)ar(h-20)
=Dy (h)ja(hi' hozo) f(hy th.z)
=ja(h, z0)jx(hy*, hzo) f (h o)
=ja(hi*h, z0) f(hy " h.z0)
=7a(h1) (Ga(h; 20) f (h-20))
=(ma(h1)Raf)(h)

We will need the following lemma in the next section. Following [5], for h, k € H we

define the operator

R)\(h, k) = D)\(h) QA)\B)\<D)\(]€)K)\(]€.Z(), h.Zo))
Lemma 5.1.1 Let f € S,, then
RSRS()0) = [ 06 Rah k) dlh)

Proof:

H/H.,

BNE = [ 5 QAsB(Da (. 2))

Therefore, R\R}(f) becomes

RAR}(f)(h) =Ra( / £ (k) Q AxBa(DA ) K (o2, 2))-du(k))

ﬁ/ﬁzo

_Dy(h) /H o 1) QB RR 2 0)) )

- /M f(E)Rx(h, k) dp(k)
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Since the operator R)RR} is a positive operator, then we can consider /R\R}. The
polar decomposition says that there exists a unitary isomorphism Uy : Sy — A3(B") such

that
R\ = Ux\/R\R;,

the operator U, is called the Segal-Bargmann transform. Since the operator R, intertwine
the representations m,| 7, and 7y, then U, is a unitary H -isomorphism. The above discus-
sion can be summarized in the following theorem, which shows that [5, Theorem 1] holds
for A > 0.
Theorem 5.1.1 The Segal-Bargmann transform U, : (S)UT,\> — (Ai(]B%”), 7T,\|g> is a
unitary H —1s0morphism.

If H is Type I subgroup, then the representation 7|z admits a unique direct inte-

gral decomposition ( up to a unitary equivalence)

©
M= [ e (0)odia(0)
H

where Ij' is the set of equivalence classes of irreducible unitary representation of H , [y 18 &
Borel measure on I/;\T , and mg, : ]/:\l — N U {oo} is the multiplicity function. Moreover, mul-
tiplicity free representations corresponds to commutative C*—algebras, in particular, The-
orem 4.3.1 says that If H is compact, then T(’\)(BC’”(IB%")I?) is commutative if and only if
7|z is multiplicity free. Additionally, if an operator commutes with the representation my,
then the operator also has a direct integral decomposition. Furthermore, Corollary 4.3.1
says that Toeplitz operator Tg(,’\) is an intertwining operator for m, if and only if the sym-

bol ¢ is H—invariant. Since the Segal-Bargmann transform U, commute with 7, then the

44



diagonalization of the Toeplitz operator is
@
U/’\‘TS‘)U,\ = /2 M (0)idy, din(o)
H

where my, ) : ff — C. The set (my2(0)), is the spectrum of the Toeplitz operator TN,
5.2. Maximal Abelian Subgroups of SU(n, 1)

Our main goal in this section is to describe the spectral decomposition of Toeplitz
operators with symbols that are invariant under the maximal abelian subgroups of
SU(n,1). In particular, we will apply the restriction principle to write the Toeplitz oper-
ators as a convolution operator on certain sections of line bundles. In fact, we will show
that the work in [5] can be generalized to the analytic continuation case.

There are five conjugacy classes of maximal abelian subgroups of SU(n,1). It is
easier to describe their action on an unbounded realization of the unit ball B". Let D,, be

the unbounded domain defined by
D, ={(z,2,) € C"t x C: Im(z,) — |7|*> 0}

The Cayley transform defines a biholomorphism B"” — D,,, which is given by

S Zn(z,l Zn)
with inverse
il (=22, 1+ iz,)
Moreover, if we define |
C .=
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then the group CSU(n,1)C~! realizes the group of biholomorphisms of D,,. Each maximal
abelian subgroup is conjugate to one of the following representative [17, 5] :
Quasi-elliptic: This maximal abelian subgroup corresponds to the maximal com-

pact torus in SU(n, 1), it is given by the T"—action on the unit ball
t.z = (t121, .y tnzn)

where t € T" and 2z € B™.

Quasi-parabolic: This group is isomorphic to T" ! x R, and it acts on D,, by
(t,y).(2, z0) = (t2, 20 + 7))
Quasi-hyperbolic: This group is isomorphic to T*~! x R and acts on D,, by
(t,7).(2 .20) = (1tz ,r2,)
Nilpotent: This group is isomorphic to R*! x R and acts on D,, by
(b,8).(2, 20) = (2 4 b, 2, +2i < 2',b > +5+i|b]?)

Quasi-nilpotent: This group is isomorphic to T* x R*7#~1 x R* where 1 < k <

n — 2, this group acts on D,, by
(t,b,5).(2, 2 ,20) = (t2,2 + b2, +2i < 2 ,b>+s+1i|b])

We will restrict our work to the first three classes of subgroups. In particular, when we say
a maximal abelian subgroup, we mean it is either Quasi-elliptic, Quasi-parabolic, or Quasi-
hyperbolic.

Let H be a maximal abelian subgroup of SU(n, 1), and H be the subgroup of

SU(n, 1) that covers H. The character x, : H,, — C can be lifted to H. This can be
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done by constructing a holomorphic embedding H< H /H,, x R, and x, extends to H by
defining
() = e
for all h € H/H,, and x € R. This construction will be clear when we examine each case
of the maximal abelian subgroups of SU(n, 1) in the following subsections.
Let f be in S,, and define f = fx» , we will show that the operator R\R3 can be

written as a convolution operator. In particular, we will show that
R\RLf = x-x.([ * om)
where ¢y € L'(H/H,,). Therefore, the space Sy can be realized as
Sy={f € Vn: (For ¥ € H/H,, such that () = 0) Fiyyur,, J(v) = 0}

where Fpp,, is the Fourier transform on H/H.,.
5.2.1. Quasi-elliptic
Following [5], the quasi-elliptic abelian subgroup corresponds to the maximal com-

pact torus in SU(n, 1), and it is given by

aty
ata

_ _ a,t1,....tn €T
E(n) = kto = Det(kt,q)=1
atpn
a

The subgroup in the universal covering of SU(n, 1) that corresponds to E(n) can

be identified with

P

E(n) = {(ti, ta, ... tn,x) € T x R : 2™V 1) ¢, =1}

—_~—

and the product on F(n) is then given by

(t,z1).(8,m0) = (ts, 71 + x2)
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Fix 2o = ((2n)7/2, ..., (2n)~'/2) € B". The action of E(n) on z is given by

1

n

kma.ZO = (tl, 7tn>

g

and the stabilizer of zy are given by

En),, = {kia tis=1} ={kio:a"" =1} ~Z,

E(n),, =1{(1,1,..,1 ) meLy~7

‘n+1
Let ¢ = (t,z) € E(n), then Dy(q) = e 2™, The differential operators Ay and By (5.1.2)
acts on D, as an identity map. In particular, AyBx(Dx(¢)) = Da(q). Therefore, D, € V,
for every A > 0.

Let f be in Sy, by Lemma 5.1.1 we have that the operator Ry R} is given by the

integral

RARS(f)(h) = / ABy(f (k) Ra(h, k) dpu(k)

M

where

R)\(h,, k) = D/\(h)A)\B)\(D,\(k)K)\(k’ZO, hZQ))

Let h = (t,x) and k = (s,y). Since the differential operators Ay and B, acts as the iden-

tity map, then the operator Ry (h, k) can be written as

R)\(h, k‘) = Dk(h)A)\BA(DA(k‘)K)\(k‘ZQ, hZQ))

= Dk(h)D)\(k?)K)\(k?ZO, hZO)

= D)\(h)D)\(kZ>K)\(hZO, k)ZO)

_ efzm'/\(mfy)(l— < h.zg, k.zg >)

n

_ 67271"[)\(1*1/)(1 - — Zlfi(si)fl)_A

i=1
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Furthermore, if f € Sy, then the operator RyR} becomes

n

R\R f(t,z) = / f(s,y)e 2 ilE=v) (1 — L Zti(si)fl)_’\ds

2n
RxT™ i=1

_ e—27ri($—y) (f* ng(n)) (t)

~ —_——

where f(t) = > f((t,2).20) for every (t,z) € E(n), and the map ¢p(, is given by

where t € T™. The formulas for Ry\R} and Ry(h, k) agrees exactly with work in [5] in the

quasi-elliptic case, and the Fourier transform of ¢p,) is given by

(2n) o LALI8) 1
S (B) = T Bil.B,!

; Bis >0

0 ; otherwise
where 8 = (B4, ..., B,) € Z" 1 .
5.2.2. Quasi-parabolic
The quasi-parabolic subgroup is isomorphic to T"! x R, and it acts on D,,, the

unbounded realization of the unit ball, by

(¢, y).(z/, Zn) = (tz/, Zn + 1)

where t € T" ', y € R and (2, 2,) € D,.

The Quasi-parabolic can be written as a subgroup of SU(n, 1) as:

ato
Catn 1 at1stn1 €T,y €R
Pn) = Prya = a(1+ig) a(ig) 1
2 2
a(—1— a(l—i—
\ ( 2) ( 2) )
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The group P(n) acts on the unit ball B" by

/ 2 » (24 1Y)z, + iy
Prya-(2,2n) = ( . —t2, — . )
—Yz, + 2 — 1y —iYz, +2 — 1y

Let ]g(n\/) be the subgroup of SU(n, 1) that covers P(n). This group can be identi-

fied with

—_~—

Pn)={(t,y,z): t €T Lo,y cR and Vo ¢, 1 =1}

with product

(t,y,x).(r,w,m) = (tr,y + w,x +m)

and the projection map is given by

P(n) — P(n)

(t7 y, ]I) —> pt7y7627riz

—~—

1 1
O) be in B". For each ¢ = (t,y,z) € P(n) we have

\/ n—l \/Zn—

D)\(q) — 2)\6—2m'/\a:(2 o ,L-y)—)\

Let zo = (

The operator N = y—a , and direct calculations shows that
Yy
Also, we have

‘A)\B)\(D)\<q))‘2 _ 22(A+2m)|2 Zy‘_Q A+2m)

]y\Q —(A+2m)
- (1 _>
1+

1
Therefore, D, € S, for all A > 3~ 2m.
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Let h = (t,y,z) and k = (t',y,2"). The operator Ry(h, k) can be written as

R,\(h, k) = D)\(h)Q A,\B)\<D)\(k)K,\(]€.Zo, h.Zo))

. n—1
_ o 2mile—a) iy — ) — — 2 N
. n—1
_ —27ri(m—:v/) _ 1 ) —1 NEAREA
‘ QB (1= 5~y =~ gy o))

where @, A, and B, acts on 3. Moreover, the operator ) has the form

where ¢}s are constants .
If f € Sy, then the operator RyR} becomes

/ / / ; 4 Z’ !/
R3S = [ f(t,y,z>e—2“<x-x>@AABA(a—i(y—y)

RxTn—1
n—1
> ti(ty) )dt dy’
n — 1 —

= B_QWMQ:(}V* ¢P(n))(t7 y)

where f(t,y) = e*™* f(t,y, z) and the function Gp(n) 18 given by

i 1 n—1 .
Ppmy(t,y) = QAABA<(1 ¥ =1 ;ti) >

The function ¢p(, is in L'(P(n)) for all A > 0. To prove this, first notice that

n—1 n—1 . n—1

AB((l—%y—ﬁZti)» :< n—l Ztl) <1——y— 2(n—1) Ztl)

i=1 =1 =1

(A+2m)

since \m S| < 1, then by following an argument similar to [5, p. 212] we get
n —
. n—1
1 1 —(A+2m) —(042m) /2
-ty = ti) <1 1)~ OF2m)/ 5.2.1
(-3 sp 2 < L+ (yl-1)? (5.2.1)
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Since the operator () is a polynomial differential operator, then it is enough to consider

is in L'(P(n)) for

—(A2m—+r)

r ' 1 _
9y Equation 5.2.1 implies, yr<1 — %y — m Z?:ll t;

all 0 < r < 2m. Therefore, ¢p(, is in L*(P(n)) for all A > 1 — 2m.
5.2.3. Quasi-hyperbolic

The quasi-hyperbolic subgroup is isomorphic to T"~! x R* and it acts on the un-
bounded domain D,, by

(t,r).(z/, Zp) = (TtZI,TQZn)

As a subgroup of SU(n, 1) it can be written as [5]

at1,..tn—1 €T,s€R
am ity ity 1=1

H('I’L) = ht,s,a = . atn
n_

a cosh s a sinh s

a sinh s a cosh s

and it acts on the unit ball B" by

!/

tz z, cosh s + sinh s)

ht,s,a-(zl’ Zn) - (

2, sinh s + cosh s’ z, sinh s + cosh s

—~—

The group H(1) is simply connected. So we have H(1) ~ H(1) ~ R. When n > 1, then

H(n) can be identified with

P

H(n) ={(t,s,z):t €T ! 5,0 € R : 2O opt, . =1}

with
(t,s,2).(t,s,2) =t ,s+s,2+2)
1 1
Let Z0 = ( PRERE) ,O), then we have
2(n —1) 2(n—1)
t /
Mt s.a-20 = (cosh Szo,tanh s)
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so, we have H(n).zg ~ H(n)/H(n),, ~ T" 1 x R.

—_~—

Let ¢ = (t,s,2) € H(n), then we have Dy(q) = e 2™*(cosh s) . The operator N

is defined by
sinh s 0
~ cosh s9s

Direct calculations show that
N -1 -1 -1 ~1 —(1+2)
(I + —)(cosh s)™" = (r —1)r " (cosh s)™" + {r " (cosh s)
r

and for all [ > 0, we have
/(cosh s)tds < oo
R

This with equation 5.2.2 implies
/A,\BA((cosh s) ™) ds < oo
R

Therefore, D) is in S for all A > 0.

Let h = (t,s,2) and k = (t', s, 2"). The operator Ry(h,k) can be written as

R,\(h, k) = D)\(h)Q A,\B)\<D)\(k)K,\(/€.Zo, h.Zo))

1
. ’ 1 , -2
= 6—27rz(m—:t ) QAAB)\ < COSh(Sl — S) - m Z tztz_1>

= 6727”‘(17:{)@ A,\BA<( cosh(s — ') — n;—l) Z ti(t;)il)_»

where @), A, and B, acts on s . Moreover, the operator @ has the form

o 82 - a?m
Q = a1(s) + az(s) tanh(s)% + agtanhz(s)@ + ... + agm(s)tanh®™(s) ez

and a;(s) are functions

j .
a;(s) = (ZC]%) tanh s = Z c; tanh(])(s)

J J
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where ¢s are constants.

If f € Sy, then the operator Ry R} becomes

RaRif(ty) = [ 002 QA ((coshls — o)

RxTn—1

T 2; >dtds

= ¢ 7 (fx Pprny)(t, )

where f(t,s) = €2 f(¢, s, 2) and the function ¢p(,) is given by

n—1
P (t,s) = QA,\B,\<(cosh 5 — =1 Zzltl )

Remark 5.2.1 Direct calculations shows that

A\By((cosh s)™) = - ¢j(cosh s)_()‘“j)
j=1
where c;-s are constants. Also, we have
A8 ((eoshs = s ff-V) =S coshs — 5 S 0w
o 2(n— 1) & £ 2n—1) &

where v;(s) are functions that are constant multiples of sech s and tanhs. Now consider

%(Wj(s)(coshs - ﬁ j_lltz)(sz)) _ 7;.(5)(Coshs _ 2(n1_ 3 7:_11 t,)" 20
1 & .
+7;(s)(—X — 2j) sinh s (coshs — m > tz)—(A+2]+1)
It is readily seen that
o 1L, e % IR = WINPT
@(’Ya’(@(coshs—m;ti) ) _;GT(S)(COShS_mi_l t:)
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where a,(s) is a linear combination of v;(s)) and powers of sinh® and cosh™", where the

powers q,, w, are strictly less than X+ 25 +r. Since

n—1

1 1
- - t < =
2(n—1)Z =2

i=1
it follows that

n—1
1 Y 1_)\
hs — o> ;| < |coshs — -
| cosh s 2~ 1) 2 |7 <|coshs 2[

Moreover, |tanh s| and |sech s| are bounded above by 1, and
: 1
/(Slnh s)¥(coshs — =)™V ds < o0
R 2

1
/(cosh s)*“(coshs — =) ds < o0
R 2

for all g,w < v where v > 1. Therefore, we have ¢y € L*(H(n).zo) for all A > 0.

5.3. T é’\) with Symbols Invariant under Maximal Abelian Subgroups
In this section we will show that the analytic continuation of Toeplitz operators
can be written as a convolution operator on sections of line bundle. It was shown in [5,

Theorem 5.1] that for A > n, the operator
R\TOVRS - Sy — Sy

can be written as

RATé/\)R;f =[x,

we will show that we can extend it to cover the analytic continuation case. First,

we will prove the following Lemma, which shows how the representation 7, acts on the

kernel of A% (B").
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Lemma 5.3.1 Let g € G, and z € B", we have

WA(Q)Kz - j)\(ga Z)ng
proof: Let f € A3(B"™), then we have

< fim(9K. >=<m(9) ' f, K. >
=< ﬂ-)\(gil)ﬁ Kz >

=malg)f(2) = ja(g, 2)f (92)

=< faj)\(gvz)aKg.z >

O
Theorem 5.3.1 Let \g > 0 and H be a mazimal abelian subgroup of SU(n,1) such that

H .z is restriction injective. Assume o € BC™(B")" is H—invariant, then

RAOT;M)R;O f=AxBx(f) %)

where v)° - H/H., — C is given by

V@O(h.zo) = AnAO (AAOBM( < ])\(h, Z[))Kh,207,\, QOKZO,)\ >\ ))

and Any, denotes the operation of taking the analytic continuation.
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Proof: Let h € ﬁ, we have

Ry TR, f(h) = Day (W) TSR, f(hezo)
= Dy, (h) < TSR, f Kz, 3o >0
= D)\o A?’L)\O( < T()\)R)\Of Ky, 20, Ao >A2 )

= D)\o ATL)\O f Khzo Mo >A2 )

= D)\o ATL)\O

(<or
= D,,(h Amo(/w(p 2) R}, f(2) K.z, K200 (2) dpn(2 ))
(L.

ol / Ary By (f (K)) A By (Do (6) Ko (k. 20)
H/H.,
Kh‘zo, Ao (Z) dﬂk(z)>

So, the operator R)\OT;)‘O)RKOf(h) can be written as

Amo< / go(z)[ / AAOBAO(f(k))AAOBAO(DAO(/c)KZ,AO(k.z0>mf(h,zg,%(z))dk] dz)

Bn H/H.,

and by interchanging the order of integration we get

Any, / Ao By, (f(k)Ax, Bao (< gx(hy20) Knzg xs 0 INK, 20) Kgzgn >x )dp(k)
H/H.,

Fork e f], define Wy :=<jx(h, 20) Kh2o. 7, ©Iir(k, 20) Kk 2ox >x. Then Wy can be

written as

Wi =< ja(h, 20)T(k™ ) Kpzons x (ks 20)T (K1) (0K zo.0) >

=< jalh, 20)in(k™Y, hozo) Ki=1p20, 2, @ Ia(K, 20)0a(kY, k.20) Koo 0 >

=< jA(k_lh; zO)Kk—lh.zo,)n SOKZO,A >
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Therefore,

RAoTéAO)RKOf(h) = / Axo By, (f(k)) Any, <AAOBAO( < a(B7h, 20) Ki-1h 20, 35 9K 2 0 >A)>
HJH,

O

Integration by parts implies the following corollary.

Corollary 5.3.1 The operator R),T é,’\O)Rﬁo can be written as

Ra TPV f(R) = f+Quye

where Q) is a polynomial differential operator.

For f € S\, we can write

U;‘TéA)UA f=(/R\R;)™" J%AT;NR;@/RAR;)—1

= (R\R;)™! RAT;A)Ri

This with Corollary 5.3.1 implies the following proposition, which gives the spectral repre-
sentation of the Toeplitz operators.

Theorem 5.3.2 Let A > 0, H be a mazimal abelian subgroup of SU(n, 1), and let A =

—

{v € H//I?ZO oy (¥) #£ 0}, If o € BO™(B™)? is H—invariant. Then

FUIMTNUNF T w() = A”@“”)w@m

O (1)

forally € A, andw € LQ(H//_]-TZO) such that suppw C supp gg}\\{ Where F f(¢) =

Ty, f ()
5.4. T, é’\) with Radial and Separately Radial Symbols

In this section we will consider the problem of finding the spectrum of the Toeplitz
operators for a special class of symbols. In particular, we will consider the class of symbols

58



that is invariant under the group U(n), we can’t apply the restriction principal in this case
because U(n) is not a maximal abelian subgroup of SU(n,1). Our approach will follow
the work in [14]. First, we recall that if 7 is a representation of a group G on a Hilbert
space H, and H is a closed subgroup of a group G, then Endg(H), the algebra of bounded
operators intertwining with with the representation 7 is commutative if and only if 7 is
multiplicity free. In particular, Endr(A3(B")), and Endy,)(A3(B")) are commutative.
This follows from Proposition 4.4.2, and 4.4.3.
The functions {2} forms an orthogonal basis for the space A%(B"), and direct cal-

culations show that

2 7! F()‘)
12"y = IO )

In this section we will consider an orthonormal basis {e,(2)},enn for A3(B") where

TA+1r]) ,
rI T(N)

er(z) =
Also, we will need the following two well-known results. We will present them without a
proof, the proof can be found in [14].
Proposition 5.4.1 ([14]) Let H be a lie group and 7 be a unitary representation on a
Hilbert space H. Suppose H contains a dense subspace V' that can be decomposed as

ey
iel

where the subspaces V; are mutually orthogonal, closed in H and irreducible H—invariant

modules. Then the following are equivalent

1) Vi, % Vi, as H—modules for every iy # io
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2) Endy(H) is commutative.
For a suitable index J, the algebra Endy(H) can be realized as ¢>°(.J). This was
described in [14] as follows; Choose (e;);cr, an orthonormal basis of H, write the index set

L as

L:UL]-

jeJ

such that, for every j € J the set (e;)cz,; is an orthonormal basis for V;. Define the opera-
tor R:H — (*(L) by

R(z) = (< @ e0 >)ier

the adjoint operator

R* (Z/) = Z Y€

leL

This gives an injective homomorphism
W : Endy(H) — B(*(L))

T+— RTR"

In fact, the map W is gives an isomoprhism between Endy(H) and £°°(.J).
Proposition 5.4.2 ([14]) Suppose the assumption of 5.4.1 are satisfied. Every operator
T € Endyg(H) is unitarly equivalent to RT R*, which is the multiplication operator on
(*(L) given by the function

vyr: L —C

yr(l) =< T(er), e >

Furthermore, the function yr is constant on L; for every j € J, so this induces a function
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~Ar : J — C that belongs to £>°(J) given by

for every l € L;. In particular, the map V realizes an isomorphism between the algebra
Endg(H) and ((J) given by
T Ar
As a consequence of these two propositions, we have the following result which gen-
eralizes [14, Theorem 3.2].
Theorem 5.4.1 Let A\ > 0. Every operator T € Endrn(A3(B")) is unitarly equivalent to
RTR* where

R: A3(B") — (*(N")
f = << fa €m >)\)m€N"
Moreover, the operator RT R* is the multiplication operator given by
yr: N" — C

yr(m) =< T(en), em >

Proposition 5.4.2 implies the following isomorphism of algebras. In fact, realiz-
ing Endyn(A3(B")) as £>°(N") gives another way to see the commutativity of the algebra
Ende (43(B")).

Corollary 5.4.1 The map T + ~r is an isomorphism between Endr.(A3(B")) and

(N,
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Theorem 5.4.2 Let A > 0. Every operator T € Endy,(A3(B")) is unitarily equivalent to

RTR* where
R: Ai(IB%”) — 62(N”)
f = (< fa Em >>\)mEN"

Moreover, the operator RT R* is the multiplication operator given by
yr: N*— C

'VT(m) =< T(em>a €m >\

Furthermore, for every k € N choose u, € P*(C"), and consider the function
:)/\T N—=C

Ar(k) =< T(ug), u >»
Then
Vr(lm[) = yr(m)
for every m € N™.
Proof: Let T € Endyny(A3(B")), Proposition 5.4.2 shows that T is unitarily equiva-
lent to RTR*. Moreover, for every k € N, we have yr(my) = vyr(msg) for every my and my
such that where €y, ems € P*(C"), and this happens exactly when k = |mq|= |my|. Schur’s

lemma implies that the operator T acts as multiplication by a scalar. So, we have
< T(ug),ur >x=<T(em),em >x
whenever k = |m|. Therefore, yp(|m|) = vyr(m).
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This theorem together with Proposition 5.4.2 proves the following corollary.
Corollary 5.4.2 The map T — 7r is an isomorphism between Endyy)(A3(B")) and
>°(N).

5.4.1. Tg‘) with T"— Invariant Symbols

In this subsection we will consider symbols ¢ € BC™(B") that are T"— invariant,
we will use the notation BC™(B")™" to denote this class of symbols. If a symbol is T"—
invariant then it is called separately radial symbols. In fact, a symbol ¢ is T"—invariant if
and only if ©(z1, ..., z,) = ¢(|z1], .-, |2a]), for almost all z € B".

Remark 5.4.1 The torus is a mazimal abelian subgroup of SU(n, 1), and the restriction
principal can be applied in this case. In fact, it is equivalent to the Quasi-elliptic case that
was discussed before.

Let TV (BC™(B™™) be the C*— algebra generated by Toeplitz operators Tg) with
¢ € BC™(B"). Since the Toeplitz operators with T"- invariant symbols intertwine the
representation 7, then T (BC™(B™)™) C Endp.(A2(B")), and the commutativity of
Endyn(A3(B™)) proves the following result.

Proposition 5.4.3 Let A > 0. The C*— algebra generated by Toeplitz operators with sym-
bols in BC™(B™)™" is commutative.

The following result shows that the Toeplitz operators with symbols in BC™(B™)™"
are diagonizable.

Proposition 5.4.4 Assume Ay > 0 and ¢ € BC"(B")™. The Toeplitz operator TS is
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unitarliy equivalent to the operator RTé’\O)R*, where
R: Aio (B") — £*(N")

R(f) = << fa €m >>\0)m6N”

Moreover, RTé’\O)R* = Ypnol where the eigenvalues 7y, », is given by

'750,/\0 (m) =< ng/\o)(em), €m >/\0

2"T' (Ao + |m|) / 2 2\A—n—1 Inl

where Dy, == {r e R} :ry + ...+ 1, < 1}.

Proof: Proposition 5.4.1 shows that Toeplitz operators TQO) with T"—invariant sym-
bols are unitarly equivalent to RTé’\O)R*. Moreover, the eigenvalues v, 5, can be calculated
using the polar coordinates. In particular, we write z; = rjeieﬂ' where r; € [0,1). The eigen-

values v, », (M) can be written as

Yoo (M) =< ngAO)(em% Em >
— A ([ pllen dus(2)
— Ay (Fo B [ e B = s (o)

QSFUSDMP&“Z >Amo( / Pl o ol 2271 = 227 d2)

n

LMo + |m|) . o
~ ml Wn;‘ Do —n) T P(ris o) [P (L = ) T vy dr do

j=1
2" (Ao + |m|) 2m P A—not T
= mﬁlmo /D w(r) [r)*™ (1 = |r[*) ]Hlm dr
where (21, ..., zn) = @(|z1], -, |2n|) because ¢ is T"— invariant.
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5.4.2. TéA) with U(n)— Invariant Symbols

As in the previous section, we will use BC™(B")Y™ to denote the class of symbols
in BC™(B™) that are U(n)— invariant. A symbol ¢ is U(n)— invariant if and only if there
exists a function a defined on [0, 1] such that ¢(z) = a(|z|) for almost all z € B". Consider
the C*— algebra TW(BC™(B")Y(™) that is generated by Toeplitz operators with symbols
in BC™"(B™)V(™. This algebra is contained in Endy,(A3(B")), the algebra of bounded
operates that intertwine with the representation ,, since the algebra Endy (A3 (B")) is
commutative then 7N (BC™(B")Y(™) is commutative. This proves the first part following
result, and the second part follows from Theorem 5.4.2.
Proposition 5.4.5 Let A > 0. The C*— algebra generated by Toeplitz operators Té’\)
with ¢ € BC"(B”)U(") 1s commutative. Moreover, every Toeplitz operator Té’\) with ¢ €

BC™(B™)Y™ s unitarly equivalent to the multiplication operator RTé’\)R* , where
R: A3(B") — (*(N")

R(f) = (< fv €m >/\)mEN”

and RTVR* = 4,1

The eigenvalues 7, » can be computed more explicitly, this can be done by the help
of the following lemma.
Lemma 5.4.1 ([19]) Let dv be the normalized volume measure on B", and do be the nor-

malized surface measure. The measures v and o are related by

. f(z)dv(z) = 2n/0 r2=tdr j f(r¢)do(C)

Corollary 5.4.3 Let \g > 0. The Toeplitz operator Tg(,’\O) 18 unitarly equivalent to
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RT;AO) R* where

RTQOR =y, 1

_AnT(Ao + Iml)
S m!(n—1)!T(\ —n

1
)Amo / 7,2n+2m71a<7,)<1 _ Tz))‘inildr
0

e ORI (R PO E)

— s (A, [l P |2 )

= 20D g ([t [ e P e o)

 m! (N —n

2nI' (Ao + |m)) /1 2m—1 / 9 o\ A1
= n m(] — n
ml 7l (Ao — 1) A T [ aln)ri =) ao(C) )
20T (Mo + [m]) 27" /12 _ .
= A n+2m—1 1 — 2 A—n—1
m! 7T (Ao —n) (n—1)! nC“O( o r a(r) (1 —r7) dr)
_ AT (Ao + |m])
S ml(n—1DIT(\—n

1
) Any, / r2t2m=lo(r) (1 — rH) gy
0
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