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Abstract

The main goal of this dissertation is to show that the (multi-homogeneous) coordi-
nate ring of a partial flag variety C[G/Pg| contains a cluster algebra for every semisimple
complex algebraic group G. We use derivation properties and a canonical lifting map to
prove that the cluster algebra structure A of the coordinate ring C[Ng] of a Schubert cell
constructed by Goodearl and Yakimov can be lifted, in an explicit way, to a cluster struc-
ture A living in the coordinate ring of the corresponding partial flag variety. Then we use
a minimality condition to prove that the cluster algebra A is equal to C[G/Px] after local-

izing some special minors, which are frozen variables.
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Chapter 1. Introduction

Cluster algebras were constructed in 2002 by Fomin and Zelevinsky [5] in a study
of total positivity. They form a large family of polynomial algebras that are defined us-
ing an inductive process called “mutation”. For the last twenty years, the study of clus-
ter algebras has been a very active area of mathematics. This is due to their connection
with many other areas of mathematics including representation theory, algebraic geome-
try, Poisson geometry, mathematical physics, knot theory and combinatorics. On the other
hand, the study of partial flag varieties plays a fundamental role in algebraic geometry,
representation theory and Lie theory. The first relationship between cluster algebras and
partial flag varieties appeared in Scott’s work [19] in 2006 in a project that studied the
cluster algebra structures on the homogeneous coordinate rings of Grassmannians. Two
years later, Geif, Leclerc and Schroer [7] used preprojective algebras to explore the con-
nection of cluster algebras and partial flag varieties. In that work, they conjectured that
the affine coordinate ring of a Schubert cell admits a cluster-algebra structure for simply-
laced semisimple complex algebraic groups. They then lift that to a cluster algebra living
in the homogeneous coordinate ring of the corresponding partial flag variety. Remarkably,
they proved that this lifted cluster algebra is equal to the coordinate ring of the partial
flag variety in type A, and it is equal to the coordinate ring of the partial flag variety, up
to a certain localization, in type D4. They conjectured that this lifted cluster algebra is
equal to the coordinate ring of the corresponding partial flag variety in any simply-laced
and non-simply-laced type, which is an important but very difficult conjecture in the area
of cluster algebras. The conjecture is still wide open.

The work of Geif3, Leclerc and Schroer is divided into three main steps. In partic-



ular, they rely on the following. First, the coordinate ring of the unipotent Schubert cell
admits a cluster structure A. Second, the cluster algebra A can be lifted to a cluster al-
gebra A living in the corresponding homogeneous coordinate ring of the partial flag vari-
ety. Third, up to localization by the non-minuscule generalized minors, the cluster algebra
A and the homogeneous coordinate ring of the partial flag variety coincide. Despite the
fact that the first step was only conjectured in [7], the authors managed to prove it for all
simply-laced cases in [9].

The three steps of the program in the previous paragraph can be used to general-
ize the work of [7] to any semisimple complex algebraic group no matter if it is simply- or
non-simply-laced. The only issue is to prove each step for any semisimple complex alge-
braic group. The problem here is that the work of Geif, Leclerc and Schroer was based on
some categorification that is specified for the simply-laced case. But thanks to Goodearl
and Yakimov, the first step can be generalized as a consequence of a long project they did
in Poisson nilpotent algebras and cluster algebras [13]. This gave us the opportunity to
follow the three-step path of the previous paragraph. Although the second step was gen-
eralized by Demonet in [2], we managed to prove it independently here. As a side note,
it would be very interesting to discover the relationship of the generalization of A by De-
monet and ours. We plan to return to this in future work. We then use a minimality con-
dition on the degree of the elements of the homogeneous coordinate ring of partial flag
variety to show the third step.

Let I be the Dynkin diagram vertex set attached to a semisimple algebraic group G
and J and K be nonempty sets such that J U K = I. In fact, Geif}, Leclerc and Schroer

defined a homogenization map called the “tilde map” that lifts each element f in the coor-



dinate ring of a cell C[Nk] uniquely to an element f of the corresponding coordinate ring
of the partial flag variety C|G/Px]. They showed that, in the simply-laced case, this map
can be used to lift each seed of the cluster algebra A = C[Ng] to a seed of a special clus-
ter algebra A C C[G/Pg]. We generalize that to any simply-laced and non-simply-laced
case and prove the following.

Theorem 1. Let {(x, B)} be the collection of seeds of the cluster algebra A of C[N].
Then there is a corresponding collection {()A(, E)} of pairs, whose variables live in
C[G/Pg], that forms a collection of seeds related by mutation. In other words, if

(x, B) and (x', B") are two seeds of the coordinate ring of the cell C[Ng] such that

(x', B) = ux(x, B), then, correspondingly, (x', B') = (X, B). In particular, if (xo, Bo)
is an initial seed of A = C[Ng], then (%o, By) is an initial seed of a cluster algebra

A cClG/Py].

For some of the simply-laced cases, Geif3, Leclerc and Schroer proved the equality after a
localization by the minors indexed by J that are not minuscule. We omitted the second
condition and proved the following for any semisimple algebraic group.

Theorem 2. The localization of the homogeneous coordinate ring of the flag variety
ClG/Px] by Ag, =, where j € J, equals the localization of the cluster algebra A by the

same elements. In symbols,

ClG/PglIA) o Jies = AIAZL L Jjes-

Wy, W4

These two theorems together complete the second and third steps of our program
and gave us the desired result.

Although the tilde map gives plays a key role in lifting the cluster algebra struc-



ture A = C[Ng] to a cluster algebra A, the calculations of it are not as trivial as it might
seem. In fact, the lift of a generalized minor in C[Nk| need not also be a generalized mi-
nor. We carry out an in-depth study of the properties of this canonical map and use them
to get an explicit algorithm to calculate the image of the generalized minors. Since the ini-
tial seed of the cluster algebra A consists of generalized minors only and due to the defini-
tion of A, the knowledge of the image of the generalized minors under the tilde map gives
a full picture about the cluster algebra A. The second part of this thesis is dedicated to

the description of this full picture of the cluster algebra A.



Chapter 2. Lie Theory Preliminaries
2.1. Semisimple groups, semisimple Lie algebras

This section gives an overview about the required setup from the theory of
semisimple groups and semisimple algebras and how they can be classified using Dynkin
diagrams. We refer the reader to [17] and [18] for a broader background. Throughout, the
ground field of all affine varieties will be C.
Definition 2.1.1. An algebraic group is a group G that is also an affine variety such that
the group multiplication m : G x G — G and the inversion ¢ : G — G are morphisms of
varieties.
Example 2.1.2. The affine line C! with addition forms an additive algebraic group de-
noted G,. Also, the affine line without 0, C' \ 0 is a multiplicative algebraic group denoted
G,,.Moreover, the linear groups are algebraic. In particular, SO,, SL,, and GL,, are alge-
braic groups.
Definition 2.1.3. An (abstract) torus T is an algebraic group isomorphic to G,, X ... X G,,.
A maximal torus of an algebraic group G is a subgroup that is a torus and not contained
in any torus.
Definition 2.1.4. A unipotent subgroup N of an algebraic group G is a group isomorphic
to a closed subgroup of the group of upper triangular matrices of GL,, whose diagonal en-
tries are all 1.
Definition 2.1.5. A solvable subgroup of an algebraic group G is a group isomorphic to a
closed connected subgroup of the group of upper triangular matrices of GL,,.

Remark 2.1.6. The maximal connected normal solvable and unipotent subgroups exist al-



ways and are unique. The first is called the radical and the later is called the unipotent
radical.

Definition 2.1.7. An algebraic group G is called semisimple if its radical is equal to the
trivial group and is called reductive if the unipotent radical is trivial.

Remark 2.1.8. Obviously, each semisimple group is reductive.

Example 2.1.9. The groups SL, and SO,, are semisimple, while GL,, is reductive but
not semisimple.

Definition 2.1.10. A maximal connected solvable subgroup of an algebraic group is
called a Borel subgroup.

Example 2.1.11. The subgroup of upper triangular matrices is a Borel subgroup of GL,,.
Remark 2.1.12. Every Borel subgroup B can be expressed as B = T x N, where T" and N
are maximal torus and maximal unipotent subgroup, respectively.

Definition 2.1.13. Let B be a Borel subgroup. A Borel subgroup B~ is called opposite
to B if their intersection is a maximal torus.

Example 2.1.14. The opposite Borel subgroup of the group of upper triangular matrices
of GL, is the group of lower triangular matrices. Their intersection, the group of diagonal
matrices, is a maximal torus.

Definition 2.1.15. A Lie algebra is a vector space g together with a Lie bracket, that is,
a bilinear operation [-,-] : g x g — g such that [z,z] = 0 for all z € g and [z, [y, 2]] +
ly, [z, z]] + [z, [x,y]] = 0 for all z,y, z € g. The later axiom is called the Jacobi identity.
Example 2.1.16. Any vector space V' can be endowed with a Lie algebra structure by
defining the Lie bracket to be [z,y] = 0 for all z,y € V.

Example 2.1.17. The vector space M, of all n x n matrices has a Lie algebra structure
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whose Lie bracket is defined by [x,y] = zy — yx for all z,y € M,. This Lie algebra is
denoted by gl,,.

Remark 2.1.18. Any algebraic group G induces a Lie algebra Lie(G) := TG, where T,G is
the tangent space of G at the point & whose Lie bracket is defined by [D;, Dy] = Dy o Dy —
Dy o Dy. We will often denote Lie(G) by g.

Example 2.1.19. The Lie algebra Lie(GL,) is isomorphic to gl,,. Also, Lie(SL,) = sl, is
the Lie algebra of all n x n matrices the such that sum of the diagonal of each is 0. The
description of the other linear Lie algebras can be found in [17].

Definition 2.1.20. A Lie subalgebra b of a Lie algebra g is a subspace such that [z,y] € b
for all z,y € h. The Lie subalgebra b is an ideal of g if [x,y] € h forallz € gand y € h. A
Lie algebra is called simple if it has no proper ideals other than 0.

Definition 2.1.21. A Lie algebra is called semisimple if it is a direct sum of simple Lie
algebras.

Example 2.1.22. For any Lie algebra g, the trivial algebra 0 and the Lie algebra g itself
are ideals of g. Also, the derived algebra [g, 9] := {[z,y] | x,y € g} is an ideal of g.
Example 2.1.23. The Lie algebra sl,, is a semisimple Lie subalgebra of gl,,.

Definition 2.1.24. A Lie algebra g is said to be nilpotent if there are ideals a4, ..., a, such
that

g=0a0y20 D ..Da, =0,

and [g, ai] C 41
Example 2.1.25. The Lie subalgebra of strictly upper triangular matrices of gl is nilpo-

tent.



2.2. Root system and Dynkin diagram classification

Definition 2.2.1. A reflection s of a vector space is a transformation fixing some hyper-
plane, that is, a subspace of codimension 1, and sending any vector orthogonal to the hy-
perplane to its negative. A reflection s, corresponding to o € V is a reflection such that

So(@) = —a.

Definition 2.2.2. A subset R of a k-vector space is called a root system if

1. R is a finite set spanning F not including 0;

2. for each a € R, there is a unique reflection s, such that s,(R) C R;

3. the expression s,(3) — £ is a multiple of « for all a, 8 € R.
The elements of R are called roots. The subspace W of GL(V') generated by s, for & € R
is called the Weyl group.
Remark 2.2.3. Equivalently, for an algebraic group G and a maximal torus 7', the Weyl
group can be defined as W = N(T')/T, where N(T') is the normalizer of T.
Remark 2.2.4. For B € V and oY € V'V let (3,a") be the standard pair of a vector space

and its dual. The root system axioms imply that

is a unique expression of the reflection s,. Moreover, they imply that (8, a") € Z for all
a, 8 € R, where o is the element satisfying (o, a¥) = 2. Such an is called the coroot of «.
Proposition 2.2.5. For any root system R of a vector space V', there exists an inner
product (.,.) such that

(wz, wy) = (z,y))

forall x,y € V and all w € W.



Proof. Let (.,.)" be any inner product. It is straightforward to see that the pair

(u,v) = Z (u,v)’

wew

is an inner product satisfying the axiom of the proposition. O

Corollary 2.2.6. If V is a vector space endowed with an inner product as above, then

(8, @)

(@, a)

sa(f) =B =2

)

forall p V.

Corollary 2.2.7. If (.,.) is an inner product as in Proposition 2.2.5, then

forall p €V and a € R.

Remark 2.2.8. If w = s;,...s;, is an element of the Weyl group W, where each s;; is a sim-

ple reflection, and the number of the occurrences of simple reflections cannot be reduced,
then the length ¢ of w is defined to be ¢(w) = n. Conventionally, the length of the identity
element ¢(e) = 0.

Remark 2.2.9. The Weyl group W contains a longest element, that is, there is an elemnet
wy € W such that {(w) < l(wp) for any w € W. Throughout, the longest element will
always be denoted by wy.

Example 2.2.10. The Weyl group W of G = SL,; is the symmetric group S,41. The
longest element of W is wy = $15983...5,515283...5,,_1...515251, where s; denotes the transpo-
sition (7 + 1,4).

Definition 2.2.11. A subset S of a root system R is called a base if it is a basis for g and



if every root (8 can be written as 8 = > ,cqno« where all n,’s are positive integers or
negative integers.

Theorem 2.2.12. Fvery root system R has a base S.

Definition 2.2.13. Let R be a root system of a Lie algebra g whose base is S =
{ai,...,a,}. The Cartan matriz A of the Lie algebra g is the r X r matrix whose i x j
entry is (a;, o).

Definition 2.2.14. A Cartan subalgebra § of a Lie algebra g is a nilpotent subalgebra
with the property that if [z,y] € b for all = € b, then y € b.

Example 2.2.15. The algebra of all diagonal matrices is a Cartan subalgebra of gl ,.
Theorem 2.2.16. Every Lie algebra contains a Cartan subalgebra. Moreover, the Cartan
subalgebras are all isomorphic to each other.

Definition 2.2.17. The fundamental weights are the elements w; of hY, where b is a fixed
Cartan sublagebra, defined by the property (w;, a) = ;.

Remark 2.2.18. The information of the Cartan matrix can be encoded in a graph whose
vertices are indexed by a1, ..., ;. in which the vertices o, o; are joined by a,;a;; edges.
The direction of the edges goes towards «; if |a;;| > |ay;|. This graph is called the Dynkin
diagrm of g.

Remark 2.2.19. All complex semisimple Lie algebras are determined, up to isomorphism,

by their root systems and Cartan matrices (and so their Dynkin diagrams). The figure be-

low shows the list of Dynkin diagrams, where the subscript denotes the number of vertices.
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Definition 2.2.20. An algebraic group G (and its corresponding Lie algebra) is called
simply-laced if it is of type A, D, or E. Otherwise it is called non-simply-laced.
2.3. Partial flag varieties

In this section, we briefly review the needed setup and results from partial flag va-
rieties. We then review the required results of the (multi-)homogeneous coordinate rings
of the partial flag varieties. The reader who is interested in a deeper overview can look to
(7], [11], or [18].
Remark 2.3.1. From now on, the symbol GG denotes a semisimple complex algebraic group
whose Dynkin diagram vertex set is /.
Definition 2.3.2. A parabolic subgroup P of G is a closed subgroup containing a Borel
subgroup B.
Example 2.3.3. Any Borel subgroup B is parabolic.

Remark 2.3.4. Any maximal unipotent subgroup N is generated by a distinguished collec-

11



tion of one parameter subgroups z;(t), i € I and t € C, called root subgroups.

Example 2.3.5. Let G = SL,.,. Take N to be the subgroup of upper triangular ma-
trices. The subgroups z;(t) of the previous remark are x;(t) = I + tE; 1, where [ is the
identity matrix and £;; is the matrix whose 7 x j entry is 1 and the other entries are all 0.
Example 2.3.6. From now on, we let J and K denote two nonempty disjoint subsets of
I such that J LU K = I. We fix the notation x;(t), ¢ € I and ¢ € C) for the simple root
subgroups of the unipotent radical N of B and the notation y;(¢) for the simple root sub-
groups of the unipotent radical N~ of B~. The subgroup Px generated by B and the one-
parameter unipotent subgroups yx(t), k € K and t € C is a parabolic called the standard
parabolic subgroup. Similarly, the subgroup Py generated by B~ and the one-parameter
unipotent subgroups zx(t), k € K and ¢ € C, is parabolic.

Definition 2.3.7. A (partial) flag variety is a quotient G/P such that P is a parabolic
subgroup of G.

Remark 2.3.8. Every parabolic subgroup is conjugate to a parabolic subgroup of the form
Pyx. In many cases, this reduces the study of partial flag varieties to the ones of the form
G/ Pk. For example, our focus, in this project, is on the subgroups Py, but the results we
get are general.

Remark 2.3.9. The partial flag variety G/Pg can be embedded naturally as a closed sub-

set of the product of projective spaces

11 P(L(z;)"),
j€J

where w; is a fundamental weight of G, and for a dominant weight A, the correspond-

ing L(\) is the finite-dimensional irreducible G-module with highest weight A; and L(\)*

12



denotes the right G-module obtained by twisting the action of G. As a terminology, the
L(w;)’s are called the fundamental representations.

Remark 2.3.10. Let II; = N7 denote the monoid consisting of dominant integral weights

A =Y ey a;@;, in which a; runs in N. The multi-homogeneous coordinate ring C[G/P] is

a Il ;-graded algebra defined as

ClG/Pg] = @ L.

Aelly

It is known that C[G/Pj| can be identified with the subalgebra of C[G/N~] generated by
the homogeneous elements of degree w;, where j € J.

Remark 2.3.11. The set II; has a standard partial ordering given by
A X pu <= p— Ais an N-linear combination of the fundamental weights w;, where j € J.

Remark 2.3.12. Let g be the Lie algebra of G. There is a distinguished family of genera-
tors, called the Chevalley generators and denoted by e;, f;, h;, where again ¢ runs in I. The
elements e; generate Lie(N) = n. Consequently, it follows that N acts naturally from the

left and right on C[N] by the following left and right actions respectively:
(z-g)(n) =g(nz), (g€ C[N]andz,n€N),

(g-x)(n) =g(xn), (g€ C[N]and z,n € N).

Differentiating these two actions, we get left and right actions of n on C[N], respectively.
Remark 2.3.13. The right action of e; on g € C[N] is a derivation and it is of fundamental
importance in this dissertation. Throughout, it is going to be denoted by ej(g) =g - e
Remark 2.3.14. Let G be of type A. A (flag) minor is a regular irreducible function of
C|G] defined as follows: For each subset I C [1,n] := {1,...,n} and each element z € G,

13



the minor A;(x) is defined to be the determinant of the submatrix of  whose rows are
indexed by I and columns are indexed by 1, ..., |I|. This notion was generalized by Fomin
and Zelevinsky in [4] to the notion of (generalized) minor Ayq, w(w,), where u, w belong to
the Weyl group W. The notions of flag minors and generalized minors coincide in type A.
However, the generalized minor notion makes sense in any type.

Remark 2.3.15. For each simple reflection s; € W, define 5; := exp(f;) exp(e;) exp(f;). The
S;’s here are representatives in N(7'), where N(T') is as in Remark 2.2.3. If w = s;,...5;,
with r being the length of w, then define w = 3;,...5;.. Let Gy = N~HN be the open
set of G consisting of elements having Bruhat decomposition. Each x € G is expressible
uniquely as

v = [a]-[z]o[z]+,

where [z]_ € N7, [z]o € H, [z], € N. Let V;* be the irreducible representation whose
highest weight is w; and highest weight vector is v;". For any h € H one has that v is

an eigenvector, that is, hv;” = [h|®iv;" and [h]® € C\ {0}. In [4], Fomin and Zelevinsky
defined the following:

Definition 2.3.16. For u,v € W and i € I define the (generalized) minor to be the

regular function on G given by

Ay, VT (z) = [ﬂ_ ! m@] 0"

Remark 2.3.17. The muti-degree of a generalized minor Ay, u(w,;) in C[G/Pg] is w;. It
is known that the (affine) coordinate ring of the Schubert cell Nk is the homogeneous el-

ements of degree 0 of the localization of the homogeneous coordinate ring of the corre-

14



sponding partial flag variety Pk by the minors Ay, . where j € J. In symbols,

C[NK]:{m|f€L<Za]w]>} (21)

jed
Equivalently, the generalized minors connect the coordinate ring of the cell Ng to the ho-

mogeneous coordinate ring of Py by

C[Nk] =CIG/P¢] /(A (2.2)

wwy 1)jeJ'
Remark 2.3.18. By (2.2), there is a natural canonical projection map
proj; : C[G/Pg] — C[Ng]

g g+ <ijij - 1)jeJ‘

It is known that the restriction of the projection map to each homogeneous piece L(\), for
A € II,, gives an injection L(A) — C[Ng]. Notationally, if the context is clear, we may

omit the subscript J and write proj instead of proj;.
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Chapter 3. The Homogenization Tilde Map

In this chapter, we study the definition and the properties of the homogenization
map “tilde” defined by Geif}, Leclerc and Schréer [7]. We then use its properties to find
an algorithm calculating it explicitly.
3.1. Tilde map
Lemma 3.1.1 (GLS tilde map). Let f be an element of the affine coordinate ring C[Ng].
There is a unique homogeneous element f in C[G/Py] whose projection to C[Nk]| is f and
whose multi-degree is minimal with respect to the partial ordering < defined in Remark

2.3.11.

Proof (GLS). For any A = > ;c; a;w;, it is known that the subspace proj;(L())) of C[N]

can be described as
proj, (L(N) = {f € C[N] | ()" f =0, i € I}.
This implies that C[Nk| can be identified with
{feC[N]|elf=0, ke K} cC[N].
Thus, for any A = >>.c;a;w; € I1;, it follows that
proj,(L(\)) = {f € C[Ni] | (¢}) ™ f =0, j € J}.
Now, for f € C[Ng], define
a;(f) = max {s | (e})*f # 0}, (3.1)

and

Mf) = a;(f)m;. (3-2)



Obviously, f is an element of proj J<L ()\( f))> where A(f) is minimal with respect to =,
that is, if A € II; such that f € proj;(L(A)), then A(f) =< A. On the other hand, as
the restriction of proj; to the piece L(/\( f )) is injective, this gives the desired uniqueness.

That is, the element f € L()\(f)), whose projection proj;(f) = f. ]

Definition 3.1.2. Let f € C[Ng]. The element f € C[G/Px] will be called the (homoge-
neous) lift (or the (homogeneous) lifting) of f to C[G/Px].
Lemma 3.1.3. Let f,g € C[Nk|. The lifting commutes with usual multiplication. In other

words, the following diagram

MC[Ng]

gl . I

[@/P)

ClG/Pg] x ClG/ Pg] —— C[G/Pg]

given by
fxg———1f-yg

l I

fxg——f-G=f-g

commutes. Moreover, if a;(f + ¢g) = max{a;(f),a;(g)} for all j € J, then
f+g9=nf+vg,
where p and v are relatively prime monomials in the variables Ay, o, (j € J).

Proof (GLS). The first property follows easily by Leibniz formula and the fact that the

endomorphism e} is a derivation of C[N], for all j € J. The additional assumption in the
second statement implies the existence of relatively prime monomials 4 and v in Ag, .’s
such that the multi-degree of each of uf and v is the same as the one of f/—i\—/g This

completes the proof. O
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Definition 3.1.4. The restricted minor D, w(w;) is the restriction of the generalized mi-
nor ij,w(wj) to N.
Remark 3.1.5. The restricted minors play a fundamental role in constructing the cluster
algebra structure on the coordinate ring of a Schubert cell C[Ng| defined by Geif3, Leclerc
and Schroer in the simply-laced case and by Goodearl and Yakimov in the general case.
Their homogeneous lift is the key to constructing the cluster structure of C[G/Pg] (see
[7, 10]). As a naive guess, one may expect that the lifting of a restricted minor is a gener-
alized minor, but this is not true in general.

In [7], GeiB, Leclerc and Schroer gave the following example of type A:
Example 3.1.6. Let G = SLg, which is a group of type As. Let J = {1,3}, and so K =
{2,4,5}. The restricted minor D3 56 cannot be written as Dis_m.iyiy..in,- Lherefore, 513,56

cannot be a flag minor. However,

D13 56 = D12D23 56 — D123 256

= D1 9D123,156 — D123,256-
Hence,

Digs56 = A1 200193156 — A1,1A123256

= A2A156 - A1A256-

3.2. Lift degree and explicit algorithm
In this section, we use the properties of the minors and the properties of the tilde
map together with the relationship between C[Ng| and C[G//Pg] to find an explicit for-

mula for lifting the restricted generalized minors by the tilde map. We start this section
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by the following proposition:

Proposition 3.2.1. If j € J, then the lift of D, w(w,;) € C[Nk] is ij,w(wj) = A, w(w,)-

Proof. Since the tilde map gives a unique lift, we need only to show that Ay ;) is an
element of C[G/ Py] whose projection is Dy () and whose degree is minimal. The first
statement is clear. On the other hand, assume that there is an element g € C[G/Pg]
whose projection proj;(g) = Dx,; w(w,) and whose degree Ay < @;. The only possibility is
Ay = ajw; and a; < 1. This forces A\, to be wj, as it is 0 otherwise. Since L()\) — C[Ng]

for each homogeneous piece L(), it follows that g = Ag, w(ew,)- ]
Lemma 3.2.2. Using equation (2.1), if

/ B g
aj; - b
HjEJ szjij Hje] A‘Lrjij,wj'

and a; and bjare minimal, then f = g and a; = b;.

Proof. By (2.1), it is clear that proj;(f) = proj;(g). Since a; and b; are minimal, we get
that either f = g or A\(f) and A(g) are incomparable. If A(f) and \(g) are incomparable,

then the tilde map is not well-defined. Hence, f = g and consequently a; = b;. O

Corollary 3.2.3. The equation (2.1) can be refined and expressed as:

C[Nk] = {projj(f) = L&] | f € L(Zajwj> and a; is minimal} . (3.3)

[ljes Az m; =
Corollary 3.2.4. If j € J, then the restricted minor Dg; we; 15 given by

Aw]‘ ,WTU 5
i —
ZU] ,Wj
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S

Proposition 3.2.5. Assume that .
A
jeJ —mW;,W;

is an element of the coordinate ring of Nk

such that a; is minimal for each j. Then the lift

/_f\/
(foams) =1

Proof. By (3.3) it is clear that f € L(ng] ajwj>. Obviously,

proj, (f) = —

- HjeJ A?aﬂjwwg' .
The result now follows from the minimality of the a;’s and the uniqueness of the tilde

map. ]
Definition 3.2.6. For a restricted minor D, . (w, ), define the lift degree to be the inte-

ger d,, in the equation:

Siy (57;2...57;,1)(@%) = Siy---Sip, (wzn) — anéil, (34)

where w = s;,5;,...5;, and «;, is the vertex of the Dynkin diagram indexed by ;.

Proposition 3.2.7. Assume the setting of Definition (3.2.6). Then
1. Ifi, =1, then d, = 1.

2. The lift Emn,w(win) of the minor D, w(w,,) 5 of degree d,w;, .

Proof. For (1), it follows easily from the facts that the action of a simple reflection s; is

given by s;(8) = 8 — (8, ))a; and (wj, o)) = 0;;. On the other hand, (2) follows from

al(Dwin,w(win)) = Inax {5 | (e;)SDwinlw(win) # O}
dn, lf l - il,

0, otherwise;
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where q; is as introduced in Equation 3.1. In fact, the first statement is clear and the sec-

ond follows from the fact that ux;(¢t)u~! € N, when ¢(us;) > £(u) and i # j. O

Corollary 3.2.8. In the setting of Definition (3.2.6), there exists a unique f € C[G/Pg]

of homogeneous degree d,w;, such that

Wiy, W(wiy,) — dn, .
wil 7wi1

Moreover, the element f is the lift of D, w(w, ) and it can be expressed explicitly by the

equation
dn
o Win WWin — @i ,@iq
I= A ..
Proof. This follows immediately from Proposition 3.2.7 and Proposition 2.6 of [4]. O]

21



Chapter 4. Cluster Algebras
4.1. Cluster algebra overview

In this section, we provide a background on cluster algebras and their main notions
and remarks. Detailed overviews about cluster algebras and their theory can be found in
3], [5], or [11].
Definition 4.1.1. Throughout, the term ambient field will be referring to a field F that
is isomorphic to the field C(xq, ..., 2,)(Tpi1, - Tm), Where {21, ..., Ty, ..., T, } 18 an alge-
braically independent generating set, that is, a set generating F and does not satisfy any
nontrivial polynomial equation with coefficients in C.
Remark 4.1.2. In the ambient field F of the previous definition, there is a hidden signifi-
cant difference between the variables 1, ..., x,, and the variables z, 1, ..., z,,. This is why
we write C(xq, ..., 2,)(Tpt1, .., Tm) instead of writing C(zq, ..., z,,,). This distinction be-
comes clear in the following sequence of definitions and remarks.
Definition 4.1.3. A seed is a pair (X, B) with the following data: X is a tuple of alge-
braically independent variables X = (z1, ..., Ty, ..., T,,) generating an ambient field F and
B is an m x n matrix whose north n x n submatrix B is skew-symmetrizable, that is, can
be transformed to a skew-symmetric matrix by multiplying each row r; by some nonzero
integer d;. Terminologically, the tuple X is called an extended cluster, where its first n-
variables are called the mutable variables and the next (m — n)-variables are called the
frozen variables. The tuple x consisting of the first n-variables (xy, ..., x,) is called a clus-
ter. Also, the principal n X n submatrix B of B is called the exchange matrix, while the

matrix B is called the extended exchange matrix. We may use the term exchange matrix
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to refer to B if there is no need to distinguish between B and B.

Remark 4.1.4. Sometimes it is efficient to replace the skew-symmetrizable matrix in the
previous definition by a quiver @), which is a directed graph with n-mutable and (m — n)-
frozen vertices. This quiver has to have no loops, no 2-oriented-cycles and no edges be-
tween two frozen vertices. Indeed, each quiver gives rise to an m x n skew-symmetrizable

matrix B(Q) whose entries are

#i—j), >

bij = o0, iti=j,

—#(+j), ifi<y;
where #(i — j) is the number of arrows from i to j and #(i < j) is the number of arrows
from j to i.
Definition 4.1.5. Let k be a mutable index of a seed (X, B). A mutation juy at k is a rule
exploring a new seed (X, B) = (X', B') such that the entries of the matrix B’ are given
by

—bij, ifi=korj=k,

b = (4.1)

ij
ik |brj + biks| bij |
bi' )
J _'_ 2

and the tuple X' = (1, ...,2.,), where x} = x; if i # k and

otherwise;

xkﬂv;: H x?ik+ H x;bzk
b

ik >0 bir<0
Two seeds are said to be mutation equivalent if one of them can be obtained from the
other one by a sequence of mutations.

Remark 4.1.6. Tt is not hard to verify that p(X, B) satisfies the definition of a seed. More-
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over, one can easily check that py is an involution, that is,

u(1(X, B)) = (%, B).

Remark 4.1.7. For an ambient field F, start with an initial seed (X, B). It is known that
any mutable variable can be obtained from (X, E) by some sequence of mutations at some
mutable indices. Therefore, the initial seed gives a full picture of the list of the extended
clusters.
Definition 4.1.8. Let (X, B) be a seed whose ambient field is F. A cluster algebra (of
geometric type) is the subring A of F generated by the frozen variables and all possible
mutable variables.
Remark 4.1.9. Since an initial seed (X, B) provides full information about its correspond-
ing cluster algebra, we shall denote the latter by A(X, B).
Definition 4.1.10. A cluster algebra A(X, B) is said to be of finite type if it has a finite
number of mutable variables. Otherwise it is said to be of infinite type.
4.2. A cluster structure on C[Ng]|

In [13] and [14], Goodearl and Yakimov constructed cluster algebra structures on
the coordinate rings of all Schubert cells of complex semisimple algebraic groups. Thus,
since the coordinate ring of any cell is the quotient of the coordinate ring of some flag
variety by some generalized flag minors, it is so obvious that the result of Goodearl and
Yakimov can play an important role in this paper. Their results were based on Poisson
geometry and so we capture here the main elements that we need from their work. More

details about the relation between Poisson geometry and cluster algebras can be found in

[11] and [13].
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Definition 4.2.1. A Poisson bracket {—, —} is a Lie bracket that is a derivation also in
each variable for the associative products. A commutative algebra R together with a Pois-
son bracket is called Poisson algebra. For a € R the Hamiltonian associated with a is the
derivation {a,—}. An ideal I of R such that {R, I} C I is called Poisson ideal.

Remark 4.2.2. The Poisson bracket of a Poisson algebra R induces a Poisson bracket on
any quotient of R by a Poisson ideal.

Definition 4.2.3. Define the Poisson-Ore extensions to be Blz; o, 0], where B is a Pois-
son algebra, B[z;0,d], = B|x] is a polynomial ring and o, § are suitable Poisson deriva-

tions on B such that for any b € B we have

{z,b} = o(b) + d(x).

For an iterated Poisson-Ore extension

R = Klz1]p[we; 09, 02]p - - - [T} Om, Omlp

and k € [0, m], define

Ry =Kz, ..., x) = K[z1]p[22; 02, 02y - - - [Tk Ok, Ok,

where Ry = K.

Definition 4.2.4. A Poisson-CGL extension is an iterated Poisson-Ore extension R as

above that is endowed with a rational Poisson action of a torus H in which the elements
x1, ..., T} are H-eigenvectors, the map Jj is locally nilpotent on Ry_; for any k& € [2,m)]

and such that for any & € [1,m] there is an hy € LieH such that oy = hy|g,_, and the

hi-eigenvalue of x; nonzero and denoted by .
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Definition 4.2.5. Let R be a Noetherian Poisson domain. An element p € R is called a
Poisson-prime element if any of the following equivalent conditions hold: (1) the ideal (p)
is a prime ideal and it is a Poisson ideal; (2) the element p is a prime element of R such
that p|{p, —}; (3) [in the case K = C]: The element p is a prime element of R and the zero
locus V (p) is a union of symplectic leaves of the maximal spectrum of R.

One of the great successes is due to the work of Goodearl, Yakimov when they
proved the following;:
Theorem 4.2.6. Every symmetric Poisson-CGL extension R such that \j/X\; € Qsq for
all 1,7 has a canonical cluster algebra structure that coincides with its upper cluster alge-
bra.
Remark 4.2.7. The cluster variables in the constructions of Goodearl, Yakoimov are the
unique homogeneous Poisson-prime elements of Poisson-CGL (sub)extensions not belong-
ing to smaller subextensions. The mutation matrices of their seeds can be computed using
linear systems of equations that come from the Poisson structure.

A significant consequence of the work of Goodearl, Yakimov is:

Theorem 4.2.8. The coordinate ring C[Ng] has a canonical cluster algebra structure.

Proof. Throughout this proof, the notation e; means the kth vector of the standard basis
of Z™, the notation alj, k] is given by
. 9 1
alj, k] = |[(wym — Vo, [|°/4 € 52,

and the notation S(w) is the support of w and is given by

S(w):={iel|s, <w}={iel|i=ri;for some k € [1,m]}.
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Also, set

max{j < k | i; =i}, if such j exists;

—00, otherwise.

min{j > k | i; =i}, if such j exists;

00, otherwise.

From Theorem 7.3 in [14] we know that the quantum Schubert cell, denoted by A,(n(w)) 41/2,

has the quantum cluster structure given by the equation
Ag(ni () g2 = A(MY, BY, D) q12 = U(M", B, D) 12,
where the extended cluster variables are given by
M¥(¢;) = ¢"" Dy, oo

for all j € [1,m], in which
Dw]-,w(wj-) = pI'Oj (ij,w(wj))7

in which the frozen variables are the ones indexed by j € [1,m] such that s(j) = oo. The
map

proj : C[G/Px] — C[Ng]

denotes the standard projection from C[G/Px] to C[Nk]. The exchange matrix BY is of
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size m x (m — |S(w)|) and its j x k entry is given by

: if j = p(k),

~1,  ifj = s(k),

(B")jk = Ya;,; if j < k< s(j) < s(k),
if k< j<s(k) <s(j),

0, otherwise;

where the entry a;;, is the same i; X i entry of the Cartan matrix of the same type. Thus,

by corollary 3.7 in [10], it follows that
C & Ay, (W) g = AGBY)

On the other hand, by (4.7) in [21], we know that the left hand side is isomorphic to the
quotient of A,(ny(w)) 4172 by (¢ — 1). Consequently, we get the desired cluster structure in

the classical case whose exchange matrix is B* and cluster variables are Do, w_yw;, - ]
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Chapter 5. Cluster Algebra Structure on C[G/Py]
5.1. Grassmaninans and cluster algebras

Recall that a Grassmannian Gry, (V') is the variety of k-dimensional subspaces of
an n-dimensional vector space V. Throughout, we fix V' = C" and we write Gy, for
Grg ., (C"). Recall also that Gry, is just a special case of partial flag varieties. This section
describes the connection between cluster algebras and Grassmaninans which was the first
connection between cluster algebras and partial flag varieties in literature. Let us start
with the following example.
Example 5.1.1. This example produces a way to equip the coordinate ring of the Grass-
mannian Gry,, with a cluster algebra. For a wider overview the reader is encouraged to see
[3], [6] or [19]. Consider the octagon of Figure 5.1. A triangulation of the octagon is the
maximal number of pairwise non-crossing diagonals. It is clear that any triangulation of
the octagon produces exactly 5 non-crossing diagonals, one of them is the one in Figure
5.1. More generally, a triangulation of an m-polygon produces exactly m — 3 non-crossing
diagonals. Now, this octagon forms a combinatorial way of describing a seed whose frozen
variables are the Pliicker coordinates indexed by the sides of the octagon and whose clus-
ter variables are the Pliicker coordinates indexed by the non-crossing sides. The mutation
of seeds here corresponds to diagonal flipping. For instance, flipping the diagonal Asg to
A6 corresponds to another triangulation that is a mutation of the first one at the variable
Asg. Another example is to flip A5 to Aszg and so on.

We now form a quiver attached to a triangulation. For a triangulation 7" of an n-

gon, define the quiver Q(7T) attached to T as follows. Let the sides of T' label the frozen
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Figure 5.1. A triangulation of the octagon.

Figure 5.2. Another triangulation of the octagon.
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vertices and the non-crossing diagonals label the mutable ones. Connect every two diag-
onals belonging to the same triangle by an edge oriented clockwise. Also, connect any di-
agonal and a boundary segment belonging to the same triangle by an edge oriented clock-
wise.

The following proposition was proved by Fomin and Zelevinsky in [6].
Proposition 5.1.2. Forn > 5, the homogeneous coordinate ring C[Gra,] is a cluster
algebra whose seeds correspond to the triangulations of an n-gon. More precisely, C|Gra,,]
s a cluster algebra whose initial seed is given by the mutable and frozen variables and the
quiver of a fized triangulation T of the n-gon.

In fact, this result was generalized by Scott in [19]. The construction is generalized

as follows: Define the permutation 7y, € S, by

1 . n—k n—-k+1 ... n
Ten -—
k+1 .. n 1 ..k

The k-subsets that label the boundary cells of the 7 ,-diagram are always the intervals or
boundary k-subsets

1.k [2.K] [3.k+2] .. [n.k-—1].

Therefore, any 7, ,-diagram contains n boundary cells exactly. Now, this setup is used to
get the following results which all were proved in [19]:

Theorem 5.1.3. Let k,n € Z>y such that n > k + 2. There exists a 7y, ,-diagram, denoted
Ay n whose internal even cells are quadrilateral. The family of k-subset labels that corre-
spond to the internal cells consists of k-sets of [1...n] that can be expressed as an disjoint
union I U I of intervals I and I' begun with i and i respectively, form a chord [ii'] in the
triangulation Ty p.
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For two even regions I and J of a 7 ,,-diagram A, we say that I is oriented to-
wards J and J is oriented away from I if the arrows of the region I goes towards the re-

gion J. Now, we define the matrix B(A) labeled by such I’s and J’s by:

1 if I is oriented towards J;
bry =94 -1 if I is oriented away from J;

0 otherwise.

Theorem 5.1.4. Every 7y, ,-diagram A gives rise to a seed of a cluster algebra Ay ,, whose
mutable variables are indexed by the interior k-subsets and whose frozen variables are
indexed by the k-subsets that label the boundaries and whose exchange matriz is B(A).

Moreover, if A’ is differs from A by a single geometric exchange through a quadrilateral

cell K then
puc(B(A)) = BA).

Theorem 5.1.5. The map sending each variable of Ay, denoted by K to the Plicker co-
ordinate Ak of C[Gry,] is an isomorphism. Consequently, C[Gry,] is a cluster algebra.
Corollary 5.1.6. Let A be a 7y ,-diagram. The multi-homogeneous coordinate ring
C[Gry.p] is a cluster algebra whose initial seed consists of the following data: mutable vari-
ables A labeled by interior k-subsets, frozen variables Ak labeled by boundary k-subsets
and the exchange matriz B(A).
5.2. Simply-laced case

On a higher level of generality, the cluster algebras and partial flag varieties meet
each other again in 2008 in a paper of Gei, Leclerc and Schréer [7]. For G of type A, D
and F, they assigned a cluster algebra to the coordinate ring of the Schubert cell C[Nk]|
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and then they lift this cluster algebra to a cluster algebra living in C[G/Py]. The claim
that C[Nk] is a cluster algebra was conjectural in [7]. Later on, the same authors proved
this conjecture for the simply-laced cases in [9]. As we saw in section 4.2, this conjecture
has been fully proved by Goodearl and Yakimov in [13]. This section gives a summary of
the results of [7].

Remark 5.2.1. Let (X, B) be a seed of the cluster algebra A = C[Ng]. Mutate at k to get
the exchange relation

xkx; = Mk =+ Lk,

where My, Ly, are monomials in the variables xq, ..., g1, Zg+1, ..., Tn. As shown in [7], this
lifts to the equation

—_—~—

Ty, = Mkm + kalm

where p, and vy are relatively prime monomials in the vatiables Ay -, and j runs in J.

This means that p; and v can be written as

we =] AZ o, and oy = 11 Aﬁwjj’wj,
jed jed
such that min{cy;, 5;} = 0 for all j.
Theorem 5.2.2. Let G be simply-laced. Let (x, B) be the initial seed of the cluster algebra
A = C[Nkg] defined in Theorem 4.2.8. Lift each variable of x by the tilde map defined
in Lemma 3.1.1 and preserve its type (mutable or frozen). Add the minors modded out in
C[Nk], that is, the ones labeled by J, as frozen variables. Extend the matriz B by |J| rows

labeled by J as follows:

=N Bj’ Zf 6j 7é 07.

by, =

—aj, else,
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where a; and B; are as in Remark 5.2.1. The data above defines an initial seed of a cluster
algebra A C C[G/Py].
Conjecture 5.2.3. The localizations of the cluster algebra A and the coordinate ring
C|G/Pg], by the minors indexed by j € J such that w; is non-minuscule, are equal.
Remark 5.2.4. The previous conjecture has been proved for type A, and Dy in [7]. The
other cases remained open. Indeed, since there are no non-minuscule w@,’s for type A,,
actually the work of [7] showed that A = C[G/Pf], in type A.
5.3. General case

As we have seen, in the work of Geif}, Leclerc and Schroer [7], it was proved that
C|G/Pg] admits a cluster structure, up to localization, if G is simply-laced of type A,
or Dy. Their work motivates our construction here. The idea is to translate their work,
which was in terms of categorification, to another language that works in the general case.
Notation. The cluster structure on C[Ng] constructed by the work of Goodearl and Yaki-
mov will be denoted by A, where J and K are as defined before. We may write A in-
stead of Aj if the context is clear.
Definition 5.3.1. A lift of a cluster algebra o7 is a cluster algebra o/ such that & is a
quotient algebra of it. Alternatively, we may say that o/ can be lifted to .
Definition 5.3.2. For any seed (x, B) of the cluster algebra A; = C[Ng| constructed in
[13], define a new pair (X, B) of C[G/Px] by raising each variable z of (x, B) to the vari-
able T (see Lemma 3.1.3) preserving the same type (mutable or frozen) and by adding the
generalized minors Ay, ., modded out in C[Nk] as frozen variables. The matrix B of this

lift is obtained as follows: Extend the matrix B of the construction of Goodearl and Yaki-
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mov [13] by |J| rows labeled by the elements of J such that the entries are

B, B #0;

—aj, else,

where «; and 3, are as in Remark 5.2.1.

Theorem 5.3.3. Let {(x, B)} be the collection of seeds of the cluster algebra A; of
C[Nk]. The corresponding collection {(i, B)} constructed above forms a valid collection of

seeds. In other words, if (x, B) and (x', B') are two seeds of the coordinate ring of the cell

C[Ng] such that (X', B') = pux(x, B), then correspondingly (x', B') = (X, B).

Proof. Let k be a mutable index in the construction of [13]. We need to show that
,uk(é) — B'. In other words, we need to show that the matrix entries of the mutation
of B match the ones coming from our construction (definition 5.3.2) using the mutation

equations of the mutated seed (x’, B’). The equations are of the form
1l = /JQJT[’t + Vt’ﬁt,

where x} denotes the tth variable in the mutated extended cluster in a direction k& and x}
denotes the tth variable coming from a second mutation in a direction t. Let v < denote
the entry of position s x ¢ in u,(B). Obviously, if s ¢ J then by, equals the s x ¢ entry
of y1;(B), as the entries of B and B match when s ¢ J. Consequently, the entries of the
mutation of both of them coincide again when s ¢ J. Assume now that s € J and t =
k. Then by the fact that the construction of [13] is indeed a cluster algebra, we get that
Mj, = Ly and Lj, = Mj. This clearly makes o; = f; and 8} = «;. Since pj, and v; are
relatively prime, we see easily from the construction that the entry we get is —by; which

equals Vg by the mutation formula.
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Assume now that ¢ is a mutable index other than k. It suffices to show that in
5/151’;7% = /,L;Mt + V;E?t,

the exponents of the minors of the monomials y; and v, match the formula of the matrix
mutation. Equivalently, we may assume that p) and v; are as we want and then show that
[ M', + v/, is an element whose proj is M/ + L} and whose order is minimal with respect
to <. The first property is straightforward. Now,
j€d jeJ
where
aj; = a; (Mt' - L;)

= max{s | (e})*(M + L) # 0}
/l?it_i_‘bik‘bkt;bik‘bkt‘

I 7y

b1 |bry+br|b
bit+w>o

=max{ s (e;r-)S + #0
- <bit+|bikbkt;bikbkt)
11 i
byt Likelbhe Hak Pt o
AL
Z a;\ T )
by + ikt POk bt 5

= max

/_ (bit+|b¢k|bkt;bikbkt)
Z VA

by o Fbuelbi] g
Note here that the last equality is obtained by the fact that a;(fg) = a;(f) + a;(g). As-

sume now, for some j, that the first sum is the maximum. Then, using the same fact once
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again, we clearly get that

=3 (bit n |bik| Ore —; bik|bkt’)aj ($'1>

i

Recall also that z = z; for i ¢ {k,t}. So,

=3 (bit n |Di| Dt —;— bik|bkt‘>aj (1’1)

7

But by equation (5.1), it follows that

A(Mt’ + L;) = a;w;

JjeJ
== Z Z ( bz’t + |blk|bkt + b]k|bkt| Clj (.TZ>> Wj.
jeJ i 2

Now, since C[G//Py] is graded by the set of sums of the form Y,y a;w;, the last equation

implies that

|bik | bkt + k| bie|

bit + 5

LMM+1L;)) =L (ZZ(

jeJ i

o (x) wj)

()

ik | bt + Dike | it |
2

bit +

DHHL(

jeJ i

— H H L (diaj ($z)wg) )

jeJ i

where

|bike| bt + bire| bree|

di = 9

bit +

So, we get that

LM+ L;)) 5 TITLE (aj(xi)ey) - L (aj(ai)e;) - (5.2)

jeJ i

d; times
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Note here that the sum over ¢ is the sum over the positive d;’s only or the negative d;’s

only. A similar work with L ()\ (Mk + Lk» shows that

L(A(Mi+ L)) = L (Z > (\bik\aj (a;)> wj)

jeJ i

D H HL <|bik|a]~ (xi)w]) )

jeJ i

This implies that

LA M+ Li)) D TTTI L () L ().

jeJ i

[bik|aj(x;) times

But since Ay, o, is of degree w;, it follows that the possible occurrences of the exponents

of Ag, , are the integers
O, 1, 2, vy Z a](xl)\blk\

However, the minimality of

aj(N( My + L)) = > > |bilaj(x;)

jET i
shows that the only possible solution is _; a;(z;)|bi|, because the rest are still available in
some L(A)’s in which A is less than A(M}, + Ly). Consequently, the only possibilities for a;
and f3; are 0 or Y_; a;j(x;)|by|. But, thank to the homogeneity of the construction of [13],
there exists a unique j in which a;(x;) # 0. Hence, one of a;;, and S is a;(z;)|bi| and the
other is 0.

Therefore, for every ¢ there is a unique 7 in which one of the following must be
true:
aj(z;)bie = oy, aj(x;)by = oy, and  a;(z;)|bik| = i,
or
aj(w)by = £Pjt,  a;(x:)bie = £P  and  a;(x;)|bik| = Bjk.
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Now,

(2527)" € L(da;(@)))

165 1bpt+b;5 |bpt |
bit+ ik kt2 ik Pkt

(Aaj(wi) f2> €L (diaj (xz)w]) .

Wi, Wj

() -\ i . —
It is not hard now to see that (A‘;f}% ZL‘Z) forms one factor of the monomial p;M’; or the
monomial Véf’t. The rest are similarly there. Since L ()\(Mt’ + L;)) and L ()\ (Mk + Lk))

are homogeneous ideals and since

—_~—

ity = Bty = My + vl € L (A(My+ L) ),
it is again not difficult to combine these information to see that
vy = #hay = b My + V)L, € L ()\(Mt’ + L;)) .
This completes the proof. O

Notation. The cluster algebra contained in C[G/Pg] and obtained from the preceding the-
orem will be denoted by A; or simply A if the context is clear.

Corollary 5.3.4. Let B be the matriz B" of Theorem 4.2.8. The pair

<{5wikvw<kwik} U {ij,w]- | JE J}, B)

is an initial seed of the cluster algebra A C C[G/Pyx]. Moreover, the lift sz-k wepmi, Of

waw <k, 1S given explicitly by the formula

A i,
~ Wig W<k Wig, =004, , Wi

Wiy W< T
k> k /\
Wiy, T4
k%
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Proof. Apply the construction of the previous theorem to the initial seed (Da, wyw;, » BY)
of C[Nk] (see Theorem 4.2.8). The mutable and frozen variables are described in Defi-
nition 5.3.2. Also, the explicit formula of the lift is just a direct application of Corollary

3.2.8. O

Remark 5.3.5. In the simply-laced case, it is obvious that the construction of A matches
the one of [7].
Remark 5.3.6. By construction, it is clear that the extended clusters of A and A are in
one-to-one correspondence. So, A and A must be of the same type (either both finite or
both infinite).
Theorem 5.3.7. The localization of the homogeneous coordinate ring of the flag variety
ClG/Py] by Ag, =;, (7 € J) equals the localization of the cluster algebra A by the same
elements. Namely,

ClG/PLIIAZ o Jjer = AIAZL L Tjes.
Proof. Throughout the proof, for any element in C[G/P}, ;] the term degree will be used
to refer to the homogeneous degree of it. Recall that C[G/Pg] = @Dyerp, L(A) is gener-
ated as a ring by the subspaces L(w;) C C|G /Py, (;]. Thus, it is generated by C[G/Pp ],
where j € J. It is proved in [7] that if ./’ C .J, then Ay is a subalgebra of A;. Their
proof is in fact true for all complex semisimple algebraic groups, not just simply-laced
ones. Therefore, the result follows if localization of C[G/Pp ;] by A o, is contained
in the localization of ,I{?}, by the same element. We proceed by contradiction. Let f &€
C[G/Pp ;] such that f ¢ /T{;} and its degree is minimal. Let g = proj(f) € C[Np yl-

Then proj(g— f) = 0. Thus, we have that g — f belongs to the principal ideal (A, o, — 1),
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since

C[Nny) = ClG/Prgp] /(a

wj,w; 1) :

Consequently, there is some h € C[G/ P}, (;,] such that

G- f=h(Dgm —1)

g - f - hAwlj,w]- — h.

But note that the definition of g and the choice of f imply that the degree of the whole
left-hand side is less than or equal to degree of f. On the other hand, it is obvious that
the degree of the right-hand side is the degree of h plus w;. It follows that the degree of
h is less than the one of f. Therefore, by minimality, we get that h € @}. Also, since

A,y € Agy, it follows that hA,, o € Agy. Now, if the lifting § € Ay, we have

. — T A1
f= 3 —hbem + \hi € Ay CARBIAL &)
c A{j} c _,IEJ\} € ‘A{j}

(5.3)

which is a contradiction to f being outside ,Z{;}. Therefore, g ¢ .Z{;}. Now, write g €
C[Nnygjy) as g = X7 ¢im;, where each m; is a product of cluster variables (might not be
from the same seed) and each ¢; is a scalar. This forces the m;’s to be distinct. Recall that

C[Nk] can be identified with

C[NK] = {I—IJia] ‘ f € L(Zajw])} .
je wj,Wj j€J

By the uniqueness and minimality of the tilde map in Lemma 3.1.1, this can be refined to

C[Nk| = # | f € L(Zajw]) and the a;’s are minimal ; .
Hje] ij,wj jed

As J = {j}, we can use the second identification to write each m; as , where f; €

N
wj,Wj
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L(a; jw;) and a; ; is minimal with this property. Clearly, the degree d; of m; is a; ;jo0;. It is
not hard to see that m; = f; foralle =1, ..., 7.
As distinct elements lift by the tilde map to distinct elements by Lemma
3.1.1, we get that the m;’s are distinct. Consequently, the f;’s are distinct. Let a; =
max {a;; | i =1,...,r}. Now, if

> (eAy ) (5:4)

=1

is a lift of g = >_7_; ¢;m; in the minimal way, then we get that g € /T{;}, which is a contra-
diction. Otherwise, there is an element of lower degree in which g is equal to that element.
Note that the multiplication of § by A%, w, for some positive integer s; gives an element
whose degree is equal to the degree of the element in 5.4 and whose projection is equal to

g. Since the projection of each homogeneous piece L(A) to C[Ng] is injective, we get that

T aj—0ag,j
i=1 (Ciijij fz)

S5
AWj,Wj

Clearly, by (5.3) this implies again that f € .Z{;} [A;;wj]. Consequently, the result follows,
that is,

ClG/PRIAL; o, )jes = AN Jjer

wWj,W4

Conjecture 5.3.8. The homogeneous coordinate ring of the flag variety C|G/Py| equals

the cluster algebra A. In particular, C[G/Py] is a cluster algebra whose initial seed is

Awi WL Wy Agc w; =~
e ——— 2V U{Ag, 5, |JE€ LB

Awik Wiy

Remark 5.3.9. Using the proof of the previous theorem, the conjecture is equivalent to
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proving that if ¢ = >°I_, ¢;m; is written where the number of terms is minimal, then
T

9= Z (CZAijvwljjm’) '

=1
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Chapter 6. Theorems on the Explicit Structure of Cluster Algebras
on Partial Flag Varieties

6.1. Explicit formulas
The results of the previous sections can be used to get these explicit examples.
Example 6.1.1 (Type A, c.f. [7]). Let G be a type A5 semisimple algebraic group.

Namely, G = SLg. Take J = {1,3}, K = {2,4,5} and consider the longest word

W = 5925455548182838485828384581S2S3.

Clearly, the subword wx = $152535455528354515283 generates Ni. Note that s(5) = s(8) =

s(9) = s(10) = s(11) = oo. Therefore, the list of extended cluster variables is

J=1= Dg sm; (mutable)
J=2 = Doy sism; (mutable)
J=3 = Daysisssymss (mutable)
J=4 = Doysissszsams (mutable)
J =9 = Dgy s 150835485051 (frozen)
J =06 = Doy sisosysasssoms; (mutable)
J =7 = Dy sisysssasssassms) (mutable)
J =8 = Dag, s ss351855083510045 (frozen)
J =9 = Dz sisps3sasssasssasions (frozen)
J =10 = Day s;s5s5515552585051502 (frozen)
J =11 = Duy s sps3545552835481 50533 (frozen)
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The exchange matrix B is

o 0 0 0 -1 —-1/10

o 0 o0 0 0 -—-1]J11

Now, lifting each extended cluster variable by the tilde map, we get that the cluster
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algebra A C C[G/Px] has the following extended cluster variables

Dw1,51w1;

Dw273152w2 )

DWS,S1S253W37

Dw4731325334w4 )

DW5,S152535485‘W5 )

Dw27515253545552w2 )

Dw3751525354555253w3 ?

Dw473152533455523354w4?

Dw17315253345552535451w1 ?

Dw2751325354555233545152w2 )

DWS:5152535485525354513233w3 ’

JAN

A'4"_-"37733 :

46

(mutable)
(mutable)
(mutable)
(mutable)
(frozen)
(mutable)
(mutable)
(frozen)
(frozen)
(frozen)
(frozen)
(frozen)

(frozen)



Moreover, Corollary 3.2.4 and Corollary 3.2.8 imply that

A‘lﬂl »S1T01

thslwl

Dwzmsz'm :fl

A’14_-/’3 ;51528303

Dw37515253w3

DW4,8152S3S4W4 :f2
DW5,81828384S5W5 :f3
DWQ,818253848582772 :f4

Dw3781828354555253ﬁ'3 A12’3781825354553253173

Dw4,3132535455525334w4 :f5
le,s15253545552533451w1 :Awl,513253545552335451w1
DW2,818283848582S3S4S1SQW2 :f6

‘DWS’3152333435525334513233w3 Az737515253345552335431'32'93733 ?

such that f; is the appropriate unique function of Corollary 3.2.8. To calculate the degree

of the fi, consider the equation

51(80m09) = 89wy — (89102, Y )y
= ST — (W2 — Q, OéY)Oq

= STy — (1.

Thus, the left degree is 1 and by Corollary 3.2.8 the homogeneous degree of f; is w;.

Therefore,

fl _ Aw275152w2 Awl@d
A’WQ,WQ
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Similarly, one can get that the degree of fs, ..., f5 is w; as well. On the other hand, a simi-

lar calculation shows that fs is of degree 0, but this is in terms of ;. Thus,

f2 A'(74'4»51525354'174 A"ﬂly'wl .
Y

AWAL Y4

f3 _ A'(74'5>5152333455'(W5A'Wlﬂﬂl .
- )

A775ﬂz5

f4 _ A'f/Tl'Q»315233345532774'2A7ﬂl:731 .

)
Aw%wz

f _ A"‘/74'4»315253'3435325354174A‘lﬂl7"‘74'1
5 — .

A134 Y4

However, it is not hard to see that
§18525354555253545182TW9 — S53545552535451S2TW02.
Also, one can easily check that
53545559253545159TW9 — 5455595354515y — (¥3.

It follows that the homogeneous degree of fs is ws. Consequently, by Corollary 3.2.8

f _ sz,Scs 54855253545152T02 AW3 3
6 .

A'W2 Y2

Now, the lift of the exchange relations can be calculated easily. For instance, mutating at

k=1, we get

/
DW1751W1 Dl - DW275152W2DW27515253545552’W2 + Dw17515253543552535451wl

_ fl f4 + Awl,515253545582835481w1
A'Wlﬂﬂl A‘Wlﬂfﬂ A‘Wlﬂfﬂ

f1f4 + Awl,wl Aw1,818283845582838481w1

AQ

w1,w1
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Thus, by Lemma 3.1.3 and Proposition 3.2.5

—_— — —
[A—
le,slwl D1 - f1f4 + Awl,w1 Aw1,515283848552835481wl'

The other mutation exchange relations can be lifted similarly. Finally, we get that the ex-

change matrix attached to the cluster algebra A C C[G/Pf] is

v

I
(@n)
(@)
o
(@n)
(@)
o
Ot

o 0 0 0 0 -—-1f11

-1 0 2 0 2 2|1eJ

o 0 0 o0 1 1])3eJ

Example 6.1.2 (Type B, c.f. [15]). Let G be a semisimple algebraic group of type Bs,

say G = SOq3)11 = SO7, J = {3} and K =1\ J = {1,2}. Consider the longest word

Wy — 51525183852815382S53.
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In [15], it was shown that C[G/Pg] has a cluster structure whose initial extended cluster

is given by the variables

Dw3753w3;

DZUQ,S;;SQWQ;

Dw3753528183’W3 )

‘Dw17533251w1 )

Dw2733s2513332w2 )

DWS ;835251835283 W3)

A1737773 :

(mutable)
(mutable)
(mutable)
(frozen)
(frozen)
(frozen)

(frozen)

Now, using Corollary 3.2.4 and Corollary 3.2.8 it is easily seen that

DWB ;S3W3

DWZ ;838202

DWS ;8382518303

Dw1»338251w1

Dw275352513352w2

DWB 3538281535283 W3

:AW3753W3
:AW3,33525133w3
=g

=h

:Aw?, ,835251535253T03 9

where f, g, h are the unique suitable functions gotten by Corollary 3.2.8. Moreover, the

lifting of the mutation exchange relations of the cluster algebra A becomes obvious now.
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In fact, exchange relation induced by mutating at 1 is

/
Dw3753w3D1 - Dw275332w2 + Dw3553325153w3'

Now, to find the lift degree of D, s,s,, We consider the equation

Sg(Sg(@g)) = SQ(WQ) — 2@3.

This shows that the lift degree of D, s;s00, 15 2. Thus, it follows that the lift degree of

[ € C[G/Px] is 2w;. Moreover, by Corollary 3.2.8

2
AW2 ,y5382W2 A

w3, w3
A'17/'27232

f p—
and

!
Dw3753w3D1 - Dw2,5382w2 + Dw3,53525183w3

— f + A?7/'3,8:’,52“5183732
TOA2

Aw;;,w;; Aw37w3

_ f + Aw&ws ) Aw3753525153w2

2
w3,w3

Hence, by Lemma 3.1.3 and Proposition 3.2.5

T Y o
DW3753W3D1 - DW3,33W3D1 - f + AW3,W3 ’ Aw3783528153wy

On the other hand, the exchange relation induced by mutating at 2 is

/I 2 2
‘DW273332W2D2 - Dwg,83828153wgle,SSSQSlwl + DW3,83W3DW2753325132W2‘

o1



Now, it is not hard to see that

s3(8281(w1)) = s9s1(w1) — 201 and  $3(82518352(w2)) = $2818389(w2) — 203

Therefore, the lift degree of both g and h is 23 again. Hence, by Corollary 3.2.8, again

2
o A'1717335251731 A‘ZD3,W3
7= A
w1, W1
2
B — Aw273332513332w2AW3,W3
Aw2ﬂv2
and
D D! = D? D + D? D
w2,8382W2"2 T w3,5835828183Tw3 " W1,535281W1 w3,83w3 " W2,53525152W2
2 2
_ Aw3753523153773 A g + wW3,53W3 h
- 2 2 2 2
A7737133 A7737173 AWS:WB A7737173
2 2
AW3,53525153W3 g+ Aw:s,szwg -h
- 4
w3, w3
Hence, by Lemma 3.1.3 and Proposition 3.2.5 again
I D T — A2 . 2 .
Dw275332w2D2 - DW273352w2D2 - Aw&sgsgslsgw;:, g + Awg,sgw;), h‘

The mutation relation induced by mutating at 3 lifts similarly.

The initial exchange matrix of the cluster algebra C[Ng] given in Theorem 4.2.8 is

1 2 4

0 -2 1|1
1 0 —-1]2
-1 2 0 |4

B =

0O 1 013
0 -1 115
0 0 -1/6




Using the calculations above and Corollary 5.3.4, we get that C[G/Pg] contains
the cluster algebra A whose initial extended cluster variables are the ones in the list above

and whose initial exchange matrix is

1 2 4
0 —2 1|1
10 —1]2
1 2 0|4

B=|0o 1 0|3
0 —1 1|5
0 0 —1|6
10 0]jeJ

6.2. General theorems

In the previous section, we saw how one can use the results of this paper to obtain
explicit examples of type A and type B. In this section, we generalize these examples to
any 2-step parabolic subgroup of type A and to any maximal parabolic subgroup of type
B. Other general examples can be obtained similarly to the combination of the results of
this section and the previous one.
Example 6.2.1 (2-step parabolic subgroups of type A). Let G be of type A,, that is, G =
SLpyr. Take J = {j1, 2} with 71 < jo and K = {1,....n} \ {j1,72}. The longest word can
be determined once we know the positions of j; and js. Indeed, the desired expression of
the longest word starts with the longest word of A;,_; indexed by 1, ..., j; — 1, followed by

the longest word of Aj,_; _; indexed by j; +1,..., j2 — 1 and then followed by the longest
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word of A,,_;, indexed by js + 1, ..., n, followed by the completion of that longest word by
a subword generating Ng. More concretely, let
Uy = 5152...5j,-15152...5;,—2...515251
U = Sjy+15j142+--5jo—15j,415j142--5j5—2---5j, 415,425, +1
U3 = Sjyt15j5+2+--Sn—15j3415j542-+-Sn—2---5j54+15j5+25j3+1
Then, there exists a subword u4 in which the longest word w, can be expressed as wy =
uyuguzuy. One way to construct uy is to take si...s,, together with a reduced word consist-
ing of j, — 1 reduced subwords each of length n — j,, followed by a reduced word consisting
jo2 — 71 reduced subwords each of length j;. In particular, we may choose u4 to be
Ug = S1...S,UsUg,
Us = S1...5n—jp52.--Snt1—jpS3--Snt2—jg---Sjp—1---Sn—2,
UG = 51...5,52...5/,4153.+-5j;42.-5j5—j1 --Sjp—1-
In fact, this uy generates Nk and it is of length n 4 (n — 72)(j2 — 1) + j1(ja — J1)-
Obviously, one now can use Theorem 5.3.4 and follow the procedure of Example
6.1.1 to get the general picture of how the cluster algebra A is constructed generally from
a 2-step parabolic subgroup, that is, a parabolic subgroup Py with |J| = 2. Let M :=
n+ (n—7j2)(j2 — 1) and
A:={n—-1,n}
U{a|a€ [n+1,M] and z'ang—l}
M+1, M+j+1, M+2+1, ... M+ (jo—751—1)jn+1,

U
M+ (Go—j1—Dji1+2, M+ Ge—jd1—Dpa+3, .., M+ (jo—ji1)h

o4



It is not hard to see that s(ix) = oo if and only if & € A. Thus, by Theorem 4.2.8, these
k’s are exactly the indexes of the frozen variables of the desired initial seed of A = C[Nk],
while the other indexes are the ones of the mutable variables. More concretely, the frozen

variables are

Doy wepws,» (k€ A),
while the mutable variables are

Doy wermy, (L E A).
Also, by Theorem 4.2.8, the exchange matrix of this seed is
, if j = p(k),
-1, if j = s(k),
By, = iy, ifj <k <s(j) <s(k),
—ai,, ifk<j<s(k)<s(j),

0, otherwise;

Moreover, the frozen variables of the lift of this cluster algebra to the cluster algebra A C

C[G/Pg], are Ag; w(w;) and Ag, w(w;,) together with

A %
D“ Wig W<k Wiy, w04, Wiy
- )

Wiy, W<k Wiy, A
Wiy, D
kVig

where £ € A. On the other hand, the mutable ones are

A A
ﬁ o Wi, W<IWiy — Wiy ,Wiyg
Wi, W< Wiy )
Y Wiy

wj,
where [ ¢ A. The exchange matrix attached to this is the matrix B that extends B by the

row /lek for k ¢ A and the row ngk, as addressed in Theorem 5.3.4.
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Example 6.2.2 (Maximal parabolic subgroups of type B). Let G be a semisimple alge-
braic group of type B,,. Let J = {j} and K = {1,...,n} \ {j}. The description of the
longest word wg here depends on the position of j. We generalize Example 6.1.2 by taking
j = n. Here wyq is constructed by taking the longest word u of A,,_; indexed by 1,...,n — 1,

completed by some subword generating Ny, for instance,
V= 8,5,-1---S15nSn—-1---525nS5n—1---S35nSn—15n-

Therefore, in this case, we have wy = uv. Let

A= {n,Qn—1,3n—3,4n—5,...,n(n+1) 1 ”("H)}.

2 2
Note that s(ix) = oo if and only if £ € A. Thus, the frozen variables are those indexed by

such k’s. Same as before, the frozen variables are

(k€ A),

Wiy, W<k Wiy, )

while the mutable variables are
Dwil WL W) ) (l ¢ A)

Again, T?heorem 4.2.8, gives the recipe of the exchange matrix B.
Now, the exchange matrix B of the lift of this seed to the cluster algebra A C
C[G/Pg] is B extended by the row indexed by j = n, whose entries are obtained from

Theorem 5.3.4. The frozen variables are Ay, -, together with

A A%
~ Wi W<k Wiy w04, Wiy

Wi s W<k Wiy, —

Y
sz-k Wiy

where k € A. On the other hand, the mutable ones are

d;
~ Awil YW Wiy Awil Wiq

Dwilvwglwil - A )
Wiy Wi
AR/
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where [ ¢ A.
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Chapter 7. Future Directions

There are many of interesting questions that arise after this dissertation. We plan
to return to some of them in future work. First, Demonet proved in [2] that the initial
seed of the cluster algebra C[Ng] given by GeiB, Leclerc and Schréer [7] can be lifted to an
initial seed of C[G/Pg]. Our work in this dissertation was independent of what Demonet
did and we plan to discover the relationships between these initial seeds. Second, our work
strongly relied on the work of Goodearl and Yakimov [13]. However, in this dissertation,
we just dealt with classic cluster algebras, while the paper of Goodearl and Yakimov
treated what is called quantum cluster algebras. It would be interesting to see how many
of the results of this work have an analog in the quantum case. We plan to come back to
this as well. Third, this project gave an explicit algorithm calculating the homogenization
tilde map explicitly and showed how one could use it to describe the initial seed of the
cluster algebra AcC C|G/ Pg] explicitly. However, this special map can be so useful in the
context of Lie theory, in general. We hope we can discover more about it.

Although this dissertation improved the previous results of the relationship of par-
tial flag varieties and cluster algebras, it still shows that the cluster algebra A coincides
with C[G/ Py]| after localization. It would be so interesting to prove such results with
omitting this localization condition, but this does not seem trivial at all. From the first
days of cluster algebras, this relationship has been growing, but it has not been fully dis-

covered yet. We hope to see more improvements in the no-far distance.
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