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ABSTRACT

This dissertation develops a formal and systematic methodology for designing
optimal, synchronous multiple bus systems (MBSs) realizing given (classes of) parallel
algorithms. Our approach utilizes graph and group theoretic concepts to develop the
necessary model and procedural tools. By partitioning the vertex set of the graphical
representation CFG of the algorithm, we extract a set of interconnection functions that
represents the interprocessor communication requirement of the algorithm. We prove that
the optimal partitioning problem is NP-Hard. However, we show how to obtain
polynomial time solutions by exploiting certain regularities present in many well-behaved
parallel algorithms.

The extracted set of interconnection functions is represented by an edge colored,
directed graph called interconnecticn function graph (JFG). We show that the problem of
constructing an optimal MBS to realize an IFG is NP-Hard. We show important special
cases where polynomial time solutions exist. In particular, we prove that polynomial time
solutions exist when the IFG is vertex symmetric. This is the case of interest for the vast
majority of important interconnection function sets, whether extracted from algorithms or
correspond to existing interconnection networks. We show that an IFG is vertex
symmetric if and only if it is the Cayley color graph of a finite group I'" and its generating
set A. Using this property, we present a particular scheme to construct a symmetric MBS
M@, A) with minimum number of buses as well as minimum number of interfaces
realizing a vertex symmetric IFG.

We demonstrate several advantages of the optimal MBS M(I', A) in terms of its

symmetry, number of ports per processor, number of neighbors per processor, and the



diameter. We also investigate the fault tolerant capabilities and performance degradation
of M(T', A) in the case of a single bus failure, single driver failure, single receiver failure,
and single processor failure. Further, we address the problem of designing an optimal
MBS realizing a class of algorithms when the number of buses and/or processors in the
target MBS are specified. The optimality criteria are maximizing the speed and

minimizing the number of interfaces.

vi



CHAPTER 1

INTRODUCTION

Many of today's scientific and industrial applications such as image processing,
weather forecasting, fluid dynamics, plasma physics simulations, robot vision, molecular
biology, neural computing, and seismology require enormous amounts of computing
power. For example, in molecular biology, simulation of a protein molecule with only a
few thousand atoms for 1 ps time span would require 100 years on Cray 2. Due to
technological limitations, these higher computational demands cannot be effectively met
by a single processor system. A logical solution would be to use parallel processing. In
a parallel processing system, several processors collectively solve a given problem by
having each processor work on a different part of the problem simultaneously and
exchanging messages over a network of communication links. Today, parallel processors
are commercially available and they range from systems with few processors to systems
with thousands of processors. An example from the low end is the Encore Multimax
[118], in which up to 20 processors are connected by a single bus. An example from the
high end is the Connection Machine [142], in which a maximum of 64 thousand
processors are connected by a boolean hypercube.

A parallel processing system, or a parallel architecture, mainly consists of a set
of processors, a set of memory modules, and an interconnection network that provides
communication paths among processors and memory modules. Each processor
simultaneously executes a subtask of the problem at hand. Whenever one processor needs
information produced by another processor, they communicate via the interconnection

network. Therefore, a parallel processing system executing a given problem spends time
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not only on computation but also on communication. The major concern in a parallel
processing system, which is not present in a single processor system, is the cost of (time
spent on) the communication among processors. In many systems, the larger the number
of processors in the system, the higher the communication cost would be. Running an
algorithm on a massively parallel computer, more time would be spent on communication
than on computation [37]. The communication among processors and memory modules
is governed by the interconnection network. In fact, a major distinguishing feature of one
multiprocessor system from another is its interconnection network. The focus of this
dissertation is on the interconnection network of parallel processing systems. In the
literature, a large number of interconnection networks have been proposed for interproces-
sor communication. They include hypercubes [119], ring [103], tree [40], [69], cube
connected cycles [115], omega network [92], data manipulator network [47], generalized
cube network [125], [128], De Bruijn network [121], single bus multiprocessor [25], and
the multiple bus multiprocessor [42], [66], [109]. Each topology has its own merits, and
the selection of a topology is rather application dependent.'For example, mesh connected
systems are better suited for applications like image processing and weather simulation,
while hypercube systems are better suited for applications like FFT computation and
bitonic sorting. For survey and comparison of the relative merits of these topologies, the
reader is referred to [20], [43], [46], [127].
1.1 Classification of Interconnection Networks

Since it is a very difficult task to perform a comprehensive study on every
available parallel architecture, it is necessary to divide them into several general classes.

Different classifications of interconnection networks can be made by viewing them from
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different perspectives. The works reported in [20], [48], [50], [59], and [72] present
different kinds of taxonomy for interconnection networks. Here, we do not attempt to
exhaust all possible classifications of interconnection networks. For the purpose of this
dissertation, parallel architectures will be classified depending on their topology, operation
mode, and communication strategy. These classifications are not very strict and certain
overlappings may exist among different classes.

1.1.1 Topology

The topology of an interconnection network tells us how processors are connected
to each other. The topology also determines the diameter, the node degree, the bisection
width, and the connectivity of the interconnection network. In this dissertation we divide
interconnection networks into three broad topological classes, called direct link, switched,
and bused.

An interconnection network can be built by establishing a direct link (either
unidirectional or bidirectional) between certain pairs of processors. This type of
interconnection network is called a direct link (or a dedicated path) interconnection
network. Link connections do not change over time. Therefore, they are also called static
interconnection networks. If the source processor and the target processor are connected
by a common link, data will be sent along that link. If they do not have a common link,
they will communicate using some intermediate processors. Some examples of such direct
link interconnection networks are the hypercube [61], cube connected cycles [115], tree
[69], and the ring [103].

In the second topological class, switches are used to establish connections among

processors. No two processors are connected by a direct link. Switch settings can be



4

dynamically changed to implement various interconnection patterns. Usually, switches are
arranged in stages, and the networks are referred to as single or multistage interconnection
networks. Some examples of such networks are generalized cube network [128], banyan
network [55], omega network [92], benes network [15], data manipulator network {47],
and STARAN flip network [12].

In the third topological class, processor interconnections are achieved by one or
more buses and a set of interfaces. Depending on whether one bus or more than one bus
are used, the multiprocessor system will be called a single bus system or a multiple bus
system, respectively. In a single bus system, each processor, as well as each memory
module, is connected to a common bus via interfaces. Some commercially available single
bus systems are Encore Multimax [118], Sequent [111], SPUR [63], and Firefly [139]. In
a multiple bus system, each processor, as well as, each memory module, is connected to
a (not necessarily proper) subset of buses via interfaces. By connecting different
processors to different buses, a rich set of interconnection networks can be formed. Some
examples are the conventional multiple bus system [109], partial multiple bus system [33],
hierarchical multiple bus system [147], and orthogonal multiple bus system [71].

1.1.2 Operation Mode

Most parallel processing systems reported operate in one of the two modes of
parallelism called SIMD and MIMD [50]. In the SIMD (single instruction stream -
multiple data stream) mode, all processors execute the same instruction stream issued by
a central control unit. However, each processor operates on a different data set.
Communication capabilities of the interconnection network of an SIMD architecture is

determined by the set of interconnection functions associated with it. Each interconnection
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function is considered as a set of source-destination processor pairs which can perform
direct communications concurrently. Some examples of SIMD parallel architectures are
ILLIAC IV [11], GF11 [14], and Connection Machine [62].

In the MIMD (multiple instruction stream - multiple data stream) mode of
operation, each processor executes its own set of instructions and uses its own data. There
is no control unit to effect global synchronization among individual processors.
Communication among processors is done by handshaking. Therefore, MIMD mode of
operation is asynchronous. Some examples of MIMD parallel architectures are EMPRESS
[26], Cm* [137], Cosmic Cube [122], and Cedar [82].

There are certain other parallel systems that can operate both in the SIMD mode
and/or in the MIMD mode. These are called SIMD/MIMD architectures. Usually these
architectures comprise of processors connected in a hierarchical fashion. Processors
functioning within one hierarchical level are in the SIMD mode while those in another
hierarchical level are in the MIMD mode. Some other architectures, while executing a
parallel algorithm, may operate in the SIMD mode for a certain amount of time and then
switch to the MIMD mode. Some examples of SIMD/MIMD architectures are SNAP-1
[39], PASM [126], and DCA [75].

1.1.3 Interprocessor Communication Models

There are two basic communication strategies in multiprocessor systems. In the
shared memory model, as the name implies, processors communicate via a shared global
memory. A source processor needing to communicate places its output data in an area in
the shared memory and the destination processor(s) read the data from that memory area.

Usually, shared memory multiprocessors are tightly coupled and use a single address
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space. Some examples of shared memory multiprocessors are NYU Ultra Computer [57],
Alliant FX/80 [152], HEP [80], KSR-1 [116], BBN Butterfly [36], and DASH [96]. The
advantages of shared memory multiprocessors are flexibility and the ease of programming.
A major disadvantage of a shared memory multiprocessor is the cost. In the context of
special purpose architectures, shared memory models are not cost effective. They cannot
efficiently exploit the communication structures of the applications under consideration.
Thus, shared memory multiprocessors are more suitable for general purpose applications.

In the message passing model, each processor is provided with a local memory.
The source processor sends data to the destination processor via the interconnection
network. Usually, message passing multiprocessors are loosely coupled. Some examples
of such machines are the Cosmic Cube [122], CHiP [130], J-Machine [38], and iPSC/2
[9]. Since there is no requirement of concurrent access of data, implementation of
memory is less expensive. The message passing model is more suitable for distributed
environments. Also, the designer of a message passing (special purpose) multiprocessor
can make use of the inherent communication structure of the application domain. The
message passing model very well exploits the locality of reference present in many
algorithms. This led many researchers to favor the message passing model over the shared
memory model for interprocessor communication [93], [94], [99]. A disadvantage of the
message passing paradigm is that an algorithm with a communication structure that does
not match the topology of the machine will poorly run on the machine.

There are certain parallel architectures which use both the shared memory model
and the message passing model for interprocessor communication [39], [51], [87]. It

should be pointed out that, irrespective of the hardware model, any machine can simulate
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either a message passing model or a shared memory model using software [16], [97],
[98]. Good surveys on comparison of the two communication strategies can be found in
[78], [93], [98], [105].
1.2 Classification of Parallel Algorithms

Parallel algorithms can be classified by the properties of algorithms such as
communication pattern, data formats and structures, data size, types of operations, and
control flow strategy [45], [110], [115]. For the purpose of designing an interconnection
network, only the communication pattern of an algorithm faithfully reflects the
fundamental characteristic of the problem solving method. Classification of parallel
algorithms according to their communication structure was reported in [115]. Algorithms
such as FFT computations, bitonic sort, and merge sort possess similar communication
patterns and therefore belong to the Ascend/Descend class of parallel algorithms.
Algorithms such as searching, summation, and min/max computation belong to the Fan-
in/Fan-out class of parallel algorithms [144].
1.3 Bused Interconnection Networks

From the three topological classes of interconnection networks, the focus of this
dissertation is on bus based interconnection networks. Even though they have not received
as much attention as the other two topological classes, bus based architectures have been
addressed in several occasions in the literature [8], [33], [68], [71], [109], [148]. Those
systems can potentially have many obvious advantages, among which are ease of
broadcasting, ease of incremental expansion, feasibility for efficient VLSI layout, fault
tolerance, high memory bandwidth, and flexibility [33], [74], [90], [151]. Some of the

limitations of bused interconnections, such as, bandwidth, stray capacitance, and reflection
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waves produced at interfaces can be overcome by using the emerging optical technology
[34], [58], [135]. Depending on the number of buses used for interprocessor communica-
tion, bused interconnection networks are divided into two categories.
1.3.1 Single Bus Systems

In a single bus system (also called shared bus system), communication among
processors and commurication between processors and memory modules is done over the
common shared bus. More than one processor attempting to use the bus at the same time
will result in a bus conflict. This will be resolved by an arbiter. There are several shared
bus systems commercially available today. Encore Multimax [118], Sequent Symmetry
[101], and SPUR [63] are some examples of such systems. A major reason for their
popularity is the ease of implementation compared with multiprocessor systems with other
types of interconnection networks. Their major disadvantage is that the number of
processors is limited due to the limited bandwidth of the bus. Increasing the bandwidth
by using a wider bus is not cost effective [68]. A cost effective solution is to use several
buses instead of a single wide bus.
1.3.2 Multiple Bus Systems

Multiple bus systems have largely been left unexplored in the literature despite the
fact that the single bus system has been the most prevalent interconnection method used
for commercial releases of multiprocessor systems. With multiple buses, we can increase
the number of processors in the system beyond what is possible in a single bus system,
thereby potentially increasing the performance. To allow for multiple accesses to the
memory simultaneously, the standard procedure is to divide the memory into several

modules. In the conventional multiple bus system, each processor and each memory
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module is connected to every bus [18], [42], [66], [109], [150]. This method becomes
prohibitively costly when the number of processors and that of buses increase. When the
number of buses is large, the number of ports per processor in a conventional multiple
bus system may exceed physical limits. When the number of processors is large, the
number of tappings in a bus becomes large. This creates problems such as bus loading,
large stray capacitances, and wave reflections. Furthermore, with many bus connections,
complex arbitration is needed.

Becaus_e of the above mentioned drawbacks of the conventional muitiple bus
system, several other different configurations have been suggested in the literature. These
configurations reduce the number of bus connections without degrading the performance
considerably. In [90], a method is introduced to reduce a substantial number of bus
connections (compared to the conventional multiple bus system) while keeping the same
memory bandwidth (provided that proper arbitration is present). In the partial multiple bus
system, the set of buses and the set of memory modules are partitioned into several
groups such that a memory module is only connected to the buses within the group, while
each processor is connected to all buses [33], [89]. This is called memory oriented partial
multiple bus system (MPMB). In another variation, called processor oriented partial
multiple bus system (PPMB), the set of buses and the set of processors are divided into
several groups such that each processor is connected to the buses within its own group
only, while each memory module is connected to all the buses [74]. In the hierarchical
multiple bus system, several levels of buses are used, where lowest level buses are
connected to processors and highest level buses are connected to memory modules [147],

[148]. In the orthogonal multiple bus system, one bus is dedicated to each processor and
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buses are arranged in rows and columns [26], [71], [143]). All these multiple bus systems
are aimed at general purpose applications. For special purpose multiple bus systems,
communication patterns of the algorithms running on the system are usually known a
priori. Therefore, the number of bus connections can be further reduced.

In the conventional multiple bus system, [18], [109], and in many of the newer
versions (such as MPMB [33], PPMB [74], and hierarchical multiple bus system [148]),
the mode of operation is MIMD and the communication is via shared memory. Since in
the MIMD mode of operation processors access memory modules asynchronously, bus
conflicts and memory conflicts occur. These conflicts are usually resolved by a two-stage
arbitration scheme [88], [104], [109], [112]. If a certain source processor wants to send
data to a target processor, the source processor will get the privilege to access a certain
memory location with the help of the first arbitration stage. Then it will obtain a bus by
the second stage. Then the source processor will write the message into the memory
location. Next, the target processor also will get access to the same memory location via
a bus through the two-stage arbitration scheme. Finally, the target processor will read the
message.

There is no reason why a multiple bus system cannot be used in the SIMD mode
of operation with message passing for interprocessor communication. In the SIMD mode
of operation, the control unit will select a bus for both the source processor and the target
processor. Since bus conflicts do not occur in this mode of operation, no arbitration is
required. If the (SIMD) algorithm is mapped optimally, buses will not be wasted and
resources will be utilized efficiently. In the message passing model, each processor has

its own local memory. The processors can be allowed to communicate directly without
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the need for using a common shared memory. When two processors need to communicate,
the control unit will select a free bus for that purpose, and the two processors will
communicate through the selected bus. Usage of multiple bus systems in this context was
not given much attention in the past. Recently, however, some researchers have explored
the possibility of using multiple bus systems in SIMD and message passing environments.
Works reported in [41], [44], [49], [77], [83], [84], [108], and [144] address multiple bus
systems, directly or indirectly, in the above stated context.

1.4 Design Issues of Parallel Architectures

In designing a parallel architecture, the architect is faced with many design
parameters such as physical size, power consumption, processor characteristics, instruction
sets, memory design, interconnection strategy, the technology to be used, and cost [2],
[65], [124]. Taking all these parameters into consideration, it is extremely difficult (if not
impossible) to do a theoretical treatise on designing an optimal parallel architecture. At
the functional level, the interconnection network truly represents the parallel architecture.
In fact, often the distinguishing feature of a parallel processing system from a single
processing system is the interconnection network. Therefore, in this dissertation, we only
concentrate on the design of the interconnection network.

Design issues of an interconnection network vary depending on whether the target
is a general purpose machine or a special purpose machine. A general purpose machine
is one which can solve almost any problem with acceptable speedup. Due to their wide
applicability, general purpose machines generally have a better market potential. A special
purpose machine is one which can solve problems in a given problem domain with

greater speed. Due to the smaller market potential and the special purpose hardware
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needed, those machines are often more expensive. However, due to the speed demands
of many applications (such as weather forecasting, image analysis, and neural computing)
and the advancement of technology, the trend is to build more and more special purpose
machines [52], [133]. The focus of this dissertation is on designing special purpose
parallel machines.

In designing a general purpose architecture, some of the desirable properties of an
interconnection network are small diameter, small degree, larger bisection width, fault
tolerance, regularity, and expandability. Some of these requirements are conflicting with
each other. For example, decreasing node degree tends to decrease the bisection width and
to increase the diameter. For a special purpose architecture, the architect should consider
some other requirements in addition to those required by a general purpose architecture.
A special purpose architecture should solve problems belonging to a particular application
domain much faster than a general purpose architecture does. A particular problem
domain is characterized by a set of algorithms, each one having the same pattern of
communication. Therefore, a special purpose architecture is also an algorithmically
specialized architecture.

For the computer architect, to design a special purpose architecture, only the
knowledge of only the problem domain at hand will not be adequate. The architect should
also have some knowledge of the target architecture as to its topological class, mode of
operation, and communication strategy. Depending on the choice of the target architecture,
the architect usually comes up with a different interconnection network for the same
problem domain. In this dissertation, we narrow down the target architecture's topology

to multiple bus systems.



13

1.5 Research Objectives

In a real computing environment, parallel algorithms and parallel architectures are
inseparable from one another. On the one hand, a good parallel algorithm may not be
effective in solving a problem if the selected architecture (interconnection topology) does
not efficiently support the communications required by the algorithm. On the other hand,
a good architecture may not be effective if the algorithm does not efficiently utilize the
facilities of the architecture. Therefore, designing a parallel architecture which can
efficiently solve problems belonging to a particular problem domain is of paramount
importance. The literature on the design of algorithmically specialized parallel
architectures is mainly aimed at array processors [79], [100], [124]. The research
community has not paid much attention to the possibility of using other topologies as
algorithmically specialized architectures.

In the most general sense, the objective of this dissertation is to develop a formal
methodology to design optimal multiple bus architectures favoring a given class of
parallel algorithms. Our treatise is of combinatorial nature. We do not specifically address
hardware issues. A closely related subject is the optimal mapping of parallel algorithms
onto existing multiple bus systems. The problem of optimally mapping a given algorithm
into a given architecture (direct link) has been well studied in the literature [23], [31],
[120]. For the mapping problem, the target architecture is known a priori. But for
designing an architecture which can run the source algorithm(s) with maximum speed,
only knowledge of the type of the architecture is known.

In [95], a method was discussed to design reconfigurable interconnection networks

to realize given algorithms. In [144], the problem of designing an optimal multiple bus
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architecture to realize a class of algorithms, called Fan-in computations, is 2ddressed.
Also in [145], a similar method was developed for the Ascend/Descend class of parallel
algorithms. In [49], a multiple bus system emulating the SIMD hypercube was proposed.
The work reported in [77] shows how to reduce the number of pins per chip for realizing
n cyclic shifts on a multiple bus system.

Our approach is rather general; we do not restrict our attention only to a particular
algorithmic class. The source class can be arbitrary. From a given algorithmic class,
subject to some optimality constraints, we can extract a set of interconnection functions.
This is the first stage in the design process. The set of interconnection functions so
extracted dictates the potential communication capability of the target architecture which
can run the source algorithm(s) with maximum speed. Once the set of interconnection
functions has been determined, we will aim to construct an optimal multiple bus system
which realizes the interconnection function set. This is the second stage. We will analyze
the computational difficulties of both stages. We will also investigate how the design
process can be methodically performed by exploiting certain regularities present in inany
parallel algorithms. We will also report on the merits of the multiple bus system over a
direct link interconnection network realizing the same algorithmic class. We will further
analyze the fault tolerance of the constructed multiple bus system.

Another objective of the dissertation is to study the trade off between cost and
speed. We will analyze how an optimal multiple bus system favoring a given algorithmic
class can be constructed when certain components in the target multiple bus system are

specified.



15

1.6 Model and Design Criteria

In this section, we first present the model to be used throughout the dissertation.
The model serves several purposes. First, it siates all the assumptions made in the
dissertation. Second, it allows us to make research objectives more specific and more
detailed. Third, it gives the foundation for the mathematical approach used to achieve the
research objectives. The model presented consists of two parts. In the computational
model, we regard a parallel algorithm as a collection of computational nodes. We
represent a parallel algorithm by a graph whose vertices represent the computational
nodes of the algorithm and whose edges represent the flow dependencies of the algorithm.
In the architectural model, we specify all of the relevant features of the target multiple
bus system. Later in this section, we present our design criteria, in which we specify our
objective functions conforming to the presented model.
1.6.1 Computational Model

Parallel algorithms can be represented at different levels of abstraction. In the
lowest level of abstraction, a parallel algorithm consists of a set of computations (also
called computational nodes) and a set of data transfers among those computational nodes.
In the highest level of abstraction, a parallel algorithm consists of a set processes and a
set of edges among processes, where each process is a coherent set of computations.
Several methods have been used in the literature for representing parallel algorithms, such
as, the Problem Graph [23], Task Precedence Graph [76], Task Interaction Graph [120],
and the Data Dependence Graph [149]. These graphs represent parallel algorithms at
different abstract levels. For example, the Task Precedence Graph is a higher abstraction

of the algorithm than the Data Dependency Graph. Vertices of the Task Precedence Graph
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are processes while those of the Data Dependency Graph are computational nodes. For
our purpose, we will represent the source algorithm in the lowest level of abstraction.
Therefore, our representation will consist of a set of computational nodes and a set of
edges among those nodes.

Depending on the source algorithm, a single computation could be a simple
operation such as comparison of two numbers or a compound operation such as multipli-
cation of two matrices. Irrespective of the actual operation of the computational node,
however, we assume that computational nodes are indivisible. That is, a computational
node must be executed by a single processor and that processor will do so without any
interruption. We also assume that the source algorithm is homogeneous from the
computational point of view; that is, each computational node takes the same amount of
time on a single processor. This is a reasonable assumption since we can always break
heterogeneous computational nodes into smaller homogeneous nodes.

In the Data Dependency Graph, two vertices u and v have a directed edge from
u to v if and only if the computation at v depends on the computation at . In a such a
graph, four kinds of dependencies can exist between two vertices u and v [149].

(a) Flow dependence : The value of a variable computed by u is used by v.
(b)  Antidependence : The value of a variable used by u is later changed by v.
(c) Output dependence : The value of a variable computed by u is later changed by v.
d Control dependence: Computation u is a conditional statement whose output
decides the computation v.
Only flow dependence requires that data be transferred from u to v. Our target

multiple bus system would have a direct communication from one processor to another
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if and only if the source algorithm requires a computation assigned to the first processor
to transfer data to a computation assigned to the second processor. Therefore, in the
graphical representation of the source algorithm, only flow dependencies must correspond
to edges. We assume that the order of execution of the computational nodes in the given
parallel algorithm is known a priori. In this dissertation, the graphical representation of
a parallel algorithm will be called Computation Flow Graph (CFG for short).

If A is a parallel algorithm, then the corresponding CFG C, is constructed as
follows. Each vertex of C, is a computation in algorithm A. Each vertex of C, will be
assigned an integer label such that two vertices have the same label if they are to be
executed concurrently to achieve maximum speed. There will be a directed edge from
vertex u to vertex v if and only if computation v is flow dependent on computation u.
Other dependencies (anti, output, and control dependencies) in the algorithm will not
correspond to edges in C,. However, those dependencies will be reflected in the labeling
of the vertices in C,. Labeling of the vertices should satisfy the requirement that vertex
v has a higher label than vertex u if there is a dependency from u to v in the source
algorithm. We make the assumption that each edge in C4 corresponds to the same amount
of data transfer.

From our algorithm representation, it is implied that concurrent computations of
the algorithm are globally known. For example, computational nodes with the same label
must be executed concurrently in order to achieve maximum speed. Thus our model
implies that the source algorithm operates in the SIMD environment.

Let there be n labels in the CFG C4. There are no dependencies in algorithm A

among computations with the same label. That is, there are no edges among vertices with
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the same label. Thus C, is a directed n-partite graph. Vertices in the i partite set, that
is, vertices with label i, belong to concurrency level i. By the definition, edges will be

directed from a vertex at a lower level to a one at a higher level.

T T T T

a, a, a, a,
Figure 1.1: A CFG C,

Figure 1.1 shows a CFG (denoted by C,) with 7 vertices and three levels. It can
be considered as the CFG corresponding to an algorithm which solves the following
simple problem: given four numbers a,, a,, a;, and a,, find the maximum which is less
than a,. Vertex labels are written inside the circles representing the vertices of the CFG.

It should be emphasized that our graphical representation of parallel algorithms,
with respect to the presented computation and communication models, agrees with the
classification of algorithms given in [115]. Two algorithms represented by the same CFG
belong to the same algorithmic class. For example, a single CFG represents all the
algorithms in the Ascend/Descend class. In the rest of the dissertation, however, we use
the word "algorithm" to mean either a single algorithm or a class of parallel algorithms.

Since the CFG contains all the information of the algorithm needed for the construction
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of an optimal multiple bus system, we can use the CFG without referring to the algorithm
from which it was constructed.

1.6.2 Architectural Model

In this dissertation, our attention is on SIMD multiple bus systems which use
message passing model for interprocessor communication. We use the abbreviation MBS
to represent such a multiple bus system. An MBS consists of a set of processors, a set of
buses and a set of interfaces. An interface is a device which connects a processor to a
bus. In combinatorial analysis of MBSs in the literature, interfaces are frequently referred
as "pins" or "ports" [49], [77]. In this dissertation, however, we use the term "interface”
consistently. An interface connecting a bus to a processor will be called a driver or a
receiver depending on whether the data transfer is from the processor to the bus or from
the bus to the processor. Each processor is identical and assumed to have its own local

memory. Figure 1.2 shows an MBS with eight processors and four buses.
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Figure 1.2: An MBS with eight processors and four buses.
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In our model, buses are assumed to be half duplex in the sense that they can carry
data only in one direction at a time; however, data can be transferred in opposite
directions at different times. If two processors are involved in bidirectional communica-
tion, they should use two buses for data transfers.

Since our target MBS uses message passing model for communication, it does not
contain global memory. All communications are done between processors using buses.
However, if one wishes to include global memory to an MBS, it can be easily done. For
example, we can include global memory modules such that 'each memory module is
connected to every bus. Obviously, there are other possibilities. Construction of an MBS
which can use a message passing model as well as a shared memory model is a possible
extension to this work.

Some researchers have investigated the potential advantages of an MBS as an
interconnection network. In [19], [49], [138], an MBS has been conveniently represented
by a hypergraph. The vertices of the hypergraph corresponds to processors and
hyperedges correspond to buses. But for the optimal design of MBSs, the hypergraph
representation has a major drawback. When a bus is represented by a hyperedge, the only
information it represents is whether a certain processor is connected to a certain bus. The
direction of the connecting port (interface) is not shown. Therefore, unless all interfaces
are assumed to be bidirectional, the hypergraph does not convey all the information of the
MBS. In this dissertation, for optimality considerations, we need to distinguish an input
port (receiver) from an output port (driver). Therefore, hypergraph representation cannot
be used. We represent an MBS graphically by a directed bipartite graph called Multiple

Bus Graph (MBG for short). If G, = (X, Y, E) is an MBG, then X, Y, and E correspond
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to the set of processors, set of buses, and the set of interfaces, respectively, of the
represented MBS. An edge in E from a vertex in X (Y) to a vertex in Y (X) represents a
driver (receiver) in the MBS. Figure 1.3 represents the MBG corresponding to the MBS
shown in Figure 1.2. Notice that vertex x; represents processor P;, for 1 < i < 8, and
vertex y; represents bus B;, for 1 < j < 4. For our analysis, the MBG is only a convenient
graphical representation of the MBS. On many occasions, we will use MBS and MBG

synonymously.

X X3 Xg

Figure 1.3: MBG corresponding to the MBS shown in Figure 1.2.

1.6.3 Design Criteria

As stated in Section 1.5, given a source algorithm, our objective is to design an
optimal MBS which will run the source algorithm with maximum possible speed. One of
the basic assumptions we make in this dissertation is that the given parallel algorithm A
is not designed for any particular (underlying) architecture. Suppose, on the contrary, that
algorithm A which solves problem &’is written for a particular architecture %. Let M be

the optimal MBS designed to realize A. Then, other than solving problem & efficiently,
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M will try to emulate architecture %, which is an unnecessary side effect. If the design
of M was not restricted by architecture %, we would possibly have obtained a better MBS
to solve problem &. Thus, in this research we assume that the source algorithm A is not
written for any particular architecture and is the best algorithm to solve the problem at
hand.

Let M be the target MBS. Then, computations in algorithm A must be carried out
by the processors in M. Similarly, data transfers (communications) in A must be carried
out by buses and interfaces in M. Construction of M should adhere to the following
optimization criteria.

D Maximum speed
2) Minimum cost

Unfortunately, the above two represent conflicting requirements. Since we do not
modify the given source algorithm for designing an optimal MBS, there is an upper bound
on the speed (and a corresponding lower bound on the execution time) with which one
can run the source algorithm on any MBS, and that bound is determined by algorithm A
itself. This is the ideal speed of algorithm A. Similarly, there is a lower bound on the cost
of an MBS, which corresponds to the cost of a single processor without buses and
interfaces (excluding the buses and interfaces necessary for devices other than the
processor). These are the two extremes in designing an MBS to realize a given algorithm.
Our main reason for having a parallel processing system is to increase the speed of
applications beyond what could be achieved using a single processor system. So, one
primary objective of the dissertation is to construct a minimal cost MBS which can run
the given source algorithm A at its ideal speed. One secondary objective is the design of

an MBS with specified number of components, rather than with the number of .



23

components dictated by the ideal speed requirement. When practical issues are taken into
consideration, the latter would be the best approach. An MBS which can run source
algorithm A at its ideal speed may not be cost optimal.
1.7 Outline of the Dissertation

In this section, we briefly outline how the intended research objectives will be
achieved subject to the presented model. As mentioned before, one primary objective is
to construct an optimal MBS which can run a given algorithm (or a class of algorithms)
at the ideal speed. An MBS hosting a given parallel algorithm will perform computations
using processors and communications using buses and interfaces. Given an arbitrary CFG
C,, construction of the minimal cost MBS, which can run algorithm A at its ideal speed,
is an extremely difficult computational problem. To somewhat alleviate the difficulty, we
break the problem into two stages.

In the first stage, we assign a set of processors to the vertices of the given CFG.
This is called processor assignment and is addressed in Chapter 2. The first criterion for
processor assignment is that the total number of processors required to perform the
computations of the CFG is minimum. From the CFG, we construct another graph called
interconnection function graph (IFG for short). Vertices of the JFG are the processors
allocated to computations of the CFG. Edges of the IFG correspond to data transfers
among processors necessitated by the source algorithm. In the processor assignment stage,
we do not completely disregard the number of buses and interfaces required for the target
MBS. We use the number of edges in the IFG as an approximate measure of the number
of buses and interfaces in the target MBS. As a consequence, the second criterion for the

processor assignment is to minimize the number of edges in the IFG. We prove that
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optimal processor assignment is an NP-Hard problem. However, we show that certain
regularities inherent with every, well behaved, parallel algorithm lend themselves to
polynomial time solutions. For such algorithms, we provide an efficient algorithm to
perform the processor assignment.

In the second stage, we pay attention to minimizing the number of buses and
interfaces. We start the second stage with an IFG, which is obtained from a CFG by an
optimal processor assignment. Our objective in this stage is to realize the communications
dictated by the edges of the JFG using buses and interfaces. This is called bus assignment
and is addressed in Chapter 3. The first criterion for the bus assignment is to minimize
the number of buses and interfaces in the target MBS. The second criterion is to minimize
the time the target MBS takes to perform the communication primitives dictated by the
given CFG. We prove that the optimal bus assignment is an NP-Hard problem.

The construction of an optimal MBS realizing a given IFG automatically addresses
two other important issues. First, it addresses the problem of designing an optimal MBS
which emulates an existing SIMD architecture. Second, it addresses the problem of
designing an optimal MBS which can perform a specified set of interconnection functions.
Due to these reasons, we will address the bus assignment problem in more detail. We will
analyze important cases where a polynomial time solution can be obtained. We show that
the problem is solvable in polynomial time when the number of interconnection functions
associated with the IFG is two. Based on that algorithm we provide an efficient heuristic
algorithm to solve the general bus assignment problem.

In Chapter 4, we show how to perform bus assignment in polynomial time when

the IFG is vertex symmetric. We show that an IFG is vertex symmetric if and only if it
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is the Cayley color graph of a finite group and its generating set. We utilize this property
to analyze vertex symmetric JFGs. Due to the importance of vertex symmetric IFGs, we
will perform a detailed analysis of the bus assignment problem for this case. We will give
a polynomial time algorithm which performs the bus assignment of a vertex symmetric
or regular JFG. Furthermore, we will show the superiority of an MBS over a static
interconnection network realizing vertex symmetric /FGs, in terms of the number of ports
per processor, the number of neighbors per processor, and the diameter.

In Chapter 5, we address the fault tolerance capabilities of an MBS constructed
from a vertex symmetric JFG. We study the behavior of the MBS in the case of a single
bus failure, single interface failure, and a single processor failure. We obtain necessary
and sufficient conditions for the MBS to be fault-tolerant in each of the above cases. We
will also obtain a measure of performance degradation due to such component failures.
Furthermore, we will show how to add redundancy to the MBS in order to improve its
fault tolerance.

In Chapter 6, we address a secondary objective of the dissertation, namely the
problem of constructing an MBS with a given number of processors and a given number
of buses which can run a given source algorithm at maximum possii)le speed given the
restrictions. In this case, the cost function for optimality includes only the number of
interfaces. We first consider the case, where only the number of processors is specified.
In that case, we show that the number of buses can also be proportionally decreased
without any performance penalty. We show how to construct a regular IFG with the
specified number of processors. We then consider the case, where the number of buses

is specified. In that case, the number of processors needed for maximum speed is equal
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to the optimal number of processors. Here we show how to combine buses of the optimal
MBS to form a new MBS which has the specified number of buses.

In Chapter 7 we provide the summary of the dissertation along with concluding
remarks. We point out how several concepts addressed in the dissertation can be extended

for future research work.



CHAPTER 2

PROCESSOR ASSIGNMENT

In this chapter, we consider the first stage of the primary objective of the
dissertation. Given the CFG C, of a parallel algorithm A, we will assign the set of
computational nodes in C, to a set of processors such that the target architecture has
minimum cost and can execute algorithm A in its ideal speed. We will show that the
processor assignment problem is equivalent to that of partitioning the vertex set of the
CFG with certain constraints. By partitioning the vertex set of the CFG, we will obtain
an IFG. After stating the optimization criteria, we will prove that the optimal processor
assignment is an NP-Hard problem. We will then show how to exploit certain regularities
present in evéry well-behaved parallel algorithm in order to perform the processor
assignment in polynomial time. For the case when the CFG possesses such regularities,
we will present an efficient algorithm which solves the processor assignment problem in
polynomial time. Furthermore, we will show that, when the CFG is regular the resulting
IFG is also regular. Finally, in this chapter, we will present a proper scheduling for the
assigned processors.

2.1 Preliminaries

The underlying undirected graph of a CFG is connected. This is because the
algorithm which produced the CFG solves a single problem and therefore its computa-
tional nodes are interrelated. Given a CFG C,, we need to find a set of processors such
that each vertex in C, is assigned to exactly one processor in the set. One naive approach
would be to assign one processor for each vertex in C,. Another naive approach would

be to assign a single processor to all the vertices of C,. The former approach would have

27
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the fastest computation time but would be the most expensive. On the other hand, the
latter approach would be the least expensive but also the slowest. Our intention is to
construct a least expensive MBS which runs the source algorithm at its ideal speed. Since
each processor must be allocated to a disjoint subset of vertices of the CFG, the processor
assignment is equivalent to the partition of the vertex set of C,. Therefore, we will use
the terms "vertex partition" and "processor assignment” interchangeably.

Computations of the algorithm are performed by processors. Since we do not alter
the source algorithm, the amount of computation required by the algorithm, whether
executed by one processor or more, is fixed. We are only allowed to allocate computa-
tions to different processors. Therefore, the computation time is only affected by the
number of processors and the computation schedule. The source algorithm allows certain
computations to be executed in parallel. For example, all the computations of the first
concurrency level of the CFG can be executed in parallel. Similarly, all the computations
in the second level can be executed in parallel. However, no computation in the second
level can be executed before all the computations in the first level are done. This is due
to possible dependencies (not necessarily flow dependencies) among computational nodes
in different concurrency levels. The following lemma gives a straightforward resuit.
Lemma 2.1: Let n, be the number of concurrency levels in the CFG C,. Then the
minimum computation time is n,¢ , where ¢ is the computation time of a single node
of the CFG on a single processor.

Therefore, the algorithm stipulates a lower bound on the computation time. The
minimum computation time n,¢7 required by the algorithm will be called its ideal

computation time. To run algorithm A in its ideal speed, computations must be performed
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in time n,¢ ¥ . Therefore, the assignment of processors to CFG C, should be such that the
processors can perform the computations of the algorithm A with computation time n,z7 .
Note that there is very little or no significance of the term ideal communication time,
because, the minimum communication time is zero and it corresponds to the uniprocessor
case.

If two vertices in the same level of C, were assigned to the same processor, then
those two computations cannot be performed at the same time. Therefore, unless each
processor is assigned vertices belonging to distinct levels of C,, we cannot attain the ideal
computation time of the source algorithm. We provide the following definition in order
to characterize a processor assignment which will attain ideal computation time.
Definition 2.1: A partition { on the vertex set of a CFG C, will be called a level-disjoint
vertex partition if each subset has vertices from distinct partite sets.

In this chapter, unless otherwise stated, a partition of the vertex set of a CFG is
always assumed to be a level-disjoint partition. Let C, = (V, E) be a CFG. Let { be a
(level-disjoint) vertex partition of V. Associated with {, we will define an edge colored
directed graph G ,f called Interconnection Function Graph (IFG for short). If V,, V,, ...,
and V, are the subsets of partition , then for each subset V,, there exists a unique vertex
v; in G}, and vice versa. There is an edge of color r from v; to v;in G A( if and only if
there is an edge from y; to y; in C,, where u; € V,, u; € V), and ; is in concurrency level
r. An IFG may have multiple edges from one vertex to another. Since the vertex
partitioning of C, uniquely determines G A( , with slight abuse of notation, we may write G A(

= {(C,). Since the CFG C, is connected, so is the IFG {(C,). Every vertex of {(C,)
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corresponds to a set of computations, at most one from each concurrency level, of
algorithm A assigned to a single processor.

Definition 2.2: For a given parallel algorithm A and a partition § of C,, the collection of
computational nodes corresponding to each subset of the partition is called a subtask of
algorithm A.

Example 2.1: Figure 2.1 shows a possible vertex partition of the CFG C, shown in Figure
1.1. Dotted lines enclose the vertices belonging to a subset. Figure 2.2 represents the
corresponding IFG, which we denote by G,. The three computational nodes in the subset

V, form the substask associated with vertex v,.

Figure 2.1: A vertex partition of the CFG C,.

Even though the /FG is an intermediate step of our design process, it is an
important entity in its own right. Vertices of the IFG correspond to processors, and edges
correspond to data transfers among processors. Therefore, an IFG can be considered as

a direct link interconnection network with each edge corresponding to a unidirectional
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link. Colors of the edges represent concurrency of data transfers, that is, in the IFG, the
set of edges belonging to a certain color corresponds to an interconnection function (in
the most general sense) in the represented SIMD machine. Thus the IFG {(C,) represents

a direct link, SIMD interconnection network which can run algorithm A in its ideal speed.

Figure 2.2: The IFG G, corresponding to the vertex partition of Figure 2.1.

By definition, {(C,) has enough processors to execute algorithm A in its ideal
computation time. Addition of more processors will not reduce the computation time. This
is true because, if two computations are to be executed sequentially, whether they were
assigned to the same processor or to different processors, the computation time will not
be affected. Recall that we do not modify the source algorithm; specifically, we do not
distribute a single computation among several processors. Therefore, any interconnection
network with the number of processors equal to the number of vertices in {(C,) can attain
the ideal computation time of algorithm A. Next we consider the criteria for partition
to be optimal.

2.2 Optimal Processor Assignment
Any partition { of the vertex set of a CFG will produce an 7FG which corresponds

to a system with enough processors to reach the ideal computation time. We are interested
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in constructing a minimal cost MBS which has ideal computational time and minimum
possible communication time. Let M AC be an MBS which can perform each of the
interconnection functions associated with {(C,) in one step. To evaluate the merits of the
partition, we must obtain the cost of the M Ac as well as the computation and communica-
tion times of algorithm A running on M ,f Since we haven't constructed the MBS M A( yet,
some of the information regarding M Ac are unavailable at this stage.

The computation time and the number of processors in M A( are directly available
from partition {. Only an approximate measure for the communication time, the number
of buses, and the number of interfaces in M A( are available from partition {. Edges of the
IFG {(C,) correspond to data transfers among processors of M A( dictated by algorithm
A. The larger the number of edges in {(C,), the larger is the amount of communication
required. Therefore, as an approximation, we consider the number of edges in {(C,) as
a measure of the communication time of algorithm A running on M A( . Since the
communication in M A( is effected by buses and interfaces, for the present stage, we also
approximate the number of edges in {(C,) as a measure of the number of buses and
interfaces in M A(. Therefore, our goal of the processor assignment is to find a vertex
partition £ such that IV({{(C))I and IE({(C,))l are minimum. As the following lemma
shows, obtaining the minimum value of IV({(C,))! is straightforward.

Definition 2.3: Let C, be a CFG with n concurrency levels. Then, the number of vertices
in level r is denoted by 0,(C,), 1 < r < n. Also max{o,(C,) : 1 < r < n} is denoted by
o(C,).

Lemma 2.2: The minimum number of processors needed to run algorithm A in its ideal

speed is o(C,).
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Proof: To obtain minimum computation time, concurrent computations needed by the
source algorithm must be executed by distinct processors. O
For example, in Figure 1.1, o,(C,) = 4, 0,(C,) = 2, and o,4(C,) = 1. Therefore,
o(C,) = 4 and an optimal MBS needs 4 processors. Any machine with fewer processors
than o(C,) cannot execute the source algorithm A in ideal computation time. Since one
of our design criteria is that the target machine runs A in the ideal computational time,
the number of processors must be at least o(C,).
Unlike the case for IV({(C,))I, there is no straightforward method to find the
minimum value of IE({(C,))l. Furthermore, in general, both IV({(C,)I and IE({(C,))!
cannot be minimized at the same time. This fact will be clarified in the following

example.

Figure 2.3: A CFG C,.

Example 2.2: Figure 2.3 shows a four level CFG, denoted by C,, with twelve vertices

(directions of the edges are implied). Clearly, o,(C,) = 0,(C,) = 04(C,) = 0,(C,) = a(C,)
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Figure 2.4: Induced subgraphs of partition {; on V(C,).

= 3. Therefore, any level-disjoint partition would have at least three subsets. There are
16 edges in C,. A partition of C, with cardinality three' would have four vertices in each
subset, one vertex from each level. Since the total number of edges in C, is fixed, the
number of edges in {(C,) would be minimum if the number of edges induced by the
subsets of partition { is maximum. It is clear from the figure that the maximum number
of edges which can be induced by a 4-element subset of vertices is four. An example is
the subset {uz1 , u,z, uf, uf }. One can be easily convinced that there does not exist a
vertex partition with cardinality three such that each subset induces four edges. The best
possible, cardinality-three partition would induce four edges on two of the subsets and
three edges on the other subset. Figure 2.4 shows the induced subgraphs of such a
partition, denoted by ;. The three subsets are {u2l , ulz, u13, u'}, {u,l, u), u;,_3 , u34},

{u;, u32, u33, u24 }. Since partition {, induces 11 edges, the IFG {,(C,) resulting from

"The cardinality of a partition is the number of subsets it generates.
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partition {;, would have 5 edges. Now consider the induced subgraphs of the cardinalify
four partition £, = {{u;, ulz, u23}, {ull, u22, u34 b {u:,l, u13, uf b {u32, u33, u;}} shown
in Figure 2.5. That partition induces 12 edges, three on each subset. Therefore, the IFG

£,(C,) corresponding to partition {, shown would have only four edges.

Figure 2.5: Induced subgraphs of partition {, of V(C,).

Thus, in general, one cannot find a single partition { which minimizes both
IVIC(C ! and IE(L(C,))! simultaneously. Another conclusion that can be drawn from the
above example is that by increasing the number of processors above o(C,), we may be
able to decrease the communication time.

Since both IV({(C,))| and |IE(L(C,)! cannot be minimized simultaneously (in
general), the cost function for the processor assignment must include terms to reflect the
relative costs of vertices and edges of the target IFG. For each vertex of the IFG, we will

associate a cost x,. Also, for each edge we will associate a cost x,. Therefore, the cost
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of an IFG C, is x,IV(C ) + x,IE(C,)I. Using this cost measure, we can define the optimal
processor assignment as follows.

Definition 2.4: A vertex partition { of a given CFG C, is called an optimal vertex
partition (or simply an optimal partition) if x,|V({(C,))| + %IE(C(C,))! is minimum, taken
over all partitions . The processor assignment corresponding to an optimal partition is
called an optimal processor assignment.

Optimal processor assignment is very similar to the problem of program partition-
ing covered in the literature [10], [17], [24], [60], [81], [123], [132]. Solving the
partitioning problem for only two processors with the aid of network flow algorithms is
addressed in [132]. In [17], a partition strategy was proposed for a rectangular grid with
unequal weights. The general partition problem has been shown to be NP-Hard in [53],
[81]. The processor assignment problem we consider here is a restricted version of the
general partition problem. Our model for the processor assignment requires that no two
vertices from the same level belong to the same subset. We next prove that the optimal
processor assignment problem, although a restricted version of the general partition
problem, is also NP-Hard.

2.3 Computational Compliexity of the Optimal Partition l;roblem

According to the definition of the optimal partition, directions of the edges in a
CFG do not play any role. Therefore, in obtaining the computational complexity of the
problem, we will ignore the directions of the edges of the CFG. To use known results
from computational complexity theory, we convert the above optimization problem into
a decision problem [53]. The decision problem, which we call the Level Partitioning (LP)

problem, is defined next.
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Level Partitioning (LP) Problem:

INSTANCE: An undirected n-partite graph G and non negative integers x;, X,, and K.

QUESTION: Can we find a partition { on the vertex set of G such that each subset
contains vertices from distinct partite sets and x,*IV({(G)| + X ECG))!
<K?

Theorem 2.1: LP is NP-Complete.

Proof: It is straightforward to show that LP belongs to class NP. To show that it is NP-

Hard, we will transform an instance of the Three Dimensional Matching (3DM) problem

[53] into an instance of the LP problem and show that the 3DM instance has a matching

if and only if the LP instance has a solution. For completeness we will state the 3DM

problem [53].

INSTANCE: Set M < XXYxZ, where, X, Y and Z are disjoint sets each having p
elements.

QUESTION: Does M contain a matching, i. e., a subset M’ € M of cardinality p such
that no two elements in M’ agree in any coordinate?

For the 3DM instance, let IXI = IY1 = I1Z1 = p and IM| = q. From this, we will
construct an instance C of LP, that is, a CFG C and constant K. For each element x; €
X, there is a vertex x; in C with label 1. Similarly, for each element y, e Yand z, € Z
there exist vertices y; and z; with labels 2 and 3, respectively. For each element m; = (y j,
x7, z7) in M there are 9 vertices a1] through ;9] in C. Figure 2.6 shows how those
vertices are connected and labeled. We define C = (V, E) by

|ZERCANCRARCR ARV 0 {ajk] : 1 =k <9}, and

1

P
E= U E, where,
1
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E = {(x/, a[1]), (a]l1], a2]), (aj[2], a{3D} © {(y/, aj[4]), (a4], a5, (a;5],
af6D} v {(z/, af7]), (a[7), a8)), (a8, a9D)} L ((af3], al6]), (a]l6], a;9D)}.

a[3]] 1 al6]] 2 a[9] 3

al2] e 3 afS]e 1 a[8] ¢ 2

a,.[l] ® 2 al[4] [ 3 a,-[7] ] 1

x’ ‘u 1 yj 62 zj ¢ 3

Figure 2.6: Component of C corresponding to m; € M.

According to the way C was constructed, IV(O)l = 3p + 9¢, where each level contains p
+ 3q vertices. Therefore, 0,(C) = 0,(C) = 04(C) = a(C) = p + 3q. The total number of
edges in C is 11q. Since there are no triangles in C, any 3-element subset of vertices in
C can induce at most two edges. We will attempt to form a vertex partition of C such that
each subset has vertices with distinct labels and induce two edges. Therefore, we set the
value of K to be equal to k,(p + 3¢q) + x,(11g — 2(p + 39)) = x,(p + 39) + x,(5q - 2p).

Suppose that the 3DM instance has a matching M’ < M. For each element
m; € M’, form the 3-element subsets of the vertices {x/, a1], aj[2]}, {y/, af4], af5}]},
{z/, aj[7], aj[8]}, and { aj[3], aj[6], aj[9]} in C. These subsets are shown in Figure 2.7 by

enclosing the elements of each subset in a dotted curve. For each element m; ¢ M’ form
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the 3-element subsets of the vertices {afl1], aj[2], aj[3]}, {aj[4], aj[5], aj[6]}, and {aj[7],
aj[S], aj[9]] in C (see Figure 2.8). There are p elements in M’ and (g — p) elements which
are in M but not in M. Hence the above partition has 4p + 3(g — p) = p + 3¢ subsets.
Also, each subset induces two edges. Therefore, the total number of edges induced by the
partition is 2(p + 3g). It can be easily seen that the smallest cycle in C has 14 vertices.
Therefore, there can be at most one edge from one subset to another. Hence |1E({(C))l =
11g - 2(p + 3q) = 5q - 2p. Also, IV({(O))l = p + 3q. Therefore, { is a solution to the LP

problem.

0[31 1 al6]{ 2 a[9] 3

a[2] } 3 a[5]..1 814 3

a,[l] ¢ 2 a,[4] 3 a,[7] ¢ 1

Figure 2.7: Partition of a component of C corresponding to m; € M.

Now suppose that the LP instance C has a solution, that is, there exists a partition
€ such that x;,IVC(O) + %l EC(O) £ K = x,(p + 39) + x,(5¢ — 2p). We first claim that
€ consists of p + 3g 3-element subsets and each subset induces two edges. Since there are
only three labels in C, one subset can have at most three elements. Let s,, s,, and s3 be

the number of 1-element, 2-element, and 3-element subsets in {, respectively. Then,
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§; + 25, + 355 = IV(O)l = 3(p + 3q). Therefore, 25, + 3s; < 3(p + 3¢); equality holds only
when s, = 0. The inequality can also be written as %sz + 255 < 2(p + 3q). Therefore,

5y + 253 £ 2(p + 39); equality holds only if 5, =5, = 0. (1

a[3] 1 a,[6] 2 al91|31

Figure 2.8: Partition of a component of C corresponding to m; ¢ M.

A l-element subset does not induce any edges. A 2-element subset can induce at most 1
edges. Also, a 3-element subset can induce at most two edges. Therefore,

IEC(O)l 2 11g — (255 + 55) (2
Combining the two inequalities (1) and (2), we get IE(C(O)l = 11q - 2(p + 3¢q), that is,
IEC(O)! = 5¢ — 2p; equality holds only if s; = s, = 0. From Lemma 2.2, IV({(O))l 2
P + 3q. Therefore, x,IV({(O)l + IECO) £ K = x,(p + 3¢) + k(5 ~ 2p) can be true
only if §; = 5, = 0, IV{C(O)l = p + 3q, and IE{(C))l = (5q - 2p). This proves our claim
that  contains p + 3g subsets and each subset induces two edges. Consider element x;
in X. Vertex x; must be included with vertices aj[l] and aj[2] for some value of j to form

a 3-element subset. This is possible when x; is in m/, that is, x; = x/ (see Figure 2.6).



41

Once this is done, a;[3] must be included with a;(6] and ;{9] to form a 3-element subset.
Now q[5] and g[4] must be combined with some y, such that y, = y/ to form a 3-
element subset. Similarly, 48] and a[7] must be combined with some z; such that z, =
z/. From the construction of C, (x, y,, z) must be an element of M. Taking all the
elements in X, we can thus obtain p (x/, y/, z/) tuples which will exhaust all the
elements in X, Y and Z. Thus we have a matching for the 3DM instance. O

Since the general problem is NP-Hard, we can utilize two approaches in finding
the solution to the processor assignment problem. One approach is to use some features
which are inherently present in many of the well known parallel algorithms, so that the
processor assignment problem can be solved in polynomial time. Another approach is to
use a polynomial time algorithm (probably heuristic) such that the solution is not
necessarily optimal but does not deviate from the optimal solution by more than a fixed
percentage.
2.4 Exploiting Regularities in the Source Algorithm

For the optimal processor assignment problem, we use the first of the above
approaches. The choice of the first approach can be justified as follows. Even though
obtaining a solution to the general problem has some theoretical interest, it is of very little
practical interest. The vast majority of practical algorithms show some degree of
regularity in their structures. In fact, certain regularities are present in every well behaved
algorithm since spaghetti code writing is completely obsolete. We also favor having
regular features in the target MBS. An irregular MBS would be unattractive in many ways.
Thus, by paying attention only to CFGs with some regular features (to be defined

precisely next), we do not reduce the generality of the design procedure insofar as actual
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algorithms and actual architectures are concerned. However, if one is interested in finding
a partition of a general CFG, Algorithm 2.1 given in Section 2.5 will serve the purpose.
Definition 2.5: A CFG C, is said to be locally regular if the following three conditions
are satisfied.

(a) Every vertex in the same level has the same indegree (outdegree).

b) If there is an edge from a vertex in partite set W/ to a vertex in partite set W*,

then k =j + 1.

()  If the relation IW/i < 1W/*H ({1W /1 = IW7*1]) holds for some j, then the same holds

for every j.

The above definition characterizes almost every well-behaved parallel algorithm.
Statement (a) stipulates that all concurrent computations in the algorithm behave
- similarly. This is true for many algorithms such as binary search, bitonic sort, matrix
multiplication, and prefix sum computations. Statement (b) stipulates that a certain
computation can receive data only from computation(s) in the immediately preceding
level. This is also generally true for most practical SIMD algorithms. Statement (c)
stipulates that the number of concurrent computations does not vary irregularly as we
move along the algorithm from the beginning to end. This is also true for many parallel
algorithms. For example, in Ascend/Descend class of algorithms [115], the width of the
computation is constant, that is IW/| = [W/*!| for all j. Also, CFGs belonging to many
algorithms are (binary) fan in trees [3], [22], [29], [136], [144]. For such CFGs, the width
of the algorithm gradually decreases, that is, |W/] > |W/*!| for all j. These algorithms

belong to the Fan-in/Fan-out algorithmic class [144].
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2.5 Optimal Vertex Partitioning of a Locally Regular CFG

We will show that if a CFG is locally regular, its optimal partition can be found
in polynomial time. In order to do that, we will use some graph matching techniques. For
completeness we will state some fundamental definitions and results related to graph
matching.
Definition 2.6: Two distinct edges in a graph G are independent if they are not adjacent
in G. A set of pairwise independent edges of G is called a matching in G. A matching
of maximum cardinality is called a maximum matching [30].

For a given graph G, a maximum matching can be found in polynomial time [30],
[56]. For the present purpose, we are only interested in matchings in bipartite graphs. A
maximum matching of a bipartite graph can be found in O(n°?) time, where n is the
number of vertices in the graph [67].
Definition 2.7: The set of all vertices adjacent to a vertex v in a graph is called
neighborhood of v and is denoted by N(v). The set of all vertices adjacent to a set S of
vertices is similarly called the neighborhood of S and is denoted by N(S).
We state the following theorem due to Hall without proof [30].
Theorem 2.2: Let G = (X, Y, E) be a bipartite graph. Then X can be matched to a subset
of Y, if and only if, for each subset S of X, IN(S)I = ISl. O
Theorem 2.3: Let G = (X, Y, E) be a bipartite graph such that each vertex in X has
degree p and each vertex in Y has degree ¢. Then, either X can be matched to a subset
of Y, or Y can be matched to a subset of X depending on whether 1X| < IY] or Y1 < IX1.
Proof: For any subset B of vertices of G, let Ey be the set of edges adjacent with the

vertices of B. Suppose that p 2 g. Then, since plX| = ¢lIY], it follows that I1X] < |Y]. Let §
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be a subset of X. Then IEg = plSl, and |Ey gl = gIN(S)I. Since N(S) represents all the
neighbors of S, it follows that Eg ¢ Eys). Therefore IEg| < |Ey ), and hence plSI < gIN(S)I.
Therefore, ISI < IN(S)l, and from Theorem 2.2, X can be maiched to a subset of Y.
Similarly, if p < g, we can show that ¥ can be matched to a subset of X. O
Recall that a CFG is a directed n-partite graph with the property that vertices in
partite set W/ has incoming edges originating from partite set W*, k <j. A CFG C, is
locally regular if each vertex in partite set W/ has the same indegree/outdegree and all
the edges incident on vertices in W/ are originating from partite set W/,
Theorem 2.4: Let C, be a locally regular CFG. Then, for any level-disjoint partition {,
IEC(CN 2 IE(C)I = IV(CI + a(Cy).
Proof: Let a be the cardinality of partition {. Let V; be any subset of partition . Then
V; contains at most one vertex from a given partite set, say W/. Furthermore, a vertex
in V; belonging to W/ can be adjacent with a vertex in either W/ or W/*l. Therefore,
V; cannot contain any undirected cycles. Therefore, if E; is the set of edges induced by
V,, then |E] < V| ~ 1. Therefore, Xa: IE| < Xa: (-1 = za: Wil = a =IV(Cyl - a.
According to Lemma 2.2, a > a(CA;lTherefo;:, i IE) < IV(C";I)I - o(C,). There can be
at most one edge of a given color from a vertex '12 one subset V; to a vertex in another
subset V,. Therefore, IE(C(C)) = IE(Cy)! - i IE}|. Hence, IE(C(C ) 2 IE(Cy) - IV(C),)I
+ o(C,). - a
It should be noted that the above theorem is true not only for locally regular
CFGs. Any CFG satisfying Condition (b) of Definition 2.5 will have the lower bound

stated in the above theorem. In the next theorem we show that the lower bound can

always be reached for a locally regular CFG.
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Theorem 2.5: Let C, be a locally regular CFG. Then there exists a vertex partition
such that IE({(Cy))! = IE(C,)l = IV(CyI + o(C)).

Proof: We will provide a constructive proof. Suppose that |W/*1| < IWJ|, for 1 <j <
n — 1. Then, a(C,) = o= |W!l. Let L/ be the subgraph of C, induced by the vertex set W/
v W/, for 1 <j<n - 1. Clearly, L/ is a bipartite graph. We construct the subset of
vertices V; through V, as follows. Initially, V; contains exactly one vertex from W1, for
1 < i < o. According to Theorem 2.3, since IW?| < IW!| by the hypothesis, vertex set
W? can be matched to a subset of W2 in L!. Let M! be such a matching. Each vertex
in W1 is contained in exactly one subset V, 1 S i< o.If u; € V, and (i}, u,) € M1,
then let V; = V; U {u,}. In other words, if a vertex in the subset V;, is included in the
matching M !, insert the complement vertex also in V.

Since IW?3| < IW?|, W? can be matched to a subset of W? in L?. Let M? be
such a matching. If u, € V; and (u,, u3) € M?, then let V; = V, U {u;}. Repeat this
procedure until all the vertices in C, are inserted into the subsets V; through V. Every
time we update V,, we insert a new vertex which is adjacent with exactly one vertex in
the existing V. Therefore, the number of edges induced by V; is IV} — 1. Hence the total
number of edges induced by the partition is i (Vi = 1) = IV(CH)l - a(C,). Thus,
IECC(C ) = IE(C)l — IV(Cy)! + o(C,). The prg(l)f is similar if IW/| 2 Wi, 1 <j<
n — 1. The only difference is that we start with each V,, 1 <i < ., containing exactly one
vertex from W”". O

Thus, when C, is a locally regular CFG, there exists a partition { which minimizes
both IV(L(C4))! and IE(C(C,))! simultaneously. The following algorithm provides an

optimal partition of a locally regular CFG.
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Algorithm 2.1

INPUT: Locally regular CFG C, with n levels.
OUTPUT: Optimal partition {V,, V,, ..., V_} of V(C,).
begin
If IW! <IW?"| then
begin o = IW!l;j = 1; 0 = '+, end,;
else
begin o0 = IW"l; j = n; 0 = '-'; end;
fori=1toado o _
V, = {vj}, where W/ = {v/, v], ., v.};
L7 := subgraph induced by W/°l U W,
while (0 ='+'and j#n)or(o=""andj # 1) do
begin o . .
Ml = {(Vlj‘l, Vl"), '(Vi’.l , sz), aesy (V':,;l.ll,' vﬂij'll)}
matches W7*! to a subset of W/,
fori=1toodo
if (x,y) € M/)and (x € V) then V, =V, U {y};
j=ij+ 1
end;
end.

We can analyze the computational complexity of Algorithm 2.1 as follows. The
first two compound statements take a constant amount of time. By using the algorithm
for finding a maximum matching in a bipartite graph given in [67], the while loop takes
O(am) time. Furthermore, the while loop will be executed n times. Therefore, the total

S’2). Since IV(Cy)l is O(nov), the time complexity can be expressed

time it takes is O(no
as O(IV(C,).a*?).

Optimality of the output of Algorithm 2.1 is guaranteed only if the CFG is locally
regular. When the CFG is not locally regular, the algorithm produces a nearly optimal
partition. Therefore, Algorithm 2.1 also provides a heuristic method for solving the
general level-disjoint vertex partition problem.

Example 2.3: Consider the CFG, denoted by C,;, shown in Figure 2.9. Clearly, it is a

locally regular CFG. It has four levels, i.e., four partite sets. Figure 2.10 shows an optimal
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partitioning of its vertex set using our algorithm. The subsets are named 1, 2, 3, 4, 5, and
6. Figure 2.11 shows the corresponding IFG, which we denote by G,. In G,, edges of

colors 1, 2, and 3 are represented by solid, broken, and dotted lines, respectively.

Figure 2.9: A locally regular CFG, C;.

It is interesting to notice that the CFGs of many parallel algorithms such as bitonic
sorting, FFT, and convolution, have stronger regularities. Specifically, each computational
node (except in the first and the last concurrency levels) has two incoming edges and two
outgoing edges. To emphasize the properties of such parallel algorithms, we provide the —
following definition.

Definition 2.8: A CFG is said to be regular if it is locally regular and every level has the
same indegree (outdegree) 2, except that the indegree of vertices in the first level and the
outdegree of the vertices in the last level are equal to zero.

Lemma 2.3: If a CFG is regular, then each partite set has the same number of vertices.
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Proof: Let W1, W2, ..., W" be the partite sets of the CFG. Then, there are 2| W!| edges
incident with the vertices in W!. This is equal to the number of incoming edges to W2,
Since each vertex of W? has indegree 2, the number of vertices in W? is equal to |W11.

Similarly, we can show that IW?| = [W3| = .. = IW"1| = [W"I. O

Figure 2.10: Optimal partition of V(C;) using Algorithm 2.1.

Therefore, an algorithm corresponding to a regular CFG has the same number of
computations at each concurrency level. In other words, the algorithm has the same
"width" throughout the computation. If we assign one processor per computational node
at each level, then the same number of processors is needed at each level. This kind of
algorithm uses processors very efficiently; no processor stays idle throughout the
execution of the algorithm. When the CFG is regular, subtasks (see Definition 2.2)
corresponding to any optimal partition consists of one node from each concurrency level.
Therefore, every processor performs the same amount of computation. Next, we present

two important properties of an IFG obtained by optimal partitioning of a regular CFG.
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Figure 2.11: The IFG G, corresponding to the optimal partition shown in Figure 2.10.
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