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A ppendix: Supplem entary D ata  
for C hapter 3

This appendix is used to include those background materials, and derivations 

not available in Chapter 3. This section refers to particularly those references on 

Hoo control [14, 15, 20, 37, 48, 73].

A l. Inner and Co-inner Functions for Theorem  

3.14

C o ro lla ry  5.1 Suppose V{z) =
A B

C D
€ TZHoo is a controller realization, then

V(z) is inner if  and only if  there exists a matrix X  =  X m >  0 such that

(a) A"X A -  X  +  C 'C  =  0

(b) D ’C +  B ’X A  =  0

(c) (D -  C A - XB ) 'D  =  D ’ D +  B ' X B  = I

and V{z) is co-inner if  and only if  there exists a matrix Y  = V" > 0 such that

(d) A 9}'A -  V +  13B ’ =  0

159
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(e) B D '  +  A Y C '  =  0  

(!) D{D -  CA ~XB ) '  = D D '  +  C Y C '  =  I  

then show that V(z) in Theorem 3.69 can be written as V (z )V (z ) '  =  /  +  C Y C ' ■

Proof: By the Theorem 3.14, the transfer function V(z) = I  + a C (z In+r — A — 

L aC)~xa~x(La — Ii). To further simplify, let C =  aC, A = A + LSC  ancl B  =  

a~x(La — II). Then V(z) = I  + C'[zl — A)~XB.  We need to show that V(z)  is 

co-inner. With stabilizing solution Y  >  0 in Theorem 3.69, it is noted that Riccati 

equation (3.61) can be written as

Y  =  (A + LsC )Y (A  + LsC)'  + <x-2 (Ls - H ) ( L s - I I ) ' ,  

= A ' Y A + B B ' .

where La =  II — q 2(A + IIC)YC~{I + a 2C Y C ’)~x. To show the condition (e) above, 

we rearrange and multiply La by (I  + a 2C Y C ‘ )~x. The result is satisfied as follow.

a - x{Ls -  II) +  a{A  +  LSC ) Y C '  = B D  + A Y  O ' = 0

and to show the condition (f), let Vs{z) =  C(z l  -  A)~XB.

{s i  -  A ) Y ( z - xI  -  A')  =  Y  -  A Y  z~x -  zYA"  +  A Y  A '

we rearrange the equation above.

Y  =  {si -  A )Y (z~xI — A')  +  / 1 W 1 +  z Y A '  -  A Y  A"
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and

B B '  =  Y - A Y A '

=  ( z l  -  A ) Y ( z - 11 -  A*) + A Y z ' 1 +  z Y  A ” -  A Y  A '

= (z l  -  A )Y (z~xI  — A") +  A Y (z ~ xI  -  A ')  +  (z l  -  A ) Y A \

Thus,

vsv ;  =  C ( z l  -  A ) - xB B ' ( z ~ xI  -  A ‘ )~XC '

= C Y C '  +  C ( z l  -  A)~XA Y C '  +  C Y A ' ( z ~ xI  -  A ')~XC'

and

v { z ) v { z ) ' =  iD +  v3)(D- + v;)

D D '  +  VaD'  +  d v ;  +  v .v ;

D D '  + C ( z l  -  A)~XB D '  + D B ' ( z ~ l J -  A ’ ) - XC '  +  C Y C '

+  C ( z l  -  A ) ' 1 A Y C '  +  C Y A ' ( z ~ xI  -  A ' ) - XC"

D D'  +  C Y C '  +  C ( z l  -  A)~X(B D '  +  A Y C ')  + (D B '

+ C Y A ' ) ( z ~ l l  -  A ' )~XC '

D D '  +  C Y C '

I  + C Y C '

1 + q 2C Y C ' .

Therefore V(z )V(z ) '  =  I  a 2CYC*  is proved. However, this is not exact co-inner. 

I
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A2. The D erivation of D iscrete-tim e Equation •

The state space solution in[37] yields the following equivalent conditions for J  <  7 : 

Let A, R  and Q € Cn x n with Q and R  Hermitian. The symplectic pairs S  with 

2n x 2n matrices for obtaining the discrete Riccati equation

/ A  0 I  R

\ .  - Q  1 .

1
_ 0 AT

We now present some results on the properties of -V as well as conditions under 

which S  belongs to dom(Ric).

D efin ition  5.1 D isc re te - tim e  R icca ti eq u a tio n

Suppose that S  € dom(Ric) and X  = Ric(S).  Then

(a) X  = X T

(b) X  satisfies X  =  A r X ( J  +  R X )~ '  A + Q.

(c) The matrix ( /  +  R X ) ~ l A is stable.

L em m a 5.1 Suppose that R  =  B B r and Q = CTC where (A , B) is stabilizable and 

(C, A) has no unobservable modes on {r : |; |  =  1 }. Then S  € dom(Ric(S)) > 0, 

and ker(X) belongs to stable unobservable subspace o f (C ,A) .

The discrete-time control which is associated with two symplectic pairs:

/ A - B R r ' D j C , 0 I  B R - l B T \

V - C f [ I - D u R - 'D l ) C \  J 0 ( A - B R - ' D j C x f /
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/ (A - B 1Dt1R - 1C)t  o" I  C TR~XC

\ - B j { I - D TxR~xD.x) B j  I
»

0 A - B xDTlR~xC
T  =

Let us consider for the plant size of m  >  p given by Theorem 3.10. A state-space 

realization of G(z) is given by

G(z) =
G u G\2

G21 G22

0

0

0

+
(1 -  X)C 

0 {z l  -  A) - l ■H B /X

A - H B/X  "

( l - X ) C 0 0

0 0 /m

C 0

We assume that the system G{z) is stable and a (D ) < 1 . First, we define some 

matrices:

R  =  DIDx. -

1O1.

, D\, — [Z?n D\2] =
0  0

0  0 0  /

D \C \  =

R~l =

D li

D \2

C l  =

1---O
t

0
, D.\ — [Dn D2X] —

' D n ' II

0
0 D2\ ----1I

R~x =

-7 - 2/  0 

0  /

- 7  " 27 0 0

0 — 7 “ 2 /

0  0 /

, /? =
-72/  0 

0 I
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B j  =  [B\ B 2\ = ■H B /A , C , =
Cr

C2

(1 -  \ ) C  

0

c

B jR ~ xD \C \  =  0 , D t . I T ' D i  =  0

/  +  B f R~xB } X  = 1 + (A- 2BB* -  ~f-2H i r ) X ,  B r i l  -  D ^ f T 1 DA)B ‘t =  0 

A  -  B xD'a R - xC = A + I l C , /  +  C'jR~xC j Y  =  /  +  [ ! -  )2]C 'CY

R~XC/  = 0

c
" /  — a 2C Y C ‘ 0 l ^ C Y C '  1

Z Z  = (I  + R - 'C f Y C } ) - '  = 0 I 0

C Y {1 - X ) C m 0 1 + C Y C ’

-1

The block element(3,3) of matrix (I  + R~xC /Y C f )  1 can be calculated as Schur 

complement as follow: If A~x exists, then
■ • - i _ _

/I D y4-> +  £ A ‘ lF

7<11

C B - A - JF A " 1

where A =  B  -  C A ~XD, E  — A~ lD, and F  =  C A ~X.

Z  £ ( 3 ,3 )ll3) =  [ I  +  C Y C '  +  C Y C ' i ^ - ^ f i l - i ^ — ^ - f C Y C ' Y ' C Y C '
- i

/  +  C Y C '  +  C Y C m(- ^

= (* + eve* + (-/ + [/- (^ ^ ) 2crc-])cy'c*j
=  [/ +  ( / -  0 2C Y C r ) - xC Y C ’) -x 

=  I - { I -  p 2C Y C m +  C Y C * )- lC Y C m 

=  I  - { I  + a 2C Y C r ) - ' C Y C ’

- l
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If S  €dom(Ric) and T  € dom(Ric), there exist matrix X  >  0, and Y  >  0 . By 

the lemma 5.1, and lemma 5.1, there exists a matrix X  — Ric(S)  >  0. Then we 

arrange to give the Riccati equation by the lemma 5.1. The Riccati equation of the 

system can be represented as follows:

X =  A" X  (I  +  R X ) ~ l A  +  Q

( A -  B f R - ' D ; C \ r X ( l  + B j R - l B }X )~ l {A -  B jR T l Dmx Cx)

+  C ; ( I - D uR - 'D l ) C i  

A mX { I  + [ - H  B/X)

+

A ’ X  [I +  {\~2 B B m -  y - 2H H m)X ]- l A +  (1 -  A f C ' C .  

and also the state feedback matrices [37] is given by 

F  =

" - 7 " 27 0 - I F
X ) ~ l A

0 7 B-/X

[ 7 -0 ]
(1 -  A)C

(1 - A )Cm 0 ---1

O

i

Fi

F 2
{R +  B"j X B s ) - \ B ' j X A  +  D\  C,

( R +  B } X B f )~ 'B}X  A 

(7 +  R ' l B } X B j ) - l R - ' B } X A  

R ~ 'B ' jX { l  +  B j R ~ lB ' X ) - ' A  

X { I  +  (A~2 B B '  -
' —7 -27 0 ’ - I F

0 7 B ' l  A

F  = F2 =  -A - 2 J3\\'[7 +  (A'~2B B '  - . , - 2  I J  EJ*\ V l - 1
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Similarly, there exists Y  = Ric(T)  satisfying

Y  = A { l  + Y R )~ l Y A '  + Q

Then the stabilizing solution Riccati equation can be written as

Y  =  A ( I  + Y R ) - l Y A m + Q

= (A -  B xDmARTxCj){l  +  C}R~xC j Y ) - xY(A -  B xD \ R - ' C j ) m 

+  b x( i - d a r ~ xd . x)b;

= (A + HC)[I + a 2Y C mC )- 'Y { A  +  I I C ) \

Since A  +  I iC  is stable, Y  can be zero. If Y  = 0, then L = H. and also the output 

injection matrices [37] is given by

L = [LX L2] = - [ B xD:x + AYC]](R + CjYC})- '  

= ~[BXD \  +  AYC}]{I + R - xCjYC})~lR~x 

=  - [ ( 0  0 - H  ) + AYC}](I + R - 1Cf YC}) -1R- '

L = L2 = - ( [ o  o - H )  + AYC})(I  + R - ' C j YC})

In order to get L , let us separate each step of calculation.

Step 1 . consider

0

0

I

0 0

AYCJ{I  + R- 'CjYC}) - ' 0 = A[I + Y C j R - lCf )~lYCj 0

/ I
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*o0•"<CM11
> iOI«—H
«

=  A f  + Y ([ ( l -A )C*  0 C'} •'-1CM11o

0 )

1 o o » c
= A(I  + a2YC'C) - lY C m = A Y C ' ( I  + a2C Y C ' ) - 1

-l

Y C '

Step 2 .

[ 0 0 - H ] ( I  + R - lC f Y C } r '

0

0

I

= - H [I - (/ + a2C Y C m)~'CYC'}

Finally, we combine two equations obtained by each steps. The output injection L 

is given by

L 2 =  ~ [A Y C '{ I  + a 2C Y C m) ~ 1 -  H[I -  (I  +  a 2 C Y C ' ) - 1 CYC ')  

=  ~ [A Y C '{ I  +  a 2C Y C T l -  H  + H C Y C ’U  +  a 2C Y C T l] 

=  f I - { A  + H C ) Y C m(l  +  a 2CYC")~ l

Suppose that there exist two Riccati solutions, then all rational internally stabilizing 

controllers I({z)  such that ||.F£,(./J,/v )||©o are given by K  =  $ ) [37]. The

central controller is given by

A Bi b 2

I<o{z) = Cx Du D\2

c 2 D2\ 0

where

A =  A + B F + B X DrfCi
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Bx

A

b 2

A

Cx

Zoo

c 2

-ZZ'L2 + B2b7'Dx i

=  Z ^ ( B 2 +  L\2) b \ 2

F2 +  D n D 2xC 2

1 -  7 ~2Y X

—b 2\{c2 ■+■ d 2\F\)

and we note that =  /  due to Y  =  0, and D \ 2 — D2\ =  / ,  and D\\ = 0 .  The 

observer-based feedback controller

A + B F +  LC - L

F 0
I<(z) = — F ( z l n - A - B F -  LC)~'L =

This is certainly observer form. If A + I iC  is unstable, the Riccati solution is Y  0. 

In this case, the central controller is given by

I<{z) = - F [ z I - A -  7  ~2(IJ -  Z „ L s)H m X  + X ~2B B ‘ -  Z ^ L s C ] ^  Z ^ L S.

where F  =  - X ' 2B \ X [ I  +  (X~2 B B '  -  y - 2H H ’ ) X ] - 1 A and La = II -  a 2(A +  

H C )YC *(I  +  a 2C Y C m)~l . This is not observer form. 1

A3. The derivation o f dual case in discrete-tim e

By [37], let us consider for the plant size of m  < p given by Theorem 3.12. A 

state-space realization of G(z) is given by

G(z) =
Gxx G \ 2

G2\ g 22

1
o 0

1 o Ip

-----1
O +

- / /

A ~XC
( s i - A ) ' 1 ( [  (l -  A )B  0 | B  ] )  ,
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A (1 — \ ) B  0 B

— - H 0  0 I m

A ~'C 0  Ip 0

First, we define some matrices:

=  D \P \ .  -

7 2 An 0
, A . =  [ A i A 2] = 0  0  7

0 0 L J

D \C ,  =
1----

-

O1
11to

0
7)12

1
1

1__
, B j R T ' D l C , =  - B H

I  +  B f R ' lB } X  

R  =  R~l

I  +  a ^ B B ’X,  C i( I  ~  D x.R~lD])C\  =  0

—7 - 2 /  0

I - D \ R - ' D a =

D. i =

t t 1 =

o 7

I  0 

0  0

, B\D 'XR  Cj  =  0

, B i( I  — DART'D a )B;  =  (1 -  X f B B '

— [T^u D j i ] —
D u ' 0 0

, R ~ ' =

1
1 ->
1 to O

■
=

£>2, . 0 7 0 7

- 7 - 2/  0 0

0 - 7 - 2 /

0  0  /

, C)R~xCf  =  - 7 - 2H ’H  +  A"2*?**?

/  +  Y C j R~xCj =  /  +  F [ - / T  A- 1C"“]

=  / - 7 - 2 f / /* / /  +  a- 2f c *c

10w1e-1
1 1

1

1

0 7 A“ l C

=  [Bx B 2] = (1 — A)B  0 5 , /  +  73,72"1 B } X  =  7 +  a 2B B ' X
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The Riccati equation X  and K, and output injection gain L of the system can be 

represented as follows:

X = A‘X(I  +  RX)~lA +  Q

=  (A -  BsR-'D\CxyX{I  +  BjRrxBmj X ) - \ A  -  B}R ' lD\Cx) 

+C'X{ I - D X.R-'D\)CX 

= (A + BH)'X[I +  o? BB‘)X]~l{A +  BII).

Y =  A(1 + YR)~'YA’ + Q

= (A -  B xD:xR- 'Cf )[ I  + Y C mR - lC j ) - 'Y (A  -  B ^ R - ' C j ) '

+b x(i - d :xr - ' d a )b ;

=  A [I+  Y(X~2C ’C -  7 - 2H mH ) ] - 'Y A m +  (1 -  X f B B ’.

L = [Ll L2] = —(BXD"X +  AYCm)(R + CjYCj )~x 

=  -AYC'(R  +  Cf YC})-'

=  - A Y C mR~l{I+  CJYC]R-1)-1 

= —A(I + YC]R-lYCf )-lYC}R-'

L = L2 = - i 4 [ / +  Y{X~2C ’C — i ~ 2 H* H)]~A ( - \ ~ XY  C m)

= X~lA[I + Y(X~2C"C -  H mH))~lY C m

In order to get F,  let us separate each step of calculation. Consider that

[ F 2

= - ( R  + B}XBj)~ l{B}XA + D \ C X)
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=  - R - ' ( I  +  B } X B JR r l )“' B } X A  +  D \Ci  

To simplify the calculation, let us separate the equations as follow:

F  =  Ft =  FUI +  F2nd 

Fut =  R~X(I +  B ) X B j R - x) - xB'}XA 

0

0 (1 +  B } X B f R - x) - x(B}XA  +  D\C\ )

1

0

0

I

(1 + B } X B f R - 1) - 1 B ] X  A =

0

0

/

B}X(1 +  B } X B j R - x)~xA

=  B ' X { I  +  cx2B B ' X ) ~ x A.

F»nd =  R - x{I + B'sX B } R - ' ) - xD \C\

0 0

0 0

/ - I I

As the preceding proof, we apply Schur complement matrix. Then, the state feed­

back gain Find is given by

0

Find = 0

/

/  — (1 - X f B ' X B h 2 0 (1 -  X ) B 'X B
-1

0

0 I 0 0

- B ' X { \  -  X ) B h 2 0 I  +  fl'.Y fl - H

=  /  +  B mX B  +  B \ X B, D0 -A )
/y2 V  ^,2

(1  — A) 2 j -1

-fi’A '-B p ^ A 'lB J  ( - H )  

-  ( /  +  +  (p2B * X B  -  I  +  / ) ( /  -  p B ' X B ^ B ' X B ) " 1 {-IF)
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=  ( l +  {1 -  p2B * X B ) - ' B ' X B y X){-H)

=  [ / - ( / -  f32B * X B  + B ' X B ) - xB ' X B ) { - H )

=  - H  + ( l  + a ? B ' X B ) - ' B ' X B H

Hence, Since F  =  FXst +  F2„d,

F  = F2 =  - ( B ' X i l  + c f B B ' X y ' A - H  + i l  + c f B ' X B y ' B ' X B H )

=  -  (l9*A'(7 +  a 2B B ' X ) - ' A -  H  +  B " X ( I  +  c ? B B mX ) ~ xB h )

= H -  B " X { I  +  a 2B B mX)~' (A + B H ).

I

A4. T he Supplem ent P roof o f Theorem  3.14
Let us define Ls such that the Riccati equation Y  is satisfied. The modified Ls is 

given by

LS = I I -  a 2[A +  HC)YC"{1  +  a 2C Y C m) - x

where by the matrix equivalent, 7 +  a 2C Y C  =  (7 +  a 2C Y C m)m and Y C m(I + 

a 2CYC*)~xC  =  Y C mC ( l  + a 2Y C ' C ) - x =  Y { I +  a 2C Y C ') ~ lC mC,  and substituting 

these into Y  the below.

Y  =  A Y A m + B B m (5.1)

=  {A + L SC ) Y ( A  +  LSC)'  +  a~2 (Ls -  H){L -  s -  77)*

=  (A  +  H C  -  a 2(A + H C )YC*(I  +  a 2C Y C m)~xC) Y

(A + H C -  a 2(A +  H C)YC*{I  +  a 2C Y C y ' C ) '  nonumber (5.2)
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+a~2 (La -  H)(La -  H )’ (5.3)

= (i4 +  H C )Y (A  + H C Y  -  o '2(A  + H C ) Y C ’(I  + a 2C Y C ' ) ~ l CY{A  + H C )* 

- { A  +  H C)Y[a2{A +  H C ) Y C ’( I  +  r f C Y C T ' C } ’

+ a2{A +  H C ) Y C ’(I  +  a 2C Y C ’)~xCY[ot2{A +  H C ) Y C '{ I  +  a 2C Y C ' ) - xC\' 

+a2(A + H C ) Y C m{I + a 2C Y C ') ~ 2C Y {A  +  H C )’

=  {A + H C )Y(A  + H C )m

- ( A  +  HC)YC"(1  +  a 2C mC Y ) - la 2C aC Y {A  +  H C ) '  (5.4)

- { A  +  H C)Y[I  +  Q2C'C Y ]~xa 2C 'C Y ){A  +  H C )’ (5.5)

+{A +  H C )Y{I  + a 2C ' C Y ) - ' a 2C ' C Y { I  +  a 2C mC Y ) ' 1 

a 2C 'C Y {A  +  / IC ) ’ (5.6)

+{A +  H C )Y {I  +  a 2C Y C ' ) ~ 2a 2C 'C Y { A  +  H C )’ (5.7)

To simplify equations, we further rearrange and combine as follows.

Step 1. Eq.(5.4) is rewritten by

Yx =  [A + H C ) Y [ I - ( I  + a 2CmC Y ) - 1Q2C mCY]{A + H C y

= {A + H C )Y { I  + a2C mC Y ) - ' ( A  + H C y  (5 .S)

Step 2. Eq.(5.5) and Eq.(5.6) are combined by

Y2 = - ( A  +  HC)Y[I  +  a 2C mC Y \ - ' a 2C 9CY)[I  +  a 2C mC Y ) - \ A  +  H C )’ (5.9)

Step 3. Eq.(5.S) and Eq.(5.9) are combined by

Ya = (A + HC)Y[I  +  a 2C mC Y )- ' [ l  -  ( /  +  Q2CmC Y )~ 1Q2C ’CY)(A  +  H C )’
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=  (A  +  H C )Y [ I  +  a 2C 'C Y \~ 7{A +  I l C y  (5.10)

Finally, Eq.(5.10) and Eq.(5.7) are combined by

X, = (A + HC)Y[I  + a2C*CY]~2[I + ct2C'CY]{A +  HC)'  

X =  K, =  {A + HC)Y[I  + c?C'CY)- l {A + HC)m

Thus, it is verified that the modified output injection gain Ls satisfies Riccati equa­

tion X. 1

A5. The Supplem ent P roof of Lemma 2.1

Alternatively, the Lemma 2.1 can be proved by matrix factorization and equiva­

lent fact. Also, P  and A' given by state space form as (3.1) and (3.2) obtain the 

followings equations by matrix equivalent transform:

( / - P A ' ) " 1 =  I  + PI \ ( I  — PK)~l =  /  +  P{I — A 'P ) -1  A'

(.1 - P K ) ~ ' P  =  P + P K { I - P I < ) - 1P = P ( I -  KP)  

K { I - P I < ) - '  = (1 — KP)~l K  

(I - P K ) - ' P I <  =  P K ( I - P K ) - 1 = { I - P K ) ~ \  similarly,

( /  — A 'P ) -1  =  /  +  I < P ( I -  K P ) - 1 = I  + K i l - P I Q - ' P  

( I - K P ) - ' P  = P  +  A 'P(/ -  A 'P)-1P  =  P ( /  -  PA' ) -1  

A '( / - A 'P ) -1  =  ( / - P A T 1 A'

( / - / y P ) -1A'P =  KP{I  -  K P ) - 1 = {I -  KP)~l -  1
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Then, factorization results have

A + B F  + LC 0 L  *

PI< = - B F A 0

0 C 0

A 0 B

I<P = LC A  +  B F  +  LC 0

0 - F 0

A - B F - B

( /  — K P )~ X = LC A + B F  + LC 0

0 F I

A + B F  + LC LC - L

( / - P A ' ) - 1 = - B F  A 0

0 - C I

A + LC 0 L '

LC A + B F L

C - C I

by
0 1

1 - i

=  C(8 I  - A -  LC)~XL(I  -  C(8 I  - A -  B F )~ XL)

+{I  -  C(8 J — A — B F )~ XL)

=  { 1 - C { 8 1 - A - B F ) ~ XL){I + C { 8 1 - A - L C ) - XL), and

A + LC 0 L

K ( I  -  P K )~ X = - B F A + B F 0

- F F 0

-( / +  F ( 8 I  -  4  -  B F )~ X B)F { 8 I  - A -  LC)~XL 

-{F +  F(81 -  A -  B F )~XBF){ 8 I - A -  LC)~XL
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=  - F ( 6 I  — A -  B F ) - \ 6 I  - A - B F  + B F - L C  + L C )

(61 -  A -  LC)~XL 

=  - F ( 8 I  - A -  B F )~ lL ( I  +  C(6 I  - A -  LC)~lL).

A + B F  + LC LC - L  '

( I - P K ) - ' P K  = - B F A 0

0 - C 0

A + LC 0 L '

B F A + B F 0

C - C 0

= - C ( 6 I - A - B F ) - ' B F ( 8 I - A - L C ) - \  and

/I - B F - B

K P ( I - K P ) - 1 = LC A + B F  + LC 0

0 F 0

A + LC 0 B

LC A + B F 0

0 - F 0

=  —F( 6 J -  A — B F )~ lLC(S1 -  A -  LC)~l B

Otherwise, we omit proof. I
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