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Abstract

This dissertation addresses the problem of unifying identification and control in
the paradigm of H,, to achieve robust adaptive control. To achieve robust adaptive
control, we employ the same approach used for identification in H,, and robust
control in M. In the modeling part, ﬂve aim not only to identify the nominal plant,
but also to quantify the modeling error in H,, norm. The linear algorithm hased on
least-squares is used, and the upper bounds for the corresponding modeling error
are derived. In the control part, we aim to achieve the performance specification
in frequency domain using innovative model reference control. New algorithms are
derived that minimize an H,, index function associated with the deviation between
the performance of the feedback system to be designed, and that of the reference
model. The results for modeling and control are then combined and applied to
adaptive control. It is shown that with mild assumption on persistent excitation,
the least squares algorithm in frequency domain is equivalent to the recursive least
squares algorithm in time domain. Moreover, finite horizon H... control is employed
to design feedback controller recursively using the identified model that is time

varying. The robust stability of the adaptive feedback system is then established,



Chapter 1

Introduction

This dissertation is a first attempt to unify identification and control in the
paradigm of H,, to achieve robust adaptive control. The research is mainly moti-
vated by the lack of robustness for adaptive control. It is shown in [61] that adaptive
control systems tend to be unstable if the true plant involves unmodeled dynamics
and/or its environment involves unknown disturbances. Although this is quite sur-
prising, there are two basic reasons for the lack of stability robustness in adaptive
control systems. The first lies in the identification part. In conventional adaptive
modeling, physical plant is assumed to be identifiable exactly by finite dimensional
models, Modeling uncertainties are largely ignored. Recall that any mathematical
model is never a true representation of the physical system. The second reason lies
in the control part, where the control strategy is “unsophisticated” in the sense that
there is no guarantee on any measure of the stability margin. Modeling inaccuracies

are ignored again. The lack of knowledge on the modeling error in the identification



part and the lack of stability margin in the control part lead inevitably to the lack
of stability robustness in adaptive control systems.

This dissertation focuses on the robustness issue for adaptive control. Because
robust adaptive control requires that both identification and controi be capable of
coping with model uncertainties, our strategy is the unification of robust identifica-
tion and control in H,, for adaptive control systems. The unification is based on
recent advance for identification in H,,, and H,, control theory that are nonrecur-
sive in nature. In particular, linear algorithms based on least-squares are studied
for identification in H,, capable of quantifying the modeling error in frequency do-
main (Chapter 2). Novel algorithms for loopshaping based model reference control
are investigated under the paradigm of H,, capable of tackling the modeling error
(Chapter 3). The link to adaptive control is made through recursive least-squares
and finite horizon H,, control (Chapter 4). Our contributions are summarized briefly

as follows:

o Least-squares based algorithms for identification in H, have been developed
not only to identify the nominal plant model, but also to quantify the modeling

error in frequency domain (He-norm).

Frequency domain error bound is crucial to ensure the stability of the feedback
control system. The emphasis of the modeling ervor is a significant departure
from the conventional identification approach where undermodeling error is

often ignored. The use of least-squares algorithm in frequency domain also al-



lows us to relate it to the conventional least-squares algorithm in time-domain,
and thus allows real time implementation for the purpose of adaptive control.
Our results include hard bound (worst-case identification error) as well as soft

bound (stochastic identification error).

Novel algorithms for robust model reference control have been developed under

the paradigm of M, in connection with loopshaping design methodology.

A principle reason for the rising of Mo, control is due to the presence of model
uncertainties. It offers worst-case stability and performance guarantees for
those systems involving Ho, norm bounded uncertainty. The use of Hy, de-
sign methodology in model reference control allows us to tackle the model
inaccuracies for adaptive control. Our results include H,, based loopshaping

that is incorporated into the model reference control.

Robust identification and control are unified under the paradigm of Hy, that

is applicable to adaptive ‘control.

Adaptive control has been an important research area for modeling and con-
trol of unknown systems because of the “self-tuning” capability, However the
lack of robustness has made adaptive control less popular. Our results show
that the lack of robustness can be removed with new algorithms developed
for identification in Ho, and robust model reference control using Ho, based
loopshaping. Consequently, this research has made robust adaptive control

possible,



The details of this dissertation for robust adaptive control will be elaborated in

the next three sections.
1.1 Overview

Theory and application of the adaptive control have progressed continuously in
the last twenty years. The evolution of microcomputer technology has accelerated
the availability in more realistic and wider applications since the resulting adap-
tive controller is implementable with microcomputer. Although adaptive control is
led by microcomputer technology, it has more profound meaning for Vlearning and
adaptation in feedback control systems. Because physical systems are never known
precisely, and its environment may involve unknown disturbances, of which both can
be time-varying, adaptive technique has long been interested by control engineers (3]
due to its “self-tuning” capability. It is not surprising to see that adaptive control
is often used whenever system parameters are poorly known or system is subject to
unknown disturbances. By the early 1980s, mathematical theory of adaptive control
had reached its maturity, and stable adaptive control was made possible {23].

Unfortunately the success of adaptive control theory did not lead to the success
in control engineering application. It was soon realized [61] that the stability of
the adaptive feedback system is not ensured if undermodeling is involved and/or
persistent disturbance is present that had not been taken into consideration in ear-
lier research. The lack of robustness for adaptive control has led research for H,

robust control that aims to design a single controller to achieve hoth stability and



performance for a family of systems that capture the characteristic of the uncer-
tain plant. While most researchers in the control community turned their attention
to robust control in Hy,, research efforts in adaptive control persist. These efforts
can be classified as conventional and unconventional according to their approaches.
In what follows, the conventional approaches are briefly described first, and other

unconventional approaches are discussed subsequently.

(1) Dead-zone method. The standard parameter update laws are modified such
that the adaptation takes place only when the size of prediction error or er-
ror dynamics exceeds a certain threshold [63]. The degree of robustness for
adaptive systems is limited and related to the size of dead-zone. However, one

needs to know certain bound on disturbance for using this method.

(2) Adaptive law modification. This method turns off adaptation whenever the
norm of the estimated controller parameters exceeds a certain value [38, 41].
Thus a backup controller is required that guarantees, in the least, the stability
of the system. However, one needs to know a bound on the norm of desired

controller parameter.

(8) Persistency excitation method. An external signal is introduced in control loop
to produce persistency of excitation that in turn ensures exponentially stable
adaptive control systems, As a consequence of exponential stability, stability
is retained in the presence of bounded disturbances, However, in the presence

of bounded disturbance, the amplitude and frequency richness of the external



signal should be large enough at some particular frequencies to secure persis-
tently exciting the plant input and output to prevent the noise in the closed
loop. A major shortcoming of excitation for robust design is that in many
practical applications, the desired set point is not persistently exciting, and it
is not usually desirable or it is impossible to inject additional probing signals

into the plant [2, 56, 60].

The above methods commonly require knowledge of an upper bound on distur-
bance or the norm of unknown matching controller parameters that is not known
in advance. Actually, a more serious problem with the conventional approach is the
difficulty to tackle the problem of undermodeling that spurs recent advance on con-
trol oriented identification. Recall that the lack of robustness for adaptive control
has made H, popular where the plant is assumed to consist of a nominal model
and an upper bound on the modeling error in frequency domain (He-norm). It
provides worst-case stability and performance provided such uncertain model de-
scription is available. Thus how to obtain such uncertain models from experimental
data becomes the focus of the current research in the control community [66, 67).
It should be clear that this is one of the key problems for robust adaptive control.

The research efforts along this line are briefly described as follows.

(1) Ellipsoid parameter bounds, These methods are based on the notions of set-
membership estimation, eg., [6, 18, 64]. The model parameters are shown to lie

in a set defined by a quadratic form, i.e., an ellipsoid or hyperboloid, depend-



-1

ing on the data. A similar approach was used in [70] based on least-squares
estimate. Although ellipsoid bounded plants can be incorporated with robust
control, it is less consistent with the existing robust control methodology. In
particular there is a considerable difficulty to relate such ellipsoid bounds to

the Hy, bounded uncertainty except some conservative error bounds.

(2) Worst-case identification in H.. Several researchers have considered the prob-
lem of identification using the H,, norm starting from bounded error frequency
response data at a finite set of frequencies. Both linear and nonlinear algo-
rithms have been developed and hounds on the worst-case identification error
are also derived (25, 26, 31, 35, 36]. Recent development includes interpola-
tion algorithms [8, 9, 32, 33]. This is the only identification approach that
is compatible with H, based robust control. The problem lies in the lack of
time-domain algorithm. Other worst-case approaches work with bounded time

domain disturbances but appear to suffer from computational difficulties.

(8) Stochastic embedding method. In contrast to the above so called “ worst-case”
approaches, Goodwin el al. adopted an “average-case” 'philosophy based on
the stochastic embedding principal, e.g., [24]. It is assumed that both the un-
modeled dynamics and noise are drawn from a probabilistic set having certain
amplitude and smoothness properties. These properties are then estimated by

maximum likelihood (ML) techniques. However, these bounds are “soft” in



the sense that the associated H,, control design can not guarantee the robust

stability in the worst case.

Up to the present excluding, the existing adaptive control for robustness is
treated to concentrate on either the identifier or the control law. This is caused
by gaps between system identification and robust control. In the robust control
area, the error bound associated with the identified model is assumed to be avail-
able without considering where it comes from. On the other hand, the identification
area has over-emphasized the estimation of nominal model without necessary as-
sessments for identified model quality [67]. Moreover, the interconnection between
the control law selection and the identification algorithm is often ignored in research
work of robust adaptive control. We need a unified approach to identification and
control in the paradigm of He,. In the next section we outline our solution approach

to robust adaptive control.
1.2 Solution Approach

The goal of this dissertation is to achieve robust adaptive control with greater
closed loop stability margin with respect to both plant undermodeling and distur-
bances. This dissertation is an attempt to unify identification and control in the
paradigm of H, to achieve robust adaptive control. The analysis of the combined
robust identification and robust control in He, would possess a greater stability mar-

gin than that of the separate analysis. Although the progress is slow in this research



direction, there are some new interesting developments. For instance, Bitmead et
al. [7] have combined a least-squares identification algorithm with receding horizon
LQG control that demonstrates certain nice properties required for robust adaptive
control. our solution approach is motivated by [7]. However there is a significant
difference: Our approach is based on identification in He, and robust control in Heo
whereas [7] uses mean square error for both identification and control.

As discussed earlier, a serious problem with conventional adaptive control is the
assumed finite dimensionality of the physical plant. With this assumption, stable
adaptive control can be proven using a simple identification scheme in conjunction
with an unsophisticated control method because model uncertainty does not exist.
However, physical systems are often infinite-dimensional, and possibly nonlinear.
This causes the instability of adaptive control in the presence of modeling uncer-
tainties and disturbance uncertainties [7, 39, 61]. To achieve robust adaptive control,
we need not only identify the nominal plant but also quantify the model uncertainty
compatible with robust control in the adaptive modeling part. Furthermore, we
must use both nominal plant and model uncertainty to self-tune the adaptive con-
troller. This is our basic principle to tackle the robustness issue for adaptive control.

In what follows next, we outline the solution approach used in this dissertation.

o Adaptive Modeling of Uncertain Systems,

Our approach is to modify the algorithms from worst-case identification in

Ha that produces not only nominal models, but also the modeling errors
! )
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in Ho norm. The chosen algorithm is least-squares based linear algorithms
from [27, 36]. There are several reasons for choosing least-squares based linear
algorithms. First, the least-squares algorithm has been used extensively in
conventional identification. It is simple and effective, and can be implemented
using time-domain data recursively. Second, the convergence of the least-
squares algorithm from conventional parametric modeling in [23, 47] is hinged
to the persistent excitation amounting to a set of non-zero spectrum lines.
When the input signal is periodic with the same set of non-zero spectrum
lines, the ratio of the discrete Fourier transforms between the (steady-state)
input and output signals defines the frequency response data for identification
in He, and the two least-squares algorithms are then equivalent. Finally tl;e
least-squares algorithm from identification in Hy is capable of quantifying
the worst-case identification error. Hence, the modeling uncertainty can be

computed given certain a priori information.

Robust Model Reference Control.

Model reference control has been used extensively in adaptive control. How-
ever, the control algorithm did not take model uncertainty into consideration.
Our approach to model reference control is the employment of loopshaping
methodology. Roughly speaking, the reference model is used to represent the
ideal loopshape that is in turn determined by the ideal frequency shape of sen-

sitivity and complementary sensitivity, The control objective is to synthesize
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a stabilizing feedback controller that minimizes the H,, cost associated with
the reference model. The resulting design is close to the He, loopshaping in
[48]. This approach has taken the additive model uncertainty into considera-
tion. 'Furthermore, the resulting feedback system also admits other robustness
properties. Moreover, the resulting Ho, controller has an observer-structure.
The idea of incorporating ideal frequency loopshape into the reference model
is novel, and has not been studied before. For robust adaptive control, finite
horizon control or filtering is employed to implement robust model reference
control on line. With appropriate conditions, the finite horizon H., control

converges asymptotically to H,, loopshaping based model reference control.

As it can be seen, our approach is quite different from the conventional ones. We
begin with deterministic problems for robust identification and control under the
paradigm of H,,, and then implement the resulting algorithms in real time. This is
one of the reasons why least-squares algorithm and finite horizon control algorithm
are chosen. In comparison with the existing results, our approaches have three
distinguishing features. The first one is the “hard bound’ for the quantification of
the modeling error. This hard bound is obtained through the use of certain a priori
information of the infinite-dimensional system and the experimental sampled data.
This is in sharp contrast with the “soft bound” as in [24]. It is believed that the
“hard bound ™ is necessary in order to have worst case guarantees for both stability

and performance of the feedback control system. The second one is in the syn
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dissertation of stabilizing feedback controller through minimization of an Mo, cost
associated with nominal performance determined by the reference model and robust
stability in presence of bounded additive uncertainty. The resulting controller has
the same McMillan degree as the nominal plant model and the resulting feedback
system is close to that of the reference model in terms of the frequency shape for
sensitivity and complementary sensitivity if the nominal model is_close to the true
physical system. The last one is the consistency between identification and control
for which both identification and control use H., norm to measure the identification

error and control performance cost.
1.3 Dissertation Organization

This dissertation consists of five chapters. The content of these five chapters are
described briefly next.

Chapter 1 gives the introduction of the dissertation. It indicates the importance
of the research work accomplished as well as the contribution of the dissertation.
The existing research in the areas of system identification and adaptive control is
reviewed. Different approaches to tackle robust adaptive control are described. Our
solution approach adopted in this dissertation is outlined in comparison with athers,
Unique features of our dissertation work are also discussed.

Chapter 2 introduces the problem of identification in He.. The focus of the chap-
ter is the least-squares based linear algorithms due to their simplicity, efficiency, and

more importantly, to the applicability to on-line identification, This chapter begins
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with the deterministic identification problem in frequency domain (identification in
He). The central results are the improved identification error bounds in H,, norm.
It reveals some interesting features of the least-square based linear algorithms. The
most important one is that the linear algorithms developed in [35, 27] for iden-
tification in H,, are exponentially convergent for nonuniformly spaced frequency
response data. Moreover, it can be used in conjunction with Kung’s algorithm to
produce a low order state-space model that is very effective for identification of the
lightly damped systems. Stochastic identification error bound is also derived for the
least-square based linear algorithm in [36, 27). Two simulation examples are used
to illustrate the effectiveness of the algorithm.

Chapter 3 considers an alternative approach to model reference control (MRC).
The focus is on H loopshaping with observer-based feedback controllers. We for-
mulate a specific MRC problem that incorporates the reference model into the Heo
optimization. The key idea is the representation of the ideal sensitivity and comple-
mentary sensitivity with a simple reference model. The H.. cost has taken additive
model uncertainty into consideration. More importantly, the feedback system has
performance robustness in presence of small plant perturbation. This chapter be-
gins with analysis of observer-based feedback systems. The MRC problem is then
tackled for continuous-time systems. The syn dissertation algorithm is developed

that consists of design of state feedback gain, and design of output injection gain.
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The same problem is tackled for discrete-time system also. State-space solutions are
derived for both continuous-time and discrete-time systems.

Chapter 4 is concerned with the real time implementation for least-squares based
linear algorithm for identification in M., and robust model reference control. The
frequency domain least-squares algorithm is translated into the one of time domain
using Parseval’s Theorem and with the assumption of persistent excitation. It is
shown that the identified model converges asymptotically and exponentially to the
identified model produced by least-squares based linear algorithm studied in Chap-
ter 2. Because our adaptive control system has a feedback structure, the convergence
issue for closed-loop adaptive identification is also investigated. The use of filtered
input data for least-squares algorithm leads to an additive uncertainty with He
norm error bound that is consistent with the robust model reference control. To
implement robust model reference control in real time, finite horizon He, control is
introduced. The H,, performance cost associated with model reference control is
converted into that of finite horizon. The feedback controller is computed iteratively
based on the identified model and the real time input/output data. Finally to pre-
vent possible instability caused by inaccurate a priori information, model validation
result in [58] is employed to monitor the adaptive system.

Chapter 5 gives the concluding remarks of the dissertation. It summarizes the
research achievements, and points out the unsolved research problems for robust

adaptive control, Because contributions of this dissertation have been discussed in
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the first chapter, this chapter focuses on the future research direction. The controller
law adaptation is emphasized, and real time implementation for the finite horizon
H control is elaborated. These problems are expected to be resolved in near future.

Finally, an appendix is used to include those background materials not available

in each chapter, and those computer programs compiled for computer simulations.



Chapter 2

Least-squares Algorithms for
Worst Case Identification in Hqo

2.1 Introduction

This chapter considers least-squares algorithms for the rol)us't identification prob-
lem discussed in Chapter 1 that is hinged to the robustness of the adaptive feedback
control system. Our objective is the development of identification algorithms that
not only identifies the nominal plant, but also quantifies the identification error in
the sup-norm, compatible with robust control in He,. Furthermore, this research will
focus on the adaptability of the algorithm for on-line identification of the nominal
plant, and on-line quantification of the model uncertainty. This leads to the least-
squares based identification algorithm that is applicable to both frequency domain

and time domain data,

Least-squares algorithm is well known and allegedly dates back to Gauss. It is ex-
tensively studied in the context of identification and filtering, In [47], the application

of the least-squares algorithm to system identification using time domain measure-

16
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ment data is described in great detail. Although the physical system is assumed to
have an exact finite-dimensional model, the modeling error induced by measurement
noise is analyzed in the stochastic framework. The modeling error caused by under-
modeling is not considered in [47) until the recent work reported in [24] where the
stochastic embedding is used to quantify the variance of the undermodeling error
in frequency domain. A drawback with the conventional least-squares algorithm is
the lack of “hard bound” on the quantification of the modeling error in frequency

domain.

Our work on least-squares algorithm is motivated by robust control-oriented
identification in H, formulated by Helmicki, Jacobson and Nett [35] that aims at
both identification of the nominal plant and quantification of the model uncertainty
in sup-norm. Roughly speaking, the identification problem proposed in [35] can be
stated as follows: given a finite number of noisy experimental frequency response
data, find an algorithm which not only identifies the nominal plant model, but
also quantifies the worst case identification error in Ho, norm. Furthermore, the
algorithm is required to have the property that the worst case identification error
converges to zero as the noise level goes to zero and the number of experimental
data points goes to infinity. This particular identification problem is termed as
identification in Ho. In the context of feedback system design, it is essential that the
resulting system identification algorithm produce an identified model that converges

in a topology for which feedback stability is a robust property. Such topology
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is chosen as H,, that is consistent with the robust control design. The research
work along this direction constitutes an important part of robust identification. In
the past a few years, several effective algorithms are developed, including linear
algorithms, two-stage nonlinear algorithms, and interpolation algorithms. See [1, 9,
25, 35, 36, 54, 55, 58, 71] and references cited therein.

In this chapter, we will focus on least-squares based linear algorithms for iden-
tification in He, due to their simplicity, efficiency, and more importantly, to the
applicability to on-line identification. This chapter will begin with the deterministic
and stochastic identification problem in frequency domain (identification in He),
and then discuss identification of lightly damped system. Our result reveals some
interesting features of the least-square based linear algorithms. The most important
one is that the linear algorithms developed in [36] for identification in H are ex-
ponentially convergent for nonuniformly spaced frequency response data. Improved
upper bounds are derived for the least-square based linear algorithm in [36]. It is
also interesting to note that the linear algorithms studied in this paper, combined
with the balanced model reduction, give an effective procedure for the identification
of lightly damped systems. Upper bounds for modeling error are also derived for
stochastic (or probablistic) case. Due to the linearity of the algorithms, such error
bounds are particularly attractive. A comparison between worst-case and stochas-
tic error bounds shows that the worst-case approach is not so pessimistic as some

people think. In fact, these two error hounds are close to each other,
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2.2 Problem Formulation and Preliminaries

In this section we describe the identification problem formulated by Helmicki,
Jacobson, and Nett [35]. The system in consideration is assumed to be linear,
discrete-time, shift-invariant, and possibly infinite-dimensional. Such system admits

transfer function which corresponds to Z-transformation:

o0
G(2) =Y gez"F, gi € RPX™ (2.1)

k=0

where {gr} is the impulse response. It is further assumed that the system admits

certain stability margin in the sense that

M = sup 7(G(z)) < 00
plz]>1

where M > 0, p > 1. Moreover the transfer function G(z) is continuous on toroidal
circle |z] = 7! > p~!. The set of all such systems is denoted by S(p, M) C Heo.
The value of M represents the system gain as an upper bound over all exponentially
weighted sinusoidal inputs while the value of p represents as a lower bound on the
relative stability of the system. The pair (M, p) characterizes the a priori informa-
tion of the system to be identified which can be experimentally estimated. Indeed,

the output response of the system at time & is given by

k
y(k) = giru(k) =Y giu(k —1)

=0

by causality where {u(k)} and {y(k)} define the input and output sequences, and

{gx} the impulse response. If the system input is given by

u(k) = p~* cos(hw) = p'kR.e[ejk'*’]. k>0,
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then the output response y(k) is given by

y(k) = Zg.Re [ptk-gdti=ita]

i=0

k
= Re ([Z g'_pie—jiw] p—kejkw)
i=0

= ([Zg: e wa] eﬂ.w f: g,'/)-k+i6_j(i-k)w)

i=0 i=k+1

= Re [C' e’“’)p e”“"] —~ Re ['—%;lg p'-k -i(i- k)W} )

We thus obtain

p‘y(k) = Re [G( er ch.w _ ( z gpl —le) ejkw]

i=hk+1
= Re [G(p-lejuJ)ejkw] ( Z Jﬂ e le) ejkw]
i=k+1
The hypothesis that G(=) is continuous on the circle |z| = 7~ > p—1 implies

Jim max@ ( Y gip'e “J“") = 0.

i=k+1
It follows that the quantity

M = sup 7(G(z))
plz|>1

can be estimated from the output response p*y(k) asymptotically by sweeping the
frequency from 0 to . So we have the interpretation that M is the worst case
gain of the system over the \\;eigllte(l sinusoidal input, and p stands for the stability
margin. Because the measurement at the output can not be noise free, large p is

prohibited. Otherwise p* weights the measurement noise exponentially that will
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amplify the noise considerably. Since the value of

RG(k) =0 ( f: gipie-jiw)

i=h+1
depends on the time constant of the system, the appropriate value of p should be
determined such that p* Rg(k) is not large.

The experimental data consists of a finite collection of frequency response sam-
ples corrupted by noise A. In a deterministic case, noise A is assumed to be available.
In a stochastic case, the noise is assumed to be a random variable. Some statistical
properties of the noise are needed and stochastic errors in frequency domain can be
derived, but no explicit hard error bound can be established. In worst case, noise
A is assumed to be deterministic that is bounded a priori by some known level 4.
In the case of m (number of inputs) > p (number of outputs), the noisy frequency

response samples are given by
Ep = G(e™*) 4+ Ay, T(W(e™)A) <6, k=0,1,..,N -1, (2.2)

where W(e/¥) is a known weighting function. Our objective is to find a causal
polynomial (or FIR) model G(z) such that |W(G - C:')Hco is minimized. We assume
temporarily that the frequency samples are uniformly spaced. For the case m < p,

the measurement data is given by
Ey = G(e™*) + Ay, T(AW() <6, k=0,1,..,N—1.

The objective in this case is to find a causal polynomial (or FIR) model G/(z) such
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that [|(G — G)W || is minimized. In what follow next, we consider only the case
m 2> p.

Since a physical system has real impulse response, its frequency response satisfies
the property of conjugate symmetry. It is thus clear that we need perform frequency
response experimentally for only positive frequencies. The problem of identification
in Hy, is to find an identification algorithm Ay which maps the experimental data
(2.2), and a priori information (M, p,8) to an approximate model G € He, such

that the identification error e,(An, M, p,8) defined by

en(Any M,p,6) = sup  {[[W(G = @)l : 1Ak 6,1 < k< N} (2.3)
GeS(p,A1) :

is suitably small. Furthermore, the modeling error is derived with an explicit worst
case error bound. The algorithm Ay is said to be convergent if e,(An, M,p,8)
approaches to zero as 6 goes to zero and the number of data points N goes to
infinity:

lim e, (An,M,p,6) =0.

§—0,Nn—oo

The convergence has the same meaning as the identifiability [17] in the sense that the

algorithm produces the plant model exactly if the data is complete, and noiseless.

An algorithm is said to be funed if the a priori information of the plant model
or/and noise level is used in the identification process. Since untuned linear algo-
rithms are divergent in presence of the worst case noise, convergent linear algorithms
are necessarily luned, A class of tuned linear algorithms are those reported in [36]

based on the least-squares fitting, While it remains unknown for the existence of



23

other types of tuned linear algorithms which are convergent, we will focus on the
least-squares based linear algorithms. In what follows next, some preliminary re-
sults will be presented that are important to the development of the later sections.
The following lemma clarifies the relation between frequency and time domain for

the case of discrete finite data that is referred to mixed Parseval theorem.

Lemma 2.1 Let P(e?*) = po + p1e™* + ... + pp-1e7"=1 where {p.} is the cocf-

ficient sequence. Denote Wy = e/*"/N, Then, for any N > n,

n-1 P . \ .
Ztr(p,-p,?) = ;-/2 tr (P(e"")lﬂ(c:"-’“’)) dw

i=0

= 7\_NZ tr (P(WE)PT(WF™)).

Proof: The Fourier coefficients are given by

2 o P(WiOWE  fori=0,1,..,n—1,
p=— / " P(e7)eiidw = Z
T JO

0, otherwise.
Hence we may write

n-~1

er Zp. ~Jiw _ f: p‘_e—jiw.

f==~00

It follows that

P(*F) = P(W}) = Zp. Wy

=0

We prove the lemma by direct verification using definitions:

n-1

o
Z pip} = > pip!

i=0 i=—00
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il

5 ([ [ pemeas] [ [ Py
yoo / 2” / P(e™) [P(e®)] Z e/ =9) duodin

i=—00

= % /0 P(et) ( /0 [P(e)]” 8(w = &)di) do
2—17; /0 " p(ei) [P(e)]” duw

i

I

where we have used relation

w e -
P =9 = onb(w — w).
{==00

Taking trace both sizes gives the first part of the mixed Parseval theorem. Similarly,

there holds

1 N-1 . 1 N-1 -
[7\7 P(lfV,ﬁ',)W,f,'] [ Z P(WIN V"]
k

=0

n—-1 N-1
Ztr[p;p}'] = Ztr
=0

N

1 N-1N-1 1 N-—- fnt
= =5 5 | P(WEPW, ZW'( ’)
N k=0 =0 i=0
1 N-1
= 5 2w (POVHPWA).

where we have used relation

ZW'(L-I) {1’ itk =1,
f

i=0 0 otherwise.

Thus the second part of the mixed Parseval theorem is proven, i

Because least-squares algorithm minimizes mean-square error wliile for robust
control, the modeling error has to be quantified in Ho, norm, this poses a serious
problem for the identification algorithm based on least-squares, The next result is

useful to provide worst-case identification error hounds on the quantification of the
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Heo norm in terms of the H; norm. The proof is modified from [36] but has a tighter

upper bound.

Lemma 2.2 Denote Hy(D,) as the collection of functions analylic on D,, and each
element absolutely square integrable on the boundary of D,. For any function F €

Ha(D,) with p > 1, define Hy-norm by

1 2r

1717 = w (F(e) [F(e™)]") de,

27 Jo

712, = -;—W /02" tr (F(p~'e) [F(p'lcj“)]-) dw.

Then, F € Heo, and

+1
1Plleo < (/S NPIRIFIRS.

Proof: For any harmonic function U/(z), it can be represented by Possion’s inte-

gral

. " —pn?
U(re?) = 1 u(t) 1= di

N J-x 1—-2rcos(0—1t)+r?
where u(t) is the boundary function. Set F(e/) = U(re/?), u(t) = F(V‘.;e‘). Thus,

Possion’s integral is given by

F(e) = _1._/" F(\/pe) (1 L= p” ) dt.

27 Jr - 2p=Y2cos(w — 1) + p~!

Applying Schwartz inequality yields

1/2
1 1-2p7! 2
1Flloe < |1 Fl2,ya [Zr- /-n (1 5 cos(l) +/’"1) dt] :
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We first derive an upper bound on ||F|la, /5. From [36], any function G € Hy(Dr,)
satisfies inequality
2,1y 2yr2

”G”lz(:f("/"l) < ”G"hs(fz/r)”G”los(r/r,)

by Hadamard’s theorem provided that »; < r < r;. This is equivalent to

1F Nz < UFUZ, 1 Fll277

where0 < o = log(ir?-)/log(flz) <lfor0<r <r<ry Nowtakingr =1,r=,/p

and r; = p with G replaced by F, then ¢ = 1/2 and thus
101
1 F |2 < (IENZ1LF3,5-

To complete the proof, we note that the Possion kernel can be written as

1 -2 ;
= Jnl| ,ind
1 — 2r cos(0) + r? 2 e

n=s—oo

N
= 1+4+2 Z " cosnd.

n=l

It follows for » = p~1/2,
o 2 /2
L / " L—2p~ dt
21 Jox \1 = 2p~Y2cos(t) + p~!

) 1/2 0 1/2 1

Therefore, we can bound the sup-norm of F' using the 2-norm according to

+ 1
1Flles < /S IP PR,

The lemma is thus true. [ ]
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Earlier work on identification in H., norm has used (! norm to bound the H.,
that always gives a factor 1/(p — 1) in the identification error bound. As discussed
earlier, the value of p is often close to one in order to obtain a reasonable estimate of
M. This factor 1/(p—1) gives excessively large error bound. To avoid this factor, n-
width approximation theory can be used. The final lemma in this section is quoted
from [57]. Define P,, as the collection of all (m—1) th order causal polynomial (or
FIR) model
P = {P : P= Do + ]’13—1 + ...+ Pm—lz-(m-l)} . (2'4)
The following lemma can be found in [57] (Theorem 2.1 of page 250).
Lemma 2.3 Let M > 0,p > 1. Then for m =0,1,...,
sup _inf ||G = Pllec = Mp™™.
e A, | llos = Mp

Further, for any G € S(M, p), the globally optimal approximant of G

m-—1
Bale)= 3 (1= ) ™,
=0

achieves the bound Mp~™. That is,

sup  ||G — Po[Gl|lec = Mp™™.
GeS(M.p)

It should be mentioned that the result in [57] is stronger than what was quoted
here. However, Lemma 2.3 suffices our application for identification in He. Finally,

we also note that with P4 [G] given above, there holds

™o
o
A

1P5(Glllzg < IGllzw < My p2 1. @
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2.3 Modeling Uncertainty Using Least Squares

In this section, the algorithms interest to us are the tuned linear algorithms
reported in [36]. This is called least-squares based linear algorithms. We treat
the unified least-squares based linear algorithms, and derive error bounds of the
modeling uncertainty applicable to the uniformly spaced frequency response data
samples. The extension to nonuniformly spaced frequency response data samples will
be discussed at the end of the section. For convenience, the results will be presented
for scalar functions. The generalization to transfer matrix functions requires only
notational change.

. Let the experimental data sequence { £{Y} be given in (2.2) with its DFT coeffi-

cients defined by inverse DFT:

lN

-1
e(EN) = ¥ 2 ENWiE, Wy =N k=0,1,..,N -1
i=0

Let the identified model be in P, given by

n—-1
G(z)=)_ pzF, n <N,
k=0

The objective of the linear algorithms is to determine p;’s which are linear functions
of the experimental data (2.2) such that the identification error measured in Heo
norm is suitably small. The class of linear algorithms in [36] are based on the
solutions of certain least-squareé problems. The purpose of these algorithms is to
perform suitable polynomial interpolation so that a convergent algorithm is obtained

in the presence of noise corruption in the data, The identified model is constrained to
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satisfy only the a prioriinformation in the presence of noise. Two such least-squares

problems which lead to linear algorithms are constrained minimizations
N-1 9 1/2 .
Ji = mpin [Z Ip;,. - ck(EN)l ] , subject to ||Gll2, £ M
k=0

with the convention that py =0forn <k < N-1ifn< N, and

- /2
) 1 N-1 | ' N 2 ! ] 5,
Jy = Cl’}ég}’ [ﬁ kgo |G(WN) - Ek+1| , subject to ||Gll2,, < M.

These two minimization problems are treated differently in [36] and result in two
different linear algorithms, as well as error bounds. It turns out that the two different

_ linear algorithms produce the same identified model.

Proposition 2.1 The two different constrained minimization problems J,, and J,

yield the same solution G, and Jy = J,.

Proof: The fact that J; = J; is a direct consequence of the mixed Parseval’s theo-
rem in Lemma 2.1. Since the constrained minimizations are least-squares problems,

they have unique solution. The fact is thus true. |

The above observation is important, since one needs to consider only J;. The

next result gives an improved bound for the resulting identification error.

Theorem 2.2 Lel the noisy caperimental frequency response data be given in (2,2).
Let the approximated model be G(z) € Py where the coefficients are defined by the

solution of the constrained minimization problem Jo. Then, the worst-case identifi-
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cation error salisfies

1/2
en(M, p, 6 )<Mp""+2M\/p+ (1\64+ -") .

Proof: The constrained minimization problem given has a solution with

[1 N-1 ) EN l2]1/2
N pard k41
1 N-1 ) 1/2 1 N-1 \ 1/2
< H(WEY - G(WE) ) + (—— IAI:I)
(N > leorty - aonf) + (5
< 6+ Mp™"

where the triangle inequality is used. To see this note that
G = P°[G] + 4, and |[fll; < Mp™"

yields one such solution by the n-width approximation. Hence,

1 N-1 X 2 1/2
[-ﬁ G(WE) — G( w,f,)l J <264 Mp™"
k=0

by the hypothesis on E¥, which in turn implies that

- [11§:| G(WE) — PIG)(WE) |]

< A6+ Mp)
in light of Lemma. 2.1. Note also in light of (2.5) that
1P2[G s < IGllzs S M, VG € S(M,p)
Hence, |G = PG|z, < 2M. U;sing Lemma 2.2, it follows that

A af/ + 1 Ay v
16 = PGl < (/521G - PRIGUR"IG = PRIGIE
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< R+ M2

¥ (6 n 1/2
2MM (M+p ) .

Now the error bound can be established by noting that

en(M,p,8) = sup{||G - Gllw: G € S(M,p),|A| < 6,1 <k < N}

< Mp " +sup {[|G ~ Pe[Gllles, G € S(M, p), |Ax] < 6}

/2
- pF1 (6 .\
— n 9 n .
= Mp™+ M,/ (M+p )

that concludes the proof. |

It should be clear that the error bound in Theorem 2.2 improves the one in
[36]), and has a simpler form. This is due to the fact that for the case § = 0, the
error bound in Theorem 2.2 decays in the order O(p~"/?), whereas in (36}, the error

decays in the order O(p™®") where a < 1/2 for p > 1. Furthermore, the factor

(p+1)/(p — 1) in [36] is replaced by \/(p-i- 1)/(p — 1) in Theorem 2.2. This is
especially important because p is close to one in order to have good estimate of M.
The constrained minimization problem means that as N > n — oo, the worst-case
identification error decays to zero exponentially for noise frec case. Because it is
difficult to solve the constraint minimization problem, we will convert it into the

unconstraint problem. This gives our next result,

Corollary 2.1 Let the noisy experimental frequency response data be given by (2.2).
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Denote 6§ = § + Mp=". Form the approzimate model

R n-1 N
G(z) = Z () ~_ks n <N,

k=014 ( ) 2k B
with {cx(EN)} the DFT coefficient of {EN}. Then, the worst case identification

error satisfies

1/6 1/
en(M,p,8) < Mp™™ + ( 1+\/_)M,/Z+ <M+p‘") .

Proof: Consider the following unconstrained minimization problem:

N-1 2 AT
J = min ( Z |G (wh) - B ) + (ﬁ) ||G"]|2m (2.6)

G"ePy
with G* = Po+ mz+ oo+ pu-12"L It admits a solution G™ such that J < 282,
This can be shown by taking G" = P°[G]. With the solution G for the above
unconstrained minimization problem,

] N- 1/2 X
Jo = [VZ )-E,{V|] < V26,

It follows that

Z

1 -1

1/2

16~ Pele = ( LS e~ reic - Y +Eﬁ|’)
| (Wh) - E I} (-
5 N

k
1 X
SJ+(NZ

< (1+V2)(6+Mp™™),

[u—y

l"l_ £

PRGI(WE) - EY| )

1/2
ricovy) - £

Since J < 262, there holds, by (2.6),

(M) "C" <28 = ||Gllap < V2M.
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and ||G = P°[G]ll2,» € IG = P°[G]lleo,y < M + v/2M. The worst case identification
error bound can then be obtained following the same steps in the proof of The-
orem 2.2. To obtain the explicit solution G, one notices that the unconstrained

minimization problem is equivalent to

mm")jllm-ck(ENI + Z|CL(DN)| ( ) (Z Iml2,m)

by mixed Parseval’s theorem. The optimal solution p’s can then be obtained by

setting the partial derivatives 8J/0p = 0 that gives

aJ

.2
é )
- N 2 8 2k=
i 2pr — (L)) 42 (V) Pep 0

for k=0,1,...,n — 1. After simplification we obtain

.\ 2
) .
Pr (1 + (-ﬁ) m-p”) = cr(EV).

Therefore, the solution

N
= —c"—(—E—-)— k=0,1,..,n—1,
me
is obtained. The proof is now completed. i

Comparing the two upper bounds, one for constrained minimization, and the
other for unconstrained minimization, we conclude that a factor of /2 is added for
unconstrained one. Before concluding this section, it should he emphasized that all
the linear algorithms discussed so far are derived for uniformly spaced frequency re-

sponse data. Naturally, one would like to know whether or not the linear algorithms
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can be adapted to the case where the frequency response data is nonuniformly spaced

as studied in [1, 54]. This question will be answered for the tuned linear algorithm.

Corollary 2.2 Let the experimental frequency response data EN be obtained at

{wi 3! which is not uniformly spaced. Define matriz U; as
[ 1 ew .. eili-1w

| e . edli=D)w

1 elwn~1 | eiti=Nwna

where 0 < | < N. Suppose that the identified model G € P, is obtained from the

following unconstrained minimizalion problem

Jn = min (V IC"(e""“)—E{VI) ( ) ”leli’»ﬂ

GneP,

with the same § as in Covollary 2.1. Then, Ihe worst case idenlification error salis-

fies

/ NN
eN(M, [J,(S) < 1\’[/)—" + \/IT(I + \/:)A[J Pt ! (—6_ + /)"").

a(Un) p—1\M
Proof: It is noted that the tuned algorithm is similar to that in Corollary 2.1
except that the frequency response data is not uniformly spaced. Same argument

in Corollary 2.1 gives J, < 262, and thus a solution G € P, exists such that

| N=1 LM )
[N (efr) — P,:‘(e’“’“)l] <(1+V2)b

Denote F =G ~ P2[G) € Py, Then, the above is equivalent to

1 N-1 o ) 1/2 1 ‘
N (et = —||Un 2
[N ,; l['(c )I ] IN IUNT|]2 < (1 + V2)é
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where I is a column vector of size N with first n elements being the n coefficients
of F(z), and the rest elements zero. Note that by the definition of singular values,
1 £ VNE(UZ') = VN/a(Un). 1t follows that

VN +v2)é
a(Un)

IG = PRGNz = IFll2 £ VN(1 + V2)§5(UR") =

for any G € H(M, p). Similarly, ||Gll2,, < VZM. Thus

Va(1 + V2)M
a(Un)

IG = Gllap < (1 + V)M <

Hence, the error bound can be established following the same steps in the proof of

Coro]lar'y 2.1. |

A few comments are in order. First, denote P as a column vector of size n with
coeflicients of GG as the elements. Then, the minimization problem in Corollary 2.2

has a matrix representation

2
1 1N
min WU” P - WE
PeRn S
'A_i ‘/yn A 0 2

. where U, is same as in Corollary 2.2 with [ = n, A = diag(1, p, ..., p'"~"), and

11 . 1 EY
1 1w Wwn-1 , EV
‘/m':W " " , EN = ! y m2na, (2.7)
BRI e | EN, |

Hence, the solution P is easily obtained from the orthogonality condition. Second,

since V,, satisfies V,xV;, = I, for m > n where V,; denotes the conjugation transpose
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of V,,,
UU, 8 L\ U:EN
P= (—1\7— + —M-Z-A ) N (2.8)

which is well defined even if UzU, in gingular, though in this case, the error bound
is not defined. It should be clear that U;U, is nonsingular if and only if all {w;}'s
are distinct. Finally, note that if w;’s are uniformly spaced, then U U, = NI, for
which U EN /N is the inverse DFT of the experimental measurement data and both

the solution and the error bound reduce to those of Corollary 2.1 by noting that

a(Un) = a(Un) = VN.

2.4 Stochastic Analysis of the Least-Squares
Based Identification Algorithm

The least squares method is a classical stochastic approach to determining the

finite order approximant
n-1

G(z) =Y m =~ pr e RP*™, (2.9)
k=0

The finite sequence {p}7Z3 represents the impulse response of G(z). The previous
section has derived a worst-case identification error bound in the H,, norm. This
section is devoted to the stochastic analysis of the least-squares algorithm as dis-
cussed in the previous section. As assumed before, the unknown system is a set

S(py M) C Heo. The noise Ay, k = 1,2,.., N is now assumed to consist of N in-

dependent, identically distributed, complex random variables with zero mean and
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variance o2, The experimental data EY has the same form

il

EY = G(**)+ A (2.10)

Il

P2[G)(e?) + (G(eP*) — PE[G)(e?)) + 6

n-~1

= Yt Ay k=0,1,.,N~1 (2.11)
k=0

where A consists of two parts: The deterministic part bounded by Mp= according
to the n-width approximation theory as P?[G](z) is the globally optimal approxi-

mant; The stochastic part with variance ¢2. Denote

(1 . 1 ' [ Pe[G(1)

. 1owgto. gy . P2IGY(WR!

‘/N —_ N N : P = n[ ]( N ) (2 12)
i 1 ‘,VIIVV-I ”/IG(N-I)(n—l) ] - P,?[G]("VN_("—I)) ]

and use the same notation as in Corollary 2.1 and (2.7), we can write (2.10) as

-~

B=VP+A A=Ay &7 . Ax | (2.13)

To treat the stochastic problem, we set the cost function as (equivalent to the case

of 6 =0)

a . 2 -
G" (™) — B G, 2,14
Jnin (e7) L|)+p IG13,, (2.14)

1 N-1

Js := min (-1-\7 >

k=0

The above cost function is motivated by zero mean of the radom noise {Ax}. The

next result shows that the solution to J, is unbiased asymptotically.

Proposition 2.3 Let G € P, be lhe solution of J, in (2.14) where n < N. Then it

is an asymptotically unbiased solution in the sense that its expectation approaches
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to the true plant as the number of samples tends to infinily. There holds stochastic

error bound

. o  VNA+V2IM [p+1 _,
sup (1€ {G) = Gl < My 4 YL 011 orrs

GeS(M,p) a(Un)

where € is expeclation operator and Uy is the same as in Corollary 2.1 with |
replaced by N. If the frequency response measurements are uniformly sampled, then

there holds

sup 16{G} = Glloo < My + (1 + VB2, |22
GeS(M,p) p—1

Proof: The solution to the unconstrained least-squares solution is given as in

Corollary 2.1, By setting § = 0, we obtain solution

Do
M UiUn  _oni2\ " (UGN | UsA
o " | () (S 2)
L Pn-1 J
where ] _ ) _
G(1) Ay
G(WgZ! A
Gy = (W) A= 1
| GOvR™Y) =y

Taking expectation yields

U:u, UG
E{P} — ( 1}\, + /)_2"/\2) njvl\

This is exactly the same solution as in Corollary 2.1 with § = Mp™" (see the

discussion after Corollary 2.1). The error hound can then he concluded using the
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results in Corollary 2.1 with § = 0, or equivalently § = Mp~". The error bound for

uniformly spaced frequency response samples can be obtained by setting UzU, = I,
and o(Uy) = VN. i

Although the least-square based algorithm is biased, the bias is caused by under
modeling, but not the corruption noise. Because the bias approaches to zero as
N > n — oo, il is asymptotically unbiased. In what follows next, we consider
computation of variance in worst-case for scalar systems. It applies to multivariable
systems with simple notational change. First we write

Ui U,
N

“lyuzA
N

G =€e{G()} + 2(2) ( + ,)-2"/\2) = £{G()} + A(z)

where

; . : A UzUn a2\ P URA
) =[1 v L et |, A) = 2() (TR 4 oY)

Then we have the following bound for the worst-case variance in frequency domain.

Proposition 2.4 Let G € P, be the solution of J, in (2.14) where n < N. Suppose
that the frequency response samples are uniformly distributed, and the variance of the
corruption noise is 62, Then the worsi-case variance in frequency domain salisfies

the following inequality:

sup "5 {(G' - G) (G' - G)‘}

GeS(Alp)

o0

= le{e}-al + e {(Aa

p+l 2-—1; 2
< 1U+(1+\/§) -p—j—l— p o +ao,
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Proof: Because Ay has zero mean for each k&, it follows that

e{(¢-6) (¢-6) Y. =le{et -l +[e{aa}, @)
The first term on the right hand side satisfies
le{¢} - G|| (M +(1+v2) ” t 1 p-" (2.16)

for G € §(M, p) using the result in Proposition 2.3. To quantify the second term

on the right hand side of (2.15), we use the representation

" —1 E ]
A(e.i(u) = Z(ej“’) (Uy}\[rjn +p—2nA2) U}IVA

(1 ew L. Nt

z| >

1 e~w e—(n—l)w 1 ej“’l . ej(N‘l)“’l
[ 1+ p-2n 1+ p—2(n—l) " 1+ p—2 ]

1 ejwu—l . ej(""l)“’N—l

b -

where w; = 2imw /N for uniformly distributed frequency samples Hence, we obtain,

using the fact that UrU, = N1, and E(AA*) = o? that

£{AA") = "T z (14 p2=0) 7" < o2
Thus, substituting the above and (2.16) into the right hand side of (2.15), and
taking appropriate supremum can then conclude the upper bound for the worst-
case variance in frequency domain, i
Proposition 2.4 shows that the stochastic error (i.e., variance error) in frequency

domain is comparable to the worst-case error in the previous section, The modeling
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error caused by noise is not significant. A more important issue is the under modeling
error that has been investigated in the previous section.

The cost of using the least squares method, or more generally any stochastic
approach, is that at least some information about the noise statistics must be as-
sumed known. Additionally, the least squares method is biased if there is a model
uncertainty, although it is asymptotically unbiased. One way to improve the least
squares estimate is to increase the order of the estimate G(z). As n increases, the
quality of the model improves. However, the worst-case variance of the identification
error caused by noise remains the same. It shows that worst-case variance is close
to the worst-case identification in the sense that variance does not vanish that is the

same as the worst case noise level 8.

2.5 Applications to Lightly Damped Systems

In this section, we consider identification of lightly damped systems using the
least-squares based linear algorithm, in conjunction with the Kung’s algorithm. This
problem is significant because frequency: response fitting has been the main tool for
modeling of lightly damped systems such as flexible structures, while other identifi-
cation algorithms from identification in Hy, do not work well for such applications.
For instance, the two-stage nonlinear algorithms in [35, 25] are not effective for
lightly damped systems [29]. Its difficulty lies in the model reduction part of the

identified model. Most model reduction algorithms such as balanced realization and
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Hankel norm approximation require computations of the controllability and observ-
ability gramians. Since the identified model from the two-stage nonlinear algorithm
_inevitably has a high order for flexible structures and is a sum of a rational function
(resulted from Nehari approximant) and a causal polynomial function, it is almost
impossible to compute controllability and observability gramians, or the resulting
gramians are not accurate. This problem also exists for interpolation hased algo-
rithms (8, 9, 33]. It is noted that the linear algorithms studied in this paper produce
identified models having an FIR structure, and the computation for controllability
and observability gramians requires only one singular value decomposition [30, 43].
Due to the reliability of singular value decomposition, the reduced order model re-
tains dominant modes of the flexible structure. However, before we present the
simulation examples, some results on Kung’s algorithm will be discussed, and its

relation with the algorithm developed in [30] will be investigated.

In approximation of infinite-dimensional systems, Gu, Khargonekar, and Lee
have proposed an algorithm [30] that derives first an FIR approximate model, and
balanced model reduction is then applied to obtain reduced model. This algorithm
requires only computation of one inverse DFT, and one singular value decomposi-
tion, it is thus quite effective for obtaining low order approximate models. More
importantly, upper bound on the approximation error can also be derived based
on a priori information of the system, and the Hankel singular values of the FIR

model. This algorithm is then adapted into the two-stage nonlinear algorithm for
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identification in Hy,. The disadvantage of the algorithm is that full information of
the FIR model is needed. We will show that this algorithm is also related to Kung’s
algorithm [43] that is more flexible, more suitable if the FIR model has an extremely
high order. The difference lies in the fact that there is no error bound for the Kung’s
algorithm. Because there are some misconcept about Kung’s algorithm, we will be

more detail in analyzing its properties next.
2.5.1 Analysis of Kung’s Algorithm

To be specific, for a given FIR model
L
G= Z!’]ls z_ka gk € Rpxm,
k=0

a finite Hankel matrix of order ¢ is defined by

-
91 92 .« g1

“ ’ .&2 ﬁs o .‘7!1
Hy 1= ihor ey =

i Jo=1 Gq ++ G2(e-1) i
Kung’s algorithm uses 2¢ < L so that H, is “full”. It begins with the assumption
that g = CA*'Bfor 0 < k < L —1, and G is a truncated model of G(z) =

D + C(zI — A)"'B. In this case, the Hankel matrix in (2.17) can be written as

[ )

C
CA

I

}Iq [B AB .. Aq"lB]-

CA!
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To obtain the realization of (A, B,C) based on the finite sequence {gr = gr }i=;,

Kung suggests a singular value decomposition approach:
e

CA
UsH? = , wﬁvT=[B AB "‘M”B]- (2.18)

| G4 |

where Hy = UEVT is the singular value decomposition of H,. If G(z) has finite

state-space dimension n < ¢, then ¥ has dimension n xn. Kung’s algorithm suggests

c =1 OJUE‘/’. g=xiayr| ™| (2.19)
! 0
- adt -
C CA
2
A = CA CA =E_1/2UT 0 11)(9—1) Uv1/2 (9 90)
0 0
carr | | cart

([ Iyg-1) 0 ] U_\,jl/2>+ [ 0 Ly, Usi/?,

A problem arises for inaccurate data gy # gr. For the case m > p, we have
U, X € RP*" and V € RP*™ satisfying UTU = UUT = I, and VTV = I, For
the case that m < ¢, V, £ € R™9*™ and U € RP*™ satisfying VVT = VIV = I,
and UTU = I,,. This is a generic case especially when the true system is infinite-

dimensional of practical interest to us, Nevertheless, Kung suggests partitioning
v=lv, w] V=% w] S=dgEm). @)

where Uy € RP**, |, € R™**, and ¥; € R™*" with n chosen depending on the gap

between ¥; and X,
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It is noted that there is no reason to impose the assumption 2¢ < L if the data
is inaccurate, or the true system is infinite-dimensional because then the Hankel

matrix H, may have full rank generically. We consider an extreme case when ¢ = L.

Proposition 2.5 Let Hy, be the same as in (2.17) with ¢ = L, and m 2 p. Then
Hy, has full rank if and only if §;, has rank p. Let Hy = USVT be the singular value
decomposition and (A, B, C) be as in (2.19). Then (A, B,C) is a balanced realization
of G(z) with & controllability and observability gramian. Suppose U,V and T are

partitioned as in (2.21), then direct truncation of (A, B,C) can be obtained as

: T _ ¢ 0 Ip-1)
A = TATT = 571707 y U, sy, (2.22)
0 0
A w/20,T I 2 T 1/2
B = np=sfyr| ", C=cT =[1,, o]u,z, :
where Ty = [ I 0] is the truncation matriz. If ¥, and X, have no common

element, then the reduced order model is stable.

Proof: The rank of Hj is the same as the minimal dimension of state-space
model of @ that is determined by minimal realization of drz~% which is pL if and
only if g has full rank p as p < m by assumption. To simplify the notation, we

denote

U = [ ],,(1,_‘) 0 ] U, 02 = [ 0 I,,([,_l) ] U, (2'23)

o= [ Tn-1y O ] Vv, = [0 Ln(-1) ] V. (2.24)
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Note the difference between U; and U;, and V; and V; for ¢ = 1,2. With 4, B,C as
in (2.19), we have CB = §;, and

Al = V2T (0,0) " D52,

From (2.23), and UUT = I,1,xp1L, We obtain

00T = Sy = O fe-a € Rrib=txpll=t)
0 0
a shifting matrix. It is easy to verify that
0 0

The above implies that

0 Dyz-k-1) [, 51/
0 0

Ak+l = E—I/QUIT [

Substituting C and B, we obtain (using (2.23), and UUT = Ix,1),

- I - - - -~ e m
CAM'B = [1,, O]UUIT p(L=-k=1) U, 81201, 5 11
0 0 0
9
1 L 0 I L=k— .62
_ [1,, 0] P 1)” P 1)][0 1,,(L-1)]
0 0 0 .
| 4 |
Gk+2
= [IP 0] . =gk+‘2s

| g
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if k< L—1. For k> L~ 1, we have that CA**'B =0 by Sﬁ(l,—x) =0ifk>L~-1.
It follows that

G(z) =D+ C(zI, - A)'B, D = go.

Now equation (2.18) implies that

q-l . . q_l s o
=) (ATYCTCA =5 A'BBT(AT)
i=0 . i=0

that verifies the claim on controllability and observability gramian. Hence (4, B, C)
is a balanced truncation of (A, B,C) that is stable if £; and ¥; have no common

element. |

For lightly damped systems, the FIR model G(z) obtained from linear algorithm
is likely to have high order. Thus the singular value decomposition of Hj, may have
difficulty. In such a situation, it is suggested to use H, with ¢ < L so that the
computation of singular value decomposition of H, is feasible. Although in this
case, the resulting (A, B,C) as in (2.19) is not a realization of G(z), and T is not
controllability gramian, there still holds (using the same derivation earlier)

grp2 0S8 k< g-1,

CB=§, CA*'B =
0 ifk>q¢-L

Moreover ¥ is still the observability gramian as

0

5-ATS4 = oWyt [ J [ 0 Iypo) ] Ug/?

Ip(q-l)

WAL [ N ] [ I, 0 ] Usi? = c'c.
0
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Hence it can be expected that if g is close to L, the reduced order model still has

good approximation to G(z) in terms of sup-norm. For reduced model

»

Gn=D+C(zl, - A™'B, D= g,
we may also try to compute a different B and D such that it minimizes
A L) 1 2” A' 'w A -w A' tw A' tw E ]
IGn = G2 = tr (2—7- /0 [Gn(e) = G(e)] [Gule™) — Gie)] dw) .

We may also replace GG by experimental data £ and the integral with summation to
simplify the computation. In this case we have a least squares solution for B and
D. One may also use convex programming method to minimize the sup-norm that

may improve significantly the approximation error.

Remark 2.1 The same analysis holds for Kung’s algorithm if m < p. In this case,

we can lake

A = T o0 ve-1/2
Im(q-l)
A = TATT =5\v7 w2,
m(q-l)

This modification gives a similar vesull to Proposition 2.5. It is noted that Kung’s

original algorithm does not consider the difference between m > p and p < m.
2.5.2 Two Illustrative Examples

The purpose of this subsection is to illustrate the effectiveness of the linear

algorithm, and its application to the identification of lightly damped systems in
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conjunction with the Kung’s algorithm. Two simulation examples are used. The

first one assumes that the true system is given by

1022

G(z) = 145241022 °

(2.26)

It can be verified that G(z) € S(M, p) with M = 2.1 and p = 1.5. The experimen-
tal data is generated by uniform samples of G(e?*) with corrupting noise Ay = 6¢?*
where 0 is a uniformly distributed random variable. We have chosen § = 0.2 which
is roughly one-tenth of the ||G||~. The simulation consists of N = 64 experimental
data points for both uniform and nonuniform sampling cases. The identified models
are obtained using least-square based linear algorithm for n = 15. The magnitude
error responses are plotted in Figure 1 with solid line for uniformly spaced sampling
case and with dashed line for nonuniformly spaced sampling case. Because nonuni-
form sampling takes more samples at fast variation interval and fewer samples at
slow variation interval of the frequency response, it often has a hetter performance

than that of uniform sampling although it has a larger error bound.
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Figure 2.1: Magnitude response of the identification error for the first example
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Figure 2.2: Magnitude response of the true system for the second example
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Figure 2.3: Magnitude response of the identification error for the second example
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The second example is taken from [29] where the true system is a flexible struc-
ture. While the two-stage nonlinear algorithm in [35, 25] is not effective for identifi-
cation of lightly damped systems [29], the linear algorithm studied in; this paper, in
conjunction with the Kung’s algorithm, yields a very impressive result. The magni-
tude response of the experimental data is plotted in Figure 2 with solid line. Since
no a priori information on A, p and é are given in [29], we have used M = 130,
p = 1.01 and 6 = 0.5. Corollary 2.1 is applied with N = n = 1024 to obtain the
FIR model. Kung’s algorithm is applied with L = N -1, and ¢ = N/2, to obtain a
low order model of McMillan degree 24. Its magnitude error response is plotted in
Figure 3. We would like to comment that although other algorithms can also obtain
similar results with less computaﬁonal effort, the linear algorithm studied in this
section combined with the Kung's algorithm constitutes a convergent algorithm for
identification in Hy,. Since only one singular value decomposition of a ¢ X ¢ ma-
trix is involved with ¢ < N, this example demonstrates that the algorithm is quite

reliable. We tabulate the simulations for other values of (M, p, ) and ¢ in Table 2.1.
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Table 2.1 Error Value with Different Order of Approximate Model

(M=130, p=1.01,N=1024,4=512) (M=130, p=1.0055,N=1024,9=614)

delta(6) error delta(é) error
0.2 19.0157 0.2 15.4172
0.3 18.6541 0.3 15.1506
0.4 18.3343 04 18.1221
0.5 18.5875 0.5 19.9995
0.6 20.2805 0.6 20.4511
0.7 22.2652 0.7 20.3721
0.8 22.1595 0.8 20.3263
0.9 22.2164 0.9 20.7594
1.0 22.2864 1.0 21.1770
1.1 22,3434 - 1.1 21.5792

2.6 Conclusion

The least-square based linear algorithms in [36] are revisited and new error
bounds are derived. It is shown that the tuned linear algorithms in [36] are applicable
to nonuniformly spaced frequency response data which are quite different from the
two-stage nonlinear algorithms as in [1]. In particular, exponential convergence
for noise free case is preserved. Moreover upper bounds for stochastic error are
derived that are comparable with the worst-case deterministic error bounds. This

algorithm is also used for identification of lightly damped systems in conjunction
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with Kung’s algorithm that is very effective as shown in the example with a JPL

flexible structure.

[on



Chapter 3

Model Reference Control with
Hoo Loopshaping

3.1 Introduction

This chapter considers an alternative approach to model reference control (MRC).
For the past two decades, MRC has been used extensively in adapti.ve control. How-
ever the control strategy employed in MRC is not sophisticated in the sense that
the modeling error is ignored. Because MRC assumes the exact knowledge of the
plant model, it is difficult to ensure the stability of the feedback control system de-
signed with MRC in the presence of the model uncertainty. Consequently adaptive
control based on MRC does not have stability robustness. As discussed in Chapter
1, robust adaptive control requires that both identification and control be capable
of coping with model uncertainties. This chapter will focus on the control part. A
novel approach based on Hy, loopshaping will be employed to tackle MRC in the
face of model uncertainties; the aim to enhance the stability robustness of the feed-

back control system. In this new approach, the reference madel is determined by



the frequency shape of the ideal sensitivity function. Qur objective is to synthesize
a feedback controller that achieves the frequency shape of the ideal sensitivity spec-
ified by the reference model within a prescribed tolerance in terms of the H,, norm.
This leads naturally to H,, loopshaping for MRC. Through appropriate formulation
of the objective cost function, it will be shown that the resulting H,, controller has
an observer structure for which only two gains, state feedback and state estimator
gains, need to be synthesized. The corresponding H.., solution will also be derived
and an efficient algorithm be developed for solving the Hy, controller.

This chapter is organized as follows, We begin in Section 2 with problem for-
mulation for loopshaping that is based on the frequency shape of sensitivity and
complementary sensitivity functions. The loopshaping objective is to achieve the
desired frequency shape of the ideal sensitivity specified by reference model. Be-
cause we are interested in observer-based controllers, some preliminary analysis is
presented for observer-based feedback control systems. The H,, solution is derived
in Section 3 and Section 4 for the MRC based loopshaping problem for continuous-
time systems. It is shown that how the ideal sensitivity function can be synthesized
based on the reference model that amounts to solving an output injection prob-
lem, and how the feedback controller can be synthesized by solving a state feedback
problem. A dual case is the synthesis of the state feedback gain to achieve ideal
frequency shape of the sensitivity specified by the reference model, and the synthe-

sis of the output injection gain to recover the target loopshape, Section 5 treats
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discrete-time systems. It shows that the results in Section 3 and Section 4 can be
generalized to discrete-time systems, and the resulting H,, controller again has an
observer form. Section 6 presents some simulation results on the M, loopshape for
MRC. In particular, a nonminimum phase system is used as an illustrative example

to show the effectiveness of the proposed loopshaping algorithm.

3.2 Problem Formulation and Preliminary Anal-
ysis
The feedback system has configuration in Figure 3.1. The nominal plant has m

inputs, p outputs, and admits a state-space realization

AlB
P(6) = C (61, — A)'B = (3.1)
clo

where § = s for continuous-time systems, and § = = for discrete-time systems. If
m < p is not indicated particularly, It is implicitly assumed that m > p. The

problem is to synthesize a stabilizing observer-based feedback controller

A+BF+LC|-L

(3.2)
PR

K(§) = —F (6], — A= BF — LC)™'L =

such that the closed-loop system resembles that of a given reference model in terms
of the frequency shape for sensitivity and complementary sensitivity. These are
equivalent to the frequency shape of the loop transfer matrix, Thus the reference

model represents the ideal frequency shape of the loop transfer matrix and its state-
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space realization is denoted by

Ar Br
R(6) = C(61, — A,)"'B, = . (3.3)
Cr 0

The ideal sensitivity and complementary sensitivity are given by

Si(8) = (I, - R(‘s))_l = I+C(6l, - A, — Brcr)-lBr

Ar+ B:C, | B,
- (3.4)
Cr I,
ﬂd(&) = —R((SI,. - R(6))-l = _Cr(a.[r - Ar - BrCr)-lBr
Ar BrCr _Br
- T (3.5)
Cr 0

respectively. We take the size of the square reference model R(8), thus of S;4(8) and

T;4(6), to be for min{m, p} for the reason to be made clear next.

di i
r ﬁ*—-iué* P j‘:

A

Real Plant

K -Ia><—n

Controller

Figure 3.1: Feedback control system

Consider the feedback system in Figure 3.1. The plant P has size p x m and the

controller K has size m x p, The associated sensitivity functions are defined by

Sin(6) = (]m - Lin).-1 = (Im - 1"(6)1)(6))—1’ (3°6)
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Soutl8) 1= (I = Louw)™ = (I, — P(6)K(6))7, (3.7)

where S;,(6) and S,y (6) are the sensitivity functions at the plant input, and the
plant output, respectively. The input loop gain Ly, is obtained by breaking the loop
at the input u of the plant and the output loop gain Loy, is obtained by breaking
the loop at the output y of the plant. It is well known that the frequency shape of
the sensitivity functions measures the stability robustness and the performance of
the feedback system [14]. For MIMO plant, S;(8) # S,u:(8) in general, and in this
case, it is difficult to synthesize a single controller i'(§) such that both sensitivity

functions have desired frequency response. In fact, if m > p,

1
= a(T=K(8)P(8))

7 (Sin(6)) 21

where the last inequality follows from the fact that g(/ — M) < 1 +g(M) =1 for
the case M = K'(6)P(68) due to m > p. Hence, if the number of inputs is larger than
the number of outputs, it does not make sense to minimize the sensitivity function
at the plant input. Similarly, if the number of outputs is larger than the number
of inputs, it does not make sense to minimize the sensitivity function at the plant
output either.

The complementary sensitivity functions at the plant input and output for the

feedback system in Figure 3.1 are given by
Tin=Sin— I = KP(l,, = KP)™', Ty = Sour(8) = I, = PK(I, - PK)™" (3.8)

respectively. Suppose that m > p. The performance measure for mode] reference



59

control is chosen as the relative error || Eou||oo between the ideal sensitivity and the

output sensitivity in (3.6) and (3.7) where
Eaut = (St'd - Sout)Sg::il = Ip - Sout' ;:,.11 (3'9)

Relative error has an advantage in that small relative error implies that S,y (8)
resembles S;4(6) in frequency shape by Sou(8) = (I + Eout(6))S:ia(8). Consequently
T,u(8) also resembles Tiq(6) in frequency shape if || Eou||a is small due to the fact
that

Tout(8) = Sout = I = Tia(6) + Eout(6)Sia(6)
More importantly, small relative error implies good loopshape properties as shown

in the next result.

Proposition 3.1 Cousider the feedback system in Figure 3.1. Let L(8) = P(8)K(8)
be the loop transfer matriz of the feedback system. If v = ||E|lx < 1 where E =

I — SouST, then there holds
_ 7 + a(Lis(6)) a(Li(6)) — v
< —_—rr _— .
o(L(8)) £ —5 - a(L(d)) 2 == " . (3.10)

It follows that the frequency shape of the loop lransfer function resembles that of

ideal one if v is small,
Proof: By the definition of relative error, we have

E=1- SaugSiT,l =1 —(I— L)1~ Liy).
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The argument § is omitted for simplicity. To obtain L we rearrange left side and

right side terms of the above equation as
I—FE=(I-L)"Y(I - Li).
It follows that

L = I—-(I-Lua)I-E)"
= (1= E)I=B)" = (I - Lu)(I - B)™"
= (I-=E~1+Ly)I~-E)

= (Liu— E)I - E)™. (3.11)

Since &(-) is norm, we obtain by ¥ = || E||cos

a(5) < o(Lall = By +o(B(I - B s TEIA,
Furthermore, we obtain from (3.11) that
o(L) > o(Liy — E) > o(Lia(6)) — 7
L4y 1+
The inequalities in (3.10) are thus true. i

We emphasize that the use of relative error is consistent with the perturbation
analysis. An important aspect for robust control is the stability and performance
robustness in the face of uncertainties. Such uncertainties are often treated in forms
of additive uncertainty and multiplicative uncertainty. Consider the case m > p.

Let the true plant P(d) be given by

Pg((s) - P(6) + A(,(ﬁ)I'V.,(é‘). oy Pp(a) = P(‘S)(Im + Am(‘s))ulm(‘s) (3'12)
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where P(6) is as in (3.1), A, and A,, are unstructured uncertainty, and W, and
Wy, are also weighting function or desired function in additive and multiplicative
respectively as shown in Figure 3.2 and Figure 3.3. Then simple calculation yields

that the true sensitivity is given by
Sout = Si(Ip = AaWoK Sout)y, or Sous = Si(ly — AWy PK Sout) (3.13)

for additive and multiplicative perturbed plant respectively. If the true plant P(8)
and the nominal plant P(§) have the same number of unstable poles, and ||A;||eo <

1, |Amllec £ 1, the robust stability conditions are given by

€a = ||WaK Soutllee <1, and ep = ||Wi PK Sout]los = |WimnTout]leo < 1

respectively. Hence if the above conditions hold, then the relative error between the

nominal and true sensitivity are given by
€= ”]p = ;I‘S'out"m = ”‘S‘z—l(st - Soul)"oo < 1

where € = €, = ||[Wo L\ Soul|os for additive uncertain plant, and € = € = ||[W PK Sout||
for multiplicative uncertain plant.

For the case m < p, the performance measure is given by || E;, |0 where
Ey = S,'T[l(sid - Sin) = I — .‘71‘5:'7: (3'14)

and S5;,(6) is the sensitivity at the plant input. Similar conclusion holds for the
frequency shape of the sensitivity and complementary sensitivity if || Ei, |0 is small.

For perturbation analysis, the model uncertainties are assumed of the form

Pg(&) = P(&) -+ ”/u(ts)Aq((s)' or Pt(‘s) - (]m + M/,,,((S)Am(é))P((S) (3'15)
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Figure 3.2: The additive uncertainty plant

Figure 3.3: The multiplicative uncertainty plant



63

In this case, if the true plant P;(6) and the nominal plant P(é) have the same number
of unstable poles, and ||Aglle < 1, [|Am|leo € 1, the robust stability conditions are

given by
€ = [[Sin K W,allo < 1, and em = ||Sin KPWinlloo = | TinWmlleo < 1
respectively. With the above conditions, dual result
¢= ”11) - Sl-lSaut”w = "Sf-l(St = Sout)l~ < 1

holds where ¢ = ¢, = ||S;,, N W,||o for additive uncertain plant, and ¢ = ¢, =
|| Sin ¥ PWs ||oo for multiplicative uncertain plant.

Although the relative error is quite effective for loopshaping, it alone may not
suffice the performance. For instance, in the case m > p, it is difficult to guarantee
the frequency shape of T;,(6) even if ||E,ule is small. This may cause stability
robustness problem in the face of multiplicative uncertainty as in (3.15). A dual
problem exists for the case m < p. Hence, a better performance measure as a mixed

sensitivity problem is given by J; for m > p and J2 for m < p as follows:

(1 - /\)Eout
Jl = ) or ']'2 = "[ (1 bl /\)Eiu /\"VQ']‘a“[ ]" ] 0 < /\ < 1~
ATin W ] oo
(3.16)

The transfer matrices Wy(8) and Wy(6) are weighting functions that represent the
inverse of the ideal 7;,(6) and T,,.(6) respectively. The parameter A reflects the
trade-ofl between the two cost functions of which one is relative error in sensitivity

and the other is the weighted complementary sensitivity, Our problem is to synthe-
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size an observer-based controller K(6) as in (3.2) such that J; is minimized if m > p,
or J; is minimized if m < p. To formalize the above discussion, we summarize the

problem formulation as next.

MRC Loopshaping Problem:

Assume: the plant model has a realization in (3.1);
Given: ideal sensitivity in (3.4) specified by the reference model (3.3);

Find: an obs<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>