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Abstract

Bush Jones published a series of papers providing sequential algorithms that
are key to reconstructability analysis. These algorithms include the determination of
unbiased reconstructions and a greedy algorithm for a generalization of the
reconstruction problem. The implementation of these sequential algorithms provide
scientists and mathematicians with the means of utilizing reconstructability analysis
in systems modeling. The algorithms, however, are so computationally intensive that
the system is limited to a very small set of variables.

Many papers have been written applying reconstructability analysis and
maximum entropy methods to various disciplines. Reconstructability analysis has the
potential of dramatically impacting the scientific community, but the sequential
algorithms leave the utilization of reconstructability analysis infeasible. The author
has parallelized the reconstructability analysis algorithms developed by Jones,
thereby, bridging the gap between theoretical application and feasible implementation.

Since the goal of parallelization of these reconstructability analysis
algorithms is to make them feasible to as many researchers as possible, a specific
architecture is not assumed. It is assumed that the architecture employed is a multiple
data architecture, That is, the architectural design needed for the implementation of
these algorithms must have memory local to each processing element (PE). The
parallel algorithms developed and presented here do not address the problems of
communications between processors of particular architectures. These algorithms

assume a reconfigurable bus system which is a bus system whose configuration can be

ix



dynamically altered thus allowing broadcasting and long-distance communications to
be completed in constant time. It is noted that processor arrays with such
reconfigurable bus systems have been designed.

Frequently, parallel algorithms do not address the situation in which the
number of values on which to operate is larger than the number of processors.
However, since the purpose of the parallelization of these reconstructability analysis
algorithms is to make them feasible for large structure s&stems, the parallelization
given does address the situation in which the number of values on which to operate is
larger than the number of processors available. Therefore, implementation of the
algorithms involves simply incorporating the communication protocols between

processors for the particular architecture employed.



Chapter 1

Overview of Reconstructability Analysis

Traditionally, systems modeling focuses on the validity of subsystems. In the
early 1960's Ross Ashby broke with tradition and considered the reconstructability
and validity of the overall system.‘ The mid 1970's saw more comprehensive
investigations of the problem of reconstructability. Reconstructability analysis sprang
to life in the early 1980's when the International Journal of General Systems devoted a
special issue to the evaluation of the reconstruction hypothesis. [CAVA 81a] In this
special issue, Roger Cavallo and George Klir present a comprehensive evaluation of
the reconstruction hypothesis. The main results of the paper are that

"(1) the concept of meaningful reconstruction hypothesis is developed;

(2) efficient procedures are derived for determining the unbiased
reconstruction for any given reconstruction hypothesis; (3) the concept

of the reconstruction family is developed; (4) efficient procedures are

proposed for determining the reconstruction family for any given

structure system." [CAVA 81b]

In the mid 1980's Bush Jones published a series of papers providing sequential
algorithms that are key to reconstructability analysis. These algorithms include the
determination of unbiased reconstructions [JONE 85a] and a greedy algorithm for a
generalization of the reconstruction problem [JONE 85b]. The implementation of
these sequential algorithms provide scientists and mathematicians with the means of
utilizing reconstructability analysis in systems modeling, The algorithms, however,

are so computationally intensive that the syslém is limited to a very small set of

variables.



Many papers have been written applying reconstructability analysis and
maximum entropy methods to various disciplines and sub-disciplines.
Reconstructability analysis has the potential of dramatically impacting the scientific
community, but the sequential algorithms leave the utilization of reconstructability
analysis infeasible. The author has parallelized the reconstructability analysis
algorithms developed by Jones [JONE 85a] [JONE 85b], thereby, bridging the gap

between theoretical application and feasible implementation.
1.1 Introduction

1.1.1 General Definitions

Cavallo and Klir describe two problems in systems modeling: the
reconstructability problem and the identification problem. The reconstructability
problem is viewed as the determination of whether a subsystem is adequate to
reconstruct the behavior of the overall system within a desired level of approximation.
The identification problem is viewed as the determination of properties of an unknown
overall system from appropriate properties of given subsystems. The process of
solving these two problems is called reconstructability analysis [CAVA 81a].

Cavallo and Klir, pioneers in reconstructability analysis, define a behavior
system as a sixtuple:

"B=(W, 7,54, Q.0 0]

where V= {v|ie N} (N,={1,2,..,/}) is a set of variables, # = {V}[j

eN,, m< 1} is a family of state sets; V' — # is an onto assignment

function by which one state set from ¥ is assigned to each variable in

Vi, A =s(v)) x s(v,) x ... x 5(v)) is the set of all potential aggregate

states; Q is a set of real numbers which includes 0; 4 — Qisa
function, referred to as a behavior function, which represents



information regarding the aggregate states of the behavior system”
[CAVA 81b].

(Note that the author has taken the liberty of changing variables in the definition to
avoid notation confusion in future chapters.) A behavior function may be considered
as an overall system [CAVA 81b]. An example of a probabilistic behavior function is
illustrated in Figure 1.

Before proceeding further, some notation must be defined:

"For each aggregate state (n-tuple)
o= (o;|lieN)e 4
of a behavior system defined by (1) and for each state
B=(BljeX, Xel)
associated with variables in set
Z={v|je X XcN}cV
let B be called a substate of a (or o be called a superstate of B ) if and

only if
Bi=oy forallj e X
Let (o (and o)) denote that f is a substate of a" [CAVA 81b].

"Let [f{ Z] denote the projection of f which disregards all variables in
V except those in set Z< V. Then, [f¥ Z] is itself a mapping from a set
of states (substates of states in 4) to Q ... such that

4 Z(B)=g({f o) B}

where function g is determined by the nature of function £ For

instance,
[ 21(B)= 2 /(o)
when f'is a probabilistic function" [CAVA 8 1b].

Figure 2 illustrates a projection.
A behavior function may also be considered as a subsystem of a larger
behavior system [CAVA 81b]. Given an overall behavior system B as defined above,

another system

".B — ( ll’/. 174»_/,. ”S, "A. ”Qn ly)



f()
0.0
0.2
0.1
0.3
0.0
0.1
0.2
0.1

(=1
N

_—— = O O OO <
—_— OO == -~ OO <
_—D e O = OO <

Figure 1: A Probabilistic
Behavior Function

If Z= {v,, v;} and f() is the behavior
function as defined in Figure 1, then
[f42Z]. the projection of f is a mapping
from {00, 01, 10, 11} to [0. 1] where

[£42](00) = £(000) + £ (100) = 0.0
[F4Z)(01) =£(001) +£(101) = 0.3
[F42)(10) =£(010) +7(110) = 0.3
[FZ]1(11) =£(011) +£(111) = 0.4

Figure 2: A Projection




is a subsystem B if and only if it satisfies the following conditions:

w o e

¥y < ¥ such that % is onto;

U5 : 'V — " ¥ such that "s(v)) = s(v) for each v, € "V;
%A =TI "s(v) suchthatv, e “V;

0y — .

U= [fd V" [CAVA 81b].

* N X X ¥

The system illustrated in Figure 3 is a subsystem of the system in Figure 1.
"Let a set of behavior systems, say the set
S={B=(V*7,%,'4,"0,") | ke N},
be referred to as a structure system. Let behavior systems “B be called
elements of the structure system S" [CAVA 81b].
Jones clarifies this definition by stating that given an overall system B with a
behavior function fand a subsystem *B, the behavior function */must satisfy
the condition:
k =
AB)=Z o),
where of course B € “4, « €A, and a)p (i.c. that B is a substate of o ) [JONE 82].
Note the similarity to the behavior of marginal probabilistic functions in Statistical

Analysis.

1.1.2 The Unbiased Reconstruction

Now that the basic foundation has been laid in reconstructability analysis
terminology, we can turn our attention to the specifics of The unbiased reconstruction.
If we have a structure system S = {*B} , each solution to a set of equations satisfying
certain constraints defines a behavior function which "uniquely represents a member

of ., the reconstruction family of S" [JONE 82]. The unique member of the



which is the maximum entropy solution is called the unbiased reconstruction [JONE
85a].

The goal set before us is to determine the unbiased reconstruction with the
information that is available but from nonredundant sets of information. Given the
subsystems in Figure 4, an overall system can be reconstructed, but these subsystems
contain redundant information. The same overall system can be reconstructed from
the information in the subsystems illustrated in Figure 5. The process of eliminating
redundant information involves partitioning the substate instances into disjoint
independent sets and then applying the unbiased reconstruction to one of these sets.
Since the unbiased reconstruction is unique, it will be the same regardless which set
of states is used in the reconstruction [JONE 85a]. Jones suggests generalizing the
reconstruction problem by partitioning the substates into disjoint equivalence classes
by using the concept of null extensions:

"an overall state a is the null extension of B. written B/, if a)p and

every variable of a which does not occur in B has a value of zero"

[JONE 85b].

In 1964, Ross Ashby suggested a procedure for determining the unbiased
reconstruction for a given reconstruction hypothesis. The Ashby procedure can be
expressed by the formula

- kRt -ty
F; kaq[rTr V]

where F denotes the behavior relation of an overall system B and *F denotes the
behavior relation of the selection behavior function 7= [f4* V](k € N, ) involved in

the reconstruction hypothesis S. [*F T V=¥ ] is the extension of “F with respect to



Vo V ()
0 O 0.2
0 1 04
1 0 0.1
1 1 0.3
Figure 3: A
Subsystem of the
System in Figure 1

v, v, ‘i) v, v, *f() v, v, *f()
0 0 025 0 0 017 0 0 o01m
0 1 0.18 0 1 0.16 0 1 014
1 0 020 0 2 0.12 0 2 0.18
1 1 037 1 0 0.14 1 0 020
] 1 0.18 1 1 0.20
1 2 023 1 2 0.17
Figure 4: A Sct of Subsystems
viv, () v, vy °f() v v ()
11 037 1 0 014 0 1 014
1 1 0.8 0 2 0.18
1 2 023 1 0 020
1 1 020
I 2 017

Figure 5: Subsystems with Nonredundant

Information




the variables V-*/’ [CAVA 81b]. One way to implement the Ashby procedure is to use

the complement of the equation:

Feu [FFt iy ]

keN,
where ¥ Fi=k 4 — kF. This complement is then used in the following algorithm [CAVA
81b] "
"Given a reconstruction hypothesis S with behavior relations
kF(k € Ng), to determine the unbiased (largest) behavior relation F,

implied by S:
[1] LetX=Adandletk=1;

[2] foreach o € X and each B €* F, if P(at, then make
X-[a] = X;

3]  ifA<N,.makek+1— kand goto [2];

(4] stop; F.=X"[CAVA 81b].

Cavallo and Klir give an algorithm for the determination of the unbiased
reconstruction based on "the use of the relational join and forms the overall maximum
entropy relation F, by sequentially joining each of the relations associated with the
subsystem" [CAVA 81b].

Jones revised the algorithm taking into account the partitioning the substates
into equivalence classes. Jones' revision eliminates the requirement of a complete set
of substates for the structure system. Jones' unbiased reconstruction algorithm works
for an arbitrary collection of substates [JONE 85a]. Even though his general
algorithm is short and concise, implementation is not trivial. This algorithm is
presented in detail in section 1.2.1.

As you may have noticed, the discussion up to this point has considered only

behavior functions that are probabilistic and that have discrete data values, Jones has



extended the reconstruction process to the application on both general functions -
functions that are not necessarily probabilistic or possibilistic behavior functions - and
arbitrary data,

The general function, called a g-system, is first transformed to a dimensionless
form and then "a mathematical structure is then induced via a type of isomorphism
onto this system which renders it amenable to analysis by established techniques"
[JONE 85c]. The system induced by this isomorphism is called a k-system or Klir

system. A g-system is formally defined as a sixtuple:

. ”(1:,{vi},{a},{ﬁ},ﬂ.),{”ﬂ.)})
T is a parameter
{v, } is a set of variables;
{a} is a set of states;
{B} is a set of substates;
Sf(®) is a function on {at};
{"f(*)} are functions on {B}" [JONE 85c].

* ¥ X X ¥ *

The resulting &-system is, of course, also a sixtuple:

”(Ta {\’,‘}, {a}a {B}ok(.)s {mk(.)})
T is a parameter;
{v, } is a set of variables;
{a} is a set of states;
{B} is a set of substates;
S(®) is a function on {a. };
{"f (o)} are functions on {B}" [JONE 85¢].

* K ¥ X ¥ *

Since a k-system is isomorphic to a g-system, there is no information present in
the &-system which is not present in the g-system and all of the information in the
g-system is present in the k-system. One can, therefore, apply reconstructability
analysis to a k-system to deduce or discover information about the isomorphic

g-system [JONE 85c].
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Jones has also extended the reconstruction process to systems of arbitrary data.
Three types of problems arise when dealing with arbitrary data: data scattering, state
contradictions, and missing data. These problems are addressed by clustering data,
refining the variables or introducing new variables, and considering only known states,
respectiveiy [JONE 85d]. Therefore, we can treat general systems with arbitrary data
as the simpler probabilistic behavior functions with discrete data values without loss of
generality.
1.1.3 Maximum Entropy

Reconstructability Analysis employs the principle of maximum entropy to
ensure that no extraneous information is factored into the reconstruction process.
First, we will look at the properties of entropy, then we will examine the principle of
maximum entropy.

Entropy itself is "considered a good measure of the amount of uncertainty

contained in a probability distribution" [GUIA 85]. Consider the probability

distribution p = (»1,p2,**+»pm) Which of course satisfies the conditions px 2 0 and

m

2 pr=1. The entropy of the probability distribution is the number

" m(ﬁ) = Hm(l)l ,pz, b ',pm) = —‘gl ])L]nl)‘ " [GUIA 85]. We deﬁne 0 lno = 0 tO

ensure the continuity of the function at the origin.

Entropy displays some interesting properties. First, entropy is continuous,
invariant under any permutation of the indices, and H,, (ﬁ) 2 0. Second, ifa

probabilistic experiment has only one possible outcome, then it contains no



uncertainty. In other words, H,,(1) = 0. Third, if we have a probabilistic experiment
with a set number of possible outcomes, and we add another outcome with the
probability of 0, the amount of uncertainty in the experiment does not change:

Hm([)l ,pz’ ¢ 'pm) = Hm.ﬂ (pl 9p29 . 'pm, 0 ) . FOUl’lh, the ma.‘(imum uncertainty iS

contained in the uniform distribution. H,(p1,p2,***,pm) S H,,,(,—};, ;};, . -,-:;)and

Hpr,p2,+ pm) = H(-'- L. l) if pr = & V1 £ k< m. Fifth, the amount of

uncertainty in a pair of random variables is the sum of the amount of uncertainty in
one variable and the uncertainty in the other variable conditioned by the first variable.
In other words H(X,Y) = H(X) + H(Y]X). If t=(m11,...,%mn ) is ajoint probability
distribution with marginal probability distributions p = (p1,...,pw) and ¢ = (q1, ...qn),

lhen 1‘1(A’, }’) = H'""(n 1heoey TI,,,J, ) s I—{(A’) = H",(pl g -IJ",), alld 1‘1(}"A’) =

m T, Pian

Z pan(,,—‘. ces ,,—‘) . Therefore, Hun(miay ..o Tmn) = Hu(pry oocsPm) +

m T n . 3 .

P pkH,,(-p‘—L ves ﬁ) . Note that H,,(';f—;', ﬁ) is only computed for those values of

k for which p,# 0. Sixth, "some data on X can only decrease the uncertainty on Y,

namely H(Y1X) < H(X) + H(Y') with equality if and only if X and ¥ are independent"
[GUIA 85]. In other words, éil pkH,,(%, vees 3‘,—:;"-) < Hu(q:...qn") with equality if and
only if mxy = pxq; V1 £k <mand V1 <7< n. Note that when there is equality,
Hm.u(;t) = Hln(ﬁ) + Hn(;l) . [GUIA 85]

According to Laplaces' Principle of Insufficient Reason, if we have no reason

to discriminate between events, the best strategy is to consider them equally likely.

11
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Laplaces' Principle is simply a point of view based on common sense, but it describes
the fourth property of entropy listed above. According to this property, uncertainty is
maximized when the outcomes are equally likely. In other words, "the uniform
distribution contains the largest amount of uncertainty"; "the uniform distribution
maximizes entropy" [GUIA 85]. The Principle of Maximum Entropy asserts that
"entropy is maximized by the uniform distribution when no constraint is imposed on
the probability distribution" [GUIA 85]. When constraints are imposed on the
distribution, we want to find the "best" probability distribution that is compatible with
the set of known mean values of one or more random variables. E. T. Jaynes
suggested the criterion to which to base this "best" choice by introducing the Principle

of Maximum Entropy in 1957. We simply choose the distribution that maximizes
Shannon's entropy (Hm(ﬁ) =Hu@iy...pm) = —/.g prln pk). This probability

distribution will "ignore no possibility, being the most uniform one, subject to the
given constraint" [GUIA 85). The Principle of Maximum Entropy is used in many
applications because what is generally known is expressed by mean values of some
random variables and what is needed is a probability distribution that ignores no
possibility subject to the constraints on the system. [GUIA 85]

There are several remarkable results relating to the Principle of Maximum
Entropy that are mentioned here:

“a) If fis a random variable whose range is countable, namely, if

{kuju>0,k=0,1,2,... }

., and if the mean value E (f) is given , then the probability
distribution



pk>o,(k=o,1,...),§0pk=1

maximizing the countable entropy:
H= _Eo piinp
is
_ _MEQD '
Pk= (IH-E(f))h' ,k" 09 192’ ‘oo

We see that the unit # and the mean value E ( f) completely
determine the solution of the Principle of Maximum Entropy"

[GUIA 85].

"b) In the continuous case, suppose that we know the mean value p of a
positive continuous random variable whose probability density
function is square-integrable. In such a case, the continuous
entropy

; +0
HE) =~ _ 9()Ind(x)dx

5(\-)={ ke, ifx >0 }

0, elsewhere

which is just the well known exponential probability density
function" [GUIA 85].

is maximized by

"c) Of course, it is possible to have many constraints. Suppose that, in
the continuous case, we know both the mean p and the variance c*
of a continuous random variable whose probability density function
is square-integrable. ... In such a case, the continuous entropy is
maximized just by .

(x-p)=

S(x) = ;'/'.2—?@-3’—, (~0 <x <+00)

which is the probability density function of the normal distribution

N(p,c%)" [GUIA 85].

Sequential Algorithms

1.2.1 Determination of Unbiased Reconstructions

Jones' algorithm for the determination of unbiased reconstructions is broken

into three steps: generating independent substates, partitioning the states into disjoint
sets, and the reconstruction process. These sequential algorithms are given below.

Note that through both the explanation of the sequential and parallel algorithms, the

13
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sample structure system will the one illustrated in figure 6. This example structure
system may be found in [CAVA 81b], [JONE 85a], and [JONE 85b].
1.2.1.1 Independent Substates

Frequently, the state information given for a structure system contains
redundant information. As an example, the same unbiased reconstruction can be
obtained from the structure system in figure 7 that is obtained in figure 6. It is
desirable to determine an unbiased reconstruction from as few states as possible (that
is from nonredundant information sets). There are several advantages to being able to
work with limited or independent information. One is space considerations. Another
advantage is the amount of time saved in computing the reconstruction family and the
unbiased reconstruction. We also have the advantage of only needing to collect
information on the independent states. Some state information may be costly or
difficult to obtain.

The set of independent substates is obtained by partitioning the substates into
equivalence clagses based on the concept of null extensions. The independent states
are then obtained by choosing exactly one substate from each equivalence class. Si;1cc
any one substate from each equivalence class is sufficient for the constrﬁction of a set

of independent substates, this set is not unique.
1.2.1.1.1  Equivalence Classes

Before we consider Jones' greedy algorithm for the generalization of the
reconstruction problem, we need to consider the partitioning of the substates into

disjoint equivalence classes. , By definition, a binary relation ~on a set X is an



y, v, 0 y v 0 v v O
0 0 0.17 0 0 0.11 0 0 025
0 1 0.16 0 1 014 0 1 0.8
0 2 0.12 0 2 0.18 1 0 02
1 0 0.14 1 0 020 1 1 0.37
1 1 0.18 1 1 020
1 2 023 1 2 017
Figure 6: Example Structure System
v, v, Q) v v, O v, v, O
1 0 0.14 0 1 0.14 1 1 0.37
1 1 0.18 0 2 0.8
1 2 023 1 0 020

1 1 0.20

1 2 017
Figure 7: Example Structure System with Only

Nonredundant Information

15
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equivalence relation if the following three conditions hold:

(1)  ~isreflexive: x~vVyelX
(2) ~issymmetric: x~y Vy~x
(3)  ~istransitive: x~y and y~z = x~z

The equivalence class of the element x € X is the set [x] = {y € X': x~y}. A partition
of the X'is a collection of nonempty subsets {4,} of X 51.1ch that 4, NA; =D ifi=j
and X'=U; 4;.

Claim: If ~ is an equivalence relation on the set X, the collection of all equivalence
classes is a partition of X.

Proof: By definition of equivalence classes, x € [x] Vx € X. Therefore, the

equivalence classes are subsets of X such that X'= u\. [x]. Now we must show that the
NG,

equivalence classes are disjoint. If [x] " [y] # @, then there is an element z € [x] N [;'].
Therefore, v ~z and y ~z. Since ~ is symmetric, z ~y. Therefore,x ~zand z ~ y.
Since ~ is transitive, x ~ 3. Therefore, y € [x] and [y] c [x]. By symmetry of the set
operation intersection, if z € [v] N [y] then z € [y] N [x]. Therefore y ~zand x ~z.
Since ~ is symmetric, z ~x. Therefore, y ~ z and = ~ x. Since ~ is transitive , y ~
x.Therefore, x € [y] and [x] = [¥]. Since [y] < [x] and [x] <[], then [x] = [y].

Therefore, the equivalence classes are disjoint, and therefore form a partition of the set
X.

Claim: If {4,} is a partition of the set X, then there is an equivalence relation on X
whose equivalence classes are the subsets A4,

Proof: We define the relation ~ on the set X as follows: x ~y if and only if x and y are
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in the same subset 4,, We must show that the three properties of an equivalence
relation hold. Clearly the reflexive and symmetric properties hold. Suppose that x ~y
and y ~z. Then x and y are in the same subset 4, and y and z are in the same subset.
Clearly, the two subsets must be the same since the all of the subsets 4, of a partition
are disjoint.

Therefore, ~ is necessarily an equivalence relation. Suppose x € 4;, then x ~y if and

only ify € A;. Therefore, [x] =4, [ADKI 92]
1.2.1.1.2  Null Extensions

Null extensions can be used for the partitioning process. Let B be a substate of
a system, and let o be a state in the overall system. We say a is the null extension of
B, written B/, if "every variable of a. which does not occur in has a value of zero"
[JONE 85b]. Figure 6 illustrates the null extensions of given substates.

"Two substates, B; and B;, are said to be equivalent if B = [31’-, and thus both
are members of the same equivalence class" [JONE 85b]. The overall system for the
subsystems given in figure 8 is given in figure 9. Using the notation such that ,
substate (v, = x) is denoted by (x), substate V=Y, v, =2)is denoted by *(y,z), etc.,
figure 10 illustrates the equivalence classes for the system given in figure 9. Since the
condition has been set that a distribution must sum to one, the class E; is not

necessary in our analysis.



Null Extension

Null Extension
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Ly fo vy vy oy vy v 0 oy yn oy
00 017 0 0 O 0 0 011 0 0 ©
01 016 0 0 1 0 1 014 0 0 1
02 012 0 0 2 0O 2 018 0 0 2
1 0 014 0 1 0 1 0 020 1 0 0
11 018 0 1 1 1 1 020 1 0 1
12 023 0 1 2 1 2 017 1 0 2
Null Extension
vy 0 vy oy oy
00 025 0 0 0
01 018 0 1 0
1 0 02 1 0 0
11 037 1 1 0
Figure 8: Null Extensions of Substates
vV, V v fi
0 0 o0 o(.379 E = {'(1),"10),"(10)}
0 0 1 0.088 E,=  {(1),"01),¥(10)}
0 0 2 0.083 E,= {3(1),"(01),*(01) }
0 1 0 0.031 E;= {%Q2),"(02),*(02)}
0 1 1 0.052 E,;= {"(11)}
0 1 2 0.097 E,= {"11)}
1 0 0 0.091 E,= {*1D}
1 0 1 0.072 E;= {"(12)}
1 0 2 0.037 E,= {*(12)}
11 0 0.109 E= { '(0),%0),°0), ¥(00),
1 1 1 0.128 (0,0, *(0,0) }
11 2 0.133
Figurc 10: Equivalence Classes
Figure 9:  Overall System
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1.2.1.1.3  Generate Independent Substates

A set of independent substates is generated into a set D as follows. The set D
is initially empty. A substate is arbitrarily chosen to be added to the set D. While
more independent states are desired, another substate is arbitrarily chosen. If its null

extension is not the same as any of the substates in the set D then that substate is
added

to the set D. When ;he algorithm terminates iterating, the set D contains only
independent substates.

The algorithm as stated by Jones is as follows:

"To generate independent substates of a system into a set D, do the

following.
1) Let B, € D where J3; is any substate, { « 2.

2)  LetB;e D if B, issuchthat B = Bjforj=i-1,i -2,..,1.

3) i« i+ 1, If more independent states are desired go to [2]; else
stop" [JONE 85a].

Now that the set of state information has been reduced to the set of

independent states, the remaining steps of the unbiased reconstruction may be

employed with the use of only nonredundant information.

1.2.1.2 Partition the States into Disjoint Sets

The second step in the determination of unbiased reconstruction is the
partitioning of the states into disjoint sets. Although Jones found that in practice the
algorithm works without the partitioning step, the reconstruction process step has been
found to converge faster if the partition is employed [JONE 85a].

The set of substates are partitioned into disjoint sets such that no two elements

in a partition set have a mutual superstate. The partition is performed by initially
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taking an arbitrary element from the set of substates and inserting it into a partition set
C,. Each remaining substate is added to C, one at a time only if it does not have a
superstate that is the superstate of an element of C,. Once all of the remaining
substates have been chosen that can be chosen for this partition set, the next partition
set is constructed in the same manner. This partitioning process continues until there
are no more substates to be partitioned:

"Let { B; },i =1,2,... ,n, be an arbitrary collection of substates of an
overall system. We partition { B; } into disjoint sets C, , C, ,...,C,,

A)  First, to form C, do the following.
1) LetB e Cp5i¢2
2) If there exists no a)B; such that for some B; € C; then

let B[ e C;.

3) i« i+1,ifi<ngoto[2]; else C, formed.

B) C, is formed in a similar manner from the 8; not placed in C,.

)] Form C, ..., C,, similarly until no B; remain" [JONE 85a].

Note that since the selection of the substates to add to a partition is arbitrary, the

partition is not unique.

Once the partition is complete, we associate the equation
T flo)=*f(Bi
PROESIE

to each element of the partition. For each C; we add one equation to the set of the

form

"L f(@)=1-221(Bi)
where X, is over the B; of C,, and *f(s) depends on the particular B;. 2, is over a
such that a)p; for some B; € C; is not true" [JONE 85a]. Note that we can write these

cquations as
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IZ_f;j:a, Va,

where g, is the probability of a state in a partition and the ] are the appropriate left

hand side of the equation. Figure 11 displays a set of equations for the example

structure system using the independent states given in figure 7. These equations can

be considered as those of a reconstruction hypothesis.

1.2.1.3

Reconstruction Process

Now that we have a reconstruction hypothesis in the form

2fy=aforalla,
J

we can obtain an unbiased reconstruction. Note that we denote an approximation to f,

" A
by f, and we let ai= 2; fy . The unbiased reconstruction can be completed by

following steps:
"1)  Initialize f,j to a flat distribution.
2) Forall i
newf, =f; = forevery .
Qajj
3) Convergence test:

new f; —old [y | <& foreveryiy.

If not converged, go to (2); else stop " [JONE 85b].

This algorithm applied to the example given in figure 6 yields the overall

system given in figure 12. Note that this result is the same overall system obtained by

Jones when applied to Klir and Cavallo's algorithm on the information in its redundant

form [JONE 85a].
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1.2.2 A Greedy Algorithm for a Generalization of the Reconstruction
Problem

1.2.2.1 The Greedy Algorithm

The generalization of the Reconstruction problem removes the restriction that
the reconstruction must be to a structure system. Substates in general are allowed in
the reconstruction, and the overall system does not necessarily need to be known in its
entirety. The unbiased reconstruction is computed for the limited information, and
then we can proceed as if the overall system is known along with its probabilistic
behavior functions fand *f.

Let E be the set of nonredundant substates, let D be the set of known substates

to be used in the reconstruction, let U(D) represent the unbiased reconstruction on the
set D, and let y(e) be a choice function for substates where y(B) measures the

desirability of B for inclusion in the reconstruction set D. Jones gives the general form

of the algorithm as follows:

"ALGORITHM Given knowledge of an overall behavior function f,
and hence all * for substates, and the set E , determine the
reconstruction set D c £ as follows.

i) Initialization: initialize f,.j to a flat distribution: Let D be
initially empty.
ii) Selection of one B to add to D:
B =arg max y(ﬁ)\y(O)makes use of the current f,j )
BekE

Let B € D; E=E—-D (remove 8 from E)

N
ili) ~ Compute unbiased reconstruction for new D: U(D) —f ;
(Note: in computing U(D) the previous unbiased reconstruction
may be taken as the initialization; this greatly hastens
convergence,)



iv)  Stopping rule:
Size limit for number of members in D exceeded?
or

vy
Yes, stop.
No, go to (ii)" [JONE 85b].

< ? (where the norm is information distance)

Figure 13 shows the iterations of the unbiased reconstruction on the example
structure system. Note that the algorithm converges to the example system given in
figure 9.
1.2.2.2 The Maximizing Function

The choice of the y function is critical. We want to use a choice function that

will bring about the greatest improvement in f;; . According to [JONE 85b]. f

improves the most when the f is added that maximizes the function

1) = fBlogy 22+ (1= ABlogyr s

Jones derives this maximizing function as follows:

"Let

- m
Y

=

or
SN i)

i J7T%
P -y )
as appropriate for the particular ;. Consider the well known measure

of closeness of f,.j to fu
=X fjlog (fi)
i

which is positive and decreases as f; approach f. Expanding the
logarithm and making a substitution for fjgives

24
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Figure 13: Iterations of the Greedy Algorithm

| Tteration 1 2 3 4 5 6 7 8 9
Stateadded |'(11) *(10) "(12) 2(11) 1) #(12) '*(10) P(01) *(02)
}(000) 0.07 0.073 0.076 0.085 0.088 0.086 0.083 0.081 0.079
}(001) 0.07 0.073 0.075 0.085 0.088 0.086 0.083 0.088 0.088
}-(002) 0.07 0.073 0.076 0.085 0.088 0.086 0.083 0.081 0.083
7(010) 0.07 0.048 0.045 0.034 0.032 0.033 0.032 0.032 0.031
}(0“) 0.07 0.073 0.076 0.044 9.049 0.05 0.05 0.052 0.052
}(012) 0.07 0.073 0.076 0.085 0.088 0.097 0.097 0.Q97 0.097
}(100) 0.07 0.073 0.076 0.085 0.088 0.086 0.092 0.092 0.091
}(101) 0.07 0.073 0.076 0.085 0.069 0.07 0.07 0.072 0.072
}(102) 0.07 0.073 0.055 0.042 0.039 0.037 0.037 0.037 0.037
7(110) 0.123 0.092 0.095 0.106 0.108 0.107 0.108 0.108 0.109
ram 0.123 0.139 0.6 0.136 0.131 0.13 0.13 0.128 0.128
7012) 0.123 0.139 0.115 0.128 0.131 0.133 0.133 0.133 0.133
Closeness 0.055 0.04 0.031 0.006 0.002 0.001 0.000 0.000 0.000




) r (14 ®)
I_ijlogfj Zlfjlogfy 0 ~Zafylog ff( ‘f(B))

where the sums are over approprlate terms. Now expanding the second
and third logarithms

- oo (1-+rm)
I= Zf,,-logf.y-zﬁjlog j;j Zlfjlog -zzﬁ g~ .
S ® (l-‘ f([l))
The first two terms are simple /, and taking the thérd and )fourth sums
Yr®
7=1- 1 @)og, 52 - 1= Blog,
(Tw)
So f; improves the most when that B e E is added that maximizes
(1= 1)

Y(B) =* /(B)log, = f“”+(1 kf(B)log, —— -
e ( ‘f«»)

Of course, *f(B) is computed from the known overall behavior
function, and ¥ £(B) is computed from f,j " [JONE 85b].
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Chapter 2

Parallel Algorithms

There are a handful of methods that can be employed to approach sequential
algorithms for parallelization, but "there is no general way to parallelize sequential
algorithms" [LEIG 92]. In fact, there are some sequential algorithms that cannot be
parallelized at all. Therefore, we must "invent new algorithms and methods for
solving problems in parallel" [LEIG 92].

Since the goal of parallelization of these reconstructability analysis algorithms
is to make them feasible to as many researchers as possible, a specific architecture is
not assumed. It is assumed that the architecture employed is a multiple data
architecture. That is, the architectural design needed for the implementation of these
algorithms must have memory local to each processing element (PE). Therefore, the
parallel algorithms developed and presented here do not address the problems of
communications between processors of particular architectures. In essence, these
algorithms assume a reconfigurable bus system which is a bus system whose
configuration can be dynamically altered thus allowing broadcasting and long-distance
communications to be completed in constant time. It is noted that processor arrays
with such reconfigurable bus systems have been designed.[MILL 88a][MILL 88b]
[OLAR 91]{STOU 86].

Frequently, parallel algorithms do not address the situation in which the
number of values on which to operate is larger than the number of processors. This

situation can be easily remedied by a simple conversion, Let N, be a network with p,

27
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processors, and let N, be a network with p, processors where p, > p,. An algorithm

designed for the N, network can be run on the N, network provided that N, is
coarser-grained than N,: Each processor of N, simulates I-g—;-] processors of N,

[LEIG 92). However, since the purpose of the parallelization of these
Reconstructability Analysis algorithms is to make them feasible for large structure
systems, the parallelization given does address the situati.on in which the number of
values on which to operate is larger than the number of processors available.

The following notations are used throughout the presentation of the parallel
algorithms: (i) PE(/) represents the i" processor; (ii) PE(i).X represents the variable X
in the /* processor's memory; (iii) A segment of the algorithm that is to be done in
parallel is preceded by a sef (in set notation) of integers ranging from 0 to p - 1 (where
p is the number of processors) which designates which processors are to execute tha't.
segment of the algorithm. The parallel segment is delimited by the statements "par
begin" and "par end". Note that in MIMD architectures, all processors in the set must
complete this segment of the algorithm before any processor is to continue to the first
statement after the "par end" statement; (iv) A critical section is denoted by the
delimiters "CS begin" and "CS end". Only one processor may be executing statements
in a critical section at one time. All processors of an MIMD architecture designated in
the set must be completed executing the critical section before any processor is to
continue to the first statement after the "CS end" statement; (v) Iteration statements are

delimited by "od" statements and selection statements are delimited by "fi" statements,
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Sets are used extensively throughout the parallel algorithms. The set operators
that are used by the algorithms include intersection (M ), union (U ), difference (\),
element of ( € ), not an element of ( &), subset ( < ), for all (V ), and set minimum
(SetMin ). Boolean operators are also used extensively throughout the algorithms.
The boolean operators that are used include and ( A ), or (v ), and not ( - ). Notation
used in the parallel algorithms include P for the set of potential aggregate state
orderings, D for the set of substates of the structure system, » for the number of states

in the overall system, p for the number of processors, and £ =U; 5 (v)).

2.1 Godelization

The barallelization of these algorithms has dictated the need to distribute the
states and substates of the system over the number of available processors. This
distribution can be done by enumerating the states and substates and distributing them
to the appropriate processors using modulo arithmetic. We need an enumeration
process by which given a state or substate, we can directly determine the processing
element responsible for the storage of and calculation of information for that state or
substate and by which given a processing element number, we can directly determine
the set of states and substates for which the particular processing element is
"responsible". A recommendation is made here for the use of the following
enumeration technique which is based on the method for encoding strings called Godel

numbering (so named after the logician Kurt Godel) [LEWI 81].
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2.1.1 State and Substate Representation

We impose an ordering to the variables of the overall system: V' =
{v1,v2,...v; } . Recall that 4 = s(v{) x 5(v2) x -+ x s(v/) is the set of all potential
aggregate states. We impose an ordering on the elements of the sets s(v) (1 <i<1),
and map them ot the set 5 (v;) = Niswy) -

Let P =5 (v{)xs (v2) x ...xs (v;) be the set of all potential aggregate state
orderings. Note that s (v;) € 1 <j<S|,0 es (v;) V1 £i </ and there is a bijection
between s (v;) and s(v) V1 <i</. We can, therefore, represent 4 for an overall
system by P as illustrated in Figure 14. We can also represent °4, the potential
aggregate states of a subsystem, by * P if we let 0 5 (v)) =0 Vv; ¢ °F as illustrated in
Figure 15.

2.1.2 String Enumeration
Consider the potential aggregate state orderings as strings from the alphabet

T =u; 5 (v;) . Each string in P (or ° P) can be viewed as an integer in base |Z|
notation. We define a function gn: ° P — /N as follows: If w= (s?l,s;:, e s-,-,)

where 5;,€5 (v; ) then gn(w) = || es;, + [Z[2esj, + -+ + [E'os;,, +5i [LEWI
81). We say that gn(w) is the godel number of the string w. Figure 16 illustrates the
godel numbers for the states and substates of the example system. Note that gn is
one-to-one, but it is not necessarily onto. The function gn is onto only when every

variable of the system can take on the same number of values (i.e. Is(v))| = ls(v)] ).



potential
aggregate state
orderings
(1,1,1)
(1,1,2)
(1,1,3)
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Figure 14: Potential Aggregate State
Ordcrings of an Overall System
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Yy Y, ) w Base Conversion

0 0,0,1) 42(0) +4(0) + (1)

1 0,0,2) 42 (0) +4(0) + (2)

2 (0,0,3) 42 (0) +4(0) + (3)

0 0, 1,0) 42 (0) + 4(1) + (0)

0 0 0, 1,1) 42 (0) +4(1) + (1)
0 1 0,1,2) 42 0)+4(1)+(2) -

0 2 0, 1,3) 42 (0) +4(1) + (3)

1 (0,2,0) 42 (0) +4(2) +(0)

1 0 0,2, 1) 42(0) +4(2) + (1)

1 1 0,2,2) 42(0)+4(2) +(2)

1 2 0,2,3) 42 (0) +4(2) + (3)

(1,0,0) 42 (1) +4(0) + (0)

0 (1,0, 1) 42 (1) + 4(0) + (1)
1 (1,0,2) 42 (1) + 4(0) + (2)
2 (1,0,3) 4% (1) + 4(0) + (3)

(1,1,0) 42 (1) + 4(1) + (0)
(1,1, 1) £ () +41)+()
(1,1,2) 42 (1) +4(1)+(2)
(1.1,3) 4 (1) +4(1)+(3)
(1,2.0) 42 (1) + 4(2) + (0)
(1,2,1) 4 (1)+42)+ (1)
1,2,2) (1) +42)+ ()
(1,2,3) 4 (1)+4(2) +(3)
(1,0,0) 42 (1) + 4(0) + (0)

—_——— = O O OO
o o — O

d ot Pk i ok ik ok ekt et bt et =t O O O O O O OO OO OO
DD

0 (2,0, 1) 4* (2) +4(0) + (1)

1 (2,0,2) 4* (2) + 4(0) + (2)

2 2,0,3) 4* (2) +4(0) + (3)
0 (2,1,0) 4* (2) + 4(1) + (0)
0 0 e, L1 4 (2)+4(1)+(1)
0 1 2,1,2) 4 (2) +4(1) +(2)
0 2 2,1,3) 4 (2) +4(1) + (3)
1 2,2,0) 4* (2) +4(2) + (0)
1 0 2,2,1) 42 (2) +4(2) + (1)
1 1 2,2,2) 4 (2) +4(2) + (2)
1 2 2,2,3) 4 (2) +4(2) + (3)

Figure 16: Godecl Numbering

VN s W N~
S




34

Using this technique to enumerate each state and substate by a unique decimal
number, we can then distribute the computation and storage of information over
processors using modulo arithmetic. We now have a technique by which given a
system state or substate, the processor handling that state or suBstate can be easily
computed. We also need a teclmique by which given a processing element number,
the states and substates handled by that processor can be easily computed. This can be
easily accomplished by a simple base conversion of decimal to [X]|. Figure 17 shows
the result of inversing the gn function to find the potential aggregate state orderings.
Note that each processor is responsible for maintaining and/or calculating the

information for the potential aggregate state orderings which have godel numbers
: - 1 Ip| .
ranging between (PE# X l-,—,-l ) and ((PE# +1)x [7-') -1 where P is the superset of

potential aggregate state orderings for the overall system, and p is the number of
processors.
The following routine can be employed to calculate the godel number of a
string.
(1 r01;tine gn(word: string)
(2) num : integer
3) factor : integer
(4)  begin routine
(5) setnum=0
(6) set factor =1

@) fori=/downto |1 do



gn’ (0)
gn’' (1)
gn’ (2)
gn” (3)
gn” (4)
gn” (5)
gn”' (6)
gn” (7)
Sﬂ': (8)
gn’ (9)
gn' (10)
gn' (11)
gn (12)
gn' (13)
gn' (14)
gn’! (15)
gn’! (16)
an' (17)
gn” (18)
gn' (19)
gn” (20)
gn’ (21)
gn' (22)
gn' (23)
gn’' (24)
gn’' (25)
gn (26)
gn’! (27)
gn’' (28)
gn' (29)
gn (30)
g’ (31)

* ¥ ¥ *

* ¥ X ¥

The (*) indicates strings not found in the language due to the gn function

| ([ | | | (| | | (| | | 1 | (S | N | | O | (A | A | S 1 B | N

not being onto.

0,0, 0)
0,0, 1)
0,0,2)
(0,0, 3)
0, 1,0
0, 1,1)
0,1,2)
0,1, 3)
0,2,0)
0,2, 1)
0,2,2)
0,2,3)
(0,3,0)
0,3,1)
0,3,2)
0,3,3)
(1,0,0)
(1,0, 1)
(1,0,2)
(1,0, 3)
(1,1,0)
(L, 1, 1)
(1,1,2)
(1,1,3)
(1,2,0)
(1,2, 1)
(1,2,2)
(1,2,3)
(1,3,0)
(1,3, 1)
(1,3,2)
(1,3,3)

* X X ¥ F X X X ¥ ¥ F X X ¥ ¥ ¥ ¥ ¥ * *

gn’' (32)
gn! (33)
gn' (34)
gn! (35)
gn' (36)
gn' (37)
gn” (38)
gn' (39)
gn™! (40)
gn' (41)
gn'' (42)
gn' (43)
gn’ (44)
gn' (45)
gn”! (46)
gn” (47)
gn’' (48)
gn' (49)
gn' (50)
gn’ (51)
gn' (52)
gn’ (53)
gn’! (54)
gn”! (55)
gn”! (56)
gn! (57)
gn” (58)
gn' (59)
gn”' (60)
gn' (61)
gn' (62)
gn! (63)

| | A | | (€ (Y[ | | | | N (Y (G 1 | O Y 1 A |

Figure 17: Inverse of the Godel Numbering Function

2,0,0)
2,0, 1)
2,0,2)
2,0,3)
(2,1,0)
@11
2, 1,2)
2 1,3)
2,2,0)
2,2,1)
2,2,2)
2,2,3)
2,3,0)
2,3, 1)
2,3,2)
2,3,3)
(3,0,0)
(3,0,1)

(3’ Oa 2) '

(3,0,3)
G, 1,0
G.1L1)
G, 1,2)
(3.1,3)
(3,2,0)
G.2,1)
(3,2,2)
(,2,3)
G,3,0)
3.3,1)
(.3,2)
G.3,3)
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€)) set num = num + (word[i] x factor)

9 set factor = factor x|Z|
(10) od
(1) return (num)

(12) end routine
The following routine can be employed to calculate the inverse godel number
of an integer.
(1)  routine gn”' (num: integer)
2) word : string

(3)  begin routine

4 fori=/downto 1 do

(5) set word[i] = num modulo |Z]
— | oum

6) set num = |_ S _I

) od

®) return (word)

9 end routine
The structural complexity of the gn routine is O(/), and the structural complexity of
the gn™ routine is O(/) where / is the number variables in the overall system. A

description of the structural complexity evaluation can be found in appendix C.
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2.2  Algorithm Initialization

The reconstructability analysis algorithms parallelized here take as input a
structure system. This structure system may be input in a variety of ways depending
on the application being analyzed. This structure system must, however, be formatted
for use by these algorithms.

Prior to local memory allocation, the determination of the variables of the
structure system must be made and an ordering must be imposed on the variables. Let
I be the number of variables in the structure system. The variables a;re then ordered by
a one-to-one correspondence between the variables and the integers between 1 and /,
inclusively. A determination must also be made of the set S =y, s(v;) of all possible
values of variables. An ordering is also imposed on the elements of S :

S={s;ls; € U;s(v), 1 <5 <|SI}.

Once these parameters have been determined, local memory may be allocated.

Let P (where |P| = £!") be the universe set of the potential aggregate state orderings

(as described in section 2.1) for the given structure system. Each PE is allocated two

arrays indexed between 0 and I-LZ'I-I — 1. One array is labeled state. If

gn~! ((PE# X [%N-D + index) is the potential aggregate state ordering that
corresponds to a state of the overall system then the state array contains a value of 1, if

it corresponds to a substate of the overall system, then the state array contains a value

of 0, and if it corresponds to neither (due to the function gn not being onto), then the



state array contains a value of -1. A second array is labeled fwhich contains the
known values of the behavior function.

The following algorithm is employed to initialize the two arrays in local
memory for use by the parallelized Reconstructability Analysis algorithms. The local
memory for the algorithm initialization is given in figure 18.

/* initialize state variable to 1, 0,

or-1%/
(1) {V[0<i<pl}
2)  parbegin
3) forj=0to ([21]-1) do
@) set PE(i).word = gn” ((['%'] X i) + j)
) set PE(i).state[j] = 1
©6) fork =1 to/do
7 if (PE(7).word[k) = 0) then
8) set PE(7).state[j] = -1
©) fi
(10) od
(1) od
(12) parend

/* input substate information to

initialize behavior function



state f

S WY - O

word

Figure 18: Local Memory
for Algorithm Initialization
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(13)
(14
(15)
(16)
(17)
(18)
(19)

40
values */
while (more substate information remains to be input) do
fori=1toldo

sth

get input for the i" variable
if (no value is given for the i" variable) then
set word[i] =0
else
set word[i] = position of the value in the ordering of variable
values

fi

od

set PEQ gn[(::oid) J) .state[gn(word) modulo |—|,l—:|.| ]

P

input PEq Sf'[(::oid) J) S [gn(word)modulo [!Z—I]]

I

od

The structural complexity of the algorithm initialization is O( [D|[/|Z] ). A

description of the structural complexity evaluation can be found in appendix C.

2.3 Parallelization of the Determination of Unbiased Reconstructions

2.3.1 Generating Independent Substates in Parallel

The first step in the determination of unbiased reconstructions is the generation

of independent substates. The algorithm described in this section generates the set £
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selecting exactly one element from each equivalence class of null extensions as
described in section 2.1.

This set generation is performed in parallel by having each processing element
(PE) test all of its state variables to determine whether that index corresponds to a
godel number that maps to a substate of the overall systel.n. If such a mapping exists,
the null extension is deten"mined by changing each potent.ial aggregate ordering value
of zero to one. If the null extension is not already present in the set of null extensions
of the set E, then the substate is added to the set E.

The local memory needed to generate independent substates is illustrated in
figure 19, and the global memory is illustrated in figure 20.

/¥ initialize global set */

N set NullExtension = &
@ (V[1<i<p]}

3) par begin

@) forj=0to[ 51]-1 do
/* if the gn maps to a substate
then */

(5) set PE().E[j]=0

(6) if (PE(i).state[j] = 0) then

) set PE).word = g (7 x[117) +j)

/* determine the null extension of



state E

word

WD - O

Figure 19: Local Memory for Generating
Independent Substates

NullExtension |{o|,0ct2,...00}

Figure 20: Global Memory for
Generating Independent
Substates
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the substate */

(8) ‘ fork=1toldo

9) if (PE({).word[k] = 0) then

(10) set PE(i).word[k] = 1

(1 fi

(12) od
/* if the null extension is not the
null extension of a substate
already in the set £ then */

(13) begin CS

(14) if (PE(i).word ¢ NullExtension) then

(15) set NullExtension = NullExtension L {PE(i).word}
/* add the substate to the set £ */

(16) set PE(i).E[j] =1

an fi

(18) end CS

(19) fi

(20) od

(21) parend

The structural complexity of generating independent substates is O( '%In ). A

description of the structural complexity evaluation is located in appendix C.
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2.3.2 Partitioning the States into Disjoint Sets in Parallel

The second step in the determination of unbiased reconstructions is the
partitioning the states into disjoint sets. The criteria for the partitioning is that no two
elements of the partition have mutual superstates. The substates of the structure
system are partitioned into sets C which are distributed over the p processors.

This algorithm uses a global array of partition superstates. All of the partitions
are constructed simultaneously by inserting the superstates of the substates of the
iteration into the first partition that does not contain any of its superstates. The set of
superstates for that partition is unioned with the set of superstates for the newly
inserted substate. Upon each iteration, the superstates of the substates of that iteration
are calculated for use in this partitioning and the set is saved in local memory for use
in calculating the equations of the reconstruction hypothesis. As the algorithm
iterates, it also calculates the value of a for the extra equation of the reconstruction
hypothesis for each partition. Once iteration is complete. The extra equation of the
reconstruction hypothesis for each partition is constructed.

The local memory needed for the partitioning the states into disjoints sets is
illustrated in figure 21, and the global memory needed is illustrated in figure 22.

/* initialize variables */
(1) fori=1to|E|do
) set extraa[i] = 1
3) set CSuperstates[i] = &

4 od



f E C Superstates

found

Figure 21: Local Memory for Partitioning States into

Disjoint Sets
cxtraa CSuperstates Extra
1
2
C
word
PartitionCount

Figure 22: Global Memory for Partitioning the States
into Disjoint Sets
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(5)  set PartitionCount =0

6) {VI0=i<p]}

(7)  parbegin

¢)) forj=0to I-',L,l]—l do
9) set PE(i).C[j]=0
(10) if (PE().E[j]=1) then
(11) call GenerateSuperstates (gn™ ( (i X ’-'pﬂ-l) +j ),PE(i).Superstates[j])
/* find partition to place state */
(12) set PE(/).C[j]=1
(13) set PE(i).found = false
(14) CS begin
(15) while ((not PE(i).found) do
(16) if ((PE(#).Superstates[j] N CSuperstates[PE(#).C[j1])
=@ ) then
17) set PE(/).found = true
(18) else
(19) set PE(i).C[j] = PE(/).C[j] + |
(20) fi
(21 od
(22) set CSuperstates[PE(i).C[j]] =

CSuperstates[PE(#).C[j]] v PE(i).Superstates[j]



(23)

24
25)

(26)

@7)
(28)
29)

(30)

€
(32)
(33)
(4
(35)
(36)
(37

(38)
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CS end

/* created new partition */
if (PE(#).C[j] > PartitionCount) then
set PartitionCount = PE(J).C[j]
fi
/* ce;lculate a for extra equation */
set extraa[PE(i).C[j]] = extraa[PE(i).C[j]] - PE(¥).f1j]
fi
od
par end
/* construct extra equation in
partition */
fori=1to/do
set word[i] =0
od
GenerateSuperstates(word, Extra[1])
for i =2 to PartitionCount do
set Extra[i] = Extra[1]\ CSupersets[i]
od
set Extra[1] = Extra[1] \ CSupersets[1]

The structural complexity of this partitioning process is O( E*1). A description

of the structural complexity evaluation can be found in appendix C.



The parallel algorithm for partitioning states into disjoint sets calls the
recursive routine GenerateSuperstates. This routine is described below. The memory
needed by this routine is illustrated in figure 23. The structural complexity of this
routine is taken to be O(JZ|’ ). A justification of this structural complexity is given in
appendix C.

(1)  routine GenerateSuperstates(word: string, {ref} Superset: set of strings)

2 routine generate(word : string, position : integer, {ref} S : set of strings)
3) begin routine |
4 if (Word[Position] = 0) then
‘(5) fork=1to|Z|-1 do
(6) set Word[Position] =k
@) if (PE([%"%J) .state[(gn(word) modulo l—%]]) > 0) then
8) set S=S u{Word}
)] else
(10) for m = position + 1 to/do
(11) call generate(word, m, S)
(12) ‘ od
(13) fi
(14) od
(15) fi

(16) end routine



Word
Set
Position

{[31"32’“'[3/‘}

Figure 23: Mcmory for the
GenerateSuperstates Routine
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(17)  begin routine
(18) call generate(word, 1, Superset)

(19) end routine

2.3.3 Parallelization of the Reconstruction Process
The third step in the determination of unbiased reconstructions is the .
reconstruction process. The partition of the substates into disjoint sets is used as the

reconstruction hypothesis for the reconstruction process.

)

The reconstruction process is performed in parallel by first initializing / to a

flat distribution. Until convergence is obtained, the value of a is calculated (including

A

the extra equation of the partition) and then a new value of f is obtained (including the

extra equation of the partition) by finding the product oldf x =+ for each partition.
ay

While a is being calculated in parallel, the superstates are tagged as to which substate

"

is using its / value in the current partition. All of the remaining superstates are tagged

with a -1 indicating that they are part of the extra equation for the current partition.

This allows the calculation of the new} value in parallel. Once all of the
reconstruction hypothesis have been calculated (that is once the algorithm has iterated
through all of the partitions), convergence is tested.

The local memory needed for the reconstruction process is illustrated in figure

24, and the global memory needed is illustrated in figure 25.

A

/* initialize f to a flat



distribution */

(1) {v[0=<i<p}}

(2)  parbegin

3) forj=0to[H]-1do

@) if (PE(i).state[j] = 1) then
) set PE(i).oldf [j] = }
©) fi

7) od

(8)  parend

(9)  setconverged = false
(10)  while (not converged) do

(1) for PartitionNum = 1 to PartitionCount do

/* calculate;z */

(12) {v[0<i<p]}

(13) par begin

(14) forj=0to[ 5] -1do

(15) if (PE(i).C[j] = PartitionNum) then

(16) set PE(i).a [j] =0

(17 set PE(/).TempSuper = PE(i).Superstates(j]
(18) while (PE(/). TempSuper = & ) do

(19) set PE(i).element = SetMin(PE(i). TempSuper)



state  f f oldf @ C PNum  Superstates
1
2
P
H
TempSuper
element

Figure 24: Local Memory for the Reconstruction Process

converged extra extraa

PartitionNum

PartitionCount 2

)
extraa

TSuper c

TElement

Figure 25: Global Memory for the Reconstruction Process
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20)

@n

(22)

@7)
(28)
29)
(30)
€)Y

(32)

set PE(/). TempSuper = PE(i). TempSuper \
{PE(i)..element}

set PE(i).a [j] = PE().a [j]+

A

pE([w——'c'cmcm—) I).oldf [en(PE(i).element) modulo

;]
14
(7]
/* designate substate for this

partition */

set PE({_E%@J ).PNum[gn(PE(/).element)
’l

modulo] 21y = (ix[2]) +/
od
fi
od
par end

N
/* calculate extra a */

set extraa = 0
set TSuper = CSupersets[PartitionNum]
while (TSuper # & ) do

set TElement = SetMin(TSuper)

set TSuper = TSuper \ {TElement}

A A
set extraa = extrag +
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(33)

(34)

(335)
(36)
(37
(38)

(39)
(40)
(41)

(42)

(43)
(44)
(45)
(46)

N

PE([ g"(m,:,c,mcm)J ).oldf [gn(TElement) modulo I-lf—,'l-]

ka

set PE([ g"mkmc"”J ).PNum[gn(TElement) modulo I-'%'.I ]1=-1

ka

od
/* set}= old}x:-:.f */
(V0<i<p])
par begin
forj=0to |'Ill‘| -1do
if (PE(i).state[j] = 1) then

if (PE(#).PNum(j] =-1) then

set PE(I)f [J] = pE(I)Oldf[]] % cxlran[Pnnili:mNum]

extraa

else
set PE(i).} 1= PE(i).old} ] x
PE[{% D J PEG).PNum{j] modulo [ ]

n

PE[[ Pu["—l'_'l"]"'" J] a [I’E(i).l’Num[i] modulo [ i ]]

fi
fi
od

par end

od
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/* test convergence */
(48) set converged = true
49) {V[0<i<p]}

(50) par begin

(51) forj=0to[H]-1do
(52) if PE(i).state[j] = 1 then
(53) set converged = converged A
(| pEo. 151 - PE@04TT | < 6)
(54) set PE(i).old}[j] = PE(i).} i1
(55) fi
(56) od

(57) par end
(58) od

The structural complexity of the reconstruction process is O( 8UC|7”n ) where
Sy is the rate of convergence of the reconstruction process and C is the number of
optimal partitions of states into disjoint sets, A description of the structural
complexiﬁy evaluation can be found in appendix C.

2.4  Parallelization of a Greedy Algorithm for a Generalization of
the Reconstruction Problem

The greedy algorithm for the generalization of the reconstruction problem

takes as input the local memory initialized as described in section 2.2, Prior to
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iteration, however, a set £ must be constructed in global memory of statés of the
structure system (or substates of the overall system) that are known. Recall that these
substates need not define the overall system completely to proceed. Once this set is
constructed, the behavior function of the overall system is initialized to the uniform
distribution. Until convergence is obtained, the substate is selected from the set £ to
add to the set D which maximizes the choice function, and the unbiased reconstruction
is performed on the updated version of set D.

The maximum value of the choice function is found by distributing the values
of the set D and the value of its choice function over the half of the processors that are
numbered the highest (excluding processor p - 1). The processors are then treated as
an array implementation of a binary tree. At each step, the next highest level (the
parent of two nodes in the binary tree) retrieve the largest of the given level (its two
children). Until all element of the set D have been evaluated, at each step, the highest
value is "rolling" up the tree while new values from D are being placed into the root
level of the binary tree. When the "rolling" of the numbers is complete, PE(1) contains
the value of the largest choice function value and its substate.

The local memory needed for the greedy algorithm is illustrated in figure 26,
and the global memory needed is illustrated in figure 27.

Let & be the number of elements in the set E (i.e. k= |E] ).

/* construct set E */

(1) setbE=@

@ {V[0=i<pl}
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state  f }
0
1 Y
2 /B
3 /B
4 hasvalue

Figure 26: Local Memory for the Greedy
Algorithm

E= {Ei,E2,...E¢}

E = {E|,Ea2,...E¢}

D= {Bl,Bzv-oBk}

stop

converge

Figure 27: Global
Memory for the
Greedy Algorithm




€)
@
()
(6)
™)
®
®

(10)
(11

(12)

(14)
(15)
(16)
(17
(18)
(19)
(20)

par begin
forj=0to|—%-|—l do

if (PE(i).state[j] = 0 then

st £ = Eu gn' ((ix[21]) +5)

fi
od
par end
/* initialize behavior function
approximation to the uniform
distribution */
(V[0 <i<p]}
par begin

forj=0to (I-',L,']— 1) do
if PE(i).State[j] =1 then

set PE().f 1] = }
fi
od
par end
set D=0
set stop = (|D| = sizelimit)

set converge = false
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@n

(22)
(23)
24
(25)
(26)
@7)

(28)

(29)

(30

@31

(32)

(33)

(4

(35)
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while ( (= stop) A (- converge) ) do
/* selectone p € Etoaddto D

such that B =arg max y(B) */
PeE

set E'=E
while (JE'| > 0) do
setj= '5’ -1
while ((JE1>0)A(j<p-2))do
set PE(j).p=some ee E'
od

set E'=E'\ {e}

(&) <i<0-1]

A
/* retrieve fand f values */

par begin

set PE(i).fB =PE q g"([p;,ﬁ])'mJ) S [gn(B)modulo [!z—l]]

set PE().S B = PEQ%‘&’]@D S en@modulo[ 5]

(1-PE(). fﬁ)

par end
{V[(o <i<b- 1) A (=PE(i).hasvalue)a

(PE(2i).hasvalue) A (PE(2i + 1).hasvalue)]}



(36)
G7
(38)
(39)
(40)
(41)
(42)
(43)
(44)
(45)
(46)
(47)

(48)

(49)
(50)
(1)
(52)

(3

(4)
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par begin
if (PE(2i).y > PE(2i + 1).y) then
set PE(i).y = PE(2i).y
set PE(i). = PE(2i).p
else
set PE(i).y =PE(2i + 1).y
set PE(i).p = PE(2i + 1).
fi
set PE(/).hasvalue = true
set PE(2/).hasvalue = false
set PE(2i+1).hasvalue = false
par end
{V[(0 =i < p-1)A(=PE(i).hasvalue)a
(PE(2i).hasvalue) A (=PE(2i + 1).hasvalue)]}
par begin
set PE(/).y = PE(2i).y
set PE(i).p = PE(2/).p
par end
{(i = 0)A (PE(0).hasvalue) A
(PE(1).hasvalue) A (PE(2).hasvalue)}

par begin



(35)
(56)
(57
(58)
(39)
(60)
(61)
(62)
(63)
(64)
(65)
(66)
(67)
(68)
(69)
(70)
(71)

(72)

if ( (PE(1).y > PE(2).y) A (PE(1).y > PE(0).y) )then
set PE(0).y = PE(1).y
set PE(0).p = PE(1).p
else
if ((PE(2).y > PE(1).y) (PE(2).y > PE(0).y) )then
set PE(0).y = PE(2).y
set PE(0).p =PE(2).8
fi
fi
set PE(1).hasvalue = false
set PE(2).hasvalue = false
- par end
{V[0<i<p-1}}
set continue = (continue v PE(i).hasvalue)
od
set D =D U{PE(0).B}
set E=E\ {PE(0).8}
8[¢)) /* Compute the unbiased
reconstruction on this new D.

Note the unbiased reconstruction

n

changes the f values for the set

D. ¥
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/* test convergence */
(73) set converge = true

(74)  (V[0<i<p]}

(75) par begin

(76) forj=0to (['2]-1) do

) set converge = converge A( |[PEQ@).f[/] - PE(i).} Ull<e)
(78) od

(79) par end
(80) od

Note that the the unbiased reconstruction is performed at each iteration. That
is, whenever a new f is added to the set D, the unbiased reconstruction is performed
on the new D set. Some modifications must be made to the reconstruction process to

perform the unbiased reconstruction on a subset of the substates of the system. First,

A

rather than initializing oldf to 1, oldf is initialized to f which is simply the value from

the previous unbias'ed reconstruction. Since the greedy algorithm initializes all}to L
the new Bin the set D will have the value % Second, the reconstruction is performed
onl_y on those elements of the set D, and not all substates of the structure system.

The structural complexity of the greedy algorithm is O( 56 uC'—;ﬂn ) where 6y
is the rate of convergence of the reconstruction process and 6¢ is the rate of

convergence of the greedy algorithm for a generalization of the reconstruction



problem. A description of the structural complexity evaluation can be found in

appendix C.
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Chapter 3
Conclusion

3.1 Significance of Reconstructability Analysis

One of the more promising contributions of reconstructability analysis is its
utilization in lieu of classical multivariate systems. Jones shows that K-systems
analysis can solve classical multivariate analysis problems more effectively that other
existing methods [JONE 86]. Reconstructability analysis does not assume an
underlying mathematical structure (as opposed to a multivariate regression method)
but rather constructs a system based only on the information given. Furthermore,
"K-systems theory delivers a surprising and important insight: it is generally incorrect
to use any model where effects and interactions are represented statically over subsets
of the equations (as in the analysis of variance). Not only is the K-system the correct
model, but any other model assumed by the user is almost certainly wrong" [JONE
86]. Clearly, assuming an incorrect model can lead to the verification of interactions
that do not exist or to the failure to verify interactions that do exist. Reconstructability
analysis eliminates this error potential by constructing the "true" model of the system.

K-systems analysis also provides us with the tools necessary to:

"1)  Measure the cognitive content of a substate about the overall

system.

2) Determine a minimal set of substates to reproduce the system to
a desired approximation.

3) Reproduce a unique system from any set of substates, which

contains only the knowledge of the substates," [JONE 86]
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K-system analysis is a computationally effective theory, not just a theoretical result
[JONE 86].

Since only maximum entropy methodologies are envoked, Reconstructability
analysis introduces no extraneous information. The transformation of general
functions to probabilistic functions does not jeopardize the system structure: "There is
no information present in the k-system which is not presént in the g-system" [JONE
85c]. Cavallo and Klir justify the use of maximum entropy with three diverse
arguments:

"1) The maximum entropy probability distribution is the only
unbiased distribution, i.e. the only distribution which takes into
account all available information (constraints) but no additional
(unsupported) assumptions (biases).

2) The maximum entropy probability distribution is the most likely
distribution. Given a reconstruction hypothesis, each element of
the reconstruction family of that hypothesis could have been
generated by any number of actual data sets. The largest
number of possible data sets which are mutually comparable
and compatible with the given reconstruction hypothesis are
those which are also compatible with the maximum entropy
overall probability distribution.

3) Maximizing any function but entropy leads to inconsistencies
unless that function has the same maxima as entropy" [CAVA
81b].

3.2 Significance of Parallelization of Reconstructability Analysis
Algorithms

Many papers have 'been written applying reconstructability analysis and
maximum entropy methods to various disciplines and sub-disciplines. Some of these
applications include software engineering, automated rule learning [TRIVE 93],
waveform analysis [COIF 92], social sciences [KLIR 86], urban planning [KUMA 89],

memory management [LEWI 59], and many application in the physical sciences
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[COIF 92][ERIC 88][BUCK 91][LEVI 78]. The author is also working on applying
reconstructability analysis to inforrﬁation retrieval. Clearly, the implementation of the
algorithms is imperative to the effective utilization of reconstructability analysis by
these disciplines and sub-disciplines.

Jones' algorithms are the first step toward providing scientists with power of
reconstructability analysis. Clearly, implementation is the second step. However,
since these algorithms grow exponentially in both time and space, sequential
implementation does not make this step for many applications. The time complexity is
dominated by an exponential growth which is dictated by the recursive nature of the
algorithms, and the number of states involved in the search space of the greedy
algorithm grows exponentially. Jones has implemented the algorithms sequentially
and makes the implementation available in a software package for IBM and IBM
compatible microcomputers [JONE 89]. Because the algorithms are so
computationally intensive, the software package must be run on a machine with a math
co-processor, and the program is limited to ten variables. This variable limitation,
alone, makes the use of the implementation infeasible for most applications.

The scientific community was left with a chasm between theoretical
application and feasible implementation. For most applications, this gap is as
unbreachable today as it was at the inception of reconstructability analysis by George
Klir. Klir recognized this problem back in 1981. In the special issue of International
Journal of General Systems, Klir lists several areas of further research in

reconstructability analysis, including the design of more efficient algorithms
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including "large-scale hardware-based parallel processing”" [CAVA 81b]. Until now,
this need for efficient algorithms has remained unmet.
Figure 28 demonstrates the improvement of the parallel algorithms over the

sequential algorithms on the example structure system.
3.3 Final Remarks

Reconstructability analysis is a powerful tool with may applications in many
disciplines and sub-disciplines. However, utilization of reconstructability analysis is
infeasible in most applications due to the exponential growth of the algorithms in both
time and space. Clearly, there is a tremendous need to provide scientists with
accessibility to the power of reconstructability analysis. The next step has now been

taken in bridging the gap between theoretical application and feasible implementation

- by the parallelization of the sequential algorithms developed by Jones: the

determination of unbiased reconstruction and the greedy algorithm for a generalization
of the reconstruction problem.

Since this parallelization does not assume an architectural model, these parallel
algorithms are universal to all multiple data architectures. The situation of having
more data items in the overall system than processors in the hardware system is
addressed by these algorithms. Therefore, implementation of the algorithms involves
simply incorporating the communication protocols between processors for the
particular architecture employed.

Now that this step has been accomplished, the next step is implementation of

the parallel algorithms on particular multiple data architectures. With the completion
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Figurc 28: Comparison of Sequential and Parallel Times
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of the next step, accesiblilty to the power of reconstructability analysis will finally be
available to researchers. Note that further research is needed in the analysis of the rate
of convergence for the reconstruction process and in the analysis of the rate of
convergence for the greedy algorithm for a generalization of the reconstruction
process. The author also intends to explore the advantages and disadvantages to
incorporating dynamic memory allocation (perhaps in the form of a binary search tree)

over the direct memory access of the hash table used here.
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Appendix A

Terminology

Adaptive Algorithm
An adaptive algorithm if it can efficiently solve a problem of any input size,

assuming sufficient memory space is available.

Attributes
Set of values that variables of a system my take on.

Behavior System
"the sixtuple:

"B=(V, 7,54 0.

(1)

where V'={v|i e N,} (N, = {1,2,..,n}) is a set of variables, # ={V,|je N,
m £ n} is a family of state sets; ¥/ — # is an onto assignment function by
which one state set from ¥ is assigned to each variable in V; 4 = s(v,) x s(v,)
x ...xs(v,) is the set of all potential aggregate states; Q is a set of real numbers
which includes 0; f: 4 — @ is a function, referred to as a behavior function,
which represents information regarding the aggregate states of the behavior
system” [CAVA 81b].

Cognitive Content
"The contribution of knowledge about the substate to the overall system

behavior" [JONE 85e].

Coarse-Grain processors
Coarse-grain processors are ones with "fairly sophisticated computational

power and potentially large memories" [LEIG 92].

Entropy
Entrosy is the amount of uncertainty contained in a probability distribution:

Hm(ﬁ = Hu(p1,p2, o Pm) = ""g ])klnpk .

Equivalence Classes
The set of G-structures (any reconstruction hypothesis which is internally

consistent, irredundant and contains all relevant variables) may be partitioned
into equivalence classes of non-overlapping sets of G-structures [CAVA 81a].

77



78

Godel Numbering
Godel numbering is an enumeration technique that maps strings to the set of
non-negative integers.

G-Systems (General Systems)

Structure systems with general functions which need not be behavior functions.
The set of behavior systems is a subset of structure systems.

Identification problem
"the identification of specified properties of an overall system from appropriate

properties of given subsystems" [CAVA 81a),

K-Systems (Klir Systems)

A behavior system that is induced from a g-system via a type of isomorphism
[JONE 85c].

Maximum Entropy
Let f;:A4 — Q be a behavior function which essentially chooses one system

from the reconstruction family. The set of values{f (o)l € 4 has the
maximum entropy from among all such sets associated with overall systems in
the reconstruction family if it meets the requirement that

Fs¥n=kr=r 1 .

Multiple Data Architecture
An architectural design in which each processing element (PE) has its own

local memory (e.g. SIMD and MIMD architectures).

Null Extensions
"Let B be a substate. Then an overall state o is the null extension of B, written
B/, if a)B and every variable of o. which does not occur in B has a value of
zero" [JONE 85b].

Potential Agpregate State Orderings
The potential aggregate state orderings is a one-to-one correspondence between

the set of all possible states in the overall system and strings that contain the
ordering of the corresponding variable values

Projection
"Let [f{ Z ] denote the projection of f which disregards all variables in ¥

except those in set Zc V. Then, [f{ Z ]is itself a mapping from a set of states
(substates of states in 4) to Q:

i 42z :v’)ézs(v;)-» Q

such that
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I 4 Z1(B) = g({fle)lo)p}),
where function g is determined by the nature of function /" [CAVA 81b].

Reconfigurable Bus System
A reconfigurable bus system in one in which the configuration can be

dynamically altered.

Reconstructability Analysis
"the process of investigating the possibilities of reconstructing desirable

properties of overall systems from the knowledge of the corresponding
properties of their various subsystems " [CAVA 81b] (i.e. the solution
processes associated with the identification problem and the reconstructlon
problem [CAVA 81a])).

Reconstruction Family
"Given a particular reconstruction hypothesis, say S, there exists a family of

overall systems which are compatible with the hypothesis in the sense that
relevant projections of the behavior functions of each of these overall systems
are exactly those behavior functions which are included in the reconstruction
hypothesis". "... we denote this family as %" [CAVA 81b].

Reconstruction Hypothesis
"meaningful sets of subsystems or structure models" [CAVA 81a].

Reconstruction Problem
"the problem of determining which subsystems of an overall system are
adequate in the sense that specific properties of the overall system can be
reconstructed, with a desirable level of approximation, from the knowledge of
the corresponding properties of the involved subsystems" [CAVA 81a].

Structure Systems
"the set of all reconstruction hypotheses" [CAVA 8l1a].

Substates
"For each aggregate state (n-tuple)

a=(alieNy)ed
of a behavior system defined by (1) and for each state
B=(Bli e X, XN

associated with variables in set
Z={vjlieX,Xc Ny} cV,
let B be called a substate of o (or o be called a superstate of ) if and only if



80

Bj=ay forallj e X.
Let B{c. and (a)B) denote that B is a substate of " [CAVA 81b].

Subsystem
"given an overall system, each non-empty subset of the set of variables

identifies one subsystem of that overall system" [CAVA 81b].

Systems Modelling
"a complex conglomerate of interrelated systems problems. It can loosely be

characterized as the process of determining a system on an object of
investigation which is an adequate model of the relevant phenomena associated
with the object" [CAVA 81a].

Unbiased Reconstruction

The behavior function chosen as the maximum entropy probability distribution
is referred to as the unbiased reconstruction from the reconstruction family
[CAVA 81b].

Very-Fine-Grain Processors
Very-fine-grain processors are ones that have at most a few registers of
memory [LEIG 92].
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Appendix B
Index of Notation

number of processors

number of variables in the overall system

set of possible variable values; & =u; s (v))
variable

s: v; = set of possible variable values for the variable v,
the behavior function of the overall system
state of the overall system

substate of the overall system

substate

superstate

projection

null extension of substate

the behavior function of a substate
approximation to f

a;=Z;fy

approximation to a; 21; =2 ;’,.j

the set of potential aggregate state orderings

the set of substates in the structure system

number of states in the overall system
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gn(w) godel number for the string w
5 (v;) set of orderings for the values that variables can have plus the value of zero
E set of independent substates

C number of optimal partitions of states into disjoint sets

82



C.1 Evaluation of the gn Routine
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Appendix C

Evaluation of Structural Complexities

structure type

iteration

sequence

routine

o(1)
o(1)
o(!)
o( 1)
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o(1)
o(1)

o(!)

C.2 Evaluation of the gn"' Routine

lines

structuretype ~ structural complexity

iteration

sequence
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C.3

lines

1 - 9

structure type structural complexity
routine o(!)

Evaluation of the Algorithm Initialization
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ctu
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iteration

parallel

selection

iteration

c
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o( L
O(ID])
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o(1Zl)
O(IZl)
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1 -

22

23

24

24

structure type structural complexity
o(/)
Oo(!)

iteration O(DIZI])

algorithm o( S+ DNzl )

C.4 Evaluation of Generating Independent Substates in Parallel

mmm‘ﬂmmplﬂm
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Evaluation of Partitioning the States into Disjoint Sets in
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Parallel
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structure type
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selection

iteration
parallel

algorithm
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iteration

structural complexity
O(fFp )
o(fEp )
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O(|Dln)
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structural complexity
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34

35

36

structure type

selection

iteration

critical section

selection

selection

iteration

parallel

iteration

ictur,
O(#n)
o(1)
o(1)
O(n)
O( En)
O(n)
O( En)
o(1)
o(1)
o(1)
o(1)
O( En)
O( En)

O(E™n)

-O(1)

o(1)
o(!)
o(IZI")
O(E)

O(n)
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lines structure type structural complexity
35 - 37 iteration O(En)

38 O(E)
1 - 38  algorithm O( E™n)

C.6 Evaluation of the GenerateSuperstates Routine

The GenerateSuperstates routine is taken to have the structural complexity of
O( IZ?). lustification for this order of magnitude is as follows. If the word passed to
the routine has no zero elements, then the routine generates a set of size 0 (IZ]% = 1).
If the word contains exactly one zero element, then the routine generates a set of size
IZI (I1Z]' =|Z| ). Ifthe word contains exactly two zero elements, then the routine
generates a set of size |Z|2 , etc. In the worst case, the word contains all zero
elements, in which the routine generates a set of size ||’ . Therefore, the structural
complexity of the GenerateSuperstates routine is taken to be O( |Z|* ).

C.7 Evaluation of the Parallelization of the Reconstruction Process

3 ol |z|
4 o(1)
5 o(1)
4 - 6 selection o(1)
3 - 7 iteration o( &

1 - 8  panllel o



lines

18 -

14 -

12 -

10

11

14

15

16

17

18

19

26

27

28

29

30

31

cuure c

iteration

selection
iteration

parallel
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lines

29 -

39 -
38 -

37

35 -

52 -

51 -

32

33

34

37

38

39

40

42

43

44

45

46

47

48

51

52

53

54

55

56

structure type

iteration

selection

selection
iteration
parallel

iteration

selection

iteration
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lines

49 - 57
10 - 58
1 - 58

91

structuretype ~ structural complexity

parallel

iteration

algorithm

o( &t
o(suCln)

O( SUC!-z-'n )

Evaluation of the Parallelization of a Greedy Algorithm for a
Generalization of the Unbiased Reconstruction

lines
1
4
5
6
5 - 7
4 - 8
2 - 9
12
13
14
13 - 15
12- 16
10 - 17
18
19

selection
iteration

parallel

selection
iteration

parallel



lines

29 -

37 -

20

21

22

23

37

38

39

41

42

43

44

45

structure type

iteration

parallel

selection

92
structural complexity
o(1)
0( 8¢ )
o(1)
O(ID)
o(1)
O(p)
o(1)
O(p).
o(1)
o(!)
o(!)
o(1)
o(!)
o(1)
o(1)
o(1)
o(1)
0(1)
o(1)
o(1)

o(1)



35 -

48 -

59 -

55 -

46

47

50

51

52

55

56

57

59

60

61

62

63

64

65

66

68

69

70

71

72
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structuretype  structural complexity

parallel

parallel

selection

selection

parallel

iteration

o(1)
o(1)
o(1)
o(1)
o(1)
o(1)
o(1)
o(1)
o(1)
o(1)
o(1)
o(1)
o(1)
o(1)
o(1)
o(1)
o(1)
O(|D|p + D}/ )
o(|D[)
Oo(|D})

O(8uCiln)



| lines

76 -

74 -

21 -

73

76

77

78

79

80

80

iteration
parallel
iteration

algorithm

O( 865uCon )

O( 868uyCn )
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Appendix D

Algorithm Iteration
D.1 Iteration of the gn Routine
To illustrate the iteration of the gn routine, two words in the example structure
system are selected. First, we trace the iteration of the gn routine when the word
passed in as a parameter is the substate represented by the ordering (0, 2, 0). Note that

in the example structure system X = { 0, 1, 2, 3 }. Therefore, |Z| =4.

word (0,2,0) word (0,2,0)
num 0 num 0
factor 1 factor 4
initially: i=3
word (0.2,0) word (0,2,0)
num 8 num 8
factor 16 factor 64

i=2 i=1
The functional value of 8 is returned at the completion of iteration.
Second, we trace the iteration of the gn routine when the word passed in as a

parameter is the state represented by the ordering (3, 2, 1).
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initially: i=3
word (3,2,1) word (3,2,1)
num 0 num 1
factor 1 factor 4
i=2 i=1
word (3,2,1) word (3,2,1)
num 9 num 57
factor 16 factor 64

The functional value of 57 is returned at the completion of iteration.
D.2 Iteration of the gn”' Routine

To illustrate the iteration of the gn™' routine, two numbers in the range of the
example structure system are selected. First, we trace the iteration of the gn™ routine
when the number passed in as a parameter is the number 8. Note that in the example
structure system X ={0,1,2,3 }. Tilerefore, I1Z] =4.

initially: i=3

num 8 num 2

word | (,, ) word | (,,0)
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1=2 1i=1
num 0 num 0
word | (,2,0) word | (0,2,0)

The functional value of ( 0, 2, 0 ) is returned at the completion of iteration.
Second, we trace the iteration of the gn™' routine when the number passed in as

a parameter is the number 57.

initially: i=3
num 57 num 14
word | (,, ) word | (,,1)
1=2 i=1
num 3 num 0
word | (,2,1) word | (3,2.1)

The functional value of ( 3, 2, 1) is returned at the completion of iteration.
D.3 Iteration of the Algorithm Initialization

Upon the iteration of the algorithm initialization, the local memory has
initialized the array state. Each processor initializes all f',,ﬂ-l elements of the array.

All array elements corresponding to states in the overall system are initialized to 1.

All other array elements are initialized to -1, This initialization is performed in
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parallel. Once this initialization is complete, the input, which is necessarily sequential,

of behavior function values is performed. The behavior function values are stored in

the farray in local memory at the corresponding substate position. The state value at

that position is changed to a value of 0. Upon completion of the input, only those

elements of the farray that correspond to substates in the structure system have values,

and only those elements contain a state value of 0. All state element values that

contain a value of -1 are either substates of the overall system that are not present in

our structure system, or they are not substates of the overall system due to the gn

function not being onto.

Upon completion of this iteraiton, the local memory for the example structure

system is initialized as follows:

PE, state f
0| -1

1 -1

2 | -1

3 -1

4 | -1

5 0 0.17
6 0 0.16
7 0 0.12

PE,

N QY U B WD — O

state f
-1
0 0.14
0 0.18
0 0.23

PE,

N O L kW - O

state f
-1
0 0.11
0 0.14
0 0.18
0 0.25
1
1
1
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PE, state f PE, state f PE; state f
0 0 0.18 0| -1 0 0 0.37
1 1 1 0 0.2 1 1
2 1 2 0 0.2 2 1
3 1 3 0 0.17 3 1
4 | -1 4 0 0.2 4 | -1
5 1 5 1 5] -1
6 1 6 1 6 | -1
7 1 7 1 71 -1
PE, state PE, state
0| -1 0| -1
1 -1 1 -1
2| -l 2 | -1
3] -1 3 -1
4 | -1 4 | -1
51 -1 5 -1
6 | -1 6 | -1
7| -1 71 -1

D.4 Iteration of Generating Independent Substates in Parallel

Once the local array state has been initialized, we are ready to progress to
generating independent substates in parallel. The main memory set variables E and
NullExtension are initialized to the empty set. At each iteration, if the state value

indexed in conjunction with the iteration number has a value of 0, then the gn™ of the

corresponding godel number is found to generate a word which represents a substate in

the structure system. The null extension of this word is determined and if the null
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extension is not found in the main memory set NullExtension, then it is added to the
main memory set E,and its null extension is added to the main memory set
NullExtension. When the iteration is completed, the main memory set £ contains a set

of independent substates. As stated in section 1.2.1.2.3, this set is not unique.

initially:

PE, state E PE, state E PE, state E
0 -1 0 -1 0 -1
] -1 1 0 1 0
2 -1 2 0 2 0
3 -1 3 0 3 0
4 -1 4 -1 4 0
5 0 5 -1 5 1
6 0 6 -1 6 1
7 0 7 -1 7 1

word word word

PE; state E PE, state E PE; state E
0 0 0 -1 0 0
1 1 1 0 1 1
2 1 2 0 2 1
3 1 3 0 3 1
4 -1 4 0 4 -1
5 1 5 1 5 -1
6 1 6 1 6 -1
7 1 7 1 7 -1

word word word
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PE, state E PE, state FE

0 -1 0 -1

1 -1 1 -1

2 -1 2 -1

3 -1 3 -1

4 -1 4 -1

5 -1 5 -1

6 -1 6 -1

7 -1 7 -1

word word
NullExtension |{ (1,1,1) }
j=0
PE, state E PE, state E PE, state E
0 -1 0 0 -1 0 0 -1 0
1 -1 1 0 1 0
2 -1 2 0 2 0
3 -1 3 0 3 0
4 | - 4 | -1 4 0
5 0 5 | -1 3 1
6 0 6 -1 6 1
7 0 7| - 7 1
word word word
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PE; state E PE, state E PE;, state E
0 0 1 0 -1 |0 0 0 1
1 1 1 0 1 1
2 1 2 0 2 1
3 1 3 0 3 1
4 -1 4 0 4 -1
5 1 5 1 5 -1
6 1 6 1 6 -1
7 1 7 1 7 -1
word | (1,2,1) word word | (2,2,1)
PE, state E PE, state E
0 -1 0 0 -1 0
1 -1 1 -1
2 -1 2 -1
3 -1 3 -1
4 -1 4 -1
5 -1 5 -1
6 -1 6 -1
7 -1 7 -1
word word

‘NullExtension |{ (1,1,1), (1,2,1), (2,2,1) }
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j=1

PE, state E PE, state E PE, state E
0 -1 0 0 -1 0 0 -1 0
1 -1 0 1 0 0 1 0 0
2 -1 2 0 2 0

3 -1 3 0 3 0

4 -1 4 -1 4 0

5 0 5 -1 5 1

6 0 6 -1 6 1

7 0 7 -1 7 1
word | word | (1,2,1) word | (1,1,1)
PE, state E PE, state E PE; state E
0 0 1 0 -1 0 0 0 1
1 1 0 1 0 1 1 1 0
2 1 2 0 2 ]

3 1 3 0 3 1

4 -1 4 0 4 -1

5 1 5 1 5 -1

6 1 6 1 6 -1

7 1 7 1 7 -1
word word | (2,1,1) word
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PE, state £E PE, state E
0 -1 0 0 -1 0
1 -1 0 1 -1 0
2 -1 2 -1
3 -1 3 -1
4 -1 4 -1
5 -1 5 -1
6 -1 6 -1
7 -1 7 -1
word word
NullExtension [{ (1,1,1), (1,2,1), (2,2,1), 2,1,1) }
j=2
PE, state E PE, state E PE, state E
0 -1 0 0 -1 0 0 -1 0
1 -1 0 1 0 0 1 0 0
2 -1 0 2 0 1 2 0 1
3 -1 3 0 3 0
4 | -1 4 | -1 4 0
5 0 5 -1 5 1
6 0 6 -1 6 1
7 0 7 -1 7 1
word word | (1,2,2) word | (1,1,2)
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PE; state E PE, state E PE, state E
0 0 1 0 -1 0 0 0 1
1 1 0 1 0 1 1 1 0
2 1 | o 2 [ 0 |1 » 1 1o
3 1 3 0 3 1
4 -1 4 0 4 -1
5 1 5 1 5 -1
6 1 6 1 6 -1
7 1 7 1 7 -1
word word | (2,1,2) word
PE, state E PE, state FE
0 -1 0 0 -1 0
1 -1 0 1 -1 0
2 -1 0 2 -1 0
3 -1 3 -1
4 -1 4 -1
5 -1 5 -1
6 -1 6 -1
7 -1 7 -1
word word
NullExtension |{ (1,1,1), (1,2,1), (2,2,1), (2,1,1), (1,2,2), (1,1,2), (2,1,2) }
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state E

PE,

-1

word | (1,1,3)

state E

PE,

word | (1,2,3)

state E

PE,

-1

word

4] o
(5]
—r
<3 —
=
[7/]
g
L
53] o o]
£ z
&) —
~~
2 “
1} o -
Nt -
173 o
A
o
-
[8a o™ S
~ =z
&3] o
[
b
a —
D
e
o
-
m o~ 5]
) =
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PE, state E PE, state E

o] -1 [o 0| -1 10

1| -1 |o 1 -1 10

2 [ -1 o 2 | -1 |0

3 1 ]o0 31 -1 10

4 [ -1 4 -1

5 1 -1 5 -l

6 | -1 6 | -l

7 | -1 71 -l

word word
NullExtension [{ (1,1,1), (1,2,1), (2,2,1), (2.1,1), (1,2,2), (1,1,2), (2,1,2),

(1,2,3), (1,1,3), (2,1,3)}

j=4
PE, state E PE, state E PE, state E
0| -1 [o o -1 [o 0| -1 |0
1 -1 ] o0 1 0 | o 1 0o |0
2 | -1 |o 2 0 1 2 0 1
3 -1 |0 3 0 1 3 0 1
4 | -1 |o 4 [ -1 ]o 4 0 |0
5 0 5 1 -1 5 1
6 0 6 -1 6 1
7 0 7 | -l 7 1
word word word | (1,1,1)




108

PE; state E PE, state E PE; state E
0 0 1 0 -1 0 0 0 1
1 1 0 1 0 1 1 1 0
2 1 0 2 0 1 2 1 0
3 1 0 3 0 1 3 1 0
4 -1 0 4 0 0 4 -1 0
5 1 .5 1 5 -1
6 1 6 1 6 -1
7 1 7 1 7 -1
word word | (2,1,1) word
PE, state FE PE, state FE
0 -1 0 0 -1 0
1 -1 0 1 -1 0
2 -1 0 2 -1 0
3 -1 0 3 -1 0
4 -1 0 4 -1 0
5 - 5 1 -1
6 -1 6 -1
7 -1 7 -1
word word
NullExtension |{ (1,1,1), (1,2,1), (2,2,1), (2,1,1), (1,2,2), (1,1,2), (2,1,2),

(1,2,3), (1,1,3), (2,1,3)}
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state F

PE,

word

state £

PE,

word

state E

PE,

-1

word

'PE,

E

state

word

state E

PE,

word | (1,1,1)

state F

PE,

word




PE, state
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PE, state E E

0 1 |0 0 -1 0

1] -1 0 1 -1 0

2 -1 0 2 -1 0

3 1 |0 3 -1 0

4 4 |0 4 -1 0

5 -1 |0 5 -1 |0

6 -1 6 -1

7 -1 7 -1

word word
NullExtension [{ (1,1,1), (1,2,1), 2,2,1), (2,1,1), (1,2,2), (1,1,2), (2,1,2),

(1,2,3), (1,1,3), 2,1,3) }

j=6
PE, state E PE, state E PE, state E
0 -1 0 0 -1 0 0 -1 0
1 -1 0 1 0 0 1 0 0
2 -1 0 2 0 1 2 0 1
3 -1 |0 3 0 1 3 0 1
4 -1 |0 4 -1 0 4 0 0
5 0 |-l 51 -1 [o 5 1 0
6 0 [0 6 | -1 [0 6 1 |0
7 0 7 | -1 7 1
word | (1,1,2) word word




PE, state FE PE, state E PE;, state E
0 0 | 0 -1 0 0 0 1
1 1 0 1 0 1 1 1 0
2 1 0 2 0 1 2 1 0
3 1 0 3 0 1 3 1 0
4 -1 0 4 0 0 4 -1 0
5 1 0 5 1 0 5 -1 0
6 1 0 6 1 0 6 -1 0
7 1 7 1 7 -1
word word word

PE, state £E PE, state E

0 -1 0 0 -1 0

1 -1 0 1 -1 0

2 -1 0 2 -1 0

3 -1 0 3 -1 0

4 -1 0 4 -1 0

5 -1 0 5 -1 0

6 -1 0 6 -1 0

7 -1 7 -1

word word
NullExtension [{ (1,1,1), (1,2,1), (2,2,1), (2,1,1), (1,2,2), (1,1,2), (2,1,2),

(1,2,3),(1,1,3), (2,1,3) }
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PE, state E PE, state E
0 -1 0 0 -1 0
1 -1 0 1 -1 0
2 -1 0 2 -1 0
3 -1 0 3 -1 0
4 -1 0 4 -1 0
5 -1 0 5 -1 0
6 -1 0 6 -1 0
7 -1 0 7 -1 0
word word
NullExtension |{ (1,1,1), (1,2,1), (2,2,1), (2,1,1), (1,2,2), (1,1,2), (2,1,2),

(1,2,3), (1,1,3), (2,1,3) }

D.5 Iteration of Partitioning the States into Disjoint Sets in Parallel

To illustrate the iteration of partititioning the states into disjoint sets in parallel,
we use the set of independent states computed in section D.4,

PE, state f E C Superstates
0| -1 0O
1 -1 00
2 | -1 00
3| -1 010
4 | -1 00
5 0 017 1 0| 0
6 0 016 |0 | O
7 0 012 1010




PE, state f E C Superstates
01l -1 010

1 0 01400

2 0 | 018 | 1 | 2 |{(1,2,2),(2,2,2)}
3 0 | 023 | 1| 2 |{(1,2,3),(2,2,3)}
4 | -1 0]0

51 -1 0]0

6 | -1 010

71 -1 010

PE, state f E C Superstates
0] -1 010

1 0 011 |00

2 0 | 014 | 1| 3 [{(1,1,2),(1,2,2)}
3 0 [ 018 | 1 | 3 [{(1,1,3),(1,2,3)}
4 0 025 | 0] O

51 -1 010

6 | -1 010

7] -1 0]0

PE, state f E C Superstates
0 0 | 018 | 1|1 [{(1,21),(1,22),(1,2,3)}

1 1 0

2 1 0

3 1 0

4 | -1 0

5 1 0

6 1 0

7 1 0
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PE, state f E C Superstates
0| -1 0

1 0 0.2 1| 2 [{(2,1,1),(2,2,1)}
2 0 0.2 1 | 3 1{(2,1,2),(2,2,2)}
3 0 | 017 | 1 | 3 {{(2,1,3),(2,2,3)}
4 0 02 |0

5 1 0

6 1 0

7 1 0

PE; state f E C Superstates
01 0] 037 | 1|1 }{(221),(222),(223)}
1 1 0|0

2 1 0|0

3 1 0|0

4 [ -1 0|0

51 -1 0|0

6 | -1 010

71 -1 00

PE; state f E C Superstates
0] -1 00

1 -1 0[O0

2 | -1 00

3] -1 00

4 | -1 0[O

5] -1 0O

6 | -1 0fo0

71 -1 010
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(1,1,3), (1,2,3), (2.1,3), (2,2,3)}

PE, state f E C Superstates
0| -1 0(0
1 -1 00
2 | -1 00
3] -1 0|0
4 | -1 0|0
5| -1 010
6 | -1 00
71 -1 0[O0
extraa CSuperstates Extra

1] 045 [{(1,2,1),(1,2,2), (1,2,3), (2,2,1),{{(1,1,1), (1,1,2), (1,1,3), (2,1,1),
(2,2,2), (2,2,3)} 2,1,2), (2,1,3)}

2 | 039 [{(2,1,1),(2,2,1), (1,2,2), (2,2,2),|{(1,1,1), (1,1,2), (1,1,3), (1,2,1),
(1,2,3), (2,2,3)} (2,1,2), (2,1,3)}

31 031 [{(1,1,2),(1,2,2), (2,1,2), (2,2,2),[{(1,1,1), (1,2,1), (2,1,1),

(2,2,1)}

PartitionCount

D.6 Iteration of the GenerateSuperstates Routine

The GenerateSuperstates routine is a recursive one that generates all of the
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superstates of a given substate and returns that information, via a reference parameter,

in a set. Iteration of the GenerateSuperstates Routine is illustrated by generating all of

the superstates of the state ordering (0,0,2).

routine called

GenerateSuperstates

word  position

(0,0,2)



ine calle
generate
generate
generate
generate
generate
generate
generate
generate
generate
generate

generate

word

(0,0,2)
(1,0,2)
(1,2,2)
(1,0,2)
(2,0,2)
(2,3,2)
(2,0,2)
(3,0,2)
(3,1,2)
(3,2,2)

(3,3,2)

.

3

3
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(1,1,2), (1,2,2)

(2,1,2), (2,2,2)

}

D.7 Iteration of the Parallelization of the Reconstruction Process

The parallel algorithm for the reconstruction process is iterated using the

partition obtained in section D.6. The results of this iteration follows.
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iteration | init 1 2 3 4 5 6 7
}(000) 0.083 0.065 0.066 0.067 0.069 0.071 0.072 0.074
}(001) 0.083 0.075 0.081 0.084 0.085 0.086 0.087 0.087
}(002) 0.083 0.085 0.086 0.085 0.085 0.084 0.084 0.083
}(010) 0.083 0.052 0.042 0.038 0.036 0.035 0.034 0.034
}(01 1 0.083 0.065 0.059 0.056 0.055 0.054 0.053 0.053
} ©012) 0.083 0.095 0.094 0.095 0.095 0.096 0.096 0.097
}(l 00) 0.083 0.073 0.079 0.083 0.085 0.086 0.088 0.088
} (101) 0.083 0.071 0.072 0.073 0.073 0.074 0.074 0.073
}(1 02) 0.083 0.051 0.046 0.044 0.042 0.041 0.040 0.039
}(110) 0.083 0.120 0.123 0.122 0.120 0.118 0.116 0.115
}(111) 0.083 0.129 0.128 0.127 0.127 0.126 0.126 0.127

0.083 0.119 0.124 0.126 0.128 0.129 0.130 0.131

712)
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iteration

8

9

10

11

12

13

14

15

7(000)
f(01)
£002)
£(010)
Fo1)
F012)
£(100)
Faon)
F(102)
Fa110)
Fany

A

S(112)

0.075
0.087
0.083
0.033
0.053
0.097
0.089
0.073
0.039
0.114
0.127
0.131

0.075
0.088
0.083
0.033
0.052
0.097
0.089
0.073
0.039
0.113
0.127
0.131

0.076
0.088
0.083
0.032
0.052
0.097
0.090
0.073
0.038
0.112
0.127
0.132

0.077
0.088
0.083
0.032
0.052
0.097
0.090
0.073
0.038
0.111
0.127
0.132

0.077
0.088
0.083
0.032
0.052
0.097
0.090
0.072
0.038
0.11
0.128
0.132

0.077
0.088
0.083
0.032
0.052
0.097
0.090
0.072
0.038
0.111
0.128
0.132

0.078
0.088
0.083
0.032
0.052
0.097
0.090
0.072
0.038
0.110
0.128
0.132

0.078
0.088
0.083
0.032
0.052
0.097
0.091
0.072
0.038
0.110
0.128
0.132




iteration| 16 17 18 19
}(000) 0.078 0.078 0.078 0.079
}(001) 0.088 0.088 0.088 0.088
}(002) 0.083 0.083 0.083 0.083
}(010) 0.031 0.031 0.031 0.03]
}(011) 0.052 0.052 0.052 0.052
Fo12) | 0097 0097 0.097 0.097
oo | 0091 0091 0091 0091
}(101) 0.072 0.072 0.072 0.072
Fog) | 0037 0037 0037 0037
}(110) 0.110 0.110 0.110 0.109
}(111) 0.128 0.128 0.128 0.128
}(112) 0.133  0.133 0.133 0.133

D.8 Iteration of the Parallelization of a Greedy Algorithm for a
Generalization of the Unbiased Reconstruction

The parallelization of a greedy algorithm for a generalization of the unbiased

reconstruction is iterated using the example structure system. The results of the

120

iteration follows. Note that the results at each iteration is the same as the iteration of

the sequential algorithm. This is due to the use of the same maximizing function to

choose which P to add to the set D.
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Iteration 1 2 3 4 5 6 7 8 9
Stateadded (1) ¥(10) "(12) (1) “(11) *(2) "(10) “©O1 ®(02)
}(000) 0.07 0.07 0.08 009 0.9 0.09 0.08 0.08 0.08
}(001) 0.07 0.07 0.08 0.09 0.09 009 0.08 0.09 0.09
}(002) 0.07 0.7 008 0.09 0.09 009 008 0.08 0.08
}(010) 0.07 005 005 003 003 0.03 003 0.03 0.03
}(01 1) 0.07 0.07 008 0.4 005 005 005 005 0.05
}(012) 0.07 007 008 009 009 01 01 01 0.1
}(100) 0.07 0.07 008 009 0.09 0.09 009 0.09 0.09
}(101) 0.07 0.07 0.08 0.09 0.07 007 0.07 0.07 0.07
}(102) 0.07 0.07 0.06 0.04 004 004 004 0.04 0.04
}(110) 012 009 0.1 o011 o.a1 011 o011 0.1 0.11
}(111) 0.12 0.14 0.16 0.14 0.13 0.13 0.13 0.13 0.13

0.12 014 012 0.13 013 013 0.13 0.13 0.13

712)
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