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This dissertation is dedicated to Professor Fabio Antonelli. He is instrumental in leading me
into the intriguing universe of mathematics. Had I not met him, I would probably not have
taken up research in this discipline.
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In precisely built mathematical structures, mathematicians find the
same sort of beauty others find in enchanting pieces of music, or in
magnificent architecture. There is, however, one great difference
between the beauty of mathematical structures and that of great art.
Music by Mozart, for instance, impresses greatly even those who do
not know musical theory; the cathedral in Cologne overwhelms
spectators even if they know nothing about Christianity. The beauty
in mathematical structures, however, cannot be appreciated without
understanding of a group of numerical formulae that express laws of
logic. Only mathematicians can read “musical scores” containing
many numerical formulae, and play that “music” in their hearts.
Accordingly, I once believed that without numerical formulae, I
could never communicate the sweet melody played in my heart.
Stochastic differential equations, called “It6 Formula”, are currently
in wide use for describing phenomena of random fluctuations over
time. When I first set forth stochastic differential equations, however,
my paper did not attract attention. It was over ten years after my
paper that other mathematicians began reading my “musical scores”
and playing my “music” with their “instruments”. By developing my
“original musical scores” into more elaborate “music”, these
researchers have contributed greatly to developing “It6 Formula”. In
recent years, I find that my “music” is played in various fields, in
addition to mathematics. Never did I expect that my “music” would
be found in such various fields, its echo benefiting the practical
world, as well as adding abstract beauty to the field of mathematics.
— Kiyosi It
My Sixty Years along the Path of Probability Theory
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Abstract

It6’s stochastic calculus revolutionized the field of stochastic analysis and has found nu-
merous applications in a wide variety of disciplines. 1t0’s theory, even though quite general,
cannot handle anticipating stochastic processes as integrands. There have been considerable
efforts within the mathematical community to extend It&’s calculus to account for anticipation.
The Ayed-Kuo integral — introduced in 2008 — is one of the most recent developments. It is
arguably the most accessible among the theories extending It6’s calculus — relying solely on
probabilistic methods. In this dissertation, we look at the recent advances in this area, high-
lighting our contributions. First, we extend the class of linear stochastic differential equations
with anticipating initial conditions that have closed-form solutions in this theory. Then we
prove an extension of 1td’s isometry for the Ayed-Kuo integral using purely probabilistic tools
and exploiting the intrinsic nature of the integral. We also prove an optional stopping theorem
for near-martingales — the counterpart of martingales in the Ayed-Kuo theory. We study the
behavior of conditioned processes corresponding to the solution of a linear stochastic differ-
ential equation with anticipating initial conditions. We analyze a particular class of linear
stochastic differential equations with anticipating coefficients in the drift term and derive
the solution using two methods: (1) by guessing an ansatz and using the general differential
formula in the Ayed-Kuo theory, and (2) by introducing a novel “braiding” technique that
allows us to construct the solution by an iterative process. We derive explicit solutions in each
theory independently and show that both methods yield the same solution under identical
conditions. We establish a Freidlin-Wentzell type large deviations principle for solutions of
this specific class of anticipating linear stochastic differential equations. Finally, we highlight
a few areas of research in this field.
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Chapter 1. Introduction

In 1827, while examining pollen grains suspended in water under a microscope, the British
botanist Robert Brown observed that minute particles ejected from the pollens executed a
continuous jittery motion[Bro28]. Since he observed the same kind of motion in inanimate
objects like dust particles, he concluded that the motion was not related to life. He did not
provide a theory to explain the phenomenon. However, this seemingly random motion came
to be known as Brownian motion.

Surprisingly, Brownian motion did not get a lot of attention for more than half a century.
In 1900, Louis Bachelier used Brownian motion in his PhD thesis “The theory of specula-
tion”[Bac00], where he presented a stochastic analysis of stock and option markets. The
phenomenon gained a lot of attention again in 1905 when Albert Einstein presented an in-
direct method to verify the existence of atoms and molecules in one of his papers[Ein05].
Around the same time, in 1902, Henri Lebesgue laid the foundation of measure theory and
abstract integration theory[Leb02].

W(ws)
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Figure 1.1. Some paths of a Wiener process.

However, there was no mathematical description of this phenomenon until this point. In
1923, the American mathematician Norbert Wiener showed how Brownian motions can

be constructed in a mathematical sense by putting an appropriate measure on the space of
continuous functions[Wie23], which is arguably the first really significant application of
abstract measure theory. Note that this was a decade before Andrei Nikolaevich Kolmogorov
laid the rigorous foundations of probability theory[Kol19]. Therefore, the stochastic process
corresponding to Brownian motion process is popularly known as Wiener process in mathe-
matics. Wiener also constructed an integral with respect to Wiener processes. We shall explore
this idea in section 1.4.

Wiener’s integral allowed only integration of deterministic functions. In 1944, Kiyosi 1td
published his seminal paper “Stochastic Integral”[1t644], in which he demonstrated how to



integrate adapted stochastic processes. In layperson’s terms, adapted processes are processes
that can utilize information only until the present. 1t6 calculus forms the counterpart to the
Leibniz-Newton calculus for random processes. It6 combined the ideas of the Riemann-Stielt-
jes integral (referring to the integrator) and the Lebesgue integral (referring to the integrand).
This will be the focus of much of chapter 1, starting from section 1.5.

Since its inception, It0’s theory has been used in numerous scientific pursuits. One of the
biggest achievements is the Black-Scholes-Merton model[BS73; Mer74], which is an applica-
tion of 1td’s calculus to model the dynamics of financial markets. Merton and Scholes received
the 1997 Nobel Memorial Prize in Economic Sciences. Due to his death in 1995, Black was
mentioned as a contributor but was not named as an awardee.

It6’s theory, even though quite general and useful, is not applicable to certain circumstances.
For example, one cannot integrate “anticipating” processes, or processes that can have access
to the future. Therefore, one cannot model insider trading using It6’s calculus. Similarly, if
one knows the probability distribution of a road network being repaired at a certain future
date and wants to model the logistics of delivering goods, the resulting model would fall
outside the scope of 1td’s theory.

There have been many attempts at enlarging the space of integrable stochastic processes.
Some classic approaches are (1) enlargement of filtration due to It6 himself, (2) the Skorokhod
integral and Malliavin calculus, (3) white noise distribution theory, and (4) the more recent
Ayed-Kuo integral. In this dissertation, we mainly focus on the Ayed-Kuo integral. We
look at the current state of research in this area. We also prove large deviation principles for
anticipating linear stochastic differential equations defined in the Ayed-Kuo sense.

1

Figure 1.2. Chapter dependency graph. Dotted lines represent partial dependency.

This document is organized as follows. Chapter 1 introduces elementary ideas, martingales,
stochastic integration, and stochastic differential equations. Chapter 2 discusses some mathe-
matical motivations to extend Itd’s calculus to a anticipating integrands, and a brief overview
of the various approaches that have been taken in this direction. Chapter 3 introduces the



Ayed-Kuo integral, the central theme of this dissertation. In chapter 4, we prove an extension
of It0’s isometry for Ayed-Kuo integrals. In chapter 5, we introduce near-martingales, and
prove an optional stopping theorem that we use in chapter 8. In chapter 6, we discuss how
conditionals of solutions of stochastic differential equations behave. In chapter 7, we focus
on a particular class of stochastic differential equations and contrast different techniques to
solve them. We also discuss existence and uniqueness results. In chapter 8, we derive Frei-
dlin-Wentzell type large deviation principles for the class of stochastic differential equations
discussed in chapter 7. Finally, in chapter 9, we conclude by looking at useful examples and
open problems that need to be addressed.

In general, the document is designed to be read linearly. Chapter 2 can be skipped for the
Ayed-Kuo part starting on chapter 3. However, the ideas of enlargement of filtration and
Skorokhod integral (section 2.5) of chapter 2 are required for the corresponding sections in
chapter 7. Chapters 4 to 6 are independent and can be read after chapter 3. The dependency
graph of the chapters is shown in figure 1.2. Chapter 8 uses results from chapter 7, but is
independent in essence. Chapter 9 is independent in spirit, though it refers to various results
shown in the other chapters for context. See figure 1.2 for a dependency graph.

1.1. Elementary ideas and notation

A probability space is a triple (2, 2, P) such that

1. Qisaset.
2. X is a o-algebra on Q. This means X C 2 such that
@ oez,
(b) E € X implies E* € ¥, and
(c) for every countable family of sets (En)ff’zl in %, the union | JE, € X.
3. P: X - [0,1] is a probability measure, that is
(a) P(Q)=1,and
(b) if (E,),, € Xisamutually disjoint collection of sets, then P(| | E,) =
3, P(Ey).

We usually think of a o-algebra as the available information regarding the system of concern.
A c-algebra is called complete if all subsets of zero-measure sets are also measurable. In this
document, we assume that all o-algebras are complete. The o-algebra generated by a topology
is called Borel o-algebra. Sometimes we suppress the filtration and write the probability space
as (2, P) if the o-algebra is the Borel o-algebra. Elements of X are called events. We say that an
event E occurs almost surely if P(E) = 1.

A random variable X is a measurable function from a probability space (Q2, %, P) to the reals
embedded with the Borel o-algebra. That is, for every B € B, the set {X € B} = X 1B)ex. A
random variable is called integrable if ' |X| dP < oo. The expectation of an integrable random
variable X is defined as the integral E(X) = f, XdP.

In order to model random phenomenon evolving in time, we define stochastic processes. A
stochastic process is a function X : T X Q — R such that

1. X(t,-) : Q — Risarandom variable for each t € T, and

3



2. X(-,w) : T — R is measurable for each w € Q.

Stochastic processes are essentially families of random variables indexed by ¢t € T. We think
of the parameter ¢ as representing time. We usually suppress the dependence on w € Q and
simply write X(t) or X;. The space (R, B) is called the state space and T the index set. For a
fixed w, the function X(:,w) : T — R is called a path of the process. We only consider the case
where the T = [a, b], where a,b € R and a < b. A stochastic process X is said to be integrable
if the random variable X; is integrable for each t.

We now present an axiomatic definition of a Wiener process — which shall be the focal point
of this document.

Definition 1.1.1. A stochastic process W = (W)
motion if

/>0 18 called a Wiener process or Brownian

1. Wy =0as.

2. Whas independent increments: for every 0 < t; < --- < t,, the random variables
Wi, W, = W, ..., W, — W, are independent.

3. Whas Gaussian increments: W, — W; ~ N(0, |t — s|) for any s and ¢.

4. The paths of W are almost surely continuous in t.

Theorem 1.1.2 ([KS14, theorem 2.2.5]). The paths of a Wiener process are almost surely
nowhere differentiable.

Often, we want to know the expected value of a process given restricted information. This
is achieved by using conditional expectation. Suppose F C X is a sub-c-algebra, and X is an
integrable random variable. Then the conditional expectation of X given ¥, denoted E(X | F) is
a F-measurable random variable Y such that /. YdP= [ XdPfor any E € F.

Theorem 1.1.3 (properties of conditional expectation). Let X, Y be random variables, a, b
scalars, and G C F C X o-algebras. Then under suitable integrability conditions, the following
hold almost surely.

Mean-preserving: E(E(X | F)) = E(X).

Linearity: E(aX + bY | F) = aEX | F) + bE(Y | F).

Monotonicity: If X > 0, then E(X | ) > 0.

Taking out the known: If Y is #-measurable, then E(XY | F) = YE(X | &).
Independence: If G is independent of o {o(X), F}, then E(X | o(F,9)) = E(X | F). In
particular, if X is independent of J(, then E(X | §) = E(X).

6. Tower property: E(E(X | F) | §) = E(X | 9).

For the proof of the above, see [Wil91, section 9.7].

R N

An non-decreasing indexed family of o-algebras & = (%), is called a filtration. A prob-
ability space embedded with a filtration is called a filtered probability space and is denoted
by (Q, %, F,P). A filtration is said to be right-continuous if #+ = ¥, where F+ = ﬂu>t T A
filtered probability space is said to satisfy the usual conditions if the associated filtration is
complete and right-continuous. In the information interpretation, a filtered probability space
represents the temporal evolution of knowledge about the system. We refer to the filtration
generated by the relevant Wiener process as the natural filtration.
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Definition 1.1.4. A stochastic process A is called F-adapted if A; is F;-measurable for every ¢.
If the o-algebra is obvious, we simply say adapted.

A Wiener process is trivially adapted to its natural filtration.
Now, we define stopping times.

Definition 1.1.5. A stochastic process 7 is called a stopping time if {t < t} € F for every t.
The o-algebra at a stopping time 7 is defined as

F={E€X|En{rt <t} € Fforall t}.

A process “stopped” using a stopping time has a constant value after it is stopped.

Definition 1.1.6. Suppose X is a stochastic process and 7 is a stopping time. Then the stopped
process X' is defined by

X{(w) = XT(CU)At(w)’

where we use the notation a A b = min {a, b}.

Conventions In this document, unless specified, we fix the following.

1. An underlying filtered space (Q, X, F, P) satisfying the usual conditions.

2. The interval of interest of the parameter ¢t is T = [a, b], where 0 < a < b < 0.
3. A Wiener process W = (W), -

4. The natural filtration as the reference filtration.

1.2. Martingales

Definition 1.2.1. An integrable adapted stochastic process M is called a martingale if
E(M, | #;) = M, foreverys < t.Itis called a submartingale if we replace the condition
with E(M, | &) > M, and is called a supermartingale when E(M, | &) < M.

From a modeling perspective, the best predictor of the future value of a martingale is its
present value. Therefore, martingales are used to model fair games and find numerous applica-
tion in pricing financial products.

A process that is both a submartingale and a supermartingale is necessarily a martingale.
Moreover, any result that is true for a submartingale can be suitably modified for a super-
martingale, and subsequently for a martingale. Therefore, in what follows, we only show
results for submartingales.

Let us look at some examples of martingales.

1. Suppose (Xn):f’:l is a sequence of integrable independent zero-mean random variables.
Let S, = Z?lei. Then S is a martingale.

2. Suppose (Xn)f:’=1 is a sequence of integrable, independent and identically distributed
(i.i.d.) random variables with zero mean and unit variance, and S,, = Z?zl X;. Then
S2 — n is a martingale.



w

If ¢ is integrable, then the process M; = E(§ | %) is a martingale.
4. A Wiener process W is a martingale.
Proof. Suppose s < t. We write W, = W + (W — W;). By independence of increments,
we know W, — W, is independent of %. Moreover, E(W; — W;) = 0. Using theorem 1.1.3,
0
we get E(W, | %) = E(W; | %) + E(W, — W, | &) = W; + EQ—W,) = W, O
5. The processes W,? — t and W, — 3tW; are martingales.
6. exp (Wt2 — %t) is a martingale.

Since the expected value of a submartingale increases, it is natural to ask if we can decom-
pose it into a martingale and an increasing process. The following theorem answers this
question.

Theorem 1.2.2 (Doob-Meyer decomposition). Suppose X is a integrable adapted process. Then
there is a unique decomposition

X =M, +A; forallt,

where M is a martingale and A is a adapted integrable process.

Theorem 1.2.3 (Doob-Meyer decomposition for submartingales). Suppose X is a submartin-
gale. Then there is a unique decomposition

Xt = Mt +At fOl" Clll t,

where M is a martingale and A is a adapted integrable increasing process starting at 0.

The power of martingales come from martingale transforms. We think of this as follows.
Imagine a discrete-time game of chance, where the difference X,, — X,,_, is our winning per
unit stake at time n > 1. At time 0, we place a random stake A, using our prior intuition.
Our winning at time 1 is then Ay(X; — X,). At time 1, we update our prior to the present and
place stake A; to get a winning of A;(X, — X;) at time 2. Therefore, the net gain until time 2
is lez Au_1(X,, — X,,_1). In general, at time n, our portfolio value would be Z?zlAn_l(Xn -
Xy_1). This is the motivation behind the following definition.

Definition 1.2.4. Let (An)f:’:o be an adapted process and (Xn);':’:o a submartingale. Then the

processes (Yn);’:O, where Y, = 0 and

n
V,=(AX), = ZAn—l(Xn — Xn-1)
i=1

is called the martingale transform of X by A.

Note that we required A to be adapted so that the bets are fair in the sense that one does not
know the result of the lottery at any future time. Since we have no information of the future, if
the underlying game is fair (martingale), no matter how we bet, we should neither win nor
lose in expectation. This is what we now show.

Proposition 1.2.5. 1. If X is a submartingale and A is a bounded non-negative adapted
process, then (A « X) is a submartingale.

6



2. If Xis a martingale and A is a bounded adapted process, then (A « X) is a martingale.
3. If X and A are both square integrable, then we do not require the boundedness condition
in items 1 and 2.

Proof. We only prove item 1 because the others follow the same process. Let X be a submartin-
galeand Y = (A « X). Suppose n is an arbitrary time. Note that Y, — Y,,_; = A,,_1(X,, — X,,—1),
which is integrable since A is bounded. Using the adaptedness of A, we get

E(Y, — Yoot | Fno1) = E(Apo 1 (X — Xn—1) | Fnm1) = Apt B — Xm | Fq) 20,
where the last inequality holds since A is non-negative. O]

Given a martingale, one can expect that the martingale property is preserved when sampling
on stopping times. This always holds [for the discrete case, see Wil91, page 99]. However, it
is not always true that the expected value of the stopped process is the same as the expected
value at the initial time. For example, let X be a simple random walk on the natural numbers
(including 0) starting at 0 and let 7 = inf{X,, = 1}. Then X is a martingale and it is well-
known that P(T < o) = 1. However, even though E(X;,,) = E(X,) for every n, we have

1 = E(X;) # E(Xy) = 0. Doob’s optional stopping theorem states that this is true under
reasonable conditions.

Theorem 1.2.6 ([KS14, theorem 3.3.1]). Let M be a uniformly integrable submartingale with
right-continuous sample paths. Suppose o and t are two bounded stopping times with o < .
Then M, and M are integrable, and E(X; | ) > X, almost surely.

1.3. Naively approaching stochastic integration
Our goal in this section is to define integrals with respect to Wiener processes. That is, we

want to define fab f(t)dW,. Can we do so in the usual Riemann-Stieltjes sense?

AsetIT, = {ty, t;, ... , t,,}, is called a partition of [a,b]ifa =t, < t; < --- < t, = b. We define
the norm of a partition as ||[IT,|| = sup{t; — t;_; | i € [n]}. In this document, we always assume
|I1,,| — 0asn — oo.

We first introduce the idea of variations of a real-valued function f.
Definition 1.3.1. The linear variation of a function f : [a,b] — R is the quantity
n
I5(f) = sup 3 1f(x) = fxizn)l,
Iy i=0
where the supremum is taken over all partitions of [a, b].
Similarly, the quadratic variation of a function f : [a,b] — R is the quantity

QR(f) =sup D) 1f(x) — fCxi)I.

IIy =0



It can easily be checked that the quadratic variation of a Wiener process is given by
QX(W)=b—a, (1.3.2)

which we symbolically denote by (A Wi)2 ~ At;.

Now, suppose |IT,|| = 0 as n — oco. Then the Riemann-Stieltjes integral for f with respect to
g is defined as

b n
| F®aso = jim 3 1) ste) - s,
a i=1

where t] € [t;_;,t;] fori € [n] = {1,2, ..., n}. It can be shown that continuous functions are
Riemann-Stieltjes integrable with respect to any function of finite linear variation.

Can we use this idea to define [} b f(t)dW} for a continuous function f? Since the linear
variation of a Wiener process over any interval is infinite, we cannot define path-wise a

stochastic integral of the form [} b f(t) dW(w). In other words, naive integration with respect
to a Wiener process is not possible.

1.4. Wiener’s integral

As we remarked in equation (1.3.2), Wiener processes have finite quadratic variations. Can we
exploit this fact to define an integral with respect to Wiener processes?

Wiener[Wie23] did exactly this for square-integrable deterministic functions f € I*[a, b].
His approach was to first define the integral on step functions. In particular, for f(t) =
Z?zl a;l[,_.tp)(0), define the Wiener integral as

Iydf) = ), a; AW,

i=1

where AW, = W, — W,,_,. In order to extend this idea to I*[a, b], we note that step functions
are dense in the space of square integrable functions. Therefore, for any f € I*[a, b], we can
find a sequence of functions ( f (”)):ozl such that f® — finI?[a,b]asn — . Itcan be
shown that (I (04 (”))):;1 is a Cauchy sequence in I*(Q). Since I*(Q) is a Hilbert space, the

sequence (I(f ("))):’_1 converges in I?(Q). We call this limit as the Wiener integral of f, and
write -

b b
In(f) = f f@aw; = lim f £ dwy.

The Wiener integral is linear and retains the Gaussian nature of Wiener processes. In particu-
lar,

Iy(f) ~ N, [If1D

where || f ||2 =/, b f(t)*dt is the canonical norm on I*[a, b]. Moreover, the process X defined
by X; = fat f(s)dW; is a continuous martingale.



1.5. Itd’s integral

It6 generalized Wiener’s integral to allow integrands to be adapted stochastic processes, thus
expanding the class of integrable functions significantly [1t644]. 1td’s original motivation was
to construct diffusion processes associated with infinitesimal operators directly in a proba-
bilistic manner. However, we take a martingale viewpoint in this dissertation. To understand
a motivation of his definition, we first try to compute the integral of a Wiener process with
respect to itself. Writing as limits of Riemann sums,

t n
fo W;dm=r}ggo;m;wi,

=1
where t] € [t;_1, t;].

Now, define the following Riemann sums by taking the evaluation points as the left and right
endpoints, respectively, of each subinterval:

L, = AW,

n n
i

W, , AW, R,=)W,

i=1 i=1

Then we can easily see that

R, + L, =W? and
n

Rp—Lp = Z (‘/Vti—l - VVti)z‘
i=1

Using the quadratic variation of Wiener processes and taking limitn — oo in I*(Q), we
get

n
b= (0~ S0 and
i=1

1 - 1
Ro= 3 (2 20w - S .
i=1

Therefore, we see that different choices for ¢;" give us different values of the integral. In
table 1.1, we show the results of taking three representatives — the left, right, and mid-
points.

Clearly, there is no single optimal choice. Therefore, one must choose according to one’s
convenience. There are two noticeable advantages of choosing the left-endpoint. First, if
one thinks of the interval as time, then taking the left-endpoint signifies that the integrand
does not “know” of the future behavior of the integrator. Therefore, it is expected that the
left-endpoint approximation will give us a martingale, which it does. Therefore, 1t6’s integral
can be thought of as a continuous martingale transform. Keeping this in mind, we give the
formal definition of Itd’s integral.



Table 1.1. Choice of endpoints for fot W, dW,

£ fOtWSdW; Intuitive? E Martingale? Theory

left =(W?-t) x 0 7 1to
mid t (W) v t X Stratonovich
right % (W? +1t) X t X

Just like Wiener’s definition of the integral, It6 defines the stochastic integral in steps. First,
consider step processes of the form X;(w) = Zin:l Eim1()Mp,_ 1), where &y is F;,_ -
measurable for each i. The It6 integral for f is given by

IX) = & AW
i=1

Let I2,([a, b] X Q) denote the space of square-integrable adapted stochastic processes, that

is
d([ab X 0) = { ‘f |Xt dt<oo}

Note that IZ,([a, b] x Q) is a Hilbert space with the inner product (X,Y) = f E(X;Y;)dt.
Similarly, define

b
Llad([a,b]xQ)={X‘f [E|Xt|dt<oo}.

Again, L} 4([a, b] x Q) is a Banach space with the norm || X|| = fb E|X;|dt.

It can be shown that the set of step processes is dense in the set I2,([a, b] X Q). Therefore, for
every X € L% ([a, b] x Q), there is a sequence of step processes (X (”)) such that X("™ — X

in I24([a, b] X Q) as n — oo. It can be shown that (I(X (”))) isa Cauchy sequence in I*(Q).

From the completeness of I2(Q2), we are assured the convergence of (I 0¢ ("))):;1 in I?(Q). We
call this limit as the It6 integral of X, and write

b
I(X)=f X, dW, = lim (")dW
n—oo
a a

The salient idea that made this process work is the isometry between L%,([a, b] X Q) and
().

Theorem 1.5.1 (1t0’s isometry). Forevery X € I2,([a, b] X Q), we have [E(f X; dW) =0, and

[E[(fabxtdwt>2] = fab E(X?)dt.
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The It6 integral is linear. Moreover, the process Y defined by Y; = fat X, dW; is a continuous
martingale.

An It6 process is an adapted stochastic process that can be expressed as the sum of an integral
with respect to time (called the drift) and an It6 integral (called the diffusion). That is, a
process X is an It0 process if and only if there exists an %,-measurable random variable X, and
stochastic processes m € L} ([a,b] X Q) and o € I24([a, b] X Q) such that

t t
Xt=X0+f msds+f o, dW.
a a

It is customary to write this in the symbolic differential form

dXt = mt dt + Ut dw

It6’s lemma, also known as It6’s formula, gives a method to obtain It processes from existing
Itd processes.

Theorem 1.5.2 (It6’s formula). Suppose X be an It6 process. Let f(t,x) : [a,b] X R = R be C!
in the t-coordinate and C? in the x-coordinate with partial derivatives f;, f,, and f,,. Then

Y = f(t. X))
is also an Ito process, and in the symbolic differential form, we have
1
dY; = fid + fdX; + 5 fex (X))’
where (dXt)2 = dX; - dX; is calculated using the rules

dW, - dW, = dt, and dt - dt = dt - dW, = dW; - dt = 0.

Example 1.5.3. Towards the beginning of this section, we saw a special case of the It6 integral

t
| maw =3 - W - - a).

Here we show another method of deriving this using theorem 1.5.2.

Recall that ordinary calculus gives at xdx = x? — a®. Therefore, we expect the It6 integral to

give a similar term. So we guess f(x) = x?, which means f’(x) = 2x and f”(x) = 2. Using
theorem 1.5.2 on f(W)), we get

d(W?) = 2w, dw, + % C2(dW)?
= 2W, dW + dt.

Rearranging and writing the integral form, we get

! 1
/a WdW, = 5 (W2 = W2) = (¢ - ),

which is exactly what we expected.

11



1.6. Stochastic differential equations

Ordinary differential equations are ubiquitous in mathematical modeling of physical phe-
nomena. For example, suppose we want to model the value S of a fixed-return asset (such as a
bond) whose growth rate is proportional to its value at any time ¢. We can write this as

ds
d_tt = DSt

If we try to do the same thing for a variable-return asset (such as a stock), we have to incorpo-
rate randomness into the equation. We can do this by adding a noise term W, in the coefficient.
That is, we can write

pe =m+ W

We only know the probabilistic behavior of the noise term, not its exact behavior.
In general, we would like to solve equations of the form

X, .
dd—; = m(t, X;) + o(t, X,)W,. (1.6.1)

Based on our experience of physical phenomenon, we expect W to have the following proper-
ties:

1. W;, and W, are independent if t; # t,.

2. Wis stationary, that is the joint distribution of {W, ., ..., W, 4} does not depend on ¢
forany k € N.

3. E(W)=o0forallt.

However, it is well-known that there does not exist a stochastic process satisfying the above
properties in the usual sense. It is possible to represent W as a generalized stochastic process
called a white noise process. This means that it can be constructed as a probability measure on
the larger space 8’ of tempered distributions on [0, c0). Compare this to the usual stochastic
processes for which the probability measure is on the smaller space R[9-%) This construction
is mathematically involved and we refer the reader to [Kuo96] for more details.

So we are left with the question of whether we can still give a meaning to equation (1.6.1)
in our usual framework. Now, the properties of W are similar to what we would expect

the derivative of a Wiener process to be. But we know from theorem 1.1.2 that the paths of
Wiener processes are almost surely nowhere differentiable. Nevertheless, this gives us an idea
of how to move forward.

Note that if we “multiply” both sides of the equation (1.6.1) by dt, we get
dX; = m(t,X,) dt + o(t, X,) (W dt).

Now, if we replace Wg dt with dW,, where W is the usual Wiener process, we get the stochastic
differential equation (SDE)

dXt = m(t,Xt) dt + o’(t,Xt)dW (1.6.2)

12



Note that d W itself is meaningless since the paths of Wiener processes are almost surely
nowhere differentiable. However, if we write the integral version of this, we can interpret the
last term as the usual It0’s integral. Therefore, we have the stochastic integral equation

t t
X =Xy + / m(s, Xs)ds + f o(s, X;) dW, (1.6.3)
a a

which is meaningful. Since equation (1.6.2) is easier to read than equation (1.6.3), we define
equation (1.6.2) to be a symbolic representation of equation (1.6.3). Whenever we write a
stochastic differential equation, we shall keep in mind that we are referring to the associated
stochastic integral equation.

A stochastic differential equation is called linear if in equation (1.6.2), we have m(t, X;) =
¥ X; + p; and o(t, X;) = a;X; + B3; for some adapted processes y, p, @, 3. In this document, we
shall only look at linear SDEs (LSDEs).

Let us now look at a two classic examples of linear stochastic differential equations and their
solutions.

Example 1.6.4. Given ¢t € [0, 00), consider the equation % = —0X, + oW, where 6,5 > 0.

This is known as the Langevin equation in physics. Since W does not exist, this equation is
strictly symbolic. However, it can be made meaningful by writing

{dXt - —QXt dt + GdW,

XOZXOE[R.

To solve this, we use 1t6’s formula along with integration by parts. The integrating factor is

t
/o995 = 8t Therefore, let f(t,x) = e x. Then the derivatives are f,(t, x) = 8e'x = 6f(t, x),
fio(t,x) = €%, and f,.(t, x) = 0. By It&’s formula

d(eetXt) = eeetXt dt + eet dXt

= 0ePLxdt + % (=BXdf + o dW))
= ePodw,.

Using this, the stochastic differential equation now becomes
d(e¥X,) = % o dW,.
Converting into the integral form, we get
t
X, — x = / eSSodw;,
0
which gives us

t
X, = e %x, + O'f e=0=9) qw;.
0

13



The solution is known as the Ornstein—Uhlenbeck process. A minor variation of this is known
as the Vasicek model in mathematical finance and is used to model the evolution of interest
rates.

Example 1.6.5. Given ¢t € [a, b], consider the stochastic differential equation

dX; = m(t)X, dt + o(t)X, dW;
X, =1,

where m and o are deterministic functions.

To solve this, we let 6(x) = log(x), so 8'(x) = - and 0”(x) = ——. Using It6’s formula, we get
11 2
d(logX;) = — dXt 2X2 (dX,)”.

Now, (dXt)2 = o(t)>X? dt since (d Wt)2 = dt, the rest of the terms being zero. Therefore,

o*(t)zX\dt

d(logX,) = — (m()X; dt + o()X,dW,) —

?

_ <m(t) - Ea(t)2> dt + o(t) dW;.

X&

Integrating from a to t, we get

t 1 t
log X, — log X, = f (m(t)—za(t)z)dt+ f o(t) dW,.

Since log X, = log1 = 0, we get

X; = exp (ft (m(t) — %a(t)z) dt + ft a(t) th).

Example 1.6.5 is an example of an important class of processes called exponential pro-
cesses.

Definition 1.6.6. The exponential process associated with adapted stochastic processes m and

o is defined as , ,
£9M _ exp (f o, dW, + f (ms — %osz) dS).
a a

If m = 0, then we write
t 1t
£ = exp(f o, dW, — 5/ oszds).
a a

14



Remark 1.6.7. The exponential process £ is an It6 process satisfying the stochastic differ-
ential equation

Fd““:gd“mmw+m£?mda

em <.

Similarly, the exponential process £(°) is an Itd process satisfying the stochastic differential
equation

d&l? = 6,69 aw,
(G)_l
a — 1.

The proof of the result follows from a direct application of 1td’s formula.

The following theorem states the existence and uniqueness of the solution for stochastic
differential equations.

Theorem 1.6.8 ([Kuo06, section 10.3]). Let m(t, x) and o(t, x) be real-valued measurable
functions on [a, b] X R such that there is a M > 0 for which the following conditions are satisfied:

1. (linear growth in x) |m(t, x)| + |o(t,x)| < M + |x|),
2. (Lipschitz condition in x) |m(t, x) — m(t,y)| + |o(t,x) — o(t,y)| < M|x — y|.

Suppose also that the initial condition is a square-integrable F,-measurable random variable.
Then the stochastic differential equation (1.6.2) has a unique continuous solution.

Girsanov’s theorem Girsanov’s theorem tells us that if a Wiener process is translated in
certain directions (in the functional space), the resultant process is also a Wiener process with
respect to an equivalent probability measure.

Theorem 1.6.9 ([Gir60]). Let X € I2,[0, T] for some T € [0, co) such that [E[p,(é‘gx)) =1 forall
t € [0, T]. Then the stochastic process W given by

T
W:W—fXﬂ&teMﬂ,
0

is a Wiener process with respect to the probability measure Q defined by the Radon—-Nikodym
derivative % = S(TX).

15



Chapter 2. Towards a General Theory of Stochastic Integration

2.1. Motivation
It6’s calculus, even though being very useful, cannot handle anticipating integrands. We
motivate this issue with a few examples.
Example 2.1.1. Fort € [0, 1], consider
dz(t) = Z(t)dw;
Z(0)=W.

This is a stochastic differential equation with anticipating initial condition. If we try to apply
the Picard iteration method to obtain a solution of this stochastic integral equation, we quickly
run into the issue of having to assign a meaning to the expression fot W, dW,, which has no
meaning within Itd’s theory.

Example 2.1.2. Instead of the initial condition being anticipating, we can also consider the
diffusion coefficient to be anticipating.

dZ(t) = WZ(t)dW,
Z(0)=1.
We run into the exact same issue in this case.

We face the same problem when trying to define iterated It integrals. For example, note

that
1 1 1
ffld%dwu=f W dw,,
0 0 0

which is outside the realm of 1t6’s theory. What is the way forward?
2.2. Multiple Wiener-Ito6 integrals

A naive approach would be to treat W as a constant. Then we can pull it out of the integral
and we would obtain

t t t
Xté/fldwtdwﬁwtf AW, = W - W; = W;>.
0 0 0

In fact, Itd6 himself posed a similar question in 1976 at the International Symposium
on Stochastic Differential Equations in Kyoto. However, there is a drawback of this
approach.

Recall that we emphasized a key aspect of 1t0’s integrals — their martingale nature. So we
naturally ask, is the process associated with such an iterated integral a martingale? We know
that the process W,? is not a martingale. On the other hand, W;2 — ¢ is a martingale. Can
we modify the definition of the integral so that we get this martingale as the result? For
deterministic integrands, the answer is yes. We detail this below.

16



Under I?(Q)-limits, we expect that

n n
X, = lim > > 1AW AW,
=i j=1
Let S, = Z?zl Z?:l 1 AW, AW,. Then breaking up S, into off-diagonal and diagonal parts, we
get
n i-1 n n n
Sn= D D IAWAW 4+ > 1AWAW + Y. 1(AW)’.

i=1j=1 i=1 j=i+1 i=1
Since 1 is symmetric about u and v (and therefore with respect to i and j), we simplify this
to

n i-1 n n n
Sp=2D D AWAW + Y (AW’ =22 W, AW+ Y (AW)’.
i=1j=1 i=1 i=1 i=1

Taking I?-limits, and recalling that (dW,)* — dt, we get

t t
Xt=2/ Wuqu+f du=(W?2-1t)+t,
0 0

where the first integral is within It6’s theory (see example 1.5.3).
There are some key takeaways from the above computation.

1. We explicitly used the symmetry of the integrand to convert the inside integral into an
adapted process.

2. The symmetrization introduced a multiplicative factor of 2!.

3. The off-diagonal terms gave rise to an It6 integral, which is a martingale and is exactly
what we want the result of our iterated integral to be.

4. The diagonal terms gave rise to a function that kills the martingale nature of the It6
integral. This is due to the quadratic variation of Wiener processes.

This motivated It0 to define multiple integrals by first symmetrizing the function and then re-
moving the diagonal terms[1t651]. We define multiple Wiener-It6 integrals in two steps.

1. An off-diagonal step function is a function of the form

f = Z ail""’inﬂ[til—l’til)x"'X[tin—l’tin)’

1<iy, .. ,in<k
wherea =ty < -+ <t = band
a;

oo =0 if ip =g for some p # q.

For an off-diagonal step function f as above, define

L(N= D, @y i, AW, AW,

1<iq,...,in<k
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2. For any f € I*([a, b]"), there exists a sequence of off-diagonal step functions ( fk);il
such that f, — fin I? ([a, b]") (see [Kuo06, lemma 9.6.4]). Then we define the multi-
ple Wiener-Ito integral of f as the I?(Q)-limit

I,(f) = kh_)r& L(fio)-

For f € I?([a, b]"), define the symmetrization f of f by
~ 1
ft,... t,) = = Zf(ta(l)’ cees ta(n))’
g

where the summation is over all permutations o of the set [n] = {1,2,...,n}. Let Lzsym ([a, b]™)
be the Hilbert space of all square integrable functions. Then we have the following re-
sults.

Theorem 2.2.1 ([Kuo06, theorem 9.6.6]). If f € I? ([a, b]"), then

1. In(f) =1, (f)’
2. E(I(f)) = 0, and

3. E(I,(f)?) = n! Hf”z

Therefore, we can expect to recover the integral from the symmetrization. This is the content
of the following theorem.

Theorem 2.2.2 ([Kuo06, theorem 9.6.7]). We can define the multiple Wiener-Ito integral of
f eI?(a,b]") forn>2as

b th-2 th-1
L =nt [ [ ( | f(tl,...,tn>thn)d%_1---d%-
a a a

2.3. Homogeneous chaos

Recall that scaled Hermite polynomials form an orthonormal basis for the space I*(R, y),
where y is the Gaussian measure with mean 0 and variance t. Therefore, for any function
f € I*(R,y), we have
(o]
H,(x;t)
f (x) = Z an < ’

where the coefficients a,, are given by

1

nltn

a, =

f FOOH, (x; )y(dx).

Let ¥ = o (W | t € [a, b]). Denote the Hilbert space of P-square integrable functionals
that are #%-measurable — called square-integrable Wiener functionals — by I3,(Q). Can we
obtain an orthogonal decomposition for the space I%,(Q) similar to that of I*(R,)? Wiener

18



came across this question when he wanted to develop the theory of Fourier analysis on
Wiener functionals. In his work[Wie38], Wiener showed that there exists an orthogonal
decomposition of the space I3,(Q). These orthogonal subspaces are called homogeneous
chaoses and denoted by K, with K, = R. That is,

Q) = Pk,
n=0

Therefore, any ¢ € 13,(Q) can be uniquely expressed as

¢ = Z Pns
n=0
where ¢,, € K,,, and
I81* = > lIgnl®.
n=0

Homogeneous chaoses or different orders are orthogonal. In particular, any homogeneous
chaos of order n > 1 has expectation zero. Note that K is exactly the set of Wiener integrals
(which are also martingales). Homogeneous chaoses can be thought of as extensions of the
idea of martingales generated from Wiener integrals.

Wiener did not give a probabilistic interpretation of the homogeneous chaoses. 1t ques-
tioned whether such an interpretation is possible. This motivated him to define the multiple
Wiener-1t6 integrals I,,(f) that we detailed in section 2.2. In fact, he showed the following
relation between Hermite polynomials of Wiener integrals and multiple Wiener-It6 inte-
grals.

Theorem 2.3.1 ([Kuo06, theorem 9.6.9]). Forany f € I?[a, b], define the tensor product
fen(ty,...,t,) = f(t;) -+ f(t,). Then

I, (f®") = H, (1), IIf17) -

The last theorem, along with the orthogonality of (I,,(f ));":O, gives us the result that K,, is
exactly the set of multiple Wiener-Itd integrals of order n.

Theorem 2.3.2 ([Kuo06, theorem 9.7.1]). If f € I? ([a, b]"), then I,(f) € K,,. Conversely, any
¢ € K,, has a unique representation ¢ = I,(f), where f € I3, ([a,b]").

This implies that K, = {I,(f) | f € L%, ([a, b]™)}.
All of the above culminates in the decomposition theorem for I2,(Q).

Theorem 2.3.3 (Wiener-It6 [Kuo06, theorem 9.7.3]). The space I3;(Q) can be decomposed
into the orthogonal direct sum

%(Q) = Pk,
n=0
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where K,, is the set of multiple Wiener-It6 integrals of order n. Therefore, any function in ¢ €
13,(Q) can be represented by

¢ = Z In(fn)’ Jn € Lzsym ([a,b]™),
n=0

along with the equality

(0]

Igl> = > ntlifl?.

n=0

The Wiener-1t6 decomposition theorem provides a deep connection between infinite-
dimensional analysis and stochastic analysis. However, we still have not been able to define
multiple integrals for stochastic processes. There is also the question of how to define the
derivative of a random variable with respect to w. This gave rise to some theories, which we
look at briefly in the following sections.

2.4. 1t6’s idea of enlargement of filtration

At the 1976 Kyoto International Symposium, It6[1t678] proposed enlarging the filtration to
include W, that is,

F=oc(W, W |selor])

However, W is not a Wiener process with respect to . Therefore, he decomposed the Wiener
process as W = M + A, where

t
W —-W,
M,=W,— | —4—*du, and
o l1—u
t
W-w
A, =
! 1—u d

0

Here M is a quasimartingale. Using this method, W, becomes #-measurable, and for any
t € [0,1], we have

t
f W AW, = W,
0

t t t
fMdWS=fW1dMu+fW1dAu
0 0 0

= WM(M; — My) + Wi(A; — Ayp)
=W - W)
= MW,

However, note that by the quadratic variation of Wiener process and the independence of
increments, we have

EWW,) = E(W — W)W, + W) =0+t # 0.

Therefore, the integral is not a martingale, which is undesirable.
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2.5. Malliavin calculus and Hitsuda-Skorokhod integral

The original motivation of Malliavin calculus was to study Wiener functionals. In particular,
its goals were to study the solutions of stochastic differential equations driven by Brownian
noise. The presentation follows [Nua06, sections 1.2-1.3].

Let G, denote the space of continuous functions f : [0,1] = R such that f(0) = 0. Recall that
(6‘0, ||-||oo) is a Banach space, where |[|-|| _ is the supremum norm. Define

H'={f € Cy | f existsand f' € I*[0,1]}.

Clearly, 7! C C,. Embedded with the inner product given by

1
&)y = f PO g,
0

J(! is a Hilbert space, and is known as the Cameron-Martin space. J{! is densely embedded in
C, with the canonical injection i : ! — @,.

We consider Q = €y and X to be the Borel c-algebra generated by the topology induced by
the norm. This o-algebra coincides with the c-algebra generated by the cylinder sets. The
measurable space (0, Y) is induced with the Wiener measure defined on the cylinder sets

by

n
y{theEl,...,theEn}=f H(

E1x---xXEy i=1

2
_(Aui) l) dul dun,

1
exp
\/272'Ati 2Atl

where Au; = u; — u;_q, At; = t; — tj_;, to = 0 and uy = 0. The measure space (Cy, y) is called
the Wiener space because we can regard each path t » W,(w) of the Wiener process W as an
element w € C,. That is, we can identify W(w) with the value w(t) at time t and w € C, as
Wi(w) = (o).

2.5.1. The derivative operator

For h € 1%[0,1], let I (h) = fo1 h(t) dt denote the Wiener integral. Therefore, W, = Iy (1} 4])
for any ¢. Let Cg°(R") be the set of all infinitely continuously differentiable functions f :
R" — R such that f and all of its partial derivatives have polynomial growth. Let 8§ denote the
class of smooth random variables such that a random variable F € S has the form

F = f(IW(hl)’ ’IW(hn)) ’

where f € CI‘;"(IR"), and hy, ..., h,, € I?[0,1] for any natural number n.

The stochastic derivative of a smooth random variable F € § is given by

n af
) 5xl-
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For example, DIy, (h) = h, D(IW(h))2 = 2Iy(h) h,and DW,, = DIyl 1) = T[o,,]- Note that
DF € I*([0,1] X Q) ~ I*(Q;I?[0,1]). So Dis an unbounded linear operator from § C I*(Q)
into I? (Q; I*[0,1]).

We can interpret the stochastic derivative as the directional derivative in a direction fj h(t) d¢
of the Cameron—Martin space, since for any h € I2[0, 1], we get

(DF, h) = (IW(H (0,11 -+ > Iw(T[o,z,])) <ﬂ[0,ti]’ h)

a
g_f(IW(HOfﬂ) Tw(ljo,,1)) f h(s)ds

3 oee o)

where all inner products are in I2[0, 1].

Il
D-|Q ||M:||M:

b

€=0

For example, if F = W, then

. t
F(a) + e/ h(s) ds) =w(t)) + ef h(s)ds,
0 0

giving (DF, h) = [ h(s)ds = fol T[o,¢,11(s) ds, s0 DF = 1[q ]

Now we state the integration-by-parts formula.

Lemma 2.5.1 ([Nua06, lemma 1.2.1]). Suppose F is a smooth functional and h € I?[0,1]. Then
E(DF, h)) = E(FIy(h)).

Applying the previous result to a product FG, we get the following consequence.

Lemma 2.5.2 ([Nua06, lemma 1.2.2]). Suppose F and G are smooth functionals and h €
I%[0,1]. Then
E(G(DF, h)) = E(—F(DG, h)) + E(FGIy/(h)).

As a consequence of the last lemma, Dis closable as an operator from IP(Q) to IP (.(2; I2]0, 1])
for any p > 1. Denote the domain of Din IP(Q) by D!"?, which represents the closure of 8
with respect to the norm

1
IFl,, = [E(IFP) + E(IDFI3) |
For p = 2, the space D! is a Hilbert space with the inner product
(F,G),, = E(FG) + E((DF,DG),).
Note that D2 is dense in I?(Q).

This abstract formulation, though general, is difficult to use in computations. However, if we
have a homogeneous chaos decomposition of F, we can compute the stochastic derivative
explicitly. This is the content of the following theorem.
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Theorem 2.5.3 ([Nua06, proposition 1.2.1]). Suppose F is an square integrable random
variable admitting a homogeneous chaos decomposition of the form

F= Z L(fu), fn € Lzsym ([a,b]").

n=0

Then F € D2 if and only if
(o)
2 nntlfl < co.
n=1
In that case, we have .
D.F = ) nly_1(fu(- 1),
n=1
and

&%)
2 2
IDFI; = D) nat|fll* < co.
n=1

2.5.2. The Hitsuda-Skorokhod integral

The Hitsuda-Skorokhod stochastic integral or divergence operator & is defined as the I*(Q)-
adjoint of the stochastic derivative operator D.

Definition 2.5.4 ([Nua06, definition 1.3.1]). Let & denote the adjoint of D. That means & is an
unbounded operator on I ([0, 1] x Q) with values in I*(Q) such that the following hold:

1. The domain of &, denoted by dom(J), is the set of processes u € I*([0,1] X Q) such
that

E(DF,w) < C, |IF],

for all F € D2, where C,, is some constant depending on u.
2. If u € dom(J), then &(u) is the element of I>(Q) characterized by

E(Fé(u)) = E(DF, u))
for any F € D2,

We look at the action of the Hitsuda-Skorokhod integral on homogeneous chaos expansions.
First we state a lemma.

Lemma 2.5.5 ([Nua06, lemma 1.3.1]). Letu € I?([0,1] X Q). There exists a family of deter-
ministic, measurable, and square integrable kernels f,(t;, ..., t,, t) with n € Ny, such that every
fn is symmetric in the first n variables, and

u(t) = Z In(fn("t)),
n=0

where the convergence is in I? ([0, 1] X Q). Moreover,

(o]

2 2
”u” = Z n! ||fn||L2[0,1]n+l .

n=0
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In this case, u € dom(d) if an only if the series
6(u) = Z nly41(fn)
n=0

converges in I*(Q).

Recall that the stochastic derivative was first defined on the class of smooth random variables
because it gave us simple expressions. Similarly, the Hitsuda-Skorokhod integral has a simple
expression for smooth elementary processes. A smooth elementary processes is a process of the
form

u(t) = 3 E (o),
i=1

where F € Sand h; € I?[0,1]foralli € [n]. By the integration-by-parts formula in
lemma 2.5.2 above, we see that u is Skorokhod integrable, and

8(u) = Y E Iy (hy(t)) — Y (D(E) hy(t) dt.
i=1 i=1

The reason the adjoint of the derivative is called an “integral” is because it reduces to It0’s
integral for u € I2,([0,1] X Q).

Theorem 2.5.6 ([Nua06, proposition 1.3.4]). The space I2, ([0, 1] X Q) is contained in dom(§),
and forany u € L%d ([0,1] x Q), we have

1
5(u)=f u; dW,,
0

where the right hand integral is in the sense of Ito.

We shall see applications of these ideas in section 7.3.
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Chapter 3. The Ayed-Kuo Integral

3.1. The definition of the integral

We first define processes that can be thought of as purely anticipating in nature.

Definition 3.1.1. A stochastic process Y is called instantly-independent with respect to the
filtration F if the random variable Y’ and the c-algebra # are independent for each t.

Remark 3.1.2. To denote time for adapted processes, we use subscripts, for example X;. For
instantly-independent processes, we use superscripts, like Y. For deterministic functions or
general processes, we use parenthesis, for example Z(t).

The Ayed-Kuo integral of a stochastic process Z(¢t) introduced in [AKO08] is defined in the
following two steps. In the entire process, we assume (I7, n)f;’:l is a sequence of partitions of
[a, b] such that | IT,|| — 0 as n — co. We also assume that the reader is familiar with modes of
convergence of random variables.

Step1 Suppose X is an F-adapted continuous stochastic process and Y be an continuous
stochastic processes that is instantly-independent with respect to . Then the stochastic
integral of the product XY is defined by the limit in probability

b n
t _ t
fa X yidwp = i ZX%—lYJAWj’

j=1
provided that the limit exists in probability.

For a process of the form Z(t) = Z:L Xt(i)Y(ti), the stochastic integral is defined by

b m b
f zZ®dw, =Y | Xt dw. (3.1.3)
a i=1

a

Example 3.1.4 ([AKO08, equation 1.6]). We first decompose the integrand into adapted and
instantly-independent parts as W, = W, + (W}, — W}). Using the definition of the integral under
[*-limits, we get

Parts of section 3.4 previously appeared in the following open-access journal articles:

1. Hui-Hsiung Kuo, Sudip Sinha, and Jiayu Zhai. “Stochastic Differential Equations with Anticipating Ini-
tial Conditions”. In: Communications on Stochastic Analysis 12.4 (2018). DOI: 10.31390/cosa.12.4.06

2. Hui-Hsiung Kuo, Pujan Shrestha, and Sudip Sinha. “Anticipating Linear Stochastic Differential Equa-
tions with Adapted Coefficients”. In: Journal of Stochastic Analysis 2.2 (2021). DOI: 10.31390/josa.2.
2.05
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b b
f%de=f (Wi + (W — W] dW,
a a

n
= lim > [W,_, + (W, — W,)]| AW
i=1

n— oo =

n
= lim Y (W, — AW) AW
n—»ool.zl

n—>oo

n n
=W, - lim Y AW, — lim > (AW}
i=1 i1

Example 3.1.5 ([AKO08, equation 1.6]). Following the exact same procedure as in exam-
ple 3.1.4, we get

t
f Wi AW, = Wy(Wi — W) — (t — ).
a

We give another way of computing this integral later in example 5.1.1.

Step 2 Let Z be a stochastic process such that there is a sequence (Zn(t));'f=1 of stochastic
processes each of the form in equation (3.1.3) satisfying

1. fab |Z,(t) — Z(t)l2 dt - 0 as n - oo almost surely, and
2. fab Z,(t) dW; converges in probability as n — .

Then the stochastic integral of Z is defined by
b b
f Z(t)dW; = lim f Z,(t)dW, inP
n—->oo
a a

In this document, we assume the stronger condition of convergence in I?(Q) instead of
convergence in probability, since the former implies the latter and is easier to work with.

Let us look at a few more examples of Ayed-Kuo integrals.
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Example 3.1.6 ([HKS19, example 2.1]). Using I*-limits,
t n
f Wo(W, — W) dW; = lim Z Wi, (W — W) AW,
a
r}ggo Z W, (W, — AW, =W, ) AW,

=W, lim ZWt _, AW — lim Zm L (AW)? — lim ZW;Z AW,

n—>oo

_be W, dw, — hmZWt (A - jWZdW

—be W, dW, — des—f W2 dW,.

From It6’s theory, we know
: 1
[ a3 (% - W) - - @), and
: 1 t
f W;2 AW, = §(<Wﬁ - Wf)—f Wsds)-
a a
Putting these together, we get
: 1 1
| o = wyaws = S (0 - w2 - (- @) = 3 (W7 - ).
a
Proposition 3.1.7. For p € N, we have j;lt Wbp dw, = Wbp W, —w,) — prp_l(t —a).
Proof. Taking I? limits,
t t
f Wy dw; =f (Wi + (Wg — W))P dW;
a a
n
. p
=lim > (W, + (W= W,))" (W)
lzl
= lim Z (Wr — AW)P (AW)
n p
p -k
im 2, 2 (k)<—1>kWT” (awp!

k=0

l 1
14 n
2 l(i)< e’

k=0
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Since (AWi)k+1 — 0inI? asn — oo for all k > 2, we have only have the k = 0 and k = 1 terms
remaining. Moreover, (AW{)2 — At;in I? as n — oo. Therefore,

t
fWTdW W - hmZAW pW; hmZAt
0

=W W= W) - W 7 - a).

3.2. Differential formula

Recall that Itd’s formula (theorem 1.5.2) allowed us to create new It6 processes from old ones.
Here we look at an extension of Itd’s formula that can also account for instantly-independent
processes. Let X and Y be stochastic processes of the form

t t
X=X, + f myds + f oy dW, and (3.2.1)
a a

b b
Yt=Yb+f nsds+/ £ dw;, (3.2.2)
t t

where o and m are adapted (so X is an It6 process), and & and 7 are instantly-independent

such that Y'is also instantly-independent.

Theorem 3.2.3 ([Hwa+16, theorem 3.2]). Suppose (X.(i))?_ ) and (Y(]))m  are stochastic pro-
= j=

cesses of the form given by equations equation (3.2.1) and equation (3.2.2), respectively. Suppose
O(t, X15 .ev s Xpps Y15 -+ » Ym) 18 @ real-valued function that is Clin t and C? in othervariables. Then

the stochastic differential of G(t,Xt(l), X(n) Y(t), ..,Y(tm)) is given by
1
do (,x, ... x{", Y(g),... Vi)

—tht+26 dXt(l)+ZG dyy,,

i=1

n
M) 33K _ t gyt
~ ; By, 4X; " dX, ; Oy, A} dY().
i,k=1 j, =1

l\)}—‘

Corollary 3.2.4 (|[HKS19, corollary 2.11]). Suppose X; is an It6 process and (t, x, z) is a real-
valued function that is C* inin t and C? in x and z. Then the stochastic differential of ¥(t, X,, W,
is given by

1
P, X, Wp) = Py dt + 9, dX; + §§bxx(dXt)2 + Pz X, AW,
Proof. Since W}, = W; + (W, — W) for any ¢, define a function 6(t, x;, x,,y) = P(t, X1, X, + )
and set X(l) =X, Xt(z) = W, and Y' = W}, — W,. Applying theorem 3.2.3 gives us the required

result. ]
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Example 3.2.5. It is much simpler to calculate the result of proposition 3.1.7 using corol-
lary 3.2.4. We guess the solution of the integral to be of the form W, W,. Therefore, let
P(x,z) = zPx. So P, (x,z) = zP and P,,(x,z) = pzP~!, all other terms being zero. Putting this
together and using (dW})* = dt we get

d(W'W) = dp (W, W) = W dW; + pwg” ™ d.
Therefore,

t
f WiF AW, = Wif (W, — W) — pWf = (¢ — a).
a

Just as in It0’s theory, the differential formula plays a very important role in the study of an-
ticipating stochastic differential equations in the Ayed-Kuo theory. However, our experience
of stochastic differential equations from Itd’s theory does not translate over completely; the
solutions of anticipating stochastic differential equations has quite a few surprises in store. In
the following two sections, we focus on building examples that demonstrate this non-trivial
nature. We follow up the examples with theorems that generalize the examples.

3.3. LSDEs with anticipating coefficients

In this section and the next, we fix t € [0, 1] unless stated otherwise.

In the following examples, we progressively increase the complexity of the diffusion coeffi-
cient of the stochastic differential equation and see its effect on the solution. This will help
us to develop our intuition about the non-trivial nature of the results related to anticipating
coefficients. The first three examples follow directly from remark 1.6.7.

Example 3.3.1. Let o be a constant. The process

1
&9 = exp [th - Eazt]
is a solution of the stochastic differential equation
del® = eE") dw;
{ 8(0')

Example 3.3.2. Suppose o(t) is a deterministic function. The process

(G) = exp [/ o(s)dW, — 5] o(s)? dsl
0

is a solution of the stochastic differential equation

de'? = ¢, &9 aw,
8(0')
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Example 3.3.3. Consider the adapted coefficient o, = W,. The process

t
X, = exp[%(ﬂftz —t—f Wﬁds)l
0

is a solution of the stochastic differential equation
dXt = W/t Xt dW,
XO - 1

From the above examples and example 3.1.4, one might guess that the process

t t
Z(t)zepr WldWS—%f ledsl
0 0

1
= exp | Wi Wi — e - SW2 |
is a solution of the stochastic differential equation
dZ(t) = W3 Z(t) AW,
Z(0) =1.

But this is not true. In fact, we can apply the generalized 1t6 formula to derive the following
result.

Theorem 3.3.4 (|[HKS19, theorem 3.3]). The stochastic process

1
2(t) = exp |[W W — £ = s W2 ]

is a solution of
{dZ(t) =W Z() dW, + W, (W] — tW) Z(¢) dt,
Z(0) = 1.
Then what is the solution of the following stochastic differential equation?
{dZ(t) =W, Z(t)dW,,
Z(0) =1.
The answer is given by the following theorem.

Theorem 3.3.5 ([HKS19, theorem 3.1]). The process
t
Z(t) = exp lWl f e~ =) dw, —t — %le (1—e2)
0

is a solution of the stochastic differential equation
dZ(t) = W Z(1) dW;,
Z(0) =1.

Therefore, we see that solutions of stochastic differential equations with anticipating coeffi-
cients are quite non-trivial.
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3.4. LSDEs with anticipating initial conditions

We start our discussion on stochastic differential equations with anticipating initial conditions
with the following example. We assume ¢t € [0, 1] in this section.

Example 3.4.1 ([AK08, examples 4.1-3]).

(3.4.2)

dXt :Xt d"{/t,
XO =X € [R.

It is well known that the solution to equation (3.4.2) is

1
Wi—=t
X;=xe 2.

However, if we take this solution and replace x with W] and apply the generalized It6 formula
to the resultant expression, we obtain a different stochastic differential equation. In particular,

1
Y, = W3 (3.4.3)

is a solution of 1
dY, = Y, dW, + —Y, d¢,
S 7 (3.4.4)
Yo = WM.

Here, the initial condition is outside the classical theory of 1t6 calculus since W] is not -
measurable. We can use the generalized 1td formula along with the Picard iteration method to
show that Y; is indeed the unique solution.

On the other hand, if we replace all the W] terms in equation (3.4.4) with x € R then we
obtain the following stochastic differential equation

1
dZt = Zt dult + ;Zt dt,
ZO =X € R.

with its solution L
Z, = xe TR
The differences in equation (3.4.2) and equation (3.4.4) demonstrates that replacing the non
anticipating term in the solution with an anticipating term yields an extra drift term in the
SDE. Furthermore, by replacing all the anticipating terms in equation (3.4.4) with a real
number, we obtained an extra drift factor in equation (3.4.3). These examples highlights some
of the differences and interesting patterns between adapted linear stochastic differential
equations and non-adapted ones.
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Example 3.4.5 ([Kha+13, section 3]). Consider the following motivational example:
dXt = Xt dW,
XO == I/‘/l

Equation (3.4.2) would suggest that our solution would be equation (3.4.3). However, that is
not the case. We have an extra drift term as demonstrated by equation (3.4.4). With that in
mind, we “guess” that the solution has the form

1
X, =W -4§) eWt_Et

with £ being a deterministic function that needs to be determined. Via a simple application of

1
the generalized It6 formula to the function 6(t, x, y) = (y — &,)e* 2", we get that

1 1 1
dx, = (W — £)e" 3t awj + (ve‘zf - g;ve‘zf> dr.

The dt term in the above equation must be zero for X; to be a solution. Therefore, by solving
the following ordinary differential equation

{5’(0 =1,
§(0) =0,
we get our solution
Wi—=t
Xt = (H/]_ - t) e t 2,

Motivated by the above results, we proved the following theorem in 2018 that provides solu-
tions for a class of stochastic differential equations with anticipating initial conditions. Note
that in this case, the coefficients a and § are deterministic.

Theorem 3.4.6 ([KSZ18, theorem 5.1]). Let o, h € I?[0,1], 8 € I}[0,1] and 3 € C%(R). Then
the solution of the stochastic differential equation

dZ(t) = a()Z(t) AW, + BO)Z(¢) dt,

20 =4 [ sy ),

0

(3.4.7)

is given by

Z(t) = ¢( / 1 h(s) dW, — j t a(s)h(s) ds) glh),
0 0

Proof. Suppose Z(t) = zp( f01 h(s)dW, — u(t))é‘ga’ﬁ ) is our ansatz solution, where the unknown
function u(t) has to be determined. In order to apply theorem 3.2.3, we write

t 1
Z(t) = ¢( / h(s) AW, + f h(s) dW, — u(t))gﬁam. (3.4.8)

0 t
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Motivated by this, we define

. t
XM = f h(s) AW,
0

{x® = g@h), (3.4.9)

1
Y! =f h(s)dW;, and

. t

0(t, x1, %5, y) = P(x; +y — u(t))x,,

so that Z(t) = G(t,Xt(l),Xt(z), Y"). From the definition of 6, we get the partial derivatives

= —YPu'()x,, Ox, = ¥'x2, Ox, = ¥,
x1x1 ¢,,x2’ eXZXZ = O’ exl)Cz = l)b,’
0y = P'x,, Oyy = D" x,.

From the definitions in equation (3.4.9), we have

dx® = h(t)dw;, dX® = a()e" P aw; + p1)e P gy,
(dX(1)> h(t)?dt, (dX(Z)) = a(t)? (85“”3)) dt,
dx® dX(z) h(at)e™P dt,
dY! = —h(¢)dW;, (dY*)* = h(t) dt.

Applying the differential formula and putting everything together, we have

dz() = dot, xP, x@, vt
= 6, dt + 6, h(t) AW + 6, dX
1 1
50, (@X) 4 500, (XN + 65, (X )(AX()
1
+6,dY" - ~6,,dY"
= —pu (DX dt + PXEH0 AW + - [P aw; + (0P dt]
2
+= zp @ pzde + 1 -0 - {a()? <€§“’3)> de}+ 9’ h(t) a(r) £P dr
- ) dw, — —z,b 2 b4y de

' u'(t) X§2> dt + a(t)Z(t) AW, + BOZ(E) dt + 3’ h(e) a(t) £%P d
= a(1)Z(t) AW, + B(£) Z(t) dt + (al(t) h(t) — w' (1))’ 5P dt,

where in the fourth equality we used Z(t) = ¥ - S(a R
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Therefore, in order for Z(t) to be the solution of equation (3.4.7), we need the condition
u'(t) = a(t)h(t). On the other hand, if we putt = 0in equation (3.4.8), we get X, =
1,D( jz)l h(s)dW, — u(O)). Since Z(¢) is the solution of equation (3.4.7), comparing this with
the initial condition gives us u(0) = 0. Thus we have the following ordinary differential
equation for t € [0,1]

u'(t) = a(t)h(t),

{u(o) =0,

whose solution is u(t) = fot a(s)h(s) ds. Therefore

Z(t) = ¢( /1 h(s)dW; — /t a(s)h(s) dS)EEa’B).
0 0

Example 3.4.10 ([KSZ18, example 5.2]). Consider the stochastic differential equation
dz(t) = Z(t)dw,

1
ZO =f VVst
0

To solve this, we reformulate the initial condition as

1 1 1 1
f W;ds = —W,(1 - s)| +f(1—s)dWs=f(1—s)dW;.
0 0 Jo 0

Thus we have a special case of Theorem 3.4.6 with a(t) = 1,8 =0, h(t) =1 —t, and ¢(x) = x.
Therefore, the solution is given by

Z(t) = (/1 W, ds — (t — %ﬂ))ewt—%t.
0

Thus we have solutions for a class of linear stochastic differential equations with deterministic
coefficients.

In 2021, we generalized theorem 3.4.6 to allow for adapted processes as coefficients.

Theorem 3.4.11 ([KSS21b, theorem 4.2]). Leta € I%,([a,b] X Q), B € L.,([a,b] x Q) be
stochastic processes. Suppose h € I*[a,b] and i € C%(R) are deterministic functions. Then the
solution of the stochastic differential equation

dZ(t) = a, Z()dW, + B, Z(1) dt,

b 3.4.12
2@ =( [ ) awg). G412
is given by

b t
Z(t)=z,b( f h(s) dW, — f h(s) ocsds> gk, (3.4.13)
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Proof. Suppose Z(t) = z,b( S, b h(s)dW, — Ut)é‘fa’ﬁ ) is our ansatz solution. We need to determine
the unknown It6 process U, with U, = 0. In order to apply theorem 3.2.3, we write

t b
Z(t) = ¢( f h(s)dW, — U, + f h(s)dW) glxh) (3.4.14)
a t

Define the instantly-independent process Y* = f h(s) dW and the adapted processes

t
xW = @B and Xt(z):f h(s)dW, — U,.

a

From the definitions of X, ® , X; @ ,and Y! above, we get the differentials

dxV = q,x® aw; + gx Y dt,
dx® = h(r)dw; — dU,,
(dX(l))z _ (X(l))z d,
(AXP)? = h(t)?dt — 2h(t) AW, AU, + (dU,)?,

dx(V dX(z) h(®e X" dt — a, XV dW dU;,
dy! = —h(t)dW;,
(de)2 h(t)* dt.

Now, define 6(x;, x,,y) = ¥(x, + ¥)x;, so that Z(t) = 6 (Xt(l),Xt(z), Yt>. From this, we get the
partial derivatives

exl =1, exlxl =0,
exz =9P'xy, xzxz IP”XI,
ey =19'x, exlxz =9,

=" x;.

Applying theorem 3.2.3 and putting everything together, we can easily find the stochastic
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differential of Z(t):
dz(t) = dex®, x?, vt

=6, dx{” +6,, dx”
+ 300 (@X)2 4 26, @XD)2
+ B, (X)X,
+6, dY* - 26,,(dY")?

=9 (o XV dw; + BV dt) + 9 - X[ (Y dw; — dU)
+0+ %z,b” X (BT — 2h(t) AW, AU, + (dU,)?)
+ (h(t)octXt(l) dt — a,xV dw; dU})
— X aw, - Ly xOnwrac

=9 - (X" dw; + X" dt)
+9 - XY (=AU, + h(t)a, dt — a, AW, dU))
+ %z,b” X - (=2h(0) AW, AU, + (dT)?).

Therefore, in order for Z(t) to be the solution of equation (3.4.12), we need to satisfy the
following conditions

(dU,)? = 2h(t) dW, d U, (3.4.16)

From equation (3.4.15), we see that if dU; contains only a dt term (no d W, term), then

dU; dW, = 0. On the other hand, if dUj; contains a dW; term, then dU; dW, = ¥, dt for some ¥;.
Then we have dU; = (h(t) — y;)a, dt, which again gives dU; dW, = 0. Therefore, in either case,
dU; = h(t)a,; dt. Note that this also agrees with equation (3.4.16).

Imposing the initial condition U, = 0, we get that U, = fat h(s) ag ds. Putting this in the
assumed form of the solution, we get our result. O
Now we look at a specific case of theorem 3.4.11 where h(t) = 1.

Corollary 3.4.17 ([KSS21b, corollary 4.3]). Under the same assumptions for o, 5; and i as in
theorem 3.4.11, the solution of the stochastic differential equation

dZ(t) = a,Z(t) dW, + B,Z()dt, t € [a,b],
2(a) = (W — W)
is given by
2(t) = (Wy — W — f t at; ds )P,
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Remark 3.4.18. Corollary 3.4.17 extends [Kha+13, theorem 4.1] to include adapted coefficients
for the anticipating stochastic differential equation.

We apply these new results to obtain solutions for some examples of stochastic differential
equations with anticipating initial conditions and adapted coefficients. In the first example,
the diffusion and drift terms are adapted while the anticipation comes from X, = W,. The
second example demonstrates a case where the initial condition is a Riemann integral of a
Brownian motion.

Example 3.4.19 ([KSS21b, example 4.5]). Consider the stochastic differential equation

dX(t) = W, X(t)dW,; + X(¢)dt, t € [0,1],
{ X, =W,.

Here o, = W}, B; = 1, h(t) = 1, and (x) = x. Thus, by corollary 3.4.17, we have the solution

t t
X(t)=(Wl—f Wsds)exp[%(Wt2+t—f Wszds)l.
0 0

Example 3.4.20 ([KSS21b, example 4.6]). Consider the stochastic differential equation

dX(t) = W, X(t)dW,, t € [0,1],

1
XOZ/ VV;dS
0

As in example 3.4.10, we use stochastic integration by parts to modify the initial condition.

Namely,
1 1
f Wsds=f(1—s)dWS.
0 0

Hence witha; = W, 8, = 0, h(t) = 1 — t,and ¥(x) = x in theorem 3.4.11, we have the

solution
1 t 1 t
X(t):(f Wsds—/(1—S)WSds>exp[§(Wtz—t—f V[{fds)l.
0 0 0
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Chapter 4. Extension of It6’s Isometry

4.1. Motivation

We remarked in section 1.5 that It0’s isometry forms the backbone of 1t6’s integral. Therefore,
for any theory that extends It0’s theory, it is important to know if the isometry holds. The
focus of this chapter will be to derive an identity in Ayed—Kuo theory that reduces to It6
isometry for adapted processes.

Should we expect Itd’s isometry to hold identically for the Ayed-Kuo integral? From white
noise distribution theory, we expect otherwise. We take a brief detour to explore this
idea.

Recall that the white nose approach to anticipating stochastic integral is given by the Hit-
suda-Skorokhod integral
b
f 07 Z(t)dt,
a

where Z is a Wiener functional and 9; is the adjoint of the white noise differential operator
0; [see Kuo96, page 107]. (For a detailed description of the Hitsuda-Skorokhod integral, see
[Kuo96, chapter 5].) Essentially, [Kuo96, theorem 13.16] asserts that under certain condi-

tions on Z, the white noise integral j; b 07 Z(t) dt is a Hitsuda-Skorokhod integral, and we

have
b 2 b b b
[E[( f af‘Z(t)dt) ]: f E[Z(¢)*]dt + f f E[3,Z(s) 3,Z(t)] dsdt. (4.1.1)

Moreover, from white noise analysis, we have the symbolic expression
O W = i<y (4.1.2)

We can verify this expression using the last line on [Ku096, page 103] and the representation
of Wiener process in [Kuo96, page 254].

Now, let f and ¢ be C!-functions on R and consider the Wiener functional
Z(t) = f(W) (W, — W),  t € [a,b] (4.1.3)
Suppose s < t. Then by the chain rule and equation (4.1.2), we have

0;Z(s) = f'(Ws) (0 W) d(Wp, — Wp) + f(W5) ¢'(Wg, — W5) (6,(W, — W)
= f(W) ¢'(W;, — W). (4.1.4)

This chapter previously appeared in the following open-access journal article: Hui-Hsiung Kuo, Pujan
Shrestha, and Sudip Sinha. “An Intrinsic Proof of an Extension of It6’s Isometry for Anticipating Stochastic
Integrals”™. In: Journal of Stochastic Analysis 2.4 (2021). DOIL: 10.31390/josa.2.4.08.
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Similarly,
0, Z(t) = f(W) ¢'(Wg, — W)). (4.1.5)

Putting equations (4.1.1) and (4.1.3) to (4.1.5) together, we get
b 2 b
[E[( | o som - w;»dr) ] = [ Loy s - w2 ar

b t
2 f f ELF(W,) ¢'(Wy — W) £'(Wp) $(W, — Wp)] dsdr. 4.1.6)

But for a Wiener functional Z(t) = f(W}) $(W}, — W}), its Hitsuda-Skorokhod integral turns
out to be the same as the Ayed-Kuo integral, namely

b b
j 55 (W) $(Wp — W) di = f FOH) (W — W) AW, “17)

Therefore, equations (4.1.6) and (4.1.7)) yields the following identity
b 2 b
[E[( | samy e - m)de) ] = [l o - wy) e
a a

b pt
w2 [ [ ELROR) $ 0, = W) 0% 608 — Wl dsdt @18
a a
which is what we expect for the Ayed-Kuo integral.

4.2. Previous attempts

It is important to note that this is not the first attempt to formulate such a result. In fact, in
[KSS13, theorem 3.1], the authors demonstrated that equation (4.1.8) holds under strong
assumptions of f and ¢ being analytic on the entire real line and having bounded deriva-
tives.

However, the earlier result had significant drawbacks. First, the assumptions on f and ¢
are quite restrictive as noted. Second, the proof of the result is quite lengthy, and involves
tedious computations using binomial expansion of the function f and ¢. Third, the proof
did not utilize the core idea of the Ayed-Kuo integral, that is, to evaluate adapted integrands
at the left-endpoints and the instantly-independent processes at the right-endpoints of the
intervals. Our new proof exploits this nature of the integral and resolves the stated short-
comings. We also do not imposing any restrictions on f and ¢ outside of what is required for
equation (4.1.8) to be well-defined.
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4.3. Identity for the simple case

In the proof of theorem 4.3.1 below, for a < s < t < b, we shall use the o-algebras
F=0{W,la<u<si,
Gl =g {W, — W,|t <v < b}, and
Hi=0(FKUG").
We call{F;, : s € [a,b]}the forward-filtration and {G' : t € [a,b]} the backward or
counter-filtration generated by the Wiener process. Taking conditional expectation judiciously

with respect to the separation o-algebra (. plays a crucial part in the proof of the following
theorem.

Theorem 4.3.1. Suppose f,¢ € CL(R)suchthat f(W,) (W — W), fF(W,) ¢' (W, —

W), f' (W) p(W, — W) € I2([a, b] X Q). Moreover, assume the stronger condition of convergence
in I?(Q) instead of a convergence in probability for the definition of the Ayed—Kuo integral. Then
E[Jy, £(W) (W, — W) dW] = 0, and

b 2 b
[E[( f FOW) (W — W»d%) ] - f ELF(WR? $(W, — W)?]

b t
2 f f ELF(W,) &' (Wh — W) /(W) $(Wp — W] dsdr. 432)

Remark 4.3.3. For the right-hand side of equation (4.3.2) to be well-defined, we need the two
integrals to be individually well-defined.

For the first integral, we directly see that the integral is well-defined if f(W}) (W, — W) €
I*([a, b] x Q). For conciseness, we write f; = f(W,), ¢, = $(W, — W), and similarly
their corresponding derivatives. Using this notation, for the second integral, we can use
Cauchy-Schwarz inequality to get

b pt
f/ﬂj@#f/d%]dsdt
b t L .
< [ [l e el 2Py s
b X , 1
3/ ([E[|fs¢§|2])5dsf ([E[lﬁ' ¢t|2])2 dt

b % b %
s(b—a)( i [E[Ij;¢§|2]d3) ( | [E[m'qbtf]dt) ,

where we used the Schwarz’s inequality in the last step.

Combining these results, we see that a sufficient condition for the second integral to exist is
FOV) oW, — W), (W) ¢'(Wh, — W), f' (W) ¢(Wp, — W) € L*([a, b] x Q2).
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Remark 4.3.4. In the proof of 1t6’s isometry, one typically takes conditional expectation with
respect to the o-algebra 7; in a simple way. On the other hand, our proof requires conditioning
with respect to the c-algebra F(! in a very specific manner.

Proof. For notational convenience, let

AWe =W, = Wi
At =t — g1,
Je1 = f(W,_,),and
¢ = ¢(Wp — W, ).

Note that in this proof, we use ¢ (subscript k) to represent the time even though ¢ is
instantly-independent. We use superscripts only for powers. We also assume that ||IT,,|| — 0 as
n — 0 as usual.

By the definition of the anticipating stochastic integral, we get

b n
| s s - myaw = tim 3 fagi
a i=1

where the limit is in I2(Q). Therefore, for the mean, we have

lim Z[E 1 ¢ AW]

b
[E[ f FOW) $(W — Wt)th]

n—>oo
- Jim SYE[E(fygraw |67
= lim ;E[ﬁ_l s e
=0,

t.
where we used the fact that f;_; and ¢; are € t;_ -measurable, and AW, is independent of
Lj
-

For the variance,

b 2
[El( f FOW) (W — W»d%) ]

n n
= lim ZZ[E fic1 $ifio1 AW AW]

l:l]:l
n noj

=r}i_)1’1;102[E[ ¢2(AW)]+2hm 3 S E[fioy $ifio1 b AW AW]
i=1 Jj=li=1

=. Lk)+'2Ih,
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where we separated the sum into diagonal and off-diagonal elements in the penultimate step
and used the symmetryof i < jandi > j.

First we focus on the diagonal elements. Note that AW, is independent of both ¥, | and § i,
Moreover, f;_, is #,_ -measurable and independent of G'i, Similarly ¢; is G'i-measurable and
independent of 7, _, . Therefore, by taking conditional expectation with respect to J;,_, we get

E[f2, ¢7 (AW)°| = E[E(f2, $7 (AW | %, )]
= E[f2, E(7 (aw)? | %,,)]
= E[f2,] E[¢F amp)’].

Similarly, taking conditional expectation with respect to G'i gives us
E[¢? (AW)’| = E[E(¢7 (aW)® | §1)]
= E[¢} E((AW)’ | §4)]
= E[¢7] E[(aw)?].
Putting it all together along with the fact that [E[(A Wi)z] = At;, we get

E[f2, 7 (AW)?| = E[£2,] E[$7] Aty = E[ fF(W)?$(Wy, — W)?] At

where we used the independence of increments of Wiener process in the last equality. Sum-
ming over i and taking limit of n — o0, we get the first term on the right side of equa-
tion (4.3.2) as

b
Dy = [ ELFonY 80w, - wp?]ar

The method for the off-diagonal elements is not as direct, and we highlight the key tricks.
Trick 1 Note that AW, is independent of both ﬁi_l and G'i, and is therefore independent of
F fl‘_ .- So conditioning with respect to ;:_ , gives us
E(AW; | 7;_) = E[AW] = 0, and
t.
E((am)?* | 76, ,) = E[(AW)] = As;
Trick 2 Consider W, — W, — AW, = (W}, — Wtj) + (Wtj_1 —W,,). Since W;, — W, is G'i-measurable
and W, =W, is ?gj_l—measurable, the sum W, — W, —AW is #( 2_ “measurable. By continuity
of ¢, we see that ¢(W, — W, — AW)) is also F 2_ -measurable. This allows us to conclude that
E[fi-1 (W — W, — AW) fi_1 ¢ AW AW]
t.
= E|E(fiu1 $(Wh — W, — AW) f_y & AW AW | 3¢ )]
t‘
= E| fiy (W — W, — AW) fy ¢ AW E(AW | 76, )]
=0. (4.3.5)

42



Ji-1 P

Jiz1 of

-V

0 a tio1 b t
Figure 4.1. A t-dependence plot of the various processes. The dotted regions are removed.

Therefore, if we subtract the term [E[ Ji1 (W, = W, — AW) fi_1 ¢ AWiAWJ/] from the expres-
sion [E[ fi-1 bifi-1 AWiAI/Iﬂ, nothing changes. This allows us to remove the dependence of
gon{W : te (-1 tj)}. This is illustrated in figure 4.1 by the dotted region of ¢;.

Trick 3 Using the assumption ¢ € C!(R) and considering the fact that W] is continuous and
so AW — 0 as |[[1,|| — 0, we can approximate

B(Wh — W) — $(Wy — W, — AW = ¢ (W — W, — AT)) AW,

For brevity, we write © = ¢'(W;, — W;, — AW). Note that © is J fl‘_ “measurable.

Putting these together, we see that

E[fio1ifi-18) AW, AW]

= E[fir (#(W — W) — (W — W, — AWD) f_1¢yy AW, AW]

~ E[fi10f-1¢ AW(AWY]

= E[E(fi-10f-1¢5 AWHAW? | 20, )]

= E| f10 618 AW E(AW)']

= E[fi-10f-1¢; AW At (4.3.6)

We repeat Trick 2 on f (Wtj_1 — AW) just as we did for (W, — W, — AW) to derive equa-
tion (4.3.5). This allows us to remove the dependence of fi_; on {W, : t € (t;_y,;)}. Thisis
illustrated in figure 4.1 by the dotted region of f;_,. Therefore,

E[fi-10f-19; AW, AW] =0,

where we used the tower property with respect to the o-algebra F fii_l in this case. As before,
we get

fW

-1
where we write F = f ’(Wtj_1 — AW,) for brevity.

)= F(W, , — AW) = f'(W,,_ — AW) AW = FAW,
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Continuing from equation (4.3.6),

E[fic1 ¢1 fio1 $ AW AW]
= E[fi—1 © fi_1 ;AW At
= E|fim1 O(F(W,_) — F(W,_, — AW)) & AW Ay
~ E[fio1 O F ¢(AW)?| At
= E[E(fi.1 @ Fg(AW)? | 7¢,! )| Ay
= E[fi- O F¢; E((AWD? | 7c,1 )| Ay,
= E[fi-1 © F¢;| At; At (4.3.7)

By the continuity of W, we see that as ||[IT,|| — 0, so does AW; and AW. Moreover, by the
continuity of f’ and ¢’, we can conclude that as ||IT,,|| - O,

F=[fW,_, —AW) - f'(W,_) = f_y and
0 =¢'(W, — W, —AW) - ¢'(W, — W) = .

Finally, summing equation (4.3.7) over i < j and taking limit, we get

b t
Dy = f f ELF(W) /(W — W) /(W) $(Wh — W] .

This concludes the proof. O]
One of the features of theorem 4.3.1 is that the result enables us to evaluate the second
moment of these anticipating integrals without having to evaluate the integral itself. This is

advantageous as explicitly evaluating the integral via the definition can get very complicated.
We demonstrate that particular feature with an example.

Example 4.3.8. Let f(x) = x and ¢(y) = y. Then from theorem 4.3.1,

b 2
E[(f m(%—wadwt)
b b o
= [ Elwr on - wrlace2 [ [ e o - wpldsar
ab ¢ ab t
=f E[W;?] [E[(Wb—Wt)z]dt+2f f E[W;] E[W}, — W] dsdt
ab a a
=f t(b —t)dt

= %(b3 —3ab + 2a3). (4.3.9)
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Note that this result can also be obtained by explicitly calculating the integral and then taking
the expectation of the square. However, this process is extremely tedious and is impractical
since we do not always have a closed-form representation of a stochastic integral. We briefly
highlight this route mentioning only the key steps.

Letl = fab W; (W, — W) dW,. From example 3.1.6, we get
1 2 2 L3 3
1= W (W2 = WD) = (b— @) — 5 (W — We).

For brevity, we write Ay, = W, — W, so W, = (W, — W,) + W, = Ay, + W,. Performing algebraic
simplification, we get

I= % (43 + 3W, A%, — 3(b — a)Ay — 3(b — Q)W)

Note that W, and Ay, are independent with W, ~ N(0, a) and Ay, ~ N(0, (b — a)). Therefore,
any odd moment of either of W], or Ay, is zero. Using this, we get

HI?] = % E[4%, + 9W;2A3, + 9(b — a)’Af, + 9(b — a)* W2
—6(b — a)Ayy, — 18(b — a)W,2A%|

1
= —(b* -3a’b +2a°),
z ( a’b + 2a%)
which is exactly what we obtained in equation (4.3.9).
4.4. Identity for a more general case

We can use the same arguments as those in the proof of theorem 4.3.1 to get the following
general theorem.

Theorem 4.4.1. Let O(x,y) € C1(R?) and assume that

OW,, Wy, = W), Ox(W, Wy — W), ©,(W, W, — W) € L*([a,b] X Q).

Then E(;’ ©(W,, W, — W) dW;) = 0, and

b 2 b
[E[(f oW, Wy — W»d%) ] ~ [ Eloww ;- wy)ar
b t
+2 f f [E[@y(WS, Wy — W,) O, (W, W, — m)] dsdt. (4.4.2)

We can extend this result to the product of two integrals.
Theorem 4.4.3. Let O(x, y),A(x,y) € C1(R?) and assume that
1. @(W’ u/b - I/Vt)9 @x(W9 I/Vb - Wf)’ @y(W’ I/Vb - u/t) € Lz([a’ b] X 'Q)’ and
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2. AW, Wy, = W), Ax (Wi, Wh, = W), Ay(W,, Wy, — W)) € L([a, b] X Q).

Then
b b
[E[(f (W, W — mmw) (f AW Wy — vwmvw)]

b
- f E[O(W, Wy — W) AW, W, — W))] dt

b t
+ f f E| @y (Wi, Wy — W) Ax(W, W, — W)
a a
+ O(Wf, W, — W) Ay (W, Wy, — Wt)] dsdt. (4.4.4)

Proof. For this proof, we write F(t) = O(W,,W, — W), G(t) = A(W;, W, — W), and let
H = F + G. Moreover, for brevity, we write F(t) = O,(W, W, — W), F(t) = 0,(W;, W, — W)
and corresponding notation for G and H.

From the definition of H, we see that

b 2 [/ b b 2
[E[(fa H(t)th) ]:[E_(/; F(t)th+/a G(t)th)]
_ b 2 b 2
=F (f F(t)th) (j G(t)th)]

b b
([ o[ aoan]|
a a
Now, applying theorem 4.4.1 for F, we get

b 2 b b pt
(f F(t)th) ]:/ rE[F(t)Z]dt+2f / E[F;(s) F(1)] dsdt.

We can obtain an equivalent result for G. Putting all this together, we get

[El(fabH(t)th)zl =‘/(;b[E[F(t)Z]dt+2fbftE[l§,(s)Fx(t)] dsdt
+fa [G(1)?] dt+2/ f Gy(s) Gy(t)] dsdt
( f F(t)th) ( f G(t)th> .

+E

+2 E

E

+2E (4.4.5)
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On the other hand, first applying theorem 4.4.1 and then using the definition of H, we get

[

b b t
=f E[H(t)*]dt + 2 f E[H,(s) H,(t)] dsdt
ab ba ¢ b
=f [E[F(t)z]dt+/ E[G(t)?] dt+2f E[F(t)G(t)]dt
a b . a a
+2 f / E[(F(s) + Gy())(F(t) + Gy (1))] dsdt
b ¢ ¢ b b
=f [E[F(t)z]dt+/ E[G(t)?] dt+2f E[F(t)G(t)] dt
a b . a a
+2 f f [E[Fy(s)Fx(t)+Fy(s)Gx(t)+Gy(s)Fx(t)+Gy(s)Gx(t)] dsdt. (4.4.6)
Finally, equation (4.4.5) and equation (4.4.6) imply that

{(f o) o]

b b t
- f E[F(¢) G(t)] dt + f f E[Fy(s) Gy () + Gy(s) E(1)] dsdt,

which is exactly the desired result. O

If O(x,y) = f(x) and A(x,y) = ¢(y), we have @, = 0 and A, = 0. Therefore, we obtain the
following corollary.
Corollary 4.4.7. Let f,¢ € C1(R) and assume that

L f(W),¢(W, — W) € L*([a,b] X Q), and
2. f'(W),¢' (W — W) € L*([a, b] x ).

Then
b b
E[(f f(Wt)th> (f ¢<%—W4>dw>]

b b t
- f ELF (W) $(W, — W] dt + f f El¢' (W, — W) f'(W)] ds dt.

Similar to theorem 4.3.1, Corollary corollary 4.4.7 enables us to evaluate the covariance
between anticipating and adapted integrals without explicitly calculating the integral itself.
This is illustrated in the following example.
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Example 4.4.8. Let f(x) = x and ¢(y) = y. Using Corollary corollary 4.4.7, we get

[ s o)

b b ,t
=f [E(Wt(Wb—W;))dt+f f E(1)dsdt

b b
=f tE(W»[E(Wb—Wt)dHf (t - a)dr

1
= E(b - a)z.
Finally, we want to point our that the double integral in equation (4.4.2) can be regarded as

a correction term when we extend Itd’s theory to anticipating stochastic integration. This
correction term can be positive or negative, as illustrated in the next example.

Example 4.4.9. Consider the case O(x,y) = px + y in theorem 4.4.1, where p € R. Then
O, = p and 0, = 1. Therefore, we can directly evaluate the double integral in equation (4.4.2)
as

b t b t
2/ f E[0,(W;, Wy, — W;) O, (W, W, — W) | dsdt = 2] f pdsdt = p(b — a)?.
a a a a

Therefore, the final term will be positive or negative depending on the sign of p.
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Chapter 5. Near-martingales

5.1. Motivation

We now come to a central motivation behind the definition of the Ayed-Kuo integral — mar-
tingales. Recall that a martingale M is an integrable adapted process such that E(M; | %) =
M, almost surely for every s < ¢ (see section 1.2). Moreover, the process M; = fat X, dW,
generated by the It0’s integral of an adapted process X is a martingale. Can we say the same
about processes associated with Ayed-Kuo integrals?

Example 5.1.1. Consider the process N(¢t) = fat W, dW,. Using the linearity of the integral
and example 3.1.4, we can write

t
N(t)=f W W,

a

b b
=f %dm—f Wy W,
a t

= [W(Wp — Wo) — (b — a)] — [Wp(W, — W) — (b — 1)]
=Wp(W; — Wo) — (t — a).

We write W, = (W, — W) + (W, — W) + Wy and W, — W = (W — W) + (Ws — W). Using the
independence of increments of Wiener process, we get

E(N() | F5) = W(Ws — Wg) — (s — @) # N(s).

So the process N is not a martingale. However, note that E(N(s) | %) = W;(W;—W,)—(s—a) =
E(N(t) | %), or equivalently, E(N(t) — N(s) | &) = 0.

The above example motivates the following definition.

Definition 5.1.2 ((Hwa+17, definition 2.1]). An integrable stochastic process N is called a
near-martingale if E(N(t) — N(s) | &) = 0 almost surely for every s < t. It is called a near-
submartingale if we replace the second condition with E(N(t) — N(s) | %) > 0, and is called a
near-supermartingale when E(N(t) — N(s) | &) < 0.

Clearly, a process that is both a near-submartingale and a near-supermartingale is a near-
martingale. Moreover, any result that is true for a near-submartingale can be suitably modified
for a near-supermartingale, and subsequently for a near-martingale. Therefore, in what
follows, we only show results for submartingales.

For any near-submartingale N, we will called the process M; = E(N(t) | %) as the conditioned
process.

Parts of this chapter previously appeared in the following open-access article: Hui-Hsiung Kuo, Pujan
Shrestha, Sudip Sinha, and Padmanabhan Sundar. On near-martingales and a class of anticipating linear SDEs.
2022. arXiv: 2204.01932 [math.PR].
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It is evident from the definition that every submartingale is a near-submartingale. More
generally, a near-submartingale and its conditioned process are related by the following
fundamental result.

Proposition 5.1.3 ((Hwa+17, theorem 2.5]). A process N is a near-submartingale if and only if
the conditioned process M given by M, = E(N(t) | %) is a submartingale.

Proof. Note that the integrability condition is trivially satisfied. We prove the result for the
sub-case. The other cases can be similarly derived. In what follows, we assume s < t and
hence 7 C 7.

For one direction, assume that N is a near-submartingale. Then

E(M, | F5) = BEEWN(Q@) | F) | F5) = EIN(2) | F5) 2 E(N(s) | F) = M,
so M is a submartingale.
For the other direction, assume M is a submartingale. Then

E(N(t) | F5) = R(EN(D) | F) | F5) = BE(M, | F5) = My = E(N(5) | %),

so N is a near-submartingale. ]
5.2. Ayed-Kuo integrals are near-martingales

The following theorem shows that Ayed-Kuo integrals are near-martingales.

Theorem 5.2.1 ([Kuo+22, theorem 3.3]). Suppose O is a real-valued measurable function on
R2. Assume I*(Q)-convergence for the Ayed-Kuo integral. Then N(t) = j: oW, W, —W,)dWw,
is a near-martingale.

Proof. The definition of the Ayed-Kuo integral under [*(Q)-limits implies that for any s < t,

g
S

= fE[ lim Y} O(W,,_,, W, — W) AW,
= lim > E[O(W,_,, W, — W) AW, | %].
i=1

EIN() - N(s) | %] = [E[f O(W,, W, — W) dW,

n—oo 4
i=1

Using the tower property of conditional expectation (theorem 1.1.3) and the inclusion J fl_"_l 2
F; (see figure 5.1), we get

E[0(W,_,, Wy — W) AW, | %] = E[E(0(W,

i-1’ i-1’

Wo = W) AW | 961 | %]

Since O(W,,_,, W, — W) is H( fl’_ -measurable and AW, is independent to F( 2- > We get

i-1°

0
E[O(W,_,. Wy — W) AV | 5] = E| oW, Wy — W )EQ@HT| % | = 0.
By the continuity of limits, we get our desired result E[N(t) — N(s) | %] = 0. O
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Figure 5.1. Inclusion of c-algebras along with disjoint increments of W.

Remark 5.2.2. Note that the above proof also implies [E[N (t)—N(s) | G* ] = Oforanys < t.
This shows that Ayed-Kuo integrals are also backward near-martingales. Similarly, the process

N(t) = j;b oW, W, — W,)dW, is a near-martingale and a backward near-martingales by the
same logic.

Let us look at an example of the above proposition.

Example 5.2.3 (|[HKS19, example 2.7]). In example 3.1.6, we showed that
t
1 1
Z(t) =/ Wi(W, — W) dW; = SW (W2 — W) — (1 — @) — 5 (W = We).
a

From theorem 5.2.1, we conclude that Z(¢) is a near-martingale. On the other hand, we can
verify this using the conditional expectation M; = E(Z(t) | %) and proposition 5.1.3. Now,
M; = E(Z(t) | F7)

LB, | ) (W2 - W) - (- @) = & (W = W)

= SW (W2 = W) = (- @) = 3 (W = W)
= L(OW = 309 = 3002 — @)W+ 202).

We can easily check that W, and W;> — 3tW, are martingales. Therefore M is also a martingale,
as expected.

The product of a martingale and an instantly-independent process is a near-martingale if and
only if the instantly-independent process has constant mean.

Proposition 5.2.4 ([HKS19, theorem 2.9]). Suppose M is a submartingale and Y an instantly-
independent process such that both M, and Y' are square-integrable for each t. Then the process
N given by N(t) = M,Y" is a near-submartingale if and only if [E(Yt ) is a constant.

Proof. Note that
EN@) | F7) = E(M,Y" | %) = My E(Y" | %) = M, E(Y").

Therefore, E(N(t) | %) is a submartingale if and only if E(Y") is a constant. By proposi-
tion 5.1.3, N(t) is a near-submartingale if and only if E(Y") is a constant. O
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5.3. Stopped near-martingales

In this section, we show that stopped near-martingales are near-martingales. Moreover, we
give a optional stopping theorem for near-martingales on the lines of Doob’s optional stopping
theorem (theorem 1.2.6).

Definition 5.3.1. Let (An)ffzo be an adapted process and (Xn):fzo a discrete time near-

submartingale. Then the processes (Yn);io=o’ where Yy = 0 and

n
V,=(AX), = ZAn—l(Xn — Xn-1)
i=1

is called the near-martingale transform of X by A.

Near-martingale transforms retain the near-martingale property. This is a generalization
proposition 1.2.5 to near-martingales.

Proposition 5.3.2. 1. If Xis a near-submartingale and A is a bounded non-negative
adapted process, then (A « X) is a near-submartingale.
2. If Xis a near-martingale and A is a bounded adapted process, then (A « X) is a near-
martingale.
3. If X and A are both square integrable, then we do not require the boundedness condition
in items 1 and 2.

Proof. We only prove item 1 because the rest follow the same process. Let X be a near-
submartingale and Y = (A « X). Suppose n is an arbitrary time. Note thatY,, — Y,,_; =
A,_1(X,, — X,,_1), which is integrable since A is bounded. Using the adaptedness of A, we get

E(Y, — Yooy | Fno1) = E(Ap1 (X — Xn—1) | Fnm1) = Apt EX — Xmr | Fq) 20,
where the last inequality holds since A is non-negative. O]

The following result says that stopped near-submartingales are near-submartingales.

Theorem 5.3.3. Suppose X is a discrete time near-submartingale and t a stopping time. Then
the stopped process X" defined by X}, = X, »,, is a (discrete time) near-submartingale.

Proof. Let A, = lg,<p. Clearly, the process A is bounded, non-negative, and adapted. Now,
note that X} — Xy = X;pn — Xo = (A « X),,. Therefore, by proposition 5.3.2, we get that X* is a
near-submartingale. O

Now, we show the equivalent result of Doob’s optional stopping theorem (theorem 1.2.6) for
discrete time near-submartingales.

Theorem 5.3.4. Let X be a discrete time near-submartingale. Suppose o and t are two bounded
stopping times with o < 1. Then X, and X, are integrable, and E(X; — X, | 75) > 0 almost
surely.
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Proof. Since o and t are bounded, there exists N < oo such thato < v < N. Let Y be any
near-submartingale. Clearly, Y, is integrable. Suppose E € J;. Then for any n < N, we have
En{oc=n} €, and so

f (Y — Y,)dP = f (Y = Y,)dP > 0.
En{o=n} En{o=n}

Summing over n, we get [ (Yy — Y;)dP> 0, and so E(Yy — Y5 | F5) > 0. Finally, let Y, = X7
to get
EXR — X3 | %) =EX; — X, | %) > 0.

We need the following definition and lemma to prove the result in continuous time.

Definition 5.3.5. Let (371);:’:1 be a decreasing sequence of o-algebras, and let X = (Xn)f;;1 be
a stochastic process. Then the pair (X,,, fn):’:l is called a backward near-submartingale if for
every n,

1. X,, is integrable and #,-measurable, and
2. [E(Xn —Xn+1 | ‘rf;:z+1) 2 0.

Lemma 5.3.6. Let (X,,, 371);0:1 be a backward near-submartingale with E(X,,) > —oo. If X is
non-negative for every n, then X is uniformly integrable.

Proof. Asn /' oo, we have E(X,,) \\ lim,_, . E(X,) = inf, E(X,,) > —o0. Fixe > 0. By

the definition of infimum, there exists a N > 0 such that for any n > N, we have E(Xy) —
lim,,_, ., E(X},) <.

For any k > nand 6 > 0, we have
E(1Xk] Tx>01) = EXiclix > 1) + E(Xiclix >—8y) — EXio) -
Moreover, since X is a backward near-submartingale, E(Xjlgx, >s) < E(X,1ix, >5)- Therefore,

E(1Xk| Igx, 1>61) < EXnlix,>a1) + EXnlix, >—s1) — (E(X,) — €)
< E(IXal Ui >51) + &

By Markov’s inequality and the non-negativity of X,
1 1 1
PiXi| > 6} < 5 EXy| = 5EX)) < 5EXo) = 0
as § — oo. This concludes the proof. O]

We are now ready to prove the near-martingale optional stopping theorem in continuous
time.
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Theorem 5.3.7. Let N be a near-submartingale with right-continuous sample paths. Suppose o
and t are two bounded stopping times with o < t. If N is non-negative or uniformly integrable,
then N(o) and N(7) are integrable, and

E(N(7) — N(0) | #5) > 0 almost surely.

Proof. We use a discretization argument to prove the result. Let T > 0 be a bound for r. For
every n € N, define the discretization function

n
H[z xJ+1A

o T, (5.3.8)

ot [0,00)—>{% : k=0,...,n} DX

and let 0, = f,(0) and 7, = f,,(7).

Now, for any n and ¢,

<= @ e ol =fre s} =fre st 0. 2 e 7y c 5

2n

so T, is a stopping time. Similarly, o,, is a stopping time. Moreover, it can be easily seen that
0, < t,foreveryn,and o, \, candzt, \, tasn / oo. Therefore, by the discrete time
near-submartingale optional stopping theorem theorem 5.3.4, we get N(o,) and N(z,,) are
integrable, and E(N(t,) — N(g,) | %, ) > 0 almost surely. Furthermore, it is easy to see that
7, = ﬂ:’:l F5, € 5, for any n. Therefore, E(N(7,,) — N(0,,) | J5) > 0 almost surely.

If N is non-negative, by construction, (Nan, I,n);o . is a backward near-submartingale such

that N; > 0 for every n. Therefore, E(N(0,,)) \« E(N(0)) > —ocoasn /' oo. Using

lemma 5.3.6, (N (on));’f:l is uniformly integrable. Similarly, (N (rn)):;l is also uniformly
integrable. On the other hand, if N is uniformly integrable, this is trivial.

Using the right continuity of N and the boundedness assumption of o and 7, we get
lim,_,, N(0,) = N(o0) and lim,,_, ., N(7,,) = N(7) almost surely. Furthermore, the uniform
integrability of (N (on))f:’:1 and (N (rn));’f:l allows us to conclude that N(o) and N(7) are
integrable and that the convergence is also in !, giving us E(N(7) — N(o) | %;) > 0 almost
surely. O]

We highlight the special case of theorem 5.3.7.

Corollary 5.3.9. Let N be a non-negative near-martingale with right-continuous sample paths
and 7 a bounded stopping time. Then N(7) is integrable, and E(N(t)) = E(N(0)) almost surely.
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Chapter 6. Conditionals of LSDEs

6.1. Motivation

Given an anticipating stochastic process Z € I?([a, b] X Q), its conditional expectation with
respect to the o-algebra F; projects it to the space of adapted functions. That is, E(- | &) :
I*([a,b] X Q) = I2,4([a, b] X Q) is a projection operator. This is particularly interesting since
it prunes a general stochastic process and brings it within the realm of 1td’s theory. We call the
process X; = E(Z(t) | %) as the conditioned process of Z.

Some questions arise immediately. Suppose Z is a solution of anticipating stochastic dif-
ferential equation. Then is it true that the conditioned process X is the solution of adapted
stochastic differential equation, where the coefficients and initial condition are also projected
using the conditional expectation? What is the relationship between Z and X in general? We
try to answer these questions in this chapter. We assume ¢t € [a, b] throughout this chap-
ter.

6.2. Conditional expectation of solutions of LSDEs

Theorem 6.2.1. Assume a € I2,([a,b] x Q), B € L} ([a,b] X Q) are stochastic processes.
Suppose h € I?[a, b] and ¥ is an analytic function on the reals with derivative 1. Furthermore,
let Z(t) be the solution of the linear stochastic differential equations

dZ(t) = a, Z(t) AW, + B, Z(t) dt

z@=9( [ noaw), 022

and X; = E(Z(t) | %) is the conditioned process. Then X satisfies the linear stochastic differential
equation B
d.Xt - Olt Xt dI/‘/t + ;Bt Xt dt + h(t)Xt d‘/‘/t
b (6.2.3)
X, = E3( f h)dw;) |
a

where X; = E(Z(t) | %), and Z is the solution of the linear stochastic differential equation

dZ(t) = a, Z(t) AW, + B, Z(t) dt

Z(a) _ ¢,(/b h(S)dI/VS>. (6.2.4)

Remark 6.2.5. In [KSZ18, theorem 4.1], we proved a similar result for the special case where o
is deterministic, 3 is adapted, and h = 1.

This chapter previously appeared in the following open-access journal article: Hui-Hsiung Kuo, Pujan
Shrestha, and Sudip Sinha. “Anticipating Linear Stochastic Differential Equations with Adapted Coefficients”. In:
Journal of Stochastic Analysis 2.2 (2021). DOL: 10.31390/josa.2.2.05.
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Proof. By the assumption and theorem 3.4.11, the solution processes Z(t) can be written as

t t b
Z(t)=e§“’ﬁ)-¢(( f h(s) dW, — f h(s)ocsds)+ f h(s)dWS)

) t t b
_ glah) ;;) %¢<k>( f h(s) dW, — f h(s)et, ds)( /t h(s)dW;>k,

where ¢ denotes the kth derivative of 3.

For brevity, we henceforth denote

t t
NS =¢<k>( f h(s) dW, — / h(s)etg ds). (6.2.6)

In this notation, the expression for Z(t) becomes

© b k
20 =69 3 g ([ hoaw)”
k=0 "" t

Note that & Ea’ﬁ ) and z,bfk) are adapted for all k. Moreover, since h is deterministic, j;b h(s) dW,

is a Wiener integral, and therefore, ftb h(s) dW; has the Gaussian distribution with mean 0 and
variance

b
V= f h(s)? ds. (6.2.7)
t

b 2k+1
Therefore, for any k, we have [E[( ft h(s) dW;) ] = 0 and

[E[( ft ’ h(s)dWs>2k

where !! denotes the double factorial defined as

H
nll = [J(n-2k)

k=0

= V*Q2k - 1D,

for any natural number n.

Moreover, j;b h(s) dW; is independent of 7 for every t. Using all of these information, we get

X, = e 3 L_yew E[( f bh(s)dwg)z"]
= (2k)! A

A v 1
2895)';{2_0(%)! vk - 11

Ce@f) w1 @k
=& kz—o(zT)” R 74 (6.2.8)
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and similarly,

(@) . (@he+1)
X, =& Z 7 2k)" vk, (6.2.9)

Now we look at the differentials. From equation (6.2.6) and equation (6.2.7), we get
d(V¥) = k1 (—h()? do),
and
d(#7) = 4D - (h0) AW} — ROt dr) + S92 - (e do)

= 9P Vn(e) aw + (597D n0? - P Vhioa ) de

Using the expressions for d(V*) and dy®®, and remark 1.6.7, we get

a(ePyoyE)
_ POk e | @Bk 20 | (B) 2R gk
+ &% apl . @k + 9 del™P . @k + < del™P - ag
= yPOyk (ateﬁ“’f” AW, + BiEqp(0) dt)

+s(°‘f3)vk( 2k+1)h(t)dW+(2 @kt py2 M)dt)

+ &SP (_kyk1p(n)2 dr)

+0+0+ V¥ (8(“ PyCEDS (1)) dt

= & PV (9 e, + 9 V) aw;

1
+ &PV PPV, + SR — kP OR(e?) di
At this point, we note that

Ky = (2k)
Z (2k)l' Z (2k)(2k oY

0]

1 (2(k—=1)+2)
4, k- ™t

> 1
Z (2k+2) (6.2.10)
k=0

N = l\)lf—‘

2k



Now, since X, = > 7. K0 l,bEZk)Vk (see equation (6.2.8)), we get

(zk)n

RN (@B), (2K) 1k
ax = 3, (2k),,d(et v
1 k
_ Z (2k)” @Ry 0y gy
1
t
k=0 2k

o 1 @Bk, 2k
+ Z Wgt Vi B dt

+ 8(“ Pyl P42 12 4
- Z L kel )2

= OCtXt dVVE + h(t)ﬁt du/; + ﬁtXt du/t,

(2k+1)h(t) aw;

where, in the second step, we used the result of equation (6.2.10). This completes the proof of
the theorem. ]

The presence of the extra term in the conditional stochastic differential equation in equa-
tion (6.2.3) poses an interesting question. Note that the stochastic differential equation for X;
is defined via X,. However, X, is defined in equation (6.2.9) as an infinite series and a closed
form is not guaranteed. It is important to note that X, arose from taking the first derivative
of ¥ as the initial condition. Similarly, we can use the second derivative of i as the initial
condition to arrive at the next step, ad infinitum. Therefore, a closed form solution is elusive
in this method. Nevertheless, since we know that the derivative of the exponential function is
itself, we have the following corollary.

Corollary 6.2.11. Let «, 3, h be as in theorem 6.2.1. Then

t t
X, = 8(“ ) exp(f h(s)dW, — f h(s) ag ds)
a a

satisfies the stochastic differential equation

dXt = (at + h(t))Xt dm + ‘Bt Xt dt,
X, =1.

Proof. If (x) = e*, then ¢ = 3'. Therefore Z(t) = Z(t), and consequently X, = X,. Then the
result follows from theorem 6.2.1. O]
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6.3. Extending to a larger space

In general, the absence of a closed form for the associated conditional process does not pose

significant problems. Recall that the scaled Hermite polynomials { . =H(x; p)} form an

Vnlpn

orthonormal basis for the space I?(R, y), where ¥ is the Gaussian measure with mean 0 and
variance p. Therefore, if we are able to arrive at a closed form reformulation of theorem 6.2.1
for Hermite polynomials, we can use this to state the result for conditional expectation of the
solution when the initial condition is any I?(R, y)-function of a Wiener integral.

Recall that the Hermite polynomial of degree n with parameter p defined by

x2 x2

H,(x;p) = (—p)e Die 2,

where D, is the differentiation operator with respect to the variable x. From [Ku096, page
334], we state the following identities:

Dy Hy(x;0) = nHy,_1(x; ) (6.3.1)

DpHy(x; 0) = —3 D% Hy(x; ) (6.32)

Hy(x+yip)= ), (Z)Hn—k(x§ % (6.3.3)
k=0

We use these facts to prove the following lemma.

Lemma 6.3.4. The stochastic process X; = Hn( j; h(s) dW; j;: h(s)? ds) with h € I*[a,b]isa
martingale with respect to the filtration generated by the Wiener process W, and

t t
dx, = an_l( / h(s) dW; / h(s)>? ds)h(t) dw; (6.3.5)

Proof. Here x = j;f h(s)dW; and p = j'at h(s)?ds. So we have dx = h(t)dW, and dp = h(t)?dt,
and (dx)? = dp. Using It0’s formula, we get

dX, = DyH,(x; p) dx + = D2 Hylxrp)(Ax)? + DpH, (e pydp

=an_1( f h(s) dW; f h(s)? ds)h(t)dW,

where we used equation (6.3.2) for the cancellation and equation (6.3.1) to get the final
term. [

This leads to the following result.
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Theorem 6.3.6. Assume a € I2,([a,b] x Q), B € L} ,([a, b] x Q) are stochastic processes and
h € I*[a, b] is a deterministic function. For a fixed n € N, suppose Z is the solution of the linear

stochastic differential equation

dZ(t) = a,Z(t) AW, + B,Z(t) dt,
b b
Z(a) =Hn( f h(s) dW; / h(s)? ds).

Then X; = E(Z(t) | %) is given by

X, = ( / h(s)dW, — / h(s) a, ds; f h(s)st)e(“ﬁ) t € [a,b].

Moreover, X; satisfies the following stochastic differential equation

dXt - OCtXt dW/t + ;BtXt dt

t t t
+ an_l([ h(s)dW, — | h(s) ag ds;/ h(s)? ds) 85“’6) h(t)dwW,
a a

a

X, =0.

(6.3.7)

(6.3.8)

(6.3.9)

Remark 6.3.10. For any x and p, we have Hy(x; p) = 1. Hence the stochastic differential

equation (6.3.7) is identically the one in remark 1.6.7.

Proof. We first prove equation (6.3.8). Using theorem 3.4.11 and equation (6.3.3), we can write

b t b
Z(t) = 8(a B)H (f h(s)dW, — h(s)ocs ds;f h(s)? ds)

k

n t
—85“‘”2( )n_k<b> (— f h(s)ocsds) ,

where we used the notation

Jn(t)an< f t h(s) dW; f th(s)zds).

Using lemma 6.3.4, we get E(J,,_r(b) | ) = J,,_(t). Taking the conditional expectation with
the knowledge that 85 B i adapted and that stochastic integrals of adapted processes are
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adapted,

k

X, = P Y (Z) EUni(b) | 7) (— | o, ds)
k=0 a

n t k
_ Sgoc,ﬁ) Z (Z)Jn—k(t) (— f h(s)ag ds)
k=0 a

t t t
= eﬁ""ﬁ)Hn (j h(s)dW, — f h(s)a ds;f h(s)? ds),
a a a

which proves equation (6.3.8).

Since H,(0;0) = 0, we see that X, = 0. Using It6’s formula and equation (6.3.5),

t t t
dH, =dH, (f h(s)dW, — f h(s)ag ds;/ h(s)? ds)

= D.H, - (h(t)dW} — h()a, dt)

+ 3 D 2H (07 40) + Doy (h(t) D)

= nH,_; - h(t)(dW; — a; dt).
Finally, using equation (6.3.8), we get
dX, = H, &P 4+ &P qg +de*® . qm,
= Hp&™P (e, W, + B, )
+&PInE, | n()(AW, — ardt) + E9P e, h(t) dt.

= o, X, AW, + B,X; dt + nH,_ h()&%P dw;,
which gives us equation (6.3.9). ]
In equation (6.3.9), we specify an explicit form of the extra term in the stochastic differential
equation for the conditioned process. We use this result in the following examples.
Example 6.3.11. Consider the stochastic differential equation

dz(t) = Wz(1)dw;, t€[0,1],
ZO = Wfl

Hereo; = W, B; =0, h = 1,and W, = H;(W;; 1). From theorem 6.3.6,

t t
Xt=tE(Z(t)|f;>=(w4—f W;ds)exp[%(wﬂ—t—j WSst)]
0 0

and X, satisfies the following stochastic differential equation
t
1
3 (Wt2 —t —f WSstﬂ }dW, t €[o0,1],
0
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Example 6.3.12. Consider the stochastic differential equation

dz(t) = Wz(t)dw;, t € [o,1],
Zy =W —1.

From theorem 6.3.6,

o e )]

and for t € [0, 1], X; satisfies the following stochastic differential equation.

t
dx, = {WtXt + 2exp l% (Wt2 —t —f Wfds)”dW,
0

X0=0.
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Chapter 7. Solving a Class of LSDEs

7.1. Motivation

In this chapter, we fixt € [0,1]. Our goal is to find the solution of the linear stochastic
differential equation

1
dz(t) = f( f y(s)dWS) Z(t)dt + o, Z(t) dW,
0
Z(0)=¢,

under reasonable conditions on y, o, f, and &. Note that the anticipation comes from the drift.
We shall explore finding the solution using: (1) Ayed-Kuo theory by formulating an ansatz,
and (2) Skorokhod integral and a novel braiding technique. We shall see that the Ayed-Kuo
theory gives us a much simpler method to find the solution, albeit at the cost of requiring us to
guess the form of the solution first. On the other hand, the braiding technique is constructive
and is amenable to solving other types of equations. Both the methods yield identical solution
under the same constraints.

(7.1.1)

7.2. The Ayed-Kuo solution

Theorem 7.2.1. Supposeo € I2,([0,1] X Q),y € I?[0,1], and & be a random variable
independent of the Wiener process W. Moreover, suppose f € C%(R) along with f, f’, f" €
L}(R). Then the solution of equation (7.1.1) in the Ayed-Kuo theory is given by

t t t 1 t
Z(t) = § exp lf o, dW, — %f o2 ds +f f(f y(u)dw, — f y(u) o, du) dsl . (7.2.2)
0 0 0 0 s

Proof. We show that equation (7.2.2) solves equation (7.1.1). The initial condition is trivially
verified.

Note that equation (7.2.2) can be written as
t 1t
Z(t) =Eexp f o, dW; — —/ o2ds
0 2 Jo

+ftf<fty(u)d%+fly(u)d%—’/‘ty(u)audu)ds--
o \Jo ‘ s ]

Motivated by this, we define

t t t ]
0(t, x1, %5, y) = Eexp lxl - %/ o2 ds + f f(xz +y— f y(u) oy, du) ds|.
0 0 N |

This chapter previously appeared in the following open-access article: Hui-Hsiung Kuo, Pujan Shrestha,
Sudip Sinha, and Padmanabhan Sundar. On near-martingales and a class of anticipating linear SDEs. 2022. arXiv:
2204.01932 [math.PR].
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Moreover, let

t
XV = f oy dW; (so dx\" = g, dW)),
0
t
x? = f y(s) AW, (so dxP = y(1)dW)),
0
1
and Y! = f y(s) dW (so dY! = —y(t) dW)).
t

Then we can write Z(t) = 6 (t,Xt(l),Xt(z), Yt).

For conciseness, we denote F = f ( fol y(t)dW, — fst y(u) o, du), and similarly the derivatives

F' =f' (fol y(t)dW, — fst y(u) o, du) and F” = f” (fol y(t)dW, — fst y(u) o, du). Note that for
the derivatives of 6, we have

exl = exlxl = e’
t
exz :emxz :ey:e'/ F'ds,
0

t 2
exzxz =6yy=9'(/ F’dS)
0

1
6, = —5903 +0f(x; +y) —y(t)o;6,,

t
+6-f F” ds, and
0

where we used the Leibniz integral rule and the second line for the last identity.

Since ¢ is independent of the Wiener process, by theorem 3.2.3, we get
d6 =6,dt + 6, dX{" + 6, dX{> + 6,dY!
+ %lexl (dX§1))2 + %exm (dx§2))2 + By, dXV dX P — %eyy(dyf)z.
Using the relationships between the derivatives of 6 and its differential form, we get
do =0, dt + 60, dW, + Byt dW, — OytH-dW,

1 1 1
+ 5607 dt + 50,077 dt + 6,y(1)o, df — 28y dr

(et + %eaf + Gy)/(t)at> dt + 60, AW
Now,

6, + %eaf +6,7(t)o; = (—\%\a@M 0f(x; +y) —W) +;\9@2+W= 0f(xz +y),

and so
do = f(x, +y)0dt + 0, 0dW,.
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Since Z(t) = 6 (t,X(l),Xt(z), Yt), we get

1
dz(t) = f(/ y(s)dWs> Z(t)dt + g, Z(t)dW;,
0

which is exactly equation (7.1.1). O

The differential formula (Theorem 3.2.3) is an indispensable tool for analyzing anticipating
processes. We show another example by finding the stochastic differential equation corre-
sponding to the square of the above solution.

Theorem 7.2.3. Under the condition of theorem 7.2.1, the stochastic differential equation

1 t 1 t
avi(t) = of+f( f y(s)dws)uy(t)ot f 5 ( f () AW, — f y(u)oudu)dsl V) di
0 0 0 S
+ 20; V(t)dW,,
V(0) = &

is solved by Z(t)?, where Z is given by equation (7.2.2).

Remark 7.2.4. An interesting feature is that the derivative of f appears in the stochastic
differential equation.

Proof. We follow the exact same strategy as the proof of theorem 7.2.1. The initial condition is
trivially true. Let V(t) = Z(t)>.

Taking the square of both sides of equation (7.2.2), we get

t t t 1 t
V(t) = E2exp lf 20, dW, —f o2 ds+/ 2f (f y(u)dw, —f y(u) oy du) dsl
0 0 0 0 s

We have V(t) = 0 (t,Xt(l),sz), Yf), where

t t t
0(t, x1,%,,y) = E2 exp [xl —f o2 ds + f 2f (xz +y —/ y(u) o, du) dsl ,
0 0 N

and
t
xW = f 20, dW, (so dX = 20, dW)),
0
t
X = f y(s)dW; (so dX{? = y(t)dw}),
0
1
and Y! = / y(s) dW (so dY! = —y(t) dW)).
t
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As before, writing F = f (/! y(t)dW, — [ y(w) o, du), F' = f' (fiy y() dW; — [ y(w) 0, du),
and F" = f” (fol y(t)dW; — fst y(u) o, du), we get

Oy, = Ox.x, =0,

t
exzzexlxz =ey=2@-f F'ds,
0

2

t t
Ox,x, =0y =0+ (f F’ ds) +9-f F" ds, and
0 0

6; = —007 + 26f(x, +y) — y(t)o;6,.

Using the above in theorem 3.2.3, we get

d6 =6,dt + 6, dX{" + 6, dX{> + 6,dY!

1 2 1 2 1
4 56, (X)) + 3000, (aX7) + 64y, XV aX® - 56,V

=6, dt + 260, AW} + B /0).AW, — BP(HdW;

+ 2007 dt +W+ 26,y (t); dt —W

= (6, + 2607 + 26,y(t)o;) dt + 260, AW,

t
=|00; +20f(x, +y)+ 2y(t)at9f F'ds|dt + 260, dW,.
0

Finally, using V(t) = 6 (t,Xt(l),Xt(z), Yt>, we get the stochastic differential equation. O]
7.3. Solution in the Skorokhod sense

In the prior section, we showed the existence of the solution via the Ayed-Kuo differential
formula. However, the procedure started with intelligently guessing an ansatz for the solution
and applying the differential formula to it. Can a solution be found without this “guessing”?
In this section, we use elementary ideas from Malliavin calculus to interpret the stochastic
differential equation in the Skorokhod sense. Then we introduce an iterative “braiding”
technique in the spirit of Trotter’s product formula[Tro59] that allows us to construct the
solution without needing to know the form of the solution. Note that we expect to arrive

at the same solution as in section 7.2 since under the definition of the Ayed-Kuo integral
using I*(Q) convergence, the Hitsuda-Skorokhod integral and the Ayed-Kuo integrals are
equivalent, as shown in [Par17, theorem 2.3].

In this section, we use subscripts throughout for time. First, fix the family of translation
A; @ Gy = Cp in the Cameron-Martin direction given by

tAS tAS
<&mm=%—f cwdu  and <mmx=%+f o(u) du.
0 0
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We look at an existence result for stochastic differential equations in the Skorokhod
sense.

Lemma 7.3.1. Supposec € I?[0,1] and £ € IP(Q) for some p > 2. Then the stochastic
differential equation

dZ(t) = o(t) Z(t)dW,
{ Z0) = £, (7.3.2)
has the unique solution given by
Z(t) = (0 Ay & (7.3.3)

Proof. Tt is clear that the family {(§ 0o A;)&; | t € [0,1]}is L'(Q2)-bounded for all » < p by
Girsanov’s theorem and Holder ’s inequality. Let G be any smooth random variable. Multiply
both sides of equation (7.3.2) by G. With the process X given by equation (7.3.3),

[E(Gf a(s) Z(s) dWs) = [E(-/ a(s) Z(s) DsGds)
0 0

= [E(g’ f a(s) (DyG)X(Ty) ds) (using Girsanov theorem)
0

fd
- [E(§ | d—SG(Ts)ds)
= E(§(G(T)) — G))
=E(Ay) & G)—E(G) (again by Girsanov theorem)
=E(Z(t) G) — E((G).

Thus, a solution of the stochastic equation equation (7.3.2) is explicitly given by equa-
tion (7.3.3). Uniqueness follows since the solution of equation (7.3.2) started at £ = 01is
identically zero at all times. O

Now we introduce the braiding technique to generalize this to equations of the type equa-
tion (7.1.1), where y € I?[0,1] and f : R — R. First, to simplify notation, define

1
Iy = / Y AW,
0

(-AV)VU
Al(w) =w. — f o(s)ds,
u

EY = exp [/va(s)dWs - % fv o(s)? dsl, and
gn = exp [f(I,) (v —w)].

Directly from the definitions above, for any u < v < w, we get the compositions
A o AY = AY,
E} o AY = Ef,
gi o AY = exp[f(I, 0 AY) (v —uw)],
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xM x() x(m)

g. oo oc oo o

tO =0 tl t2 tn—l tn =t 1 t

Figure 7.1. A graphical representation of the braiding technique.

and the products
E} -EY = EJf, and
8u-8v = 8u-

We suppress the dependence on w for notational convenience.

Fix t € [0,1], and consider a sequence of partitions IT, = {0 =t, < t; < --- < t,, = t} of [0, {]
such that |IT,|| = sup{t; — t;_; | i € [n]} = 0. On each subinterval, we

1. solve the equation having only the diffusion with the initial condition as the solution of
the previous step, and

2. use the solution obtained in step 1 as the initial condition and solve the equation
having only the drift.

For the first subinterval, the initial condition of step 1 is taken to be £. For a visual representa-
tion of the idea, see figure 7.1.

We explicitly demonstrate the process for the first two subintervals. An index (i) in the super-
script refers to the ith subinterval.

First subinterval.
1. The stochastic differential equation that we want to solve is
aY® = o)y aw,, wuelo,t],
Y(l) g
Lemma 7.3.1 gave us the almost sure unique solution Y, ~ = (§ o AY) E§, so
Y = (§oAR)

on a set Q,, where P(Q;) = 1.
2. For each w € Q,, we want to solve the ordinary differential equation

o = f{I, YXPdu, uelon],
X = Y;(l).
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By the existence and uniqueness theorem of ordinary differential equations, the unique
solution is given by Xy xM = (1) gl =(£oAl )E(t)1 g4, and so

X{) = (§ 0 A7)

Second subinterval.
1. The stochastic differential equation that we want to solve is
dY(z) = o(u) Yu(z) dw,, ue€Elt,t,],
72 = x0.

Lemma 7.3.1 gives us the almost sure unique solution Y; (2) = (X; (1) o A{)) Ef.. Now,

W = [(GoAD By git) o A ] B
=(¢ °A0 ° tl) E(t)1 Et1 (ggl °Al;1)
= (£ 0 A%) EY¥ (gg' 0 AL),

where we used the fact that E(t,1 is invariant under A”t‘l. This is because, by definition,

(-Au)Vty
Af(w) =w. — / o(s)ds.

151

Now, for Ef)l, we have t € [0, t;]. Therefore,

t
A (@) = wf — f o(s)ds = w,

t

showing the invariance. This gives the motivation behind why we define A as such,
and is a key trick in the method.
Continuing, we get

Yy = (€0 AD) g (g5 ° A2)

on a set 2, C Q,, where [P’(Qz) = 1.
2. For each w € Q,, we have the ordinary differential equation

& = fd )X,Sz)du, u € [f, 5],
X2 =y,

(2)

The unique solution is given by XL(,Z) = gt,- Using the definition of Yt( ) and the

fact that Attz2 is the identity function,

XD = [(€0 A EG (85 0 AD)] (g7 0 AZ)
2
= (£oAD) B [] (g2 0 A2)
i=1
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It should now become obvious what the pattern is. We prove this using induction in the
following lemma.

Lemma 7.3.4. Let § € IP(Q) for some p > 2. Consider the kth subinterval u € [t,_;, t ] for any
k € [n], and define

1. the stochastic differential equation

dvi = ou) %0 AW, u € [tr, e,

k-1 tk—l ’

2. the ordinary differential equation

k k
W = FI) X du,  u € [y, by,
x® —y®,

tg—1 —

Then there exists a set Q) C Q with P(Qy) = 1 such that on Qy, we have

(k) =(§o A H(gtl 1

Proof. Base cases. This is true for k = 1 and k = 2 as shown in the computations above.

Induction step. Assume that the result holds for k = m — 1. This means that there exists Q,,,_;
with P(Q,,,_;) = 1 such that on Q,,,_;, we have

1 tm— tm
X" = (£ 0 A By H(gtll

Using the ideas of computations on the second subinterval, we get that there exists Q,,, with
P(Q,,) = 1 such that on Q,,,, we have

Y™ = (£ 0 A B H(gtll

Since At[:l is the identity function, on Q,,, we have

X(m) Yt(m)

mlgtml

= (£ 0 AY") By H(gt,l o A{™).

The proof is now complete by mathematical induction. O]

We are now able to derive a closed form solution of equation (7.1.1) in the Skorokhod sense.
This is the main theorem of the section.
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Theorem 7.3.5. Suppose o,y € I?[0,1], f : R —» R, and & € IP(Q) for some p > 2. Then the
unique solution of equation (7.1.1) in the Skorokhod sense is given by

¢ L[
f o(s)dW, — > f o(s)?ds
0 0

+f0tf(f017(u)qu—[V(u)a(u)du)dSl-

Remark 7.3.6. Note that £ may depend on the Wiener process.

Z(t) = (§ o Ap) exp

Proof. Using lemma 7.3.4, for any ¢t € [0, 1], we have
(n) :
£
th =(§ °At0) E(t) H(gti_l °Atti)-
i=1
Now,
k k
L
H(gti_l °Atti) = H exp [f(Iy °Atti) (t; — ti—l)]
i=1 i=1

k 1 t
=exp[Zf< f () W, — / y(u)o(u)du)mi
i=1 0 0

Finally, taking n — oo, we get

Z(@t) = lim x™
n—>oo

t 1 t
= (Fo ) ES exp[ | f( [ voraw,- [ y(u)o(u)du)ds],
0 0 0

which exactly equals the proposed solution.

The solution exists almost surely, due to the continuity of the measure. Moreover, the solution
is unique. For if not, there are two solutions which disagree for the first time on a particular
interval, say the kth interval. Recall that the solutions obtained using Malliavin calculus and
also for ordinary differential equations are unique for each interval of time. Therefore, such a
disagreement would violate these uniqueness results. O]
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Chapter 8. Probabilistic Behavior of a Class of LSDEs

8.1. Rare events and asymptotic analysis

In mathematics, particularly in analysis, we are frequently concerned with asymptotic behav-
ior of mathematical objects. Elementary probability theory gives us some simple tools to know
the asymptotic behavior of means of random variables. First, the law of large numbers says
that if we repeat the same experiment a large number of times, we should expect the empirical
mean of the result to be close to the theoretical mean.

To formalize this, assume we have a sequence of independent and identically distributed
(i.i.d.) integrable random variables (Xn):f’=l with such that E(X;) = m. Let S,, = Z?lei be the

> _ S . .
sum and X,, = = be the empirical mean of n such random variables.
n

Theorem 8.1.1.
X, > masn — oo almost surely or in P

This is called the strong law of large numbers if the convergence is almost surely. If the conver-
gence is in probability, then the theorem is called the weak law of large numbers.

Since almost sure convergence implies convergence in probability, the strong law implies the
weak law. Even though it is called a “law” for historical reasons, it is a theorem of probability
theory. Using notation from asymptotic analysis, we can write this as X,, = m + o(1).

The law of large numbers do not give us any knowledge of how far down the sequence we
have to go in order for our empirical means to come “close” to the theoretical mean. The
central limit theorem helps in this regard.

Theorem 8.1.2 (Lindeberg-Lévy). Assume the setting above along with the condition that
V(X;) = 0% < 0. Let Z ~ N(0, 1) be a standard normal variable. Then

\Vn ()_(n — m) — 0Z indistribution.
Alternatively, in terms of the empirical sum S,, we can write this as

S, —nm

\/ﬁ

Therefore, the central limit theorem gives us one more level of detail. Asymptotically, it says
that

— oZ in distribution.

= 1 1
Xn:m+—aZ+o<—>.

Vn Vn

Sections 8.4 and 8.5 previously appeared in the following open-access article: Hui-Hsiung Kuo, Pujan
Shrestha, Sudip Sinha, and Padmanabhan Sundar. On near-martingales and a class of anticipating linear SDEs.
2022. arXiv: 2204.01932 [math.PR].
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The tradeoff here is that we now have to contend ourselves with the weaker sense of conver-
gence is in distribution.

Can we do better? Let us look at a specific example. Suppose that now all our random vari-
ables are i.i.d. standard normal, that is X; ~ N(0,1). Then the moment generating function

1,
of X is given by M(6) = [E(eeXl) = ¢2° . We write the moment generating function of S,

as
Ms, (6) = [E(eesn) = [E(ee Z?=1Xi) = [E(H eeXl-) - H [E(eex,.),
i=1 i=1

where we used the independence assumption in the last step. Using the identical distribution
assumption, we get

0 n 1g2\" lo2n
M;, (6) = (E(e?)) :<ez ) _ 036 _ qo(n)

On the other hand, using law of large numbers, we get S,, = nX,, = o(n), and so
M, (0) = E(e957) = E(e°™),

which does not equal e° that we obtained using the moment generating function ap-
proach.

Why does the moment generating function give us better results than the law of large num-
bers? For one, the moment generating function actually takes into account the distribution of
the random variables and does not use any approximation. However, there is another simple
explanation for this. When we compute the expectations of random variable that can take
very large values with very small probabilities, we cannot simply ignore the contributions of
such values. This is because the product pq, where p is large and q is small depends on the
magnitude of p and g, and can be quite large.

These kinds of problems are the mainstay of the insurance industry. Actuaries have to com-
pute the expectation of net payout given that probabilities of accidents are quite small. Con-
sider the following real-world problem. Let the i.i.d. random variables X,, denote the value
of claims received by an insurance company on the nth month. The steady income for the
company per month is the premium x. The company wants to use a planning period of n
months to set the value of x so that they make a profit on average with a certain degree of
certainty. Essentially, the goal is to determine x such that [P’()_(n > x) < €, where € is an accept-
able error probability. Therefore, it is hardly surprising that the theory of large deviations was
started by actuarial mathematicians, prime among them being the Swedish mathematician
Harald Cramér. However, it was Varadhan[Var66] who formally defined large deviations and
unified the various results into a coherent theory, for which he was awarded the Abel Prize in
2007.

To get an idea of what Cramér showed, we use Markov’s inequality to obtain exponential tail
bounds of X,,. Suppose X; has a finite moment generating function M. For an arbitrary 6 > 0,

73



using the i.i.d. nature of (X,,), we get
[P’{)_(n > x} = P{een)_(n > e@nx}
< e—@nx [E(een)_(n)
= e M5 (6n)
= (e7%)" M(6)"
— e—n(Gx—logM(@)).

Since 6 > 0 is arbitrary, we have

U:D{)_(n > x} < ilélfe—n(ex—logM(e)) — e—nsupe(ex—logM(e)).

Letting A*(x) := sup,_,{6x —log M(6)}, moving all terms dependent on n to the left, and
taking lim, we get

Tim 1 log P{)_(n > x} < A*(x).

n-oo N

Now, instead of the set [x, 00), if we consider an arbitrary closed set F, we can expect
lim £ log I]J’{)_(n € F} < inf A*(x).
n—oo N xeF
This is called a large deviation upper bound.
In fact, for this case, we can also obtain a large deviation lower bound. This means that for any

arbitrary open set G, we can expect

lim E log P{)_(n € G} > inf A*(x).
S~ xeG

n—>oo

This is the statement of the famous Cramér’s theorem.
Theorem 8.1.3 ([Cra38]). The following hold.
1. (upper bound) For every closed set F,

Tim + log IP{)_(” IS F} < — inf A*(x).
xX€eF

n—-oo N

2. (lower bound) For every open set G,

lim ~ log [P’{)_(n IS G} > — inf A*(x).
o xeG

n—-oo

Putting the two bounds together, we say that ()_(n) follows a large deviation principle with rate
function A*, and we informally write

[P’{)_(n € dx} = e AT (),
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In essence, the theory of large deviation allow us to find probabilities of rare events that decay
exponentially.

Even though the theory of large deviations originated in the works of Scandinavian actu-
aries, it has become one of the central topics in probability theory, having found numerous
applications in the seemingly disparate fields of dynamical systems, statistical mechanics,
information theory, and fluid mechanics, among others.

8.2. Large deviation principles

We now formally define large deviation principles in a general setting. Recall that a Polish
space is any space that is homeomorphic to a complete metric space having a countable dense
subset.

Definition 8.2.1. Let (X, d) be a Polish space and (u°)_, , a sequence of Borel probability
measures on X. Suppose I : X — [0, oo] is a lower semicontinuous functional. Then the
sequence (u°), , is said to satisfy a large deviation principle (LDP) on X with rate function I if
and only if for each Borel measurable E C X,

— inf I(x) < elimlogu¢(E) < emlog/xe(E) < —inf I(x),
xeEe 0 €=0 xeE
where E° and E are the interior and closure of E, respectively.

Equivalently, the sequence (u)_, , is said to satisfy a large deviation principle with rate
function I if and only if

1. (upper bound) for every closed set F C X,
melog,ue(F) < —inf I(x),
€—0 x€eF
2. (lower bound) and for every open set G C X,
lim elog u¢(G) > — inf I(x).
=0 xeG

Recall that we used the second version to write Cramér’s theorem in the previous sec-
tion.

The next result states how LDPs are transferred under continuous transformations.

Theorem 8.2.2 (contraction/continuity principle [DZ98, theorem 4.2.1]). Let X and Y be
Hausdorff spaces and f : X — Y a continuous function. Suppose the sequence of probability
measures (u°),, , on X satisfy a large deviation principle with rate functionI : X' — [0, co].
Foreachy € Y, defineJ(y) = inf {(I of ‘1)(y)}. Then the sequence of pushforward probability
measures (,ue of ‘1)€>0 on Y satisfy a large deviation principle with rate functionJ : Y —

[0, oo].

Are there situations where a large deviation principle is preserved? To answer this, we define
exponential equivalence of measures.
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Definition 8.2.3 ([ DZ98, definition 4.2.10]). Let (XX, d) be a Polish space with two families
of measures (u°)_, , and (v°)_, , on it. Suppose there exists probability spaces (2, Z, P,) and
two families of X-valued random variables (X¢), , and (Y®),_, , with joint laws (F.),, , and
marginals (1), , and (V%) ,, respectively. Moreover, for all § > 0, the set {w | (X, Y*) € Es}
is T.-measurable, and lim,_,, elog P. (Es) = —oo, where E5 = {(x,y) | d(x,y) > 8} C X2
Then the families (u°)_, , and (v¢),, , (and correspondingly (X¢)_, , and (Y¢),_ ) are called
exponentially equivalent.

€>0 €>0

Exponentially equivalent families of measures induce the same large deviation principle. This
is the content of the following theorem.

Theorem 8.2.4 ([DZ98, theorem 4.2.13]). Suppose the families (u°)., , and (v¢)_, , of measures
on X are exponentially equivalent. Then (1), , satisfies a large deviation principle with rate
function Iif and only if (v°)_, , satisfies a large deviation principle with the same rate function L.

8.3. Sample path large deviations

Just as in the previous chapter, we fixt € [0, 1]. We state everything in one-dimension,
even though all of the results of the section can be replaced by their higher-dimensional
equivalents.

Recall that ((:’0, ||-||oo) is the space of real-valued continuous functions on [0, 1] and (! the
Cameron-Martin space. Let the translation of the set C, by x € R be denoted using C,.
Similarly, #x denotes the linear translation of #! by x € R.

Consider the family of process (\/EW) 0 where a Wiener process W is scaled down by a
€

parameter \/E Since for every ¢, the random variable W, ~ N(0, t), and so \/EWt ~ N(0,et).

Therefore, as e — 0, the sequence \/EWt — 0 in probability (also almost surely). Can we
determine the rate of this convergence? In other words, can we estimate the probability that
a scaled-down sample path of a Brownian motion will stray far from the mean path? This is
answered by Schilder’s theorem.

Theorem 8.3.1 ([Sch66]). For every e, let u€ be the law of \[eW on (Cq, |||l ). Then (u€)
satisfies a large deviation principle with rate function

1 .1 2 .

S (D7 dt ifw e FH,
ey 2 3l OFar i

1) otherwise.

e>0

Example 8.3.2. Define the reverse Wiener process as V! = W; — W,. For every ¢, let v be the
law of 4/eV on the space of continuous functions f : [0,1] — R such that f(1) = 0 embedded
with the supremum norm. Then (v)__ , satisfies a large deviation principle with rate function

J($) = F fol |f(1f)|2 de ifp(t) = Ol_t f(s)ds for some f € I?[0,1],

otherwise.

Proof. Define Z; = W; — W,_;. Then we have the following properties:
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Figure 8.1. The disjoint increments of Z.

1. Zy =W — W = 0 almost surely.

2. For0 <u <v <s<t<1,theincrement Z, — Z, = W_; — W_; is independent of

Z,—Z, = Wi_,, — W_, due to the independence of increments of W (see figure 8.1).

Zi—Zy=W_y—W_; ~N(@O,t —s)forany0 < s <t <1.

4. The paths of Z are continuous almost surely since they are just a sum of continuous
functions.

w

From definition 1.1.1, we see that Z is a Brownian motion. Therefore, theorem 8.3.1 applies for
the family of processes (\/EZ)

e>0'

Consider the function 8 : € — C : ¢(t) — ¢(1 — t), where C is the space of continuous
functions. Note that 6 is an continuous involution on €. Moreover,

6(Vez,) = O(eW, — Wi_y)) = Ve(W, = W) = VeV! ~ 5.

Using the continuity principle (theorem 8.2.2) along with the rate function I from theo-
rem 8.3.1, (v)_, , follows a large deviation principle with the rate function given by

J(@) =I0671(¢() =I(¢(Q - )
~ ; SHfOP At it g1 —¢) = f! f(s)ds for some f € I7[0,1]
| otherwise

- ‘F /01 IF(O)Fde if ¢(t) = fol_tf(s) ds for some f € I2[0,1]

1% otherwise.
O

The extension of Schilder’s theorem to It6 diffusions is the content of the Freidlin—-Wentzell
theory. We start with a simple situation where we perturb an ordinary differential equation
with a diffusion that goes to zero as € — 0. Let X¢ denote the unique solution of the stochastic
differential equation

dX¢ = b(XF)dt ++edw,,
X5 =0,

where b : R — R is a uniformly Lipschitz continuous function. Let (v¢)_ , be the sequence of

probability measures induced by (X°),. , on (o, [ ] )-
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Theorem 8.3.3 ([DZ98, theorem 5.6.3]). (v°)_, , satisfies a large deviation principle with rate
function

1 , ;

S [ @ =b(fO)*de if f € 3,
I(f) =42

) otherwise.
The idea of the proof again rests on the continuity principle given in theorem 8.2.2. Let us
elaborate further. Suppose F : G, — C, be the deterministic map determined by f = F(g),
where f is the unique continuous solution of

t
£ = f b(F(s)) ds + g(0).
0

Then v* = € o F~!, where u€ is the measure induced by y/eW on (Cy, |||| ). Now we can
apply the continuity principle to arrive at the required large deviation principle result.

Finally, we look at the general case. Suppose k¥ € R, the functionsb : R - Rando : R - R
are bounded uniformly Lipschitz continuous functions, and ¢ is uniformly bounded away
from 0. Let X*® be the diffusion process that is the unique solution of the stochastic differential
equation
{de = b(Y?)dt +ea (V) dW;,
Y5 = «x.

Theorem 8.3.4 (Freidlin-Wentzell [DZ98, theorem 5.6.7]). The sequence of probability mea-
sures induced by (Y¢)__ , on (Cy, ||-||oo) satisfies a large deviation principle with rate function

e>0
1 .1 1 , 2 .
Ix(f)z{gfo ‘m(f (6) = b(f(O))| dt if f € I3,
© otherwise.

8.4. LSDEs with anticipating coefficients and constant initial condition

In what follows, we develop a Freidlin-Wentzell type result for linear stochastic differential
equations with anticipating coefficients. In particular, we look at a class of linear stochastic
differential equations of the type equation (7.1.1) that we analyzed in chapter 7. We start off
with the case of constant initial conditions.

Suppose ¢ and y are deterministic functions of bounded variation on [0, 1]. Moreover, suppose
f € C?(R) is Lipschitz continuous along with f, f’, f” € I}(R). For a fixed x € R, consider
the family of linear stochastic differential equations with parameter € > 0 given by

1
dZy(t) = f (ﬁ f y(s) dws) ZY(t) dt +\ea(t) Z(t) AW,
0 (8.4.1)

Z3(0) = x,
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Using the results from chapter 7, the unique solutions to equation (8.4.1) are given by
t ¢ t
\/Ef o(s)dW, — = f o(s)? ds
2

0 0

t 1 t
+ f f (\/E / y(u)dw, —¢ f y(u) o(u) du) dsl . (8.4.2)

0 0 N

Z5(t) = xexp

Our approach will be similar to how the Freidlin-Wentzell results in theorem 8.3.3 are derived
from Schilder’s theorem (theorem 8.3.1) using the continuity principle (theorem 8.2.2). In
order to use the continuity principle, we need the following lemma.

Lemma 8.4.3. The function 6 : C, — C, defined by

t t
f a(s)dx(s)—% f o(s)? ds
0 0

t 1 t
+-/(; f(l y(u)dx(u) — e—[ y(u) o(u) du) dsl

is continuous in the topology induced by the canonical supremum norm.

O(x) = xexp

Proof. We can write
t
6(x) = xexp [qﬁ(x) = f o2 ds + z/)(x)l :
0

where ¢,9 : Cy — C is given by

P(x) = / a(s)dx(s) = a(t)x(t) — f x(s)dao(s), and
0 0

t 1 t
P(x) = f f( f () dx(u) — ¢ f Y@ o(u)du) ds.
0 0 S

Using integration by parts,
d(x) = o(t)x(t) — f x(s)do(s), and
0
t 1 t
oo = [ f(y(l)x(l)— [ xoare e [ ya o(u)du) ds.
0 0 N

Since multiplication by x exp (—2 jg o? ds) and exp are continuous transformations, continu-
ity of 0 is guaranteed if we prove continuity of ¢ and . This is what we show below. For ¢,
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we have

lpx) — ¢, =

(Cf(t)X(t)— f X(S)dG(S)>—(G(t)y(t)— f y(S)dO(S))
0 0

f (x(s) = y(s)) do(s)
0

(e ]

< llo(®) (e(t) =yl , +

o0
< lloll IIx = ¥l +1o(®) = a(O)] lIx — yll,
<3llofly Ix =¥l

SO ¢ is continuous.

For 9, if Ly is the Lipschitz constant for f, we get

t 1 t
i Lf[(ya)x(l)— JECTICE W)
0 0
1 t
- (y(l)y(l)— f y(s)dy(s) W)]ds
0

t 1
f (y(l)(x(l)—y(l))— f (x(s)—y(s))dy<s>)ds
0 0

<Ly (7l Ix = yll o + Iy@) = O] lx = yll)_
=3Ly¢ [[7ll o I =¥l »

lCe) =Wl <

(6]

<L;

(e}

which proves the continuity of . O

The following result now follows directly from the continuity of 8 (lemma 8.4.3), the continu-
ity principle (theorem 8.2.2), and Schilder’s theorem (theorem 8.3.1).

Theorem 8.4.4. The laws of the solutions Zy. given by equation (8.4.2) of the family of stochastic
differential equations given by equation (8.4.1) follow a large deviation principle on (C,, ||-||oo)
with the rate function

J(y) =inf{I o 67'(y)}, (8.4.5)
where 0 is as defined in lemma 8.4.3, and I is the Schilder’s rate function given in theorem 8.3.1.

8.5. LSDEs with anticipating coefficients and random initial condition

Is it not necessary for the family of linear stochastic differential equations equation (8.4.1) to
start at a constant point ¥ € R in order for it to have a large deviation principle. In this section,
we generalize theorem 8.4.4 and show that we can derive a similar result under a stronger

version of exponential equivalence and more restrictive conditions on the functions f, o, and

)8

Suppose o and y are deterministic functions of bounded variation on [0, 1]. Moreover, suppose
f € C?(R) is Lipschitz continuous along with f, f’, f” € L}(R). Consider the family of linear
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stochastic differential equations with parameter € > 0 given by

1
dZg(0) = f (\/E f 7(s) dws) Zi(0)dt +ea, ZE(6) AW,
0

Z50) = &,

(8.5.1)

where £¢s are random variables independent of the Wiener process W. Just as before, the
unique solutions to equation (8.5.1) are given by

t c t
\/E/O U(S)dW;_E_/O o(s)?ds

t 1 t
+ (w)dw;, — (w) o(w)d )dl (8.5.2)
/Of(\/z‘/oyu elyuauus

250 = & exp

We now state a more general large deviation principle.

Theorem 8.5.3. Let x € R and consider the family of random variables &€ such that the
following hold

lim ¢ log E[(£° —1)*] = —co. (8.5.4)

Moreover, assume that the functions f, f', o,y are all bounded. Then the laws of the solutions
Zg given by equation (8.5.2) of the family of stochastic differential equations given by equa-
tion (8.5.1) follow a large deviation principle on ((:’K, ||-||oo) with the rate function given by equa-
tion (8.4.5), where 0 is as defined in lemma 8.4.3, and I is the Schilder’s rate function given in
theorem 8.3.1.

Proof. Let V¢ = Zg — Z;. Then V¢ satisfies the stochastic differential equation

1
dve() = f (\E f y(s)dWS) VE() dt +\eq, V() dW;
0

VE©0) = &° —x,

(8.5.5)

whose solution is given by

VE(r) = (§° —x)exp

t t
\/E/ JSdWS—%f o2ds
0 0

+f0tf(ﬁf01y(u>dwu—e[ﬂu)oudu)ds]-
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Let ¢(z) = |z|* and let U¢ = $(V¢). From theorem 7.2.3, U€ satisfies the integral equation
t
U0 = =7 + 2V [0 U(5) g
0

t 1 t

+ c—:f o2 US(s)ds + f(/ \/Ey(s)dWS)/ U<(s)ds
0 0 0
t s 1 N

+ 2<—:f y(s) o, Ue(s)/ f’ (/ \/Ey(v)de — e/ y(v) g, dv) duds.

0 0 0 u

Fixd > 0 and let = inf{t € [0,1] : |V¢(t)| > &}. Taking expectation of the stopped process
U¢(t A 1), we get

E(U¢(t A T))

= E[(&° - 0)°] +2v/e rEU

AT
0

o, US(SAT) dWsl

AT 1 tAT
f o2 US(s AT)ds f (/ Vey(s) dWS> f US(SsAT) dsl
0 0 0

tAT s 1 N
f y(s) oy US(s A T)f f' (f \/E y(v)dW, — ef y(v) g, dv) du dsl .
0 0 0 u

The second integral on the right-hand side is a near-martingales by theorem 5.2.1. Suppose
f, f', o,y are all bounded by some M > 1. Using non-negativity of U¢ and the near-martingale
optional stopping theorem (corollary 5.3.9), we get

+ekE +E

+ 2¢E

E(US(t AT)) <E[(&5 —1)*] +0

tAT
+eM2[E[f Us(sht)ds|+ME
0

tAT
f US(sAT) dsl
0

IAT
+ 2eM3 [EU US(s AT)ds
0

AT
S[E[(é’e—K)Z] +(M+2€M3)[E[f UE(S/\T)dSl.
0

By Gronwall’s inequality, we get

E(US(7)) = E(US(1 A D)) < E[(§5 — 1) | M+2eM°,

Since ¢(z) is a monotonically increasing nonnegative function in |z|, we use Markov’s inequal-
ity to get

EGA@) _ W @) EHE 9]

P{lve(f)l > 5} = P{¢(V€(T)) 2 ¢(5)} < ¢(5) 52 62
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Taking log and multiplying by €, we get
elog P{|Ve(1)| > 8} < elog [E[(§€ — K)Z] —2¢clogd + e(M + 2eM?3).
Finally, taking limit of € — 0 and using equation (8.5.4),
li_r)r(l)elog P{|VE(t)| > 6} = —o0.

This result allows us to say that Zg and Z;, are exponentially equivalent. Since exponentially

equivalent families have the same large deviation principle due to theorem 8.2.4, Zg follows a
large deviation principle with the same rate function given by equation (8.4.5). [
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Chapter 9. Future Research Directions

Being a new approach to anticipating stochastic integrals, there are various avenues of re-
search for the Ayed-Kuo stochastic calculus. In this chapter, we look at the current state of
research and highlight some open problems. Unless specified otherwise, we take t € [a, b] for
0<a<b<oo.

9.1. Definition and domain of the integral

One of the most important questions is to identify the largest class of stochastic processes for
which the Ayed-Kuo integral exists. In chapter 4, whe showed that for O(x, y) € C(R?), the

integral fab OW,, W, — W,) dW exists if
O, W, — W), O,(W,, Wy, — W), 6,(W,, W, = W) € I*([a, b] x Q).

However, it is unknown whether a general stochastic process can be integrated.

Note that it was shown in [Par17, theorem 2.3] that the Ayed-Kuo integral and the Hit-
suda-Skorokhod integral are equivalent if the definition of the Ayed-Kuo integral uses I*(Q)
convergence. However, since the original definition of the Ayed-Kuo integral uses conver-
gence in probability, its domain is a strict superset of the domain of the Hitsuda-Skorokhod
integral.

This is closely related to finding a decomposition result for general anticipating processes. For
example, while calculating examples for the Ayed-Kuo integral, we used the decomposition
W, = W, + (W}, — W)) of the anticipating integrand W, into the adapted integrand W; and
the instantly-independent integrand W, — W,. Is it possible to decompose any stochastic
process into adapted and anticipating parts (or their sums of products thereof)? If not, can we
determine a class for which such a decomposition can be guaranteed? Such a result would
greatly expand upon the class of integrands.

Another open problem is to generalize the extension of 1td’s isometry to products of the
form X,Y!, where X; is adapted and Y" is instantly-independent. This probably requires the
definition of an equivalent of the white noise derivative operator.

9.2. Near-martingales

First, we highlight some results that have already been shown for near-martingales.

1. In theorem 5.2.1, we showed that Ayed-Kuo integrals are near-martingales.

2. Proposition 5.1.3 shows that process is a near-submartingale if and only if its condi-
tioned process is a martingale.

3. Proposition 5.2.4 shows that the product of a submartingale and an instantly-
independent process is a near-submartingale if and only if the instantly-independent
process has constant mean.

4. In theorem 5.3.3, we proved that stopped near-martingales are near-martingales.

5. In theorem 5.3.7, we established a near-martingale optional stopping theorem.
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6. A Doob-Mayer’s decomposition for near-submartingales in the lines of theorem 1.2.3
was shown in [Hwa+17, section 3].
Theorem 9.2.1. Let X be a continuous near-submartingale. Then X has a unique
decomposition
X(t) =N(t)+ A,

where N is a continuous near-martingale, and A is a continuous adapted process starting
at 0 that is increasing in t almost surely.

There are a lot of open problems in this area. We look at some results that exist for martin-
gales that we do not currently have near-martingale equivalents of.

1. Doob’s upcrossing inequality
Theorem 9.2.2 (|[KS14, theorem 3.3.2]). Let X,, be a discrete-time submartingale.
Denote the number of time X crosses over | p, q] (starting below p and going above q) by
Ulp,q)- Then
E(X,—p)"
E(Uip) < sup 2L
2. Doob’s martingale convergence theorem
Theorem 9.2.3 ([KS14, theorem 3.3.4]). Let X be an L}-bounded submartingale with
right-continuous paths. Then there exists an integrable random variable X, such that
X, = X, almost surely ast — oo.
3. Doob’s martingale inequalities
Theorem 9.2.4 ([KS14, theorem 3.3.9]). Let X be a right-continuous submartingale for
t € [a,b], and X* = sup, X;. Then the following hold:
(a) Forany A > 0, we have
E(X5)
T

PX* > 1) <

(b) If X}, € IP for some p € (1, ), then
p
*
X1, < 2 1Kol -

4. Burkholder-Davis-Gundy inequality
Theorem 9.2.5 ([KS14, theorem 5.6.3]). Suppose M is a continuous locally square
integrable martingale. Let M* = sup, M; and (M) denote the quadratic variation process
of M. Then, for any p € (0, 00), there exists universal constants c, and Cp, such that

2
& E[M)7] < E| )] < G E[(8)f].

9.3. Girsanov’s theorem

Recall that Girsanov’s theorem (theorem 1.6.9) tells us that if a Wiener process is can be

translated in certain directions to obtain another Wiener process with respect to an equivalent

probability measure. Special cases of Girsanov’s theorem for the new stochastic integral was
given in [KPS13].
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Theorem 9.3.1 ([KPS13, theorems 5.1 and 5.2]). Let X and Y be continuous square-integrable
processes on [0, T| such that X is adapted and Y is instantly-independent. Let

t T
Wt=Wt+/ (X5 + Y?®)ds, and Ij[\/t=WT—Wt+f (X5 + Y®)ds.
0 t

Then the stochastic processes W, and Wtz — (T — t) are near-martingales with respect to the
probability measure Q defined by the Radon-Nikodym derivative % = S(TXJFY).

We do not currently have a Girsanov’s theorem where the translation is a product of adapted
and instantly-independent processes, or other functions of them.

This raises another interesting question. Let (i, H, B) be an abstract Wiener space with the
standard Gaussian measure y on B,and T : B — Banonlinear transformation such that

u o T~1is absolutely continuous with respect to u. Since the Radon-Nikodym derivative

oT™1) . . . . , .
% is related to the exponential process in Girsanov’s theorem, can use the translation
M

formula for an abstract Wiener space to derive the exponential process required for a general
Girsanov’s theorem?

9.4. Near-Markov property

It is well known that the solutions of stochastic differential equations in Itd’s theory are
Markov processes.

Theorem 9.4.1 ([Kuo06, theorem 10.6.1]). Suppose m(t,x),o(t,x) : [a,b] X R - R are
adapted and satisfy the Lipschitz and linear growth conditions on x. Let £ be a F,-measurable
square-integrable random variable. Then the unique solution X of the stochastic differential
equation
{dXt - m(t,Xt) dt + O'(t,Xt) d‘/‘/t
Xo=¢
is a Markov process. That is, for any s < t, we have P(X; € A | &) = P(X; € A | X;).

In fact, the martingale property and the Markov properties were 1td’s original motivations
behind the definition of It6’s integral.

However, it is not true that solutions of stochastic differential equations with anticipating ini-
tial conditions are Markov processes. Therefore, we would like to know if there is an analogue
of Markov processes that are satisfied by solutions of stochastic differential equations in the
Ayed-Kuo theory, on the lines of how we defined near-martingales from martingales.

A follow-up question concerns Wiener martingales. An Wiener process X is called a Wiener
martingale with respect to a filtration F if it is #-adapted and X; — X is independent of J for
any s < t. We know that Wiener martingales have the strong Markov property, as shown in the
following theorem.

Theorem 9.4.2 ([KS14, theorem 3.2.3]). Let X be a Wiener martingale with respect to the
filtration F, and let T be a finite F-stopping time. Then
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1. the process Y; = X;y; — X; for t > 0 is a Wiener process, and
2. the o-algebra o {Y; | t > 0} is independent of 7.

Therefore, it is natural to ask if we can get a similar “near-Markov” result for “Wiener near-
martingales”. This would establish a relationship between near-martingales and the “near-
Markov” property.

9.5. Exponential processes.

Exponential processes are very important in 1t6’s theory of stochastic integration and has
numerous applications in mathematical finance. In It6 calculus, there are three major ways to
think of the map exp ( [Ot h(s) dWS) - 8§h) (see also [HKS19, section 1]). For this idea, we will
consider ¢t € [0,1].

1. Multiplicative renormalization. For a random variable X with non-zero expectation,
the multiplicative renormalization of X is the random variable X/ E(X). For any h €
I2[0, 1], the Wiener integral fot h(s) dW, is a Gaussian random variable with mean 0

and variance j(')t h(s)? ds. Using the idea of moment generating functions, we get

[E[exp(f h(s)dWs>l = exp (%/ h(s)zds).
0 0

Therefore, g?” is the multiplicative renormalization of exp ( fot h(s) dW;).
2. Martingales. Under the condition Eexp (% fol h(s)? ds) < oo (Novikov), €M is a martin-

gale. Therefore, for any deterministic A, the exponential process £ is necessarily a
martingale since the Novikov condition is trivially satisfied.

3. Stochastic differential equations. From remark 1.6.7, we can say that £ is the solution
of the stochastic differential equation

de = 6,eM aw;
) _ 4
a - 1.

These ideas coincide even when h is adapted. Therefore, a natural question is whether these
ideas concur when h is anticipating.

The non-trivial nature of the stochastic exponential for anticipating processes is demonstrated
by the following example.

Example 9.5.1 ([Item 5 of Kuo14, section 4.6]). Suppose we consider the near-martingale
property to define the exponential process. Then for any 6 € C%(R), we can use the differen-
tial formula to derive the exponential process associated with 6(W]) as

t t
xe= e} [ smraws - [ S+ @ omm e as.
0 0
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9.6. LSDEs and conditioned processes

We covered linear stochastic differential equations with anticipation arising from three areas:
(1) initial condition, (2) drift coefficient, and (3) diffusion coefficient. We have mostly focused
on special classes for each type. Therefore, there is immense potential of expanding the scope
of the individual classes, and show general results that cover combinations of different causes
of anticipation. There is also a great scope of understanding probabilistic behavior for such
equations, over and above the large deviations results we derived in chapter 8. Non-linear
stochastic differential equations with anticipation is another exciting field of research.

We also extensively studied the conditioned processes and its stochastic differential equation
in chapter 7 for linear stochastic differential equations with anticipating initial conditions.
We can perform similar studies for linear stochastic differential equations with anticipating
coefficients in both the diffusion and the drift terms.

9.7. Applications

The most well-known application of anticipating integrals is in modeling insider trading in
the field of mathematical finance. This idea can also be extended to model prices of assets
determined by initial public offerings, where information is asymmetric by nature. Similar
is the case of venture capital investments, which are typically closed-off to retail investors.
An extension of the Black-Scholes—-Merton model was obtained by Zhai[Zha18, chapter 5]
under restrictive conditions of deterministic coefficients for the asset dynamics. The author
showed the completeness of the market, and derived call option pricing and hedging formulas
in the presence of initial conditions that are functions of W;. There remains much room to
generalize these results.

Mathematical finance is not the only application area of anticipating integrands. These tools
apply to any situation where there is an asymmetry of information about the future. As a
hypothetical use case, consider a global logistics company that has access to information
about the geopolitics of a particular region. Using this information, the organization can
constantly update its delivery systems. Consider another hypothetical use case, where an
environmental agency plans to release a certain amount of genetically modified mosquitoes
into an environment one year down the line. However, it does not want to disclose its plans
to the public ahead of time since it expects negative public perceptions of such a step. In this
situation, anticipating calculus may be used to model the population dynamics of mosquitoes.
Of course, the exact modeling procedure and application of anticipating stochastic calculus
would depend on the specifics of the given problem.
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ON NEAR-MARTINGALES AND A CLASS OF ANTICIPATING LINEAR
SDES

HUI-HSIUNG KUO, PUJAN SHRESTHA*, SUDIP SINHA, AND PADMANABHAN SUNDAR

ABSTRACT. The primary goal of this paper is to prove a near-martingale optional stop-
ping theorem and establish solvability and large deviations for a class of anticipating linear
stochastic differential equations. We prove the existence and uniqueness of solutions us-
ing two approaches: (1) Ayed-Kuo differential formula using an ansatz, and (2) a novel
braiding technique by interpreting the integral in the Skorokhod sense. We establish a
Freidlin-Wentzell type large deviations result for solution of such equations.

1. INTRODUCTION

Anticipating stochastic calculus has been an active and important research area for several
years, and lies at the intersection of probability theory and infinite-dimensional analysis.
Enlargement of filtration, Malliavin calculus, and white noise theory provide three distinct
methodologies to incorporate anticipation (of future) into classical 1té theory of stochastic
integration and differential equations.

It is to the credit of It6 who constructed an anticipating stochastic integral in 1976[6],
and laid the foundation for the idea of enlargement of the underlying filtration. Ever since,
the method was embraced by several researchers that led to many important works (see
articles in [7]). The advent of an integral invented by Skorokhod resulted in an impressive
edifice built by Malliavin on stochastic calculus of variations in order to prove Hérmander’s
hypoellipticity result by stochastic analysis. Malliavin calculus provided a natural basis
for the development and study of anticipative stochastic analysis and differential equations.
Around the same time, a systematic study of Hida distributions gave rise to white noise
theory and a general framework for stochastic calculus.

Malliavin calculus and white noise theory have vast applicability to the theory of stochastic
differential equations with anticipation. However, the results obtained by these theories are
primarily abstract though general. A more tractable theory was envisaged by Kuo based on
a concrete stochastic integral known as the Ayed—Kuo integral[1]. Under less generality, the
latter allows one to obtain results under easily understood, verifiable hypotheses.

In this article, we prove some results about stopped near-martingales, which are general-
izations of martingales. We then study existence, uniqueness and large deviation principle for
linear stochastic differential equations with anticipating initial conditions and drifts. While
we rely mostly on the Ayed—Kuo formalism, other theories are minimally used either out of
necessity, or to compare and contrast the conclusions of certain results.
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Key words and phrases. anticipating integral, stochastic integral, stochastic differential equation, near-
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AN INTRINSIC PROOF OF AN EXTENSION OF ITO’S
ISOMETRY FOR ANTICIPATING STOCHASTIC INTEGRALS

HUI-HSIUNG KUO, PUJAN SHRESTHA, AND SUDIP SINHA*

ABSTRACT. Ité’s isometry forms the cornerstone of the definition of Itd’s
integral and consequently the theory of stochastic calculus. Therefore, for
any theory which extends It6’s theory, it is important to know if the isometry
holds. In this paper, we use probabilistic arguments to demonstrate that the
extension of the isometry formula contains an extra term for the anticipating
stochastic integral defined by Ayed and Kuo. We give examples to illustrate
the usage of this formula and to show that the extra term can be positive or
negative.

1. Introduction

Let By,t > 0, be a Brownian motion and [a,b] a fixed interval with a > 0.
Suppose f and ¢ are continuous functions on R. In [1] the following anticipating
stochastic integral is defined as

n

b

/ f(Bi)$(By — By) dB; = lim Y f(By,_,)$(By — By,)AB; (1.1)
a [|An||—0 P

provided that the limit exists in probability. Here A,, = {a = t¢, t1,t2,...,t, = b}

is a partition of [a,b] and AB; = B;, — B;,_,. Note that when ¢ = 1 this stochastic

integral is an It6 integral (see Theorem 5.3.3 in [6].) It is proved in Theorem 3.1

[8] that when f and ¢ are C'-functions we have the equality:

E </ab f(By)¢(By — By) dBt> = /abE[f(Bt)2¢(Bb - Bt)ﬂ dt

w2 [ [ w[smasm - Byswoem - B| asa,  (2)

provided that the integrals in the right-hand side exist. In particular, when ¢ = 1,
the equality in equation (1.2) is the well-known Itd isometry.

We need to point out that the proof of equation (1.2) in [8] is too lengthy and
involves rather tedious computations by using the binomial expansion. Moreover,
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ANTICIPATING LINEAR STOCHASTIC DIFFERENTIAL
EQUATIONS WITH ADAPTED COEFFICIENTS

HUI-HSIUNG KUO, PUJAN SHRESTHA*, AND SUDIP SINHA

ABSTRACT. Stochastic differential equations with adapted integrands and ini-
tial conditions are well studied within It6’s theory. However, such a general
theory is not known for corresponding equations with anticipation. We use
examples to illustrate essential ideas of the Ayed—Kuo integral and techniques
for dealing with anticipating stochastic differential equations. We prove the
general form of the solution for a class of linear stochastic differential equa-
tions with adapted coefficients and anticipating initial condition, which in
this case is an analytic function of a Wiener integral. We show that for such
equations, the conditional expectation of the solution is not the same as the
solution of the corresponding stochastic differential equation with the initial
condition as the expectation of the original initial condition. In particular,
we show that there is an extra term in the stochastic differential equation,
and give the exact form of this term.

1. Introduction

Let B(t), where t € [a,b], be a Brownian motion starting at 0 and let {F;}
be the filtration generated by B(¢), that is, F; = o{B(s);a < s < t}. In the
framework of Itd’s calculus, a stochastic differential equation

dX(t) = a(t, X (t))dB(t) + B(t, X(£)) dt, t€ [a,b],
X(a) =¢,

with the initial condition £ being F,-measurable, is a symbolical representation of
the stochastic integral equation

X(t)=§+/t

a

b(s, X (s)) ds—i—//a(&X(s)) dB(s), te€la,b],

where fat o(s,X(s)) dB(s) is defined as an It6 integral. In Itd’s framework, we
require both the coefficients b(¢,z,w) and o(t,z,w) to be adapted apart from
usual integrability constraints, and and the initial condition & to be measurable
with respect to the initial o-algebra F,. The question of how the stochastic integral
can be defined when any of these quantities are not adapted (called anticipating)
has been an open question in the field of stochastic analysis for past decades.
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STOCHASTIC DIFFERENTIAL EQUATIONS WITH
ANTICIPATING INITIAL CONDITIONS

HUI-HSIUNG KUO, SUDIP SINHA, AND JIAYU ZHAT*

ABSTRACT. In this paper, we study the solutions of a stochastic differential
equation with various anticipating initial conditions. We show that the con-
ditional expectation of the solution of such a stochastic differential equation
is not simply the solution of the corresponding stochastic differential equation
with initial condition taken as the conditional expectation of the anticipat-
ing initial condition. We derive the conditional expectation of the solution
in general, and apply it to the special case of anticipating initial condition
given by Hermite polynomials. We also extend the class of initial conditions
to functions of Wiener integrals.

1. Introduction

In 1942 [7], Kiyosi Ité6 published his pioneering paper on stochastic integra-
tion, which enabled integration of stochastic processes with respect to a Brownian
motion. In 1944 [8], his efforts to model Markov processes led him to construct
stochastic differential equations of the form dX; = a(X;) dB(t)+8(X:) dt, Xo = =,
which subsequently led him to publish what is now known as the It6 formula. In
1973, Black and Scholes [4], and Merton [12] used Itd’s calculus to give a frame-
work for option pricing, which rapidly expanded the interest of stochastic calculus
to practitioners in other fields.

Even though it is extremely useful, the It6 calculus cannot handle anticipat-
ing conditions. For example, consider the following simple stochastic differential
equation with anticipating initial condition

{dXt = X;dB(t), tel0,1],

Xo = B(1). (1.1)

To solve the equation analytically, we have to assign a meaning to the integral

/tB(l) dB(s), te 0,1, (1.2)

which is outside the theory of It6 calculus since the integral is not adapted with
respect to the filtration generated by the Brownian motion B(t). This is the
primary motivation for extending the It integral to anticipating integrands.
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