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Abstract

In this work we consider the Z;(K') polynomial time knot polynomial defined and
described by Dror Bar-Natan and Roland van der Veen in their 2018 paper ” A polyno-
mial time knot polynomial”. We first look at some of the basic properties of Z;(K), and
develop an invariant of diagrams W,, (D) related to this polynomial. We use this invariant
as a model to prove how Z;(K) acts under the connected sum operation. We then dis-
cuss the effect of mirroring the knot on Z;(K), and described a geometric interpretation
of some of the building blocks of the invariant. We then use these to develop state sum
interpretation of Z;(K). We describe a base set of knots which can be used to build the
Z1(K), or rather its normalization p;(K), showcasing some of its symmetry properties. Fi-
nally, we use this idea to give an explicit expansion of p;(K) for the family of T'(2,2p + 1)

torus knots in terms of this base set of knot invariants.

vi



Chapter 1. Introduction

A knot can be defined as a copy of S! smoothly embedded in R? or S? (the com-
pactification of R?). To imagine this one can think of a string wrapped around itself and
tangled up, but with the ends of the string either stuck together to form a closed loop. A
link is a collection of one or more disjoint knots. When we draw the projection of such an
object in a 2-dimensional plane we often replace the intersection points that appear with
pictures that indicate which strand of the diagram is on top of the other - we call these
crossings. We also require that there are only a finite number such intersection points

(that is to say, we will have the arcs in the diagram intersect transversely)

<21

Figure 1.1. The Trefoil and the Hopf link

One of the most basic questions one can ask when handed two different diagrams
of knots is: “Do these represent the same knot or do they represent different knots?” It
turns out that this simple question can actually be a really difficult one to answer! It is,
however, an interesting question and was a driving force in the creation of modern knot
theory.!

If one considers what can be done to the aforementioned knotted string, one can

!Peter Guthrie Tait began classifying knot diagrams in response to the conjecture by William Thomp-
son that stated atoms were composed of knotted vortex cubes. [1]



see that moving the string around, stretching it (for it is a very stretchy string), juggling
it, and twisting it up will not change the underlying knot - only what it looks like. This
notion captures the idea of planar isotopies and something called the Reidemeister moves

(see Figure 1.2).

) / / \/
& & /)
NV (\

Figure 1.2. The R1, R2, and R3 Reidemeister moves

These operations do not change the underlying knot so we quickly see that there
are an infinite number of diagrams that represent a given knot, that look wildly differ-
ent from each other. What one can do however, is consider knot diagrams up to their
equivalence classes - that is, if two diagrams represent the same knot, we put them in the
same equivalence class and just pick a representative diagram to work with.

We can add more information to knot diagrams by specifying a direction on the
diagram (resulting in an oriented knot diagram). One can think of this as a way of spec-
ifying what direction one would travel along the knot. The crossings in such a diagram
now give more information; they are either “positive” or “negative” depending on the di-
rections of the arrows.

One particularly interesting family of knots (or rather, of links) are torus links.

2
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Figure 1.3. An oriented trefoil, a positive crossing, and a negative crossing

These are defined as links that lie on the surface of an unknotted torus in R3. Typically,
we write these as T'(p, ¢) where p is the number of times the link wraps around the outside

of the torus, and ¢ is the number of times the link goes through the center hole.

Figure 1.4. The T(3,-8) torus link

This family of links, while interesting, does not contain every possible link. For ex-
ample, the figure-eight knot (see Figure 1.5) cannot be embedded in the surface of a torus,
thus it is not a torus knot.

There are many different way to represent knots and links, but one of particular



Figure 1.5. The Figure-8 knot

importance to us is known as the braid representation. For this representation we consider
a cylinder with n dots identified at the top and bottom of the cylinder. We will take n
strings, each anchored to a different dot on the bottom, and connect each of them to a dif-
ferent dot on the top while allowing them to weave back, fourth, and around (but always
travelling upwards). By labelling each crossing involving strand ¢ (on the left hand side)
with a o; for positive crossings or a o_; for negative crossings, we can assign to a braid

a braid word.

Figure 1.6. A braid

If we take a braid and connect each of the points on the top to the corresponding

point directly below it (outside the cylinder and without letting them cross each other) we



can convert a braid into a knot (or link). We call this representation a closed braid repre-
sentation. If we take one of the outside arcs (say, the first one) and instead send each end
out towards infinity we have something called a long knot. An interesting result of Alexan-

der is that every link can be represented as a closed braid [2].

Figure 1.7. The closure of a braid and a long knot

Braids are particularly nice to work with as they carry a group structure. This

braid group B(n) is generated by o; for i € {1,...,n — 1} subject to the following relations:

0,05 = 004, |Z—j|22

0i0i110; = 0410041, 1 <1< n—2

It is worth noting that the second of these relations corresponds to the third Reidemeister
move on knot diagrams. This leads to the natural question: are there analogues to the
other Reidemeister moves for braids?

In 1935, Markov showed [3] that if two closed braids represent the same link one
can transform one of braids into the other using a series of elementary moves called

Markov moves. The first of these moves is called conjugation, which takes a braid



B € B(n) and sends it to o;80; '. This move corresponds to the second Reidemeister
move on knot diagrams. The second Markov move is called stabilization and the inverse
of this move is called destabilization. The stabilization move takes a braid § € B(n) and
sends it to ot € B(n + 1), and, when used in conjunction with the first Markov move,
corresponds to the first of the Reidemeister moves.

Another useful construction is called the connected sum of two knots which is, in
some sense, a way to add two knots together in a well defined manner. Intuitively, one can
think of this as using the string to tie one knot, then the other on the same piece of string.
Diagrammatically, this corresponds to removing a small arc from two oriented knots, then
connecting the endpoints between the knot in an orientation preserving way. For long
knots, this corresponds to stacking the diagrams on top each other. For a much more ex-
tensive discussion of all these ideas, one can refer to the excellent book An Introduction to
Knot Theory by Lickorish [4].

In Chapter 2 of this work we will introduce the notion of polynomial invariants of
knots and describe the two main invariants that we will be working with. Chapter 3 dives
into the basic properties of a particular polynomial invariant and we explore how it acts
under basic operations. In Chapter 4 we interpret the polynomial geometrically, and build
a state sum model for the invariant. Finally, in Chapter 5, we will see how he invariant we

are considering relates to other polynomial invariants.



Chapter 2. Background

A useful tool to help classify knots and links (and to do other things as well) is
that of the knot polynomial. Generally, these are invariants of knots and links which as-
sign a particular polynomial to a knot or link, a polynomial whose coefficients and degree
encode useful information about the knot or link. These polynomials are independent of
the chosen diagram, making them a useful tool for distinguishing knots (in addition to the
other information they may encode). In this paper we consider two such polynomials in
particular, diving deeply into their structures, and find that they are strongly related.
2.1. The Alexander Polynomial

A well known and understood invariant of knots is the Alexander Polynomial
Ak (t), which Alexander computes as the determinate of a matrix associated with an
oriented link diagram [5]. He shows that the polynomial is invariant up to sign and mul-
tiplication by a power of the variable by showing how it acts under the Reidemeister
moves.

In brief, place two dots just to the left of the undercrossing arc in each crossing, on
either side of the overcrossing arc, viewing the undercrossing arc as a vertical arc. Starting
with the top dot, label each of the four regions A, B, C, and D (see Firgue 2.1). To each of

these crossings, Alexander associates the equation

tA—zB+C—-D=0

while simplifying that equality if two regions are the same. Alexander then gives a ma-
trix My whose rows correspond to the crossings and the coefficients of the equations they

give, and whose columns correspond to the regions in the diagram. Let R and R’ be two



adjacent regions of the diagram, and let My[R, R'] be the matrix with the corresponding

columns removed. Then the Alexander polynomial is given by Ag(x) = det(Mg[R, R']).

\ \
Al D Al D

B|C B|C

Figure 2.1. Alexander labeling

In [6], Kauffman reformulates the Alexander polynomial as a state summation. He
gives a formula for the Alexander polynomial which is a sum of evaluations of combinato-
rial configurations (or states) related to the link diagram. The state sum actually com-
putes the Conway normalized version of the Alexander polynomial, which removes the
question of sign an multiplication by a power of the variable. Not only this, but it satis-
fies a skein relation:

Vi, (2) = Vi (2) = 2V, (2)

which describes a relation between diagrams for the knot K where the diagram is the
same everywhere except for at a chosen crossing L, with L, L_, and Ly corresponding
to a positive crossing, a negative crossing, and the remove of a crossing as shown in Figure
2.2.

This polynomial, V(z), is known as the Conway-normalized Alexander polynomial

and is related the the Alexander polynomial Ak (t) via the relation

Ag(t?) = Vit —t1) = Vi(z)

8
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Figure 2.2. The Skein objects L_, Lo, L

where Ak (t) is normalized by sign and multiplication by ¢ to satisfy the skein relation
A, (8)+Ap_(t) = (12 =72 AL, (1)

The Alexander polynomial has several interesting properties including that
Ag(t) = Ag(t™!) where = means equal up to multiplication by a unit in Z[t,¢7]. It also
has the property that Ax (1) = £1. Furthermore, every integral Laurent polynomial with
these two properties is the Alexander polynomial of some knot [7]. If one looks at the
Conway normalized version of the Alexander polynomial, the symmetry properties be-
comes even nicer: the polynomial is symmetric for all knots K that is, Ag(t) = Ag(t71).

If we have the connected sum of two knots, K;# K>, then we have
AKI#K2 = AKlAKz'[4]

This polynomial also exhibits some important geometric properties. If the knot K
bounds a smoothly embedded disk in the 4-ball D*, we call such knots slice, then Fox and

Milnor showed in [8]:

for some f(t) € Z[t,t7]. Moreover, if a knot K has genus g then twice the knot genus
is bounded below by the degree of the Alexander polynomial [4]. That is, 29 > breadth

9



Ak(t).
2.2. A Polynomial Time Knot Polynomial

In order to build the second polynomial invariant of interest Z;(K) we will follow
the process described by Bar-Natan and van der Veen in [9], so we first consider the no-
tion of a snarl diagram which can be used to represent long knots.

DEFINITION 2.2.1. A snarl diagram is a finite set L together with a finite oriented
graph G = (V, E) and functions o : V- — {£1} and p : E — Z. The edges E are assumed
to be a disjoint union of oriented paths and each path is labelled by an element of L. Fur-
thermore, the edges around any vertex are ordered cyclically such that two adjacent edges
enter and two exit each vertex that is not an endpoint of a path.[9]

Bar-Natan and van der Veen explain that one can think of the weighted vertices as

crossings and endpoints of pieces of the knot, the paths L as connected components, and
the map p as keeping track of rotation numbers of tangent vectors on the edges (see figure
2.3). In order to build knots from disjoin unions of these pieces, one needs the notion of
“stitching”.
DEFINITION 2.2.2. Fori # j € L and k ¢ L — {i,j} define the snarl diagram m} (G)
to be the graph obtained from G by connecting the endpoint of component i to the start of
component j, erasing the vertex in the middle. For the newly created edge e we define p(e)
to be the sum of the values of p on the edges that disappear. The newly created component
is labeled k so the label set is L — {i,5} U {k}. [9]

Bar-Natan and van der Veen showed that every long knot can be represented by

such a snarl diagram, that two snarl diagrams representing isotopic knots are equivalent,

10



and that snarl diagrams can be made into algebras. Recall the definition of a snarl-algebra
also given in [9]:

DEFINITION 2.2.3. A snarl-algebra is an algebra A together with invertible elements
X € A2U2Y o € A such that the equations below are satisfied. For any diagram D with
label set L denoted by Z(D) € A®L the unique element characterized by Z(Xf;) = Xf; and
Z(a}) = of and Z(D||D') = Z(D) ® Z(D') and Z(m!D) = m{! Z(D). Z = Zsx. is

called the snarl invariant corresponding to A.

Z(X55a7™/ fm) = Z(a3) = Z(XGia*! [ /m12)
Z(XXhasaq / fmI0) = Z(aSad) = Z(X, Xpasa5"/ /ml)
Z(XEXGEXG fm )00 = 7(XE X X/ fm 0900

Z(XliQ) = Z(CYI 062 X34a5 o 1//m 135)(246))

Of note they prove that if one takes the Weyl algebra, W, to be the snarl algebra
in question, then the corresponding invariant for a knot K is Zy,(K) = A~'(K), where
A(K) is the Alexander polynomial of the knot. If one then generalizes this to the ¢—Weyl
algebra, restricting to ¢ = 1 + ¢ and €2 = 0, then one obtains a knot invariant Zyy,(K).
The coefficient of € in the constant part of Zyy,(K) is equal to Z;(K)/A%, which is what
we will concern ourselves with. Thankfully, this can be computed using a polynomial time
algorithm.

Take a diagram for a long knot K and split it into a collection of crossings x7 ;,
where o is &£ for a positive or negative crossing and 7,5 are the labels of the strands, and
cuaps u{, a strand on the diagram with label 7 where the orientation is pointed in the pos-
itive = direction and o is given by the direction of its rotation in the plane (see figure 2.3).

11



Figure 2.3. The trefoil and its basic pieces: K = X&x&x%uz

One should see that this is exactly the construction we would use to turn the dia-
gram of a knot into a snarl diagram, so long as we insure that the tangent vectors at each
crossing are pointed upwards. To remember how all these pieces fit together we record the
stitching information m(in) wwhich tells us to connect strand i, to strand i, and so on.
For our purposes, we will label the diagram following its orientation so that the stitching

2,..

is m2m what we will call the “normal stitching”. Thus our knot can be represented

as a collection of crossings, cuaps, and stitchings:

_ .01 on On+1 On+s 1,...,n,n+1,...n+s)
K = X7 X ety fm

To arrive at Z; Bar-Natan and van der Veen define some basic matrices, which cor-
respond to simplified versions of the objects used to compute Zyy,.

Q=Y E B W=XEH o= [

X34 i<j X750

Where E; is the elementary n x n matrix with a 1 at position (i, j).

They then define

B=1—-({t"?—t"V""YWQ G=Qadj(B) H =adj(B)W

12



and the polynomials

Zo=@t—t) Xn: paxe (%GZL + ZGZ)

J=2 a,b<j 9>J

Zu =32 ((0 = V) = S (V) ) 4 ot (WU + HIH))

o
Xi,j

+t°(1 = t)H] (14 0)H] + (1 — 0)H]) + det(B) Y _ o H;

Finally, they compute Z; as

Z1 = C(ZG + ZH)

As an example, consider the trefoil K = x{5xg2x37u; together with the normal

stitching m(h2-m),

B=10 t-1 0 1 1—¢t 0 1—¢t|, ?det(B)=t""—1+t=Ay(t)

1 7 1 3
JH=—=—t+-t>?-33+¢*, 72G==-—=t>+1t*
2 +2 T 2 2 +

1
Z1(31) =c(ZH + ZG) =2 — 73t 2t°

We can also see that Z1(31) = Wo(31) + (A3, (¢))? — 1, where Uo(K) = td(Ax(t))Ak(t).

We will explore this property more in Chapter 5, but first we must examine Wy (K).

13



Chapter 3. Basic Properties
3.1. Defining and working with ¥,

When one begins exploring the basic properties of the Z; polynomial, one can ob-
serve it is possible to construct a function on diagrams which acts almost invariant; the
variance depends on how many turn around points there are in the chosen diagram. Let
the knot polynomial Z;(K), the matrix B containing crossing information, and correction
term ¢ = ¢t*™ for the chosen diagram D of the knot K be defined as in [9].

Let

W,.(D) = 1% (B [Bo)

where A = ¢z det(Bp) is the (normalized) Alexander polynomial of K. Choosing a few
different diagrams for the trefoil, we can see that the value of W,,(D) changes based on the

diagram, but in a predictable way (see figure 3.1)
t X t

D‘: /.‘ Dz: @ 03 : (ﬂ

J T

m =1 M= 0O Mm= -

Figure 3.1. The several diagrams for the right handed trefoil.

Computing W,,(D;) we find

Uy (Dy) = =t ' 43=3t+2t%, Wo(Dy) = —t 2+t ' —t+t* V_ (D3) = —2t72+3t7' -3+t

14



That is, choosing diagrams that adjust the value of m by 41 shift the values of

U,.(D) by +£(Af)?. Notice that in general we have

d [Bp]) + m(cdet(Bp)?)

U,n(D) +m(Ax)* = 1A Tr(By' o

1k (Ag) det(B)Tr(BBI%[BD]) + mt?™ det(Bp)?

1o

(AK)i(det(BD)) + tt"™ det(Bp)*

tm
dt )

&~

tc

d !
= tcdet(BD)&(det(BD)) + te2 det(Bp)?

1 d 1
= tc2 det(BD)&(c5 det(Bp))

N

(c2)

&)~

d
=tAx—A
K BK

That is to say, in some sense, we can consider diagrams with m = 0 to be a good
d

prospect for a normalized diagram, because in this case U,,(D) = tAKaAK = %%(Af{).

Let this be called ¥o(K). So we can actually calculate
V(D) = Wo(K) — m(Ax)*
for a given diagram D and the sum
Wo(K) = (D) +m(Ax)*

which is an invariant of the knot itself.
We get some interesting results from this. For a diagram D with ¢ # 1 we have:

\I’m(D) — \Ij—m(_D)

_ 2
2mD N AK
and



Looking at how this quantity works under the connected sum operation, we discover:

THEOREM 3.1.1. Suppose that we have a knot K1#Ks. Then
Wo(K#K2) = A, Wo(K1) + A, Uo(K2)

Proof. Notice that

td
Uo(Ki#K>) = 5 (A prc,)

d d
- tAKlAIQ(AIQ aAfﬁ + AKl &AKz)
= AZ (tA dA )+ A% (tA dA )
- 2K, Ky dt Ky K Ky dt Ky

- A%(Q\Do(Kl) + A%Q\II()(KQ)

3.2. The connected sum Z; (K #K>)
To see how the Z; polynomial operates under connected sums, one first computes
some examples. Using the simple example of a connected sum between two copies of the

same knot, we quickly observe that Z;(K#K) = 2A% Z,(K). For example:

Zy(31#31) = —2t73 4 872 — 20t~ 4 32 — 36t + 28t% — 143 4 4¢*
= 2A3 Z1(31)
7y (4 #4)) = =267 418673 — 582 + 72t — 72t + 58t — 1843 4+ 2t*
= 2A% Zi(41)
Z1(5o#59) = —72t7* + 376t — 930t 2 + 1392t — 1364 + 888t — 370t + 88t* — 8t*

= 2A2 Z1(5,)

16



However, if we try to compute Z(31#4;) we see
Z1(31#4)) = —t7 4+ 4t73 — 7% — 1871 + 48 — 66t + 51¢* — 20t + 3¢*

has odd coefficients so there must be something else going on. Motivated by Theorem
3.1.1, one might wonder if the polynomial Z; acts in a similar manner, since ¥,,(D) and
Z1(K) seem to share many of the same properties. Treating Z;(31#4,) the same way re-

veals this may in fact be the case.

Z1(31#4)) = —t7 473 — 72 — 18t + 48 — 66t + 5142 — 20¢° + 3t*

= AL Zi(31) + A3, Z1(4)

With some careful work, one can expand these examples to a general theorem which tells
us exactly how Z;(K) operates under the connected sum operation:

THEOREM 3.2.1. For a knot K1# K5, we have
Zy(Ka#K>) = A%, Z1(Ky) + A% Z1(K>).

Proof. Notice that by construction, Q,4x, = Qx, @ Qk,. Since B = I — (t}/% —
t~1/2)WQ and W is just ones above the diagonal, we can see that By, 4x, = Bx, @ Br,.

Considering the classical adjoint of this matrix we find that

adj(Br, #x,) = det(Bx, ) det(Bx, ) (B! @5 By)).

17



Recall that H = adj(B)W so we have

0 1 1
det(BKQ)adj(BKl) 0 0 0
H(K \#1G) =
0 det(Bk, )adj(Bxk,) S |
0 0 . 0
det(BK2)HK1 *
0 det(BKl)HKz

The computation for ZH is a sum over the crossings so we can do the calculation
separately on each block, since for a crossing X7; the sum only depends on entries of H
indexed by ¢z and j. We see that in each piece, we have two entries in H multiplied to-
gether so for H (K #K,) we will have each crossing from K, contributing a (det(Bg,))?

where 5 # a.For the last piece of the sum, we sum over the cuaps and we have

det(Br,#x,) Y oH} = det(By,) det(By,) Y _ 0 det(By,) H(K,),

= (det(Bk,))*det(Bx,) Y oH(Bx,):

So in the end we have
ZHKI#K2 = (det<BK2))2ZHK1 + (det(BK1>>2ZHK2'

Now let us consider G = Qadj(B).

18



We can see that

G(K1#K3) = Qrypx,2d) (B 1,

Qr, O det(Bk,)adj(Bxk,) 0

: 0 Qx, 0 det(Bk, )adj(Bk,)
det(By, )Gk, 0

R 0 det(Bg, )Gk,

The polynomial ZG sums columns under the diagonal and multiplies by entries under the
diagonal, so once again one can do the calculation block-wise and see that for K, each

contributes a (det(Bg,))?. Thus we have
ZGKl#K2 = (det(BKz))ZZGKl + (det(BK1>>2ZGK2’

Hence, we arrive at the equality we desire:

Z\(Kh#Ks) = c1co0(ZH 3, + ZG i k)
= c1co(det(Bg,)*ZHy, + det(Bg,)*ZHg,
+ det(Bg,)*ZG, + det(Bg,)*ZGk,)
= ¢1¢o(det(By, ) (ZHy, + ZGx,) + det(By,)?(ZHg, + ZGx,))
= cydet(By,)*ci(ZHy, + ZGg,) + ¢y det(By, )?co(ZHy, + ZGx,)

= A% Z1(K) + A% Z1(Ks) 0

19



In [9], Bar Natan and van der Veen defined the following normalization of Z;(K):

() = = (240 = el k(1))

Now that we know what the connected sum operation does to Z;(K) we can consider
what happens to its normalization p; (K).

THEOREM 3.2.2. For a knot K 1#K,, we have

pL(E1#Es) = Aj, p1 (K1) + A, pr (Ka).

Proof. Consider K ;#Ks.

(K1) = ﬁ (21<K1#K2) 1B (0) 5 A (t))
i t2 (AK221 (K1) + A%, Z1(K2) — tAg, (t )AKQ(t)% (AKl(t)AKQ(t)))
o (B2 — A (08, (058, 0))
o (Ak ()~ 183 080 5 Ak 0)
- Tk (Zm) 5 (1) A (1))
bk (20) - (0 5 80,0

= A%(th(Kl) + A%ﬁﬂl(Kz) O

3.3. Z,(K) and the effect of mirroring
In this section we will review a conjecture regarding the effects of mirroring on the

polynomial, and obtain some progress towards a proof.
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CONJECTURE 3.3.1. Let K be a knot and m(K) its mirror. Define Z1(K;t) as in [9)].
Then

Zi(m(K);t) = —Z,(K;t7h).

A direct proof of this conjecture has been difficult to obtain, but we have been able

to show the following:

THEOREM 3.3.2. Let K be a knot and m(K) its mirror. Then
Zi(m(K);t) = =21 (K571
if and only iof
S H(t—1)(H —t°H]) =0
X
where H is the matriz obtained by computing H as in [9] and sending t — 1.
Proof. In the knot diagrams, the mirroring operation sends o; — —o; for each

crossing x and cuap u, that is it switches the sign of each crossing and cuap. We define

S to be some symbol S where ¢ has been negated and which uses variable .
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Now we have
Q= Z —crt_Tanf — E} = —Qu
X?j

W, =) Ej =Wy =W,

1<J

Et = H to = t2(7m) = Cl/t

X35
B, =1— (t1/2 _ t—l/Q)WtQt —J_ (t—1/2 _ tl/z)WQO = By,
G, = Qadj(By) = —Qupadj(Biy) = =Gy

Ht = adJ(Bt)Wt = adj(Bl/t)Wl/t = Hl/t

For ease of use let G = G, s~ For the polynomials we have

Zo=(t—tH> S G (géz " zéz)

71=2 a,b<y g>7
n (1 . )
==t > -G (§<—Gz> + —GZ>
j=2 a,b<j g>J
n (1. )
-t =0 > Gl (5(%) + ZG%)
j=2 a,b<j g>j

We now consider Zy. Again, for ease of use let H = H, st Given a particular X7,

we have, in Zg :
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T imY = - (1)

(1 —t)i)" = =2 (1 —t)H))

0 oy i) = O o177
(L + )’ =2 (1 + o)1)

ot (] + AU = — (ot~ (F7 ] + 1111))

det(B) Y —oH} = —det(B)) oH]

So far we have shown that the polynomial Z; acts as expected, and that 4 of the
5 pieces of Zy act as expected. One would hope that we could make the same argument
for that last term in the sum ¢7(1 — t)H? ((1 + U)Hj + (1 — ) H}) but this is not the case.
This last piece relies on summing over all of the crossings. Applying the same method to

the last piece of Zy we see that we would need

St —t)H (1-0)H + (1+0)H]) == t 71—t ((1+0)H —I—(l—a)H’)

le] X’h]

Or, taken by crossings, (recall that H; = H)
ZHJ( LN (- HJ>+ZH’( — )]+ (t= D)) =0,
We can rewrite this as,
N6, ((t“’ —)H 4+ (47 - t—%)H;f) 48, H ((t_” —2YVE (1 - 1)H;‘) —0
or rather,
ZHJ( T H (7)) = ZH] — 17 HI) =0
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So, if the last term of Zy has that property, then we get the equality we desire.
That is,

Zy(m(K);t) = =Zy(K;t71)

if and only if
S H(t—1)(H -t °H]) =0
X

as desired.
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Chapter 4. A State Sum Model

We will now turn our attention to something more abstract; what we wish to do
is develop a state sum model for this polynomial. To do this we will look at a modified
Gauss diagram and a geometric interpretation of one of the main pieces of the polynomial.
4.1. A quick geometric interpretation of B

Following the notation of [9] a knot K given by a collection of crossings X7 ; and
cuaps u¢ with a trivial stitching m(2-) gives rise to the following matrices:

Q=) oti(B—E) W= E B=I-"-t"wQ
X35 i<

We understand the matrix () to contain the crossing information and the matrix
W to contain the stitching information. The matrix B can be understood in the following
way: each row of B tells how far along the knot one has progressed in an oriented manner,
and which crossings have been started but not completed. The diagonal elements record
the progression along the knot, according to the labelling of the diagram presented, and
the £(1 — ¢7) entries (in the columns corresponding to the under crossings) record which

crossings have been partially traversed up to that point (see figures 2 and 3).

Figure 4.2. The matrix B, with the third
row highlighted. We see that we can
Figure 4.1. The trefoil traversed up to read off which crossings have been par-
the third point. tially traversed.
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4.2. The state sum setup
A knot K given by a collection of crossings x7; and cuaps uf with a trivial stitch-
ing m12-™ gives rise to a weighted graph D with the following properties:
e There are vertices v; labeled from 1 to n connected in increasing order

e For each crossing x7; there is a directed edge (with color o) from i to j with weight
w(v;) =1 and w(v;) =7 if 1 < j (or w(v;) =7 and w(v;) = 1if j < 1)

g

e For each cuap uf, the vertex ¢ has color o

For example, the graph associated to the (left-handed) trefoil given by

1. -1 -1, —1 (1234567)
X5,1X2,6X7,3U4 //m

18:

Uy vy Uy vy U5 Ui v

Figure 4.3. One can think of the vertex weights for a particular edge as 1 if the vertex is
the first one (ordered from left to right) and ¢ for the second vertex in the edge.

We define ¢’ to be a “toggle” function that toggles directed edges in the graph D
on and off up to vertex v;. ¢'(D) returns a graph where each directed edge e, g from v, to
vg in D is removed unless either o < ¢ or 5 < ¢ but not both. We consider these toggled
diagrams to be states.

We define ¢;(S) to be an evaluation of a state S at vertex v; given by ¢;(S) =
w(i) —w(y) if v; is at the end of a directed edge e; ; and zero otherwise.

For convenience we also define ¢;(.5), given a state S = ¢(D), to be ¢;(¢!(D)) if
i # j and ¢;(¢'(D)) + 1 if i = j.
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O;{ D:l

L L
m (A g {AF] i U Uy
;2 —
A (D) = . .
mn U iy 'y ! U by
-
-
L]
—_———== T T T T T —
- — — .= - —
— - - ~ - -
- - T - ~ H‘“",“_L
- - - . -h"‘\.“‘
- -~ -~ - . - H‘-.,
@' (D) = - - - \. ~
o« ” 3 e

Ui it

B (] vy CE|

Figure 4.4. As the designated vertex moves from left to right, we toggle arcs on and off.

With the above definitions we can see that, given the geometric interpretation of

the matrix B, by construction we have
B=Y"¢,6'(D)E
1,J

where E; is the elementary matrix with non-zero entry 1 in the (7, j) entry.
4.3. The state sum

We can interpret the derivative of B, which from [9] we see is the Alexander Poly-
nomial (up to multiplication by t), as

det(By=" > (-1 ][ bpwys" (D) = Ax(t).

pe(1,2,...,n)

Recall that B = Id — (t/2 —t~/2)IWWQ and consider A = (t'/? —t /)W Q = —(B —
Id). We are interested in adj(B) = det(B)B~! which we can think of as its expansion
adj(B) = det(B)(Id + A + A% + ...). Let O; be the set of vertices in S = ¢'(D) with
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non-zero evaluations ¢;(S). Picking any particular entry (wy, j) of A™ (denoted (A™)°)

we find

(A™)50 = (A (A" )y = (=(B = I (A" )y = = D (duy (D) (A™ )5

wl,aeowo

since the multiplication of a row in (B —Id) by a column in A™~! corresponds to summing
over the non-zero evaluations of a particular state, each multiplied by the corresponding
entry in the column of A™ 1.

This tells us that a particular entry (A™)5° is:

m—1

(AMe = D™ Y Gunad” (D)ssm

1=0 w;i4+1,a €0,

and that

adj(B) = det(B)B*
= det(B)(Id — A)~!

= det(B)(D _ A%

= det(B)(> Z(AS);'. x B

—detB) D [ S G s (D) E

s=0 4,7 T=0,w0=% Wr 41,6 €Ou

where
det(B) = Y (=17 [[ bps" (D).
pe(1,2,...,n) k=1
Thus the two variable function on the graph D
n 00 s—1 "
Fi,j)=( Y D[[omd"@NO (-0 [T Y. bunad™ (D)55*))
pe(1,2,...,n) k=1 s=0 T=0,w0=1% Wr 41,6 €EOu,

28



is a state sum formula for the (7, j) entry in adj(B), which lets us understand the
matrices H and G as state sums which, in turn, lets us understand Z = ¢(Zy + Zg) in
terms of state sums.
4.3.1. The Polynomial as a State Sum

Recall that H = adj(B)W. Multiplication by W makes each entry of H a sum over

the entries in a row of adj(B) up to a certain entry. That is,

j—1
Hi =" F(i,k).

k=1

Then

o o i o o ] o ' i fpi
Zir =3 T = VD = T(L+ 47 HY)? 4 ot (HYH + HLHY)

(o8
Xi,j

+17(1— ) H (1 + 0)H] + (1 — o) H}) + det(B ZO‘HZ

Recall that G = Qadj(B). We can re-write G as a sum over crossings as

G=> > i((sg — 62)at??F (0, k) * B2

X3 ac{ou} k=1

29



This gives us a formula for each entry:

Gy =) (8, —8,)at"*F(0, )

leg
Xo,u

Note that
(GL)? = (00 + 8L)t7 (F (0, ))°
XS u
and that
GIGy = > Z )(69, — 6 )Uoﬂﬁth(Om a)F(0s,b)
X5&ua Xof ug
Then

Zo=(t—t) ZZGJ GJ+ZG9

71=2 a,b<y g>j
SE) VLR Wt
j=2 a,b<j g>j

(t—t ZZ (D (01, +05)t7(F (0, a))?)

7=2 a,b<j X o e

oca+to

+> 0N Z 59 — 89 )oa0st = F(04,a)F(03,b))

9>J XDO‘ Ua XOB ug

oca+to

D3 S0 (S ST (6, 6, — 08, )oaost ™5 Flow a)((1 - 67) Flos, )

71=2 a,b<j<g ngf,ua X(O’g us

+ %5?F(05, a)))
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Chapter 5. A Base Set of Knots
For a knot K with Conway polynomial Vg = 1 + a12? + a22* + ... + a,2*" we want
to investigate the properties of the following normalization: (V% — 1).

First, we have:

(Vik)? = (1+az®+ a2 +azzb... + a, 12" + a,2°")?

= 1+ (2a1)2% + (a2 + 2a2)2* + (2a3 + 2a1a2)2% + ... + (2a,05_1)2" 72 + (a,)?2""
In particular we have:

1
— (Vi —1) =201 + (a} + 2a2)2" + (2a3 + 2a1a2)2  + ...+ (2apa,_1)2" " + (a,)2 22

z

Notice that for the 2% terms, where i is even, the coefficient is also even.

What we wish to do now is consider the coefficients of this normalization as a vec-
tor, and find a collection of knots for which the coefficients of their (normalized) Conway
polynomials form a basis. In particular, we want a collection I of knots such that the co-
efficients of the (normalized) Conway polynomial of these form a basis for the vector space
of coefficients given by all knots. For added challenge, given a knot K, we want to use ba-
sis elements consisting of knots with no more crossings than K itself.

With that in mind, let us consider the following collection K of knots:

e The torus knots given by: T'(2,2n + 1)
e The Figure-8 knot: 4,
e The connected sums given by: T'(2,3)#7(2,2n + 1)

From the axiomatic definition of the Conway polynomial, we can quickly see that
for a knot with 2n+1 crossings, the maximum degree of the polynomials must be less than
or equal to 2n (recall that we gain a z each time we smooth out a crossing, and can only
do so a maximum of 2n times before we must reduce a diagram via Reidemeister moves).
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Moreover since Conway polynomials have even degree, the maximum degree of the polyno-
mials must be less than or equal to 2n for knots with 2n + 2 crossings as well.

The observant reader might think to ask at this point: “How do we know
T(2,2n+1) is only knot with 2n + 1 crossings with Conway polynomial of degree 2n?”
Recall that based on our definition, to achieve the maximum degree poissible, we must
switch between knots and links as we smooth out the crossings (without losing any cross-
ings to Reidemeister moves along he way). Thus the second to last step will yield a Hopf
link with a coefficient of 2%". going backwards to see what diagrams we could have come
from, the only possibility is to add a crossing in the same direction as the others on the
same strands (any other choice either would have been removed via a Reidemeister move
or requires a Reidemeister move to set up, which would have lowered our overall degree.)
Following this process backwards yields the knot T'(2,2n + 1), because of the restriction on
crossing number.

In [10] Kauffman showed that the Conway polynomials for the 7(2, q) torus links

were given by the Fibonacci polynomials

|45+
Filf =Y Clg—j—1,5)2"%"
j=0

where C(x,y) is the binomial coefficient. We can see that when ¢ = 2n + 1, the polynomial

is given by 2%" + (2n — 1)2?"2 + O(z*~*). In our normalization, we have:

1
;(V%T(2,2n+l) —1)= CRE (4n — 2)247174 + O(ZM*G)

Moreover, if we consider the connected sum T'(2,3)#7(2,2n — 1) we compute

1
;(V%(2,3)#T(2,2n—1) —1)= 24 (4n — 4)Z4n_4 + 0(754”_6)
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So, given a knot K and its normalization % (V% — 1), we can take care of the top
degree 24"~2 term with the appropriate choice of monic polynomial z%(v%(ZZn )~ 1).
Since the 2% (with i even) term has even coefficient, we can remove the z"~* with the
appropriate linear combination of (V7 5,,.1) = 1) and (V354 470201y — 1), since the

coefficients of that term differ by 2 in these and they are monic themselves.

Given this, we can reduce any given & (V% — 1) to something that looks like

z

1 1
(Vi -1 == Ca(Vki-1)+az’+2b, a,bCo€Z, K,€K

z z

Now, consider the trefoil and figure-8 knots. They have Conway polynomials 1 + 22

and 1 — 22 respectively. This means that, under our normalization, we have
1 2 2
and
1 2 2

The constant term differs by 4, not 2, so we may not immediately see that we will
be able to use these to finish off the remaining terms. Thankfully we see that, given a

knot K, our normalization gives

1
(Vi = 1) = 2a1 + (4] + 209)2” + O(2")

and, after reducing by a linear combination of polynomials from K to get rid of the O(z*)

part, we have

2a1 + Y Cal(2bay) + (a3 +2ay + Y Ca(bRy + 2b42))22
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and a quick computation shows that this is equal to

24 29+ a1+ > CL (b2 + 2by 9 + by
(a,l as ai Z - ( a1 ,2 ,1)) (2+22)

a?+2ay —a; + > CL(b2 ; + 2byo — ba
+( 1+ 20 — a4 )0 . (b1 2 ,1)> (=24 22),

Note that these coefficients are integers.
Thus, for any K we can express our normalization as a linear combination of nor-

malizations of knots in IC (using knots with no more crossings than K itself):
| 1 2
S (V-1 = ;ZCQ(VKQ ~1), C,€Z, K,ek

Remark 5.0.1. Our choice of knots in K allows us to index them by crossing number, and
we will do so from here on out. Moreover we also could have chosen the T(2,—(2n + 1)
knots and would gotten the same result due to squaring.

5.1. Expanding p;(K)

Once again, using the Alexander polynomial as a model, we can ask if the Z;(K)
polynomial, or rather it’s normalization p;(K), works in a similar way. That is, can we
write it as a sum of polynomials from the base set of knots K7
CONJECTURE 5.1.1. For an n crossing knot K with symmetric polynomial p,(K;t) as

defined in [9] and Conway polynomial V(K z) we can write:
1 n
L gl/2 —1/2y 2 )
pr (K2 =t —71/2) = = 3_3 Co(VZ(Kyu;2) —1).

where C, € 7 and each K, 1is the a crossing knot in K.
This conjecture is made for p;(K;t) that are symmetric with respect to t — t=! (so
that we can use that normalization). It is conjectured that all p;(K;t) have this property

[9]. One could also write the preceding conjecture as:
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CONJECTURE 5.1.2. For an n crossing knot K with polynomial p1(K;t) as defined in
[9] and Alexander polynomial A(K;t) we can write:

1

p1(K;t) = (EA=T5e ;Ca(AZ(Ka;t) - 1)

where C, € 7. and each K, 1s the a crossing knot in K.
Equivalently, one could formulate this for the original knot invariant Z;(K;t) as:
CONJECTURE 5.1.3. For an n crossing knot K with polynomial Z1(K;t) as defined in

[9] and (normalized) Alexander polynomial A(K;t) we can write:

Zy(K;t) = tA(K;t)(%A(K;t)) + iCa(N(Ka;t) - 1)
a=3
where C, € 7 and each K, 1s the a crossing knot in K.

At the end of this paper we list all of the knots through nine crossings, and their
expansions in the manner described above.

Speaking to the greater context around this problem for a moment, while these
conjectures would not prove Conjecture 3 from [9], if that conjecture were true it would
imply that the P(") term in Rosansky’s expansion of the colored Jones polynomial defined
in [11], otherwise known as the 2-loop invariant, is equal to a linear combination of the
sums of squares of Alexander polynomials, given our conjecture.

We may also make a remark regarding the coefficients given in our expansion, in
the form of a conjecture.

CONJECTURE 5.1.4. For a knot K with coefficients {C,} as defined above, the mirror
of K has coefficients {—Cl}.

Since tA(K)(£A(K)) is anti-symmetric with respect to ¢ — ¢* and does not

change under mirroring, this is true if and only if Z;(m(K);t) = —Z;(K;t™1).
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As an extended example, let us consider the formula given in [9] for the family of
alternating torus knots 7'(2,2p + 1).
THEOREM 5.1.5. Conjecture 5.1.1 holds for the family of alternating torus knots
T(2,2p + 1) with formula
p—1

pr(T(2,4£2p+ 1)) =F )

k=0

(p—k)(p+k+ 1) + 172

DN | —

Proof. We immediately see that this is a symmetric polynomial, and that every
other coefficient in the polynomial is even. In fact, these coefficients are equal to zero
which means that the coefficient of the second highest degree term after the substitution
z = t/2 — t71/2 is completely determined by the coefficient of the highest degree term and
the degree (this will be useful later). This insures the structure of py(T'(2, =(2p + 1));t)
meets the basic requirements for our conjecture.

We notice that the highest degree term (in variable ¢) will be 2p — 1 so in variable
z the highest degree term will be 4p — 2, which is the same degree that Z%(VQ(T(Q, 2p +
1); z) — 1) has. Thus we know that we will be able to use this to remove the highest degree
term in the expansion, and all that is left to show is that it will also remove the second
highest degree term (this will ensure that no knots with more that 2p + 1 crossings are
required).

So, we know that

1

S(VAT(2,2p+1);2) = 1) = 2072 4 (4p — 2)2774 1+ O(29)

and that

pr(T(2, £(2p + 1)): ) = Fp7 ' + O()
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Since we are considering the substitution z = t'/2 — t71/2_ or rather 2> = t — 2 + t, we see

that for py(7'(2,+(2p + 1));t) we will need to use the term
plt— 2+ 11 = 2ol 4 p(—2(2p — 1)) 2 1 O(),

Since the coefficient in front of the t2?=2 term in py(T(2,4(2p + 1));t) is zero, a variable
substitution for the Fpt??~! term would add a Fp(—4p + 2))t*~2 term which we must
cancel out with a Fp(4p — 2))t**~2 term.

Thus, Fp copies of 5 (V*(T'(2,2p + 1);z) — 1) is exactly enough to take care of the
two highest degree terms, insuring that we will use only knots with at most 2p+1 crossings
in our expansion, as required by the conjecture. []

Now that we know this family of knots has the right properties, we would like to
know exactly how to expand them. Thankfully, we may do so.

THEOREM 5.1.6. For the family of alternating torus knots T'(2,2p + 1) we have:

—_

( (A(T(2, (2p + 1)it) — 1) -3 (AT, 2k + 1)) — 1)

Fl

p1(T(2, £(2p+1));t) = t—2+10

i

Proof. Let us first examine p;(7'(2,£(2p + 1));t). We notice that
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p—1

p(T2,£2p+ 1)) =F ) %(p — k) (p+ kA 1) (R 42

1

.
1
=F)_ S0 +p— K+ R+
k=0

—F Z:: %(p(p 4+ 1) — k(k + 1)) (£ 4 ¢721)

[\

p—1
=F@Y T+ (p— D)) () 4 ()
k=0

bS]

= F(p Z_:(t%“ + ) 4 pu(T(2, £(2p — 1))31))

Now we consider:

(t =2+ t")pu(T(2, £(2p + 1));1)

P FEEY (T ) (p— 1)) (R 4 )

i
o
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Now we collect terms, and examine coefficients:

= F (" +t77) + (=2p) (7 + 77
+(p+p+ (-1 2+t + (=2p—2(p— 1)) (P2 + 17213
+@+p+ -+ @E-D+ -2+

+(=2p—2(p—1) = 2(p = 2))(t7° +t77T) + .+ p(p+ 1))
=F (i((gk + 1)p _ k2)(t2p—2k + 75—2;0—i-2k) n P (—(Qk n 2)p n k’(k’ 4 1))(t2p—2k_1 + t—2p+2k+1)

Now we must consider the other side of things. Let us examine

PAYT(2,(2p+1))it) — Y (A*(T(2, (2k +1));1)).

hS]

B
Il

First, we recall that for torus knots [4]:

(17— 1)(t - 1)

AT (p,q) = (tr — 1)(ta — 1).

For our purposes, we may simplify to

P41

A(T(2.2p+1)) = ——

Expanding this as a power series gives us

41

=1 —t+2 -3+ ...+t
t+1

However, we want to work with the symmetric version so we scale by ti,,:

AT2,2p+1))=tP —t P —gprl P
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Next, we want to examine
A*(T(2,2p+1)) =1 =t72P 2t 2PTL 4. 3172012 opt~ 4 2p— 2pt + ...+ 3t2P~2 — 24P~ 4P
Finally, we consider:
F (P(AX(T(2.2p + 1)) — 1) — (AX(T(2,2p — 1)) = 1) — (AX(T(2,2p — 3) = 1) — ...)
= F@EE +77) + (=2p) (P + 7
+Bp = DT ) 4 (—Ap + (0 7

+ (5p — 3 — 1)(#*~* 4 ¢+

+ (—6p + 4+ 2)(#P 5 )

+2p° — (2p—2)— (2p—4) — ... — 2)
=¥ (i((% + 1)p — K2) (%P7 4 7R 4 i(—(% F2)p 4 ke + 1)) (2221 4 g2k

Thus, we have shown

(P(A*(T(2, (2p+1));t)—1)— Y (A*(T(2, (2k+1));1) 1)

3

F1

p(T(2, £(2p+1));t) = t—210)

e
Il

as required. [

Now that we have some proof that I might be a good choice for what we want to
do, we can turn to programming to compute whichever examples we desire. For my pur-
poses I used Mathematica, starting with the code for computing p; (k) provided by Bar-
Natan and van der Veen at http://www.rolandvdv.nl/MLA/. In brief, we first record our

base set K as a matrix of coefficients of the normalization we are using:
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BMat = {
{2, 1, 0, 0, 0, 0, 0, O},
{-2, 1, 0, 0, 0, 0, 0, O},
{6, 11, 6, 1, 0, 0, 0, O},
{4, 6, 4, 1, 0, 0, 0, 0O},
{12, 46, 62, 37, 10, 1, 0, 0},
{8, 24, 34, 24, 8, 1, 0, 0},
{20, 130, 314, 367, 230, 79, 14, 1},
{14, 71, 166, 207, 146, 58, 12, 1}

};

Then, we write a function that takes a knot K and the base set of knot coefficients,
and solves a system of equations to see what coefficients are needed to expand p;(K) in
terms of the base set of knots. The ZNorm[p(t), z?] function computes the variable substi-

tution t'/2 — ¢~Y/2 — 2 and the \[Rho][K] function computes p;(K).

ConwayExpandSolve [K_] := Module[{Sp, V},
Sp = BMat; V = Totall
Flatten[{CoefficientList [ZNorm[\ [Rho] [K]], z~2], {0, O, O, O, O, O, O, O}},
{{2}, {1}}], {2}];
LinearSolve [Transpose[Spl, V]

]

This will compute the expansion of a given knot up through 10 crossings. If one
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would want higher crossing knots, one would need to add the proper coefficients from K to
the base set and expand the vectors in the functions to the new expected dimension. If we
want to compute more than one at a time, we can run through a list of knots such as the

one from the KnotTheory package:

Ans = {#, CES = ConwayExpandSolve[#]; CES[[1]], CES[[2]], CES[[3]], CES[[4]],
CES[[5]], CES[[6]], CES[[7]1], CES[[8]1} & /@AllKnots[{3, 6}];

Ans = Prepend[
Ans, {"", "3_1", "4_1", "5_1", "3#3", "7_1", "3#5", "9_1", "3#7"}];

Ans // MatrixForm

The above code, with the omitted functions, would produce the following table
(Figure 5.1) that tells us how p;(K) can be expanded in terms of the base set of knots IC.
The numbers listed are the coefficients C, from our conjectures. A more comprehensive
list is given in Appendix A.

31 a1 51 863 ¥ 1 3585 8.1 307

Knot[3,1] 1 © © © © © o @
Knot[4,1] @€ © © © © © ©o @
Knot[5,1] -1 © 2 © © © ©o @
Knot[5,2] 4 1 © © © © o @
Knot[6,1] @€ 1 © © © © o @
Knot[6,2] -3 -1 -1 2 © © @ @
Knot[6,3] @ © © © © © o @

Figure 5.1. Example Output
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Chapter 6. Closing Remarks

In the previous chapter we saw that using the coefficients of a normalized version of
the square of the Alexander polynomials of the base set of knots C let us give an explicit
expansion of p;(K) for a large family of examples, the T'(2,2n + 1) torus knots. We hope
that this method can be used to find expansions for other families of knots, and to find a
general formula for expanding p;(K) in terms of these knots. It may be possible to define

p1(K) in terms of a recursive relation, such as
p1(I5t) = pi(K'5t) + (ks )

where K’ is K with a full twist removed and p(K;t) is a particular evaluation on the
crossings in K (this relation pops up when working with the T'(2,2n + 1) torus knots
for example). It may also be of use to consider knots which have a particular type of

expansion, such as 31, 59,61, 72, 74, and 77 which expand as
pr(IGz) = C3(V3,(2) — 1) + Co(V, (2) — 1)

for some C5,Cy € Z for each knot K in that list.
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Appendix.

Polynomial Expansion Coefficients

Knot Polynomial 31| 41 | 51 | 3i#3 | T | 31#D [N
3 p(K; z) 1
=(VA(K2) - 1) | 1
4 p(K; 2) 010
L(VA(K;2)—1)| 0 | 1
5 p(K;2) —1] 0| 2
L(VA(K;2)-1) | 0 | 0 | 1
59 p(K;2) 4 | 11]0
L(VAH(K;z)—1)| 3] 1[0
31#31 p(K;2) -2 010 2
L(VA(K;z)—=1) 0| 0|0 | 1
61 p(K; z) 01110 0
S(VH(K;2)—=1)| 1 | 3]0 0
62 p(K;2) —-3|-1|-1] 2
L(VAH(K;z)—1) | —=2| 0 | -1| 2
63 p(K; z) 0] 010 0
LV -] 11| -1 2
31#4, p(K;2) 110 ]|-=2 3 0
L(VA(K;z)—1)| 1 | 1 |=2| 3 0
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Knot Polynomial 31 | 41 | By | B31F#H3 | T1 | 3i#HD | N

7 p(K;2) -110 |-1 0 3
L(V3(K;2)=1)| 0 [ 0] 0 0 |1

Ty p(K;2) 10410 0 |0
L(VA(K;2)—1)| 6 | 3]0 0 [0

73 p(K;2) 513 [-9] 8 0
L(V3(K;2)—1)| =5 | 0 | 2 2 |0

s p(K;2) —16| -8 0 0 |0
LS(V3(K;2)—1)| 10 | 6 | 0 0 |0

s p(K;2) —16| -5 9 | =16 | 0
L(VA(K;2)—1)| =4 | —0] 0 4 10

76 p(K; z) 2 | -1 1 -8 |0
L(VHK;z)—1)| 5 | 3 |=3| 4 |0

7 p(K;2) —1]-2]0 0 |0
L(VA(K;2)—-1)| 6 | 6 | =3 4 |0

31#51 p(K;2) 110 |-=1| =1 |0 3
L(V3(K;2)=1)| 0 [ 0] 0 0 |0 1

3145, p(K;2) —9 | 1 |—-4] 13 |0| O
L(VAH(K;2)—1) | -2 |1 -2 6 |0]| O

4144, p(K;2) 0 [0]0 0 (0] 0
L(V3(K;z)—1)| 10 [10 |—=4] 5 |[0] 0
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Knot Polynomial 31 | 41 | 51 | 31#H3 | T1 | 31#D | 9
8 p(K; 2) 1 1410 0 0 0
H(VAH(K;2)—1)| 3 | 6|0 0 0 0
89 p(K;2) 8 |1 |0] —6 |—-2| 4
L(VA(K;z)—1)| 3 | 1[0 -2 | -1 2
83 p(K; z) 0 |0]O 0 0 0
L(VA(K;z)—-1)| 6 [ 10| 0 0 0 0
84 p(K;2) -9 |-3|1 4 0 0
L(VAH(K;2)—1)| =9 | 0 |-2] 6 0 0
85 p(K; 2) 0 0|1 2 2 —4
L(VAK;z)—1)| =2 | 0 |-1] 1 |-1| 2
86 p(K;2) —-10|—-2|-=5| 10 0 0
L5(V3(K;z)—1)| =5 | 1 |—4] 8 0 0
87 p(K;2) T |1 ]-2] 0 3| -2
L(VAK;z)—=1) | =4 |0 |0 | 2 |-1] 2
8 p(K; 2) -2 |-2|1 -2 10 0
H(VAH(K;2)—1)| 1 | 3 |—4] 8 0 0
Sy p(K;2) 0O ] 01O 0 0 0
L(VAHK;z)—1)| =6 | 0 |—=2] 4 |-1| 2
810 p(K;z) T |1 -1 =2 1 —2
L(VA(K;2)—1)| =6 | 0 [=1| 5 |-1| 2
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Knot Polynomial 31 | 41| b1 [ #3171 | 3iHM | N
811 p(K; 2) —6 | —1| =7 12 0 0
L(VX(K;2)—1)| 0 | 3| =6| 10 | 0| 0
812 p(K;2) 0 0 0 0 0 0
Z%(VQ(K; z)—1)| 15 | 15| =5 6 0 0
813 p(K;z) -3 -3 1 2 0 0
Z%(V2(K; z)—1)| 5 6 | —6 10 0 0
814 (K 2) 2 13| -9| 14 o] o
Z%(VQ(K; z)—1)| 6 6 | —8 12 0 0
815 p(K: 2) 21 3 |-11] 32 |0 o
Z%(V%K; z)—1)| =5 | 3 | —6 15 0 0
816 p(K;2) —14|-2] 1 5 -2 3
Z%(VQ(K; z)—1) =13 0 | =2 10 —2 3
817 p(K;2) 0 0 0 0 0 0
Z%(VQ(K; z)—1)| =12 1 | —4 12 —2 3
818 p(K; 2) 0O [0 0 0 0 0
L(VA(K;2)—1) |19 1 | =5 | 19 |-3| 4
819 p(K;2) —10| -2 4 2 -3 0
L(VAK;z)—1)| 5 | 1| 1| =1 | 1] 0
820 p(K;z) 3 1 0 0 0 0
L(VXK;z)-1)| 0 [0 0| 1 |0 0
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Knot Polynomial 31 41 | 51 |31 #3 | T1 | 31#D | N
891 p(K; 2) 1 1 | -3 4 0 0
L(VHK;z)—1)| 1 | 1 |-2] 3 0 0

9 p(K;2) -1] 0 |—=1| O |[—=1| O 4

L(VA(K;2)—-1)| 0 | 0 |0 0 0 0 |1

9, p(K;2) 20 | 10 | 0 0 0 0 [0

L(VH(K;z)—1)| 10 | 6 | 0 0 0 0 |0

95 p(K;2) —11 2 |11 8 |-7| =6 |0

L(VA(K;z)—-1)| 3 | 1 |=3] =2 | 2 2 10

9, p(K; 2) 39| -39 | 14 |0 0 [0

L(VH(K;2)—1) | —14| 0 | 3 6 0 0 |0

95 p(K;2) —40 | —=25| 0 0 0 0 [0

L(V3(K;2)—1) | 21 | 25 | 0 0 0 0 |0

96 p(K; 2) 702 |=7] =10 1] 12 |0

L(VA(K;2)—-1)| 2 1 |=2| =2 |0 4 10

9; p(K; 2) —30| -1 |-5| 28 | 0 0 [0

L(VAH(K;2)—1) | =9 | 1 |=3| 12 |0 0 [0

9g p(K; 2) 0 | -1|-5| 8 0 0 [0

L(V3(K;2)—-1)| 6 | 6 |—8| 12 | 0 0 [0

99 p(K;z) —11} 0 |=7| O 1 12 |0

L(VHK;z)—-1)| =6 | 0 |-2| 2 0 4 10
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Knot Polynomial 31 44 51 [ 31#31 | 71 | 31#D | N
910 p(K; 2) 68 | 6 | —4 | =36 | 0 0 |0
L(VA(K;2)—1)| =24 | 0 0 16 |0 0 |0

91 p(K:; 2) 26 | 2 |—11| =2 | 6| =8 |0
L(V3(K;2z)—1) | —-13| 1 | 4 4 | =3 4 |0

915 p(K;z) 13 7 | —13] 18 0 0 0
L(VA(K;z)—1)| 13 | 10 |—=10| 14 | 0 0 |0

913 p(K:; 2) 60 | 4 | 6 | —46 | 0 0 |0
L(VAH(K;2)—1)| =20 1 | =4 | 20 | O 0 |0

914 p(K; 2) —10| —11| 3 —4 |0 0 |0
L(VA(K;z)—1)| 16 | 15 |=10| 14 | 0 0 |0

95 p(K: 2) —24|—14] 15 | =20 | O 0 |0
LH(VAH(K;z)—1)| 21 | 15 | =12 16 | 0 0 |0

916 p(K:; 2) 22 | 0 | 6 —6 | 5| 18 |0
L(VA(K;2)—1)| =10 0 | —2 5 | —2| 6 0

917 p(K; 2) =27 =6 | 5 4 -3 4 0
LH(VH(K;2)—1)| —24| 0 0 12 | -3| 4 0

918 p(K:; 2) ~50| 1 |—14| 54 | 0 0 |0
L(V3(K;z)—1)|=15| 3 | =8 | 24 | 0 0 |0

919 p(K;z) 4 2 | -3 4 0 0 0
L(VH(K;z)—1)| 23 | 21 |-12| 16 | O 0 |0
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Knot Polynomial 31 44 51 [ 31#31 | 71 | 31#D | N
920 p(K; 2) —34| -3 | 1 18 -6 8 |0
5(V3(K;2)—1) |18 0 | =2 | 14 |-3| 4 0

991 p(K:; 2) —32(—-19] 17 | =22 | 0 0 |0
L(V3(K;z)—1)| 30 | 21 |—14| 18 | O 0 |0

999 p(K; 2) 26 | 6 | =3 | -7 | 3| —4 |0
L(VHK;z)—1)| =24 0 | =3 | 17 |=3] 4 |0

993 p(K:; 2) —37| 8 | -24| 64 | O 0 |0
L(VA(K;2)—-1) | =9 | 6 |—12| 28 | 0 0 |0

994 p(K:; 2) 703 | -2 2 0 0 |0
L(VAH(K;2)—-1)|—-19| 1 | =5 | 19 |-3| 4 0

995 p(K: 2) 12 | 12 |-23| 35 | 0 0 |0
L(VH(K;2)—1)| 15 | 15 | =18 | 27 | O 0 |0

996 p(K:; 2) 35| 5 | 3 | =20 3| —4 |0
L(VA(K;z)—1)| =23 1 | =6 | 22 |-=3| 4 |0

997 p(K; 2) 6 4 | =3 4 0 0 0
H(VA(K;2)—1) | —-19| 3 | =8 | 24 |-3| 4 0

998 p(K:; 2) —241 0 | —6| 22 |-3| 4 |o0
L(VH(K;z)—1) | =21 3 | =9 | 27 |=3| 4 |0

999 p(K;z) —-26| —6| 0 12 | -3| 4 0
L(VAK;z)—1)| =21 3 | =9 | 27 |-=3] 4 |0
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Knot Polynomial 31 44 51 [ 31#31 | 71 | 31#D | N
930 p(K; 2) 3 3 | -3 5 0 0 0
5(V3(K;2)—1)| =18 6 |—11| 29 |-3| 4 |0

931 p(K:; 2) —230 2 | 9| 28 |-3| 4 |0
L(VH(K;z)—1) | —=18| 6 |—12| 32 |[=3| 4 |0

939 p(K;z) 46 | 5 7T | =32 | 4 =5 10
L(VAK;2)—1)| =34 3 |=12| 38 |—-4| 5 |0

933 p(K:; 2) 8 | 5 | -4 5 0 0 |0
L(VA(K;2)—1)| =27 6 |—14| 40 |—-4| 5 |0

934 p(K:; 2) 515 | -6 9 0 0 |0
L(VA(K;2)—1)| =20 | 15 | =22 52 |—-4| 5 |0

935 p(K; 2) 54 | 36 | 0 0 0 0 |0
H(VAH(K;z)—1)| 28 | 21 | 0 0 0 0 |0

936 p(K:; 2) 31 3 | =7 -9 |0 0 |0
L(VAH(K;z)—1)| —16| 0 1 9 |-3| 4 0

937 p(K; 2) 5 3 | -3 4 0 0 0
5(VAH(K;2)—1)| 31 | 28 | —14| 18 | 0 0 0

938 p(K:; 2) —59| 11 | —40| 102 | O 0 |0
L(V3(K;z)—1) | —14| 10 |-20| 45 | 0 0 |0

939 p(K; 2) —35|—25] 30 | —42 | 0 0 |0
L(V3(K;z)—1)| 36 | 28 |—24| 33 | 0 0 |0
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Knot Polynomial 31 | 41| b1 [ #3171 | 3iHM | N
940 p(K; 2) —52( 0 |—=17| 54 |—=5| 6 |0
L(V3(K;2)—1) | 40| 10 | =25| 65 |-5| 6 |0

941 p(K:; 2) 17 |17 7] 10 |0 0 [0
L(V3(K;z)—1)| 21 |12 | =18 27 | 0O 0 |0

949 p(K;z) 4 2 0 -1 0 0 0
L(VAHK;z)—1)| =4 | 0| O 1 0 0 |0

943 p(K:; 2) —18|—4| 2| 11 | 2| —4 |0
LS(VA(K;2)=1)| 9 | 3| 1 -5 |=1| 2 |0

944 p(K; 2) 4 | 2| -1 1 0 0 0
L(VX(K;z)—1)| 3 | 3 |-2| 3 0 0 [0

945 p(K; 2) 6|8 |6 7 0 0 [0
L(V3(K;2)—1)| 10 | 6 | -4 | 5 0 0 |0

946 p(K; 2) 0 3]0 0 0 0 |0
L(VH(K;z)—1)| 1 | 3| 0 0 0 0 |0

947 p(K; z) 17 | 2 | =5 1 2|1 -3 1|0
H(VAH(K;2)—1)| =10 1 | 2 2 |=2| 3 |0

948 p(K:; 2) —15|=7| 5 —6 | 0 0 [0
L(V3(K;z)—1)| 16 |10 | =5 | 6 0 0 |0

949 p(K; z) 34 4] -2 =19 |0 0 0
L(VH(K;z)—1)|—12]| 0 | © 9 0 0 |0

52




Bibliography

1]
2]

3]

[10]

[11]

Thomson, W. H. On Vortex Motion. Trans. Roy. Soc. Edinburgh 25, 217-260, 1869.

J. W. Alexander. A Lemma on Systems of Knotted Curves. Proc. Nat. Acad. Sci.
USA | 9 (1923) pp. 93-95

A. A. Markov, Uber die freie Aquivalenz geschlossener Zipfe, Recueil Mathematique
Moscou, 1 (1935), 73-78.

Lickorish, W. B. R. (1997). An Introduction to Knot Theory. Springer. ISBN 0-387-
98254-X.

J. W. Alexander. Topological Invariants of Knots and Links. Transactions of the
American Mathematical Society, 30(2) : 275-306, 1928.

L.H. Kauman. Formal Knot Theory. Princeton University Press and Dover Publishing
Company, 1983 and 2006.

D. Rolfsen, Knots and Links, AMS Chelsea Publishing. p. 171. ISBN 0-8218-3436-3

Ralph H. Fox and John W. Milnor, Singularities of 2-spheres in 4-space and cobor-
dism of knots, Osaka Math. J. 3 (1966), 257-267.

Dror Bar-Natan, Roland van der Veen. A polynomial time knot polynomial. Proc.
Amer. Math. Soc. 147 (2019), 377-397. arXiv:1708.04853 [math.GT].

L. Kauffman. The Conway Polynomial. Topology Vol. 20, pp. 101-108

L. Rozansky. The universal R-matriz, Burau representation and the Melvin-Morton
expansion of the colored Jones polynomial. Adv. math., 134-1:1-31, 1998.

53



Vita

Robert John Quarles was born in Marietta, Georgia. He finished his undergradu-
ate studies at Berry College in 2016. He earned a master of science degree from Louisiana
State University in 2016, and continued to pursue graduate studies in mathematics. He is

currently a candidate for the degree of Doctor of Philosophy in mathematics at LSU.

o4



	A New Perspective on a Polynomial Time Knot Polynomial
	Recommended Citation

	tmp.1649621009.pdf.rPLGT

