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Abstract

In 1942, K. It6 published his pioneering paper on stochastic integration with re-
spect to Brownian motion. This work led to the framework for It6 calculus. Note that,
Ito calculus is limited in working with knowledge from the future. There have been many
generalizations of the stochastic integral in being able to do so. In 2008, W. Ayed and
H.-H. Kuo introduced a new stochastic integral by splitting the integrand into the adap-
tive part and the counterpart called instantly independent. In this doctoral work, we con-
duct deeper research into the Ayed—Kuo stochastic integral and corresponding anticipating
stochastic calculus.

We provide a new proof for the extension of It6 isometry for the Ayed-Kuo
stochastic integral which clearly demonstrates the intrinsic nature of the construction of
the general integral. Furthermore, we extend classical It6 theory results for martingales
to their Ayed—Kuo stochastic integral analogue, near-martingale. We show the near-
martingale property of Ayed—Kuo stochastic integral and optional stopping theorem for
near-martingales with bounded stopping times.

Using the general Ito formula for the Ayed—Kuo stochastic integral, we find ex-
plicit solutions for linear stochastic differential equations with anticipation. We show ex-
istence of solutions for certain classes linear stochastic differential equations with anticipa-
tion coming from initial condition as well as from the drift. We present a Trotter inspired
product formula to construct the solution. In the process, we also show the uniqueness of
the solution. While we mainly rely on the Ayed—Kuo formalism, other theories are used
minimally and out of necessity. Using the explicit solution, we show the relation between
a solution of an anticipating stochastic differential equations and its It6 projection. Fur-

vi



thermore, we establish Wentzell-Friedlin type large deviation principle for the solution of
a class of linear stochastic differential equation with an anticipating drift and non-adapted

initial condition.
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Introduction

In 1902, H. Lebesgue revolutionized mathematics with his introduction of the
Lebesgue integral and subsequently, measure theory [23]. N. Wiener used these measure-
theoretic tools in a mathematical model of Brownian motion, B(t) [31]. In 1942, K. It6
introduced a new stochastic integral while studying for a probabilistic method to construct
diffusion processes from infinitesimal generators [12] [16]. This Ito integral can be seen
as a generalization of Wiener integral. Ito theory has a measurability requirement which
leads to an inability to work knowledge from the future. There have been many gener-
alization include future information in the stochastic integral. Wiener’s work provided
motivation for L. Gross’s work into Abstract Wiener space for infinite dimensional analysis
[7]. In 1975, Hida build up white noise distribution theory in his analysis of Brownian
functionals [8]. In 1976, P. Malliavin proved the existence of transition probabilities
via probabilistic methods in [24] (See also [25]) leading to the current theory of Malli-
avin calculus. In the white noise distribution theory, the white noise integral provides a
generalization for It integrals.

In 2008, W. Ayed and H.-H. Kuo introduced a new anticipating stochastic inte-
gral to provide a natural and simplistic tool to analyze anticipating stochastic processes
[1]. Within this framework, this doctoral work is interested in extending Ito’s theory of
stochastic integrals to a general setting via the Ayed-Kuo stochastic integral.

The following diagram shows the relationships between the four areas of stochastic

analysis and where the Ayed—Kuo stochastic integral lies when considering the other areas.



( Ito Calculus )( )( Abstract Wiener Space J

-
A-K Stochastic Integral J
\_

( White Noise Theory j( )[ Malliavin Calculus ]

Figure 1.1. Relationships between the different areas of stochastic analysis.

This doctoral work is laid out as follows. In chapter 1, we introduce some funda-
mental ideas in classical 1to theory. We follow that with some introduction and results
into the analysis of rare events via large deviation. In chapter 3, we present the main fo-
cus of this research. We define the Ayed—Kuo integral and state important theorems and
properties. In chapter 4, we apply the new integral in solving a class of linear stochastic
differential equation with anticipation from the initial condition as well as from the drift
term. Finally, in chapter 5, we combine the tools obtained in the Ayed-Kuo stochastic in-
tegral to obtain large deviation results for a particular class of anticipating linear stochas-
tic differential equation. While this doctoral work greatly relies on the formalism of the

Ayed—Kuo stochastic integral, other theories are used minimally and out of necessity.



Chapter 1. Classical It6 Theory
1.1. Background

In 1827, English botanist R. Brown observed an “peculiar” phenomena when
studying pollen seeds suspended on the water [3]. He observed that the particles were
moving in an irregular pattern despite no outside forces. In a series of papers he pub-
lished regarding the phenomena [3] he writes, “I have formerly stated my belief that these
motions of the particles neither arose from currents in the fluid containing them, nor
depended on that intestine motion which may be supposed to accompany its evaporation.”
This irregular movement was named Brownian motion after Robert Brown.

It was not until much later in 1905 that renowned physicist Albert Einstein de-
scribed this irregular motion as the resulting diffusion due to the pollen being battered
by water molecules [6]. Einstein’s explanation of Brownian motion, via normal distribu-
tion, is similar to its modern mathematical definition. Interestingly, Einstein did not know
of Brown’s empirical observation and deduced the theory from molecular kinetic theory of
heat [6]. Alternately, in 1900, L. Bachelier applied Brownian motion to analyse stock price
fluctuations in his doctoral work [2]. In 1923, N. Wiener provided the first mathematical
model of Brownian motion, B(t) [31]. In it, he defined the basic probabilities as values of
a Gaussian measure defined on cylinder sets in the space of continuous functions.

In his pioneering paper “Stochastic Integral”, K. Ito introduced a stochastic inte-
gral and a formula, known as the It6’s formula [12]. The practical applications of 1td’s in-
tegral are diverse. One of the most prominent applications is to the Black-Scholes-Merton

theory of derivative pricing in finance. It6 calculus has been useful in the study of other



scientific fields like statistical physics, biological systems.
In the following sections, we review the definitions of the preliminary mathematical
concepts and their properties. We refer to [15] for details.
1.2. Stochastic Processes and Brownian Motion
Let (2, F,P) be a probability space where € is the sample space, F a sigma-field
and P a probability measure.
Definition 1.2.1. A stochastic process is a measurable function, X (t,w), defined on
[0,00) x Q with the following properties:
e for each t, X(t,-) is a random variable,
o for each w, X(-,w) is a measurable function (also called sample paths).
Definition 1.2.2. A stochastic process, B(t,w), is called a Brownian motion or a Wiener

process if it satisfies the following conditions:

1. P{w|B(0,w) =0} =1,

2. For any 0 < s <t , the random variable B(t,w) — B(s,w) is normally distributed

with mean 0 and variance t — s,
3. B(t,w) has independent increments,

4. P{w]| B(-,w) is continuous } = 1.
From the second condition, we can informally think of a Brownian increment as

|B; — Bs| =~ /|t — s| for s,t € [a,b]. Suppose s < t. Heuristically, when s approaches t,

|B;— Bs| _Vt—s 1
t—s  t—s CVi—s

— OQ.



This allows us to get an intuition on why Brownian motion paths are nowhere differen-
tiable. While the Brownian motion does not have finite variation, its quadratic variation is
finite. This well known result is a fundamental property in It6’s theory of stochastic inte-
gration.

Theorem 1.2.3 (Quadratic Variation of Brownian Motion). Consider a partition of the

finite interval [a,b] given by A, = {a =1ty <t; <ty--- <t,=0b}. Then

n

S (B, - Bi,) =b—a inL¥Q),

i=1

as ||An|| = maxi<i<n(t; — tioy) — 0.
1.3. Conditional Expectation and Martingales

Now we introduce some probabilistic concepts that will be used in much of this
text. We first review conditional expectation and some of its properties.
Definition 1.3.1. Suppose F is a sigma field such that G C F. Let X be a random vari-
able with finite mean. We define the conditional expectation of X given F, E[X | F], as
the unique random variable satisfying:

1. E[X | F] is F-measurable,

2. [,XdP= [,E[X|F|dP for all A€ F.

Theorem 1.3.2. Consider existing setup as in Definition 1.3.1. In addition consider an-
other random variable Y. Then all the following equalities hold almost surely.

1. E[X +Y | F|] = E[X|F] + E[Y|F].

2. E(E[X | F]) =E[X].

3. If X is independent of F then, E[X | F] = E[X].

4. If X is F-measurable then, E[X | F] = X.

5



5. If G C F then, E[X |G] = E(E[X | F]|G).

6. If X is F-measurable and E[XY] < oo then, E[ XY | F] = XE[Y | F].
Definition 1.3.3. A filtration on an interval, [a,b] € [0,00), is an increasing family of
sigma-fields and is defined as {F;} = {F;|t € [a,b]}.

For the ease of notation, we suppress the w in our stochastic processes for the ease
of calculation and clarity. For example, X; = X (¢,w) and B, = B(t,w).

Definition 1.3.4. A stochastic process, Xy, is said to be adapted to the filtration {F;} if
for each t € |a,b], the random variable X, is JF;-measurable.

Example 1.3.5. B; is adapted with respect to {F;} = 0 {Bs|0 < s <t}. We refer to {F;}
as the natural Brownian filtration.

We introduce an extremely important class of processes that are used to model fair
games. Due to this feature, they find applications not only in probability theory, but also
in mathematical finance and numerous other fields.

Definition 1.3.6. Let X; be a stochastic process adapted to the filtration {F;} with
E|X:| < oo for allt € [a,b]. Then, X; is a martingale with respect to a filtration {F;} if

for any s <t in [a,b],

E[X: | Fs] = Xs a.s (almost surely).

Example 1.3.7. B; is a martingale with respect to its natural Brownian filtration. Using

the properties of conditional expectation (Theorem 1.3.2) and the independent increments



of Brownian motion (Definition 1.2.2), whenever s < t,

E (B, | F,] =E[B; — B, + B, | F{]
—E (B, — B,| F.| + E[B, | F\]
—E (B, — B] + B,

=D;.

An important theorem to understand the evolution of the evolution of a martingale
is the Optional Stopping Theorem. This theorem says that in expectation, one would gain
nothing by stopping a stochastic process without looking into the future. As asset prices
are modelled as martingales, this result is important in asset pricing in mathematical fi-
nance. We first define the concept of stopping times and then proceed to the theorem.
Definition 1.3.8. A random variable T : Q — [a,b] is called a stopping time with respect
to the filtration {Fy;a <t < b} if {w;T(w) <t} € F; for allt € [a,b].

Theorem 1.3.9. Let M, a <t < b be a martingale with respect to the filtration {F;} and

T a stopping time. Then, E|Mx.| < co and

if any of the following conditions are true:

1. 7 1s bounded almost surely,

2. There exists is a positive number, K, such that |M;| < K for all w and t with T

almost surely bounded.



1.4. Classical Ito Theory
From hereon, consider the probability space (£2,{F;},P) with t € [a,b] and {F;} the
natural Brownian filtration. Define L?,([a,b] x Q) as the space of all stochastic processes,
f(t,w) with ¢ € [a,b] and w € Q such that,
e f(t,w) is adapted to the filtration {F;},
o [JE[If®)]] dt < oc.
We start off the exposition by first introducing the Wiener integral.
Definition 1.4.1. Let t € [a,b], B; be Brownian motion and f(t) € L*[a,b]. The Wiener

integral of f(t) is denoted by
[ waz,
and is defined in two steps.
Step 1: Consider a partition on [a,b] with a = tg < t; < --- < t, = b. Define the

step function given by

We define its Wiener integral as

/b f(t) dBt = i ai<Bti - Btifl)'
a =1

Step 2: For any f € L*[a,b|, we choose a sequence of step functions f, € L?|a,b]

such that f, — f. Via step 1, {fab fn(t)dB(t)} is Cauchy in L*(2). As such we define

b b
[ rta= i [ 0. in @)

The Ito integral can be seen as a generalization of the Wiener integral. While the



construction is similar, the definition of the Ito integral has three steps and a key approxi-
mation lemma for step 2. We refer to [15] for details.
Definition 1.4.2. Lett € [a,b], B; be Brownian motion and f(t) be an adapted mean

square integrable stochastic process. The Ité integral of f(t) is denoted by

/ (1) aB,

and is defined in three steps.
Step 1: Consider a partition on [a,b] with a = to < t; < --- < t, = b. Define the

step stochastic process given by

f(ta w) = Z gi—l(w)l[tiﬂ,ti)(t)a
=1

where &_1 is F;_1 measurable and E[£2 |] < co. We define its Ité integral as

b n
/ f#)dBy = & 1(By, — By,_,).
a =1

Step 2: We can show that for any f € L2,([a,b] x Q), there exists a sequence of
adapted step stochastic functions f, that converges to f in L?,([a,b] X ).
Step 3: For a general square integrable adapted function f, we define its Ito inte-

gral as

b b
/f(t)dBt: li_}m/ fn(t)dB;, in L*(9).

This definition is well defined as shown in [15]. While the It6 integral does not fol-
low the usual “partition - evaluation - summation - limit” strategy for Riemann integrals,
the left hand evaluation of the step functions have an intuitive similarity to Riemann inte-

grals. We state this property below.



Theorem 1.4.3. Let f(t) be a square integrable adapted stochastic process and suppose

E[f(s)f(t)] is a continuous function of t and s . Then

b n
/f(t)dBt: lim " f(tio1) (B, = By,,) in L*(Q),

lAnll—0 4=

where A,,’s are partitions of |a, b].

We view this via a simple example.
Example 1.4.4. [15] Let t € [0,1]. We want to evaluate fol BidB;. From Ezample 1.5.5,
we have that the integrand is adapted and as such, we are looking at an Ito integral. Fur-
thermore, E [By.B;] = min(t, s) which is continuous for both t and s. Hence, we can use

Theorem 1.4.3 the above integral as a Reimann-like sum. Namely,

/ B,dB, ~ ZBQ . )
= Z { (Bi_, + Bi_, — (B, —Btil))] (B, — B,_,)

1 2 1 2
:52[ Bi)| 453 (Bu=Bi)".
i=1 i=1
The first summation term is an alternating series summation which leaves only the first

and the last term. The second summation term is the quadratic variation of Brownian mo-

tion and as such, we use Theorem 1.2.3 to get,

b
/ Bt dBt -

Now that we have defined the Ito integral, we look into some of its fundamental

(52— 52— (h—a).

N —

properties. For their proofs, refer to [15].

Definition 1.4.5. Let f € L?,([a,b] x Q) then the It6 integral, fabf(t) dBy, is a random

10



variable with mean 0 and variance

)

In addition, if f 1s deterministic then its’ Ito integral is normally distributed.

E :/ E[|f()]] dt. (1.1)

a

From equation 1.1, we can see that the mapping f — f: f(t)dB(t) is an isometry
from L2,([a,b] x Q) to L*().

The stochastic integral performs a continuous time martingale transform of the in-
tegrand. As such, the It0 integral is also martingale as shown in the theorem below.

Theorem 1.4.6. Let X; be a stochastic process such that

X, = /tf(s) dB,, f € L?,([a,b] x Q),

then X; 1s a continuous martingale.
We look at the diffusion processes that motivated K. Ito to introduce the [to inte-
gral.

Definition 1.4.7. An Ito process is a stochastic process of the form

X, = Xa+/atf(t) dBt+/atg(t) n

with X, - F, measurable, f € L?,([a,b] x Q) and, g € L},([a,b] x Q).

In the above definition of the Ito process, the first integral is an Ito integral of a
mean square integrable adapted process and by Theorem 1.4.6, it is continuous. The sec-
ond integral is a Riemann integral for each w. As such, the Ito process is continuous.

An integral part of 1to6 theory is the Ito formula. It can be seen as the stochastic

analog of the “chain rule”. It is useful in showing existence and uniqueness as well as in

11



creating new stochastic processes from existing one. Furthermore, it helps in understand-
ing stability results for stochastic differential equations among many other applications.
Known classical results would be hard to obtain without the following It6 formula.

Theorem 1.4.8. Let X, be an Ito process given by

X, = Xa+/atf(t) dBtJr/atg(t) dt,

with X, - F, measurable, f € L?,([a,b] x Q) and, g € L!,([a,b] x Q). Suppose O(t, z)
is a continuous function with continuous partial derivatives. Then O(t, X;) is also an Ito

process and is given by

£ 90
Ot X)) = O(a. X,) + | (s, X,)dB,

a

"Toe 00 1 0%0
+ [ G0+ S0 Xate) + s ) s

The multiplication of the differentials follow the rule shown It6 table in Table 1.1:

X dBt dt
dB, | dt | 0
d | 0 |0

Table 1.1. Ito table

For the ease of computation and calculation, it is convenient to express stochastic
integral equations in their stochastic differential form. However, this is just mathemati-
cal convention as dB;/dt by itself does not make sense as almost all Brownian paths are
nowhere differentiable. As such, the stochastic differential equations are to be interpreted
as stochastic integral equations. For example, the differential form of the It6 process, X;,

in Definition 1.4.7 is given by

dX, = f(t)dB(t) + g(t) dt.

12



As mentioned earlier, we can use the Ito formula to make new stochastic processes
or to evaluate stochastic integrals without resorting to the definitions. We show this fea-
ture with an example.

Example 1.4.9. Consider the function f(x) = x*. Then f, = 2z and f., = 2. We use the

Ito formula in Theorem 1.4.8 to get

U(B) = L(B)AB, +  fu(B)it,

d(B?) = 2B,dB; + dt.
Hence, we have
t
Bf—Bgzz/ BydB; + (t — a).
We solve for the integral to get

/t B.dB, - % (B~ B — (t — ).
Note that when t = b in the above example, we would get the same result as in
Example 1.4.4.
1.5. Exponential Process and Girsanov Theorem
Exponential functions are important in ordinary differential equation theory due to
their in variance with the derivative operator. We review a stochastic process with similar

significance with respect to the stochastic differential equation.

Example 1.5.1. Let f € L2,([a,b] x Q) and define the stochastic process,

t 1 t
Er(t) = exp {/ f(s)dBs — 5/ fQ(s)ds} :
Using the It formula in Theorem 1.4.8, we have dE¢(t) = f(t)E¢(t)dB:. Hence,
Es(t) is a martingale.

13



Exponential processes are important in the theory of stochastic integration as it is
the direct analogue of the exponential function in ordinary differential equations. It is par-
ticularly useful in showing that translations of Brownian motion remains Brownian motion
under an equivalent probability measure. This result is called the Girsanov Theorem and
is listed below.

Theorem 1.5.2. Let f € L2 ([a,b] x Q) and let Ep[E;(¢)] =1 for all t. Then

Wt:Bt—/tf(s)ds , t€la,b),

is Brownian motion with respect to the probability measure dQ = E¢(b)dP.

14



Chapter 2. Rare Events and Large Deviation Principle
2.1. Introduction

The chance of buying a winning power ball ticket is astronomically low. However,
people still buy lotto tickets in large numbers despite knowing that winning is a rare
event. They do so because the potential win would completely change their life. Rare
events have the potential to leave a significant impact. As such, understanding how these
rare events happen is an interesting field of study.

This concept first appeared in mathematical history though the works of Swedish
mathematician Harald Cramér in modelling an insurance business[4]. If one is operating
an insurance company, they would have to consider both earning and claims when looking
at profitability for the company. We can assume that the earning come as premium at a
constant daily rate, x and the claims, X;, arrive at a random rate. For any fixed earning
period, if the total claims is more than the total earning then the profit margins for the
company would decrease. Then what is the premium they have to charge their customers
in order to have the average future claims to be less than the average daily future earn-
ings?

Let use review some standard probabilistic results to analyse the question.

Theorem 2.1.1 (Law of Large Numbers).
Sp = [, asn — oo,

where S,, = %Z?:1 X; and the limit is in sense of convergence in probability in the

weak sense and almost surely in the strong sense

15



Theorem 2.1.2 (Central Limit Theorem).

(% Z(Xz - M)) — N(o,0%),

where the limit is in distribution

Theorem 2.1.1 tells us that as the number of claims increases, asymptotically the
average value of a claim would approach a number p while Theorem 2.1.2 tells us what
the limiting distribution would be normal around the number p. However, we do not know
at what rate the average claim would approach . Let us assume that x is the premium
earned per day and S, = > | X, is the average claim on the nth day. We want to know
how the probability of the event that the average future claim is more that the average
daily earnings depends on the premium charged. Namely we want to know how P(|S, >
x|) is dependent of the value of z. We would want this probability to not only be small
but exponentially small as to guarantee that that the chance of losing profitability for the
company is exceedingly small. Large deviation principle is this study of rare events via
analysis of probabilities of rare events that are exponentially small.

Heuristically, consider a topological space X and a complete Borel o-field B. Large
deviation principle characterizes the asymptotic behavior of a family of probability mea-
sures, {i.}, on (X, B) as € decreases to zero via a rate function. It does so via the asymp-
totic exponential bounds on the open and closed sets in the topological space.

In the following sections, we review some preliminary definitions and explore some
known results in the theory. We follow the exposition given by Dembo and Zeitouni in [5].
2.2. Large Deviation Principle and Some Properties

We start off with the definition of the rate function and Large Deviation Principle.
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Definition 2.2.1. A function, I, is called a rate function on X if I maps X to R and if
the level sets of I are compact subsets of X

Definition 2.2.2. A family of probability measures, {p.}, satisfies the large deviation
principle with a unique rate function, I1(e) if the following inequalities hold:

e (Uppper Bound)
lim sup € log p.(F') < — inf I(x),

e—0 zeF

for all closed sets F.

e (Lower Bound)

. -
llglglfelog we(0) > ;IGI(f) I(x),

for all open sets O.

Now that we have defined what large deviation principle is, we look into some use-
ful results in the theory. The following result is called Contraction principle and states
that the continuous image of random variables satisfying large deviation principle also sat-
isfies large deviation principle.

Theorem 2.2.3 (Theorem 4.2.1 of [5]). Let X and Y be two separable metrizable topolog-
ical spaces, I a rate function on X, and f a continuous function mapping X to Y. Then
the following conclusions hold.

1. For eachy € ),

J(y) & inf {I(z)|z e f(y)}

s a rate function on ),

2. If {X,} satisfies large deviation principle on X with rate function I, then {f (X,)}
satisfies large deviation principle on Y with rate function J.
Large deviation principle is also preserved between sequences of random variables
that are super-exponentially close to each other as shown by the following theorem.
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Theorem 2.2.4 (Theorem 4.2.16 of [5]). Forn € N, let X,, and Y,, be random variables
on (2, F, P) and take values in X. Given that {X,} satisfies large deviation principle on

X with rate function I and that {Y,} is super-exponentially close to {X,} i.e,

1
limsup — log P{d(X,,Y,) > 0} = —occ.

n—oo TN

2.3. Large Deviation Principle for Random Variables

We return to the mathematical setting that Cramér investigated the insurance
problem as introduced in Section 2.1.
Theorem 2.3.1 (Theorem 2.2.3 of [5]). Let X,, € R be i.i.d random vectors with X, dis-
tributed according to a d-dimensional probability measure p. Let A be the logarithmic mo-

ment generating function associated with b, namely,
A(N) £ log E[eV)].

Then, the sequence of probability measures {u,} satisfies large deviation principle with the
convez rate function A*(-), namely:

1. For any closed F C R,

1
lim sup — log i, (F) < — inf A*(z).
n

n—00 zeF

2. For any open O C R,

1
lim sup — log 1, (0O) > — inf A*(z).

n—r00 z€0

where py, is the law of S, = 137" X; and A*(z) £ supyepa {(X, z) — A(2)} is the
Frechet-Legendre transform of A.
We refer the reader to the Garter-Ellis Theorem for non-i.i.d case in [5].
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2.4. Large Deviation Principle for Stochastic Processes

Let us explore some results to familiarize ourselves to some large deviation results
on the sample paths. We start off with some results for the building blocks of stochastic
calculus. From Theorem 2.3.1, we have an understanding about the large deviation be-
havior of the sample mean. Given a sequence of random variables, the following theorem
provides insights into the large deviation behavior of the whole set of random variables
indexed by ¢. For this section, we fix t € [0, 1].

Given a sequence of i.i.d random variables {X,,} with A(\) £ logE (¢**7) < oo

for all A € R, we consider the random walk given by,

Theorem 2.4.1 (Theorem 5.2.1 of [5]). Let w, is the law of Z,(-) in Lo ([0,1]). Then the

measures, f, satisfy large deviation principle in Ly, ([0, 1]) with the rate function,

/ M@ i e AC
Iy =170

o0, otherwise,
where AC denotes the space of absolutely continuous functions and A x () is the Frechet-
Legendre transform of A(e).

We proceed to Schilder’s Theorem which establishes sample path deviations for
Brownian motion. Let By, t € [0,1], be Brownian motion starting at 0 and for all € > 0, let
pe be the probability measure induced by /eB, on Cj ([0,1]). Then as ¢ — 0, p. = .
As such,

Theorem 2.4.2 (Theorem 5.2.3 of [5]). The sequence of probability measure {p.} as ¢ — 0
follows large deviation principle on Cy ([0, 1]) with rate function I(f) where
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- LN pw)d, if f e HY,

0, Otherwise,
where H' = {f € Co ([0,1)) | f(t) = [, f'(s)ds and f' € L?[0,1]}.
Let us look at how we can use an existing large deviation principle results to obtain
new ones.
Example 2.4.3. Let Y = \/e(By — By) with t € [0,1]. Then, {Y;} follows large deviation

principle on C1 [0, 1] with the rate function J given by

1 1 ) . 1—t . )
P / FOPd,  if o) = / £(s)ds with f € L7[0,1],

o0, otherwise,

where C10[0,1] = {f| fis continuous and f(1) = 0}.
Proof. Define Z; = (B — By—_) for t € [0, 1]. Then we have the following properties:

1. Zy =B, —B; =0.

2. Let 0<u<wv<s<t<1then, we havethat 1 > 1—-u>1—-v>1—-s5s>1—t>0.
As such, 7, — Z, = B1_, — By1_; is independent of Z, — Z, = B1_, — By_, via the

independent increments of Brownian motion.

7, — 7, Ly — 2y

0 1—1¢ 1—s 1—w 1—u 1

Figure 2.1. A t-dependence plot of the disjoint increments of Z, .

3. Zy—Zs=B1_s—B_1~NO,t—s)for0 <s<t<1.

4. Z; is continuous almost surely as a sum of continuous functions.
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From Definition 1.2.2, we have that Z; is a Brownian motion. Consider the function
A(¢y) = 91— for f continuous. Then, A : Cy[0, 1] — [0, 1] is a continuous function that
is its own inverse. Furthermore, A(v/€Z;) = A(y/e(By — B1-¢)) = V/€(By — By) = Y,*. Using
the contraction mapping property in Theorem 2.2.3 along side the large deviation prin-
ciple results in Theorem 2.4.2, Y,* follows large deviation principle with the rate function

given by

J(W) =To A (1h) = I((1 — o))
%/0 |f(O))dt, if (1 —t) :/0 f(s)ds with f € L*[0,1],
oo, otherwise,

/|f Pdt, if (1) / f(s)ds with f € L*[0,1],

oo, otherwise,
\

where we performed a change of variables for the last equality. m

Via Schilder’s Theorem and an application of the super-exponential approxima-
tion given in Theorem 2.2.4, we can obtain large deviation results for a class of solutions
of stochastic differential equations, namely :

Theorem 2.4.4 (Theorem 5.6.3 of [5]). Given a stochastic differential equation with state

driven noise:

X.() = X.(0) + e /D (X, (5))dB(s) + /O B(X.(s))ds, telo1],

with {X(t)} ~ pe and X(0) = 0. The sequence of probability measures {j} satisfies large
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deviation principle with rate function I given by,

I(f) = LIS @) = BUF@) , A7Y @) (F'(1) = B(F () dt,  if feH,

00, otherwise,
where A(t) = aa*(t).

We are interested in cases where the stochastic differential equations need not nec-
essarily be adapted. From the definition of the It6 integral in Definition 1.4.2, we see that
the stochastic integral is not defined when the integrand is not adapted. As such, we first
switch our focus to the Ayed—Kuo integral which provides an intuitive and simplistic way

to approach anticipating integrals.
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Chapter 3. General Theory of Stochastic Analysis
3.1. Introduction
The following question was posed by Ito in the 1976 International Symposium of

Stochastic Differential Equations in Kyoto [13]. Is

1 1
/ BdB; = Bl/ dB, = B} ? (3.1)
0 0

He added that B is not adapted to the natural Brownian filtration J; and as such,
fol B1dB; can not be defined as an It6 integral. In working with this limitation, he pro-
posed an initial enlargement of filtration by taking G, = o{By,Bs|0 < s < t} and

decomposed the Brownian motion as

t . t .
o l—u 0o l1—u

In this formulation, B; is quasi-martingale with respect to the new filtration while B; is
adapted to G;. As such, Equation (3.1) holds true in the enlarged filtration.

The Ayed-Kuo stochastic integral takes inspiration from It6. Instead of keeping the
integrand B; while simultaneously changing the filtration and decomposing the integra-
tor By, the new stochastic integral maintains both the Brownian motion and the filtration
while decomposing the integrand into adapted part and the counter-part called instantly
independent. In this chapter, we will review the Ayed—Kuo Stochastic integral and prove

some new results.

Section 3.3 and Section 3.4 of this chapter previously appeared, substantially unchanged, in
the open access Journal of Stochasic Analysis article: Kuo, H.-H., Shrestha, P., and Sinha, S.,“An
Intrinsic Proof of an Extension of It6’s Isometry for Anticipating Stochastic Integrals,”https://
digitalcommons.lsu.edu/josa/vol2/iss4/8/ and in the open-access arXiv article: Kuo, H.-H.,
Shrestha, P., Sinha, S., and Sundar, P., “On near-martingales and a class of anticipating linear SDEs,”
https://arxiv.org/abs/2204.01932 respectively.
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3.2. Instantly Independent and Counter Filtration

Let us first define the notion of instantly independence and the filtration space we
operate on for instantly independent processes.
Definition 3.2.1. A stochastic process, f(t), is said to be instantly independent with re-

spect to the filtration {F} if f(t) is independent to F; for each t € [a,b].

Definition 3.2.2. A family, {G"}, of complete sigma fields is called a Counter-filtration
of {Fi} if
1. For each t € [a.b], G is independent of F;,
2. for eacha <s <t<b, G® >gGWH.
We define the counter-filtration process space for our instantly independent pro-
cesses.
Definition 3.2.3. Define L? ([a,b] x Q) as the space of all stochastic processes, g(t,w),
t € [a,b], w € Q, satisfying,
e g(t,w) is adapted to the natural Brownian counter-filtration, Gg®,
. f;E [(%)2] ds < 0.
Remark 3.2.4. L2 ([a,b] x Q) is a subspace orthogonal to L%, ([a,b] x ).
Example 3.2.5. Define F, = 0{B, — ByJla < 5 <t < b} and G = ¢{By — ByJa <t <
s < by. Then, {GDY is a counter-filtration of {F;}. We will refer these filtrations as the
Natural Brownian filtration and Natural Brownian counter-filtration.
The action of the stochastic integral on processes adapted to the natural Brown-
ian counter-filtration is very similar to the action of the Ayed—Kuo integral on processes

adapted to the natural Brownian filtration. Namely, the integral acts as an isometry be-
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tween two spaces. As such, we have the following result.

Theorem 3.2.6 (Proposition 2.1.3 and Theorem 2.1.8 of [33] ). Let 1y be a square inte-
grable stochastic process adapted to the natural Brownian counter-filtration, G or alter-
nately ¥ € L2 ([a,b] x Q). Then

1. 1y is instantly independent to the natural Brownian filtration {F;},

2 E [ v.dB,] =0,

2
3. E [(ff% aB,) } = ["E [(¢)?] ds.
It is natural to ask what if a function is both instantly independent and adapted?

Then the function would be deterministic. Indeed if a function f(¢), t € l[a,b] is Fi-

adapted and instantly independent for each ¢ then,

fO=E[fO) A =E[f@)], telab],

where the first equality is via adaptedness and the second equality is via instantly inde-
pendence. Thus, f(t) = E[f(t)] for all ¢ in [a,b]. This means that f is deterministic.
3.3. Ayed—Kuo Stochastic Integral

As mentioned earlier, for the Ayed—Kuo stochastic integral, we decompose the in-
tegrand into adapted and instantly independent parts. Let us view it via an illuminatory
example.
Example 3.3.1 (Example 2.4 of [10]). Consider f; By, dB;. Since the integrand, By, is
not {F;}-adapted, the integral is not defined within Ité theory. Note that for each t, we can

decompose
Bb — Bt ‘I— (Bb - Bt)7
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where By 1s Fy-measurable, and By, — By is independent of F; due to the independence of
increments of Brownian motion. Thus, we have decomposed the anticipating integrand into
an adapted and an instantly independent process.

Motivated by Ito’s original construction, we take left end point approximation for
the adapted parts and right end point approximation for the instantly independent part.
This way we can “define” the integral

b b
lBM&le%H&—&HMt

n

- IIAlirln%szl [Btj—l + (Bb - Bt]’)} (Bi, — By,,)

= lim Z [Bb - (Btj - Btj_l)} (Btj - Btj_1)

anl—0
‘]7
=By By, =By~ | B, - B, )
b ||A7111‘,‘I14)0 j_l( t; t]*l) HATILI”rl‘)O 2_:( t; t]—l)
n n
=B & By = By,) - i t;—t;
b ||A,ILIHIL0 j:1( t; tgfl) HATILIHnHO jZI( J J 1)

=B, (By — B,) — (b—a),

where in the last equality, we have used the quadratic variation of Brownian motion.
With this example to illuminate the path ahead, we introduce the Ayed-Kuo

stochastic integral.

Definition 3.3.2. The Ayed—Kuo stochastic integral of a stochastic process ®(t) intro-

duced in [1] is defined in the following three steps.

1. Suppose f(t) is an Fi-adapted continuous stochastic process and ¢(t) be an contin-

uous stochastic processes that is instantly independent with respect to F;. Then the
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stochastic integral of ®(t) = f(t)o(t) is defined by

/f ZHAlllﬁl_me i-1)0(t;)(B(t;) — B(tj-1)),

provided that the limit exists in probability.

. For a process of the form ®(t) => 7", fi(t)pi(t), the stochastic integral is defined by

[ewas® =Y [ rwe ase)

. Let ®(t) be a stochastic process such that there is a sequence {®,(t)} ., of stochas-
tic processes of the form in step 2 satisfying

(a) f; D, () — ®(t)|” dt — 0 almost surely as n — oo, and
(b) fab D, (t)dB(t) converges in probability as n — oo.

Then the stochastic integral of ®(t) is defined by

b b
/ O(t)dB(t) = lim [ D,(t)dB(t) in probability.

n—oo

This integral is well defined, as demonstrated by the following lemma.

Lemma 3.3.3 (Lemma 2.1 of [10]). Let fi(t),1 < i < m and g;(t),1 < j < n be {F}-

adapted stochastic processes and let ¢;(t),1 < i < m and ¢;(t),1 < j < n be instantly

independent with respect to {F}. Suppose the stochastic integrals ff fi(s)i(s) dB(s) and

s)dB(s) exist for all i, j. Assume that,

> K060 = > 0,00

Z/fz )u(s) dB(s Z/gj $)05(5) dB(s).
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This technique of decomposing the integrand into adapted and instantly indepen-
dent processes easily extends to case when the integrand is a product of adapted and an-
ticipating processes, as the following example demonstrates.

Example 3.3.4. Using the decomposition ByB; = (B, — B;)B; + (By)? fort € |a,b],
we write the integrand as a sum of products of adapted and instantly independent parts. As

such, we can use the definition to get

b b
/ BB, dB, = / (B«(By — By) + BY) dB,

b b b b
:Bb/ BtdBt—/ Btdt—%JrW
b

1
5B (B =B b+ a)— [ B

3.3.1. Mean of the Ayed—Kuo Stochastic Integral

We first look at the mean of the Ayed-Kuo stochastic integral. From Definition
1.4.5, we have that the It integral is a mean zero process. We expect the same for the
Ayed—Kuo stochastic integral. The following result shows that it is indeed the case for a
certain class of integrands.
Theorem 3.3.5. Let ®(x,y) be continuous on both variable such that ®(By, By, — B;) €

L*([a,b] x Q). Furthermore, assume that the partial sums

Z (E(Bti717 B - Bti) (Bti - Bti—l)

i=1

are uniformly integrable. Then
b
]E |:/ @(Bt,Bb - Bt) dBt - O

Proof. Using the definition of the Ayed—Kuo stochastic integral in Definition 3.3.2 and
the uniform integrability condition on the partial sums to interchange the limit and the
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expectation, we have

n

b
E U ®(B,, B, — By) dBt} = lim Y E[®(B

lAll,—o0 By — By,) (Bti - Bti,l)] (3.2)
" i=1

i—17

Bt', B[/Z o Bszl Bl Bt

Figure 3.1. A t-dependence plot of the disjoint increments of B,.
Note that, as independent increments of Brownian motion, both B;, , and B, — B,
are independent of (Bti — Bti_l)- As such, continuity of ® implies that ®(B;,_,, B, — By,)

is independent of B,, — B;, ,. Hence,

E[®(Bi, ,,By— By) (Bi, — B, ,)| =E|[®(By, ,,B,— By,)|E [B;, — B;, ,] =0. (3.3)
where the last equality is due to the zero mean of the Brownian interval. We combine the
results of Equation 3.2 and Equation 3.3 to complete the proof. O

3.3.2. Extension of It&’s Isometry (Variance)
Suppose f and ¢ are continuous functions on R. It is proved in Theorem 3.1 of [18]

that

_/ E [f(B)’¢(By — B)?] dt

(/th o(By — By) dBt>2

+2 / / & (By — B,)f'(B))d(By — B,)] ds dt. (3.4)

The result is motivated by Theorem 13.16 in the book [17] where it is shown via
white noise methods. The proof in [18] is lengthy, imposes stronger conditions on the inte-
grand, and involves tedious computations via the binomial expansion. More importantly,
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it doesn’t showcase the crucial feature of the Ayed—Kuo theory of stochastic integration
- the left end point and the right endpoint evaluation for the adapted and instantly inde-
pendent processes. In what follows, we provide intrinsic proof of the formula in Equation
(3.4) for a more general case.

In the proof of Theorem 3.3.6 and Theorem 3.4.2 below, we shall use the o-fields

Fs=0{By; a <u<s}, a<s<hb,
GY =0{B,— By t<v<b}, a<t<b, and

HY =0 (F,ug"), a<s<t<b

Here {F, : s € [a,b]} is the natural Brownian filtration and {G® : ¢t € [a,b]}
the natural Brownian counter-filtration generated by the Brownian motion. We shall call
HY as the separation o-field. We conjecture on the importance of the joint o-field H.
Taking conditional expectation judiciously with respect to the separation o-field plays a
significant role in the proof the following theorem.

Theorem 3.3.6 (Theorem 3.1 of [20]). Suppose f,¢ € C'(R) such that f(By;)p(By —

By), f(B)¢ (By — By), f'(B)$(By — By) € L*([a,b] x Q). Then

</th &(By — By) dBt)Q

+2/ / By — B,)f'(B)$(By — B)] ds dt. (3.5)

b
_/ E [f(B:)*¢(By — B,)?] dt

Remark 3.3.7 (Remark 3.2 of [20]). For the right-hand side of (3.5) to be well-defined,
we need the well-definedness of the two integrals. For the first integral, we directly see that
the integral is well-defined if f(B;)¢(By — B;) € L*(a,b] x Q). For conciseness, we write
fi = f(By), ¢ = o(By — By), and similarly their corresponding derivatives. Using this
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notation, for the second integral, we can use Cauchy—Schwarz inequality to get

[ [sinosola
// 1564 (E[Ift’qﬁtf])édsdt
< [[(=]iaf]) as [ (=[imor])

< (b—a) (/bE 1£:0F] ds)é (/bJE [z dt)é,

where we used the Schwarz’s inequality in the last step.

Combining these results, we see that a sufficient condition for the second integral to
exist is f(By)¢(By — Bt), f(Bi)#' (By — By), ['(B:)$(By — By) € L*([a,b] x Q).
Remark 3.3.8 (Remark 3.3 of [20]). In the proof of Ito’s isometry, one typically takes
conditional expectation with respect to the o-field Fs in a simple manner. On the other
hand, our proof requires conditioning with respect to the o-field HY in a very specific man-

ner.

Proof. For notational convenience, let

ABk Btk Btk,17
Aty =ty — tp_1,
fk—l = f(Btk—l)7

br = ¢(By — By,).

Then by the definition of the Ayed—Kuo stochastic integral, we get

b
/ f(B)¢(By — By) dB; = lim Zfl 1 AB;.

|An|—0
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By taking a subsequence, if necessary, we may assume that the convergence is in L?(2).

Therefore,

E < / " (BB, — By dBt>2

= lim ZZE[fi—1¢ifj—1¢jABiABj]
i=1 j—1

a0
n n j—1
= lim Y E[f2,¢>(AB)*]+2 lim E(f 16:fi16:ABAB.
||An||ao; fia0i (AB)] AMHoM; fiadifi10y il
=: Dy + 2Dy,

where we separated the sum into diagonal and off-diagonal elements in the penultimate
step and used the symmetry of ¢ < 5 and ¢ > j.

First we focus on the diagonal elements. Note that AB; is independent of both
Fi,_, and G%). Moreover, f;_; is F;, ,-measurable and independent of G*). Similarly ¢;
is G(*)-measurable and independent of F;, ,. Therefore, by taking conditional expectation

with respect to F;,_,, we get

E[f2,6? (AB)?] =E [E (2,67 (AB)* | Fi,)]
=E[f?, E(¢] (AB)’ | Fir_,)]
=E[f2,]E[¢} (AB)?].

Similarly, taking conditional expectation with respect to G gives us
E [¢? (AB,)?] =E [E (¢? (AB,)* | 6“)]
—E[6? E ((ABy)? | §®)]
= E [¢]] E [(AB))*].
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Putting it all together along with the fact that E [(ABi)Q} = At;, we get
E [f2.67 (AB)*] = E [f2,]E [¢]] Ati = E [f(B.)*6(By — B))*] At

where we used the independence of increments of Brownian motion in the last equality.

Summing over ¢ and taking limits, we get

Dy = / E [£(B)?6(By — B,)?] dt.

The method for the off-diagonal elements is not so direct, and we highlight the key
tricks.

Trick 1 Note that AB; is independent of both F;, | and G*), and is therefore indepen-

dent of ’Hgi So conditioning with respect to ’H?}l gives us

E(AB | #")) =E[AB] =0,

E((AB) | H!,) =E[(AB)] = At

Trick 2 Consider B, — B;, — AB; = (B, — By,) + (By,_, — By,). Since B, — By, is G-
measurable and B;, , — By, is Jy,_-measurable, the sum By,—B;, —AB; is ”Hg]_ )l—measurable.
By continuity of ¢, we see that ¢(B, — B;, — AB;) is also ’Hgi )1—measurable. This allows us

to conclude that
E[fi-1¢(By — By, — AB;) fj—1¢; AB; AB;]
=E []E <f¢—1¢>(Bb — By, — ABj) fj-1¢; AB; AB; | Hgﬂ)]
—E |fi16(By — B, — AB;)f;_16; AB; E (AB; | H"”
fz 1¢ b t; ])fj 1%3 L J tj1

—0. (3.6)
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fi—1 oy
fifl Cbi

~¥

0 a ticn b ti-1 4 b

Figure 3.2. A t-dependence plot of the various processes. The dotted regions are removed.
Shaded regions represent the separation o-field.

Therefore, subtracting E [f;_1¢(By — By, — AB;) fj—1¢; AB; AB;] from the term
E [fi—1¢ifj—16,AB;AB;] does not change anything. This allows us to remove the de-
pendence of ¢; on {B; : t € (tj_1,t;)}. This is illustrated in Figure 3.2 by the purple

dotted region of ¢;.

Trick 3 Using the assumption ¢ € C'(R) and considering the fact that B; is continuous

and so AB; — 0 as ||A,|| = 0, we can approximate

For brevity, we write ®;; = ¢'(B, — By, — ABj), i < j. Note that ®;; is ’Hgi)l—measurable.

Putting these together, we see that

E[fic1¢ifi—10; AB; ABj]
=E[fi1 (¢(By — By,) — ¢(By — By, — AB;)) fi—10; AB; ABj]

~E [fi1®ifj1¢; AB; (AB;)?]
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Conditioning with respect to the seperation o - field, we have

E[fi1¢ifj-1¢0; AB; ABj]
=E [E <fi—1<1)ijfj—1¢j AB; (AB))* | Hgﬂ)}

= E [fi-1®i;fj-10; AB; E(AB;)?]

=E[fi1Pi;fj-10; AB;| At;. (3.7)
Jim %5
fl*l ¢Z
0 a ticn b ti1 1 b

Figure 3.3. A t-dependence plot of the various processes. The dotted regions are removed.
Shaded regions represent the separation o-field.

We repeat Trick 2 on f(B;,_, — AB;) just as we did for ¢(By, — By, — AB;) to de-
rive (3.6). This allows us to remove the dependence of f;_; on {B; : t € (t;_1,t;)}. This is

illustrated in Figure 3.3 by the purple dotted region of f;_;. Therefore,
=E[fi-19i;fj-16; AB; AB;] =0,

where we used the tower property with respect to the o-field Hgl in this case. As before,
we get

f(B, )= f(Bi, , — AB) =~ f'(B,, , — AB,) AB,.
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Continuing from (3.7),

E[fic1¢ifj—1¢; AB; AB;]
=E[fi1®i;fi-10; AB;] At
= E [fi-1®i; (f(By,_,) — f(By,_, — AB;)) ¢; AB;] At

~E [fi1®yf (B, , — AB)¢; (AB;)?] At;

[
—E [E (fia®, (B, ~ AB)G; (ABY | (", )] A,
|

E|fi1®,f (B, , — AB)&,E ((AB,)2 | Hﬁfﬁ’l)] At

E [fim1®i f' (B, , — AB)¢;] At; At

(3.8)

By the continuity of By, we see that as ||A,| — 0, so does AB; and AB;. More-

over, by the continuity of f’ and ¢, we can conclude that as ||A,| — 0,

f/(Bti—l - AB@) — f/<Btj—1) = f]l'flv

®y = ¢'(By — By, = AB;j) — ¢(By — By,) = ¢
Finally, summing up (3.8) over i < j and taking limit, we get

D1 / / b Bs)f/(Bt)gb(Bb — Bt)] ds dt.

This concludes the proof.

O

Theorem 3.3.6 also serves as a new tool in evaluating the second moment of antic-

ipating integrals. This is advantageous as explicitly evaluating the integral via the defi-

nition can get very tedious and complicated. We demonstrate this point of view with an

example.
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Example 3.3.9 (Example 3.4 of [20]). Apply Theorem 3.3.6 to the case with f(x) = x and

¢(y) =y. Then we have

(/ab Bi(By — By) dBt>2

—/ab]E[Bf(Bb—Bt)ﬂ dt+2/ab/:E[Bs(Bb—Bt)] ds dt

E

/bJE[BﬂE[(Bb_Bt)ﬂ dt+2/b/t]E[BS]IE[Bb—Bt] ds dt

/abt(b—t) dt

(b* — 3a*b + 2a%). (3.9)

=

On the other hand, let us evaluate the stochastic integral fab By(By — By) dB; and

then use it to compute its second moment. By equation (2.5) in [9], we have

t 1 1
/ By(Br — B,) dB, = §BT(Bt2 —t) — §B§>, 0<t<T,
0

which immediately yields the following stochastic integral
’ 1 2 2 L 3
Bi(By — B.) dB, = 5By | (B} — B) — (b— a)] -5 (B} - BY).

For brevity, we write Ag = By— By, so By = (By— B,)+ B, = Ap+ B,. Performing

algebraic simplification, we get

(A% +3B,A% —3(b—a)Ap —3(b—a)B,) .

=

b
/ Bt(Bb - Bt) dBt —

Note that B, and Ag are independent with B, ~ N(0,a) and Ag ~ N(0,b—a). Therefore,
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any odd moment of either of B, or Ap is zero. Using this, we get

(/ab Bi(By — By) dBt)

1
=3 E [AS +9B2AL +9(b — a)’A%L + 9(b— a)*B?

2

E

—6(b— a)A} — 18(b — a) B AF]

(b3 —3a’b + 2a3) ,

S| =

which is exactly what we obtained in equation (3.9). But, obviously, here the computation
18 more tedious and complicated.
The arguments used in the proof of Theorem 3.3.6 can also be applied to show the

following general results.

Theorem 3.3.10 (Theorem 3.5 of [20]). Let ®(x,y) € C*(R?) and assume that
®(By, By — By), ®,(B,, B, — B,), ®,(B:, By — By) € L*([a,b] x Q).

Then

2

b
E :/ E [®(B:, B, — By)?] dt

(/:@(Bt,Bb — By dBt)

b t
+ 2/ / IE[(IDy(BS,Bb — B,) ©,(B,, By — Bt)] ds dt. (3.10)

We use this general result to obtain the covariance between two Ayed—Kuo stochas-

tic integrals.
Theorem 3.3.11 (Theorem 3.6 of [20]). Let ®(x,y), ¥(x,y) € C*(R?) and assume that
1. ®<Bt7 Bb — Bt>7 (I):L‘(Bta Bb — Bt)7 ®y(Bt7 Bb — Bt) c L2<[CL, b] X Q), and

2. U(By, B, — B,), (B, B, — By), V,(By, B, — B,) € L(|a,b] x Q).
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Then

E K/abcb(Bt,Bb — By) dBt) (/ab\I/(Bt,Bb — By) dBt)}

b
- / ]E [®(Bt7 Bb — Bt)\II(Bt, Bb - Bt)] dt

b t
+/ / E[cby(Bs,Bb—Bs)%(Bt,Bb—Bt)

+ (I)I(Bt, Bb - Bt)‘lly<Bt, Bb — Bt> ds dt.
Proof. For this proof, we write
F(t) - q)(Bt, Bb - Bt)7

G(t) = ‘I’(Bn By — Bt),

H(t) = F(t)+ G(t).

Moreover, for brevity, we write F,(t) = ®,(B;, B, — By), Fy(t) = ®,(B;, B, — B;) and
corresponding notations for G(t) and H(t).

From the definition of H(t), we see that

(/:H(t) dBt)Q _E :(/abm) dBtJr/abG(t) dBt)
g '( [rwan) | e |( [ owan)

+2E K/@bm) Y (/abaw is,))|.

Applying Theorem 3.3.10 for F'(t), we get

( / P dBt>

2
E

2 2

+E

2

E

:/abE[F@)Q] dt+2/ab/at]E[Fy(s) Fu(t)] ds dt.

39



We can obtain a similar equality for G(t). Putting all this together, we get

E (/abH(t)dBt)Q :/a F(t)?] dt+2// ] ds dt
+/ G(t)?] dt+2/a/a | dsdt
+2EK/abF()dBt) (/ G()dBtﬂ. (3.11)

On the other hand, first applying Theorem 3.3.10 and then using the definition of

H(t), we get

E </bH(t) dBt>2
/ dt+2// | ds dt

:/bE[F()]dt+/ E[G()}dt+2/bE[F(t)G(t)]dt

a

42 / / E[(F,(s) + Gy () (Fu(t) + Ga(8))] ds dt

:/bE[F(t)2] dt+/bE[G(t)2} dt+2/bE[F(t)G(t)] dt

+2 / b /tE[Fy(S)Fx(t) + Fy(5)Ga(t) + Gy(s) Fu(t) + Gy(s)Gx(t)] ds dt.  (3.12)

Finally, equations (3.11) and (3.12) imply that

: l(/f” ) dBt> (f e dBf)}
/ | dt + / e G,()EL(D) ds dt,

which is exactly the desired result. O]

If ®(z,y) = f(x) and ¥(z,y) = ¢(y), we have &, = 0 and ¥, = 0. Therefore, we

obtain the following corollary.
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Corollary 3.3.12 (Corollary 3.7 of [20]). Let f,¢ € C*(R) and assume that
1. f(Bt)7¢(Bb - Bt) S L2([CL, b] X Q)7 and
2. ['(Be),¢'(By — By) € L*([a, ] x Q).

Then

o[([ 0000 ([ - 00n)

b b t
- / E[f(B)o(By — By)] dt + / / E[¢/(B, — B.)f (B)]ds dt.

Corollary 3.3.12 provides the same power as the extension of the isometry in that it
allows us to explicitly calculate the covariance between anticipating and adapted integrals
without having to calculate the integral itself. We demonstrate that fact with an example
Example 3.3.13 (Example 3.8 of [20]). Let f(x) = = and ¢(y) = y. Using Corollary

3.3.12, we get

[/bBt dBt) (/b(Bb By) dBt)]

b
]E Bt Bb Bt dt +/ / dS dt

/b
[

E[B — By dt—l—/(t—a)dt

(b—a)’.

l\DI»—t

Finally, we want to point our that the double integral in equation (3.10) can be re-
garded as a correction term when we extend It0’s theory to anticipating stochastic integra-
tion. This correction term can be positive or negative, as illustrated in the next example.
Example 3.3.14 (Example 3.9 of [20]). Consider the case ®(x,y) = px + y in Theorem

3.3.10, where p € R. Then ®, = p and ®, = 1. Therefore, we can directly evaluate the
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double integral in equation (3.10) as

b t b t
2/ / E[be(Bs, By — B,) (B, By — Bt)} ds dt = 2/ / pds dt = p(b— a).

Therefore, the final term will be positive or negative depending on the sign of p.
3.4. Near-martingales

Let us consider the following stochastic process X; = fot By dBg, t € [0,1]. Using the
definition of the Ayed—Kuo stochastic integral in 3.3.2 and following the steps in example

3.3.1 we have
t
X, = / BydBs = BBy —t, te]|0,1].
0

It is easy to see that X, is not a martingale as B; is not adapted to the natural
Brownian filtration {F;} for ¢ < 1. Let s < ¢ for s,¢ € [0,1]. We evaluate the conditional

expectation of X; and X, with respect to F,. Hence
E[X,|F| =E[BBs; — s | F
= B,E B | Fs] — s

= B2 3.

S
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E[X:| Fs| =E[B1B; — t| Fy
—=E (B, — Bi+ B, — B, + B,)(B, — B, + B,) | F,] — t
—E| (B, — B,) (B, — B,) + (B, — B,)*
+2(B; — Bs) Bs+ (B) — B)) B, + B? | F,| —t
=E[(B1 — By) (B, — B,)]| + E[(B: — B.)’]
+ B,E[B, — B,)+2B,E[B; — B,] + B> — t

=B%—s

S Y

where the last equality is due to the properties of Brownian motion. Notice that
E[X,|Fs] = E[X;|Fs]. This property is satisfied by many other stochastic processes.

In view of Definition 1.3.6, a martingale would trivially satisfy this relationship. In
essence, such a relationship can be seen as a generalization of the martingale property.
This discussion serves as the motivation for near-martingales defined below.

Definition 3.4.1 (Near-martingale). A stochastic process, Ny, a <t <b, with E| N;| < oo
for all t is called a near-martingale with respect to the filtration{ F;} if for any a < s <t <
b, E[N; — Ny | Fs] =0, a.s.

From Theorem 1.4.6, we know that martingales occur naturally within Ito theory.
Near-martingales and Ayed-Kuo integrals are true generalization of both of martingales
and Ito integrals respectively. It is natural to ask, should we expect something similar?

In what follows, we show that near-martingales do occur naturally within the Ayed—Kuo

theory.
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Theorem 3.4.2 (Theorem 3.3 of [21]). Let ®(x,y) be a function that is continuous in both

variables such that the stochastic integral,
t
N, = / ®(Bs, B, — B;) dBs, a<t<b,
exists and E| Ny | < oo for each t in [a,b]. Furthermore, assume that the partial sums

Z (I)(Bti—w Bb - Bti) (Bti - Bti—l)

i=1
are uniformly integrable. Then Ny, a < t < b, 1s a near-martingale with respect to the
filtration generated by Brownian motion given by {F;} .

Remark 3.4.3. This result is shown in Theorem 3.5 of [18] for the case when ®(x,y) =
f(@)o(y).

Proof. Let t > s and consider a partition, A, of [s,t] with ty = s and ¢,, = ¢t. Via the def-
inition of the Ayed—Kuo Stochastic Integral in conjunction with the uniform integrability

condition on the partial sums, we have

t
E[N, — N, | F,] =E U ®(B,, By — B,)dB, | ]—"51

=E | lim E (I)(kal, Bb — Bk)ABk | fs
n—00
k=1

n—00
k=1

Consider, the separation o-field Hgb) = o(F, U g@). Then Fy, C Fr_1 C H,(Cli)l Using
this fact alongside the continuity of ® in both variables, we have that ®(By_1, B, — By) is
H,E:k_)l - measurable. Furthermore, via the independence of the Brownian increments, AB;,
is independent of H,(g]i)l
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Figure 3.4. A t-dependence plot of the disjoint increments of B,. The shaded regions
represents the forward and separation o-field.

Thus,

E [®(Bi—1, By — Br)ABy | Fi
—E [E [®(Bi 1, B, - By)ABy | M| | 7]
=E [®(Bi—1, B, — Bp)E [ABy] | FJ]

=0.
Using this result for each k in equation (3.13), we have
E[N; — Ny | Fs] = 0.

Thus, NV; is a near-martingale. ]

Example 3.4.4. Consider N, = f; By dBs. Using Theorem 3.4.2 with ®(x,y) =z + vy, we
have that Ny is a near-martingale for a <t <'b.

This theorem can be extended for the anticipating case as well. Namely,
Theorem 3.4.5. Let ®(z,y) be a function that is continuous in both variables such that

the stochastic integral,

b
Nt:/ ®(B,, By, — By)dB,, a<t<b,
t
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exists and E| Ny | < oo for each t in [a,b]. Then Ny, a <t <'b, is a near-martingale with
respect to the filtration generated by Brownian motion given by {F;}.

Remark 3.4.6. This result is shown in Theorem 3.6 of [18] for the case when ®(x,y) =
f()o(y).

These two results, Theorem 3.4.2 and Theorem 3.4.5, show that the near-
martingale property is an analogue of martingale property for the Ayed—Kuo stochastic
integral. This relation is further solidified by the following result that shows the intrinsic
relation between a near-martingale and a martingale.

Theorem 3.4.7 ( Theorem 2.11 of [11]). Let Ny, a < t < b be a stochastic process with

E| Ni| < oo for each t € [a,b] and let My = E[N;|F;]. Then

N, is a near-martingale <= M; is a martingale.

We use this result in obtaining a near-martingale optional stopping theorem for the
Ayed—Kuo stochastic integral.
3.4.1. Near-martingale Optional Stopping Theorem

We build up the optional stopping theorem using the strategy used for the martin-
gale case in [32]. Namely, we prove near-martingale version of the optional stopping theo-
rem for discrete stopping times and then extend it for continuous stopping times. For this
section, fix ¢ € [0, 1].

First we prove a result that shows that a stopped near-martingale is a near-
martingale. We use this result to prove the discrete case of the theorem.
Theorem 3.4.8 (Theorem 3.6 of [21]). Let Ny, t € [0,1], be a discrete-time near-

martingale and T a stopping time. Then N x; is a near-martingale.
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Proof. Let t, be an arbitrary time and consider a partition 0 = ¢y < t; < --- < t,, and a
forward filtration F, associated with N;,. We define
Vo2 g < (N, = Nily) = Nong, — No (3.14)
i=1
Assume m < n, then

E[Yn_ym‘fm]:E Z IL{Yfi—1§7'} (Nti_Nti—l) ‘fm

i=m-+1

= > Ellugn (V=N [ 7]

i=m—+1
Here t; > t,,,. In addition, 1, <, is F- measurable for each i. As such, taking conditional

expectation judiciously with respect to F;_; we get,

E[Yn - Ym|‘Fm] = Z E []E |:]1{ti—1 <7} (Nti - Ntifl) |"T_‘ifl} “Fm]

i=m+1
n

- Z E [1{t¢—1 <nE [Nti — Ny, "Fifl] "Fm}

i=m+1

= 0.

where the last equality is due to the near-martingale property of N;,. Thus, Y,, is a near-

martingale. We use this fact alongside equation (3.14) to get

E[N:nt, — Neaty, | Fl = E[Y, = Y, | Fn] = 0.

Thus we have shown that a stopped near-martingale is a near-martingale. We use
this result to prove a version of the near-martingale optional stopping theorem for discrete

time near-martingales.
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Theorem 3.4.9 (Theorem 3.7 of [21]). Let N; be a discrete time near-martingale. Suppose
o and T are two bounded stopping times with o < 7. Then N, and N, are integrable, and

E [N, — N, | F,] = 0 almost surely.

Proof. Since ¢ and 7 are bounded, there exists K < oo such that ¢ < 7 < K. Let X, be
any near-martingale. Clearly, X, is integrable. Suppose B € F,. Then for any n < K, we

have BN {0 =n} € F,, and so

/ (X — X,)dP = / (Xx — X,)dP = 0.
Bn{o=n}

Bn{o=n}
Summing over n, we get [, (Xx — X,)dP = 0, and so E [Xx — X, | F,] = 0. Finally, let
X, = Nypn to get

E[N:ak — Nopo | Fo] =E[N. — N, | F,] =0.
O

Before we proceed to continuous time near-martingales, we will need the concept of

backward near-martingales.
Definition 3.4.10 (Definition 3.8 of [21]). Let (F,),—, be a decreasing sequence of o-
algebras, and let Ny = (N,,)°"_, be a stochastic process. Then the pair (N, F,),—, is called
a backward near-martingale if for every n,

1. N, 1s integrable and F,-measurable, and

2. E[N,, — Npi1| Fnia] =0.
Lemma 3.4.11 (Lemma 3.9 of [21]). Let (N,, Fy),—, be a backward near-martingale with

lim, o E [N,,] > —o0. If N, is non-negative for every n, then N, is uniformly integrable.

Proof. Asn oo, we have E[N,] \, lim,, o E[N,] = inf, E[N,] > —oc0. Fix e > 0.
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By the definition of infimum, there exists a K > 0 such that for any n > K, we have
E [Ng] — lim,, oo E[V,,] < €.

For any k > n and 0 > 0, we have
E [| Nl 1wy >ey] = E [Nilwisay] +E [Nelgn>-5y] — E[Ni].

Moreover, since NN, is a backward near-martingale, [E [Nk]l{ Nkzg}} =K [Nn]l{ Nkzg}}. There-

fore,

E [[Nel Tni>e)] SE [Nalnvsay] +E [Nal -] — (BIN] =€)

=B [[Na] Tyny>a] + €
By Markov’s inequality and the non-negativity of X,
1 1 1
P{|Nk| >} < 5E|Nk| = 5B [Ni] < 5B [Ni] =0
as 0 — 0o. This concludes the proof. O

We use these backward near-martingales and Lemma 3.4.11 to extend the near-
martingale optional stopping theorem to the continuous case. Namely,
Theorem 3.4.12 (Theorem 3.10 of [21]). Let N be a near-martingale with right-
continuous sample paths. Suppose o and T are two bounded stopping times with o < 7. If

N is non-negative or uniformly integrable, then N, and N, are integrable, and
E [N, — N, | F;] = 0 almost surely.

Proof. We use a discretization argument to prove the result. Let 7' > 0 be a bound for 7.
For every n € N, define the discretization function

2n 1
2] 1,

T,
2n

fn:[O,oo)—>{E:k—o,...,n}:xH

n
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and let o, = f,(0) and 7,, = f,.(7).

Now, for any n and t,

(27t
on

{r <t} ={fu(r) €[0,¢]} = {7 € f,,'[0,1]} = {’7‘ cfit {0, H € F%Ln” C F,

so T, is a stopping time. Similarly, o, is a stopping time. Moreover, it can be easily
seen that o, < 7, for every n, and o, \, 0 and 7, \, T asn ' oco. Therefore, by
Theorem 3.4.9, we get N, and N, are integrable, and E [N, — N, |F,,] = 0 almost
surely. Furthermore, it is easy to see that F, = ().—, Fo, C F,, for any n. Therefore,

E [N'rn - NO' n

F,] = 0 almost surely for any n.

If N is non-negative, by construction, (N,,,Fy, )., is a backward near-martingale
such that N,,, > 0 for every n. Therefore, E[N,, | N\, E[N,] > —cocasn  co. Using
Lemma 3.4.11, (N,, ), is uniformly integrable. Similarly, (N, ) 7 is also uniformly inte-
grable. On the other hand, if NV is uniformly integrable, this is trivial.

Using the right continuity of N and the boundedness assumption of o and 7, we
get lim,, oo N, = N, and lim, o, V,, = N, almost surely. Furthermore, the uniform in-

tegrability of (N,, ).~ and (N,

n

), allows us to conclude that N, and N, are integrable

and that the convergence is also in L', giving us E [N, — N, | F,| = 0 almost surely. O

We highlight the special case of Theorem 3.4.12.
Corollary 3.4.13 (Corollary 3.11 of [21]). Let No be a non-negative near-martingale with

right-continuous sample paths and T a bounded stopping time. Then N, is integrable, and

E[N;] = E (Noy) almost surely.
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Chapter 4. General It6 Formula and Applications of the General
Ito integral

The It6 formula is a fundamental aspect of I1t6 theory. For any theory to extend It6
theory, it is also very useful to formulate the Ito formula in that setting. There are several
such extensions in literature [17] [25]. The Ayed—Kuo stochastic integral provides a sim-
plistic and intuitive extension that accounts for both instantly independent and adapted
processes. We use the general It6 formula for the results in this chapter. Let ¢ € [a,b].

First, let X; and Y® be stochastic processes of the form

X; = Xa—f—/ g(s)dB(s) +/ h(s)ds, (4.1)

YO =y® 4 /tbé(s) dB(s) + /tbn(s) ds, (4.2)

where ¢(t), h(t) are adapted (so X; is an It process), and £(t), n(t) are instantly indepen-
dent such that Y® is also instantly independent. Then we have the following general Ité

formula

m

Theorem 4.0.1 (Theorem 3.2 of [10]). Suppose {Xt(i)} and {Yj(t)} are stochas-
i=1 j=1
tic processes of the form given by equations (4.1) and (4.2), respectively. Suppose

O(t,T1,. .. T, Y1, Ym) 08 a real-valued function that is C* in t and C* in other

variables. Then the stochastic differential of 0(t, Xt(l), e ,Xt(n), Yl(t), e ,Yn(f)) 18 given

Sections 4.1 - 4.3 of this chapter previously appeared, substantially unchanged, in the open access
Journal of Stochasic Analysis article: Kuo, H.-H., Shrestha, P., and Sinha, S., “Anticipating Linear
Stochastic Differential Equations with Adapted Coefficients”, https://digitalcommons.lsu.edu/josa/
vol2/iss2/5/.
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a0, xM, . x™ YWy W)

m

=Odt + Y 0,,dX") +3 0, v
i=1 j=1

1 ¢ i) 1y (K
52 Oy, dX T dX P —

ik=1

Z eyjyl dY;»(t)dYE(t) )
=1

N | =

Corollary 4.0.2 (Corollary 2.11 of [9]). Suppose X; is an Ité process and ¥ (t,x,y) is a
real-valued function that is C* in in t and C? in x and y. Then the stochastic differential

of 0(t, Xy, B(D)) is given by
1
0(t, Xy, B(b)) = 6, dt + 6, dX; + §8m(dXt)2 + 0, dX, dY .

Now, we come to an important class of processes that occur ubiquitously in solu-
tions of stochastic differential equations.
Definition 4.0.3. The exponential process associated with adapted stochastic processes

a(t) and B(t) is defined as

Eualt) = e | [ a()ats) + [ (806) - gater) @] (13)

If B =0, then we write

E.(1) = exp Uata@) dB(s) — %/:a(s)st} |

Remark 4.0.4. The exponential process &, 5(t) is an Ito process satisfying the stochastic

differential equation

(4.4)
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Similarly, the exponential process E,(t) is an Ito process satisfying the stochastic
differential equation
d&,(t) = a(t)E.(t)dB(t), t € la,bl,
Eula) = 1.
The proof of the result follows from a direct application of Ito’s formula.
4.1. Motivating Examples of Anticipating SDEs
We begin with some examples to show the non-trivial nature of the extension of the
stochastic integral regardless of the origin of the anticipation. These serve as motivations
for our main results. In this section, we fix ¢t € [0, 1].
4.1.1. Anticipation due to coefficients
We progressively increase the complexity of the diffusion coefficient of the stochas-
tic differential equation and observe how it affects the solution. In the first case, we take
the diffusion coefficient to be a constant.

Example 4.1.1 (Example 3.1 of [19]). Let a be a constant. The process

Ea(t) = exp [aB(t) — %aQt] , tel0,1]

1s a solution of the stochastic differential equation
dE,(t) = a&,(t)dB(t), te]0,1],
E,(0)=1.
We proceed to upgrade our diffusion coefficient to be a deterministic function.

Example 4.1.2 (Example 3.2 of [19]). Suppose a(t) is a deterministic function. The pro-

CeSS

£.(1) = exp Uota@ dB(s)—%/Dtoz(s)st], te0,1]
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s a solution of the stochastic differential equation
d&,(t) = a(t)E.(t)dB(t), te]0,1],
E,(0) = 1.
We now consider the case then f is adapted.

Example 4.1.3 (Example 3.3 of [19]). Consider the adapted coefficient o(t) = B(t). The

process
1 t
X(t) = exp [5 (B(t)2 —t —/ B(s)? ds)} , tel0,1]
0
s a solution of the stochastic differential equation
dX(t) = B(t)X(t)dB(t), te]|0,1],
X(0) =1.
From the example 3.3.1 and the examples presented above in this section, a reason-

able guess is that

2(#) = exp MB@) dB(s) — %/OtB(l)st}
= exp [B(I)B(t) —t— 33(1)%] , t €10,1]

is a solution of the stochastic differential equation

dZ(t) = B(1)Z(t)dB(t), te€]0,1],

Z(0) = 1.
However, this is false. Using the general It6 formula, we have the following result.
Theorem 4.1.4 (Theorem 3.3 of [9]). The stochastic process

Z(t) = exp |B(1)B(t) —t — %B(l)%
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15 a solution of
dZ(t) = B(1)Z(t)dB(t) + B(1)(B(t) — tB(1))Z(t)dt, t e [0,1],
Z(0) =1.
We are then left with a question. What is the solution of the stochastic differential
equation given by
dZ(t) = B(1)Z(t)dB(t), te]0,1],
Z(0)=1.
We have the following result.

Theorem 4.1.5 (Theorem 3.1 of [9]). The process
¢ 1
Z(t) = exp [B(l)/ e~ =) dB(s) — Z(B(l))Q(l —e )y —t|, telo,1]
0
1s a solution of the stochastic differential equation
dZ(t) = B(1)Z(t)dB(t), te€]|0,1],
Z(0)=1.
The above examples demonstrate the non-trivial nature of anticipating coefficients.
4.1.2. Anticipation due to initial condition
Consider the following stochastic differential equations with anticipating initial con-

ditions.

Example 4.1.6 (Examples 4.1-3 of [1]).



However, if we take this solution and replace x with B(1) and apply the general Ito
formula to the resultant expression, we obtain a different stochastic differential equation.

In particular,

Y (t) = B(1)eP®-3f (4.6)

s a solution of

dY (t) =Y (t)dB(t) + ——
(4.7)

Y (0) = B(1).

Here, the initial condition is outside the classical theory of Ité calculus since B(1)
1s not Fo-measurable. We can use the general Ité formula along with the Picard iteration
method to show that Y (t) is indeed the unique solution.

On the other hand, if we replace all the B(1) terms in (4.7) with x € R then we

obtain the following stochastic differential equation
1
dZ(t) = Z(t)dB(t) + —Z(t)dt, te|0,1],
x
Z(0) ==z, z € R.

with its solution

In comparing the two equations (4.5) and (4.7), we see that when we replace the
non-anticipating term with an anticipating term, an extra term appears in the drift term
of the stochastic differential equation. Furthermore, by replacing all the anticipating terms
in (4.7) with a real number, we obtained an extra drift factor in (4.6). Through these ex-
amples, we can observe interesting patterns with linear stochastic differential equations

with respect to anticipation.
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Example 4.1.7 (Section 3 of [14]). Consider the following motivational example:

dX(t) = X (t)dB(t), te[0,1],

Equation (4.5) would suggest that our solution would be (4.6). However, that is not
the case. We have an extra drift term as demonstrated by (4.7). With that in mind, we

“guess” that the solution has the form
X(8) = (B(1) = €()) "3

with & being a deterministic function that needs to be determined. Via a simple application

of the general Ité formula to the function 0(t,z,y) = (y — §(t))e$—%t, we get that
AX (1) = (B(1) = ()"0 3 dB(1) + [PO73 — ¢/(0)e” O3] ar.

The dt term in the above equation must be zero for X(t) to be a solution. There-

fore, by solving the following ordinary differential equation

gt)=1, telo1],

we get our solution
X(t) = (B(1) — t)eBO-at,

We use this example as inspiration for the following theorem that provides solu-
tions for a class of stochastic differential equations with anticipating initial conditions.
Theorem 4.1.8 (Theorem 5.1 of [22]). Let a(t), h(t) € L?[0,1], 5(t) € L'[0,1] . Assume
that 1 (t) is a C* function. Then the unique solution of the stochastic differential equation

dX (1) = a(t) X(O)dB(t) + &)X (t)dt, t € [0,1],

1

=
=
I
<
N\
o\

h<s>d8<s>) |
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15 given by the equation

x(0) = ([ 09a6) -~ [ o) enato)

where €, 5(t) is the stochastic process defined in equation (4.3).

Remark 4.1.9 (Remark 3.9 of [19]). In Theorem 4.1 of [14], the authors proved a similar
result for the particular case where h(t) = 1 and v is a function on R having power series
expansion at t = 0 with infinite radius of convergence. In Theorem 4.1.8 and in [14], a(t)
1s assumed to be deterministic.

Example 4.1.10 (Example 5.2 of [22]). Consider the stochastic differential equation

QL
>~
—~
~
N—
I

X()dB(t), telo1],

We can use stochastic integration by parts and the results of Theorem 4.1.8 to obtain the

solution,

X(t) = (/01 B(s)ds — (t — %t2)> (B0t

Thus we have solutions for a class of linear stochastic differential equations with
deterministic coefficients.
4.2. Anticipating Stochastic Differential Equations

In Theorem 4.1.8 | we had assumed that a(t) € L?[0,1] and B(t) € L'[0,1]. In the
following theorem, we generalize that condition to allow both «(t) and §(t) to be adapted
to the filtration generated by the Brownian motion.
Hypothesis 4.2.1. Assume that a(t), 5(t) and h(t), where t € [a,b], have the following
properties:
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1. «a(t) is an adapted process with E (f: la(t)]? dt) < 00,

2. B(t) is an adapted process with E (fab 16(t)] dt> < 00,

3. h(t) € L*a,b] is a deterministic function.
Theorem 4.2.2 (Theorem 4.2 of [19]). Let a(t), 5(t), and h(t) satisfy Hypothesis 4.2.1,

and 1 € C*(R). Then the solution of the stochastic differential equation
dZ(t) = a(t)Z(1) dB(t) + B Z(t) dt, t € [a,0],
Zmzwl%@w@)
is given by
200 = 0( [ 161 a36) ~ [ 1ohats)ds)eustt)
Proof. Suppose Z(t) = ¢( [T h(s)dB(s) — Q(t))Eaps(t). We need to determine the Tto

process Q(t) with Q(a) = 0. In order to apply the general It6 formula, we write

Z(1) = w(/ath@ dB(s) - Q(t) + /tbh(s) AB(5) ) Ea,5(0)

We define the instantly independent process Y = ftb h(s) dB(s) and the following

adapted processes

X0 = £as), X2 = [ his)aB(s) - Q)
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From the definitions of Xt(l), Xt@), and Y® above, we get the differentials

dX =o)XV dB(t) + )XV dt,
dX? = h(t)dB(t) — dQ(t),
(@X{")? = a0 (X{V)? dt,
(dX[)? = h(t)* dt — 2h(t) dB(H)AQ(1) + (dQ(1))*,
dXNdX® = n()at) XV dt — a(t) XM dB(t)dQ(t),
Ay = —h(t)dB(t),

(Y )2 = n(t) dt.

Now, define §(z1, z2,y) = ¥ (x2 + y)x1, so that Z(t) = 0 (Xt(l), x®, Y(t)>. From

this, we get the partial derivatives

6, — o, )

Oz, = Yy, Opiy = V',
0, = 'z, Oz =V,
Oyy = V' 21

Applying Theorem 4.0.1 and putting everything together, we can easily find the

60



stochastic differential of Z(t):

dZ(t) = do(xM, X2,y )
= 0,,dX" + 6,,dx?
b S (AXE)? 500 (X
Oy (X ) (X))
+6,dy® — %eyy(dw))?
= - (a1 X" dB() + BOXY dt) + v - X[ (FrydB() — dQ(1))
FO4 g0 X0 (et — (1) dB(AQ(D) + (dQ(1)°)
+ (h(t)a(t)xt“) dt — a(t)x dB(t)dQ(t))
—TXhEABU) — L XV d
— - (a(t)Xt(l) dB(t) + ft) XY dt)
+ - XV (=dQ(E) + h(t)a(t) dt — a(t) dB(H)dQ(t))

N %w” XD+ (<2h(t) dB(£)dQ(t) + (dQ(1))?) -

Therefore, in order for Z(t) to be the solution of equation (4.8), we need to satisfy

the following conditions

dQ(t) = h(t)a(t) dt — a(t) dB(t)dQ(t) (4.9)
(dQ(t))* = 2h(t) dB(t)dQ(t) (4.10)
From equation (4.9), we see that if dQ)(¢) contains only a dt term (no dB(t)

term), then dQ(t) dB(t) = 0. On the other hand, if dQ(t) contains a dB(t) term, then

dQ(t) dB(t) = ~(t)dt for some (t). Then we have dQ(t) = (h(t) — ~v(t))a(t) dt, which
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again gives dQ(t) dB(t) = 0. Therefore, in either case, dQ(t) = h(t)a(t)dt. Note that this
also agrees with equation (4.10).
Imposing the initial condition Q(a) = 0, we get that Q(t) = fcf h(t)a(t) dt. Putting

this in the assumed form of the solution, we get our result. O]

Now we look at a specific case of Theorem 4.2.2 where h(t) = 1.
Corollary 4.2.3 (Corollary 4.3 of [19]). Under the same assumptions for a(t), 5(t) and )

as in Theorem 4.2.2, the solution of the stochastic differential equation

dZ(t) = a(t)Z(t)dB(t) + 5(t)Z(t)dt, t € [a,b],

18 given by

2(t) = (B®) - Bla) - / "a(s) ds) ().
Remark 4.2.4 (Remark 4.4 of [19]). This corollary extends Theorem 4.1 of [14] to include
adapted coefficients for the anticipating stochastic differential equation.

These new results helps us obtain solutions for stochastic differential equations with
anticipating initial conditions and adapted coefficients. In the first example, the diffusion
and drift terms are adapted while the anticipation comes from X (0) = B(1). The second
example demonstrates a case where the initial condition is a Riemann integral of a Brown-
ian motion.

Example 4.2.5 (Example 4.5 of [19]). Consider the stochastic differential equation

dX (1) = BOX()dB(t) + X(t)dt, € [0,1],
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Here a(t) = B(t), B(t) = 1,h(t) = 1, and (x) = x. Thus, by Corollary 4.2.3, we have the

solution

X(t) = <B(1) —/OtB(s) ds) exp B (BQ(t)+t—/0t B(s) dsﬂ.

Example 4.2.6 (Example 4.6 of [19]). Consider the stochastic differential equation

dX(t) = B(t)X(t)dB(t), te|0,1],

As in Example 4.1.10, we use stochastic integration by parts to modify the initial condi-

/01 B(s)ds = /01(1 — 5)dB(s).

Hence with a(t) = B(t) , B(t) =0, h(t) =1 —t, and ¥(x) = x in Theorem 4.2.2, we have

tion. Namely,

the solution

X(t) = (/013(5) ds—/ot(l—s)B(s) ds) exp B (B(t)Z—t—/OtB(s)stﬂ.

4.3. Conditional Expectation of Solutions of SDEs

Given a stochastic process Z(t), the conditional expectation of the solution is an
interesting property to study. By taking the conditional expectation with respect to the
natural Brownian filtation, we can project our anticipating stochastic differential equa-
tion into the realm of classical 1t6 theory. Keeping in mind the near-martingale property
in Definition 3.4.1, analysis of X (t) = E (Z(t)|F:) provides an avenue to study the an-
ticipatory nature of the stochastic process. As such, we ask which stochastic differential
equation would X (¢) satisfy? Are dX(¢) and dZ(t) the same? or are they different? With
that motivation, we show the following result.
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Theorem 4.3.1 (Theorem 5.1 of [19]). Let a(t), 5(t), and h(t) satisfy Hypothesis 4.2.1,
and ¥ an analytic function on the reals. Suppose that Z,(t) and Zs(t) are the solutions of

the linear stochastic differential equations

dZi(t) = a(t)Z,(t) dB(t) + B(t) Z1(t) dt, t € [a,b],
Zi@ =o( [ hs)a).

and
(

dZ,(t) = o(t) Z,(t) dB(t) + B(t) Z(t) dt, t € [a, b],

o= ( f 1y

respectively. Let Xl( ) = E(Z,(t)|F) and Xo(t ) = E(Zy(t)|F:). Then X,(t) satisfies the

stochastic differential equation
dXi(t) = a(t)X1(t) dB(t) + 8(t) X1 (t) dt + h(t)X2(t) dB(t), t € [a,b],

X,(a) = E{¢(/@bh(s) dB(s))}.

Remark 4.3.2 (Remark 5.2 of [19]). In Theorem 4.1 of [22], the authors proved a similar

(4.11)

result for the special case where o is deterministic, [ is adapted, and h = 1.

Proof. By the assumption and Theorem 4.2.2; the solution processes Z;(t) can be written

as

Z0(t) = Ean(t) - 0 (( / "h(s) dB(s) / h(s)als) ds) + /t hs) dB(s))
:5a,ﬁ(t)§:%¢<k>(/ath(s) dB(s)—/ath(s)a(s) ds)(/tbh(s) dB(s))k.

For brevity, we henceforth denote
welt) =09 ([ h(s)aBGs) = [ hs)ats)ds) (4.12)
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In this notation, the expression for Z;(t) becomes

710 = £ustt) > gt [ nts) a39)"

k=0
Note that &, 5(t) and ¢y (t) are adapted for all k. Moreover, since h(t) is determin-

istic, ftb h(s)dB(s) is a Wiener integral, and therefore, ftb h(s) dB(s) has the Gaussian dis-

tribution with mean 0 and variance

Y(t) = /tb h(s)? ds. (4.13)

2k+1
Therefore, for any k, we have E {(ftbh(s) dB(s)) } =0 and

E [(/tbh(s) dB(s))Qk} — V() 2k — 1)1,

where !! denotes the double factorial defined as

]
nll = H(n — 2k)
k=0
for any natural number n.

Moreover, ftb h(s) dB(s) is independent of F; for every t. Using all of these informa-

tion, we get

2. (2p)
=Eup(t) - g% (2;)!!¢2k(t)Y(t)k, (4.14)
and similarly,
50 = Euolt) 3 g OY 0 (415)



Now we look at the differentials. From equations (4.12) and (4.13), we get
d(Y(t)*) = kY ()" (=h(t)*dt),
and

Ae(£) = s ((A(E) AB(E) — A(E)a(0) 1) + e o (0) (A1) di)
= Uona (RO B + (SokaalOVh()? — boksr(Dh(1)a(r)) dr.

Using the expressions for d (Y(t)k) and dio(t), and Remark 4.0.4, we get

@ (€ (1) (1Y (1))
= ()Y (1) dEap(1) + Ea ()Y (1) i (1) + En s (O)lr) AY (1)

+ Eaplt) A (8) - dY (1) + V(1) dEapt) - AY (1) + Y (1) dEaplt) - ()
— o (DY (1) (a(t)gaﬁ(t) dB(t) + B(t)Ea,p(t) dt)

+ E0a®Y () [varra (OO AB(E) + (3aera(O(D ~ (D)) ]

L—

+ Eap(t)0ar(t) (—kY () h(t)* dt)
£ 040+ V() (Eas(Oibsirr @A) ) dt
= E.p(t)Y () (Vo (t)(t) + Yarsa (t)h(t)) dB(t)

+ Eapt)Y () <¢2k(t)Y(t)ﬂ(t) + %@Dzkm(t)y(t)h(t)Q - k@/)%(t)h(tf) dt.

At this point, we note that

= 1 . 1
Z T)”kw%(t) = Z @02k — )1 2)!!k¢2k(t>

k=1

iy
=)
—~

— %Z ! “wzkﬁ(t). (4.16)



Now, since Xi(t) =D -, ﬁga,g(t)wgkOf)Y(t)k (see equation (4.14)), we get

dX, (1) 7 (a5 (O)02(D)Y (1))

i
o

Il

[~
T\S‘

— T =
=

WEQ,B(t)Y(t)%%(t)a(t) dB(t)

WE

b
Il

0

>~ GtV () bawa (Oh(e) B

k=0

T kzzo ﬁgaﬁ(ﬂy(t)k%k(t)ﬁ(t) dt

+ Z ﬁlga 2k r2()h(t) dt
- i ﬁké’a ok (t)h(t)* dt

— a(t) X, (£) dB(t) + h(t) Xa(t) dB(t) + B(H) X1 (1) dB(2),

+

where, in the second step, we used the result of equation (4.16). This completes the proof

of the theorem. N

The extra term in the conditional stochastic differential equation in (4.11) presents
an interesting feature. We can see that the stochastic differential equation for Xj(¢) is
defined via X5(t). However, Xs(¢) is defined in equation (4.15) as an infinite series and a
closed form is not guaranteed. Similar to how X5 () arose from taking the first derivative
of v as the initial condition, we can use the second derivative of 1 as the initial condition
to arrive at X3(¢). We can then repeat the use of Theorem 4.3.1 to provide the link be-
tween dXs(t) to dX3(t). Suppose 1 was analytic then we could form an infinite chain of
relations by using the infinite derivatives of ¢ as initial conditions. However, there is no
guarantee of a “nice” closed form. Despite this issue, we exploit the fact that the deriva-
tive of the exponential function is itself for the following example.
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Example 4.3.3 (Example 5.3 of [19]). Let a(t), B(t), and h(t) satisfy Hypothesis 4.2.1,
and let ¥(x) = €®. In this case, ¥ = ', so Z1(t) = Zy(t). Consequently, X1(t) = Xs(t),

which we call X (t) for convenience. Then by Theorem 4.3.1,

t t
X(1) = Eaplt)exp ( / h(s) dB(s) — / h()als)ds). € [a.b],
and X (t) satisfies the stochastic differential equation

dX(t) = (a(t) + h(t) X (t)dB(t) + 5(t) X (t) dt,
X(a) = 1.

In general, the absence of a closed form is not uncommon and we look at alternate
ways to analyse these anticipating stochastic differential equations. Recall that the scaled
Hermite polynomials {ﬁHn(.@; p)} form an orthonormal basis for the space L*(R,7),
where v is the Gaussian measure with mean 0 and variance p. Therefore, if we are able
to arrive at a closed form reformulation of Theorem 4.3.1 for Hermite polynomials, we
can use this to state the result for conditional expectation of the solution when the ini-
tial condition is any L?(R,~y)-function of a Wiener integral. However, before we delve into
the derivation, let us review some facts about Hermite polynomials.

The Hermite polynomial of degree n with parameter p defined by

2

I2 x
Hy(z;p) = (=p)"e® Dye >,

where D, is the differentiation operator with respect to the variable z. From page 334 of
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[17], we have the following identities:

Dy Hy (x5 p) = nHp—1(z; p) (4.17)

D,H,(; p) = —%Diﬂn(x; p) (4.18)

Hy(z+y;p) =Y (Z) H,, (s p)y* (4.19)
k=0

We use these facts to prove the following lemma.

Lemma 4.3.4 (Lemma 5.4 of [19]). The stochastic process X (t (f h(s)dB(s); fat h(s)*ds

with h(t) € L?[a,b] is a martingale with respect to the filtration generated by the Brownian

motion B(t) and

t ¢

dX(t) = an_1</ h(s) dB(s);/ h(s)? ds)h(t) dB(t) (4.20)
Proof. Here v = ['h(s)dB(s) and p = [!h(s)?>ds. So we have dz = h(t)dB(t) and
dp = h(t)?dt, and (dz)* = dp. Using 1t6’s formula, we get

1
dX (t) = Dy Hy(x; p)dx + 5 DIHAr;p)(dx)* + DpHoberspydp
t t
=i, / h(s) dB(s): / (s)? ds) h(t) dB(1).

where we used equation (4.18) for the cancellation and (4.17) to get the final term. O

This leads to the following result.
Theorem 4.3.5 (Theorem 5.5 of [19]). Let a(t), 5(t), and h(t) satisfy Hypothesis 4.2.1.

For a fized n > 1, suppose Z(t) is the solution of the linear stochastic differential equation

Z(t) = a(t)Z(t) dB(t) + B()Z(t) dt, t € [a, ],
(4.21)
)

d
Z(a) :Hn</abh(s) dB(s ;/abh(s)2d3>.
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Then X (t) = E (Z(t)|F) is given by

X(0) = i, ( / "h(s) dB(s) - / "h(s)a(s) ds: / th(s)2d3>5aﬂ(t), telab.  (422)

Moreover, X(t) satisfies the following stochastic differential equation

(

dX(t) = a(t)X(t)dB(t) + B(t) X (t) dt

+ an1</at h(s)dB(s) — /at h(s)a(s) ds; /ath(s)2 ds)é’aﬂ(t)h(t) dB(t)  (4.23)

\ X(a) = 0.

Remark 4.3.6 (Remark 5.6 of [19]). For any x and p, we have Hy(x;p) = 1. Hence the

stochastic differential equation (4.21) is identically equation (4.4).

Proof. We first prove equation (4.22). Using Theorem 4.2.2 and equation (4.19), we can

write

= i3 () s [ his1ao)as)"

k=0

where we used the notation

T (t) :Hn(/:h(s) dB(s);/:h(s)zds>.

Using Lemma 4.3.4, we get E (J,,_x(b)|F:) = Jn—k(t). Taking the conditional expec-

tation with the knowledge that &, 5(t) is adapted and that stochastic integrals of adapted

70



processes are adapted,

M:

ol

I 3 |

(e
\AA

> 3 > 3

v\_/

X(t) = (b)|F) ( - /at h(s)a(s) ds)k

/at h(s)a(s) ds)k
h / t h(s)a(s) ds; / t h(s)? ds),

bl
o

$

which proves equation (4.22).

Since H,,(0;0) = 0, we see that X (a) = 0. Using Itd’s formula and equation (4.20),

dHn_dHn</ath(s) dB(s) —/ath(s)oz(s) ds;/at h(s)2ds>

= D, H, - (h(t) dB(t) — h(t)a(t) dt)

4 S DRH AT ) + DyH, )0

=nH,_1-h(t)(dB(t) — «(t) dt).
Finally, using equation (4.22), we get

dX(t) =H, 50175(75) + 50175(15) dH,, + d5a7g(t) -dH,,
= HoEas (1) a(t) AB() + 5(0) di)

+ Eap(tynHy s - h(t) (AB() — oht] dt) + Eap (Dol (1) dt

= a(t)X(t)dB(t) + B(t) X (t) dt + nH,_1h(t)E. p(t) dB(1),
which gives us equation (4.23). O

In Equation (4.23), we specify an explicit form of the extra term in the stochastic
differential equation for the conditioned process X (¢). We use this result in the following

examples.
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Example 4.3.7 (Example 5.7 of [19]). Consider the stochastic differential equation

Here a(t) = B(t), (t) =0, h=1, and B(1) = H{(B(1);1). From Theorem 4.5.5,

t 1 t
X(t)=E(Zt)|F) = (B(t) —/ B(s)ds) exp [5 (B(t)2 —t—/ B(s)2ds)]
0 0
and X (t) satisfies the following stochastic differential equation

dX(t) = {B(t)X(t) + exp B (B(t)2 —t— /OtB(3)2ds)} }dB(t), t €10,1],
X(0)=0.

Example 4.3.8 (Example 5.8 of [19]). Consider the stochastic differential equation

dZ(t) = B() Z(t)dB(t), t € [0,1],

From Theorem 4.3.5,

X(t) = [(B(t) — /OtB(s)ds)2 — t] exp [% (B(t)2 —t— /OtB(s)st)] ,

and for t € [0,1], X (t) satisfies the following stochastic differential equation.

AX(t) = {B(t)X(t) + 2exp B (B(t)2 o /OtB(s)st)} }dB(t),
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Chapter 5. LDP Results for a Class of Anticipating Linear
Differential Equations

We turn our focus back into our main goal - large deviation results for a class of
anticipating linear stochastic differential equations. Consider the following stochastic dif-

ferential equation

1
dXt = O'tXt dBt + f </ ’ysst> Xtdt, t € [O, 1],
0 (5.1)

Xo=¢,
where ¢ is a random variable. Using the intuition gained in finding the solution of the
stochastic differential equations with anticipation in Chapter 4, we first “guess” the so-
lution given by equation (5.1) and then use the general It6 formula to show that our guess
was indeed the solution. However, is the solution obtained unique? We explore this ques-
tion via interpreting the stochastic differential equation briefly in the Hitsuda—Skorohod
sense. We briefly introduce the theory and present a Trotter inspired product formula to
construct the solution and show that the two solutions from both strategies coincide. In
the process, we also show the uniqueness of the solution as well. We mainly rely on the
Ayed—Kuo formalism, while the Hitsuda—Skorohod perspective is used minimally and out
of necessity. We use exploit the explicit form of the solution to find large deviation results
for the case when the initial condition is a constant. We use this result to extend to the
case when the initial condition is a random variable super-exponentially close to a con-

stant in expectation. Without loss of generality, let us first fix the interval to be [0, 1].

Sections 5.1 - 5.4 of this chapter previously appeared, substantially unchanged, in the open-access
arXiv article: Kuo, H.-H., Shrestha, P., Sinha, S., and Sundar, P., “On near-martingales and a class of
anticipating linear SDEs,” https://arxiv.org/abs/2204.01932.
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5.1. Existence in the Ayed—Kuo sense

We show a general result for existence with respect to the Ayed—Kuo stochastic
integral.
Theorem 5.1.1 (Theorem 4.2 of [21]). Let £ be a square mean integrable random variable
independent of the Brownian motion B,. Consider the linear stochastic differential equa-

tion

1
dX; = 0,X,dB; + f ( / ’ysst) X,dt, te]o,1],
0 (5.2)

XU = fv
where 0,7y, € L2[0,1], f € C*R) N LY(R). Then the solution in the Ayed—Kuo sense is

given by

t 1 [t t 1 t
X; = Eexp {/ o.,dBs — 5/ o2ds —I—/ f (/ Vod B, — / av%dv> ds] ) (5.3)
0 0 0 0 s

Proof. Consider

1 t t t
K(t,x1,29,y) = {exp {xl — 5/ olds —i—/ f (xg +y— / UU%dv> ds} )
0 0 s

Then, K(t, X1, X5,Y) = X, given

t
Xl(t) = / O'Sst, Xm = O'tdBt,
0
t
Xy(t) = / YodB. X, = ~dB,,
0
1
Y(t) = / ’}/SdBS, dY = _’YtdBt,
t

where we write the differential forms in the right-hand column. In order to use the
general [to formula, we need the following derivatives of K.

1. Ky = Kyppoy = K,
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2 Ky, = K- ( [y Flds),

3. Kypay = Koy,

4 Koy = K- () F'ds)2 + K- ( fy Frds)
5. K, = K - <f0tF’ds> ,

6. Ky =K (f; F’ds)2 + K-y Fds).

7. K, =K - (—% + f (s +y) + (o) i F’ds> ,
where we write F' = f ( fol Yed By — fst avfyvdv> for brevity. From these calculations,
we find the following relationships,
1. K, =K,,,
2. Kyy = Kyps.
Since £ is independent of the Brownian motion, by the general It6 formula in Theo-

rem 4.0.1,

1 1
dK = K,,dX; + §Km1m1(dX1)2 + K,,dX; + QKIQIQ(OZXQ)2 + K,dY

1

= K (AY )+ KopnadXidXo + Kidt.
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Using from our calculations above,

1 1
dK =Ko,dB; + §K(atdBt)2 + Ko ndBy + 5 Ko, (v:dB;)*
1
+ sz(_’ytdBt) — §Kl‘2$2(_rytdBt)2 + K$2 (Utdth%dBt) + tht
1
:KO'tdBt -+ QKO'?dt =+ KmQ (O't’yt)dt + tht

1 t
:KO'tdBt + §K0-t2dt + K- </ F/d5> (O't’)/t)dt
0

n (K- (_% + ot o)+ (o) [ t Fd)) at

=Ko dB; + f(xe + y)Kdt.

Since X; = K(t, X1, X5,Y), we get

1
dXt = O'tXtdBt + f (/ '}/SdBS) Xtdt7
0
which is exactly (5.2). O

The ease of use of the Ayed—Kuo general It6 formula makes it an good way to an-
alyze anticipating processes. We show an example by finding the stochastic differential
equation which X? itself is a solution of. We will use the results from this example in the
last section.

Theorem 5.1.2 (Theorem 4.3 of [21]). Given the stochastic differential equation given by
equation (5.2), we have shown that we can obtain an explicit solution. Taking the square of

both sides of equation (5.3), we get

t t t 1 t
Xf = 52 X exp {/ 20,dB, — / Ugds +/ 2f (/ Yod B, — / av%dv) ds} .
0 0 0 0 s

Consider the function

t t t
Y(t,z1, T2, y) = 52 exp |:731 - / a?ds +/ 2f (xz +ty— / Uv%dv) ds} .
0 0 s
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Then, ¥(t, X1, Xo,Y) = X2 where,

t
Xl(t) = / QO'SdBS, dX1 = QUtdBt7
0
t
Xg(t) = / '7sd357 dXQ = ’}/tdBt7
0
1
Y(t) = / ~odBs, dY = —,dB,.
t

For ease of calculation, we define L(s,t) = f'(xe +y — fst o,Yedv). Here, 1 is
continuous. Looking at the partials of 1 we have,
1. Yy =¥ = g0,
2. Yuswy = VYyy,

8. Vs = Yarea = Uy = | [y 2L(s,8)ds] ¥,

VRRUIES (“7152 +2f (w2 +y) — 2]5 L(s,t) or v dS) (B

We use the general Ito formula in Theorem 4.0.1 to obtain

1 1
d@/} = 'lvbdel + §¢I1x1 (dX1)2 + %dez + §¢x2w2 (dX2)2 + Q/Jydy

1
— 5%y(dy)? + Vg2, dX1d X5 + Pyl

From our earlier calculations, we have some terms that cancel out,

1
dyp =2011pd By + 2popdt + Pz wd By + ~Vusrivp dt — Uiy yed By

1
— —'Qb xQ’}/tzdt + wazo-t’ytdt + @Z)tdt
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Plugging in the expressions for v, and ., we get,

t

dip =20 dBy + 2P dt + 2 {/ 2L(s,t) ds] oy dt

0
t
— o%pdt + 2f (xy + y)p dt — QJﬂt@b/ L(s,t)dsdt
0

t
=201 dBy + 0% dt + 2f (z9 + ) dt + 2047,1) / L(s,t)dsdt.

0

From this calculation, we have that X7 is a solution of the anticipating linear

stochastic differential equation given by

"

1
dY, = 20,Y,dB, + [0,52 + f ( / »ysst)
0

t 1 t
+ 20’7&%&/ f/ (/ ’YvdBv - / O'U")/ud'U) d5‘| Y;dt,
0 0 s

fort € [0,1]. Note that we can observe an interesting feature when we look at the stochas-
tic differential equation we obtained. Namely, we obtain the derivative of the function f as
an extra term.
5.2. A Product Formula for Existence of Solutions

For this section, we temporarily leave the Ayed-Kuo formalism and introduce the
Gross—Malliavin theory of stochastic calculus via the Gross-Malliavin derivative and its
adjoint, the Hitsuda—Skorohod integral. Before we explore the product formula, let us set
up the mathematical framework for this section. We define the construction of the deriva-
tive similar to the derivative operators in Sobolev spaces. Namely, we define the opera-
tions on a dense space first and then extend to a bigger space. For more details, refer to
[26] or [27]. We use this theory in obtaining a existence and uniqueness result for the so-
lution of a simple stochastic differential equation with no drift and anticipation from the
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initial condition. We will then use this result in showing the existence and uniqueness of
the anticipating linear stochastic differential equation given by Equation (5.1). Here, we
fix the time interval ¢ € [0,1] C Ry.

5.2.1. Brief Introduction to the Gross—Malliavin Derivative and the Hitsuda—
Skorohod Integral

Let us first set up the spaces to operate on. We operate on the probability space
(Q, F, P) where F is the o-field generated by the Brownian motion, By, t € [0,1]. Heuris-
tically, the Gross—Malliavin derivative operator makes precise the concept of differentiation

with respect to w € Q2. Let us consider the following random variable,

1

We can view this random variable to be a function of the integrand. We generalize on this
concept. Let H = L?([0,1]) be the space of square integrable functions defined on [0, 1].

For any h € H, consider the Wiener integral,

B(h) = /01 h(t) dB,.

From here on, we will suppress the time dependency for h € H unless otherwise
specified. This Hilbert space structure of H plays an important role in the definition of the

derivative. Let & be the class of smooth random variables such that G € & has the form
G =g(B(h1),B(hs)...,B(h,)), h;€HVielln], (5.4)
where g is a real valued n-dimensional smooth function whose derivatives grow at most

polynomially.
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Definition 5.2.1 (Definition 2.1 of [27]). The Gross—Malliavin derivative of a smooth ran-

dom variable G € & is the real valued random variable given by
DG = Z dig (B(h1), B(ha) ..., B(hy)) hi(t),
i=1

where d; 1s the derivative with respect to the ith variable.

The definition above is well defined meaning that the derivative operator does not
depend on the representation given in Equation (5.4). The Gross—Malliavin derivative of
a random variable G is a random variable that takes values in H. Furthermore, when con-
sidering the time variable, (D;G), t > 0 is a stochastic process on L*(2 x [0, 1]). This
derivative operator allows us to generalize the notion of the Brownian derivative in terms
of w.

Similarly, we define § as the class of smooth cylindrical stochastic process u =

(ut)e>0 given by
up =Y Gihi(t), for G; € ® h € H. (5.5)
i=1

Definition 5.2.2 (Definition 2.2 of [27]). We define the divergence of an element of the

form given by Equation (5.5) as the random variable

S(u) £ GiB(hi) = > (DGy, hi)y
i=1 i=1
We have that the divergence operator ¢ is the adjoint of the derivative operator D,

as shown in the following proposition.

Proposition 5.2.3 (Proposition 2.1 of [27] ). Let G € & and u € §. Then

E[Go(u)] = E[(DG, u)y]
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Using this adjointed-ness and the dense nature of ® and § in L? () and
L? (Q x [0,1]) respectively, we have a closed extension of the derivative operator which we
also refer to as D. We define D™? as the closure of & with respect to the semi-norm ][,

given by,
IGll 2 = [E(IGI") + E [IDG )]

We define the divergence by extending the adjoint relationship with the derivative
operator as far as possible. We follow Nualart in denoting the divergence operater by 0.
Namely,

Definition 5.2.4 (Definition 1.3.1 of [26]). We denote by ¢ the adjoint of the operator D.

That is, § is an unbounded operator on L*(2;H) with values in L*(2) such that:

1. The domain of 6, Dom(9), is the set of H-valued square integrable random variables

w € L*(Q;H) such that for any F € DY, where c is some constant depending on w.

E((DF, u)y) < c|Fll,.

2. If u belongs to the domain of &, then §(u) is the element of L*(?) characterized by
E(Fou) =E ((DF,u)y) .

for any F € D2,

We call this divergence operator as a Hitsuda-Skorohod integral as it coincides with
the anticipating integrals introduced by Skorohod when considering the Brownian motion
case [29]. The divergence operator is considered an extension of the It6 integral as it coin-
cides with the It6 integral when the integrand is adapted. Namely,
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Theorem 5.2.5 (Proposition 1.3.18 of [26]). Let u;, t € [0,1] be a F; adapted stochastic
process such that [fol u? dt] < 0. Then uw € Dom(8) and its Hitsuda—Skorohod integral

coincides with the Ito integral

1 1
/ Ut (th = / Ut dBt
0 0

It is natural to ask about the nature of the relationship between the Ayed—Kuo in-
tegral and the Hitsuda—Skorohod integrals. To that, we list the following result.
Theorem 5.2.6 (Theorem 2.3 of [28]). Assume [a,b] C [0,00). Let f be an adapted L>-
continuous stochastic process and ¢ be an instantly independent L?-continuous stochastic

process such that the sequence

> f(tm)d(t) (Br = Briy) »

i=1
converges strongly in L*(Q2) as the mesh ||A,| tends to zero. Then the limit I(f1) equals
the Hitsuda—Skorokhod integral 0(f1) in Dom(9).

In Remark 2.5 of [28] , the author shows that ®(By, By — B,) = e(B)*+(B1=51)°
for t € [0,1] is not a Hitsuda—Skorohod integrable process. Since the definition of the
Ayed-Kuo integral only needs continuity with respect to the arguments, we can obtain the
stochastic integral of ® in the Ayed—Kuo sense. This is but one of many examples of how
the Ayed—Kuo stochastic integral is easier to work with when dealing with anticipation.
5.2.2. Existence and Uniqueness in the Hitsuda—Skorohod Sense

We apply the heavy machinery in the previous subsection to solve a simple stochas-

tic differential equation that we shall use in the next subsection. Consider the family of
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transformations A;, T; : Q — Q, t € [0, 1], given by

tAs
Ti(w)s = ws + / oy du,
0

and define,
& = efg’ os dBS—% fg a? ds'
Theorem 5.2.7 (Lemma 4.8 of [21]). Consider the stochastic equation
¢
X, = Xo+ / 0. X.dB,, (5.6)
0
for 0 <t <1. Here, 0 € L*([0,1]) and Xy € LP(Q2) for some p > 2. Then
Xt = XO(At)gt (57)

is the unique solution of equation (5.6).

Proof. 1t is clear that {X¢(A,)& : 0 < ¢t < 1} is L"(Q2)-bounded for all » < p by the
Girsanov theorem and Holder inequality.
Let G be any smooth random variable. Multiply both sides of (5.6) by G. With

the process X given by (5.7), we use the duality relationship given by Definition 5.2.4 to
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write

t ot
E {G/ O'SXSCZBS:| =E / UsXstGd8:|
0 LJo

_E :XO /0 o (DSG)(Ts)ds]

t

i d
~E|X | %G(Ts)ds}

=E[Xo(G(T}) — G)]
— E[Xo(A)E G] — E[X, G

—E[X,G] - E[X, G,

where the second and second to last equality are given by the Girsanov Theorem in The-
orem 1.5.2. Thus a solution of the stochastic equation (5.6) is explicitly given by (5.7).
Uniqueness follows since the solution of (5.6) started at X, = 0 is identically zero at all

times. ]

5.2.3. Existence via Product formula

Now we come back to tacking the large deviation principle problem statement for
anticipating stochastic differential equations. The procedure of finding the solution in the
previous section started with “guessing” the form of the solution and applying the for-
mula to it. In this section, we introduce an iterative “braiding” technique in the spirit of
Trotter’s product formula [30]. We will use existence and uniqueness of solutions to antic-
ipating linear stochastic differential equations without drift that was obtained in Theorem
5.2.7. For the ease of computation, we define,

1. I, = [, dB,,
2. A%(w.) = we — fu('/\v)vu o dt,
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3. B, = exp{f:at dB; — %f: o? dt},
4, g0 = el @),
Via the definition, we can also obtain the following properties for the functions. For u <
v < S,
1. AV o A (w.) = AS(w.),
2. E}-ES=E;,
3. Gu- 95 = Gu-
We list some relevant interactions between these functions for u < v < s.
1. EVo A? = E7.
2. gy oAy =exp{f(l,oA})(v—u)}.
The first interaction equality is a statement regarding the invariance of an adapted
process when considering shifts from a later time steps. We show the result via a simple

example which can easily be extended to the exponential case above. For u < v < t,

(uAv)Vt v
(B,) o Al = B, — / osds = B, — / osds = B,.
For convenience, we will suppress the dependence on w for the random variables.
Theorem 5.2.8 (Theorem 4.10 of [21]). Consider the stochastic differential equation,
dX; = 0y Xy dB; + f(/o1 vsdBs) Xydt, t € [0,1],

(5.8)

where o,y € L*0,1], f € C*(R) N LY(R), and & € LP(Q) for some p > 2. Then the unique

solution in the Hitsuda—Skorohod sense is given by

¢ t ¢ 1 ¢
X; = (£o0 Ab)exp [/ o,dBs — %/ olds +/ f (/ YodB, — / av%dv) ds} . (5.9)
0 0 0 0 s
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Proof. Let t € [0, 1] and let A, be a partition of [0, ¢].
First time step. Let u € [0, #1].

a) Define the following stochastic integral equation.

vV = ¢, YV dB,, wue0,t],

v, =¢

Then, via Theorem 5.2.7 we have the unique solution,
YV = (€0 AD)EY
is the unique solution almost surely. Then
YV = (0 AL EL.

b) For each w € €, define the ordinary differential equation,

X = f(L)XO du, e [0,0],

X =Yg = (€0 AVE - g5
Thus,
Xi) = (€0 ADES - g

Define ) = {w/| Xt(l1 ) exists}. Since Y;(l) exists almost surely and Xt(l) is a solution
of a ordinary differential equation for each w, P(€;) = 1. Thus, Xt(l1 ) exists almost surely.
Second time step. Let u € [t1, t5].
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a) Define the following stochastic integral equation.

AV =0,V P dBy, ue [t b,
2 1
}/;5(1 : = Xt(l)'

Then, via Theorem 5.2.7 we again have the unique solution,

v = (x{V o A} E}

t19

almost Surely. Then
Y., 2 X 1 L

b) For each w € Q, define the ordinary differential equation,
dX? = f(L)XP du, € [t ta),
X = v,
Then, there exists a solution
XP =7 g5 = (X 0 AR)EL - g,

Thus,

X = (X1 0 AR - of;

= (o AV EY - 90') 0 AR ER; - g}

= (§0 AY 0 AR)Ey - By (g5 0 A2)gi

e e T, o 40,

where the last equality is by rewriting gf’f = gif o Ag and condensing into a product form.
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Figure 5.1. A t-dependence plot of the various constructed processes. Solid line represents
the constructed process. Dotted line represents the final value of one differential equation

within the time step being used as initial condition for the next one.

Define Q5 = {w| Xt(f ) exists }. Since v, exists almost surely and X* is a solution

of a ordinary differential equation for each w, P(€23) = 1. As an intersection of two sets of

probability one, P(Q2; N€y) = 1. Thus, Xt(f ) exists almost surely on ©; N Qy.

Lemma 5.2.9 (Lemma 4.9 of [21]). Let Yo(l) =& € LP(Q) for some p > 2. Consider the

k-th sub-interval u € [ty_1,tx] for any k € [0,n], and define

1. the stochastic differential equation

dY M =0, YN dB,, € [ty t),
v = x* D and

th—1 lk—1

2. the ordinary differential equation

X = f(1)XP du, u € [t
Xy =y,

te—1

Then there ezists a set Q with P(Qx) = 1 such that on ., we have
k
Xy = (o AP ER - T gk, o A1),

=1

Proof. We prove this by induction.

Base case: This is true for £ = 1,2 as shown in the computation above.
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Induction step: Assume true for & = m — 1. This means that, for all w in ﬂﬁjlﬂl

with P(N*') =1,

m—1
X = oAy [T o, o A,
=1

We define the next step stochastic differential equation and ordinary differential

equation as described in the statement of the lemma with & = m. As in the case k = 2, we

have that

XM = (XD o Atm YElm L gtn

tm—1 tm—l

m—1

= [((& oA By Ttgi, 0 Air ™)) o Ay,

=1

tm . tm
Etmf 1 gtmf 1

3
L

= (§o A By -

e

ti tm tm—1 tm
(gtiﬂ © Atmfl © Ati "Gty

3
L

= (o A EG™ - || (g1, 0 Af™) - gim .

-
Il
—

= (§0 A By -

(

&#QH-
@)
s

~
3
SN~—

ti

—.

N
Il
i

We can use the almost sure existence of the stochastic differential equation and every-
where existence of the ordinary differential equation to construct €2, with P(£2,,) = 1.

Thus Xt(:) exists for all w € N*, € with P(N*,;) = 1. O

This allows us to obtain a closed form for the solution at time ¢ using the partition

A,. Namely,

X = (o ANE, ] (o, 0 AL) . (5.10)

i
i=1
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Figure 5.2. A t-dependence plot of the various constructed processes. Solid line represents
the constructed process. Dotted line represents the final value of one differential equation
within the time step being used as initial condition for the next one.

Let us compute these terms out. When ¢; <t < 1,

1 t
L) = [ s [ e
tio1

i—

We use the results above to evaluate the product term in equation (5.10).

n

[Ttsic, o4 = [Tttt
i=1 ' iy
= exp Z f(/ YodB, — / Vo0 dv)(t; — t;_1)
=1 0 ti1

t 1 t
— €xp {/ f(/ ’yvdBv - / ")/UUUdU>d$} )
0 0 s

as n — oo. Thus,

X; = lim X™

n—o0

¢ 1 ¢
= (€0 A})E} exp {/ f(/ ~vsdBg — / %avdv)ds}
0 0 s
t t t 1 t
= (£ o A}) exp {/ osdBs — %/ o2ds +/ f (/ YdB, —/ av%dv) ds} .
0 0 0 0 s

Furthermore, X; exists for all w € Q £ N2,;. As a countable intersection of probability
one sets, P(Q) = 1. Thus X; is a solution of (5.8) almost surely.

The solution is unique. For if not, there are two solutions which disagree for the
first time in a particular interval, say the kth interval. Recall that the solutions obtained
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using Malliavin calculus and also for ordinary differential equations are unique for each

interval of time. Therefore, such a disagreement would violate this uniqueness. O

5.3. Rate Function for the Solution

We pick up from where we left up at the end of Chapter 2. We are interested in
obtaining the large deviation results for the anticipating stochastic differential equation.
Now that we have defined the anticipating integral, proved pertinent theorems, established
uniqueness and existence of the solution, we proceed to finding the large deviation proper-
ties of the solution of the stochastic differential equation given below.

Given € > 0, Consider the stochastic differential equation

1
dX{ = \eo, X{dB; + f </ \/575st> X;dt, te]|0,1],
0
X() =C,
where f is a Lipschitz function in L?(R). Furthermore, assume o, are bounded determin-

istic functions of bounded variation on [0, 1]. From our earlier discussion, Theorem 5.1.1

gives us our unique solution

t t
X; =cexp [/ VeodB, — %/ olds
0 0

+ /Otf </01 VerdB, — /: edv%dv) dS}-

In view of the Contraction Principle in Theorem 2.2.3, if we show that the solutions are
continuous image something that already satisfies large deviation principle, then we are
done. As such, we want to show that X[ is a continuous functional of Brownian motion in
order transfer the results from Schilder’s Theorem to our case. We exploit the fact that we

have the explicit form of the solution. Namely, let C} be the space of continuous functions
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starting from k& € R and consider the function h : Cy — C. defined by

¢ ¢
h(ze) = cexp [/ osdrs — E/ olds
0 2 Jo
¢ 1 ¢
+/ f (/ Vol —/ eav%dv) ds}. (5.11)
0 0 s

Then X; = h(y/eB.). Now we show the continuity of h.
Lemma 5.3.1 (Lemma 5.6 of [21]). The function h : Co — C. defined by Equation (5.11)

18 continuous in the topology induced by the canonical supremum norm.

Proof. We can write
o) = cexp [ote) — £ [ otds + 0]

where ¢, : Cy — () is given by

t t
o(z) = / 0.drs = o114 —/ xsdog, and
0 0

Y(z) = /Otf (/Olvudw(U) - 6/:% UudU) ds.

Using integration by parts,

t
o(z) = oy —/ x.dog, and
0

Y(z) = /Ot f <’Yll’1 — /01 Tsdys — 6/: Yu audu> ds.

Since multiplication by cexp <—§ f(f a?ds) and exp are continuous transformations, conti-
nuity of h is guaranteed if we prove continuity of ¢ and . This is what we show below. In

what follows, ||e|| refers to the supremum norm.
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Let x,y € Cy. For ¢, we have

t t
(O'txt - / $5d0'5> - (Jtyt - / ysdgs)
0 0

t
< llow (e — )| + H [ = v,
0

l6(2) — o)l = '

l

<llollflz = yll + lz = yll o = ool

<3llafl{lz =yl

so ¢ is continuous.

For v, if Ly is the Lipschitz constant for f, we get

t 1 t
/ Ly [(%fﬂl —/ s —M
0 0 S
1 t
- (’Ylyl —/ Ysdrys —M] ds
0 s
t 1
/0 (71 (21 — 1) — /O (Ts — Ys) d%) ds

<Ly (7l lz = yll + 21yl |z = yl)

[9(z) =)l <

<L;

=3Ls [yl = =yl
which proves the continuity of . ]

Thus we have that & is continuous and X{ = h(y/eB;). From Theorem 2.2.3 along-

side Theorem 2.4.2, X follows LDP with the rate function

1 /1
J(Y) = inf {5/ PGk dt} : (5.12)
0
where the infimum is over all v € Cy[0, 1] that solves the control differential equation

1
dVy = o Vi o' (t)dt + f (/ fyuv’(d)du> Vidt, tel0,1],
0 (5.13)

Vo =g,
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with Vi = X} as the solution. We state the above discussion as a theorem.
Theorem 5.3.2 (Theorem 5.7 of [21]). Given € > 0, define the family of stochastic differ-

ential equations

1
dXtE - \/EO-IS‘X'I‘/E dBt + f </ \/273st> Xtedtv te [07 1]7
0

Xo=c € R,
where 0,7 are bounded deterministic functions of bounded variation on [0,1]. Moreover,
consider f € L*(R) is Lipschitz. Then the solutions {X{} follows large deviation principle
with rate function J(e) given by equation (5.12).
5.4. Rate Function with Anticipating Initial Conditions

We have shown that the solution of the stochastic differential equation

1
0

X;=c¢, ceR,

is given by
¢ ¢ [t
X, =cexp [/ VeodBy — 5/ olds
0 0

- /th (/01 VerdB, — /: eav%dv> dS}-

using the definitions of both the Ayed-Kuo and the Hitsuda—Skorokhod integrals. For ¢ >
0, we also derived the large deviation principle for such a family of stochastic differential
equations.

Consider the family of stochastic differential equations

1
dYS = \/ea Y dB, + f (ﬁ / Vu dBu> Yodt, tel0,1],
0 (5.14)

Yo =&,
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where the initial conditions £¢ are random variables independent of the Brownian motion
and super-exponentially close in expectation to a constant c. Can we derive a large devia-
tion principle for this family? With that motivation, we state the following result.
Theorem 5.4.1 (Theorem 5.8 of [21]). Given € > 0, let { X[} be a solutions for a family
of anticipating stochastic differential equations given by Equation (5.14), where o, -, and
their first derivatives o’ and «/ are bounded. Moreover, consider f € L?(R) is Lipschitz.
Furthermore, let ¢ € R and £° be a family of random variables that are independent of the

Brownian motion Be such that
1 € _ 2 = —
6ll_{l]oelog]E [1€° = c|] 00. (5.15)

Then the solutions {X{} follows large deviation principle with rate function J(e) given by

Equation (5.12).

Proof. We show this via super exponential approximation. Let Z; = Y — X;. Then Z;

satisfies the equation

1
0
Zs=¢ —ec.

From our earlier results, the solution is,

t t
ZE = (£ —c)exp {/ Vo dBy — %/ o2ds
0 0

+ /Otf (/01 Vev,dB, — /St wv%dv) dS]-

Let ¢(z) = |z|* and let Uf = ¢(Z¢). From Theorem 5.1.2, we have that Uf satisfies
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the stochastic integral equation

t
U = (65— ¢)° +2/ Veo, US dB,
0

t t 1
+/ ea? Ut ds+2/ f(/ NG dBu) Ut ds
0 0 0
t s 1 s
+ 2/ eos Vs U / f! (/ Ve, dB, —/ €Tu Yo dv> du ds. (5.16)
0 0 0 u

Fix § > 0 and let 7 be a stopping time defined by 7 = inf {¢ : |Z;| > §} A 1. Con-
sider the stopped process Uy, . Using the stochastic equation given by equation (5.16) and

taking expectations, we have

tAT tAT
E (U,,) = E (Us) + 2E [ / Veo, U dBS] LE { / co? UF, ds]
0 0

tAT 1
L 9E { [ ( | v dBu) U, ds]
0 0
t S 1 S
+ 2E [/ €os vs US / f (/ Ve, dB, —/ €Ty Yo dv> du ds] .
0 0 0 u

By Theorem 3.4.2, the second integral gives us a near-martingale. We use our as-
sumption that f, f’, o,y are bounded by M > 1. Using the version of near-martingale

optional stopping theorem in corollary 3.4.13 and the non-negativity of Uy we get

E (Uj,,) <E(Us) +2-0
tAT tAT
+ / eMPR[US,.] ds +2 / ME[US, ] ds
0 0

|-M-1ds

SAT

tAT
+2/ eM - M -E[US
0

| ds.

tAT
<E(US) + (2M + eM? + 26M3)/ E[US,,
0
We define K, = 2M + eM? + 2eM3. Using Gronwall’s inequality, we get

E (US) = E(Uf,,) < E (Uf) "
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Since ¢(z) is positive and monotone increasing in |z|, we use Markov’s inequality to

get

P{|7:] > 6} = P{o(172)) > o(0)} < ZOUZD) _ EWE)

¢(9) 02

We take log of both sides and multiply by € to get,

E(Ug) .
92 '

1
elogP{|Z:| > 6} <elog (ﬁeK€> +elogR|&¢ —¢f?.

Taking the limit superior as € goes to zero, we have that the first term on the right goes to

zero while we use our assumption from Equation (5.15) to get
limsupelogP{|Z;..| > d} = —oc.
e—0

This result allows us to say that X; and Y, are super-exponentially close. Thus by
the super-exponential approximation theorem in Theorem 2.2.4, we have that Y, follows

large deviation principle with the same rate function given by Equation (5.12). Namely,

J(Y) = inf {% /01 |v’(t)|2dt},

with the infimum over v € Cy[0, 1] as described in (5.13). O
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ANTICIPATING LINEAR STOCHASTIC DIFFERENTIAL
EQUATIONS WITH ADAPTED COEFFICIENTS

HUI-HSIUNG KUO, PUJAN SHRESTHA*, AND SUDIP SINHA

ABSTRACT. Stochastic differential equations with adapted integrands and ini-
tial conditions are well studied within Ité’s theory. However, such a general
theory is not known for corresponding equations with anticipation. We use
examples to illustrate essential ideas of the Ayed-Kuo integral and techniques
for dealing with anticipating stochastic differential equations. We prove the
general form of the solution for a class of linear stochastic differential equa-
tions with adapted coefficients and anticipating initial condition, which in
this case is an analytic function of a Wiener integral. We show that for such
equations, the conditional expectation of the solution is not the same as the
solution of the corresponding stochastic differential equation with the initial
condition as the expectation of the original initial condition. In particular,
we show that there is an extra term in the stochastic differential equation,
and give the exact form of this term.

1. Introduction

Let B(t), where ¢ € [a,b], be a Brownian motion starting at 0 and let {F;}
be the filtration generated by B(t), that is, F/; = o{B(s);a < s < t}. In the
framework of It0’s calculus, a stochastic differential equation

AX (1) = at, X (1)) dB(t) + B(t, X(t)) dt, t€ [a,b],
X(a) =¢,

with the initial condition £ being F,-measurable, is a symbolical representation of
the stochastic integral equation

X(t):£+/ b(s,X(s))ds«k/’(T(s,X(s)) dB(s), t€ la,b],

where f: o(s,X(s)) dB(s) is defined as an It6 integral. In It6’s framework, we
require both the coefficients b(t,2z,w) and o(t,z,w) to be adapted apart from
usual integrability constraints, and and the initial condition £ to be measurable
with respect to the initial o-algebra F,. The question of how the stochastic integral
can be defined when any of these quantities are not adapted (called anticipating)
has been an open question in the field of stochastic analysis for past decades.
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AN INTRINSIC PROOF OF AN EXTENSION OF ITO’S
ISOMETRY FOR ANTICIPATING STOCHASTIC INTEGRALS

HUI-HSIUNG KUO, PUJAN SHRESTHA, AND SUDIP SINHA*

ABSTRACT. Itd’s isometry forms the cornerstone of the definition of It6’s
integral and consequently the theory of stochastic calculus. Therefore, for
any theory which extends It6’s theory, it is important to know if the isometry
holds. In this paper, we use probabilistic arguments to demonstrate that the
extension of the isometry formula contains an extra term for the anticipating
stochastic integral defined by Ayed and Kuo. We give examples to illustrate
the usage of this formula and to show that the extra term can be positive or
negative.

1. Introduction
Let By, t > 0, be a Brownian motion and [a,b] a fixed interval with a > 0.
Suppose f and ¢ are continuous functions on R. In [1] the following anticipating
stochastic integral is defined as

Anll—0

b n
/ f(B))¢(By — B;) dB, = | im " f(Bi,_,)é(By — Bi,)AB; (1.1)
a i=1

provided that the limit exists in probability. Here A,, = {a = to,t1,t2,...,t, = b}
is a partition of [a,b] and AB; = By, — By, ,. Note that when ¢ = 1 this stochastic
integral is an It integral (see Theorem 5.3.3 in [6].) It is proved in Theorem 3.1
[8] that when f and ¢ are C'-functions we have the equality:

a

2
E ( / " B0, - B dBt> -/ B [f(Boo(B, - B dt

v [ ['s[smas - s wosm B asw (2

provided that the integrals in the right-hand side exist. In particular, when ¢ = 1,
the equality in equation (1.2) is the well-known It6 isometry.

We need to point out that the proof of equation (1.2) in [8] is too lengthy and
involves rather tedious computations by using the binomial expansion. Moreover,
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ON NEAR-MARTINGALES AND A CLASS OF ANTICIPATING LINEAR
SDES

HUI-HSIUNG KUO, PUJAN SHRESTHA*, SUDIP SINHA, AND PADMANABHAN SUNDAR

ABSTRACT. The primary goal of this paper is to prove a near-martingale optional stop-
ping theorem and establish solvability and large deviations for a class of anticipating linear
stochastic differential equations. We prove the existence and uniqueness of solutions us-
ing two approaches: (1) Ayed-Kuo differential formula using an ansatz, and (2) a novel
braiding technique by interpreting the integral in the Skorokhod sense. We establish a
Freidlin-Wentzell type large deviations result for solution of such equations.

1. INTRODUCTION

Anticipating stochastic calculus has been an active and important research area for several
years, and lies at the intersection of probability theory and infinite-dimensional analysis.
Enlargement of filtration, Malliavin calculus, and white noise theory provide three distinct
methodologies to incorporate anticipation (of future) into classical 1t6 theory of stochastic
integration and differential equations.

It is to the credit of Itd6 who constructed an anticipating stochastic integral in 1976[6],
and laid the foundation for the idea of enlargement of the underlying filtration. Ever since,
the method was embraced by several researchers that led to many important works (see
articles in [7]). The advent of an integral invented by Skorokhod resulted in an impressive
edifice built by Malliavin on stochastic calculus of variations in order to prove Hormander’s
hypoellipticity result by stochastic analysis. Malliavin calculus provided a natural basis
for the development and study of anticipative stochastic analysis and differential equations.
Around the same time, a systematic study of Hida distributions gave rise to white noise
theory and a general framework for stochastic calculus.

Malliavin calculus and white noise theory have vast applicability to the theory of stochastic
differential equations with anticipation. However, the results obtained by these theories are
primarily abstract though general. A more tractable theory was envisaged by Kuo based on
a concrete stochastic integral known as the Ayed—Kuo integral[l]. Under less generality, the
latter allows one to obtain results under easily understood, verifiable hypotheses.

In this article, we prove some results about stopped near-martingales, which are general-
izations of martingales. We then study existence, uniqueness and large deviation principle for
linear stochastic differential equations with anticipating initial conditions and drifts. While
we rely mostly on the Ayed—Kuo formalism, other theories are minimally used either out of
necessity, or to compare and contrast the conclusions of certain results.
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Key words and phrases. anticipating integral, stochastic integral, stochastic differential equation, near-
martingale, optional stopping theorem, large deviation principles.
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