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ABSTRACT
As a new class of smart materials, shape memory polymer (SMP) is gaining great
attention in both academia and industry. One challenge is that the chemical space is huge, while
the human intelligence is limited, so that discovery of new SMPs becomes more and more
difficult. In this dissertation, by adopting a series of machine learning (ML) methods, two
frameworks are established for discovering new thermoset shape memory polymers (TSMPs).
Specifically, one of them is performed by a combination of four methods, i.e., the most recently
proposed linear notation BigSMILES, supplementing existing dataset by reasonable
approximation, a mixed dimension (1D and 2D) input model and a type of dual-convolutionalneural-network model. The framework is able to predict the recovery stress and glass transition
temperature for TSMP and screen 14 new TSMPs from a large chemical space. The other
leverages transfer learning, variational autoencoder and weighted vector combination method,
and the developed ML framework can design ultraviolet (UV) curable TSMPs with desired
properties.
With new SMPs discovered by ML, as well as other new SMPs continuously developed
in the labs, there is an urgent need to develop thermomechanical models so that the new SMPs
can be used in structural design. Through the framework of solid mechanics, three different
constitutive models are presented for classical one-way thermoset shape memory polymer
(TSMP), two-way semi-crystalline SMP and enthalpy-driven four-chain SMP with large
recovery stress, respectively. Among them, a new two-phase sphere model based on the
physical growth process of the frozen phase from nuclei is proposed, which tends to bring more
underly physical mechanism for the classical storage strain-based phase transition model. By
introducing Gibbs energy and a transition of the molecule deformation mechanism, a enthalpydriven thermomechanical model with new representative unit cell is developed, which could
vi

reasonably elucidates the large recovery stress for a new branch of TSMPs. Multiple
mechanisms, involving phase transition law, damage evolution, and relaxation are introduced
into the model for two-way semi-crystalline SMP, which is able to reveal the mechanisms of
three different 2W-SMEs.

vii

CHAPTER 1. LITERATURE REVIEW
1.1. INTRODUCTION
SMP is one branch of smart materials or intelligent materials, which is able to generate
programmable properties and has attracted increasing interests in past decades. Specifically,
SMP can stay in a temporal shape and return to its permanent shape on exposure to multiple
external stimuli, e.g., heat [1], magnetic field [2], pH [3], moisture [4], etc. A typical thermally
stimulated shape memory effect (SME) is shown in Figure 1.1. The first SMP was reported by
Kurdjumov and Khandros in 1949 and Chang and Read in 1951 [5], and then has found is wide
applications in industry and research because of numerous advantages, e.g., low density, high
shape recovery strain, etc. So far, SMP has been applied in a variety of fields, such as soft
robots [6], lattice structures [7,8], deployable aerospace structures [9], geothermal drilling [10],
3D-printing [11], etc.
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Figure 1.1. A typical thermomechanical cycle including programming and free shape recovery
for typical thermal triggered SMPs. The figure was previously published as: Yan C, Li G.
Machine Learning Framework for Polymer Discovery. Encycl. Mater. Plast. Polym., Elsevier;
2021, p. 1–24.
In order to leverage a SMP in structures, a common procedure involves five steps, i.e.,
proposing

requirement,

designing

material,

synthesize

material,

establishing

thermomechanical model and implementing application. In between, designing materials and
establishing thermomechanical model are the pivotal ones. This is just the motivations of this
dissertation.
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Compared with shape memory alloys (SMAs), a major limitation for SMPs is their low
recovery stress, i.e., the former can often reach hundreds MPa [12,13], while the latter usually
barely achieve 10MPa [14–18] (only a few SMPs can achieve more than 10MPa recovery stress
[1,19–21]). Therefore, there is an urgent need to discover new SMPs with high recovery stress
to meet the needs of new applications, such as proppant in underground drilling or crack closing
in damage self-healing. Unfortunately, three challenges have to be overcome.

One challenge is that the classical process of discovering new SMPs is facing a
bottleneck. Specifically, in order to improve or optimize the target behavior (high recovery
stress in this work), researchers have to form a material space in their mind, and then validate
them by a series of experiments [22–24] or numerical simulations [25–27]. In this process,
prior knowledge or expertise is essential, which possibly includes fine-tuning molecular
weight, functional groups, chemical bonds [28], etc., but is limited to one’s cognization or
memory, and the chemical space explored could be small. Although this process has been
successful in discovering many outstanding SMPs, and it is still popular, the piece of luck for
new discovery is gradually diminishing. Researchers have to search the target SMP based on
trial-and-error method and many more rounds of experiments, which is very time-consuming
and success is not ensured.

Another challenge is that both experiments and molecular dynamics (MD) simulations
are fairly time-consuming. For instance, in order to design a polymer with a target behavior,
researchers often spend several month to a couple of years to figure out the correct way
experimentally; for a typical biomolecular MD simulation with around 105-106 atoms and
multiple nanosecond simulation time, it is expected to take a couple of weeks to obtain results
using 8 to 32 processors [29]; for density functional theory (DFT) based electronic structure
2

calculations, developing meaningful and physical tight binding (TB) parameter sets in semiempirical approach usually takes a few weeks to a few years [30].
The last challenge persists in the lack of universally accepted thermomechanical
constitutive model for predicting the recovery stress based on molecular structures, i.e., the
models are unable to be used to predict molecular structures, and thus cannot be used for
discovering new SMPs. So far, many constitutive equations for SMPs have been developed
[7,29–34], and these models can be divided into storage-based model [7,31,32], rheological
model [33–36], molecular dynamics model [37], statistical mechanics model [38–40], etc.
Despite the previous successes by these models, they are more or less specific to a certain
SMPs. A growing concern is that every researcher tends to fit some particular parameters to
quantify the thermomechanical behaviors of a given SMP. However, the parameters cannot be
generalized, although the model framework may be appliable to several different SMPs. Most
importantly, even if better physics based constitutive models can be developed in the future,
most likely they still cannot be used to discover new SMPs, simply because they cannot link
the molecular composition, topology, and morphology to the shape memory effect such as
recovery stress. Therefore, new approach for discovery is highly desired.
Fortunately, machine learning (ML) models can effectively deal with the above
challenges. First, by collecting the previous massive amounts of data, ML method can
effectively extract useful information and knowledge in a large enough sample space. This
process would not be affected by one’s limited cognitive level. Second, if the machine learned
enough knowledge, it could help people determine or narrow the target material space, which
would significantly reduce time consumption. Third, compared with the MD and DFT models,
ML bears an intrinsic speed advantage. For example, for a dataset with 256 polymer samples,
an artificial neural network approach quickly conducted training and then predicted glass
3

transition temperature [41]. Fourth, by learning enough knowledge, ML has a potential to
produce a universal model instead of a specific model, which is exactly the lack of current
constitutive models. Fifth, in order to learn the thermomechanical behaviors of SMPs, ML
model does not require strong chemical synthesis skills, and thus it is more friendly to new
learners. Although the concept of ML was first coined in 1959 [42], the slow performance of
computers limited its wide applications at that time. The recent improvement in computational
performance especially in graphics processing unit boosts the development of ML. So far, some
researchers have developed some material design methods by using ML. For example, by
introducing the iterative long short-term memory method (LSTM) and graph convolutional
neural network (GCNN) in the one-shot learning framework, Altae-Tran et. al. suggested that
the small molecule drugs discovery can be performed based on a small amount of data [43].
Through data mining, Meredig et. al. discovered 4,500 new ternary compounds by combing
heuristic-ML framework and DFT calculation [44]. Hu et. al. leveraged an artificial neural
work (ANN) method in two-way design, wherein a group of Ni based superalloys was
discovered to meet the needs of advanced ultra-supercritical power plants [45]. On the basis of
Citrination platform (a machine learning platform), Ling et. al. implemented an inverse design
to explore the feasibility of new shape memory alloy which can meet with the prescribed
specifications [46]. Rodemerck et. al. adopted artificial neural network to seek the correlation
between the material properties and catalytic performance, and further discovered new solid
catalytic materials [47]. Admittedly, the previous approaches aiming at other materials
informed us for new TSMP designs. However, they could not be directly used for discovering
new TSMPs. To this end, we realize two different ML methods for material design and tens of
new SMPs are discovered.

4

In order to design desired SMPs and SMP based equipment, it is pivotal to understand
underly deformation mechanisms, and further establish the suitable thermomechanical models.
According to triggering temperature, there are basically three different shape memory effects,
i.e., glass transition temperature based SMP, melting temperature based SMP and isotropic
temperature based SMP. In between, glass transition temperature based SMP usually are
chemically physically crosslinked thermoset polymer; melting temperature based SMP usually
refers to semicrystalline polymer networks; isotropic temperature base SMP usually are liquid
crystalline polymer. The first physical models for SMP was developed about a decade ago [34],
and since then a couple of new material models were successively presented.
To date, according to the timeline of proposal of the SMP models, they basically can
be divided into four types as following,
1. Rheological model [34–36]. Its basic thought is to consider the elastic and viscous
behaviors of polymers as spring element and dashpot element, respectively. Historically,
there are some conventional rheological models for common polymers, such as Voigt
model, Maxwell model, multiple-element model. However, they cannot effectively
describe the temperature-dependent plastic deformation, hence researchers introduced
an additional element (slip-element) into the model for perfection.
2. The storage strain-based phase transition model [7,32,34–36,48]. The first model of this
type was presented by Liu et al [32], wherein the import contributions are the
introduction of two new physical quantities, i.e., storage strain and phase transition. In
between, phase transition stems from the conventional phase transition in shape
memory alloy (SMA), i.e., the phase transition between austenitic phase and martensitic
phase; storage strain comes from combined consideration of microscopic free volume
change and macroscopic recovery behavior. Additionally, this type of model takes
5

entropy change under the varying temperature environments into consideration, hence
better reveal the physical mechanisms for SME.
3. Viscoelasticity and viscoplasticity based models [33,39,49,50]. This type of model
combines rheological model with storage strain-based phase transition model.
Therefore, it not only possesses the simple and feasible feature of rheological model,
but also is able to explicitly describe the clear physical mechanisms. Meanwhile, this
type of model also tends to describe microscopic polymer network deformation due to
macroscopic deformation through a type of representative unit cell. The classical
example includes diagonal square unit cell [39] and tetrahedron unit cell [40].
Additionally, some import factors such as structural relaxation [51] and programming
temperature [52] on constitutive behaviors were also can be incorporated into the model.
4. Molecular dynamic (MD) model [37,53]. One of the significant advantages of MD
model is that it calculates the thermomechanical behaviors based on first principles,
hence tends to generate reliable computational results.
In this dissertation, we only focus on thermomechanical constitutive models based on
solid mechanics framework, i.e., the first three types. According to Yan and Li [54], the basic
constitutive model establishment methods are based on three basic physical law, i.e.,
thermodynamics laws, conservation of mass and conservation of momentum. Together with
some auxiliary equations, the investigators are able to develop a variety of models (see Figure
1.2). It should be mentioned that although that we deal with is finite deformation problems
(large deformation), we do not strictely distinguish Euler coordinate and Lagrange coordinates
in the computation. It is because that time has been discretized into short periods and wherein
only small deformation occurs.
6

According to Yan and Li [55], the basic derivation methods in the three typical
thermomechanical models can be concluded as:
1. Rheological model: deriving an algebraic format σ = f(ε) by assuming different
rheological components (spring, dashpot, slip-element).
2. Storage strain-based phase transition model: obtaining a differential format dσ = Et:
dε by introducing the storage strain and adopting a new phase evolution law.
3.

Multi-branch model based on multiple chain: establishing the different energy
forms to derive a differential format σ =

W
based on different RVEs in SMP
ε

networks by combing rheological model and physical mechanisms.

Strain
component
decomposition

Relation between
variable and
temperature

Relation between
macro-deformation
and microdeformation

…

Auxiliary
equation
Thermodynamics
laws

Thermomechanical
model

Conservation of
mass

Conservation of
momentum

Figure 1.2. Flowchart of general thermomechanical model for SMPs. The figure was previously
published as: Yan C, Li G. Tutorial: thermomechanical constitutive modeling of shape memory
polymers. J Appl Phys 2022;131: 111101.
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Although the past successes in modelling SMP, there are still some limitations in the
previous studies.
1. Although storage strain strain-based phase transition model-based model has
introduced some critical physical mechanisms into the model, it is still far from
perfection. For example, its assumption for the modulus evolution process is
oversimplified, hence the further improvements are necessary. Based on this need, we
present a design oriented constitutive modeling of amorphous SMP.
2. The current thermomechanical modellings mainly focus on crosslinked thermoset SMP
under single thermomechanical loading, i.e., glass transition temperature based SMP,
therefore there is an imperious demand for developing the theoretical models for other
types of SMP. For this demand, we develop a semi-crystalline model under multiple
cyclic loading in Chapter 3.
3. The commonly adopted representative unit cells in viscoelasticity and viscoplasticity
based models are diagonal square unit cell, which could not match with some SMPs’
topology, such as EPON-IPD, thus new models are needed. Meanwhile, the entropydriven force only could not describe the large recovery stress for EPON-IPD. Therefore,
we developed a mechanism-based four-chain constitutive Model for enthalpy-driven
thermoset SMP.
In a nutshell, the dissertation aims to realize the two most critical implementations for
leveraging SMP.

1.2. DISSERTATION OUTLINE
The dissertation consists of six Chapters, which are arranged as follows. In Chapter one,
a literature review for the machine learning in materials and thermometer modelling methods
as well as the limitations in in the previous works are first presented. Next, through the machine
8

learning (ML) methods, two models for thermoset SMP and ultraviolet curable SMP and new
material discoveries are developed in Chapter 2 and Chapter 3, respectively. Then, by adopting
frameworks, solid mechanics, the dissertation addresses three distinct thermomechanical
models for SMP, i.e., the thermomechanical for multiple length lattice structure of SMP,
enthalpy driven thermoset SMP, and two-way crystalline SMP from Chapter 4 to Chapter 6.
Finally, some critical conclusions in each Chapter are summarized and the future works are
outlined in Chapter 7. It should be indicated that the Chapters are independent with each other
but step towards a same aim.

9

CHAPTER 2. MACHINE LEARNING ASSISTED DISCOVERY OF
NEW THERMOSET SHAPE MEMORY POLYMERS BASED ON A
SMALL TRAINING DATASET
In this study, we propose a series of new methodologies for ML in SMP, i.e., adopting
the most recently proposed linear notation BigSMILES in fingerprinting, supplementing
existing dataset by reasonable approximation, leveraging a mixed dimension (1D and 2D) input
model and a type of dual-convolutional-model framework. By doing these, a new ML
framework for predicting the recovery stresses of TSMPs is developed, which is validated by
synthesizing and testing two new epoxy networks predicted by the ML model. By forging new
TSMPs space with 4,459 samples, the ML model identified and screened 14 mostly unknown
TSMPs with greater recovery stress than the known TSMPs. One of the 14 predicted polymers
was validated by molecular dynamics (MD) simulation. This study demonstrates the capability
of our methodologies for discovering new TSMPs with desired recovery stress by a small
training dataset, and may be adopted for discovering new TSMPs with other desired properties.

2.1. INTRODUCTION
SMP is a type of smart material, which can return to the initial shape by responding to
external stimulus, such as heat [56], moisture [57], magnetism [2], solution [58], etc. To date,
SMPs have found applications in aviation [59], intelligent medical devices [60], sensor [61],
water-vapor permeability materials [61], fire damper [62], cement composite [63], etc. As
indicated in introduction, although many successes were realized in the previous studies, the
present studies still face many difficulties for ML in SMP discovery.
First, the fingerprinting in previous studies cannot be directly utilized in TSMPs. A main
limitation of these previous works is that, these studies mainly focus on molecules with well-

The chapter was previously published as: Yan C, Feng X, Wick C, Peters A, Li G. Machine learning assisted
discovery of new thermoset shape memory polymers based on a small training dataset, Polymer 2021; 214:
123351. Reprinted by permission of Elsevier.
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defined atomistic or molecule graphs in the process of fingerprinting. For instance, metal
clusters often possess relatively symmetric and regular structures, e.g., tetrahedral, octahedral,
pentagonal, and so on [64], which means that the fingerprinting process is comparatively
straightforward. However, the chemical structures of TSMPs are intrinsically stochastic, which
leads to significantly difficult manipulation in fingerprinting. If following the metal cluster
fingerprinting, we can only deal with polymers with very simple molecule structures, such as
linear polymers composed of single monomers [41]. On the contrary, different from common
polymers, TSMPs are 3D crosslinked networks with stochastic distribution of crosslink points
and random segmental distribution between crosslink points, together with complex
topological and morphological features. The reason is that TSMP networks are usually
synthesized by several monomers instead of a single monomer. By way of illustration, for the
epoxy network synthesized by Xie et. al., four monomers were used, i.e., EPON826, NGDE,
D230, and BA-a(0) [65]. Besides, we noted that a current fingerprinting of branched polymer
was conducted by a matrix group of neighbouring blocks. For example, in order to fingerprint
a branched polymer, Mannodi-kanakkithodi et. al. adopted three tensors (7 dimension vector,
7×7 matrix, and 7×7×7 matrix) to represent the building block number, neighbouring blocks,
and triplet neighbouring blocks [66]. Following this way, the more the neighbouring group
types are, the higher the matrices dimension is. For TSMPs, which possess a plenty of different
neighbouring group types, the corresponding fingerprinting requires multiple high dimension
matrices and is of high cost computationally. Therefore, the two methodologies discussed
above could be inappropriate for TSMP fingerprinting. In this study, we adopted a most
recently developed linear notation BigSMILES [67] as our line notations tool, which can
effectively represent multiply monomers and has high computational efficiency.

11

Second, the neural network construction for TSMPs is different from common ML
models. In most of the developed ML material design models discussed above, the inputs are
just chemical structures or vectors. However, recovery stress depends not only on the molecular
structures, but also on the programming strain, programming temperature and recovery
temperature, thus the input involves both chemical structure and scalers. To this end, we have
to adopt a mixed dimension (1D and 2D) input model to deal with the mixed inputs
(BigSMILES and scalers), wherein the neural network can handle the mixed inputs of chemical
structure, programming, and recovery conditions. This is another contribution of this study.
Third, another difficulty is that currently there are not enough experimental recovery
stress data that can be directly collected for TSMPs. At present, some open databases have been
built to facilitate researchers, such as QQMD database for quantum materials [68] and MP
dataset for inorganic structures [68], but so far there has been no open database for TSMPs.
Besides, most studies on TSMPs in the literatures focus on recovery strain, not recovery stress.
Therefore, only a small dataset can be collected, which is believed not to result in an accurate
ML model. In this study we proposed a type of data supplement method, which is able to
effectively solve the problem of limited recovery stress data.
To our knowledge, no ML has been conducted to discover TSMPs. Therefore, the aim
of this paper is to develop a feasible ML framework that is able to predict new TSMPs with
higher recovery stress. The organization of the paper is arranged as follows. In Section 2.2, we
present the data collection method, fingerprinting, and neural network building processes,
respectively. Next, in order to validate our ML model, two new epoxy TSMPs are synthesized
and the corresponding experimental results are compared with the ML model predictions in
Section 2.3. Furthermore, in Section 2.4, by using the ML model and the prior knowledge, we
discover 14 new TSMPs out of 4,459 potential TSMPs with higher recovery stress, with one
12

of them being validated by MD simulation. Finally, in Section 2.5, we summarize the findings
in this study.

2.2. METHOD
In this section, we explain the datasets collection process, fingerprinting, neural network
construction, prediction, validation, and discovery of new TSMPs, respectively. The workflow
of the supervised ML discovery of new TSMPs is shown in Figure 2.1 (the detailed processes
are addressed in section 2.2.1-2.2.3). Three procedures are executed as follows:
(i)

Model building for glass transition temperature (Figure 2.1(a)): collecting dataset 1
(Figure 2.1(a1)) for TSMPs (see dataset 1 in Appendix A.1), including chemical
structures and glass transition temperatures (Figure 2.1(a2)), then fingerprinting can be
performed in Figure 2.1(a3), and the glass transition temperature model M Tg (Figure
2.1(a5)) can be obtained by training 1 (Figure 2.1(a4)).

(ii)

Model building for recovery stress (Figure 2.1(b)): collecting dataset 2 (Figure 2.1(b1))
for TSMPs (see dataset 1 in Appendix A.2), including chemical structures,
programming strains εpg, programming temperatures Tpg, recovery temperatures Tre, and
recovery stresses σr (Figure 2.1(b2)). In between, programming strain εpg, programming
temperature Tpg, and recovery temperature Tpg can be vectorized, chemical structures
can be fingerprinted (Figure 2.1(b3)), and then the recovery stress model M  r (Figure
2.1(b5)) can be obtained by training 2 (Figure 2.1(b4)).

(iii)

New TSMP discovery (Figure 2.1(c)): first, collecting monomer set in the two datasets
(Figure 2.1(c1)), and then automatically generating random combinations of monomers
and crosslinkers, which produce new TSMPs (Figure 2.1(c2)). Next, fingerprinting is
performed for these new TSMPs (Figure 2.1(c3)) and input into the glass transition
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temperature model M Tg (Figure 2.1(c4)) to predict the corresponding glass transition
temperature (Figure 2.1(c5)). Then, programming temperature, recovery temperature
(Figure 2.1(c6)), can be approximated from glass transition temperature, i.e., Ttr= Tg
+20 °C, presumptive uniform strain (Figure 2.1 (c7)), and fingerprints of the newly
formed TSMP structures (Figure 2.1 (c3)) are input into recovery stress model M  r
(Figure 2.1 (c8)) to predict the corresponding recovery stress σs (Figure 2.1 (c9)), which
are validated by experiments (Figure 2.1(c10). Finally, two-step screening processes
were conducted. First, if the predicted recovery stress is greater than the maximum
recovery stress in the training data, then the corresponding TSMPs are recorded (Figure
2.1(c11)); second, by employing the prior knowledge, promising TSMPs with higher
recovery stress than that in the training dataset can be further screened (Figure
2.1(c12)). It should be mentioned that here we need two ML models, one for glass
transition temperature Tg and the other for recovery stress r. As indicated above,
programming temperature Tpg, and recovery temperature Tre must be given for recovery
stress prediction. In order to determine these two parameters that are able to induce the
highest recovery stress, they must be stipulated around the glass transition temperature
(Tpg = Tre = Tg + 20 °C) and thus should resort to model MTg. Therefore, the two models
are necessary. It is noted that the glass transition temperature in this study is defined as
the temperature corresponding to the peak of loss modulus.
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Dataset 1

Training 1
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Programming temperature

Fingerprinting
M σr
(b5)

Recovery temperature

(b4)

(b1)
Chemical structure
(b3)

Recovery stress
(b2)

(b)

Figure 2.1. Pipeline for new TSMPs design: (a) Model building for glass transition temperature,
(b) Model building for recovery stress, and (c) New TSMPs discovery.
(Fig. cont'd)
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2.2.1. Datasets supplement and collection
As shown in Figure 2.1, we built two networks for the recovery stress prediction. (1)
Dataset 1 collection for glass transition model. To train this network, we collected 100 chemical
structures of TSMPs and the corresponding glass transition values in dataset 1. The collecting
process is comparatively smooth because almost all the previous studies supplied such
indispensable information. (2) Dataset 2 collection for recovery stress. As mentioned above, most
researchers mainly focus on recovery strain rather than recovery stress, which leads to some
difficulties when compiling dataset 2, i.e., TSMPs with complete information (the chemical
structures of monomers, programming methods, recovery methods, recovery stress) are rare.
Consequently, only 55 samples were collected, which seems to be a low number. Hence, we
utilized thermomechanical knowledge to supplement 60 other samples. The supplement method
and the mechanism are discussed as follows.
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As indicated by Wang and Li, recovery stress can be expressed as a sum of four
components as following [69]

 r =  res +  mem +  T −  rel

(2.1)

where σres, σmem, σT and σrel are residual stress, memorized stress, thermal stress, and relaxed stress.
Generally speaking, thermal stress only constitutes a small percentage in the recovery stress and
can be omitted. Also, if the applied strain is comparatively small (<=15%), only a small plastic
strain would appear, which results in a small residual stress, thus it can also be ignored. Because
of these, the recovery stress can be simplified as

 r =  mem −  rel

(2.2)

Moreover, under small strain assumption, SMPs in rubbery state can be approximated as
elastic materials and the memorized stress can be written as

 mem = Er prog

(2.3)

where Er is rubbery modulus and prog is the programming strain. Meanwhile, we noted that the
shape recovery capacity of TSMPs, in free shape recovery experiment, can be quantified by shape
fixity ratio Rfix and shape recovery ratio Rre. Because both creep and relaxation effects reflect the
capacity of molecule chain to overcome the internal friction [70], we can approximately estimate
the recovery stress by combing Eqs. (2.2) and (2.3) as

 r = ( Er prog )  R fix  Rre

(2.4)

By adopting Eq. (2.4) and stipulating the programming strain 8% < εprog<15%, we
supplemented 60 data into dataset 2.
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It should be noted that several attentions should be paid in the dataset processing. First,
considering that the collected parameters (strain, temperature, stress) possess different dimensions
and scales, we normalized the data and converted them to unidimensional numbers by

x=

X −u
s

(2.5)

where x and X represent the normalized data and raw data, respectively; u and s represent mean
and standard deviation of the raw data, respectively. Second, we collected both compression and
tension programming data samples. Third, it should be mentioned that TSMPs with the same
monomers but different molar ratios between the resin and crosslinker are distinctive in
thermomechanical behaviors. In order to make the collected dataset more representative
(generating larger recovery stress), we only collected the TSMP samples with the greatest rubbery
modulus in the set of TSMPs synthesized by the same monomers. Fourth, we used about 80% and
20% of the collected data for the training and testing processes, respectively.
2.2.2. Fingerprinting
Because we collected a small dataset in section 2.2.1, the next step is to encode the
chemical structures to tensors or vectors that the computer can recognize, which consists of two
steps. First, we adopted a most recent linear notation conversion process- BigSMILES system. In
the previous studies, several works involving linear notation representations for polymers have
been presented, including simplified molecular-input line-entry system (SMILES) [71,72] , the
Wiswesser line notation (WLN) [73], the modular chemical descriptor language (MCDL) [74],
etc. Nevertheless, as indicated before, they can only be suitable for the comparatively simple
polymers with single monomers. Most recently, Lin et.al. proposed a new line notation system“BigSMILES”[67]. By adding bonding descriptor syntax, fragment name definition notation,
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concatenation, and nesting of stochastic objects, BigSMILES exhibits an excellent potential to
connectivity, and initial chemical structures of monomers for the polymers with intricate
structures. In view of its capability, BigSMILES was adopted here for the first step encoding. As
shown in Figure 2.2, from (a)→(b), an EPON-IPD network is translated to BigSMILES
representation. Second, we utilized a one-hot encoding process to convert the “BigSMILES” to a
Boolean matrix, which makes the computer read and understand chemical structures in human
sense. In machine learning, one-hot is a group of bits among which the legal combinations of
values are only those with single high bit (1) and all the others low (0) [75], which has been widely
used in ML. To achieve this, we introduced a 29-character dictionary as follows,

Dictionary={'2', '7', '6', '1', '(', '=', '3', '9', '4', 'c', ')', '8', 'O', 'N', 'S', 'C', '5', '%',
'<','>','$','{','}',',','[',']','<<','>>','Me'}

(2.6)

wherein the 29 characters were used to convert the linear notation into the binary matrices. This
process is shown in (b) →(c) in Figure 2.2. It should be mentioned that the monomers order for a
BigSMILES could affect performance of the desired mappings. To solve this problem, we
exhaustively wrote all possible BigSMILES linear notations for a polymer. By way of illustration,
for the two-monomer EPON-IPD, the BigSMILES can be written as two representations:
{CC(C)(c1ccc(OCC(O)C<)cc1)c2ccc(OCC(O)C<)cc2,CC1(C)CC(N>)CC(C)(CN>)C1}

or

{CC1(C)CC(N>)CC(C)(CN>)C1,CC(C)(c1ccc(OCC(O)C<)cc1)c2ccc(OCC(O)C<)cc2};

it

should be noted that a four-monomer-SMP possessed 24 representations. To do that, we not only
eliminate the error from monomer orders, but also further expand our training dataset without
requiring more data.
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(a)

BigSMILES {CC(C)(c1ccc(O One-hot
CC(O)C<)cc1)c2
ccc(OCC(O)C<)c encoding
c2,CC1(C)CC(N
>)CC(C)(CN>)C
1}
(b)

(c)

Figure 2.2. A two-step encoding processes for EPON–IPD network [163] : (a) Chemical structure
(b) BigSMILES line notation, (c) Binary matrix (red characters represent dictionary and blue
characters represent BigSMILES of the EPON-IPD)
2.2.3. Network illustration
To predict glass transition temperature and recovery stress, two networks were built,
respectively.
(I)

Neural network 1 for the glass transition temperature, where we used a convolution
neural network (CNN) to perform deep learning for the Boolean matrices generated by
BigSMILES. It is easily understandable that the binary matrices can be viewed as binary
color images [41]. By realizing that, the most suitable and commonly used ML method
is CNN, which has been widely implemented in image recognition [76–78] and imagerelated fields, such as video analysis [79–81], natural language processing [82,83], etc.
In this study, we introduced an adaptive layer and multiple fully connected layers, and
ultimately obtained the final single output result; see the network architecture in Figure
2.3(a). This accords with the physical intuition, i.e., once the chemical structure of a
TSMP molecule is given, the glass transition temperature is determined. We used this
network to build model MTg and predict glassy transition temperature Tg. The model
building process can be understood as that, given a chemical structural S, MTg intends
to learn a mapping Ψ: S → Tg.
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Table 2.1. Hyperparameters adopted in the training of Model MTg
Hyperparameters names
Values or item
Ratio between training data and test data
80/20
Batch size
64
Learning rate
0.01
Number of filter 1-3
16, 32, 64
Dropout rate
0.5
Neuron number in hidden layers
32, 16, 8, 4
Table 2.2. Hyperparameters adopted in the training of Model Mσs
Hyperparameters names
Values or item
Ratio between training data and test data
80/20
Batch size
64
Learning rate
0.01
Number of filter 1-3
16, 32, 64
Dropout rate
0.5
Neuron number in hidden layers
16, 4, 8, 4, 16, 8, 4
(II) Neural network for recovery stress. This network is more complex. As mentioned earlier,
the final recovery stress depends not only on the chemical structure, but also on programming and
training conditions. It means that given a chemical structural S and programming conditions,
building model Mσs is to look for another mapping Φ: [εpg, Tpg, Ttr, S] → σsg. Because S and [εpg,
Tpg, Ttr] are different data types, we exploited a type of mixed input model. In between, the
chemical structures are learned by continuously using the CNN method and then a vector is learned
in Figure 2.4 (e); the three values, i.e., programming strain, programming temperature, and
recovery temperature are written as three dimensional vector [εpg, Tpg, Tre], which is extracted
information by several fully connected layers and then forms a vector in Figure 2.4. After that, we
concatenated two vectors into one vector, and then deduced recovery stress. Hyperparameters
adopted in the training of the two models are summarized in Tables 2.1 and 2.2, respectively.
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Figure 2.3. Basic pipeline structures for the network of predicting glass transition temperature (the
number in the bracket represent the number of neurons).
In both networks, the loss functions are mean absolute error (MAE)
n

MAE =

y
i =1

i

− yip
(2.7)

n

where yi and yip are true value and prediction value, respectively; n is the sample sum of the
dataset. It should be mentioned that some researchers also leveraged mean absolute percentage
error (MAPE) function as loss function [41], which is

22

MAPE =

1 n yi − yip
 y
n i =1
i

(2.8)

This equation is utilized as another standard to evaluate our study. The aim is to evaluate
the model prediction by both absolute value and percentage.
The evaluation results of the two models by the two equations are summarized in Table
2.3. The discrepancies for MTg originates from three aspects. First, the measured Tg depends on the
methods used: the measurements by Differential Scanning Calorimetry (DSC) and Dynamic
Mechanical Analysis (DMA) for the same TSMP usually provide different results. For example,
Grishchuk et. al. measured the distinct Tg for a series of polymers, wherein the greatest difference
between DSC and DMA measurements for the same polymer is up to 18 °C [84]. Second, DMA
measurement is frequency sensitive. For instance, the peak of tan δ for ABS sample changes from
105 °C to 121°C with frequency increasing from 0.02 Hz to 10 Hz [85]. Third, using the DMA
measurements, the Tg value changes depending on the criterion used: storage modulus, loss
modulus, and tan.
The discrepancies for Mσs arise from two aspects. First, the experimental conditions were
different in the literature hence resulted in different relaxation stresses. For example, heating rates
were different in different experiments, which resulted in different relaxation time and hence
different measured recovery stress. Second, the rubbery modulus is not a constant for the same
TSMPs, thus it brings about the fluctuation for recovery stress [86]. Although with these
discrepancies, we believe that the model prediction is acceptable. The reason is that our goal is to
discover new TSMPs with recovery stress greater than 15 MPa, which is much larger than the
MAE value of 0.80 MPa.
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Figure 2.4. Basic pipeline structures for the network of predicting recovery stress.
Table 2.3. Basic pipeline structures for the network of predicting recovery stress.
Model
Error
Training data
Testing data
o
MTg
MAE ( C)
2.54
25.69
MAPE (%)
3.12
28.33
Mσs
MAE (MPa)
0.03
0.80
MAPE (%)
9.81
27.41
2.3. EXPERIMENTAL VERIFICATION
In order to validate our proposed ML model, we synthesized two epoxy networks that were
never synthesized before and then conducted fully constraint recovery stress experiment on them.
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It should be mentioned that the two epoxy networks are included in the new chemical space that
we will present below (see Section 2.4). The experimental results were compared to our model
prediction and the detailed process is described as follows.
2.3.1. Materials synthesis
Synthesis of epoxy network 1.10 g of EPON 862 (diglycidyl ether of bisphenol F) (Hexion),
1.1 g of 4-Aminophenyl disulfide (4-APD, 98%, Sigma-Aldrich), and 1.41 g of PEI
(Polyethylenimine, branched average Mw ~800 by LS, average Mn ~600 by GPC, Sigma-Aldrich)
were mixed into a homogeneous liquid by heating at 80 ºC and degassed in a vacuum oven. Then,
the resulting viscous mixture was poured into a metallic mold and cured in an oven at 100 ºC for
2.5 h and post-cured at 150 ºC for 2 h. The obtained sample is light yellow and transparent.
Synthesis of epoxy network 2. 10 g of EPON 862 (diglycidyl ether of bisphenol F) (Hexion)
and 3.68 g of 4-Aminophenyl disulfide (4-APD, 98%, Sigma-Aldrich) were mixed into a
homogeneous liquid by heating at 100 ºC and degassed in a vacuum oven. Then, the resulting
mixture was poured into a metallic mold and cured in an oven at 120 ºC for 2.5 h. The three
monomers are schematically shown in Figure 2.5.
2.3.2. Glass transition temperature measurement
The glass transition temperatures for the epoxy networks 1 and 2 were measured by DMA.
The heating rate was 3 oC/min and the test frequency was 1 Hz. The measured results are given in
Table 2.4.
2.3.3. Fully constrained recovery stress experiment
The epoxy TSMPs were cut into cubic specimens with dimension of about 10 mm ×10 mm
×10 mm. In the test, the following nine steps were followed:
(1) The specimen was heated up from room temperature to high temperature (Tg + 20°C).
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(2) The specimen was held isothermally.
(3) The specimen was gradually compressed to 10% strain.
(4) The specimen was held isothermally.
(5) Cooling down from high temperature to low temperature (Tg − 20°C) while holding the
strain constant.
(6) The specimen was held isothermally.
(7) The force was removed.
(8) The specimen was fully constrained.
(9) Heating up from low temperature to high temperature and recording the stress.
Table 2.4. Comparison of results between experiments and ML model predictions
Glass transition temperature
Recovery stress
by DMA (°C)
(MPa)
Epoxy network 1
(EPON862+4APD+PEI)
Epoxy network 2
(EPON862+4-APD)

Experiment 136.6
ML model 110

2.08
2.69

Experiment 159.85
ML model 158

1.09
1.25

As shown in Table 2.4, Epoxy network 1 (synthesized by EPON 862, 4-APD and PEI) possesses
a higher recovery stress than Epoxy network 2 (synthesized by EPON 862, 4-APD). In addition,
according to the DMA measurement, the rubbery moduli for networks 1 and 2 are 28.35 MPa and
14.54 MPa, respectively. The corresponding crosslink density can be simply calculated by

N=

Gr
3kT
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(2.9)

where Gr, k and T represent the rubbery modulus, Boltzmann constant and rubbery temperature (T = Tg +
20 °C), respectively. Their crosslink density can be obtained as 7.245×10-3 mol/cm3 and 3.241×103

mol/cm3 for the two networks, respectively. This implies that adding PEI increases the crosslink

density, and thus improves the rubbery modulus, which has been learned by the ML model. These
comparisons validate the reliability of our ML model, hence we believe that the ML model can
effectively help us discover some new promising TSMPs.

(a)

(b)

(c)
Figure 2.5. Chemical structures of the three monomers used in the synthesis (a) EPON862; (b) 4APD; (c) PEI (where represents the complex structures)
2.4. DISCOVER PROMISING TSMPS IN A LARGER COMPOSITIONAL SPACE
In this section, we intend to constitute a larger TSMP space than that in the training dataset,
and then screen TSMPs with desired performance from this larger space. To be specific, we
collected 52 monomers and crosslinkers from all the TSMP polymer molecules in the datasets,
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which include 21 C=C monomers and 2 thiol crosslinkers (Table 2.5), and 8 epoxy monomers and
21 imine crosslinkers (Table 2.6). By randomly combing these monomers, 7 groups involving
different types of TSMPs can be obtained, i.e., (1) the combination of two C=C monomers, (2) the
combination of three C=C monomers, (3) the combination of one C=C monomer and one thiol
crosslinker, (4) the combination of one epoxy monomer and one imine crosslinker, (5) the
combination of two epoxy monomers and one imine crosslinker, (6) the combination of one epoxy
monomer and two imine crosslinkers, and (7) the combination of one monomer with carboncarbon bonds and a imine crosslinker. The total number of SMP combinations in the seven groups
are 4,459. It is important to note that the recovery stress is significantly dependent on programming
conditions. In order to create a benchmark, we stipulated a fixed presumptive programming
conditions, i.e., εpg = 45%, which is the compression strain that induces the maximum recovery
stress (σr = 15MPa) in the training dataset. Actually, most TSMPs cannot bear the compression
strain greater than 45%. As for programming temperature and recovery temperature, they were
stipulated to be 20 °C higher than the glass transition temperature. Since the benchmark is built,
the corresponding recovery stress can be calculated by following the method in Figure 2.1. If the
recovery stress for the TSMP is larger than 15MPa, it is believed that a new promising SMP is
discovered. Furthermore, by using the prior knowledge, we finally obtained 14 TSMP molecules
with greater recovery stress (see Table 2.7). Because only a small amount of data is collected in
this study, the ML model could produce deviation by inadequate learning. For example, in the test
dataset, we found the percentage discrepancies between experimental data and model prediction
for a few samples (Nos 93, 98, 101, 102) exceed 40%. In order to further improve design accuracy,
thereby reducing these errors, the SMPs precited by ML model were further screened based on
chemistry knowledge.
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To give some preliminary validation, we conducted a molecular dynamics (MD) simulation of
the polymer No. 2 in Table 2.7. The detailed description of the MD model can be found in
Appendix. The MD model shows that this polymer, with a crosslink percentage of 85%, has a
glass transition temperature of 134 oC and recovery stress of 38 MPa. It is noted that the predicted
glass transition temperature is slightly lower than that of the ML prediction. For the recovery stress,
the MD prediction is about two times higher than the ML prediction, due to two reasons. One is
that the MD simulation used 50% compression programming strain, which is higher than the
programming strain of 45% used in the ML model, and second, which is more important, is that
the MD model did not have enough time for stress relaxation, leading to higher recovery stress. It
is noted, in a recent study, the MD model also over-predicted the recovery stress for the EPONIPD system [72]. Therefore, we are cautiously optimistic that the ML framework in this study is
able to predict or discover some new TSMPs with higher recovery stress.
Table 2.5. BigSMILES for 21 C=C monomers and 2 thiol crosslinkers
Name
Styrene
VeoVa 10
Divinylbenzene
Butyl acrylate
PEGDMA200
MMA
PEGDA
DEGDMA
tBA
Benzyl
methacrylate
PCL
PETMP
EGDMA
Polyethylene
PEGDMA1000

BigSMILES representation
C=C monomers
$CC($)c1ccccc1
CC(C)(C)CCCCCC(=O)OC($)C$
$CC($)c1cccc(C($)C$)c1
CCCCOC(=O)C($)C$
CC(=O)C(=O)OCCOCCOCCOCCOCCOC(=O)C(C)($)C$
COC(=O)C(C)($)C$
CC($)(C$)C(=O)OCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOC(=O)C(C)($)C$
CC($)(C$)C(=O)OCCOCOC(=O)C(C)($)C$
CC(C)(C)OC(=O)C($)C$
CC($)(C$)C(=O)OCc1ccccc1
O=C(CCCCCOC(=O)C($)$)OCCOC(=O)CCCCCOC(=O)C($)$
O=C(CCS$)OCC(COCCCS$)(COC(=O)CCS$)COC(=O)CCS$
CC($)(C$)C(=O)OCCOC(=O)C(C)($)C$
O=C([<])CCCCCN[<]
CC($)($)C(=O)O[<]CCO[>]C(=O)C(C)($)$

(Table cont'd.)
Name
TEGDMA
IPDU6AE
APE

BigSMILES representation
CC($)(C$)C(=O)OCCOCCOCCOC(=O)C(C)($)C$
CC1(CNC(=O)OCC(COCC($)C$)(COCC($)C$)COCC($)C$)CCCC(NC(=O)OCC(COCC($)C$)(CO
CC($)C$)COCC($)C$)C1
OCC(CCCC($)C$)(COCC($)C$)COCC($)C$
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TATATO
BIS-GMA
TMPAE

O=c1n(CC($)C$)c(=O)n(CC($)C$)c(=O)n1CC($)C$
CC(COC(=O)C(C)($)C$)COc2ccc(C(C)(C)c1ccc(OCC(O)COC(=O)C(C)($)C$)cc1)cc2
CCC(CO)(CO)OCC($)C$
Thiol monomers
CCC(COC(=O)CCS<)(COC(=O)CCS<)COC(=O)CCS<
O=c1n(CCS<)c(=O)n(CCS)c(=O)n1CCS<

TMPTMP
3-Ti

Table 2.6. BigSMILES for 8 epoxy monomers and 21 imine crosslinkers
Name
DGEBA
DGEBEF
NGDE
DGEEBA-6
EPON828
EPON862
DGEBAPO-2
Epoxide
Jeffamine D400
PEI
IPD
Tricarballylic acid
4,4’-Diaminodiphenyl
sulfone
Jeffamine D230
Decylamine
Jeffamine T403
Jeffamine EDR-148
t-butylamine
DA
MXDA
m-Phenylenediamine
4’4 -Methylenedianiline
4-APD
MPDA
BCC
Diethylenetriamine
(DETA)
4,4’-Diamino-3,3dimethyldicyclohexyl
methane(Aradur2954)
Epikure W
3,3-diaminodiphenyi
sulfone

BigSMILES representation
Epoxy monomers
CC(C)(c1ccc(OCC(O)C<)cc1)c2ccc(OCC(O)C<)cc2
OC(C<)COCCOc5ccc(C4(c1ccc(OCCOCC(O)C<)cc1)c2ccccc2c3ccccc34)cc5
CC(C)(COCC(O)C<)COCC(O)C<
CC(C)(c1ccc(OCCOCC(O)C<)cc1)c2ccc(OCCOCC(O)C<)cc2
CC(C)(c3ccc(O[<]c2cccc(C(C)(C)c1ccc(OCC(O)C<)cc1)c2)cc3)c4ccc([>]OCC(O)C<)cc4
OC(C<)COc2ccc(Cc1cccc(OCC(O)C<)c1)cc2
CC(COc2ccc(C(C)(C)c1ccc(OCC(C)OCC(O)C<)cc1)cc2)OCC(O)C<
O=C(OCC1CCC(O<)C(O<)C1)C2CCC(O<)C(O<)C2
Imine monomers
CC(COCC(C)COCC(C)COCC(C)N(>)>)COCC(C)COCC(C)COCC(C)N(>)>
CCN(<)CCN(CCN(<)<)CCN(<)CCN(CCN(<)CCN(CC)CCN(<)<)CCN(CCN(<)CC)CCN
(CC)CCN(<)<
CC1(C)CC(N(>)>)CC(C)(CN(>)>)C1
OC(CC(CC(O)O>)C(O)O>)O>
O=S(=O)(c1ccc(N(>)>)cc1)c2ccc(N(>)>)cc2
CC(COCC(C)N(>)>)OCC(C)OCC(C)N(>)>
CCCCCCCCCCN(>)>
CCC(COCC(C)OCC(C)N(>)>)(COCC(C)OCC(C)N(>)>)COCC(C)OCC(C)N(>)>
>N(>)CCOCCOCCN(>)>
CC(C)(C)N(>)>
CCCCCCCCCCCCN(>)>
>N(>)Cc1cccc(CN(>)>)c1
>N(>)c1cccc(N(>)>)c1
>N(>)c2ccc(Cc1cccc(N(>)>)c1)cc2
>N(>)c2ccc(SSc1ccc(N(>)>)cc1)cc2
CC(CCCN(>)>)CN(>)>
<<c3ccc(CC2CCCC(Cc1ccc(OC(>)N>)cc1)C2)cc3,>>Oc1nc(O>>)nc(O>>)n1
>N(>)CCN(>)CCN(>)>
>N(>)c2ccc(Cc1ccc(N(>)>)cc1)cc2
CCc1cc(C)c(N(>)>)c(CC)c1N(>)>
O=S(=O)(c1cccc(N(>)>)c1)c2cccc(N(>)>)c2

Table 2.7. Chemical structures, predicted glass transition temperatures Tg and recovery stresses σr
under εprog= 45% for 14 new promising TSMPs
NO.

Combination

Chemical structures of monomers
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Tg (°C)

σr (MPa)

1

TATATO+
BIS-GMA

161.37

19.79

2

BIS-GMA+3Ti

154.91

18.41

3

Styrene+
EGDMA+
BIS-GMA

141.24

16.04

4

IPD+ Epikure
W+
EPON862

149.01

15.71

5

TATATO+
IPD

175.06

15.66

6

IPD+mPhenylenedia
mine+EPON
862

178.16

15.61

7

IPD+
MXDA+
EPON862

170.25

15.61

Tg (°C)

σr (MPa)

(Table cont'd.)

NO.

Combination
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8

IPD+ Epikure
W+NGDE

162.05

15.49

9

IPD+ Epikure

159.33

15.45

144.94

15.45

151.44

15.39

159.80

15.36

W+
DGEBAPO-2

10

IPD+4,4’Diaminodiph
enyl sulfone+
DGEBA

11

IPD+
MXDA+
DGEBA

12

IPD+EPON8
62+DGEBAP
O-2

(Table cont'd.)
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NO.

Combination

13

IPD+

Chemical structures of monomers

Tg (°C)

σr (MPa)

161.34

15.35

114.32

15.31

MXDA+
EPON828

14

tBA+
IPDU6AE+
BIS-GMA

2.5. CONCLUSION
In this study, we proposed a dual-convolutional network framework based on most recently
developed BigSMILES linear notion and dataset supplement method. Two new epoxy networks
were then synthesized and tested to validate our methodology. Next, in the new compositional
space, the ML model is used and is able to predict and screen TSMPs with recovery stress higher
than that used in the initial training dataset. In this manner, we have successfully designed the new
TSMPs with higher recovery stress. Using MD simulation, one of the discovered polymers has
been validated. Using this material discovery method, we can also predict TSMPs with other
desired properties without implementing the previous trial-and-error method or at least
significantly reduce the trial-and-error effort, which would significantly save time and improve
successful rate in discovering new polymers. Although we validated the system and successfully
predicted some new TSMPs, there are still some aspects that can be improved in the future. First,
the molar ratio could induce differences in physical properties for some TSMPs, hence the
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introduction of molar ratio into the ML model would lead to a more powerful model. Second, we
noted that label graphs were also used in fingerprinting polymers instead of BigSMILES [87,88].
To identify which fingerprinting is better, more works should be conducted in the future. Finally,
the shape memory effect of the TSMPs not only depends on the molecular structures, but also
depends on topology and morphology of the thermoset networks. Simulations such as coarsegrained molecular dynamics may provide the needed information for multiscale fingerprinting,
and thus better represent the TSMPs.
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CHAPTER 3. FROM DRUG MOLECULES TO THERMOSET SHAPE
MEMORY POLYMERS: A MACHINE LEARNING APPROACH
We report an enhanced ML approach by combining transfer learning-variational
autoencoder (TL-VAE), with weighted vector combination method (WVCM). By learning a large
dataset with drug molecules in a pretraining process, we were able to effectively map the TSMPs
to a hidden space that is much closer to Gaussian distribution. Through this approach, we created
a large compositional space and were able to discover five new types of UV curable TSMPs with
desired properties, and one of which was validated by experiments.

3.1. INTRODUCTION
In the past decade, with the development of hardware [89] and new algorithms [90–92],
ML has been capable of learning more hidden features from targets, hence has been becoming a
more and more popular tool in many research fields [93–96]. In the field of materials science, as
indicated by Yan et al [97], ML bears three prominent advantages, i.e., (a) it overcomes the timeconsuming trial-and-error approach in traditional methods [23,26,27], (b) it is at least tens or
hundreds of times faster than the traditional molecular or atomistic computational models [29,30],
and (c) it bears a universality comparing with the traditional solid mechanics models
[7,33,40,98,99]. As such, ML has also been widely adopted for a variety of materials especially
for drugs. Researchers have established more than ten databases for drugs. For example, PDBbind
[100] provides the receptor-ligan binding data for resolved protein structures, Pubchem [101]
supplies a wide range of chemical information involving physical-chemical properties and
biomolecular interaction, Uniprot [102] involves a large amount of data for protein sequence

The chapter was reprinted with permission from: Yan C, Feng X, Li G. From drug molecules to thermoset shape
memory polymers: a machine learning approach. ACS Applied Materials & Interfaces 2021; 13(50): 60508–60521.
Copyright 2021 American Chemical Society.
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homology and protein ID retrieving, RCSB PDB [103] provides information for protein 3D
structure, etc., wherein tens of millions molecules can be found. By utilizing these databases,
investigators have already achieved a lot of successes. For example, through Pubchem, Butkiewicz
et al. assembled multiple datasets to establish a new benchmark platform for drug target proteins
[104]; Zhang et al. implemented datapoints from PDBbind to train a new deep neural network
model, which is able to predict the binding affinity of protein-ligand complex [105]; based on
PubMed and ClinicalTrials.gov databases, Ong et al. leveraged the Vaxign and the newly
developed ML-based Vaxign-ML reverse vaccinology tools to predict COVID-19 vaccine
candidates [106].
Meanwhile, in the past decades, due to the 3D printability, high mechanical properties, and
excellent SME, UV curable TSMPs have found wide-applications in actuators [107], proppants
[108], flame retardancy [109], sealants [110], self-healing [19,111] and many more [112]. By
using UV curable TSMP and 3D printing [8] per digital light processing (DLP) or direct ink writing
(DIW), structures with complex shapes and functionalities can be manufactured such as deployable
structures [113] and soft robotics [114]. For these applications, they usually require higher
recovery stress, for example,

to employ the UV curable TSMP for manufacturing a

multifunctional lightweight load carrying architecture [8]. However, most UV-curable TSMPs
with high strength, high stiffness, and high recovery stress also have high Tg. Taking Tg as an
example, in Figure 3.1, the maximum recovery stress for SMPs is proportional to Tg. Sometimes,
very high Tg is a barrier because the UV-curable TSMP must be heated up significantly to trigger
the SME, which may hinder the applications because the high trigger temperature may be close to
the decomposition temperature of the polymer. Therefore, designing new TSMPs with high
recovery stress but moderate Tg is highly desired. However, due to the conflict requirement
36

between moderate Tg, which prefers softer UV-curable TSMPs with mobile molecular segments,
and high recovery stress, which prefers stiffer network with less mobile molecular segments, it is
a grand challenge for human intelligence to balance this conflict requirement; machine learning
may be a useful tool.

Figure 3.1. An approximate relation between Tg and maximum recovery stress for some SMPs
[1,14,19,69,115–117].
Unfortunately, very few ML models are available for discovering new TSMPs [97,118]
due to three main difficulties, i.e., complex polymer network, lack of public TSMP database, and
multifactor-dependent experimental result. To our knowledge, the first and the only ML
framework for new TSMP discovery was presented by Yan et al. [97], wherein they established a
dual-convolutional neural network (CNN) that is able to perform a forward design by predicting
the Tg and recovery stress. Although this model can discover some new TSMPs with higher
recovery stress than the known data by then, it bears three limitations. Firstly, the accuracy of the
model needs to be improved. To be specific, the mean average percentage error (MAPE) of the
models can just hit 28%, hence leaves a large room for improvement. Secondly, the dataset in that
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study is small, which could lead to overfitting. As indicated by Yan et al. [97], only about 100 data
were collected for the training, which could make the neural network difficult to fit the appropriate
values for a large number of parameters (weights) in the CNN layers. This is partially proved by
the gap of the loss between the training data and test data, which is more than 20%, thus empirically
an overfitting may exist there. Last but not the least, the model did not take molar ratio into
consideration. In that study, they leveraged BigSMILES [67] for fingerprinting the polymers,
which deals with the bond connectivity but is not able to provide the information for molar ratio.
This makes the ML model ignore an essential feature of SMPs. This is because the molar ratio
determines how much of each reagent is actually involved in the reaction and what is the final
topology of the network, and thus plays a critical role in polymer properties. For instance, for the
SMP material synthesized by di(ethylene glycol) dimethacrylate (DEGDMA) and Tert-butyl
acrylate (tBA), Yakacki et al.[116] changed the molar amount of DEGDMA from 0.025 mol to
0.134 mol, which then significantly improves the rubbery modulus (Er) by 6.67 times (from
1.5MPa to 11.51MPa); in another SMP network, Barsczewska-Rybarek et al. [119] changed the
molar ratio between methyl methacrylate (MMA) and triethylene glyscol dimethacrylate
(TEGDMA) from 0.01:0.99 to 0.20:0.80, and found that the rubbery modulus was increased by
about fourteenfold (from 2.08 MPa to 30.89 MPa).
For the first and second difficulties, we can attribute them to the inadequate training data
and the use of unadvanced ML approach. In fact, there exists a big gap between the need for TSMP
data and actual available TSMP data. On one hand, the features of TSMP networks are various
and sophisticated, i.e., the complete information on the multiple length scale structures of the
crosslinked TSMP networks encompasses atomistic, topological, and morphological structures,
hence make ML model extremely hungry for data. On the other hand, TSMPs belongs to a new
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branch of smart material and thus not enough data can be found in the literature. For example, only
6,198 papers can be found in the largest accessible citation database “Web of Science” involving
the keyword “shape memory polymer”, which implies that, at most, only thousands of SMP data
can be collected from this database. If one further narrows the search to “thermoset shape memory
polymer”, the search engine can only return about 200 papers at the time of this paper submission.
As for “UV curable shape memory polymer”, only 22 articles can be returned. On the contrary, as
indicated above, it is not difficult to find the public databases for drug molecules. From the aspect
of chemistry, both drug molecule and TSMP monomers belong to small molecules, which share
many similarities in the chemical structures (see Figure 3.2). Therefore, we propose a new
advanced ML approach “TL-VAE” to tackle this problem. Specifically, we firstly let the ML
model learn some common characteristics from a good amount of drug molecules, which allow us
to create a pretrained model or raw model. After that, by continuously learning the characteristics
in a small TSMP dataset, the model can be fine-tuned and is able to well capture the detailed
features of TSMP monomers. Meanwhile, because more data are used in the learning process,
overfitting can be alleviated to some extent. Additionally, on one hand, according to Lee et al.
[120], the premise to establish a good ML model is that the output loss (the difference between
prediction outcome and ground truth) should be Gaussian random distribution, which sets a high
standard for data size. On the other hand, it is worthy of noting that all the reported results are
inevitably biased and do not meet Gaussian random distribution. This is because, although
experimental results are supposed to yield a Gaussian distribution, all research works tend to report
selected results, which suggests that only some particular SMPs were reported, for example, only
the SMPs with large recovery stress were reported but the major part (the SMPs with moderate
recovery stress) were involuntarily ignored. Therefore, through the introduction of a large number
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of small molecules in the database, which can form a Gaussian random distribution with a great
probability, this issue can be solved in TL-VAE. Last but not the least, our approach also
overcomes the intrinsic limitation of VAE itself. To be specific, VAE is more data hungry
compared with the general ML model. In order to make VAE perform properly, at least thousands
datapoints are required. For example, Lee et al. collected 5,473 alloy entries to establish a modified
VAE [120]; Gomez-Bombarelli et al. adopted 250,000 drug-like molecules to train their VAE
[121]. Apparently, the amount of datapoints for VAE has significantly exceeded the available
TSMP data. Fortunately, the application of transfer learning enables VAE to learn features from a
large drug dataset and hence put it into practice. In a nutshell, by applying TL-VAE, our approach
solved the problems facing TSMP – lack of training dataset, Gaussian distribution, and normal
operation of VAE.

(a)

(b)

Figure 3.2. Comparison between (a) drug molecule and (b) TSMP monomer or crosslinker
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For the third difficulty, i.e., the absence of molar ratio, has been a common limitation in
the previous studies involving the ML for polymers. For example, Miccio and Schwartz adopted
a convolutional neural network (CNN) to predict Tg for polymers, but wherein only the polymers
that composed of single monomer were taken into consideration [41]. Wu et al. developed a ML
framework that is able to predict the thermal conductivity of polymers by using Bayes’ theorem,
but wherein they only dealt with the homopolymer and circumvented the issue of molar ratio [122].
In these previous studies, all the polymers were homopolymers, hence one monomer can represent
the whole polymer network and no need to introduce molar ratio. However, most TSMPs belong
to copolymers, thus molar ratio becomes an unavoidable issue. Meanwhile, from the point of view
of chemistry, for certain monomers and crosslinkers, a network with the highest crosslinking
density can be formed if the molar ratio accords with the stoichiometric ratio. Moreover, if the
molar ratio does not accord with the stoichiometric ratio but consecutively changes around
stoichiometric ratio, the crosslinking density would gradually increase or decrease, resulting in a
continuously varying domain of the polymer properties [14,123], which can be partly explained
by the previous thermomechanical models. As suggested by the thermomechanical model of the
VFT law based on entropy [124], for a polymer chain with only one type bond and constant length,
the stiffness of the polymer chain is inversely proportional to the number of polymer molecules.
In other words, the greater the number of the SMP molecules present in a chain, the softer the
chain is. Hence, different molar ratios lead to different number of molecules in a polymer chain
and further induce distinct moduli. This continuous properties changes should be captured by the
ML model.
In this study, we applied a combination of variational autoencoder (VAE) and weighted
vector combination method (WVCM) to capture the TSMP property changes that caused by molar
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ratio change between the monomer and crosslinker. In between, VAE provides a probabilistic
approach for describing the observation in a latent space; based on VAE, we further developed a
new fingerprinting method to encode TSMP network, i.e., WVCM. It will be demonstrated later
that the continuous properties changes with molar ratio are reasonably represented by this method.
The advantage of this method is that it can fingerprint the TSMP network into a continuous vector,
which can reasonably embody continuous changes of TSMP network with different molar ratios.
The aim of this study is to develop an enhanced ML framework that is able to discover new
TSMPs or improve the performance for the known TSMPs. The paper is organized as follows. In
Section 3.2, a VAE model is built by converting TSMP monomer chemical structures into the
multiple-dimensional vectors in a two-step training. Next, by combining the multiple-dimensional
vectors and WVCM, prediction models for TSMP properties (Tg and rubbery modulus Er) are
established. We then validate them by experiments. Furthermore, in Section 3.3, five new types of
TSMPs with desired properties are discovered with further experimental validation. Finally, in
Section 3.4, some important conclusions are drawn.

3.2. METHOD
In this section, we present three main procedures in the framework, i.e., establishment of
the two-step VAE model, establishment of TSMP properties model, and establishment of the
TSMP forward design model. The pipeline for discovering new TSMPs with the assistance of ML
is shown in Figure 3.3. The detailed procedures are described as follows:
(1) Establishment of TL-VAE model.
(i)

The VAE model is firstly trained by 420,000 drug molecules and an intermediate
hidden space is obtained in (a1).
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(ii)

The VAE model is fine-tuned by 109 monomers and then the final hidden space is
obtained in (a2).

(2) Establishment of TSMP properties model.
(i)

According to the monomers (b2) that constitute a TSMP network (b1), the TSMP
monomers can be fingerprinted into the corresponding high-dimension vectors in
the hidden space by VAE (b3).

(ii)

According to the molar ratio, the high-dimension vectors for the monomers produce
a weighted high-dimension vector for the TSMP network by WVCM in (b4).

(iii)

Combining the high-dimension vectors and the corresponding properties data for
the TSMP networks (Tg and Er), two models can be further built up in (b7), i.e., the
glass transition temperature model MTg and the rubbery modulus model MEr. The
established models are validated by the experimental test (b8).

(3) Establishment of TSMP forward design model.
(i)

Collecting all monomers and crosslinkers in the training dataset (c1), which are
used to generate random arrangements and then produce new TSMP networks (c2).

(ii)

The new possible TSMP networks (c2) can be fingerprinted into high-dimension
vectors by the hidden space and different molar ratios.

(iii)

The Tg and the Er for the new TSMP networks (c5) can be predicted by MTg and
MEr in (c4).

(iv)

Two screening procedures are conducted, i.e., the samples (c5) can be screened by
the benchmark (c6) and the chemical expertise (c7) in succession.

(v)

The screened results are validated by experiments (c8), and finally we can get the
desired TSMPs (c9).
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Input
NCc1ccc(CO)cc1

Neural
network
decoder

Neural
network
encoder

Output
NCc1ccc(CO)cc1
Drug SMILES

Drug SMILES

Intermediate hidden space
(a1) Pretraining by using drug molecules (420, 000 sample)

Input
CC(C)(c2ccc(OCC1C
O1)cc2)c4ccc(OCC3
CO3)cc4
SMP monomer
(crosslinker) SMILES

Neural
network
decoder

Neural
network
encoder

Output
CC(C)(c2ccc(OCC1C
O1)cc2)c4ccc(OCC3
CO3)cc4
SMP monomer
(crosslinker) SMILES

Final hidden space
(a2) Fine-tune by using SMP monomers molecules (109 samples from 245 TSMPs networks)

(a)
Figure 3.3. Pipeline of new TSMP design. (a) TL-VAE model establishment process, (b) TSMP
properties model establishment process (A and B represent the respective molar percentage in
the TSMP network), and (c) New TSMP discovery.
(Fig. cont’d)
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(b)

(c)
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3.2.1. VAE model
VAE model is a type of recently developed autoencoder-like architecture, which provides
a probabilistic underlying causal relation between input and latent space. The causal relation has
the potential for generalizability. It was firstly defined by Kingma and Welling in 2013 [125], and
then has found wide applications in many research fields [120,121,126,127]. In the field of new
material discovery, VAE also came into use in some studies. For example, by combining VAE and
non-dominated sorting genetic algorithm, Lee et al. pinpointed several novel thermo-mechanically
controlled and processed steel alloys, and the predictions agree with the rule-based thermodynamic
calculation tool [120]. Samanta et al. proposed a novel VAE for molecular graphs, wherein the
encoder and decoder were optimized by several technical innovations, and the decoder was able
to generate the molecules with the spatial coordinates of the atoms in it [127].
The main advantage of VAE is that it is able to learn a smooth latent state representation
or vector through input data, and hence has a potential to form a generative model. As shown in
Figure 3.3(a), we firstly adopted canonicalized SMILES linear notions to represent the chemical
structures, which were then transformed to the binary 204 ×55 matrices by one-hot (see the details
in Figure 3.3 in [97]), wherein 204 and 55 represent the maximum length of the SMILES and the
dictionary length, respectively. The generated binary matrices can be viewed as grey images. Since
it can be treated an image, it is reasonable for us to leverage CNN. This combination has been
commonly adopted by other researchers [41,128–130]. Next, the matrices were input into the VAE
model. Our VAE consists of two neural networks, i.e., an encoder and a decoder. Among them the
encoder aims to convert the matrices to the representative vectors with 256 dimensions and the
decoder aims to restore the representative vectors into the original 204 ×55 matrices. It should be
mentioned that the encoder and decoder can be the same or have different architectures, e.g., a
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fully connected layers composed encoder and a fully connected layers composed decoder [120], a
encoder consist of CNN layer and dense layers and another decoder consist of CNN layer and
dense layers [95], a encoder consist of CNN layer and dense layers and a decoder consist of
Recurrent neural network (RNN) layer and dense layers [121], etc. In this study, the VAE model
comprises an encoder consist of CNN layer and dense layers and a decoder consist of long shortterm memory (LSTM) neural network layer and dense layers. The basic pipeline structure of the
network is shown in Figure 3.4. In this model, CNN is able to learn the features of the images
[76,77,81], and then capture the characteristics from the input matrices; LSTM is able to learn the
order dependence of the sequences [131–133], and then reconstruct the initial matrices. We choose
LSTM layer as the core part of decoder. The reason is that it has a longer memory to the sequence
than the common RNN and hence can learn the correct syntax for the long SMILES with greater
possibility. It should be mentioned that we leveraged “stateful” LSTM in the training, which can
learn the relevance of letters in a SMILES.
As indicated above, the chemical structures of TSMPs are relatively complex, but we only
collected 109 unique monomers (from 245 TSMPs), which makes the VAE hardly learn the syntax
of the SMILES, not to mention the particular atomistic orders for the SMILES of the TSMP
monomers. Therefore, we employed a two-step training approach. First, we collected 420,000
small molecules from an open database ChEMBL [134] (a biological database with small drug
molecules). With the huge amount of data in it, the VAE can not only learn the syntaxes of
SMILES and the basic chemical structures of small drug molecules, but also the particular
atomistic orders of the small drug molecules with similar chemical structures to TSMP monomers.
Second, we fine-tuned the models and further enabled them to be familiar with TSMP monomers.
Considering only 109 unique TSMP monomers in this small dataset, we applied a data
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augmentation. Specifically, an open-source cheminformatics software RDKit was used to
exhaustively provide all possible SMILES linear notions for a concatenated SMILES, which
expands our TSMP monomers to 137,945 different linear notions. It should be mentioned that the
different notions for the same chemical structure could only be slightly different. For example, a
chemical

structure

with

the

concatenated

SMILES

“C=C(C)C(=O)OCCOCCOCCOCCOCCOCCOCCOCCOC(=O)C(=C)C” can be also written as
the

non-concatenated

SMILES

linear

notions,

including

“C(COCCOCCOCCOCCOCCOCCOC(=O)C(C)=C)OCCOC(=O)C(=C)C”,
“C(OCCOCCOC(=O)C(C)=C)COCCOCCOCCOCCOCCOC(=O)C(=C)C”,“C(OCCOCCOCC
OCCOCCOCCOCCOCCOC(C(=C)C)=O)(=O)C(=C)C”, etc. In addition, in the second-step
training, we only trained the weights and bias for the last two layers and froze other layers, i.e.,
the LSTM layer and the last dense layer. It should be noted that VAE can be used for optimization.
In this study, we did not utilize this function of VAE. The detailed reasons can be found in
Appendix A.1. However, we show some possible VAE-generated new chemical structures in
Appendix A.2.
In order to prove the necessity of our two-step training, we mapped the chemical structures
of the TSMP monomer to 2-dimensional vectors by VAE and principal component analysis (PCA).
In this study, the mapped high-dimension vector is important because the later 1D CNN is based
on VAE results. We hope that the VAE model can map some really important features into the
latent space, which will be beneficial for the later 1D CNN prediction. As indicated by Asperti
[135], the sparsity can “force the model to focus on the really important features, highly reducing
the risk of overfitting”, thus it is important for using VAE. A similar scenario can be found in our
study; see Figure 3.5. Specifically, we compared three PCA mappings by adopting different
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training datasets, i.e., (1) 109 monomer SMILES, (2) 137,945 monomer SMILES (by exhaustively
writing all possible 109 monomers), and (3) the combination of 420,000 drug molecules and
137,945 monomer SMILES (by exhaustively writing all possible 109 monomers). It can be found
that a larger dataset indeed can be mapped into a sparse space, thus we believe that our strategy,
similar to Asperti [135], has captured more important features from monomers (or crosslinkers)
and is successful. Furthermore, through the prediction comparison for the three training datasets,
we found that our strategy is the best in all the three models (see Table A.1 in Appendix A.3).
The loss function used here is “categorical cross entropy”, which reads

L ( yˆ , y ) = −

1
N

N

  y log yˆ + (1 − y ) log (1 − yˆ )
i

i

i

i

(3.1)

i

where yˆ i and y i are prediction outcome and ground truth, respectively; N is the number of the
training data. The hyperparameters used in the VAE model are listed in Table 3.1. The parameter
optimization is shown in Appendix A.4.
Table 3.1 Hyperparameters used for the VAE model
Hyperparameters names
Values or item
Batch size for step 1-2
1843,2457
Learning rate
0.005
Number of filter 1-3
8,8,8
Kernel size 1-3
3,3,3
Since our later 1D CNN is based on VAE model, the converted high-dimensional vector is
vital to the prediction. As is well-known, if a VAE is well trained, it is able to map the input into
the same output, namely

D ( E ( x)) = x

(3.2)

E = q ( z x), D = q ( x z)

(3.3)

where
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in which E and D are the mappings of encoder and decoder, respectively; x and z are input and
output; q denotes mapping. Therefore, the similarity between input SMILES and output SMILES
should be considered as a key index to evaluate the performance of VAE. Here, we introduce the
average cosine similarity as
n

v inp  v out

i =1

vinp v out


simavg =

n

(3.4)

where vinp and vout represent the binary matrices corresponding to the input SMILES and output
SMILES, respectively.
It should be mentioned that the all the matrices have been reshaped to the vectors. To valid
that our choice for training data is reasonable, we employed three different training datasets for
comparison. As given in Table 3.2, by adopting the two-step training, the average similarity can
achieve 92.39%, which is chosen as our training dataset for VAE. It proves the superiority of our
strategy. After training, we input 109 unique TSMP monomers to test the performance of the VAE
model, and found about 80% of outputs can fully accord with SMILES syntax. It makes sense
because part of the information has lost in the encoding process and cannot be completely restored
in the decoding processes. For the remaining 20% TSMP monomers, although the VAE cannot
fully output the perfect SMILES linear notions, some important features of the chemical structure
still remain. In order to justify it, we compared 2 initial SMILES to the decoder outputs with wrong
syntax in Table 3.3. It can be seen that if we make a slight modification for the decoder output
(only 1 letter is changed), the linear notation can accord with the standard SMILES syntax. If
taking a closer look at the chemical structures represented by the modified SMILES syntax, we
will find that some features of the original chemical structure still hold.
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Figure 3.4 Basic pipeline structures for the network of VAE model (the number in the bracket
represent the number of neurons; the red color of the dense layer represents the output of latent
space).
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(a)

(c)

(b)

Figure 3.5 Three PCA mappings by adopting different training datasets. (a) 109 monomer (or
crosslinkers) SMILES; (b) 137,945 monomer SMILES (by exhaustively writing all possible 109
monomers); (c) 420,000 drug molecules + 137,945 monomer SMILES (by exhaustively writing
all possible 109 monomers)
Table 3.2. Average cosine similarity for 3 different training datasets
Training dataset
Average similarity
109 monomer (or crosslinkers) SMILES
8.80%
137,945 monomer SMILES (by exhaustively writing
all possible 109 monomers)

76.84%

420,000 drug molecules + 137,945 monomer
SMILES (by exhaustively writing all possible 109
monomers)

92.39%

Table 3.3. Comparison between original SMILES and the decoder output with wrong syntax
Original SMILES and chemical Decoder output with Slightly
modified
No.
structures
wrong syntax
decoder output
c3cc(N(CC1CO1)CC2CO c1c(CC)(O)c2cc(OCCO c1c(CC)(O)c2cc(OCCO
SMILES
2)ccc3Cc6ccc(N(CC4CO CC3CO3)ccc2c1CCC#C CC3CO3)ccc2c1CCC#C
4)CC5CO5)cc6
)CC#C
CC#C
1
Chemical
NA
structure
SMILES
2

Chemical
structure

Nc2ccc(Cc1ccc(N)cc1)cc
2

Nc2ccc(C)cc2)c1c(C)ccc Nc2ccc(C)cc2Cc1c(C)cc
c1
cc1
NA
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3.2.2. TSMP properties model
Because the VAE model is established, we can further obtain the fingerprints of the TSMP
network. The method is created by us and is named as “weighted vector combination method”. It
can be divided into two procedures:
(i)

Calculate the representative vectors m1 , m2 , m3 ,...mn  for the TSMP monomers in a
TSMP network via the VAE.

(ii)

Obtain a new high-dimensional resultant vector by combining the monomers’
respective molar ratio and vectors, i.e.,

S = m1  a1 + m2  a2 + m3  a3 + ...mn  an

(3.5)

where ai (i = 1, 2, …n) represents the molar percentage in the whole TSMP network. Based on
WVCM, every TSMP network can be converted into the vector with 256 dimensions. It accords
with the chemical mechanism, i.e., no matter how many monomers and crosslinkers participate in
the reaction, only one SMP network can be finally produced.
Based on this, the TSMP properties prediction models can be further built for 245 SMP
data. To increase the robustness, two machine learning methods are used here, i.e., CNN learning
and Support Vector Machine (SVM) learning.
3.2.2.1 CNN learning
As shown in Figure 3.6, we adopted multiple Convolution 1D layers to learn two mappings,
i.e., Ψ: S → Tg, the mapping between representative vector S and Tg, and Φ: S → Er, the mapping
between representative vector S and rubbery modulus Er. The hyperparameters for the TSMP
properties model are given in Table 3.4. The parameters optimization is shown in Appendix A.4.
The loss function used is “mean average percentage error”, which can be written as
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MAPE =

1 n yi − yˆ i

n i =1 yi

(3.6)

where yˆ i and yi are prediction outcome and ground truth, respectively; n is the sample number of
the training data.
Table 3.4. Hyperparameters adopted in the training of TSMP properties model
Hyperparameters names
Values or item
Ratio between training data and test data
80/20
Batch size
256
Learning rate
0.01
Number of filter 1-2
64,64
Kernel size 1-2
3,3
Neuron number in hidden layers
256,64,64,64,32,32
Fully connected layers

Global
Maxpooling 1d

…

…

…

…
…

P

…

S
Conv1d 1
(254×64)

Conv1d 2
(252×64)

Dense layers 2~4
(64)

Dense layers 5 & 6
(32)

Dense layer 1
(256)

Figure 3.6. Basic structure for the neural network of TSMP properties prediction model.
3.2.2.2 SVM learning
SVM is a set of supervised machine learning method, which is one of the most robust
prediction methods based on statistical leaning. The goal of SVM is to obtain the hyperplane that
satisfies the condition
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wT x − b = 0

(3.7)

where w is the normal vector to the hyperplane, x is a p-dimensional vector, and b is a bias term.
The aim of SVM is to minimize

1 n
T
 n  max 0,1 − yi ( w x i − b )
 i =1

(

) +  w

2

(3.8)

where λ is a parameter, which determines the trade-off between increasing the margin size and
ensuring xi locate on the right side of the margin, and n is the number of vectors.
Besides the MAPE, we also introduced “percentage of correct point” (PCP) as another
evaluation criterion. It should be noted that “correct” means the difference between the prediction
and the ground truth is within a reasonable margin. Because the order of magnitude covered by Tg
and Er are totally different, i.e., the Tg of TSMP ranges from 20 °C to 280 °C and only 1 order of
magnitude is covered and the rubbery modulus of TSMP varies from 0.38MPa-280 MPa and
almost covers 3 orders of magnitude, we applied two distinct criteria, i.e., the percentage error for
Tg within 15% is consider as “correct” and we let the percentage error for Er within 30% as
“correct”.
In order to demonstrate the superiority of our strategy, we introduced a benchmark for
comparison. Specifically, we directly leveraged label encoding to generate vectors for monomers
and crosslinkers (and the others follow the same methods), then adopted SVM for prediction. It
can be seen in Table 3.5 that our new model exhibits lower MAPE and higher PCP in all the 8
comparisons for SVM prediction. Meanwhile, we also list the results of our previous model as an
indirect comparison. Although the databases for these two studies are not completely the same, the
corresponding linear notations (one is SMILES and the other is BigSMILES) and predicted targets
are similar. At the same time, we provided a circular topological fingerprint as another baseline
model, i.e., Morgan fingerprinting or ECFPs fingerprinting [136]. In this fingerprinting, all the
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molecule structures of monomers or crosslinkers are converted into binary vectors according to
their structures, and then TSMPs can be converted into vectors with the same dimension through
the weighted vector combined method. Here, without losing generality, we adopt the circular
radius R = 2 and three different dimensions, i.e., B = 256, 1024, and 2048. Meanwhile, considering
that TSMP monomers could possess more complex structures than common drug molecules, we
also considered a larger circular radius, i.e., R = 4. From Table 3.5, it is found that the performance
of the model based on Morgan fingerprinting improves slightly with increasing the vector
dimension B and circular radius R. However, even for the model based on Morgan fingerprinting
with the best performance (B = 2048, and R = 4), our new model still takes the lead in 6 out of the
8 comparisons. As for the other two comparisons, our new model is just slightly behind. More
importantly, by comparing the error differences for rubbery modulus between the training data and
test data of the models based on Morgan fingerprinting, we found that all the differences exceed
20%, which indicates significant overfittings (while it does not happen in our new model).
Therefore, the direct combination of Morgan fingerprint and molar ratio could be inappropriate for
the small TSMP dataset in this study. As for VAE+SVM and VAE+CNN models, it clearly shows
that the two models have similar prediction accuracies for Tg and Er but VAE+CNN model shows
better performance for some parameters, hence we used VAE+CNN to design our new TSMP in
the following section. More importantly, the VAE+CNN model in this study shows significant
improvement over our previous model. Specifically, our new model reduces MAPE more than half
(13.91% vs 28.33%) for MTg, thus the accuracy is enhanced; meanwhile, for a bigger dataset (the
data size increases to two times), this new model has almost the same accuracy as the recovery
stress model for MEr or Mσs (27.15% vs 27.41%), thus the new VAE+CNN model is robust. In
addition, it can be observed that the MAPE difference between the training data and test data are
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only 6.53% and 11.51%, respectively. Both of them are much less than 20%, thus the overfitting
problem has been significantly alleviated. Furthermore, our VAE + CNN model prediction is better
than the benchmark prediction by the direct encoding + SVM model, further validating the
advantage of using VAE + CNN in this study.
Table 3.5. The comparison of prediction discrepancies for the VAE+CNN, VAE+SVM, label
encoding + SVM, Morgan encoding +SVM, and the CNN model in our previous study [97] (here
label encoding uses the same dictionary as our new model; B and R represents the dimension of
the vector and circular radius in Morgan encoding)
Types of
models

Our
model

new

ML method

VAE+CNN
VAE+SVM

Direct
Label
encoding
Morgan
encoding
(B=256,R=2 )
Morgan
encoding
(B=1024,
R=2)
Morgan
encoding
(B=2048,
R=2)
Morgan
encoding
(B=2048,
R=4)
Old model
[97]

Vector
encoding
+SVM
Morgan
encoding
+SVM
Morgan
encoding
+SVM
Morgan
encoding
+SVM
Morgan
encoding
+SVM
CNN
CNN

Mod
el
outp
ut
MTg
MEr
MTg
MEr
MTg

MAPE in
training
data (%)

PCP in
training (%)

MAPE in test
data
(%)

PCP in test
(%)

7.38
15.64
19.91
34.21
31.87

91.33
89.80
86.74
71.94
64.29

13.91
27.15
17.50
36.42
24.82

71.43
71.43
75.51
44.90
63.26

50.01

55.10

52.09

30.61

MTg

20.86

73.46

21.76

65.30

MEr

34.02

67.85

61.06

42.86

MTg

20.08

73.47

21.15

69.38

MEr

33.11

68.88

62.39

44.90

MTg

19.60

73.98

19.83

69.39

MEr

33.08

68.37

60.05

40.82

MTg

18.45

75.51

19.34

73.47

MEr

31.49

69.90

56.16

44.898

MTg
Mσs

3.12
9.81

-

28.33
27.41

-

MEr

With the mapping Φ: S → Er, we can further estimate the maximum recovery stress for a
new TSMP network under small deformation. According to Wang and Li [69], the recovery stress
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can be understood as the combination of four components, i.e., residual stress σres, memorized
stress σmem, thermal stress σT, and relaxed stress σrel

 r =  res +  mem +  T −  rel

(3.9)

Besides, as indicated by Yan et al. [97], if the programming strain εprog is small (<=15%),
the residual stress σres and relaxed stress σrel can be omitted, and the memorized stress can be
written as
 mem = Er prog

(3.10)

Combining Eq. (3.9) with Eq. (3.10), the recovery stress can be estimated as

 r = ( Er prog )  R fix  Rre

(3.11)

where Rfix and Rre represent shape fixity ratio and shape recovery ratio, respectively. If the TSMP
possesses good SME, i.e., Rfix≈ Rre≈1, the recovery stress can be approximately calculated as the
product between rubbery modulus Er and programming strain εprog:
 r = Er prog

(3.12)

In other words, larger rubbery modulus usually means larger recovery stress. Additionally,
another advantage for this method is that more data can be collected. This is because only a few
studies provide the information for recovery stress while almost all of them report rubbery modulus
value.
In addition, in order to realize the application in 3D/4D printing, it is popular to immerse
SMP matrix into solvent before printing, which may significantly influence the Tg67,68. Therefore,
to improve this study, we plan to incorporate the solvent effect in our future studies.
3.2.3. Experimental validation
In order to further validate the new ML model, we synthesized 4 types of new epoxy
networks (Table 3.6) with the same three monomers (EPON862, 4-APD and PEI, see Figure 3.7)
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but different molar ratios between the monomers. The synthetization process is similar to that in
our previous work [97]. The Tg and Er for the 4 types of TSMPs were measured by dynamic
mechanical analyzer (DMA), and the experimental results are compared with the ML prediction
in Table 3.6. As indicated in Table 3.6, both MTg and MEr show low MAPE (The MAPE for MTg
and MEr are 12.78% and 15.79%, respectively), which basically accord with the errors for the test
data, hence partially validate our model. Of these two properties, MTg shows better prediction again
and captures a trend of Tg. That is, with the increase in the molar ratio between the EPON 862 and
4-APE, the mobility of the polymer chain gradually reduces, and Tg increases, which is reasonably
captured by the model. As for rubbery modulus, it increases with the molar ratio when it is close
to the ideal stoichiometric ratio, and vice versa. To better learn this strategy, we expect to introduce
some new features to reduce prediction error in our future studies.
Table 3.6. Comparison between experimental results and ML model predictions
Epoxy
Molar ratio
Approach
Er
network
(EPON862:4- to obtain Tg (°C) Discrepancy
(MPa)
number
APD:PEI)
data
0.64 : 0.04 : Experiment 159.85
14.54
1
0.32
17.32%
ML model
187.54
19.00
2

3
4

0.69 : 0.07 :
Experiment
0.24
ML model
0.74 : 0.10 : Experiment
0.16
ML model
0.83 : 0.17: 0

Experiment
ML model

151.49

23.77%

187.50
147.78
175.89
135.7
121.37

Average discrepancy value

21.25

Discrepancy

30.66%

20.00%

16.99
21.85
19.02%
10.56%
17.68%

13.89
36.57
32.40

36.45%
11.41%
24.64%

3.3. NEW TSMP DISCOVERY
By leveraging the newly developed ML model, it is possible for us to discover the desired
TSMPs. In our database, the TSMP with the highest rubbery modulus was synthesized by Feng
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and Li [109], which is 350MPa. However, the limitation is that its Tg is too high, i.e., Tg = 280 °C,
hence limits the application when the available trigger temperature is lower. For example, when
the SMP is used for geothermal drilling69, it is expected that the recovery stress is high but the
trigger temperature is limited to about 220 oC, so that the smart loss circulation materials can be
driven by geotherm. Therefore, we target to screen a new TSMP with high rubbery modulus but
lower Tg. It is noted that this is not a trivial task because usually TSMPs with high recovery stress
also have high Tg.

(a)

(b)

n

(c)
Figure 3.7. Chemical structures of the three monomers used in the synthesis (a) EPON862; (b) 4APD; (c) PEI
We collected 109 TSMP monomers in the dataset, which includes 27 C=C monomers, 8
hydroxyl monomers, 7 carboxy crosslinkers, 5 thiol crosslinkers, 6 cyanate monomers, 21 epoxy
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monomers, 29 imine crosslinkers, and 6 other monomers (See Tables A.5 – A.8 in Appendix A.5).
Among them, 4 combinations involving different monomers are chosen: (1) the combination of
two C=C monomers, (2) the combinations of one C=C monomer and one hydroxy crosslinker, (3)
the combinations of one C=C monomer and one carboxy crosslinker, and (4) the combinations of
one C=C monomer and one thiol crosslinker. With 9 molar ratios, i.e., 0.1:0.9, 0.2:0.8, 0.3:0.7,
0.4:0.6, 0.5:0.5, 0.6:0.4, 0.7:0.3, 0.8:0.2, 0:9:0.1, for any of the two-component TSMPs, the size
of a new compositional space can achieve 8,019. Additionally, considering the prediction
discrepancies of the ML models, we set the benchmarks as: Tg < 252 °C (

(

Tg − Tgnew
Tg

 10% ) and Er

)

≈ 350MPa ( Er − Ernew / Er  9% ). Finally, 5 types of new TSMPs were discovered, and the
results are summarized in Table 3.7.
In order to further validate the ML model, we synthesized the No. 1 TSMP in Table 3.7 as
following. 10 g tris[2-(acryloyloxy)ethyl] isocyanurate was heated at 80 °C until melting and was
then mixed with 1.35g bisphenol A glycerolate dimethacrylate and 0.35g photoinitiator 2-hydroxy2-methylpropiophenone by stirring for 20min. The obtained mixture was degassed at 80 °C in a
vacuum oven. The uniform mixture was filled into a PTFE spacer with thickness of 1.1 mm
clamped by two transparent plastic slides. Each side of the sample was cured in a UV chamber
(IntelliRay 600, Uvitron International, USA) for 30 s under 50 % irradiation intensity (232 nm,
~45 mW/cm2). Its Er and Tg were measured by using the DMA, which are 383.60 MPa and
220.10 °C, respectively. The discrepancies between experimental results and predictions are 10.26%
and 12.10% for Er and Tg, respectively. By comparing the new polymer and the TSMP by Feng
and Li [109], the Tg is reduced by 60 °C, while the high Er still maintains, thus our initial goal of
discovering new TSMPs with higher Er and lower Tg has been achieved.
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Table 3.7. Chemical structures, predicted glass transition temperatures Tg and rubbery modulus Er
for 5 new promising TSMPs
Er
Tg
NO.
Combination
Chemical structures of monomers
(MPa)
(°C)

1

BISGMA:TAI=0.1:0.9

344.24

246.74

2

TAI: AEG1=0.9:0.1

337.44

246.12

3

TAI: AEG2=0.9:0.1

351.77

251.32

4

TAI: AEG2=0.8:0.2

340.35

247.65

(Table cont’d)
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NO.

Combination

5

TAI: TMICN=0.7:0.3

Chemical structures of monomers

Er
(MPa)

Tg
(°C)

319.66

245.98

Next, in order to test the recovery stress for the new TSMP, a fully constrained stress
recovery experiment was carried out. The experimental results are given in Table 3.8 and compared
with the SMP with the highest recovery stress that was discovered before. From Table 3.8, when
the programming temperature of the purely UV curable TSMP is above Tg, the new TSMP is able
to provide much higher recovery stress than the previous record [19] by 57%. It is noted that Li et
al. [19] programmed and recovered the TSMP at the glass transition zone, while our new TSMP
was programmed and recovered in rubbery state, and thus our new TSMP should have even higher
recovery stress if we choose programming and recovery in the glass transition zone. Also, the
recovery stress of our new TSMP exceeds another thermocuring epoxy TSMP (EPON-IPD [1])
with high recovery stress by 21%. More recovery stress comparison for UV curable SMPs can be
found in Appendix A.6. Thus, this newly designed TSMP is consistent with our expectations for
recovery stress and Tg, and our final design target is achieved. Additionally and notably, all the
predicted molecules are reasonable and thermodynamically stable. It indicates that our machine
learning model has learned some basic chemical principles about covalence bond theory, such as
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molecular orbital theory, Pauli exclusion principle, and Hund's Rules from the chemical language.
On the basis of these knowledge, the machine learning model can voluntarily remove these
thermodynamically unstable molecular structures and thus exhibit good accuracy and high
efficiency of the prediction.
Table 3.8. Comparison of experimental results between the new SMP and previous SMP with high
recovery stress
References

Glass
transition
temperature
(Tg) (oC)

Programming
temperature
(Tpg) (°C)

Programming
strain
(εpg)
(%)

Stress
recovery
temperature
(Trec) (°C)

Recovery
stress
(σrec)
(MPa)

Shape
recovery
ratio (Rf)
(%)

New SMP

220.1

260

25

260

20.6

62

150

150

20

150

13.4

100

141

150

45

170

17

89.6

Li et al.’s
SMP [19]
EPON-IPD
[1]

Curing
type
UVcuring
UVcuring
Thermal
curing

3.4. CONCLUSION
In summary, benefited from the available huge database of drug molecules, we have
presented an enhanced machine learning approach based on VAE model, two-step training, and
WVCM. Using this approach, we partially solved the two common existing problems for
discovering TSMPs with machine learning, i.e., lacking molar ratio information and limited
training data. Comparing with our previous work, this approach has taken a major stride in both
accuracy and robustness. By using this model, we screened 5 types of new UV curable TSMPs
and then validated one of them through synthesis and characterization. The comparison between
ML model and experimental results also shows good agreements. Therefore, the approach provides
a promising framework to design and optimize new TSMPs. To our knowledge, the approach is a
state-of-the-art in TSMP field. It is believed that this approach is appliable not only to discover
new TSMPs, but also to discover other polymeric or non-polymeric materials.
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CHAPTER 4. DESIGN ORIENTED CONSTITUTIVE MODELING OF
AMORPHOUS SHAPE MEMORY POLYMERS AND ITS APPLICATION
TO MULTIPLE LENGTH SCALE LATTICE STRUCTURES
In this study, a design oriented constitutive model based on the concept of phase evaluation
law was revisited. Because traditional iso-stress or iso-strain assumption does not capture the
physical transition between the active phase and frozen phase, we developed a new two-phase
sphere model based on the physical growth process of the frozen phase from nuclei. The
constitutive model was validated by modelling the thermomechanical response of amorphous SMP
dog-bone specimen, plate specimen, and cubic lattice specimen by using user-defined subroutine
UMAT in ABAQUS. The validated model was then used to predict the thermomechanical
behaviors of three lattice structures with different unit cells and further used to predict the
structural behavior of self-similar multiple length scale lattice structures. It is found that, under
uniaxial loading, square unit cell yields the highest load carrying capacity, and lattice structures
with higher orders of structural hierarchy fail by rib local buckling with much higher buckling load.
This study may help design multiple length scale SMP lattice structures for engineering structures
and devices.

4.1. INTRODUCTION
In recent years, lattice structures, or cellular materials, which exhibit a variety of
advantages over natural materials, such as tune-ability, high specific strength and stiffness, large
energy absorption capability, and ease of manufacturing by 3D printing, have drawn much
attention [137–145]. Inspired by biological systems such as bones, bamboos, etc., recent modelling

The chapter was republished with permission of Society of Photo-optical Instrumentation Engineers, from: Design
oriented constitutive modelling of amorphous shape memory polymers and Its application to multiple length scale
lattice structures. Yan C, Li G. Smart Material Structure 2019; 28: 095030. Permission conveyed through Copyright
Clearance Center, Inc.
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and experiments have shown that enhanced strength and stiffness can be achieved by introducing
structural hierarchies into the topological framework of 3D architectures [146–148]. For example,
Zheng et al. [147] proved that by using nanolattice unit cells with projection
microstereolithography, the rib or ligament wall is changed from bending-dominated to stretchdominated. Spanning seven orders from nanometers to centimeters, Zheng et al. [147] showed that
the fractal-like stretch-dominated nickel alloy nanolattice reached a specific strength of 40.8
MPa/g/cm3 and a linear strain of 20% at 10% relative density. So far, many lattice structures with
different unit cells including pyramidal [149], 3D kagome [150,151], octet structure [138,152],
tetrahedral structure [150,153], etc., have been constructed and the corresponding mechanical
behaviors have been studied, respectively. However, most previous studies have only dealt with
the lattice structures made of metals [148,154] and ceramics [155–157], and only a few papers
have focused on lattice structures made of polymers [146,158,159]. As compared to metals or
ceramics, polymers usually show stronger time and temperature dependence for outdoor load
bearing structures, and should be taken into account.
Furthermore, lattice structures made of polymers have some unique behaviors; for example,
SMPs can be deformed into a temporary shape and then fully or partially recover the permanent
shape by appropriate stimulus, such as light, heat, or humidity [160–162], which is usually known
as the shape memory effect (SME). Such an effect is crucial when it is adopted to design lattice
structures, because it can make the lattice structures become flexible structures and may find
applications in many smart engineering structures. As compared to shape memory alloys or
ceramics, shape memory polymers are lightweight, easy processing, and have high shape recovery
strain, and thus are extremely attractive in lightweight load carrying structures. In order to design
SMP lattice structures, constitutive law of the SMP is essential.
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In load carrying structural design, engineers select a differential element, and use force
equilibrium, kinematics, and constitutive law to establish the governing differential equations.
Based on the boundary and initial conditions, the governing equations can be solved for design.
Therefore, constitutive law is essential for design. Many models have been developed to represent
the constitutive behavior of SMPs, including rheological [34–36,163,164], non-linear
viscoelasticity and viscoplasticity [39,50–52,98,165,166], molecular dynamics [37], quantum
mechanics [167], statistical mechanics [168], and phase evolution law model [31,32,169–174].
Among them, the phase evaluation law based constitutive model, which was first proposed by Liu
et al. [32], has caused attention in recent years due to its ease of understanding, and the smaller
number of parameters that need curve fitting. This model treats the amorphous SMP as a mixture
of frozen phase and active phase, and it is the transition or evolution between these two phases that
causes shape fixing and shape recovery. Yang and Li [31] have provided a physical explanation of
the phase evolution law. However, one limitation for all the existing phase evolution law-based
models is the use of either iso-strain or iso-stress assumption between the two phases, which is
against the physical transition between the active phase and frozen phase. Therefore, a new designoriented constitutive model is highly desired by considering the actual phase transition process.
The aim of this study is to develop a design oriented constitutive law for amorphous SMPs
based on the physical process of frozen phase and active phase transition, and apply this model to
multiple length scale SMP lattice structures through finite element modeling. The organization of
the paper is as follows. In section 4.2, the constitutive model for amorphous SMPs based on phase
evolution law is revisited and discussed briefly, and the constitutive model is integrated into
ABAQUS by UMAT subroutine. In section 4.3, the finite element model is verified by comparing
with the experimental thermomechanical behaviors of SMP dog-bone specimen, plate specimen,
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and one length scale cubic lattice specimen. In section 4.4, the thermomechanical cycles of lattice
structure with different unit cells are predicted based on the validated finite element model. In
section 4.5, the validated model is extended to predict the structural behavior of two-length scale
lattice structures. Finally, some conclusions are drawn in section 4.6.

4.2. DESIGN ORIENTED CONSITUTIVE MODELING OF AMORPHOUS SMP WITH
PHYSICAL PHASE TRANSITIOND
4.2.1. New phase evolution law based on physical phase transition

Isostress unit cell

Isostrain unit cell

Figure 4.1. Schematic of transition from active phase to frozen phase as temperature drops
(left) and iso-stress, iso-strain unit cells (right).
Let’s start with an amorphous SMP in the rubbery state with temperature well above the
glass transition region. In this state, the SMP is in active phase. Some frozen embryos may form
but disappear immediately because their sizes are much smaller than the critical or equilibrium
size. As temperature drops, the frozen phase embryos may stabilize and grow, and become frozen
phase nuclei. With continuous temperature drop, the molecules in the active phase surrounding the
nucleus move to the nucleus, reduce their kinetic energy, and become stabilized on the nucleus
surface. Consequently, a new layer of frozen phase forms, or the nucleus grows. Many nuclei exist
in the active phase, and once the temperature drops to well below the glass transition region, the
individual nuclei combine and form one solid frozen phase; see a schematic in Figure 4.1. Clearly,
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the frozen phase and active phase were not in series (iso-stress), nor in parallel (iso-strain). The
unit cell is a frozen phase nucleus coated by a layer of active phase. When temperature rises, the
figure will be reversed, i.e., frozen phase will gradually change to active phase, causing shape
recovery. Based on this physical mechanism, a new phase evolution law is developed in this study.
In this study, we will use the unit cell in Figure 4.2 to obtain the mixture stiffness tensor as
a function of temperature and time. If we assume the frozen phase nucleus as a sphere, and the
active phase is uniformly coated on the nucleus, then the unit cell becomes a two-layer composite
model. Many analytical solutions have been obtained for such unit cells [175–177]. However, the
models were solved by assuming a certain gradations in the unit cell particles. Therefore, for
uniform unit cells assumed in this study, we need to resolve the model. To define the unit cell, we
need to know the dimension, which depends on the volume fraction of each phase. Therefore, we
need to obtain the volume fraction change of the frozen phase as a function of temperature, the socalled phase evolution law. Many frozen phase evolution laws have been proposed in the literature;
see typical examples in Table B.1 in Appendix B.1.

r'

Active phase
Frozen phase

rf

Figure 4.2. A two-layer composite unit cell model
According to the phase evolution process discussed above, we assume the whole SMP body
is composed of infinite number of uniform unit cells, which is similar to the two-phase composite
model defined by Christensen [178]. Every particle is composed of the frozen sphere in the center
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and the active hollow spherical shell coated on to it (see Figure 4.2). By assuming no rotation, the
displacement field U can be written as [179]:
U = 

(4.1)

where Φ is Lamé's strain potential.
By using Lame’s function without body force

(  +  ) uk ,ki + 2ui

=0

(4.2)

where λ and μ are Lamé constants, respectively; ui is the displacement component. We can further
obtain
 2 ( r ) = C

(4.3)

where C is a constant. By assuming spherical symmetry to the origin, we can let Lamé's strain
potential be
=

A
+ Br 2
r

(4.4)

where A and B are constants.
The radial displacement solution of Eq. (4.3) can thus be obtained as
U a = C1r +

C2
r2

(4.5)

where C1 and C2 are constants. At the same time, the radial displacement of the frozen phase can
be simply obtained as
U f = C3 r

(4.6)

where C3 is a constant.
By using the continuity for stress and displacement at the layer interface as well as the
hydrostatic pressure p on the outer boundary, three boundary and continuity conditions read
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(U a ) r=r = (U f ) r =r , ( Sa ) r =r = ( S f ) r =r , ( Sa ) r =r = p
f

f

f

(4.7)

f

where rf and r' are the radii of the frozen phase and the unit cell, respectively (see Figure 4.2).
The displacement for the active spherical shell can be solved as
Ua

= C1r +

r = r

C2
r2

(4.8)

where

C1 =

C2 =

p ( 3K f + 4Ga )

Ga 12 ( rf / r) ( K f − K a ) + 9 ( K f K a / Ga ) + 12 K a 


3

3 pKa ( 3K f + 4Ga )
9


16G 3 ( rf / r) ( K f − K a ) + ( K f K a / Ga ) + 3K a 
4


2
f

3

−

p
4Ga

(4.9)

(4.10)

in which Kf and Ka represent the bulk modulus for the frozen domain and active domain,
respectively; Gf and Ga represent the shear modulus for the frozen domain and active domain,
respectively. Meanwhile, considering the whole unit cell as a homogeneous sphere, the radial
displacement can be obtained as
Ur

r = r

=

pr
3K

(4.11)

where K is the modulus for the homogeneous sphere.
Also, both the shear modulus and bulk modulus can be represented by Young’s modulus
and Poisson’s ratio for isotropic materials as

G=

E
E
,K =
2 (1 +  )
3 (1 − 2 )

The volume fraction of the frozen phase can be represented by
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(4.12)

r 
f =  f 
 r 

3

(4.13)

Equating Eq. (4.8) to (4.11) and combing with Eqs. (4.12) and (4.13), the Young’s modulus of the
homogeneous body, E, can be represented by Young’s modulus of the frozen phase Ef , Young’s
modulus of the active phase Ea, the frozen phase volume fraction f, and a uniform Poisson’s ratio
ν as
E=





4 Ea (1 −  f ) ( − 1 / 2 ) Ea + E f ( − 1 / 2 )  f −  / 4 − 1 / 4 
 − (1 +  ) + 4 − 2  Ea + E f ( −1 +  f ) (1 +  )

(4.14)

Following Liu et al [32], we have
E f = const , Ea = 3NkT

(4.15)

where N, k and T represent the cross-link density, Boltzmann’s constant and current temperature,
respectively. Next, a constitutive model can be developed.
4.2.2. Constitutive model of amorphous SMP based on phase evolution law
As indicated above, in all the studies, the phase evolution approach is recognized as a
simple way for modelling. Figure 4.3 shows a typical thermomechanical cycle, including
programming (A→B→C→D) and free shape recovery (D→A), and the amount of frozen phase
and active phase transition with temperature.
For the two-phase transition approach, the heating/cooling rate and strain rate are assumed
to be quasi-static, thus the frozen phase volume fraction and the active phase volume fraction can
be written as:
f =

V frz
V

, a = 1 −  f =

72

Vact
V

(4.16)

where Vfrz, V, Vact are the volume of the frozen phase, the total volume of the polymer, and the
volume of the active phase, respectively.

Figure 4.3. Schematic diagram of SMP as a mixture of the active phase and frozen phase in a
classical thermomechanical cycle.
Therefore, the deformation gradient 𝐅 can be further multiplicatively decomposed into
three parts: storage component 𝐅𝒔𝒕𝒐 , mechanical component 𝐅𝑚 and thermal component 𝐅𝑡ℎ .

F = FstoFmFth

(4.17)

The finite strain E can be expressed by deformation gradient as
E=

1
F + FT ) − I
(
2

(4.18)

where I is the unit tensor. Combining Eqs. (4.17) and (4.18), the total strain E under small strain
assumption in the SMP is defined as [32,170,171,180]:

E = Esto + Em + Eth
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(4.19)

where Es, Em and Eth represent the storage strain, mechanical strain, and thermal strain,
respectively. And they are defined as:

 M (T ( ) )
t
Esto ( t ) =  − 
: S (T ( ) )  f (T ( ) ) T  ( ) d
0
 f

(4.20)

Em ( t ) = M ( T ( t ) ) S ( t )

(4.21)

(

)

Eth ( t ) = 1 −  f (T ( t ) ) Etha (T ( t ) ) +  f (T ( t ) ) Ethf (T ( t ) )

(4.22)

where M represents the compliance tensor; Etha and Etha represent the thermal strain for the active
phase and frozen phase, respectively; S is second Piola-Kirchhoff stress. The definition for Eq.
(4.20) comes from Gilormini and Diani [181]; Eqs. (4.21) and (4.22) comes from Chen and
Lagoudas [170]. Meanwhile, the thermal strain can be simply written as
t

Eth ( t ) = I  α (T ( ) ) T  ( ) d

(4.23)

0

where α(T) is the coefficient of thermal expansion.
By introducing stress relaxation to the thermal stress, we obtain
S th ( t ) = M −1 : Eth e − t / relx =M −1 : Etheff

(4.24)

By assuming the same thermal expansion coefficient in both active phase and frozen phase as α,
the constitutive model can be derived by combining Eqs. (4.19)-(4.24) as
t

E ( t ) = M (T ( t ) ) S ( t ) +   (T ( ) ) Ie − t / relx − M (T ( ) ) : S (T ( ) )  f T ( ) T  ( ) d (4.25)
0

It should be indicated here that the definition of storage strain is different from that in Liu et al.
model [32]. In their model, the storage strain is defined as
t

(

)

Esto =  Μ r (T ( ) ) − Μ g (T ( ) ) : S (T ( ) )  f (T ( ) ) T  ( ) d
0

74

(4.26)

where Mr and Mg represent the compliance tensors for the rubbery phase and glassy phase,
respectively. The difference between Eq. (4.26) and Eq. (4.20) are negligible when Mg << Mr.
During the heating induced shape recovery process, the constitutive equation of Eq. (4.25) still
holds but the storage strain is gradually released. In previous studies, there are basically two
different storage strains releasing methods. In one method, the storage strain is recorded during
the cooling process at each temperature and then gradually releases corresponding to each
temperature during the heating process [32,170,181]. In another method, the storage strain is
assumed as a product of the frozen phase evolution law [180] and the storage strain in the heating
process, which is defined as

Esto = Elsto f (T ( t ) )

(4.27)

In this study, we take Eq. (4.27) for two reasons. First, it can simply solve the problem for storage
strain releasing in the heating process for complex SMP lattice structures. That is, although it is
easy to record storage strain for uniform strain scenario (only one storage strain sequence
corresponding to different temperatures), refined mesh with different storage strains brings about
huge data recording and computation cost in SMP lattice structure. Besides, in the heating process,
we even cannot make sure the storage strain is released to the corresponding element because we
do not know the accurate element evaluation order in commercial FEM software package.
Therefore, directly using the recorded strains stored in the programming process could bring about
difficulties in FEM and the thus Eq. (4.27) is much easier to use.
Also, we introduce the creep effect for thermal strain in the free shape recovery step and
the total thermal strain is defined by

 t
 − t /
Eth ( t ) =  I   (T ( ) ) T  ( ) d  e crep
 0
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(4.28)

In addition, the thermal expansion coefficient can be simply represented by a linear function of
temperature as

 =a1 + a2T

(4.29)

where a1 and a2 are thermal expansion coefficients and can be obtained from experimental curve
fitting [32].
Based on the constitutive model above, a UMAT subroutine is encoded in FORTRAN and
then embedded into ABAQUS. The flowchart of FEM model is shown in Appendix Figure B.1. It
should be indicated that UMAT is adopted because the SMP thermomechanical behavior is a
quasi-static process. An alternative way is VUMAT, which was also used to predict SMP behavior
in previous work [182]. The difference between UMAT and VUMAT is that no Jacobian matrix
updating in every time step and only stress updates is needed in VUMAT. However, VUMAT is
only good at predicting material dynamic response. If it is used in the static process or quasi-static
process, the stress wave behavior arises and stress oscillation possibly occurs in the numerical
results. In addition, it should be indicated that all the elements used in this study is C3D8 (an 8
nodes linear brick) unless specifically indicated. It should be emphasized that although we consider
heating rate in our constitutive model, its effect still needs further studies and is simply neglected
in this paper. As indicated by Liu et. al [32], there is no obvious effect when the heating rate is
changed from 1K/min to 5K/min. This may be because the so called time-temperature equivalence
principle holds for SMPs. As indicated by Li and Xu [98], short time soaking with high temperature
and longer time soaking with low temperature achieve almost the same recovery effect. However,
the heating rate would play a essential role when the energy input comes to a certain threshold
value. Before the constitutive model and finite element analysis can be used for multiple length
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scale lattice structures, they need to be validated by experimental results, which will be a focus in
the next section.

4.3. VALIDATION OF THE FINITE ELEMENT MODEL AND EXPERIMENTS
In this section, the FEM results are compared with the experimental results in plate bending,
dog-bone specimen uniaxial deformation, and compression programmed cubic lattice structure.
4.3.1. Thermo-mechanical behavior of SMP plate bending
This study consists of several experiments. First, the glass transition temperature of a 3D
printable advanced multifunctional polymer (3DAMP) is obtained by measuring the dynamic
modulus and Tan δ in a TA instrument Dynamic Mechanical Analyzer (DMA Q800). As shown
in Figure 4.4, the glass transition temperature is about 87 °C and the glass transition zone spans
from 25 °C to 125 °C. Second, the thermomechanical behavior of the 3DAMP under bending is
conducted in the chamber of the DMA. The specimens were printed by using a stereolithography
printer in our laboratory. According to our tests, the 3DAMP has a high mechanical strength, good
shape memory properties, and recyclability [8]. It should be emphasized that the 3DAMP is the
first known 3D printable shape memory polymer with recovery stress higher than 10 MPa, making
it ideal to print various complex geometries with shape memory effect for structural applications.
The dimension of the specimens is 17.71mm × 12.73mm × 2.07mm. In the bending test, the
following nine steps were followed:
(1) The specimen was heated up from 25 °C to 125 °C at 10°C /min.
(2) The specimen was held isothermally for 40 min.
(3) A quasistatic force was applied up to 2 N at 0.4 N/min.
(4) The specimen was held isothermally for 5 min.
(5) Cooling down from 125 °C to 25 °C at 3 °C /min.
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(6) The specimen was held isothermally for 10 min.
(7) The force was removed.
(8) Heating up from 25 °C to 120°C at 0.5 oC/min.
(9) The specimen was held isothermally for 10 min and the test was over.
Third, the frozen phase evolution equation is fitted based on deflection ratio. According
to Volk [183], a simple frozen phase evolution function can be written as

 fh (T ) =
where ε(T) and

 (T )
 Tl

(4.30)

 are the strain during the heating induced free shape recovery process and at
Tl

the low temperature, respectively. Also, the thermal expansion does not have a major effect on
curvature change for a beam specimen [180]. Thus the frozen phase here can be approximately
determined by using

 fh (T ) =

 (T )
 Tl

(4.31)

where δ(T) and δTl are the deflections during the heating induced free shape recovery process and
at the low temperature, respectively. A least square method is used to fit the phase evolution law
in Eq. (4.31). It is found that a cubic polynomial function can fit the experimental results well (see
Figure B.4):
 f = p1T 3 + p2T 2 + p3T + p4
r

(4.32)

where,  f is the curve-fitted frozen phase volume fraction, and p1, p2, p3, and p4 are curve-fitting
r

constants. It is noted that for a new SMP, different fitting functions could be necessary.
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Figure 4.4. Dynamic thermal scan of 3DAMP.
The Young’s modulus at high temperature and low temperature was measured to determine
the modulus of the materials in the glassy phase and rubbery phase by MTS QTEST150 machine.
The thermal expansion coefficients are also measured by DMA 800. All the parameters used in
the FEM are given in Table 4.1. In order to identify the most important parameters in the
constitutive model, a model sensitivity analysis was conducted; see Appendix B.8.

Figure 4.5. Deflection change with temperature at the center of the loading
The plate at the end of heating is shown in Figure B.5 and the deflection of the line (the center of
loading area) change with temperature during the entire thermomechanical cycle is shown in
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Figure 4.5. It can be seen from Figure 4.5 that, the numerical results can capture the experimental
trend well in the whole thermomechanical cycle. In the beginning, the plate is bent at 125°C, and
the deflection changes linearly with force increasing. Next, the deflection decreases as the modulus
increases during the cooling process. Then there is a spring-back upon unloading. Finally, with
release of the storage strain during the heating process, the deflection gradually increases and
restores the initial shape. In addition, there are still some residual stress after the heating process
(see Figure B.3) because of the residual strain (the shape recovery ratio for this SMP is 97% [8])
and the fixed boundary condition used. In addition, considering the thin beam theory, the
transverse effect could not play an import role, and thus the Poisson’s ratio effect is neglected here.
Table 4.1. Parameters used in the finite element model
Description
3
Density (g/mm )
Polymer material parameter
Parameter 1 for phase evolution law in heating (K-3)
Parameter 2 for phase evolution law in heating (K-2)
Parameter 3 for phase evolution law in heating (K-1)
Parameter 4 for phase evolution law in heating
Modulus of internal energetic deformation (MPa)
Cross-link density (mol/cm3)
Thermomechanical properties in cooling
Coefficient 1 of thermal expansion for active phase (K-1)
Coefficient 2 of thermal expansion for frozen phase (K-2)
Glass transition temperature (°C)
Relaxation time in stress relaxation (min)
Relaxation time in creep (min)

Parameters
ρ

Values
1

p1

-2.21×10-6
2.18×10-3

p2
p3
p4
Ef
N
a1
a2
Tg
τrelx
τcreep

-0.7171
79.74

2000
3.32×10-2
3.286×10-4
-7 ×10-7
87
60
50

4.3.2. Validation for dog-bone specimen under uniaxial tension and compression
The thermomechanical response of a dog-bone specimen under uniaxial loading is
commonly adopted in thermomechanics [32,184,185]. In the study, we compare our modelling
results with Liu et al.’s experiment [32]. In the experiment, a commercial thermoset epoxy polymer
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sheet under three different pre-strain conditions ε = 9.1%, ε = 0 and ε = –9.1% was deformed at
high temperature Th =85 °C, respectively. Then, they were cooled down from the high temperature
to low temperature Tl = 0 °C. Next an unloading process at T = 0 °C and heating process in
constrained condition from Tl to Th follows. All the parameters in the finite element model used
those from Liu et al. [32] except for the relaxation times. These parameters are given in Table 4.2.
It should be indicated that all the experimental data and parameter fitting are obtained from
uniaxial tests, wherein the transverse effect are neglected, and thus we just ignored the Poisson’s
ratio effect for simplicity.
Table 4.2. Parameters used in the finite element model of dog-bone specimens programmed by
uniaxial loading
Description
Parameters
Values
Specimen parameters
Cross section (mm)
l1×l2
8×8
Gage Length (mm)
l
50
3
Density (g/mm )
ρ
1
Polymer material parameters
Parameter 1 for phase evolution law
n
4
Parameter 2 for phase evolution law (nm)
cf
2.76×10-5
Modulus of internal energetic deformation (MPa)
Ef
750
Cross-link density (mol/cm3)
N
9.86×10-4
Thermomechanical properties
Thermal expansion coefficient for glass phase (K-1)
a1
-3.16
Thermal expansion coefficient for rubbery phase (K-1)
a2
1.42
Glass transition temperature ( °C)
Tg
73
Relaxation time in stress relaxation (min)
τrelx
300
Relaxation time in creep (min)
τcreep
2500
In ABAQUS, due to symmetry, an eighth dog-bone specimen model is set up and a fixture
is tied at the end of the dog-bone to compress or stretch the dog-bone specimen. A displacement
boundary condition is used at the end. The total process is divided into four steps: static
compression (or tension, or no pre-strain) at 85 °C, cooling down from 85 °C to 0 °C on fully
constrained condition, unloading at 0 °C, and heating up from 0 °C to 85 °C under free boundary
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condition. It should be emphasized that the frozen phase evolution function adopted here is
inherited from Liu et. al [32] as:

 (T ) =1 −

1
1 + c f (Th − T )

n

(4.33)

Figure 4.6 Programming stress comparison between the results from finite element method and
experimental data during the cooling process under different pre-strain conditions.

Figure 4.7 Recovery axial strain comparison between the results from finite element method and
experimental data during the heating process under different pre-strain conditions.
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It can be seen from Figs. 4.6 and Figure 4.7 that, the FEM can basically capture the
thermomechanical behavior of the SMP for cases of tension, compression or undeformed. It is
noted that this is a SMP different from the SMP used in the plate bending validation case.
4.3.3. Validation for single-length scale cubic lattice structure
In this section, a thermomechanical experiment was conducted for a cubic lattice structure,
followed by corresponding simulation. The designed dimension of the cubic lattice structure is
shown in Figure 4.8. The lattice structure was printed using the same 3D printable advanced
multifunctional polymer (3DAMP). Due to the resolution limitation in 3D printing, the actual
dimension of the cubic lattice structure is 20.32mm × 19.85mm × 19.86mm, which slightly
deviates from the designed 20 mm3 cubic lattice. The experiment was divided into four steps: (1)
Static compression ε = 10% at high temperature of 125 °C; (2) Cooling to room temperature while
holding the strain constant; (3) Unloading; and (4) Free strain recovery by heating to 125 °C. In
the experiments, QTEST/150 MTS machine was used to complete the compression programming
and an oven was used to control the temperature in the cooling process.
In the free strain recovery process, the programmed cubic lattice structure was put into a
water beaker filled with corn oil, and a Linear Variable Displacement Transducer (LVDT) was
used to measure the displacement of the lattice structure surface. By using a magnetic stirrer and
hot plate, temperature can be increased at about 1.4 °C/min from 25 °C to 125 °C, and a total of
21 data points were captured. From the measurement, the cube lattice structure can basically
recover its original shape.
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Figure 4.8. Dimension of the cubic lattice structure (Unit: mm).
In the simulation, a linear elastic square loading plate with dimension 30mm × 30 mm ×
10 mm was considered as the steel plate in the loading process. Its material parameters were set as
E = 200 GPa, and the thermal expansion coefficient α = 6×10-4 ℃−1. As for the material properties
of the SMP, Table 4.1 was followed. However, considering the large deformation for the lattice
structure than that of the SMP plate under bending in DMA test, as well as the nonlinear behavior
of the 3DAMP, the modulus in the glassy state was reduced to 1,400 MPa. The boundary
conditions are shown in Figure B.5. Furthermore, the Von Mises stress of the cubic lattice
structure is shown in Figure 4.6. Some hot spots remain after unloading (Figure 4.6 (b)) and free
shape recovery (Figure 4.6 (c)), which are the residual stress due to the fixed boundary condition
and unrecoverable plastic strain.
Figures 4.9 and 4.10 show the comparsion between the modeling results and the test resutls,
during programming and shape recovery processes, respectively. From Figs. 4.9 and 4.10, it is
seen that, again, the simulation basically captured the thermomechanical behavior of the cubic
lattice structures. In other words, the constitutive model and the FEM are validated and can be
used to conduct parametric studies or model more complex lattice structures. However, it is noted
that the above validations are based on two epoxy SMPs. There are quite a few other amorphous
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SMPs in the literatures [164,184,185]. More validations for other amorphous SMPs are needed in
order to extend the applicability of our model, which will be a task for future studies.

Figure 4.9. Comparison of force change with temperature during the cooling process.

Figure 4.10. Comparison of the free shape recovery strain with temperature during the heating
process.
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4.4.
PREDICTION OF THERMOMECHANICAL BEHAVIOR OF LATTICE
STRUCTURES WITH DIFFERENT UNIT CELLS
Since the finite element model can predict the thermomechanical behaviors of the single
plate, dog-bone specimen, as well as a simple cubic lattice structure, which are made of two
different SMPs, it is reasonable to adopt the model to predict thermomechanical behaviors of some
other lattice structures made of other SMPs. In this study, three lattice structures with different unit
cells including triangular prism, square prism, and octahedron are compared. It is assumed that the
sizes of the lattice structures are large enough so that their mechanical behavior are the same as
the unit cell. In other words, there is no size effect.
In this section, the lattice structures with triangular prisms, square prisms and 45o
octahedron unit cells (see Figure 4.11) are studied. In order to compare them on the same basis,
we normalize the relative density (  : the density ratio between the cellular and constituent solid).
Their relative density are determined as follows [152,186]:
2

2

t
t
t
 tri = 4.618   ,  sq = 3   , oct = 8.414  
l
l
l

2

(4.34)

where t << l (t and l are the thickness and length of the structural element, respectively). It should
be emphasized that the relative density here means the density of the lattice structure with a
plentiful of unit cells instead of the relative density for only one-unit cell. Letting the relative
density to be 0.03, we can obtain the dimensions of these three lattice unit cells (see Figure 4.11).
In order to show the predictability of the model, a wide range of material properties are assumed.
For amorphous polymer, the maximum glassy modulus can achieve around 2000 MPa, hence, the
modulus of the internal energetic deformation in this study is assumed to be 1250 MPa.
Considering that the modulus in the frozen phase is about 1 order to 2 orders higher than the
modulus in the active phase, the modulus in the active phase is assumed to be 2.56 MPa. Based on
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this, the cross-link density N and parameters for the phase evolution law can be approximated. In
addition, the thermal expansion coefficient is considered as a constant during the whole
thermomechanical process. All the SMP parameters are listed in Table 4.3. It should be indicated
that all the ratios between the beam length and cross section width are over 10, thus it is also
reasonable to ignore the Poisson’s ratio effect according to thin beam theory.

(a)

(b)

(c)

Figure 4.11. Dimension of triangular prism, square prism and octahedron unit cells (Unit: mm)
The three lattice unit cells are subjected to the typical tensile programming at a pre-strain
of 5%, and a fully constrained stress recovery. During programming, a uniaxial tension is applied
to the top layer of the three unit cells and the bottoms are always clamped, even during free strain
recovery simulation. Some analyses are shown as follows.
First, the load carrying capacity of the unit cells can be compared with each other. Here,
the load carrying capacity is defined as the applied load to create the programming strain. Clearly,
it can be observed from Figs. 4.12 and 4.13 that these unit cells show similar trend to that in SMP
dog-bone specimens (Figs. 4.6 and 4.7). On the other hand, the maximum load carrying capacity
for the three lattice structures has considerable difference, although they are subjected to the same
pre-strain of 5% during programming. This means that the SMP lattice structures could possess
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distinguished thermomechanical behavior with different structural designs. In other words, the
lattice structures can be designed with different unit cells to deal with different requirements.
Among them the square and triangular prism unit cells show greater load increase during the
programming (cooling, Figure 4.12) process, which is because some of the elements within the
unit cells are perfectly aligned along the loading direction. Among them, the square unit cell shows
the maximum load carrying capacity in both cooling and heating processes. On the contrary, the
octahedron unit cell shows much smaller load in both static tension, cooling and heating processes
because of its geometry.
Table 4.3 Parameters for the SMP
Description
Phase evolution law parameters
Parameter 1 for the phase evolution law
Parameter 2 for the phase evolution law (1/K4)
Modulus of internal energetic deformation (GPa)
Cross-link density (mol/cm3)
Thermomechanical properties
Coefficient of thermal expansion (°C -1)
Glass transition temperature (°C)
Relaxation reference time (s)
Material parameter for relaxation time shift (1/K)
Relaxation time in stress relaxation (min)
Relaxation time in creep (min)
Density (g/mm3)

Parameter

Values

n
cf
Ef
N

4.64
2.501×10–8
1.25
2×10–4

α
Tg
τth
θ

1.4×10–4
170
20
0.1
700
5000
1

τrelx
τcreep
ρ

Second, the free stain recovery processes are almost the same, which can be observed in
Figure 4.13. Obviously, this is because all of them are made of the same SMP. Similar to the
uniaxial SMP tension behavior, the lattice structures are subjected to compressive stress from
thermal expansion effect below the glass transition temperature, then this expansion gradually
becomes a shrinkage with increasing storage strain release, finally they almost restore to the
original shape.
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Third, the Von Mises stress in the structures during the cooling process and maximum
principal strain during the heating process can be compared. From Table 4.4, we observe that, the
element in the square prism shows less Mises stress than the other two unit cells during the cooling
process. Meanwhile, although all the three unit cells can recover the initial shape (see Figure 4.13),
square prism unit cell shows the medium principle strain but only 2.62% more than the octahedron
unit cell in the recovery process. Furthermore, square unit cell shows the highest load carrying
capacity in all these three unit cells. Taken all of these into account, we believe that the square unit
cell is the best choice among these three unit cells and will be further studied in multiple length
scale lattice structures and model sensitivity analysis in next sections.
Fourth, since polymer lattice structures show relatively low modulus in rubbery state and
high modulus in glassy state, which means engineers can compress the volume of the polymer
lattice structure easily at high temperature for low volume storage and recover it when needed, this
type of smart lattice may find applications in some industrial sectors such as deployable structures
in deep space.

Figure 4.12. Comparison of load carrying capacity change with temperature during programming
(cooling) for lattice structures with different unit cells but the same relative density ρ ̅=0.03 and
cross section length of the beam t = 1 mm. The pre-strain ε = 5% was hold constant during cooling.
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Table 4.4 Maximum Von Mises stress comparison for different unit cells
Description
Triangular
Square
prism
prism
Maximum Mises stress during cooling (MPa)
21.92
12.64
Maximum principal strain during heating (%)
16.69
7.851

Octahedron
22.23
5.228

Figure 4.13. Comparison of specific recovery strain with temperature during free shape recovery
process (heating) in the lattice structures with different unit cells but the same relative density
ρ ̅=0.03 and cross section length of the beam t = 1 mm.
4.5. ANALYSIS FOR FRACTAL SQUARE LATTICE STRUCTURES
In this section, analysis for the fractal SMP lattice structure with the same density but
different generations or length scales are conducted (see Figure 4.14 and details in Appendix B).
The Von Mises stress in the cooling process can be seen from Figure B.7-B.9. We observed that
the maximum principal stress in the lattice of G1-G3 are 12.72 MPa, 13.35 MPa and 14.86 MPa,
respectively, during the cooling process; while the maximum principal strain for G1-G3 are 9.03%,
8.99% and 9.36%, respectivley, during the free strain recovery process. It suggests that with the
increase in the order, principal stress increases slightly, but not significantly while the recovered
strain are almost the same for all these three lattice structures. Actually, all of these lattices with
the maximum Von Mises stress appear at the bottom corner of the structure, which indicates that
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the stress concentrates at the boundary, and strengthening the elements at the boundary such as
inceasing the thickness could bring furthur strength improvement.

1st Generation (G1)

2nd Generation (G2)

3rd Generation (G3)

Figure 4.14. Fractal square lattices with different scaling factors but the same density
Finally, a buckling analysis is presented. As indicated by Sui et al. [187], buckling failure
is a main failure mode for lattice structure system, hence, we conducted a structural instability
analysis at room temeprature T = 25 °C (see Figures B.10 and B.11). Both 3D Euler beam element
and C3D8 element are used here. With uniform normal compressive load applied onto the top
surface of the G1-G3 lattice structure, the eigvenvalues for different generations of square lattice
structures can be obtained and then the critical load is computed. It can be seen in Table 4.5 that
both types of elements indicate that the buckling load increases as the generation increases from
G1 to G3, which suggests that using self-similarty fractal lattice structures can increase the load
carrying capacity.
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The reason may be due to the different buckling modes among the lattice structures. As
can be seen clearly in the G1 structure, the four vertical elements buckle at the same time, which
means that a global buckling occurs for this case. On the other hand, it can be seen from G2 and
G3 structures that, some vertical beams bear higher Mises stress than others, which means that
local buckling gradually dominates with the slenderness ratio increase from generation to
generation, thus the whole structures show greater buckling strength.
We believe that the different results in Table 4.5 between the two types of elements (Euler
beam and C3D8) can be atrributed to two reasons. One is that some nodes are ignored for the beam
element. The other is that Abaqus/Standard omits rotary inertia of the cross-section for EulerBernoulli beam elements in bending while it still plays an important role for thick beam [188]. In
conclution, because buckling is a dominating failure mode in lattice structures with many slender
bars, rods, or beams, increasing the length scales serves to increase the load carrying capacity,
which justifies the use of fractal type of lattice structures using 3D printing or 4D printing when
SMP is employed.
Table 4.5. Buckling strength for different generations of square lattice structures (Unit: kPa)
Description
1st generation
2nd generation
3rd generation
Euler beam element
5.7
7.6
8.2
C3D8 element
19.2
25.7
30.0
4.6. CONCLUSIONS
A phase evolution based constitutive model for amorphous SMPs was revisited and a FEM
model for SMP lattice structure was presented. Some experiments were conducted to validate the
models. The validated models were then used to model lattice structures with different unit cells.
The fractal square lattice structures with different scaling factors but the same absolute density
were then analyzed. In addition, a sensitivity analysis was conducted to explore the key parameters
to the structural response. Some conclusions can be drawn as follows:
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1)

The revisited constitutive model based on the physical process of phase evolution for
amorphous SMPs, together with the finite element analysis, can capture the
thermomechanical behavior of uniaxial deformation of SMP dog-bone specimen, SMP
plate under bending, and single-length scale SMP lattice structure.

2)

The lattice structures with different unit cells but the same relative density can possess
significantly different structural responses, providing design flexibility.

3)

Based on the same relative density, the square prism unit cell shows higher load
carrying capacity over the triangular prism and octahedron unit cells under uniaxial
loading.

4)

The buckling load increases from G1 to G3 square lattices, suggesting that lattice
structures with higher order hierarchy or multiple length scales are a better choice.

5)

The power parameter n in the phase evolution law is the most important parameter
controlling the thermomechanical response of SMP and SMP lattice structures.
Geometrical parameters such as rod thickness and length are of the second importance
to control the thermomechanical properties of the lattice structures. Other parameters
such as cf in the evolution law plays an insignificant role in the modelling results.
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CHAPTER 5. A MECHANISM BASED FOUR-CHAIN CONSTITUTIVE
MODEL FOR ENTHALPY DRIVEN THERMOSET SHAPE MEMORY
POLYMERS WITH FINITE DEFORMATION
Chemically cross-linked thermoset shape memory polymers (TSMPs) are an important
branch of smart materials due to their potentially wide applications in deplorable structures, soft
robots, damage self-healing, and 4D printing. Further development and design of TSMP structures
call for constitutive models. Although the Arruda-Boyce eight-chain model has been very
successful and widely used for entropy driven TSMPs, recent studies found that some new TSMPs,
such as those using enthalpy as the primary driving force, show unit cells different from the eightchain model. Considering that these new epoxy-based TSMP networks consist of a plenty of fourchain features, this study proposes a four-chain tetrahedron structure as the unit cell of the network
to construct the constitutive model. In this model, Gibbs free energy is used to formulate the
thermodynamic driving force. Then, by introducing a transition of the molecule deformation
mechanism from that dominated by bond stretch to that dominated by bond angle opening, the
traditional Langevin chain model is modified. It is found that this model can well capture the
dramatic modulus change for the new TSMP in the thermomechanical experiments. Moreover, it
shows that the original Treloar four-chain model and Arruda-Boyce eight-chain model
underestimate the driving force for the enthalpy-driven TSMPs, and thus cannot well capture the
thermomechanical behaviors. It is also found that, under certain conditions, our four-chain model
produces the same Cauchy stress as the eight-chain model does. This study may help researchers

The chapter was republished with permission of The American Society of Mechanical Engineers, from: Yan C, Li G.
A Mechanism-Based Four-Chain Constitutive Model for Enthalpy-Driven Thermoset Shape Memory Polymers with
Finite Deformation. ASME Journal of Applied Mechanics 2020;87: 1–10. Permission conveyed through Copyright
Clearance Center, Inc.
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understand the thermomechanical response and design a special category of TSMPs with high
recovery stress.

5.1. INTRODUCTION
SMPs have attracted growing attention for decades because they have many potential
applications in engineering structures and devices [9,112,189–191]. SMPs can be broadly divided
into two categories: one-way SMPs and two-way SMPs, including one-way multi-shape SMPs and
two-way multi-shape SMPs. One-way SMPs are capable of deforming to a temporal shape and
recovering to its original shape upon stimuli, i.e., one-way shape memory effect (SME)
[7,32,52,98,110,162,192,193]; two-way SMPs are capable of switching reversibly between two
different shapes upon stimuli, i.e., two-way SME [194–198]. Several approaches have been used
to trigger the shape memory effect by external stimuli such as heat [56], light [57], moisture [199],
etc. To date, SMPs have found wide applications in artificial muscles [48], self-deployable
aerospace structures [59,200], soft robots [6], self-healing materials [201], fire dampers [62], 4D
printing [8], and so on.
In order to design SMPs with good shape memory effect (SME) such as high shape
recovery ratio and high recovery stress, a plenty of models have been developed to unravel the
underlying mechanism. Basically, these models can be divided into several types: the storage
strain-based macroscopic model [7,31,32,202], macroscopic rheological model [33–36],
viscoelasticity and viscoplasticity model [20,50,51,98], molecular dynamics simulation [37], and
multi-branch model [39] by combing statistical mechanics based Arruda-Boyce eight-chain model
[38] and rheological model. Among them, storage strain-based model, rheological model, and
viscoelasticity and viscoplasticity model are macroscopic ones, which cannot provide a bridge
between the compositional and topological features of the SMPs and their SMEs. In other words,
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they fail to explain the physical mechanisms in multiple length scales. The molecular dynamic
model can provide in-depth understanding in compositional and topological scale, but is
impractical for engineering design. As for the multi-branch model, it connects microscopic
statistical mechanics to macroscopic deformation based on physical understanding and has gained
wide recognitions [39,203].
In Arruda-Boyce eight-chain model, a basic assumption is that the microscopic structures
of cross-linked polymers possess diagonal square unit cells. However, for TSMPs, the unit cell
varies from one TSMP to another. Therefore, it should be realized that the eight-chain model is
only suitable for describing the thermomechanical response of a certain type of TSMPs, which are
composed of molecular chains cross-linked to diagonal square structure, instead of all types of
TSMPs. For example, Fan and Li [1] synthesized a new TSMP made of commercially available
epoxy resin (EPON 826, a bisphenol A based epoxy resin) and hardener (isophorone diamine
(IPD)). Instead of the widely used entropy driven mechanism, the driving force is primarily
through enthalpy change, which leads to about ten times higher recovery stress in rubbery state
and in bulk form. The enthalpy driven mechanism is proved through characterizations by Ramon
Spectroscopy and Near Edge X-ray Absorption Fine Structure Spectroscopy. The characterizations
show that the cross-linked network has high steric hindrance, leading to energy storage and release
primarily through enthalpy change [1]. This polymer actually belongs to a class of TSMPs. In
addition to the EPON 826 cured by IPD, EPON 826 cured by 1,3-bis(aminomethyl)cyclohexane
(BACH) [1], and ultraviolet curing Bisphenol A glycerolate dimethacrylate (BPAGMA) [8] all
demonstrated very high recovery stress at rubbery state and in bulk form. It is found that the unit
cell of the new high recovery stress TSMP possesses a tetrahedron structure [1]; see Fig 6.1. This
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perceived unit cell was also echoed by molecular dynamic (MD) simulation for a similar EPONIPD system (see Figure 4 in [204]).
Historically, a four-chain unit cell was firstly modelled by Treloar in 1946 for rubber
elasticity [205], based on the assumption of the Flory-Rehner model which involved calculation
of the entropy formation of a network of molecules of equal contour or chain length. In this
formulation, the driving force for rubbery elasticity was entropy. As shown later, this entropy
driven four chain model cannot capture the thermomechanical behaviors of the enthalpy driven
TSMPs because of underestimation of the driving force. The same problem exists for the ArrudaBoyce eight-chain model. Meanwhile, we also notice that, enthalpy has been considered as one of
the driving forces for the chemo-responsive shape recovery effect, and has been used to constitute
free energy form in a couple of studies [206,207]. Therefore, the formulation of the four-chain
model must correctly represent the driving force, which is, in the current study, enthalpy. For this
purpose, we present a Gibbs free energy driven constitutive model, and compare it to the previous
constitutive models with entropy as the driving forces, aiming at exploring and studying the
difference under the different driving forces.
It is noted that there exists a longstanding controversy if the moduli parameters in the strain
energy formulation are constants or not. So far, the moduli parameters in most models are treated
as constants and are fitted by experiments (see Table 5.1, A10, A01, A30, A40, A50 are constants).
However, there are various molecule deformation mechanisms and energy barriers for polymers,
and all of them could contribute to modulus variation. For example, according to Onck et al. [208],
during the filamentous protein network deformation, there is a transition from a bendingdominated response at small deformation to a stretching-dominated response at large deformation,
and thus different moduli are found corresponding to these two stages of deformation. Besides,
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according to Fan and Li [1], there is a transition from bond rotation in low energy state (at small
deformation) to bond stretch in high energy state (at large deformation) for an EPON-IPD
specimen, which also naturally causes a modulus change. Therefore, the modulus of TSMPs
should be treated as a function of deformation, instead of a constant, which better represents the
deformation mechanisms. Based on this understanding, the traditional Langevin chain model is
modified by considering the bond angle change and bond stretch, which will be described in detail
later.
The aim of this study is to develop a three-dimensional model which is able to predict the
thermomechanical behaviours of enthalpy driven TSMPs with four-chain unit cells. Section 5.2
introduces the constitutive model on the basis of the basic thermodynamics laws. In section 5.3,
the constitutive model is verified by an EPON-IPD specimen under thermomechanical
experiments. Next, a comparison between the classical Arruda-Boyce eight-chain model, the
original Treloar four-chain model and our new four-chain model is elaborated in section 5.4.
Finally, in section 5.5, some important conclusions are drawn.
Table 5.1. Different descriptions of strain energy of rubber elasticity
Model name
formula
Neo-Hookean model [209]
W = A10 ( I1 − 3)
Mooney-Rivlin model [210]
W = A10 ( I1 − 3) + A01 ( I 2 − 3)
2
3
Yeoh model [211]
W = A10 ( I1 − 3) + A01 ( I 2 − 3) +A30 ( I1 − 3)
Gent model [212]

W =−

Ogden model [210]

N

W =
i =1
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A40
I − 3
J m log  1 − 1

2
Jm 


A50

i

(

i

1

+ 2i + 3i − 3)

Figure 5.1. Model diagram in chemical structure. (a) Planar schematic for molecular configuration
of the EPON-IPD network; (b) Unit cell in the EPON-IPD network; (c) monomer of isophorone
diamine (IPD); (d) partial structure of the epoxy resin (EPON 826);
represents the extend
structure. For each dotted red circle in (a), it consists of one IPD at the center, connected by four
epoxy arms, which are the EPON epoxy monomer. In 3D, this planar schematic is represented by
the tetrahedron unit cell in (b). From (a), it is seen that every epoxy monomer arm is shared by two
unit cells, growing into the 3D space network.
5.2. CONSTITUTIVE MODEL
5.2.1. The geometry of the four-chain model
As shown in Figure 5.2 (a), we set up the origin of the Cartesian coordinate system at the
body center of the tetrahedron. In the tetrahedron model, let the original length between the origin
and the four vertexes (A, B, C and D) be r0. Four chains are assumed to originate from vertexes
and crosslinked at the body center O. Also, the deformation of the four chains will not be affected
by the other unit cells of the network. It should be noticed that this is also an average assumption
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(in reality the origin can be at any location in the tetrahedron). Therefore, the coordinates for A, B,
C, and D are:
 2 2 1
A = ( 0,0,1) r0 , B =  0,
, −  r0 ,
3
3

 2 − 2 1

2 − 2 1
C =
,
, −  r0 , D =  −
,
, −  r0
3
3
3 3
 3 3


(5.1)

where r0 is the length of a single representative polymer chain (see Figure 5.2(b)). The stretch in
the three principal directions are λ1, λ2 and λ3, respectively. With a rigid body rotation Q, the
principal stretch λ1, λ2, λ3 in the new Cartesian coordinate system along the direction OX’, OY’,
OZ’, are related to the original Cartesian coordinate system:

x = Qx where

 l1 l2
Q = m1 m2

 n1 n2

l3 
m3 

n3 

(5.2)

where l1, l2, l3, m1, m2, m3, n1, n2, and n3 are direction cosine between the original coordinate and
the principal stretch. The coordinates for A, B, C, and D in the new Cartesian coordinate can be
obtained from Eq. (5.2) as:

A = r0 ( l3 , m3 , n3 ) ,
2 2
1 2 2
1
2 2
1
l2 − l3 ,
m2 − m3 ,
n2 − n3 ),
3
3
3
3
3
3
2
2
1
2
2
1
2
2
1
C  = r0 (
l1 −
l2 − l3 ,
m1 −
m2 − m3 ,
n1 −
n2 − n3 ),
3
3
3
3
3
3
3
3
3
B = r0 (


2
2
1
2
2
1
2
2
1 
D = r0  −
l1 −
l2 − l3 , −
m1 −
m2 − m3 , −
n1 −
n2 − n3 
3
3
3
3
3
3 
3
3
3

The average stretch square of the four chains is:
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(5.3)

2

2

2

2

OA + OB + OC  + OD
r =
4
2

(5.4)

where
2

OA = 12 r02l32 + 22 r02m32 + 32 r02n32
2

(5.5)
2

2 2
2 2
2 2
1 
1 
1 
OB =  r 
l2 − l3  + 22 r02 
m2 − m3  + 32 r02 
n2 − n3 
3 
3 
3 
 3
 3
 3
2

2

2 2
1 0

2

(5.6)

2

 2
 2
 2
2
1 
2
1 
2
1 
OC  =  r 
l1 −
l2 − l3  + 22 r02 
m1 −
m2 − m3  + 32r02 
n1 −
n2 − n3 
3
3 
3
3 
3
3 
 3
 3
 3
2

2 2
1 0

(5.7)
2



2
2
1 
2
2
1 
OD =  r  −
l1 −
l2 − l3  + 22 r02  −
m1 −
m2 − m3 
3
3 
3
3 
3
3


2

2

2 2
1 0


2
2
1 
+ 32 r02  −
n1 −
n2 − n3 
3
3 
3


2

(5.8)

The summation of the direction cosine in every direction of the coordinate is:
l12 + l2 2 + l32 = 1, m12 + m2 2 + m32 = 1, n12 + n2 2 + n32 = 1

(5.9)

After some complex and tedious calculations by combining Eqs. (C.30) – (C.36) in
Appendix C.3, we obtain the square of the average chain length:

r =r
2

2
0

(

2
1

+ 22 + 32 )
3

(5.10)

Therefore, the average single chain stretch is:

mic =

r
1
1
=
12 + 22 + 32 =
I1 ( C )
r0
3
3

(5.11)

Based on basic thermodynamics, the Cauchy stress for enthalpy driven TSMP can be
further written as (see the details in Appendix C.1):
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2

σ=

1   
( 2 
J   I1

1  E
σ    p  T
 1 −1 −T  
+ E:
 I − I1F F   F −  σ :
  −  )F
3
J  F
F    F 



(5.12)

+  ( J − 1) F −1F −T FFT − 3 ( −  0 ) I

z
A
r0
y
O
B
D
x

C

r0
Figure 5.2. Representative element model (a) Schematic of the four-chain shape memory polymer
model. Four chains originated from vertexes A, B, C, and D are cross-linked at the body center O.
(b) Geometry of a single representative polymer chain (r0: original chain length of a representative
chain)
Furthermore, by using the chain rule for the average single chain stretch, the Cauchy stress
can be written as:
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σ=

1     mic  
1
1  E
σ    p   T
−1 − T 
+ E:
  2 
  I − I1F F  F −  σ :
 − 
F
J    mic I1  
3
J  F
F    F  


(5.13)

+  ( J − 1) F −1F −T FFT − 31 ( − 0 ) Ι

Since the derivative


mic
can be obtained from Eq. (5.11), we still need to solve
,
mic
I1

otherwise the Cauchy stress cannot be derived. In order to obtain the explicit form of the Cauchy
stress, the Helmholtz free energy form and the transition of molecule deformation mechanism are
derived in the next section.
5.2.2. Helmholtz free energy form and molecule deformation mechanism transition
The infinitesimal probability dP for the conformation of a chain falls in the geometrical
length interval [ mic , mic + d mic ] is [213]:

dP ( mic ) = p ( mic ) d mic

(5.14)

The probability density for the stretch of a representative polymer chain is [214]:
 

p ( mic ) =  exp  −n  mic  + ln
sinh 
  n





(5.15)

where rv is a normalisation constant, n is the segment number of a single representative polymer
chain, and the parameter β can be determined by the microscopic stretch of Langevin function as:

L (  ) = coth  −

1



=

mic
n

(5.16)

Combining Eqs. (5.14)-(5.16), the Helmholtz free energy density for the polymer with the
random walk chain whose conformation incorporates the non-Gaussian statistics can be simply
written as [215]:

 mic
 
 + ln
sinh  
 n

 = n 
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(5.17)

where μ is the shear modulus of the material. In previous works [38,39,213], the material parameter
μ is treated as a constant. From microscopic level, a constant parameter μ means that the constraints
on the molecule chain are constant, which suggests that only one type of microscopic deformation
mechanism exists in the whole deformation process. However, as indicated above, some
researchers [1,216,217] pointed out that there are different microscopic deformation mechanisms
responsible for the macro-stretch and thus, correspondingly, the moduli should depend on
deformation. According to Lyons [217], the modulus is determined by both the elongation of the
repeating unit due to stretching of valence bonds and bond angle opening. Therefore, the material
parameter μ is a deformation dependent variable instead of a constant. As shown in Figs. 6.3 (a)
and (b), the Young’s moduli for these two mechanisms (bond length change and bond angle
opening) are defined respectively as [217]:
Es =

l0
l
, Ea = n1 0
1
1
b0  cos2 i
b0  sin 2 i
i =1 ki
i =1 d i
n1

(5.18)

where θi is the angle between the bond direction and the chain axis, which is assumed as a constant
[217]; l0 and b0 are the repeating distance along the chain and the average cross-sectional area
assignable to each chain molecule (or the area of the projected basal plane); ki and di are interatomic
force constant and angular force constant; n1 is the number of bond type in a segment.
Because the energy barrier for bond angle opening is greater than that for bond stretching,
we assume that the bond stretching occurs with greater probability at the beginning or at small
strain, and then bond angel opening gradually becomes the dominating mechanism with the
increase in average microscopic stretch. Based on this understanding, it is reasonable for us to
define μ as:
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=

(

1
f s ( mic ) E s + f a ( mic ) E a
2 (1 +  )

)

with f a ( mic ) = 1 − f s ( mic )

(5.19)

where fs and fa are the probability for the bond stretch and bond angle opening, respectively. fs is
assumed to accord with quasi-Gaussian distribution, which has been commonly adopted in
polymer science [31,99,218]:
2
2

 p0 exp  −(mic − m ) / 2 
ps ( mic ) = 

0

mic  0
mic  0

(5.20)

in which m is the mean of tube stretch, p0 is the normalization factor and Σ is the standard
deviation. Therefore, the fraction of possibility for modulus from chain stretch at certain
microscopic stretch mic is:

f s ( mic ) =

mic

 p (  )d 

(5.21)

−

The derivative of the strain energy  for representative polymer chains with respect to the
average microscopic stretch reads:


  mic  + ln
sinh 

n
= 
mic
r


 r
  mic
 

+
 + ln

mic mic  n
sinh  

(5.22)

     mic
 
=  nL−1  mic  +
 + ln

sinh  
 n  mic  n

where the first term in Eq. (5.22) on the right-hand side is obtained from freely jointed chain model
[219], and the derivative of the shear modulus with respect to the microscopic stretch in the second
term is:
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p0 exp  − ( 3mic − 3m ) / 18 2  

mic 3 + 2 
=
3

−
ld
 mic
mic
18micb0n1 sin 2 
mic 2  o i


p0 exp  − ( 3mic − 3m ) / 18 2  
mic 3 + 2 
+
lk
 3mic −
18micb0n1 cos2 
mic 2  o i


αi

(5.23)

θi

(a)

∆θi

αi

θi

P

(b)
Figure 5.3 Microscopic model diagram. (a) Schematic definition of a zigzag shape of the valence
and axial angle (αi is the valence angle.) (b) Schematic of bond stretch and bond angle opening
upon loading by P
Combining the expression of Cauchy stress Eq. (5.13) with average single chain stretch
Eqs. (5.11) and the derivative Eq. (5.22), the Cauchy stress can be further written as:
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1  E
σ 
 1

σ = 2MJ −1  I − I1F −1F −T  FFT − 2  σ :
+ E :  FT
J  F
F 
 3

1  p 
−   FT +  ( J − 1) F −1F −T FFT − 3 ( −  0 ) I
J  F 

(5.24)

where I is the second order identity tensor and M reads:
    1 −1/2 
M= nL−1  mic  
I1 

 n  2 3

 pl
3 ( mic − m )  d i

2 
ki
0 0
+
2mic −
exp( −
) 2 +

2 
2
2
 18micb0n1 
mic 
18
 sin i cos 


   mic
 
 + ln
  
sinh  
 n

(5.25)
Since the constitutive model for a polymer under mechanical loading has been derived,
the constitutive model for TSMPs can be further developed.
5.2.3. Constitutive model for thermoset shape memory polymers
Similar to the phase model presented by Qi et al. [39], the total stress can be decomposed
into two parts:
σ =f g σ g +f r σ r

(5.26)

where fg and fr are the volume fractions of the glassy phase and rubbery phase, respectively, which
are defined as:
fg = 1 −

1
1 + c f (Th − T )

fr = 1 − f g =

(5.27)

n2

1
1 + c f (Th − T )

n2

(5.28)

where cf and n2 are the parameter for the phase evolution law, respectively. It is worth noting that
the initial glassy phase is not considered in this constitutive model because as Qi et al. [39]
indicated, the pre-deformation step is performed at θ >> θg and thus the fraction of initial glassy
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phase is about zero. σg and σr are the stress in the glassy phase and stress in the rubbery phase,
respectively. By considering the TSMPs as an incompressible material (μr = 0.5), the stress of the
rubbery phase is simplified as:

1  E
σ 
  1

 p 
σ r = 2  M r  I − I1F−1F−T   FFT −  σ r
+ E r  FT −  r  FT − 3 r  r ( − 0 ) I
J  F
F 

 F 
  3

(5.29)

where

M r = nr L−1  mic
 n
 r

  1 −1/2 
I1 
 
2
3




 pl
3 ( mic − m )  d ir
2 
k

0 0
+
2 − 2  exp( −
)  2 + ir2

2
 18micb0n1 
 
18
 sin i cos 


   mic
 
 + ln
  
sinh  
 n

(5.30)
Under relaxation, the stress is σrel = σr ∙ exp(-t/τ), where τ is relaxation time of the TSMP.
Viscoplastic branch

Switchable hyperelastic branch

Figure 5.4. One-dimensional rheological analogy for the TSMP at glassy state (The switch is
turned on once the critical equivalent strain is achieved)
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Generally speaking, the response to stress for glassy polymers can be divided into four
steps: pure elastic deformation, yielding, strain softening and plastic flow, and strain hardening.
The pure elastic deformation, yielding and strain softening can be represented by the viscoplastic
branch in Figure 5.4, which was described in detail by Boyce et al. [220,221] and has been widely
used later. According to Boyce et al. [220], the molecular chains in glassy state are initially frozen
and coordinated segmental rotation is prohibited, which corresponds to the elastic step. Once the
stretch reaches a certain level, coordinated segmental rotation becomes possible, leading to
yielding. After that, the polymer exhibits strain softening and plastic flow. Finally, the taut network
is further stretched with increase in stress, leading to strain hardening and ultimate breaking.
Basically, the first three steps (elastic, yielding, strain softening/plastic flow) can be represented
by the viscoplastic branch. For the strain hardening, it can be represented by hyperelasticity.
However, as discussed above, this deformation mechanism does not take effect until the stretch
comes to a certain level. Therefore, in Figure 5.4, we added another branch to represent the
hyperelasticity. However, this branch needs to be switched off in the viscoplastic stage, and needs
to be turned on once the viscoplastic stage is over; see Figure 5.4. Also, as summarized by Melick
[222], in all the models for glassy polymers, including ‘BPA model’ [223], ‘full chain model’
[224], ‘Neo-Hookean (Gaussian) relation model’ [222], etc., the strain hardening is modelled as
a rubber-elastic model. Additionally, some recent studies also indicated that strain hardening can
be modelled by viscoplastic part [225]. Therefore, both hyperelastic and viscoplastic methods can
be used to model strain hardening. In this study, we adopt the hyperelastic strain hardening model
because it can be easily implemented, i.e., this method does not require us to introduce the back
stress tensor to compute the yield surface shifting in every time step, and thus saves computational
resources. However, we do believe that the viscoplastic method may provide some new insights
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to our model, which deserves investigation in future studies. Motived by these observations and
studies, the stress of the glassy phase σg is divided into two parts, i.e., the viscoplastic stress σ gp
and the switchable hyperelastic (rubbery) stress σ rg (see Figure 5.4):
σ g = σ gp + σ rg

(5.31)

The stress for the switchable hyperelastic part follows the rubbery elasticity as:
 Erg
σ rg
1



σ rg = H ( Eeq − Ec )(2  M g  I − I1Fgr −1Fgr −T   Fgr FgrT −  σ g
+
E
 F r
3
Fgr



g

− 3 g g ( −  0 ) I)

 rT  pg  rT
 Fg −  r  Fg

 Fg 

(5.32)

where H(x) is the Heaviside function as the ‘switch’ and can be written as:

 0, x  0
H ( x) = 
1, x  0

(5.33)

Fgr = F − Fc , Erg = E − Ec

(5.34)

and Fgr and Erg are defined as

in which Fc and Ec are the deformation gradient and strain tensor corresponding to the critical
equivalent strain Ec, respectively. Eeq is the equivalent strain and reads:

Eeq =

2
E:E
3

(5.35)

It is worth noting that the critical equivalent strain Ec is dependent on temperature and
strain rate. Mg in Eq. (5.32) reads:
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 + ln
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(5.36)

where
r
 mic
=mic − cmic

(5.37)

in which cmic is the microscopic stretch corresponding to the critical equivalent strain, I 1r can be
evaluated from the stretch increment when the critical equivalent strain occurs. It is assumed that
the glassy phase and rubbery phase share the same energy transition parameters except for the
force constants. By using the multiplicative decomposition scheme, the elastic deformation
gradient for the glassy phase can be determined from the total deformation gradient and plastic
gradient:

Fe = FF p−1

(5.38)

The viscoplastic stress is defined as [39]:
σ gp =

1
Ce : Ee − 3 g g ( −  0 ) I 
e 
J

(5.39)

where Je is the Jacobin for the elastic part, Ce is the isotropic elasticity tensor, I is the second order
identity tensor, and κg is the bulk modulus for the glassy phase.
The spatial velocity gradient is:
l = FF −1 = Fe ( Fe ) + Fel p ( Fe )
−1
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−1

(5.40)

Without losing generality, the spin rate of the spatial velocity gradient is assumed to be
zero [226]. Then the spatial velocity gradient of the plastic part can be represented by the stretch
rate, which reads:

p
l =D =
σg
2
p

v

(5.41)

where σ gp ' is the deviatoric part of stress for the viscoplastic phase, and  is the effective
equivalent shear stress and is defined as [220]:
1/2

1
 =  σ gp ' : σ gp '
2




p

(5.42)

is the plastic shear strain rate and is defined as:
 G      
1 −    
 kT   s   

 p =  0 exp  −

(5.43)

where  0 is the pre-exponential factor proportional to the attempt frequency [226], ∆G is the zero
stress level activation energy, and s represents the current athermal deformation resistance of the
material, indicating the current state of the structure [220]. In order to describe the material
softening evolution, the athermal shear rate is defined as [39,220,221]:
s = h0 (1 − s / ss ) 

p

(5.44)

where ss is the saturation value of the athermal shear deformation resistance. The initial condition
is:
s = s0 , when  p = 0

(5.45)

in which s0 is the initial athermal shear deformation resistance. Besides, the deformation gradient
for the temperature dependent glassy phase does not inherit the deformation of the rubbery phase
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and will behave as an undeformed material. Hence, during cooling, the deformation increment of
the glassy phase is given by a piecewise function [39]:
n +1
g

F

n +1
n −1

F ( F )   0
=
 = 0

I

(5.46)

where Fn and Fn+1 are the overall deformation gradient at the instant tn and tn+1, and the total
deformation gradient evolves as:
Fgn +1 = Fgn +1Fgn

(5.47)

in which, the Fg will be used to replace F in the glassy phase.
In the constrained stress recovery process, it is assumed that the conversion efficiency from
the released Gibbs free energy to the stored Gibbs free energy in the programming process is  e ,
i.e., gre = e gr, which will work as a driving force in the recovery process. Under the boundary
condition F = F0, the Cauchy stress for the rubbery phase at rubbery state can be written as:

1 
E
σ 
  1

σ r =(2e  M r  I − I1F −1F −T   FFT − e  σ r :
+ E : r  : FT
3
J 
F
F 

 
 p 
−   FT − 3e g ( − 0 ) I ) F=F
0
 F 

(5.48)

5.3. MODEL VALIDATION
In this section, by assuming the TSMP as an isotropic material, the model is validated by
a TSMP (EPON-IPD) under uniaxial compression test [1]. Specifically, the modelling for the
TSMP in the glassy phase, rubbery phase and recovery stress under different constraint boundary
conditions are conducted by using the computation process in Appendix C.8 and the material
parameters in Table 5.2. Because we only compare the simulation with experimental data at 100%
rubbery state (fg = 0) or 100% glassy state (fg = 1), the thermal expansion effect and phase transition
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parameters are not necessary and thus are not listed in Table 5.2. The parameter calibration and
sensitivity analysis are presented in Appendix C.5 and C.6.
It can be clearly seen from Figs. 6.5-6.7 that the model results agree with the experimental
data well for most of the deformation. Specifically, for rubbery state during step-wise
programming (Figure 5.6), the model can capture the dramatic modulus change in the whole
deformation process; for the glassy state (Figure 5.5), the model can well capture some critical
characteristics, including the initial elastic deformation, yield and strain softening as well as the
post yield strain hardening. However, there are some small discrepancies especially under small
deformation in the stepwise relaxation process (Figure 5.6). One reason may be that we only
consider constant relaxation time in this study, but in reality, the relaxation time τ could be within
a certain range due to the statistical nature of the polymer network. For the recovery stress-recovery
strain curve in Figure 5.7, the model also captures the test results. It is worth noting that the stresses
in Figure 5.7 were measured after relaxation process under different constrained conditions, which
accords with the general definition for stress relaxation. Therefore, calling it recovery stress after
relaxation may be more accurate than calling it recovery stress. It is also noted that, in addition to
change the molecular structures such as the EPON-IPD network, the constrained recovery stress
is also controlled by programming temperature and pre-strain [20], which is a useful strategy to
make TSMPs with higher recovery stress.
From the sensitivity analysis, the rankings for the sensitivity coefficient corresponding to
+10% and +20% parameter variation can be obtained in Table D.1 (see details in Appendix D.6).
By comparing the absolute values of the sensitivity coefficient, we obtained the rankings X s > X  >
s

c

X ng > X i > X m > X dig > X l0 > X n1 > X b0 > X  > X  0 > X G > X Eg > X kig > X h0 > X s0 and X ss > X  c >
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X ng > X i > X m > X dig > X l0 > X n1 > X b0 > X  > X  0 > X G > X Eg > X kig > X h0 > X s0 for +10% and +20%

parameter variation, respectively.

Figure 5.5. Comparison of Cauchy stress and Cauchy strain for the TSMP in glassy state under
uniaxial compression

Figure 5.6. Comparison of Cauchy stress and Cauchy strain for the TSMP in rubbery state during
the uniaxial compression programming process with stepwise relaxation (in each step, the
specimen was compressed ∆ε = 2% and then relaxed while keep strain constant for 4 minutes at
170 °C)
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Table 5.2. Model parameters
Description
Parameter
Common parameters for both rubbery and glassy phases
Type of bonds for single segment
n1 (-)
Average bond length
l0 ( A )
θi (o)

Average bond angle between bond direction
and chain axis
Cross-sectional area assigned to each chain
molecule

b0 ( A2 )

Exclusive parameters for rubbery phase
Mean of average microscopic stretch
rm (-)
Standard deviation of microscopic stretch
Σ (-)
Interatomic force constant
kir (dyn/cm)
Angular force constant
dir (dyn/cm)
Conversion efficiency for Gibbs free energy
η
Segment number of single representative
nr (-)
polymer chain
Exclusive parameters for glassy phase
Mean of average microscopic stretch
gm (-)
Standard deviation
Σ (-)
Interatomic force constant for equilibrium
kig (dyn/cm)
time-independent behavior
Angular force constant for equilibrium timedig (dyn/cm)
independent behavior
Elastic modulus for non-equilibrium timeEg (MPa)
Dependent behavior
Zero level activation energy
∆G (Pa)
Pre-exponential factor
 0 (s-1)
Initial value of athermal shear strength
s0 (MPa)
Saturation value of athermal shear strength
ss
Segment number of single representative
ng
polymer chain
Parameter for material softening
h0 (MPa)
Critical equivalent strain
εc
Other parameters
τ (min)

Relaxation time
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Value
4
1.5
35

2.32

1.04
0.4
0.160
0.467
0.215
1.5

1.01
0.3
0.604
0.982
1350
0.4×10-19
0.05
69
63
1.25
2.405 × 103
0.27

11.01

Figure 5.7. Comparison of recovery Cauchy stress and recovery Cauchy strain for the TSMP in
rubbery state
5.4. COMPARISON OF CONSTITUTIVE BEHAVIOUR AMONG THE NEW FOURCHAIN MODEL, THE ORIGINAL FOUR-CHAIN MODEL AND THE EIGHT-CHAIN
MODEL
It seems that the Cauchy stress in Eq. (5.24) is relatively complex. However, if we ignore
the pressure and microscopic deformation transition as well as adopt Helmholtz free energy as the
driving force (let c = 0), and taking a closer look at the Cauchy stress expression in Eq. (5.24)
again, we find that:
σ=


3

J −1

n

mic

  
1

L−1  mic   I − I1F−1F−T  FFT +  ( J − 1) F−1F−T FFT − 31 ( − 0 ) I
3

 n 

(5.49)

If the deformation is symmetric, then the Cauchy stress for TSMP at rubbery state can be
simplified as:
σr =

r

n

3 mic

  
1 
L−1  mic   B − I1I  − 31 ( − 0 ) I
3 
 n 

(5.50)

where B is the left Cauchy Green tensor. It is found that Eq. (5.50) is equal to the Cauchy stress of
the Arruda-Boyce eight-chain model. In other words, the four-chain model can be reduced to the
eight-chain model by ignoring the pressure term and the modulus transition mechanism as well as
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the difference between Helmholtz free energy and Gibbs free energy. It deserves mentioning that
the eight-chain model is an affine model, involves a very small number of model parameters, and
is much simpler in calculation. However, as indicated in previous studies, cross-linked polymer
networks are inherently non-affine [227–231]. Therefore, the eight-chain model is an ideal
simplification, although it works pretty well for a large number of rubbery networks. By
considering all of these points and the identification of a lot four-chain features in the molecular
dynamics modelling for this type of polymer networks, we believe that the non-affine four-chain
model in our study, which includes stiffer Langevin chains, and considers the pressure term, the
dependence of modulus on deformation, and the difference between the Helmholtz free energy and
Gibbs free energy, is appropriate for this type of shape memory polymer network with high steric
hindrance.
In addition, in the original four-chain model, the energy density is defined as [205]:
1
W =  ( I1 ( C ) − 3)
2

(5.51)

where μ is the initial shear modulus. Hence, the corresponding Cauchy stress is:
σof =

2 W T
F
F
J C

(5.52)

Furthermore, by assuming the incompressibility for the TSMP in rubbery state and using
the segment number of single representative polymer chain n = 1.25 (the same as the parameter nr
in Table 5.2), the compressive stresses for the TSMP at the rubbery state corresponding to the new
four-chain model, previous Treloar four-chain model and Arruda-Boyce eight-chain model can be
compared in Figure 5.8. It should be mentioned that the constant shear modulus for the ArrudaBoyce model is obtained by measuring the initial average Young’s modulus within the strain range
-0.2 < ε < 0, which is about 12MPa and is also used for shear modulus in the original Treloar four118

chain model. According to the new four-chain model in this study, the microscopic constraint
changes because of the transition between two microscopic deformation mechanisms, thus the
stress shows different slopes under small deformation and under comparatively large deformation.
Clearly, our new four-chain model well captures the experimental trend. On the other hand,
because the original Treloar four-chain model and the classical Arruda-Boyce eight-chain model
only consider constant shear modulus, the corresponding stress slope cannot dramatically change
as the strain gradually increases (the segment number n does not affect the Arruda-Boyce eightchain model very much when it changes from 1.5 to 100, see Figure C.1 in Appendix), which
results in a considerable deviation from the experimental data. In other words, the driving forces
for both the original Treloar four-chain model and Arruda-Boyce eight-chain model, which come
from entropy, underestimate the real driving forces, thus the new enthalpy driven four-chain model
is an important supplement for predicting the thermomechanical characteristics of the TSMPs such
as EPON-IPD.

5.5. CONCLUSIONS
A three dimensional four-chain constitutive model based on the basic thermodynamics
framework is developed in this study, which is capable of capturing the thermomechanical
behaviors for an enthalpy driven EPON-IPD shape memory polymer programmed by uniaxial
compression loading. Some important conclusions can be drawn as follows:
First, on the basis of the first law and second law of thermodynamics, the total driving force
for the TSMP is represented by Gibbs free energy. By using this free energy, the thermomechanical
behaviors of TSMPs can be better predicted, which is significantly underestimated by the entropy
driven Arruda-Boyce eight chain model and the original Treloar four-chain model under finite
deformation.
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Figure 5.8. Comparison between the stresses for the driving forces of new four-chain model, the
original Treloar four-chain model and Arruda-Boyce eight-chain model
Second, the new four-chain model is formulated in this study by modifying the Langevin
chain. Because this unit cell is similar to the microscopic molecular structure of EPON-IPD, it is
more suitable for describing the deformation process for this type of high recovery stress TSMPs.
Also, this model may be expanded to describe other types of TSMPs with similar unit cells.
Third, the unusual stiffness increase for the TSMP in the rubbery state under large
deformation is due to the transition between two different microscopic deformation mechanisms
with the increase in macroscopic deformation. In particular, the strain hardening behavior is
modeled by a switchable hyperelastic branch based on the understanding of the physical
deformation mechanisms of the polymer network.
Fourth, from the parameter sensitivity analysis in Appendix, the saturation value of the
athermal shear deformation resistance and the critical equivalent strain are the most essential
parameters to this model, while the evolution of the athermal shear deformation resistance and the
initial value of athermal shear deformation resistance do not contribute too much to the model
output.
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CHAPTER 6. A PHENOMENOLOGICAL CONSTITUTIVE MODEL FOR
SEMICRYSTALLINE TWO-WAY SHAPE MEMORY POLYMERS
In this study, we developed a thermomechanical constitutive model which captured both
the entropic elasticity and melt/crystallization events. The modeling results and test results show
reasonable agreement. It is found that the model captured the three types of 2W-SMEs: quasi 2WSME, true 2W-SME, and advanced 2W-SME. It is also found that proper tensile programming
before the first thermomechanical cycle can make a semicrystalline SMP exhibit all the three types
of 2W-SMEs. This study may serve as a design tool to enhance applications of semicrystalline
2W-SMPs in engineering structures and devices.

6.1. INTRODUCTION
SMPs can be divided into one-way SMPs (1W-SMPs) and two-way SMPs (2W-SMPs),
and both 1W-SMPs and 2W-SMPs can exhibit multiple shape memory effect. Obviously, because
1W-SMP cannot return to their temporary shapes after cooling, its application is limited. On the
other hand, the reversible strain in 2W-SMPs facilitates a variety of engineering applications such
as self-sufficient grippers, fixators, cell encapsulations, swimmers, optical gratings, soft robots,
smart textiles, self-healing materials, sealants, artificial muscles, etc. [48,232–238]. So far, many
modellings have been developed to understand the underlying mechanism for 1W-SMP
[20,31,32,39,239] but only limited studies were addressed for 2W-SMP [240–243], which will be
presented later.
Two-way shape memory effect (2W-SME) was first reported for a liquid crystalline
elastomer [237] and has been demonstrated in several polymer systems [194,198,252,244–251].

The chapter was previously published as: Yan C, Yang Q, Li G. A phenomenological constitutive model for
semicrystalline two-way shape memory polymers. International Journal of Mechanical Science 2020, 177: 105552.
Reprinted by permission of Elsevier.
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Among them, a semicrystalline 2W-SMP was firstly discovered by Chung et al. ( 2008). Similar
to 1W-SMPs, 2W-SMPs also need a switchable domain to generate the reversible actuation, and a
stable network to maintain the permanent shape. Actually, as will be discussed later, with proper
training or programming, some polymers can exhibit both 1W-SME and 2W-SME. The stable netpoints can be served by chemical crosslinks [194,244,247,248,253–256], physical crosslinks
[249,250], crystals with high melting temperature [189,197], and even ionic clusters [198,238].
Several driving forces can trigger the reversible actuation in the switchable domains in 2W-SMPs,
such

as

melt/crystallization

transition

in

semicrystalline

polymers

[189,194,256,257,197,232,235,244,248,249,251,255], anisotropic/isotropic transition in liquid
crystalline polymers [252,258–260], or order/disorder transition in ionomers [198,238].
The working mechanism of chemically crosslinked 2W-SMPs is schematically shown in
Figure 6.1. In this 2W-SMP, the chemically crosslinks serve as the stable net-points and the
switchable domains are driven by melt/crystallization transition. As shown in Figure 6.1(a), with
no significant chemical crosslinks (stable net-points), the majority of the molecules are unfixed
and are easy to coil and slip under loading, which eventually results in irreversible deformation.
On the contrary, the chemically crosslinked system (Figure 6.1(b)) is able to bear load with the
help of the stable network, and restore the permanent shape on heating, similar to 1W-SMP. In
fact, both the 1W-SME and quasi 2W-SME can be obtained in one SMP [248,250]. A significant
difference between 1W-SME and 2W-SME is in the branch of cooling. For 1W-SME, cooling is
one of the steps of classical hot programming, and if tension programming has been used, the
polymer usually shrinks when cooled; on the other hand, for quasi 2W-SME under external tensile
load, cooling induces elongation. The reason is that the external tension causes molecular
alignment and strain induced crystallization (SIC), which leads to an anisotropic network and
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elongation along the loading direction, as shown in Figure 6.1(c). Meanwhile, in order to achieve
quasi 2W-SME, the tension should be applied at an elevated temperature (Figure 6.1(c)), followed
by cooling (Figure 6.1(d)) and re-heating (back to Figure 6.1(c)) under the constant external
tension. In previous studies [242,261,262], both experiments and theories corroborate that the
anomalous actuations is due to the new-born crystallites which are mainly generated along the
loading direction [194,234,244,247,250,251,255,256].
In the previous studies for quasi 2W-SME of semicrystalline 2W-SMPs [194,195,240,263],
two distinct actuation regions with different actuation rates have been identified; see Figure 6.2.
According to Westbrook et al. [240] and Lu et al. [195], the two distinct regions, between P1 and
P2, and between P2 and P3 in Figure 6.2, are attributed to two different mechanisms. Before the
crystallization temperature is achieved, the polymer is in rubbery state and entropic elasticity [263]
takes effect. The modulus of the amorphous rubbery polymer is proportional to the current
temperature, i.e., the modulus reduces as temperature drops, leading to elongation upon cooling
under a constant tensile stress, i.e., quasi 2W-SME. Once the crystallization temperature is reached,
crystallites form in the switching domains and are aligned in the loading direction (see Figure
6.1(d)), leading to cooling induced elongation, i.e., quasi 2W-SME. Because the two mechanisms
are different, they exhibit different actuation rates, as shown in Figure 6.2.
It deserves mentioning that, in semicrystalline 2W-SMPs, the tensile stress is stored in the
crystalline phase, and thus partial melting is essential during heating. To do this, the peak
programming temperature 𝜃𝑝𝑟𝑜𝑔 should be higher than the peak working temperature 𝜃𝑤𝑜𝑟𝑘 .
Similar to programming of 1W-SMPs, we define the programming process for semicrystalline
2W-SMPs ends with the unloading at  low (the subscript “low” represents the lowest temperature
in the corresponding process) and the next working process begins when heats up from  low to
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 work (the subscript “work” represents the working temperature in the working process). It is noted
that the stress and temperature should be selected cautiously during tensile programming in order
to achieve oriented skeleton and true 2W-SME, and to avoid rupture.

Figure 6.1. A schematic of how chemically crosslinked two-way shape memory polymer works at
molecular level. (a) Physically crosslinked network. (b) SMP with prominent chemical crosslinks.
(c) Chemically crosslinked 2W-SMP subjected to tension at elevated programming temperature
𝜃𝑝𝑟𝑜𝑔 . (d) Freezing the specimen to the low temperature 𝜃𝑙𝑜𝑤 under tension, elongation upon
cooling (EUC) appears. (e) Unloading and heating up the specimen to high working
temperature 𝜃𝑤𝑜𝑟𝑘 , contraction upon heating (CUH) can be observed and the oriented crystalline
lamellae are partially melted. Internal stress is stored in the unmelt portion of the crystallites. (f)
Cooling the specimen to 𝜃𝑙𝑜𝑤 , EUC appears. In the figure, (c) and (d) show quasi 2W-SME (with
external tension); (e) and (f) show true 2W-SME (without external tension); (g) and (h) show
advanced 2W-SME (with external compression).
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Figure 6.2. Two distinct actuation rates between P1 and P2 (entropic elasticity), and P2 and P3
(melt/crystallization transition) during cooling in quasi 2W-SME [114]. The two distinct regions
can also be observed during heating.
While quasi 2W-SME is achieved by the constant external tensile load, the appearance of
true 2W-SME depends on the stored internal tensile stress through a typical tensile programming
process: stretch the specimen at elevated temperature 𝜃𝑝𝑟𝑜𝑔 (Figure 6.1(c)), and then cool the
specimen to 𝜃𝑙𝑜𝑤 with the constant stress 𝝈 (Figure 6.1(d)), followed by unloading. With the
stored tensile stress by tensile programming, the specimen may exhibit 2W-SME without the
constant tensile load in subsequent thermomechanical cycles, suggesting true 2W-SME or freestanding reversible actuation (Figure 6.1(e) and (f)).
In addition to quasi and true 2W-SMEs, another possibility is advanced 2W-SME. The
programming process is similar to that for true 2W-SME. However, instead of removing the tensile
load at the end of programming (Figure 6.1(d)), the tensile load is changed to a compressive load.
After that, the polymer will be subjected to conventional thermomechanical cycles. Under the
constant compressive load, if the 2W-SMP shrinks upon heating (Figure 6.1(g)) and expands upon
cooling (Figure 6.1(h)), the 2W-SMP is said to have advanced 2W-SME. The reason for this is
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that, while the external compressive load will reduce the stored internal tensile stress, if the stored
tensile stress is high enough, the remaining or resultant internal tensile stress may still be higher
than that needed for inducing 2W-SME. As a result, we see an overall advanced 2W-SME.
The above discussions on the three types of 2W-SMEs in semicrystalline 2W-SMPs have
been confirmed experimentally. For example, Meng et al. [264] found that using a two-step
crosslinking strategy, internal tensile stress can be stored in a semicrystalline poly(-caprolactone)
(PCL) network, which exhibited true 2W-SME. In a recent work by Lu and Li [198], both quasi
and true 2W-SMEs were found in an ionomer system (Surlyn 8940). In this polymer, ionic clusters
serve as the strong net-points while crystallizable polyethylene segments serve as the switchable
domain. Later on, Fan et al. [265] reported a chemically crosslinked semicrystalline polyurethane
(PU) with special internal molecular structure, in which one component shows small stress
relaxation and another shows large stress relaxation, leading to internal stress storage and true 2WSME. In another study, Fan et al. [266] used hydrogen bond to store the internal tensile stress and
true 2W-SME was obtained in a chemically crosslinked PU. In a most recent study, Lu et al. [195]
synthesized a new 2W-SMP based on a crosslinked cis Poly(1,4-butadiene) system and found that
the polymer exhibited unique advanced 2W-SME after a careful tensile programming, in addition
to the quasi and true 2W-SMEs. Obviously, this opens up new opportunities for application of
2W-SMPs in engineering structures and devices.
It has been accepted that the driving force for quasi 2W-SME is strain induced
crystallization (SIC) by an external tensile load. It is suggested that the driving force for true and
advanced 2W-SME is due to the storage of internal tensile stress within the semicrystalline
network, which in turn leads to SIC and 2W-SME [195,264]. However, the internal tensile stress
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storage has not been quantified, and the correlation among the internal tensile stress storage, SIC,
and 2W-SME remains largely unknown.
Several research works have been conducted on constitutive modeling of quasi 2W-SME
in typical chemically cross-linked semicrystalline polymers since the quasi 2W-SME was found
in 2008 in a semicrystalline network [194]. For example, the strain induced crystallization (SIC)
model was presented by Westbrook et al. [240]. In this simple one-dimensional analytical model,
an iso-strain assumption was assumed between the rubbery phase and crystalline phase to capture
the quasi 2W-SME. However, this study confuses the thermal induced crystallization with strain
induced crystallization because no strain inducted crystallization temperature changes. Moreover,
a limitation of this model is that the anisotropy of the crystalline phase cannot be considered, thus
this one-dimensional model was later generalized by providing a three dimensional
thermomechanical framework by Hall et al. [241]. Also, Dolynchuk et al. [242] proposed a novel
model, wherein the classical rheological theory and the statistical mechanics were combined to
constitute a type of free energy for the 2W-SME. Scalet et al. [243] proposed a one-dimensional
phase evolution based phenomenological model for quasi 2W-SME, with good agreement with a
semicrystalline polymer. Indeed, the above several models can capture the classical quasi 2WSME for some semicrystalline polymers; however, the true 2W-SME has not been modeled. For
advanced 2W-SME, which was a new addition to the 2W-SMP family, no model has been
developed so far. In order to understand the intrinsic mechanisms for true and advanced 2W-SME,
a constitutive model is highly desired, which can facilitate and enhance future design, synthesis,
and application of 2W-SMPs in engineering structures and devices. Additionally, the increase in
crystallization temperature due to stress was not taken into account in the above models.
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The aim of this paper is to develop a comprehensive thermomechanical constitutive model
that is able to reproduce the three types of 2W-SMEs by considering the entropic elasticity and
melt/crystallization transition. By using the model, the parameters controlling the three types of
2W-SMEs can be explored. Furthermore, we also aim to discuss the appropriate programming
methods to produce the three different types of 2W-SMEs in one polymer system. The organization
of the paper is arranged as follows. In Section 6.2, the balance equations for mass, linear
momentum, and angular momentum are described briefly. In Section 6.3, a general threedimensional constitutive model is presented in detail. This model is then validated in Section 6.4
by comparing to the experimental results for a chemically crosslinked cis poly (1,4-butadiene)
(cPBD) 2W-SMP with quasi 2W-SME, true 2W-SME and advanced 2W-SME, respectively.
Section 6.5 discusses the mechanisms governing 2W-SEM, and quantifies the internal stress
storage, stretch evolution, and crystallinity change with time and temperature in a typical
thermomechanical cycle for true 2W-SME. Section 6.6 conducts model sensitivity analysis to rank
the relative importance of the parameters involved in the model. Finally, in Section 6.7, we
summarize the findings in this study.

6.2. DYNAMICS
Considering a material point that initially locates at X and at time t locates at x(t), then the
motion for this material point can be given by a mapping, i.e., x is a function with respective to X
and t:
x = x K0 ( X , t )

(6.1)

where 𝐾0 denotes the reference configuration. We can use the linear transformation or deformation
gradient 𝐅𝐾0 to describe the local stretch state due to mechanical and thermomechanical loading:
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FK0 =

x K0
X

(6.2)

Furthermore, the left and right Cauchy-Green deformation tensors can be written by:
B K0 = FK0 FKT0

(6.3)

C K0 = FKT0 FK0

(6.4)

In order to develop a constitutive model, it is essential to obey the appropriate physical
principles, include conservation of mass, linear momentum, and angular momentum. By assuming
an incompressible material, the conservation of mass can be written as:
D
  K ( X, t )  = 0
Dt  t

(6.5)

where 𝜌𝐾𝑡 represent the density in the current configuration. In other words, the body can be
treated as an incompressible body. According to Newton’s law of motion, the sum of surface and
volumetric forces exerting on a body is equal to the time derivative of the total linear momentum
of the body, and the conservation of linear momentum reads:
div ( σ ) +  b =  Kt v

(6.6)

where v is the velocity field, 𝐛 is the body force. As for the balance of angular momentum, it can
be expressed as:

σ = σT

(6.7)

which indicates that the Cauchy stress is symmetrical. Furthermore, for an incompressible material,
the Cauchy stress can be simplified from Eq.(6.6) to [267]:
σ = − pI + σ 

(6.8)

where p and 𝝈𝜀 represent the boundary condition dependent pressure and an extra part of the
Cauchy stress determined by the constitutive law, respectively.
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6.3. CONSTITUTIVE MODEL

(a)

(b)
Figure 6.3. Model diagram: (a). One-dimensional rheological analogy for reversible component
with phase transition (blue spring: crystal phase; yellow spring: amorphous phase); (b). Schematic
diagram for the deformation of molecule chain upon cooling and tension for semi-crystalline 2WSMP (The yellow polymer chain represents the amorphous chain while the blue polymer chain
represents the crystallized chain)
By adopting the multiplicative decomposition, the total deformation gradient F can be
decomposed into the thermal deformation gradient and mechanical deformation (reversible)
gradient:

F = Fr Ft

(6.9)

In this study, we assume that the amorphous phase and the crystallization phase share the
same deformation (Fa = Fc, see Figure 6.3a), which accords with the general crystallization process
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of a semi-crystalline SMP (see Figure 6.3b). This iso-strain assumption was also previously used
to study the strain induce crystallization for sulfur-cured natural rubber [268].
We assume uniform stress (σ) field distribution throughout the polymer, i.e., the stress in
the stable network and the switching domain is the same.

σ = σr

(6.10)

Therefore, only the total stress appears in the following formulations, instead of reversible
stress. As for the stress in the reversible components σr [267], i.e., it is the summation of stresses
in the amorphous phase and the crystallization phase, based on the above iso-strain assumption. In
what follows, these components of deformation gradients are addressed individually.
6.3.1. Thermal component
We assume that the thermal expansion in the three orthogonal principal directions (𝐦, 𝐧
and 𝐦 × 𝐧) are β, 𝛾 and 𝜗, respectively. Therefore, the thermal deformation gradient 𝐅t for an
incompressible body reads:
Ft =  I + (  −  ) m  m + ( −  ) n  n

(6.11)

where 𝑰 represents the second order unit tensor.
6.3.2. Reversible component
As mentioned in Figure 6.2, the 2W-SME consists of two components: entropic elasticity
primarily at temperatures higher than the melting temperature, and SIC at temperatures lower than
the crystallization temperature.
6.3.2.1 Contribution of amorphous phase to the reversible component
As indicated previously [240], the entropic elasticity of the amorphous phase contributes
to the 2W-SME, in particular at temperatures above the melting temperature. For a typical
incompressible elastic body, the Cauchy stress reads:
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σ = − pI + 2Fa

 a T
Fa
Ca

(6.12)

where 𝑭𝑎 is a mapping from the reference configuration to the intermediate current configuration
(See Figure 6.4), 𝜓𝑎 represents the Helmholtz free energy for this material. This definition of
Cauchy stress is commonly used in many rheology models, like the Neo-Hookean model, the
Ogden model, the Yeoh model, etc. More studies for these phenomenological descriptions of
rubberlike materials were proposed in previous literatures . By assuming a rubberlike hyperelastic
material with isotropy, the Cauchy stress can be written by using Neo-Hooken model as:

σ = − pI + a Ba

(6.13)

where 𝜇𝑎 and Ba represent the modulus and left Cauchy-Green deformation tensor for amorphous
phase, respectively. The amorphous phase modulus 𝜇𝑎 is defined as:

a = Nk

(6.14)

where N, k and θ are the crosslink density, Boltzmann constant and current temperature,
respectively.
It is clear from Eq. (6.14) that the modulus of the amorphous phase reduces as temperature
drops, and the modulus increases as temperature rises, leading to cooling induced expansion and
heating induced contraction, if a constant tensile stress is applied, i.e., quasi 2W-SME, which is
one of the two mechanisms causing quasi 2W-SME in semicrystalline polymers.
6.3.2.2 Contribution of strain induced crystallization (SIC) to the reversible component
Specifically, there are two reasons for SIC induced 2W-SME. One is that SIC introduces
anisotropy (which can results in multiple “natural configurations” in the network). The other is
that it can enhance the crystallization kinetics. For the first aspect, we could decompose the
switching phase into amorphous domain and crystalline domain, as is customary in the study of
semicrystalline polymers. The volume ratio between these two domains changes with temperature,
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namely, crystallization on cooling and melting on heating. In the amorphous phase, there is only
small amount of crystalline nuclei. This small amount of crystalline nuclei under (either external
or internal) stress can guide the formation of crystallites in a certain (range of) orientation and thus
result in a final solid with anisotropy. The degree of anisotropy for each crystallite is determined
by the deformation in the corresponding amorphous phase at the instant of crystallization. Because
crystallization takes place in a gradual manner, crystallites formed at different instances will
possess different degrees of anisotropy. On the basis of this fact, a phenomenological modeling
framework named “multiple natural configurations” has been developed by using a continuum
theory. Simply speaking, in a stress-free condition, molecular chains in the amorphous phase
mostly stay in a randomly coiled configuration, that is, single natural configuration. The
crystallites in the crystalline phase are different starting at the beginning (In this study, we
introduce the concept of the amorphous nuclei, which have been commonly adopted in molecule
simulation recently [269,270].). Moreover, depending on when the crystallites were created during
the non-isothermal strain-induced crystallization process and the amount of phase transition,
crystals can take different percentage in the SMP at different instants. In other words, the material
evolves to totally different materials in different moments. Depending on when unloading is
conducted, 2W-SMP can end up with zero stress state but with different configurations. This
approach is called multiple natural configurations and has been used in the recent decades, such as
twinning [271], plasticity [272], martensitic transformation [273], as well as recent semicrystalline
1W-SMPs [267,274,275]. The remarkable advantage of this framework is that “instantaneous
elasticity” can be used to describe the bodies that have different material symmetries in one
constitute model. Meanwhile, the phase evolution can be considered in continuum mechanics, thus
it is appropriate to describe the 2W-SMP in this study [276]. In Figure 6.4, we elaborate the ways
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that the body can take different independent natural configurations under thermomechanical
loading.

Figure 6.4. Different configuration formation processes from the initial amorphous state 𝐾a . (1)
𝐾a deforms by 𝐅𝑎 (𝑡), which leads to a final amorphous state 𝐾a (𝑡); (2) 𝐾a firstly deforms by
𝐅𝑎 (𝑡1 ) or 𝐅𝑎 (𝑡 ′ ) to an intermediate configuration 𝐾c(t1) or 𝐾c(t′ ) at crystalline state, and then
deforms by 𝐅𝑐(𝑡1) or 𝑭𝑐(𝑡 ′ ) to an final configuration 𝐾c (𝑡) at crystalline sate. Here, 𝐅𝑎 (𝑡) describes
the deformation measured from time t = 0; 𝐅𝑐(𝑡 ′ ) describes the intermediate deformation process
measured from 𝑡 ′ = 0. Subscript “a” and “c” represent the amorphous and crystalline phases,
respectively.
The other mechanism of SIC induced 2W-SME is that crystallization kinetics or
crystallization equilibrium is triggered by stretch [277], which can be attributed to the change of
entropy during the crystallization/melting process. When the network structure in a polymer is
elongated, some crystallites are then well oriented along the direction of elongation, which reduces
the conformational entropy, and some orders have been induced. According to the
thermodynamics equilibrium in crystallization (Tc = ∆H/∆S, where ∆H and ∆S are the changes of
enthalpy and entropy, respectively), crystallization may occur at an elevated temperature under
tensile stress. In other words, SMP with SIC has a high crystallinity than that without SIC at the
same temperature. It is noted that, however, the final saturated crystallinity for these two scenarios
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may still be the same. It is also noteworthy that the increase in crystallization temperature is
prominent only when the stress is large enough to overcome a certain kinetic barrier.
6.3.2.2.1 Contribution of anisotropic network to reversible actuation
As indicated before, the 2W-SMP is considered as a material with multiple natural
configurations. To facilitate building a constitutive model, three assumptions are made. First,
according to the previous studies [275,278], we assume that this material consists of uniform
particles with two phases. Second, as indicated before, the crystalline-portion and amorphousportion are subjected to the same deformation. Third, the Helmholtz free energy for the two phases
takes an additive form. By using the degrees of anisotropy theory, the expression for the stress in
this material with mixed constituents reads:
σ = − pI +  a +  c

(6.15)

where  a and  c represent the extra stresses acting on the amorphous phase and crystalline
phase, respectively, and are written as
 a = (1 −  c ) a B a
t

(

 c =  g c(t) Fc(t)
t1

( )

in which g c(t) Fc(t)

(6.16)

) ddt dt
c

(6.17)

represents the anisotropic elastic constitutive equation of the crystallite at

𝑡 = 𝑡 ′ , αc is the crystallinity phase ratio in the whole material at the moment t.

d c
dt 

represents

the crystalline phase formation rate at this moment. Because the anisotropy of the new-born
crystallites mainly depends on the amorphous nuclei, we can use three mutually orthogonal
principal directions (including the Cauchy-Green deformation tensor of amorphous nuclei
(𝑩𝑎 (𝑡 ′ )) just before crystallization) to express the anisotropy of the body. According to Kroon et
al. [279], a semicrystalline Polyethylene is anisotropic and can be described as an orthotropic
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material. Therefore, under one-dimensional tensile stress, it is reasonable to assume the body
possesses orthotropy, wherein the three principal directions can be computed by two of the three
̂ 𝑐(𝑡 ′) and 𝒏
̂ 𝑐(𝑡 ′) . In general, 𝒎
̂ 𝑐(𝑡 ′ ) and 𝒏
̂ 𝑐(𝑡 ′ ) change with time.
eigenvectors of 𝐁𝑎 (𝑡 ′ ), i.e., 𝒎
This is acceptable because stretch in principal directions does not cause distortion in the material
body. According to Barot et al. [267], the constitutive equation for an incompressible orthotropic
elastic material reads:

( )

g c(t) Fc(t) = 2c1Bc(t ) + 4Fc(t )  c2 ( J 1 − 1) mc(t )  mc(t ) + c3 ( K1 − 1) n c(t )  nc(t )  FcT(t )



(6.18)

where 𝐽1 and 𝐾1 stand for the scalars of the right Cauchy-Green deformation tensor and can be
written as:
J 1 = m c ( t )  C c ( t ) m c ( t )

(6.19)

K1 = n c( t)  Cc(t )n c( t )

(6.20)

where c1, c2 and c3 represent the material parameters of crystallites that are dependent on the
eigenvalues of 𝐁𝑎 (𝑡 ′ ). There are totally three different scenarios about the eigenvalues. First, if
there are three different eigenvalues for 𝐁𝑎 (𝑡 ′ ), then the crystallite is born to be orthotropic (the
deformation in three principal directions are different), and c1, c2 and c3 are not zero. Second, when
two of the three eigenvalues for 𝐁𝑎 (𝑡 ′ ) share the same value but distinct from the third one, the
crystallite possesses transverse isotropy (the deformation in two principal directions are the same
but different from the third one), and then c1 and c2 are non-zero and 𝑐3 diminishes, which is just
the scenario in the simulation of this study. Third, when the three eigenvalues share the same value,
the newly formed crystallite becomes an isotropic body and then c1 becomes the only material
parameter with nonzero value (the deformation in all the principal directions are the same).
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6.3.2.2.2 Contribution of crystallization kinetics to the reversible component
Physically, when a certain activation criterion is satisfied, polymer initiates its
crystallization process, wherein the crystallization rate depends on the thermomechanical loadings.
To date, many models have been developed to capture the process. According to Malkin et al.
[280,281], a non-linear differential equation for the degree of crystallinity has a general form
d c
= F ( c , ) . In the study of Piccarolo et al. [282], the equilibrium value reads:
dt

d c ( t )
 −
= f ( )  ceq ( ) −  ceq ( t )  with  ceq ( ) =  m
dt
1 − 

(6.21)

The function f(θ) and the constants θ1, θm and ξ were specified in their paper. In this study,
we present a similar but simplified phase evolution law:

d c ( t )
= R (  ) ( f −  c ( t ) ) ,  c ( t = 0) = 0
dt

(6.22)

R (  ) = A1 A2

(6.23)

 =  m − 

(6.24)

where

here 𝛼𝑓 and α0 are the ultimate crystallinity and the crystallinity before programming. 𝐴1 and 𝐴2
are two material parameters. 𝜃𝑚 represents the melting temperature. As indicated in 3.2.2, strain
induced crystallization influences the crystallization kinetics through increasing the equilibrium
melting temperature. On one hand, once the stress achieves or exceeds a threshold level,
crystallization is strongly affected by the stress. On the other hand, the large stress may completely
extend the molecules chain, and thus no more orientations can be induced by the stress increase in
the next step. Therefore, the large stress can only make the crystallinity end with a saturated value.
According to Guo and Narh [283], the external stress associated with the coil-stretch
transition for the orientation of the molecular chains. Evidently, the coil-stretch molecular chain is
137

the amorphous phase and oriented molecular chain becomes crystalline phase. Meanwhile, as
indicated by Wu et al. [284], for true 2W-SMP, the elastomeric network can guide the
crystallization growth in the same role as the external tensile load. Besides, as indicated before,
both external stress and internal stress can work as the main driving force for 2W-SME. Therefore,
we introduced the octahedral effective shear stress on the amorphous nuclei as the so called
“internal stress”, which is exerted inside the material and works as a main driving force for true or
advanced 2W-SME. It is defined as

 in =

2
J2
3 a

(6.25)

where J 2 is the second deviatoric stress invariant for amorphous phase. The stress acting on
a

amorphous phase is
σ a =  a ( − pa I + a B a )

(6.26)

in which αa is the ratio of the amorphous phase (αa = 1- αc); pa is the pressure acting on the
amorphous nuclei; Ba is the left Cauchy-Green deformation tensor of the amorphous phase).
Furthermore, according to the exponential equation proposed by Guo and Narh [283], the
equilibrium crystallization temperature shift 𝜃𝑠ℎ𝑖𝑓𝑡 relates to the internal stress σin by:


A4 

  in 

 shift = A3 exp  −

(6.27)

here 𝐴3 and 𝐴4 can be obtained from fitting test results. Based on Eq.(6.27), the new
crystallization/melting temperature will be:
mnew = m0 + shift

(6.28)

It should be noted that if the internal stress is not large enough, the SIC is not prominent
and can be ignored. It has been experimentally proved before [285] that, for a sulfur vulcanized
rubber upon stretching, the amount of the oriented amorphous domain (crystal) and unoriented
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amorphous domain kept almost unchanged even when the stretch achieved a comparatively large
value (λ = 6). Thus, the crystallinity changes from stretch is not taken into consideration in the
phase evolution law for the amorphous 2W-SMP under tension and at constant temperature.
Instead, a small initial constant crystallinity is introduced for simplicity in the initial tension in
programming process. On the other hand, it should be noticed that although both thermal effect
and stretch induce the crystallization. Since the crystallization begins, the thermal effect governs
the crystallinity charge. Overall, the thermal effect plays a main role, which has been evidenced
by the uniaxial tension test for 45phr natural rubber, wherein the crystallization degree cannot
reach 30% even the stretch exceeds 3.7 under room temperature [286].
6.3.3. Damage effect by cyclic loading
Subjected to cyclic mechanical or thermomechanical loading, polymers may soften or even
fatigue due to damage [99]. According to Miehe and Keck [287], a Mullins effect can be traced
back micromechanically to a destruction of bonds between polymer chains and particles. The
damage evolution mechanism based on this understanding has been commonly used to describe
damage for semicrystalline polymers and crystallizing rubbers under cyclic tension loading
[287,288]. Also, the Mullins effect was been found in SMP [289] and SMP composite[290].
Specifically, as shown in cyclic mechanical tension test, styrene SMP shows the accumulated
damage with strain increasing from 1% to 3% [289]. For CB9 SMP composite [290], with tensile
strain gradually increasing from 5% to 60%, the stress gradually decreases due to the damage.
Meanwhile, with strain changes from 5% to 10%, there is basically no stress reduction. However,
with strain changing from 10%-40%, the CB9 SMP composite exhibits significant stretch soften,
thus a critical strain or lower strain limit exists, and which indicates the damage initiation.
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According to Diani et al. [291], the lower strain limit would be different when cyclic tension was
implemented on different materials. Thus, a damage evolution mechanism is introduced as
0   eq   c
0,

D =  t −tc
  D ( t ) dt ,  eq   c
 tc

(6.29)

where εc is the critical equivalent strain, tc is the critical time when the critical equivalent strain is
achieved, and εeq is the equivalent strain and reads

 eq =
where e is the deviatoric strain tensor.

2
e:e
3

(6.30)

D is the damage accumulation rate and can be solved from

[287]:

D=

z
[ D − D]
d s

(6.31)

where  d is a material parameter, and z is a right Cauchy-Green tensor dependent parameter

z=

2
1
H with H := ln C
3
2

(6.32)

Ds is the step saturated values of damage stretch in a certain cyclic loading period [0, t], i.e.

Ds =

1
1 + D0 exp( −  /  )

(6.33)

in which D0 and α are material constants, and β is a scalar function and determined by the
maximum stretch in a certain elongation and retraction cycle

 ( t ) = max s[0,t ]

1 2
H (s)
2 3

(6.34)

which means that the damage tends to a certain constant in a certain loading cycles. In this study,
the damage variable is used to describe stress softening of the crystalline phase in the crystalline
orientation:
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c1 = (1 − D ) c1

(6.35)

where c1 is the crystalline phase axial modulus after loading, and c1 is the initial modulus for the
crystalline phase. It is noted that we introduce the damage only for the quasi 2W-SME case
because a constant tensile stress is applied. For the true 2W-SME case, we neglect the damage
effect because no external load is applied. For the advanced 2W-SME case, we also neglect the
damage effect because the small constant compressive load applied actually helps close cracks.
6.3.4. Creep effect
Creep has been widely observed under cyclic loading during quasi 2W-SME tests because
a constant tensile stress is applied [194,195]. Therefore, creep effect needs to be considered. For
simplicity, creep strain can be represented by:


 t
ε c ( t ) = ( v ( t ) − I )  1 − exp  −
 






(6.36)

where v is the left stretch tensor, I is the second order identity tensor, and  is the relaxation time.

6.4. MODEL VALIDATION
In this section, the model was respectively validated for quasi 2W-SME, true 2W-SME,
and advanced 2W-SME by using a chemically crosslinked cis poly (1,4-butadiene) (cPBD) [195].
The constitutive equations for uniaxial loading and the entire thermomechanical cycle are detailed
in Appendix D.1 and D.2, respectively. The model was then coded and implemented into the
MATLAB program to reproduce the reversible actuation of the 2W-SMP. The flowchart of the
computation procedure is shown in Appendix D.3.
The parameters involved can be identified through curve-fitting experimental results and
educated guesses. First, the parameters a1 and a2 for the coefficient of thermal expansion (CTE)
(𝛼𝑡 = 𝑎1 𝑇 + 𝑎2 ) are determined from the CTE test [195]. It should be noted that there is a slight
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difference for the CTE between the heating and cooling branches. However, in order to simplify
the model, we only take an averaged value of the heating and cooling process. Second, according
to the information measured by XRD and cryogenic scanning electron microscopy test[195]. the
crystallinity at -20°C and -40°C are 6.78% and 13.13% for undeformed polymer, respectively.
Therefore, a relatively small crystallinity before programming at room temperature is assumed (α0
= 0.42 %). Third, the melting temperature is measured as -8.7 ºC by DSC [195]. Considering the
difference between specimens, the equilibrium melting temperature range is set as
 = − 6 C ~ −8.5 C in the model. Fourth, Lu et al. [195] indicates that the crystallinity at -20 ºC

and -40 ºC with 200% pre-stretch are 47.47% and 68.03%, respectively, thus it is believed that the
saturated crystallinity should be greater than 68.03% (we assume αf = 86% in the model) under
large deformation and cooling process. Fifth, the modulus for the rubbery phase before softening
at room temperature is tested by using MTS machine under tension, which is used to estimate the
crosslink density of the amorphous phase. Sixth, it should be indicated that the moduli of the
amorphous rubbery phase and crystalline phase under tension, compression or free loading are
different. Among them, because the specimen for quasi 2W-SME and true 2W-SME are tensioned
to the similar length before unloading (λ ≈ 2), they basically share the same moduli values. On the
other hand, by considering the strain softening effect in Advanced 2W-SME (where the specimen
in amorphous phase is tensioned to a larger stretch (λ ≈ 3) before unloading), the moduli of
crystalline phase of the specimen are believed to be a comparatively smaller value. Therefore,
different moduli are used for the three types of 2W-SMEs.
6.4.1. Validation of Quasi 2W-SME
Figure 6.5 shows the test and modeling results. The cPBD was first tension programmed
to 0.3 MPa isothermally at θprog = 11.4 ºC (the subscript “prog” indicates “programming”),
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followed by unloading to 0.21 MPa while cooling, with further loading steps to 0.24MPa, 0.29MPa,
and 0.32MPa, while cycling the temperature between θlow = -35 ºC and θhigh = 56 ºC. It should be
indicated that, although a constant engineering stress is applied, the material is subjected to
changing Cauchy stress loading because of the ever-changing stretch. After that, a clear 2W-SME
is triggered and the working cycles start; see Figure 6.5. All the parameters used in the model are
listed in Table 6.1.
Table 6.1. Model parameters for quasi 2W-SME
Description
Thermal Component 𝛼𝑡 (Eq. D.7)
Constant for CTE
Constant for CTE
Reversible Stretch Component 𝜆𝑟 (Eq. D.4)
Crosslink density × 𝐵𝑜𝑙𝑡𝑧𝑚𝑎𝑛𝑛 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
Initial crystalline phase axial modulus
Constant for crystalline phase transverse
modulus
Phase evolution law 𝛼𝑐 (Eqs. 6.21 - 6.24)
Crystallinity before programming
Equilibrium melting temperature
Ultimate crystallinity
Constant for phase evolution
Constant for phase evolution
Constant for strain induced crystallization
effect
Constant for strain induced crystallization
effect
Cyclic loading induced damage (Eq. 6.31-6.35)
Damage constant 1
Damage constant 2
Damage constant 3
Critical equivalent strain
Relaxation parameter (Eq. 6.36)

Parameter

Value

𝑎1 (𝐾 −2 )
𝑎2 (𝐾 −1 )

-2.959×10-6
9.056 × 10−4

𝑁𝑘 (𝑀𝑃𝑎/𝐾)
𝑐1 (𝑀𝑃𝑎)
𝑐2 (𝑀𝑃𝑎)

2.8 × 10−4
4
0.10

𝛼0
(𝐾)
𝛼𝑓
𝐴1
𝐴2
𝐴3 (𝐾)

0.0042
267
0.86
1× 10−4
1.8995
15

𝐴4 (𝑀𝑃𝑎)

0.07

0𝑚

D0
α
d
εeq
τ (min)
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1.5
0.335
0.099
0.873
5

According to the damage law defined above, the 2W-SMP tends to two different saturated
damage values in two distinct cyclic loadings, i.e. 65-115min, 115-213.5min. The softened
uniaxial modulus can then be obtained by using Eqs. (6.28) - (6.34).
From Figure 6.5, it is seen that, for such complex material responses under complex
thermomechanical loading conditions, the model reasonably captured the quasi 2W-SME of the
2W-SMP. Therefore, we moved further to validate the true 2W-SME.
Engineering stress (MPa)
Temperature (°C)
stretch (Experiment)
stretch (simulation)
213.5
0.35
60

4.0

4.0
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Figure 6.5. Comparison between modelling and experimental data for quasi 2W-SME.
6.4.2. Validation of true 2W-SME
The cPBD was tension programmed with 𝜃𝑝𝑟𝑜𝑔 = 28°𝐶 and 𝜃𝑙𝑜𝑤 = −47°𝐶 but using a
programming stress of 0.183MPa, followed by the cyclic working temperature windows (θlow = 47 ºC, θhigh ≈ -2 ºC), without external stress. All the parameters share the same values as Table 6.1
except for those related to moduli, see Table D.2 in Appendix D.7.
Figure 6.6 shows the comparison between the modeling results and test results. Again, the
model reasonably captured the fundamental physics of the true 2W-SME, and the modeling results
are very close to the test results.
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6.4.3. Validation of advanced 2W-SME
The cPBD was tension programmed (with 𝜃𝑝𝑟𝑜𝑔 = 28 ºC and 𝜃𝑙𝑜𝑤 = −47 ºC) using a
programming tensile stress of 0.274MPa, followed by the cyclic working temperature window
(θlow = -47 ºC, θhigh ≈ -2 ºC); see Figure 6.7. In the working cycles, several step engineering stresses
of 0 MPa, -0.0203MPa, and -0.0469MPa were applied, respectively. Again, all the parameters
share the same values as Table 6.1 except for those related to moduli parameters. Besides,
equilibrium melting temperature changes slightly because it is believed external compression and
tension loads have different effect on the crystallization kinetics; see Table D.3 in Appendix D.7.
Once again, the model captured the fundamental physics of the complex advanced 2W-SME of
the 2W-SMP.

Figure 6.6. Comparison between modelling and experimental data for true 2W-SME (The 2WSME are highlighted)
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Figure 6.7 Comparison between modelling and experimental data for advanced 2W-SME
It is noted that in all the three Figures (Figures 6.5-6.7), the experimental results respond
slightly slower than the modeling results in the time scale. This is because, during experiments,
heat transfer between the heating chamber and the 2W-SMP specimen takes time, while it is
neglected in the model for simplicity. Meanwhile, the model shows a slightly larger response in
quasi 2W-SME. One reason may be that the softening of the amorphous phase is not accurately
taken into account in this model. Another possible reason may be that an accurate phase evolution
law still leaves room for improvement. In addition, the simulated stretches are less smooth
comparing with the experimental data, especially under the instant unloading, which may be
because the introduced creep mechanism is only good at capturing the stretch under constant stress
instead of the continuous changing load. It should be noted that so far the creep mechanism under
ever-changing stress is still unclear. Both of them will be topics for our future studies.

6.5. MECHANISM DISCUSSION AND QUANTIFICATION
As an example, we will discuss the mechanisms for true 2W-SME and quantify the change
of stored stress, stretch, and crystallinity with time and temperature. More details can be found in
Appendix D.4 for quasi and advanced 2W-SME.
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As indicated before, the true 2W-SME is due to the amorphous modulus change and the
stored internal tensile stress. The internal tensile stress not only provides the guidance for the
alignment of crystallites, but also enhances the crystallization kinetics. To analyze how these two
effects play a role in true 2W-SME, in Figure 6.8, we plot the time evolution of the overall stretch
 , the internal tensile stress in and the crystallinity 𝛼𝑐 , both with and without the crystallization

kinetics (CK) effect side by side in Figure 6.8a. We show the corresponding external engineering
stress (loading) and temperature evolutions with time in Figure 6.8b, including the programming
steps (P1: loading, P2: maintaining the stress constant, P3: again, maintaining the stress constant,
and at the end of P3, unloading to zero stress), and the working cycles (W1: heating branch of
working cycle 1, W2: cooling branch of working cycle 1, W3: heating branch of working cycle 2,
and W4: cooling branch of working cycle 2). Therefore, we show two whole working cycles.
We first examine the programming steps. In step P1 (loading at room temperature), there
is no phase transition and temperature, thus the sample deforms (black line (shadowed by the pink
line) in Figure 6.8a) according to simple Hooke’s law. Meanwhile, due to the low crystallization
temperature (-5 ℃), no crystallization is induced in this step. Next, in step P2 (constant stress and
uniform cooling), the stretch increases due to entropic elasticity, until the crystallization
temperatures (about 0 ℃) is met; see C1. The crystallization temperature is elevated due to the
applied stress [195]. Obviously, within the period of C1, the strain actuation rate becomes higher
(higher slope of the stretch curve), which is the same as quasi 2W-SME. Once the crystallization
is completed within the period C1, the strain actuation rate (slope of the stretch curve) reduces
because further elongation is caused by entropic elasticity again. Within P3, both the temperature
and external stress almost hold constants. However, we still see slight increase in stretch, which is
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because the relaxation process takes time to stabilize. At the end of P3, the external stress is
removed, causing slight springback. This completes the tensile programming of the 2W-SMP.
For the internal tensile stress during programming, it is seen that it increases in P1,
significantly decreases in P2 (before C1) because the modulus of the amorphous rubbery phase
decreases in the cooling process. Within the C1, the internal stress helps crystallization formation
and thus decreases significantly. Once the crystallinity reaches the peak, the internal stress tends
to a stable value. In P3, the constant temperature leads to an almost steady internal stress.
For the crystallinity during the programming process, it is clear that the crystallization
occurs during the period of C1 only.
We now look at the working cycle. In the first heating branch (W1), the temperature
increases from -45 oC to -0.69 ℃. The stretch (black line in Figure 6.8a) first increases slightly
due to positive coefficient of thermal expansion until melting occurs, which causes decreases in
stretch due to shape memory effect (2W-SME). The internal stress maximizes to equilibrating
with contraction force offered by the crystallite melting. Mathematically, by comparing the Eqs.
(D.9) and (D.12), we found the only difference is the second order term of stretch (-σ(t) to 0). At
the same time, we notice the solution for these two equations is not significant (see Figure D.1, the
end of the stretch in P2 is only slightly greater than the initial stretch of W2). Therefore, the change
for the coefficient of the second order term cannot affect the solution (stretch) significantly if the
stress σ(t) is not large enough. In other words, the stretch only fluctuates slightly and most of the
stretch before unloading maintains. In the first cooling branch (W2), the internal stress keeps
decreasing to a minimum value because the contraction force gradually drops, and leads to slightly
increases in stretch, i.e., true 2W-SME (elongation upon cooling without external load). The
oriented crystalline domains re-crystallizes under the guidance of the internal stress, and the latter
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tends to less intense because the amorphous domain ratio drops. With further cooling, the thermal
contraction gradually exceeds the entropic elasticity actuation, leading to slight decrease in stretch.
In the second heating branch (W3), the stretch shows slight increase because the thermal expansion
competes with the 2W-SME. As for the internal stress, it is relatively stable before melting.
Towards the end of W3, crystals melt but with slightly smaller θhigh. Correspondingly, the internal
stress can increase but cannot increase as much as that in the first heating cycle. As compared to
the first heating cycle, the amount of melt reduces, which suggests that the 2W-SME will reduces
in subsequent cycles. Therefore, partial melting is the key in the working cycle in order to
demonstrate true 2W-SME. This point can also be validated by Figure 6.5 (quasi 2W-SME). In
Figure 6.5, the highest programming temperature is the same as the highest working temperature,
which leads to fully melting of crystallites in each working cycle. Therefore, it can only show
quasi 2W-SME. On the contrary, in Figures 6.6 and 6.7, the highest working temperature is lower
than the highest programming temperature, which results in partial melting of the crystallites in
each working cycle, and thus true or advanced 2W-SME. In the second cooling branch (W4), it
almost repeats the first cooling branch in trend, but at smaller values. It is worth noting that the
series of internal stress variation follows the same tendency of true 2W-SME for polycaprolactone
[266].
Figure 6.8a also shows side by side comparison of the stretch, internal stress, and
crystallinity with and without considering the strain induced crystallization (SIC) effect on the
crystallization kinetics and eventually on 2W-SME. When we eliminate the temperature shift term
in Eq. (6.27), the effect of SIC on crystallization kinetics is not considered. For the 2W-SMP in
this paper, the two stretch lines show basically the same trend. This is because the internal stress
is not large enough (a critical stress is not exceeded); consequently, the crystallization kinetics
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cannot significantly affect the 2W-SME. With internal stress increasing, the crystallization kinetics
leads to higher crystallization temperature, and thus the difference between the stretches with
crystallization kinetics and without crystallization kinetics, which is more prominent in advanced
2M-SME (see Figure D.4). This observation matches with the statement by Guo and Narh [283].
Therefore, as long as internal stress is large enough, ignoring the crystallization kinetics would
cause clear deviation in simulation. As for the crystallization and melting, they occur earlier with
considering the crystallization kinetics than that without considering crystallization kinetics.
However, the final saturated crystallinity is not affected by crystallization kinetics.
In summary, in order to have true 2W-SME, a proper tensile programming is required. The
highest working temperature must be lower enough so that it only causes partial melting. The
unmelt crystalline phase can provide a template for crystallization and also for store internal tensile
stress. With the increase in the number of working cycles, the magnitude of the true 2W-SME will
reduce and will gradually disappear.
By analyzing the different mechanisms discussed in this section and in Appendix D.4 for
quasi and advanced 2W-SMEs, the pathway for a SMP to exhibit the three types of 2W-SMEs is
shown in Figure D.5.

6.6. MODEL SENSITIVITY ANALYSIS
Through the above analysis, it is seen that our model consists of a number of parameters (a
total of 13 for true 2W-SME and advanced 2W-SME). Clearly, not all of them play the same role
in the predictability of the model. In the modeling of SMPs, particularly modeling based on
viscoelasticity and viscoplasticity, it usually involves a large number of parameters [39,50,51,98].
While it is understandable for modeling such complex material responses, it is not convenient for
materials or structures design. Although effort has been made to reduce the number of parameters,
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such as those using statistical mechanics [99], the number of parameters is still too large. It is
believed that more in-depth understanding of the physics may reduce the number of parameters,
i.e., the need for developing physics-based models [31]. Our current limited understanding still
results in a larger number of parameters in this model. Therefore, while on one hand, we need to
further fine-tune the model by better understanding the underlying physics, on the other hand, we
need to understand the role played by the parameters in the model, so that, at least, we can pay
more attention to those parameters that play significant roles and pay less attention to those that
play insignificant roles during the curve fitting process. It is for this purpose that we conducted
sensitivity analysis for the model.
A regression approach is adopted in the sensitivity analysis because the potential coupling
among the relevant parameters can be considered. From the above modeling, we can see that the
model consists of several sets of parameters: thermal expansion, reversible stretch, phase evolution
law and relaxation effect, which consist of 2, 3, 7 and 1 parameters, respectively. Therefore, we
believe that changing 7 parameters each time in the regression analysis can basically capture the
coupling effect. The detailed analysis can be found in Appendix D.5. Additionally, the combined
effect for thermal expansion (𝑆𝑃𝑇𝑒 ), reversible stretch (𝑆𝑃𝑅𝑠 ) and phase evolution law (𝑆𝑃𝑒𝑙 ) are
also considered in the sensitivity analysis, which leads to totally 16 analyzable parameters in the
regression analysis.
Based on the regression analysis, the parameters are ranked as follow: 𝑆𝑁𝑘 > 𝑆𝑎1 >
0 > Sτ> 𝑆𝐴 > 𝑆𝑃
𝑆𝑃𝑅𝑠 >𝑆𝛼𝑓 > 𝑆𝑐1 > 𝑆𝑎2 > 𝑆𝐴4 > 𝑆𝜃𝑚
> Sα0 > 𝑆𝐴1 > 𝑆𝐴2 > 𝑆𝑃𝑇𝑒 > 𝑆𝑐2 , and thus the
3
𝑒𝑙

following observations can be made. First, the parameters for reversible stretch especially the
crosslink density play essential roles. Correspondingly, the combined effect from reversible stretch
ranks 1st in all the three combined effects, hence, the stiffness parameter determination is critical
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for modelling. In detail, the introduction of entropy elasticity is necessary. On the contrary, taking
the amorphous modulus as constant [267] may have ignored the important physical characteristics
for crystallizable SMPs. Second, combining with the single parameter ranking (Sαf rank 4th) and
the combined effect ranking of the phase evolution law (𝑆𝑃𝑒𝑙 ranks 2nd in all the combined effects),
we believe that the phase evolution law is of the secondary importance in the model. Above all,
measuring an accurate ultimate crystallinity αf before programming can ensure enough reliability
for the evolution law. Third, the combined thermal expansion effect is limited because the two
coefficients in the linear function offset the effect on each other (Sa1 = -5.69×10-1, Sa2 = 3.79×101

). Finally, the combined effect is distinct from the single parameter effect. For example, the

combined thermal expansion effect plays a relatively weak role while the single thermal parameter
(a1) strongly affects the model output. Therefore, the coupled effect from these parameters cannot
be neglected. Focusing on a single parameter can obtain only a limited understanding for the model.

6.7. CONCLUSIONS
We have developed a new three-dimensional constitutive model within the two-mechanism
framework for the quasi 2W-SME, true 2W-SME, and advanced 2W-SME of semicrystalline
polymers. This model is then verified by the experimental results of the cPBD polymer. We believe
that 2W-SMPs with true or advanced 2W-SME can expand the applications of 2W-SMPs in
engineering structures and devices. Specifically, we have the following conclusions:
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Figure 6.8. Real-time monitoring of the various physical properties of true 2W-SME.
First, two different mechanisms control the three types of 2W-SMEs. At temperatures
above the melting temperatures, the entropic elasticity controls the 2W-SME; below the
crystallization temperature, however, melt/crystallization transition plays a major role. SIC effect
makes the actuation rate higher.
Second, crystallization kinetics can make the crystallization and melting occur earlier, but
does not change the saturated crystallinity.
Third, the highest working temperature must be lower than the highest tensile programming
temperature in order to maintain some unmelt crystallites, which help store internal tensile stress
and ensure true 2W-SME and advanced 2W-SME.
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Fourth, crystallization kinetics must be considered when the internal stress is large enough.
Otherwise, a deviation in the simulation would be induced.
Finally, we conducted the model sensitivity analysis by using a regression model. By
comparing the single parameter effect and combined parameters effect, it is found that focusing
on a single parameter can obtain only a limited understanding of the physics.
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CHAPTER 7. SUMMARY AND FUTURE WORKS
7.1. SUMMARY
In this dissertation, Machine learning assisted discovery of shape memory polymers and
their thermomechanical modeling are studied. In Chapter 1, a literature review for the current ML
materials discovery and the thermomechanical models of SMP are conducted, and limitations of
models are summarized.
In Chapter 2, a series of new methodologies for ML in SMP are presented and a new ML
model are proposed for thermoset SMP. By forging new TSMPs space with 4,459 samples, the
ML model identified and screened 14 mostly unknown TSMPs with greater recovery stress than
the known TSMPs. One of the 14 predicted polymers was validated by molecular dynamics (MD)
simulation. This study demonstrates the capability of our methodologies for discovering new
TSMPs with desired recovery stress by a small training dataset, and may be adopted for
discovering new TSMPs with other desired properties.
In Chapter 3, an enchanted ML model based on VAE and WVCM are presented, which
can help discover ultraviolet curable thermoset SMPs with high recovery stress and moderate glass
transition temperature. Through this approach, we create a compositional space with 8,019
potential UV curable TSMPs and are able to design 5 types of new UV curable TSMPs with desired
properties. One of them is further validated by experiments. As compared to a newly published
UV curing TSMP, the ML discovered TSMP shows a reduction in glass transition temperature by
about 60 oC with a comparable recovery stress about 21 MPa in rubbery state. Furthermore,
comparing with the previous ML model, this approach is able to lower the MAPE by a factor of
two, hence, it is a robust and state-of-art study in TSMP field.
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In Chapter 4, a design oriented constitutive model based on the concept of phase evaluation
law was revisited. It is found that, under uniaxial loading, square unit cell yields the highest load
carrying capacity, and lattice structures with higher orders of structural hierarchy fail by rib local
buckling with much higher buckling load. This study may help design multiple length scale SMP
lattice structures for engineering structures and devices.
In Chapter 5, a thermomechanical constitutive model which captured both the entropic
elasticity and melt/crystallization events are developed. The modeling results and test results show
reasonable agreement. It is found that the model captured the three types of 2W-SMEs: quasi 2WSME, true 2W-SME, and advanced 2W-SME. It is also found that proper tensile programming
before the first thermomechanical cycle can make a semicrystalline SMP exhibit all the three types
of 2W-SMEs. This study may serve as a design tool to enhance applications of semicrystalline
2W-SMPs in engineering structures and devices.
In Chapter 6, we propose a four-chain tetrahedron structure as the unit cell of the network
to construct the constitutive model. It is found that this model can well capture the dramatic
modulus change for the new TSMP in the thermomechanical experiments. Moreover, it shows that
the original Treloar four-chain model and Arruda-Boyce eight-chain model underestimate the
driving force for the enthalpy-driven TSMPs, and thus cannot well capture the thermomechanical
behaviors. It is also found that, under certain conditions, our four-chain model produces the same
Cauchy stress as the eight-chain model does. This study may help researchers understand the
thermomechanical response and design a special category of TSMPs with high recovery stress.

7.2. FUTURE WORKS
1. The ML model in Chapter 2 ignores synthetization conditions, which plays a key role in
the SME behavior, hence an enhanced model is expected to be developed in the future.
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2. VAE model in Chapter 3 has the potential to perform an inverse design, hence we plan to
continue developing it into an inverse design model in the following study.
3. The developed model in Chapter 4 can accord with the physical mechanisms in modulus
evolution of two-phase SMP. However, objectively, there are still many fitting parameters
that need to be determined. Therefore, we plan to further introduce parameters with
physical meaning to replace the fitting parameters, which would improve the model.
Meanwhile, a deeper fractal analysis will be conducted for self-similarity SMP lattice
structure in the future.
4. Although a 3D constitutive model is developed for semi-crystalline SMP in Chapter 5,
which is able to well agree with the experimental data, the limitation is that only a 1D case
is adopted for experimental verification. In the future, a 3D experiment will be conducted
to further verify the model.
5. In the four-chain rheological model in Chapter 6, we proposed a new switchable
hyperelastic branch to explain the strain hardening after yielding. Although it can well
model this phenomenon, the physical mechanisms need to be verified based on further
experimental observation.
6. The fingerprinting methods in this work basically rely on linear notations (BigSMILES or
SMILES), which are not able to compressively grasp all the topological characteristics for
polymers. We hope that a new fingerprinting method in multiple scales can be realized in
the future.
7. A common problem for the present SMP thermomechanical models is that almost one
model can only describe one type of material or a small branch of materials, thus these
models are not universal. It is expected that a generalized model with new governing
157

equations can be developed in the future. To achieve that, some advanced math methods,
such as variational method and group theory, should be adopted.
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APPENDIX A. SUPPLEMENTARY MATERIALS FOR CHAPTER 3
A.1. POSSIBLE OPTIMIZATION BY USING VAE
It should be mentioned that VAE has been used to optimize molecules in some previous
works [121,292] . However, we did not use the VAE to optimize molecules here for three reasons.
First, we should bear in mind that VAE was trained on monomers (or crosslinkers) instead of the
whole SMPs and hence the obtained hyperplane was only for monomers (or crosslinkers), instead
of SMPs. Therefore, it is inappropriate for us to obtain the desired SMP by directly using this
hyperplane. Second, the training dataset with 109 data points included both monomers and
crosslinkers, thus the newly generated SMILES could consist of both the functional groups of
monomers and crosslinkers. For example, a newly generated SMILES could include both Epoxy
functional group and imine functional group (see Figure A.1(a)) or epoxide, C=C, and hydroxy
functional groups, which is relatively rare in reality. In order to avoid these mistakes, we decided
not to use this Gaussian noise strategy to optimize our SMPs. Third, considering that the trained
VAE has the ability to produce new monomers, we implemented Gaussian noises method to
produce some new SMILES. The newly generated monomers (or crosslinkers) that accord with
SMILES syntax are listed in the new Appendix A2. Considering some newly generated monomers
(or crosslinkers) show some bizarre characteristics (see Figure A.2) that do not exist in the realistic
SMP monomers or crosslinkers, we think that the 1D CNN model could not correctly predict their
properties, and we did not leverage VAE to realize the optimization process. However, in order to
show that our VAE has the ability to produce new chemical structures, we still exhibit some
monomer-like or crosslinker-like chemical structures in Appendix A.2.
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(a)
(b)
Figure A.1. New generated SMP with both characteristics of monomer and crosslinker (a) a
monomer with imine functional group and epoxide functional group (b) a monomer with epoxide,
C=C, and carboxy functional groups

Figure A.2. New generated SMP with bizarre characters
A.2. GENERATE NEW MONOMERS (OR CROSSLINKER)-LIKE CHEMICAL
STRUCTURES BY ADDING GAUSSIAN NOISE
In this section, we added some Gaussian noise to the latent space for producing new
monomer (crosslinker)-like chemical structures. Specifically, we let μ=0, σ=1,2,3,4 and 5, and
then 5 different Gaussian distributions were generated, which then generatde five vectors with 256
dimensions, respectively. Next, these noises were inserted into the latent space (that was generated
by the encoder) to produce new latent vectors. After that, the produced 545 new vectors were input
into decoder for producing new molecules. Finally, these new molecules were validated for the
generation of valid SMILES by RDKit package. It shows that a total of 160 new valid monomer
(crosslinker)-like chemical structures were generated in this run.
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Figure A.3. Prediction results from different training sets
(Fig. cont’d)
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(Fig. cont’d)
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(Fig. cont’d)
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(Fig. cont’d)
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A.3. RESULTS COMPARISON FOR DIFFERENT TRAINING STRATEGIES
Table A.1. Prediction results from different training sets.
Training dataset

method

109 monomers

VAE+SVM

137,945 monomers

VAE+SVM

420,000 drug molecules
+ 137,945 monomer
SMILES

Model
output

MAPE in
training data
(%)

PCP in
training
(%)

MAPE in
test data
(%)

PCP in
test
(%)

MTg
MEr
MTg
MEr

23.70
50.86
24.43
38.72

68.88
59.18
73.47
62.76

25.73
65.78
20.11
44.87

67.35
40.82
77.55
40.82

MTg

19.91

86.74

17.50

75.51

MEr

34.21

71.94

36.42

44.90

VAE+SVM

A.4. MODEL PARAMETER OPTIMIZATION
Parameter optimization process for two models is elaborated as follows.
VAE model. We adopted two-parameter optimization for VAE, i.e., dimension of latent
space and loss function. (a) One of the most import hyperparameters in VAE model is the
dimension of latent space. Generally speaking, the dimension is set as 2. In other words, the
distribution is believed to be a one-dimensional Gaussian distribution, wherein one parameter
represents mean and the other represents standard bias. However, if the input is very complex,
one-dimensional Gaussian distribution could not capture all the features of input. Instead, the
vector in latent space should be a multivariate Gaussian distribution, hence the dimension of space
should be adjusted. In order to validate our thought, we tried three types of dimensions for the
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latent space, i.e., 2, 128, and 256, and then input SMP monomers to check the average cosine
similarity. It turns out that the valid SMP ratios are 7.27%, 93.89% and 92.39%, respectively (see
Table A.2). Considering that the latent dimension 128 and 256 leads to relatively closed similarity,
we also compare the valid monomer SMILES for the training dataset (109 canonical monomer
SMILES). It shows that the model with latent dimension 256 possess the highest valid SMILES
percentage, thus we adopted 256 as the dimension for the vectors in the latent space. In addition,
we found that the latent dimension was chosen as 196 for drug molecules in the previous VAE
encoding [121]. Considering that SMP could be more complex, we added 60 dimensions to the
latent space. (b) We adopted two loss functions in VAE, i.e., the Kullback–Leibler divergence and
categorical cross entropy. As given in Table A.3, the two loss functions lead to similar average
similarity, but the categorical cross entropy can induce high monomer SMILES percentage, hence
it is chosen as the target loss function.”
1D CNN model. We leveraged an automatic parameters optimization method, i.e, gridsearchcv
method (in Sklearn). A series of employed parameters are listed in Table A.4. The scoring is “mean
absolute error” in the process.
Table A.2. Performance comparison for 3 different training dataset
Latent dimension
Average similarity (%)
Valid monomer SMILES (%)
2
7.27%
0
128
93.89%
66.05
256
92.39%
80
Table A.3. Performance comparison for 3 different training dataset
Loss function
Average similarity (%) Valid monomer SMILES (%)
Kullback–Leibler divergence
92.62%
67.89
categorical cross entropy
92.39%
80

Table A.4. Employed parameters in optimization.
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Item
Data split ratio (train/test)
Batch size
Epochs
Optimizer
Loss
Activation for the last layer

Values in gridsearchcv
70/30, 80/20
32, 128, 256, 512
200, 500, 1000
Adam, rmsprop
MAE, MSE
Linear, Relu

Optimized parameter
80/20
256
1000
Adam
MAE
Conv1d1 & Conv1d2:
Relu
Dense1~Dense5: Relu
Dense 6: Linear

A.5. SMILES OF MONOMERS AND CROSSLINKERS
Table A.5. SMILES for 21 C=C monomers and 2 thiol crosslinkers
Name
DEGDMA550
PEGDMA
Styrene
Tba
DEGDMA
BIS-GMA
TAI
MMA
TMPAE
DEGDMA875
PEGDMA550
AEG1
AEG2
BA
Vinyl neodecanoate
PEGDMA1000
PEGDMA1
PEGDMA2
PEGDMA575
IPDU6AE
APE
TEGDMA
BMI
1,3-Diethenylbenzene
PEGDMA200

BigSMILES representation
C=C monomers
C=C(C)C(=O)OCCOCCOCCOCCOCCOCCOCCOCCOC(=O)C(=C)C
C=C(C)C(=O)OCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCO
CCOCCOCCOCCOC(=O)C(C)=O
C=Cc1ccccc1
C=CC(=O)OC(C)(C)C
C=C(C)C(=C)OCOCCOC(=O)C(=C)C
C=C(C)C(=O)OCC(C)COc2ccc(C(C)(C)c1ccc(OCC(O)COC(=O)C(=C)C)cc1)cc2
C=CC(=O)OCCn1c(=O)n(CCOC(=O)C=C)c(=O)n(CCOC(=O)C=C)c1=O
C=C(C)C(=O)OC
C=CCOC(CC)(CO)CO
C=C(C)C(=O)OCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCO
CCOCCOCCOCCOC(=O)C(=C)C
C=C(C)C(=O)OCCOCCOCCOCCOCCOCCOCCOCCOC(=O)C(C)=O
C=CCc1ccccc1OCC(O)COC(=O)CCCCC(=O)OCC(O)COc2ccccc2CC=C
C=CCc1ccccc1OCC(O)COC(=O)Cc3ccc(C(=O)OCC(O)COc2ccccc2CC=C)cc3
C=CC(=O)OCCCC
C=COC(=O)CCCCCC(C)(C)C
C=C(C)C(=O)OCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCO
CCOCCOCCOCCOCCOCCOCCOC(=O)C(=C)C
C=C(C)C(=O)OCCOCCOCCOCCOCCOCCOCCOCCOCCOC(=O)C(=C)C
CC(=O)OCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOC(=O)C(C)=O
C=C(C)C(=O)OCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOC(=
O)C(=C)C
C=CCOCC(COCC=C)(COCC=C)COC(=O)NCC1(C)CC(NC(=O)OCC(COCC=C)
(COCC=C)COCC=C)CC(C)(C)C1
C=CCOCC(CO)(COCC=C)COCC=C
C=C(C)C(=O)OCCOCCOCCOC(=O)C(=C)C
O=c1ccc(=O)n1c4ccc(Cc3ccc(n2c(=O)ccc2=O)cc3)cc4
C=Cc1cccc(C=C)c1
C=C(C)C(=O)OCCOCCOCCOCCOCCOC(=O)C(C)=O

Table A.6. BigSMILES for 8 hydroxyl monomers, 7 carboxy crosslinkers, 5 thiol crosslinkers, 6
cyanate monomers
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Name
Tricarballylic acid
BPADA
Aradur917
CA
SA
GA
HHPA
Glutaric anhydride
HD
PPDL90
2,2-DMPD
CHDM
Diethylene glycol
TMP
3,6,9,12,15,18,21,24,2
7Nonaoxanonacosane1,29-carboxy
TMPTMP
IPDUT
TMTMP
3-Ti
TMICN
BCC
MDI
HDI
DCHMDI
TMHDI

BigSMILES representation
Hydroxyl crosslinker
O=C(O)CC(CC(=O)O)C(=O)O
CC(C)(c3ccc(Oc2ccc1c(=O)oc(=O)c1c2)cc3)c6ccc(Oc5ccc4c(=O)oc(=O)c
4c5)cc6
CC2=CCC1C(=O)OC(=O)C1C2
O=C(O)CC(O)(CC(=O)O)C(=O)O
O=C(O)CCCCCCCCC(=O)O
O=C(O)CCCC(=O)O
O=C1OC(=O)C2CCCCC12
O=C1CCCC(=O)O1
Carboxy crosslinkers
CCO[Si](CCCN(CCOC(=O)CCO)CCOC(=O)CCO)(OCC)OCC
OCCCCO
CC(C)(CO)CO
OCC1CCC(CO)CC1
OCCOCCO
CCC(CO)(CO)CO
OCCOCCOCCOCCOCCOCCOCCOCCOCCOCCO
Thiol crosslinker
CCCC(=O)OCC(CC)(COC(=O)CCS)COC(=O)CCS
C=C(CCS)OCC(COC(=O)CCS)(COC(=O)CCS)COC(=O)CCSC(=O)NCC
1(C)CC(NC(=O)SCCC(=O)OCC(COC(=O)CCS)(COC(=O)CCS)COC(=O)
CCS)CC(C)(C)C1
CCC(COC(=O)CCS)(COC(=O)CCS)COC(=O)CCS
O=c1n(CCS)c(=O)n(CCS)c(=O)n1CCS
C=C(CCS)OCCn1c(=O)n(CCOC(=O)CCS)c(=O)n(CCOC(=O)CCS)c1=O
Cyanate monomer
N#COc3ccc(CC2CCCC(Cc1ccc(OC#N)cc1)C2)cc3
O=C=Nc2ccc(Cc1ccc(N=C=O)cc1)cc2
O=C=NCCCCCCN=C=O
O=C=NC2CCC(CC1CCC(N=C=O)CC1)CC2
CC(CN=C=O)CC(C)(C)CCN=C=O

Table A.7. SMILES for 21 epoxy monomers
Name
DGEBEF
epon826
DGEBA
Oda

BigSMILES representation
c1ccc3c(c1)c2ccccc2C3(c5ccc(OCCOCC4CO4)cc5)c7ccc(OCCOCC6CO6)cc7
CC(C)(c2ccc(OCC1CO1)cc2)c4ccc(OCC3CO3)cc4
CC(C)(c2ccc(OC1CO1)cc2)c4ccc(OC3CO3)cc4
Nc2ccc(Oc1ccc(N)cc1)cc2

(Table cont'd.)
Name

BigSMILES representation
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ELO
AL-3040
DGEBA1
TGPAP
TGDDM
TGDDM
DGEBAEO-2
DGEBAPO-2
t-BaMPBDGE(2)
t-BaMPBDGE(1)
epon862
DGEM
3-DGOA
TDE-85
DGEBAEO-6
DGEEBA-6
ETBN

CCCCCCCCC1OC1CCCCCCCC(=O)OCC(COC(=O)CCCCCCCC2OC2CC3OC3CC4
OC4CC)OC(=O)CCCCCCCC5OC5CC6OC6CC7OC7CC
CC(C)(C4CCC(OCC(O)COC3CCC(C(C)(C)C2CCC(OCC1CO1)CC2)CC3)CC4)C6C
CC(OCC5CO5)CC6
CC(C)(c4ccc(OCC(O)COc3ccc(C(C)(C)c2ccc(OCC1CO1)cc2)cc3)cc4)c6ccc(OCC5C
O5)cc6
c3cc(N(CC1CO1)CC2CO2)ccc3OCC4CO4
c3cc(N(CC1CO1)CC2CO2)ccc3Cc6ccc(N(CC4CO4)CC5CO5)cc6
c3cc(N(CC1CO1)CC2CO2)ccc3Cc6ccc(N(CC4CO4)CC5CO5)cc6
CC(C)(c2ccc(OCCOCC1CO1)cc2)c4ccc(OCCOCC3CO3)cc4
CC(COc3ccc(C(C)(C)c2ccc(OCC(C)OCC1CO1)cc2)cc3)OCC4CO4
Cc3cc(c2cc(C)c(OCC1CO1)c(C(C)(C)C)c2)cc(C(C)(C)C)c3OCC4CO4
Cc3cc(c2cc(C)c(OCC1CO1)c(C)c2)cc(C)c3OCC4CO4
c2cc(OCC1CO1)ccc2Cc4ccc(OCC3CO3)cc4
C=CCc4ccc(OCC1CO1)c(c2cc(CC=C)ccc2OCC3CO3)c4
c3cc(N(CC1CC1)CC2CO2)ccc3OCC4CO4
O=C(OCC1CO1)C3CC2OC2CC3C(=O)OCC4CO4
CC(C)(c2ccc(OCCOCCOCCOC1CO1)cc2)c4ccc(OCCOCCOCCC3CO3)cc4
CC(C)(c2ccc(OCCOCCOCCOCC1CO1)cc2)c4ccc(OCCOCCOCCOCC3CO3)cc4
CC(C/C=C\CC(=O)OCC(O)COc3ccc(C(C)(C)c2ccc(OCC1CO1)cc2)cc3)C(=O)OCC(
O)COc6ccc(C(C)(C)c5ccc(OCC4CO4)cc5)cc6

Table A.8. SMILES for 29 imine crosslinker
Name
BigSMILES representation
MDS
Nc2ccc(SSc1ccc(N)cc1)cc2
DDM
Nc2ccc(Cc1ccc(N)cc1)cc2
33DDS
Nc2cccc(S(=O)(=O)c1cccc(N)c1)c2
44DDS
Nc2ccc(S(=O)(=O)c1ccc(N)cc1)cc2
D400_1
CC(N)COCC(C)COCC(C)COCC(C)COCC(C)COCC(C)COCC(C)N
IPDA
CC1(C)CC(N)CC(C)(CN)C1
D230
CC(N)COCC(C)OCC(C)OCC(C)N
T403
CCC(COCC(C)COCC(C)N)(COCC(C)OCC(C)N)COCC(C)OCC(C)N
DA100
CCCCCCCCCCCCN
CC(N)COCC(C)OCC(C)OCC(C)OCCOCCOCCOCCOCCOCCOCCOCCOCCO
ED-900
CCOCCOCCOCC(C)OCC(C)OCC(C)N
EDR-148
NCCOCCOCCN
EDR-176
NCCCOCCOCCCN
DA11
CCCCCCCCCCCCN
m-PDA
Nc1cccc(N)c1
MPDA
CC(CN)CCCN
DETA
NCCNCCN
Epikure W
CCc1cc(C)c(N)c(CC)c1N
PEI
NCCNCCN(CCNCCC(CN)CCN)CCN(CCNCCN)CCN(CCN)CCN
DA8
CCCCCCCCCCN
M-600
COCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCN
(Table cont'd.)
Name
BigSMILES representation
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M-1000

M-2070

M-2005
n-decylamine
t-butylemine
hexadecylamine
D400-2
ED-2003
MXDA

COCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOC
COCCOCCOCCOCCOCC(C)N
COCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOC
COCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOC
COCCOCC(C)OCC(C)OCC(C)OCC(C)OCC(C)OCC(C)OCC(C)OCC(C)OCC(C
)OCC(C)N
COCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOC
COCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOC
COCCOCCOCCOCCOCCOCC(C)OCC(C)OCC(C)OCC(C)OCC(C)OCC(C)N
CCCCCCCCCN
CC(C)(C)N
CCCCCCCCCCCCCCCN
CC(N)COCC(C)OCC(C)OCC(C)OCC(C)OCC(C)OCC(C)N
CC(N)COCC(C)OCC(C)OCC(C)OCC(C)OCC(C)OCC(C)OCCOCCOCCOCCO
CCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCOCCO
CCOCCOCCOCCOCCOCCOCCOCCOCC(C)OCC(C)OCC(C)OCC(C)OCC(C)
N
NCc1cccc(CN)c1

A.6. COMPARISON OF RECOVERY STRESS FOR UV CURABLE SMPS
As shown in Figure A1, the recovery stress for the new SMP at high temperature
(Tpg=260°C) has the similar performance with the maximum recovery stress [109] in the known
UV curable SMPs (20.6MPa vs 27 MPa). However, it should be mentioned that Feng and Li’s
polymer [109] is programmed on low temperature (within Tg), which significantly increases the
stored internal energy and thus improves the recovery stress. To further validates the performance
of the new SMP, we conducted another fully constrained stress recovery test for the new SMP
under a low temperature (Tpg=215°C), and obtained a higher recovery stress σre = 24.9MPa, which
is closer to the known maximum recovery stress of UV curable SMPs. Therefore, the newfound
SMP does possess a comparatively glass transition temperature but provide a strong recovery
capability.
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Figure A. 4 Maximum recovery stress for the new SMP and some known UV curable SMP
[19,109,116,123,293]
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APPENDIX B. SUPPLEMENTARY MATERIALS FOR CHAPTER 4
B.1. PHASE EVOLUTION LAWS IN PREVIOUS MODELS
Table B.1. Some representative frozen phase evolution laws in previous studies.
Frozen phase volume fraction
References

f =

Vf
V

= 1−

[32]

1
1 + c f (Th − T )

n

  Tt m − n 
 
  T 



tanh ( (Th − A) / B ) − tanh ( (T − A) / B )

 f =  exp  − 

 f (T ) = C

[181]

n

(
)
(
)
(T ) =
tanh ( (T − T ) / b ) − tanh ( (T − T ) / b )
tanh (Th − Tg ) / b − tanh (Th − Tg ) / b
h

T

 f (T ) = 
Ts

[295]

tanh ( (Th − A) / B ) − tanh ( (Tl − A) / B )

  T − T m 
l

 f (T ) = 1 − 
  Th − Tl  



f

[294]

g

l

 T − Tg
1
exp  −
2
S 2
 2S

[180]

g


 dT


[296]

t

 
  
 H a (T )    0 
 f = 1 −   p ( r ) dr  1 − 1 − exp  −

kBT   
 rc (T )
  




[31]

B.2. JAUMMAN FORM FOR CONSTITUTIVE MODEL
Jaumman form of constitutive model during the cooling process
During the cooling process, the governing equation in a Jaumann (corotational) rate form
can be presented from Eq. (4.21) as:

SijJ =  ij Ekkm + 2 Eijm +  ij Ekkm + 2 Eijm

(B.1)

The time derivative of the mechanical strain can be written from Eq. (4.19) as:

Eijm = Eij − Eij eff − Eijsto
th
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(B.2)

where

 T M ijkl (T ,  f )

Eijsto =  − 
Skl (T ( ) )  f (T ( ) ) T  ( ) d 
 f
 Tl


T


(B.3)

Furthermore, the Jaumman rate equation is integrated in a corotational framework as:

SijJ =  ij Ekkm + 2Eijm +  ij Ekkm + 2 Eijm

(B.4)

Eijm = Eij −  T t ij e −t / relx − Eijsto

(B.5)

where

Jaumann form of constitutive model during the unloading process
During the unloading process, the constitutive model is reduced to a pure elastic constitutive model,
which yields:

SijJ =  ij Ekk + 2 Eij

(B.6)

Jaumman form of constitutive model during the shape recovery process
The total strain increment during the heating process in the Jaumman form reads:

Eij = Eijm +  T t ij e

− t / crep

−

Eth e

− t / creip



+ Eijsto f T t

(B.7)

sto

where Eij is the component of the maximum storage strain at the low temperature. In free shape
recovery process, the mechanical strain is zero, so that the total strain increment in Eq. (B.7)
becomes

Eij =  T t ij e

− t / crep

− t / crep

E e
− th
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+ Eijsto f1T t

(B.8)

B.3. FLOWCHART OF THE FINITE ELEMENT MODEL FOR POLYMER LATTICE
STRUCTURES
Call
UMAT,
calculate
stiffness and storage strain
under different temperature
o

ΔT < 0

ΔT = 0

Calculate the stress and

Calculate the stress and

Calculate

strain according to Eqs.

strain according to Eq.

according to Eq. (B.8)

(B.4)

(B.6)

and

(B.5)

ΔT > 0

the

strain

Create new Jacobian and write related parameters into solutiondependent variables

No

Convergence and
final temperature
Yes
Stop and end
model

Figure B.1. Flowchart of the finite element model for polymer lattice structures
B.4. EXPERIMENTAL SETUP, FEM AND CURVE FITTING RESULTS IN PLATE
BENDING
In ABAQUS, the computation process is divided into four steps:
(1) Static bending. To simulate the boundary condition, a 3D plate having the same dimension
as the experiment and with left end fixed is set up in the simulation. This plate is divided
into two parts: effective span and loading span (see Figure B.2). The surface 2345 on the
right-hand side is loaded with sinusoidal loading at 125 °C. By exerting the boundary
174

conditions, the loading span can only move vertically. On the other hand, the line 247 is
fixed to simulate the fixation by the fixtures. The element type used in the study is C3D8
element without reduced integration.
(2) Cooling. The loading maintains the same in this step and a predefined temperature field is
cooled down from 125 °C to 25 °C.
(3) Unloading (spring-back). The force is gradually removed in this step at 25 °C.
(4) Heating. The predefined temperature field is heated up with free strain recovery from 25 °C
to 120 °C.

1

2

6

3

4
5
Effective span

7

Loading span

Figure B.2. Plate model in ABAQUS
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Figure B.3. Plate at the end of the simulation (Pa)

Figure B.4. Curve fitting for phase evolution law
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B.5. EXPERIMENTAL SETUP AND FEM RESULTS IN CUBIC LATTICE STRUCTURE

Figure B.5. Boundary condition in simulation

(a)
Figure B.6. The Von Mises stress of the cubic lattice structure (a) before compression prorgmming,
(b) at the end of cooling, and (c) at the end of the heating induced shape recpvery process (Unit:
104 Pa)
(Fig. cont'd.)
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(b)

(c)
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B.6. SUPPLEMENTARY OF FRACTAL ANALYSIS FOR SQUARE LATTICE
STRUCTURES
In recent decades, fractal has been a fascinating approach to understand the rules for chaos
in nature. Researchers [297–299] have done a lot of work in fluid mechanics, geometry, and so
on, but the underlying mechanism is still far from clear. On the other hand, although the lattice
structures work as a strictly self-similarity artificial structre, only a few investigators [143,148,300]
tried to understand the lattice structures from fractal characteristics point of view because of the
geometrical complexity.
Table B.2. Geometry and fractal characteristics for the 1st generation to 3rd genteration SMP square
lattice structure with the same density (ρs: SMP density)
Lattice
Number of
Scaling
density
Length of
Length
of
unit cells
factor
ρ
cross section strut l (mm)
N
S
t (mm)
Generation 1
1
1
12ρst2/l2
1
16.8
2 2
Generation 2
8
1/2
6.75ρst /l
1
12.6
Generation 3
64
1/4
4.6875ρst2/l2
1
10.5
In this section, the square SMP lattice structure is investigated from genration 1 to
generation 3. The geometry of the three structures are shown in Figure 4.14 and Table B.2,
respectively, where they share the same density ρ ≈ 0.0425 ρs. It should be emphaszed that we use
the absolute density instead of the relative density here, so that the resulsts obtainded here are only
for the three structues rather than the lattice structure with different unit cells. Also, the node size
are omitted because of the small slenderness ratio (the ratio of the length of a beam to its cross
section) of each element. According to Peitgen et al. [298], for the square lattice, there is a nice
power law relation between the number of unit cells N and the scale factor S:
N=

1
SD

(C.9)
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The geometry of the square follows strict self-similarity dimension D = 3, which exactly follows
their topological dimension. The prestrain is 7% in the programming process and the bottom is
always clamped.

B.7. FEM RESULTS FOR SELF-SIMILARITY LATTICE STRUCTURE

(a)

(b)
Figure B.7. The Von Mises stress of generation 1 square lattice structure (a) before tension
prorgamming; (b) at the end of the cooling process; (c) at the end of unloading; and (d) at the end
of the heating induced free strain recovery process (Unit: 104 Pa)
(Fig. cont'd.)
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(c)

(d)
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(a)

(b)
Figure B.8. The Von Mises stress of generation 2 square lattice structure (a) before tension
prorgamming; (b) at the end of the cooling process; (c) at the end of unloading; and (d) at the end
of the heating induced free strain recovery process (Unit: 104 Pa)
(Fig. cont'd.)
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(c)

(d)

183

(a)

(b)
Figure B.9. The Von Mises stress of generation 3 square lattice structure (a) before tension
prorgamming; (b) at the end of the cooling process; (c) at the end of unloading; and (d) at the end
of the heating induced free strain recovery process (Unit: 104 Pa)
(Fig. cont'd.)
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(c)

(d)
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G1

G2
Figure B.10. Buckling analysis for G1-G3 square lattice structure at room temperature T = 25 °C
by using Euler beam element (Unit: 104 Pa)
(Fig. cont'd.)
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G3

G1
Figure B.11. Buckling analysis for G1-G3 square lattice structures at room temperature T =
25 °C by using C3D8 element (Unit: 104 Pa)
(Fig. cont'd.)
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G2

G3
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B.8. SUPPLEMENTARY OF MODEL SENSITIVITY ANALYSIS
The constitutive equation in this study is not very complex, but there are still nine
parameters. Additionally, the thermomechanical response for lattice structures is increasingly
complex by taking the geometrical factors into consideration. For these reasons, an analysis for
parameter sensitivity is necessary. In this section, a sensitivity coefficient Si is introduced to
indicate the relative importance of all the parameters in the lattice structures by assuming no direct
correlation between the parameters as following [301,302]:

Si =

C  X i 
 
X i  C 

(A10)

where E and Xi represent the original load-carrying capacity and parameters in the finite element
model, respectively. The quotient Xi/E is introduced to normalize the coefficient for removing the
effects of the units. In the following analysis, all the parameters keep the same as that in Table 4.3.
The parameter matrix for the lattice structures can be written as:

X = n, c f , Ei, N ,  , t , l , relx 

(A11)

In this section, the square lattice structure in section 2.4 under cooling for pre-strain ε = 5% is
considered and each parameter changes by ±10%. Basing on this, the load carrying capacity can
be evaluated. Additionally, considering the volume of square unit cell changes with thickness or
length, we use the specific load carrying capacity (ratio between load carrying capacity and volume)
for square lattice structure as the basis of the sensitivity analysis. To simplify the analysis, the
relaxation time in creep τcreep is neglected.
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Figure B.12. Sensitivity coefficient during the cooling process for the parameter change by +10%
under prestrain ε = 5%

Figure B.13. Sensitivity coefficient during the cooling process for the parameter change by -10%
under pre-strain ε = 5%
As shown in Figs. B.12 and B.13, all the two cases show similar trend. The absolute value
of the peak sensitivity coefficient for each parameter is used to rank the parameters (see Table B.3),
which is 𝑆𝑛 > 𝑆𝐿 ≥ 𝑆𝑡 ≥ 𝑆𝑁 > 𝑆𝛼 > 𝑆𝑐𝑓 > 𝑆𝐸𝑖 > 𝑆𝜏𝑟𝑒𝑙𝑥 . The model can be understood in more
details by the use of this ranking as follows.
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Firstly, the power n in the phase volume fraction ranks the first among all the parameters
and shows much greater sensitvity than others, which suggests that the peak value of this model is
basically determined by the power parameter n and thus the phase volume fraction is vital. In other
words, in order to achieve reliable results, it is necessary to eatablish an accurate phase evolution
law. As given in the B.1 in Table B.1, a lot of phase evolution laws have been developed, but most
of them are based on experimental curve fitting. With curve fitting, parameters can be adjusted to
better match with the experimental data, but it does not necessarily mean better physical model.
Clearly, better physical understanding of the relation between composition, morphology,
processing, and frozen phase evolution should be conducted in the future.
Next, the geometrical factors of the beam length and thickness also play key roles in
addtion to the phase evolution law, which implys that designers can manipulate the load-carrying
capacity by using different lattice structure designs. On the other hand, the sensitivity coefficient
changes much less significantly when another parameter cf changes by ±10%, which indicates that
we should emphasize more on the accuracy of the power parameter n instead of the other parameter
such as cf.
Table B.3. Comparsion of absolute value of parameter sensitivity coefficient for pre-strain ε = 5%
and each parameter changes by ±10%.
Parameter
n
cf
Ei
N
α
t
L
 relx
+10%
-10%

31.89
8.12

0.72
0.74

0.47
0.51

1.00
1.00

0.96
0.97
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2.62
0.64

1.97
2.89

0.418
0.48

APPENDIX C. SUPPLEMENTARY MATERIALS FOR CHAPTER 5
C.1. THERMODYNAMICS FRAMEWORK
According to thermodynamics, the basic relation between enthalpy and internal energy is:
H = U + pV

(C.1)

where U is the internal energy, H is the enthalpy, V is the volume, and p is the pressure. The
internal energy per unit volume is thus:
e0 = h − p

(C.2)

where h is the enthalpy per unit volume, e0 is the internal energy per unit volume. By combining
the first law and second law of thermodynamics, an inequality can be obtained as [219]:
Q  



2

+

e0



−

P:F





(C.3)

where P, F, Q and η are first Pialo-Kirchhoff stress, deformation gradient, heat flux per unit surface
area and entropy per unit volume, respectively; θ is absolute temperature.
The constitutive equations for a thermoelastic material are given by the following
functional forms:
Q = Q ( F,  ,  )

(C.4)

h = h ( P,  ,  )

(C.5)

P = P ( F,  ,  )

(C.6)

g = g ( P,  ,  )

(C.7)

p = p ( P,  ,  ) = p ( F, ,  )

(C.8)

where g is Gibbs free energy per unit volume. Combining with Eqs. (C.3) and (C.2), a new
inequality can be written as:
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Q  

2

+

h− p



−

P:F





(C.9)

By using the chain rule for deformation gradient tensor, we obtain:
Q  



2

+

1  h p
 
−
− P −

:F 0
  F F
F 

(C.10)

The equation has to be true for arbitrary F , hence, the first Pialo-Kirchoff stress can be
expressed as:

P=

h  p 

−   −
F  F 
F

(C.11)

where the thermodynamical pressure is equivalent to hydrostatic pressure [303], and which reads:
p=−

1
1
tr ( σ ) = −  ij ij
3
3

(C.12)

The relation between Cauchy stress and the first Pialo-Kirchoff stress is:

σ=

1
PFT
J

(C.13)

where J is the Jacobian.
Combining Eq. (C.11) with Eqs. (C.12) and (C.13), it is found that the Cauchy stress can
be completely determined by enthalpy, pressure, temperature, entropy and deformation gradient:

σ = σ ( h, p, , , F )

(C.14)

Clearly, both enthalpy and entropy affect the stress. Furthermore, by using the relation
between enthalpy and Gibbs free energy, the enthalpy can be expressed by Gibbs free energy,
temperature and entropy as:

h ( σ, ) = g ( σ, ) +  ( F, )
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(C.15)

Then the first Pialo-Kirchoff stress can be written as the following form by combining Eqs.
(C.11) and (C.15):

P=

ĝ  p 
− 
F  F 

(C.16)

Because the pressure is determined by the stress, the first Pialo-Kirchoff stress can be
completely determined by Gibbs free energy.
To our knowledge, no formula has been proposed for the expression of Gibbs free energy
for TSMPs. Here, we use a relation between Helmholtz free energy and Gibbs energy and reads
[304]:

1
g ( σ, ) =  ( F, ) − σ : E
J

(C.17)

where E is the Boit strain. Combining Eqs.(5.11), (5.13), (5.15) and (5.17), the Cauchy stress
reads:

1    ( F,  )
1  E
σ    p  
σ=  2
F − σ :
+ E :   −    FT
J 
C
J  F
F    F  

(C.18)

where C is the right Cauchy Green tensor, and the derivative of the Helmholtz free energy with
respect to the deformation gradient can be derived by using the chain rule as follow:
 ( F,  )  ( F,  ) C
 ( F,  )
=
=2
F
F
C
F
C

(C.19)

The derivative of the Helmholtz free energy with respect to the deformation gradient tensor
can be represented by introducing the three invariants of the right Cauchy Green tensor (assuming
the stress does not depend on the second invariant [219] ) as:

 ( F, )  ( F, ) I1  ( F, ) I 3
=
+
C
I1
C
I 3
C
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(C.20)

The derivatives of the three invariants with respect to the right Cauchy Green tensor are:

I1 ( C )
C

= I,

I 3 ( C )
C

= I 3F −1F −T

(C.21)

The relation between I3 and Jacobian J is:
I 3 =J 2

(C.22)

According to Bergström [219], the Helmholtz free energy can be written as:

 =  ( I1* ( I1 , J ) , J )

(C.23)

where I1* represents the distortional component of the invariant of the right Cauchy Green tensor,
which reads:
I1* = J −2/3 I1

(C.24)

By using the chain rule, the derivative of the Helmholtz free energy with respect to the
third invariant of the right Cauchy Green tensor is:

 ( I1* ( I1 , J ) , J )
J

=

 I1* 
+
I1* J J

(C.25)

Therefore, by combining with Eqs.(C.20), (C.21), (C.23) and (C.25), the Cauchy stress can
be further written as:

  
1
1
1  E
σ   p 

([2  *  J -2/3I − J −2/3 I1F −1F −T   F −  σ :
+ E :  ] −   ) FT
J
3
J  F
F   F 

 I1 

+
I 3F −1F −T FFT
J

σ=

(C.26)
The derivative of the Helmholtz free energy with respect to Jacobian can be written as an
explicit form [219]:
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 / J =  ( J − 1)

(C.27)

where κ is the bulk modulus. Considering thermal expansion, the Cauchy stress can be further
written as:
σ=

1   
( 2 
J   I1

1  E
σ    p  T
 1 −1 −T  
+ E:
 I − I1F F   F −  σ :
  −  )F
3
J  F
F    F 



(C.28)

+  ( J − 1) F −1F −T FFT − 3 ( −  0 ) I

C.2. DERIVATION OF DERIVATIVE OF RIGHT CAUCHY GREEN TENSOR IN
COMPONENT FORM

C  ( F ji Fim )
=
F
Fkg
T

=  jg ik Fim +  ik mg FjiT =  jg Fkm + Fkj mg

(C.29)

= 2 jg Fkm = 2IF or 2IFT

C.3. DERIVATION FOR THE AVERAGE STRETCH OF A SINGLE CHAIN
Substituting Eq.(5.2)-(5.5) into Eq.(5.1), the average stretch can be written as

r =r
2

2
0

( Z
2
1

1

+ 22 Z 2 + 32 Z 3 )

(C.30)

4

where
2

2

2 2
1   2
2
1   2
2
1 
Z1 = l + 
l2 − l3  + 
l1 −
l2 − l3  + 
l1 +
l2 + l3 
3   3
3
3   3
3
3 
 3

2

2
3

(C.31)

It can be further derived as
4 2 2 2
4 2
4
2 2
2 2
4
2 2
2 2
l1 + l2 + l3 ) −
l2l3 −
l1l2 −
l1l3 +
l2l3 +
l1l2 +
l1l3 +
l 2 l3
(
3
9
9
9
3 3
3 3
3 3
3 3
4
= ( l12 + l22 + l32 )
3

Z1 =

(C.32)
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It should be noting that the term l1l2, l2l3 and l1l3 can totally cancelled.
Similarly,
2

2

2 2
1   2
2
1  
2
2
1 
Z 2 = m3 + 
m2 − m3  + 
m1 −
m2 − m3  +  −
m1 −
m2 − m3 
3   3
3
3  
3
3 
3
 3
4
= ( m12 + m22 + m32 )
3

2

2

(C.33)
2

2

2 2
1   2
2
1  
2
2
1 
Z3 = n + 
n2 − n3  + 
n1 −
n2 − n3  +  −
n1 −
n2 − n3 
3   3
3
3  
3
3 
3
 3
4
= ( n12 + n22 + n32 )
3

2

2
3

(C.34)

The summation of the direction cosine in every direction of the coordinate is:

l12 + l22 + l32 = 1, m12 + m22 + m32 = 1, n12 + n22 + n32 = 1

(C.35)

Therefore, the average single chain stretch is:

mic =

r
1
1
=
12 + 22 + 32 =
I1 ( C )
r0
3
3

(C.36)

which is exactly the same as Eq. (5.11).

C.4. FORMULAS IN UNIAXIAL LOADING
Under uniaxial loading

 0 0
σ= 0 0 0
0 0 0

(C.37)
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C.4.1. Explicit solution of Cauchy stress for the four-chain model
The constitutive equation Eq. (5.24) can be used in uniaxial loading and then an explicit
solution for Cauchy stress can be obtained. The Cauchy stress Eq. (5.24) in the loading direction
can be simplified as:

I 
1 
 
1   
 
 = 2 J −1  M  1 − 1 2   2 − 2   + (  − 1)   +    +  ( J − 1)
J 
 
3J   
(C.38)
  3 
− 3 ( − 0 )
We now rearrange the ordinary differential equation Eq. (C.38) such that

  + a ( ) = b ( )

(C.39)

1  1
1  

a (  ) =  1 + 2   /   (  − 1) −  
3 J 
 J  J

(C.40)

where


 1
I 
1  
 
b (  ) =  2 2 J −1  M  1 − 1 2   +  ( J − 1) − 3 ( − 0 )  /   (  − 1) −   (C.41)
3  
3 J 
 

 J

Combining with the initial boundary condition:

 (1) = 0

(C.42)

Let J =1, the explicit solution can be obtained as:




1



 = e − f ( )   e f (t )b ( t )dt 

(C.43)

where

()

f t =

1
7
log ( 4 −3t ) / t 3 
4

  
 
I 
4 
b (  ) =  2  M  1 − 1 2    2 − 3 ( − 0 )  /   2 −   
3  
3 
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(C.44)
(C.45)

C.4.2. Tensor components in uniaxial loading for TSMP
The Cauchy stress for the rubbery phase is:




 r = e − f ( )   e f (t )br ( t )dt 
r

r

1

(C.46)



where

()

fr t =

1
7
log ( 4 −3t ) / t 3 
4


 
I 
4 


br (  ) =  2 2  M r  1 − 1 2   − 3 ( − 0 )  /   −   
3  
3 
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(C.48)

The stress for the switchable hyperelastic stress of the glassy phase is:
 gr = H ( Eeq − Ec )e

− f g ( )

  f g (t )

  e bg ( t )dt 
1


(C.49)

where

()

fg t =

1
7
log ( 4 −3t ) / t 3 
4






I1r  
4 

r 2 


bg (  ) = 2 ( g ) M g 1 −
− 3 ( − 0 )  /  gr −  gr 
2
r



3 

 
3 ( g )  





r
g

(C.50a)

(C.50b)

According to Eq. (5.39), the viscoplastic part of Cauchy stress of the glassy phase is:

 gp =

1
 E  e − 3 g ( − 0 ) 
e  g
J

(C.51)

where Eg is microscopic structure dependent elastic modulus of the glassy phase. The spatial
velocity gradient in the loading direction can be written from Eq. (5.40) as:

l1 =  /  =  e /  e + l1p
where

(C.52)

l1p is the viscoplastic spatial velocity gradient and can be written from Eq. (5.41) as:
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l1p =



p

2

 g

(C.53)

where  g is the equivalent shear stress and  g =  / 3 .

C.5. PARAMETER CALIBRATION
C.5.1 Parameters calibration for the glassy phase
For EPON-IPD network (see Figure 5.1), there are totally about four types of bonds, i.e.,
C-OH, C-N, C-C and C-O, thus the number of bond types is n1 = 4. The typical bond lengths used
in MD simulation for C-O and C-C in epoxy are 1.46 A and 1.51 A [305], thus we set the average
bond length as l0 ≈ 1.5

A.

According to the electro-diffraction investigation to 1,2-

epoxycyclohexane, the bond angles between C1-C2-C3 and C2-C1-C6 have been found to be
118.5°, the bond angle between C2-C3-C5 is 116°, hence, we set the average bond angle as αi ≈
110°and average bond angle between bond direction and chain axis θi ≈ (180-110)/2 = 35°. The
2

average cross-sectional area b0 is assigned as b0 ≈ π(l0cos(αi /2))2 = 2.32 A . The force constants
(kig and dig) can be approximately determined from the initial hardening modulus and the terminal
hardening modulus (Eir ≈ 100MPa for the linear modulus zone 0.25<-ε<0.30; Eir ≈ 723 MPa for
another linear modulus zone 0.47<-ε<0.52); The mean of the average microscopic stretch

gm can

be determined by the median of the strain increment in the experiment; the critical equivalent strain
can be approximated by observing the smallest value of the softening stress

 = 0.28

; according to

Boyce et al. [220], the segment number of a single representative polymer chain of the glassy phase
ng is approximately equal to the square of the critical tensile stretch (λt = 1.14), i.e., ng is about
1.2~1.3; the elastic modulus Eg in the viscoplastic branch can be obtained from stage of the linear
elasticity in the compressive uniaxial loading (ε=0~8%), which is Eg ≈ 1350MPa, thereby the shear
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modulus Gg can be calculated as Eg/2(1+νg) = 450MPa. Furthermore, the athermal shear
deformation resistance s0 can be calculated as s0 = 0.077Gg/(1- νg) ≈ 69.3 MPa [220]. By observing
the experiment, the ratio between the initial value and stable value for yield stress is σyi/σys ≈ 0.92,
consequently, the saturated value of athermal shear deformation resistance is set as ss = 0.92s0 ≈
63 MPa. The zero-level activation energy ∆G is estimated as 0.92×10-19 Pa for the glassy
PEGDMA and we estimate the zero activation to be a number with the same order for EPON 826
in this study. The other two parameters in the viscoplastic branch (  0 and h) are optimized values
from curve-fitting. In addition, in the relaxation tests, the sample was relaxed for 4 minutes every
step, the relaxation time thus can be fit from the relaxed stress in the experiments.
C.5.2 Parameters calibration for the rubbery phase
For the rubbery phase, the angle between the bond direction and chain axis θi, the bond
length l0, the average cross-sectional area b0 and the number of bond types n1 follow the same
value for glassy TSMP. According to the observation for the modulus changes from Fan and Li
[1], there are totally two different linear zones ( -0.2< ε <0 and -0.45< ε <-0.28) and a transition
zone (-0.2≤ ε ≤-0.28) for modulus in the step experiment (see Fig 5.1 (d) in their study), thus the
force constants (kir and dir) can be determined from the two linear zones in the initial strain ranges
-0.2< ε <0 and the final strain range -0.45< ε <-0.28. At temperature above Tg, polymer chains
possess the great mobility and more mobile segments, thus a slightly greater segment number is
assumed for nr. The mean of the average microscopic stretch

rm

can be determined by the median

of the strain in the experiment.

C.6. PARAMETER SENSITIVITY ANALYSIS
Table C.1. Parameter sensitivity coefficient for strain ε = -0.52 and each parameter changes by 10%
and 20%
Description
Parameter
+10%
+20%
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Type of bond for a single segment
Average bond length
Average bond angle between bond
direction and chain axis
Cross-sectional area assigned to each
chain molecule
Mean of average microscopic stretch
Standard deviation
Interatomic
force
constant
for
equilibrium time-independent behavior
Angular force constant for equilibrium
time-independent behavior
Elastic modulus for non-equilibrium
timedependent behavior
Zero level activation energy
Pre-exponential factor
Initial value of athermal shear strength
Saturation value of athermal shear
strength
Segment number of single representative
polymer chain
Parameter for material softening
Critical equivalent strain

-2.68×10-1
2.95×10-1
-4.46×10-1

n1
l0
θi

-2.45×10-1
2.95×10-1
-3.91×10-1

b0

-2.67×10-1

-2.45×10-1

m

-3.12×10-1

-3.48×10-1

Σ
ki g

-9.38×10-2
-3.7×10-4

-8.6×10-2
-3.71×10-4

di g

2.95×10-1

2.95×10-1

Eg

6.74×10-4

6.14×10-4

∆G
s0
ss

3.14×10-2
-7.24×10-2
-2.1260×10-6
7.05×10-1

ng (-)

-4.87×10-1

-3.93×10-1

h0
εc

-2.1273×10-6
-5.90×10-1

-1.064×10-7
-5.51×10-1

0

2.87×10-2
-6.93×10-2
-1.063×10-7
7.05×10-1

There are totally 23 parameters in this four-chain model (including both rubbery state and
glassy state), thus a parameter sensitivity analysis is essential, which can help us identify the
relative importance of parameters in the model. In this section, we adopt the partial derivative of
model output as the evaluation criterion [7,301,302], which can be written as:
Xp =

M ( p1 , p2 ,...)
pi
pi
M ( p1 , p2 ,...)

(C.54)

where pi is the ith parameter, and M is the model output. It is worth noting that the parameter
pi
M ( p1 , p2 ,...)

is introduced to normalize the coefficient. In order to obtain a comparatively accurate

sensitivity coefficient matrix, each parameter changes for both 10% and 20%, respectively. The
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model output for the Cauchy stress of the TSMP in the glassy state is studied in this section because
this simulation possesses the maximum number of parameters (16 parameters). The stress for the
uniaxial compression strain ε = -0.52 is taken as the base value.
By calculating the absolute values of sensitivity, the rankings for the sensitivity coefficient
corresponding to +10% and +20% parameter variation can be obtained in Table C.1. By comparing
the absolute values of the sensitivity coefficient, we have X s > X  > X n > X  > X  > X d > X l > X n > X b >
c

s

g

i

ig

m

0

1

0

X  > X  > X G > X E > X k > X h > X s and X s > X  > X n > X  > X  > X d > X l > X n > X b > X > X  > X > X E >
0

X kig

g

ig

0

0

s

c

g

i

m

ig

0

1

0



0

G

g

> X h > X s for +10% and +20% parameter variation, respectively. The two rankings follow the
0

0

exactly the same order and some observations can be obtained. First, the saturation value of
athermal shear deformation resistance ss and the critical equivalent strain εc play the most
important roles in all the parameters. This is because of the peak value of the stress, to a great
extent, is determined by plastic flow termination timing, thereby it is these two parameters that
strongly affect the evolution of plastic strain. Second, another hardening parameter (the segment
number of single representative polymer chain) ng is also essential to the whole model. Apparently,
with the increase in segment number, the deformation gradually tends to be easier and thus leads
to a less stress value. Third, comparing to interatomic force constant kig, the angular force constant
dig plays a more important role in the model, which is in agreement with the general energy barrier
theory, i.e., the bond angle changes correspond to a greater energy barrier and thus produce a
greater stress output. Fourth, the evolution parameter for athermal shear strength h0 has a modest
effect on the output of the whole model. That is, the strain softening is relatively weak in this
model (the ratio between the peak yield stress and stable yield stress is only 1.09 in the experiment),
thus the evolution of athermal shear deformation resistance cannot strongly affect the peak value
of stress. Finally, because the initial yield strength cannot directly determine the terminal
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hardening stress, the initial value of athermal shear deformation resistance s0 does not play a major
role in the model output.

C.7. COMPARISON BETWEEN THE STRESSES FOR THE NEW FOUR-CHAIN
MODEL AND ARRUDA-BOYCE EIGHT-CHAIN MODEL WITH DIFFERENT
SEGMENT NUMBER N

Figure C.1. Comparison of Cauchy stress between four-chain model and the Arruda-Boyce eightchain model for the TSMP at rubbery state subject to uniaxial compression
It can be seen from Figure C.1 that, the stresses corresponding to the Arruda-Boyce eightchain model cannot change significantly when the segment number changes, all of which are much
less than the stress obtained from the new four-chain model under comparatively large deformation.
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C.8. FLOWCHART FOR COMPUTATION
Stretch λ

Rubbery
phase

Glassy
phase

Eeq > Ec

Eeq < Ec

Calculate the
switchable hyperelastic

(rubbery) part

by

Update
the
spatial
velocity
gradient,
athermal
shear
resistance, plastic shear
strain rate and the
effective
equivalent
shear stress by using
Eq.(C.52)-(C.53), Eq.
(5.44)-(5.45), Eq.(5.43)
and Eq (5.42).

using Eq. (C.48) – Eq.
(C.50)
Calculate viscoplastic
stress by using Eq.
(C.51)

Calculate the stress of
rubbery phase by using
Eq.(C.46) - Eq.(C.48)

Calculate total stress of
glassy phase by using Eq.
(5.31)

Calculate
total stress by
using Eq.
(5.26)

Figure C.2. Flowchart of the new four-chain model for uniaxial compression
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APPENDIX D. SUPPLEMENTARY MATERIALS FOR CHAPTER 6
D.1. FORMULAS IN UNIAXIAL LOADING
In the 2W-SME experiments, the specimens were exerted by a uniaxial loading 𝝈 =
diag(𝜎, 0 , 0). Hence, three simplifications can be made. To begin with, all the materials in the
̂ 𝑐(𝑡 ′ )
body are subjected to homogeneous tension or compression. Then, the two eigenvectors 𝒎
̂ 𝑐(𝑡 ′) hold constant, and 𝒎
̂ 𝑐(𝑡 ′) is assumed to be the loading direction in the programming
and 𝒏
and working procedures. Finally, as stated above, the transversely isotropic leads 𝑐3 to be
diminished in Eq. (6.18). By assuming incompressibility to all the three deformation components,
the three components of deformation gradient can be further expressed as follows.
Thermal Component.
Suppose the coefficient of thermal extension under the uniaxial loading is a linear function
with respect to temperature, then the thermal deformation gradient can be written from Eq. (6.11)
as:
1 0 0 
1 0 0 
0 0 0 
t

d 




Ft =  0 1 0  +  1 +   t ( ) dt   −   0 0 0  + ( −  ) 0 1 0 
0
dt  


0 0 1  
0 0 0 
0 0 0 

(D.1)

where 𝛼𝑡 (𝜃) is the coefficient of thermal expansion as a linear function of temperature in the
direction.
Reversible Component.
For the 1D case, the deformation gradients of the reversible component can be written as:

0
0 
r ( t )


−1/2
Fa ( t ) =  0
r ( t )
0 
 0
0
r−1/2 ( t ) 
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(D.2a)

 r ( t )

 r ( t  )

Fc ( t ) =  0


 0






0 

r ( t  ) 

r ( t ) 

0

0

r ( t  )
r ( t )
0

(D.2b)

where the subscripts “a” and “c” represent the amorphous and crystalline states, respectively. And
the two right Cauchy deformation tensors are:

r2 ( t )
0
0 


−1
B a ( t ) = Ca ( t ) =  0
r ( t )
0 
 0
0
r−1 ( t ) 

  (t ) 2
 r

  r ( t  ) 

B c(t ) ( t ) = Cc(t ) ( t ) = 
0


0



0

r ( t  )
r ( t )
0





0 

r ( t  ) 

r ( t ) 


(D.2c)

0

(D.2d)

  (t ) 
Thus, the scalar J1 =  r
 .
 r ( t  ) 
2

The constitutive equation for the crystallite formed at time 𝑡 ′ reads:

g c( t )

2
  (t ) 2

 r ( t ) 
r


= 2c1Bc(t ) + 4c2 
diag
−
1,
0,
0






t

t
(
)
(
)


 r


 r


(D.3)

Combing Eq. (D.2) with Eq. (6.15)-(6.17) as well as with the stress boundary condition on
the lateral surfaces, the relation between the Cauchy stress and stretches in the extension direction
can be derived as:
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2

 2
t   ( t ) 
r ( t )  d c
1 
r
 11 = r = (1 −  c ) a  r ( t ) −
+
2
c
−
dt 



1 t  
1
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t

t
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(
)
(
)
(
)
r
r
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   ( t )  4   ( t )  2  d
r
c
+4c2    r
dt 
 −
 
t1




t

t
dt
(
)
(
)
  r
 
  r
t

(D.4)
In order to obtain the current crystallinity, the phase evolution law Eqs. (6.22) - (6.24)
should be adopted, where the internal stress in the amorphous phase is specified as in =

2  2
1 
a r ( t ) −
 . Generally, in the two procedures (programming and working cycles) in the
3

t
(
)
r


experiments, the thermomechanical loadings are different from step to step. In order to make it
more understandable, we derive step-by-step expressions as following.

D.2. STEP BY STEP EXPRESSIONS FOR THE PROGRAMMING-WORKING CYCLE
FOR ADVANCED 2W-SME

Figure D.1. Modelling of advanced 2W-SME
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Using advanced 2W-SME shown in Figure D.1 as an example, the step by step process for
the programming and working cycle can be discussed below.
Loading at 𝜽𝒑𝒓𝒐𝒈 (P1) at room temperature.
In the beginning, the specimen is applied the engineering stress σ = σ(t) (measured from
the MTS machine) at programming temperature 𝜃𝑝𝑟𝑜𝑔 . Generally, the specimen possesses an
initial crystallinity 𝛼0 that does not melt at  prog . Also, the crystallites are believed to form without
different deformation histories, i.e., 𝜆𝑟 (𝑡 ′ ) ≡ 1. Therefore, the total Cauchy stress can be written
as



 ( t )  ( t ) = (1 −  0 ) a  r2 ( t ) −


  2

1 
1 
4
2
 +  0  2c1  r ( t ) −
 + 4c2 ( r ( t ) − r ( t ) ) 
r ( t ) 
r ( t ) 
 


(D.5)

It is a quintic equation and can be rearranged as

4c2 0r5 ( t ) + (1 −  0 ) a + 2c1 0 − 4c2 0  r3 ( t ) −  ( t ) r 2 ( t ) − (1 −  0 ) a − 2c1 0 = 0

(D.6)

Cooling down to 𝜽𝒍𝒐𝒘 with constant stress (P2).
The specimen is cooled down and the thermal component deforms as:
𝑡

𝜆𝑡 (𝑡) = 1 + ∫0 𝛼𝑡 (𝜃)

𝑑𝜃
𝑑𝑡 ′

𝑑𝑡 ′

(D.7)

The applied engineering stress is held constant in this step. According to Eq. (D.4), the
relation between Cauchy stress and reversible stretch reads:
  2


1 
4
2
 +  0  2c1  r ( t ) −
 + 4c2 ( r ( t ) − r ( t ) ) 
r ( t ) 
r ( t ) 
 




1
+ 2c1  r2 ( t ) L1 −
L2  + 4c2 ( r4 ( t ) L3 − r2 ( t ) L1 )
r ( t ) 



 ( t )  ( t ) = (1 −  c ( t ) ) a  r2 ( t ) −

1

(D.8)
It can be rearranged as a quantic equation as
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( 4c2 0 +4c2 L3 ) r5 ( t ) + (1 −  0 ) a + 2c1 0 − 4c2 0 − 4c2 L1 + 2c1L1  r3 (t ) −  (t ) r 2 (t ) − (1 −  0 ) a
−2c1 0 − 2c1 L2 = 0
(D.9)
where 𝐿1 , 𝐿2 and 𝐿3 represent the three integral equations of the natural configuration evolution
history, which can be expressed as:
2

 1  d c
L1 ( t ) =  
dt 

t1  t  

dt
(
)
 r

t

L2 ( t ) =  r ( t  )
t

t1

(D.10a)

d c
dt 
dt 

(D.10b)

4

 1  d c
L1 ( t ) =  
dt 

t1  t  

dt
(
)
 r

t

(D.10c)

where the phase evolution rule in Section 6.2.2.2 should be used.
Unloading at 𝜽𝒍𝒐𝒘 (end of P2).
Because the instant unloading, there is no thermal extension contribution at this step and
new deformation gradients are stretch of reversible component. By assuming no crystallinity
change during this stage, the relation for the stretch is then expressed as:
  2


1 
1 
4
2
0 = (1 −  c ( t ) ) a  r2 ( t ) −
 +  0  2c1  r ( t ) −
 + 4c2 ( r ( t ) − r ( t ) ) 
r ( t ) 
r ( t ) 
 




1
+ 2c1  r2 ( t ) L1 ( t3 ) −
L2 ( t3 )  + 4c2 ( r4 ( t ) L3 ( t3 ) − r2 ( t ) L1 ( t3 ) )
r ( t )



(D.11)

( 4c2 0 +4c2 L3 ) r5 ( t ) + (1 −  0 ) a + 2c1 0 − 4c2 0 − 4c2 L1 + 2c1L1  r3 (t ) − (1 −  0 ) a − 2c1 0
−2c1L2 = 0
(D.12)
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where 𝛼𝑃2 , L1-L3 are the crystalline volume fraction and the three integrals at the end of P2 but
before unloading at 𝑡3 , respectively. We record the history of the natural configuration evolution
𝐿# and corresponding crystallinity, which will be recalled during the next heating stage. This
recalling method asks computer to store all the histories of the natural configuration evolution for
every element with different thermomechanical histories, thus which consumes relatively
computational resource. It is an inherent disadvantage of multiplied configuration method.
Therefore, a better method with less computational cost should be developed, which will be
conducted in our future studies.
-

Heating up to 𝜽𝒘𝒐𝒓𝒌 (W1).
In this step, the natural configuration evolution history can be tracked by identifying the

corresponding time t* in the last cooling process P2. Next, the equation between the Cauchy stress
and reversible stretch can be expressed as:


 ( t )  ( t ) = (1 −  c ( t ) ) a  r2 ( t ) −


  2


1 
4
2
 +  0  2c1  r ( t ) −
 + 4c2 ( r ( t ) − r ( t ) ) 
r ( t ) 
r ( t ) 
 

1



1
+ 2c1  r2 ( t ) L1 ( t * ) −
L2 ( t * )  + 4c2 r4 ( t ) L3 ( t * ) − r2 ( t ) L1 ( t * )
r ( t )



(

)
(D.13)

where 𝑡 ∗ ∈ [𝑡1 , 𝑡2 ]. The engineering stress can be specified as
𝜎(𝑡) = {

0
𝑡3 < 𝑡 < 𝑡4
−0.0203 𝑀𝑃𝑎 𝑡4 < 𝑡 < 𝑡5

(D.14)

Meanwhile, based on Eq. (6.12), the phase evolution law in the melting should be changed
to:
d m
= − R (  )  m ( )
dt
0
with ∆𝜃 = 𝜃 − 𝜃𝑚
.
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(D.15)

Cooling down to 𝜽𝒍𝒐𝒘 (W2).
During this stage, the stress-deformation equation shares the same one as Eq. (D.9), except
that the applied engineering stress is σ = -0.0203MPa and at different initial configuration. It is
worth mentioning that the crystallization kinetics in this step is different from the cooling branch
in the programming process, leading to different natural configurations. For the last working steps
(W3 and W4), similar procedures but a different engineering stress σ = -0.0469MPa are exerted.
Calculate the final overall stretch by multiple relaxation effect
Based on Eq. (6.36), the final stretch can be expressed as:
𝝀𝒄 (𝒕) = 𝟏 + (𝝀(𝒕) − 𝟏)(𝟏 − 𝐞𝐱𝐩 (−𝒕/𝝉)

(D.16)

Damage evolution
By adopting Eqs. (6.29) and (6.31), the damage rate in the nth step can be written as
1/2

2
2
1

 log ( n / n−1 )  + log ( n−1 / n )  
2
 [D − D ]
Dn = 
s
n −1
d
6 t
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(D.17)

D.3 MATLAB FLOWCHART FOR ADVANCED 2W-SME
Input parameters (Temperature, stress)

Call subfunction
Programming for
programming
process

Calculate thermal
stretch λt_p (D.7),
reversible stretch
λr_p (D.6, D.8 and
D.11) and multiple
natural
configuration L#_p.

Call
subfucntion
ADVME_1stmt
for the first heating
process
in
the
working process

Call
subfucntion
ADVSME_1stcl
for the first cooling
process
in
the
working process

Call
subfucntion
ADVSME_2ndmt
for the second
cooling process in
the working process

Call
subfucntion
ADVSME_2ndcl
for the second
cooling process in
the working process

Calculate thermal
stretch
λt_1stmt
(D.7), reversible
stretch
λr_1stmt
(D.13)
and
multiple natural
configuration
L#_1stmt.

Calculate thermal
stretch
λt_1stcl
(D.7), reversible
stretch λr_1stcl (D.8)
and
multiple
natural
configuration
L#_1stcl.

Calculate thermal
stretch
λt_2ndmt
(D.7), reversible
stretch
λr_2ndmt
(D.13)
and
multiple natural
configuration
L#_2ndmt.

Calculate thermal
stretch
λt_2ndcl
(D.6), reversible
stretch
λr_2ndcl
(D.8) and multiple
natural
configuration
L#_2ndcl.

Calculate the final multiple
natural configuration L# by Eq. (D.16)

Figure D.2. MATLAB flowchart for programming and working process. (the horizontal arrow
indicates the calculation sequence; the output value of the stretch at the end of the subfunction is
taken as the initial condition for the next subfunction)
D.4. MECHANISM OF THREE TYPES OF 2W-SME
Mechanisms for the quasi 2W-SME
From Figure D.3, all the thermomechanical cycles have similar characteristics, thus we
only study the stretch in one cooling branch (for example, within the time period of 150 min - 165
min, see Figure D.3). Clearly, there are two distinct mechanisms controlling the quasi 2W-SME
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in the cooling process. Within the period of T1, the crystallinity holds the minimum value α =
0.42%, hence, the elongation upon cooling is induced by the modulus reduction in the rubbery
phase, i.e., entropic elasticity. At the end of T1 and start of T2, the temperatures is equal to the
crystallization temperature, and thus SIC is triggered, which immediately induces a rapid
elongation, i.e., a large slope of strain actuation. At the end of the period of T2, the crystallinity
saturates. It is noted that the saturated crystallinity is not 100%, suggesting that at the end of the
period T2, some amorphous domains remain. Therefore, with further temperatures dropping, i.e.,
within the period of T3, the same mechanism as in T1 continues taking effect, but at a slower rate.
This is because some amorphous domains have been crystallized, and the combined modulus of
SMP increases and then limits the further stretch development.
Engineering stress (MPa)
stretch (simulation)
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Figure D.3. Stretch from two distinct mechanisms in quasi 2W-SME
Mechanism for advanced two-way shape memory effect
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Because the true 2W-SME is due to the stored internal tensile stress, it is believed that, if
the internal tensile stress is high enough, we can add some external compressive stress (in a limit
value), and the polymer may still exhibit 2W-SME, as long as the resultant internal stress is still
sufficiently high tensile stress. This is exactly the case. Similar to Figure 6.8, Figure D.4 shows
the time evolution of stress, temperature, stretch, and crystallinity, both with and without the CK
effect. It is clear that the elongation upon cooling mainly occurred during the time period of
crystallization (C1 and C2), suggesting that the dominating mechanisms for advanced 2W-SME
is due to SIC, not due to entropic elasticity. Again, CK makes the stretch and crystallization occur
earlier. However, because of the higher internal stress, the modeling results show a comparatively
significant difference between the stretch with CK and without CK.
Pathway for transition of shape memory effects

Figure D.4. Comparison between stretch, Crystallinity and internal stress with crystallization
kinetics and stretch without crystallization kinetics cause by SIC for advanced 2W-SME
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As mentioned in the Introduction section, an ionomer (Surlyn 8940) has exhibited 1WSME, 2W-SME, and multi-shape memory effect [198]; the same is for the cPBD system [195].
According to our model, it is conceivable that an SMP can show various SMEs. In order to
transform a 1W-SMP into a 2W-SMP, anisotropy must be introduced to the network, either via
external loading, or via internal stress storage, and higher internal stress leads to better actuation
performance. Figure D.5 summarizes the different pathways to realize multi-SMEs in a SMP.
Based on the above discussion, we would like to point out that, while all semicrystalline polymers
have potential to exhibit quasi 2W-SME, they do not necessarily have true 2W-SME or advanced
2W-SME. They need to have the mechanisms to store internal tensile stress so that anisotropy and
SIC can occur.

Figure D.5. Shape memory polymers undergo different programming-working procedures can
realize different SMEs. With the increase in programming tensile stress, the SMP can exhibits 1WSME (without external load), quasi 2W-SME (with constant external tensile load), true 2W-SME
(without external load), and advanced 2W-SME (with constant external compressive load).
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D.5. SENSITIVITY ANALYSIS
In this model, there are a total of 13 - 17 parameters (see Table 6.1, Table D.2, and Table
D.3) besides the programming stretch. However, we are not sure (1) the relative importance or
ranking of the parameters, and (2) any coupling or relationship between the parameters so that the
number of parameters can be potentially reduced. Therefore, sensitivity analysis is essential and
will be conducted in this section. In all the sensitivity analysis, regression technique has worked
as an efficient analysis tool for many years [306–309]. In order to simply the analysis, only the
advanced 2W-SME before the second thermomechanical cycle (0-33min) is taken as consideration.
In regression methods, the highly complex model is replaced with a simplified “response
surface” [306,309]. In the model for Advanced 2W-SME, the parameters can be grouped into five
sets (see Table D.3): thermal expansion, reversible stretch, phase evolution law and relaxation time,
with the number of relevant parameters 2, 3, 7 and 1 respectively. Therefore, we believe that
changing 7 parameters each time can capture the trend to a certain extent. Meanwhile, the model
was run at one level (parameters changes by 12%), respectively, which leads to a total of 792 runs
(see Figure D.6).
The mean stretch is recorded and viewed as the final response (See Figure D.6). Then a
multiple linear model [309] with 13 variables is described by:
13

mean =  0 +   k Pk + 20 PTe +  21PRs +  22 PPel + e

(D.17)

k =1

where each β0, βk and Pk are intercept of the plane, partial regression coefficient and the parameters,
respectively; e represents the error term. PTe, PRs, PPel, PIs are the combined effects due to thermal
expansion, reversible stretch, and phase evolution law, respectively. Their functions are
represented by:
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PTe = a1a2 , PRs = a c1c2 , PPel =  0 m0 f A1 A2 A3 A4

(D.18)

Then the least squares functions can be constructed as following [309]:
L=

50388

 e2 =
i =1

23



 i −  0 −   j Pij 
i =1 
i


50388

2

(D.19)

According to Eq. (D.19), a group of linear equations can be obtained and then solved. The
computational results are listed in Table D.1.
Because the parameters we input are based on different units, the ranking for each
parameter must be evaluated mainly based on the absolute value of standardized coefficients,
which is defined as following:

 k =  k
where

SDPk

SDPk
SD

(D.20)

and SD are the standard deviations of the parameter and stretch. According to Table

0 > Sτ> 𝑆𝐴 > 𝑆𝑃
D.1, the ranking is 𝑆𝑁𝑘 > 𝑆𝑎1 > 𝑆𝑃𝑅𝑠 >𝑆𝛼𝑓 > 𝑆𝑐1 > 𝑆𝑎2 > 𝑆𝐴4 > 𝑆𝜃𝑚
> Sα0 > 𝑆𝐴1 > 𝑆𝐴2 >
3
𝑒𝑙

𝑆𝑃𝑇𝑒 > 𝑆𝑐2 . The observations based on this ranking has been discussed in the body of the paper.

Figure D.6. 792 stretch curves for the parameters change by 12% (seven parameters at a time) for
advanced 2W-SME
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Table D.1. The analysis of variance (ANOVA) table for the multiple regression models
Parameter

Unstandardized
coefficient

𝑎1
𝑎2

-2.12×105
4.56×102

𝑁𝑘
𝑐1
𝑐2

-2.97×103
-1.40×10-1
-4.64×10

𝛼0
0
𝜃𝑚
𝐴1
𝐴2
𝐴3
𝐴4
𝛼𝑓

-6.42×10
1.29×10-3
2.68×102
5.89×10-2
2.0×10-2
5.86
5.15×10-1

τ

6.71×10-2

𝑃𝑇𝑒
𝑃𝑅𝑠
𝑃𝑃𝑒𝑙

9.04×106
1.0×10
6.64×10

Coefficients error
Thermal expansion
2.65×105
8.66×10
Reversible stretch
2.35×102
1.72×10-2
1.29
Phase evolution law
5.81
9.23×10-5
2.44×10
1.28×10-2
1.63×10-3
4.07×10-1
2.84×10-2
Relaxation effect
3.27×10-3
Combined effect
2.83×107
1.75×103
1.45×10

Test of
significance

Standardized
coefficient

-8.01
5.26

-5.69×10-1
3.79×10-1

-1.24×10
-8.10
-3.6×10-1

-5.88×10-1
-3.85×10-1
1.71×10-2

-1.11×10
1.40×10
1.10×10
4.59
1.23×10
1.44×10
1.82×10

-2.48×10-1
3.14×10-1
2.46×10-1
1.02×10-1
2.76×10-1
3.23×10-1
4.07×10-1

2.05×10

3.08×10-1

3.2×10-1
5.74
4.56

3.19×10-2
4.38×10-1
2.72×10-1

D.6. MOLECULAR MECHANISMS FOR INTERNAL STRESS STORAGE AND
NUCLEATION PROCESS DURING NON- ISOTHERMAL TENSILE PROGRAMMING
As mentioned above, for a cross-linked semicrystalline network under tensile stress, the
network consists of three components: crystallites, aligned amorphous chains, and relaxed or
coiled isotropic amorphous chains [285]. However, only a very small amount of amorphous short
chains can align or serve as nuclei, suggesting that the majority of the amorphous phase are relaxed
or stress-free chains. The reason is that the cross-linking process is quite random. Therefore, even
for the most ideal case – all molecules have the same composition, same structure, and same
molecular weight, the chain lengths between two cross-link points or netpoints are not the same.
Under external stretch, the chain with shorter length between the two netpoints is easier to be
aligned, forming the nucleus or template for crystallization. During tensile programming (non219

isothermal cooling with sustained tensile load), new crystallites will most likely to grow from
aligned amorphous chains, instead of from the exiting crystallites. This is because strain-induced
crystallization will be hindered by the actual event of crystallization itself [310]; in other words,
the crystallite size has a certain limit. Therefore, the relaxed amorphous segments will be more
likely to fold onto the stretched short amorphous chain nucleus to dump their kinetic energy
(vibration, rotation, and translation) and to form new smaller-sized crystallites, rather than further
grow the existing crystallites, unless the existing crystallite size is very small.
We believe that the stress storage and distribution can be explained by the following
idealized model. Instead of using the popular 3-dimentional 8-chain model [38,98], we create a 2dimensional 4-chain model for the ease of demonstration. As shown in the schematic in Figure
D.7(a), we consider that four molecules with the same composition and same molecular structure
are cross-linked end to end, forming a relaxed configuration. We further assume that molecule 1
has the shortest chain length, molecule 2 has the longest chain length, while the molecules 3 and
4 have the same chain length and their length is in between those of molecules 1 and 2. At the
melting temperature, the configuration is shown in Figure D.7(a) and all molecules are relaxed.
Now we apply an external tensile load to the network. Some segments in Chain 1 are stretched and
aligned and forming the crystallization nucleus. Some coiled segments will start to fold onto the
template, leading to the first crystallite. With temperature dropping while maintaining the external
load, more smaller-sized crystallites will be produced in Chain 1, in series. As the temperature
drops, Chain 2 will be stiffened and shortened (thermal contraction) because it is amorphous. This
causes tensile stress redistribution, i.e., the initial stress-free Chain 2 starts to share some tensile
stress. The tensile stress, together with the dropping temperature, will cause crystallization in
Chain 2. This process proceeds until the end of cooling. There is a possibility that Chain 1 consists
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of more crystallites than Chain 2, simply because it crystalizes first and is subjected to larger tensile
stress. As a result, at the end of cooling Chain 1 may be longer than Chain 2, although Chain 2 is
longer than Chain 1 in the initial relaxed state; see a schematic in Figure D.7(b). Upon unloading,
both Chains 1 and 2 will experience a slight shortening (spring back). The network then tends to
return to their relaxed, stress-free configuration in Figure D.7(a). As a result, Chain 1 needs to
become shorter and Chain 2 needs to become longer. Consequently, Chain 1 will be subjected to
compressive stress, and Chain 2 will be subjected to tensile stress; see the schematic in Figure
D.7(c). Upon heating to the working temperature (which is lower than the programming temperate),
Chain 2 may be totally melted, returning to its isotropic, coiled, and amorphous configuration and
leading to shortening in length. Because Chain 1 can only be partially melted, its length continues
to be longer than that of Chain 2, keeping Chain 2 under tensile stress. This is the end of the first
thermomechanical cycle; see the schematic in Figure D.7(d). The working cycle will start by
cooling without applying external tensile load. The internal tensile stress in Chain 2 will cause
strain induced crystallization, i.e., extension, or true 2-SME. For the true 2W-SME, Chain 1 is
more like a functional chain, balancing the internal tensile stress applied to Chain 2, so that Chain
2 will show the true 2W-SME. It is again noted that the volume fraction of Chain 1 is very small,
and can be neglected. The crystallization/melting transition of tensile stressed Chain 2, which has
a large volume fraction, contributes to the reversible bi-directional actuation.
It is noted that in a recent study of semicrystalline 2W-SMP [195], it demonstrated quasi
2W-SME, true 2W-SME, and advanced 2W-SME. Characterizations of the polymer, including
cryogenic SEM, in-situ XRD, and in-situ Raman, show that tensile programing (1) enhanced the
2W-SME; (2) elevated the crystallization temperature; (3) led to stress storage in the crystal lattices.
These findings further support the modeling results and mechanism analysis in this study.
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Figure D.7. Schematic representation of chain length change in a cross-linked network. (a) Relaxed
state at above melting temperature; (b) Stretched state. Stretching and cooling lead to strain
induced crystallization and chain length change. The length of Chain 1 may become longer than
that of Chain 2, although initially Chain 2 is longer than Chain 1. (c) Relaxed state after load
removal. Chain lengths need adjustment to return to the relaxed state in (a), i.e., the ratio of (𝑙1′ /𝑙2′ ))
tends to equal to the ratio of (l1/l2). Consequently, Chain 1 needs to become shorter, while Chain
2 needs to become longer, leading to compressive stress in Chain 1 and tensile stress in Chain 2.
(d) Recovered state. After temperature rising to the highest working temperature, Chain 1 is
partially melted while Chain 2 may be fully melted. Again, Chain 2 is under tensile stress and
Chain 1 is under compression. The tensile stress stored in Chain 2 becomes the driving force for
recrystallization of Chain 2, resulting in extension upon cooling and 2W-SME, or true 2W-SME.
Note: 𝐹 is the applied tensile load, red dot represents netpoints (chemical cross-links and unmelt
crystallites), and blue circle represents zoomed-in region.

D.7. PARAMETERS USED FOR TRUE AND ADVANCED 2W-SMES
Table D. 2. Model parameters for true 2W-SME
Description

Parameter
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Value

Thermal Component 𝜶𝒕 (Eq. D.7)
Constant for CTE
Constant for CTE
Reversible Stretch Component 𝜆𝑟 (Eq. D.4)
Crosslink density × 𝐵𝑜𝑙𝑡𝑧𝑚𝑎𝑛𝑛 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
Initial crystalline phase axial modulus
Constant for crystalline phase transverse modulus
Phase evolution law 𝜶𝒄 (Eqs. 6.22 - 6.24)
Crystallinity before programming
Equilibrium melting temperature
Ultimate crystallinity
Constant for phase evolution
Constant for phase evolution
Constant for strain induced crystallization effect
Constant for strain induced crystallization effect
Relaxation parameters (Eq. 6.36)
Relaxation time

𝑎1 (𝐾 −2 )
𝑎2 (𝐾 −1 )

-2.959×10-6
9.056 × 10−4

𝑁𝑘 (𝑀𝑃𝑎/𝐾)
𝑐1 (𝑀𝑃𝑎)
𝑐2 (𝑀𝑃𝑎)

2.6 × 10−4
4
0.12

𝛼0
(𝐾)
𝛼𝑓
𝐴1
𝐴2
𝐴3 (𝐾)
𝐴4 (𝑀𝑃𝑎)

0.0042
268
0.86
1× 10−3
1.8995
15
0.07

τ (min)

4

0𝑚

Table D. 3. Model parameters for advanced-2W SME
Description
Thermal Component 𝜶𝒕 (Eq. D.7)
Constant for CTE
Constant for CTE
Reversible Stretch Component 𝜆𝑟 (Eq. D.4)
Crosslink density × 𝐵𝑜𝑙𝑡𝑧𝑚𝑎𝑛𝑛 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
Initial crystalline phase axial modulus
Constant for crystalline phase transverse modulus
Phase evolution law 𝜶𝒄 (Eqs. 6.22 - 6.24)
Crystallinity before programming
Equilibrium melting temperature
Ultimate crystallinity
Constant for phase evolution
Constant for phase evolution
Constant for strain induced crystallization effect
Constant for strain induced crystallization effect
Relaxation parameters (Eq. 6.36)
Relaxation time

Parameter

Value

𝑎1 (𝐾 −2 )
𝑎2 (𝐾 −1 )

−2.959 × 10−6
9.056 × 10−4

𝑁𝑘 (𝑀𝑃𝑎/𝐾)
𝑐1 (𝑀𝑃𝑎)
𝑐2 (𝑀𝑃𝑎)

2.2 × 10−4
3
0.04

𝛼0
𝛼𝑓
𝐴1
𝐴2
𝐴3 (𝐾)
𝐴4 (𝑀𝑃𝑎)

0.0042
264.5
0.86
1× 10−4
1.8995
15
0.07

τ (min)

5

0𝑚 (𝐾)
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