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We are always open to instruction,
willing to be wiser every day than we
were before, and to change whatever
we can change for the better.

—John Wesley
A Plain Account of the People Called
Methodists
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Abstract

In this work, we present results on the unavoidable structures in large connected
and large 2-connected graphs. For the relation of induced subgraphs, Ramsey proved that
for every positive integer r, every sufficiently large graph contains as an induced subgraph
either K, or K,. It is well known that, for every positive integer r, every sufficiently large
connected graph contains an induced subgraph isomorphic to one of K,, K ,, and P.. We
prove an analogous result for 2-connected graphs. Similarly, for infinite graphs, every infi-
nite connected graph contains an induced subgraph isomorphic to one of the following: an
infinite complete graph, an infinite star, and a ray. Using some techniques from the finite
result, we give the unavoidable induced subgraphs of infinite 2-connected graphs.

We then shift our attention to the relation of bipartite minors defined in 2016 by
Chudnovsky, Kalai, Nevo, Novik, and Seymour. For the relation of bipartite minors, we
present the unavoidable substructures of both large connected and large 2-connected bi-

partite graphs.
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Chapter 1. Introduction

The topics under study in this dissertation are concerned with fundamental proper-
ties of large graphs, principally questions about substructures that a graph must contain if
it is sufficiently large. These questions about unavoidable substructures are an outgrowth
of Ramsey theory, which is the study of properties guaranteed to be present in large struc-
tures. Broadly speaking, Ramsey theory can be considered along two avenues of study.
One branch of Ramsey theory focuses on investigating the substructures guaranteed to be
present in large structures, while another concentrates on the refinement of the bound on
the size of structures with specified properties to guarantee the existence of the substruc-
tures. In Ramsey theory for graphs, the former branch considers graphs with particular
properties, such as connectivity or chromatic number, and examines what substructures
must be present in the large graph based on the relation by which the large graph contains
the substructure, such as induced subgraph, minor, or bipartite minor. The latter rela-
tion is defined in Chapter 4. The second branch seeks to obtain the best possible bounds
on the size of the large graph with some given properties that ensure that it contains, by
a particular relation, the unavoidable substructures. This dissertation considers the for-
mer aspect of Ramsey theory, namely, what substructures must be present in a sufficiently
large graph with certain connectivity properties.

A class of graphs called bipartite graphs, which we focus on in Chapter 4, has a va-
riety of applications, including scheduling problems and matching medical school students

with residency programs. However, not all substructure relations guarantee that graphs



remain in that class. A key aspect of Ramsey theory is the preservation of particular prop-
erties in the unavoidable substructures for a specified relation. For each of the relations

of subgraph, induced subgraph, and bipartite minor, the resulting substructures belong to
the class of bipartite graphs; however, the minor relation does not have to maintain the
property that a graph is bipartite. We explore this idea more in Chapter 4.

Section 1.1 presents basic background definitions and concepts; and Section 1.2
gives background and motivating theorems influenced by Ramsey. In Chapter 2, we prove
a Ramsey-like result for the relation of induced subgraphs in large finite 2-connected
graphs. The contents of Chapter 2 also appear in [1] and have been submitted to a peer-
reviewed academic journal. In Chapter 3, we present a Ramsey-like result for the relation
of induced subgraphs in infinite 2-connected graphs. In Chapter 4, we shift our focus from
the relation of induced subgraphs to that of bipartite minors, where we prove Ramsey-like
results for both large connected and large 2-connected bipartite graphs for the relation of
bipartite minors.

1.1. Basic Concepts

A graph G is a triple (V, E,R), where V' and E are disjoint sets, called the vertices
and edges of GG, respectively. The set R is a subset of V' x E such that every edge appears
in exactly one or two elements of R. The sets V' and E may be referred to as V(G) and
E(G), respectively, if the identity of the graph is not clear. A vertex v and an edge e of G
are called incident if the pair (v, e) is an element of R. Two vertices are adjacent if they

are incident to the same edge. An edge that appears in exactly one element of R is called



a loop. Two distinct non-loop edges are parallel if they are incident to the same two ver-
tices. A graph is stmple if it has no loops and no parallel edges. This dissertation will fo-
cus almost exclusively on simple graphs.

The order of a graph G is the number of vertices in V(G). The degree of a vertex v
is the number of edges incident to v, where a loop counts twice.

A complete graph on n vertices, denoted by K, is a simple graph of order n that
has an edge between each pair of vertices. A countably infinite complete graph is denoted
by K. The complement of a graph G with order n, denoted by G, is a graph with vertex
set V(G) and edge set E(K,) \ E(G). A path of order n, denoted by P,, is a graph ob-
tained from a sequence of distinct vertices vy, vg, ..., v, by having an edge between two
consecutive vertices. The vertices vy and v,, are the endpoints of the path. We often wish
to label a path by its endpoints, so a path with endpoints u and v is called a uv-path. The
length of a path is the number of edges on it. The distance between two vertices u and v
in a graph G, denoted by distg(u, v), is the length of the shortest path between u and v.
A path that consists of exactly one vertex and no edges is called trivial. A set of two or
more (possibly countably infinitely many) uv-paths { P} for i in a (possibly infinite) sub-
set of natural numbers Z are pairwise internally-disjoint if P/ N P* = {u,v} for distinct
elements j and k in Z. A cycle C,, is a graph obtained by taking the union of a path vy,
v, ..., v, and the edge {viv,}. Note that in a cycle, the order and length are equal.

A wertex deletion is an operation that removes a vertex and all of its incident edges.

A graph H is a subgraph of G if H can be obtained from G by deleting a set of vertices



and a set of edges. We say that H is an induced subgraph of G if H can be obtained from
G by a sequence of vertex deletions. Notice that the relation of an induced subgraph is
more restrictive than that of a subgraph. More specifically, if H is an induced subgraph of
G, then H is a subgraph of G, but the converse need not be true. The graph H, shown in
Figure 1.1b, is a subgraph of GG, shown in Figure 1.1a, but not an induced subgraph of G;
whereas the graph H’, shown in Figure 1.1c, is an induced subgraph of G. We will often
wish in Chapters 2 and 3 to state that a graph G contains an induced subgraph isomor-
phic to a graph H; in such a case, we will abbreviate this by saying that G conduces H.
In all figures of this dissertation, thick segments represent non-trivial paths with an

arbitrary number of vertices, while thin lines indicate single edges.

(a) G (b) H (c) H'

Figure 1.1. Difference in subgraph and induced subgraph of G

An independent set I of vertices in a graph G is a subset of V(G) such that all
members of I are pairwise non-adjacent. A bipartite graph is a graph whose vertex set can
be partitioned into two sets, A and B, such that every edge is incident with a vertex in A
and with a vertex in B. It follows that A and B are independent sets in a bipartite graph.

We call {A, B} a bipartition of V(G), and we call A and B parts of G. A complete bipar-



tite graph K, , is a graph with bipartition {A, B} such that |A| = m, |B| = n, and for
every pair of vertices a € A and b € B, the graph has an edge incident to both a and

b. Note that m and n may be infinite. Bipartite graphs are characterized by the following
theorem:

Theorem 1.1.1 (Konig [11)). A graph is bipartite if and only if it has no odd cycles.

A graph G is connected if for each pair of vertices u and v, the graph G has a uv-
path. A component of GG is a maximal connected subgraph of GG; a connected graph has
one component. A cut-vertexr v is a vertex such that G — v has more components than
G. A graph G of order greater than two is 2-connected if G — v is connected for each ver-
tex v in V(G). Note that a 2-connected graph has no cut-vertices. In general, a graph G
is k-connected, for a natural number k£, if the order of G is greater than £ and G — §'is
connected for every subset S of V(G) such that |S| < k. In this dissertation, we focus
predominantly on the unavoidable substructures of 2-connected graphs. Figure 1.2 shows
a graph that is connected, but not 2-connected, and the vertex v, in this figure, is a cut-

vertex.

Figure 1.2. Graph that is connected, but not 2-connected

Note that a cycle with n vertices, C),, shown in Figure 1.3a, and a complete bipar-

tite graph Ks ., shown in Figure 1.3b, are some common 2-connected graphs.



(a) A cycle: Cg (b) K24
Figure 1.3. Common types of 2-connected graphs
To subdivide an edge e = uv of a graph G means to obtain a graph G’ by taking the
disjoint union of G — e and a non-trivial path P, and identifying one endpoint of P with u
and the other endpoint of P with v. A graph H is a subdivision of G if H is obtained from
G by subdividing edges of G. A contraction of a non-loop edge e = wv in a graph G is the
operation of deleting e and identifying the vertices v and v. A minor H of a graph G is
a graph obtained from G by a sequence of operations each, of which is a vertex deletion,
an edge deletion, or an edge contraction. A topological minor H of a graph G is a graph
obtained from G by a sequence of operations, each of which is a vertex deletion, an edge
deletion, or a contraction an edge incident with a vertex of degree two. Note that if H is
a topological minor of GG, then H is a minor of (G; however, the converse need not be true.
The graph H, shown in Figure 1.4b, is a minor of a graph G, shown in Figure 1.4a, but
not a topological minor of G; whereas the graph H’, shown in Figure 1.4c, is an topologi-

cal minor of G.

(a) G (b) H (c) H'

Figure 1.4. Difference in topological minor and minor of G



A parallel minor H of a graph G is a graph obtained from G by contracting a set of edges
of GG, then deleting resulting loops and deleting all but one edge in each set of resulting
parallel edges. Note that H is a simple graph.

Chapter 3 deals with infinite graphs. In this dissertation, we consider only count-
ably infinite graphs; thus, each use of “infinite” is understood to be countably infinite.
Graphs shown in Figure 1.5 below are some examples of infinite 2-connected graphs, which

are considered more in Chapter 3.

(a) Ky o (b) Foo (€) Loo

Figure 1.5. Examples of infinite 2-connected graphs

A ray is a graph obtained from an infinite sequence of vertices vy, vy, v3, ... by con-
necting two consecutive vertices with an edge. The vertex v, is the initial verter of the
ray.

For the definition of terms not found in the above section but appearing in this dis-
sertation, one may consult an introductory textbook in graph theory, such as Diestel [5].
1.2. Motivating Results

The classical result of Ramsey [15], which served as a motivation for this disserta-
tion and many papers, is the following:

Theorem 1.2.1 (Ramsey’s Theorem). For every positive integer r, there is an integer

f1.21(r) such that every graph on at least f121(r) vertices conduces K, (a complete graph



on r vertices) or K, (an edgeless graph on r vertices).

There are numerous extensions of Ramsey’s Theorem for graphs of various levels of
connectivity and different relations on graphs.

For the relation of induced subgraphs of large connected graphs, we have the fol-
lowing:
Theorem 1.2.2 ((5.3) of [6]). For every positive integer r, there is an integer fi22(r)
such that every connected graph on at least fi22(r) vertices conduces one of the following
graphs: K,, K,,, and P,.

For 2-connected graphs, we have the following result for the relation of topological
minors:
Theorem 1.2.3 ((1.2) of [13]). For every integer r exceeding two, there is an integer
f1.23(r) such that every 2-connected graph on at least fio3(r) vertices contains one of the
following as a topological minor: Ky, and C.

To present the result for parallel minors, we must define two graphs. First, let K;f n
be the graph obtained from K, by adding an edge between the two vertices of degree
n in one side of the bipartition. A fan of order s for a natural number s exceeding two,
denoted by Fj, is the graph obtained by taking an isolated vertex, called the apex, and a
path of order s — 1, called the rim, and adding an edge between the apex and every vertex
on the rim. C. Chun and Ding proved the following theorem in [4]:
Theorem 1.2.4 ((1.5) of [4]). There exists a function fi24(p,q,r,s) such that every 2-

connected graph on at least f12.4(p,q,7,s) vertices contains one of the following as a paral-



lel minor: K,, K{q, C,, and F,_;.

For 3-connected graphs, Oporowski, Oxley, and Thomas proved in [13] an analogous
theorem for topological minors; additionally, C. Chun and Ding proved in [4] a Ramsey-
like for parallel minors

Let W, denote the graph obtained by taking the union of a cycle C' of order n and
an isolated vertex v and adding an edge from v to each vertex of C. Similar results have
been proved for 3-connected binary matroids by Ding, Oporowski, Oxley, and Vertigan in
[6]. For more information about matroids, see [14].

Theorem 1.2.5 (1.5 of [6]). For every integer p greater than two, there is an integer
f1.25(p) such that every 3-connected binary matroid with more that fi25(p) elements
contains a minor isomorphic to one of M(Ks,), M*(Ks,), M(W,), and binary p-spike.

For general matroids, Ding, Oporowski, Oxley, and Vertigan proved the following
theorem in [7].

Theorem 1.2.6 (1.2 of [7]). For every integer p exceeding two, there is an integer fi.6(p)
such that every 3-connected matroid with at least f126(p) has a minor isomorphic to
Uppra, Uspyo, M(Ks,), M*(Ks,), M(W,), the whirl of rank p, or a p-spike.

In Chapter 3 of this dissertation, we consider an analog of Ramsey’s Theorem for
infinite 2-connected graphs. For infinite graphs, we have similar results to the finite case.
Theorem 1.2.7 (Ramsey’s Theorem [15]). Every infinite graph conduces K., or K 5.

Konig’s Infinity Lemma [10] implies the following theorem.

Theorem 1.2.8. Fvery infinite connected graph has a vertex of infinite degree or a ray.



The following result for the relation of induced subgraphs of infinite connected
graphs follows from Theorems 1.2.7 and 1.2.8.
Theorem 1.2.9. Every infinite connected graph conduces one of the following: K, Ki ,

and a ray.

Proof. Let GG be an infinite connected graph. By Theorem 1.2.8, either G contains an infi-
nite vertex or a ray. If G contains an infinite vertex v, then let H be the subgraph of G in-
duced by the neighbors of v. By Theorem 1.2.7, H conduces either K., or K. If H con-
duces K., then so does G, and the conclusion follows. If H conduces K., then H U {v}
forms an induced K , and the conclusion follows.

We may therefore assume that every vertex has finite degree. By Theorem 1.2.8, G
contains a ray. Let w be a finite vertex of G and let Ny be the set of vertices distance k
away from w. Then Ny, Ny, N, ... form a partition of V(G) into infinitely many finite
sets. The edges of G are either between vertices in Ny or between sets N, and Ny for
k =0,1,2,.... Thus each N; has a vertex z; for i« = 1,2,... such that x; has a neighbor

in N;_;. Thus the vertices w, x1, T2, ... and edges wx; and x;x;,1, for natural numbers 7,

form an induced ray, as required. O

For infinite 2-connected graphs, C. Chun and Ding proved the following about sub-
graphs and parallel minors in [3]:
Theorem 1.2.10. Let G be a 2-connected infinite graph. Then

(1) G contains a subdivision of K., a subdivision of F.,, see Figure 1.5b, or a subdi-
vision of Lo, as a subgraph, see Figure 1.5¢; and

(ii) G contains Ko, K

5 00s S€e Figure 1.5a, or F, as a parallel minor.
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There are many other results in Ramsey theory; however, the ones presented in this
section give some of the unavoidable substructure results for large connected and large 2-

connected graphs for relations similar to those discussed in the next chapters.
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Chapter 2. Finite Case
2.1. Preliminaries

In this chapter, we present the unavoidable induced subgraphs of large finite 2-
connected graphs. Before stating precisely the main result of this chapter, we need to de-
fine two families of graphs. Let r be an integer exceeding two. Let X5, be the family of
graphs obtained from K5, by subdividing each of the edges of K ,. Let SKIT be the fam-
ily of graphs obtained from the family X5, by adding an edge between the two vertices of
degree r to each member of the family Ks,.

Trees and paths will play a significant role in this and the next chapter, so we need
some definitions describing their properties. A tree T with a distinguished vertex p, called
the root, is a rooted tree and is denoted by (T, p). Its height is the maximum distance from
one of its vertices to the root. The vertices of T have a natural partial ordering: we write
u <r v whenever u lies on the pv-path of T. We write u <7 v whenever u lies on the pv-
path of T" and u is distinct from v. If the identity of the tree is clear from the context, we
may use < or < instead. The vertices v such that u <p v are called the descendants of u.
The descendants of u that are also its neighbors are called its children. For two vertices a
and b of T such that a < b, the subgraph of T induced by the vertices v such that a < v <
b is denoted by T'[a, b]. Note that if a > b, then T'[a, b] is empty. Similarly, the subgraph
of T induced by the vertices v such that a < v < b is denoted by T'(a,b). The subgraphs

T(a,b] and T'a,b) are defined analogously.

This chapter previously appeared, substantially unchanged, in the pre-print framework arXiv as:
Sarah Allred, Guoli Ding, Bogdan Oporowski, “Unavoidable Induced Subgraphs of Large 2-Connected
Graphs,” https://arxiv.org/abs/2009.12503v2.

12
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A messy ladder is a triple (L, X,Y") that consists of a graph L whose vertices all
lie on two disjoint induced paths X and Y, called rails. Each rail is considered to be a
tree rooted at one of its endpoints, which is called the initial vertezr, and the other end-
point is called the terminal verter. The edges of L that belong to neither X nor Y are
called rungs. The graph L has an edge between the initial vertices of the rails, called o,
and an edge between the terminal vertices of the rails, called 7. At most one of the rails
may be trivial. In some contexts, when we say messy ladder, we mean only the graph L, of
which the existence and properties of X and Y are a part. The order of a messy ladder is
its number of vertices. The following are equal: the order of a messy ladder, the order of
the graph L, and the number of vertices in X UY.

If e is a rung in a ladder with rails X and Y, then ex and ey denote the endpoints
of e on X and Y, respectively. Two rungs in an ordered pair e and f cross if ex < fx
and fy < ey. We also say that (e, f) is a cross whose X -span is X|ex, fx|, and whose Y -
span is Y[ fy,ey]. A cross whose X-span and Y-span are both single edges is degenerate.

A clean ladder is a messy ladder whose crosses are all degenerate.

ex fx

fr ey

Figure 2.1. A clean ladder

In Figure 2.1, there are a few features to notice: the fan indicated by blue line seg-

13



ments is a clean ladder, and so is the cycle indicated by green line segments. A degenerate
cross is depicted by the red line segments. These structures are discussed in detail in Sec-
tion 2.4.

We may now state the main result of this chapter.

Theorem 2.1.1. Let r be an integer exceeding two. There is an integer foq1(r) such that
every 2-connected graph of order at least fo1.1(r) conduces one of the following: K., a
clean ladder of order at least r, a member of Ka,, and a member of 9(;,,.

REMARK. A clean ladder in the theorem can be replaced by a long cycle, a long fan
(where rim edges could be subdivided) and a restricted version of the clean ladder.

The proof uses Ramsey numbers, the known bounds on which are believed to be
very far from the best possible. So in the proofs, clarity of the arguments is valued over
the tightness of the bounds.

To prove the main theorem, we consider the cases where the large 2-connected
graph G either has a long path as a subgraph, or it does not. Section 2.2 discusses the
case where G does not have a long path. In that case, we prove that G conduces two of
the graphs listed in the conclusion of Theorem 2.1.1. The case where G has a long path
is broken into two sections. In Section 2.3, we start with the long path and obtain a large
messy ladder. In Section 2.4, we show that if a messy ladder is large enough, then it
conduces a sufficiently large clean ladder. Section 2.5 combines the results of Sections 2.2

to 2.4 to prove Theorem 2.1.1.

14



2.2. Graphs Without a Long Path

In this section, we present that a large 2-connected graph either has a long path or
conduces one of the graphs desired in the main result.

A rooted tree (T, p) that is a spanning subgraph of a graph G is called normal
if, for every two adjacent vertices u and v of G, either u < vorv <y wu. It is well
known that every connected graph has a normal spanning tree (Proposition 1.5.6 of [5]).
A rooted sub-tree (1", p') of (T, p) has T" as sub-tree of T" and (17, p’) preserves the order-
ing of (T, p).
Lemma 2.2.1. Let q and r be integers exceeding one. There is an integer foo01(q,7) such
that if G is a 2-connected graph on at least fa21(q,r) vertices, then G has either a path of
order ¢ + 1 or an induced subgraph that is a member of one of the following families: UC;T

and Ko .

Proof. We prove that fos1(q,7) = 2+ (d — 1)+ (d — 1)*> + ... + (d — 1)771, where
d=1+ (q—2)(r — 1), satisfies the conclusion.

Let (T, p) be a normal spanning rooted tree of G. If (T, p) has height at least ¢,
then (7, p) has a path of order ¢ + 1, and the conclusion follows.

For the remainder of the proof, we may therefore assume that the height of (7', p)
is less than ¢. Since G has order at least fy21(q,7), it follows that the tree (7, p) has a
vertex v with at least d children.

Let R be the pv path in (T, p), which has order at most ¢ — 1. For each child v; of

v, let (T;,v;) be the rooted sub-tree of (T, p) induced by v; and all of the descendants of v;.
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Since v has at least d children, the tree (7', p) has at least d sub-trees rooted at children of
v. We need to consider only d of them: (T3, v1), (To,v2), ..., (T4,vq). Since (T, p) is nor-
mal and the rooted sub-trees are distinct, every edge of G with exactly one end in some
(T}, v;) must have the other end in R — v. Since G is 2-connected, it follows that v is not a
cut-vertex of G. For each j € {1,2,...,d}, the graph G has an edge e; incident with both
a vertex on (7},v;) and a vertex u; on R — v. By the definition of d, there is a natural
number k£ € {1,2,...,d} such that w; is incident to at least r of the edges e;; let u = w.
Let Z be a set of r indices from {1,2,...,d} of the edges e; that have u as one endpoint
and the other endpoint on (73, v;). Each (7}, v;) spans a component G; of G — V(R). Both
vertices u and v have neighbors in G;. Let G} be the subgraph of G that consists of G;
and all the edges between G; and {u,v}. Note that G’ is connected. Let P; be a shortest
uv-path in G7.

Let H be the subgraph of G induced by |J,.; P;. Since (T, p) is normal, G has no
edges between internal vertices of distinct paths in {P;};c7, and since each P; is a shortest
uv-path in G;, it follows that H is the union of pairwise internally-disjoint wv-paths. If u
is adjacent to v in GG, then H is a member of the family iK;fT, and if u is not adjacent to v

in G, then H is a member of the family X5 ,. The conclusion follows.
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(a) member of the family K, in G (b) member of the family IK;T in G

Figure 2.2. Process of obtaining a member of the family X5, or UC;T

Figure 2.2 shows the paths whose union is either a member of the family X, or
a member of the family iK;fr. The red vertices are the vertices in the bipartition of cardi-
nality r, and the blue vertices are members of the bipartition of cardinality two. The red
segments show the edges of a graph in Xy, and the blue edge in Figure 2.2b illustrates the

edge between the two vertices of degree r in a member of the family iKzfr. m

2.3. From a Long Path to a Messy Ladder

In this section, we prove that if a large 2-connected graph G has a long path as a
subgraph, then G' conduces one of the following: a large messy ladder, a large complete
graph, a large K, ,, and a large K 2+ .- The goal of this section is to prove the following
lemma.
Lemma 2.3.1. Let p and q be integers exceeding two. There is an integer fo31(p,q) such
that every 2-connected graph with a path of order fa31(p,q) conduces one of the following:

K,, Ks,, K

2p, and a messy ladder of order at least q.

Before proceeding, we need the following result of Galvin, Rival, and Sands [§].
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Theorem 2.3.2 (Theorem 4 of [8]). Let p, q, and r be positive integers. There is an in-
teger fos2(p,q,r) such that every graph with a spanning path of order at least fo32(p,q,T)
contains Ky, as a subgraph or conduces a path of order r.

We use this theorem to prove that a large graph conduces either a graph from the
list desired in Theorem 2.1.1 or a long path.
Corollary 2.3.3. Let q and r be integers exceeding two. There is an integer fo33(q,r)
such that every graph with a path of order at least fo33(q,r) conduces one of the following:

K,, Ky, K,

24> and a path of order .

Proof. Let fa33(q,7) = f232(2,8,7) where s = f121(q), and fi121(q) and fo32(2,s,r) are
the numbers from Ramsey’s Theorem (Theorem 1.2.1) and Theorem 2.3.2, respectively.
We prove that fo33(q,r) satisfies the conclusion. Suppose G is a graph with a path P of
order at least fo33(q, 7).

Let H be the graph obtained from G by deleting all vertices except those on the
path P. So V(H) = V(P) and H is an induced subgraph of G. Thus, the path P is a
spanning path of H of order at least fs32(2,s,7). By Theorem 2.3.2, the graph H con-
duces a path of order r or contains K, as a subgraph. If H conduces a path of order 7,
then so does (G, and the conclusion follows.

Therefore, we may assume that H has a subgraph isomorphic to K5, whose biparti-
tion is (A, B) with |A| =2 and |B| = s. Let H(B) be the subgraph of H induced by B, we
apply Ramsey’s Theorem (Theorem 1.2.1) to H(B). By Theorem 1.2.1, the graph H(B)

conduces either K, or K,. If H(B) conduces K, then so does H, and the conclusion fol-
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lows. If H(B) conduces K,, then let I be an independent set of order ¢ in H(B). Since
K, s is a subgraph of H which is not necessarily induced, it follows that H may have an
edge between the two vertices of A. The subgraph of H induced by the vertex set AU I is
isomorphic either to K, if the vertices of A are non-adjacent, or to K 2+ , otherwise. Since

G conduces H, it follows that G conduces one of the following: K,, Ky ,, and K, as de-

2,q°

sired. O

We will use Tutte’s notion of a bridge found in [16], see also [9], to build the messy
ladder. An H-bridge or (a bridge of H) is a connected subgraph B of G \ E(H) that satis-
fies either one of the following two conditions:

1. B is a single edge with both endpoints in V(H). In this case, B is called a degener-
ate bridge.

2. B—V(H) is a connected component of G — V(H); and B also includes every edge
of G with one end point in V(B) — V(H) and the other end point in H.

Note that every edge of G \ E(H) belongs to exactly one H-bridge. Vertices that belong to
both B and H are called vertices of attachment of B.

Suppose G is a large 2-connected graph that has a long induced uv-path P. Our
goal is to use P to form a large induced messy ladder. Since P is an induced path, it has
no degenerate bridges. For each bridge B; of P in G, let u; and v; be the two vertices
of attachment of B; such that Plu;,v;] includes all vertices of attachment of B;. We call
Plu;, v;] the span of B;. A P-bridge chain By, Bs, ..., By is a sequence of bridges of an

induced uv-path P satisfying the following:
U=U < U <V U3 <V S Uy <V3 < oo < Upq <VUpo LU < Vg1 <V <V
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The rank of a P-bridge chain is the number of bridges that form the P-bridge chain. The
span of a P-bridge chain is the union of the spans of its elements. Figure 2.3 shows a P-
bridge chain of rank six.

Ja 7 AN

U=1Uq U2 Vi U3 V2  Ugv3=1U;j Vg Us Us Vg =V

Figure 2.3. P-bridge chain of rank 6

In the next lemma, we prove that if a large 2-connected graph G has a long induced
path, then G has either a P-bridge with a long span or a P-bridge chain of large rank.
Lemma 2.3.4. Let r be an integer exceeding three. There is an integer fo3.4(r) such that
every 2-connected graph with an induced path P of order at least fo34(r) has a P-bridge

with span of order at least r — 1 or a P-bridge chain of rank at least r — 2.

Proof. Let faz4(r) = (r —2) + (r — 4)(r — 4) + 1. Suppose G is a 2-connected graph
that conduces a path P of order at least fo34(r). Let u and v be the endpoints of P such
that u < v. If the span of a bridge of P has order at least » — 1, then the conclusion fol-
lows. We may therefore assume that each bridge has span of order at most r — 2.

We will now show that G has a P-bridge chain of rank at least » — 2. G has a P-
bridge chain By, Bs, ..., B; such that the span of each P-bridge B; is P[u;,v;] for 1 < i <
jand uy = u. If j > r — 2, then the conclusion of the lemma follows. We may therefore
assume that every P-bridge chain with u; = v has rank at most r — 3.

Select a P-bridge chain B = By, Bs, ..., By with u1 = u and maximum span.

In order to find an upper bound on the order of the span of B, note that the span of B;
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has at most r — 2 vertices, k < r — 3, and the span of each of the bridges By, Bs, ..., By
contributes at most r—4 new vertices to the span of B. Since P has order at least f3.4(7),
it follows that vy # v. Moreover, as vy is not a cut-vertex of GG, the path P has a bridge B
with a vertex of attachment on Plu, vy) and another vertex of attachment on P(vg,v]. Let
¢ be minimal subject to B having a vertex of attachment on P[u,v,). The P-bridge chain
Bi, Bs, ..., By, B has larger span than B; a contradiction.

Thus, G has a P-bridge chain with rank at least r — 2, as required. O

The next lemma proves that in either outcome of Lemma 2.3.4, the graph under
consideration conduces a large messy ladder.
Lemma 2.3.5. Let r be an integer exceeding three. There is an integer fo35(1r) such that
if a 2-connected graph G has an induced path of order fy35(r), then G conduces a messy

ladder of order at least 7.

Proof. Let fas5(r) = (r—2)+(r—4)(r —4)+1, which is equal to the number f534(r) from
Lemma 2.3.4. Suppose that G has an induced path P of order fy35(r). For each bridge B;
of P in G, let u;,v; be the two vertices of attachment of B; such that Plu;,v;] is the span
of B;.

If G has a P-bridge B with span P[u/,v'] having order at least  — 1, then let @) be
an induced path in B with end-vertices u’ and v’. Since P is induced, the path () has at
least one vertex distinct from «’ and v’. The subgraph of G induced by Q U P[u/,v'] is a
messy ladder of order at least r with rails P(u/,v") and Q). The conclusion follows.

Now, we may therefore assume, by Lemma 2.3.4, that G has a P-bridge chain
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By, By, ..., B._5. Foreach1 < ¢ < r — 2, let ; be an induced path in B; with the
endpoints u; and v;. Since P is induced, each (); contains at least one vertex distinct from
u; and v;. Define G’ to be the subgraph of G induced by Pluy, v, 5] U TL_Jj Q;.

In G', we delete vertices on P(uji1,v;), if they exist, for j = {1,2,...,r — 3} to
obtain a graph G”. If r—2 is odd, then let X = Q1 UP(v1,u3)UQ3UP(v3,u5)UQsU -+ U
P(v,_4,0p2) UQr—2 and Y = P(ug,us) U Qo U P(vg,uy) UQ4q U P(vg,ug) U -+ UQ,_3U
P(v,_3,v,—2). If r —2is even, then let X = Q1 U P(vy,u3) UQsU P(vs,us)U -+ UQ,_3U
P(v,_3,v,—2) and Y = P(uq,u2) UQo U P(vg,ug) UQsU -+ UP(vp_g,up_2)UQ,_o. Let the
root of X be u; and let the root of Y be the neighbor of u; on P. Notice that all vertices
of G" lie on X UY, the graph G conduces G”, and that (G”, X,Y) is a messy ladder.

Figure 2.4 illustrates this process of obtaining a messy ladder (G”, X,Y) from G'.
The rails X and Y of (G”, X,Y) are indicated by the green and blue paths. We remind
the reader that thin line segments indicate edges of G’ and G” and thick curves and line
segments indicate induced paths of G’ and G”, with the straight line segments possibly

being trivial.

Q 1 Q 2 Q 3
ARASZSIRSISIZTN AR AIAR LU
P

(a) G' where r — 2 is even (b) A nicer representation of G’

R Ry

(0) (", X,Y)

Figure 2.4. Process of obtaining a messy ladder from G’
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Since each of the r — 2 bridges contributes to the messy ladder at least one not on

P, it follows that (G”, X,Y) is a messy ladder of order at least r, as required. n

Note that the numbers in the conclusion of two previous lemmas are the same. The
process of obtaining a messy ladder from a long induced path has been described in two
steps, namely Lemmas 2.3.4 and 2.3.5.

We are now ready to prove Lemma 2.3.1, restated below.

Lemma 2.3.1. Let p and q be integers exceeding two. There is an integer fo31(p,q) such
that every 2-connected graph with a path of order fo31(p,q) conduces one of the following:

K,, Ky, K

2ps and a messy ladder of order at least q.
Proof. Let fa31(p,q) = fos3(p,7) where r = fo35(q). Since G has a path of order at

least fa33(p,r), it follows that G conduces one of the following K,, K, ,, K5, and P,. If

2,p’

G conduces K,, Ky, or K

5, then the conclusion follows. We may therefore assume that

G conduces P,. Lemma 2.3.5 implies that G conduces a messy ladder of order at least ¢,

as required. O

2.4. From a Messy Ladder to a Clean Ladder

In this section, we prove that a sufficiently large messy ladder conduces a clean lad-
der of the desired order.

In order to clean the ladder, we need to define some terms for the crosses. The
cross (e, f) is full if the messy ladder (L, X,Y") has no other cross whose X-span contains
the X-span of (e, f) and whose Y-span contains the Y-span of (e, f). Two crosses are in-

dependent if their X-spans and Y-spans are edge-disjoint.
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In general, crosses may not be ordered in any particular way with respect to the
rails X and Y'; however, pairwise independent full crosses may be ordered by the position
in which their vertices appear on the rails, as explained in Lemma 2.4.1.

Lemma 2.4.1. Let (e, f) and (g, h) be independent full crosses of a messy ladder
(L, X,Y), with the X- and Y -spans being X [ex, fx], Y|fv,ev], X[gx,hx], and Y[hy, gy],

respectively. Then fx < gx if and only if ey < hy.

Proof. Let (e, f) and (g, h) be two independent full crosses. Suppose for a contradiction
that fx < gx, however ey £ hy. Then hy < fy < ey and ex < fx < gx < hy.
Thus (e, h) is a cross whose X-span contains the X-spans of (e, f) and of (g, h). This con-
tradicts the fact that the crosses (e, f) and (g, h) are full. Hence ey < hy. The other di-

rection of the proof follows an analogous argument. m

For two independent full crosses (e, f) and (g, h), define the relation (e, f) < (g,h)
by fx < gx (or ey < hy).

We will be interested in maximal sequences of pairwise independent full crosses,
that is, those sequences that do not appear as proper sub-sequences of any other sequence
of pairwise independent full crosses.

Let (L, X,Y) be a messy ladder with ox, 7x, oy, and 7y as the initial and terminal
vertices of X and Y, respectively, and let X be a maximal sequence of pairwise indepen-
dent full crosses in (L, X,Y’). Our goal is now to use X to eliminate all non-degenerate
crosses in the messy ladder (L, X,Y’) to obtain a clean ladder (H,U, W). To do this, we

need the following operation on ladders that eliminates non-degenerate pairwise indepen-
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dent full crosses.

Let X = (A}, s, ..., X,) be a maximal sequence of pairwise independent full
crosses in (L, X,Y’). The operation of resolving the cross X; = (e, f') results in a triple
(L', X" Y') where L' = L — X(e%, fi) — Y(e, fi) and X' = X[ox,ey]U{e'tUY][e}, 7v]
and Y' = Yoy, fi-] U{f} U X[f%,7x]. Since &; is a full cross, the graph L has rungs
neither from X|[ox, €] to Y[el, 7v| nor from Yoy, fi] to X[f%,7x]. Thus X’ and Y’ are
induced in L', and (L', X', Y”) is a messy ladder. If &; is degenerate, then resolving the
cross X; results in the edges e’ fi and fiel, becoming rungs of L, and the rungs f and
e! becoming edges on the rails X’ and Y’. Note that we have not deleted any edges or
vertices in this case, so the messy ladders (L', X', Y"’) and (L, X,Y’) are isomorphic.

For a maximal sequence of pairwise independent full crosses X = (X, X, ..., X,)
where X; = (e?, f) of a messy ladder (L, X,Y), we inductively define the triples that result
from resolving consecutive crosses of X. Let (L', X', Y!) be the messy ladder obtained by
resolving the cross X; with X! = Xoy, ek ]U{e'}UY e}, 7y] and Y = Yoy, fi]U {f1}U
X|[f%,Tx]- Since the crosses in X are pairwise independent, the operation of resolving X;
leaves the other crosses in X unchanged. Since the cross &} is full, the operation of resolv-
ing X; does not create a non-degenerate cross. If X; is degenerate, then (L', X1, Y1) is iso-
morphic to (L, X,Y). If X} is not degenerate, then (X, X3, ..., X,) is a maximal sequence
of pairwise independent full crosses in (L', X1, Y1).

For the inductive process, the definition of the rails X and Y* depends on the

parity of i. Suppose we have defined (L', X1 Y*=!) for some 2 < i < 2z where
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(L1, X1 Y1) is the triple obtained by resolving the crosses (Xy, Xa, ..., X;_1). Since
each cross of X is full, the operation of resolving the crosses (X, X,, ..., X;_1) does
not create non-degenerate crosses. Since the crosses of X are pairwise independent,
the crosses (X;, Xji1,...,X.) are unchanged by the operation of resolving the crosses
(X1, Xy, ..., Xi1). Each cross in (X, Xs, ..., X;_1) that was degenerate in (L, X,Y)
remains degenerate after resolving the crosses (X, Xs, ..., X;_1). So the degenerate
crosses from Xy, Xy, ..., X;_; together with the crosses &}, X; .1, ..., X, form a maximal
sequence of pairwise independent full crosses in (L% X1 yi~1).

Let (L', X', Y") be the messy ladder obtained from (L', X*~1 Y1) by resolv-
ing X;. If i is even, then let X’ = X|ox, ek ]u{e'JUY el f2JU{f?}U --- U{fTUX][f%, Tx]
and Y = Yoy, fi] U{f'} U X[fy, k] U {2} U -+ U{e'} UYL, 7v]. If i is odd,
then let X' = Xloy,ek] U{e'} UY]ey, fA]U{f*}U --- U{e'} UY][el, 1v] and
Yi=Yoy, f]U{f U X[fx,ex]u{e?tU - U{fHUX[fx,7x].

Let (H,U, W) = (L*, X*,Y?). Since we have resolved the crosses of X, every cross
from X that is in (H,U, W) is degenerate. Thus (H,U, W) is a clean ladder.
Remark 2.4.2. The vertices ek, ek, fx, fy, ..., €&, €&, [%, and f& of the independent
full crosses of X are members of the vertex set of (H,U, W).

This process of resolving the crosses is depicted in Figures 2.5a and 2.5b.

The red dashed lines in Figure 2.5a indicate the locations where rungs that cannot
exist due to (e!, f!) being a full cross. In Figure 2.5b, the blue path represents the induced

path U, the green path represents the induced path W, and the black lines represent rungs
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ox ey fx ek f%. €% v e fx TX
‘\ e,
A *
A XA\X
A .
A Y
4 y
Vi A Y
, \“
2 3
oY fy ey [y e fy e fy ey v

(a) Sequence of independent full crosses

1 1 2
ox ex [y e

W ofy e R

X ek

v fy

f)?'( ex fX fjr)( TX
6%,)/ fY 6Y 635/ Y

(b) The clean ladder (H,U, W)

Figure 2.5. Resolving the crosses

of (H,U,W). Notice that Figure 2.5a has a rung with an endpoint in the X-span and an

endpoint in the Y-span of (e

L fY), and this rung is not in (H,U, W).

The next lemma follows from the process described above.

Lemma 2.4.3. Let X be a mazimal sequence of pairwise independent full crosses of a

messy ladder. Resolving the crosses of X results in a clean ladder.

In order to prove that a sufficiently large messy ladder conduces a clean ladder of

the desired order, we will need the following lemmas to bound from above the order of

the spans of crosses and the distance between two consecutive pairwise independent full

crosses in a maximal sequence of pairwise independent full crosses. We will combine these
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lemmas with Lemma 2.4.3 to obtain a clean ladder of the desired order.

The following definitions are essential to creating the bounds. Define a non-crossing
matching of a messy ladder to be a set of rungs that are pairwise non-adjacent and pair-
wise non-crossing. Let M be a maximal non-crossing matching in (L, X,Y). The set of
edges M U {o,7} is an augmented matching of a messy ladder. Note that the rungs of
an augmented matching have the following properties: (1) they are pairwise non-crossing;
(2) the only vertices that can be endpoints of at most two members of M U {0, 7} are oy,
oy, Tx, and 7y. A clean cycle consists of two distinct rungs e and f that do not cross and
the sub-paths of X and Y determined by ey, ey, fx, and fy. A ladder is r-cycle-free if it
conduces no clean cycle of order r or more. A fan of order s, denoted by Fj, is the graph
obtained by taking an isolated vertex called the aper and a path of order s — 1 called
the m and adding an edge between the apex and every vertex on the rim. Let F, be the
family of graphs obtained from Fy by subdividing each of the rim edges. A member of the
family J; that is an induced subgraph of a ladder and has the apex on one rail and the
rim entirely on the other rail is called clean. A ladder is said to be s-fan-free if it conduces
no clean member of the family F,.

In the next three lemmas, we will consider messy ladders that are r-cycle-free and
s-fan-free for some values of  and s. Our goal in those lemmas is to bound from above
the order of the X-span and the Y-span of every cross by a function of » and s. First, we
bound from above the number of vertices on each of the rails of a messy ladder between

two consecutive rungs in an augmented matching.
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Lemma 2.4.4. Letr and s be integers exceeding three. Let (L, X,Y") be an r-cycle-free
and s-fan-free messy ladder with an augmented matching M. There is an integer fa4.4(r,$)
such that the number of vertices on each X and Y between a pair of consecutive rungs in

M, including the endpoints of the rungs, is at most fo44(r,s).

Proof. Let fa44(r,s) =2((s—3)(r—4)4+(s—2))+r—>5. Our goal is to show that the number
of vertices between a consecutive pair of augmented matching rungs is at most fo4.4(r, s).
Let (p',p?,...,p"%) be an augmented matching M whose rungs are listed in the or-
der of appearance on the rails. Let X; = X [p’X, X+ '] and let Y, = Y[p{, ;1] for some
1 <j < ¢—1. Since M is an augmented matching, it follows L has no edge zy such that
z € X(ph,pi") and y € Y(pl, pl™). Bach of the vertices pl, pl,, pi", and pJ™" has at
most s — 2 incident rungs, including the non-matching rungs, since (L, X,Y") is s-fan-free.
We will bound from above the order of Y}; the argument for X is similar. Let v;
be the vertex on Y; such that p]);vl is a rung and the number of vertices on Y[p{,, vy] is
the maximum, and let v, be the vertex on Y; such that pj; Lug is a rung and the number of
vertices on Y[vg,p{/ﬂ] is the maximum. We can express Y[p;,p{fl] as Y[p{/, v1)UY (v, v9)U
Y[ve, ijH], where Y (v1, v9) may be empty. We first bound the order of Y[p{,, v1]. Consider
the vertices on Y adjacent to p]X Since (L, X,Y) is r-cycle-free and s-fan-free, it follows
that Y has at most s — 2 such vertices, and the sub-path of Y between every two consec-
utive neighbors of p7X has at most r — 4 internal vertices. Since G is s-fan-free, it follows

that Y has at most s — 3 of the sub-paths determined by the neighbors of p’.

So, Y[p},v1] has at most s — 2 4 (r — 4)(s — 3) vertices. Similarly, the number of
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vertices on Y [vy, it is at most (1 — 4)(s — 3) + 5 — 2. Since (L, X,Y) is r-cycle-free, the
number of vertices on Y (vq,v2) is at most r — 5. So the number of vertices on Y; is at most

2((s = 3)(r—4) 4+ (s — 2)) + r — 5, as required. O

Next, we bound the number of rungs of an augmented matching that some other
rung may cross.
Lemma 2.4.5. Let r and s be integers exceeding three. Let (L, X,Y") be a messy ladder
that is r-cycle-free, s-fan-free, and has an augmented matching M. There is an inte-
ger fous5(r,s) such that if a rung crosses two rungs in M, then the number of vertices

on the sub-paths of X and'Y determined by endpoints of those two rungs in M 1is at

most faus5(r,s).

Proof. Let fau5(r,s) = mimg + (mq + 1)(r —4) — 1 where my = (foq4(r,s) — 1), mg =
(r—4)(s —3)+ (s —2), and fy44(r,s) is the number from Lemma 2.4.4. Let (p*,p?,...,p")
be an augmented matching M whose rungs are listed in the order of appearance on the
rails. Suppose e is a rung such that ey is on X [pg(, pg(ﬂ) and ey is on Y (p¥., pt™] for some
7 and k. Without loss of generality, we may assume that j < k£ < ¢ — 1. Suppose that

e crosses two rungs p™ and p"™ of M. Since e crosses p™ and p”, it follows that py* and

Py are on Y[p{,ﬂ, p%]. We bound from above the number of vertices on the sub-path of

Y[pitt, pk], as the argument for the number of vertices on X is similar.

Lemma 2.4.4 implies the number of vertices on Xlex, pg(ﬂ) is at most m; =

f2_4_4(’l", S) — 1.

Next, we bound from above the number of vertices on Y[p{}“, ey]. For each vertex
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UNS X[w,pj;l), let £, be the set of rungs incident with the vertex v. Let D, be the min-
imal sub-path of Y that contains the endpoints of all the edges of FE,. Since (L, X,Y) is
s-fan-free, we have |E,| < s — 1. Since (L, X,Y) is r-cycle-free, it follows that Y has at
most r — 4 internal vertices between every two consecutive rungs of E,. This leads to the
following inequality |V (D,)| < (r —4)(|Eu| — 1) + |Ey| < (r —4)(s — 3) 4+ (s — 2) = my. Let
D =U,e Xfex 7 D,. Since the union is taken over at most m; elements, the graph D has
at most mymsy vertices.

Let Y be the graph induced by the vertices of Y[p{jl, ey] — D. Since D has at most
my components, it follows that Y has at most m; + 1 components. Since (L, X,Y) is r-
cycle-free, each component of Y has at most » — 4 vertices. So, the number of vertices on
Y[pl, ey] is at most mymsy+(my41)(r—4). Every member of M that crosses e must have
an endpoint on Y[p}™, ey). So the number of vertices on Y [p)™, p¥] is at most mimy +

(m1 4+ 1)(r—4) — 1 = fous5(r,s), as required. O

Now, we bound from above the number of vertices in each the X-span and the Y-
span of a cross.
Lemma 2.4.6. Let r and s be integers exceeding three. There is an integer fo46(r,s) such
that if messy ladder (L, X,Y) is a r-cycle-free and s-fan-free, then the X -span and the Y -

span of every cross is bounded from above by fa46(r,s).

P’I"OOf. Let f2.4.6(7”, S) = 2(‘]02.4.5(7’, S)+2f2.4.4(7', S)-Q) Where f2.4.4<7’, S) and f2.4‘5(7", S) are the
numbers from Lemmas 2.4.4 and 2.4.5, respectively. Let (p',p?,...,p™) be an augmented

matching M whose rungs are listed in the order in which they appear on the rails. Note
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that o = p' and 7 = p™. For the cross (e, f) suppose that ex € X[p])‘(,p];d) and suppose
that fx € X(ex,p%] where £ is minimal subject to fx < p%. Suppose that ey € Y (oy, p¥]
where k is minimal subject to ey < p% and suppose also that fy € Y[pi, ey) where i is
maximal subject to pi < fy.

We will bound the number of vertices in the Y-span; the argument for the X-span
is very similar.

We will define Y] depending on the relation of ey to p{/. If p{, < ey, then let Y] =

Ypy ;“1] UY(p{,H,plffl) UY[p¥ ey]. By Lemma 2.4.5, the sub-path Y[p{,“,plffl] has at

most fy45(7, s) vertices. So, the sub-path Y(p@l,p@_l) has at most fy45(r, s) — 2 vertices.

By Lemma 2.4.4, the number of vertices on Y[p{/, 3}“] is at most fy44(r, s). Similarly, the
number of vertices on Y[p’f,_l7 ey] is at most fo4.4(r, s). So the number of vertices on Y7 is
at most 2fs4.4(r,8) + foas(r,s) — 2. If ey < pjy, then let Y; = Yley,p¥] U Y(plf/,p{,) U
Y[p{/, }.,H]. By Lemma 2.4.5, the sub-path Y[p{,,p’f/] has at most fs45(r, s) vertices. So,
the sub-path Y(p{,,p’;) has at most fy45(7, s) — 2 vertices. By Lemma 2.4.4, the num-
ber of vertices on Y[p{/, p];rl] is at most fo4.4(r, s). Similarly, the number of vertices on
Y[p’@’l, ey] is at most fo4.4(r, s). So the number of vertices on Y7 is at most 2fs 4.4(7, s) +
fous(r,s) — 2.

Similarly, we will define Y5 depending on the relation of fy to pf;l. If pf;l < fy,
then let Yo = Y [pi ™, p4 ] U Y (0%, pi) U Y [pi, fy]. The argument for this case is analogous

to the argument for p7Y < ey. If fy < p{t then let Yy = Y[fy,pif' ] U Y (pi™ p ) U

Y[pé’l, p%]. Likewise, this case follows the argument when ey < p{,; and thus, the number
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of vertices on Y3 is at most 25 44(7, s) + faa5(r,s) — 2.

Combining the bounds on the number of vertices on Y; and Y5, we get the that Y; U
Y, has at most 2(fous5(r,s) + 2f2.4.4(r,s) — 2) vertices. Since e and f cross, Y|fy,ey] is a
sub-path of Y; U Y. Therefore, the number of vertices in the Y-span of a cross is at most

24.6(7, 8), as required. 0
fo.a6(r,5), q

Define a sub-ladder (L', X', Y") of (L, X,Y") to be a messy ladder such that X’ and
Y’ are rooted sub-paths of X and Y, respectively, and L’ is the subgraph of L induced
by the vertices on X' U Y’. A cross-free ladder is a messy ladder such that no pair of its
rungs cross. A cross-free ladder is obviously a clean ladder. A messy ladder is q-cross-
crowded if it does not conduce a cross-free sub-ladder of order ¢ or more. Note that a ¢-
cross-crowded messy ladder is also ¢g-cycle-free and g-fan-free.

In the previous lemmas, we considered messy ladders that were r-cycle-free and s-
fan-free for some integers r and s. In the following lemma, we need a stronger assumption,
namely that the messy ladder is g-cross-crowded for some integer ¢. Since a cross-free lad-
der is a clean ladder, we restrict the order of the largest cross-free sub-ladder and show
that a large g-cross-crowded messy ladder has a long maximal sequence of pairwise inde-
pendent full crosses.

Lemma 2.4.7. Let g be an integer exceeding three and let w be a positive integer. There
is an integer fo47(q, w) such that if a q-cross-crowded messy ladder has order at least
fo.ur(q,w), then the length of every mazimal sequence of pairwise independent full crosses

1s at least w.
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Proof. Let ¢ and w be integers such that ¢ > 4 and w > 1, and we prove that

foar(g,w) = 4(fous(q,q) + 1)@ +q) +2(w—1) fou6(q, ) +2(2f246(¢.0) +1)(¢* + ¢) (w —2)

and f546(q,q) is the number from Lemma 2.4.6, satisfies the conclusion. Suppose that
(L, X,Y) is a g-cross-crowded messy ladder that has a maximal sequence X of pairwise
independent crosses that has z elements, where 0 < z < w — 1. We will show that the
number of vertices of L is less than f547(gq, w), thereby proving the lemma.

If z = 0, then (L, X,Y) is cross-free and so |V (L)| < ¢ < fa47(q,w), and the
conclusion follows. So, for the remainder of the proof, we may therefore assume that z >
1. Also, by symmetry, we may assume that [V (X)| > |V (Y)], and concentrate on finding
an upper bound only for |V (X)].

Let X = (A}, Ay, ..., X,), and, for each ¢ in {1,2,..., 2}, let S; be the X-span of X;.

By Lemma 2.4.6, the number of vertices of S; is at most f2.46(q, ¢), and so the union S of

all X-spans of the crosses in X has order at most z fs46(q, q)-

Now, let T = X — ‘LZJI S;, and let X; = (¢, f*) for each i in {1,2,...,2}. Every
connected component of T is of one of the following forms: X[oy, ek ), X(e%, 7x], and
X(fs, et for some i in {1,2,...,2 — 1} in the case z > 2. Before finding upper bounds
on the orders of such segments of X, we will present an upper bound on the number of
rungs incident with vertices of those segments.

First, we will bound the number of rungs incident with vertices of X[ox, ek ). Note

that the argument for the number of rungs incident with vertices on X (f%,7x] is simi-

lar. Since each cross in X is full, each rung incident with a vertex in X[ox, e} ) has the
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other endpoint on Yoy, e}). Since (L, X,Y) has no cross-free sub-ladder of order g, it fol-
lows that (L, X,Y) has at most ¢ — 1 rungs with one endpoint on X|[ox, ek ) and other
endpoint on Yoy, fi]. Since (L, X,Y) is g-fan-free, each vertex on Y (fy,e}) is incident
with at most ¢ — 2 rungs that have other endpoint on X|[ox,ek). So (L, X,Y’) has at most
(¢ — 2)(f2a.6(q, q¢) — 2) Tungs with one endpoint on X|[oy, ek ) and a distinct endpoint on
Y(f),e)). Thus, (L, X,Y) has at most (¢ —2)(f2.4.6(q,q) —2) + ¢ — 1 rungs incident with a
vertices of X[oy,ek). Similarly, (L, X,Y’) has at most (¢ — 2)(f2.46(q,q) — 2) + ¢ — 1 rungs
incident with a vertices of X (f%, 7x].

Next, we assume that z > 2 and we bound from above the number of rungs inci-
dent with an arbitrary segment on X between consecutive crosses of X. Since each cross
in X is full, each rung incident with a vertex in X (f%,e4") for some i in {1,2...,2 — 1}
have the other endpoint on Y (f., eif!). Since (L, X,Y) has no cross-free sub-ladder of or-
der g, it follows that (L, X,Y’) has at most ¢ — 1 rungs with one endpoint on X (f&,e")
and other endpoint on Y (€}, fit!). Since (L, X,Y) is g-fan-free, it follows that each ver-
tex on one of Y (f}, e}) and Y (fi! etf!) for some i in {1,2,...,z — 1} is incident with at
most ¢ — 2 rungs that have a distinct endpoint on X (f%,e%"). So (L, X,Y) has at most
2(q — 2)(f2.46(q, @) — 2) rungs with one endpoint on X (f%,e") and other endpoint on ei-
ther Y (fi, el] or Y[+ ebfh). Thus, (L, X,Y) at most 2(¢ — 2)(faus(q,q) —2) +q—1
rungs incident with a vertices of X (f%,e?).

Now, we will bound from above the number of vertices on X. Since (L, X,Y) is

g-cycle-free, it follows that X has at most ¢ — 4 vertices between two consecutive rungs.

35



The bounds obtained above are cumbersome, and since this dissertation proves an exis-
tence result, we relax the number to obtain fs47(q, w). The number of vertices on each of

Xlox,ek) and X (f%,7x]| is at most

(¢ —2)(f246(0:9) —2) +q— 1+ [(qg—2)(fous(q,0) —2) + q(q — 4) < (fors(q,q) +1)(¢* +q).

Similarly, the number of vertices on each X (f%,ef') is at most

2(q — 2)(fous(q,0) — 2) + q) (q—4)+2(q—2) (for6(q, ) —2)+q—1 < (2f26(q,0)+1)(¢*+0).

Since z < w—1, the number of vertices on X is at most, g(q) = 2[(¢—2)(f2.4.6(q, q)—

D+q—14+ (¢ - 2)(faaslg;0) = 1) + ¢@)(q — 4)] + (0w — 1)fauelq,q) + (w —
2)[(2(q — 2)(fau6(q,9) = 1) +q) (¢ —4) + 2(q¢ — 2)(f2.46(q,q) — 1) + g — 1]. Thus the

number of of vertices on (L, X,Y) is at most 2¢g(q).
However, 2g(q) < f246(q, w). Hence, every maximal sequence of pairwise indepen-

dent full crosses has length at least w. O]

The following lemma combines the previous lemmas in this section to complete
the proof that a clean ladder of desired order is a sub-ladder of every messy ladder that
is large enough.

Lemma 2.4.8. Let t be an integer exceeding two. There is an integer fy45(t) such that

every a messy ladder of order at least fo45(t) conduces a clean ladder of order at least t.

Proof. Without loss of generality, we may assume that ¢ is even. We prove that fo45(t) =

fo.u7(t,w), where f547 is the number from Lemma 2.4.7 and w = % — 1, satisfies the
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conclusion. Suppose (L, X,Y) is a messy ladder of order at least f545(t) and let X =
(X1, Xy, ..., X.) be a maximal sequence of pairwise independent full crosses in (L, X, Y).

In either of the following three cases, (L, X,Y") has no crosses to resolve. If
(L, X,Y) conduces a vertex incident with ¢ — 1 rungs, then (L, X,Y’) conduces a member
of the family F;. Every member of the family J; has no crosses and is therefore a clean
ladder of order at least t. We may therefore assume that (L, X,Y") is ¢t-fan-free.

If (L, X,Y) conduces a clean cycle of order r for r > t, this cycle has no crosses and
is, therefore, a clean ladder of order at least t. We may therefore assume that (L, X,Y) is
t-cycle-free.

If (L, X,Y) conduces a cross-free sub-ladder of order at least ¢, then the conclusion
follows. Therefore, we may therefore assume that (L, X,Y) is t-cross-crowded.

By Lemma 2.4.7, it follows that z > w.

Let (H,U,W) be the ladder obtained by resolving the crosses of (L, X,Y). By
Lemma 2.4.3, (H,U,W) is a clean ladder. It remains to show that (H,U, W) has or-
der at least t. By Remark 2.4.2, each full cross from the sequence has four vertices in
(H,U,W). The cross X; contributes four vertices to (H,U, W) and each of the subsequent
crosses contributes at least two new vertices to (H,U, W). Thus (H,U, W) has at least

44 2(w — 1) =t vertices, as required. O

2.5. Proving Theorem 2.1.1
The main theorem is a straightforward consequence of Lemmas 2.2.1, 2.3.1

and 2.4.8. Specifically, for some integer r exceeding two, if a 2-connected graph G has
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a sufficiently long path, then it conduces one of the following: K,, K,,, K;f ., and a clean
ladder of order at least r; and if GG fails to have a sufficiently long path, but is large
enough, then G' conduces a member of one of the families: IKIT and Ko .

Theorem 2.1.1. Let r be an integer exceeding two. There is an integer fo1.1(r) such that
every 2-connected graph of order at least fo11(r) conduces one of the following: K,, a

clean ladder of order at least r, a member of Ko, and a member of fK;T.

Proof. Let fa11(r) = fo21(q,7) where q = fos1(r,t) and t = fo45(r). Since G has at
least fo21(q,7) vertices, Lemma 2.2.1 asserts that G either has a path of order ¢ or con-
duces a member of one of the families: K, and fK; .. If G conduces a member of one of
the families: Ky, and K{ ., then the conclusion follows. We may therefore assume that

G has a path of order ¢q. Lemma 2.3.1 implies that G conduces one of the following: K,
K ,, K;fr, and a messy ladder of order at least fo4s(r). If G conduces K, Ks,, and Kg;,,
then the conclusion follows. We may therefore assume that G conduces a messy ladder of
order at least f45(r). Lemma 2.4.8 implies that G conduces a clean ladder of order at

least r. This completes the proof. ]
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Chapter 3. Infinite Case
3.1. Preliminaries

In this chapter, we will present the unavoidable induced subgraphs of infinite 2-
connected graphs. Before giving the main result of this section, we will formally define two
families of graphs. Let Kj ., be the complete bipartite graph where one part of the bipar-
tition contains two infinite vertices, u and v, and the other consists of an infinite number
vertices of degree two that are adjacent to both u and v. Let X3 o, be the family of graphs
obtained from K ., by subdividing each of the edges of K ,, shown in Figure 3.1a. Let
JC;OO be the family of graphs obtained from the family X, ., by adding an edge between

the two infinite vertices to each member of the family X; o, shown in Figure 3.1b.

(a) K200 (b) j<ioo

Figure 3.1. Families X o, and K{OO

The following theorem is the main result of this chapter.

Theorem 3.1.1. Let G be a 2-connected infinite graph. Then G conduces one of the fol-

lowing: K., a member of the family JC;OO, a member of the family Xy o, a well-described
fan-like structure shown in Figure 3.2, and a well-described ladder-like structure shown in

Figure 3.5.

To make a clear distinction between vertices and edges, we will use subscripts for

vertices such as v; and superscripts for edges such as e'.
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(a) Foo (b) F5

Figure 3.2. Well-described fan-like structures

L

(c) LYA (d) Infinite Clean Ladder

Figure 3.3. Well-described ladder-like structures

To prove Theorem 3.1.1, we consider the cases that an infinite 2-connected graph
G either has an infinite vertex or it does not. Section 3.2 discusses the case that G has an
infinite vertex. The main challenge in going from finite graphs to infinite graphs is in that
section. The case when G is locally-finite is presented into two sections. In Section 3.3,
we start with a locally-finite graph and obtain one of the ladder-like structures from Fig-
ures 3.3a to 3.3c or an infinite messy ladder. In Section 3.4, we show the process of obtain-
ing an induced infinite clean ladder from the infinite messy ladder. Section 3.5 combines

the results of Sections 3.2 to 3.4 to prove Theorem 3.1.1.

40



3.2. Infinite Vertex

In this section, we present the unavoidable infinite induced subgraphs of a 2-
connected graph with an infinite vertex.

Ordered trees will play a significant role in this chapter as well, so we need some
additional notations for infinite graphs. The sub-ray of T with initial vertex a is denoted
by T'|a,00). Similarly, the sub-ray of T" induced by vertices v such that a < v is denoted
by T'(a,00). A ray is considered to be a tree rooted at its initial vertex.

Next, we formally define the fan-like structures in Figure 3.2. A fan of order s
where s in an integer exceeding two, denoted by Fj, is the graph obtained by taking an
isolated vertex called the aper and a path of order s — 1 called the rim and adding an
edge between the apex and every vertex on the rim. Let JF be the family of graphs ob-
tained from Fj by subdividing each of the edges. Let I, be a fan where the apex vertex
is infinite and the rim is a ray, and let F, be the family of graphs obtained from F,, by
subdividing each of the edges; see Figure 3.2a. An A-fan, denoted by F/® of order 3t + 1
is obtained by taking an apex vertex v of degree t, a collection of ¢ isolated vertices say
vy, Vg, ..., Uy, and a path of order 2t with vertices py, ps, ..., p and adding an edge from
v towv; foreach 1 < ¢ < t, an edge from v; to ps;, and an edge from v; to py;_1 for each
1 < i < t. Let 2 be the family of graphs obtained by subdividing each of the edges vv;
for each 1 < ¢ < ¢ and the edges pajpeji1 for each 1 < j < ¢ — 1. Let FO% be a A-fan such
that the apex vertex has infinite degree and the path py,p, is a ray. Let T2 be the family

of graphs obtained from F2 by subdividing each of the edges vv; and the edges pa;p2ji1
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for positive integers i and j; see Figure 3.2b.
For the following Lemmas, we need to define a tree T' that controls the edges of an
infinite connected graph G that are not in 7" and whose endpoints are in 7.
Definition 3.2.1. Let V be an infinite independent set of vertices of a connected graph G.
A V-connecting tree is a subgraph T of G defined through the following inductive process.
Let vy be an arbitrary element of V, and let P! be a graph consisting of the single vertex
vi = t1. Let P? be the shortest path in G from vy to a vertex in V \ {vi1}. Let vy be the
endpoint of P? in V \ {v1} and ty = vy. Suppose now that k is a natural number and that
v;, ti, and P* have been defined for all i in {1,2,...,k}. Every path Q joining a vertex in
V\{v1,v2,..., 0} to a vertex of PLUP?U---UP* will receive a triple (v1(Q),12(Q),13(Q))
as a grade. In this triple, let y1(Q) be the length of Q, let v2(Q) be the minimum i such
that the endpoint u of Q lies on P, and let v3(Q) be distpi(u,t;). Let P**t be the path
with lezicographically minimal grade. Let the endpoint of P*T' on P' be called ti,.1 and the
endpoint of P** in V \ {v1,va,..., 04} be called vy 1. Let T be the union of all the paths
P* that is rooted at v,.
We have the following observations about 7.
1. At each step, we may select a path because G is connected.
2. Since the graph is countable and V is countable, the construction process has
countably many steps. Thus, the construction process cannot hold for the ordinal
w, and thus terminates. So T exists.
3. T is a tree because at the k-th step for £ > 1 in Definintion 3.2.1 we added a path

P* whose one endpoint is on P' U P? U --- U P*! and is otherwise disjoint from
P'UP?U---UPFL
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4. The tree T is a union of induced paths in G, but 7T is not necessarily induced in G.
For Lemmas 3.2.2 to 3.2.4, we assume that G is an infinite 2-connected graph with

an infinite vertex v that does not conduce K., that V is an infinite independent subset of
the neighborhood of v in GG, that T" is a V-connecting tree of G — v, and that the notation
used is that from Definintion 3.2.1. Note that G may have an edge from v to any vertex
of T'. The next three lemmas are of a technical nature, and Lemma 3.2.5 is the main re-
sult of this section. Since T is infinite and connected, Theorems 1.2.8 and 1.2.9 imply that
T contains an infinite vertex or an induced ray. We address the case that T" has an infi-
nite vertex in Lemma 3.2.2 and the case that 7" contains a ray in Lemmas 3.2.3 and 3.2.4.
It is important to keep track of the order that the paths were added in Definintion 3.2.1.
In the proofs of Lemmas 3.2.2 and 3.2.4, we will be taking sequences, sub-sequences, and
sub-sub-sequences, etc. with respect to the order in which paths were added to T'. In par-
ticular, one way to take a sub-sequence is to take every other element of the sequence. We
call this an alternating sub-sequence.
Lemma 3.2.2. If T has an infinite vertex, then G conduces a member of one of the fol-

lowing families: Ky o and IKIOO.

Proof. Since T has an infinite vertex, it follows that ¢; is the same vertex of G for an infi-
nite sub-sequence Z of natural numbers, and call this vertex x. Since x is an infinite vertex
and G does not conduce K, the set of neighbors in 7" of x denoted by Nr(z) has an infi-
nite subset that induces in G an infinite independent set by Theorem 1.2.7. Let w; be the

neighbor of v on P'[x,v;] such that the length of P’(x,w;] is minimal. If v does not have a
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neighbor that is distinct from v; on P'(z, v;], then w; = v;. Let P be the sequence of paths
PPz, w;] such that the vertices of Ny (z) induce K, let x; be the member of Np(x) on the
path P for each path in P, and let Z; be the sub-sequence of Z that consists of 7 for which
P'[z,w;] is in P. Let T' be the sub-tree of T consisting of the paths in P. Note that T" is

a subdivision of K o, and that T is not necessarily induced in G.

Suppose that x; is a neighbor of v for infinitely many 7 in Z;. Let Z,, be the sub-
sequence of Z; of indices of paths of P such that x; is a neighbor of v. Then the subgraph
of G induced by v and vertices of Pi[x, ;] for i € Ty, is K5 o, and the conclusion follows.

We may therefore assume that x; is not a neighbor of v for infinitely many ¢ in
Z,; and thus P* [z;,w;] is non-trivial. Let Zy, be the sub-sequence of Z; consisting of
for which Pi[xz;, w;] is not trivial, let P? be the sub-sequence of P that consists of paths
Pilz,w;] for j in Ty, and let T?" be the sub-tree of T that consists of paths of P?* with
index from Zgy,.

We will now show that the only edges (if any) of G not in T join neighbors of =
to vertices of distance two from  in T%. The red vertices are the neighbors of z, the blue
are the vertices of distance two from  in T%, the purple segments in Figure 3.4 show the
only edges (if any) of G that are not in T, the thick solid segments represent paths, and
the thinner solid segments are edges. For the remainder of the proof, the interval notation
for paths will be assumed to be applied to paths P’ in P, so the interval P'[z;, w;] will be
assumed to be expressed as [x;, w;].

For each i € Ty, let y; be the neighbor of x; on P! distinct from x. We show that
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Figure 3.4. Structure of 7%

the only edges of G not on the paths of P% are of the form either z;y; or z;y; for i and j
in Zo,. Let X2?° be the set of vertices z; for P? in P?*. Without loss of generality, for two
distinct vertices z; and z; in X* we may assume that i < j. For a nonempty path (y;, vi],
let z; an arbitrary vertex on that sub-path. Since the vertices x; and x; are members of
the independent set X2 it follows that G has no edge between those two vertices. The
graph G has no edge between y; and y;; otherwise, the path in G induced by y; and the
vertices of [y;,v;] is shorter than the path P/ in G, and has lexicographically smaller grade
than P/, and thus the path P/ would not have been selected in the construction of 7T'; see
Definintion 3.2.1. The graph G has no edge from z; to x;; otherwise, the path in G in-
duced by z, x; and the vertices of [z;, v;] is shorter than the path P’ in G and has lexico-
graphically smaller grade than P?, and the path P’ would not have been selected in the
construction of T'; see Definintion 3.2.1. Additionally, G' has no edge from z; to z;; oth-
erwise, the path in G induced z, x; and the vertices of [z;,v;] is a shorter path in G from
z to vj, and has lexicographically smaller grade than P?, and P’/ would not have been se-

lected in the construction of 7T'; see Definintion 3.2.1. Thus, edges in G joining internal
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vertices of members of P?* must be of the form either z;y; or y;z;.

Let Y% be the set of vertices y; for i in Zy,. Note that V% is infinite. Since we are
considering graph T%, we may assume that every edge of the graph G not in 7T joins a
member of X2 to a member of Y?°. Let )’ be the subset of V2" consisting of vertices that
have more than one neighbor in G in the set X'. Note that )’ is an independent set be-
cause it is a subset of V2. If )’ is finite, then there exists an infinite subset }3¢ of )%
with only one neighbor in X?°. Let Zs, be the sub-sequence of Zy, that consists of j such
that y; is in Y** and let 73" be the sub-tree of T' that consists of the paths P’[z,w;] for
j in Z3,. The graph induced in G' by v and the vertices of T3% is either a member of the
family 5y o if 2 ¢ Ng(v), or a member of the family K3 for 2 € Ng(v), and the conclu-
sion follows.

We may therefore assume that )’ is infinite. Let Z3;, be the sub-sequence of Zy, that
consists of i for which y; is in )’, let P? be the sequence of paths P? for i in Zg,, and let
T3 be the tree that is the union of paths from P3*. Let Y be the subset of )’ with in-
dices from the set Zs, and let X3 be the subset of X% with indices from Zs,.

We will consider the subgraph H of G induced by X3 and )**. Note that H is infi-
nite and bipartite. We will consider two cases, either H has infinitely many components or
H has an infinite component.

First, if H has infinitely many components, we may select one path [x;, w;] for each
component. Let Zy, be the sub-sequence of Z3;, that consists of the indices of these paths

and let 7% be the sub-tree of T that consists of paths P?[z,w;] for j in Z,,. Then H has
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infinitely many internally-disjoint paths between x and v. Thus 7% is an induced sub-
graph of G that either is a member of the family K o if # ¢ Ng(v) or a member of the
family K3 otherwise, and the conclusion follows.

We may therefore assume that H has only finitely many components. Thus, H con-
duces an infinite component H’. Since H' is bipartite and G has no K, subgraph, it does
not conduce K. Thus, by Theorem 1.2.9, H' conduces either K; o, or a ray. We address
each case separately.

First, suppose that H' has an induced K; o, and let u denote the infinite vertex in
that subgraph. We consider two cases depending on whether u is in A3® or u is in J%.

First, if w € X3, then let Zy, be the sub-sequence of Zs, that consists of i for which
y; is a neighbor of u. Let Y% be the subset of )3’ that consists vertices y; for i in Zy,.
Note that Y% is a subset of Y3, so Y* is an independent set of vertices. The subgraph of
G induced by u, v, and the vertices of [y;, w;] for ¢ in Zy, is a member of the family K o,
and the conclusion follows.

Next, if © € Y?°, then let Zy. be the sub-sequence of T, that consists of ¢ for which
x; is a neighbor of u. Let X*¢ be the subset of X3 that consists of vertices x; such that
i is in Z,.. Note that X% is an independent set of vertices. The subgraph of G induced
by w, x, and the vertices of X% is Kj ., and thus a member of the family X5 o, and the
conclusion follows.

We may therefore assume that H’ is locally-finite. Thus H' conduces a ray R. Since

H' is bipartite, it follows that R alternates vertices from X3* and Y. Let Z,4 be the sub-
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sequence of Ty, that consists of ¢ for which z; is on R. Let X% be the subset of X3’ that
consists of vertices z; for ¢ in Zy4. Since R is induced, the paths [z;, v;] and [z;, v;] are dis-
joint for non-consecutive ¢ and j in Zy4. Let Z5 be an alternating sub-sequence of Z4 and
let T° be the sub-tree of T' that consists of paths P/[z,w;] for j in Z5. The subgraph of G
induced by v and the vertices of T? is either a member of the family Ko ifz ¢ Vora

member of the family IKéF - otherwise, and the conclusion follows. ]

We have now considered the case that T has an infinite vertex. As in the above
lemma, T" does not have to be induced in G. The next two lemmas will address the case
that T is locally-finite. Since T is locally-finite, Theorem 1.2.9 implies that T" conduces a
ray R. Note that since each P’ used to construct T is finite, the ray R has infinitely many
distinct vertices t; for natural numbers 7. Let Z be the sub-sequence of the natural num-
bers that consists of 7 for which ¢; is on R. Let p be the sub-ray of R with initial vertex
t¢ = 0, such that £ is the first element of Z.

We will now define a type of edge of GG that is not in 7" but which has both end-
points on T. An edge ¢ = g;e; = f/ of G\ E(T) where j is in Z is called a sidestep of
a vertex t; onto p if &; is on P'(t;,v;] and €; is on P7 N p where 7 is the immediately pre-
ceding element to j in Z; see Figure 3.5. If ¢; is a member of V, then G does not have a
sidestep of t; since V is independent and all vertices of Ng(v) N V(T) are in V. We call fJ
a sidestep of type one if &; is a neighbor of ¢; on P'(t;, v;], shown in Figure 3.5 as a green
edge, and a sidestep of type two if &; is distance two on P'(¢;,v;] from t;, shown as a gold

edge in Figure 3.5.
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Figure 3.5. Sidestep of ¢; onto p

In Lemma 3.2.3, we show that the only type of edge of G that is not in 7" and has
both endpoints on T is a sidestep of a vertex t; onto p for ¢ in Z.
Lemma 3.2.3. Suppose that T is locally-finite and has a ray R as a subgraph and suppose
€ 1s an edge of G that is not an edge of T whose endpoints are vertices of T'. Then ¢ is a

sidestep of a vertex of T onto R.

Proof. Let Z be the sub-sequence of the natural numbers that consists of ¢ for which t;
is on R and let p be the sub-ray of R with initial vertex ¢, = o, such that k is the first
element of 7.

Suppose that the endpoints of ¢ are ¢; and ¢, such that &; is on P’ and ¢; is on
PJ for i and j in Z. Note that i # j because each path used to construct 7' in Definin-
tion 3.2.1 is induced in G. Without loss of generality, we may assume that ¢ < j. We will
consider four cases based on the location of the endpoints of £ and show that only one of
those cases can arise. Recall that grades of paths are ordered lexicographically. In Fig-
ures 3.6a to 3.6d, the blue segments represent the ray p.

In the first case, both endpoints of £ are on T\ V(p). Then {e}U P?[¢;,v,] is shorter
than P’ and thus has smaller grade than P?, and would have been selected by Definin-

tion 3.2.1 instead of P7; see Figure 3.6a.
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In the second case, both endpoints of € are on p, and let Q = {e} U P/[g;,v;]. If ¢;
is not the neighbor of ¢; on P?, then the length of @Q is shorter than P’ and so 1(Q) <
71 (P?). We may therefore assume that ¢; is the neighbor of ¢; on P7, and so 1(Q) =
v1(P?). If 4 is not immediately preceding j in Z, then v(Q) < 72(P’). We may there-
fore assume that ¢ is immediately preceding j in Z and that ¢; is on P’ so 12(Q) = y2(P?).
Then distpi(g;,t;) < distpi(t;,t;) and so v3(Q) < ~v3(P?). Thus the path @ has a grade
smaller than P7 and would have been selected in the construction of 7" instead of P7; see
Definintion 3.2.1. Thus, GG has no edges that are not in 7" with both endpoints on p; see
Figure 3.6b.

In the third case, the endpoint ¢; is on P’ N p and the endpoint ; is on P7 \ V(p).
Then the path Q@ = {e} U P’[g;,v,] is shorter than P’ and thus has smaller grade than
PJ because v1(Q) < ~v1(P?). Therefore, the path P? would not have been selected in the
construction of T'; see Definintion 3.2.1 and Figure 3.6c¢.

In the last case, the endpoint ¢; is on P*\ V(p) and ¢; is on P/ N p. Suppose first
that ¢ and j are not consecutive in Z. Then the path Q = {e} U Pi[g;,v;] is shorter
than P* where k is the element immediately following i in Z; see Figure 3.6d. So ) has
a smaller grade than P*, and P* would not have been selected in the construction of T'.
We may therefore assume that 7 and j are consecutive in Z. Note that ¢; is the neighbor
in T of t; on P7; otherwise, the path @ is shorter than P’ and has a smaller grade than
PJ: and thus, P? would not have been selected in the construction process of T'; see Defin-

intion 3.2.1. The vertex ¢; is either the neighbor of ¢; on P(t;, v;] or has distance two in T
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from ¢; on P'(t;,v;], otherwise the path P'[v;,t;] U t;e; U P'[e;, v;] is shorter than P’ and
has a smaller grade than P?, and thus P? would not have been selected in the construction
of T'. Hence, ¢ is a sidestep of ¢; onto p where j is an element of Z after the first element,

and the conclusion follows.

(c) Case 3 (d) Case 4

Figure 3.6. Cases of edges of G \ T" with both endpoints in 7.

In the next lemma, we use Lemma 3.2.3 to reduce the argument to the case de-
pending on whether GG has infinitely many vertices that do not have a sidestep onto p or
and prove that in either case we obtain a desired graph from the list in Theorem 3.1.1.
Lemma 3.2.4. If T is locally-finite, then G conduces a member of one of the following

families: Foo and FX.

Proof. Since T is locally-finite, Theorem 1.2.9 implies that 7' conduces a ray R. Note that
since each P used to construct 7T is finite, the ray R has infinitely many vertices t; for

natural numbers 7. Let Z be the sub-sequence of the natural numbers that consists of i for
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which ¢; is on R. Let p be the sub-ray of R with initial vertex ¢, = o0, such that k is the
first element of Z. By Lemma 3.2.3, the only type of edges that keep T from being induced
in G are sidesteps of distinct vertices t; onto p for ¢ in Z.

We will first consider the paths P’ that have a vertex w;, not in V, that is a neigh-
bor of v. Let Z;, be the sub-sequence of Z that consists of such 7. Suppose that Z;, is in-
finite. Let j be the first element of Z;,, and let p'® be the sub-ray of p with initial vertex
w;. The graph induced by p'® and v is a member of the family F,, and the conclusion fol-
lows. We may therefore assume that 7Z;, is finite; and thus has a maximal element k. Let
Iy be the sub-sequence of Z that consists of elements exceeding k.

We will now consider the case that Z;, has infinitely many j such that G does not
have a sidestep of t; onto p. Let Zy, be the sub-sequence of Zy;, that consists of such j, let
R?* be the union of paths P?\ V(p) for j in Z,,, and let p** be the sub-ray of p with initial
vertex t;, where h is the second element of Z,,. We choose the second element of 7, to
make it easier to define the paths from p to v in a fan. The subgraph of GG induced by v,
the vertices of p?*, and the vertices of R?® is a member of the family F.

We may therefore assume that Zy;, has only finitely many j such that G does not
have a sidestep of ¢; onto p. Then Z;; has a maximal k& such that G does not have a
sidestep of t; onto p for j > k. Let Zy, be the sub-sequence of 7y, that consists of j for
which j > k. Let p?® be the sub-ray of p with initial vertex ¢, where h is the second ele-
ment of Zy,. We will now consider two cases depending on whether GG has infinitely many

sidesteps of type two onto p%.
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Suppose that G has infinitely many sidesteps of type two onto p?, let Zs, sub-
sequence of Ty, that consists of j for which f/ = g;e; where i is the element immedi-
ately preceding j in Z;, and j is an element of Zs, is a sidestep of type two. Let R3¢ be
the union of the paths P'[v;, g;] U {f?} where ¢ the immediately preceding element to j in
Ty and j is an element of Ty, after the first element, and let p3* be the sub-ray of p?* with
initial vertex t;, where h is the second element of Z3,. The graph induced by v, vertices of
p¢, and vertices of R3* is a member of the family F.., and the conclusion follows.

We may therefore assume that G has only finitely many sidesteps of type two onto
p*. Then the sequence Zy, has a k such that each sidestep f7 is a sidestep of type one for
j > k. Let Ty, sub-sequence of Ty, that consists of j for which j > k and such that f7 is a
sidestep of type one, and let p* be the sub-ray of p? with initial vertex ¢, where h is the
second element of Z3,. Note that Z3, is infinite because GG has infinitely many sidesteps,
but only finitely many of those are of type two.

The definition of 5 does not allow for the triangles to share vertices. We now ad-
dress this situation in two cases.

Suppose Iy, has only finitely many j for which ¢; is an endpoint of a sidestep of
type one. This means that ¢t; = &5, where ¢, is a vertex on P* and k is the element imme-
diately preceding j in Zy;. Then Zs, has a k such that ¢; is not an endpoint of a sidestep of
type one for 7 > k. Let Z,, be the sub-sequence of Z3;, that consists of j for which j > &,
and let p*® be sub-ray of p* with initial vertex ¢, where h is the second element of Zy,.

Let R* be the union of the paths P'[v;, ¢;] where i is the immediately preceding element

93



to j in Zy;, and j is an element of Z,, after the first element. The subgraph of GG induced
by v, vertices of p'®, and the vertices of R** is a member of the family F4 , and the conclu-
sion follows. The following Figure 3.7 illustrates why ¢ is immediately preceding j in Zy,

and not Zy,.

Figure 3.7. Why 7 immediately precedes j in Zy,

We may therefore assume that ¢; is the endpoint of a sidestep of type one for in-
finitely many j in Zs,. Let Zy, be the sub-sequence of Z;, such that ¢; is the endpoint of
a sidestep of type one. Let Zs be an alternating sub-sequence of Zy,, and let p° be a sub-
ray of p3® with initial vertex ¢, where h is the second element of Z5. Let R® be the union
of the paths P'[v;,t;] where i is the immediately preceding element to j in Z;;, and j is an
element of 75 after the first element. The subgraph of G induced by v, vertices of p°, and

the vertices of R® is a member of the family F2 , and the conclusion follows. O

Now, we will describe the unavoidable infinite induced subgraphs of a 2-connected
graph that has an infinite vertex.
Lemma 3.2.5. Let G be a 2-connected graph with an infinite vertex. Then G conduces
F oo, and T2

either Ko or a member of one of the following families: Ko o UC;OO,

Proof. Let v be an infinite vertex of G and let Ng(v) be the neighborhood of v. By Theo-
rem 1.2.7, the graph induced by the vertices of Ng(v), contains either K., and the conclu-
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sion follows, or K. Let V be the subset of Ng(v) that induces K.

Let T be a V-connecting tree of G' as described in Definintion 3.2.1. By Theo-
rems 1.2.8 and 1.2.9, T has either an infinite vertex or an induced ray. If 7" has an infinite
vertex, then Lemma 3.2.2 implies that G conduces a member of the one of the families
K20 and JC;OO, and the conclusion follows. We may therefore assume that T is locally-

finite. Lemma 3.2.4 implies that G conduces a member of one of the following families:

Fo and F2, and the conclusion follows. O

3.3. Locally-Finite Graph to Ladder-Like Structure

In this section, we present the unavoidable infinite induced subgraphs of an infinite
2-connected graph that is locally-finite. We will use Tutte’s notion of a bridge found in
[16], see also [9], and restated below from Chapter 2, to build the well-described ladder-like
structures, shown in Figures 3.3a to 3.3c, and formally defined later in this section.

Let H be a non-empty subgraph of a graph G. An H-bridge in G (or a bridge of H
in @) is a connected subgraph B of G'\ E(H) that satisfies either one of the following two
conditions:

1. B is a single edge with both endpoints in V(H). In this case, B is called a degener-
ate bridge.

2. B—V(H) is a connected component of G — V(H); and B also includes every edge
of G with one endpoint in V(B) — V(H) and the other endpoint in H.

Note that every edge of G \ E(H) belongs to exactly one H-bridge. Vertices that
belong to both B and H are called vertices of attachment of B.

Suppose that G is an infinite locally-finite 2-connected graph. Then Theorem 1.2.9

95



implies that G’ conduces a ray R, which means that G has no degenerate R-bridges. For
a finite bridge B of R in G, let u and v be the two vertices of attachment of B such
that R[u,v] includes all vertices of attachment of B. We call R[u,v] the span of B. An
R-bridge has infinite span if it has infinitely many vertices of attachment on R; such an
R-bridge that is also locally-finite is called perpetual. An infinite R-bridge chain By, B,

. is a sequence of finite bridges of an induced ray R with initial vertex u and Ru;,v;] is

the span of B; that satisfies the following:
u=1u <uy <V Suz <vy <y <v3 < SUpog < Vg SUp < Upoq S Uy <

Figure 3.8 shows an infinite R-bridge chain.

u=u Uz U1 Uz V2 Udyg = g Vs ug Vs Ug

Figure 3.8. An infinite R-bridge chain

Lemma 3.3.1. FEvery infinite locally-finite 2-connected graph with an induced ray R has

either a perpetual R-bridge or an infinite R-bridge chain.

Proof. Let G be an infinite locally-finite 2-connected graph with an induced ray R that
has initial vertex u. Since G is 2-connected, it follows that R has at least one bridge. If an
R-bridge has infinite span, then the conclusion follows. Therefore, we may assume that no
R-bridge has infinite span.

Since G is locally-finite, it follows that GG has only finitely many bridges of R that
have a vertex of attachment at u. Let By be a bridge of R with maximal span of Pluy, v1]
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where © = u;. Since (G is a 2-connected locally-finite graph, R is infinite, and every bridge
of R has finite span, it follows that G has an R-bridge with one vertex of attachment on
R(uy,v1) and another vertex of attachment of R(vy,00). Furthermore, G has only finitely
many such bridges of R. Let By be such an R-bridge with maximal span of R[us, vs].
Since no R-bridge has infinite span, G is a 2-connected locally-finite graph, and R is infi-
nite, it follows that G has at least one, but only finitely many, R-bridges with one vertex
of attachment on R[vy, v9] and another vertex of attachment on R(vq, 00). Suppose that
we have obtained the R-bridges Bi, B, ..., B;_1 inductively. Let B; be an R-bridge of

G with maximal span R[u;, v;] where u; is a vertex of attachment of B; on R[v; o, v;_1)
and another vertex of attachment v; on R(v;_1,00). Since no R-bridge of G has infinite
span and R is infinite, it follows that G has an infinite sequence of such bridges By, B,
Bs, .... This sequence of bridges of R forms an infinite R-bridge chain, and the conclusion

follows. u

An end of an infinite graph G is an equivalence class of rays in G where two rays
are equivalent if G has by infinitely many pairwise-disjoint paths joining them.

Up until Lemma 3.3.7, we will assume that a 2-connected infinite locally-finite
graph G has two disjoint induced rays P and () in the same end such that G has no edges
between them. The existence of such rays will be proved in Lemma 3.3.7.

A tie J of P U@ is a component of G \ E(P U Q) such that both V(J) N P and
V(J) N @ are non-empty. The vertices of V(J) N P and V(J) N @Q are called vertices of

attachment of J. For a tie J, let p§ be the vertex of attachment of J on P such that no
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vertex of attachment p; of J on P satisfies p; < pf, and let p, be the vertex of attachment
of J on P, if it exists, such that no vertex of attachment p; of J on P satisfies p; > p/.
Note that p is the left-most vertex of attachment of .J on P and pY is the right-most ver-
tex of attachment of J on P. The P-span is P[pY,p5]. Similarly, let ¢4 be the vertex of
attachment of J on (@), if it exists, such that no vertex of attachment ¢; of J on @) satisfies
q; < ¢4, and let ¢ be the vertex of attachment of J on @ such that no vertex of attach-
ment ¢y of J on Q satisfies ¢; > ¢5. The Q-span is Q[q5, ¢5].

A tie J of PUQ is of type I if it has exactly one vertex of attachment, say p;, on P
and one vertex of attachment, say ¢y, on ) and its edges form a p ;g ;-path that is induced
in J. A tie J of PUQ is of type Y if it satisfies the following: the P-span of P[p%,pY] is a
single edge, the Q-span is a single vertex, say ¢y, a vertex uy of J\ (PUQ) that is adjacent
to both p% and p%, and all vertices of J other than p and pY lie on a path from u; to ¢s
that is induced in J. A tie J of P U Q is of type X if it satisfies the following: the P-span
is a single vertex, say py, the Q-span of Q[¢%, ¢4] is a single edge, a vertex vy of J \ (P U
Q) that is adjacent to both ¢4 and ¢4, and all vertices of J other than ¢ and ¢4 lie on a
path from v; to p; that is induced in J. A tie J of P U Q is of type Y-\ if it satisfies the
following: the P-span is a single edge, the ()-span is a single edge, a vertex u; of J\(PUQ)
that is adjacent to both p% and pY, a vertex vy of J \ (P U Q) that is adjacent to both ¢4
and ¢5 and all vertices of J other than p5, p%, ¢4, and ¢4 lie on a path from u; to vy that
is induced in J. A finite tie J of P U Q is of type fork if it satisfies the following: the P-

span is not a single edge or vertex, the ()-span is a single vertex, say q;, a vertex u; of
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J\ (P UQ) that is adjacent to each vertex of attachment on P, and all vertices of .J that
are not vertices of attachment of J on P are on a path from u; to ¢; that is induced in
J. A finite tie J of P U Q is of type rake if it satisfies the following: the P-span is a single
vertex, say py, the (Q-span is not a single edge or vertex, a vertex v of J \ (P U @) that is
adjacent to each vertex of attachment on ), and all vertices of J that are not vertices of
attachment of J on @) lie on a path from v; to p; that is induced in J. A finite tie of P U
Q is of type fork-rake if it satisfies the following: the P-span and ()-span are not a single
edge or vertex, a vertex uy of J \ (P U Q) that is adjacent to all vertices of attachment on
P, avertex vy of J\ (P U Q) that is adjacent to all vertices of attachment of @), and all
other vertices are on a uj v -path that is induced in J. Note that v; and v; may be equal.
A finite tie J of P U Q in G is full if G has no other tie of P U () whose P-span
contains the P-span of J and whose ()-span contains the ()-span of J. Two finite ties .J;
and Jy are independent if both their P-spans and their ()-spans are disjoint. For finite ties
J;, we will shorten notation for the P-span of J; from P [pf}i, py,] to P [p¢, pt] and similarly
shorten the notation of the Q-span of J; to Q[qf, ¢f]. Two finite ties J; and J, of P U Q
with P- and Q-spans being P[p!{, p], Ql¢t, ¢], P[p5, p5], and Q|gs, ¢5], respectively, cross if
either ¢ < ¢4 and p, < pf, or p! < p and ¢5 < ¢f. Since G is locally-finite, the ray P
has only finitely many vertices p such that p < p% and the ray Q has only finitely many
vertices ¢ such that ¢ < ¢{. So G has only finitely many ties of P U ) that can cross J;.
Since G is an infinite locally-finite 2-connected graph, it follows that G' has either a maxi-

mal infinite sequence of pairwise non-crossing, independent, full ties or an infinite tie. We
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address the former case in Lemmas 3.3.3 to 3.3.5 and the narrative surround those lem-
mas, and we address the latter case in the following lemma.
Lemma 3.3.2. If G has an infinite tie T of P U Q, then G has an induced subgraph con-

taining P U Q that has infinitely many finite ties of P U Q.

Proof. Let T be an infinite tie of P U @ in GG. Since P and () are in the same end and T’
is infinite, it follows that T has infinitely many pairwise-disjoint paths with one endpoint
on () and the other endpoint on P such that each of the paths meets P and ) only at its
endpoints. Let g1, g2, g3, ... be the vertices of () that are endpoints of such paths from P
to @ ordered so that ¢; <@ ¢2 <¢ .... Let A; be such a path in T from ¢; to P, for every
natural number ¢, and let p; be the endpoint of A; on P. Note that the vertices p; and p;
for 7 < j do not have to have the relation p; <p p;. Note that each A; has at least one
internal vertex.

We will inductively construct a sequence of graphs Gy, Gp,, ... and a sub-
sequence Z; of natural numbers such that the paths Ay, for h; € Z; are parts of pairwise-
disjoint finite ties of P U () in the graph G, .

Let 1 = h; be the first element of Z;. Since G is locally-finite and 7T is an infinite
tie, there is a maximal natural number k; such that one of the following holds:

1. G has two bridges, By, and By, of P U @ such that the bridge By, contains A,
the bridge By, contains Ag,, and V(Bp,) N V(By,) is not empty. In Figures 3.9a
and 3.9b, By, is highlighted in blue, By, is highlighted in red, and a vertex in
V(Bp,) NV (By,) is in purple.

2. T has a path from a vertex on A, to a vertex on Ai, that meets no other path A;

for i # hq, kq, see Figure 3.9c. When two segments cross in Figure 3.9¢, the tie T’
does not have a vertex at that crossing.
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Let G}, be the induced subgraph of G obtained by deleting the internal vertices
of the paths A; for hy < j < ki, and let T}, be the infinite component of the induced
subgraph of T obtained by deleting vertices of A, for hy < ¢ < ky. Let hy = 1+ kq, and let
hs be the second element of Z;. Note that A, is a part of a finite tie of P U Q) in G, that
is disjoint from 7T}, , and that Ay, and A, are in separate bridges of P U Q in Gy, .

dh, k1 Ghs dhy iy Gho Ghy Ak, Gho

Phy DPho Pky Phi Phy Pk Phy Pho Pk

(a) Two bridges where g, is (b) Two bridges with a common (c) Ap, and A, joined by
in V(Bp,) neighbor path in T

Figure 3.9. Selection of k;

Suppose that we have constructed Gy, Gp,, ..., Gy, for h; € Z;. Note that Ay,
Ap,, ..., Ap, are in ¢ corresponding pairwise-disjoint bridges of P U ) in G}, and also are
parts of i corresponding pairwise-disjoint ties of P U in G},, the path A, | is a subgraph
of Tj,, and at this step Z; = hy, ha, ..., hit1. Since G is locally-finite and 7" is an infinite
tie, there is a maximal natural number k;,; that satisfy one of the following:
1. G}, has distinct bridges, By, , and By, ,, that satisfy the following: the bridge
By,,, contains Ay, , the bridge By,,, contains Ay, and V(By,,,) N V(By,,,) is

not empty.

2. Tj, has a path from a vertex of A, to a vertex of Ay, , that meets no other path
Aj for j # hiy1, kiya.

Let Gj,,, be the induced subgraph of G, obtained by deleting the internal vertices
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of A; for hi;1 < j < kijyq, and let Tj,, be the infinite component of the induced subgraph
of T}, obtained by deleting the vertices of A, for h;y1 < ¢ < k;yq1. Let hjyo = 1+ ki1, and
let h;io be the ¢ + 2 element of Z;.

dh, Qi1 Gho ks 9hs

Phy Phs DPhy Pk DPks

Figure 3.10. Constructing infinitely many finite ties from 7T’

In Figure 3.10, the red segments represent the paths between a vertex on A; and
a vertex on A; for natural numbers ¢ and j. The blue highlighted segments represent the
paths Ay, Ap,, .... When two segments cross in Figure 3.10, the tie 7" does not have a
vertex at that crossing.

It remains to check that the process of constructing Gy, from G, terminates. The
process does not delete vertices of P U (), and thus the rays do not change throughout the
process. The paths Ay, for j < i and h; € 7, are parts of distinct finite ties of P U Q
in Gy, and the paths A, are parts of 7}, for natural numbers ¢ such that ¢ > k;. Since
Gy, and T}, are infinite and G, has a countably infinite number of paths A; for ¢ € 7,

it follows that the process of constructing G, , fails for the ordinal w. Thus, the process
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of constructing Gy, , from G}, terminates. Let H be the induced subgraph of G obtained

41

as the result of the above process. Then Z; is the sub-sequence of natural numbers that

consists of 7 such that A; is in H. Since P and () are in the same end, G is locally-finite,
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and each path A; is finite for ¢ in Z;, it follows that Z; is infinite. Each path A; for ¢ in Z;
is a part of a distinct finite tie. Thus, G has infinitely many finite ties of P U @), and the

conclusion follows. O]

As a consequence of Lemma 3.3.2, up until Lemma 3.3.7, we will assume that G
has no infinite ties.

Lemma 3.3.3 shows that pairwise non-crossing, independent, full ties of P U @ in
this sequence may be ordered by the position in which their vertices appear on P and Q).
Lemma 3.3.3. Let J; and Jy be non-crossing, independent, and full ties of P U @Q with
the P- and Q-spans being P[pt,pt], Qlat, ¢], Plpy, ps], and Q|ds, ¢5), respectively. Then
Pt < pbif and only if ¢& < ¢5.
Proof. Let J; and Jy be non-crossing, independent, and full ties. Suppose for a contradic-
tion that pi < pb, however ¢5 < ¢&. Since J; and J, are independent and Q(g5, ¢%) is not
empty, it follows that J; and Jy cross, which contradicts that .J; and J, are non-crossing.

Hence ¢} < ¢&. The other direction of the proof follows an analogous argument. n

For two pairwise non-crossing, independent, full ties J; and J,, define the relation
Ji < Joby pt < pb. Let J = Jy,Jo,... be a maximal sequence of pairwise non-crossing,
independent, full ties of P U () ordered by the < relation.

We will inductively define the following process of resolving the ties for elements of
J by creating a decreasing sequence of induced subgraphs G, G, ...each of which has P
and () as induced rays in the same end. Going from G; to G;11, we will resolve the tie J;1

to the tie Mi+1.
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Let Ry be the shortest path in J; from a vertex of attachment of J; on P to a ver-
tex of attachment of J; on (). Let M; be the tie obtained from .J; by deleting the vertices
of J1 —(RiUPUQ), and let G; be the subgraph of G induced by the vertices of P U@ and
of My, Jo, J3, .... We say that J; is resolved to M, in G;. Since R; is the shortest path
from a vertex of attachment of J; on P to a vertex of attachment of J; on @, it follows
that Ry has a vertex u; such that u; is the only neighbor on R; of a vertex of attachment
of J; on P, and a vertex v; such that v; is the only neighbor on R; of a vertex of attach-
ment of J; on ). Note that u; may equal v;. The edges of M; that are not on R; are of
the form uqp for a vertex p in the P-span of M, or of the form v,q for a vertex ¢ in the
@-span of M;. Thus, M is a tie of P U @) in G; of one of the following types: I, Y, A,
Y-\, fork, rake, and fork-rake. Since the elements of J are pairwise non-crossing indepen-
dent full ties, it follows that resolving J; to M; does not affect the vertices of P(p}, 00),
the vertices of Q(q}, o), or the ties Jo, Js, .... So My, Ja, Js,...is a maximal sequence of
pairwise non-crossing independent full ties of P U Q in G;.

Suppose that we have inductively resolved the ties Jy, Jo, ..., J;_1 to My, M, ...,
M;_1 in Gy, G, ..., G;_1, respectively. Let R; be the shortest path in J; from a vertex of
attachment of J; on P to a vertex of attachment of J; on ). Let M; be the tie of PUQ ob-
tained from J; by deleting the vertices of J; — (R; U P U @), and let G; be the subgraph of
G;_1 induced by the vertices of P U @) and the ties My, M,, ..., M;, Jiv1, Jita, ... Since
R; is the shortest path from a vertex of attachment of J; on P to a vertex of attachment

of J; on @, it follows that R; has a vertex u; such that u; is the only neighbor on R; of a
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vertex of attachment of J; on P, and a vertex v; such that v; is the only neighbor on R;
of a vertex of attachment of J; on (). Note that u; may equal v;. The edges of M; not on
R; are of the form wu;p for a vertex p in the P-span of M;, or of the form v;q for a vertex ¢
in the @-span of M;. Thus, M; is a tie of P U Q in G; of one of the following types: I, Y,
A, Y-\, fork, rake, and fork-rake. Since the elements of J are pairwise non-crossing inde-
pendent full ties, it follows that resolving J; to M; does not affect the vertices of P(p}, o),
the vertices of Q(q}, 00), or the ties Jiy1, Jiya, ... So My, My, ..., M;, Jit1, Jite, ...is a
maximal sequence of pairwise independent full ties of P U @ in Gj.

It remains to check that the process of resolving the ties terminates. The ties M,
M, ..., M; 1 unaffected by resolving J;, and each is of one of the following types: I, Y,
A, Y-, fork, rake, and fork-rake. So the process of resolving the ties of J has a countably
infinite number of steps. Since the graph G is countably infinite and the J elements of are
indexed by natural numbers, it follows that the process of resolving the ties of 7 fails at
the ordinal w. Thus, the process of resolving the ties terminates. Let H be the induced
subgraph of G obtained by resolving the ties of 7 and let M = M, Ms, .... Note that P
and @) are induced rays in the same end in H, that M is a maximal sequence of pairwise
non-crossing, independent, full ties of H, and that each of the ties of M are one of the
following types: I, Y, A, Y-\, fork, rake, and fork-rake.

We now formally define a ladder-like structure that we will use in Section 3.4 to ob-
tain the structure in Figure 3.3d and the ladder-like structures from Theorem 3.1.1, which

are shown in Figures 3.3a to 3.3c. An infinite messy ladder is a triple (L, W, X) that con-
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sists of a locally-finite graph L whose vertices all lie on two disjoint induced rays W and
X in the same end of L, called rails. The edges of L that belong to neither W nor X are
called rungs. The graph L has an edge between the initial vertices of the rails. In some
contexts, when we say messy ladder, we mean only the graph L, of which the existence
and properties of W and X are a part. Figure 3.11 shows an example of an infinite messy
ladder. A member of the family £, is a triple (L, P, Q) that consists of a graph L, and
two rays P and () induced in L such that the only edges and vertices of L neither on P
nor on @ form ties of P U @ of type I with a tie of type I joining the initial vertices of
the rays P and Q, shown in Figure 3.3a. A member of the family ££ is a triple (L, P, Q)
that consists of a graph L, and two rays P and () induced in L such that the only edges
and vertices of L neither on P nor on () form ties of P U () where either all are ties of type
Y with a tie of type Y joining the initial vertices of the rays P and @ or all form ties of
P U Q of type A with a tie of type A joining the initial vertices of P and (), shown in Fig-
ure 3.3b. A member of the family £Y2 is a triple (L, P, Q) that consists of a graph L, and
two rays P and () induced in L such that the only edges and vertices of L neither on P
nor on @) form ties of P U @ of type Y-\ with a tie of type Y-\ joining the initial vertices

of the rays P and @, shown in Figure 3.3c.

Figure 3.11. An infinite messy ladder
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Since M has infinitely many elements that are ties of P U @, it follows that ei-
ther M has infinitely many elements that are ties of P U () each of which is of type I,
Y, A\, or Y-\ or M has infinitely many elements that are ties of P U () each of which is
of type fork, rake, or fork-rake. We address the first case in Lemma 3.3.4 and the latter in
Lemma 3.3.5.
Lemma 3.3.4. Let H be the induced subgraph of G obtained by resolving the ties of P U Q)
i J to ties in M. Suppose that M has infinitely many elements that are ties of P U Q)
each of which is one of the following types: I, Y, X, and Y-X. Then H conduces a member

of one of the following families: Lo, L5

2 and LYA.

Proof. Since infinitely many elements of M are ties of P U () each of which is one of the
types: I, Y, A, or Y-\, it follows that M has infinitely many elements that are ties of the
same type.

Suppose that infinitely many elements of M are ties of type I, and let Z;, be the
sub-sequence natural numbers that consist of ¢ such that M; is a tie of type I. The sub-
graph of H induced by the vertices of P, of @), and of M; for ¢ in Z;, is a member of the
family L.

We may therefore assume that M has only finitely many elements that are ties of
type I. Suppose that M has infinitely many elements that are ties of type Y, and let Zy,
be the sub-sequence natural numbers that consist of ¢ such that M; is a tie of type Y. The

subgraph of H induced by the vertices of P, of (), and of M; for ¢ in Zy;, is a member of

the family ££.
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We may therefore assume that M has only finitely many elements that are ties of
type Y. Suppose that M has infinitely many elements that are ties of type Y, and let Z;.
be the sub-sequence of natural numbers that consist of 7 such that M; is a tie of type A.
The subgraph of H induced by the vertices of P, of (), and of M; for i in Z;. is a member
of the family £2.

We may therefore assume that M has only finitely many elements that are ties of
type A. Thus, M has infinitely many elements that are ties of type Y-\, and let Z;4 be the
sub-sequence of natural numbers that consist of ¢ such that M; is a tie of type Y-A. The
subgraph of H induced by the vertices of P, of ), and of M; for ¢ in Z;; is a member of

the family LYA. O

As a result of the above lemma, we may therefore assume that M has infinitely
many elements that are ties of P U () in H, each of which is of type: fork, rake, fork-rake.
Let F be the family of graphs obtained from F§ for an integer s exceeding two by subdi-
viding each of the rim edges; and the rim is either entirely on P or entirely on (). Let M,
be the sub-sequence of M that consists of M; such that M; is a tie of one of the following
types: fork, rake, or fork-rake. Let A be the sub-sequence of natural numbers that consists
of i for which M; is a member of M.

We will inductively define the process of rerouting the rays by constructing a se-
quence of ties My, a sequence of graphs, and a sub-sequence of natural numbers for which
M’ is a member of M.

Let i; be the first element of A. We will define rerouting the rays of M; depending
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on the type of tie that it is. If M is a tie of type fork, we reroute the ray P by letting
P, = (P — P(pS,,p;,)) U{p} usy,u,pl, } and Q;; = Q. The resulting induced subgraph
M’ of Mj is a tie of type I of P, U Q;,. Similarly, if M; is a tie of type rake, we reroute
the ray @ by letting Q;, = (Q — Q(¢!,.¢},)) U {¢},vi,,vi, ¢}, } and P, = P. The resulting
induced subgraph M| of M; is a tie of type I of F;; U Q;,. If M] is a tie of P U Q of
type fork-rake, there are two cases to consider: either u;, = v;, or not. If u;, = v;,, we
reroute the ray P by letting P;, = (P — P(pf,,p},)) U {pf,wi,, u;,p}, } and Q;;, = Q. The
resulting induced subgraph M;! of M; is either a rung of P, U @Q;, or a member of the
family ¥ in P, U Q;,. If u;;, # wv;,, then we reroute both the rays P and @) by letting

Py = (P = P(pi,,p},)) U A uays ua vy} and Qi = (Q = Q(gi,, 47,)) U {di,vin, vir i, 3
The resulting induced subgraph M’ of M is a tie of type I of P, U Q;,. Let H;, be the
subgraph of H induced by the vertices of P, U Q;,, the vertices of M, and the vertices
of Mj for k in A such that £ > 7;. Note that M}, for k in A such that k > 4y, is a tie of
P, U Q,;, in H;, of one of the following types: fork, rake, and fork-rake. Let i; be the first
element of A;.

Figure 3.12 shows the process of rerouting the ray for a particular tie Mi’j where
the red path represents the ray P, and the blue segment represents the ray (). The first
tie in Figure 3.12a is a tie of type fork, the second tie in Figure 3.12a is a tie of type rake,
and the final two ties in Figure 3.12a are ties of type fork-rake. In Figure 3.12b, the red
segment shows the resulting P;;, and the blue segment shows the resulting @Q;; .

Suppose that we have rerouted the rays for M; , M] , ..., M to obtain the follow-

21 127
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Q

(a) Schematic of cases depending on type of tie Mi’j
B

J

Qi

(b) Result of rerouting the ray of a tie Mi’j

Figure 3.12. Process of rerouting the rays of a tie Mi’j

ing: the ties M/", M/ ...., M/, the graphs H;,, H,,, ..., H;,, and a sequence A; = iy, i,

117 127" 7

..., ix. We will define rerouting the rays of Mz'/k+1 depending on the type of tie that it is.
If Mj, | is a tie of type fork, we reroute the ray P by letting P, ., = (P, —P(pj, . ,,,))U

(P, . Wirsrs Wi, P}, } Where and Qi ,, = Q. The resulting induced subgraph M;! = of

k41

M! is a tie of type I of P,

fein U Qi Similarly, if M| is a tie of type rake, we reroute

k+1 Tk41

the ray Q by ]‘ettlng Qik+1 = (Qlk - Q(qkarl’ q;kJrl)) U {qfk+1vik+17 ,U’L'k+1q7ll‘k+1} and PikJrl = Plk

The resulting induced subgraph M;, —of M;  is a tie of type I of P, U@, . If M

Tk+1 Tk+1

is a tie of P U @ of type fork-rake, there are two cases to consider: either u;  , = vy,

or not. If u;,,, = we reroute the ray P by letting P;,,, = (F;, — P(pfkﬂ,p’{kﬂ)) U

Viggrs
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{pfkﬂuikﬂ, uik+1p§k+1} and Q;,,, = @Q;,. The resulting induced subgraph ]\4{1’c+1 of M!

k41

is either a rung of P, | U Q;,,, or a member of the family F{ in P, U Qs . Ifu;  #

then we reroute both the rays P and @ by letting P, ., = (B, — P(pfk+1,p§k+1)) U

Uik+17
V4 0 l
{pik+1uikz+1 ) uik+lp§k+1} a'nd C2ilc+1 = (Qlk - Q(qik+17 q;k+1)) U {q’ik+1vik+1 ? ,Uik+1 q’fk+1 } The

resulting induced subgraph M;' of M  is a tie of type I of P;,,, UQ;,,,. Let H; be

Tk+1 k41 [

the subgraph of H induced by the vertices of P, ., U @, ,,, the vertices of M, M, ...,

M{;H, and the vertices of M for j in A such that j > iz, 1. Note that M for j in A such

that k > 4,4, is a tie of B, U Q;,,, in H;,, of one of the following types: fork, rake, and

k+1
fork-rake. Let i;,1 be the k + 1 element of Aj;.
It remains to check that the process of rerouting the rays terminates. Note that

Ml’]’ is not affected by rerouting the ray of M;,, for i; < ix4; in A; and that M is also

k41

not affected by rerouting the ray of M, _ , for M, for ¢ in A such that ¢ > i, ;. Note that

k1
the ties MZ-’j are indexed by natural numbers. So the process of rerouting the rays for ties
in M has a countably infinite number of steps. Since G is countable and the number of
ties in M is countable, it follows that the process of rerouting the rays fails for the ordi-
nal w. Thus, the process of rerouting the rays terminates. Let H’ be the induced subgraph
of H obtained by rerouting the rays for each M/ in My, and let P’ and Q' be the rays ob-
tained by rerouting the rays for the ties of M;. Let M5 be the maximal sequence of pair-
wise non-crossing, independent, full ties of P’ U @’ in H’ obtained by rerouting the rays for

each tie in M.

Lemma 3.3.5. Let H' be the induced subgraph of H obtained by rerouting the rays for
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each member of My. Then H' is either an infinite messy ladder or a member of the family

Lo

Proof. Suppose that u; = v; for infinitely many ¢ such that M/ in M,, and let Z;, be the
sub-sequence of natural numbers that consists of such . If M/ is a tie of type fork or rake,
then M/ is a single edge. If M/ is a tie of type fork-rake, then M/ is a member of the fam-
ily F.. In either case, H' is a messy ladder, and the conclusion follows.

We may therefore assume that u; # v; for infinitely many ¢ such that M/ in My,
and let Z7, be the sub-sequence of natural numbers that consists of such 7. In this case,
each tie M/ is a tie of type I in H'. Thus, H' is a member of the family £, and the con-

clusion follows. N

The previous two lemmas and processes of resolving the ties and rerouting the rays
can be summarized in the following lemma. Note that we will make use of the argument
below multiple times in the proof of Lemma 3.3.7, so we prove it separately here.
Lemma 3.3.6. Let G be an infinite 2-connected locally-finite graph with two disjoint in-
duced rays P and () in the same end such that G has infinitely many finite ties of P U Q)
and has no edges between a verter on P and a vertex on (). Then G conduces an infinite
and LYA.

messy ladder or a member of one of the following families: Lo, L2

Proof. Let p be the initial vertex of P, and let ¢ be the initial vertex of (). Let J = J, Jo,
... be an infinite maximal sequence of pairwise independent full ties of P U @) ordered by
their appearance on Q).

We will inductively construct an infinite maximal sequence of pairwise non-crossing,
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independent, full ties of P U @) by constructing a sub-sequence Z of natural numbers that
consist of ¢ such that J; is in that maximal sequence.

First, consider J; and let h; = 1 be the first element of Z. Since J,, is the first tie
with a vertex of attachment on @), it follows that ties from J crossing .J,, have P-span in
Plp, ple]' Since G is locally-finite and P|p, ple] is finite, it follows that J has only finitely
many elements that are ties that cross Jp,,. If J has no element that crosses Jj,,, then let
he = h; + 1. We may therefore assume that J has an element that crosses J,,. Thus,
there is a maximal natural number k; such that Ji, crosses J,,. Let G}, be the subgraph
of GG induced by the vertices of P U @), of J,, and of J; for natural numbers ¢ > k. Let
hy = k1 + 1 be the second element of 7.

Suppose that we have constructed the graphs Gy, G,, ..., Gp,. Then Z =

hi,ha, ..., hit1. Note that Jy,, Jp,, ..., Jn,., Is a sequence of pairwise non-crossing,

i1
independent, full ties of P U @ in G}, and that G has finitely many vertices on each of
Plp, pfliﬂ] and Q[q, quiH]. This, combined with the fact that G is locally-finite, implies
that there are finitely many natural numbers 7 such that .J; crosses J,,,,. If J has no
element that crosses J,,,, then let h;j s = 1 + h;;;. We may therefore assume that J
has an element that crosses .Jy,,,,. Thus, there is a maximal natural number k;,; such that
Sy crosses Jy, . . Let Gy, be the subgraph of G induced by the vertices of P U (), of J;
for i € Z, and of J; for natural numbers j > k; 5. Let hjpo = 1 + k;12 be the ¢ + 2 element

of T.

It remains to check that the process of resolving the constructing a sequence of
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pairwise non-crossing independent full ties terminates. Since G is locally-finite, we delete a
finite number of vertices at each step. The process of constructing an infinite sequence of
pairwise non-crossing independent full ties does not delete vertices of P U (). The construc-
tion process has a countably infinite number of steps. Since G is countable, the construc-
tion process fails for the ordinal w. Therefore, the inductive process terminates. Let H be
the subgraph of G obtained by the above inductive process, and let J; = Jp,, Jp,, ... be
the infinite sequence of pairwise non-crossing, independent, full ties of PUQ in H obtained
by the above inductive process.

Note that J; is maximal since J is maximal and by selection of h;.

Let M be the sequence of ties obtained by resolving the ties of 7;. Let H' be the
subgraph of H induced by the vertices of P U () and M. If M; contains infinitely many
elements, each of which is a tie of type I, Y, A\, or Y-\, then Lemma 3.3.4 implies that H’
conduces a member of one of the families: £, £5 and LY2, and the conclusion follows.

We may therefore assume that M; has infinitely many elements each of which is
a tie of type fork, rake, or fork-rake. Let H” be the induced subgraph of H’ obtained by
rerouting the rays for each of those ties. Lemma 3.3.5 implies that H” conduces an infinite

messy ladder or a member of the family £, and the conclusion follows. O

The following lemma proves that an infinite 2-connected graph that is locally-finite
conduces either an infinite messy ladder or one of the structures found in Figures 3.3a
to 3.3c.

Lemma 3.3.7. Let G be a 2-connected infinite locally-finite graph. Then G conduces ei-
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ther an infinite messy ladder or member of one of the following families: Lo, £2, and
LYA.
Proof. Let G be an infinite locally-finite 2-connected graph. Then Theorem 1.2.9 implies
that G contains an induced ray P. By Lemma 3.3.1, it follows that G has either a perpet-
ual P-bridge or an infinite P-bridge chain.

Suppose first that G has a perpetual P-bridge B. Let w be the vertex of attach-
ment of B such that B has no vertices of attachment b such that b <p w. Since B is a
perpetual bridge of P in GG, and G is locally-finite, it follows that B has infinitely many
vertices that are neighbors of vertices of attachment on P. Since G is locally-finite, The-
orem 1.2.7 implies that B has an infinite independent subset V of vertices that are neigh-
bors of vertices of attachment on P. Let 7 be a V-connecting tree in B — V(P). Then
Theorem 1.2.9 implies that 7 contains an induced ray R. Note that P and R are disjoint.
Since 7 is a V-connecting tree, it follows from Lemma 3.2.3 that R is induced in G and
that 7 has infinitely many pairwise-disjoint paths, each of which is from a vertex on R to a
vertex of V. Since G is locally-finite and the vertices of V are independent, it follows that
B has infinitely many pairwise-disjoint paths from R to P. Thus, the rays R and P are in
the same end of G. Let 1, r9, ... be the vertices of R.

The rays R and P need not have the same initial vertex. Now, we will modify R
to obtain an induced ray ) in B such that () meets P at exactly one vertex w, which is
the initial vertex of (), and @ is in the same end as P. Since B is connected, it contains

an induced path S from R to w. Let w = s1, Sa, ..., S, be the consecutive vertices of
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S,and let § = N(V(S)) N R. Since S has no infinite vertex, it follows that 8 is finite.
So, R has a vertex r; in 8 that has maximum index 7. Let s, be the neighbor of r; on S
with smallest index k, let S’ = S[w, sg], let R’ be the sub-ray of R that begins at r;, and
let Q@ =S5"U{skr;} UR. Note that @ is induced in G and in the same end as P.

If B has infinitely many edges between P[w, 00) and @, then the subgraph of G
induced by the vertices of P[w,o0) and @ is an infinite messy ladder, as required. We may
therefore assume that B has only finitely many edges between @) and Plw,c0). Let e = xy
be an edge between Plw,o0) and @ such that x € V(Q), y € V(P), and |V (Plw,y])]| is
maximal. Note that P’ = P(y,00) and Q' = Q(z,00) are both also induced rays in G that
are in the same end and that B has no edges from P’ to )'.

Since P’ and @)’ are in the same end, it follows that either B has infinitely many
finite ties of P’ U @)’ or an infinite tie of P’ U @’. If B has infinitely many finite ties of
P'U @', then Lemma 3.3.6 implies that B conduces an infinite messy ladder or a member
of the following families: L., £2, and £Y?, and the conclusion follows.

We may therefore assume that B U P has an infinite tie 7" of P’ U )'. Lemma 3.3.2
implies that B U P has an induced subgraph containing P U () that has a sequence of in-
finitely many finite ties of P U (). Then Lemma 3.3.6 implies that B conduces an infinite
messy ladder or a member of the following families: £, £2, and £LY2, and the conclusion
follows. This completes the case that G' has a perpetual P-bridge.

We may therefore assume that G does not have a perpetual P-bridge, and so, it

follows from Lemma 3.3.1 that G has an infinite P-bridge chain B;, By, ... where Plu;, v;]
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is the span of B;. Let (); be an induced path in B; with endpoints u; and v;. Since P is
induced, it follows that each @Q; contains at least one vertex distinct from u; and v;. Let G’
be the subgraph of GG induced by the vertices of P U U¢21 Q;. In G’, we delete vertices on
P(ujt1,v;), if they exist, for j > 1 to obtain a graph G”. Let W = @y U P(vy, u3) U Q3 U
P(vg,us) U+ UQops1 UP(Vopy1, uggrs) U+, and let X = P(ug, us) UQo U P(vg, ug) UQqU
<o U P(vag, topr2) U Qo2 U+

Let wq, ws, ... be the vertices of W listed in the order that they appear on W, and
similarly, let x1, 2, ... be the vertices of X listed in the order that they appear on X. If
G" has infinitely many edges with one endpoint on W and the other on X, then we delete
the internal vertices, if they exist, of any path from W to X in G”. Thus G” conduces an
infinite messy ladder. We may therefore assume that G” has only finitely many edges be-
tween W and X. Then G” has an edge e = w;z; such that G” has no edges wyx, for k > i
and ¢ > j. Consider the subgraph G" induced by W' = W (w;, 00) and X' = X (x;,00). If
G" has an infinite tie of W/ U X', then Lemma 3.3.2 implies that G" has infinitely many
finite ties. Lemma 3.3.6 implies G" conduces an infinite messy ladder or a member of the
following families: £, £2, and £LY?, and the conclusion follows. We may therefore as-
sume that G” does not have an infinite tie of W/ U X’. It follows that G" has infinitely
many finite ties of W/ U X’. Lemma 3.3.6 implies that G”” conduces an infinite messy
ladder or a member of the following families: £, £, and £Y2, and the conclusion fol-

lows. L]

7



3.4. Infinite Messy Ladder

We prove in this section that an infinite messy ladder conduces an infinite clean
ladder.

Let (L, W, X) be an infinite messy ladder. If e is a rung in a ladder with rails W
and X, then ey and ex denote the end-vertices of e on W and X, respectively. Two rungs
in an ordered pair e and f cross if ey < fir and fx < eyx. We also say that (e, f) is a
cross whose W-span is Wlew, fw], and whose X -span is X|fx, ex]. Note that the spans
of each cross are finite. A cross whose W-span and X-span are both single edges is degen-
erate. An infinite clean ladder is an infinite messy ladder whose crosses are all degenerate;
see Figure 3.3d. In order to clean the ladder, we need to define some terms for the crosses.
The cross (e, f) is full if the messy ladder (L, W, X') has no other cross whose W-span con-
tains the W-span of (e, f) and whose X-span contains the X-span of (e, f). Two crosses
are independent if both their W-spans and X-spans are edge-disjoint.

Lemma 3.4.1. If an infinite messy ladder has a cross (e, f), then it has a full cross whose

W -span contains Wlew, fw] and X-span contains X|fx,ex].

Proof. Let (L, W, X) be a messy ladder with oy and ox as the initial vertices of W and
X and let (e, f) be a cross in (L, W, X). Since (L, W, X) is locally-finite and the segment
Wlow, ew] has a finite number of vertices, it follows that e is crossed by only finitely
many edges that have one endpoint on W{ow,ew]|. So, (L, W, X) has a full cross whose
W-span contains W ey, fyr]. Similarly, only finitely many edges cross f that have one

endpoint on X|ox, fx]|. So (L, W, X) has a full cross whose X-span contains X|ox, fx].
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Thus, (L, W, X) has a full cross whose W-span contains Wleyw, f,,] and whose X-span

contains X|fx, e,|, as required. ]

In general, crosses may not be ordered in any particular way with respect to the
rails W and X; however, pairwise independent full crosses may be ordered by the position
in which their vertices appear on the rails, as explained in Lemma 3.4.2.

Lemma 3.4.2. Let (e, f) and (g, h) be independent full crosses of a messy ladder
(L, W, X), with the W- and X -spans being Wlew, fw], X[fx,ex], Wlgw, hw], and

X[hx,gx]|, respectively. Then fw < gw if and only if ex < hx.

Proof. Let (e, f) and (g, h) be independent full crosses. Suppose for a contradiction that

fw < gw, however ex £ hx. Then hy < fx < ex and ey < fw < gw < hw. Thus (e, h)
is a cross whose W-span contains the W-spans of (e, f) and of (g, h). This contradicts the
fact that the crosses (e, f) and (g, k) are full. Hence ex < hx. The other direction of the

proof follows an analogous argument. n

For two pairwise independent full crosses (e, f) and (g, h), define the relation
(e, ) < (9:h) by fuw < gw (or ex < hy).

A cross-free ladder is a messy ladder such that no pair of its rungs cross. A cross-
free ladder is obviously a clean ladder.
Lemma 3.4.3. FEvery infinite messy ladder either has an infinite mazimal sequence of

pairwise independent full crosses or conduces an infinite cross-free ladder.

Proof. Let (L,W, X) be an infinite messy ladder. If (L, W, X) has an infinite maximal se-

quence of pairwise independent full crosses, then the conclusion follows. We may there-
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fore assume that every maximal sequence of pairwise independent full crosses is finite.

Let X = A&}, Xy, ..., X, be a maximal sequence of pairwise independent full crosses with
W-spans Wlel,, fiy] and X-spans X|[f4,el] for 1 < i < z. Let W' = W[f3, 00), let
X" = Xle%,00), and let L’ be the subgraph of L induced by the vertices of W’ and X".
Since (L, W, X) is an infinite messy ladder, X is finite, and L’ is an induced subgraph of L,

it follows that (L', W’  X") is an infinite cross-free ladder, and the conclusion follows. H

In the second case of the above lemma, we obtain an infinite induced clean lad-
der. Up until Lemma 3.4.6, we will assume that a messy ladder has an infinite maximal
sequence of pairwise independent full crosses, that is, an infinite sequence that does not
appear as proper sub-sequence of any other sequence of pairwise independent full crosses.

Let (L, W, X) be a messy ladder with oy and ox as the initial vertices of W and
X, respectively, and let X be an infinite maximal sequence of pairwise independent full crosses
in (L, W, X). Our goal is now to use X to eliminate all non-degenerate crosses in the
messy ladder (L, W, X)) to obtain a clean ladder (H,U, Z). To do this, we need the follow-
ing operation on ladders that eliminates non-degenerate pairwise independent full crosses.

Let XX = (&}, Xs,...) be an infinite maximal sequence of pairwise independent full crosses
in (L, W, X). The operation of resolving the cross X; = (e', f*) results in a triple
(L', W' X') where L' = L—W (e, fiy)—X(f%, ey) and W = Wlow, el ]U{e' JUX e, 00)
and X' = X[ox, f¥] U{f'} UW][f},,00). Since X; is a full cross, the graph L has rungs
neither from W oy, el,) to X (€%, 00) nor from X|ox, f%) to W(f,, 00). Thus W’ and X’

are induced in L', and (L', W’ X’) is a messy ladder. If X; is degenerate, then resolving
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the cross X; results in the edges el fi}, and fie’ becoming rungs of L', and the rungs f°
and e’ becoming edges on the rails W’ and X’. Note that we have not deleted any edges or
vertices in this case, so the messy ladders (L', W’ X’) and (L, W, X) are isomorphic.

For a maximal sequence of pairwise pairwise independent full crosses X =
(X1, Xa,...) where X; = (e, f*) of a messy ladder (L, W, X), we inductively define
the triples that result from resolving consecutive crosses of X. Let (L', W' X1) be the
messy ladder obtained by resolving the cross X; with W' = Wiow, ely] U {e'} U X[ek, o0)
and X! = Xlox, f&]U {f'}UW][f},o0). Since the crosses in X are pairwise independent,
the operation of resolving A is a local and does not affect the other crosses in X. That
is, (X, X3, ...) are crosses of (L', X1 Y1), Since the cross A is full, the operation of
resolving X} does not create a non-degenerate cross in (L', W' X1). If X| is degenerate,
then (L', W', X1) is isomorphic to (L, W, X). If X| is not degenerate, then (X5, X3, ...) is
a maximal sequence of pairwise independent full crosses in (L', W' X1).

For the inductive process, the definition of the rails W* and X* depends on
the parity of 4. Suppose we have defined (L=, W1 X*=1) for some i > 2 where
(L1 W=t X=1) is the triple obtained by resolving the crosses (X, Xa, ..., X;_1). Since
each cross of X is full, the operation of resolving the crosses (X, Xs, ..., X;_1) does not
create non-degenerate crosses. Since the crosses of X are pairwise independent, the crosses
(X;, Xiy1,...,) are crosses in (L1, W1 X*~1). Each cross in (X, Xs,...,X;_1) that
was degenerate in (L, W, X) is a degenerate cross in (L*~1 W1 X1} after resolving the

crosses (X1, Xy, ..., Xi_1). So the degenerate crosses from X, Xy, ..., X;_1 together with
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the crosses &;, X;;1, ... form a maximal sequence of pairwise independent full crosses in
(LY, Wi-t, X,

Let (L', W*, X?) be the messy ladder obtained from (L', W1 X*~!) by resolv-
ing X;. If i is even, then let W' = W{ow, el ] U {e'} U X[ek, [ U{f*}U -+ U{f T UWIf,0)
and X' = X[ox, fx]U{f' T UWI[fi, el ] U{etu -+ U{e'} U X][el,00). If i is odd,
then let W' = Wiow, ey U {e'} U X[ek, f2] U {f?’}U -+ U{e'} U X[el, o) and
X = Xox, U LFYUWIRL UL} U oo U{F}UW [y, 00).

It remains to check that the process of resolving the crosses terminates. Once a
cross is resolved, the only crosses in the graph induced by the subpaths of W* and X' from
the initial vertex to the last vertex in the span of X? are degenerate. Since G is countably
infinite, it follows that X has a countably infinite number of crosses. So, the process of re-
solving the crosses fails for the ordinal w. Thus, the process of resolving the crosses of X
terminates. Let (H,U, Z) be the infinite ladder which is a result of resolving the crosses of
X. Since we have resolved the crosses of X, every cross from X that is in (H,U, Z) is de-
generate. Thus (H,U, Z) is an infinite clean ladder.

Remark 3.4.4. The vertices ey, €k, fi, fx, ... of the pairwise independent full crosses
of X are members of the vertezx set of (H,U, Z).
This process of resolving the crosses is depicted in Figure 3.13a and Figure 3.13b

below.
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(a) Sequence of Pairwise Independent Full Crosses
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(b) The infinite clean ladder (H,U, Z)

X fx ex JX Sk ek fx ek

Figure 3.13. Resolving the crosses

The red dashed lines in Figure 3.13a indicate the location where rungs cannot exist
due to (e!, f!) being a full cross. In Figure 3.13b, the blue path represents the induced
path U, the green path represents the induced path W, and the black lines represent rungs
of (H,U,Z). Notice that Figure 3.13a has a rung that has an endpoint in the W-span and
an endpoint in the X-span of (¢!, f1), and this rung is not in (H,U, Z).

The next lemma follows from the process described above.

Lemma 3.4.5. Let X be an infinite maximal sequence of pairwise independent full crosses
of a messy ladder. Resolving the crosses of X results in an infinite clean ladder.

The following lemma combines the previous lemmas in this section to complete the
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proof that an infinite clean ladder is a sub-ladder of every infinite messy ladder.

Lemma 3.4.6. Fvery infinite messy ladder conduces an infinite clean ladder.

Proof. Let (L, W, X) be an infinite messy ladder. Lemma 3.4.3 implies that (L, W, X) con-
duces an infinite cross-free ladder or has an infinite maximal sequence of pairwise indepen-
dent full crosses. If (L, W, X) conduces an infinite cross-free sub-ladder, then (L, W, X)
conduces an infinite clean ladder, as required. We may therefore assume that (L, W, X)
has an infinite maximal sequence of pairwise independent full crosses. By Lemma 3.4.5,
resolving the crosses of this sequence results in an induced infinite clean ladder, and the

conclusion follows. O

3.5. Proving Theorem 3.1.1

We can now prove Theorem 3.1.1 stated below more precisely than in the intro-
duction. Recall that an infinite clean ladder is defined in Section 3.4, and shown in Fig-
ure 3.3d; the families K o, and IK;OO are defined in Section 3.1, and shown in Figures 3.1a
and 3.1b, respectively; the families F,, and F2 are defined in Section 3.2, and shown in
Figures 3.2a and 3.2b respectively; and lastly the families £.,, £, and LY? are defined in
Section 3.3, and shown in Figures 3.3a to 3.3c respectively.
Theorem 3.1.1. Let G be a 2-connected infinite graph. Then G conduces one of the fol-
lowing: K, an infinite clean ladder, and a member of one of the families IKIOO, K200

Foo, FA, Loo, LA, and LYA.

[oops

Proof. Let GG be an infinite 2-connected graph. If G’ has an infinite vertex, then Lemma 3.2.5

implies that G conduces either K, or a member of one the families F, 3"?0, K2,00, and
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g<+

2,007

and the conclusion follows.

We may therefore assume that G is locally-finite, and so Theorem 1.2.9 implies that
G conduces a ray. Thus, Lemma 3.3.7 implies that G conduces either an infinite messy
ladder or a member of the families: £, £5, and LY2. If G conduces a member of one of
the following families: £, ££, and LY, then the conclusion follows.

We may therefore assume that G conduces an infinite messy ladder. Lemma 3.4.6

implies that G conduces an infinite clean ladder, as required. O
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Chapter 4. Bipartite Minors
4.1. Preliminaries

In this chapter, we restrict our considerations to bipartite graphs that are simple
and finite.

For a bipartite graph G, a minor of G need not be bipartite. For example, if we
contract an edge in a cycle of G to obtain a minor H, then the resulting cycle in H is an
odd cycle, thus making H not bipartite. To address this, the authors of [2] created the
graph substructure relation of a bipartite minor to guarantee that the graph obtained by
taking a bipartite minor of G is bipartite. In this relation, the authors of [2] redefine the
operation of a contraction. In order to describe when we are allowed to perform this type
of contraction, we first need the following definitions. A non-separating cycle C'in G is a
cycle such that the deletion of the vertices of C' does not increase the number of compo-
nents of G. A peripheral cycle of G is an induced, non-separating cycle in G. Let u and
v be two vertices in the same part of the bipartition of V(&) that have a common neigh-
bor w such that u, w, v is a sub-path of a peripheral cycle. The contraction of u with v
is a graph H obtained by identifying u and v then deleting an edge in each pair of result-
ing parallel edges. We say that the vertex set of H is V(G) \ {u}. Since u and v are in
the same side of the bipartition, the graph G does have an edge between u and v. So the
contraction of u with v does not create an odd cycle; and thus, H is bipartite. Figure 4.1
illustrates the operation of contraction.

We may now formally define the relation of a bipartite minor. The bipartite graph
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(a) Cy (b) Identifying u with v (c) Result of a contraction

Figure 4.1. The operation of contraction of u with v.

H is a bipartite minor of a bipartite graph G if H is obtained from G by a series of the
following operations: vertex deletion, edge deletion, and contraction.

In Section 4.2, we will present the unavoidable bipartite minors for a large con-
nected bipartite graph, stated below.

Theorem 4.1.1. Let q and r be positive integers. There is an integer fy1.1(q,7) such that
every connected bipartite graph of order at least fy11(q,7) contains as a bipartite minor
either Py or Ky .

Note that this theorem also holds when the relation of bipartite minor is replaced
with the relation of subgraph; however, we are only interested in the bipartite minor rela-
tion.

In order to state an analogous result for 2-connected bipartite graphs, we need to
define two families of graphs. Let u and v be the two vertices of degree n in the same side
of the bipartition for each member of the family X5 ,,, defined in Chapter 2. If a member

of Ky, has two uv-paths that differ in parity of their order, then that member contains an
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odd cycle and is not bipartite. We may therefore assume that all of the uv-paths in each
member of Kj, have the same parity. So, we will have two families: one where each wv-
path has even order, and one where each uv-path has odd order.

Let X3, be the family of graphs such that each member of the family consists of
two distinct vertices u and v such that there are n pairwise internally-disjoint uv-paths
that all have even order. Let X3, be the family of graphs such that each member of the
family consists of two distinct vertices v and v such that there are n pairwise internally-
disjoint uv-paths that all have odd order. This leads to the following theorem, which will
be proved in Section 4.3.

Theorem 4.1.2. Let p and q be a positive even integers. There is an integer fi12(p,q)
such that every 2-connected bipartite graph G of order at least fy1.2(p,q) contains as a bi-
partite minor either a cycle of order p or a member of the one of the following families:
X5, and K3 .

4.2. Unavoidable Connected Bipartite Minors

In this section, we present the unavoidable bipartite minors for large connected bi-
partite graphs.

Theorem 4.1.1. Let q and r be positive integers. There is an integer fy1.1(q,7) such that
every connected bipartite graph of order at least f411(q,r) contains as a bipartite minor

either Py or K.

Proof. Let fy11(q,r) =2+ (r—1)+(r—1)2+--- 4+ (r —1)72 and let G be a connected

bipartite graph of order at least fy1.1(q,7). If G contains a vertex of degree r, then G con-
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tains K, as a bipartite minor, and the conclusion follows. We may therefore assume that
G has maximum degree at most r — 1.

Recall the definition of a rooted tree and a normal tree from Sections 2.1 and 2.2,
respectively. Let (7, p) be a normal tree of G rooted at an arbitrary vertex, p. Note that
T is a connected bipartite minor of G. Suppose for a contradiction that G does not have
a path of order ¢ as a bipartite minor. Since GG has maximum degree at most r — 1, it fol-
lows that p has at most  — 1 neighbors in (7, p), and thus in G. Let ng be the number
of vertices v that are endpoints of a pv-path in (T, p) of order s. Note that ny = 1 and
ny < (r —1). In general, since the maximum degree of G is r — 1, it follows that (7, p) has
n; < (r — 1)1 vertices that are distance ¢ from p in (T, p). So ny < (r — 1)*~!. Since G
does not have a path of order ¢, it follows that s < ¢. So the number of vertices of (T, p),
and thus G, is quan This sum is bounded from above by 1+ (r —1) +---+ (r — 1)72. So
V(G| <1+ (r—1)+---+ (r—1)77% a contradiction. Thus, G has a path of order ¢ as a

subgraph, and therefore as a bipartite minor, and the conclusion follows. O

4.3. Unavoidable 2-connected Bipartite Minors

In this section, we present the unavoidable bipartite minors for a large 2-connected
bipartite graph G. We will accomplish this by splitting the argument into two cases: ei-
ther G has a long path as a subgraph or not. We address the latter case in the following
lemma.
Lemma 4.3.1. Let m be a positive integer and let n be an integer exceeding one. There

is an integer fy31(m,n) such that every 2-connected bipartite graph of order at least
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faz1(m,n) has either a path of length m or has a bipartite minor that is a member of one

of the following families: X5, and X3 ..

Proof. We prove that fi31(m,n) =1+d+d*+...+d™, where d = (m — 1)n, satisfies the
conclusion.

Let G be a 2-connected bipartite graph of order at least fy31(m,n). Let (T, p) be a
normal spanning tree of G. If (T, p) has height at least m, then (T, p) has a path of length
m, and the conclusion follows.

For the remainder of the proof, we may therefore assume that the height of (7', p) is
less than m. Since (T, p) has at least fy31(m,n) vertices and no vertex w such that a pw
path has length m, it follows that T" has a vertex v with more than d children.

Let R be the pv path in (T, p) that has length at most m — 2. For each child v;
of v, let (T;,v;) be the rooted sub-tree of (T, p) induced by v; and all of its descendants.
Since v has at least d children, it follows that (7, p) has at least d sub-trees rooted at chil-
dren of v. We need to consider only d of them, (71,v1), (T2, v2), ..., (T4, vq). Since (T p)
is normal, it follows that (7;,v;) and (7}, v;) are disjoint for distinct ¢ and j from i,j €
{1,2,...,d}. Further, every edge of G with one endpoint (7}, v;) for some 1 < ¢ < d must
have other endpoint on R — v. Since (T, p) is normal, it follows that all of the rooted sub-
trees (T1,v1), (T, v2), ..., (T4, vq) are disjoint, and that G has no edges between them.
Since G is 2-connected, it follows v is not a cut-vertex of G. For each j € {1,2,...,d}, the
graph G has an edge e; incident with both a vertex on (7},v;) and a vertex u; on R — v.

By definition of d, there is a natural number k in {1,2,...,d} such that uy is incident to
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at least n of the edges e;; let u = wy. Let Z be the set of n indices from {1,2,...,d} of the
n edges that have u as one endpoint and the other endpoint on (7}, v;). Each (T}, v;) for

1 < i < d spans a component G; of G — V(R). The vertices u and v both have at least
one neighbor in G;. Let G} be the subgraph of G that consists of G; and all edges between
a vertex of GG; and a vertex of {u,v}. Note that G’ is connected. Let P; be the shortest
uv-path in G}.

Let H be the subgraph of G induced by J,.; F;. Since (T, p) is a normal spanning
tree, it follows that G has no edges between internal vertices of distinct paths {P,;};c7.
Since each P; is a shortest uv-path in G7, it follows that H is the union of pairwise
internally-disjoint paths.

We define a graph H' in the following piecewise manner.

H\ {uwv} ifuww e E(G)
H =
H if uv ¢ E(G)
Note that H' is a subgraph of H, and thus, a bipartite minor of H. Since G is bi-
partite, all of the paths P, for i € Z have the same parity. If all have odd order, then H’
is a member of the family X3, and is a bipartite minor of G, and the conclusion follows.

Otherwise, H' is a member of the family X3, and is a bipartite minor of G, and the con-

clusion follows.
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(a) member of the family X3, in G (b) member of the family X9, in G

Figure 4.2. Process of obtaining a member of the family X3, or X3,

Figure 4.2 shows the paths whose union is either a member of the family X3 ,
or a member of the family X3 . The red vertices are the vertices in the bipartition of
cardinalityn, and the blue vertices are members of the bipartition of cardinality two. The
red segments show the edges of a graph in X5, in Figure 4.2a and the edges of X3, in

Figure 4.2b. [

In the case that a large 2-connected bipartite graph has a long path, we will use the
following well-known theorem of Menger [12].

Theorem 4.3.2 (3.3.6(i) of [5]). A graph is k-connected if and only if it contains k pair-
wise internally-disjoint paths between every two vertices.

Since we consider 2-connected bipartite graphs GG, Theorem 4.3.2 implies that G
has a cycle that contains two specified vertices v and v for each pair u,v € V(G). For the
following lemma, we need to define a type of vertex. A pendant vertex in a graph is a ver-
tex of degree one; the vertex w in Figure 4.1c is an example of a pendant vertex. We will

first show that if G has a peripheral cycle of order at least p, where p is an even number
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exceeding two, then G has a peripheral cycle of order p as a bipartite minor.
Lemma 4.3.3. Let p be an even integer exceeding two. If a 2-connected bipartite graph G

has a cycle of order at least p, then G contains as a bipartite minor a cycle of order p.

Proof. Let C' be a cycle of order n > p in (. Since C' is an even cycle, it follows that n =
p + 2¢ for some non-negative integer . If © = 0, then G has a cycle of order p as a bipartite
minor.

We may therefore assume that ¢ > 1. Let G’ be the subgraph of G' with vertex set
V(C') and edge set E(C). Note that C' is a peripheral cycle of G’. We will inductively ob-
tain, by taking bipartite minors, a sequence of smaller cycles until we get a cycle of length
p as a bipartite minor of G'.

Let G| be the graph obtained from G’ be performing a contraction and then delet-
ing the resulting pendant vertex. Note that G/ has two fewer vertices than G'. So, G} is a
cycle of order p + 2 — 2 = p+ 2(i — 1). If i = 1, then G is a cycle of order p, and the
conclusion follows. We may therefore assume that i« > 1.

Suppose we have inductively obtained the graphs G, G5, ..., G for j < i and that
G’; has order greater than p. Note that each graph Gj, for 1 <k < j is a cycle, and thus, a
peripheral cycle. So we may perform a contraction on G;. Let G’ ; be the graph obtained
from G; by performing a contraction and then deleting the resulting pendant vertex. Fig-
ure 4.3 illustrates this process. Note that G, has 2(j + 1) fewer vertices than C. If G},

has order p, then G has a cycle of order p as a bipartite minor, and the conclusion follows.
Otherwise, at step ¢, we have the graph G/ has 2i fewer vertices than C. So G} has
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(a) G! (b) Contraction step (c) Gy
Figure 4.3. Process of obtaining G, ; from G;
order p + 2i — 2i = p. Therefore the process terminates at step i, the resulting graph G is

a cycle of order p as a bipartite minor of C' and thus G, and the conclusion follows. n

We will now use Theorem 4.3.2 and Lemma 4.3.3 to address the case that a large
2-connected bipartite graph has a long path.
Lemma 4.3.4. Let p be a positive even integer. There is a number fy34(p) such that if a
2-connected bipartite graph G has a path of length fi3.4(p), then G has a cycle of order p

as a bipartite minor.

Proof. Let fi34(p) = (p—3)(p—2)+ 1 and let P be a uv-path of length fy34(p) in G.
Since G is 2-connected, Theorem 4.3.2 implies that G has a cycle C that contains
both v and v. Note that the order of C' must be even since G is bipartite. We will con-
sider two cases based on whether C' has order at least p or not.
Suppose first that C' has order n such that n > p. Let G’ be the subgraph of
G with vertex set V(C') and edge set E(C). Note that C' is a peripheral cycle of G'.

Lemma 4.3.3 implies that G’ contains as a bipartite minor a cycle of order p, and the
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conclusion follows.

We may therefore assume that C' has order less than p. Since G is bipartite, it fol-
lows that C' has order at most p — 2. This implies that the cycle C' must intersect P at
least once at a vertex uy distinct from w and v. Since C' has length at most p—2, it follows
that C' intersects P at most p — 2 times. Let u = uq, ug, ..., up = v where 3 < k < p—2
be the vertices of V(C') N V(P) appearing on P in that order. The vertices uy, ua, ..., Uy
divide P into k — 1 < p — 3 edge disjoint sub-paths of P. Let C[u;, u;4+1] be the sub-path of
C' such that Clu;, uii1] N Plug, ui] = {ug,uiq} for 1 < i < k—1 < p— 3. Since P has
length f;3.4(p) and C includes both u and v, it follows that P has a sub-path Plu;, u; 1]
that has more than p — 2 edges. So C" = Clu;, u;y1] U Plu;, ui1] forms a cycle of order at
least p. Lemma 4.3.3 implies that G contains as a bipartite minor a cycle of order p, and

the conclusion follows. O

We now combine Lemmas 4.3.1 and 4.3.4 to prove Theorem 4.1.2.
Theorem 4.1.2. Let p be an even integer exceeding two and let q be a positive even in-
teger. There is a number fy12(p,q,r) such that every a 2-connected bipartite graph G of
order at least fy12(p,q) contains as a bipartite minor either a cycle of order p or a mem-

ber of the one of the families: X5 , and X3 .

Proof. Let fi12(p,q) = faz1(m,q) where m = fy34(p) and fy31 and fy34 are the numbers
from Lemmas 4.3.1 and 4.3.4, respectively.
Since G is a 2-connected bipartite graph of order at least fy12(p,q), Lemma 4.3.1

implies that the graph G has either a path of length m or contains as a bipartite minor a
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member one of the families X5, and X3 . If G contains a a bipartite minor a member of
one of the following families: X3 , and X3, then the conclusion follows.
We may therefore assume that G has a path of length m. Then Lemma 4.3.4 im-

plies that G contains as a bipartite minor a cycle of order p, and the conclusion follows.
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Chapter 5. Conclusions

In this chapter, we review our results and consider future work in extending them.
5.1. Induced Subgraphs

In Chapters 2 and 3, we showed the unavoidable induced subgraphs for large and
infinite 2-connected graphs, respectively. These results fully address the 2-connected
analogs of Ramsey’s Theorem for the induced subgraph relation.

For the finite case, found in Chapter 2, we considered two cases: either a large 2-
connected graph has a long path or not. In the case that the graph does not have a long
path, we used the concept of normal trees to find a member of one of the families: XK, or
fK;T for an integer r exceeding two. In the case that the graph has a long path, there were
many instances where we utilized the fact that a cycle, if large enough, is a clean ladder of
the target order.

For the infinite case, found in Chapter 3, the large cycle, which was critical to the
finite case, does not have an infinite analog. Another barrier to the infinite case was that
the division of proof in an analogous way to the finite case, based on whether or not the
graph has a ray, did not seem to lead to the desired conclusion. Two of the families of
graphs in the infinite result, the fan-like graphs shown in Figures 3.2a and 3.2b, have both
a ray and infinite vertex, while four of the families have a ray and are locally-finite, the
ladder-like graphs shown in Figures 3.3a to 3.3d. So to prove the result for the unavoid-
able induced subgraphs of infinite 2-connected graphs, we considered two cases: either the

graph has an infinite vertex or not. In the case that the graph has an infinite vertex, we
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introduced the concept V-connecting tree to control possible edges in the graph that are
not in the tree. The latter case used many of the same techniques as the finite case.

An open question that is a natural extension of these results is to find the unavoid-
able induced sub-matroids for large 2-connected matroids. The intermediate step is to con-
sider the operation on graphs of contracting cycles and then deleting resulting loops and
deleting all but one edge in each set of resulting parallel edges. Note that this operation is
similar to the operation allowed for producing parallel minors except that it specifies the
types of edges that may be contracted.

Another direction is to take a step towards proving a 3-connected analog of Ram-
sey’s Theorem by considering graphs that are “almost” 3-connected; that is, a graph would
be 3-connected if not for a large subgraph that is 2-connected but not 3-connected. Pro-
fessor Geelen of the University of Waterloo suggested this direction at an online seminar
where I presented.

5.2. Bipartite Minors

In Chapter 4, we showed the unavoidable bipartite minors of large connected and
large 2-connected bipartite graphs. To prove the result on large 2-connected bipartite
graphs, we split the proof into two cases, similar to Chapter 2, that either the graph has
a long path or not. If the graph has a long path, we proved that it has a large cycle.

Since the relation of bipartite minors has been introduced more recently than other
graph relations discussed in this dissertation, many problems that have been solved for

those relations are still open for bipartite minors. In [2], the authors present the forbidden
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bipartite minors for the class of planar graphs and the class of outerplanar graphs. One di-
rection for future work is to prove a forbidden bipartite minors characterization for series-
parallel graphs. An intermediate step in this project is to investigate if the tree-width of a

bipartite minor H of a bipartite graph G is at most the tree-width of G.
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Appendix. Copyright Information

Copyright Information for Chapter 2.
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ABSTRACT. Ramsey proved that for every positive integer n, every sufficiently large graph contains an
induced K, or K,. Among the many extensions of Ramsey’s Theorem there is an analogue for connected
graphs: for every positive integer n, every sufficiently large connected graph contains an induced K, K1,5,
or Pp. In this paper, we establish an analogue for 2-connected graphs. In particular, we prove that for every

integer exceeding two, every sufficiently large 2-connected graph contains one of the following as an induced

subgraph: K, a subdivision of K25, a subdivision of K2, with an edge between the two vertices of degree

n, and a well-defined structure similar to a ladder.

1. INTRODUCTION

The terms and symbols that are not defined explicitly in this paper will be understood as defined in
Diestel [2]. This paper focuses on the induced subgraph relation, and so we will often wish to state that a
graph G contains an induced subgraph isomorphic to a graph H; in such a case we will abbreviate this by

saying that G conduces H. All graphs we consider are finite, simple, and undirected.

The classical result of Ramsey (8], which served as a motivation for this paper and many others, is the

following:

Theorem 1.1 (Ramsey’s Theorem). For every positive integer v, there is an integer f1 1(r) such that every
graph on at least f1 1(r) vertices conduces K, (a complete graph on r vertices) or K, (an edgeless graph on
r vertices).

There are numerous extensions of Ramsey’s Theorem for graphs of various levels of connectivity and
different relations on graphs. For connected graphs, we have the following:
Theorem 1.2 ((5.3) of [3]). For every positive integer v, there is an integer f1 o(r) such that every connected
graph on at least f1 o(r) vertices conduces one of the following graphs: K,, Ki ., and P,.

For 2-connected graphs, we have the following for the relation of topological minors:

Theorem 1.3 ((1.2) of [7]). For every integer
2-connected graph on at least f1 3(r) vertices contains a subgraph isomorphic to a subdivision of K, or C;.

e

eding two, ther

s an ger f1.3(r) such that every

For topological minors, a theorem of this type was proved in (7] for 3- and internally-4-connected graphs.

For parallel minors, a theorem of this type was proved in [1] for 1-, 2-, 3-, and internally-4-connected graphs.

Date: September 21, 2021.

2010 Math Subject Cl Primary 05C75; Secondary 05C55
Key words and phrases. Unavoidable induced subgraphs, Ramsey theory, 2-connected graphs.
1

100



Bibliography

[1] S. Allred, G. Ding, and B. Oporowski. Unavoidable induced subgraphs of large 2-
connected graphs, 2020, arXiv:2009.12503.

[2] M. Chudnovsky, G. Kalai, E. Nevo, I. Novik, and P. Seymour. Bipartite minors. .J.
Combin. Theory Ser. B, 116:219-228, 2016.

[3] C. Chun and G. Ding. Unavoidable topological minors of infinite graphs. Discrete
Math., 310(24):3512-3522, 2010.

[4] C. Chun, G. Ding, B. Oporowski, and D. Vertigan. Unavoidable parallel minors of
4-connected graphs. J. Graph Theory, 60(4):313-326, 2009.

[5] R. Diestel. Graph theory, volume 173 of Graduate Texts in Mathematics. Springer,
Berlin, fifth edition, 2018. Paperback edition of [ MR3644391].

[6] G. Ding, B. Oporowski, J. Oxley, and D. Vertigan. Unavoidable minors of large 3-
connected binary matroids. J. Combin. Theory Ser. B, 66(2):334-360, 1996.

[7] G. Ding, B. Oporowski, James Oxley, and Dirk Vertigan. Unavoidable minors of large
3-connected matroids. J. Combin. Theory Ser. B, 71(2):244-293, 1997.

[8] F. Galvin, I. Rival, and B. Sands. A Ramsey-type theorem for traceable graphs. J.
Combin. Theory Ser. B, 33(1):7-16, 1982.

9] R. L. Graham, M. Grotschel, and L. Lovész, editors. Handbook of combinatorics. Vol.
1, 2. Elsevier Science B.V., Amsterdam; MIT Press, Cambridge, MA, 1995.

[10] D. Kénig. Uber eine schlussweise aus dem endlichen ins unendliche. Acta Sci.
Math. (Szeged), 3(2-3):121-130, 1927.

[11] Dénes Konig. Theorie der endlichen und unendlichen Graphen: Kombinatorische
Topologie der Streckenkomplexe, volume 16. Akademische Verlagsgesellschaft mbh,
1936.

[12] K. Menger. Zur allgemeinen kurventheorie. Fund. Math., 10:96-115, 1927.

[13] B. Oporowski, J. Oxley, and R. Thomas. Typical subgraphs of 3- and 4-connected
graphs. J. Combin. Theory Ser. B, 57(2):239-257, 1993.

[14] J. Oxley. Matroid theory, volume 21 of Ozford Graduate Texts in Mathematics. Ox-

101



ford University Press, Oxford, second edition, 2011.

[15] F. Ramsey. On a Problem of Formal Logic. Proc. London Math. Soc., 30:264-286,
1930.

[16] W. Tutte. Introduction to the theory of matroids. Modern Analytic and Computa-
tional Methods in Science and Mathematics, No. 37. American Elsevier Publishing
Co., Inc., New York, 1971.

102



Vita

Sarah E. Allred was born in Chattanooga, Tennessee. She finished her undergrad-
uate studies at Auburn University in May 2016. In August 2016, she came to Louisiana
State University to begin graduate studies in mathematics. She earned a Master of Science
degree in Mathematical Sciences from Louisiana State University in December 2017. She is

currently a candidate for the degree of Doctor of Philosophy in mathematics.

103



	Unavoidable Structures in Large and Infinite Graphs
	Recommended Citation

	Acknowledgments
	List of Figures
	Abstract
	Chapter 1. Introduction
	Basic Concepts
	Motivating Results

	Chapter 2. Finite Case
	Preliminaries
	Graphs Without a Long Path
	From a Long Path to a Messy Ladder
	From a Messy Ladder to a Clean Ladder
	Proving thm:finite

	Chapter 3. Infinite Case
	Preliminaries
	Infinite Vertex
	Locally-Finite Graph to Ladder-Like Structure
	Infinite Messy Ladder
	Proving thm:infinite

	Chapter 4. Bipartite Minors
	Preliminaries
	Unavoidable Connected Bipartite Minors
	Unavoidable 2-connected Bipartite Minors

	Chapter 5. Conclusions
	Induced Subgraphs
	Bipartite Minors

	Appendix . Copyright Information
	Bibliography
	Vita

