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Abstract

The aim of this thesis is to develop a theoretical framework to study parameter es-
timation of quantum channels. Given some data consisting of a number of samples of a
parameterized probability distribution, parameter estimation is the task of obtaining an
estimate of the unknown parameter from it while minimizing its error.

A quantum channel is a map that describes the evolution of the state of a quantum
system. We study the task of estimating unknown parameters encoded in a channel in the
sequential setting. A sequential strategy is the most general way to use a channel multiple
times. Our goal is to establish lower bounds (called Cramer—Rao bounds) on the estimation
error. The bounds we develop are universally applicable; i.e., they apply to all permissible
quantum dynamics.

We consider the use of catalysts to enhance the power of a channel estimation strategy.
This is termed amortization. The power of a channel for a parameter estimation is deter-
mined by its Fisher information. Thus, we study how much a catalyst quantum state can
enhance the Fisher information of a channel by defining the amortized Fisher information.

We establish our bounds by proving that for certain Fisher information quantities, cat-
alyst states do not improve the performance of a sequential estimation protocol compared
to a parallel one. The technical term for this is an amortization collapse. We use this to
establish bounds when estimating one parameter, or multiple parameters simultaneously.
Our bounds apply universally and we also cast them as optimization problems.

For the single parameter case, we establish bounds for general quantum channels using
both the symmetric logarithmic derivative (SLD) Fisher information and the right loga-
rithmic derivative (RLD) Fisher information. The task of estimating multiple parameters
simultaneously is more involved than the single parameter case, because the Cramer—Rao
bounds take the form of matrix inequalities. We establish a scalar Cramer—Rao bound
for multiparameter channel estimation using the RLD Fisher information. For both single

and multiparameter estimation, we provide a no-go condition for the so-called “Heisenberg
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scaling” using our RLD-based bound.

viil



Chapter 1
Introduction

The invention of quantum mechanics in the early 20th century revolutionized physics
and enabled accurate explanations of physical phenomena at atomic and sub-atomic scales.
It allowed for further theoretical and experimental exploration of the physical world, which
has now resulted in an improved understanding of physics as well as a number of technolog-
ical innovations that improve our lives today. Some of the initial concepts, neologisms, and
thought experiments from the early days of quantum mechanics remain in our vocabulary
even now. For example, “spooky action at a distance”, coined by Einstein, Podolsky and
Rosen, is still in use today when referring to the counterintuitive phenomenon of quantum
entanglement. The “Schrodinger’s Cat” thought experiment too, lives on both in science
and popular culture as a way to understand the concept of quantum superposition and the
probabilistic nature of quantum measurements.

Along with explaining hitherto unexplained phenomena, quantum mechanics also opened
up new methods of encoding, transmitting and protecting information. The subject of
quantum information was developed in the decades following the invention of quantum
mechanics itself. It is an interdisciplinary field combining the physics of quantum mechan-
ics with the mathematical and statistical machinery of classical information theory, which
itself was single-handedly invented by Shannon in 1948 [Sha4§].

Quantum information deals with scenarios where one handles information that is en-
coded in quantum systems. Some examples of quantum systems that can hold or trans-
mit quantum information are electronic or ionic spins, the polarization of a photon, two-
level atoms, superconducting transmon qubits !, quantum dots, and nitrogen-vacancy cen-
ters. Some of the canonical tasks studied in quantum information are compression of
data [Sch95], transmitting classical or quantum information over quantum communication

channels [BW92 BBCT93, Hol98, SW97|, establishing secret key (shared, private, true ran-

!These superconducting transmon qubits are used by IBM in their quantum computers.



dom bits) between two parties using quantum key distribution [BB84], among others. In
many of these tasks, using quantum resources like entanglement or states in superposition
yields an advantage over what is possible using purely classical resources. Another task
which allows for such a quantum advantage, so to speak, is parameter estimation.

Parameter estimation, also known as metrology, is a fundamental primitive in all of
science and technology. It refers to the statistical task of accurately estimating an unknown
parameter of interest encoded in data collected from some experimental procedure. This is
a basic task in statistics, and thus has a rich underlying theory that starts from the work
of Fisher [Fis25].

The setup of parameter estimation in the classical setting begins with a probability
distribution pg(z), where 6 is the unknown parameter of interest and is encoded in samples
of random variable X . Here, we follow the usual notation that uppercase letters are used for
random variables and the corresponding lowercase letters are used for particular realizations
of the random variable in question. Given a value of #, the random variable X is distributed
according to the distribution py. The goal, then, is to obtain é(X ), an estimate of the
parameter @, from a certain number n of samples of X. Intuitively, with an infinite number
of samples of X, we expect to be able to infer the value of 6 perfectly. Therefore, we would
like to quantify how well we can do with finite n.

We go into more details of the technicalities of parameter estimation later on in the
thesis, but here we state simply that the specific quantitative goal is to minimize the
variance of the estimator é(X ). We also assume throughout this thesis that the estimator
is “unbiased”; i.e., it is accurate and converges to the correct value of # on average. Then
the fundamental tool used to find limits on the attainable variance (or precision) of an
estimator is the Cramer—Rao bound [Rao45,Cra46,Kay93]. In the classical setting, it takes
on the following form:

Var(A(X)) > L

= m, (1.0.1)

where Ir(0;{py}g) is the Fisher information of the family of distributions {py}s. Again,



we do not go into details here, and note that this bound and the Fisher information are
explained more fully in Chapter 2. We state this fundamental inequality here to bring
the Fisher information into focus. The Fisher information, due to its appearance in the
Cramer—Rao bound, takes on a fundamental operational meaning in classical estimation
theory.

The classical Cramer—Rao bound above is applicable for the case when there is a single
unknown parameter to be estimated. However, there are experiments and scenarios when
one may wish to estimate multiple parameters simultaneously. As one may expect, esti-
mating multiple parameters simultaneously is a more mathematically and technologically
involved task than estimating a single parameter. However, a theory of multiparameter
estimation exists, and Cramer—Rao bounds for such tasks can be constructed.

One of the major differences when establishing Cramer—Rao bounds for multiparameter
estimation, both in the classical and quantum cases, is to generalize the figure of merit
(mean-squared error) and the Fisher information from scalars to matrices. That is, if
there are D > 0 unknown parameters to be estimated, then the figure of merit and Fisher
information both take on the form of a D x D matrix. The Cramer—Rao bound, too, then
is generalized to a matrix inequality. We state this qualitatively now, and these notions
will be expanded upon in detail in the subsequent chapters of this thesis.

As we stated briefly earlier, parameter estimation can allow for a quantum advantage
in certain cases, such as in phase estimation using optical interferometry [Bra92, Dow98,
DJK15] and gravitational wave detection [Cav81, YMKS86, BW00, DBS13]. We will now
elaborate further on this, and introduce quantum metrology in the process. First, we
recall Heisenberg’s uncertainty principle, a fundamental property in quantum mechanics
which demarcates it cleanly from the classical world. It imposes a fundamental limit on
the accurary with which two non-commuting physical observables can be estimated. For
example, the more precisely the position of a particle can be determined, the less precisely is

our knowledge of its momentum. Such a concept has no classical analog and immediately



suggests that quantum metrology is markedly different from classcial metrology. [Hel76]
developed a theory of quantum detection and estimation.

In the classical Cramer—Rao bound stated above, the RHS scales with n (the number
of samples of data) as 1/n. The scaling of the estimator variance as 1/n is known as the
shot-noise limit. It is the fundamental limit to the precision achievable by any estimation
protocol using only classical resources. However, in the case of quantum metrology, there
exist some tasks for which the estimator variance can be made to scale with n as 1/n?
instead of 1/n. This yields a lower estimator error than the classical case, especially in the
case of large n.

The scaling of estimator variance as 1/n? is denoted as the Heisenberg limit (or some-
times as Heisenberg scaling), as the Cramer—-Rao bound in such cases takes on a form
reminiscent of the Heisenberg uncertainty principle. The Heisenberg limit is the best possi-
ble scaling of error that one can attain using quantum resources, and identifying estimation
strategies and tasks for which it is attainable is one of the goals of quantum metrology.

The objects of interest in classical estimation are probability distributions py in which
the unknown parameter 6 is encoded. In the case of quantum parameter estimation, though,
we are interested in quantum states and channels. The state of a quantum system is not
completely described by a probability distribution. Pure quantum states are represented
by complex-valued vectors, and the more general mixed quantum states are operators (they
can be represented as positive semidefinite matrices with unit trace). Quantum channels
are dynamical maps that take quantum states to quantum states. Objects in quantum
theory do not generally commute, and quantum states can be in a linear superposition
of certain fixed basis states, both of which result in quantum metrology having a more
mathematically involved theory than classical metrology.

The noncommutativity of quantum mechanics results in an infinite number of quantum
generalizations of the classical Fisher information. The two best-studied quantum Fisher

informations are the symmetric logarithmic derivative (SLD) Fisher information [Hel76]



and the right logarithmic derivative (RLD) Fisher information [YL73]. These quantities
can be defined for both quantum state and quantum channel families, both of which we use
extensively in this thesis. Further, each of them can be used to yield Cramer-Rao bounds
for estimation of both quantum states and channels.

Our goal in this thesis is to study fundamental limits to estimating one or more param-
eters encoded in an unknown quantum channel. This is a well-studied problem with litera-
ture stretching back to the 1970s [Hel76, YL73] and a number of other prior works [SBB02,
FI103,Fuj04, JWD*08, FI08, Mat10, Hay11, DKG12,KD13,DM14, SSKD17, DCS17,ZZPJ18,
ZJ20a,7J19,YCH20]. The most general setting for the channel estimation problem is the
sequential setting, where the unknown channel is processed n successive times while allow-
ing for adaptive control operations between channel uses [GLM06,vDDE*07,DM14,YF17].

A subset of sequential (also known as adaptive) strategies is the set of parallel strategies,
where the n uses of the channel happen simultaneously. This is a practical setting of
interest. Since parallel strategies are a subset of sequential ones, by design they are less
powerful. For some special cases, e.g., unitary channels [GLMO06], parallel strategies are just
as powerful as sequential ones. It is an important and fruitful line of inquiry in quantum
information to identify when sequential strategies offer an advantage over parallel ones and
when they do not. This question remains a topic of interest, and has been studied recently in
the context of various channel distinguishability tasks [WBHK20,FFRS20, KW21a,SHW21,
BMQ20].

In this thesis, we also study this particular problem in the context of quantum channel
estimation. Our goal, both in the single and multiparameter cases, is to establish Cramer—
Rao bounds that apply for estimating parameters encoded in a quantum channel in the
sequential setting. We do so by defining certain quantities for the quantum Fisher informa-
tion inspired by recent developments in discrimination and distinguishability of quantum
channels and processes.

The quantities we define are the generalized Fisher information of quantum states and



channels, inspired by generalized channel divergences introduced in [PV10,SW12], and the
amortized Fisher information, which in turn is inspired by the amortized channel divergence
introduced in [WBHK20]. These quantities taken together allow for us to study and apply
the SLD and RLD Fisher information to the task of sequential channel estimation. Our
approaches to establishing Cramer—Rao bounds for the sequential setting for both the single
and multiparameter estimation cases are similar.

The main ingredient in our Cramer—Rao bounds are what are known as amortization
collapses. An amortization collapse is when, for a certain Fisher information in question,
the amortized Fisher information is equal to the Fisher information itself. It further means
that catalysis cannot help to increase the Fisher information of a channel family to a
value more than its inherent value. These facts mean that for quantities that undergo an
amortization collapse, sequential strategies offer no advantage over parallel ones.

Finally, we connect the amortized Fisher information to the Fisher information achiev-
able by a sequential estimation strategy. This is done by proving meta-converse theorems
for both the single and multiparameter estimation tasks, inspired by the meta-converse
theorem of [WBHK20]. With this in place, we prove various Cramer—Rao bounds for sin-
gle parameter estimation, and an RLD-based one for the case of multiparameter channel
estimation. This builds on prior work in establishing Cramer—-Rao bounds for channel esti-
mation, both in the parallel setting and the sequential one [Hay11l, YF17,ZZPJ18,ZJ20b].

Our bounds have a number of desirable properties, which we state briefly here. Our
bounds in Chapter 3 for single parameter estimation are single-letter, a fact that arises
due to the amortization collapses we prove. “Single-letter” is a term from information
theory, which means that the Fisher information in question is evaluated with respect to a
single copy of the channel only even though the bound holds for general n-round sequential
strategies. This makes them straightforward to evaluate, and further we provide various
optimization problem characterizations for the SLD and RLD Fisher information of states

and channels in Chapter 3.



For single parameter estimation, our SLD-based Cramer—Rao bound for channel esti-
mation recovers the fact that Heisenberg scaling is the best possible scaling attainable for
channel estimation, even in sequential estimation protocols. This builds on work of [YF17].
Further, our RLD-based bound for single parameter estimation leads to the important corol-
lary that, when the RLD Fisher information of a particular channel family is finite, then
Heisenberg scaling (with respect to the number of channel uses) in error for estimating the
channel family is unattainable.

In Chapter 4, we use the RLD Fisher information of states and channels to establish
Cramer—Rao bounds for the case of simultaneously estimating multiple parameters, in the
vein of and continuing the results of Chaper 3. Our goal is to establish scalar Cramer—
Rao bounds for multiparameter estimation of quantum channels. As we stated earlier in
this chapter, Cramer—Rao bounds for multiparameter estimation take the form of matrix
inequalities and the Fisher information too is a matrix.

Therefore, our first step is to define a scalar quantity, the RLD Fisher information
value, for state and channel families. We show how the RLD Fisher information value of
states can be used to establish a scalar Cramer—Rao bound, as we desired. We then follow
a similar approach as in Chapter 3; i.e., for multiparameter channel estimation, we show
an amortization collapse for the RLD Fisher information value of quantum channels.

With the amortization collapse for the RLD Fisher information value of channels in
place, we are able to also establish a scalar Cramer—Rao bound for multiparameter estima-
tion of quantum channels in the sequential setting. This bound, like the RLD-based one of

Chapter 3, is also

e single-letter; i.e., computing it requires computing the RLD Fisher information value
of a single channel use even though the bound is applicable for n-round sequential

procotols,

e universally applicable, in the sense that our bound applies to all quantum channels,

and thus encompasses all admissible quantum dynamics, and
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o efficiently computable via a semi-definite program.

The necessary background for this thesis is familiarity with the basics of quantum
mechanics, quantum information theory, and estimation theory. We point readers to the
books [Will7, Wat18, KW20, Hay06, Holl1] on quantum information theory and to the
recent reviews [SK20,SBD16, ABGG20] on quantum estimation theory in the single and
multiparameter settings.

This thesis is based on the following papers:

e Geometric distinguishability measures limit quantum channel estimation
and discrimination [KW21b)]
Vishal Katariya and Mark M. Wilde
Quantum Information Processing 20, 78 (2021), arXiv:2004.10708

Chapter 3

e RLD Fisher information bound for multiparameter estimation of quantum
channels [KW21¢]
Vishal Katariya and Mark M. Wilde
New Journal of Physics 23, 073040 (2021), arXiv:2008.11178
Chapter 4

Other papers to which the author contributed during his Ph.D.:

e Entropic energy-time uncertainty relation [CKL19]
Patrick J. Coles, Vishal Katariya, Seth Lloyd, Iman Marvian, and Mark M. Wilde
Physical Review Letters 122, 100401 (2019), arXiv:1805.07772

e Evaluating the Advantage of Adaptive Strategies for Quantum Channel
Distinguishability [KW21a]
Vishal Katariya and Mark M. Wilde
Physical Review A 104, 052406 (2021), arXiv:2001.05376



e Guesswork with quantum side information [HKDW21]
Eric P. Hanson, Vishal Katariya, Nilanjana Datta and Mark M. Wilde

to appear: IEEE Transactions on Information Theory, arXiv:2001.03958, and

e Quantum State Discrimination Circuits Inspired by Deutschian Closed
Timelike Curves [VKW21]
Christopher Vairogs, Vishal Katariya and Mark M. Wilde
arXiv:2109.11549.



Chapter 2
Preliminaries

2.1 Classical parameter estimation

The first step towards studying parameter estimation using quantum resources is to
understand parameter estimation in the classical setting; i.e., estimating one or more un-
known parameters encoded in a probability distribution. We begin by discussing the task
we introduced briefly in Chapter 1, that of estimating a single parameter encoded in a
parameterized probability distribution. This is the framework that we will build on later,
both to study estimation tasks involving quantum states and channels, as well as to simul-
taneously estimate multiple parameters.

The fundamental task in classical estimation is to estimate a parameter 6 encoded
in a probability distribution py(z) with associated random variable X. Fach probability
distribution belongs to a parameterized family {py(z)}q of probability distributions. Each
distribution is a function of the unknown parameter 8 € © C R, and the goal is to produce
an estimate é(X ) of 8 from n independent samples of the distribution py(z). Suppose that
the family {py(z)}y is differentiable with respect to the parameter 6, so that dppy(z) exists
for all values of # and x, where 0y = %.

The figure of merit that we will use to quantify performance of an estimator 0 is the

mean-squared error (MSE), defined as follows:

A0 = E[(6(X) — 6)?], (2.1.1)

The quantitative goal of parameter estimation is to minimize this quantity. Throughout

this thesis, we focus exclusively on unbiased estimators; i.e., estimators € for which

EA(X) =6 Voeo. (2.1.2)
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For an unbiased estimator, the MSE is equal to the variance; i.e.,
E[(A(X) — 0)?] = Var(f). (2.1.3)

That is, we assume that the estimate is accurate and proceed to quantify and place limits
on its precision.

The fundamental theoretical tool in estimation theory is the Cramer—Rao bound (hence-
forth denoted often as CRB). It is a lower bound on the mean-squared error of an unbiased

estimator; i.e., its variance:
1

Varlb(X) 2 7y

(2.1.4)

where I'r-(6; {ps}s) is the Fisher information of the family of distributions {ps}¢. By associa-
tion with the Cramer—Rao bound, the Fisher information takes on its operational meaning
in estimation theory. The Fisher information of a family of parameterized probability

distributions is defined as follows:

Definition 1 (Fisher information) For a parameterized family of probability distribu-

tions {pg(x)}g, the Fisher information is defined as follows:

10 (0: {pads) = Joda s (Qopo(2))”  if supp(eps) S supp(po) | 2.15)

+00 otherwise

where Q is the sample space for the probability density function pg(x). The support of
distribution py is the smallest closed set R € R such that pg(x € R) = 1.

Alternatively, when the support condition

supp(Jgps) € supp(py) (2.1.6)

is satisfied (understood as “essential support”), the Fisher information has the following

11



ETPTESSION.:

Ir(0;{pa}te) = /qu: po(z) (99 Inpy(z))* = E[(8p Inpa( X)), (2.1.7)

interpreted as the variance of the surprisal rate 0p|—Inpp(z)]. The quantity Op[lnpe(z)] is

known as the logarithmic derivative.

If one generates n independent samples " = xy,...,x, of ps(z), described by the
random sequence X" = Xi,...,X,, and forms an unbiased estimator é(x”), then the

Fisher information increases linearly with n and the CRB becomes as follows:

Var(d(X™)) > L

> T ) (2.1.8)

This scaling of the Cramer—Rao bound as % is often termed the shot-noise limit. It is a
fundamental limit that applies to estimation tasks when using classical resources. However,
as we stated briefly in Chapter 1, it is possible to perform better than the shot noise limit
in certain cases when using quantum resources; i.e., when using quantum probe states and
quantum measurements. In the asymptotic limit of large n, the Cramer—Rao bound above
is attained by the maximum likelihood estimator. Specifically, in certain cases of interest
when using quantum resources, the variance of an unbiased estimator can be made to scale
as # We expand on this further in Section 2.3 of this chapter.

Finally, we note that there are different paradigms of estimation theory, in line with the
different interpretations of probability. These are the frequentist and Bayesian paradigms.
In this thesis, we work in the frequentist paradigm, where the MSE and therefore the
Cramer—Rao bound generally depend on the value of the unknown parameter 6 itself,
unlike in the Bayesian regime where this is not a concern. In the frequentist paradigm,

though, this concern can be alleviated by enforcing the unbiasedness condition (2.1.2).
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2.2 Quantum information preliminaries

Before we can describe quantum parameter estimation, we need to introduce some
quantum information preliminaries. This section briefly reviews the quantum information
formalism and tools that we use in this thesis. We follow the convention and material

in [Will7].

Definition 2 (Hilbert space) A Hilbert space is an inner product vector space over com-
plex numbers C. The inner product maps a pair of vectors |)) and |¢) to an element of C,

and has the following properties:
e Positivity: (|1) > 0. The equality is satisfied if and only if |1) = 0.

o Linearity: (p|A111+Aate) = A1 (d]1h1) + Ao (d|whe) where A1, Ay € C and |th1) , [1)s) , |D)
are vectors in the Hilbert space H.

o Skew-symmetry: (o) = (Y|p) where € denotes the complex conjugate of complex

number c.

Definition 3 (Quantum states) A quantum state p on Hilbert space H is a positive
semidefinite, Hermitian operator with trace equal to one. That is, p > 0, p = p', and

Tr[p] = 1. The set of quantum states on H is denoted as D(H).

Quantum states as defined above are also known as density operators. A special case
of quantum states are what are known as pure states |¢), which are vectors on the Hilbert
space H with norm equal to 1.

Quantum states are static objects that describe the state of any given quantum system.
The evolution of a quantum system from an initial state to a final state is most generally
described by a quantum channel. We denote the set of bounded operators acting on H as
B(H). A bounded operator M € B(H) is trace-class if ||[M||; < oco. We denote the set of

trace-class operators on H as T (H).
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Definition 4 (Positive map) A linear map Nap : B(Ha) — B(Hgp) is positive if
NA—)B(MA) >0, fO?“ all My > 0, where My € B(HA)

Definition 5 (Completely-positive map) A linear map Nap : B(Ha) — B(Hp) is
completely positive if Ir @ N4 is a positive map for all possible Hg, where Hp represents

a Hilbert space extending H 4.

Definition 6 (Trace-preserving map) A linear map Na_,p: T(Ha) — T(Hp) is trace
preserving if

TI“(MA) = TI(NAQB(MA)) s (221)
for all M, € T(Ha).

Definition 7 (Quantum channel) A quantum channel Ny_,p : T(Ha) — T(Hp) is a

completely-positive and trace-preserving linear map.

Definition 8 (Choi operator) The Choi operator F/}\{B of a quantum channel Na_,p is

defined as
N5 = Nass(Tra), (2.2.2)
where
Tra = [I)T|gas and |D)pa =Y _|i)gli)a (2.2.3)

denotes the unnormalized mazimally entangled vector on systems R and A. The sets {|i)r};
and {|i) a}; are orthonormal bases for the isomorphic Hilbert spaces Hr and Ha. The Choi
operator is positive semi-definite and satisfies the following property as a consequence of
Nap being trace preserving:

Tr[TNs] = Ik, (2.2.4)

A measurement is the method by which one can extract classical knowledge from the
state of a quantum system. The information obtained may correspond to various properties

of the quantum system, e.g., position, momentum, or spin of its state.
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Definition 9 (Measurement) Let p € D(H) be a density operator. Let { M}y, denote a
set of measurement operators for which ), MIIMk = I, where I is the identity operator.

Then the probability of obtaining outcome k after the measurement is given by
pic(k) = Tr(M[Myp) | (2.2.5)

and the post-measurement state py is given by

_— MypM;|

If we are willing to forego knowledge of the state of the quantum system after the mea-
surement, then the measurement can be more generally described by a positive-operator-

valued measure (POVM).

Definition 10 (POVM) A positive operator-valued measure (POVM) is a set {A;}; of

operators that satisfy the following properties:

Aj>0 and Y Aj=1, V). (2.2.7)
J
The probability of observing the outcome k when state p is measured using the above POVM

is given by Tr [Agp].

Finally, we provide three theoretical tools that we use in this thesis to prove the sub-

sequent technical results of Chapters 3 and 4.

Proposition 11 A pure bipartite state |t))ga can be written as (Xgr ® 14)|I')gra where Xg

is an operator satisfying Tr[X;XR] = 1.

Proposition 12 For a linear operator M, the following transpose trick identity holds:

(Ip ® Ma) |T)pa = (Mg @ La) |T) ga, (2.2.8)
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where MT denotes the transpose of M with respect to the orthonormal basis {|i)r};. For a

linear operator Kg, the following identity holds:

(T'lra (KR @ 14) T)pa = Tr[KR]. (2.2.9)

Proposition 13 (Post-selected teleportation identity) The output of a quantum chan-

nel Nap on an input quantum state pra can be rewritten in the following way [Ben05]:

Nasp(pra) = (T|laspra ® F{S\'/B|F>AS; (2.2.10)

where S is a system isomorphic to the channel input system A.

2.3 Quantum state estimation

Now that we have introduced classical estimation as well as the quantum information
preliminaries that we need, we move to quantum estimation and introduce and describe
the task in detail.

First, we consider the task of estimating a single unknown parameter encoded in a
quantum state, which can be seen as the quantum analog of estimating a single parameter
in an unknown probability distribution. This is a stepping stone towards the more involved
task of estimating a parameter encoded in a quantum channel. Analogous to a family of
probability distributions introduced earlier, consider that we have a parameterized family
{pe}e of quantum states into which the parameter § € © C R is encoded. In quantum
state estimation, the unknown parameter 6 is encoded in a quantum state py. Consider
that we have n copies of the state pyg. To invoke the theory and framework of classical esti-
mation theory, the n copies p;™ are subjected to a POVM {A,},. This yields a probability

distribution according to the Born rule:

po(x) = Tr[Aupy™]. (2.3.1)
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The task now is to obtain a good estimate of parameter 6 from the above probability
distribution. We denote the estimate obtained as 6. The estimate 6 is a function of the
measurement {A,},. Thus, each {A,}, yields a probability distribution which yields its
own Fisher information, and hence its own classical Cramer—Rao bound. To obtain the
best or the most informative CRB, we would like to identify and perform the best possible
measurement. This makes quantum estimation a much more involved task theoretically
and experimentally than classical estimation. In the case of estimating a single parameter
encoded in a quantum state, the most informative CRB involves what is known as the SLD
Fisher information. To understand what it is and how it arises, we first describe how to
generalize the Fisher information as defined in (2.1.5) to the quantum case.
2.3.1 Quantum Fisher information

In classical estimation, we were able to define the logarithmic derivative Inpy(x) of
a parameterized probability distribution. Since quantum states are operators, the loga-
rithmic derivative for quantum states also takes the form of an operator. We admit any
logarithmic derivative operator as long as it collapses to the scalar logarithmic derivative
in the classical case. The general noncommutativity of operators results in an infinite num-
ber of such logarithmic derivative operators, and therefore an infinite number of quantum
generalizations of the classical Fisher information.

Consider the parameterized logarithmic derivative operator Dy, to be defined implicitly

via the following differential equation:

Oppo = (pDyppo + (1 —p)pe Do) - (2.3.2)

In the classical case, when the state py is represented by a diagonal matrix, the Dy,
operator is also a classical (diagonal) operator for all 0 < p < 1. In general, if p is set
to 1/2, the logarithmic derivative operator Dy /2 is known as the symmetric logarithmic

derivative (SLD) operator Lg. On the other hand, if p is set to 0, then the logarithmic
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derivative operator Dy is known as the right logarithmic derivative (RLD) operator Rj.
That is, the SLD and RLD operators are defined implicitly via the following differential

equations:

1
opo = 5 (Lopo + poLo) (2.3.3)
agpg = pgRg. (2.3.4)

Now that we have defined the SLD and RLD operators, we are in a position to define

the quantum Fisher information quantities that each of them yields.

Definition 14 (SLD Fisher information) Let {ps}¢ be a differentiable family of quan-
tum states. Then the SLD Fisher information is defined as follows:
_1 2
2|[(po @ T+ 1@ ) ((Gups) @ D)ID)|| - if T, (Bopo)TT, = 0

Irp(0;{po}te) = 2 a
+00 otherwise

(2.3.5)
where IL denotes the projection onto the kernel of ps, |T) =37, |i)|i) is the unnormalized
mazximally entangled vector, {|i)}; is any orthonormal basis, the transpose in (2.3.5) is with

respect to this basis, and the inverse is taken on the support of pg @ I + 1 ® p}k.

When the finiteness condition H;(agpg)ni) = 0 holds, the SLD Fisher information can

alternatively be defined using the SLD operator Ly as follows:

Ir(9: {po}o) := Tr[Lipe] = Tr[Lo(Dpps)]. (2.3.6)

The SLD Fisher information can also be written in terms of the spectral decomposition

of py. Let the spectral decomposition of py be given as
po =Y NluaXuil, (2.3.7)
J
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which includes the indices for which )\g = 0. Then the projection Hjﬂ onto the kernel of py
is given by

I = ) [¥)eg). (2.3.8)

j:)\g):()

With this notation, the SLD quantum Fisher information can also be written as follows:

(5l (Dore) )1 e 1L L=
2 Zj,k:,\§+A2>0 % i L, (Do), =0 , (2.3.9)

+00 otherwise

Ir(0; {po}e) =

Definition 15 (RLD Fisher information) Let {ps}s be a differentiable family of quan-

tum states. Then the RLD Fisher information is defined as follows:

To(6: {ps)e) = Tr[(epe)?py '] if supp(Deps) < supp(pe) | 2.310)

+o00 otherwise

where the inverse p;l is taken on the support of pe.

Similar to the case of SLD Fisher information, when the finiteness condition supp(9dppg) C
supp(py) holds, the RLD Fisher information can be defined using the RLD operator Ry as
follows:

I5(8; {po}o) := Tr[RyR}ps] = Tr[(dppe) RY). (2.3.11)

Note that the support condition supp(dgps) C supp(pg) is equivalent to H[fg@gpg =
(%pgl_[/f@ = 0, which implies that Hje 89/)91_[% = (0. That is, the SLD Fisher information is
finite whenever the RLD Fisher information is finite.

2.3.2 Properties of the SLD and RLD Fisher information for quantum states

Here we include some properties of the SLD and RLD Fisher information that will
be useful to prove our results for quantum channel estimation (which we will introduce in

Section 2.3 of this chapter). The proofs of Propositions 17, 18, 19 and 20 can be found

in [KW21b.
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Faithfulness
Proposition 16 (Faithfulness) For a differentiable family {p%}o of quantum states, the

SLD and RLD Fisher informations are equal to zero:

Ip(0: {pate) = Ir(0; {pate) =0 VO €O, (2.3.12)

if and only if p% has no dependence on the parameter 0 (i.e., p% = pa for all 0).

Proof. The if-part follows directly from plugging into the definitions after observing that
Ogpy = 0 for a constant family. So we now prove the only-if part. If Ix(6;{pa}s) = 0, then
it is necessary for the finiteness condition in (2.3.5) to hold (otherwise we would have a

contradiction). Then this means that

H/J)_(9 (aeptg)H;-e =0, (2.3.13)
7 k\|2
9 Z |<¢9|(a(9/)9)’w9>’ ~0 vo. (2.3.14)
Ay + A

kN8 HAL >0

By sandwiching the first equation by (4| and [1§) for which X}, \f = 0, we find that these
matrix elements (¢)|(9ppp)|10k) of Gppy are equal to zero. Since X) + Ak > 0 in the latter

expression, the latter equality implies the following

(91 (Dapo)l5)I* = 0 (2.3.15)

for all X} and A& satisfying X} 4+-A5 > 0. This implies that these matrix elements (13| (9pp0) |0k
of Ogpg are equal to zero. These are all possible matrix elements, and so we conclude that

dppg = 0. This in turn implies that py is a constant family (i.e., p% = pa for all 9). If

Ip(0; {pa}e) = 0, then by the inequality in (2.3.27), Ir(6;{pa}e) = 0. Then by what we

have just shown, py is a constant family in this case also. =

This property is a basic one that we expect the SLD and RLD Fisher informations to
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obey. Since they quantify the amount of information about a parameter present in a family
of quantum states, it is natural to expect them to be zero when the family of quantum
states has no dependence on the parameter of interest.

Data processing

The SLD and RLD Fisher informations obey the following data-processing inequalities:

Ip(0; {p}o) > Ir(0; {N a5 () }o), (2.3.16)

T (6; {p%}0) = Tr(0:{Nassn(p%) o), (2.3.17)

where M4, p is a quantum channel independent of the parameter 6 (more generally, these
hold if V4_, g is a two-positive, trace-preserving map). The data-processing inequalities for
Ip and Ip were established in [Pet96]. In fact, the inequality in (2.3.17) is an immediate
consequence of [Cho80, Proposition 4.1].

The fact that the SLD and RLD Fisher informations obey data-processing under quan-
tum channels will prove to be a fundamental property that we will use in the rest of this
chapter to establish bounds on state and channel estimation.

Additivity
Proposition 17 Let {p%}s and {0%}¢ be differentiable families of quantum states. Then

the SLD and RLD Fisher informations are additive in the following sense:

Ir(0: {0} ® 0'5}e) = Lr(0: {ph}o) + Ir(0; {05 }0). (2.3.18)

Tr(0: {ph @ 0% }o) = Tn(0; {0 }o) + Ir(6; {0% o). (2.3.19)

Decomposition for classical-quantum families

Proposition 18 Let {p_@(B}e be a differentiable family of classical-quantum states, where

Pp =Y po(w)|a)zlx @ pj. (2.3.20)
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Then the following decompositions hold for the SLD and RLD Fisher informations:

Ie(0; {p5}o) = 1r(6; {po}o) + > _ po(x)Ir(6; {p§}e), (2.3.21)

Ip(0; {p s }o) = Ir(0: {po}o) + > _ po(x)Ir(0; {pf }o)- (2.3.22)

Physical consistency of SLD and RLD Fisher information
The SLD and RLD Fisher information both are physically consistent; i.e., they are

both the result of a limiting procedure in which some constant additive noise vanishes.

Proposition 19 Let {ps}y be a differentiable family of quantum states. Then the SLD

Fisher information in (2.3.5) is given by the following limit:

Ir(0; {po}te) = lim Ir(0; {pj}s), (2.3.23)

where

()

Po = (1 — 8) Po + Tyq, (2.3.24)

and g == 1/d is the maximally mized state, with d large enough so that supp(ps) C supp(m)
for all 6.

Proposition 20 Let {pp}s be a differentiable family of quantum states. Then the RLD

Fisher information in (2.3.10) is given by the following limit:

Ir(0: {pa}o) = Lim Ir(6; {4 }0). (2.3.25)

where

£

pg = (1 —¢) pp + ema, (2.3.26)

and wq := 1/d is the maximally mized state, with d large enough so that supp(py) C supp(m)
for all 6.
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Relation between SLD and RLD Fisher information of quantum states
We next show an important relationship obeyed by the SLD and RLD Fisher informa-
tions of quantum states, namely that for single parameter quantum state estimation, the

SLD Fisher information never exceeds the RLD Fisher information.

Proposition 21 For a family of quantum states {pq}q, the SLD Fisher information never

exceeds its RLD Fisher information:

Ir(0; {po}e) < Ir(0;{po}o). (2.3.27)

Proof. This can be seen from the operator convexity of the function z=! for > 0. That

is, for full-rank py, we have that

_ 1 -1
2(pp@ I +1®p}) 1=(§p9®1+ ]®p9) (2.3.28)
1 .
<gmen™ (] ®p) " (2.3.29)
1 1
=5 el +5(ep"). (2.3.30)

Then, we apply the transpose trick (2.2.8), the identity (2.2.9), the formula for SLD Fisher
information (2.3.5) and the limit formulae in Propositions 19 and 20 to get (2.3.27). m
2.3.3 Cramer—Rao bounds for quantum state estimation

Earlier, we stated that by optimizing over estimation strategies in the quantum setting
(i.e., the selection of input probe state and final measurement), we can obtain the most
informative lower bound on the variance of an unbiased estimator of the parameter 6. For
single parameter quantum state estimation, the most informative CRB is the one that

arises from the SLD Fisher information:

1

nIrp(0;{po}s) (2331

Var(é) >
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To obtain the above bound, we have also applied the additivity relation Ir(6; {p;"}s) =
nlp(0;{ps}e). The lower bound in (2.3.31) is achievable in the large n limit of many copies
of the state pp [Nag89, BC94].

Further, the SLD Fisher information is never larger than the RLD Fisher information
for single parameter estimation (Proposition 21). This yields a straightforward Cramer—

Rao bound that utilizes the RLD Fisher information:

1

Var é >
) nlp(0;{po}e)

(2.3.32)

Thus, for single parameter estimation, the Cramer—Rao bound involving the RLD
Fisher information is always looser, or less useful, than the one involving the SLD Fisher
information. Furthermore, if we have a pure state family {|¢g) }4, the finiteness condition
for the RLD Fisher information in (2.3.10) is not satisfied and it yields an uninformative
Cramer—Rao bound.

2.3.4 Generalized Fisher information of quantum states

As we stated earlier, there is an infinite number of ways to define the quantum Fisher
information due to the noncommutative nature of states and operators in quantum infor-
mation. We have since defined the SLD and RLD Fisher information using a param-
eterized logarithmic derivative operator in (2.3.2). In a different vein now, we define
the generalized Fisher information, wherein the only requirement is that the quantum
Fisher information in question obeys the data-processing inequality, similar to how the
SLD and RLD Fisher information do (see (2.3.16) and (2.3.17)). Data processing is a
fundamental and important tool in quantum information, and the motivation to intro-
duce the generalized Fisher information is to use the data-processing inequality to estab-
lish as many of its properties as possible. We are further motivated to define it because
of the earlier definitions of generalized distinguishability measures (or generalized diver-

gences) [PV10,SW12] and their uses in quantum communication and distinguishability
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theory [SW12, WWY 14, GW15, TWW17, WTB17,Led16, KW18 DBW20, KDWW19, FF21,
WWW19, TW16, LKDW18, WBHK20, WW19]. We further define the generalized Fisher

information of quantum channels later in this chapter.

Definition 22 (Generalized Fisher information of quantum states) The generalized
Fisher information 1p(0;{p%}e) of a family {p%}e of quantum states is a function Ip :
O x D — R that does not increase under the action of a parameter-independent quantum

channel N o p:

Le(0; {p}o) = Tr(0; {Nassn () }o)- (2.3.33)

Since both the SLD and the RLD Fisher information obey the data-processing in-
equality, they are particular examples of the generalized Fisher information of quantum
states.

An immediate consequence of Definition 22 is that the generalized Fisher information
is equal to a constant, minimal value for a state family that has no dependence on the

parameter 0:

Ir(0;{pate) = c. (2.3.34)

This follows because one can get from one fixed family {p4}g to another {o4}s by means
of a trace and replace channel () — Tr[(-)]oa, and then we apply the data-processing
inequality. If this constant ¢ is equal to zero, then we say that the generalized Fisher
information is weakly faithful.

A generalized Fisher information obeys the direct-sum property if the following equality

holds
I (e; {Zp<x>|x><as| ® pz’}

where, for each z, the family {p§}, of quantum states is differentiable. Observe that the

) = > p(@)1e(0; {p5}y); (2.3.35)

0

probability distribution p(x) has no dependence on the parameter 6. If a generalized Fisher
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information obeys the direct-sum property, then it is also convex in the following sense:

> p(@)Ir(8; {5}e) = Le(8:; {Po})- (2.3.36)

T

where p, := Y p(x)pj. This follows by applying the direct-sum property (2.3.35) and
the data-processing inequality with a partial trace over the classical register. Thus, due to
their respective data-processing inequalities (2.3.16) and (2.3.17), and Proposition 18, the

SLD and RLD Fisher informations are convex.

2.4 Quantum channel estimation

The next rung in the hierarchical ladder of probability distributions and quantum
states is quantum channels. Our next step, therefore, is to study the fundamental limits to
estimation of parameters encoded in a quantum channel. In contrast to quantum states,
quantum channels are dynamical objects which take quantum states to quantum states.
Therefore, studying parameter estimation for quantum channels is a more mathematically
involved task than the corresponding task for quantum states.

In the previous section, we assumed that the n copies of the quantum state py were
available in a tensor product form; i.e., pi". However, since quantum channels are dynamic
rather than static objects, they allow for more general interactions and probing. The most
general way to use, or process, n copies of a quantum channel is via a sequential or adaptive
strategy, which we now describe.

2.4.1 Sequential channel estimation setting

Let {/\/'g o B} , denote a family of quantum channels with input system A and output
system B, such that each channel in the family is parameterized by a single real parameter
0 € © C R, where © is the parameter set. The problem we consider is this: given a
particular unknown channel N 5, how well can we estimate § when allowed to probe
the channel n times? There are various ways that one can probe the quantum channel n

times such that each such procedure results in a probability distribution py(x) for a final
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Figure 2.1: Processing n uses of channel N in a sequential manner.
Processing n uses of channel A/? in a sequential or adaptive manner is the most general
approach to channel parameter estimation or discrimination. The n uses of the channel

are interleaved with n — 1 quantum channels S* through S"~!, which can also share
memory systems with each other. The final measurement’s outcome is then used to
obtain an estimate of the unknown parameter 6.
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Figure 2.2: Processing n uses of channel N’ in a parallel manner.
Processing n uses of channel A'? in a parallel manner. The n channels are called in
parallel, allowing for entanglement to be shared among input systems A; through A,,,
along with a quantum memory system R. A collective measurement is made, with its
outcome being an estimate 6 for the unknown parameter 6. Parallel strategies form a

special case of sequential ones, and therefore parallel strategies are no more powerful than
sequential ones.
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measurement outcome z, with corresponding random variable X. This distribution pg(x)
depends on the unknown parameter ¢. Using the measurement outcome x, one formulates
an estimate 6(z) of the unknown parameter. An unbiased estimator satisfies E[§(X)] = 6.
We continue limiting our study to unbiased estimators.

The most general channel estimation procedure is depicted in Figure 2.1. A sequential

or adaptive strategy that makes n calls to the channel is specified in terms of an input

n—1

i1 A1 Ji=1) and a final quan-

quantum state pg, 4,, a set of interleaved channels {S 5
tum measurement {A%n B, }¢ that outputs an estimate 0 of the unknown parameter (here
we incorporate any classical post-processing of a preliminary measurement outcome x to
generate the estimate 6 as part of the final measurement). Note that any particular strat-
egy {pPri 4 {Ski, R, AM}ZZE, {A%n B, }oy employed does not depend on the actual value
of the unknown parameter §. We make the following abbreviation for a fixed strategy in

what follows:

{S(n)7 Ae} = {pR1A17 {SIZ{lBZ%RlJrlAlJrl }?;117 {AHRan }é} (241>

The strategy begins with the estimator preparing the input quantum state pg, 4, and send-
ing the A; system into the channel Nzl _B,- The first channel Nzl _,p, outputs the system

By, which is then available to the estimator. The resulting state is

p%1B1 = Nzl—>B1 (pR1A1)' (242)

The estimator adjoins the system Bj to system R; and applies the channel Sk 5 5 4,

leading to the state

P?%QAQ = 511%131—>RQA2 (0%131)- (2.4.3)

The channel Sg 5 _, g, 4, can take an action conditioned on information in the system By,
which itself might contain some partial information about the unknown parameter 6. The

estimator then inputs the system A, into the second use of the channel J\/’f{2 _.B,>» Which
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outputs a system By and gives the state

p%QBQ = NzgﬁBg (IO?%QA2>' (244)

This process repeats n — 2 more times, for which we have the intermediate states

p%iBi = i%BxpgﬁAi)a (245)

pgRiAi = S;%_ZE1B7;_1—>R7;AZ' (p%i_lBi_1)7 (246>

for i € {3,...,n}, and at the end, the estimator has systems R,, and B,,. We define w%n B,

to be the final state of the estimation protocol before the final measurement {A%n B, 14

w]a:ian = (Nzn%Bn © Sg;}137L71~>RnAn ©---0 S}%lBl*}RQAQ ONzlﬁBl)(pRlAl)' (247>

The estimator finally performs a measurement {A%n B, }¢ that outputs an estimate 0 of the
unknown parameter 6. The conditional probability for the estimate 6 given the unknown

parameter 6 is determined by the Born rule:
po(0) = Tr[A 5 o 5 ], (2.4.8)

As we stated above, any particular strategy does not depend on the value of the unknown
parameter 6, but the states at each step of the protocol do depend on 6 through the
successive probings of the underlying channel N_ 5.

Note that such a sequential strategy contains a parallel or non-adaptive strategy as
a special case: the system R; can be arbitrarily large and divided into subsystems, with

the only role of the interleaved channels S}éi being that they redirect these

Bi—Rit1Ai11
subsystems to be the inputs of future calls to the channel (as would be the case in any

non-adaptive strategy for estimation or discrimination). Figure 2.2 depicts a parallel or
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non-adaptive channel estimation strategy.
2.4.2 Quantum Fisher information of a channel family

The first step we take towards defining the quantum Fisher information for quantum
channels is extending the definition of generalized Fisher information from quantum states

to quantum channels.

Definition 23 (Generalized Fisher information of quantum channels) The gener-
alized Fisher information of a family {N_, z}e of quantum channels is defined in terms of

the following optimization:

Ir(0; {N4_5}e) := sup Ip(0; {N4 5 (pra)}o). (2.4.9)

PRA

In the above definition, we take the supremum over arbitrary states pra with unbounded

reference system R.

Remark 24 As is the case for all information measures that obey the data-processing
inequality, we can employ the data-processing inequality in (2.3.33) with respect to the
partial trace operation and the Schmidt decomposition theorem to conclude that it suffices
to perform the optimization in (2.4.9) with respect to pure bipartite states Vra with system

R isomorphic to system A, so that

Ir(0; {N ,5}Yo) = supIp(0; {N], 5(¥ra)}e). (2.4.10)

YRA

Proposition 25 Let {Na_p}g be a family of quantum channels that has no dependence on
the parameter 6, and suppose that the underlying generalized Fisher information is weakly
faithful. Then

I7(0; {Na>5}e) = 0. (2.4.11)

Proof. This follows as an immediate consequence of the definition (2.4.9), (2.3.34), and

the weak faithfulness assumption. m
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Proposition 26 (Reduction to states) Let {p%}y be a family of quantum states, and

define the family {RY% .5} of replacer channels as

RY . plwa) = Trlwalpl. (2.4.12)

Then

Lp(0; {R% 5 }0) = Lr(6; {5 }0)- (2.4.13)

Proof. This follows from the definition and the data-processing inequality. Consider that

Ir(0;{R% .p}e) = sup Ip(6; {R% ., 5(¥ra)}o) (2.4.14)
= zup Ir(0; {Yr ® p%}g) (2.4.15)
T (6: {0 o) (2.4.16)

The last equality follows because

Ir(0; {p%}e) > 1r(0; {vr ® ph o), (2.4.17)

1-(0; {p%}e) < T1r(0; {or @ phle), (2.4.18)

with the first inequality following from the fact that there is a parameter-independent
preparation channel such that p% — ¥z ® p%, while the second inequality follows from
data-processing under partial trace over the reference system R. m

The SLD Fisher information of quantum channels was defined in [Fuj01] and the RLD
Fisher information of quantum channels in [Hay11]; these are special cases of the generalized

Fisher information of quantum channels (2.4.9).
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Definition 27 (SLD Fisher information of a channel family)

Do L0 (Nprallo) i g TR =0

+o00 otherwise.

Ip(0;{N4  p}e) =

The following formula for the RLD Fisher information of quantum channels is known

from [Hay11]:

Definition 28 (RLD Fisher information of a channel family)

Ie(0:{NA_ pYo) =

’ TrB[(%F%é)(F%E)‘I(c%F%E)]HOO ifsupp(9sTp) S supp(Citg) (2.4.20)
+00 otherwise.

where F’I\{; is the Choi operator of the channel N§_, 5.

In Chapter 3, we will use the SLD and RLD Fisher information of channel families to
establish Cramer—Rao bounds for parameter estimation in the sequential setting.
2.5 Multiparameter estimation

Finally, we generalize the formalism of estimating a single parameter encoded in a prob-
ability distribution, quantum state or quantum channel to their analogous multiparameter
tasks.

The task of simultaneously estimating multiple parameters is a much more involved
task than estimating a single parameter, both in the classical and quantum settings. How-
ever, Cramer—Rao bounds can still be constructed. A major difference when it comes to
estimating multiple parameters simultaneously is that the figure of merit, which was ear-
lier the mean-squared error (MSE) of the estimator of a single parameter, becomes the
covariance matrix of the estimator of multiple parameters. That is, if the goal is to si-
multaneously estimate D parameters, then the quantity of interest is a D x D covariance

matrix. Secondly, the Fisher information is no longer a scalar quantity. It too, like the
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covariance matrix, takes on the form of a D x D matrix.

In the quantum case, an additional complication is that the optimal measurements
for each parameter may not be compatible. Quantum multiparameter estimation has an
extensive literature and a number of important recent results [Hel67, Hol72, YL73, Bel76,
BBG*06,Hol11,MI11, HBDW13,YZF15,RJD16,SOCK21,AFD19, Tsal9,YPZJ19, ATD20,
DGG20, FPAD20, GZJD20]. See [SBD16, ABGG20] for recent reviews on multiparameter
estimation in the quantum setting.

Consider that the D parameters that need to be estimated are encoded in a vector 8 =
[01 65 -+ Op]T. In the classical case, the parameterized family of probability distributions
of interest is {pg}e. As we did in the case of single parameter estimation, we will assume

that the estimators used are unbiased. The covariance matrix is given by
Cov(0) :=E [ (8 — 6)(0 — e)T] (2.5.1)

where  is an unbiased estimator for parameters in 6.

In this thesis, we limit the study of multiparameter estimation to multiparameter
Cramer—Rao bounds involving the RLD Fisher information.
2.5.1 Multiparameter estimation of quantum states

Suppose that there are D parameters to be estimated, which are encoded in the vector
0 =10, 05 --- Op]T. Also suppose that we have a differentiable family of quantum states
{pe}e in which the unknown parameters are encoded. We now proceed to define the RLD

Fisher information matrix for this parameterized family of quantum states.

Definition 29 (RLD Fisher information matrix of quantum states) Let {pg}e be

a differential family of quantum states. The matrix elements of its RLD Fisher information
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matriz are defined as follows:

Tr[(9;00) 5" (Dorpe)]  if (Da,06)(Da,.pe)IL,,, = 0

[15(6; {po}e)ljr = (2.5.2)
+00 otherwise
where Hﬁe denotes the projection onto the kernel of pg.
Alternatively, the RLD Fisher information matriz is defined as follows:
D
(0 {pe}e) = Y Tx[(Du,p0)p5" (Du,p0)]li)k] (2.5.3)
jik=1
D
= Try Z 17)k| © (Do,p0)Pg " (Do.p0) | - (2.5.4)
k=1
where Try|. . .| refers to tracing over the second subsystem.

The RLD Fisher information matrix can then be used to establish an operator Cramer—

Rao bound on the covariance matrix of any unbiased estimator of the parameters 6 [YL73]:

Cov(8) > Ix(0; {po}te) " (2.5.5)

where Cov(0) is the covariance matrix as defined in (2.5.1).

For evaluating the efficacy of an estimation strategy, it may be more convenient to
have a single scalar Cramer—Rao bound than to use the matrix inequality provided above.
Our approach to do so involves defining a scalar quantity from the RLD Fisher information
matrix. This quantity is called the RLD Fisher information value, and it is defined using
the help of a weight matrix W. The matrix W should be positive semidefinite and have

unit trace.

Definition 30 (RLD Fisher information value of quantum states) Let {pg}e be a

differential family of quantum states and let W be a positive semidefinite weight matrix
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with unit trace. If the finiteness condition

LZ (K|W 1) (D6 p0) (D, p0) | TL,,, = 0, (2.5.6)

j k=1

where Hje is the projection onto the kernel of pg, holds, the RLD Fisher information value
1s defined as

Ip(8,W;{pe}e) = Te[WIr(6; {po}o)] (2.5.7)
=Tr|(W® 1) (Z l7)k| ® (aejpe)Pgl(aekpe)>] (2.5.8)
= 3 VL ) )] (259)

In Chapter 4, we show how to use the RLD Fisher information value to establish scalar
Cramer—Rao bounds for multiparameter quantum state estimation.
2.5.2 Multiparameter estimation of quantum channels

As we did for estimation of a single parameter, we extend the framework of simulta-
neously estimating multiple parameters of a quantum state family to the case of quantum

channels. The first step is to define the RLD Fisher information value of quantum channels.

Definition 31 (RLD Fisher information value of quantum channels) For a differ-

entiable family of quantum channels {N4_ z}a, if the finiteness condition

D
LZ (k[W15)(96,T¥5) (90, THp) | Mo =0, (2.5.10)

k=1

holds, the RLD Fisher information value is defined as

TF(ov W {NgaB}e) = sup TF(ov W {NXHB(pRA)}0>7 (2511>

PRA

where the optimization is with respect to every bipartite state pra with system R arbitrarily
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large. However, note that, by a standard argument, it suffices to optimize over pure states
Yra with system R isomorphic to the channel input system A.

If the finiteness condition in (2.5.10) does not hold, the quantity evalutes to +oo. In
the above, HlfNe 18 the projection onto the kernel of FJ}\{;, with F/I‘{g the Choi operator of the

channel N§_ 5.

Further, the RLD Fisher information value of quantum channels has the following

explicit form:

Proposition 32 Let {NY_3}e be a differentiable family of quantum channels, and let W
be a D x D weight matriz. Suppose that the finiteness condition (2.5.10) holds. Then the

RLD Fisher information value of quantum channels has the following explicit form:

D
Io(0,Wi{N]_ p}e) = Z (k[W15) Trp[(9s, THp) (T5) ™ (96, THp)] (2.5.12)
k oo
Proof. Recall that every pure state ¥’ gs can be written as

Vra = ZrT raZ), (2.5.13)

where Zp is a square operator satisfying Tr[Z]T{Z r] = 1. This implies that
NX%B(wR/Q = NzﬁB(ZRFRAZ;%) (2-5'14>
= ZpN8_ 5(Tra) 2}, (2.5.15)
— ZpTNp 21, (2.5.16)

It suffices to optimize over pure states g4 such that ¢4 > 0 because these states are dense

in the set of all pure bipartite states. Then consider that

sup Ir (0, W {NY_, 5(¥ra) }o)

YRA
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= sup Z (KW 5) Tr [(99, N4 5(VRA)) NG 5(VRA)) " (00 NG 5(VRA))]

D _

— s W
ZR (2 ZR)=1 j =1 -
D

= suwp (W) T | Zr(00, TR Zh 25 (TN 7 2 Zn(00, T 5) 21

ZRTYZZR)=1 j =1
D _

. 0 0. _ 0

— s 3 (W) T ZhZe(00, TR (THE) (00, T

Zr [ Z5ZR]=1 § k=1

D
= sup  TY|ZhZp > (KWL Trn| (90 TARTHE) (@05
ZpTr[Z}, ZR]=1 4k=1
D
. 0 0. _ 6
= | S (I 15) Ten | (90, TE) (PXR) " (0 TR |
Gik=1

o0

(00, ZRTS R Z ) (ZrT N Z8) ™ (D, ZRT N 2|

|

(2.5.17)

(2.5.18)

(2.5.19)

(2.5.20)

(2.5.21)

(2.5.22)

The last equality is a consequence of the characterization of the infinity norm of a positive

semi-definite operator Y as ||[Y||, = sup,.qny=1 Tr[Yp]. =
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Chapter 3
Limits on Single Parameter Estimation of Quantum
Channels

In this chapter, we present our results for estimating a single parameter encoded in
an unknown quantum channel. Using the machinery developed in Chapter 2, we estab-
lish Cramer—Rao bounds which place limits on the variance of an unbiased estimator for
quantum channel estimation in the sequential setting.

Our first step will be to define the amortized Fisher information of quantum channels.
Amortization involves allowing for a catalyst state family to increase the Fisher information
of the channel family in question, while also subtracting off the Fisher information of the
catalyst state family itself. It is inspired by the notion of amortized channel divergence,
introduced in [WBHK20], which has been useful to study the power of sequential strategies
when processing quantum channels for a variety of distinguishabililty tasks. In particular,
it has been used in the analysis of feedback-assisted or sequential protocols in other areas
of quantum information science [BHLS03, BDGDMW17, RKB*18, KW18 BW18, DW19,
WW19, FF21, WWS19]. Thus, we use the amortized Fisher information of channels to
probe the power and limitations of channel estimation in the sequential setting.

The amortized Fisher information is defined for any generalized Fisher information of
quantum states and channels, which we defined in Chapter 2; i.e., any Fisher information
that obeys the data-processing inequality. For certain special cases, the amortized Fisher
information in question undergoes what is known as an “amortization collapse”. This,
in simple language, means that amortization does not increase the Fisher information
undergoing the collapse, and that the amortized Fisher information is strictly equal to the
Fisher information itself. We show how such an amortization collapse occurs for the SLD
Fisher information of classical-quantum channels, for the root SLD Fisher information of
general quantum channels, and also for the RLD Fisher information of general quantum

channels.
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Amortization collapses are useful from both a qualitative and technical viewpoint.
Qualitatively, they can be understood as the fact that catalysis with an ancillary state
family cannot increase the Fisher information of the channel family in question. Technically,
they mean that in a sequential estimation strategy, the Fisher information can only increase
linearly with the number of channel uses. Further, they also mean that with respect to
the quantity that undergoes the amortization collapse, parallel strategies are just as good
as (the more general) sequential ones. Both of these conclusions arise by connecting the
amortized Fisher information to the performance of a sequential estimation protocol, which
we do by proving a meta-converse theorem in this chapter.

Finally, after establishing the amortization collapses we just mentioned and the con-
nection between amortized Fisher information and sequential estimation protocols, we are
able to establish Cramer—Rao bounds for channel estimation in the sequential setting. We

derive the following three Cramer-Rao bounds:

e a Cramer-Rao bound in (3.2.21) for estimation of classical-quantum channels using

the SLD Fisher information,

e a Cramer—Rao bound in (3.2.22) for estimation of general quantum channels using
the SLD Fisher information, which recovers the Heisenberg scaling limit of estimation

of unitary channels, and

e a Cramer—Rao bound in (3.2.23) for estimation of general quantum channels using the
RLD Fisher information, which has the important corollary that if the RLD Fisher
information of a channel family is finite, then Heisenberg scaling with respect to the
number of channel uses is unattainable. In other words, the finiteness condition for

the RLD Fisher information provides a no-go for Heisenberg scaling.
Our bounds have a number of desirable characteristics, namely that they are

e single-letter; i.e., computing them requires computing the Fisher information in ques-

tion for a single channel use only, even though the bounds are applicable for n-round
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sequential procotols,

e universally applicable, in the sense that our root SLD Fisher information and RLD
Fisher information bounds apply to all quantum channels, and thus encompass all

admissible quantum dynamics, and

e computable via optimization problems. In particular, the RLD Fisher information

bound for quantum channels admits a semi-definite program representation.

We evaluate our RLD-based Cramer-Rao bound for the task of estimating the loss
and noise parameters of a generalized amplitude damping channel and compare it with
an achievable SLD-based Cramer-Rao bound. Lastly, we provide optimization problem

formulations for the following quantities:

e semi-definite program for the SLD Fisher information of quantum states,

quadratically constrained optimization problem for root SLD Fisher information of

quantum states,

semi-definite program for the RLD Fisher information of quantum states,

semi-definite program for the RLD Fisher information of quantum channels, and

bilinear program for SLD Fisher information of quantum channels.

3.1 Amortized Fisher information

The amortized Fisher information, like the amortized channel divergence, allows for
deeper study of the power of sequential strategies for various channel processing tasks.
The amortized Fisher information specifically allows for us to quantitatively evaluate the
difference in power between sequential and parallel strategies for quantum channel estima-

tion. We define it below:
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Figure 3.1: Processing n uses of channel N in a sequential manner.
Processing n uses of channel A/? in a sequential manner is the most general approach to
channel parameter estimation or discrimination. The n uses of the channel are interleaved
with n — 1 quantum channels S* through S"!, which can also share memory systems
with each other. The final measurement’s outcome is then used to obtain an estimate of

the unknown parameter 6.

Definition 33 (Amortized Fisher information of quantum channels) The amortized

Fisher information of a family {N§_,z}e of quantum channels is defined as follows:

30 AN pYe) = sup [Tp(0: {NA_ 5(pRa) o) — Ir(0; {pRa)}o)] (3.1.1)

{p%A}O

where I is the generalized Fisher information as defined in (2.3.33) and the supremum is

with respect to arbitrary state families {p% 4} with unbounded reference system R.

We allow for a resource at the channel input in order to help with the estimation task,
but then we subtract off the value of this resource in order to account for the amount of
resource that is strictly present in the channel family. Furthermore, the presence of the
state p%, whose Fisher information has been accounted for opens up the possibility that
the state can, in some way, catalyze the Fisher information of the channel. We should
indicate here that the amortized channel divergence of [WBHK20] is a special case of the
amortized Fisher information in which the parameter 6 takes on only two values. We also
remark that discriminating two quantum channels is a special case of channel estimation
where the parameter 6 takes on two values.

For the sake of easy reference, we reproduce in Figure 3.1 the graphical depiction of
a sequential estimation strategy from Chapter 2. An alternate way to understand the

motivation behind introducing the amortized Fisher information is to consider that the
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goal of sequential channel estimation is to “accumulate” as much information about the
parameter 6 into the state being carried forward from one channel use to the other in a
sequential estimation protocol, as shown in Figure 3.1. The amortized Fisher information
captures the marginal increase in Fisher information per channel use in such a scenario.
With the aid of the above qualitative reasoning and motivation, it may be simple to see
that providing a catalyst state family and subtracting its Fisher information from the total,
can never decrease the Fisher information of the channel in question; i.e., amortization does

not decrease Fisher information.

Proposition 34 Let {N4 . z}o be a family of quantum channels, and suppose that the
underlying generalized Fisher information is weakly faithful. Then the generalized Fisher

information does not exceed the amortized one:

1305 INAL p}o) = Tr(0: {N 1 5}o)- (3.1.2)

Proof. This follows because we can always pick the input family {p% 4} in (3.1.1) to have

no dependence on the parameter . Then we find that

30 AN pYe) = Tr(0: AN A 5(pra)}e) — Te(0; {pra)}e) (3.1.3)

= Lp(0; {Ni5(pra) o), (3.1.4)

where we applied the weak faithfulness assumption to arrive at the equality. Since the
inequality holds for all input states pra, we conclude (3.1.2). =
3.1.1 Amortization collapse

For some particular choices of the generalized Fisher information, the inequality in
(3.1.2) can be reversed, which is called an “amortization collapse.” The meaning of an
amortization collapse for a Fisher information quantity, as we stated earlier as well, is that

the Fisher information in question cannot be increased by using a catalyst. It also means
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that in a sequential channel estimation task, the quantity that undergoes an amortization
collapse increases linearly, at best, with the number of channel uses.

Later in the chapter, we prove Theorem 44, a meta-converse which connects sequen-
tial estimation to the amortized Fisher information. This makes an amortization collapse
useful for establishing limits on the performance of sequential estimation protocols. For
differentiable families {N% _, 5 }4 of classical-quantum channels, the following equality holds

for the SLD Fisher information:

I (0: AN 5}o) = Ir(0; {NX 5 }o)- (3.1.5)

Further, we show that the following equalities hold for the root SLD and the RLD

Fisher informations for all differentiable families {N9_, gz} of quantum channels:

VI 0N 5}e) = VIr(0: AN o), (3.1.6)

TAO:ANS pYe) = Tr(0: {INY 5 }o)- (3.1.7)

We will now provide explicit details on how we arrive at the particular amortization
collapses stated above in (3.1.5), (3.1.6), and (3.1.7).
3.1.2 Amortization collapse of SLD Fisher information for classical-quantum
channels
We first consider the special case of a family {N%_, z}s of classical-quantum channels

of the following form:

N Lplox) = (zlxox|a)xwf’, (3.1.8)

x
where {|z)}, is an orthonormal basis and {w}"}, is a collection of states prepared at the
channel output conditioned on the value of the unknown parameter ¢ and on the result
of the measurement of the channel input. The key aspect of these channels is that the

measurement at the input is the same regardless of the value of the parameter 6. We find
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the following amortization collapse for these channels:

Proposition 35 Let {N% .z} be a family of differentiable classical-quantum channels.

Then the following amortization collapse occurs

Ip(0; {NS L 5Yo) = 17 (0; {N3 L pYe) = sup I(0; {5 }o)- (3.1.9)

Proof. If the finiteness condition in (2.4.19) does not hold, then all quantities are trivially
equal to +00. So let us suppose that the finiteness condition in (2.4.19) holds. Note that

the finiteness condition is equivalent to
Hige(agwg")ﬂigg =0 V. (3.1.10)
First, consider that the following inequality holds
Ir(0; {INX S p}o) = sup I (6; {w5"}0) (3.1.11)

because we can input the state |x)(z|x to the channel N% .5 and obtain the output state
N p(|z)z]x) = w5’ Then we can optimize over z € X and obtain the bound above.

We now prove the less trivial inequality
IR (0; AN% S 5 Yo) < sup 1r(0; {wi"}o)- (3.1.12)

Let {p%4}¢ be a differentiable family of quantum states. If the classical-quantum channel

NY . 5 acts on p%, (identifying X = A), the output state is as follows:

N3 5(Pha) Zpe 2)p @ wi’, (3.1.13)
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where

o = @wpmm po() == Tr((a]x pal) ). (3.1.14)

Then consider that

Ir(0; {NS . 5(pRa) o)

(o {Smni i} ) 115
0
§1F< {Zpe )zXzlx @ o’ ®W§9}) (3.1.16)
0

= Ir(6; {po}o) +ZP9 Ve (0; {py” © wi'}e) (3.1.17)

9 {pg}g —|—Zp9 IF 0; {pR }9 —I-Zpg IF 0; {w }9) (3.1.18)

< Ip(0; {po o) +Z po(2) I (0: {p% o) +SupIF(9 {w5"}) (3.1.19)

- 1F< {Zpg Nr)zx @ ph } ) + sup Ir(0; {w" ) (3.1.20)
0 xX

< Ie(0; {p% o) + sup Ip(6; {wi’}e). (3.1.21)

The first inequality follows from the data-processing inequality for Fisher information with
respect to partial trace over the X system. The second equality follows from Proposition 18.
The third equality follows from the additivity of SLD Fisher information for product states
(Proposition 17). The second inequality follows from the fact that the average cannot
exceed the maximum. The last equality follows again from Proposition 18. The final
inequality follows from the data-processing inequality under the action of the measurement
channel (1) — > |x)Xz|x(-)|x)z|x on the state pra. Thus, the following inequality holds

for an arbitrary family {p% ,}s of states:

Le(0; AN 5 (Pra) o) = 1e(6; {Pato) < sup L (6 {wi"}o)- (3.1.22)
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Since the inequality in (3.1.22) holds for an arbitrary family {p% ,}¢ of states, we conclude
(3.1.12). Combining (3.1.11) and (3.1.12), along with the general inequality in (3.1.2), we
conclude (3.1.9). m
3.1.3 Amortization collapse of root SLD Fisher information for general chan-
nels

Next, we show an amortization collapse for the square root of the SLD Fisher informa-
tion for all quantum channels. We begin by showing that the root SLD Fisher information
obeys the following chain rule inequality and then show how the amortization collapse

follows as a corollary of it.

Proposition 36 (Chain rule for root SLD Fisher information of quantum channels)
Let {pg}e be a differentiable family of quantum states, and let {N_ g}o be a differentiable
family of quantum channels. Then the following chain rule holds for the root SLD Fisher

information:

VIr(O: AN 5 (0)}o) < VIr(0: AN 53e) + VIr(0: {pha o). (3.1.23)

Proof. If the finiteness conditions in (2.3.5) and (2.4.19) do not hold, then the inequality
is trivially satisfied. So let us suppose that the finiteness conditions (2.3.5) and (2.4.19)
hold.

By invoking the variational representation of the root SLD Fisher information (provided
later in this chapter as Proposition 49) and also Remark 24, the root SLD Fisher information

of channels has the following representation as an optimization:

1
S5 VI8 NG s }o)
— = 5w VIR0 AN (o)) (3.1.24)
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= sup sup 4 [T X ke (O i (pra))l (3.1.25)

e s | Tr[(XreXhp + XhpXre) N 5(pra)] <1
p )

. | Tx[X (00N, 5)(pRA)]| - | (3.1.26)

PRAXRB Tl“[(XRBXIT%B + X;BXRB)N/?%B(pRAﬂ <1

\

where the distinction between the third and last line is that 9pNG_, 5(pra) = (NG, 5)(PrA)
(i.e., for fixed pra, the state pra is constant with respect to the partial derivative).

Now recall the post-selected teleportation identity from (2.2.10):

5 (Pha) = (Tlaspha ® THRIT) as. (3.1.27)
This implies that

0o (N5 (PRa))
= 0p((T'|asplea ® TH5IT) a5) (3.1.28)
= (Mas09(pfa ® T43)IT) a5 (3.1.29)
= (T]as[(9ppfhs) ® TH5 + plha ® (GeTH5)]IT) as (3.1.30)
= (] as[(B0p%s) @ TARIT) as + (Tl aspes @ (OsT45) 1) as (3.1.31)
= N5 (00pRa) + (OeNA5) (PRa)- (3.1.32)

Let Xgrp be an arbitrary operator satisfying
Tr[(XppXhp + XpXra)NALp(0ha)] < 1. (3.1.33)
Working with the left-hand side of the inequality, we find that

TYKXRBXszB + X;%BXRB)NzaB(p?%AH
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= Tr[(NzaB)WXRBX;zB + XEBXRB)P%A] (3.1.34)

> T((ZraZka + ZhaZRra)Pal; (3.1.35)

where we set

Zpa = (NiLp) (Xrp). (3.1.36)

The equality follows because (N9, )" is the Hilbert-Schmidt adjoint of N . 5, and the

inequality follows because p%, > 0 and

(VAo p) (X)) Vi) (Xrs) < WAL p) (X Xrp), (3.1.37)

(NzeB)T(XRB)(NgeB)T(X;r%B) < (NzaB)T(XRBX}L%B)v (3'1'38)

which themselves follow from the Schwarz inequality for completely positive unital maps

[Bha07, Eq. (3.14)]. So we conclude that
TY((ZraZha + ZhaZra) (Pha)] < 1. (3.1.39)
Then consider that

| Tr[ X (96(NA 5(Ra)))|

— [T X (DN ) ()] + Tl X s N 5 (00| (3.1.40)
— | T X (DN ) ()] + TV ) (X ) Do) (3.1.41)
< [T X (N ) (Dl ))]] + TN ) (X)) (3.1.42)

By applying the optimization representation (3.1.26), we find that

V2| T [Xre (06N 5) (p%a))]] < VIr(0; AN 5}o)- (3.1.43)
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Since the operator (N4, 5) (Xrp) = Zra satisfies (3.1.39), by applying the optimization
in (3.4.14), we find that

V2 TN o) (Xa) (000)]| < VIr(0: {pleae). (3.1.44)

So we conclude that

V2| T Xrp (0 WNAL (0| < VIEOAN 5Yo) + VIR0 {phate)-  (3.145)

Since Xgp is an arbitrary operator satisfying the inequality (3.1.33), we can optimize over

all such operators to conclude the chain rule inequality in (3.1.23). =

We show now how the chain rule proved above leads straightforwardly to an amortiza-

tion collapse for the root SLD Fisher information of channels:

Corollary 37 (Amortization collapse) Let {N9_ 5}¢ be a family of differentiable quan-
tum channels. Then the following amortization collapse occurs for the root SLD Fisher

information of quantum channels:

Ve 0N 5}o) = VIr(0: IN 5 }o), (3.1.46)

where

VIE (04N o) == sup [\/E(G; (N5 (Pa) o) — VI (6; {IO%A}Q)}‘ (3.1.47)

{P%A}e

Proof. If the finiteness condition in (2.4.19) does not hold, then the equality trivially
holds. So let us suppose that the finiteness condition in (2.4.19) holds. The inequality >
follows from Proposition 34 and the fact that the root SLD Fisher information is faithful (see
(2.3.12)). The opposite inequality < is a consequence of the chain rule from Proposition 36.

Let {p%4}¢ be a family of quantum states on systems RA. Then it follows from the chain

49



rule proved above (Proposition 36) that

VIO AN 5 (07 }e) = VIe(0: {pfate) < VIr(0: {NG 5}e). (3.1.48)

Since the family {p%,}¢ is arbitrary, we can take a supremum of the left-hand side over all

such families, and conclude that

VI 0 IV pYe) < VIr(0: AN 5 o). (3.1.49)

This concludes the proof. m
Further, as another corollary of the chain rule, we show that the root SLD Fisher

information is subadditive with respect to serial composition of quantum channels.

Corollary 38 Let {N_ z}to and {M%_ . }o be differentiable families of quantum channels.
Then the root SLD Fisher information of quantum channels is subadditive with respect to

serial composition, in the following sense:

VIr(0:AMY o o NG 5Ye) < VIr(0: NG 5Yo) + VIr(0:{M5_c}o).  (3.150)

Proof. If the finiteness condition in (2.4.19) does not hold for either channel, then the
inequality trivially holds. So let us suppose that the finiteness condition in (2.4.19) holds
for both channels. Pick an arbitrary input state wra. Now apply Proposition 36 to find

that

VIe(0; {M% (N4, p(wra))}o)

< VIp(0ANL p(wra)}e) + VIp(0: {M%_c}o) (3.1.51)
< sup /Tr (05 {NA s (wra) Yo) + V/Tr (6; {MF . }o) (3.1.52)
= VIp(O: AN p}o) + VIr(0: {M5_c}o)- (3.1.53)
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Since the inequality holds for all input states, we conclude that

sup /T (03 {M% (N4, 5 (wra)) o) < VIR0 ANG 5Yo) +V/1e(0; {Mc}e), (3.1.54)

WRA

which implies (3.1.50). =
3.1.4 Amortization collapse for RLD Fisher information of general channels
Finally, we show the amortization collapse for the RLD Fisher information for quantum

channels. First, we recall the following additivity relation that was established in [Hay11]:

Proposition 39 Let {NY_z}e and {MZ .} be differentiable families of quantum chan-
nels. Then the RLD Fisher information of quantum channels is additive in the following

Sense.
Ir(0; AN 5 © M pYe) = Tr(0; INY 5 }e) + Ir(0; {ME_, b }0). (3.1.55)

Just as we did for the root SLD Fisher information above, we will establish a chain
rule for the RLD Fisher information that we will next use to establish the amortization
collapse.

Before doing so, we need the following lemmas:

Lemma 1 Let X be a linear operator and let' Y be a positive definite operator. Then

M Xt
XY 'X =mind M : >0
X Y

, (3.1.56)

where the ordering for the minimization is understood in the operator interval sense (Lowner

order).
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Proof. This is a direct consequence of the Schur complement lemma, which states that

M Xt
>0 = Y >0, M>XY'X (3.1.57)

X Y

This concludes the proof. m

Lemma 2 (Transformer inequality) Let X be a linear square operator, let Y be a pos-

itiwe definite operator, and let L be a linear operator. Then
LXTINLYINT'LXLY < LXTY 'X LT, (3.1.58)

where the inverse on the left hand side is taken on the image of L. If L is invertible, then

the following equality holds
LX'LLYLNT'LX LT = LXTY ' X LT, (3.1.59)
Proof. Fix an operator M > 0 satisfying

M xt
> 0. (3.1.60)

X Y

Since the maps () — L(-)L' and (-) = (L ® L) (-) (I, ® L) are positive, the condition

M > 0 and that in (3.1.60) imply the following conditions:

LML >0, (3.1.61)
LMLY LXTL M Xt ;
=(L®L) (ILbeL) >0. (3.1.62)
LXL' LYL! X Y
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Applying Lemma 1, we conclude that

W LXTL

LML'>min{ W >0: >0 (3.1.63)
LXL! LYLf

= LX'LT (v L)) LXL. (3.1.64)

Since M is an arbitrary operator that satisfies M > 0 and (3.1.60), we can pick it to be
the smallest and set it to XTY "1 X. Thus we conclude (3.1.58).

If L is invertible, then consider that

LX'TINLY LN LX L = LXTLI LYY L LX LT (3.1.65)

= LXTYIXLT, (3.1.66)

so that (3.1.59) follows. m

Proposition 40 (Chain rule for RLD Fisher information of quantum channels)
Let {N_ 3}o be a differentiable family of quantum channels, and let {p% 4}o be a differen-
tiable family of quantum states on systems RA, with the system R of arbitrary size. Then

the following chain rule holds

(0 AN 5(pha) o) < Tp(0: NG 5Yo) + Tr(0: {phate)- (3.1.67)

Proof. If the finiteness conditions in (2.3.10) and (2.4.20) do not hold, then the inequality
is trivially satisfied. So let us suppose that the finiteness conditions (2.3.10) and (2.4.20)

hold. Recall the following post-selected teleportation identity from (2.2.10):

4 5(Pha) = (Dlasplha ® TH5IT) as. (3.1.68)
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Then we can write

TF(Q; {NEHB(P}O%A)}@)

= Te[(QN 4 5 ()N 5 (0a)) ] (3.1.69)
— Tr[(Ds (T asplpn @ TARIT) 45))2 (T asples © TARIT) as) ] (3.1.70)
= Te[(((T 4590 (phs ® TH)IT) 45)2((Tlaspha © TH5IT) as) 7Y (3.1.71)
< Tr({T a5 (D0 (Plea © T¥5)) (s ® T) " (Dp(pla © T43))IT) as] (3.1.72)
= Trrp[(Tas(96(pha @ T85)) (0ha @ T5) " (00(pha @ T45))|T) as] (3.1.73)
= (Tlas Tras[(0p (s ® T5)) (0ha @ T85) ™ (Go(pha ® TEp)IIT) as. (3.1.74)

The second equality follows from applying (3.1.68), and the inequality is a consequence of

the transformer inequality in Lemma 2, with

L = (T|as ® Igg, (3.1.75)
X = 0p(phha ® %), (3.1.76)
Y = pha @ T (3.1.77)

Now consider that
Op(plhs ® TNp) = (Dopes) ® TIN5 + ploa @ (pTp).
Right multiplying this by (p%, ® T'A5) " gives

(D0 (pps @ THR)) (Pa @ TAp)

_ 0 0\ _ _ 0 9. _

— (O00n) (Pn) " © DB TN + Ploa ()™ ® (T ) (DY) (3.L.78)
_ 0 0\ _

— (O00pn) (Pon) " © o + 1Ly ® (A1) (TY) . (3.1.79)
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Right multiplying the last line by (95(p%, @ TW5)) gives

[(000hn) (Pa) ™ @ o + Ty & (BTHE)TEE) ™| (Dol © THR))
= | (@0pha) ()™ @ T + Iy, © (DY) (045) 7|

X [(O0pha) ® TG + o @ (GT45)] (3.1.80)
= (D00%) (Ph) " (0Pa) ® TS5 + (D0pn) (Pes) ™ Ples ® Ilpve (OeT%5)

+ 11y (0600) © (06T 55 (T85) ' T5 + pha © (06T 85)(T55) " (061'5p)

_ 0 0
= (90P%a) (Pha) " (Dapha) @ T + (89p%A)Hp%A ® Mo (OT'8p)

+ Ty, (9pfpa) @ (T Sp) o + Plra © (T5p) (C8p) ' (@0TER). (3.1.81)
Since the finiteness conditions Hj%A@Gp%A) = ((%p%A)HZgM = 0 and H#NG (DTA7) =

(891“/5\/;)11;\,9 = 0 hold, we can “add in” extra zero terms to the two middle terms above

to conclude that

(Op (Pl @ FJS\/;))(P%A ® F/s\*/;)_l(ae(P%A ® Fjsv;)) = (09p%n) (Pha) " (Dopha) ® Fjs\*ffg

+2(9opha) © (0015p) + Pa © (06T 5p)(T55) " (O1'5p). (3.1.82)
Now taking the partial trace over the systems RB, we find the following for each term:

Trre[(06p%4) (P%a) " (Bepha) © TA5] = Tral(0ap%a) (W) (Depha)] © Is,  (3.1.83)

Trp[2(90pfa) ® (05755)] = 2 Trrl(Dppha)] © Trpl(pT%p)] (3.1.84)
= 2Trg[(0ppha)] @ (9 Trp[T45)) (3.1.85)
= 2TrR[(Dppa)] @ (D5(1s)]) (3.1.86)
= 0,and (3.1.87)

Trrp[pha @ (T4 (TA) " (B6T85)] = o © Tra(BeT85) (TN5) " (GT45)).  (3.1.88)

95



Now applying the sandwich (I'| 45(+)|T") a5, the first and last term become as follows:

(Clas Trr[(9opfa) ()~ (Dopa)l @ Is|T) as
= Tr((FopRa) (Pra) ™ (Fopa)] (3.1.89)

= Tr[(0ppa)* (Pa) '] (3.1.90)

and

(T]asp’h © Tral(0aT85) (T85) " (06T E5)] M) as

= Tr((p%)" Trp (o) (T4p) " (AT R)]). (3.1.91)
Plugging back into (3.1.74), we find that

(T[as Trra(96(pha © T55)) (0ha © TER) " (9s(pha © TER))]IT) as

= Tr((Bpa)*(Ppa) '] + Trl(p%)" Tra[(GaT S (TY5) ™ (BT 45 (3.1.92)
< T[(O0ppa) () ]+ || Tesl@045) (M) @04 | (3.1.93)
= T (6: {Phade) + Tr(6: (N 5 o). (3.1.94)

This concludes the proof. m
From the chain rule, we can make two conclusions: that amortization does not increase
the RLD Fisher information of channels, and that the RLD Fisher information of channels

is subadditive with respect to serial composition, or concatenation.

Corollary 41 (Amortization collapse) Let {N9 . 5}¢ be a differentiable family of quan-
tum channels. Then amortization does not increase the RLD Fisher information of quantum

channels, in the following sense:

TR0 AN 5}o) = Tr(0:{N2 5 }o)- (3.1.95)

o6



Proof. If the finiteness condition in (2.4.20) does not hold, then the equality trivially
holds. So let us suppose that the finiteness condition in (2.4.20) holds. The inequality >
follows from Proposition 34 and the fact that the RLD Fisher information is faithful (see
(2.3.12)). The opposite inequality < is a consequence of the chain rule from Proposition 40.
Let {p%4}¢ be a family of quantum states on systems RA. Then it follows from the chain

rule that

L (0; AN, 5(PRa) Yo) = Tr(0; {pate) < Tr(0:{NS_ 5 }o)- (3.1.96)

Since the family {p% 4} is arbitrary, we can take a supremum over the left-hand side over

all such families, and conclude that
TA(0; AN 5 o) < Tr(0; AN 5 }o)- (3.1.97)

This concludes the proof. m

Corollary 42 Let {N_ z}to and {M%_ . }o be differentiable families of quantum channels.
Then the RLD Fisher information of quantum channels is subadditive with respect to serial

composition, in the following sense:
Lp(6; {M%0 0 N3 5Yo) < Tn(0: {NS, p}o) + Tr(6; {M5_c }o)- (3.1.98)

Proof. If the finiteness condition in (2.4.20) does not hold for both channels, then the
inequality is trivially satisfied. So let us suppose that the finiteness condition in (2.4.20)

holds for both channels. Pick an arbitrary input state wrs. Now apply Proposition 40 to
find that

Tr (0 {M% (N3 5 (wra)) }o)

< Tr(0;{NA g (wra)Yo) + Tr(0; {M 5 }o) (3.1.99)
< sup In(0; AN, 5 (wra) o) + Tr(0; iM% 0 }o) (3.1.100)
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= Ip(0; AN 5 Yo) + Tr(6; {M%_ 0 }0). (3.1.101)
Since the inequality holds for all input states, we conclude that

sup Te(0; {M5_,c WAL 5(wra))Yo) < Tr(0; AN 5}o) + Tr(0: iM% c}o),  (3.1.102)

WRA

which implies (3.1.98). =
3.2 Limits on channel estimation
The goal of this section is to provide Cramer—Rao bounds for channel estimation in the
sequential setting. That is, we wish to establish lower bounds on the mean-squared error of
an unbiased estimator for quantum channel estimation in the sequential setting. The main
ingredient of these bounds will be the amortization collapses proved above. However, before
doing so, we need to connect the amortized Fisher information to sequential estimation,
which we do via a meta-converse that generalizes the related meta-converse of [WBHK20].
First, we prove the following property obeyed by any generalized Fisher information of

quantum channels:

Proposition 43 Let {N%_ z}o be a family of quantum channels, and suppose that the un-
derlying generalized Fisher information is weakly faithful and obeys the direct-sum property.

Then the following inequalities hold

Le(0; {NA, 5(Pra) o) < Tp(0; NG 5}0) < d-Tp(0; {N3_ 5(Pra)}e), (3.2.1)
where Pra is the mazimally entangled state and d is the dimension of the channel input
system A.

Proof. The first inequality is trivial, following from the definition in (2.4.9). So we prove
the second one and note that it follows from a quantum steering or remote state preparation

argument. Let ©¥ra be an arbitrary pure bipartite input state. To each such state, there

o8



exists an operator Zp satisfying

Ypa = d- ZrPraZh,

Te[Z}Z5) = 1.

Let Pr_,xr denote the following steering quantum channel:

Prsxn(wn) = 0Y0]x © ZnwnZh + [111x ©/Tn — ZhZnwn\/Tn — Z47n,

and consider that

1 1
Proxr(Pra) = E|0><0|X ® Yra + (1 — 3) |1X1|x ® oRa,

where
1 —1
ORrA = (1—3) I — ZLZp®rar/ Ik — 2} 2.

This implies that

ProsxrNi_5(Pra))

= Nz%B(PRaXR((I)RA»
1

= 21000 8 N p(oma) + (1= 5 ) 11l A p(oma),

d

Then we find that

Ir(0; {N4 ., 5(Pra)}o)

> 1p(0; {ProxrNA_, 5(Pra)) o)

T Vs nalbe) + (1 5 ) 1600 (N2 n(omah)
1
a
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(3.2.4)

(3.2.5)

(3.2.6)
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(3.2.9)

(3.2.10)
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The first inequality follows from data processing. The equality follows from (3.2.8) and the
direct-sum property in (2.3.35). The last inequality follows from the assumption that I is
weakly faithful, so that Ir(0; {N9_.5(0ra)}e) > 0. Since the inequality holds for all pure

bipartite states g4, we conclude the second inequality in (3.2.1). m

We now have all the ingredients required to state and prove the required meta-converse:

Theorem 44 Consider a general sequential channel estimation protocol of the form dis-
cussed in Chapter 2 and reproduced in this chapter in Figure 3.1. Suppose that the gener-

alized Fisher information 1r is weakly faithful. Then the following inequality holds
(6 {5, }0) < - TR0 (N 5}o), (3:2.12)

where w%an is the final state of the estimation protocol in Figure 3.1, as given in (2.4.7).

Proof. Consider that

Ip(6; {wh, 5, }o)

= 1p(0;{wh, 5, o) — Ir(0; {pr, A, o) (3.2.13)

n

= 15(0; {wh, 5, }o) — Lr(0; {pr.a o) + D (Te(0; {ph,a,}0) — 1r(0; {ph,a,}e))  (3.2.14)

=2

=1p(9; {W%an}G) — Ip(0; {pria: to)
+ Z (IF<07 {Sllii1Bz—1—>RzAz (p%1—131—1)}9) - IF(07 {p%)«zAl }9)> <3215>
< Ip(0; {wh, 5, to) — 1r(0; {pr,, }o)

2 (IF<95 {0h_5._, }o) = Ir(0; {p?ﬁAi}w) (3.2.16)

=D (e {pf5.}0) = 1r(6; {pf,.}0) (3.2.17)

i=1

= (10 {NA 5, (0h 4 ) Yo) = T(8; {ph 4 }o) (3.2.18)

i=1
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<n- sup [Te(0; NG p(ofa)}o) — Tr(0: {pfan)}o)] (3:2.19)

{P%A}G

=n-Tp(0; {N G5 }o). (3.2.20)

The first equality follows from the weak faithfulness assumption and because the initial
state of the protocol has no dependence on the parameter #. The inequality follows from
the data-processing inequality. The other steps are straightforward manipulations. =
3.2.1 SLD Fisher information limit on parameter estimation of classical-quantum
channels
The first Cramer—Rao bound we provide is that for the special case of classical-quantum

channels, for which we proved the amortization collapse in Proposition 35.

Proposition 45 As a direct consequence of the QCRB in (2.3.31), the amortization col-
lapse from Proposition 35, and the meta-converse from Theorem 44, we conclude the follow-
ing bound on the MSE of an unbiased estimator 0 for classical-quantum channel families

defined in (3.1.8) and for which the finiteness condition in (3.1.10) holds:

1

Var(f) > -
nsup, Ir(0; {wg" }o)

(3.2.21)

Due to the amortization collapse, there is no advantage that sequential estimation
strategies bring over parallel estimation strategies for this class of channels. In fact, an
optimal parallel estimation strategy consists of picking the same optimal input letter x to
each channel use in order to estimate 6.

3.2.2 SLD Fisher information limit on parameter estimation of general chan-
nels

Our next contribution is to prove a Cramer—Rao bound for sequential channel esti-
mation of general channels using the SLD Fisher information. Here, we see how it is a
consequence of the QCRB in (2.3.31), the amortization collapse from Corollary 37, and the

meta-converse from Theorem 44. The bound we provide in (3.2.22) was reported recently
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in [YF17]. At the same time, our approach offers a technical improvement over the result
of [YF17], in that the families of quantum channels to which the bound applies need only
be differentiable rather than second-order differentiable, the latter being required by the
approach of [YF17].

Proposition 46 As a direct consequence of the QCRB in (2.3.31), the amortization col-
lapse from Corollary 37, and the meta-converse from Theorem 44, we conclude the following
bound on the MSE of an unbiased estimator 0 for all differentiable quantum channel fami-

lies:
Var(f) > !
~ n2Ip(0;{NS p}e)

(3.2.22)

This bound thus poses a “Heisenberg” limitation on sequential estimation protocols for
all differentiable quantum channel families satisfying the finiteness condition in (2.4.19).
That is, in estimation tasks where the SLD Fisher information of a channel is achievable,
the bound in (3.2.22) states that Heisenberg scaling of the estimator error is attainable
using sequential estimation.
3.2.3 RLD Fisher information limit on parameter estimation of general chan-

nels
Finally, we provide a Cramer—Rao bound for sequential channel estimation using the

RLD Fisher information.

Proposition 47 As a direct consequence of the QCRB in (2.3.32), the amortization col-
lapse from Corollary 41, and the meta-converse from Theorem 44 , we conclude the fol-

lowing bound on the MSE of an unbiased estimator 0 for all quantum channel families

{Ng—)B}G :

Var(f) > — ! :
nlp(0;{N3  5}o)

Proposition 47 strengthens one of the results of [Hayl1l]. There, it was proved that

(3.2.23)

the RLD Fisher information of quantum channels is a limitation for parallel estimation
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protocols, but Proposition 47 establishes it as a limitation for the more general sequential
estimation protocols.

This bound thus poses a strong limitation on sequential estimation protocols for all
differentiable quantum channel families satisfying the finiteness condition in (2.4.20). That
is, for a channel family with finite RLD Fisher information, no estimation protocol can
attain Heisenberg scaling with respect to number of channel uses in the sequential setting.
3.3 Example: Estimating the parameters of the generalized amplitude damp-

ing channel

We now use the bounds established, in particular the one involving the RLD Fisher
information in (3.2.23), to the example of the generalized amplitude damping channel
[INC00]. This channel has been studied previously in the context of quantum estimation
theory [F103,Fuj04], where its SLD Fisher information of quantum channels was computed
and analyzed. Our goal now is to compute the RLD Fisher information of this channel
with respect to its parameters.

A generalized amplitude damping channel is defined in terms of its loss v € (0,1) and

noise N € (0,1) as
A, n(p) = K1pK| + KypK) + KspKJ + KupkK], (3.3.1)

where

K =VI—N (|o><0| + M|1><1|> , (3.3.2)
Ky := /7 (1= N)|oY1], (3.3.3)
Ky = VN (VT =7]0)0] + [1)41]) (3.3.4)
K, = \/7N|1)0], (3.3.5)

where K, K5, K3 and K, are its Kraus operators. The Choi operator of the channel is
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then given by

T = (idr ®A, n)(Tra)

= (1 —~N)[00)X00| + /1 —~ (J00)11| 4 |11)00]|) + yN|01)(01]

+7 (1= N)[10)10[ + (1 — 7 (1 = N)) [11){11]

1—9N 0

0 yN
0 0
vViIi—~ 0

3.3.1 Estimating loss

0

V9I—v
0
0

1—~(1—=N)

(3.3.6)

(3.3.7)

(3.3.8)

The first task we study is to estimate the loss parameter v € (0,1) of a generalized

amplitude damping channel. By direct evaluation, we find that

Ay N
a’YFRB -

1

PV =1

0

0 T2 }—7

0 0
1-N 0

0 —(1=N)

(3.3.9)

Then we evaluate the expression for the RLD Fisher information of channels in (2.4.20),

which for our case with respect to parameter v is as follows:

Te(oi () =
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Using the fact that

[ 1-(1-N) N
(1—7N)N72 0 0 (1—]\1)1\7—y2
-1 0 L 0 0
(Fﬁg”) - W , (3.3.11)
1
0 0 i 0
—/I= 1—yN
e 0 0 N
we find that
-1 fily, N 0
o (o) ()" (or)] - |0 T L
0 f2(77 N)
where
4N —3)N ++E 1 4(1 - N)N (1 —2N)~y
fi(v, N) == ( ) i )N ) , (3.3.13)
4N (1 — N)~?
8YN + %~ + 7= —4(1+7)
— (1-N)(1—)
fo(y, N) = 5 : (3.3.14)

4ry

Note that if N < 1/2, then fi(v, N) > fa(v, N), while if N > 1/2, then fi(v, N) < fa(v, N).

It then follows that

> 1(v,N) N<1/2
Ir(vi{A,n}s) = AL ) / (3.3.15)
(v, N) N>1/2.

It follows from the Cramer—Rao bound in (3.2.23) that the formula in (3.3.15) provides
a fundamental limitation on any protocol that attempts to estimate the loss parameter 7.
For the noise parameter N equal to 0.2 and 0.45, Figure 3.2 depicts the logarithm of this
bound, as well as the logarithm of the achievable bound from the SLD Fisher information of
channels, corresponding to a parallel strategy that estimates v. The RLD bound becomes
better as N approaches 1/2, and we find numerically that the RLD and SLD bounds
coincide at N = 1/2.
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Figure 3.2: Comparing RLD and SLD bounds for loss estimation of a generalized amplitude
damping channel

(a) Logarithm of RLD bound and achievable SLD bound versus loss 7 for noise N = 0.2,
when estimating the loss 7. (b) Logarithm of the RLD bound and achievable SLD bound
versus loss v for noise N = 0.45, when estimating the loss ~.

3.3.2 Estimating noise
Now suppose that we are interested in estimating the noise parameter N of a generalized

amplitude damping channel. We have that

ONTREY = —y (I, ® 07) (3.3.16)
where o, is the 2 x 2 matrix diag(1, —1). From (3.3.11), we have that
. 1-(1-2N)y 0
Trp {(aNr;;‘gN) (ri) (aNP;;‘gN)] = | @M (3.3.17)
0 1+(1—2N)y
A-N)N

Thus, if N > 1/2, then the first entry is the maximum, whereas if N < 1/2, then the

second one is the maximum. We can summarize this as

1+ |1-2N|~y
~ (I1-N)N

(3.3.18)

s | (onr) () (oari) |

o0
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Figure 3.3: Comparing RLD and SLD bounds for noise estimation of a generalized ampli-
tude damping channel

(a) Logarithm of RLD bound and achievable SLD bound versus noise N for loss v = 0.5,
when estimating the noise N. (b) Logarithm of the RLD bound and achievable SLD bound
versus noise N for loss v = 0.8, when estimating the noise N.

so that
14+ |1—2N|y
(1-—N)N

In(N; {A, n}n) = (3.3.19)

For the loss parameter v equal to 0.5 and 0.8, Figure 3.3 depicts the logarithm of
the RLD bound, as well as the logarithm of the achievable bound from the SLD Fisher
information of channels, corresponding to a parallel strategy that estimates N. The RLD
bound becomes better as v approaches 1.

3.3.3 Estimating a phase in loss and noise

Now let us suppose that we have a combination of a coherent process and the generalized
amplitude damping channel. In particular, let us suppose that a phase ¢ is encoded in a
unitary e~*°# and this is followed by the generalized amplitude damping channel. Then

this process is

Agn(p) = Ay (€777 pel®o2), (3.3.20)

The goal is to estimate the phase ¢.
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The Choi operator of the channel plus the phase shift is given by

FAd}mN .

RB

and we find that

Ag N
aaSFRB7

Using the fact that

we find that

Teg {((%FAGM N> (Fggw,zv

1—~vN 0 0 e /T — v
0 YN 0 0
0 0 ~v(1-N) 0
e T—v 0 0 1—~(1—N)
0 0 —2ie” 20\ /T —~
0 00 0
0 00 0
2ie2?\/T—~ 0 0 0
[ 150N —e 20y |
wove 0 0 TEme
>—1 0 ’YLN 0 0
= 1 ,
0 0 o™ 0
—yT=E g 0 1—yN
| (1I-N)N~? (1-=N)N~2 |
_ 41—y (1—yN) 0
) (8¢FA¢~/N>:| _ (I-N)N2
0 4(1-y)(1—(1=N))
(1-N)N~2

Then if N > 1/2, we have that

(a8

F'Aﬂb»%N

RB
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1= (-7(1-N)
(1-N)N7?
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(3.3.22)
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Figure 3.4: Comparing RLD and SLD bounds for estimating a phase in the presence of a
generalized amplitude damping channel

(a) Logarithm of RLD bound and achievable SLD bound versus loss 7 for noise N = 0.2,
when estimating the phase ¢ = 0.1. (b) Logarithm of the RLD bound and achievable SLD
bound versus loss 7 for noise N = 0.45, when estimating the phase ¢ = 0.1.

while if N < 1/2, then

So we conclude that

Trg [(%F%”’N) (r;‘gw)‘l (aqﬁr;‘gw)} H - 4(1(;_7%; ]QWZN). (3.3.26)

4(1=7) (1 =7 (N + (1= 2N) u(2N — 1))

In(¢ {Asnn}s) = 1—N) N2 , (3.3.27)
where
1 >0
u(z) = . (3.3.28)
0 <0

For the noise parameter N equal to 0.2 and 0.45, Figure 3.4 depicts the logarithm of
the RLD bound, as well as the logarithm of the achievable bound from the SLD Fisher
information of channels, corresponding to a parallel strategy that estimates the phase ¢ at

¢ = 0.1. The RLD bound becomes better as v approaches 1.
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3.4 Optimization/SDP forms of Fisher information quantities
In the final section of this chapter, we provide optimization formulae for various quan-

tities of interest in quantum estimation. In particular, we provide

a semi-definite program for the SLD Fisher information of quantum states,

a quadratically constrained optimization problem for the root SLD Fisher information

of quantum states,

a semi-definite program for the RLD Fisher information of quantum states,

a semi-definite program for the RLD Fisher information of quantum channels, and

a bilinear program for the SLD Fisher information of quantum channels.

First, we state the following technical lemma, which we use as a tool to derive the

various optimization programs in this section.

Lemma 3 Let K and Z be Hermitian operators, and let W be a linear operator. Then the

dual of the following semi-definite program

M Wt
inf < Tr[K M| : >0, (3.4.1)
M Wz
with M Hermitian, is given by
P Qf
sup ¢ 2Re(Te[W1Q]) — Tr[ZR] : P < K, >0, (3.4.2)
P,Q,R Q R

where Q) s a linear operator and P and R are Hermitian.

Proof. The standard forms of a primal and dual semi-definite program, for A and B
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Hermitian and ® a Hermiticity-preserving map, are respectively as follows [Wat18]:

inf {Tx[BY]: (V) > A}, (3.4.3)
sup {Tr[AX] : &(X) < B}, (3.4.4)

where ® is the Hilbert-Schmidt adjoint of ®. Noting that

M Wt M =W M 0 0 Wt
>0 < >0 <= > , (3.4.5)

w  Z -W 7 0 0 w -z

we conclude the statement of the lemma after making the following identifications:

M 0

B=K, Y=M &\(M)= : (3.4.6)
0 0
0 Wi P Qf
A= , X = . d(X)=P (3.4.7)
W -z Q R

This concludes the proof. m
3.4.1 Semi-definite program for SLD Fisher information of quantum states
We begin with the SLD Fisher information of quantum states, establishing that it can

be evaluated by means of a semi-definite program.

Proposition 48 The SLD Fisher information of a differentiable family {pg}e of states
satisfying the finiteness condition in (2.3.5) can be evaluated by means of the following

semi-definite program:

T| (9ppp ® I
Ip(0; {ps}s) =2-inf{ p R a H@eeeD) o oL (3.4.8)

(Oope @ 1)) po@ I+ 1@ pj
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The dual semi-definite program is as follows:

2 sup 2Re[(p] (Fppo ® ) 1)) — Tr[(po @ I + 1 ® py)Z], (3.4.9)

Ale),Z

subject to X € R, |p) an arbitrary complex vector, Z Hermitian, and

A
A<l W o (3.4.10)

) Z|

Proof. First, we recall the following alternate expression for the SLD Fisher information

given in [S18]:

3 (51 (Dppe) [5)

=20 (@) @ 1) (@ T+ 1@ 05) " (@p) @ DID)  (3412)
IQH(WWHWGT)‘% (Bope) ® 1) yr>Hz. (3.4.13)

The primal semi-definite program is a direct consequence of the formula in (3.4.12) and
Lemma 1. The dual program is a consequence of Lemma 3. m
3.4.2 Root SLD Fisher information of quantum states as a quadratically con-
strained optimization

Next, we find that the root SLD Fisher information of quantum states can be computed
by means of a quadratically constrained optimization. Such an optimization problem is
difficult to solve in general, but heuristic methods are available [PB17]. In any case, the
particular optimization formula we find in Proposition 49 is helpful for establishing the
chain rule property of the root SLD Fisher information, which we previously discussed in

Section 3.1.3.

Proposition 49 Let {py}g be a differentiable family of quantum states. Then the root SLD
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Fisher information can be written as the following optimization

\/E(e; {po}e) = \/_SUP {|T1"

(Bppe)]| : TX[(XXT + XTX)pg) < 1} (3.4.14)

If the finiteness condition in (2.3.5) is not satisfied, then the optimization formula evaluates
to +o0.

Proof. Let us begin by supposing that the finiteness condition in (2.3.5) is satisfied (i.e
H/fe (agpg)né =

0). Recall from (3.4.12) the following formula for SLD Fisher information

(0: {po}o) = 2(T| (Bopo © 1) (ps @ I + 1@ pf) " (Bopy @ 1) T,

(3.4.15)
so that
—Tr(0: {po}o)
\/_
— (T Qoo @ 1) (po & T + T pF) ™" (Bupo 1) [T) (3.4.16)
— (e 1+ 12 08) " @upo 0 1) 1) (3.4.17)
—  sup (<¢| (p9®1+1®p§)*5(agp9®1)|r>‘. (3.4.18)
[): 111} =1
Observe that the projection onto the support of pp @ I + 1 ® py is
My @ Myr + 1 @ Ty + 1, @ Iy = T @ [ =11, @11, (3.4.19)
Thus, it suffices to optimize over |¢)) satisfying
¥) = (@1 -1I, @)l (3.4.20)

because
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_1
(o @I +1@pg) 2 (Dope@1)|T)

_1
= (I @1 -1, @Tlx) (pg@ I +1®p5) * (dopg @ 1) |T). (34.21)

Now define

W) = (pe® T+ 1 pl) "% [5), (3.4.22)

which implies that

N|=

W)= (I -1L, ®ILr)[) = (p® 1 +1®p;)* V), (3.4.23)

because I ® I — Hpﬁ) ® H[fT is the projection onto the support of pg @ I + I ® p}. Thus, the
0

following equivalence holds

), =1 = [ 1+1000) )] =1 (3.4.24)
= W (pe@I+I®py)Y) =1 (3.4.25)
Now fix the operator X such that

[y = (X @ I)|I). (3.4.26)

Then the last condition above is the same as the following:
1= (X"®I)(pp@I+I®py) (X®I)|T) (3.4.27)
=T (XTpeX @I+ X' X ®p;) ) (3.4.28)
= (I (XTpeX ® I+ X' Xpy® I) |I) (3.4.29)
= Tr[XTpg X] + Tr[XTX py] (3.4.30)
= Tr[(X X1+ XTX)py), (3.4.31)
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where we used (2.2.8) and (2.2.9) from Chapter 2. So then the optimization problem in

(3.4.18) is equal to the following:

sup [(T(X @ 1) (Gppg ® 1) )]
X:Tr[(XXT+X1X)pg)=1

- sup (D[ (X (9gpp) @ I) |T)| (3.4.32)

X:Tr[(XXT+XTX)pg]=1

= sup {|Te[X (Bppo)]| : Te[(XXT+ XTX)pg] =1}, (3.4.33)

where again we used (2.2.9). Now suppose that Tr[(X X' 4+ XTX)p,] = ¢, with ¢ € (0, 1).
Then we can multiply X by 1/1/¢, and the new operator satisfies the equality constraint

while the value of the objective function increases. So we can write
VIp(0; {psle) = \/581)1(p {ITr[X (9ppo)]| : TE[(XXT + XTX)pg] < 1}. (3.4.34)

Finally, in this form, note that we can trivially include X = 0 as part of the optimization
because it leads to a generally suboptimal value of zero for the objective function.

Suppose that Hﬁe(&;pg)ﬂﬁe # 0. Then we can pick X = cH/fe + dI where ¢,d > 0 and
2d* = 1. We find that

Te[(XXT + XTX)pg) = 2Tr[(cILL + dI)? py] (3.4.35)
= 2Tx[([¢® + 2cd] 1T, + d*I) py] (3.4.36)
=2d° = 1. (3.4.37)

for this case, so that the constraint in (3.4.14) is satisfied. The objective function then

evaluates to

I Te[X (ppo)]| = |Tr[(cIL,, + dI) (Bopo)]| (3.4.38)

= | Tr[IT;, (3opa)] + d Tx[Dppy) | (3.4.39)
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= ¢|Tx[IT, (95p0)]| - (3.4.40)

Then we can pick ¢ > 0 arbitrarily large to get that (3.4.14) evaluates to +oo in the case
that I (Dppe)IL. # 0. m
3.4.3 Semi-definite programs for RLD Fisher information of quantum states
and channels
First we give a semi-definite program for the RLD Fisher information of quantum

states:

Proposition 50 The RLD Fisher information of a differentiable family {po}e of states
satisfying the support condition in (2.3.10) can be evaluated by means of the following

semi-definite program:

~ 0 , M Oppy
Ir(0;{p,}) =inf < Tr[M]: M >0, >0,. (3.4.41)
dopo  Po
The dual semi-definite program is as follows:
sup 2 Re[Tr[Y (Ogpa)]] — Tr[Z p), (3.4.42)
X,Y,Z
subject to X and Y being Hermitian and
X vt
X <1, > 0. (3.4.43)
Y Z

Proof. The primal semi-definite program is a direct consequence of the formula of the
RLD Fisher information in (2.3.10) and Lemma 1. The dual program is found by applying
Lemma 3. m

Using the explicit formula of the RLD Fisher information of quantum channels as de-

fined in (2.4.20), we find the following semi-definite program for the RLD Fisher information
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of quantum channels:

Proposition 51 Let {N9_.z}e be a differentiable family of quantum channels such that
the support condition in (2.4.20) holds. Then the RLD Fisher information of quantum

channels can be calculated by means of the following semi-definite program:
Ip(0; {N%_ 5}¢) = inf A € R, (3.4.44)

subject to

Mpp 09T},

)\[R 2 TI'B[MRB], ) ) = (3445)
89F/}\{B F%B
The dual program s given by
sup 2 Re[Tr[Zrp (BTN — Tr[Qrel¥al, (3.4.46)
prR>0,Prp,ZRrB,QRB
subject to
Ppp 7]
Tl <1, |0 T >0, Prp < pr s (3.4.47)
Zrp Ors

Proof. The form of the primal program follows directly from (2.4.20), Lemma 1, and from

the following characterization of the infinity norm of a positive semi-definite operator W:
W, =inf{A\>0:W < A}. (3.4.48)

To arrive at the dual program, we use the standard forms of primal and dual semi-
definite programs for Hermitian operators A and B and a Hermiticity-preserving map

o [Wat18]:

sup {Tr[AX]: ®(X) < B}, inf {Tr[BY]: ®1(Y) > A} . (3.4.49)

X>0 Y >0

7



From (3.4.44)—(3.4.45), we identify

- Mg —Trg[Mgs] 0 0
10 A 0 ;
B = 5 = ) (I)<Y): 0 MRB of >
00 0 Mgp
- 0 0 0
0 0 0
A=10 0 =T,
0 -0y —T'¥g
Setting
pr 0O 0
X=10 Prg Zp|:
0 Zrp Qrs
we find that
PR 0 0 )\]R_TYB[MRB] 0 0
TIXO'(YV)=Tr || 0 Prp Zhy 0 Mgp 0
0 Zrp Qrs 0 0 0

= Tr[pr(M g — Trp[Mgp])] + Tr[PrpMps]

= ATr[pg] + Tx[(Prp — pr ® I5) MRs]

A0 Tr[pg] 0
= I 5
0 MRB 0 PRB—pR®[B
which implies that
Tr 0
B(X) = [PR]

0 Prp — pr ® Ip
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Then plugging into the left-hand side of (3.4.49), we find that the dual is given by

0 0 0 Wgr 0 0
sup Tr | |0 0 —T¥nl | 0 Pre Zig| |- (3.4.58)
PR,PrRB.ZRB,QRE
0~y ~THs | | 0 Zrs Qs
subject to
pr 0 0
Tr[pr] 0 10
0 Prg Zhg| 20 < : (3.4.59)
0 PRB—pR®]B 0 0
0 Zrp Q@gsn

Upon making the swap Zrp — —Zgp, which does not change the optimal value, and

simplifying, we find the following form:

sup 2 Re[Tr[Zrp (BTN )] — Tr[Qrul¥al, (3.4.60)

pr>0,PrB,ZRB,QRB

subject to
P 7!
Tl"[pR] < 1, i B > 0, PRB < PR X IB. (3461)
—Zrp  @rB
Then we note that
P 7 Prp Z}
Bl I RS e (3.4.62)
—Zrs  QRrB Zrp QRB

This concludes the proof. m
3.4.4 Bilinear program for SLD Fisher information of quantum channels
Finally, we provide a bilinear program for the SLD Fisher information of quantum

channels. To do so, we use Proposition 48 and a number of subseqeuent manipulations:
Proposition 52 The SLD Fisher information of a differentiable family {N_, z}¢ of chan-
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nels satisfying the finiteness condition in (2.4.19) can be evaluated by means of the following

bilinear program:

Ip(0;{N4_5}) =

2 sup <2 Re[<g0|RBR/B/ (89F%;)|F)RR/BB/] — TI‘[YR(I)(WRBR/B/)]) (3463)
)‘7|90>RBR’B/7
WRBR’B’7YR7UR

subject to
)\ 3=% ag ]
or >0, Trlopl=1, A<1, (elasrz >0, | " >0. (3.4.64)
\©)rBR'B WrBR B In Yr
where
D) rreee = 1) rrr @ |T) BB, (3.4.65)

SWrprp) = (Trprp [Fﬁfr;/ (Frr' ® Fep') Wrprs (Frr @ Fop)'))T

+ Trpr p [(F/}\{/GB/)TWRBR’B’], (3.4.66)

and Frg is the flip or swap operator that swaps systems R and R', with a similar definition

for Fgp but for B and B'.

The optimization above is a jointly constrained semi-definite bilinear program [HKT20]
because the variables Yi and Wgrpgr g are operators involved in the optimization and they
multiply each other in the last expression in (3.4.63). This kind of optimization can be
approached with a heuristic “seesaw” method, and more advanced methods are available
in [HKT20].

Proof. Recall that the Fisher information of channels is defined as the following optimiza-
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tion over pure state inputs:

Ir(0: AN 5}) = sup Ir(0; {NA, s (¥ra)})- (3.4.67)

YRA

It suffices to optimize over pure state inputs ©g4 such that the reduced state ¥ > 0,
because this set is dense in the set of all pure bipartite states. Now consider a fixed input

state ¥ g4, and recall that it can be written as follows:

Yra = ZrTraZ, (3.4.68)

where Zi is an invertible operator satisfying Tr[Z};Z r] = 1. Then the output state is as

follows:
Whp = N 5 (Vra) = ZrTNp Zh, (3.4.69)
and we find that
1 )
§]F(9§ {NA—>B(¢RA)})
F / / a w9 ® [ 3:1
=inf < p: . Llrrzs ( VERE RB) >0,, (3.4.70)

(0ol ® Ipp ) T rrpe wWhs @ Inp + Ipp ® (Whip)T

by applying Proposition 48.

Now consider that

H (T\rrpp (Opwhs @ Inp)
(aGW%B ® ]R/B/) ‘F>RR’BB’ W%B ® ]R,B, + ]RB ® (w]e%/B/>T
H (UlrrBBr (ZR(agFﬁ{;)ZL ® [R,B/>

(ZR@@F/]\{;)ZL ® IR’B’) DY rrss ZrDENpZE @ Inp + Irp © Zp(Tp )T 25,

(3.4.71)
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1 0

0 Zr®Ig®Zp 1y

Iz (U|lrrBBY ((C%F?{é) ® ]R’B’>

<(80F/1\%[;) ® ]R’B’) 1) rre BB/ FRB ® UR' ® Ip + UR RIp® (FR’B’)T
r T
1 0

0 ZrRIg®Zp @I

where we define

oR = 2} Zn,

and we applied the following observations:

(ZR(@@FJP\{;)Z;% ® IR’B’) ’F>RR/BB/

( 30 RB ®Zp @ [B’> \T') rrrBBY

(ZR & ZR/) < (391“]}\{;) & IR’B’) |F>RR’BB’7

ZRTNLZh @ Ingr + Inp @ Z g (D) T 28,
— 2N 2t © Zp (Zr) " (25) 7 25 @ Iy

+Zp(Zr)" (ZIT%> Zh@ 15 ® Zr ()" 25
= ZpTNL 28 @ Zpo 28 @ Iy + Zpo i Zh @ In @ Zp (T )" 25,
= (Zr®Ip® Zp @ Ip) ( np R oRT ® IB/> (Zr@Ip® Zp & ]B,)T
+(Zr@1p© Zp @ Ip) (aR ®Ip® FQ{,B,)T) (Zr® Iz ®Zp ® Ip)'
= (Zr@Ip® Zp @ Ip) ( pR0p @ Ip +ogpt ®IB®(FR’B’)T)
)T

(ZR®[B®ZR’®[B’
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Since the first matrix in (3.4.71)—(3.4.72) above is positive semi-definite if and only if the

last one is, the semi-definite program in (3.4.70) becomes as follows:

, 1 (Llrr BB ((891“/,}@) ® IR/B')
inf ¢ pu: , , , >0
((aHF/}\E/B) ® IR'B') D) rrpp Tip @ o' @ Ip +0g' @ Ip® (Myp)"
(3.4.80)

By invoking Lemma 3, the dual of this program is given by

sup 2 Rel(¢|rpr (9T s) D) R 5]

M) rer B WrBR B!

— T[T @ ol @ Ip + 05 @ Is @ (M) )Wesre] (3.4.81)

subject to

A ! !
A<, L (3.4.82)

|0 rER' B WRBR B

Strong duality holds, so that (3.4.81) is equal to (3.4.80), because we are free to choose
values A, |¢) rpr 5, and Wrpr p such that the constraints in (3.4.82) are strict. Employing
the unitary swap operators Frr and Fgp/, we can rewrite the second term in the objective

function as follows:

Tr[(r%; & O‘ET & IB/ + 0-];1 & _[B ® (F%QB/)T)WRBR/B/]
= TI'[(PJI\{; (%9 U};/T X ]B’)WRBR’B’] + Tr[(agl & ]B & (F%GB/)T)WRBR/B/] (3483)
= Tv[((Frr ® Fpp) (07" ® Ip® I'N5) (Frr © Fap) Wrprp]

+ Trfog! Teppw [(TH) Wrsr ] (3.4.84)
=Tr[((0y" @ Ip® F/}\%[’GB’) (Frr @ Fpp) Wrerp (Frr ® Fpp/)]

+ el Trprw[(Tp) Wasns ) (3.4.85)
= TI'[O'];LT TrBR’B’ [FJI\{/QB/ (FRR/ X FBB’) WRBR’B/ (FRR’ X FBB/)]]

+ TI'[O';zl TrBR’B/[(F%;’>TWRBR/B’]] (3486)
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= Te[ox (Trpr e [Ty (Fre ® Fep) Wesrs (Fre @ Fep)))T)
+ Trlog Trprm[(Tip) Wasr ] (3.4.87)

= Tr[o,' Kg], (3.4.88)

where

KR = (TI'BR/B/[F/]\%//QB/ (FRR’ ® FBB’) WRBR’B’ (FRR’ ® FBB/)])T

+ TrBR’B’[(FJI\{/eB/)TWRBR/B/]. (3489)
So the SDP in (3.4.81) can be written as

sup 2Re[<90’RBR’B/(89Fj}\%/;)‘F>RR’BB/] — TI‘[O'I_%lKR] (3490)

)‘7‘90>RBR’B’ WrBr B
subject to
A <80|RBR/B'

A<, > 0. (3.4.91)
l\©)rBR'E:  WRBR B

Now noting from Lemma 1 that

op 1
ol =imfdYe: | = >0, (3.4.92)

Ir Yrg

and that o' and Kp are positive semi-definite, we can rewrite the SDP in (3.4.90) as

sup (2 Re[(¢lnpr s (00T Np) D) rrpp] — inf TY[YRKR]>

M) rer B WrER B!

- sup (2 Re[{o|rpr s (0T D) rirms] — Tr[YRKR]> (3.4.93)

MeYrr' B WrBR BYR
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subject to

)\ B g ]
, R P Ll (3.4.94)

\o)rBR'B WrBR B In Yg

A<1

Then we can finally include the maximization over input states og (satisfying og > 0 and

Tr[og] = 1) to arrive at the form given in (3.4.63). =
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Chapter 4
Limits on Multiparameter Estimation of Quantum
Channels

In this chapter, we present our results for the task of simultaneously estimating multi-
ple parameters encoded in a quantum channel. We generalize some of the results of Chap-
ter 3, but we also develop new tools required to establish the more non-trivial Cramer—Rao
bounds for the case of multiparameter estimation. For the multiparameter case, we will
focus exclusively on the RLD Fisher information value of quantum states and channels and
the Cramer—Rao bounds we can establish using them.

First, we show how to convert the canonical matrix inequality Cramer—Rao bound for

state estimation

Cov(8) > 1+(0; {pe}te) " (4.0.1)

into a scalar bound for ease of use and experimental application. To do so, we use the RLD
Fisher information value of quantum states which we defined in Chapter 2.

Next, we continue in the vein of Chapter 3 and define the amortized RLD Fisher
information value of quantum channels. We prove a chain rule inequality obeyed by this
quantity for all quantum channels, which, as we saw in Chapter 3, leads to an amortization
collapse for it.

Again, analogous to Chapter 3, we prove a meta-converse theorem which connects
the amortized RLD Fisher information value to the RLD Fisher information value of a
sequential estimation protocol. The amortization collapse can then directly be used to
establish a single-letter Cramer—-Rao bound, which we do.

Just as in the case of our RLD-based Cramer-Rao bound for single parameter estima-

tion of quantum channels, our bound for multiparameter estimation is

e single-letter, i.e. computing it requires computing the RLD Fisher information value

of a single channel use even though the bound is applicable for n-round sequential
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procotols,

e universally applicable, in the sense that our bound applies to all quantum channels,

and thus encompasses all admissible quantum dynamics, and
e cfficiently computable via a semi-definite program.

After providing our bound, we comment on how it offers a no-go condition for Heisen-
berg scaling of the estimation error. That is, if the finiteness condition for the RLD Fisher
information value is met, then Heisenberg scaling of the error with respect to n, the number
of channel uses, is unattainable.

We then evaluate our RLD-based Cramer-Rao bound for simultaneously estimating
the two parameters of a generalized amplitude damping channel, generalizing the example
from Chapter 3. Lastly, we provide semi-definite programs to evaluate the RLD Fisher
information value of quantum states and quantum channels.

4.1 Limits on multiparameter channel estimation using RLD Fisher informa-
tion value of quantum states

Before we can establish our lower bounds for estimating multiple parameters in a
quantum channel, we show how we establish scalar Cramer—Rao bounds for multiparameter
state estimation. We introduced the RLD Fisher information value of quantum states
in (2.5.7) in Chapter 2, and we will now use that to prove a scalar Cramer—Rao bound for

state estimation in the multiparameter setting.

Theorem 53 The following scalar Cramer—Rao bound holds for estimating multiple pa-

rameters @ encoded in a family of quantum states {pgte:

1
Tr[W Cov (0 — ,
[ ( )] - IF<97W§ {Pe}a)

(4.1.1)

where the weight matriz W satisfies Tr[W] = 1.
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Proof. We recall the following matrix inequality [Hel76, Hel73, SOCK21], which we also

stated in Chapter 2 as (2.5.5):

Cov(8) > Ix(0; {pe}te) " (4.1.2)

Let us take W as a non-zero, positive semi-definite matrix, and then define the normalized

operator W' as

W
W= T (4.1.3)

The matrix inequality in (4.1.2) implies the following:

Te[W] Te[W'Cov(8)] > Te[W] Tr [W Tr(0: {pate) } (4.1.4)
r[W’1/2[ {pg}g)*lww] (4.1.5)
WD (kW2 I5(0: {pe}e) " W"/?|k) (4.1.6)
Wl (k[ W'/ T5(0: { po }a )W/1/2|k>] 7 (4.1.7)
- T W] (4.1.8)
Te [ W2 T0(8; {po}o) W12

__ W] (4.1.9)

Te | W/ T(6: {pg}o)]
- TT[W]Q . (4.1.10)

T [ W T (6 {pg}g)}

The first inequality is a consequence of (4.1.2). The first equality follows from cyclicity of
trace. The second inequality uses the operator Jensen inequality [HPO03] for the operator

-1 This inequality is saturated if and only if Ix(6;{pg}e) is

convex function f(z) = z
diagonal in the eigenbasis of W, i.e., [TF(H; {pe}e), W| = 0. The next equality comes

again from cyclicity of trace, and the last equality comes from the definition of W’.
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The reasoning above leads us to

T 2
Te[W Cov(8)] > (T[w) (4.1.11)
Te| WTr(6; {po}o)]
for every positive semi-definite matrix W, which implies that
, 1
Te[W'Cov(0)] > (4.1.12)

Tr [W’fp(e; {pe}e)

for every positive semi-definite matrix W’ such that Tr[IW'] =1. m
4.2 Amortized RLD Fisher information value

The next step towards establishing Cramer-Rao bounds for multiparameter channel
estimation is to introduce and define the amortized RLD Fisher information value like we
did in Chapter 3. We use the RLD Fisher information value of quantum channels, defined

in (2.5.11), to define the amortized RLD Fisher information value of the channel family
{N XHB}O .

Definition 54 (Amortized RLD Fisher information value of quantum channels)
The amortized RLD Fisher information value of a family {N§_g}e of quantum channels

s defined as follows:

IO Wi{NE pYe) = sup Ir(0,W; {INT 5(pka)te) — Tr(0.W; {pha}e).  (42.1)

{P%A}B

Just like in the case of single parameter estimation, the concept of amortization allows
for a resource state p%, at the channel input to help with the estimation task while also
subtracting off its value to account for the RLD Fisher information value strictly present
in the channel family. We also have the fact that amortization, or catalysis with an input

state family, can never decrease the RLD Fisher information value of quantum channels.
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Proposition 55 Let {N§ . z}e be a family of quantum channels. The RLD Fisher infor-

mation value does not exceed the amortized one:
L0, W {NT_ 5}o) = Ir(0, Wi {NT_5}0) (42.2)

Proof. This can be understood by considering the right-hand side to arise from restricting

to input states with no parameter dependence. That is,

TAO.WHAN pYo) = sup [ Te(0, Wi {ND 5(%a)}e) — Tr(6, Wi {plhate)|  (4:23)

{P%A}B

> sup | Te(0, Wi NS lprate) = Tr(0.W; {pral)|  (4:2)

{prA}e

— sup |Tp(0, W {N 5(pra)lo)] (4.2.5)
{prA}e

= T1p(0,W: {N%_ ;}o). (4.2.6)

Since the inequality holds for all input states pra, we conclude (4.2.2). m

Qualitatively, it means that the marginal increase in Fisher information value can never
be decreased by using a catalyst state family as input.
4.2.1 Amortization collapse for RLD Fisher information value

We now proceed to show how the direct inequality in (4.2.2) can also be reversed, which
would imply an amortization collapse for the RLD Fisher information value of quantum
channels. Just like we did for the root SLD Fisher information and the RLD Fisher in-
formation of quantum channels in Chapter 2, here too we begin by stating a chain rule
property obeyed by the RLD Fisher information value. The chain rule that we established
for the RLD Fisher information in Chapter 3 in (3.1.67) is generalized to the case of mul-
tiparameter estimation. To do so, we first state and prove it in the form of an operator

inequality:

Proposition 56 Let {N9 . z}e be a differentiable family of quantum channels, and let
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{0%4}e be a differentiable family of quantum states. Then the following chain-rule operator

inequality holds

D

- . 0 0 (] -
Ip(0: ANA 5 (Pha)Ye) < D LXK Tr[(08)" Trpl(95, 85) (155) ™ (G0 I§p) 1+ 1(6; {pfa o),
k=1
(4.2.7)
where p? is equal to the reduced state of p% 4 on system A and system S is isomorphic to

system A.

Proof. The proof of the above is similar to the proof of the single-parameter chain rule
proved in Proposition 40 in Chapter 3 for the RLD Fisher information. First, we make use

of the following identity:
0
8 5(0%ha) = (Tlaspha @ THEI0) as, (4.2.8)

where

) 45 = Z 1) 4 i) g - (4.2.9)

Consider that

Tr(0; N2 5(p%a) o) = Tr LZ XK ® (00, N 5(Pa)) VA 5(PRa)) ™ (00N 5(Pa))

j k=1
(4.2.10)
We can, with a series of manipulations, show that
D
Z k] @ (a9jNg—>B(p%A))(NA—)B(p?%A))_l(aekNgeB(p?%A))
k=1
D
. 0 0 _ 0
= [Nkl © (05, (T aspha ® TS5 IT) as) (Tlaspha © THEIT) as) ™ (96, (Tlaspha ® TpIT) as)
k=1
(4.2.11)

= (I'las (Z 0| @ Oy, (s ® TF, )) 1) as((T]as(|0)0] ® pfa @ THE)IT) as) ™
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x (I'as (Z |0XE| ® g, (Pa @ F@GS)) ) as- (4.2.12)

k=1

Then identifying

D
X =" [0)k| @ O, (s ® TXp), (4.2.13)
k=1
Y = [0)0| ® o, @ TXp (4.2.14)
L:[D®<F|AS®]RB, (4.2.15)

we can apply the well known transformer inequality LXTLY (LY LY 'LXLT < LXTY ' X L1
(Lemma 2) to find that the last line above is not larger than the following one in the

operator-inequality sense:

(Tl as <Z [7X0] ® 0, (pa @ Fﬁﬁ)) (10)0] ® ples © T) " (Z |0Xk| © D, (Pra @ T@@)) ) as

j=1
D
. (Z] 0. _ 0
= (Tlas > Xkl @ 0o, (p%s @ T5) (0ha ® T5) " 0o, (p%a @ TE5)IT) as (4.2.16)
4 k=1
D
. (7] 0. _ (]
= Xk ® (T)as9s, (p%a @ T8p) (P @ T85) " 0p, (p2a @ T¥5)I0) as. (4.2.17)
G k=1

Consider that
O, (Pr ® T) = (9,0%0) ® T8 + pea ® (05, T45)- (4.2.18)
Then we find that

0 0. _
Db (P%a @ T45) (P s @ ThE) !

= (D9, p%4) @ TXp + s @ (30,T85)) (%4 @ T45) (4.2.19)
= ((D9,0%4) @ T¥5 + pos © (06, T8 ((P%0) "  © (TNE) ) (4.2.20)
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_ 0 0. __ _ 0 0.
= (90,/%4) (0%A) " @ TEE(T8E) " + pha(pfea) ' © (95, T8p)(TEE) (4.2.21)

= (D0, ) (o)™ © T + TLo @ (39, T (135) (42.22)

Right multiplying this last line by 95, (p%4 ® FQ/;) gives

_ (C] 0. _ 0

(Do, 0%) (Poa)™" ® Mo + Lo @ (35, T5) (TX5) ™), (e © )
_ (] 0
= (O0,%) (0%) ™ (Do) © TN + (Do, %) o @ o (99, T)

6 0 0., _ 0
+ Hp‘9 (Gekp}e%A) ® (69]'1_‘/3‘[3)1_[1*/\/’9 + p?%A ® (a9jr'g/B)(Fg/B) 1(89kr.g/—3)' (4'2'23)

Adding in the terms (89jp%A)Hlfg = 0, (89],F§[;)Hlfjvg = 0, Hpﬁ,((%kp%A) = 0, and
HIng (O, I’@g) = 0, which follow from the support conditions for finite RLD Fisher infor-

mation, the last line above becomes as follows:

= (0,0% ) (0% n) " (Do, 0% n) @ TN + (o, 0%4) @ (99, TN5)

+ (D0, P%a) ® (00, T%5) + Pl ® (00,85 (T45) 7 (09, Th5). (4.2.24)

So then the relevant matrix is simplified as follows:

D

> 1Nk @ (TLas (s, 0%4) (0%a) (o, P%a) @ TX5 + (B, 0%4) ® (96, T5)
k=1

+ (Do, pn) © (06,085) + plea @ (96,185 (TN5) (90, T4 T) as. (4.2.25)

Thus, we have established the following operator inequality:

D
> 1)k @ (00, N4 5(054)) N 5(054)) " (00, N4 5(Pha))
k=1
j D (7] 0
<> 1)K © (T asl(Ds, 0%4) (9%a) ™ (D0, 0%4) @ T + (99,0%4) @ (06, T85)
k=1
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0 0 0. _ 0
+ (0g,p%4) @ (00, TN5) + Pha ® (99, T55)(T85) " (06, T45)] T as. (4.2.26)

We can then take a partial trace over the RB systems and arrive at the following operator

inequality:

TF<0; {NXHB(P%A”O)

<> Nk Tera(T)as((e,0%4) (0%4) ™ (06, 0%4) ® TX5 + (0o, 0%4) @ (06, T55)

J,k=1

+ (90,Pa) @ (90, T%5) + pha @ (90, T%5) (T45) ' (00, T8p)]IT) as].  (4.2.27)

Now we evaluate each term on the right:

(D) as Trre (36, 0%4) (%)~ (Do, 0%4) @ THR]IT) as

= (| as Trr[(86,0%4) (0%4) " (D0, 0%4)] @ Trp[TNE]IT) as

= (T as Trr[(9p,0%4) (0% 4) " (Do p%4)] @ Is|T) a5

= Tr[(aejP%A)(P%A)_l(30kP%A)],
(Ul Trrp[(96,p%4) @ (90, TN)IIT) as
= (T'| a5 Trr[0p, p%] @ Trp (05, TH5]IT) as
= (I as Trg[0s, p% 4] ® Oy, Trp P51 as
= (| as Trg[00, p%a] © (3o, 15)IT) as
=0,
(T|as Trrp[(, p%a) @ (96, T85)]IT) as = 0,and

0 0. 0
(Tlas Trrp[pfa @ (05, T¥5) (T45) " (06, T¥5)]IT) 45

= (P|asp © Trpl(96, T8 ) (T45) " (96, T45)]IT) as

= Tr[(p%)" Tra((09, T4) (T5) " (00,T85)).
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Substituting back above, we find that

fF(GQ {NgaB(p?%A)}e)

< D7 kL Tel(Do, ) (0a) ™ (0o
+ 3 Xkl Te(p%)" Tep[(9s,T45) (T45) (06, T45)] (4.2.38)
g k=1
= In(0; {pfato) + D 1iNK| Te((p8)" Tril(0,T8p) (16p) (00, THp))  (4.239)

This concludes the proof. m

Now we show how the operator-inequality chain rule can be used to derive a scalar chain
rule for the RLD Fisher information value. This is what we will use to prove its amortization
collapse and then to establish Cramer—Rao bounds for multiparameter channel estimation

in the sequential setting.

Proposition 57 With W an appropriately chosen weight matrixz (i.e. W > 0 and Tr[W]| =
1), let {N§_ g}e be a differentiable family of quantum channels, and let {p%.}e be a dif-

ferentiable family of quantum states. Then the following scalar chain-rule inequality holds:

Ip(0, Wi ANE 5 (p%a)}o) < Tr(0, Wi {NT_ s}e) + (0, W; {pa}e). (4.2.40)

Proof. We start by restating the operator-inequality chain rule in (4.2.7):

Tp(0: AN n(pa) o) < D LiKkI Tel(o8)" Trl(D,T55) (055) ™ (00T ) )+ 1 (6 {ofha o)

(4.2.41)
We sandwich the above with W?'/2 on both sides and take the trace (a positive map

overall) to preserve the inequality and obtain
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T [ WIe(0: (ND 5(pfha)}o)| < T

Wy Lk Te((p8)" TrB[(aejF/sg)(F/sﬁ)1(3ekF§/§)]]]

J,k=1

+Tr [WTF(H; {pgA}e)] . (4.2.42)

Using the definition of the RLD Fisher information value in (2.5.11), the above simplifies

to

TF<97 W {Ng%B@OJG%A)}G) <Tr

WS 15X Tr[<p§>TTrB[<aejr§£><r§£>1@;@63)]1]

J,k=1

+Ip(0,W:{pfate). (4.2.43)

Now we consider that

D
Te (W ) [5)k] Tr[(pz>TTrBKaejrgV;)(r%)-l(aekrﬁ;n]
7. k=1
D
(2] (2] (2]
= > (KI5 T (o) Trs (90,085 (T45) " (00 T3)]| (4:2.44)
7,k=1
D
=Tr | (p%)" > (KIW]5) TrB[(ﬁejFQB)(FJsYB)1(%%3)]] (4.2.45)
jik=1
D
(C] (7]
<supTr|(pd)" D (k[W1j) Trp((ds, FSB)(FgB)—l(agkrgB)]] (4.2.46)
g 7, k=1
D
(7]
Z (KW 7) Trp[(0e, FSB)(FSB) 1(30krj5\*/3)] (4.2.47)
Jk=1 0o
= 1p(0,W; {IN9_ Yo. (4.2.48)
Using the above and (4.2.43), we conclude that
In(0, Wi {NT 5(pa)}o) < Tr(8, Wi {NS, s}o + Ir(0,W; {pfa}e). (4.2.49)

This concludes the proof. m

96



We now show how the chain rule proved above results in an amortization collapse for

the RLD Fisher information value of quantum channels.

Corollary 58 Let {N9_.zle be a differentiable family of quantum channels. Then the
following amortization collapse occurs for the RLD Fisher information value of quantum

channels:

j\?(ev W {NXHB}G) = TF(Ov W {NX%B}O)' (425())

Proof. The chain rule in (4.2.40) can be rewritten as
Ip(0,W; AN, 5(p%a)}o) — Tr (0, W; {pfeu}e) < Tr(6, Wi {NT_ 5}o)- (4.2.51)

Taking the supremum over input-state families on the left-hand side gives
f?<07W; {NX%B}@ < TF(euw;{NgaB}e)' (4'2'52>

When the above is combined with the direct inequality obeyed by the amortized RLD
Fisher information value (4.2.2), we obtain the desired amortization collapse in (4.2.50). m
4.3 Limits on multiparameter channel estimation using RLD Fisher informa-
tion value of quantum channels

Now that we have established the amortization collapse for the RLD Fisher information
value, we are in a position to use it to establish a Cramer—Rao bound for sequential channel
estimation. However, just as we did in Chapter 3 for the single parameter case, we need to
first prove a meta-converse theorem that connects the amortized RLD Fisher information
value to the RLD Fisher information value achieved by a sequential channel estimation

protocol.

Theorem 59 Consider a general sequential estimation protocol as described in detail for

the single parameter case in Chapter 2 and reproduced for the multiparameter case here in
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Figure 4.1: Processing a channel sequentially for multiparameter estimation
Processing n uses of channel A/? in a sequential or adaptive manner is the most general
approach to channel parameter estimation. The n uses of the channel are interleaved with
n — 1 quantum channels S through 8"!, which can also share memory systems with
each other. The final measurement’s outcome is then used to obtain an estimate of the

unknown parameter vector 6.

Figure 4.1. The following inequality holds:
fF(euw;{wann}e) sn- T?<97W7 {NgﬁB}f))? (4'3'1>

where W%an is the final state of an n-round sequential estimation protocol, and S' through

S"1 are interleaving quantum channels in the protocol, both as in Figure 4.1.

Proof. Consider that

]AF(O, W {Wann}G)

= Ir(0, W {w}, 5, }0) — Tr(0. W; {pr,a, }o) (4.3.2)
= Ir(0, W {w}, 5, }o) — Tr(0. W; {pr,a, }o) (4.3.3)
£ 3 (Te(0.W: {0 4. )0) — Tr(0.W: {4fh.}0)) (4.3.4)

Ir(0, W {8 5 Vo) — Ir(6,W; {pr, 1, }o)

+ 3 (O WilSE oo W) Yo) = IO, Wi o0 }o))  (4.35)

1=2

< Tp(0,W;{w% 5 Yo) — In(0,W; {pr, a, }o)

+ 3 (10, Wi {65, o) = Tr(8, W {0y 1. }o) ) (4.3.6)

1=2
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= Zi; (7(0. W {0fh.5, o) — Tr(8, W {pfy . }o (4.3.7)
= ﬁ; (TF(B, Wi AN S 5. (6%a)Yo) — Tr (6, WV {p%iAi}0> (4.3.8)
<n- s (IO (N ulofua)}o) = Tr(0.W:{ofua)}o) (43.9)
=n - T30, W; {N9_, 5 }0)- (4.3.10)

The first equality follows because the initial state pg, 4, has no dependence on any of the
parameters in 6. The first inequality arises due to the data-processing inequality for the
RLD Fisher information. The other steps are straightforward manipulations. m

We have now assembled all the necessary components needed to establish the main
result of this Chapter, a multiparameter Cramer—Rao bound for sequential channel esti-

mation.

Theorem 60 For a differentiable channel family {N§_ g}e and a positive semidefinite

weight matriz W with Te[W] = 1, the following multiparameter Cramer—Rao bound holds:

Tr[W Cov(0)] > L

Z = . (4.3.11)
nIF(07 W; {NX—>B}9)

Proof. The multiparameter Cramer-Rao bound follows as a direct consequence of the
chain rule (4.2.40), ensuing amortization collapse (4.2.50), as well as the meta-converse in
(4.3.1). m

The bound in (4.3.11) is single-letter. That is, even though the bound holds for an
n-use sequential strategy, it requires an evaluation of a quantity involving only a single
channel use, i.e Ip(8,W; {N9 .5}e). Further, quantum channels encompass all possible
evolutions allowed by quantum mechanics. Our Cramer-Rao bound holds for estimating
channels in the sequential setting and therefore applies to all possible estimation tasks.

Another desirable aspect of our bound is that the RLD Fisher information value can be
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computed using a semi-definite program, details of which we provide later in Section 4.5.
4.4 Example: Estimating the parameters of the generalized amplitude damp-
ing channel

In Chapter 3, we evaluated the RLD Fisher information of a generalized amplitude
damping channel (GADC) for various single parameter estimation tasks. We can generalize
that example and use the techniques developed in this chapter to evaluate Cramer—Rao
bounds for the task of simultaneously estimating the noise and loss parameters of a GADC.
First, we repeat the Choi operator of a GADC A, y with loss parameter v and noise

parameter N that we gave in Chapter 3.

1—yN 0 0 V1—7

Ty = . (4.4.1)

JI=7 0 0 1-~(1-N)

For the purposes of this example, let us choose
(4.4.2)

which satisfies the requirements for a valid weight matrix (positive semi-definite with unit

trace). To compute the RLD bound in (4.3.11), we calculate

Te({7 N1 W { Ay d) = | Tral@, 0404 (@,04) + 0,74 (T4 (0T

+(8NF““)(FA)’1(8VFA)+3(8NF““)(FA)’1(8NF““)]H . (4.4.3)

o0

where A is used as shorthand for A, y and the system labels for RB are omitted. As a
consequence of the Cramer—Rao bound (4.3.11), the inverse of (4.4.3) is a lower bound on

Tr[WCov({v, N})].
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We have

1
-N 0 0 —5=
Ay 0 N 0 0
Oy = , and (4.4.4)
0 0 1-N 0
5= 0 0  —(1-N)
NI = v (L ®oy). (4.4.5)
We then have
[ttt 0
2
Trp[(Q, T ) (T4) (9,14 )] = o ) IR (4.4.6)
0 Gty 4
. 472
-_ 1-2N 0 ]
Tep[(0, 04 ) (DA ) T @y DA ) = | 5N N (4.4.7)
| 0 - 2yN(1-N) |
-_ 1-2N 0 ]
Teg[(OnT) (M4) =19, T4 = | 2N ) (4.4.8)
| 0 - 29N(1-N) |
_; 0
Tep[(OnTA¥)(IA) OnT A = | Y50 (4.4.9)
| 0 N(1-N)

with which the expression in (4.4.3) is directly calculated. Furthermore, we verify our
direct calculation by explicitly calculating (4.4.3) using the semi-definite program for the
RLD Fisher information value which we later provide explicitly in Proposition 62. We find
agreement between the two approaches up to eight digits of precision.

We compare the RLD Fisher information bound to the generalized Helstrom Cramer—
Rao bound [ATD20]. In this case, it reduces to the SLD Fisher information bound as we are
in the regime of parametric, rather than semiparametric, estimation. This lower bound can
be achieved asymptotically up to a constant prefactor [GK06,HM08,YFG13,YCH19,Tsal9].

To calculate the SLD Fisher information, we choose input probe state [1(p)) = /p[00)+
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v/1—p]|11), with the same W as in the RLD calculation. It suffices to optimize the single-
copy SLD Fisher information over such states due to the o covariance of the channel A, y.
This SLD bound for estimating just the loss parameter v of a GADC was calculated in
[Fujod].

With our particular choice of input state, we have

[ - 0 0 Vp(I=p)(1—7) _
0 N 0 0
pyN = Ay N () = "
0 0 (1-pr(1-N) 0
= pi=7 0 0 (1= p)(1— (1= N))
(4.4.10)

The SLD Fisher information takes the form of a 2 x 2 matrix:

Ir(v, N;{pyn}yN)jk = Tr[p, nLiLy], (4.4.11)

where 7 and k each take values 1 or 2 that correspond to either v or N. The SLD operators
L; are defined implicitly via 0;p, n = % (pyNLj+ Ljpyn).

Suppose that p, x has spectral decomposition

ZA N . (4.4.12)
We then have
<wj ’(a p ,N)|¢k7N> ;
Li=2 ) V’NAJ- — N === [9 p XY | and (4.4.13)
Gk, AR >0 YN T AN
W N Onpyn)E )
Ly =2 Z VN)\j - s |¢i,N>< 57N|, (4.4.14)
N+

Gk N, AR >0

which enables us to calculate the elements of the SLD Fisher information matrix given
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Figure 4.2: Comparing RLD and SLD bounds for multiparameter estimation of a general-
ized amplitude damping channel, with fixed noise

Logarithms of the SLD quantity (4.4.15) and the inverse of the RLD Fisher information
value (4.4.3) versus loss v with fixed noise N. In (a), N = 0.2, and in (b), N = 0.3.

in (4.4.11).
We optimize over the parameter p to obtain the SLD Fisher information bound. To be

clear, we minimize

Tr[WIp({7, N}; { Ay n (@ (0) ) '] (4.4.15)

with respect to p. We compare the SLD quantity (4.4.15) to our RLD lower bound (4.4.3)
in Figures 4.2 and 4.3. In Figure 4.2, we keep N fixed and vary v from 0 to 1. In Figure 4.3,
instead we keep v fixed and vary N from 0 to 1. We find that the RLD lower bound is
within one to two orders of magnitude of the SLD Fisher information.
4.5 Optimization formulae

Finally, we provide semi-definite programs to compute the RLD Fisher information
value of both quantum states and quantum channels.
4.5.1 Semi-definite program for RLD Fisher information value of quantum

states

Proposition 61 Let {p%}e be a differentiable family of quantum states, and let W be a
D x D weight matriz. Suppose that the finiteness condition for the RLD Fisher information

value (2.5.6) holds. Then the RLD Fisher information value of quantum states can be
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Figure 4.3: Comparing RLD and SLD bounds for multiparameter estimation of a general-
ized amplitude damping channel, with fixed loss

Logarithms of the SLD quantity (4.4.15) and the inverse of the RLD Fisher information
value (4.4.3) versus noise NV with fixed loss 7. In (a), v = 0.2, and in (b), v = 0.3. In each of
the four figures above, both lines indicate lower bounds on the quantity Tr[W Cov({v, N})]
where W is chosen in (4.4.2) (as discussed, the SLD Fisher information value is a lower
bound up to a constant prefactor). For the SLD quantity, we optimize over input states of

the form /p|00) + /1 —p|11).

calculated via the following semi-definite program:

T-(0,W: {,%}) = int { Te[(Wr @ La)Mpa] - Mps >0,

Mpa Z]‘D:1 |]>F ® (80]-/)%)

i > 0}. (4.5.1)
Zj:l <]|F ® (80j021) P%
The dual program is given by

D
swip 2 (Z Re[TH{Qrasa(li}r © <aejpz>>n> ~ Tr[Rapf. (45.2)

Pra,Qra—a,Ra o

subject to
P Q f

Pry < (Wp® 1y), ra (Qrasa) >0, (4.5.3)

Qrasa Ry

where Pry and Ra are Hermitian, and Qpra_a s a linear operator.

104



Proof. We begin with the formula

10, W:{pf}o) :==Tr

(Wr ® Ls) (Z iXklF @ (%jpi)(pi)_l(aekpi))] (4.5.4)

J,k=1

> KW 1) Te[(96,0%) (0%) " (06,0%)] (4.5.5)

J,k=1

The above can be written as
Tr [(Wr ® L4) (XY ' X)] (4.5.6)

where X = 7 (jl, @ (9,0%) and ¥ = 4.

We combine the above with the Schur complement lemma (Lemma 1 stated in Chap-
ter 3), to obtain the desired primal form in (4.5.1).

To obtain the dual program, we apply Lemma 3 from Chapter 3. m
4.5.2 Semi-definite program for RLD Fisher information value of quantum

channels

Proposition 62 Let {N§_ . z}e be a differentiable family of quantum channels, and let
W be a D x D weight matriz. Suppose that the finiteness condition for the RLD Fisher
information value (2.5.10) holds. Then the RLD Fisher information value of quantum

channels can be calculated via the following semi-definite program:
Ip(0,W:{N%_ ;}e) = inf A € R*, (4.5.7)
subject to

Mrrp >l ® (00, TN5)

Mg > Trpp[(Wr @ Irg) MrrB), . .
> ilr ® (95,TNp) 'Yz

(4.5.8)
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The dual program is given by

sup 2 (Z Re[Tr[Zrrp-r5(lJ)r © (aejrj}\z/;))]o —Tr[QraT}p), (4.5.9)

pr>0,PFrrB,ZFRB—RB,XQRB =1

subject to

P A f
Tr[pR] S 1, s ( FRB_)RB) 2 0, PFRB S PR X WF X [B' (4510)

ZFRB—RB QrB

Proof. The form of the primal program relies on the combination of a few facts. First, we

use the following characterization of the infinity norm of a positive semi-definite operator

A:

HAHOO =inf{\>0:A<\}. (4.5.11)
Next we observe that
D
0. _ 0
Z (KW 5) Trp[(0y, FRB)(F%B) l(aakrj}\?/B)] (4.5.12)
j,k=1
can be written as
Trrp[(Wr ® Irp) (XY 7' X)] (4.5.13)

where X =37, (jl» @ (95,T'p) and ¥ =¥,

We next use the Schur complement lemma (Lemma 1 stated in Chapter 3) and combine
the above with the explicit form of the RLD Fisher information value of quantum channels
(2.5.12) to obtain the desired primal form in (4.5.7).

To arrive at the dual program, we use the standard forms of primal and dual semi-

definite programs for Hermitian operators A and B and a Hermiticity-preserving map
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o [Wat18]:
sup {Tr[AX]: &(X) < B}, inf {Tx[BY]: (V) > A}. (4.5.14)

From (4.5.7)—(4.5.8), we identify

Mpr — Trpg[(Wr ® Irp)MprB] 0 0

10 A 0
B = ., Y = . BI(Y) = 0 Mrrp 0
00 0 Mrrp
0 0 0
(4.5.15)
0 0 0
A= o 0 LY e @140 | (45.16)
0 =37 (il © (95, T5) ~I¥p
Upon setting
PR 0 0
X=10 Prrs (Zrrp—rB)'| > (4.5.17)
0  Zrrp-rB Qrs
we find that
Tr[X®T(Y)]
PR 0 0 Mg — Trpp[(Wr @ Igp)Mprp] 0 0
=Tri |0 Pprg (Zrrp—rB)! 0 Mprp 0
0 Zrrp-RB (rB 0 0 0
(4.5.18)
— Te[pp(Mp — Ters|(We @ Ing)Mras])| + T Prrs Megs] (4.5.19)
= NTr[pr| + Tr[(Prre — pr @ Wr ® I5) Mprp] (4.5.20)
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A 0 Tr 0
T o] (4.5.21)

0 Mrpgrs 0 Prrp — pr @ Wp ® Ip

= Te[Y & (X)), (4.5.22)

to find that the dual is given by

sup Tr[AX], (4.5.23)

PR,PFRrB,
ZrRB—RB:QRB

subject to
PR 0 0
Tr[pg| 0 10
0 Prrp (Zrre—re)'| 20, <
0 PFRB—pR®WF®IB 0 0
0  ZrrB—RB QrB
(4.5.24)

We can swap Zprp_rB — —ZrrB_srpB With no change to the optimal value. This leads to

the following simplified form of the dual program:

D
sup 2 " Re[Tt(Zrrp-rp(i)r @ 0, Thp)] — Tr[QrelNp),  (4.5.25)
pr>0,PrrB,ZFrRB,QRB =1
subject to
P —(Z f
Trlpg] < 1, e Grnssrsl | 0 pens < e We @ Ip. (15.26)
_ZFRBHRB QRB
Then we note that
P —(z f P Z f
FRB ( FRB—>RB) Z 0 FRB ( FRB—>RB) Z 0 (4‘5.27)
_ZFRB%RB QRB ZFRB—)RB QRB
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This concludes the proof. m
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Chapter 5
Conclusion and Open Questions

In this dissertation, we studied the problem of estimating one or more parameters en-
coded in an unknown quantum state or channel. In particular, we proved a number of
novel Cramer-Rao bounds (lower bounds on the estimation error of the unknown param-
eter(s)) for quantum channel estimation. Our bounds are universal, in that they apply to
all quantum channels and thus encompass all possible quantum dynamics. Further, our
bounds hold in the most general case of sequential strategies, where we are given n copies
of the unknown channel and process them so that they occur one after the other.

In particular, for both single and multiparameter estimation of quantum channels,
we established the concept of amortized Fisher information and showed how to connect
the amortized Fisher information of a family of channels to the corresponding Fisher in-
formation achieved by a sequential estimation protocol using meta-converse theorems in
Chapters 3 and 4.

We then showed that amortization collapses occur for the following quantities in Chap-

ter 3 for the single parameter case:
e the SLD Fisher information of classical-quantum channels,
e the root SLD Fisher information of general quantum channels, and
e the RLD Fisher information of general quanum channels,
and in Chapter 4 for the multiparameter case, we showed an amortization collapse for
e the RLD Fisher information value of general quantum channels.

Combining the meta-converse theorems and specific amortization collapses leads to
single-letter Cramer—Rao bounds for channel estimation in the sequential setting. That is,

in Chapter 3, we establish the following Cramer—Rao bounds:
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e a Cramer—Rao bound for estimation of classical-quantum channels using the SLD

Fisher information,

e a Cramer—Rao bound for estimation of general quantum channels using the SLD

Fisher information, and

e a Cramer-Rao bound for estimation of general quantum channels using the RLD

Fisher information,

and in Chapter 4,

e a scalar Cramer-Rao bound for estimation of quantum states using the RLD Fisher

information value, and

e ascalar Cramer—Rao bound for estimation of quantum channels using the RLD Fisher

information value.

Our bounds for channel estimation all have the desirable characteristic that they are
single-letter; i.e., they are applicable for n-round sequential strategies yet only require
the Fisher information in question to be evaluated for a single channel use. Further, we
provide various optimization problem formulations to compute our bounds in Chapters 3
and 4. Thus we believe that these bounds will be useful as a theoretical tool offering a new
perspective on the problem, and as a framwork to analyze sequential estimation strategies.
Further, the universality and numerical accessibility of our bounds make them amenable
to direct experimental application.

Our RLD-based bounds for both single and multiparameter estimation of channels
have important implications for the attainability of Heisenberg scaling with respect to the
number of channel uses in a sequential protocol. That is, our RLD bound in Chapter 3
implies that if the RLD Fisher information of a channel family is finite, then Heisenberg
scaling is unattainable. Further, our multiparameter RLD bound in Chapter 4 implies that

if the RLD Fisher information value of a channel family is finite, then Heisenberg scaling is
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unattainable. We note that another recent sufficient condition for the non-attainability of
Heisenberg scaling is the HNLS condition of Ref. [ZZPJ18]. Further, our results complement
other recent work in this area [FI08, Mat10,Hay11, DCS17].

Finally, we evaluate our RLD-based Cramer—Rao bounds for the physically motivated
example of estimating the parameters of a generalized amplitude damping channel. In
Chapter 3, we evaluate the RLD Cramer—Rao bound for individually estimating the pa-
rameters of the channel, and in Chapter 4, we evalute the RLD Fisher information value of
the unknown channel, considering the task of estimating its two parameters simultaneously.

A topic for future research is to incorporate energy constraints into the Fisher infor-
mation of quantum states and channels. We defined the generalized Fisher information
in Chapter 2 without any energy constraints. However, it is of practical interest to study
the power of estimation strategies when the input probe states are subject to an energy
constraint. That is, we can define the energy-constrained generalized Fisher information

of a quantum channel family as follows:

Lnp(0; {N4_ 5}0) = sup Lp(0;{N4_ 5(pra) }a) (5.0.1)

prATr[Hapa]<E

where H 4 is a Hamiltonian acting on the input system of the channel N _, 5. This definition
generalizes the energy-constrained channel divergence introduced in [SWAT18]. Further,
the energy-constrained amortized Fisher information can also be defined using the quantity
defined above. The study of sequential estimation strategies in this thesis can then be
generalized to incorporate the aforementioned energy constraint.

We showed that with respect to the RLD Fisher information of quantum channels,
sequential estimation strategies offer no advantage over parallel ones. However, the RLD-
based Cramer—Rao bound is a loose one in general, and therefore it is still an interesting
open question to determine whether sequential estimation offers a benefit over parallel

estimation. For the particular case of classical-quantum channels, we showed in Chapter 3
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that the optimum estimation strategy is a parallel one. However, we are unable as yet to
make a similar statement about all quantum channels in general and leave it for future
work to do so. This topic has been studied recently in Ref. [ZJ20b].

Another open question is to determine the operational interpretation of the RLD Fisher
information of channels. One possibility is to generalize the work on “reverse estimation” of
Ref. [Mat05] from quantum states to channels. From Ref. [Mat05], we know that the RLD
Fisher information of states is the optimal classical Fisher information needed to simulate
the state family in a local way. It is as yet open to show the analogous result for quantum

channels. This is related to the task of coherence distillation of quantum channels [Mar20].
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