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ABSTRACT

Although it is well-known that the usage of information usually follows the 80/20
rule and concentrates on a few items, there has not been an analytical model to depict
this skew distribution. This dissertation provides a theoretical foundation, based on
Simon’s modeling of empirical phenomena and Chen’s index approach, to identify the
factors which shape this usage pattern. Using Chen’s index approach, we conclude that
the distance and slope of the data points determine the shape of the distribution. We
further examine the critical parameters in Simon’s model through computer simulations,
and we find the probability of new entry («) and the rate of "decay" (8) to be two
predominant factors that affect the patterns of information usage. Based on the effects
of these two parameters we can establish the limiting conditions under which these
empirical phenomena hold true. Finally, we show how our findings can be applied to
enhance the weeding process in libraries — a procedure that can be extended to the

archive management of information systems.



CHAPTER 1

INTRODUCTION

Usages in information systems (IS) usually follow a skew distribution: for
examples, in a software some functions are used moré than the others; and in the
information retrieval process a relatively large number of activities are concentrated on
a few records. In order to design more efficient IS based on these usage patterns, we
need to: (1) identify factors that affect usages, and (2) identify the limiting conditions
of our model. Fortunately, similar phenomena have been observed in social aggregates
such as personal wealth, incomes, size of business firms or cities, publication
frequencies, and word frequencies (Ijiri and Simon 1977). In ljiri and Simon’s words,
vthese "social phenomena" exhibit "distributions [which] fit quite closely a Pareto
distribution.” In this chapter we study what others have done in modeling this skew
distribution, and we suggest that Simon’s models to these social phenomena allow us to
explain this usage concentration.
1.1  Empirical Phenomena of Information Usage
1.1.1 80/20 Rule (Pareto Principle)
The simplest way to describe the pattern of usage concentration is to assign some
kind of quantitative measurement to it. Vilfredo Pareto (1909) first reported that in [taly
about 80% of wealth was concentrated in about 20% of its population. Since then, many

other sociological, economic, political, and natural phenomena have been observed to
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follow the similar pattern. J. M. Juran, a well-known figure in quality management,
claims credit for coining the term Pareto Principle, which is in effect the 80/20 Rule
(Sanders 1987). According to Zunde (1984):
It has been observed that many other empirical phenomena, both in the
domain of information science and in other fields, obey this [Pareto]
probability distribution law or exhibit dependencies derivable from it.
The 80/20 measure is not a ratio. It has been used mostly as a heuristic to

differentiate the "significant few" from the "trivial many,"” and it was not originally
intended as a rule for action (Sanders 1987). For example, approximately 80% of the
information usages might involve only about 20% of the resources. Similarly, in
libraries (Lancaster and Lee 1985) roughly 80% of transactions involve 20% of holdings.
The measure may be 85/35 (85% of sales are generated from 35% of accounts, for
instance), 88/40 or 95/25, or any of several other pairings, depending on the point we
select to analyze. We may choose the unique point where these two numbers add up to
be 100 to describe different usage patterns, thus 70/30 or 90/10. In this example, 90/10
has a higher usage concentration.

The applications of this rule often emphasize the "significant few." For example,
Boehm (1987) suggested that 80 percent of rework costs in software development
typically result from 20 percent of the problems. The implication is that software

verification and validation should focus on identifying and eliminating the high-risk

problems in a software project.



1.1.2 Lotka’s Law

A high degree of skewness exists in the distribution of output among individuals
in certain human activity. The concept of "significant few" and "trivial many" is
embedded in "success breeds success;” i.e., successes in many fields tend to center
around a few persons, resulting in a relatively small number of people dominating the
breakthrough activities in an entire field.

Lotka’s law of scientific productivity is an example. In the academic world a
frequently cited paper is more likely to be cited again, and a prolific author is more
likely to publish again than ones that have published little. In his 1926 paper Lotka
examined patterns of scientific productivity among chemists and physicists. He
discovered that if he classified this population of scientists according to their publication
productivity, then the number of chemists who published n papers was approximately
a/r’, for some positive constant a, i.e.,

f(n) = an?, n=1,2,3,....

Based on this observation, Lotka concluded that the number of persons making 2
contributions is about one-fourth of those making one, tlie number making 3
contributions is about one-ninth the number making one, and the number making n
contributions is about 1/n* of those making one. The proportion of all contributors that
make a single contribution is about 60 percent (Lotka 1926). Similar ratios were found
in finance and accounting publications (Chung and Cox 1990; Chung, Pak and Cox

1992).
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Recently Lotka’s law was applied to managing technical innovations. Coile
(1988) concluded that an environment that nurtures those rare innovators and encourages
somewhat "undisciplined creativity" would be the most beneficial to the company’s
technical development in the long run, since their successes would most likely bring even
more successes. Thus, according to Coile (1988), we should design reward systems that
try to support their innovativeness, not stop it.

1.1.3 Bradford’s Law

Bradford’s law states that a large number of articles related to the same topic
seems to concentrate in a few journals. According to Bradford (1934), if a
comprehensive literature search is conducted on a subject covering a specified period of
time, we often find that the literature is scattered in a regular pattern over a very large
number of sources. Further, if we arrange these sources in descending order of
productivity (i.e., the journal yielding the most articles at the top of the list and the
journals yielding the fewest at the bottom), the sources can be divided into several
groups of journals with each group containing the same number of articles. In these

12

succeeding groups, the number of journals will be 1 : j : j*: ..., for some constant j.
That is, a linear increase in the number of articles requires a geometric increase in the
number of journals.

Bradford’s law plays a significant role in effective management of library

information systems (White and McCain 1989), especially in the area of information

retrieval. For example, in systems of limited size (such as ABI/INFORM), the objective
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is to include those few important journals which contain a high proportion of the
essential articles (Tague 1988).
1.1.4 Zipf’s Law

In his 1949 book Human Behavior and the Principle of Least Effort, Zipf stated
that "if one takes the words making up an extended body of text and ranks them by
frequency of occurrence, then the rank r multiplied by its frequency of occurrence, g(r),
will be approximately constant.” In symbolic form,

g(r) = br', r=1,273,...
where b is a positive constant whose value depends on the type of text (Zipf 1949). This
is usually known as Zipf’s first law.

The application of Zipf’s first law in IS is frequent. In special-purpose codes
such as the family of Huffman codes, a more frequently used character is represented
by a shorter bits. Thus structured, Huffman coding can best be used to compress files;
however, its variable lengths require time-consuming bit-by-bit examination to decode
(Loomis 1989). On the other hand, a fixed-length code would be more convenient to
decode, but would have the disadvantage of requiring more storage spaces. Based on
Zipt’s first law, Thiel and Heaps (1972) designed a scheme to achieve a data
compression ratio close to that of the Huffman codes while allowing more rapid decoding
of the stored data.

Zipf’s first law focuses mainly on words of high frequency (Chen 1989a). In
contrast, the formulation of other Zipf’s law (often called Zipf’s second law) associates

with words that rarely occurred (Chen and Leimkuhler 1990, Chen 1989b). Letting f(n)
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be the number of words appearing n times in a literary text, then the ratio of f(1) (the
number of words occurring once) to the total number of different words in the same text
is approximately 0.50. In addition, we have f(2)/f(1) = 0.33, {(3)/f(1) = 0.17, f(4)/f(1)
= (.10, and f(5)/f(1) = 0.07. In this dissertation we will refer to Zipf’s first law
simply as Zipf’s law, and we will make specific reference to Zipf’s second law when
necessary.

1.1.5 Observation-Class Relationships

These four empirical findings all show observation-class relationship (Chen and
Leimkuhler 1986). To be more specific, each empirical finding studies a particular data
arrangement. The 80/20 rule in Pareto’s form studies the cumulative fraction of
observations (e.g., income) and the cumulative fraction of class (e.g., people); Lotka’s
law relates the observation (e.g., the papers) and the class (e.g., an author) by a
frequency-size approach. Bradford’s law relates the observation (e.g., the papers) and
the class (e.g., a journal) by a cumulative-frequency-log-rank approach. Zipf’s law
relates the observation (e.g., the word occurrences) and the class (e.g., a word) by a
frequency-rank approach.

More important, it turned out that underlying all these laws is the same
mathematical model — the Pareto distribution (Zunde 1984). Chen and Leimkuhler
(1986), through their index approach, proved the mathematical equivalence of Lotka’s
law, Bradford’s law, and Zipf’s law. However, there has not been an analytical model
for the 80/20 rule. This index approach will be described fully in Chapter 2 to pave the

way for our analytical model of the 80/20 rule in Chapter 3.



1.2  Problems of Applying Empirical Findings in IS

According to Zunde (1984), we call a proposition of science an "empirical law"
if "it contains only constructs that refer to observables or are operationally definable ...
and laws been extensively verified and found to hold under a variety of conditions."
Since these empirical findings hold in general and the assessment is only a snapshot of
a usually dynamic system, there is no assurance that even if they hold true at a particular
time that they would hold at a later date. Use the 80/20 rule for instance. According
to a survey of software development managers (Nash 1992), only 5 of the 10 most
important systems development issues in 1990 remained in the list in 1992 and with their
orders reshuffled. On the other hand, issues that ranked 19 and 17 in 1990 now ranked
10 and 9, respectively, in 1992. Some issues did not even exist in 1990.

These findings may have many exceptions and different forms. For example,
Lotka’s law holds when the number of journals under study is large; and when broken
down to subclasses of journals, the distribution varies according to the quality of journals
(Chung, Pak and Cox 1992). In Zipt-type curves, English words have a linear curve,
and Latin words form a curve with the concavity to the origin (Chen and Leimkuhler
1987a). Bradford’s curve, depending on the data used, may take any of the six general
shapes as shown in Figure 1.1; each requires a different formulation (Chen and
Leimkuhler 1987b).

In spite of the problems of stability over time and variations over data, many
theories have been developed assuming these findings to be true. Thus, we need to

identify factors which influence these findings and the conditions under which these
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findings would hold as formulated in order to establish the proper environment in which
these findings are applicable.

1.3  Simon’s Approach to Empirical Modeling
To identify factors influencing empirical phenomena is a typical example of
extreme hypotheses. According to Simon (1968), extreme hypotheses are "assertions
that a particular specific functional relationship holds between the independent and the
dependent variable.” A standard practice for testing extreme hypotheses is the use of
goodness-of-fit tests; however, Simon argued that those testing procedures are
fundamentally unsatisfactory. He states:
An extreme hypothesis cannot be sensibly identified with the null
hypothesis without shifting completely the burden of proof that is
supposed to be assured by a new theory, and what is worse, without
making the tacit assumption that the correctness of a theory is an all-or-
none matter and not simply a matter of goodness of approximation.
Thus, Simon emphasized that science should be the discovery of theories rather than the
testing of them; therefore, he suggested that theories should rise inductively from data
instead of data being collected to fit pre-existing theories.
1.3.1 Empirical Modelling through Successive Refinements
Instead of testing hypotheses, Simon recommended changing the question to that
of estimation. ljiri and Simon (1977) stated:
We are interested in knowing what part of the variance of the data is
explained by the theory, and how the remaining variance can be
accounted for by successive approximations, rather than in testing whether
the variance can be proved to be statistically significant.

Thus, he suggested an approach that consisted of combinations of generalization and

refinements. Before one can find phenomena that fit empirical data, one must have
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appropriate data that look as though a smooth mathematical function could generate
them. "It’s the recipe for rabbit stew all over again: First catch the rabbit” (Simon
1991, pp. 372-374).
Simon’s (1955) five-step modeling process is listed below:
(1) Begin with empirical data, not hypotheses;
(2) Draw a simple generalization that approximately summarizes striking features of
the data;
3) Find limiting conditions under which deviations from a generalization are small;
4 Construct simple mechanisms to explain the simple generalizations; and
) Propose the explanatory theories that go beyond simple generalizations and create
experiments for empirical observations.
Simon’s three models of skew distribution are described below. Since his first and
second models are quite similar, we refer to them as Simon’s Basic Models throughout
this dissertation.
1.3.2 Simon’s Two Basic Models
Based on Simon’s theory of modeling discussed in the previous section, Simon
and Van Wormer (1963) proposed a model, in the form of a generating mechanism,
which aptly approximated these skew distributions. In terms of simulating information
usage patterns, this model would have the following assumptions:
Assumption I: The probability that the (k+ 1)-st information accessed will
be an information that has not previously been accessed is

o(k), and



11

Assumption II: The probability that the (k+ 1)-st information accessed will
be an information that has already been accessed i times
(i=1) is proportional to i-f(i,k), where f(i,k) is the number
of distinct information that have been accessed exactly i
times each in the first k accesses.
The first assumption differentiates two classes of selections: the information
items that have not been selected before ("new” items) and those that have already been
chosen ("used" items). The parameter «, therefore, determines whether an item needs

to be moved from the class of "no usage" to the class of "used once." If the selection
is deemed to be a "used" one, we determine its previous usage through the second
assumption. This second assumption essentially describes the property of "success
breeds success" by assigning proportionally higher probability of usage to more
frequently used information. Thus, a selection that has been used more frequently before
is more likely to be selected again.

Simon and Van Wormer (1963) began by assuming the parameter a(k) to be a
constant, thus independent of the number of selections, k, that have taken place. They
noted that this basic model is only a simple generalization that approximately summarizes
striking features of the data. This model of first approximation was further refined by
modifying «(k) to be a decreasing function of k: i.e., there is a decreasing probability
function a(k), 0 < a(k) < 1, that the (k+1)-st selection is chosen for the first time.

The values of « in either model are determined by the environment in which the

selection process takes place; some environments espouse new selections while others
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discourage them. For example, depending on the library and its patrons, rarely used
materials may remain just that — rarely used. However, some libraries may have
patrons (e.g., scholarly researchers) who actively look for new materials. Their
familiarity with library materials and activities of seeking out new information will be
reflected in a higher « for this library. In payroll processing, each subsequent selection
involves a brand new record, thus we have an extreme case of « = 1.

Simon’s two basic models use a weak assumption which concerns only with a
class of information that is used a particular number of times (Ijiri and Simon 1977).
It is not required to know which information is used how many times. Simon’s next
refinement, the autoregressive model, does allow the tracking of the usage pattern of
individual items.
1.3.3 Simon’s Autoregressive Model

The probability of usage for those already-chosen information is assumed to be
proportional to its previous usage in Simon’s basic models. However, the information
not used has a tendency of being "forgotten." In library science it is called "aging" or
"decay"” (Anderson 1990; Burrell 1980). In other words, the probability of the usage
will decrease with time if the book is not in use. Some highly-used library books, once
out of fashion, can be neglected for years to come. For analyzing firm sizes which have
the same skew distribution as the information usage, ljiri and Simon (1977) refined the
Assumption II of his basic models further to better reflect the reality. This model takes
into consideration the recent usage when assigning probability of selection for an "used”

information. Simon’s autoregressive model is described below.
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In terms of information usage, the identity of each information item is maintained
from one time period to the next. The selection of the next item is governed by a
stochastic process, which depends on how much the item has been used before, and also
upon when it was last selected. For simplicity in his computations, Simon assumed that
only one item is selected at each time period. The probability that an item is chosen
next is assumed proportional to a weighted sum of its usage history, where the weight
of a usage decreases geometrically, at a rate -y, from the time it was last used. Since the
time interval is functionally equivalent to the number of selections, we only indicate the
number of selections in lieu of time interval in this dissertation.

Simon formalized these notions as follows: Let y/(k), equals to 1 or 0, be our
selection of j-th information item during the k-th selection, then the total usage of the j-th
item at the end of the k-th selection is simply zk: y, (7). If we denote T to be the total

1
number of distinct items that have been selected at least once at the end of the k-th

selection, then the expected usage of the j-th item for the (k+1)-st selection is

, 1 «
p[yj(k-l_l) = 1] = “—E yj(T)'Yk
Wk 7=l
where

T k

W, =X ) vy
jut =1
W, is the same for all items.
1.4  Dissertation Contributions and Organization

The contributions of this dissertation is threefold. First, we conduct analytical

examination of the 80/20 rule in order to find the characteristics of the distribution of



14

information usage. Second, we simulate information usage patterns using Simon’s
generating mechanisms to see the effect of different factors on the 80/20 rule and other
empirical phenomena. We find that different forms of empirical phenomena can be
reproduced by different combinations of parameter values. Based on results of our
analytical model for the 80/20 rule, we also estimate the parameter values of empirical
data and then use these values to simulate future usage patterns. Third, we use the
weeding policy in the library resource management as a case study to demonstrate the
applicability of Simon’s usage model in improving the productivity of information
systems.

The organization of this dissertation is as follows. Chapter 2 is the presentation
of the index approach and Simon’s generating mechanism. In this chapter we first define
the notations used in this dissertation, and we explain Chen’s index approach which is
essential in establishing the relationships between the 80/20 rule and Simon’s model. We
also review the indexed formulations of Lotka’s law, Bradford’s law, and Zipf’s laws
— which have already been conducted in the literature. Thereafter, we describe the
simulation models and algorithms used in examining the important parameters of these
empirical phenomena.

The contributions of this dissertation are presented from Chapter 3 on. Chapter
3 is the analytical analysis which, based on the index approach, provides a theoretical
foundation for the 80/20 rule. The resultant formulation requires less assumptions and
parameters. Chapters 4 and 5 are in-depth discussions of applications of Simon’s model

to the simulation of the four empirical phenomena described in this chapter.
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Specifically, Chapter 4 examines Simon’s two basic models and Chapter 5 the
autoregressive model. Here we discuss the simulation results of altering the three
parameters (the probability of new entry, «; the decay factor, y; and the total number
of iteration, N), and how different versions of empirical phenomena can be simulated
through different values of these parameters. The significance of the findings in these
two chapters is two fold: first, we demonstrate that Simon’s model provides a unifying
theoretical foundation for all of these empirical phenomena in question; and second, we
now have a means to estimate the values of parameters through observing the usage
pattern of a particular set of data. Furthermore, Chapters 4 and 5 provide limiting
conditions in which these empirical phenomena hold. Chapter 6 uses actual usage
pattern of a regional university to test our findings, and we demonstrate that Simon’s
model can provide theoretical support to the weeding policy used in library resource

management. Finally, Chapter 7 is the conclusion.



CHAPTER 2
LITERATURE REVIEW ON THE INDEX APPROACH

AND SIMON’S GENERATING MECHANISM

As part of the literature review, in this chapter we first describe the index
approach proposed by Chen and Leimkuhler (1986) and the notations used; then we
discuss Simon’s generating mechanism as the backbone of simulation in studying
empirical phenomena. These two tools are essential in the development of our analytical
model and simulations in this dissertation.

2.1  The Index Approach
2.1.1 Notations and Examples

Let us take Kendall’s (1960) study on 1763 papers published on operational
research (Table 2.1, columns denoted n; and f(n;)) as an example to understand these
empirical phenomena. If we tabulate the number of authors who have published n papers
and arrange this list in the ascending order of n, we would find that n does not run
consecutively at places, especially when n is large. We would also find that there are
m different clusters of authors who publish the same number of papers, and m <
max{n}. To take into account the scatter of the larger values of n, Chen and Leimkuhler
(1986) introduced an index i = 1,2,...,m, for the m successive observations of n and let

n, denote the i-th nonzero value of n where n; < n;,.

16
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Demonstration of Empirical Laws Using Kendall’s Data (1960)

Table 2.1:
i n,;
1 1
2 2
3 3
4 4
5 5
6 6
7 7
8 8
9 9
10 10
11 11
12 12
13 14
14 15
15 16
16 18
17 20
18 21
19 22
20 34
21 49
22 58
23 95
24 102
25 114
26 242
m=26
80/20:
Lotka:
Bradford:
Zipf:

f(n;) n;f(n;) r; G(r;)

203 203 1 242
54 108 2 356
29 87 3 458
17 68 4 553
10 50 5 611
6 36 6 660
8 56 7 694
8 64 9 738
4 36 11 780
3 30 13 820
5 55 14 838
2 24 18 902
1 14 20 932
2 30 21 946
4 64 23 970
1 18 28 1025
2 40 31 1055
2 42 35 1091
2 44 43 1155
1 34 51 1211
1 49 57 1247
1 58 67 1297
1 95 84 1365
1 102 113 1452
1 114 167 1560
1 242 370 1763

T=370 N=1763 pu=4.7649

g.

1

vs. X;; % cumulative

holdings; x; is r;/T and 6; is G(r;)/N.

X 0;
0.003 0.137
0.005 0.202
0.008 0.260
0.011 0.314
0.014 0.347
0.016 0.374
0.019 0.394
0.024 0.419
0.030 0.442
0.035 0.465
0.038 0.475
0.049 0.512
0.054 0.529
0.057 0.537
0.062 0.550
0.076 0.581
0.084 0.598
0.095 0.619
0.116 0.655
0.138 0.687
0.154 (0.707
0.181 0.736
0.227 0.774
0.305 0.824
0.451 0.885
1.000 1.000

transactions

vs.

NNNRFEFRPRPEPRPPEPERERPREPPOOOO0OO0OOO

.708
.756
.826
.924
.053
.223
.568

oo

.845
.778
.699
.602
.477
.301
.000

OO0 OOORMHEPRREMRPBPREREREREEBNNDN
[
S
o

cumulative

f(n,}) vs. n,; number of publication vs. number of authors.

G(r;) vs. log(r;); cumulative papers at rank vs. log of rank.

log(g(r;)) vs. log(r;); log of word frequency vs.
rank; gl(r;) is essentially ngi,,.

log of the
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In terms of information usage, we define:

m = the maximum number of clusters of items with the same usage;
n, = the number of times an information item is used, 1 = 1,2,...m;
f(n,)) = the number of items that have been used n; times;

F(n,) = the number of items that have been used no less than n; times;

m
r, = Yy f(n)= the rank of item i; ranked according to its usage;

i
k=m-i+1

g(r) = n,;,, = the number of times an item with rank r; was used;

G(r)= E n, f(n, = the total number of usages for items ranking no greater

k=m-i+1
than r;;

m

T= ¥y f(n) = the total number of different items;
i=1

m
N = ¥ n f(n)= the total number of usages; and
i=1
x; = r;/T = the fraction of total items which have been used at least n, times;

0, = G(r;)/N = the fraction of total usage for the first i items;

p = N/T = the average usage per item.

Table 2.1 uses Kendall’s (1960) data to demonstrate how parameters used in these
empirical phenomena are transformed from the raw data. This table is the basis of the
following graphs: the 80/20 rule (Figure 2.1a), Lotka’s law (Figure 2.1b), Bradford’s
law (Figure 2.1c), and Zipf’s law (Figure 2.1d).

The column x; is the percent of total holding at this rank. For example, ranks
1 through 67 (meaning that there are 67 authors who published at least 5 papers) is

18.1% of the total 370 authors examined. The column 6, shows the cumulative activities

as a percent of the total usage. For example, by rank 67 there have been 1297 papers
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published (67 authors published 1297 papers), and that is 73.6% of the total 1763 papers
studied. In this particular case, the concentration measurement is 74/18 (74 % of papers
are published by 18% of authors), or we may examine Figure 2.1a and describe the
curve to be 78/22, which is rather close to 80/20.

Lotka’s curve is drawn using f(n;) vs. n; (the number of authors vs. the number
of paper each of them publishes). Suppose we use a modified form of this curve which
uses log(f(n,)) and log(n;) instead; since f(n) = an,?, we expect the shape of the curve
to be linear with a slope of -2. For Bradford type of curves, we have G(r;) vs. log(r;);
therefore, for a linear growth of G(r,) (total number of usage) and a geometric growth
of r, (the number of items required), the curve is expected to be linear with a positive
slope. Zipf’s curves are plotted using log(g(r;)) (log of the number of usage for the item)
vs. log(r)) (the log of the item’s rank). Since g(r;}) = br;!, we expect to have the curve
to be linear with a slope of -1.

Notice that the skew distribution has two extremes — only a few items that are
used many times, and many items that are used only a few times — and those in
between. Each of these empirical phenomena has concerns with different parts of the
same set of usage data. In the 80/20 rule, we are more interested in those few items that
are frequently used, while Lotka’s law places emphasis on the large number of authors
who publish only a few papers. Bradford’s law shows the connection between these two
extremes in terms of clustering the number of papers. Zipf’s first law is mainly
concerned with the relationship between high-usage items and their ranks, and Zipf’s

second law shows the ratio relationship between those many items that are used only a
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few times. However, all these observations are based on different transformation of the
same set of usage data.
2.1.2 Three Significant Clusters

The index approach (Chen and Leimkuhler 1986) identifies three significant
clusters of n: (a) where i is small and n, = i; (b) where i is large and f(n;) = 1; and (c)
those in between. Let i, be the largest i where n; = i, and let i, be the smallest i1 where

f(n) =1, i =uu+1,....m, and f(n,,) # 1 to define the following properties:

cluster 1: n=i1<1i<i,
cluster 2: n=iandf(n) = 1, i, +1 <i<1i,-1, 2.1)
cluster 3: fn) =1,i, <1 < m.

For example, n, = i for 1 < i < 10 (cluster 1); n; = iand f(n) = 1 fori = 11 (cluster

2); and f(n) = 1 for 12 < i < 14 (cluster 3) in Table 2.1(a). In Table 2.1(b) clusters
1,2,and3are 1 <i<12;13 <i < 19;and 20 < i < 26, respectively. Notice that
for small i, n;, = i; and for i = m, f(n) = 1. Correspondingly cluster 1 contains the
items of low usage while cluster 3 items have the highest usage frequency. These three
clusters are essential in the analytical examination of the empirical phenomena.
2.2  Applying Index Approach to Empirical Laws

This section summarizes findings of Chen and Leimkuhler (Chen and Leimkuhler

1986, 1987a, 1987b; Chen 1989) on Lotka’s law, Bradford’s law, and Zipf’s laws.
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2.2.1 Mathematical Equivalence of Empirical Laws
Chen and Leimkuhler (1986) used the index approach and showed that the three
empirical laws are mathematically equivalent. That is, for i = 1,2,..,m, Equations 2.2,

2.3, and 2.4 have the following relationship:

F(n) = dn{ - b (2.2)

it G = a ¥ I, - r,)] 2.3)
and -

iff  g(r) = a(r; + by, 2.4)

where a, b, ¢, d, e are constants and a,d > 0; c,e < 0;ce = 1,da* = 1,and b > -1.
These three equations, without the index notations, are general formulations of Lotka’s
law (Chen 1989), Bradford’s law (Chen and Leimkuhler 1987b), and Zipf’s law (Chen
and Leimkuhler 1987a), respectively. Equations 2.2 and 2.4 will be used later to help
derive the indexed version of the 80/20 rule in Chapter 3.

This result not only shows that these three laws are basically different ways of
looking at the same phenomenon but also enlarges the number of tests that might be
applied to a particular set of data (Chen and Leimkuhler 1986). Furthermore, since
Lotka’s law deals with the most original form of data (n, and f(n;)), the effort of
modeling the following three empirical phenomena can be reduced to modeling Lotka’s
law. This will be addressed in Section 2.2.4.

2.2.2 Bradford’s Law
Through the index approach, Chen and Leimkuhler (1987b) studied the three

clusters as depicted in Equation 2.1. They concluded that the six different classes of
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Bradford as illustrated in Figure 1.1 can be explained by the three corollaries in their
study. Assuming the index version of Lotka’s law holds, they found that cluster 2 is
approximately linear. The concavity, linearity, or convexity of cluster 1 and 2 are

determined by h; and e, respectively, where

i+1

i

i . 2
n . i+2

m-i-1 log T

and e is defined as in the previous section.

log

2.2.3 Zipf’s Two Laws

Although Zipf’s curves all show a linear decreasing pattern to the right of the
graph, a segment of the curve can be either convex or concave to the origin. Through
analyzing the slopes of Zipfian curves using Equation 2.4 (indexed version of Zipf’s
law), Chen and Leimkuhler (1987a) show that the Zipf-type curve can be concavely
decreasing, linearly decreasing, or convexly decreasing, depending on the value of b.
As in Bradford’s law, cluster 2 is nearly linear. Cluster 3 is also linear and has a lope
equal to c. The indexed version of Zipf’s law takes explicit account of the sequence of
observed values of the variables and makes it possible to account for the variations
normally encountered with Zipf-type data (Chen and Leimkuhler 1987a).

Using definition of r; and g(r;), Chen and Leimkuhler (1990) derived F(n) = d -
b, and f(n) = d(i° - (i+1)%), i « m; which implies the Zipf’s second law when ¢ = -1,

b=0,and i = 1,2,3,4,5.
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2.2.4 Lotka’s Law

Since Bradford’s law, Zipf’s law, and Lotka’s law are mathematically equivalent,
the study comes down to the stochastic modeling of Lotka’s law because of its simplicity.
Chen (1989) adapts Simon’s five-step modeling process to study Lotka’s law. Using the
index approach, Chen finds that in cluster 1, where n, = i,

f(i) = d(° - (i +1)9;
and in cluster 3 where f(n) = 1,
n,=a(m-1+ 1+ b).

Chen (1989) shows that the empirical phenomena are marginal properties of the
time series he has studied, and the two influential variables are the entrance of new
journals and the productivity of old journals. Since Simon and Van Wormer’s (1963)
generating mechanism (Simon’s model) incorporates the concept of new and old entities,
Chen (1989) further shows that Equation 2.2 can be derived from the expected value
derived from the two assumptions in Simon’s basic models. Thus, Simon’s generating
mechanism provides a theoretical foundation for these empirical phenomena.

2.3  Simon’s Generating Mechanism
2.3.1 The Algorithm for Simon’s Two Basic Models

The two versions of Simon’s model can be easily programmed on a computer to
simulate empirical data (n,,f(n)), i=1,2,...,m. The simulation algorithm consists of two
steps (Simon and Van Wormer 1963):

Step 1: For each selection k (1 < k < N), we generate a random number

a from the uniform distribution with range 0 to 1. It a < «(k),



Step 2:

f(1,k) = f(1,k-1) + 1 — i.e., this is a "new" item and we add it
to the "used once" category; otherwise we go to step 2 to find out
its usage history.

A random number b is drawn from the uniform distribution with
range 1| < b < k. Begin with j = 1, the cumulant of j-f(j,k-1)
is computed to find an n such that z‘: jf(j,k-1) = b. Then

o

f(n,k) = f(n,k-1) - 1, and f(n+1,k) = f(n+1,k-1) + 1. This is
equivalent to saying that the k-th item selected was used n times

before, and now it is used n+1 times.

2.3.2 The Algorithm for Simon’s Autoregressive Model

28

In the autoregressive model, the selection of the k-th item is made in two stages:

Stage I:

Stage II:

This stage is similar to the Step 1 stated in the previous section.
This stage is a refinement of the Step II in the basic models. The
weight of previous usages are changed by a factor y at each
selection. Since the weight of the usage during period (k-1) is 1,
this weight will become 4" by period (x-7). The sum of these
weights, i.e., W(k-1) = Lwik-1), are kept for all items. We
draw a random number b from a uniform distribution between 0
and W(k-1), and assign the k-th selection to the j-th item, where

J is the smallest integer which satisfies i w (k-1) = b.
i=1
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2.3.3 Initial Conditions of the Simulation Models

The simulation data for Simon’s basic models were obtained from a computer
program written in Turbo Pascal running on a 386 personal computer. To start the
simulation program, the initial conditions f(n,0), n = 1,...,N, were provided. Since
moderate changes in the initial conditions do not appear to affect the equilibrium
distributions (Simon and Van Wormer 1963), we set the initial conditions with f(1,0) =
3, and f(n,0) = 0 for n = 2,...,N; i.e., there already exist three items with one previous
usage each.

In addition to these initial conditions, the simulations were carried out with N
ranging from 1,000 to 30,000. On the other dimension, « also was varied. For constant
a, it ranged from 0.1 to 0.9 with 0.1 increment plus the two extreme conditions of o =
0.01 and o = 0.99. For the decreasing function, we used « = A/In(R), R = 1,2,...N,
where A ranged from 1.00 to 2.00 with 0.25 increment. A sample program is listed in
Appendix A. Once the usage pattern is generated, the data (i.e., n; and f(n;)) are entered
into a Lotus program setup similar to that of Table 2.1, from which we generate graphs
for the empirical phenomena.

For the autoregressive models, since stage Il of the process requires that some
"used" items exist, we set the initial conditions the same as those in basic models. The
final distribution is not entirely independent of the initial conditions but tends to become
independent as N grows large. Because of the amount of memory space required for
tracking activities of individual items in the autoregressive model, the simulations were

run on an IBM 9370 mainframe computer, using IBM VS Pascal Release 2. The
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program is listed in Appendix B. Since this model generates individual usage
frequencies, they are sorted and tabulated to generate a summary of (n;,f(n)) pairs. This
summary data are then processed the same way as those in basic models. For reasons
to be discussed in Chapter 5, most of the results of autoregressive model were obtained

using & = 0.20 and N = 20,000.



CHAPTER 3

THE ANALYTICAL STUDY OF THE 80/20 RULE

We apply the index approach to analytically examine the 80/20 rule in this
chapter.
3.1  On the 80/20 Rule

Burrell (1985) studied the 80/20 rule and found that the minimum holdings
needed for 80% of the circulation varies inversely with the average circulation rate and
is usually greater than 20%. Using notations as defined in Section 2.1.1 (replacing
"holdings" for "information items" and "circulation" for "usage"), by assuming f(n)

follows a negative binomial distribution Burrell (1985) derived the relationship:

XlOgX (3 1)

O(x,u) = x + — O
Cor) = X ol D]

Subsequently, Egghe (1986) showed that the minimum holdings is close to 20% when

the frequency follows Lotka’s law, i.e., f(n) = a/n*, and derived the relationship:

ox.p) = 1 - (%)[Enog(%n (3.2)
where E = 0.57722... is Euler’s number. Both formulations exhibit the inverse
property: given # = 0.80, x increases if and only if p decreases.

Both Burrell and Egghe’s approaches assume that the values of n run
consecutively from 1 to N. However, as we have pointed out in Section 2.1.1, in real

data the circulation values observed for the more frequently used items tend to jump

31
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erratically until reaching the largest circulation value. The following analysis uses the
index approach as described in Section 2.1 and does not require the above-mentioned
assumptions.

3.1.1 General Formulas

Theorem 1: Fori = 1,2,...m,

6, = x.2. (3.3)
®
Proof: Let x; be the fraction of holdings, 8, be the fraction of circulation, and yu; be

average circulation per holding for the top i holdings, so that

X =+ Y fn), (3.4)
k=m-i+!
0, - < X nfm) (3.5)
and
T onf) g
po= i 5B (3.6)
m x
k-Z: 1f(nk) l
By rearranging Equation 3.6 we obtain Equation 3.3. []

From this relationship between p and p;, we can immediately conclude that for
the 80/20 rule to be true there must existani, 1 < i < m, such that (x;,0,) = (0.2,0.8)
and y; = 4p; i.e., the average circulation per holding for the top class of holdings is four
times the average circulation for all holdings.

In the following theorem, we use interpolation to derive the exact formulation of

the 80/20 curve.
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Theorem 2: Fori = 1,2,....m,

. n .
0 - x B e ox )i 3.7)
7 p
where x is given and j is the smallest i, such that x; = x.

Proof: Let j be the smallest i, such that x; = x and s; is the slope of the line segment

between (x;,,6,,) and (x;,8), i = 1,2,...,m and (x,,6,) = (0,0). Given x,

0 =0

j-1

+(x-Xx)s;, (3.8)

and from Equations 3.4 and 3.5

U S . T 3.9
X~ X, N U
Equations 3.8 and 3.9 derive Equation 3.7. [1

Equation 3.6 is a special case of Equation 3.7 when x = x;,. Equation 3.7 can

be rewritten as follows:

X = ,U.e - xj-] (”j—l - nnrjx*l) (3 10)

)

m-j+1

where 0 is given and j is the smallest i such that 6, = 6. Equation 3.10 shows that the
80/20 rule is determined by four types of parameters: u, j, p.,, and n,;,,, for all j,
which depend on the value of parameter m, the distribution of f(n;), and the scattering
pattern of n;, for i = 1,2,...m.

A simpler alternative for analyzing the 80/20 rule is to examine the scattering
pattern of slope-distance pairs of the data. Let s; and d; be the slope and distance of the
line segment between (x.,,0.,) and (x;,0), i = 1,2,...,m, respectively, and (x,, 6,) =
(0,0), then we have

Theorem 3: Fori = 12,....m,
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s = Main (3.11)
‘ p
and
L Y (3.12)
i _N— M’ +nmfirl) nm—iH) N
Proof: From Equations 3.4 and 3.5, we obtain
S = 0i_0i~l - -’—F—n - m-i+l
i xl_xi'] N m-i+} ,LL ’
and
d - \/(xi“xi-l)z +(0,-6.))

f2(nm—i’rl) + nzl—iﬂfz(nm—iol)

T? N?
1
N‘/(”’z + nrzn—irl fz(nm—irl)

[1
Since (s;,d;) uniquely determines (x;,6,) and vice versa, for i = 1,2,...,m, and for
each i, (s;,d;) has much simpler formulation than (x;,0;), we will focus on the set of (s;,d),
i =1,2,...,m, in the rest of this section. Theorem 3 and the three properties shown in
Equation 2.1 enable us to derive immediately the following corollary:
Corollary 1:

@ Forl < i < m-i,+1,

m-i+!
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(b) For m-i,+2 < i < m-i,,

m-i+]

s, =
I
and
1
d = —u?+n®. . (3.14)
1 N M + m-it+l

(©) For m-i,+1 < i € m,

m-i+1
Si =
IJ'.
and
d - %\/(Mu(m—my) Pmoirl) . [1 (3.15)

Let us define the three categories of s,and d; — where 1 < i < m-i,+1, m-1,+2
< i < m-i, and m-i,+1 < i € m — to be region I, region II, and region III,
respectively. Equation 3.13 indicates that the shape of the curve in region I depends on
the value of u, N, and the scattering pattern of n;, i, < j < m. Since n; is an increasing
function for i, < j < m, we see that s, and d; to be decreasing for 1 < 1 < m-i,+1.
Equation 3.14 indicates that the shape of the curve in region Il depends on m, u, and N,
which are all constants. As such, s; and d; are decreasing for m-i,+2 < 1 < m-i,.
Finally, Equation 3.15 indicates that the values m, u, N, and f(j), 1 < j < i, determine
the shape of the curve, where s; is a decreasing function with respect to i, for m-i,+1

< i < m. Since f(j) is a strictly decreasing function for 1 < j < 1i,, we see that d,

shows an increasing pattern for m-i,+1 < i < m.
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3.1.2 Three Significant Regions

Region I: the Significant Few

Equation (3.13) implies that

rlm 1 2
(Spdl) = ( 'u ’N I'(' +nz, )’
nm-- 1 2
Cod) = (S0 )
and (3.16)

ni 1 2 2
(Sm»i_o]’dm—i‘»]) = (;”—N M~+ni~) *

Since n; is an increasing function for i, < j < m, we see that s, and d; are decreasing
for 1 < i < m-i,+1. Furthermore, the shape of the curve in region I depends on the
value of u, N, and the scattering pattern of n;, i, < j < m. An immediate implication
of the slope-distance pairs above is that the 80/20 rule does not hold if s, < 4. On the
other hand, the 80/20 rule holds if s, = 4 and d, = /0.68 .

Recalling Equation 2.1, the region where i, < i < m and f(n,) = 1 contains the

elements of the "significant few." One of the most cited laws of the significant few is
based on Zipf’s rank-frequency approach. By applying Zipf’s rank-frequency approach
and Equation 2.4, we can simplify the slope-distance pairs in region I as follows:

Corollary 2: If the indexed formulation of Zipf’s law holds, then the slope-distance

pairs of the curve in region I are:
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(s,d) = (200 %\/,ﬁ T aGibE ), 3.17)
Y

i=12,..m-i+1.
Proof: Since n, > n,, > ... > _ the ranks correspond to n,, m,., ..., n are
i,? )

i

1,2,..., m-i,+1, respectively. If the indexed formulation of Zipf’s law holds, then

Rank Frequency based on Zipf’s Law
1 n, = a(l+b)

2 .. = a(2+b)"
m-i,+1 n = a((m-i,+1)+b)*

m-i,+1

By substituting the equated formula of n,, n,,,..., and n.. into Equation 3.16, we
derive Equation 3.17. [
Equation 3.17 implies that when Zipf’s law holds, the shape of the 80/20 curve
in region I is influenced by five parameters, x, N, a, b, and c.
Region II: the Middle Class
Equation 3. 14 indicates that the shape of the curve in region II depends on m, u,
and N which are all constant. Thus, s;, and d, are decreasing for m-i,+2 < i < m-i,.
Region III: the Trivial Many

Equation 3.15 implies that

(S”“.‘:'I’dm*iﬂl) = (71;-’_]1]- M2+112)f2(i|) )7
(Sm i+2° mn") ll_l ""\/M +(l 1) f0(1"1) ) (318)

(s,.d,) = (— ——\/(u +DE) ).
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Thus, Equation 3.15 indicates that the values m, p, N, and f(j), 1 < j < i, determine
the shape of the curve. s, is a decreasing function with respect to i, for m-i,+1 < i <
m. Since f(j) is a strictly decreasing function for 1 < j < i,, we see that d; shows an
increasing pattern for m-i,+1 < 1 < m.

Recalling Equation 2.1, f(n,) denote frequencies of the "trivial many" in the
region where 1 < i < i, and n, = i. One of the most cited laws of the trivial many is
Lotka’s law. By applying the indexed version of Lotka’s law (Equation 2.2), we can
simplify the slope-distance pairs in region III to be:

Corollary 3: If the index formulation of Lotka’s law holds, then the slope-distance pairs

of the curve in region III are

(s,d) = (m‘ui*l,%I.\/d(,ﬁ+(m—i+1)2)((m-i+1)e~(m-i+2)e) ). (3.19)
where i = m-i,+1,...,m.
Proof: If the indexed formulation of Lotka’s law holds, then fin) = d(n’ -n'), for
i=1.2,...,. Since Equation 2.1 indicates n, =1, 1 < i < i, fori = 1,2,...,i, we
have f(i) = d(i° - (i+1)°). By substituting the last equation into Equation 3.15 we derive
equation 3.19 immediately. [
Equation 3.19 implies that when Lotka’s law holds, the shape of the 80/20 curve
in region Il is influenced by four parameters u, N, d, and e. Furthermore, from
Equation 3.18, s, = 1/u. We will used s, to estimate « in Sections 3.2 and 4.5.1.
3.1.3 On Burrell’s Finding
With the insights gained from using index approach, we now revisit findings of

Burrell (1985) and Egghe (1986) discussed in Section 3.1. To study Burrell’s finding
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of the inverse relationship between minimum holdings and the average circulation rate
(Equation 3.1), we define two curves C' and C” to be those formed by {(x,',8,'): i =
1,2,...m'} and {(x,”,6,"): i = 1,2,...m"}, respectively. As an example, in Figure 3.1
C' refer to Kendall’s data (Table 3.1a) curve and C” refer to Bradford’s data (Table
3.1b) curve. Burrell (1985) found that x' < x” if u' > pu" and §' = 6" = 0.8. For
example, in Table 3.1 and Figure 3.1, when §' = 0" = 0.8, u'=4.765 > u"=2.409
and x'=0.25 < x"=0.52.

We may study this effect by setting ' = 6" = 0.8 in Equation 3.10 and compute
x' - x”; however, the equation for x' - x” involves eight types of parameters. The
following theorem about the slopes for the two curves C' and C” provides a simpler way
to explain Burrell’s finding.
Theorem 4: Suppose we denote the upper portion of the curve C' and C” to be C',..

and C" respectively. If (x',0.8) and (x",0.8) fall in C',,., and C",.,, respectively,

upper»

and pu'>p” then x' <x" where

Cl/JPPfJ = {(Xm i,?" m'- 1 (Xr/n’efn)} (320)
C” = { m 1’61/1/1 -1, m ’9:1/1 )}

upper

and j = min{m’-i,+1, m"-i/+1}.
Proof: Note that Equation 3.9 shows that the slopes for the two curves C' and C" are:

/ / / /
n’, n, n \

S, = LS = s, T =, S, T
w p p (3.21)
"o nm " 2 [ !
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Table 3.1: Indexed Data on Two Collections for 80/20 Formulations
(a) Kendall’'s Data (1960)
A B C D E F
i n, £ (n,) n,f(n;) X; 0,
1 1 203 203 0.003 0.137
2 2 54 108 0.005 0.202
3 3 29 87 0.008 0.260
4 4 17 68 0.011 0.314
5 5 10 50 0.014 0.347
6 6 6 36 0.016 0.374
7 7 8 56 0.019 0.394
8 8 8 64 0.024 0.419
9 9 4 36 0.030 0.442
10 10 3 . 30 0.035 0.465
11 11 5 55 0.038 0.475
12 12 2 24 0.049 0.512
13 14 1 14 0.054 0.529
14 15 2 30 0.057 0.537
15 16 4 64 0.062 0.550
16 18 1 18 0.076 0.581
17 20 2 40 0.084 0.598
18 21 2 42 0.095 0.619
19 22 2 44 0.116 0.655
20 34 1 34 0.138 0.687
21 49 1 49 0.154 0.707
22 58 1 58 0.181 0.736
23 95 1 95 0.227 0.774
24 102 1 102 0.305 0.824
25 114 1 114 0.451 0.885
26 242 1 242 1.000 1.000
m=26 T=370 N=1763 u=4.765
Column A = index i, i=1,2,...m.
Column B = number of papers n,.
Column C = number of journals f£(n,).
Column D = Column B * Column C.
Column E = Equation 3.4 in the text.
Column F = Equation 3.5 in the text.
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Table 3.1 Continued

(b) Bradford’s Data (1934)

A B c D E F
i n; f(n,) n,f (n;) b 6,
1 1 102 102 0.006 0.056
2 2 25 50 0.012 0.101
3 3 13 39 0.018 0.139
4 4 2 8 0.030 0.205
5 5 7 35 0.043 0.256
6 6 1 6 0.049 0.278
7 7 3 21 0.067 0.339
8 8 3 24 0.085 0.392
9 9 1 9 0.091 0.408
10 10 2 20 0.134 0.496
11 13 2 26 0.146 0.516
12 15 1 15 0.226 0.615
13 18 1 18 0.378 0.742
14 22 1 22 1.000 1.000
m=14 T=164 N=395 u=2.409
Column A = index i, i=1,2,...,m.
Column B = number of papers n,.
Column C = number of journals f(n,).
Column D = Column B * Column C.
Column E = Equation 3.4 in the text.
Column F = Eguation 3.5 in the text.
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which, with reference to Equation 2.1 (the three regions), can be simplified to be:

</
/ 1 / 2 / ll’
S, = -, 8§ = — ey S, =T -
m / m'-1 / m'-i+1 /
" " (3.22)
0y
" 1 " _ 2 " - Iy
S = w”’ Swey = e S T
Equation 3.22 shows that if u' > u” then y / " where
B>
Sm' < Sln"""’ Sm’»iu < m”j ?

i, = min{m’-i/+1, m"-iJ+1}. Since the two curves C' and C” end at the same point
(1,1), Equation 3.22 also implies that if 4’ >pu”, then the upper portion of the curve C’
is over the upper portion of the curve C"”. Thus, if (x’,0.8) and (x",0.8) fall in C’,.
and C",,.., respectively, and if p'>p" then x' <x". 1

As an example, Kendall and Bradford’s data (Tabies 3.1a and 3.1b; Figure 3.1),
givem’' =26,i', =12, m" = 14, i",. = 10, and i, = min{15,5} = 5. The two points
(x',0.8) and (x”,0.8) fall in C',., = {(x'2,02),....(x's,0,)} and C",,. =
{(x"5,0"y),...,(x",,0" )}, respectively. Hence, we may find from Figure 3.1 that
x'=0.25 < x"=0.52. Note that if one of the two points (x’,0.8) and (x"”,0.8) does not
lie in the upper portion of the curve C',,,.. or C",,.., then Burrell’s finding might not be
true. This explains the exception of Public Library B noted in Burrell’s paper (1985).
3.1.4 On Egghe’s Finding

In Egghe’s study (1986) of the relationship between x and 0 (Equation 3.2),
Lotka’s law was assumed. Here we use the indexed version of Lotka’s law (Equation
2.2) to simplify Equation 3.10 where the important factors affecting the 80/20 rule are
index size m, distribution f(n;), and the scattering pattern of n,, for i = 1,2,...,m. Using
Equation 2.2, we can derive the following theorem:

Theorem 5: Assuming the indexed version of Lotka’s law holds, then



44

1 m-j+l M
~ n°, __ f(n) - (1-6 (3.23)
X nm—p.‘! + (d _ b)n kzl nk (n'k) ( ) n L)

where 6 is given and j is the smallest i such that 6, > 0.

m-j+1 m-j+!

Proof: Since F(n) =dnf-bandn, =1, wehave T = F(n)) =d - b,

m m-j kz-l nk f(nk)
Y n, f(n) N - Y n f(n) bo- —d-5
ll«- - k=m-j+1 - k=1 _ ,
3 m
E f(n'k) I::(nm—jﬂ) Xj
kwm-j+l
and, by definition,
F(nm—jol) dnx:‘ju -b n,:_j” -b/d e
X = = = = L.
’ F(n]) d “b 1 _b/d m-j+1

Therefore, from Equation 3.10,

m-j+l

kz n, f(n)
M_ =]
x = (1 - d-b  jx, + _F g
xj—l m-j+1 m-j+1
Thus,
"% n, f(n)
n_f(n,
X =n _+ K _(q-p_Ht [1

™2 (d-b)n

m-j+l m-j+1

Let C be the curve formed by the m points {(x,0), i = 1,2,...m}. Then
Equation 3.23 can be simplified to describe the upper portion of the curve by means of
the following corollary.

Corollary 4;: Forj=m-t, 0 <t < i-3, where t = m - j and j is the smallest i such

that x;, = x:
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1427+ ...+ (t+2)° - (1 -O)u (3.24)
t+1

Proef: Forj=m-t, 0 <t < i-3, and using Equations 2.1, 3.4, and 3.24,

~ nt k=1 - (1-6 ©“
X nuz + (d_b)n ( )

tel t+]

t+l

Y k f(k) )
- (t+2)° + BED (1-0) L

d lZ,l kin/-n;)) "
= (t+2)° + m - (1—0)t+1

¥ k= ¥ kik +1)°
k=1

o, & []
= (2 t+1

- (-0t
(1-6) t+1
To apply Equation 3.24 to the 80/20 rule, the point (x,0.8) must fall in the upper

portion of the curve C; i.e., the point (x,0.8) is on the line segments formed by

C = {(xi_~3’0i_73) ? (Xi_f?.’oi_»l) LA (Xm’am)} ’

upper

If this is the case, then we can plug (x,0) = (0.2,0.8) into Equation 3.24 and obtain
po= S[L+2%% .+ (t+2)] - (t+1). (3.25)
We can then conclude that the 80/20 rule holds if the parameters u, e, and t satisfy
Equation 3.25. Comparing Equations 3.10 with 3.25, we find that the indexed version
of Lotka’s law enables us to reduce the number of parameters influencing the 80/20 rule.

3.2  Relationship Between s, and « in the 80/20 Rule
Equation 3.18 indicates that s,, the slope between points (x,.,0,,) and
(100%,100%), to be the inverse of the average rate of transaction, or 1/u. Consider that

1/u = T/N, or the average number of distinct items per usage; since every "distinct"
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item is once a "new entry" over the span of total transaction, we reason that s, is
basically the same as the probability of new entry, o.

There is a plausible reason that s, can be used to estimate ««. The last data point
which leads to (100%,100%) is f(1), or the number of items which are used only once.
Unlike the other items whose usages depend upon their previous usages, the make up of
f(1) is strictly from Assumption I, or dependent on «. Thus, s, approximates . We
will verify this heuristic through simulation in Section 4.5.1.

3.3 The Need of Computational Experiment

The index approach provides much insight to these empirical phenomena, and
Chen (1989) has shown that Simon’s generating mechanism can be used to model these
empirical phenomena; however, there are limitations in what analytical studies can do.
As demonstrated in this chapter, the number of parameters involved render the analytical
methods impossible. On the other hand, stochastic models admitting serial correlation
have proved to be too complex to be solved explicitly in closed form for the equilibrium
distribution (ljiri and Simon 1977, p. 159). As Neuts (1986b) suggested,
experimentation should be used to study the validity of an hypothesis when it cannot be
settled by other means. Furthermore, because the conventional analytical methods can
only derive the "average behavior" of the distributions, Leimkuhler (1988) suggested that
computational experimentation be used for modeling empirical phenomena, especially in
studying the distributions under "extreme conditions" (Leimkuhler 1988, Neuts 1986a).
Computational experimentation also allows researchers to examine details as the

assumptions are relaxed (Neuts 1986b, Simon and Van Wormer 1963). Simon’s three
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models and their corresponding generating mechanisms will be used in Chapters 4 and

5 to show the pattern changes in these empirical phenomena as we vary the parameters.

3.4 Summary of Findings
In this chapter we take explicit account of the sequence of observed values of the

variables by means of an index. As the index approach reveals, the 80/20 curve

basically is influenced by the distribution of f(n;), i = 1,2,...,m. Without making any
assumption on the distribution, we are able to identify several inherent properties of the

80/20 curve as shown in Theorem 1 and Corollary 1. Continuing the analysis of the

Pareto principle using the 80/20 rule, we investigate the unknown distributions f(i), 1 <

i <i,andn, i, < i < m by posing some conditions.

Lotka’s law was introduced in Corollary 3 to describe f(i), 1 < i < i,; and

Zipf’s law was introduced in Corollary 2 to describe n;, i, < 1 < m. The two laws and

the index approach enable us to identify the parameters influencing the three regions of

the 80/20 curve. In addition:

(1) Equation 3.9, showing the slope of the 80/20-type curve, allows us to derive a
sufficient condition for Burrell’s inverse relationship between minimum holdings
and the average circulation rate; and

) Equation 3.10 and the indexed version of Lotka’s law enable us to derive a
sufficient condition related to Egghe’s finding on the 80/20 rule.

3) Equation 3.18 provides a heuristic to estimate the probability of new entry, «,

in Simon’s model.



CHAPTER 4

COMPUTATIONAL RESULTS OF SIMON’S TWO BASIC MODELS

In this chapter we discuss the simulation results and show the behaviors of the
80/20 curve and other three empirical phenomena when parameters are changed in
Simon’s two basic models. Specifically, we try to answer the following three questions:
(1) what are the effects of changing parameters? (2) what is the effect of time
(expressed as the total number of usages)? and (3) under what condition would the
80/20 rule and other empirical phenomena hold? We find the rate of new entry « to
have the greatest influence to the curves of these phenomena. Basically, small o
generates high usage concentration. The total number of iterations (the total usages) N
plays a role only when « is a decreasing probability function. Important values of « are
noted, especially those under which the empirical laws hold. We also verify the
heuristics suggested in Section 3.2, and we use Kendall’s (1960) data to demonstrate its
application.
4.1  The 86/20 Rule
Constant o

Although we can use measures such as 80/20 or 90/10 to describe the shapes of
the curves which reflect the usage patterns, this unique point where the two fractions add
up to 100% is not always accurately obtainable from the data. For example, even

though we may approximate the measure to be 78/22 in Kendall’s Data, these numbers

48
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are found through visual inspection of the graph and do not always have a corresponding
data point.

Since usage patterns with higher concentration tend to have larger area above the
midline, we devise a parameter Area to measure the level of usage concentration. The
parameter Area is defined as the area between the curve formed by {(x;,0), i=1 ,2,...,m}

and the 6, = x, line, i.e.,

Area =

2 2 2 2 @1
=%[(01x2—92xl)+(02x3—03x2)+...+(0 X 0% ) - 1]

01 X, (01 + 92) (X° - XI) (02 + 61) (xshxv) (em—l + Om) (Xm - Xm—l) 1
5 + 2 + 3 4+ -

m-1""m m m-1{

Thus, an Area of 0 means that x; = 6, everywhere; each item is used only once, and
there is no concentration whatsoever.

Table 4.1 is a summary of the simulation results of seven different parameters
a, N, m, n,, f(1), 4, and Area. It shows that the N does not seem to affect the outcome
of the simulation results. The simulation was carried out with N ranging from 1,000 to
30,000 usages, and the resulting values of Area and p were strikingly similar at all usage
levels. For example, when & = 0.20, Area varies within a narrow range of 0.3561 and
0.3593, and u fluctuates between 4.9538 to 5.4645. We can conclude that when other
things held equal, the total number of usage N does not change the usage pattern.

On the other hand, when N is held constant, say at 20,000, results show that
Area and « are inversely related. Visually, smaller o produces graphs that curve to the
northwest direction (Figure 4. 1), and numerically, Figure 4.2 illustrates this relationship,
using N = 20,000. Since the graph is near linear, a simple regression analysis is

employed to obtain the relationship Area = 0.4612 - 0.4725« with R* = 0.9917.
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Table 4.1:  80/20 Rule Simulation Results: Constant Entry Rates

o N (000) m n, £(1) H Area
0.01 1 6 534 4 111.1100 0.3840
5 13 2624 25 113.6300 0.4711
10 16 5235 54 95.23890 0.4827
15 19 7917 70 100.6711 0.4854
20 23 10578 98 97.5610 0.4871
25 27 13216 123 101.6200 - 0.4882
30 28 15740 153 98.6842 0.4889
0.10 1 16 371 47 11.3636 0.4184
5 34 1618 254 10.5485 0.4262
10 46 3015 540 10.0200 0.4245
15 57 4383 791 9.9734 0.4240
20 66 5722 1025 10.1420 0.4245
25 81 2332 2738 10.2669 0.3591
30 84 2677 3272 10.2916 0.3589
0.18 1 23 181 80 5.9880 0.3655
5 41 697 486 5.6180 0.3715
10 54 1257 986 5.5157 0.3702
15 64 1765 1525 5.4526 0.3703
20 72 2246 1982 5.5203 0.3711
25 78 2693 2484 5.5371 0.3712
30 86 3093 2958 5.5607 0.3714
0.20 1 22 175 90 5.4645 0.3561
5 43 642 537 5.0505 0.3593
10 55 1120 1105 4.9554 0.3582
15 65 1547 1682 4.9358 0.3582
20 74 1935 2170 5.0112 0.3589
25 81 2332 2738 5.0070 0.3591
30 84 2677 3272 5.0100 0.3589
0.50 1 17 35 319 2.0161 0.2077
5 27 67 1651 2.0105 0.2107
10 38 94 3242 2.0346 0.2132
15 43 119 4837 2.0305 0.2122
20 48 137 6576 2.0169 0.2118
25 50 148 8235 2.0134 0.2114
30 55 161 9857 2.0146 0.2114
0.70 1 10 13 556 1.3966 0.1211
5 15 19 2625 1.4492 0.1314
10 19 25 5305 1.4422 0.1304
15 20 28 8096 1.4310 0.1288
20 23 31 10788 1.4323 0.1292
25 23 32 13500 1.4310 0.1289
30 25 32 16218 1.4286 0.1283
0.99 1 3 975 1.0131 0.0064
5 3 3 4916 1.0086 0.0042
10 3 3 9838 1.0082 0.0040
15 3 3 14744 1.0086 0.0042
20 3 3 19635 1.0092 0.0045
25 3 3 24544 1.0092 0.0045
30 3 3 29450 1.0093 0.0045
R = total number of usages,
o = entry rate .of new items,
m = the maximal index as defined in Section 2.1,
n, = the maximal number of usage for an item,
f(1) = the number of items which have been used 1 time,
U = average usage per item, and
Area = Equation 4.1 in the text.
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The inverse relationship implies that an increase in the probability of new entries (higher
o) increases the number of distinct items accessed. The usages are spread over more
items, resulting in less concentration in usage patterns. This is evident in the reduction
of n,, the usage frequency of the most-used item. For example, in Table 4.1, with N
= 20,000, n,, declines from 10,578 (o« = 0.01) to 13 (o = 0.70) — that is, nothing is
used more than 13 times when o = 0.70.

Since the relationship between Area and « is smooth and linear, Figure 4.1
* indicates that 80/20 is reached only when o = .18; however, for the convenience of
discussion we will refer to this « as 0.20.
Decreasing o

Several decreasing functions were used in the simulations, and results are
summarized in Table 4.2. In general, results show that the faster the « decreases, the
higher the concentration (Figure 4.3). For example, let «(R) = A/In(R), R = 1,2,... N,
where A is a constant ranging from 1 to 2 with 0.25 increment, and N = 20,000, the
measure of 80/20 can be approximated at A = 1.25. When «(R) = 2/In(R) the measure
is approximately 75/25.The regression analysis obtains Area = 0.4750 - 0.0748A, with
R* = 0.9977. Thus, faster decreasing functions generate lower « which in term
translates to lower probability of new entries, resulting in higher concentrations. On the
other hand, higher N increase usage concentration by reducing « in the long run.

Our simulation results indicate that « affects the usage concentration in both cases
of constant and decreasing o. We will discuss the method of estimating « of an

empirical data through analyzing its 80/20 curve in Section 4.5.
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Table 4.2:  80/20 Rule Simulation Results at Decreasing Entry Rates o = A/In(R),

R =1,2,...N.

A N(000) m n, f(1) U Area
1.00 1 26 101 70 5.9172 0.3422
5 48 426 346 7.2886 0.3821
10 68 794 630 7.9239 0.3921
15 80 1143 881 8.3333 0.3971
20 84 1500 1098 8.7719 0.4014
25 95 1854 1323 9.1008 0.4042
30 101 2192 1579 9.3168 0.4066
1.25 1 24 62 95 4.7169 0.3135
5 55 254 417 5.9171 0.3582
10 68 476 789 6.3452 0.3698
15 80 675 1097 6.7355 0.3763
20 96 879 1413 6.9905 0.3811
25 100 1074 1706 7.2380 0.384¢6
30 111 1260 2014 7.4129 0.3872
1.50 1 23 51 139 3.6900 0.2925
5 48 194 514 4.8402 0.3349
10 68 365 939 5.2938 0.3482
15 80 515 21365  5.5555 0.3563
20 95 673 1733 5.8055 0.3616
25 102 800 2098 5.9895 0.3653
30 111 955 2470 6.1287 0.3682
1.75 1 22 39 165 3.1545 0.2671
5 49 133 620 4.1017 0.3144
10 67 252 1137 4.4743 0.3289
15 80 356 1657 4.6904 0.3371
20 88 460 2072 4.9152 0.3427
25 104 539 2512 5.0813 0.3468
30 110 641 2937 5.2047 0.3497
2.00 1 21 28 185 2.8735 0.2501
5 42 97 720 3.6576 0.2994
10 62 182 1331 3.9494 0.3140
15 77 248 1875 4.1666 0.3219
20 89 314 2347 4.3610 0.3271
25 100 362 2893 4.4779 0.3315
30 109 432 3365 4.5837 0.3343
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4,2 Lotka’s Law

Since a full graph of Lotka’s law in most of our simulation results only show
curves hugging both axes, we only show the partial graph near the origin in our figures.
In addition to the original presentation of Lotka’s law of using n; and f(n;); we use log(n,)
and log(f(n,)) to highlight the effects of changing parameters.
Constant o

Figure 4.4 is one example of the simulation result of Lotka’s curves, with N =
20,000 and @ = 0.10 and 0.90. In general, as indicated in the previous section, a large
a tends to have a smaller n, (the horizontal part of the graph), and it reduces the curve
to a near vertical line approaching the y-axis. In terms of the three clusters described
in Section 2.1.2, high « decreases the cluster 3 where f(n) = 1. Note that when o =
0.90, n,, = m and there is no excessive cluster 3. In other words, with high «, we can
find items that have been used n times, with n running from 1 to m, consecutively.

In order to describe the changing curvatures of these graphs, we define the
parameter Area, to be the area under the Lotka’s curve, formed by {(n,f(n)),

i=1,2,...,m}, i.e.,

Area, = %[ (f(n)) +f(n,)) (n,~n)) + (f(n,) + f(n,)) (n,-n,) +...+ (f(n ) 4.2)
+f(n))(n,-n, )]

Table 4.3 shows that Area, increases linearly with respect to the size of N when
« is held equal. For example, at « = 0.01, Area, = 15943.0 when N = 30,000 — or
approximately 30 times of the Area, of 536 when N = 1,000. Since N has little effect

on the shape of the curves, we arbitrarily selected N = 20,000 as a representative in our
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Simulation Results of Lotka’s Law and Zipf’s Second Law, Constant o

Table 4.3:
o N
(000)
0.01 1 &6
0.10 1 16
0.20 1 22
0.30 1 21
0.40 1 18
0.50 1 17
0.60 1 13
0.70 1 10
0.80 1 6
0.90 1 5
0.99 1 3
0.01 5 13
0.10 5 34
0.20 5 43
0.30 5 40
0.40 5 39
0.50 5 27
0.60 5 21
0.70 5 15
0.80 5 9
0.90 5 7
0.99 5 3
0.01 10 16
0.10 10 46
0.20 10 55
0.30 10 52
0.40 10 49
0.50 10 38
0.60 10 27
0.70 10 19
0.80 10 10
0.90 10 7
0.99 10 3
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534 9 0.4444
371 88 0.5341
175 183 0.4918
91 302 0.5993
44 401 0.6060
35 496 0.6431
16 611 0.7201
13 716 0.7765

8 799 0.8260

5 906 0.9205

3 987 0.9878
2624 44 0.5682
1618 474 Q0.5359
642 990 0.5424
303 1523 0.5896
109 2014 0.6346
67 2487 0.6639
26 2958 0.7093
19 3450 0.7609
12 3954 0.8283
7 4492 0.9103

3 4957 0.9917
5235 105 0.5143
3015 998 0.5411
1120 2018 C.5476
506 3036 0.5827
174 3985 0.6211
94 4915 0.6596
36 5933 0.7106
25 6934 0.7651
12 7939 0.8293

7 9008 0.9112

3 9918 0.9919
7917 149 0.4698
4383 1504 0.5259
1547 3039 0.5535
649 4538 0.5837
220 5930 0.6147
119 7388 0.6547
46 8917 0.7102
28 10482 0.7724
15 11954 0.8329
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3 14871 0.9915
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Table 4.3 Continued

(000) T £(1) £(1) (1) £(1)
0.01 20 23 10578 205 0.4780 0.3878 0.1837 0.1327 0.0612 10713 0.0103
0.10 20 66 5722 1972 0.5198 0.3356 0.1483 0.1063 0.0537 7162 0.0012
0.20 20 74 1935 3991 0.5437 0.3217 0.1581 0.0820 0.0539 4780 0.0011
0.30 20 69 783 6023 0.5816 0.3060 0.1285 0.0748 0.0514 4997 0.0018
0.40 20 60 260 8011 0.6243 0.2729 0.1244 0.0630 0.0338 5719 0.0044
0.50 20 48 137 9916 0.6632 0.2576 0.0999 0.0465 0.0295 6719 0.0075
0.60 20 34 48 11899 0.7131 0.2209 0.0844 0.0346 0.0206 7674 0.0188
0.70 20 23 31 13963 0.7726 0.1813 0.0586 0.0227 0.0125 8578 0.0256
0.80 20 12 15 15936 0.8328 0.1435 0.0333 0.0129 0.0057 9309 0.0468
0.90 20 8 8 18015 0.9112 0.0804 0.0129 0.0025 0.0010 9806 0.0747
0.99 20 3 3 19816 0.9909 0.0091 0.0002 0.0000 0.0000 9997 0.1697
0.01 25 27 13216 246 0.5000 0.3008 0.2033 0.1057 0.0650 13376 0.0082
0.10 25 72 6961 2435 0.5170 0.3249 0.1581 0.1033 0.0627 8710 0.0010
0.20 25 81 2332 4993 0.5484 0.3112 0.1494 0.0829 0.0606 5883 0.0009
0.30 25 75 917 7539 0.5832 0.2986 0.1321 0.0771 0.0484 6202 0.0015
0.40 25 66 295 9992 0.6247 0.2695 0.1245 0.0628 0.0344 7114 0.0039
0.50 25 50 148 12417 0.6632 0.2590 0.0938 (0.0488 0.0270 8404 0.0069
0.60 25 37 50 14892 0.7123 0.2252 0.0802 0.0347 0.0228 9606 0.0181
0.70 25 23 32 17470 0.7728 0.1810 0.0581 0.0233 0.0132 10731 0.0248
0.80 25 13 16 19958 0.8342 0.1412 0.0348 0.0121 0.0055 11637 0.0437
0.90 25 8 8 22509 0.9109 0.0803 0.0134 0.0027 0.000% 12256 0.0747
0.99 25 3 3 24770 0.9909 0.0090 0.0002 0.0000 0.0000 12496 0.1697
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discussion. We select a slightly higher N also to avoid the instability that usually occurs
when the number of usage is low.

Since large N automatically increase Area,, Area, is adjusted as a fraction of the
corresponding n,f(1) — the rectangular area that has the two maximum values at its
corners. The resulting fractions are denoted A,, and they are listed in Table 4.3. Figure
4.5 indicates how A, varies at different levels of o and N. It is clear that regardiess the
magnitude of N, larger « increases A,. A, continues to increase with « and finally
converges to approximately 16.97% when o« = 0.99 for all N. The only exception takes
place at the other extreme condition « = 0.01 where A, is higher than when o = 0.1.

This convergence is characterized by the uniform n,, = 3 for all N when o =
0.99, meaning that due to the high probability of new entry no one item is used more

than 3 times. From Equation 4.2

f()+f(2) | f(2) +f(3) _ f(1)+21(2) +f(3).

Area =
rea, 3 3 5

Since we have defined A, = Area, /n,f(1), and n, = 3 for all N, we have

_ f()+26@)+f3) _ 1, 2f(2) +{(3)

. 61(1) 6 6f(l)
With 1/6 = 16.67% and f(1) quite large (see Table 4.3), the convergence to

approximately 16.9% is a logical conclusion.
The discrepancy between m and n,, in Table 4.3 indicates the nature of scattering
observed values in the dataset. For example, the first row in Table 4.3 (with o« = 0.01

and N = 1,000) shows n, = 534 and m = 6.
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We also use a modified Lotka’s curve to show the effect of «. Figures 4.6a
through 4.6d (o = 0.1, 0.3, 0.5, and 0.9, respectively) shows Lotka’s curves using
log(n,) and log(f(n;)) to highlight the rate of change. These four graphs show how the
slope of the curve and the three clusters are affected by «. Since cluster 3 is
characterized by f(n) = 1, it is the section where log(f(n)) = 0. On the other hand,
cluster 1 (where n; = i) is characterized by its linearity. Thus, Figure 4.6 shows that
when « is high: (1) cluster 3 shrinks to eventually nothing; and (2) the slope becomes
steeper, basically through increasing the number of low-usage items.

We find that when o = 0.30 (Figure 4.6b) the slope of this modified Lotka’s
curve is estimated to be approximately -2 — by which Lotka’s law holds. Consistent
with Lotka’s prediction, f(1) is nearly 60% of the total items T at this .

Decreasing o

Simulation results are summarized in Table 4.4. Similar to the effect of constant
«, increasing A causes the curve to move away from the origin. However, Table 4.4
indicates that although Area, increases with « at a slower rate than in the case of
constant «. Furthermore, when N is large, the rate of increase is even smaller. This
is understandable since eventually the decreasing function will generate a small enough
o (when R becomes large enough) that the value of A has little effect to the value of the
function. Thus, the total number of usage N indirectly affects usage pattern by directly
affecting «. Consistent with these observations, Table 4.4 shows that the decreasing

A, with respect to N is caused largely by the much faster increase in n,f(1).
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Table 4.4: Simulation Results of Lotka’s Law, Decreasing «, &« = A/In(R) where R

=1,2,...,N
A N m 1, T f£(1) £(2) £(3) f(4) £(5) Area, A,
(000) /T /E(1)  /E(1) /JE(1) /£(1)
1.00 1 26 101 169 0.4142 0.6143 0.1571 0.1000 0.0429 214.5 0.0303
1.25 1 24 62 212 0.4481 0.4421 0.1895 0.0526 0.0421 204.0 0.0346
1.50 1 23 51 271 0.5129 0.3309 0.1079 0.1079 0.107° 230.5 0.0325
1.75 1 22 39 317 0.5205 0.3091 0.1394 0.1818 0.0727 257.0 0.0399
2.00 1 21 28 348 0.5316 0.2811 0.1676 0.1622 0.0595 264.5 0.0511
1.00 5 48 426 686 0.5044 0.2977 0.1590 0.0838 0.0694 917.0 0.0062
1.25 5 55 254 845 0.4935 0.3309 0.1511 0.1199 0.0959 838.0 0.0079
1.50 5 48 194 1033 0.4976 0.3346 0.1868 0.1109 0.0603 928.0 0.0093
1.75 5 49 133 1219 0.5086 0.3387 0.1935 0.0952 0.0645 994 .0 0.0121
2.00 5 42 97 1367 0.5267 0.3417 0.1528 0.0931 0.0569 1076.0 0.0154
1.00 10 68 794 1262 0.4992 0.2952 0.1714 0.0984 0.0810 1676.5 0.0034
1.25 10 68 476 1576 0.5006 0.3105 0.1736 0.1065 0.0659 1606.0 0.0043
1.50 10 68 365 1889 0.4971 0.3365 0.1715 0.1076 0.0756 1724.5 0.0050
1.75 10 67 252 2235 0.5087 0.3369 0.1803 0.0915 0.0730 1853.5 0.0065
2.00 10 62 182 2532 0.5257 0.3366 0.1630 0.0924 0.0594 1996.0 0.0082
1.00 15 80 1143 1800 0.4894 0.3326 0.1657 0.0988 0.0795 2427.0 0.0024
1.25 15 80 675 2227 0.4926 0.3254 0.1778 0.1112 0.0720 2298.5 0.0031
1.50 15 80 515 2700 0.5056 0.3216 0.1692 0.1070 0.0571 2471.5 0.0035
1.75 15 80 356 3198 0.5181 0.3132 0.1768 0.0863 0.0670 2654.0 0.0045
2.00 15 77 248 3600 0.5208 0.3419 0.1552 0.1003 0.0624 2844.0 0.0061
1.00 20 84 1500 2280 0.4816 0.3597 0.1585 0.1056 0.0692 3176.5 0.0019
1.25 20 96 879 2861 0.4939 0.3390 0.1599 0.1125 0.0672 2964.0 0.0024
1.50 20 95 673 3445 0.5030 0.3289 0.1679 0.1062 0.0600 3169.0 0.0027
1.75 20 88 460 4069 0.5092 0.3369 0.1747 0.0936 0.0565 3435.5 0.0036
2.00 20 89 314 4586 (0.5118 0.3524 (0.1670 0.0950 0.0609 3642.0 0.0049
1.00 25 95 1854 2747 0.4816 0.3492 0.1602 0.1156 0.0582 3883.0 0.0016
1.25 25 100 1074 3454 0.4939 0.3353 0.1530 0.1184 0.0645 3604.5 0.0020
1.50 25 102 800 4174 0.5026 0.3308 0.1540 0.1115 0.0686 3849.5 0.0023
1.75 25 104 539 4920 0.5106 0.3229 0.1684 0.0999 0.0685 4109.0 0.0030
2.00 25 100 362 5583 0.5182 0.3246 0.1701 0.0954 0.0667 4409.5 0.0042
1.00 30 101 2192 3220 0.4904 0.3097 0.1659 0.1203 0.0665 4657.0 0.0013
1.25 30 111 1260 4047 0.4977 0.3133 0.1708 0.1087 0.0665 4210.0 0.0017
1.50 30 111 955 4895 0.5046 0.3186 0.1688 0.0980 0.0745 4590.0 0.0019
1.75 30 110 641 5764 0.5095 0.3201 0.1709 0.1042 0.0678 4858.0 0.0026
2.00 30 109 432 6545 0.5141 0.3337 0.1664 0.1004 0.0627 5195.5 0.0036
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4.3 Bradford’s Law

We began the analysis of Bradford’s law by calculating the area under the

Bradford’s curve, denoted as Area,, using the following formula:

Area, = % [(G(r) +G(r))(logr, - logr)) + (G(r,) +G(r,))(logr, - logr,) +... (4.3)
+(G(r ) +G(r, J(ogr -logr, )]

Constant «

We denote A, = Area,/[G(r,)]log(r,)], where the denominator is the largest area
possible for the curve. Figure 4.7 illustrates the effect of « and N on Ay, and it shows
that these curves are mirror image of Figure 4.5. For example, at « = (.01 (an extreme
condition), A, of different N converges at approximately 0.95. Note that G(r,) is
equivalent to N, and r,, = 3 when o = 0.01. We can demonstrate that this is inherently
true using similar method as in Section 4.2. On the other hand, as « increases A,
decreases at approximately the same rate across all N until « reaches another extreme
condition of 0.99, then A; shows sudden increases, yet still at about the same rate for
all N. Results of Area, and A, are summarized in Table 4.5.

Based on Figure 4.7, we can easily visualize the maximum, minimum, and the
point where A, is approximately 50% of all possible area (in this case, N-log(r,)).
Using N = 20,000 as an example, these points are approximately at « = 0.01, 0.90,
and 0.20, respectively.

When « = 0.20 Bradford’s law holds, since at this o, A, = 50% and the curve
is near linear with a positive slope (Figure 4.8). As « decreases from 0.20, two things

happen. First, G(1) increases; and second, the curve moves northwesterly and causes
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Table 4.5: Simulation Results of Bradford’s and Zipf’s Law, Constant «

o N log(r) log(g{r)) Area, Area, A, A,
(000)

0.01 1 0.954 2.728 869.9 1.441 0.9118 0.5537
0.10 1 1.944 2.569 1505.0 2.328 0.7742 0.4661
0.20 1 2.262 2.243 1387.5 2.559 0.6134 0.5044
0.30 1 2.480 1.95¢% 1241.8 2.505 0.5007 0.5155
0.40 1 2.603 1.643 1044.3 2.361 0.4012 0.5521
0.50 1 2.695 1.544 951.0 2.182 0.3529 0.5245
0.60 1 2.786 1.204 835.9 1.894 0.3000 0.5646
0.70 1 2.855 1.114 770.6 1.669 0.2699 0.5249
0.80 1 2.903 0.903 719.1 1.163 0.2477 0.4435
0.90 1 2,957 0.699 739.5 0.947 0.2501 0.4581
0.99 1 2.994 0.477 996.6 0.708 0.3329 0.4958
0.01 5 1.643 3.419 7729.3 2.316 0.9409 0.4123
0.10 5 2.676 3.209 9883.8 3.827 0.7387 0.4457
0.20 5 2.996 2.808 8320.8 4.064 0.5555 0.4831
0.30 5 3.183 2.481 6935.9 3.932 0.4358 0.4979
0.40 5 3.304 2.037 5766.2 3.677 0.3490 0.5464
0.50 5 3.396 1.826 5001.8 3.348 0.2946 0.5399
0.60 5 3.471 1.415 4394 .3 2.937 0.2532 0.5980
0.70 5 3.538 1.279 3960.6 2.551 0.2239 0.5638
0.80 5 3.597 1.079 3682.7 2.128 0.2048 0.5482
0.90 5 3.652 0.845 3661.6 1.674 0.2005 0.5424
0.99 5 3.695 0.477 5352.6 0.824 0.2897 0.4674
0.01 10 2.021 3.719 19072.6 2.934 0.9437 0.3904
0.10 10 2.999 3.479 21552.7 4.604 0.7187 0.4413
0.20 10 3.305 3.049 17572.8 4.827 0.5317 0.4790
0.30 10 3.482 2.704 14307.4 4.654 0.4109 0.4943
0.40 10 3.692 2.241 11826.1 4.343 0.3203 0.5249
0.50 10 3.692 1.973 10172.9 3.946 0.2755 0.5417
0.60 10 3.773 1.556 8855.8 3.425 0.2347 0.5834
0.70 10 3.841 1.398 7961.5 2.964 0.2073 0.5520
0.80 10 3.900 1.079 7370.7 2.420 0.1890 0.5751
0.90 10 3.955 0.845 7325.3 1.905 0.1852 0.5700
0.99 10 3.99%6 0.477 10770.8 0.938 0.2695 0.4921
0.01 15 2.173 3.899 30812.9 3.292 0.9453 (0.3885
0.10 15 3.177 3.642 33737.3 5.096 0.7079 0.4404
0.20 15 3.483 3.189 27084.5 5.310 0.5184 0.4781
0.30 15 3.657 2.812 21828.4 5.113 0.3979 0.4972
0.40 15 3.773 2.342 17970.1 4.763 0.3175 0.5390
0.50 15 3.869 2.076 15322.2 4.306 0.2640 0.5361
0.60 15 3.950 1.663 13320.8 3.746 0.2248 0.5703
0.70 15 4.020 1.447 11983.8 3.243 0.1987 0.5575
0.80 15 4.078 1.176 11097.0 2.679 0.1814 0.5586
0.90 15 4.130 0.903 10996.1 2.092 0.1775 0.5609
0.99 15 4,172 0.477 16015.0 1.013 0.2559 0.5090



Table 4.5 Continued

o N log(r) log(g(r)) Area, Area, A, A,
(000)

0.01 20 2.312 4.024 43742.4 3.552 0.9460 0.3818
0.10 20 3.295 3.758 46252.9 5.465 0.7019 0.4414
0.20 20 3.601 3.287 36674.3 5.672 0.5092 0.4792
0.30 20 3.780 2.894 29274.2 5.443 0.3872 0.4975
0.40 20 3.904 2.415 24039.3 5.051 0.3079 0.5357
0.50 20 3.996 2.137 20513.4 4.569 0.2567 0.5351
0.60 20 4.076 1.681 17826.6 3.966 0.2187 0.5789
0.70 20 4.145 1.491 16004.0 3.418 0.1931 0.5531
0.80 20 4.202 1.176 14797.3 2.837 0.1761 0.5742
0.90 20 4.256 0.903 14669.8 1.937 0.1723 0.5039
0.99 20 4.297 0.477 21098.5 1.000 0.2455 0.4877
0.01 25 2.391 4.121 56597.4 3.768 0.9468 0.3824
0.10 25 3.386 3.843 58938.7 5.755 0.6963 0.4423
0.20 25 3.698 3.368 46442.2 5.959 0.5023 0.4784
0.30 25 3.877 2.962 36876.2 5.708 0.3805 0.4970
0.40 25 4.000 2.470 30247.3 5.300 0.3025 0.5365
0.50 25 4.094 2.170 25685.6 4.781 0.2510 0.5381
0.60 25 4.173 1.699 22281.4 4.138 0.2136 0.5836
0.70 25 4.242 1.505 19976.8 3.550 0.1884 0.5561
0.80 25 4.300 1.204 18483.7 2.922 0.1719 0.5644
0.90 25 4.352 0.903 18321.9 2.009 0.1684 0.5113
0.99 25 4.394 0.477 26372.8 0.989 0.2401 0.4717
0.01 30 2.483 4.197 70564.8 3.942 0.9473 0.3783
0.10 30 3.465 3.911 71836.7 6.004 0.6911 0.4431
0.20 30 3.777 3.428 56089.2 6.201 0.4950 0.4789
0.30 30 3.956 3.013 44354.2 5.928 0.3737 0.4973
0.40 30 4.079 2.515 36381.9 5.499 0.2973 0.5360
0.50 30 4.173 2.207 30854.8 4.955 0.2465 0.5380
0.60 30 4.253 1.708 26746.7 4.285 0.2096 0.5899
0.70 30 4.322 1.505 23961.0 3.660 0.1848 0.5627
0.80 30 4.380 1.204 22163.9 3.013 0.1687 0.5713
0.90 30 4.432 0.903 21980.6 2.065 0.1653 0.5159
0.99 30 4.473 0.477 31608.6 0.951 0.2356 0.4459
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Area, to increase. Most of the drastic slope changes take place at the first few points
on the curve, then the curve return to its linear form, though with a flatter slope. The
slope of the curve where r; is large is directly related to «, while the slope of the curve
where r, is small is inversely related to «. Note that the 80/20 rule also holds when «
= 0.20.

In terms of the six different classes of Bradford curves illustrated in Figure 1.1,
we are able to reproduce four of the curves using Simon’s basic model alone. As
expected, the 4th class, with its linearity, can be reproduced using o = 0.18. The first
class requires 0.2 < « < 0.5, the 3rd class uses « > 0.5, and the 6th class is
approximated when o = 0.10.

Decreasing o

Table 4.6 summarizes the values of Area, and A, at different levels of A and N,
and it shows that A, decreases as A (thus alpha) increases, independent of N. In fact,
we selected N = 1,000, 20,000, and 30,000 for illustration purpose, and the three
curves basically overlap each other. Since the "all possible area" can also be expressed
as N-og(r,), it automatically increases when the total number of usage N increases;
however, Area, (the nominal area) changes proportional to N, thus A, appears to remain
unaffected by changing N.

Based on Figure 4.9, the maximum, minimum, and the 50% points of A, are
determined to be at approximately A = 1.0, 2.0, and 1.25, respectively. Figure 4.9 is
the composite graph of these three curves. Similar to Figure 4.8, the 50% curve (A =

1.25) is the most linear one, the minimal curve (A = 2.00) bends southeasterly, and the



Table 4.6:  Simulation Results of Bradford’s and Zipf’s Law; Decreasing o,
o = A/In(R) where R=1,2,...,N

A N{000) 1log(r) log{g(r)) Area, Area, A, A,
1.00 1 2.228 2.004 1237.2 2.615 0.5553 0.5856
1.25 1 2.326 1.792 1138.4 2.575 0.48%94 0.6177
1.50 1 2.433 1.708 1107.0 2.510 0.4550 0.6039
1.75 1 2.501 1.591 1020.4 2.406 0.4080 0.6046
2.00 1 2.542 1.447 963.0 2.323 0.3788 0.6317
1.00 5 2.836 2.629 7908.0 4.153 0.5577 0.5570
1.25 5 2.927 2.405 7233.0 4.119 0.4942 0.5851
1.50 5 3.014 2.288 6777.1 4.052 0.4497 0.5875
1.75 5 3.086 2.124 6304.0 3.939 0.4086 0.6010
2.00 5 3.136 1.987 5949.7 3.830 0.3794 0.6147
1.00 10 3.101 2.900 17267.9 4.943 0.5568 0.5497
1.25 10 3.198 2.678 15798.8 4.912 0.4940 0.5735
1.50 10 3.276 2.562 14699.3 4.840 0.4487 0.5767
1.75 10 3.349 2.401 13693.6 4.721 0.4089 0.5871
2.00 10 3.403 2.260 12921.3 4.600 0.3797 0.5981
1.00 15 3.255 3.058 27166.2 5.444 0.5564 0.5469
1.25 15 3.348 2.829 24847.5 5.415 0.4948 0.5717
1.50 15 3.431 2.712 23168.7 5.342 0.4502 0.5741
1.75 15 3.505 2.551 21513.1 5.213 0.4092 0.5830
2.00 15 3.556 2.394 20231.1 5.087 0.3793 0.5976
1.00 20 3.358 3.176 37419.1 5.816 0.5572 0.5453
1.25 20 3.457 2.944 34234.8 5.786 0.4952 0.5686
1.50 20 3.537 2.828 31856.0 5.712 0.4503 0.5710
1.75 20 3.609 2.663 29544.1 5.584 0.4093 0.5810
2.00 20 3.661 2.497 27680.7 5.448 0.3780 0.5960
1.00 25 3.439 3.268 47879.2 6.113 0.5569 0.5439
1.25 25 3.538 3.031 43844.0 6.085 0.4957 0.5674
1.50 25 3.621 2.903 40739.6 6.011 0.4500 0.5718
1.75 25 3.692 2.732 37749.6 5.878 0.4090 0.5828
2.00 25 3.747 2.559 35432.5 5.743 0.3782 0.5989
1.00 30 3.508 3.341 58540.8 6.364 0.5563 0.5430
1.25 30 3.607 3.100 53549.2 6.333 0.4949 0.5664
1.50 30 3.690 2.980 49694.1 6.257 0.4489 0.5690
1.75 30 3.761 2.807 46031.2 6.122 0.4080 0.5799
2.00 30 3.816 2.635 43142.1 5.979 0.3769 0.5947
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maximal curve bends northwesterly. Again, when o increases both Area, and A,
decrease, and vice versa.
4.4 ZipPs Law

The Area under Zipf’s curve (Area,) is calculated as follows:

Area, = T;-[(logg(rz) +logg(r))(logr,-logr)) + (logg(r,) +logg(r,))(logr,-logr)) 4 4,
+...+ (logg(r ) +logg(r, ))(logr -logr )]
We also define A, = Area,/[(log(g(r.))(log(r,))], where the denominator is the largest

possible Area,.
Constant o

Figure 4.10 shows how A, varies under different « and N. The pattern here is
less clearly defined, especially when N = 1,000; however, the changes in A, with
respect to o« for all N still follow a general pattern. The effect of N on A, also shows
greater dispersions than those described in previous sections. The values of Area, and
A, are summarized in Table 4.6. The nominal values of the area, Area,, follows the
general pattern of A,: as « increases, it increases also; however, after reaching certain
maximum point it eventually decreases.

Based on Figure 4.10, again we select the minimum, the maximum, and the 50 %
points of A, at « = 0.01, 0.60, 0.30, respectively. We also add to our graph two other
important points: the other extreme point & = 0.99, and o = 0.2 where the graph is
near linear and has a slope = -1. These Zipf’s curves are plotted in the same graph in
Figure 4.11. In this case, because of the "kink" at the very beginning of the curve, the

point A, = 50% does not correspond to the ideal condition in which Zipf’s law holds.
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Figure 4.11 can be analyzed from several angles. First, the general negative
slope remains to be the characteristics of these Zipf’s curves; however, the slope flattens
with the increase of «. Second, the initial "kink" in the Zipf’s curve remains but
becomes less pronounced as « increases. Third, log(g(r;)) decreases when « increases,
but log(r) increases when « increases; thus, the "largest area possible” as we have used
previously changes its shape from an vertical rectangles to horizontal rectangles. Note
that similar to the results obtained from previous sections, when o = 0.60 and A, =
50%, the curve is near linear. However, the curve is also near linear when o« = 0.99,
partly due to the much fewer clusters of items with the same usage (m, the maximum
index, is 3). On the other hand, coinciding with the 80/20 rule and Bradford’s law,
Zipf’s law holds at « = 0.20 when the slope approximates -1.

As we have discussed in Section 1.1.4, Zipf’s second law expresses the ratios
among the number of items of those with low usages, and these ratios can be reproduced
in our simulations. Table 4.3 shows that when o« = 0.20 the ratios (f(1)/T=0.54,
f(2)/f(1) =0.43, £(3)/1(1) = 0.16, {(4)/f(1) =0.08, and f(5)/f(1) = 0.05) approximate those
in Section 1.1.4 (0.5, 0.33, 0.17, 0.10, and 0.07, respectively).

Decreasing o

Table 4.6 is the summary of values of Area, and A, under different A and N.
Note that Area, and A, are inversely related. Since the minimal Area, is greater than
50%, only the minimum and maximum points are selected to plot the Zipf’s curves in

Figure 4.12.
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When these decreasing functions are evaluated at A = 1.0 and 2.0, and N =
20,000, the minimum values of o are = 0.1 and = 0.2, respectively, at the end of the
iteration. thus, it is no surprise that these two curves lie somewhere around the curve
of the constant « = 0.30 in Figure 4.11. Most of the observations made in constant-o
model still hold: the flatten slope, the reduction of the initial "kink," the decreasing
log(g(r)) and increasing log(r;) — as « increases.

Table 4.4 shows ratios of low-frequency usage comply very well with the
theoretical figures of Zipf’s second law. For instance, when A = 1.5 and N = 20,000,
the ratios are approximately 0.50, 0.33, 0.17, 0.11, and 0.06 (compare with 0.5, 0.33,
0.17, 0.10 and 0.07 in Section 1.1.4).

4.5  Additional Observations
4.5.1 Verification of the Relationship Between s, and «

Section 4.1 has shown that the area under the 80/20 curve is inversely related to
«, and Figure 4.1 is the visual presentation of this relationship. Table 4.7 shows that
the slope between points (X,,,0,.,) and (100%,100%), or s,, seem to decrease as «
increases. In fact, regression analysis yields s,, = 0.0001553 + 0.996082«, with R* =
0.9983. We thus verify the findings in Section 3.2, and we can estimate the « of an
empirical data set through examining its s,,.

Using Kendall’s data as an example, we find that x,,, = 0.451 and 6,,, = 0.885;
therefore, the s, is determined to be 0.209. We ran a simulation using o = 0.209 and
N = 1763 (the total number of papers in Kendall’s data), and the result is very similar

to the actual data. A better fit is found at &« = 0.2225. Table 4.8 compares these three



Table 4.7: s, at different N and «

N (000) o Koot Bar S,

1 0.01 0.556 0.996 0.009
0.10 0.466 0.953 0.088

0.20 0.508 0.910 0.183

0.30 0.401 0.819 0.302

0.40 0.394 0.757 0.401

0.50 0.357 0.681 0.496

0.60 0.280 0.560 0.611

0.70 0.223 0.444 0.716

0.80 0.174 0.340 0.799

0.90 0.079 0.166 0.906

0.99 0.012 0.025 0.987

10 0.01 0.486 0.995 0.010
0.10 0.459 0.946 0.100

0.20 0.452 0.890 0.201

0.30 0.417 0.823 0.304

0.40 0.379 0.753 0.398

0.50 0.340 0.676 0.491

0.60 0.289 0.578 0.594

0.70 0.235 0.470 0.693

0.80 0.171 0.342 0.794

0.90 0.089 0.179 0.901

0.99 0.008 0.016 0.992

15 0.01 0.530 0.995 0.011
0.10 0.474 0.947 0.101

0.20 0.447 0.888 0.203

0.30 0.416 0.823 0.303

0.40 0.385 0.757 0.395

0.50 0.345 0.678 0.492

0.60 0.290 0.578 0.594

0.70 0.228 0.460 0.699

0.80 0.167 0.336 0.797

0.90 0.089 0.181 0.899

0.99 0.009 0.017 0.992

20 0.01 0.522 0.995 0.010
0.10 0.480 0.949 0.098

0.20 0.456 0.892 0.199

0.30 0.418 0.825 0.301

0.40 0.376 0.700 0.481

0.50 0.337 0.671 0.496

0.60 0.287 0.576 0.595

0.70 0.227 0.461 0.697

0.80 0.167 0.336 0.797

0.90 0.089 0.179 0.901

0.99 0.009 0.018 0.991



Table 4.8: Simulated Kendall’s Data

Kendall’s a = .209 a = .2225
i n; £ (n;) n; f(n;) n, f(n,)
1 1 203 1 168 1 198
2 2 54 2 59 2 68
3 3 29 3 30 3 32
4 4 17 4 14 4 16
5 5 10 5 12 5 5
6 6 6 6 4 6 6
7 7 8 7 1 7 7
8 8 8 8 2 8 3
9 9 4 9 6 9 4
10 10 3 10 2 10 1
11 11 5 11 1 11 5
12 12 2 12 3 12 3
13 14 1 13 2 13 1
14 15 2 14 3 14 2
15 16 4 15 2 15 1
16 18 1 16 1 18 3
17 20 2 17 1 20 1
18 21 2 18 2 22 1
19 22 2 23 1 23 1
20 34 1 24 1 25 1
21 49 1 28 1 35 1
22 58 1 35 1 40 1
23 95 1 37 1 41 1
24 102 1 38 1 44 1
25 114 1 46 1 54 1
26 242 1 51 1 101 1
27 54 1 213 1
28 102 1 270 1
29 219 1
30 279 1
T 370 325 367
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sets of data. We can see that when oo = 0.2225, the total number of items T, the total
number of index m, and the usage distributions are similar to those in Kendall’s data.

If we denote the slope between (0,0) and (x,,0,) to be s,, then we find that the log
of s, decreases linearly with o, though not unitarily. Using only N = 20,000 as an
example, we have log(s,) = 3.061187 - 2.51188«, with R, = 0.9946. However, this
measure has little predictive value in estimating o of an empirical data, because, as we
will discuss in Chapter 5, it may be affected by other factors also.

4.5.2 Effect of « on m

Figure 4.13 indicates that regardless the level of N, simulation generates the
maximum number of indexes (total number of types) with constant « = 0.20. Within
the scope of our simulation, all indexes are reduced to be three when o = 0.99,
regardless of the level of N. The maximum number of indexes m increases between «
= 0.01 to 0.20 then decline at an increasing rate as « continue to increase.

4.5.3 Effect of & on n,

Figure 4.14 shows that n, declines continuously at a decreasing rate as «
declines. Similarly, it shows that the highest number of occurrences, n,, decreases
rapidly as « increases. In this instance, at the levels where o« > 0.50, n,, becomes
indistinguishable for all levels of N; in fact, Table 4.3 shows that even with 30,000
usages, no onc itcm is used more than 51 times at « = 0.60. We will discuss further

the effect of these extreme points to the usage concentration in Chapter 5.
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4.5.4 Empirical Phenomena at « = 0.20

When « = (.20, many things seem to come together. As we have demonstrated
in Sections 4.1 to 4.4, the 80/20 rule, Bradford’s law, and Zipf’s law all hold at o =
0.20, and Lotka’s law holds when « = 0.30. This reflects the reality that these
empirical phenomena are different perspective to the same dataset. Also interestingly,
the total number of index m also peak at « = (.20, although at this time we do not have
an explanation.

The fact that Lotka’s law holds at a different « does not necessarily represent a
deviation from other empirical phenomena. As we have pointed out at Section 2.1.1,
Lotka’s law basically focuses on cluster 1, or where many items are used only a few
times. In the modified Lotka’s curve (e.g., Figure 4.6a), cluster 1 is reflected in the
initial linear portion of the curve and where we estimated the curve’s slope. Given that
cluster 3 disappears with the increase in «, the difficulty in estimating slopes may have
contributed to this deviation.

4.6 Summary of Findings

The usage concentration and the shapes of the curves in all four empirical
distributions are affected the most by «. We have postulated that since the total number
of different items used (T) is the product of o and N, higher « increases the number of
items to distribute the usage, therefore decreases the concentration. On the other hand,

higher « decreases n,,, the usage frequency of the most active item.
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If we hold « unchanged, the time span does not affect the usage pattern.
However, in the cases of decreasing function, larger N causes the « to become smaller
eventually, and the distributions are affected accordingly.

The simulation results in Sections 4.1 to 4.4 show that these empirical laws hold
only within a very narrow range of « values. Specifically, 80/20 rule, Bradford’s law,
and Zipf’s law hold when « is around 0.20; and Lotka’s law holds when o = 0.30. On
the one hand, this narrowness suggests the close relationship among these laws; on the
other hand, when the probability of new entry deviates from this narrow range then the
appropriateness of assuming these laws hold need to be reexamined. While it is possible
that many data satisfy the restriction of having « = 0.20, researches based on Simon’s
model is more robust because it does not require these restrictive assumptions on data
distributions at all. As we have also demonstrated in Section 4.3, we can generate usage
patterns of four of the six known Bradford’s curve by changing « alone. In fact, these
four curves represent a near complete spectrum of Bradford’s curve represented by
Simon’s basic models.

Paving the way for Chapter 6 where we demonstrate our findings using Simon’s
model to library weeding policy, we verify the validity of the method of estimating «
from the empirical data proposed in Section 3.2. This technique allows us to classify

systems according to an attribute that directly affects their usage patterns.



CHAPTER 5

COMPUTATIONAL RESULTS OF SIMON’S AUTOREGRESSIVE MODEL

Chapter 4 analyzes the simulation results of the 80/20 rule and other empirical
phenomena, and we find that a higher probability of new entry « reduces the
concentration of information usage. This chapter shows the results of using Simon’s
autoregressive model to incorporate the "decay” factor vy into the simulation. We
explore how v affects the shape of the curves and usage concentration as demonstrated
in the 80/20 rule and other empirical phenomena, and we find that Simon’s basic model
with constant « represents an upper bound for the concentration measures generated from
the autoregressive model. In light of this, we further specify the limiting conditions,
with respect to 7, under which these empirical phenomena would hold as formulated.
5.1  The 80/20 Rule

In terms of Area of the 80/20 curves (Equation 4.1), when « and + are held
constant, the total number of usages N does not affect the outcomes beyond a certain
point in our simulation (see Figure 5.1). It seems that this stochastic process yields
stable results when N > 15,000; thus, we arbitrarily chose the same N = 20,000 to
show our simulation results. Furthermore, since we have determined in Chapter 4 that
when « = 0.20, the 80/20 rule, Bradford’s law, and Zipf’s law hold; and Lotka’s law

is approximated, we demonstrate our simulation results centering on holding o = 0.20.
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Figure 5.2 shows that 80/20 curves overlap at the "end" points despite the wide
range of . This is verified in Table 5.1 which shows that s, = 0.2021 for all -;
therefore, the method proposed in Section 4.6 for estimating o will still work. For the
initial point of 80/20 curves, we find that higher v increases log(s,) almost linearly.
Note, however, the big difference between the curves of v = 0.99 and y = 1.0.
Excluding the point of ¥ = 1.0, regression analysis yields log(s,) = 0.8141 + 0.57v,
with R* = 0.9426. Examining only the range of v = 0.99 and 1, log(s,) and  seems
to have a linear relationship also, though with a much steeper increase. Since high «
decreases s, geometrically (Section 4.5) and high v increases it, s, has no predictive
power without holding one factor constant. Furthermore, simulation results show that
when v = 1.0 the curve is basically identical to that of the basic model, thus, the big
change in concentration is indicative the strong effect of  on the usage pattern, and it
allows us to detect the existence of autoregression by seeing the deviation from the
curves obtained through the basic model of constant «.

Consider the meaning of +y: a higher v means a slower rate of decay; i.e., an
item’s usage probability is little affected by its not being used. Thus, when v = 1.0,
there is no decay takes place at all, and the result should be identical to those of basic
models. On the other hand, a small vy signifies that items that have not been used
recently will possibly be neglected for a long time to come, regardless how active they
had been previously. A related interpretation is that previously-inactive items do have

a chance to become dominant in the future selection process, albeit perhaps temporarily.
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Table 5.1:  Slopes of the 80/20 Curves in the Autoregressive Model, « = 0.2 and N

= 20,000
Y X, 6, Koy 0,1 Sn S, log(s,)
10 00025 00200 .74474 98840 2021 8.0 9031
20 00025 00230 .69330 93800 2022 9.2 9638
30 00025 00235 .65100 92945 2021 9.4 9731
40 00025 00240 .62107 92341 2021 9.6 9823
50 00025 00340 60425 92000 2021 13.6 1.1335
60 00025 00325 57927 91495 2021 13.0 1.1139
70 00025 00390 56790 91265 2022 15.6 0 1.1931
80 00025 00415 56369 91180 2021 16.6 1.2201
90 00025 00555 54366 90775 2022 22.2 1.3464
99 00025 00690 54440 90790 2022 27.6 1.4409
1.00 00025 09585 43408 88560 2021 383.4 2.5837
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Therefore, it is plausible that a lower + (i.e., with high decay rate) should induce less
concentration in its usage pattern.

Since v < 1 reduces the usage concentration, and under most circumstances it
is not plausible that ¥ > 1.0 (i.e., the lack of usage of an item increases the probability
of its selection); we suggest that Simon’s basic model with constant « provides the
maximum concentration for a given «. Thus we may conclude that the 80/20 rule is true
if and only if & < 0.20. Since lower v decreases concentration, our simulation shows
that a combination of @ < 0.20 and some proper + can also achieve 80/20 (e.g., o =
0.1 and v = 0.8).

5.2  Lotka’s Law

Figures 5.3a through 5.3d show modified Lotka’s curves under v = 0.1, 0.5,
0.99, and 1.0, respectively. Three observations can be made on the effect of y. First,
notice the lack of region 3 where log(f(n;)) = 0 (recall that in region 3 f(n,) = 1) in all
cases except that of v = 1.0 (the basic model); second, the negativity of slope reduces
(flattened curves) with the decrease of +; and third, when ¢ < 0.5, the linear region 1
becomes curves.

As we have discussed in Section 4.2, the lack of region 3 means few items have
extremely high frequency of usage, thus less usage concentration. Recall that at o =
0.30 this slope is approximately -2 and Lotka’s law holds, since a lower y produces a
less steep slope, in order for Lotka’s law to be true, it is necessary that o < 0.30.
However, the problem of linearity would<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>