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Abstract

Given a finite index subgroup of PSLy(Z), one can talk about the different prop-
erties of this subgroup. These properties have been studied extensively in an attempt to
classify these subgroups. Tim Hsu created an algorithm to determine whether a subgroup
is a congruence subgroup by using permutations [9]. Lang, Lim, and Tan also created an
algorithm to determine if a subgroup is a congruence subgroup by using Farey Symbols
[15]. Sebbar classified torsion-free congruence subgroups of genus 0 [25]. Pauli and Cum-
mins computed and tabulated all congruence subgroups of genus less than 24 [3]. However,
there are still some problems left to be solved.

In the first part of this thesis, we will use the concept of Farey Symbols and bipar-
tite cuboid graphs to determine when two subgroups of PSLy(Z) are in the same conju-
gacy class in PSLy(Z). We implemented this algorithm, and other related algorithms, with
SageMath [23]. In the second part of the thesis, we will extend these ideas to general tri-
angle groups. Specifically, we will classify some small index conjugacy classes of subgroups

of the triangle group A(2,4,6).



Chapter 1. Preliminaries
1.1. Hyperbolic Geometry

In this section, we will recall some basic facts about hyperbolic geometry following
the notations of Katok [I1]. Let X = {z = z + iy € C|Im(z) > 0} be the upper half

complex plane with the differential form

N/ dx? + dy?
ds:u_

Y

The length of a curve C' parameterized by z(t) and y(t) for 0 < ¢ <1 is defined by

The hyperbolic distance between z1, zo € H is given by p(z1, z2) = inf h(C') where C' is all
differentiable curves connecting z; and z,.
Definition 1. For 2, 2o € H, the shortest curve connecting z; and 2z, with respect to this
metric is called the geodesics between z; and z».

It is well known that geodesics on ‘H are either vertical lines or semicircles with
endpoints on R U {oo}. Then it is not hard to see that for any two distinct points zy, 25 €
‘H, there exists a geodesic connecting 2z; and 29 and that the geodesic is unique. The hy-

perbolic area for A C H is defined to be

“(A):/Adxdy'

y2

A hyperbolic triangle is a region in H that is bounded by three geodesics.

Theorem 1 (Gauss-Bonnet [I1]). Let A be a hyperbolic triangle with angles =, 7, = where

a,bc>0€Z. Then p(N)=mn—= -2 — I,



Note that as (A) > 0, the above theorem implies that £ + 1 + 1 < 1. When

=1 (resp. £ 4+ 3 4+ 1 > 1), Ais cuclidean (resp. spherical) and we can classify

Q=

+

S

+

o=

(a, b, c) into a finite number of cases [I7]. When A is hyperbolic, there are infinitely many
cases. We will provide an algorithm for classifying specific cases when A is hyperbolic in
the latter half of this thesis.

1.2. Triangle Groups

T T T

Let a,b,c > 2 € Z and A to be a hyperbolic triangle with angles 7, 7, 2. One
can also suppose that a < b < ¢. Let G be a group generated by reflections across each
sides of the triangle A. Note that by reflections, one can tile the upper half plane using
the triangle A. A triangle group A(a, b, ¢) is a subgroup of G containing only the orienta-
tion preserving elements. Note that depending on context, we will use A(a, b, ¢) to either
denote the triangle group or the hyperbolic triangle with angles =, 7, Z.

Recall that SLy(R) is the group of 2 by 2 matrices with entries in R and determi-

nant 1. There is an action of SLy(R) on H given by the M&bius transformation,

az+b a b
VE= for z €¢ H and y = L d] € SLy(R).
-1 0

Note that for —1 = [ ] , —I1z = Iz = z. Sometimes it will be more convenient

0 -1
to consider PSLy(R) = SLy(R)/{I, —I}. Since orientation preserving isometries on H are
Mébius transformations which are represented by some £M € SLy(R), A(a, b, ¢) is then a

subgroup of PSLy(R). Following the notations presented in [2], A(a, b, ¢) have presentation

A(a,b,c) = (04,0, 0|0 = 08 = 0¢ = 0,000, = —1). (1.1)

We will define A(a,b,c) = A(a,b,c)/{1}. We also note that we only need 2 generators
to describe A(a, b, ¢) since there is a relation among the 3 generators.
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Let P1(R) denote the set R U {oo}. SLy(R) also acts on P!(R). For a discrete sub-
group I of SLy(R), the action of T will split P!(R) into equivalence classes. We will denote
H UPYR) as H. For 21,20 € H, 2 is equivalent to z if there exists v € T such that

Y21 = Z2.

Recall that the modular group is defined as

b
SLQ(Z):{[a d] ta,b,c,d € Z and ad—bc:l}.

c
Let PSLy(Z) := SLy(Z)/{=£1}, then SLy(Z) = A(2,3,00) and PSLy(Z) = A(2,3,00). We
will discuss more about why we would want to use PSLy(Z) in a later section.

Example 1.2.1. Using the Gauss-Bonnet theorem, we have that u(A(2,3,00)) =7 —

us
2

w3

= &, where we take - to be 0.

8

Let be M = [Z Z] € SLy(R) and pps(x) be the charateristic polynomial of M.
Then py(z) = 22 — tr(M)x + 1. We apply the quadratic formula to find that the discrimi-
nant is tr(M)? — 4. If |tr(M)| < 2, the eigenvalues of the matrix M are not real. The other
cases, [tr(M)| = 2 and |[tr(M)| > 2, give us either 1 real eigenvalue or 2 real eigenvalues.
Now let us look at the fixed points of M. A point z € H is fixed by M if

az+b
=z
cz+d

Then we have

c*+(d—a)z—b=0.
The discriminant of this equation is
(d —a)? + 4bc = (a + d)* — 4(ad — be) = tr(M) — 4det(M) = tr(M) — 4.

These facts give us a classification for the matrices in SLo(R).

3



Definition 2. A non-identity element v € SLy(R)/{£1} is called elliptic, parabolic, or
hyperbolic, if

ltr(y)] <2, [tr(y)| =2, or [tr(y)] > 2,

respectively. Equivalent, v € SLy(R)/{+£[I} is called elliptic, parabolic, or hyperbolic if
has one fixed point in H, v has one fixed point on P*(R), or  has two distinct fixed points
on P'(R) respectively.

Definition 3. Let 7 € H UR U {oo}. This element 7 is called an elliptic point if it is
fixed by an elliptic element. It is called a cusp if it is fixed by a parabolic element.
Definition 4. Given a discrete subgroup I' of PSLy(R), the modular curve Yt is defined
as the quotient space

YF = F\H

This curve can be viewed as a noncompact Riemann surface. In order to compact-
ify Yr, we have to add back in the cusps of I'. This gives us a compact Riemann surface
for the curve Xr := I'\H. A more in-depth discussion can be found in chapters 2 and 3 of
[6].

Definition 5. The genus of a discrete subgroup I' of SLy(R) is defined as the genus of
Xr as a compact Riemann surface.

For a given triangulation of X, the Euler number is defined as

V-E+F,

where V' is number of vertices, E is the number of edges, and F' is the number of faces.

The Euler characteristic can be similarly defined for connected plane graphs. The genus



gx of X is defined to be

2-2gx=V-—E+F

We note that the genus of A(a,b,c) is 0.

To compute the genera of finite index subgroups of a given triangle group, one can
use a powerful tool called the Riemann-Hurwitz formula. The following are from chapters
2 and 3 of [6]. Let f : X — Y be a nonconstant holomorphic map between compact ori-
entable Riemann surfaces and d be the degree of f. For x € X, let e, be the ramification
degree of f at z. Let gx and gy be the genera of X and Y. Then the Riemann-Hurwitz

formula state

2gx —2=d(2gy —2)+ » (e;—1). (1.2)

rzeX

In fact, the derivation of the Riemann-Hurwitz formula does involve the Euler char-
acteristic of the surfaces X and Y. A short discussion can be found in chapter 3 of [6].
1.3. Generators of Triangle Groups

Given A(a,b,c) with the presentation given in equation ([L.1)), there exists an em-
bedding

A(a,b,c) — SLy(R)

that is unique up to conjugation in SLy(R). The embedding is given by Petersson [22] (see

2mi

Clark and Voight [2] or Petersson [22]). For s > 2 € Z, let (; = e”s . Then

1 2 27 ) 1
As = (s + a = 2COS(?) and ps = 251n(?) = — (Cs — Z)



where (o, = 1,Ao = 2, and s = 0. Finally, for A(a,b,c¢) — SLy(R) with A(a,b,c)

having the presentation given in [I.T]

1{ Aog a
Oar go == | 7 12 (1.3)
2 _,u2a )\2(1
1 A t
Op — gy := = 2 Hab (14)
2 | —pa/t Ao
where
Aog A 29
£y 1)t = pl2e0% T 2A2e (1.5)

H2al2b

Let ¢ = 22022420 Then ¢ — ¢ 4 1/c2 — 1. Notice that there are two choices for

H2a H2b

t. The choice of t correspond to conjugacy in the embedding. Let t, = ¢ + /¢ — 1 and

t_ =c—+\c2—1and S = [0

g1 Aap 4 fhop g_ Aoy ow/ty _ Aab t—pop
—pop/te Az —tipioy A —pap/t— Az

So up to conjugation, we’ll choose ¢, for the map. We can also apply S to the

1
O] . Some computation will shows that ¢t,¢_ = 1. Then

mapping of o, to get
A A A -
S_l 2a H2a S = 2a H2a _ 2a H2q ‘
—H2a A2 Moa  A2a —M2a A2
This mapping gives us a set of generators g,, g, that generate a subgroup of SLy(R)
isomorphic to A(a, b, c) = (04,04, 0.0 = 02 = (0,04)¢ = —1). Therefore, g, and g, also

have the property that ¢¢ = g% = (gs94)¢ = —1.

Example 1.3.1. Recall that SLy(Z) = A(2,3,00). Using the embedding above gives us

U /2 3/2
N ~1/2 1/2|°

6

the matrices



The conjugation in SLy(R) is M =

-

11
2l-1 1|
vl
10 10
M[l/Q 3/2]M_1:[1 1]'
—1/2 1/2 ~1 0

1.4. Permutation Representation

Let A(a,b,c) be a group with generators g, and g, satisfying the relations g¢ =
9% = (gags)® = £1. Let T be a discrete index n subgroup of A(a, b, c) and let {v;}, with
71 = I, be a set of left coset representatives in A(a, b, c). Then A(a,b,c) = |J;_, . For
g € Ala,b,c), g acts on the left cosets of I' by multiplication on the left. This action is the
same as group homomorphisms from I' to a subgroup of the symmetric group .S,,. So there

exists a homomorphism

0: Aa,b,c) = S,

where if §(g) = o, then g, I" = 9, I". Then by defining 6(g,) = o, and 0(gy) = 03, we
can represent any finite index n subgroups as a pair of permutations o, and o} satisfying

a b

0% = o) = (0,04)¢ = 1. The transitivity of the group generated by ¢, and o, comes from

g and g, generating A(a, b, c).
b

Conversely, suppose that o, and o3, with relations ¢ = o) = (0,03)¢ = 1, generate

a transitive subgroup of S,, with a homomorphism 6 as defined above. Let
[ ={g€A(abc)|0(g)(1) =1}

Note that g € A(a,b,c) is in ' if and only if gT' = T, i.e. 0,(1) = 1. Therefore, if
0(g)(1) # 1, then g ¢ T" and g¢I'" is a coset. Then by transitivity of o, and o, I" is an index

7



n subgroup of A(a,b,c). A more general discussion can be found in Hall’s The Theory of
Groups in chapter 5 [1§].
1.5. Fundamental Domain
Definition 6. For a discrete subgroup I' of SLy(R), a fundamental domain for I is a
connected hyperbolic polygon F with boundary OF on H such that

o Vz € H, there exists v € I' such that vz € F;

e If 2,2/ € F and 2’ = vz for some nonscalar v € ', then z and 2z’ belong to OF.
Proposition 1. Let I" be a discrete subgroup of SLy(R), F' a fundamental domain of T,
and IV C T be a finite index subgroup. Let {v;} be the set of left cosets for I such that

U, 7 ' F is connected and write I' as a disjoint union of cosets

I =[Jwr.
Then

F=Jvw'F
is a fundamental domain for I". l

Proof. Let z € H. Then 2’ = ~z where 2/ € F and v € T'. We also have that v = ;7
where 4/ € I'. Then +'z € v; ' F.

Now suppose that to the contrary, for z;, 2, € F’ and z5 = 7z; for some nonscalar
~v € I, but z; and 25 is not in OF’. Then z; = vi’lyl and z; = 7{1y2 for y; € F. Then
Yo = VY Yy, is an equivalence relation in I' which contradicts the fact that F is a funda-

mental domain. ]

Note that we can choose {v;} so that F’ is connected by propagating F' using the

generators of T'.



For a triangle group A(a, b, ¢) with a fundamental domain F', the elliptic points of
A(a, b, c) lie on the boundary of F'. By labeling each fixed point of order a (resp. order b)
with a white (resp. black) dot, we can obtain a bipartite graph from the fundamental do-
main. We can also find a bipartite graph corresponding to subgroups of A(a, b, ¢) by prop-
agating the fundamental domain of A(a,b, ). A more in-depth discussion of the bipartite
graphs arising from fundamental domains will appear in Chapter [3|
1.6. Modular Group and Its Finite Index Subgroups

There are many different classes of triangle groups that have been studied over
the years. One important class of triangle groups is arithmetic triangle groups. These are
groups which parameterize certain abelian surfaces admitting quarternionic multiplica-
tion [26]. The classification for these arithmetic triangle groups has been done by Takeuchi
[28]. A related discussion in terms of generalized Legendre curves is given in this paper
[4]. Another class of triangle groups is of the form A(2,b,00) where b > 2 € Z. These
groups are called Hecke groups. Hecke groups are special because it contains cusps, which
does not exists if a,b,c¢ < o00. Recall that cusps are fixed by parabolic elements, and

any parabolic element is conjugate by some matrix A € SLy(R) to

b]

for some

1

b € R [11][Section 1.4]. Therefore, cusps are fixed points of elements with infinite order,
which does not exists in the case of a,b, ¢ < oo where all the generators have finite or-
der. In [I4], C.L. Lang and M.L. Lang studied Hecke groups and produced an algorithm
to find the Hecke Farey Symbol, an extension of the classical Farey Symbol. We will dis-
cuss Farey Symbol in a later section. Within the class of Hecke groups, one specific group

is the group SLy(Z) = A(2,3,00) which is called the modular group. This group parame-



terizes the isomorphism classes of elliptic curves [6][Theorem 2.5.1] and it will be the dis-
cussion point for the majority of this thesis.
First, we recall some basic facts regarding SLy(Z) and PSLy(Z). The proof of these

statements can be found in [6].

11

Theorem 2. Let S = n The group SLs(Z) is generated by the

-1
] and T =
0

matrices S and T

Proposition 2. The cusps of PSLy(Z) are P'(Q), all of which are equivalent in PSLy(Z).
Proposition 3. Every elliptic element of PSLy(Z) has order 2 or 3. Moreover, the is one
inequivalent class of order 2 and one inequivalent class of order 3.

Definition 7. Let I" be a finite index subgroup of PSLy(Z) and z be a cusp of I'. Then
there exists an element M € PSLy(Z) such that MTM ™! fixes z. The smallest positive
integer n such that MT"M~! € T is called the width of the cusp z.

For a positive integer N, here are some classical subgroups of SLy(Z):

I(N) = { [“ Z] € SLy(Z) ‘C‘ Z] = lé (1]] mod N}

(@ ] @ b]  [1 «
FI(N):{ ¢ | €eSLe() ¢ y *| mod N}

c c 01

_a b_ _(z b_ _* *_
[y(N) = SLy(Z = dN
o(N) { c d € SL.(Z) c d 0 =* o }

Definition 8. A subgroup of SLy(Z) is called a congruence subgroup if it contains
['(N) for some N. The smallest N such that the containment holds is called the level of
the subgroup.

The groups I'(N), 1 (N), and T'o(N) are all congruence subgroups. Dennin [5]

showed that for a given genus, the number of congruence subgroups is finite. On the other

10



hand, Jones [I0] showed that there are infinitely many noncongruence subgroups for a
given genus.

A standard fundamental domain for PSLy(Z) is

—1

F:{ZG,H:?S?R(Z)S and|z|21}.

DN | —

A visual representation of F'is given in Figure [1.1]

0.5

0.5 0.5

B

Figure 1.1: A standard fundamental domain for PSLy(Z) with p = 1+

2

From the given fundamental domain, p is an elliptic point of order 3 fixed by

0

1
STt = [ 1] and is equivalent to p? by Sp = p?. The point i is an elliptic point

. This fundamental domain also

1
of order 2 fixed by S. The cusp is oo fixed by [0

contains 2 copies of the hyperbolic triangle for A(2,3,00) (one copy is the shaded part
in Figure with internal angles 7/2, 7/3, and 0. Note that we need 2 copies to satisfy
the orientation preserving condition. Recall from before that A(2,3, 00) have area F, so
the area of this fundamental domain is . As a corollary of Proposition , we see that the
elliptic points of PSLy(Z) are equivalent to either i or p.

Using the fundamental domain F' for PSLy(7Z), we can cover the upper half com-
plex plane using F' and the generators of PSLy(Z) as given in Figure
Example 1.6.1. Figure is a fundamental domain for I'y(4). The transformations on

11



Figure 1.2: A partial tessellation of H

the boundary of the domain produce the following set of matrices

11 10 10 -1 1
0 1| |4 1| |-4 1| |-4 3|’
pairing a to b, ¢ to h, d to g, and e to f respectively in an orientation reversing manner.

Note that up to signs, we have that

P A e R e e e L

SF

///
\ / e -

\ / / STN2F
\ |/ — 7
(- /STA-2
///,E;SJ S)F,BL“\( 5T
V9 f\

L

%

/
1/
/

Figure 1.3: A fundamental domain of I'y(4) using cosets

We can obtain another representation for a fundamental domain of PSLy(Z) as fol-
lows by applying S to the left side of Figure [1.1] downward to get Figure [[.4] The new
polygon is a special polygon (see Definition E[)

12



0.5 0.5

Figure 1.4: A special polygon for PSLy(Z) with o = 1+‘2/j3

In Figure [1.4], we note that ¢ and o are still elliptic points of order 2 and 3 respec-
tively. However, there are now two vertices that correspond to the cusps, oo and 0. In this

case, those two cusps are equivalent by the matrix S. The angle between the two red lines

meeting at o is %’r
By propagating the special polygon in Figure [1.4] using some Mobius transforma-

tions from PSLy(Z), we attain Figure [1.5(as a partial tessellation of .

y y T g y
-1 -0.5 0.5 1

Figure 1.5: A partial tessellation of H using the special polygon in Figure
In this thesis, the fundamental domains for triangle groups are hyperbolic triangles.
Consequently, the tessellation obtained from a fundamental domain is made up of hyper-

bolic geodesics. More than that, the geodesics that connect the cusps are semicircles, or

13



vertical lines, and their endpoints are on Q U {oo}. Any two cusps ¢ and § in the lowest
form that are joined by a blue line satisfy the condition that |ad — bc| = 1. Note the points
in the middle of the blue line (marked by o) are images of ¢ and the points formed by the
intersections of the red arcs (marked by e) which are images of p.

Example 1.6.2. Figure is another fundamental domain for I'g(4). The side pairings

labeled by 1’s and 2’s give rise to the matrices

ol

respectively, which generate ['g(4) in PSLy(Z).

(IN/(1)

05 1
Figure 1.6: T'g(4) with images of elliptic points labeled
Compared to Example the set of generators given the side pairings of a spe-
cial polygon is minimal. This is the motivation for using special polygons as our funda-
mental domains. For a more general discussion, refer to Maskit’s [I9] paper on Poincaré’s
polygons.

We denote the hyperbolic geodesic from 0 to i (resp. from 0 to p = 1+‘2/j3) by A.

(resp. A,). For any v € PSLy(Z), vA. (resp. vAp) is called an even (resp. odd) edge.
In Figure the blue line consists of 2 even edges connected at ¢ and it is called an even

line. The red line contains 3 odd edges connected at p. Two even lines are considered

14



paired if they share the same integer labeling as in Figure . The paired lines (the lines
with the same labeling) are called free sides. The fundamental domain given above for
['g(4) is a special polygon.

Definition 9. A special polygon P is a convex hyperbolic polygon with boundary 0P
which is a union of even and odd edges satisfying the following:

P;) The even edges in 0P come in connected pairs and form a semi-circle or vertical
lines.

P,) The odd edges in 0P come in connected pairs. An odd edge a is paired to an odd
edge b which makes an internal angle of %’T with a.

P3) Let e, f be two even edges in 0P forming an even line. Then either e is paired to f,
or e and f form a free side of P and is paired to another free side of P.

P;) 0 and oo are two vertices of P.
Definition 10. Let P be a special polygon. The inner tessellation of P consists of even
and odd edges contained inside P but not including the boundary.

The vertices of a special polygon can either be a cusp on P}(Q) or an elliptic point
located in ‘H located on the boundary of the special polygon. The odd and even pairings
come from the fact that the elliptic points can be order 2 or 3.

Note that in the picture for I'g(4) (i.e. Figure , + can be computed as the medi-
ant between 0 and 1.

Definition 11. For ¢, ¢ € P'(Q) in simplest form, where we denote co (resp. —o0) as

1
0

(resp. _Tl), the mediant of § and § is denoted by mediant (%, g) and computed by ZTJ’;.

For a geodesic with endpoints ¢, < € P'(Q) in lowest form and |ad — be| = 1, us-

ing the endpoints and the mediant as vertices, we obtain a hyperbolic triangle. By Gauss-

Bonnet, the area of this hyperbolic triangle is 7.
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Theorem 3 (Kulkarni [I2] Theorem 3.2). A special polygon is a fundamental domain for
the subgroup of PSLy(Z) generated by the side-pairing transformations and these trans-
formations form an independent set of generators for the subgroup. Conversely every sub-
group of finite index in PSLy(Z) admits a special polygon as a fundamental domain.

Note that special polygons for a given finite index group I' of PSLy(Z) are not
unique.
Example 1.6.3. Figure is another special polygon corresponding to I'g(4). Note that
while the special polygons for Figure [1.6| and Figure share the same number of hyper-

bolic triangles, their vertices are different.

0.5 1 LS 2

Figure 1.7: Another special polygon for I'g(4) with different vertices

1.7. Overview

There are two major ideas that will be used throughout this thesis. One is that a
fundamental domain for a finite index subgroup of PSLy(Z) can be obtained by propagat-
ing a fundamental domain of PSLy(Z). The other is that the set of generators obtained
from a special polygon is minimal. Using these two ideas, we will discuss and develop
computational methods for working with finite index subgroups of PSLy(Z). We will look

at these methods from three different angles. One will be from the perspective of Farey
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Symbols. Another will be using permutation representations. The last will be using bipar-
tite cuboid graphs.

For the second part, we will try to generalize these ideas to general triangle groups
A(a,b,c). The extension of permutation representations and graphs can be extended in an
obvious manner. However, we may not have Farey Symbols, which rely heavily on cusps.
Using these theories, we will develop algorithms involving triangle groups and finite index
subgroups of triangle groups. The algorithms include finding a set of generators and deter-
mining whether a given matrix is contained in a given finite index subgroup of A(a,b,c).
We will also classify nonequivalent isomorphism classes of subgroups of A(2,4,6) for index

up to 11.
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Chapter 2. Farey Symbols

For a special polygon, one can describe the polygon using its vertices. This descrip-
tion is called a Farey Symbol. The following discussion is based on the work of Kulkarni
[12].
2.1. Introduction

We recall the following classical definition of a Farey Sequence.
Definition 12. A Farey Sequence is a sequence of completely reduced rational numbers
between 0 and 1 in ascending order where each adjacent pair of numbers have cross-ratio
1. The cross-ratio of {1, & € P'(Q) is denoted as |z1ys — T2y
Lemma 1. Let 71,22 € P'(Q) be in simplest form with cross-ratio 1 and z be the
mediant (%, %) Then the cross-ratio of (%, z) and the cross-ratio of (z, %) are also 1.
Proof. Suppose a,b € P(Q) with a = % and b = z—; and |x1ys — xoy1| = 1. Let ¢ = %

Then the cross-ratio of a and ¢ is |z1(y1 + y2) — v1 (21 + 22)| = |21Y2 — 22y1| = 1. Similarly,

the cross-ratio of b and ¢ is also 1. O

Y1’ Y2
mediant(M (m—1> , M <ﬂ>> =M (mediant (ﬂ’ ﬂ))
Y1 Y2 Y1’ y2

Proof.

b
Lemma 2. Let M = [a d] € SLy(Z) and 2,22 € P}(Q) be in simplest form. Then
c

mediant (M (ﬂ) .M (E)) _ar+ by, + axs + by
"N Y2 cxry + dyl + cxy + dy2

_ (@1 +3) +b(y1 + v)

c(r1 + x2) +d(y1 + y2)

:M(IE1+$2>
Y1+ Y2

=M (mediant (ﬂ, ﬁ))
Y1 Y2
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Definition 13. A generalized Farey Sequence is an expression of the form of

44_177 4(177

where

i) x; and z, are integers and for exactly one z;, z; = 0.

ii) x; = §* are rational numbers in their reduced form and in an increasing order, such
K3

that
|Giy1bi —aibip1| =1, i=1,2,...,n—1.

Definition 14. A Farey Symbol is a generalized Farey Sequence with pairing informa-
tion between any two adjacent entries. The pairing is labeled as follow:
e If x; and z;,, are endpoints of two paired even edges, then the pairing is labeled o.
e If z; and z;,, are endpoints of two paired odd edges, then the pairing is labeled e.

o If x; and z,,, are endpoints of a free side and paired with z} and x_;, then the
pairing is labeled by an integer. Different pairings are labeled by different integers.

Example 2.1.1. A Farey Symbol for I'g(4) corresponding to Figure is

0
— 00 1

1
1

1
2 00

2 1 1 2

We can compute the matrices for the pairings explicitly by finding the Md&bius

a b
transformations for the edges. For 1, we need to find a, b, ¢, d such that ] 1 %,
c

b b
[a d] 0 =1, and [a d] € SLy(Z). For 2, we need a matrix [a

b
] € SLy(Z) that fixes
c c c d

3
oo and sends 0 to 1. We find that 1 corresponds to the matrix [ ] and 2 corresponds

|11
to the matrix .
0 1
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Example 2.1.2. Consider the following Farey Symbol

0
1

This Farey Symbol shares the same entries as Example [2.1.1} However, by chang-
ing the pairings, this Farey Symbol now represents a different subgroup. The subgroup

corresponding to this Farey Symbol is now of index 8. Similar to Example [2.1.1] we can

11
compute the matrices for the pairings explicitly. The matrix corresponding to 1 is [O 1] :

For the odd pairing between 0 and %, we first note that the odd edges forming this pair-

1

ing lie inside a hyperbolic triangle with vertices 0, 5, and % Therefore, we need to find

. For the second
c d

b
[a ] € SLy(Z) that permutes these vertices. The matrix is £

-3
)

12
273

and % The matrix is & . An

odd pairing, we need a matrix that permutes

explicit algorithm is given in Theorem [4

0.5 1

Figure 2.1: A partial special polygon with vertices 0, 1, and oo

2.2. Invariants From Farey Symbols
Given a finite index subgroup I' of PSLy(Z), one can use the Farey Symbol to rep-
resent the subgroup in a concise way. From the Farey Symbol, we can obtain invariants for
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the given subgroup. The number of even (resp. odd) pairing is the number of inequivalent
elliptic points of order 2 (resp. order 3).

Let F' be a Farey Symbol and {—o0, x1,...,2,,o0} be the corresponding general-
ized Farey Sequence with z; = % The generalized Farey Sequence will also have a cyclic

order. This means that x,.1 = o0 = —00 = xy. The width of each vertex x; can be calcu-

lated from the Farey Symbol as follows:

Wldth(l’z) = |ai_1bi+1 — ai+1bi_1] +c

where c is 0, %, or 1 if z; is adjacent to 0,1, or 2 odd edges respectively. The width of the
vertex oo is

width(co) = |a,by — a1b,| + c.

The vertices can be partitioned into equivalent classes {x;}, which are cusps. If z;
and x; 1 are paired by an even or odd pairing, then x; and x;,; are equivalent cusps. If z;
and x;1, are paired with z; and x;,, by a free pairing, then x; and z , are equivalent and
x;+1 and ), are equivalent.

Then the width of a cusp {z;} is the sum of the width of z; € {z;}. Let n be the

index of a finite index subgroup with a set of inequivalent cusps {x;}. Then

n = Z width(z;).

We can also obtain the genus of I' by applying the Riemann-Hurwitz formula given
in equation (1.2)) [I2]. Let I be an index n subgroup of PSLy(Z) and ey, e3, ¢ be the num-

bers of inequivalent order 2 elliptic points, order 3 elliptic points, and cusps respectively.
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Then the genus g of I' is given by

n €9 €3 C
142 S _C .
9=t 5 "1 "3 3

The generators of I' are given by the pairing information of the Farey Symbol.

Theorem 4 (Kulkarni [I2] Theorem 6.1). Suppose 3 and Zf—i are two adjacent entries of

a Farey Symbol F. Then if the pairing between them, p;11, is an even pairing, let:

2 2
aiy1biy1 + a;b; —a; — iy ]

Gi -
+1 2 2
bi + biJrl —ai+1bi+1 — Ojibi

If pix1 1s an odd pairing, let:

Gt =
o b7 + bibis1 + b3, —aiy1bip1 — air1b; — a;b;

2 2
@i10i11 + aibipr + a;b; —Q; — QiQiy1 — iy ]

If pix1 1s a free pairing that is paired with the side between ‘bl—: and Z:Ll, let:

Gz’+1 =

A+1bip1 + agb; —aga; — @k+1ai+1]

bibi + bry1bivr  —aiy1bpyr — aiby
Then G411 is the side transformation corresponding to the pairing between p;.q.

Example 2.2.1. The Farey Symbol for I'y(4) is

0
— 00 1
2 1 1 2

3 -1

41l There are no elliptic points. The cusps

11
The generators are [0 1] and [

1
)9

0 and 1 are equivalent. So there are 3 inequivalent cusps: 0 and oco. The cusp 0 has
width 4, % has width 1, and oo has width 1. The index is 6. The genus is 0.
2.3. Algorithm for Constructing Farey Symbol

The following algorithm was given by Kurth [I3] based on the work of Kulkarni.
Currently in SageMath, there exists the KFarey package [24] for producing a Farey Sym-
bol along with the invariants for a given finite index subgroup of PSLy(Z). We expand
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upon that algorithm to produce a bipartite cuboid graph with labelings. We will discuss
more about bipartite cuboid graphs in the next chapter.

There are two facts to be noted prior to discussing the algorithm. The first fact is
Lemma . Let M = [Z Z] € SLy(Z) and 0,1, 00 be the vertices of a hyperbolic tri-

angle. Then the image of the hyperbolic triangle under the action of M will have vertices

a atb

o =, g. Therefore, to find the image of the hyperbolic triangle with vertices 0, 1, co under

M, we only need to find the image of 0 and co. The last vertex comes from the mediant of
the image of 0 and co. The second fact is the following. Let 2 < ¢ € P(Q) in simplest

C

b
form with |ad — bc| = 1. Then M = [a ] takes 0 to 2 and oo to <.
Using these two facts, we can propagate our special polygon (Figure along any

of its sides by finding the mediant between the corresponding two vertices.

05 1 15 2

Figure 2.2: Figure reflected down Figure 2.3: Figure reflected right

Example 2.3.1. Recall Figure 2.1} If we want to reflect the triangle downward, we only
need to find the mediant of 0 and 1. The mediant(0, 1) is % The vertices 0, 1, and % pro-
duce the polygon in Figure If we want to reflect the triangle to the right, we find the

mediant between 1 and co. The mediant(1, c0) is 2 and the polygon is the one in Figure

2.3
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Algorithm 1 Produce a Farey Symbol given a finite index subgroup I' of PSLy(Z) and a

fundamental domain

—_

: Check if L and 0 —1 isin I
0 1 1 0

2: if Yes then

3: Return
—o00 0 o0
~_ T~

O [ ]

4: Return Figure

5: Terminate

0 1 -1 1

6: else if [ ] and [ 0] are in I then

7: I' = T'y, where I'y is the unique subgroup of index 2

8: Return

0
—00 1 o)
~_ T~

[ J [ ]

9: Terminate

10: end if

11: Make a partial Farey Symbol:
0 1

—00 1 1 0Q.
S~ 7

12: Let F' be the hyperbolic triangle with vertices {0, 1,00} with labeling given in Figure
2.1

13: n=3

14: while There are unpaired entries do

15: Check whether you can pair the entries. If yes, assign the appropriate pairing

16: if Pairing between £ and % is odd then
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17: Reflect one portion of F' over the geodesic with endpoints {%, zf—ﬁ}. Specifi-

cally, let

Gi Di+1Gi+1 + DiGit1 + Pigi —p? — PiPi+1 — P?H
:
qiz + QiQi+1 + qi2+1 —Dit14i+1 — Pi+14i — Pigi

and let pt be the fixed point of G;1. The new hyperbolic triangle will have vertices

{&, pt, 2t
18: Label the new region n + 1
19: Let n=n+1
20: end if
21: if all entries have been paired then
22: terminate
23: else if There are any unpaired entries, say % and Z—E then
24: We add a new entry, Zi—é’jﬁ
25: Reflect F' along the geodesic with endpoints % and Z—i forming a new hyper-

Pi PitPit1 Pit1

bolic triangle with vertices {£, ,
47 ¢itqit1’ Git1

26: Label the region with n 4+ 1,n + 2,n + 3 in a counterclockwise manner
27: n=n+3
28: end if

29: end while

Example 2.3.2. We apply the algorithm to I'y(15) and it will produce Figure 2.4 We can
also call upon functions from the KFarey package to find the invariants. The dash lines in-
dicate the points that will be paired in the corresponding bipartite graph. We will discuss

bipartite cuboid graphs in the next chapter.
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import sage farey to graph 5_4
from sage.all import *

from importlik import reload
reload {sage farey to graph 5_4)

farey = sage_farey to_graph 5 4. findfarey{Gammal{15))
print ("L Farey Symbol: ™)
print{farey)

print {"Order 2 elliptic points: ", FareySymbol (Gammal {15)) .nuZ({))
print {"Order 3 elliptic points: ",FareySymbol (Gamma0 {15)).nua3({))
print ("Cusps: ",FareySymbel (Gammal (15)) .cuapal))

print {"Cusps width: ", FareySymbol {(Gamma0{15)).cusp widtha())
print ("Genus: ",FareySymbol (Gammal (15)) .genus())

sage_farey toc graph 5 4.fareygraphi{farey,boundary = True, intericr = True, begraph=True,figuresize = 20)

2L Farey Symbol:

[[-Infinity, O, '1'1, [0, 1/&, '3'1, [1/6, 1/5, '5'], [1/5, 174, '4"'1, [1/4, 173, '2'1, [1/3, 172, '3']1, [1lr2, 3
f5, "4'1, [3/5, 273, '5"1, [2r3, 1, '2']1, [1, +Infinicy, "1"]]

Order 2 elliptic pointa: O

Order 3 elliptic points: O

Cusps: [0, 1/€, 175, Infinityl

Cusps width: [15, 5, 3, 1]

Genus: 1

s tak5)

Figure 2.4: The Farey Symbol and special polygon for T'g(15) using Algorithm
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Chapter 3. Bipartite Cuboid Graphs
3.1. Interpreting Fundamental Domains of Subgroups of PSLy(Z) as Graphs
Definition 15. A bipartite cuboid graph (BCG) is a finite connected bipartite graph,
which can be embedded on an orientable surface, such that

e cvery white (resp. black) vertex is of degree 1 or 2 (resp. 1 or 3),

e there is a cyclic order on the edges incident at each vertex.

We will choose counterclockwise as our direction for the cyclic order on the edges
for the rest of this paper.

By using Algorithm [I} one can produce a fundamental domain for a finite index
subgroup I' of PSLy(Z). Given a fundamental domain F' with the inner tessellation (defi-
nition [10]), let the images of the elliptic points of order 3 (resp. order 2) of PSLy(Z) under
the actions arising from the left cosets be represented as the black (resp. white) vertices.
One can obtain a graph from a fundamental domain by connecting the black vertices to
their neighboring white vertices. We will demonstrate this process by the following exam-
ple. Note that the number of edges added to connect black and white vertices is the num-
ber of A(2,3,00) used to tessellate the fundamental domain of I', which is also the index
of T in PSLy(Z).

Example 3.1.1. Consider the fundamental domain with its inner tessellation for I'y(4) in
Figure Then we can construct the associated BCG by adding edges connecting each
black vertex to its neighboring white vertices (Figure . We also give a label to each
newly added edge. If there exists a dashed line between two vertices indicating there is a

pairing between them, we pair those two vertices. The resulting BCG is Figure [3.3
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Figure 3.1: I'g(4) with im- Figure 3.2: I'y(4) with Figure 3.3: I'g(4) repre-
ages of the elliptic points labels on the black edges sented as a BCG

The figures in Example [3.1.1] can also be obtained by applying Algorithm [I

Lemma 3. Given an index n subgroup of PSLy(Z), the corresponding BCG has n edges.

Proof. Recall Proposition . For an index n subgroup I' of PSLy(Z), the fundamental do-
main of I" contains n copies of the fundamental domain of PSLy(Z). From the construc-

tion of the BCG for I', each edge of the BCG corresponds to a copy of the fundamental

domain for PSLy(Z). O

From a BCG, we can obtain the same invariants that we found from using Farey
Symbols. An even (resp. odd) leaf is a white (resp. black) vertex of degree 1. The invari-
ants can be obtained as follows:

eo = number of even leaves,

e3 = number of odd leaves,

¢ = number of faces.
Recall that for a planar graph, a face is a region enclosed by a cycle. There is also
the infinite face which is the region “outside” of the graph.
Example 3.1.2. In Figure [3.3], the subgraph given by edges 1 and 2 is called a face. This

face corresponds to a cusp of width 1. Another face is the subgraph with edges 5 and 6.
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This face corresponds to another cusp of width 1. There is also the infinite face corre-
sponding to a cusp of width 4.

Note that not all BCG’s are planar. Since BCG’s come from finite index subgroups
of PSLy(Z), there are BCG’s with positive genus. A positive genus for a BCG means
that the BCG contains edges that cross each other. Then the faces for that BCG become
harder to identify visually. We will present a way to extend the definition of faces and
identify them by using permutations in a later discussion.
Example 3.1.3. Figure is the BCG corresponding to the subgroup I'g(15). While we
know the genus and the cusps of this subgroup from Figure [2.4] it is not easy to determine

those invariants from the BCG.

Figure 3.4: The corresponding BCG for T'y(15) in Figure

From Figure one might be tempted to move the edges and vertices to make
the graph into a plane graph. However, this might not work. Figure is not a standard
graph, but rather a BCG (recall Definition , so there is a cyclic ordering on the edges.
By removing the crossings, the new BCG might not be isomorphic to the original BCG.
We define isomorphisms between BCG’s below.
Definition 16. Two BCG’s are isomorphic if there exists a bijective map between the
BCG’s that sends edges to edges while keeping edge adjacency and the cyclic ordering
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around the vertices.

Theorem 5 (Kulkarni [12] Theorem 4.2). There is a bijective correspondence between iso-
morphism classes of bipartite cuboid graphs and conjugacy classes of finite index subgroups
of PSLy(Z).

Example 3.1.4. Figure 3.5 shows two BCG’s that are isomorphic to each other. Note
that the cyclic ordering around each vertex is preserved along with edge adjacency. Figure
shows two BCG’s that are not isomorphic to each other. As standard graphs in the
plane, they are isomorphic. However, as BCG’s, there is no way to label the edges so that

both adjacency and cyclic ordering will be simultaneously preserved.

Figure 3.5: Isomorphic Figure 3.6: Non-isomorphic
Example 3.1.5. Figure and Figure are not isomorphic as BCG’s. The crossing in

Figure [3.8] indicates the genus of that graph is 1.

Figure 3.7: BCG with Genus 0 Figure 3.8: BCG with Genus 1

30



Examples [3.1.4] and [3.1.5| show that the process of determining the isomorphism

between two BCG’s is not particularly straightforward. This process only grows in diffi-
culty as the BCG’s increase in size or they become more homogeneous. Consider Figure
.9 B-10, and 3.11} We would like to determine if there are any isomorphisms among those
three BCG’s. We will use permutation representations to help us find the isomorphisms if

there are any. We will find that only Figures and are isomorphic to each other.

{ .
e
i

Figure 3.9: A BCG with Figure 3.10: Another BCG Figure 3.11: A third BCG
36 edges with 36 edges with 36 edges

3.2. Interpreting Graphs as Permutations

So far, we have seen how to consider finite index subgroups of PSLy(Z) as Farey
Symbols and BCG’s. Now we consider these subgroups as permutations. Recall from Sec-
tion that we can associate a permutation representation to a finite index subgroup of
Al(a,b,c). In the case for finite index subgroups of PSLy(Z), we state the following theo-
rem from Millington [20].

Let X be a finite set of n letters and z; a fixed member of X. A pairing (02, 03),
is defined as an equivalence class of pairs of permutations o, 03 acting on X under the
equivalence relation ~, where

e )
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e the group generated by o9 and o3 is transitive on X,

o (0y,03) ~ (0}, 0%) if there exists a permutation 7 € S,, such that

1 1

TOT ' =04, TO3T & =05, T = 7.

Theorem 6 (Millington [20] Theorem 1). Suppose that {02,053} € S, generate a transi-
tive subgroup on X, a finite set of n letters. Also suppose that o5 = o3 = 1. Then there
is a one-to-one correspondence between finite index subgroups I' of PSLy(Z) and pairings
(02,03)s, acting on a set X of n letters. Moreover, I' has invariants n, g, e, e3, ¢ satisfying

the Riemann-Hurwitz formula and n =) . width(c;), where oy are the inequivalent cusps,

if and only if
1. oy fizes ey letters of X,
2. o3 fizes eg letters of X,
3. o903 consists of ¢ disjoint cycles of length width(c;) for inequivalent cusps .
From a permutation representation, one can also obtain the standard invariants
(es, €3, ¢, etc.) of the corresponding finite index subgroup I' of PSLy(Z) by the results of
Theorem [6] One can obtain a set of permutations for a given subgroup I' by following the
discussion in Section [L4l
Another way to find o5 and o3 is by looking at BCG’s. Recall that we can repre-
sent a finite index subgroup of PSLy(Z) as a BCG. For the BCG, we can give it a labeling
on the edges. We can find o, and o3 from a BCG with labels by reading the labels around
each vertex in a counterclockwise orientation. The labels around each white (resp. black)
vertex form a cycle in an order 2 (resp. 3) permutation. We present an example of this
process below.

Example 3.2.1. For T'y(4) as given in Figure the permutations are oy = (1,2)(3,4)(5,6),
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o3 = (1,3,2)(4,5,6), and o203 = (1)(6)(2,3,5,4). From Millington’s Theorem [, we can
find the invariants of this subgroup. This subgroup is torsion-free. There are 3 inequiva-
lent cusps of width 1, 1, and 4. The genus is 0.

Example 3.2.2. For I'y(13), the permutations are

o3 = (1,2,3)(4,5,6)(7,8,9)(10, 11,12)(13)(14).
oo = (1)(2,5,8,13,9,7,6,11,12, 14,10, 4, 3)

This subgroup has 2 order 2 elliptic points, 2 order 3 elliptic points, and 2 cusps. One
cusp is of width 1 and the other is width 13. The genus is 0.

By using permutations, we can give a new definition for faces of a BCG.
Definition 17. For a BCG with a set of permutations {0, 03}, the faces of the BCG
bijectively correspond to the disjoint cycles of the permutation oy03.

3.3. Isomorphisms Between BCG’s

In the previous section, we established a way to go from a BCG with labelings to
a set of permutations. In this section, we will work with permutations. However, associ-
ated to the permutations is a BCG. In other words, determining whether two BCG’s are
isomorphic is equivalent to finding the conjugation between two sets of permutations if it
exists. We will establish an algorithm to go from permutations back to BCG’s in a later
section.

Definition 18. For permutations {09, 03} and {0}, 04} such that (o9, 03) generate a tran-
sitive subgroup of .S,, for some n € N, we say that these two sets are conjugates of each
other if there exists a 7 € S, such that 7{c9,03}77! = {0}, 0%}
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Example 3.3.1. Let
o2 = (1,2)(3,4)(5)(6), o3 = (1,2,3)(4,5,6),

oy = (1,2)(5,6)(3)(4), o5 = (1,5,6)(2,3,4)
in Sg. Then 7 = (6,4,2)(3,1,5) will satisfy 7{oq,03}7! = {0}, 0%}

Example 3.3.2. Let
o2 = (1,4)(2,6)(3,5), 03 = (1,2,3)(4,5,6),

o = (1,4)(3,6)(2,5), o} = (1,2,3)(4,5,6)

in S¢. Since conjugation does not change cycle type, if there exists a 7 € Sg that con-
jugates the permutations, then o903 must have the same cycle type as o4o}. However,
o903 = (1,5)(2,4)(3,6) and ooy = (1,5,3,4,2,6). Therefore, there is no 7 € Sg such
that 7{oy, 03}77! = {0}, 034}

As n increases, trying to find a conjugation 7 € S,, becomes exponentially harder if
one were to naively find 7 by checking all elements in S,,. We will introduce the concept of
paths to produce a more sophisticated method of finding 7.

Definition 19. Let X be a set of n letters and 05,03 € S, a path starting from k£ < n is

a sequence {x;}, r; € X with no repeated entries where
x1 =k, x9 = 03(1), 23 = 02(22), T4 = 03(23), x5 = 02(T4), ..., Ti = 0j(Ti-1)

where j = 3 if i is even and j = 2 if i is odd. A path is called maximal if {x, o, ..., z;}
is a path but ;1 = x; for some j <.
In the definition of paths, o5 and o3 only need to be elements of S,,. However, for
o9 and o3 arising from a BCG, it is necessary that (o9, 03) is a transitive subgroup of S,.
From now, the set X will be the set of labels of a BCG. Also note that in the defi-
nition of paths, the starting direction is fixed.
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Definition 20. Given a maximal path p = {x1,...,2;}, if 0;(z;) = x4 where k < i, then
we say the path type of this path is (k,i — k + 1).

Example 3.3.3. Recall the graph for I'y(4) (Figure and the permutation represen-
tation oo = (1,2)(3,4)(5,6) and 03 = (1,3,2)(4,5,6). A path staring at 1 would be
{1,3,4,5,6} with path type (3,3). A path starting at 3 would be {3,2, 1} with path type

(1,3). To be more precise, we can track the numbers as follows:

32 2472 1435 3

12 322 475 5122 623 4.

Let P be a set containing maximal paths starting at ¢ for 1 <17 < n.
Lemma 4. If {0y, 03} is conjugate to {d}, 04} in S,,, then for all p € P, there exists p’ €

P’ such that |p| = [p/| and p and p’ have the same path type.

Proof. Suppose that {09, 03} is conjugate to {c%,05}. Then there exists a 7 € S, such

1 1

that 7o97~! = 0} and 7037 = 04. Let p = {x1,29,..., 21} be a path in P. Let 2} = 72;.

Since 1 < 2} < n, there is a path in P’ that start at z. For the path starting at x/,
/ /

rh = ol(x}) = To377 (121) = To3(71) = T(73). Therefore, for a path p € P, there exists a

path p’ = 7p in P’ with the same length with the same path type. O]

Note that if z; is a label corresponding to a leaf of a BCG, then z; is either the
starting point of a path or it is the ending point of a path.
Lemma 5. Let X be a set of n labels and {09, 03} € S,,. Let P be defined as above for

X. Then [{paths of length 1}| < % + 2.

Proof. By definition of a path, paths of length 1 correspond to elliptic points of order 3.
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Then consider the Riemann-Hurwitz formula for PSLy(Z)

n €9 €3 C
— 14— _2_=3_°
9= T4 "3 3

where n is the index, g is the genus, es, e3 are the number of elliptic points of the corre-
sponding order, and c is the number of cusps. Some rearrangement yields

4es n
— =4+ - —2c—4g.
ez + 3 —|—3 c—4g

So we have

62—|—€3§4+g—20—4g

§4+g—2—@

IN
w3

[
Definition 21. A covering of a set X with n labels is a minimal set {p;} € P such that

Uipi 2 {1,2...,n}.

By using the definitions above and Lemma [4] we can now describe how to deter-
mine whether or not two sets of permutations are conjugate of one another, and corre-
spondingly, whether or not two BCG’s are isomorphic to each other. First we want to
note that for {09, 03} and {0}, 04} in S, the sets P and P’ are finite. Specifically, |P| =
|P'| = n. The set P also contains a longest path, say p;. By Lemma[d] if there exists a
conjugation 7, then p; is mapped to some p} in P’ with the same length and path type.
We then attempt to construct 7 by looking at the mappings of the paths. In the worst-
case scenario, we have to look at all mappings of p; into P’. Then we use a depth-first
search starting from p; to get a covering C'. In terms of graphs, this is the same as find-
ing a spanning tree. We find C” using the same depth-first search. If at any time where p;
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does not match up with p}, then we have to choose a new path p| and do the depth-first
search again. Therefore, by the end of the algorithm, we either found a possible candidate
7 or we exhausted all possible mappings for p;. Then we verify whether 7 is indeed the
conjugation.

Theorem 7. Algom'thm@ terminates and produces a conjugate T between {0y, 05} and
{ch, o4} if it exists. This algorithm have time complezity O(n®) where n is size of the set

X.

Proof. Suppose that the time it takes for a program to compare two elements or to do
one computation is 1 time unit. For a set X with n labels, finding P takes n? time units.
Finding P’ would also take n? time units. Therefore, finding P and P’ would take 2n?
time units. In the worst-case scenario, we have to map p; € P to all paths in P’ before
finding the correct map or conclude that such a map does not exist. This will take at
most n time units. Finding a covering will take n? time units. At worse, we need to find
a covering C” for each mapping of p;. Altogether, it would take time O(n?®) to determine

whether or not a conjugation element 7 exists. O

Note that if there are invariants between {09, 03} and {0}, 04} that do not corre-
late, then {02, 03} and {0}, 04} are not conjugates. We only go through the full algorithm

when the corresponding BCG’s are extremely similar (for example Figure .

Algorithm 2 Determining Isomorphism Between 2 BCG’s

1: Given 2 BCG’s, find the corresponding permutation representation o = {09, 03} and

o' = {03, 03}

2: Check possible invariants between o and o’
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9:

10:

11:

12:

13:

14:

15:

16:

17:

18:

19:

20:

21:

22:

23:

24

25:

if Some invariants do not match up then
Output ”"Not conjugate” and Terminate
end if

i=1,C={}

Pick one of the longest paths p; € P, and let C' = {p,}

while There is no isomorphism do

Find p € P’ that matches p; € C by depth-first search

if p! exists and i = 1 then
Add p} to C'
Remove p; from P’
else if p; does not exist and i = 1 then
Break and print ”No conjugate”
end if
if no such p/ exists and i # 1 then
=1
=0
Go back to start of While
else
if C is not a covering and |C| = i then
Find p;.; € P by depth first search

Add Di+1 to C

else if C is a covering and |C| =i then

Find and check 7 using C' and C".
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26: If 7 is a conjugate, output 7 and Terminate.

27: If not, i = 1, C" = {} and go back to start of while
28: end if

29: 1=1+1

30: end if

31: end while

The implementation of Algorithm [2 can be found on the author’s website [23] in
the file of the same name. We can then use this algorithm to classify subgroups of triangle
groups. Note that algorithms for classifying subgroups of PSLy(Z) already exist (for exam-
ple [3] and [30]). However, those algorithms are restricted to PSLy(Z). On the other hand,
Algorithm [2| works for subgroups of any triangle group with permutation representation
{04,04}. We will demonstrate this in Section [4.4| for classifying subgroups of A(2,4,6).

Example 3.3.4. Let
s = (1,3)(2,4)(5,13)(6,7)(8,21)(9,10)(11,12)(14, 16)(15,19)(17, 18)(20, 22)(23, 24)

o3 =(1,2,3)(4,5,6)(7,8,9)(10, 11,12)(13, 14, 15)(16, 17, 18)(19, 20, 21)(22, 23, 24)
o903 = (2,5,14,17,16, 15,20, 23,22,21,9,11,10, 7,4, 3)(6, 8, 19, 13)
oy = (1,3)(2,4)(5,13)(6,7)(8,21)(9,10)(11,12)(14, 16)(15,19)(17, 18)(20, 22)(23, 24)
oy =(1,2,3)(4,6,5)(7,9,8)(10,11,12)(13, 15, 14)(16, 17, 18)(19, 21, 20) (22, 23, 24)
ohoy = (2,6,9,11,10,8,20,23,22,19, 14, 17,16, 13,4, 3)(5, 15,21, 7)
These permutations represent two conjugacy classes of index 24 subgroups of

PSLy(Z). Since there is no differences in the obvious invariants such as the number of
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In [6]:  import sage bcg isom general
from sage.all import *
from importlib import reload
reload (sage_bcg isom general)

n=24

G = SymmetricGroup (n)

siga = G('({1,3)(2,4)(6,7)(9,10) (11,12} (5,13} (8,21} (14,16} (17,18) {15,10) (20,22) (23,24)")

sigh = G('(1,2,3) (4,5,8) (7,8,8) (10,11,12) (13,14,15) (16,17,18) (19,20,21) (22,23,24)")
sigaprime = G{'(1,3)(2,4) (e,7)(9,10) (11,12) (5,13) (8,21) (14,16} (17,18) (15,19} (20,22) (23,24)")
sigbhprime = G('(1,2,3)(5,4,6)(7,9,8)(10,11,12) {13,15,14) (16,17,18) (19,21,20) (22,23,24)")

sage_beg isom general.isom(siga,=igb, sigaprime, sigbprime, n)

siga (1,3)(2,4)(5,13) (6,7) (B,21) (9,10) (11,12) (14, 16) (15,18) (17,18) (20,22) (23, 24)

sigb (1,2,3)(4,5,6)(7,8,9)(10,11,12) (13,14,15) (16,17,18) {19,20,21) (22,23, 24)
sigaprime (1,3)(2,4)(5,13) (6,7) (8,21) (8,10) (11,12) (14,16) (15,10) (17,18) (20,22) (23, 24)
sigbprime (1,2,3) (4,6,5)(7,9,8) (10,11,12) (13,15,14) (16,17,18) (19,21,20) (22,23, 24)
Isomorphic with tau = (5,6) (7,13) (8,15) (9, 14) (10,16) (11,17) (12,18} (19,21}

Figure 3.12: Example 1 of Algorithm

elliptic points or cusps, we cannot yet determine if these two conjugacy classes are the
same. We apply the algorithm to determine that they are conjugates (Figure |3.12)).

Example 3.3.5. Let
o = (1,2)(3,4)(5,10)(6,7)(8,9)(11,16)(12,13)(14, 15)(17,19)(18, 24)(20, 23)(21, 22)

o3 =(1,2,3)(4,5,6)(7,8,9)(10,11,12)(13, 14, 15)(16, 17, 18)(19, 20, 21)(22, 23, 24)
o903 = (1,3,5,11,17,20,24, 16, 12,14, 13, 10,6, 8,7,4)(18, 22, 19)(21, 23)
oy = (1,2)(3,4)(5,10)(6,7)(8,9)(11,16)(12,13)(14,15)(17,19)(18, 24)(20, 23)(21, 22)
oy =(1,2,3)(4,5,6)(7,8,9)(10,12,11)(13, 14, 15)(16, 17, 18)(19, 20, 21)(22, 23, 24)
osoy = (1,3,5,12,14,13,11,17, 20, 24, 16, 10, 6, 8, 7,4)(18, 22, 19) (21, 23)
Once more, the two sets of permutations produce the same set of invariants. How-

ever, the algorithm determines that these two sets of permutations are not conjugates

(Figure |3.13). By looking at the paths, the longest path for {09, 03} starts at 2. The path
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In [9]: import =age bcg izom general
from sage.all import *
from importlib import reload
reload(sage_bcg_isom general)

n=24

G = SymmetricGroup (n)

siga = G('(1,2)(3,4)(6,7) (8 10) (12,13) (14,15) (11,1e) (17,15) (1&8,24) (21,22) (20,23} ")

sigh = G('(1,2,3) (4,5,8) ( 11,12) { 14,13) (16,17 1 (18,20,21) (22,23,24) ")
sigaprime = 13 1 (11,1 17,19) (18,24) (21,22) (20,23} ")
sighprime = 4,15) {1e,17,18) (18,20,21) (22,23,24) ")

sage bog isom general.isom(siga, sigb, zigaprime, sigbprime,n)

=ziga (1,2)(3,4)(5,10)(&,7)(6,9)(11,16) (12,13) (14,15)(17,19) (1&8,24) (20,23) (21,22)

=zigk (1,2,3)(4,5,6)(7,8,9)(10,11,13) (13,14,15) (1s,17,18) (19,20,21) (22,33, 24)
zigaprime {1,2)(3,4)(5,10){6,7)(8,9) (11,16) (12,13)(14,15)(17,19) {18,24) (20,23) (21,22)
sigbprime {(1,2,3)(4,5,6)(7,8,9)(10,12,11)(13,14,15) (16,17,18) (19,20,21) (22,23,24)
Nonisomorphic

Figure 3.13: Second example of Algorithm

has length 13 with path type (7,7). The longest path for {d}, 0%} starts at 19 and also
have length 13. However, the path type is (11, 3).
3.4. Permutations Back to BCG’s

From a BCG with labelings, we saw how one can obtain the corresponding set of
permutations that represent the given BCG. Now, we can apply the idea of paths and cov-
ering to obtain a BCG from a set of permutations. The main idea of the algorithm is to
reverse the process of finding a covering. For the algorithm, any newly added edges will be

added in a clockwise manner.

Algorithm 3 Produce a BCG from a set of permutations

1. Given {03,053} € S, find the set P

2: Find a covering C as in Algorithm

3: For ¢; € C, draw a path for ¢; including the path type and label the edges

4: for ¢; in C with 7 > 1 do

5: Draw ¢; including the path type. Anytime a new edge is found, it is added in a

clockwise manner
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6: end for

7: Output the BCG corresponding to the set of permutations

For a given covering C', the algorithm runs through C' without having to look at
any element more than once. This will give us linear time for the for-loop in the algo-
rithm. The majority of the time cost will be in finding P and C. As before, finding P and
C will take O(n?) time.

3.5. BCG’s Back to Generalized Farey Symbols
Given a BCG, one can also obtain a Farey Symbol. The following algorithm is from

Caranica’s thesis [1].

Algorithm 4 Produce a Farey Symbol given a graph

1: Break up the graph at even vertices until the graph is a tree

2: Pick a leaf as the starting vertex

3: if starting vertex is odd then

4: Assign the vertex and the adjacent vertex the set a = {3, 3}
5: else

6: Assign the vertex the set a = {9, 3}

7. end if

8: while there are leaves without a set do

9: Pick an odd vertex that is adjacent to an even vertex that has been assigned a set
10: Set a to be the set of that even vertex
11: In a counterclockwise manner starting from the chosen odd vertex, assign the ad-

jacent even vertices that does not have a set the set b = {mediant(a), min(a)} and

¢ = {mediant(a), max(a)} respectively
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12: end while

13: For any remaining odd leaves, assign to it the same set as the one for their adjacent

even vertex.

Note that in the algorithm above, the choice of the starting leaf was not defined.
By choosing different leaves as the starting point, one might obtain different Farey Sym-
bols which represent different subgroups. However, those subgroups will be in the same

conjugacy class.

Definition 22. Any BCG with a fixed starting vertex is called a marked bipartite

cuboid graph.

Theorem 8 (Vidal [30]). There is a one-to-one correspondence between the marked bipar-
tite cuboid graphs and finite index subgroups of PSLy(Z).

Example 3.5.1. Consider the subgroup I'y(3). The BCG corresponding to I'y(3) is Figure

B.14

o e

Figure 3.14: The BCG for I'y(3)

We apply Caranica’s Algorithm (] to the BCG to find a Farey Symbol. We begin by

See

Figure 3.15: The tree for I'y(3)

breaking up the cycles.

Now we have choices for a starting leaf. We choose the two even leaves and find the

corresponding Farey Symbols using the algorithm.
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{111,1/0} (011,110}
(011,11}

{1/1,1/0}

{01,111}
{01,110} {01,111}

{1/1,1/0}

Figure 3.16: Choosing the bottom Figure 3.17: Choosing the top leaf
leaf as the starting leaf as the starting leaf

The dashed lines in Figures and are there to remind us that we need
to pair up the corresponding entries in the Farey Symbols. The Farey Symbols for both

graphs are below.

-0 0 1 o0 —00 0 1 o
S~ 7 ~_ 7
1 ° 1 1 1 .
Figure 3.18: Farey Symbol for Fig- Figure 3.19: Farey Symbol for Fig-
ure [3.16] ure [3.17]
1 1 -1
The generators for the left Farey Symbol are [O and [3 5| The generators

, —1 -1 2 —1

for the right Farey Symbol are 1 0 and Lol These generators have the follow-

ing relations

_ -1
0 1| |—-1 =110 1 |t -1
~1 1|1 o |-1 1| |3 -2
~1 -1
0 1|12 —1{]0 1 1
—1 1|1t o |-1 1| o 1| °
These two Farey Symbols represent different subgroups in the same conjugacy class
in PSLy(Z).
As we discussed in previous sections, there is a bijection between labeled BCG’s

and sets of permutations. This allows us to translate Algorithm [4]into an algorithm that

takes in a set of permutations and produces a Farey Symbol.
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Algorithm 5 Produce a Farey Symbol given a set of permutations

1: Given {09,053} € S,. Create o} by splitting all possible length-2 cycles of oy into
length-1 cycles such that (o}, 03) remains a transitive subgroup of .S,

2: Pick a 1 cycle from o/, or o3 as the starting point and denoted it as x4

3: unchecked = ||

4: if x1 is in o3 then

5: Assign x; and xe = 09(x1) the set a; = {%, %}

6: Add x5 to unchecked

7. else

8: Assign 1y the set a; = {?, 1

9: Add z; to unchecked

10: end if

11: checked = []

12: while there are still z; in unchecked|| do

13: Find Tit1 = 0'3(%‘2‘) and Tijro = 0'3(.73i+1)
14: if Tit1 I = Tit2 then
15: Assign x;41 (resp. ;i9) the set a;41 = {mediant(a;), min(a;)} (resp. a0 =

{mediant(a;), max(a;)})
16: Assign of(x;11) (resp.ob(zii2)) the set a;41 = {mediant(a;), min(a;)} (resp.

a;+2 = {mediant(a;), max(a;)})

17: If o(xi1) ! = 211, add o (z441) to unchecked[]. Else, add z;,1 to checked]]
18: If of(ziy0) | = 449, add o4(x;12) to unchecked|]. Else, add x;;2 to checked]]
19: Remove z; from unchecked]]
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20: Add z; to checked]]

21: else

22: Remove z; from unchecked]]
23: Add z; to checked]]

24: end if

25: end while

26: For z; corresponding to length-1 cycles in o), or o3, the associated set a; gives the en-
tries in the Farey symbols.

27: If o3(x;) = x4, then it is an odd pairing. If o9(z;) = z;, then it is an even pairing. If

x;,T; are in a 2-cycle in o9, then it is a free pairing.

Example 3.5.2. Let

= (1,7)(2,11)(3,4)(5,10)(6,8)(9,12)
o3 =(1,2,3)(4,5,6)(7,8,9)(10, 11, 12).
Then we have
oy = (1)(7)(2)(11)(3,4)(5)(10)(6,8)(9, 12).

Let #; = 1 and attach a; = {9, §}.

The algorithm will produce the list in Table

({750 ({L5hH ({2.5H) (124{3,2})
2451} (42,1} (9.43,2}) (104{3,2})
34L5H) 6425 (743,53} (1L{3,3})

Table 3.1: Edges and labelings from Algorithm

Since 1,2,5,7,10,11 are 1-cycle in o5, the generalized Farey Sequence is
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Then we use o9 and o3 to get the appropriate pairings. A Farey Symbol for a sub-

group in this conjugacy class is

This Farey Symbol has generators

e e i

d)

—
L
—

------- 1p

ST
(BN/(2)

0.5 1 1.5 2 2.5 3

Figure 3.20: A special polygon corresponding to the Farey Symbol in Example m
Note that the labelings on the graph in Figure does not match the given .

However, they are conjugates by 7 = (4,12,8,6,11,7,5,10,9).
Once again, the implementation of these algorithms can be found on the author’s

website [23].
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Chapter 4. Extension to General Triangle Groups
4.1. Introduction

In this section, we will discuss general triangle groups. As these groups arise nat-
urally from hyperbolic geometry, they are used in many other contexts. As mentioned
previously, these triangle groups are not only groups but can also be interpreted as Rie-
mann surfaces and modular curves. Shimura’s works on these subgroups led to a class of
algebraic curves known as Shimura curves [26]. Takeuchi [28] considered a special class
of triangle groups called arithmetic triangle groups and produced a classification for all
arithmetic triangle groups. Clark and Voight [2] worked with these curves and their corre-
sponding Belyi maps to extend the idea of congruence subgroups to finite index subgroups
of hyperbolic triangle groups. Triangle groups also arise in Tu and Yang’s works [29] [33]
on transformations of hypergeometric functions. Note that this list is not exhaustive as
there are many more people who are working on this topic such as Elkies [7], Sijsling [27],
Milne [21], Fuselier, Long, Ramakrishna, Swisher and Tu [§], and Voight [311, 32], etc].

4.2. Drawing Fundamental Domains for Finite Index Subgroups of A(a, b, c)

Let I" be a finite index subgroup of Z(a, b, ¢) represented by o, and o,. Ling Long,
Fang-Ting Tu, and I collaborated to produce the following algorithm to draw a fundamen-
tal domain for I'. The implementation of this algorithm and the algorithms above can be
obtained on the author’s website [23]. This algorithm will also output a set of generators
and the associated pairings of the boundaries. The method used in this algorithm relies on

the discussions in Sections [1.3] and

Note that John Voight also created a variant of this algorithm using quaternion
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algebras [10, BT, [32].

Algorithm 6 Draw a fundamental domain for a given finite index subgroup of A(a, b, ¢)

1: Given a finite index subgroup of A(a,b, c) represented as a pair of permutations
{04,004}, use the embeddings given in and to obtain generators (g, gs) for
Aa,b,¢) with g§ == g7 == (gags)® == £

2: Using fixed points of g4, g, and g,g,, draw a hyperbolic triangle A(a, b, ¢). Then we
reflect the triangle across the geodesic connecting the fixed points of g, and g,. The
union of the two copies is a fundamental domain for A(a, b, ¢).

3: For a given subgroup of A(a, b, ¢) of index n given by permutations o, and o;, where
oo == af,’ == (0,05)¢ == %1, check if o, and o, form a transitive subgroup of S,,. If
yes, continue. If not, Terminate.

4: Pick i = 1 to represent the fundamental domain of A(a, b, c)

5: checkedlist = [1]

6: matrixlist = [I]

7 k=a

8: while len(checkedlist)< n do

9: for i in checkedlist do

10: if 0% () not in checkedlist then

11: Add oy (7) to checkedlist

12: Add matrixlist[checkedlist.index(7)]*g), to matrixlist
13: end if

14: end for

15: if k==a then
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16: k=b

17: else

18: k=a

19: end if

20: Draw the translations of A(a, b, c) using matrices in matrixlist]]

21: end while
22: Find the pairing for the boundaries and the matrices corresponding to the fixed
points

23: Output a fundamental domain and a set of generators

Examples for Algorithm [6] can be found in the Appendix.
4.3. Group Membership
Lemma 6. For {g,, g} defined in equations (1.3)) and ([1.4)), the fixed points of g, and g

have real parts equal to 0.

a b
—b/t a
tion [L.3} Finding the fixed point(s) z for g, gives us 22 = —1. Finding the fixed point(s) z

b
Proof. Let g, = [ ab ] and g, = [ ] where t came from the embeddings in Sec-
—b a

for g, gives us z? = —t? where ¢ is defined in equation (1.5 O

From the proof of Lemma [6] we can see that ¢ will be a fixed point of the funda-
mental domain of A(a, b, c) given by g, and g,. This lemma allows us to use the idea of
Lim, Lang, and Tan [I5] to create an algorithm to check whether a matrix M € SLy(R) is
in A(a, b, c) under the embeddings given in Section |1.3]

We will briefly discuss Lim, Lang, and Tan’s algorithm. For a matrix M =

b
[a d] € SLy(Z), there exists a geodesic with endpoints g and £. This geodesic is the
c
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image of the geodesic {0, 0o} under the action of M . For a finite index subgroup I" of
PSLy(Z), let F be a special polygon corresponding to I' and {g;} be the corresponding
generating set. Then using powers of {g;}, the algorithm will move the geodesic {2, ¢
back into the special polygon. After a finite number of steps, we obtain a matrix M} such
that Mi({2,}) intersects F. If My ({2, %}) lies on the boundary of F, then M is in T'.
Otherwise, M is not in I'.

We extend this algorithm to general A(a, b, c) with generating set {gq, g»} by first
drawing a fundamental domain F' and picking a starting line. Let [ be the partial geodesic
containing ¢ on the boundary of F' with endpoints x and y fixed by g,g, and g,g, respec-
tively. For M € SLy(R), let I’ = M(I). Then we apply powers of the generators {g., g}
to I’ to bring it back into F. At each step, we choose the power that reduces the hyper-
bolic distance between i and the current location of the image of i. After a finite number
of steps, we obtain a matrix M} such that My(I') intersects F. If M(l') is a boundary of
F, then M is in A(a,b,c). If My (') intersects F at either = or y, apply powers of g,gs or
gvga and check if (gqgs)? Mi(I") (or (gpge)’ My(I')) for 1 < j < order(g,gs) is a boundary of

F. If M(l') intersects F' at any other points, M is not in Z(a, b, c). This process will also

give M as a word using the generators of A(a, b, c).

Algorithm 7 Determine whether a matrix M € SLy(R) is in A(a, b, c)

1: Use Algorithm @ to get a fundamental domain F' and a set of generators {gq, g»} for
Ala,b,¢) with g} == gf == (gags)® == £

2: if M is a generator or =] then

3: Terminate and output ”In group”

4: end if
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10:

11:

12:

13:

14:

15:

16:

17:

18:

19:

20:

21:

22:

23:

24:

25:

26:

Pick the boundary on the fundamental domain with endpoints {z,y} where
x = Fixedpoint(g,g,) and y = Fixedpoint(g,g,)
{z1,y1} = M{xz,y}
mid = Midpoint(zx, y)
midl = Midpoint(z1, y1)
d1 = HyperbolicDistance(mid, midl)
word = ||
while d1 > 0 do
for k from 1 tob—1 do
Find the distance d between gfmidl and mid
if d < d1 then
dl = d; midl = gfmidl; {z1,y1} = gF{z, y}; gtemp = gF
end if
end for
Add gtemp to word]]
if {x1,y1} intersects F' but z1 # x and yl # y then
Terminate and output ”Not in group”
end if
if a # 2 then
for k from 1 toa —1 do
Find the distance d between g*midl and mid
if d < dl then
dl = d; midl = gkmidl; {x1,y1} = g"{z,y}; gtemp = ¢*
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27:

28:

29:

30:

31:

32:

33:

34:

35:

36:

37:

38:

39:

40:

41:

42:

43:

44:

45:

46:

47:

48:

end if
end for
Add gtemp to word]]
if {x1,y1} intersects F' but 1 # x and y1 # y then
Terminate and output ”"Not in group”
end if
else
Find the distance d between g,mid1l and mud
dl=d
midl = gymadl
{z1,y1} = gi{z,y}
Add g, to word]]
end if
if {x1,y1} intersects F' but 1 # x and yl # y then
Terminate and output ”Not in group”
end if
end while
if {x1,y1} intersects F' but 1 # x and yl # y then
Terminate and output ”Not in group”
else
Terminate, output ”In group”, output word|]

end if

53



Example 4.3.1. Let
—16—10v/3 V2 (16+9\/§)

M — (1+x/§)3 (1+\/§)2
(—22-12V3)v2 4449003 |
(1+v3)" (1+v3)°
V2
I
Ja = 1 0 y b = 1 V2
1+v/3 2

Figures [4.1] to [4.5] show the steps that the algorithm takes to determine whether a matrix
M € SLy(R) is in A(2,4,6) with generating set {ga, gs}.

0.5

05 0.5

e ~ l -

_ ~
1 o5 05 1 15 1 s 05 1 15 1 0.5 0.5 1 15
Figure 4.1: Step 1 Figure 4.2: Step 2 Figure 4.3: Step 3
1511 1591
gl = [0.000000000000000 1.00000000000000]
[-1.00000000000000 0.000000000000000]
g2 = [ 0.707106781186547 1.36602540378444]
[-0.366025403784430 0.707106781186547]
word = [-1.633097450621556 5.098502364871582]
05 03 [-1.06604416314956 3.366025403768444]
word in string
-y p - , g2glg2~2glg2glg2~3 = [-1.63337459621556 5.98502364871591]
1 05 05 1 15 1 0.5 05 1 15 [-1.08604416314956 3.36602540378444] /{+/-I}
Figure 4.4: Step 4 Figure 4.5: Step 5 Figure 4.6: Results

Figure [4.6] shows M written as a word using g1 = g, and g2 = gp

M = §2G19591929195.

4.4. Classifications of Subgroups of A(2,4,6) up to Index 11
In this section, we will list the conjugacy classes of finite index subgroups of
A(2,4,6) up to index 11. We present the conjugacy classes in terms of their permutation

o4



representations.

For a given index n, we fix an order 2 permutation oo. Then we iterate through S,
to find all possible order 4 permutations o, satisfying the relations in equation and
produce a transitive subgroup in S,,. This process gives us a list of pairs of permutations.
Then we use Algorithm |2 to check for isomorphisms between the pairs of permutations
which then give a complete list of conjugacy classes of index n subgroups.

The invariants of a given subgroup can be obtained from the corresponding permu-
tations oy and o4. The elliptic points of A(2,4,6) have order dividing 2, 3,4, or 6. If we
write the permutations oy, 04, and o904 as products of disjoint cycles, then the numbers

of elliptic points of order 2, 3, 4, and 6 are:

es =number of length-1 cycles of o
+ number of length-2 cycles of oy,
-+ number of length-3 cycles of o504,
ez =number of length-2 cycles of o504,
e4 =number of length-1 cycles of o4

eg =number of length-1 cycles of g504.

Using the Riemann-Hurwitz formula [1.2] we find that the genus formula for sub-

groups of A(2,4,6) is

1311 L
It TR T B T 2T e
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Table 4.1: A Table of Conjugacy Classes of Subgroups of A(2,4,6), Index 1-7

Index | Order 2 Order 4 Order 6 Genus
(1,2) (1)(2) (1,2) 0
> | (1.2) (1)(2) 0
(1)(2) (1,2) (1,2) 0
3 (1,2) (2,3) (1,3,2) 0
(1.2)3) (1.3.2,4) L23) |0
4 (1,2)(3) (1,3,4,2) (2,3,4) 0
(1,2)(3.4) (1,3)(2.4) (1,4)(2,3) 0
(1,2)(3,4) (1,3,4,2) (2,3) 0
5 (1,2)(3,4) (2,4,5,3) (1,4,2)(3,5) 0
(1,2) (1,5)(2,3,4,6) | (1,3,4,6,2,5) |0
(1,2)(3,4) (1,4)(2,5)(3,6) | (1,5,2,4,6,3) |0
(1,2)(3,4) (1,4,5,6) (1,2,4,3,5,6) |0
(1,2)(3,4) (1,4)(2,6,3,5) | (1,6,3)(2,4,5) | 0
6 (1,2)(3,4) (1,5,4,6) (1,2,5,4,3,6) |0
(1,2)(3,4)(5,6) | (1,4)(2,5)(3,6) | (1,5,3)(2,4,6) | O
(1,2)(3,4)(5,6) | (1,5,2,4)(3,6) | (1,4,6,2,5,3) |1
(1,2)(3,4)(5,6) | (1,5)(2,3,4,6) | (1,3,6)(2,5) 0
(1,2)(3,4)(5,6) | (2,5)(4, 6) (1,5,4,3,6,2) 0
(1,2)(3,4)(5,6) | (1,6,2,3) (1,3,4)(2,6,5) | O
(1,2)(3,4)(5,6) | (2,4,5,6)(3,7) | (1,4,7,3,52) |0
7 (1,2)(3,4)(5,6) | (2,5,6,4)(3,7) | (1,5,4,7,3,2) |0
(1,2)(3,4)(5,6) | (1,2,7,3)(4,5) | (1,7,3,5,6,4) | O
(1,2)(3,4)(5,6) | (1,2,3,7)(4,5) | (1,3,5,6,4,7) |0
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Table 4.2: A Table of Conjugacy Classes of Subgroups of A(2,4,6), Index 8-9

Index | Order 2 Order 4 Order 6 Genus
(1,2)(3,4) (1,6,8,3)(2,4,5,7) | (1,4)(2,6,8,3,5,7) 0
(1,2)(3,4) (1,3,6,4)(2,8,7,5) | (1,8,7,5,2,3)(4,6) 0
(1,2)(3,4)(5,6) (1,4,8,5)(2,6)(3,7) | (1,6)(2,4,7,3,8,5) 0
(1,2)(3,4)(5,6) (1,4,7,3)(2,6)(5,8) | (1,6,8,5,2,4)(3,7) 0
(1,2)(3,4)(5,6) (1,2,7,5)(3,4,8 6) (1,7,5,3,8,6) 0
(1,2)(3,4)(5,6) (1,6,8,3)(2,4,5,7) | (1,4)(2,6,7)(3,5,8) |0

3 (1,2)(3,4)(5,6) (1,8,4,6)(2,5,7,3) | (1,5)(2,8,4)(3,6,7) |0
(1,2)(3,4)(5,6) (1,7,3,5)(2,6)(4,8) | (1,6)(2,7,3,8,4,5) 0
(1,2)(3,4)(5,6) (1,2,5,7)(3,4,6 8) (1,5,8,3,6,7) 0
(1,2)(3,4)(5,6) (1,2,4,7)(3,5,6,8) (1,4,5,8,3,7) 0
(1,2)(3,4)(5,6)(7,8) | (1,8,3,6)(2,4,5,7) | (1,4,6,7,3,5)(2,8) 1
(1,2)(3,4)(5,6)(7,8) | (1,7)(2,3,6,8) (1,3,4,6,5,8)(2,7) 0
(1,2)(3,4)(5,6)(7,8) | (1,2,7,5)(3,4,8,6) | (1,7,6)(3,8,5) 0
(1,2)(3,4)(5,6)(7,8) | (1,4,8,5)(2,6,7,3) | (1,6)(2,4)(3,8)(5,7) | O
(1,2)(3,4)(5,6) (1,8,6,4)(2,9,7,5) (1,9,7,5,4,3)(2 8,6) |0
(1,2)(3,4)(5,6) (1,9,3,7)(2,4,6,8) | (1,4,7)(2,9,3,6,5,8) | 0
(1,2)(3,4)(5,6) (1,9,5,7)(2,6,8,4) | (1,6 7)(2,9,5,8,4,3) 0
(1,2)(3,4)(5,6) (1,7,8,9)(2,3,54) | (1,3,2,7,8,9)(4,5,6) | 0
(1,2)(3,4)(5,6)(7,8) | (1,8)(2,3,7,9)(4,5) | (1,3,5,6,4,7)(2,8,9) | O

9 (1,2)(3,4)(5,6)(7,8) | (1,6)(2,7)(4,9,5,8) | (1,7,4,3,9,5)(2,6,8) | 0
(1,2)(3,4)(5,6)(7,8) | (2,5,6 7)(3 9,4,8) | (1,5,7,3,8,2)(4,9) 0
(1,2)(3,4)(5,6)(7,8) | (1,3,2,7)(5, )( 9) (1,7,5,9,6,8)(2 34) |0
(1,2)(3,4)(5,6)(7,8) | (1,7,9,4)(2,5,6 8) (1,5,8,9,4,3)(2,7) 0
(1,2)(3,4)(5,6)(7,8) | (1,6,5,4)(2,3,8,9) | (1, 3)(2,6,4,8,7,9) 0
(1,2)(3,4)(5,6)(7,8) | (2,7,4,3)(5,9,6,8) | (1,7,5,8,4,2)(6,9) 0
(1,2)(3,4)(5,6)(7,8) | (1,5,8,9)(3,6)(4,7) | (1,2,5,3,7,9)(4,6,8) | O
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Table 4.3: A Table of Conjugacy Classes of Subgroups of A(2,4,6), Index 10-11

Index | Order 2 Order 4 Order 6 Genus
(1,2)(3,4)(5,6)(7,8) (1,5,10,6)(2,7)(3,9,4,8) | (1,7,3,8,2,5)(4,9)(6,10) 0
(1,2)(3,4)(5,6)(7,8) (172,7 3)(4,9,5 8)(6 10) | (1,7,4)(3,9,5,10,6,8) 0
(1,2)(3,4)(5,6)(7,8) (1,2,8,4)(3,6,10,7)(5,9) | (1,8,3)(4,6,9,5,10,7) 0
(1,2)(3,4)(5,6)(7,8) (1,8,5,2)(3,10,9,6)(4,7) (2,8,4,10,9,6)(3 7.5) 0
(1,2)(3,4)(5,6)(7,8) (1,8,3,6)(2,9,4,7)(5,10) | (1,9,4,6,10,5)(2,8)(3,7) 0
(1,2)(3,4)(5,6)(7,8) (1,5,10,6)(2,9,4,7)(3,8) | (1,9,4 8,2,5)(3, )(6,10) 0
(1,2)(3,4)(5,6)(7,8) (1,2,9,6)(3,10,8,5)(4,7) | (1,9,6,3,7,5)(4,10,8) 0
(1,2)(3,4)(5,6)(7,8) (1,6,7,8)(2,4,5,9)(3,10) | (1,4,10,3,5,7)(2,6,9) 0

10 (1,2)(3,4)(5,6)(7,8) (1,8,4,6)(2,10,9,7)(3,5) | (1,10,9,7,4,5)(2,8)(3,6) 0
(1,2)(3,4)(5,6)(7,8) (1, )(2 6,7 9)(3 5,10,4) (1,6,10,4,5,7)(2 8,9) 0
(1,2)(3,4)(5,6)(7,8) (1,4,5,6)(2,10,9,7)(3,8) | (1,10,9,7,3,5)(2,4,8) 0
(1,2)(3,4)(5,6)(7,8) (1,9,4,7)(2,8)(3,6,10,5) | (1,8)(2,9,4,6,3,7)(5,10) 0
(1,2)(3,4)(5,6)(7,8)(9,10) | (1,6,9,4)(2,7)(3,10,5,8) | (1,7,3)(2,6,8)(4,10)(5,9) 0
(1,2)(3,4)(5,6)(7,8)(9,10) | (1,7,5,2)(3,9,8,6) (2,7,6)(3,4,9,10,8,5) 0
(1,2)(3,4)(5,6)(7,8)(9,10) | (1,10,2,3)(4,7,6,5) (1,3,7,8,6,4)(2,10,9) 0
(1,2)(3,4)(5,6)(7,8)(9,10) | (1,10,2,3)(4,8,7,6) (1,3,8,6,5,4)(2,10,9) 0
(1,2)(3,4)(5,6)(7,8)(9,10) | (1,10,4,8)(2,5,3,9) (1,5,6,3,8,7)(2 10)(4,9) 0
(1,2)(3,4)(5,6)(7,8)(9,10) | (1,9)(2,4,7,10)(3,6,8,11) | (1,4,6,5,8,10)(2,9)(3,7,11) | O
(1,2)(3,4)(5,6)(7,8)(9,10) | (1,6,11 7)( 8)(4,10,5,9) | (1, 8)(2,6,9,5711 7)(3,10,4) | 0
(1,2)(3,4)(5,6)(7,8)(9,10) | (2,9,4,7)(3,6,11,8)(5,10) | (1,9,5,11,8,2)(3,7)(4,6,10) | O

1 (1,2)(3,4)(5,6)(7,8)(9,10) | (2,8,3,7)(4, )(5 11,6,10) | (1,8,2)(3,9,5,10,4,7)(6,11) | 0
(1,2)(3,4)(5,6)(7,8)(9,10) | (1,11,6,8)(2,7,9,4)(5,10) | (1, )(2,11,6,1074,3)(5,8,9) 0
(1,2)(3,4)(5,6)(7,8)(9,10) | (1,11,6,8)(2,7,10,5)(4,9) | (1,7)(2,11,6)(3,9,5,8,10,4) | O
(1,2)(3,4)(5,6)(7,8)(9,10) | (1,8,11,5)(2,6,7,9)(4,10) | (1,6)(2,8,9,4,3,10)(5,7,11) | O
(1,2)(3,4)(5,6)(7,8)(9,10) | (1,7,11,6)(2, )(4 10,5,9) | (1,8,11,6,9,5)(2,7)(3,10,4) | 0
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Appendix. Examples for A(2,4,6)

Example 0.0.1. Using Algorithm [ we can get a fundamental domain for the triangle

group A(2,4,6) as given in Figure

The permutations are ta= ()} tkb= ()} tc= () with a,b,c = 2 4 &
ta elliptic points: [1]

tk elliptic points: [1]

ta pairs: []

tk pairs: []

kR list of generators:

[

[ 0.7071067811E86547 1.366002540378444]
[-0.260025403784439 0.70710e7E1186547]
1
The boundaries of the fundamental domain: [1, 1, 1, 1]
0.5 1
Y]
———— ————
-1 -0.5 0.5 1

Figure 1: A fundamental domain for A(2,4, 6)
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Example 0.0.2. Let
02 ::(1a4>(275)(3a6)

o, =(1,2,3,4)(5,6)
o = (1)(2,6,4)(3,5).

Then Algorithm [6] produced a fundamental domain and generators given in Figure

2l

The permutations are ta= (1,4)(2,5)(3,68) tb= (1,2,3,4)(5,8) tc= (2,6,4)(3,5) with a,b,c = 2 4 &
ta elliptic points: []

tk elliptic points: [35]

ta pairs: [[1, 41, [3, &]]

tk pairs: [[3, &]]

& list of generators:

[
[-0.51703E8080205041 2.73205080756E8E]
[-0.732050807568877 1.93185165257814],

-0.707106781186547 1.30602540378444]
-0.3660025403784439 -0.707106781186247],

188347 2.386025403784414]
215561 0.T071067TEB11B6547]

oy

The boundaries of the fundamental deomain: [1, 1, O, O0][2, O, O, O1[3, 1, O, 014, 1, O, O]
[5, 0, 0, 11[s, 1, 1, O]

Figure 2: A fundamental domain for a subgroup of A(2,4,6)
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