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Abstract
To achieve universal quantum computation via general fault-tolerant schemes, stabilizer operations
must be supplementedwith other non-stabilizer quantum resources.Motivated by this necessity, we
develop a resource theory formagic quantum channels to characterize and quantify the quantum
‘magic’ or non-stabilizerness of noisy quantum circuits. For qudit quantum computingwith odd
dimension d, it is known that quantum states with non-negativeWigner function can be efficiently
simulated classically. First, inspired by this observation, we introduce a resource theory based on
completely positive-Wigner-preserving quantumoperations as free operations, andwe show that they
can be efficiently simulated via a classical algorithm. Second, we introduce two efficiently computable
magicmeasures for quantum channels, called themana and thaumaof a quantum channel. As
applications, we show that thesemeasures not only provide fundamental limits on the distillable
magic of quantum channels, but they also lead to lower bounds for the task of synthesizing non-
Clifford gates. Third, we propose a classical algorithm for simulating noisy quantum circuits, whose
sample complexity can be quantified by themana of a quantum channel.We further show that this
algorithm can outperform another approach for simulating noisy quantumcircuits, based on channel
robustness. Finally, we explore the threshold of non-stabilizerness for basic quantum circuits under
depolarizing noise.

1. Introduction

1.1. Background
One of themain obstacles to physical realizations of quantum computation is decoherence that occurs during
the execution of quantumalgorithms. Fault-tolerant quantum computation (FTQC) [1, 2]provides a
framework to overcome this difficulty by encoding quantum information into quantum error-correcting codes,
and it allows reliable quantum computationwhen the physical error rate is below a certain threshold value.

The fault-tolerant approach to quantumcomputation allows for a limited set of transversal, ormanifestly fault-
tolerant, operations,which are usually taken to be the stabilizer operations (SOs).However, the SOs alone donot
enableuniversality because they canbe simulated efficiently on a classical computer, a result knownas the
Gottesman–Knill theorem [3, 4]. The additionof non-stabilizer quantumresources, such asnon-SOs, can lead to
universal quantumcomputation [5].With this perspective, it is natural to consider the resource-theoretic approach
[6] to quantify and characterize non-stabilizer quantumresources, including bothquantumstates and channels.

One solution for the above scenario is to implement a non-SO via state injection [7] of so-called ‘magic
states,’which are costly to prepare viamagic state distillation [5] (see also [8–14]). The usefulness of suchmagic
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states alsomotivates the resource theory ofmagic states [15–20], where the free operations are the SOs and the
free states are the stabilizer states (abbreviated as ‘Stab’). On the other hand, since a key step of fault-tolerant
quantum computing is to implement non-SOs, a natural and fundamental problem is to quantify the non-
stabilizerness or ‘magic’ of quantumoperations. Aswe are at the stage of noisy intermediate-scale quantum
(NISQ) technology, a resource theory ofmagic for noisy quantumoperations is desirable both to exploit the
power and to identify the limitations ofNISQdevices in fault-tolerant quantum computation (FTQC).

1.2.Overview of results
In this paper, we develop a framework for the resource theory ofmagic quantum channels, based on qudit
systemswith odd prime dimension d. Relatedwork on this topic has appeared recently [21], but the set of free
operations that we take in our resource theory is larger, given by the completely positive-Wigner-preserving
(CPWP)perations as we detail below.Wenote here that d-level FTQCbased on qudits with prime d is of
considerable interest for both theoretical and practical purposes [22–26].

Our paper is structured as follows.

• In section 2, wefirst review the stabilizer formalism [4] and the discreteWigner function [27–29].We further
review variousmagicmeasures of quantum states and introduce various classes of free operations, including
the SOs and beyond.

• In section 3, we introduce and characterize theCPWPoperations.We then introduce two efficiently
computablemagicmeasures for quantum channels. Thefirst is themana of quantum channels, whose state
versionwas introduced in [19]. The second is themax-thauma of quantum channels, inspired by themagic
statemeasure in [20].We prove several desirable properties of these twomeasures, including reduction to
states, faithfulness, additivity for tensor products of channels, subadditivity for serial composition of channels,
an amortization inequality, andmonotonicity under CPWP superchannels.

• In section 4, we explore the ability of quantum channels to generatemagic states.Wefirst introduce the
amortizedmagic of a quantum channel as the largest amount ofmagic that can be generated via a quantum
channel. Furthermore, we introduce an information-theoretic notion of the distillablemagic of a quantum
channel. In particular, we show that both the amortizedmagic and distillablemagic of a quantum channel can
be bounded fromabove by itsmana andmax-thauma.

• In section 5, we apply ourmagicmeasures for quantum channels in order to evaluate themagic cost of
quantum channels, andwe explore further applications in quantum gate synthesis. In particular, we show that
at least fourT gates are required to perfectly implement a controlled-controlled-NOT gate.

• In section 6, we propose a classical algorithm, inspired by [30], for simulating quantum circuits, which is
relevant for the broad class of noisy quantum circuits that are currently being run onNISQdevices. This
algorithmhas sample complexity that scales with respect to themana of a quantum channel.We further show
by concrete examples that the new algorithm can outperform a previous approach for simulating noisy
quantum circuits, based on channel robustness [21].

2. Preliminaries

2.1. The stabilizer formalism
Formost known fault-tolerant schemes, the restricted set of quantumoperations is the SOs, consisting of
preparation andmeasurement in the computational basis and a restricted set of unitary operations. Herewe
review the basic elements of the stabilizer states and operations for systemswith a dimension that is a product of
odd primes. Throughout this paper, aHilbert space implicitly has an odd dimension, and if the dimension is not
prime, it should be understood to be a tensor product ofHilbert spaces each having odd prime dimension.

Letd denote aHilbert space of dimension d, and let ñ = -{∣ }j j d0, , 1denote the standard computational
basis. For a prime number d, we define the unitary boost and shift operators  Î ( )X Z, d in terms of their
action on the computational basis:

ñ = Å ñ∣ ∣ ( )X j j 1 , 1

w wñ = ñ = p∣ ∣ ( )Z j j , e , 2j d2 i

where⊕ denotes additionmodulo d.We define theHeisenberg–Weyl operators as

t= - ( )T Z X , 3a a a a
u

1 2 1 2

where  t = = Î ´p+ ( )( ) a aue , ,d d
d d

1 i
1 2 .

2
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For a systemwith compositeHilbert space ÄA B, theHeisenberg–Weyl operators are the tensor product
of the subsystemHeisenberg–Weyl operators:

= ÄÅ ( )T T T , 4u u u uA B A B

where Åu uA B is an element of    ´ ´ ´d d d dA A B B
.

TheClifford operators d are defined to be the set of unitary operators thatmapHeisenberg–Weyl operators
toHeisenberg–Weyl operators under unitary conjugation up to phases:

 qÎ " $ ¢ = q
¢ ( )†U UT U Tu uiff , , , s.t. e . 5d u u

i

These operators form theClifford group.
The pure stabilizer states can be obtained by applying Clifford operators to the state ñ∣0 :

= ñá Î{ } { ∣ ∣ } ( )†S U U U0 0 : . 6j d

A state is defined to be amagic or non-stabilizer state if it cannot bewritten as a convex combination of pure
stabilizer states.

2.2.DiscreteWigner function
The discreteWigner function [27–29]was used to show the existence of boundmagic states [18]. For an
overview of discreteWigner functions, we refer to [18, 19] formore details. See also [31] for a review of quasi-
probability representations in quantum theory, with applications to quantum information science.

For each point  Î ´u d d in the discrete phase space, there is a corresponding operator Au, and the value
of the discreteWigner representation of a state ρ at this point is given by

rr ( ) ≔ [ ] ( )W
d

Au
1

Tr , 7u

where d is the dimension of theHilbert space and { }Au u are the phase-space point operators:

å= = ( )†A
d

T A T A T
1

, . 8
u

u u u u0 0

The discreteWigner function can be definedmore generally for aHermitian operatorX acting on a space of
dimension d via the same formula:

=( ) [ ] ( )W
d

A Xu
1

Tr . 9X u

For the particular case of ameasurement operatorE satisfying  E0 , the discreteWigner
representation is defined as

( ∣ ) ≔ [ ] ( )W E EAu Tr , 10u

i.e. without the prefactor d1 . The reason for this will be clear in amoment and is related to the distinction
between a frame and a dual frame [30, 32, 33].

Some nice properties of the set { }Au u are listed as follows:

1. Au isHermitian;

2. å =A d ;u u

3. d= ¢¢[ ] ( )A A d u uTr , ;u u

4. =[ ]ATr 1;u

5. r = å r ( )W Au ;u u

6. ={ } { }A A T
u u u u.

From the second property above and the definition in (7), we conclude the following equality for a quantum
state ρ:

å =r ( ) ( )W u 1. 11
u

For this reason, the discreteWigner function is known as a quasi-probability distribution.More generally, for a
Hermitian operatorX, we have that

3
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å =( ) [ ] ( )W Xu Tr , 12X
u

so that for a subnormalized stateω, satisfying w 0 and w[ ]Tr 1, we have that å w ( )W u 1u .
Following the convention in (10) formeasurement operators, wefind the following for a positive operator-

valuedmeasure (POVM) { }Ex
x (satisfying  "E x0x and å =Ex

x ):

å =( ∣ ) ( )W E u 1, 13
x

x

so that the quasi-probability interpretation is retained for a POVM.That is, ( ∣ )W E ux can be interpreted as the
conditional quasi-probability of obtaining outcome x given input u.

We can quantify the amount of negativity in the discreteWigner function of a state ρ via the sumnegativity,
which is equal to the absolute sumof the negative elements of theWigner function [19]:

å å år = - = -r r r r
<r

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟( ) ≔ ∣ ( )∣ ∣ ( )∣ ( ) ∣ ( )∣ ( )

( )
W W W Wu u u usn

1

2

1

2

1

2
. 14

Wu u u u: 0

By definition, wefind that r( )sn 0. Themana of a state ρ is defined as [19]

 år r= +r

⎛
⎝⎜

⎞
⎠⎟( ) ≔ ∣ ( )∣ ( · ( ) ) ( )W ulog log 2 sn 1 0. 15

u

Wedefine themanamore generally, as in [20], for a positive semi-definite operatorX via the formula

 å å= +
<

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝
⎜⎜

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

⎞
⎠
⎟⎟( ) ≔ ∣ ( )∣ ∣ ( )∣ [ ] ( )

( )
X W W Xu ulog log 2 Tr . 16X

W
X

u u u: 0X

Wedenote the set of quantum states with a non-negativeWigner function by+ (Wigner polytope), i.e.

  r r r" =r+ ≔ { ( ) [ ] } ( )Wu u: , 0, 0, Tr 1 . 17

It is known that quantum states with non-negativeWigner function are classically simulable and thus are useless
inmagic state distillation [18], which can be seen as the analog of states with positive partial transpose (PPT) in
entanglement distillation [34, 35].

Motivated by the Rains bound [36] and its variants [37–43] in entanglement theory, the set of sub-
normalized states with non-positivemanawas introduced as follows [20] to explore the resource theory ofmagic
states:

    ås s s s s=s

⎧⎨⎩
⎫⎬⎭≔ ∣ ( )∣ { ( ) } ( )W u: 1, 0 : 0, 0 . 18

u

It follows fromdefinitions and the triangle inequality that s[ ]Tr 1 if s Î (alternatively one can conclude
this by inspecting the right-hand side of (16)).

Furthermore, we define+
 to be the set ofHermitian operators with non-negativeWigner function:

 "+ ≔ { ( ) } ( )V Wu u: , 0 . 19V

TheWigner trace norm andWigner spectral normof anHermitian operatorV are defined as follows,
respectively:

å å=  ≔ ∣ ( )∣ ∣ [ ] ∣ ( )V W A V du Tr , 20W V
u u

u,1

=¥  ≔ ∣ ( )∣ ∣ [ ]∣ ( )V d W A Vumax max Tr . 21W V
u u

u,

TheWigner trace and spectral norms are dual to each other in the following sense:

¥   ≔ {∣ [ ]∣ } ( )V VC Cmax Tr : 1 , 22W
C

W,1 ,

¥   ≔ {∣ [ ]∣ } ( )V VC Cmax Tr : 1 , 23W
C

W, ,1

withC ranging overHermitian operators within the same space.

2.3. Stabilizer channels and beyond
ASOconsists of the following types of quantumoperations: Clifford operations, tensoring in stabilizer states,
partial trace,measurements in the computational basis, and post-processing conditioned on thesemeasurement
results. Any quantumprotocol composed of these quantumoperations can bewritten in terms of the following
Stinespring dilation representation: r r r= Ä( ) [ ( ) ]†E U UTrE E , whereU is a Clifford unitary and the ancilla rE

is a stabilizer state.

4
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The authors of [44] generalized the set of SOs to stabilizer-preserving operations, which are those that
transform stabilizer states to stabilizer states andwhich form the largest set of physical operations that can be
considered free for the resource theory of non-stabilizerness.More recently, [21] introduced the completely
stabilizer-preserving operations (CSPO); i.e. a quantumoperationΠ is called completely stabilizer-preserving if
for any reference systemR,

r r" Î Ä P Î( )( ) ( )Stab, id Stab. 24RA R A B RA

2.4.Magicmeasures of quantum states
We review some of themagicmeasures of quantum states in table 1. In particular, themax-thauma of a quantum
state ρ is defined as follows [20]:

 
q r r s l r s

s s

l

Î Î
( ) ≔ ( ) ≔ [ { }] ( )Dmin min min : 2 25max max

r=  { } ( )V Vlog min : , 26W2 ,1

where themax-relative entropy r s( )Dmax was defined in [45].

3.Quantifying the non-stabilizerness of a quantumchannel

3.1. Completely positive-Wigner-preserving operations
Aquantum circuit consisting of an initial quantum state, unitary evolutions, andmeasurements, each having
non-negativeWigner functions, can be classically simulated [30]. It is thus natural to consider free operations to
be those that completely preserve the positivity of theWigner function. Indeed, any such quantumoperations
are proved to be efficiently simulated via classical algorithms in section 6 and thus become reasonable free
operations for the resource theory ofmagic.

Definition 1 (Completely PWPoperation).AHermiticity-preserving linearmapΠ is calledCPWP if for any
systemRwith odd dimension, the following holds

 r r" Î Ä P Î+  +( )( ) ( ), id . 27RA R A B RA

Figure 1 depicts the relationship between SOs, completely stabilizer-preserving operations, and completely PWP
operations.

We now recall the definition of the discreteWigner function of a quantum channel from [17], which is
strongly related to theWigner function of a quantum channel as defined in [46, equation (95)].

Table 1.Partial zoo ofmagicmeasures.

Measures Acronym Definition

Mana [19]  r( ) rå ∣ ∣A dlog Tru u

Robustness ofmagic [16]  r( ) t s t+ = Îr s+
+

{ }rinf 2 1: , , Stabr

r1

Relative entropy ofmagic [19]  r( )R r ssÎ ( )Dinf Stab

Regularized relative entropy ofmagic [19]  r¥( )R  r¥
¥ Ä( )R nlimn

n

Max-thauma [20] q r( )max  r ssÎ ( )Dinf max

Thauma [20] q r( )  r ssÎ ( )Dinf

Regularized thauma [20] q r¥( ) q r¥
Ä( ) nlimn

n

Min-thauma [20] q r( )min  r ssÎ ( )Dinf 0

Figure 1.Relationship between stabilizer operations, completely stabilizer-preserving operations, and completely PWPoperations.

5
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Definition 2 (DiscreteWigner function of a quantum channel).Given a quantum channel  A B, its discrete
Wigner function is defined as


Ä( ∣ ) ≔ [(( ) ) ] ( )v u

d
A A J

1
Tr 28u v

B
A

T
B AB

= [ ( )] ( )
d

A A
1

Tr . 29v u

B
B A

Here  = å ñá Ä ñá ¢∣ ∣ (∣ ∣ )J i j i jAB ij A A denotes theChoi–Jamiołkowski matrix [47, 48] of the channel  , where

ñ{∣ }i A i and ñ ¢{∣ }i A i are orthonormal bases on isomorphicHilbert spacesA and ¢A , respectively.More
generally, the discreteWigner function of aHermiticity-preserving linearmap  A B can be defined using the
same formula in (29), by substituting  thereinwith  .

From the definition above and the properties recalled in section 2.2, it follows for a quantum channel  A B

that

å = "( ∣ ) ( )v u u1 , 30
v

because

  å å å= =
⎡
⎣
⎢⎢
⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥( ∣ ) [ ( )] ( ) ( )A A d

A

d
Av u Tr Tr 31B A B

B

B
A

v v

v u

v

v
u

 = = = =[ ( )] [ ( )] [ ] ( )I A A ATr Tr Tr 1, 32B A A A
u u u

where the penultimate equality follows from the fact that  is trace preserving (in fact herewe did not require
complete positivity or even linearity). Due to the normalization in (30), ( ∣ )v u can be interpreted as a
conditional quasi-probability distribution.

Furthermore, the discreteWigner function of a channel allows one to determine the outputWigner function
from the inputWigner function by propagating the quasi-probability distributions, just as one does in the
classical case.When there is no reference system, such a statement was proved in [17]. Here we slightly extend
this result to the case with a reference system in the following lemma.

Lemma1. For an input state rAR and a quantum channel  A B with respectiveWigner functions r ( )u yW ,
AR

and

 ( ∣ )v uW , theWigner function  r ( )( ) v yW ,
AR

of the output state  r ( )A B AR is given by

 å=r r ( ) ( ∣ ) ( ) ( )( ) v y v u u yW W W, , . 33
u

A B AR AR

Proof.The proof is straightforward:

 r= Är ( ) [( ) ( )] ( )( )W
d d

A Av y,
1

Tr 34
B R

B R A B AR
v y

AR

å= Ä Är[( ) ( ( ) )] ( )
d d

A A W A Au w
1

Tr , 35
B R

B R A B A R
u w

v y u w

,
AR

å= Är ( ) [ ( ) )] ( )
d d

W A A A Au w
1

, Tr 36
B R

B A B A R R
u w

v u y w

,
AR

å d= r ( ) [ ( )] ( ) ( )
d d

W A A du w y w
1

, Tr , 37
B R

B A B A R
u w

v u

,
AR

å= r( ∣ ) ( ) ( )W Wv u u y, . 38
u

AR

All steps follow fromdefinitions and the properties of the phase-space point operators recalled in section 2.2. In
particular, wemade use of the fact that r = å Är ( )W A Av w,AR A Rv w

v w
, AR

in the second equality. +

Theorem2.The following statements about CPWPoperations are equivalent:

1. The quantum channel  is CPWP;

2. The discreteWigner function of the Choi–Jamiołkowski matrix J is non-negative;

3.  ( ∣ )v uW is non-negative for all u and v (i.e.  ( ∣ )v uW is a conditional probability distribution or classical
channel).

6
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Proof. 1 2: Let usfirst apply the (stabilizer) qudit controlled-NOT gate CNOTd to the stabilizer state
+ñ Ä ñ∣ ∣0 to prepare themaximally entangled state F Î +d . Since  completely preserves the positivity of the
Wigner function, it follows that

  = Ä F Î +( )( ) ( )J d id . 39R d

2 3:Wefind that

   = Ä = Ä¢( ∣ ) [ (( ) )] [ ( )] ( )W J A A d J A A dv u Tr Tr 0. 40A
T

B B A B B
u v u v

In the last inequality, we note that =¢ ( )A AA A
Tu u andwe can alwaysfind such ¢u since ={ } {( ) }A AA A

Tu
u

u
u. The

fact that  ( ∣ )W v u is a conditional probability distribution follows from the inequality in (40) and the constraint
in (30).

3 1: If the channel  has a non-negativeWigner function, then for an input state rAR such that
r Î +AR , it follows from lemma 1 that

  å=r r( ) ( ∣ ) ( ) ( )( )W W Wv y v u u y, , 0, 41
u

AR AR

concluding the proof. +

We remark here that the equivalence between 2 and 3 abovewas proved in [17], and our contribution is to
show the equivalence between 2, 3, and the completely positiveWigner preserving property, which considers
information processing in the presence of reference systems.

3.2.Quantum (CPWP) superchannels
A superchannel X   ( ) ( )A B C D is a quantum-physical evolution of a quantum channel  A B [49, 50], which
leads to an output channel  C D as

 = X    ( ) ( )( ) ( ) . 42C D A B C D A B

The output channel  C D taking systemC to systemD can be denoted by X( ) for short. The key property of a
quantum superchannel is that the outputmap

Ä X    ( )( ) ( )( ) ( )id 43R A B C D RA RB

is a legitimate quantum channel for all input bipartite channels  RA RB, where the reference systemR is
arbitrary and idR denotes the identity superchannel. A superchannel X   ( ) ( )A B C D has a physical realization in
terms of a pre-processing channel  C AM and a post-processing channel  BM D [49, 50], so that

   X =      ( ) ◦ ◦ ( )( ) ( ) . 44A B C D A B BM D A B C AM

The superchannel X   ( ) ( )A B C D is in one-to-one correspondencewith a bipartite channel  CB AD, defined as

    ≔ ◦ ( ). 45CB AD BM D C AM

Related to this, an arbitrary bipartite channel  ¢ CB AD is in one-to-one correspondence with a superchannel
X¢   ( ) ( )A B C D as long as it obeys the following non-signaling constraint [51, theorem 4]:

  ¢ = ¢ p
 ◦ ◦ ◦ ( )Tr Tr , 46D CB AD D CB AD B

wherep
B is a replacer channel, defined as w w p=p( ) [ ]TrB B B B with pB themaximallymixed state. That is, the

non-signaling constraint implies that a trace out of systemDhas the effect of tracing and replacing systemB, thus
preventingB from signaling toA.

TheChoi operator of a quantum superchannel X   ( ) ( )A B C D is given by theChoi operator of its
corresponding bipartite channel  CB AD [49, 50]:

å ñá Ä ¢ñá ¢ Ä ñá Ä ¢ñá ¢X

¢ ¢
¢ ¢ ¢ ¢≔ ∣ ∣ ∣ ∣ (∣ ∣ ∣ ∣ ) ( )J i j i j i j i j , 47CBAD

i j i j
C B C B AD C B

, , ,

where systems ¢B and ¢C are isomorphic toB andC, respectively. It obeys the following constraints:

X ( )J 0, 48CBAD

=X[ ] ( )J ITr , 49AD CBAD CB

p= ÄX X[ ] [ ] ( )J JTr Tr , 50D CBAD DB CBAD B

which correspond respectively to complete positivity of the corresponding bipartite channel  CB AD, trace
preservation of the bipartite channel  CB AD, and the B A non-signaling constraint. Conversely, any operator
obeying the three constraints above is a bipartite channel corresponding to a superchannel. One can employ the
following propagation rule [49, 50] to determine theChoi operator of the output channel in (42):
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 = Ä X[(( ) ) ] ( )J J I JTr , 51CD AB AB
T

CD CBAD

where the superscriptT denotes the transpose operation.
By employing definition 2, we define the discreteWigner function of a quantum

superchannelX   ( ) ( )A B C D , andwe do so bymeans of its corresponding bipartite channel  CB AD. That is,
since  CB AD is a channel, it has a discreteWigner function

= Ä ÄX ( ∣ ) [( ) ( )] ( )u v u vW
d d

A A A A, ,
1

Tr , 52u v u v
A D C B

A D
A D CB AD C B

A D C B

wherewe use the subscriptΞ to indicate its associationwith the superchannelΞ and the choice of letters u and v
aremade in the aboveway because, inwhat follows, wewill link up the discreteWigner function  ( ∣ )v uW B A of a
quantum channel  A B with XW and the notation given above ismore convenient for doing so. In addition to
obeying the following property

å =X( ∣ ) ( )u v u vW , , 1, 53
u v

A D C B
,A D

so that X( ∣ )u v u vW , ,A D C B is a conditional quasi-probability distribution, there is an extra constraint imposed
on X( ∣ )u v u vW , ,A D C B related to the non-signaling constraint B A in (46). To see this, let

åX X( ∣ ) ≔ ( ∣ ) ( )u u v u v u vW W, , , . 54
v

A C B A D C B

D

By employing the non-signaling constraint in (46)and properties of the phase-space point operators, it is
straightforward to conclude that the non-signaling constraint B A is equivalent to the following condition on
the discreteWigner function X( ∣ )u v u vW , ,A D C B :

= ¢ " ¢X X( ∣ ) ( ∣ ) ( )u u v u u v v vW W, , , , 55A C B A C B B B

so thatwe canwrite

X X( ∣ ) ≔ ( ∣ ) ( )u u u u vW W , . 56A C A C B

This can be interpreted as indicating that the output phase-space point uA is independent of vB if systemD is not
available (i.e. has beenmarginalized).We note here that the conditions in (55) represent a direct generalization
of non-signaling constraints for classical probability distributions to quasi-probability distributions. Further-
more, we also observe that the super-quasi-probability distribution in (52) represents a generalization of the
classical superchannels discussed in [52, 53].

By employing the propagation rule in (51)and a sequence of steps similar to those given in the proof of
lemma 1, we conclude that the discreteWigner function of the output channel  = X    ( )( ) ( )C D A B C D A B

is given by

 å=X X( ∣ ) ( ∣ ) ( ∣ ) ( )( ) v u u v u v v uW W W, , ., 57
u v

D C A D C B B A
,A B

again generalizing the fully classical case from [52, 53].
We nowdefineCPWP superchannels as free superchannels that extend the notion of CPWP channels:

Definition 3 (CPWP superchannel).A superchannel X   ( ) ( )A B C D is completely CPWPpreserving
(CPWPsuperchannel for short) if, for all CPWPchannels  RA RB, the output channel

X    ( )( ) ( )A B C D RA RB is CPWP,whereR is an arbitrary reference system.

We then have the following theorem as a generalization of theorem 2 (its proof is very similar and sowe
omit it):

Theorem3.The following statements about CPWP superchannels are equivalent:

1. The quantum superchannel X is CPWP;

2. The discreteWigner function of the Choimatrix XJCBAD is non-negative;

3. The discrete Wigner function X( ∣ )u v u vW , ,A D C B is non-negative for all u v,A D, uC , and vB (i.e.

X( ∣ )u v u vW , ,A D C B is a conditional probability distribution or classical bipartite channel with a non-signaling
constraint).

An interesting consequence of the third part of the above theorem is that every CPWP superchannel has a
non-unique realization in terms of pre- and post-processing CPWP channels. This follows from the fact that
every non-signaling classical bipartite channel can be realized in terms of pre- and post-processing classical
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channels (see the discussion surrounding [52, equation (7)]), and these pre- and post-processing classical
channels can be identified as the discreteWigner functions of pre- and post-processing CPWP channels.

3.3. Logarithmic negativity (mana) of a quantum channel
To quantify themagic of quantum channels, we introduce themana (or logarithmic negativity) of a quantum
channel  A B:

Definition 4 (Mana of a quantum channel).Themana of a quantum channel  A B is defined as

    ( ) ≔ ( ) ( )Alog max 58
u

u
A B A B A W ,1

å= ∣ [ ( )]∣ ( )
d

A Alog max
1

Tr 59
u v

v u

B
B A B A

å= Ä∣ [( ) ]∣ ( )
d

A A Jlog max
1

Tr 60
u v

u v

B
A B AB

å= ∣ ( ∣ )∣ ( )v uWlog max . 61
u v

More generally, we define themana of aHermiticity-preserving linearmap  A B via the same formula above,
but substituting  with  .

In the following, we are going to show that themana of a quantum channel hasmany desirable properties,
such as:

1. Reduction to states:    s=( ) ( ) when the channel  is a replacer channel, acting as
 r r s=( ) [ ]Tr for an arbitrary input state ρ, withσ a state.

2. Additivity under tensor products (proposition 5):      Ä = +( ) ( ) ( )1 2 1 2 .

3. Subadditivity under serial composition of channels (proposition 6):       +( ◦ ) ( ) ( )2 1 1 2 .

4. Faithfulness (proposition 7):  ( ) 0 and  =( ) 0 if and only if  Î CPWP.

5. Amortization inequality (proposition 8): r" RA,    r rÄ -(( )( )) ( ) ( )idR RA RA .

6.Monotonicity under CPWP superchannels (proposition 9), which implies monotonicity under completely
stabilizer-preserving superchannels.

Proposition 4 (Reduction to states). Let  be a replacer channel, acting as  r r s=( ) [ ]Tr for an arbitrary
input state r, with s a state. Then

   s=( ) ( ) ( ). 62

Proof.Applying definitions and the fact that =[ ]ATr 1u for a phase-space point operator Au, wefind that

   s s s= = = =     ( ) ( ) [ ] ( ) ( )A Alog max log max Tr log , 63W W W
u

u
u

u,1 ,1 ,1

concluding the proof. +

Proposition 5 (Additivity). For quantum channels 1 and 2, the following additivity identity holds

      Ä = +( ) ( ) ( ) ( ). 641 2 1 2

More generally, the same additivity identity holds if 1 and 2 areHermiticity-preserving linearmaps.

Proof.The proof relies on basic properties of theWigner one-norm and composite phase-space point operators,
i.e.

    Ä = Ä Ä ( ) ( )( ) ( )A Alog max 65W
u u

u u1 2
,

1 2 ,1
1 2

1 2

 =    [ ( ) · ( ) ] ( )A Alog max 66W W
u u

u u
,

1 ,1 2 ,1
1 2

1 2

 = +   ( ) ( ) ( )A Alog max log max 67W W
u

u
u

u1 ,1 2 ,1
1

1
2

2

   = +( ) ( ) ( ). 681 2

This concludes the proof. +
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Proposition 6 (Subadditivity). For quantum channels 1 and 2, the following subadditivity inequality holds

       +( ◦ ) ( ) ( ) ( ). 692 1 1 2

More generally, the same subadditivity inequality holds if 1 and 2 areHermiticity-preserving linearmaps.

Proof.Consider the following for an arbitrary phase-space point operator Au:

 
 


= + 

 
 

 ( ◦ )( ) ( ◦ )( )
( )

( ) ( )A
A

A
Alog log log 70W

W

W
Wu

u

u
u2 1 ,1

2 1 ,1

1 ,1
1 ,1








=
å ¢

å ¢
+

¢ ¢

¢

 
( )( )

∣ ( )∣
( ) ( )

( )

( )

W A

W
A

u

u
log log 71

A
W

A
W

u u

u
u

2
,1

1 ,1
u

u

1

1

 




 å
¢

å ¢
+

¢ ¢
¢   

∣ ( )∣
∣ ( )∣

( ) ( ) ( )( )

( )

W

W
A A

u

u
log log 72

A

A
W W

u u
u u2 ,1 1 ,1

u

u

1

1

  +
¢

¢   ( ) ( ) ( )A Alog max log max 73W W
u

u
u

u2 ,1 1 ,1

   = +( ) ( ) ( ). 741 2

Since the chain of inequalities holds for an arbitrary phase-space point operator Au, we conclude the statement
of the proposition. +

Proposition 7 (Faithfulness). Let  A B be a quantum channel. Then themana of the channel  satisfies
  ( ) 0, and  =( ) 0 if and only if  Î CPWP.

Proof.To see thefirst claim, from the assumption that  is a quantum channel and (30), we find that

 






å å= + "
<

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥∣ ( ∣ )∣ ∣ ( ∣ )∣ ( )

( ∣ )
v u v u u2 1 1 . 75

v v v u: 0

Taking amaximization over u and applying a logarithm leads to the conclusion that  ( ) 0 for all channels
 .

Now suppose that  Î CPWP. Then by theorem2, it follows that ( ∣ )v u is a conditional probability
distribution, so that   å =å =∣ ( ∣ )∣ ( ∣ )v u v u 1v v for all u. It then follows from the definition
that  =( ) 0.

Finally, suppose that  =( ) 0. By definition, this implies that å =∣ ( ∣ )∣v umax 1u v . However,
consider that the rightmost inequality in (75) holds for all channels. So our assumption and this inequality imply
that  

å =< ∣ ( ∣ )∣( ∣ ) v u 0v v u: 0 for all u, whichmeans that ( ∣ )v u 0 for all u v, . By theorem2, it follows

that  Î CPWP. +

Proposition 8 (Amortization inequality). For any quantum channel  A B, the following inequality holds

    r r-
r

[ ( ( )) ( )] ( ) ( )sup . 76A A

A

Furthermore, we have that

    r rÄ -
r

[ (( )( )) ( )] ( ) ( )sup id . 77R RA RA

RA

Proof.The inequality in (76) is a direct consequence of reduction to states (proposition 4) and subadditivity of
manawith respect to serial compositions (proposition 6). Indeed, letting  ¢ be a replacer channel that prepares
the state rA, wefind that

           r r= ¢ + ¢ = +( ( )) ( ◦ ) ( ) ( ) ( ) ( ) ( ). 78A A

for all input states rA, fromwhichwe conclude (76).
By applying the inequality in (78)with the substitution   Äid , the additivity of themana of a

channel fromproposition 5, and the fact that the identity channel is free (and thus hasmana equal to zero), we
finally conclude that

    r rÄ - Ä(( )( )) ( ) ( ) ( )id id 79R RA RA R

  = +( ) ( ) ( )id 80R

 = ( ) ( ), 81

fromwhichwe conclude (77). +
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Theorem9 (Monotonicity). Let  A B be a quantum channel, and let XCPWP be aCPWPsuperchannel as given in
definition 3. Then ( ) is a channelmagicmeasure in the sense that

    X( ) ( ( )) ( ). 82CPWP

Proof.Recalling the definition of the channelmana in terms of the discreteWigner function (see (61)) and
abbreviating XCPWP asΞ, consider that

  åX = X( ( )) ∣ ( ∣ )∣ ( )( ) v uWlog max 83
u v

D C
CPWP

C
D

å å= X( ∣ ) ( ∣ ) ( )u v u v v uW Wlog max , , 84
u v u v

A D C B B A
,C

D A B

 å X∣ ( ∣ ) ( ∣ )∣ ( )u v u v v uW Wlog max , , 85
u v u v

A D C B B A
, ,C D A B

å= X( ∣ )∣ ( ∣ )∣ ( )u v u v v uW Wlog max , , 86
u v u v

A D C B B A
, ,C D A B

å= X( ∣ )∣ ( ∣ )∣ ( )u u v v uW Wlog max , 87
u u v

A C B B A
,C A B

å= X( ∣ )∣ ( ∣ )∣ ( )u u v uW Wlog max . 88
u u v

A C B A
,C A B

The second equality follows from (57). Thefirst inequality follows from the triangle inequality. The third
equality follows from the assumption that the superchannelΞ is CPWP, so that its discreteWigner function is
non-negative (see theorem 3). The fourth equality follows frommarginalizing XW over vD. Thefifth equality
follows from the non-signaling constraint in (55). Continuing, we find that

å å= X( ) ( ∣ ) ∣ ( ∣ )∣ ( )u u v uW WEquation 88 log max 89
u u v

A C B A
C

A B

 å åX

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥( ∣ ) ∣ ( ∣ )∣ ( )u u v uW Wlog max max 90

u u u v
A C B A

C
A

A
B

å= ∣ ( ∣ )∣ ( )v uWlog max 91
u v

B A
A

B

 = ( ) ( ). 92

Thefirst equality follows from rearranging sums. The inequality follows frombounding å ∣ ( ∣ )∣v uWv B AB
in

terms of itsmaximumvalue (so that it is no longer dependent on uA). The penultimate equality follows because
å =X( ∣ )u uW 1u A CA

, and the final one follows by definition. +

Remark 1.Wenote here that themonotonicity inequality in (82) holdsmore generally if  is a completely
positivemap that is not necessarily trace preserving.

3.4. Generalized thaumaof a quantum channel
In this section, we define a rather generalmeasure ofmagic for a quantum channel, called the generalized
thauma,which extends to channels the definition from [20] for states. To define it, recall that a generalized
divergence r s( )D is any function of a quantum state ρ and a positive semi-definite operatorσ that obeys data
processing [54, 55], i.e.  r s r s ( ) ( ( ) ( ))D D where  is a quantum channel. Examples of generalized
divergences, in addition to the trace distance and relative entropy, include the Petz–Rényi relative entropies [56],
the sandwichedRényi relative entropies [57, 58], theHilbertα-divergences [59], and the c2 divergences [60].
One can then define the generalized channel divergence [61], as away of quantifying the distinguishability of two
quantum channels  A B and  A B, as follows:

   y y
y

  ( ) ≔ ( ( ) ( )) ( )D Dsup , 93A B RA A B RA

RA

where the optimization is with respect to all pure states yRA such that systemR is isomorphic to the channel
input systemA (note that one does not achieve a higher value of  ( )D by allowing for an optimization over
mixed states rRA with an arbitrarily large reference system [61], as a consequence of purification, the Schmidt
decomposition theorem, and data processing).More generally,  A B can be a completely positivemap in the
definition in (93). Interestingly, the generalized channel divergence ismonotone under the action of a
superchannelΞ:
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    X X ( ) ( ( ) ( )) ( )D D , 94

as shown in [50, sectionV-A].
We then define generalized thauma as follows:

Definition 5 (Generalized thauma of a quantum channel).The generalized thauma of a quantum channel
 A B is defined as

  
   

q ( ) ≔ ( ) ( )
( )

Dinf , 95
: 0

where the optimization is with respect to all completely positivemaps  havingmana  ( ) 0.

It is clear that the above definition extends the generalized thauma of a state [20], whichwe recall is given by

 
q r r s

s s
( ) ≔ ( ) ( )

( )
Dinf . 96

0: 0

Wenowprove that the generalized thauma of a quantum channel reduces to the statemeasurewhenever the
channel  is a replacer channel:

Proposition 10 (Reduction to states). Let  be a replacer channel, acting as  r r s=( ) [ ]Tr for an arbitrary
input state r, where s is a state. Then

q q s=( ) ( ) ( ). 97

Proof. First, denoting themaximallymixed state byπ, consider that

  
   

q y y= Ä Ä
y

( ) (( )( ) ( )( )) ( )
( )

Dinf sup id id 98R RA R RA
: 0

RA

 
  




p p p pÄ Ä( ( ) ( )) ( )
( )

Dinf 99R A R A
: 0


   

s p= ( ( )) ( )
( )

Dinf 100B
: 0

 
s w=

w w
( ) ( )

( )
Dinf 101B

: 0

q s= ( ) ( ). 102

The first equality follows from the definition. The inequality follows by choosing the input state
suboptimally to be p pÄR A. The second equality follows because the generalized divergence is invariant
with respect to tensoring in the same state for both arguments. The third equality follows because π is a
free state with non-negativeWigner function and  is a completely positivemap with  ( ) 0. Since
one can reach all and only the operators w Î , the equality follows. Then the last equality follows from
the definition.

To see the other inequality, consider that  r r w=( ) [ ]Tr , for w Î , is a particular completely positive
map satisfying   w=( ) ( ) 0, so that

  
   

q y y= Ä Ä
y

( ) (( )( ) ( )( )) ( )
( )

Dinf sup id id 103R RA R RA
: 0

RA





y s y wÄ Ä

w w
( ) ( )

( )
Dinf 104R B R B

: 0

 
s w=

w w
( ) ( )

( )
Dinf 105B B

: 0

q s= ( ) ( ). 106

This concludes the proof. +

That the generalized thauma of channels proposed in (95) is a goodmeasure ofmagic for quantum channels
is a consequence of the following proposition:

Theorem11 (Monotonicity). Let  A B be a quantum channel, and let XCPWP be aCPWP superchannel as given
in definition 3. Then q ( ) is a channelmagicmeasure in the sense that

 q q X ( ) ( ( )) ( ). 107A B A B
CPWP

Proof.The idea is to utilize the generalized divergence and its basic property of data processing. Inmore detail,
consider that
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  
   

q =  ( ) ( ) ( )
( )

Dinf 108A B A B
: 0

 
  




X X ( ( ) ( )) ( )
( )

Dinf 109A B
: 0

CPWP CPWP

 
  




X  
 

( ( ) ) ( )
( )

Dinf 110A B
: 0

CPWP

q= X ( ( )) ( ). 111A B
CPWP

Thefirst inequality follows from the fact that the generalized divergence of channels ismonotone under the
action of a superchannel [50, sectionV-A]. The second inequality follows from themonotonicity of ( )
given in theorem9 (andwhich extendsmore generally to completely positivemaps as stated in remark 1). This
monotonicity implies that    X( ) ( ( ))CPWP and leads to the second inequality. +

Ageneralized divergence is called strongly faithful [62] if for a state rA and a subnormalized state sA, we have
r s( )D 0A A in general and r s =( )D 0A A if and only if r s=A A.

Proposition 12 (Faithfulness). Let D be a strongly faithful generalized divergence. Then the generalized thauma
q ( ) of a channel  defined through D is non-negative and it is equal to zero if  Î CPWP. If the generalized

divergence is furthermore continuous and q =( ) 0, then  Î CPWP.

Proof. From lemma 29 in appendix A, it follows that any completely positivemap  subject to the constraint
  ( ) 0 is trace non-increasing on the set+. It thus follows that  y ( )A B RA is subnormalized for any input
state y Î +RA . By restricting themaximization to such input states in+, applying the faithfulness
assumption, and applying the definition of generalized thauma, we conclude that  q ( ) 0.

Suppose that  Î CPWP. Then by proposition 7,  =( ) 0 and sowe can set  = in the definition of
generalized thauma and conclude from the faithfulness assumption that q =( ) 0.

Finally, suppose that q =( ) 0. By the assumption of continuity, thismeans that there exists a completely
positivemap  satisfying   =( )D 0. By lemma 29 in appendix A and the faithfulness assumption, this in
turnmeans that  F = F ( ) ( )A B RA A B RA for themaximally entangled state F Î +RA , which implies that
 = A B A B. However, we have that  ( ) 0, implying that  =( ) 0, since  is a channel and
  ( ) 0 for all channels. By proposition 7, we conclude that  Î CPWP. +

As discussed in [61, 63], a generalized divergence possesses the direct-sumproperty on classical-quantum
states if the following equality holds:

å å år s r sñá Ä ñá Ä = 
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟( )∣ ∣ ( )∣ ∣ ( ) ( ) ( )p x x x p x x x p xD D , 112

x
X X

x

x
X X

x

x
X

x x

where pX is a probability distribution, ñ{∣ }x x is an orthonormal basis, and r{ }x
x and s{ }x

x are sets of states.We
note that this property holds for trace distance, quantum relative entropy [64], and the Petz–Rényi [56] and
sandwichedRényi [57, 58] quasi-entropies a r s- a a-( ) [ ]sgn 1 Tr 1 and a s rs- aa

a
a
a

- -( ) [( ) ]sgn 1 Tr
1

2
1

2 ,
respectively.

For such generalized divergences, which are additionally continuous, as well as convex in the second
argument, we find that an exchange of theminimization and themaximization in the definition of the
generalized thauma is possible:

Proposition 13 (Minimax). Let D be a generalized divergence that is continuous, obeys the direct-sumproperty in
(112), and is convex in the second argument. Then the following exchange ofmin andmax is possible in the
generalized thauma:

  
   

q y y=
y

 ( ) ( ( ) ( )) ( )
( )

Dsup inf . 113A B RA A B RA
: 0

RA

Proof. Let  be afixed completely positivemap such that  ( ) 0. Let yRA
1 and yRA

2 be input states to
consider for themaximization. Due to the unitary freedomof purifications and invariance of generalized
divergence with respect to unitaries, we can equivalently consider themaximization to be over the convex set of
density operators acting on the channel input systemA. Define

r ly l y= + -l ( ) ( )1 , 114A A A
1 2

for l Î [ ]0, 1 . Then the state

f l y l yñ ñ ñ + - ñ ñl
¢ ¢ ¢∣ ≔ ∣ ∣ ∣ ∣ ( )0 1 1 115R RA R RA R RA

1 2
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purifies rlA and is related to a purification y ñl∣ RA of rlA by an isometry. It then follows that

 

 

y y

f f=

l l

l l

 

 ¢  ¢





( ( ) ( ))

( ( ) ( )) ( )

D

D 116

A B RA A B RA

A B R RA A B R RA

 

 

 l y y

l y y

ñá Ä ñá Ä

+ - ñá Ä ñá Ä

¢  ¢ 

¢  ¢ 




(∣ ∣ ( ) ∣ ∣ ( ))
( ) (∣ ∣ ( ) ∣ ∣ ( )) ( )

D

D

0 0 0 0

1 1 1 1 1 117

R A B RA R A B RA

R A B RA R A B RA

1 1

2 2

   l y y l y y= + -    ( ( ) ( )) ( ) ( ( ) ( )) ( )D D1 . 118A B RA A B RA A B RA A B RA
1 1 2 2

The inequality follows fromdata processing, by applying a completely dephasing channel to the register ¢R . The
last equality again follows fromdata processing. So the objective function is concave in the argument being
maximized (again thinking of themaximization being performed over density operators onA rather than pure
states onRA).

By assumption, for afixed input state yRA, the objective function is convex in the second argument and the
set of completely positivemaps  satisfying ( ) is convex.

Then the Sionminimax theorem [65] applies, andwe conclude the statement of the proposition. +

Remark 2.Examples of generalized divergences towhich proposition 13 applies include the quantum relative
entropy [64], the sandwiched Rényi relative entropy [57, 58], and the Petz–Rényi relative entropy [56]. The
proposition applies to the latter two byworkingwith the corresponding quasi-entropies and then lifting the
result to the actual relative entropies.

3.5.Max-thaumaof a quantum channel
As a particular case of the generalized thauma of a quantum channel defined in (95), we consider themax-
thauma of a quantum channel, which is themax-relative entropy divergence between the channel and the set of
completely positivemapswith non-positivemana. Specifically, for a given quantum channel  A B, themax-
thauma of  A B is defined by

  
   

q ( ) ≔ ( ) ( )
( )

Dmin , 119max
: 0

max

where theminimum is takenwith respect to all completely positivemaps  satisfying  ( ) 0 and

   y y
y

  ( ) ≔ ( ( ) ( )) ( )D Dsup 120A B RA A B RAmax max

RA

is themax-divergence of channels [66]. (More generally,  and  could be arbitrary completely positivemaps
in (120).)Note that it is known that [62, 67]

     = F F =  ( ) ( ( ) ( )) { } ( )D D t J tJlog min : , 121A B RA A B RA AB ABmax max

where FRA is themaximally entangled state and JAB is the Choi–Jamiołkowski matrix of the channel  A B and
similarly for JAB.

Due to the properties ofmax-relative entropy, it follows that theorem 11 and propositions 10, 12, and 13
apply to themax-thauma of a channel, implying reduction to states, that it ismonotonewith respect to
completely CPWP superchannels, faithful, and obeys aminimax theorem, so that

 q q s r r s= =( ) ( ) ( ) [ ] ( ), if Tr 122max max

 q q X( ) ( ( )) ( ), 123max max
CPWP

  q q = Î( ) ( ) ( )0 and 0 if and only if CPWP, 124max max

  
   

q y y=
y

 ( ) ( ( ) ( )) ( )
( )

Dmin max 125A B RA A B RAmax
: 0

max
RA

 
   

y y=
y

 ( ( ) ( )) ( )
( )

Dmax min , 126A B RA A B RA
: 0

max
RA

where  is a quantum channel and XCPWP is a CPWP superchannel.
We can alternatively express themax-thauma of a channel as the following SDP:

Proposition 14 (SDP formax-thauma). For a given quantum channel  A B, its max-thauma q ( )max can be
written as the following SDP:

14
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
 

å

q =

Ä "

( )

∣ [( ) ]∣ ( )u

t

J Y

A A Y d t

log min

s.t.

Tr , , 127
v

u v
AB AB

A B AB B

max

where JAB is the Choi–Jamiołkowski matrix of the channel  A B.Moreover, the dual SDP to the above is as follows:



 


 

å

å

q =

- Ä

+ "

"

( ) [ ]

( ) ( )/

u v

u v

N J V

b

V c f A A d

c f b

c f

log max Tr

s.t. 1

0 ,

, , ,

0, 0, , .

128
v

v

v u
v u v u

v u

v u v u v

v u v u

AB
N

AB

AB A B B

max

,
, ,

, ,

, ,

Proof.Consider the following chain of equalities:

  
   

q = ( ) ( ) ( )
( )

Dlog min 129max
: 0

max

   = ¢¢{ ( ) } ( )t J tJlog min : , 0 130AB AB

  å= ¢ "¢
⎧⎨⎩

⎫⎬⎭∣ [ ( ) ]∣ ( )t J tJ A A d ulog min : , Tr 1, 131AB AB A B B
v

u v

  å= "
⎧⎨⎩

⎫⎬⎭∣ [ ( ) ]∣ ( )t J J A A d t ulog min : , Tr , 132AB AB A B B
v

u v

  å= Ä "
⎧⎨⎩

⎫⎬⎭∣ [( ) ]∣ ( )t J Y A A Y d t ulog min : , Tr , , 133AB AB A B AB B
v

u v

where the second equality follows from (121) and the last from the fact that  is completely positive and thus in
one-to-one correspondencewith positive semi-definite bipartite operators.We further rewrite the absolute-
value constraint in (133) and arrive at the following SDP:

  åq = - Ä "
⎧⎨⎩

⎫⎬⎭( ) [( ) ] ( )/N t J Y t A A Y d t ulog min : , Tr , . 134AB
N

AB A B AB B
v

u v
max

Thenwe use the Lagrangianmethod to obtain the dual SDP:

 



 


 

å

å

q =

- Ä

+ "

"

( ) [ ]

( )

( )

J V

b

V c f A A d

c f b

c f

u v

u v

logmax Tr

s.t. 1

0 ,

, , ,

0, 0, , . 135

AB AB

AB A B B

v
v

v u
v u v u

v u

v u v u v

v u v u

max

,
, ,

, ,

, ,

This concludes the proof. +

Corollary 15 (Max-thauma versus mana). For a quantum channel  A B, its max-thauma does not exceed its
mana:

  q ( ) ( ) ( ). 136max

Proof.The proof is a direct consequence of the primal formulation in (127). By setting =Y JAB AB, we find that

   åq Ä =( ) { ∣ [( ) ]∣ } ( ) ( )t A A J d tlog min : max Tr , 137A B AB B
u v

u v
max

where the last equality follows from (60). +

Proposition 16 (Additivity). For two given quantum channels 1 and 2, themax-thauma is additive in the
following sense:

   q q qÄ = +( ) ( ) ( ) ( ). 138max 1 2 max 1 max 2

Proof.The idea of the proof is to utilize the primal and dual SDPs of q ( )max fromproposition 14.On the one
hand, suppose that the optimal solutions to the primal SDPs for q ( )max 1 and q ( )max 2 are { }R b, v1 1

and

15
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{ }R b, v2 2
, respectively. It is then easy to verify that Ä{ }R R b b, v v1 2 1 2

is a feasible solution to the SDP of
 q Ä( )max 1 2 . Thus

    q q qÄ Ä Ä = +( ) [( )( )] ( ) ( ) ( )J J R Rlog Tr . 139A B A Bmax 1 2 1 2 max 1 max 21 1
1

2 2
2

On the other hand, considering equation (119), suppose that the optimal solutions for 1 and 2 are 1 and
2, respectively. Noting that       Ä = +( ) ( ) ( ) 01 2 1 2 , and employing (121) and the additivity of
themax-relative entropy, wefind that

     q Ä Ä Ä( ) ( ) ( )D 140max 1 2 max 1 2 1 2

 q q= +( ) ( ) ( ). 141max 1 max 2

This concludes the proof. +

The following lemma is essential to establishing subadditivity ofmax-thauma of channels with respect to
serial composition, as stated in proposition 18 below.We suspect that lemma 17willfindwide use in general
resource theories beyond themagic resource theory considered in this paper. For example, it leads to an
alternative proof of [62, proposition 17].

Lemma17 (Subadditivity ofmax-divergence of channels).Given completely positivemaps
    , ,A B B C A B

1 2 1 , and  B C
2 , the following subadditivity inequality, with respect to serial compositions, holds

for themax-channel divergence of (120), (121):

        +  ( ◦ ◦ ) ( ) ( ) ( )D D D , 142max 2 1 2 1 max 1 1 max 2 2

where we havemade the abbreviations      º º º  , ,A B B C A B1
1

2
2

1
1 , and  º B C2

2 .

Proof.Recall the ‘data-processed triangle inequality’ from [68]:

 r w r s s w+  ( ( ) ) ( ) ( ( ) ) ( )D D D , 143max max max

which holds for  a positivemap and r w, , andσ positive semi-definite operators. Note that one can in fact see
this as a consequence of the submultiplicativity of the operator norm and the data-processing inequality ofmax-
relative entropy for positivemaps:

 r w w r= -
¥  ( ( ) ) [ ( )] ( )D 2 log 144max

1 2 1 2

  w s s r= - -
¥ [ ( )] [ ( )] [ ( )] ( )2 log 1451 2 1 2 1 2 1 2

   w s s r-
¥

-
¥   [ ( )] · [ ( )] [ ( )] ( )2 log 1461 2 1 2 1 2 1 2

  w s s r= +-
¥

-
¥   [ ( )] [ ( )] [ ( )] ( )2 log 2 log 1471 2 1 2 1 2 1 2

  r s s w= + ( ( ) ( )) ( ( ) ) ( )D D 148max max

 r s s w+ ( ) ( ( ) ) ( )D D . 149max max

Let us pick

    r s w s= Ä = Ä F = Ä F = Ä( )( ) ( )( ) ( )( ) ( )id , id , id , id , 1502 1 1 2

whereΦ denotes themaximally entangled state.Wefind that

   

   = Ä F Ä F





( ◦ ◦ )

(( ( ◦ ))( ) ( ( ◦ ))( )) ( )

D

D id id 151

max 2 1 2 1

max 2 1 2 1

      Ä F Ä F + Ä F Ä F (( )( ) ( )( )) (( ( ◦ ))( ) ( ( ◦ ))( )) ( )D Did id id id 152max 1 1 max 2 1 2 1

    + ( ) ( ) ( )D D . 153max 1 1 max 2 2

Thefirst equality follows from (121). Thefirst inequality follows from (143)with the choices in (150). The
second inequality follows because    Ä F Ä F = (( )( ) ( )( )) ( )D Did idmax 1 1 max 1 1 , as a consequence of
(121), and the channel divergence  ( )Dmax 2 2 involves an optimization over all bipartite input states, one of
which is Ä F( )( )id 1 . +

Remark 3.The proof above applies to any divergence that obeys the data-processed triangle inequality, which
includes theHilbertα-divergences of [59], as discussed in [62, appendixA].

Proposition 18 (Subadditivity). For two given quantum channels 1 and 2, themax-thauma is subadditive in
the following sense:

   q q q+( ◦ ) ( ) ( ) ( ). 154max 2 1 max 1 max 2
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Proof.This is a direct consequence of lemma 17 above. Let i be the completely positivemap satisfying
  ( ) 0i and that is optimal for i with respect to themax-thauma qmax , for Î { }i 1, 2 . Then applying
lemma 17, wefind that

        +  ( ◦ ◦ ) ( ) ( ) ( )D D D 155max 2 1 2 1 max 1 1 max 2 2

 q q= +( ) ( ) ( ), 156max 1 max 2

The equality follows from the assumption that i is the completely positivemap satisfying  ( ) 0i , which is
optimal for i with respect to themax-thauma qmax , for Î { }i 1, 2 .

Given that, by assumption,  ( ) 0i for Î { }i 1, 2 , it follows fromproposition 6 that   ( ◦ ) 02 1 .
Since themax-thauma involves an optimization over all completely positivemaps  satisfying  ( ) 0, we
conclude that

        q q q+( ◦ ) ( ◦ ◦ ) ( ) ( ) ( )D , 157max 2 1 max 2 1 2 1 max 1 max 2

which is the statement of the proposition. +

Proposition 19 (Amortization inequality). For any quantum channel  A B, the following inequality holds

 q r q r q-
r

[ ( ( )) ( )] ( ) ( )sup , 158A B A Amax max max

A

with the optimization performed over input states rA.Moreover, the following inequality also holds

 q r q r qÄ -
r

[ (( )( )) ( )] ( ) ( )sup id . 159R RA RA A Bmax max max

RA

Proof.The inequality in (158) is a direct consequence of reduction to states (proposition 122) and subadditivity
ofmax-thaumawith respect to serial compositions (proposition 18). Indeed, letting  ¢ be a replacer channel
that prepares the state rA, wefind that

     q r q q q q q r= ¢ + ¢ = +( ( )) ( ◦ ) ( ) ( ) ( ) ( ) ( ). 160A Amax max max max max max

for all input states rA, fromwhichwe conclude (158).
To arrive at the inequality in (159), wemake the substitution   Äid , apply the above reasoning, the

additivity in proposition 16, and the fact that the identity channel is free (CPWP), to conclude that the following
holds for all input states rRA

   q r q r q q q qÄ - Ä = + =(( )( )) ( ) ( ) ( ) ( ) ( ) ( )id id id , 161R A B RA RAmax max max max max max

fromwhichwe conclude (159). +

To summarize, the properties of q ( )max are as follows:

1. Reduction to states: q q s=( ) ( )max max when the channel  is a replacer channel, acting as
 r r s=( ) [ ]Tr for an arbitrary input state ρ, whereσ is a state.

2.Monotonicity of q ( )max under CPWP superchannels (including completely stabilizer-preserving
superchannels).

3. Additivity under tensor products of channels:    q q qÄ = +( ) ( ) ( )max 1 2 max 1 max 2 .

4. Subadditivity under serial composition of channels:    q q q+( ◦ ) ( ) ( )max 2 1 max 1 max 2 .

5. Faithfulness:  Î CPWP if and only if q =( ) 0max .

6. Amortization inequality:  q r q r qÄ -r (( )( )) ( ) ( )sup idR RA RAmax max max
RA

.

Remark 4.Due to the subadditivity inequality in proposition 18, the additivity identity in proposition 16, and
faithfulness in (124), the following identities hold

   


q q q= Ä -( ) ([ ] ◦ ) ( ) ( )sup id , 162max 1 max 1 2 max 2

2

   


q q q= Ä -( ) ( ◦ [ ]) ( ) ( )sup id , 163max 1 max 2 1 max 2

2

     
 

q q q q= Ä - -( ) ( ◦ [ ] ◦ ) ( ) ( ) ( )sup id , 164max 1
,

max 2 1 3 max 2 max 3
2 3

which have the interpretation that amortization in terms of arbitrary pre- and post-processing does not increase
themax-thauma of a quantum channel.
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4.Distillingmagic fromquantumchannels

4.1. Amortizedmagic
Sincemany physical tasks relate to quantum channels and time evolution rather than directly to quantum states,
it is of interest to consider the non-stabilizer properties of quantum channels. Nowhaving established suitable
measures to quantify themagic of quantum channels, it is natural tofigure out the ability of a quantum channel
to generatemagic from input quantum states. Let us begin by defining the amortizedmagic of a quantum
channel:

Definition 6 (Amortizedmagic).The amortizedmagic of a quantum channel  A B is defined relative to a
magicmeasure (·)m via the following formula:

  r r= Ä -
r

( ) (( )( )) ( ) ( )m m m: sup id . 165R RA RA

RA

The strict amortizedmagic of a quantum channel is defined as

  r= Ä~
r Î

( ) (( )( )) ( )m m: sup id . 166R RA
StabRA

That is, the amortizedmagic is defined as the largest increase inmagic that a quantum channel can realize after it
acts on an arbitrary input quantum state. The strict amortizedmagic is defined byfinding the largest amount of
magic that a quantum channel can realize when a stabilizer state is given to it as an input. Such amortized
measures of resourcefulness of quantum channels were previously studied in the resource theories of quantum
coherence (e.g. [67, 69–71]) and quantum entanglement (e.g. [72–76]). They have been considered in the
context of an arbitrary resource theory in [73, section 7].

Proposition 20.Given a quantum channel  A B, the following inequalities hold

       r rÄ -
r

( ) ≔ (( )( )) ( ) ( ) ( )sup id , 167R A B RA RA

RA

   q q r q r qÄ -
r

( ) ≔ (( )( )) ( ) ( ) ( )sup id . 168R A B RA RAmax max max max

RA

Proof.These statements are an immediate consequence of the amortization inequality for r( ) and q r( )max

given in propositions 8 and 19, respectively. +

4.2.Distillablemagic of a quantum channel
Themost general protocol for distilling some resource bymeans of a quantum channel  employs n
invocations of the channel  interleaved by free channels [73, section 7]. In our case, the resource of interest is
magic, and herewe take the free channels to be theCPWP channels discussed in section 3.1. In such a protocol,
the instances of the channel  are invoked one at a time, andwe can integrate all CPWP channels between one
use of  and the next into a single CPWP channel, since theCPWP channels are closed under composition. The
goal of such a protocol is to distillmagic states from the channel.

Inmore detail, themost general protocol for distillingmagic from a quantum channel proceeds as follows:
one starts by preparing the systems R A1 1 in a state r( )

R A
1
1 1

with non-negativeWigner function, by employing a free

CPWP channel Æ
( )

R A
1

1 1
, then applies the channel  A B1 1

, followed by aCPWP channel  
( )
R B R A
2
1 1 2 2

, resulting
in the state

 r rÄ ≔ (( )( )) ( )( ) ( ) ( )id . 169R A R B R A R A B R A
2 2 1
2 2 1 1 2 2 1 1 1 1 1

Continuing the above steps, given state r( )
R A
i

i i
after the action of -i 1 invocations of the channel  A B and

interleavedCPWPchannels, we apply the channel  A Bi i
and theCPWP channel  

+
+ +

( )
R B R A
i 1

i i i i1 1
, obtaining

the state

 r rÄ+


+
+ + + +

≔ (( )( )) ( )( ) ( ) ( )id . 170R A
i

R B R A
i

R A B R A
i1 1

i i i i i i i i i i i1 1 1 1

After n invocations of the channel  A B have beenmade, thefinal free CPWP channel  
+( )

R B S
n 1

n n
produces a

state wS on system S, defined as

w r
+≔ ( ) ( )( ) ( ) . 171S R B S

n
R A
n1

n n n n

Such a protocol is depicted infigure 2.
Fix e Î [ ]0, 1 and Îk . The above procedure is an e( )n k, , ψ-magic distillation protocol with rate k/n

and error e, if the state wS has a highfidelity with k copies of the targetmagic stateψ,
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y w y eá ñ -Ä Ä∣ ∣ ( )1 . 172k
S

k

A rateR is achievable forψ-magic state distillation from the channel  , if for all e dÎ >( ]0, 1 , 0, and
sufficiently large n, there exists an d e-( ( ) )n n R, , ψ-magic state distillation protocol of the above form. Theψ-
distillablemagic of the channel  is defined to be the supremumof all achievable rates and is denoted
by y ( )C .

A common choice for a non-Clifford gate is theT-gate. The qutritT gate [77] is given by

x

x
=

-

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ ( )T

0 0
0 1 0
0 0

, 173
1

where x = pe2 i 9 is a primitive ninth root of unity. TheT gate leads to theTmagic state

ñ +ñ∣ ≔ ∣ ( )T T , 174

by inputting the stabilizer state +ñ∣ to theT gate. Furthermore, by themethod of state injection [7, 78], one can
generate aT gate by actingwith SOs on theT state ñ∣T .

Inwhat follows, we use quantumhypothesis testing to establish an upper bound on the rate at which one can
distill qutritT states. The proof follows the generalmethod in [72, theorem 1] and [69, theorem1], whichwas
later generalized to an arbitrary resource theory in [73, section 7].

Proposition 21.Given a quantum channel  , the following upper bound holds for the rate =R k n of an
e( )n k T, , -magic distillation protocol:


p

q
e

+
+

-⎛
⎝⎜

⎞
⎠⎟( ( ))

( ) ( [ ]) ( )R
n

1

log 1 2 sin 18

log 1 1
. 175max

Consequently, the following upper bound holds for the T-distillablemagic of a quantum channel  :


 q

p+
( ) ( )

( ( ))
( )C

log 1 2 sin 18
. 176T

max

Proof.Consider an arbitrary e( )n k, , T-magic state distillation protocol of the formdescribed previously. Such
a protocol uses the channel n times, starting from the state r( )

R A
1
1 1

with non-negativeWigner function and

generating r r¼( ) ( ), , ,R A R A
n2

n n2 2
and wS step by step along theway, such that thefinal state wS hasfidelity e-1 with

ñÄ∣T k, where ñ = +ñ∣ ∣T T is the correspondingmagic state of theT gate. By assumption, it follows that

w eñá -Ä[∣ ∣ ] ( )T TTr 1 , 177k
S

while the result in [20] implies that

s pñá +Ä -[∣ ∣ ] ( ( )) ( )T TTr 1 2 sin 18 178k
S

k

for all s ÎS with the same dimension as wS. Applying the data processing inequality for themax-relative
entropy, with respect to themeasurement channel

 ñá ñá + - ñá ñáÄ Ä Ä(·) [∣ ∣ (·)]∣ ∣ [( ∣ ∣ )(·)]∣ ∣ ( )T T I T TTr 0 0 Tr 1 1 , 179k k k

wefind that

q w e p- +( ) [( )( ( )) ] ( )log 1 1 2 sin 18 180S
k

max

 e p- + +( ) ( ( )) ( )klog 1 log 1 2 sin 18 . 181

Figure 2.Themost general protocol for distillingmagic from a quantum channel.
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Moreover, by labeling wS as r +( )n 1 , we find that

åq r q r q r= -+

=

+( ) [ ( ) ( )] ( )( ) ( ) ( ) 182n

j

n
j j

max
1

1
max

1
max

 å q r q r= Ä -
=

+[ (( ◦ [ ])( )) ( )] ( )( ) ( ) ( )id 183
j

n
j j j

1
max

1
max

å q r q rÄ -
=

[ ([ ]( )) ( )] ( )( ) ( )id 184
j

n
j j

1
max max

 q ( ) ( )n . 185max

Thefirst equality follows because q r =( )( ) 0max
1 and by adding and subtracting termsThefirst inequality

follows because themax-thauma of a state does not increase under the action of aCPWP channel. The last
inequality follows fromapplying proposition 19.

Hence

 q e p- + +( ) ( ) ( ( )) ( )n klog 1 log 1 2 sin 18 , 186max

which implies that


p

q
e

=
+

+
-⎛

⎝⎜
⎞
⎠⎟( ( ))

( ) ( [ ]) ( )R k n
n

1

log 1 2 sin 18

log 1 1
. 187max

This concludes the proof. +

Wenote here that one could also use the subadditivity inequality in proposition 18 to establish the above
result.We further note here that similar results in terms ofmax-relative entropies have been found in the context
of other resource theories. Namely, a channel’smax-relative entropy of entanglement is an upper bound on its
distillable secret keywhen assisted by LOCC channels [68], themax-Rains information of a quantum channel is
an upper bound on its distillable entanglement when assisted by completely PPT preserving channels [79], and
themax-k-unextendibility of a quantum channel is an upper bound on its distillable entanglement when assisted
by k-extendible channels [80].

4.3. Injectable quantum channel
In any resource theory of quantum channels, it tends to simplify for those channels that can be implemented by
the action of a free channel on the tensor product of the channel input state and a resourceful state [73, section 7]
and [81, section 6]. The situation is no different for the resource theory ofmagic channels. In fact, particular
channels with the aforementioned structure have been considered for a long time in the context ofmagic states,
via themethod of state injection [7, 78]. Here we formally define an injectable channel as follows:

Definition 7 (Injectable channel).Aquantum channel  is called injectable with associated resource state wC if
there exists a CPWP channel L AC B such that the following equality holds for all input statesrA:

 r r w= L Ä ( ) ( ) ( ). 188A B A AC B A C

The notion of a resource-seizable channel was introduced in [62, 81], and herewe consider the application of
this notion in the context ofmagic resource theory:

Definition 8 (Resource-seizable channel). Let  A B be an injectable channel with associated resource state wC.
The channel  is resource-seizable if there exists a free state kRA

pre with non-negativeWigner function and a post-
processing free CPWP channel  RB C

post such that

  k w= ( ( )) ( ). 189RB C A B RA C
post pre

In the above sense, one seizes the resource state wC by employing free pre- and post-processing of the
channel A B.

An interesting and prominent example of an injectable channel that is also resource seizable is the channel 
corresponding to theT gate. This channel  has the following action  r r( ) ≔ †T T on an input state ρ. This
channel is injectable with associated resource state w = ñá∣ ∣T TC , since one can use themethod of circuit
injection [7] to obtain the channel  by acting on ñá∣ ∣T T with SOs. It is resource seizable because one can act on
the free state +ñá+∣ ∣with the channel  in order to seize the underlying resource state ñá = +ñá+∣ ∣ (∣ ∣)T T .

As a generalization of the  channel example above, consider the channelD ◦ Tp , whereDp is a dephasing
channel of the form
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r r r rD = + +( ) ( ) ( )† †p p Z Z p Z Z 190p
0 1 2

2 2

where = ( )p p p p p pp , , , , , 00 1 2 0 1 2 , and + + =p p p 10 1 2 . The channel is injectable with resource state
D ñá(∣ ∣)T Tp , because the samemethod of circuit injection leads to the channelD ◦ Tp when acting on the
resource stateD ñá(∣ ∣)T Tp . Furthermore, the channelD ◦ Tp is resource seizable because one recovers the
resource stateD ñá(∣ ∣)T Tp by actingwithD ◦ Tp on the free state +ñá+∣ ∣.

For such injectable channels, the resource theory ofmagic channels simplifies in the following sense:

Proposition 22. Let  be an injectable channel with associated resource state wC. Then the following inequalities
hold

    q qw w( ) ( ) ( ) ( ) ( ), , 191C C

where q denotes the generalized thaumameasures from section 3.4. If  is also resource seizable, then the following
equalities hold

   q qw w= =( ) ( ) ( ) ( ) ( ), . 192C C

Proof.Wefirst prove thefirst inequality in (191). Consider that

  =  ( ) ( ) ( )Alog max 193A B A W
u

u
,1

w= L Ä ( ) ( )Alog max 194AC B A C W
u

u
,1

 wÄ  ( )Alog max 195A C W
u

u
,1

w= +    ( )Alog max log 196A W C W
u

u
,1 ,1

w=   ( )log 197C W ,1

 w= ( ) ( ). 198C

Thefirst two equalities follow fromdefinitions. The inequality follows from lemma 30 in the appendix. The
third equality follows because theWigner trace norm ismultiplicative for tensor-product operators. The fourth
equality follows because = A 1A W

u
,1 for any phase-space point operator Au.

We nowprove the second inequality in (191):

  
   

q y y=
y

 ( ) ( ( ) ( )) ( )
( )

Dinf sup 199A B RA A B RA
: 0

RA


   

y w y= L Ä
y

 ( ( ) ( )) ( )
( )

Dinf sup 200AC B RA C A B RA
: 0

RA




 
y w y sL Ä L Ä

s s y
 ( ( ) ( )) ( )

( )
Dinf sup 201AC B RA C AC B RA C

0: 0C C
RA




 
y w y sÄ Ä

s s y
( ) ( )

( )
Dinf sup 202RA C RA C

0: 0C C
RA

 
w s=

s s
( ) ( )

( )
Dinf 203C C

0: 0C C

q w= ( ) ( ). 204C

Thefirst two equalities follow fromdefinitions. Thefirst inequality follows because the completely positivemap
 s= L Ä (· )AC B C with s ÎC is a special kind of completely positivemap such that  ( ) 0, due to the
first inequality in (191). The second inequality follows fromdata processing under the channel L AC B. The third
equality follows because the generalized divergence is invariant under tensoring its two arguments with the same
state yRA (again a consequence of data processing [58]). Thefinal equality follows from the definition in (96).

The inequalities in (192) are a direct consequence of the definition of a resource-seizable channel, the fact
that both themana and the generalized thauma aremonotone under the action of aCPWP superchannel
(theorems 9 and 11, respectively), andwith   k ( ( ))RB C A B RA

post pre understood as a particular kind of
superchannel thatmanipulates  A B to the state wC. Furthermore, it is the case that the channelmeasures
reduce to the statemeasureswhen evaluated for preparation channels that take as input a trivial one-dimensional
system, forwhich the only possible ‘state’ is the number one, and output a state on the output system (see
proposition 4 and (122)). +

Applying proposition 22 to the channel  and applying some of the results in [20], wefind that

 q q q q p= = ñá = ñá = +( ) ( ) (∣ ∣) (∣ ∣) ( ( )) ( )T T T T log 1 2 sin 18 . 205max max

The notion of an injectable channel also improves the upper bounds on the distillablemagic of a quantum
channel:
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Proposition 23.Given an injectable quantum channel  with associated resource state wC, the following upper
bound holds for the rate =R k n of an e( )n k, , T -magic distillation protocol:


p e

q w
e

+ -
+⎜ ⎟⎛

⎝
⎞
⎠( ( ))( )

( ) ( ) ( )R
h

n

1

log 1 2 sin 18 1
, 206C

2

where e e e e e- - - -( ) ≔ ( ) ( )h log 1 log 12 2 2 . Consequently, the following upper bound holds for theT-
distillablemagic of the injectable quantum channel  :

  q w
p+

( ) ( )
( ( ))

( )C
log 1 2 sin 18

. 207T
C

Proof.Consider an arbitrary e( )n k, , T-magic state distillation protocol of the formdescribed previously. Due
to the injection property, it follows that such a protocol is equivalent to aCPWP channel acting on the resource
state wÄ

C
n (see figure 5 of [73]). So the channel distillation problem reduces to a state distillation problem.

Applying proposition 4 of [20] and standard inequalities for the hypothesis testing relative entropy from [82], we
conclude the bound in (206). Then taking limits, we arrive at (207). +

5.Magic cost of a quantum channel

5.1.Magic cost of exact channel simulation
Beyondmagic distillation via quantum channels, themagicmeasures of quantum channels can also help us
investigate themagic cost in quantumgate synthesis. In the past two decades, tremendous progress has been
accomplished in the area of gate synthesis for qubits (e.g. [83–90]) and qudits (e.g. [91–95]). Elementary two-
qudit gates include the controlled-increment gate [91] and the generalized controlled-X gate [93, 94].More
recently, the synthesis of single-qutrit gates was studied in [96, 97].

Of particular interest is to study exact gate synthesis ofmulti-qudit unitary gates from elements of the
Clifford group supplemented byT gates.More generally, a fundamental question is to determine howmany
instances of a given quantum channel ¢ are required to simulate another quantum channel  , when
supplementedwithCPWPchannels. That is, such a channel synthesis protocol has the following form:

      = ¢ ¢ ¢
+

¢ ¢ ¢  ¢ ¢ ¢ ¢ ¢  ¢- -
◦ ◦ ◦ ◦ ◦ ◦ ( ), 208A B R B B

n
A B R B R A

n
R B R A A B A R A

1 2 1

n n n n n n n n1 1 1 1 2 2 1 1 1 1

as depicted infigure 3. Let  ¢( )S denote the smallest number of  ¢ channels required to implement the
quantum channel  exactly. Note that itmight not always be possible to have an exact simulation of the channel
 when starting fromanother channel  ¢. For example, if  is a unitary channel and  ¢ is a noisy
depolarizing channel, then this is not possible. In this case, we define  = ¥¢( )S .

In the following, we establish lower bounds on gate synthesis by employing the channelmeasures ofmagic
introduced previously.

Proposition 24. For any qudit quantum channel  , the number of channels  ¢ required to implement it is
bounded from below as follows:


 

 




  q

q¢ ¢
¢

⎧⎨⎩
⎫⎬⎭( ) ( )

( )
( )
( )

( )S max , . 209max

max

If the channel  is injectable with associated resource state wC, then the following bound holds


 




 

w
q
q w

¢
⎧⎨⎩

⎫⎬⎭( ) ( )
( )

( )
( )

( )S max , . 210
C C

max

max

Proof. Suppose that the simulation of  is realized as in (208). Applying proposition 6 iteratively, wefind that

Figure 3.Themost general protocol for exact synthesis of a channel  A B starting from nuses of another quantum channel  ¢,
alongwith free CPWP channels  i , for Î ¼{ }i n1, , .
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        å¢ + = ¢
=

+

( ) ( ) ( ) ( ) ( )n n , 211
i

n
i

1

1

where the equality follows fromproposition 7 and the assumption that each  i is a CPWP channel. Then
 

 


¢
( )
( )

n . Since this inequality holds for an arbitrary channel synthesis protocol, we find

that 
 

 
¢ ¢

( ) ( )
( )

S .

Applying propositions 18 and 12 in a similar way, we conclude that 



 q

q¢ ¢
( ) ( )

( )
S max

max
.

If the channel is injectable, then the upper bounds in (191) apply, fromwhichwe conclude (210). +

As a direct application, we investigate gate synthesis of elementary gates. In the following, we prove that four
T gates are necessary to synthesize a controlled–controlled-X qutrit gate (CCXgate) exactly.

Proposition 25.To implement aCCX qutrit gate, at least four qutrit T gates are required.

Proof.By direct numerical evaluation, we find that




  

ñá
( ) ( )

(∣ ∣)
( )S

T T
CCX

CCX 2.1876

0.6657
3.2861, 212T

whichmeans that four qutritT gates are necessary to implement a qutrit CCX gate. +

ForNISQdevices, it is natural to consider gate synthesis under realistic quantumnoise. One commonnoise
model in quantum information processing is the depolarizing channel:


 
år r r= - +

- -
¹

( ) ( ) ( ) ( )

( ) ( )

†p
p

d
X Z X Z1

1
. 213p

i j d
i j

i j i j
2

0 , 1
, 0,0

Suppose that aT gate is not available, but instead only a noisy version  ◦ Tp of it is. Then it is reasonable to
consider the number of noisyT gates required to implement a low-noise CCX gate, and the resulting lower
bound is depicted infigure 4. Considering the depolarizing noise (p=0.01) and applying proposition 24, the
lower bound is given by

 

 

Ä( ◦ )
( ◦ )

( )
T

CCX
. 214

p

0.01
3

5.2.Magic cost of approximate channel simulation
Herewe consider themagic cost of approximate channel simulation, which allows for a small error in the
simulation process. To be specific, we establish the following proposition:

Figure 4. Lower bound on the number of noisyT gates required to implement a low-noise CCX gate.
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Proposition 26. For any qudit channel  (with odd dimensions), the following lower bound for the number of
channels  ¢ required to implement it with error tolerance e:

       


   e¢ - Î
~ ~ ~e

¢ à ( ) { ( ) ( ) } ( )S k kmin : ,
1

2
, CPTP , 215

where   Äà Î    · ≔ (· )( )Xsup sup idk X k1 11
denotes the diamond norm.

To get this bound, weminimize the lower bound of exactmagic cost in proposition 24 over the quantum
channels that are ε-close to the target channel in terms of diamond norm.Using the SDP formof the diamond
norm [98] the above lower bound can be computed via the following SDP:





 

 

 


  


e

"
-

=

~¢

~

~ ~

 ( )

( )

( )

t

t A

Y Y Y J J

J J

u

log min

s.t. 2 , ,

Tr , 0, ,

0, Tr . 216

W

B AB A

B A

u ,1

Moreover, one could also replacemanawith thauma in the above resource estimation. Also, it is possible and
interesting to exactly characterize theminimumerror of channel simulation under CPWPbipartite channels.
We leave these for future study.

6. Classical simulation of quantum channels

6.1. Classical algorithm for simulating noisy quantum circuits
Anoperationalmeaning associatedwithmana is that it quantifies the rate at which a quantum circuit can be
simulated on a classical computer. Inspired by [30], we propose an algorithm for simulating quantum circuits in
which the operations can potentially be noisy.We show that the complexity of this algorithm scales with the
mana (the logarithmic negativity) of quantum channels, establishingmana as a usefulmeasure formeasuring the
cost of classical simulation of a (noisy) quantum circuit. For recent independent and relatedwork, see [99].

LetÄ
d

n be theHilbert space of an n-qudit system.Consider an evolution that consists of the sequence
 ={ }l l

L
1of channels acting on an input state ρ. Then the probability of observing the POVMmeasurement

outcome E, where  E I0 , can be computed according to the Born rule as

  å r = r
=

-


[ ( ◦ ◦ )( )] ( ∣ ) ( ∣ ) ( ) ( )E W E W Wu u u uTr , 217L L
l

L

l l
u

1
1

1 0l

where = ¼
 ( )u u u, , L0 represents a vector in the discrete phase space and ( ∣·)W E is the discreteWigner function

of themeasurement operatorE (see equation (10)). For the base case L=1, this follows from the properties of
the discreteWigner function:

å å r¢ ¢ =r
¢ ¢

¢ ¢( ∣ ) ( ∣ ) ( ) [ ] [ ( )] [ ] ( )W E W W EA
d

A A
d

Au u u u Tr
1

Tr
1

Tr 218
u u u u

u u u u
, ,

å r=
¢

¢ ¢[ ] [ ( )] ( )EA
d

ATr
1

Tr 219
u

u u

 r= [ ( )] ( )ETr . 220

The case of general L follows by induction.
Our goal is to estimate   r[ ( ◦ ◦ )( )]ETr L 1 with additive error. Inwhat follows, we assume that the

input state is r = ñá∣ ∣0 0n n and the desired outcome is ñá∣ ∣0 0 . This assumption is without loss of generality, since
we can reformulate both the state preparation and themeasurement as quantum channels

 s s r s s s= = ñá + - ñá( ) ( ) ( ) ( )∣ ∣ (( ) )∣ ∣ ( )E ETr , Tr 0 0 Tr 1 1 . 221L1

Consequently, we have

  å ñá ñá = ñá
=

- ñá


[∣ ∣( ◦ ◦ )(∣ ∣)] (∣ ∣∣ ) ( ∣ ) ( ) ( )∣ ∣W W Wu u u uTr 0 0 0 0 0 0 . 222L
n n

L
l

L

l l
u

1
1

1 0 0 0l
n n
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Todescribe the simulation algorithm,we define the negativity of quantum states and channels as



 

 

 


 


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≔ ∣ ( )∣
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≔ ( ) ( )( )

W

A W

u

u u u
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,

,

2 max . 223

W
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u

u
u

u

,1

,1

Then a noisy circuit comprised of the channels  ={ }l l
L

1 can be simulated as follows.We sample the initial phase
point u0 according to the distribution ñá ñá∣ ( )∣∣ ∣ ∣ ∣W u0 0 0 0 0n n n n and, for each l=1,K,L, we sample a phase point
ul according to the conditional distribution  - -∣ ( ∣ )∣ ( )W u u ul l l1 1l l

, after whichwe output the estimate

   ñáñá ñá
=

- -[ ( )] ( ) [ ( ∣ )] (∣ ∣∣ ) ( )∣ ∣ ∣ ∣W W Wu u u u uSign Sign 0 0 . 224
l

L

l l l L0 0 0 0 0
1

1 1n n n n
l l

This gives an unbiased estimate of the output probability since

 

 

 

 

 
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-

-
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=
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
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⎤
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∣ ( )∣ ∣ ( ∣ )∣
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W W W
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u u u u u

u u u

u
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u u u u

Sign Sign 0 0

Sign Sign 0 0

0 0

Tr 0 0 0 0 . 225

l

L

l l l L

l

L
l l

l

l

L

l l l L

L
l

L

l l

L
n n

u

u

0 0 0 0 0
1

1 1
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0 0 1

1

1

0 0 0 0 0
1

1 1

1
1 0 0 0

1

n n n n
l l

n n

n n

l

l

n n n n
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l
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Note that =ñá∣ ∣ 10 0n n since ñ∣0n is trivially a stabilizer state. Also for any stabilizer POVM { }Ek , we have
[ ]E ATr 0k u and

å = =[ ] [ ] ( )E A ATr Tr 1, 226
k

k u u

which implies that

= =∣ ( ∣ )∣ ∣ [ ]∣ [ ] ( )W E E A E Aumax max Tr max Tr 1. 227k k k
u u

u
u

u

Therefore, the estimate that we output has absolute value bounded from above by

 =
=

( ). 228
l

L

1
l

By theHoeffding inequality, it suffices to take




d ⎜ ⎟⎛
⎝

⎞
⎠ ( )2

log
2

229
2

2

samples to estimate the probability of afixedmeasurement outcomewith accuracy ò and success
probability d-1 .

In the description of the above algorithm,we have used the discreteWigner representation of quantum
states, channels, andmeasurement operators. However, the algorithm can be generalized using the frame and
dual frame representation along the lines of thework [30]. Specifically, for any frame l l Î L{ ( ) }F : and its dual
frame l l Î L{ ( ) }G : on a d-dimensionalHilbert space, we define the corresponding quasiprobability
representation of a state, a channel, and ameasurement operator respectively as

 

l l r
l l l l

l l

=

¢ = ¢
=

r ( ) [ ( ) ]
( ∣ ) [ ( ) ( ( ))]
( ∣ ) [ ( )] ( )

W F

F G

W E EG

Tr ,

Tr ,

Tr . 230

Then, we have similar rules for computing themeasurement probability

å l l l l r¢ ¢ =
l l

r
¢

( ∣ ) ( ∣ ) ( ) [ ( )] ( )W E W W ETr 231
,

and the above discussion carries throughwithout any essential change. For simplicity, we omit the details here.
Note that for the discreteWigner function representation that we used in our paper, the correspondence is
l =( )F A du and l =( )G Au.
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6.2. Comparison of classical simulation algorithms for noisy quantum circuits
Recently, the channel robustness and themagic capacity were introduced to quantify themagic ofmulti-qubit
noisy circuits [21]. To be specific, given a quantum channel  , the channel robustness is defined as

*   + + L - L =
L Î

+ -


( ) ≔ { ( ) } ( )p p p pmin 2 1: 1 , 0 , 232
CSPO

and themagic capacity is defined as

   f fÄ ñá
fñÎ

( ) ≔ [( )(∣ ∣)] ( )
∣

C max id . 233
Stab

They are related by the inequality [21]

*     F( ) ( ) ( ) ( )C , 234

where(·) is the robustness ofmagic (see section 2) and F is the normalizedChoi–Jamiołkowski operator of
 . The authors of [21] further developed twomatching simulation algorithms that scale quadratically with
these channelmeasures. Here, we compare their approachwith the one described in section 6.1 for simulating
noisy qudit circuits. Note that neither the proof of (234)nor the staticMonte Carlo algorithmof [21] depend on
the dimensionality of the underlying system, so those results can be generalized to any qudit systemwith odd
prime dimension.

Thus, we consider an n-qudit systemwith the underlyingHilbert spaceÄ
d

n, where d is an odd prime.
Consider a noisy circuit consisting of the sequence  ={ }l l

L
1of channels acting on the initial state ñ∣0n , after which

a computational basismeasurement is performed. To describe the simulation algorithmbased on channel
robustness [21], we assume each  j has the optimal decompositionwith respect to the set of CSPOs

  = + -( ) ( )p p1 , 235j j j j j,0 ,1

where *  = +( ) p2 1j j . For any Î

k L

2 , define

* *    å = + - = = =
= =

 


( ) ( ) ∣ ∣ ( ) ( )p p p p p1 . 236k
k

j
k

j
k

k
j

j
0 1

1

j j

We sample a Î

k L

2 from the distribution  ∣ ∣p pk 1 and simulate the evolution   ◦ ◦ ◦L k k k, 2, 1,L 2 1

6.
To achieve accuracy ò and success probability d-1 , it suffices to take

*


d
⎜ ⎟⎛
⎝

⎞
⎠ ( )2

log
2

237
2

2

samples.
To compare it with themana-based simulation algorithm, wefirst prove that that the exponentiatedmana of

a quantum channel is always smaller than or equal to the channel robustness. To establish the separation, we
introduce the robustness ofmagicwith respect to non-negativeWigner function as follows.

Definition 9.Given a quantum state ρ, the robustness ofmagicwith respect to non-negativeWigner function is
defined as

  r r s w w s+ = + - Î ++( ) ≔ { ( ) } ( )p p pmin 2 1 : 1 , , . 238

Since Ì +Stab , we have

*        F F+( ) ( ) ( ) ( ) ( )C . 239

Proposition 27.Given a quantum channel  , the following inequality holds

*   
 = ( ) ( )( )2 , 240

and the inequality can be strict.

Proof. Suppose L{ }p, is the optimal solution to equation (232) of * ( ).
Then, we have

  =  ( ) ( )Amax 241W
u

u ,1

= + L - L+ - ( ) ( ) ( ) ( )p A p Amax 1 242W
u

u u ,1

6
Strictly speaking, this evolution can be directly simulated onlywhen the circuit is noiseless. Otherwise, we need to further decompose each
 j k, j as afinite combination of stabilizer-preserving operations, each of which has a single Kraus operator. This does not affect the sample
complexity of the simulator [21].
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 + L + L+ -   [( ) ( ) ( ) ] ( )p A p Amax 1 243W W
u

u u,1 ,1

= + ( )p2 1 244

* = ( ) ( ). 245

The inequality in (243) follows due to the triangle inequality. The equality in (244) follows since L Î CSPO
and then L = ( )A 1Wu ,1 for any u.

Furthermore, we demonstrate the strict separation between  ( )2 and * ( ) via the following example.
Let us consider the diagonal unitary

=q

q

q-

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ ( )U

e 0 0
0 1 0
0 0 e

. 246

i 9

i 9

Note that theT gate is a special case, given by pU2 . Due to equation (239), the separation between q( )U and
 F q+( )log U infigure 5 indicates that themana of a channel can be strictly smaller than the channel robustness

andmagic capacity, i.e.

*   < F q qq q+( ) ( ) ( ) ( )C U R U . 247U U

This concludes the proof. +
Applying proposition 27 to the channels  ={ }l l

L
1, wefind that

* *      = = ( ) ( ). 248
j j

jj

Thus for an n-qudit systemwith odd prime dimension, the sample complexity of themana-based approach is
neverworse than the algorithmof [21] based on channel robustness. Furthermore, the separation demonstrated
in (247) indicates that themana-based algorithm can be strictly faster for certain quantum circuits.

The above example shows that themana of a quantum channel can be smaller than itsmagic capacity [21],
due to (247), but it is not clearwhether this relation holds for general quantum channels.

7. Examples

7.1. Non-stabilizerness under depolarizing noise
For near termquantum technologies, certain physical noisemay occur during quantum information processing.
One commonquantumnoisemodel is given by the depolarizing channel:


 
år r r= - +

- -
¹

( ) ( ) ( ) ( )

( ) ( )

†p
p

d
X Z X Z1

1
, 249p

i j d
i j

i j i j
2

0 , 1
, 0,0

where Î [ ]p 0, 1 and X Z, are the generalized Pauli operators.

Figure 5.Comparison between qU and  F q+( )U for  p q p2 . The gap indicates that qU is strictly smaller than q( )C U and

* q( )R U .
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Let us suppose that depolarizing noise occurs after the implementation of aT gate. Fromfigure 6, wefind
that if the depolarizing noise parameter p is higher than or equal to 0.62, then the channel  ◦p cannot
generate any non-stabilizerness. That is, the channel  ◦p becomesCPWP after this cutoff.

Another interesting case is the CCXgate. Let us suppose that depolarizing noise occurs in parallel after the
implementation of theCCXgate. Themana of Ä ◦ CCXp

3 is plotted infigure 7, wherewe see that it decreases
linearly and becomes equal to zero at around »p 0.75.

7.2.Werner–Holevo channel
An interesting qutrit channel is the qutritWerner–Holevo channel [100]:

 = -( ) [( ) ] ( )V V V
1

2
Tr . 250T

WH

Inwhat follows, wefind that theWerner–Holevo channelmaps any quantum state to a free state in+ (state
with non-negativeWigner function), while its amortizedmagic is given by our channelmeasure. This also

Figure 6.Non-stabilizerness ofT gate after depolarizing noise. The solid red line quantifies the classical simulation cost of noisy
circuits  ◦p . The dashed blue line gives the upper bound ofmagic generating capacity of  ◦p .

Figure 7.Non-stabilizerness of CCX gate after depolarizing noise. The solid line also quantifies the classical simulation cost of the
noisy circuit Ä ◦ CCXp

3 .
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indicates that the ancillary reference system is necessary to consider in the study of the resource theory ofmagic
channels.

Proposition 28. For the qutritWerner–Holevo channel WH,

 r Î +( ) ( ), 251WH

for any input state r (which is restricted to be a state of the channel input system), while

    = =( ) ( ) ( )5

3
, 252WH WH

 q q= =( ) ( ) ( )5

3
. 253max WH max WH

Proof.On the one hand, for any input state r, wefind that

  r r= - = - -r ¥ ( ) ( ) ( ) ( ) ( )( )W A A Au
1

6
Tr

1

6
1 Tr

1

6
1 0, 254T T

u u uWH

where thefirst inequality follows because = =¥ ¥   A A 1u 0 , since = †A T A Tu u u0 , thematrixTu is unitary,
andA0 for a qutrit is explicitly given by the following unitary transformation:

=
⎡
⎣
⎢⎢

⎤
⎦
⎥⎥ ( )A

1 0 0
0 0 1
0 1 0

. 2550

On the other hand, we can set rRA to be themaximally entangled state, andwefind fromnumerical
calculations that

  r rÄ - =(( )( )) ( ) ( )id
5

3
. 256R RA RAWH

Meanwhile, we find fromnumerical calculations that  =( ) 5 3WH , which by proposition 8means that

    r rÄ - = =
r

[ (( )( )) ( )] ( ) ( )sup id
5

3
. 257R RA RAWH WH

RA

Similarly, wefind fromnumerical calculations that

 q r q r qÄ - = =
r

[ (( )( )) ( )] ( ) ( )sup id
5

3
. 258R RA RAmax WH max max WH

RA

This concludes the proof. +

8. Conclusion

Wehave introduced two efficiently computablemagicmeasures of quantum channels to quantify and
characterize the non-stabilizer resource possessed by quantum channels. These two channelmeasures have
application in evaluatingmagic generating capability, gate synthesis, and classical simulation of noisy quantum
circuits.More generally, ourwork establishes fundamental limitations on the processing of quantummagic
using noisy quantum circuits, opening newperspectives for the investigation of the resource theory of quantum
channels in FTQC.

One future direction is to explore tighter evaluations of the distillablemagic of quantum channels.We think
that it would also be interesting to explore other applications of our channelmeasures and generalize our
approach to themulti-qubit case.
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AppendixA.On completely positivemapswith non-positivemana

Lemma29. Let  be a completely positivemap. If  ( ) 0, then  is trace non-increasing on the set+

(quantum states with non-negativeWigner function).

Proof.The assumption  ( ) 0 is equivalent to  å ∣ ( ∣ )∣W v umax 1u v . For r Î +, then consider that

  år r= = r[ ( )] ∣ [ ( )]∣ ( ∣ ) ( ) ( )W Wv u uTr Tr A1
v u,

 å å å= =r r r∣ ( ∣ )∣∣ ( )∣ ∣ ( )∣ ( ) ( )W W W Wv u u u u 1. A2
v u u u,

Thefirst equality follows from the assumption that  is completely positive and ρ is positive semi-definite. The
second equality follows from lemma 1. Thefirst inequality follows from the triangle inequality and the second
from the assumption  ( ) 0. Thefinal two equalities follow from the assumption r Î + and (11). +

Appendix B.Data processing inequality for theWigner trace norm

Lemma30. For any operator Q andCPWP channel P, the following inequality holds

P   ( ) ( )Q Q . B1W W,1 ,1

Proof. Let us suppose that = åQ q Av v v. Thenwe have = å  ∣ ∣Q qW v v,1 . Furthermore

åP = P ( ) ( ) ( )Q q A B2W

Wv
v v,1

,1

å å= P[ ( )] ( )q A ATr B3
u v

v u v

å å= P( ∣ ) ( )q W u v B4
u v

v

åå P∣ ∣ ( ∣ ) ( )q W u v B5
u v

v

å= =  ∣ ∣ ( )q Q . B6W
v

v ,1

This concludes the proof. +
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