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Abstract

To achieve universal quantum computation via general fault-tolerant schemes, stabilizer operations
must be supplemented with other non-stabilizer quantum resources. Motivated by this necessity, we
develop aresource theory for magic quantum channels to characterize and quantify the quantum
‘magic’ or non-stabilizerness of noisy quantum circuits. For qudit quantum computing with odd
dimension d, it is known that quantum states with non-negative Wigner function can be efficiently
simulated classically. First, inspired by this observation, we introduce a resource theory based on
completely positive-Wigner-preserving quantum operations as free operations, and we show that they
can be efficiently simulated via a classical algorithm. Second, we introduce two efficiently computable
magic measures for quantum channels, called the mana and thauma of a quantum channel. As
applications, we show that these measures not only provide fundamental limits on the distillable
magic of quantum channels, but they also lead to lower bounds for the task of synthesizing non-
Clifford gates. Third, we propose a classical algorithm for simulating noisy quantum circuits, whose
sample complexity can be quantified by the mana of a quantum channel. We further show that this
algorithm can outperform another approach for simulating noisy quantum circuits, based on channel
robustness. Finally, we explore the threshold of non-stabilizerness for basic quantum circuits under
depolarizing noise.

1. Introduction

1.1. Background

One of the main obstacles to physical realizations of quantum computation is decoherence that occurs during
the execution of quantum algorithms. Fault-tolerant quantum computation (FTQC) [1, 2] provides a
framework to overcome this difficulty by encoding quantum information into quantum error-correcting codes,
and it allows reliable quantum computation when the physical error rate is below a certain threshold value.

The fault-tolerant approach to quantum computation allows for a limited set of transversal, or manifestly fault-
tolerant, operations, which are usually taken to be the stabilizer operations (SOs). However, the SOs alone do not
enable universality because they can be simulated efficiently on a classical computer, a result known as the
Gottesman—Knill theorem [3, 4]. The addition of non-stabilizer quantum resources, such as #01-SOs, can lead to
universal quantum computation [5]. With this perspective, it is natural to consider the resource-theoretic approach
[6] to quantify and characterize non-stabilizer quantum resources, including both quantum states and channels.

One solution for the above scenario is to implement a non-SO via state injection [7] of so-called ‘magic
states,” which are costly to prepare via magic state distillation [5] (see also [8—14]). The usefulness of such magic
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states also motivates the resource theory of magic states [15-20], where the free operations are the SOs and the
free states are the stabilizer states (abbreviated as ‘Stab’). On the other hand, since a key step of fault-tolerant
quantum computing is to implement non-SOs, a natural and fundamental problem is to quantify the non-
stabilizerness or ‘magic’ of quantum operations. As we are at the stage of noisy intermediate-scale quantum
(NISQ) technology, a resource theory of magic for noisy quantum operations is desirable both to exploit the
power and to identify the limitations of NISQ devices in fault-tolerant quantum computation (FTQC).

1.2. Overview of results
In this paper, we develop a framework for the resource theory of magic quantum channels, based on qudit
systems with odd prime dimension d. Related work on this topic has appeared recently [21], but the set of free
operations that we take in our resource theory is larger, given by the completely positive-Wigner-preserving
(CPWP) perations as we detail below. We note here that d-level FTQC based on qudits with prime d is of
considerable interest for both theoretical and practical purposes [22-26].

Our paper is structured as follows.

+ Insection 2, we first review the stabilizer formalism [4] and the discrete Wigner function [27-29]. We further
review various magic measures of quantum states and introduce various classes of free operations, including
the SOs and beyond.

+ Insection 3, we introduce and characterize the CPWP operations. We then introduce two efficiently
computable magic measures for quantum channels. The first is the mana of quantum channels, whose state
version was introduced in [19]. The second is the max-thauma of quantum channels, inspired by the magic
state measure in [20]. We prove several desirable properties of these two measures, including reduction to
states, faithfulness, additivity for tensor products of channels, subadditivity for serial composition of channels,
an amortization inequality, and monotonicity under CPWP superchannels.

+ Insection 4, we explore the ability of quantum channels to generate magic states. We first introduce the
amortized magic of a quantum channel as the largest amount of magic that can be generated via a quantum
channel. Furthermore, we introduce an information-theoretic notion of the distillable magic of a quantum
channel. In particular, we show that both the amortized magic and distillable magic of a quantum channel can
be bounded from above by its mana and max-thauma.

+ Insection 5, we apply our magic measures for quantum channels in order to evaluate the magic cost of
quantum channels, and we explore further applications in quantum gate synthesis. In particular, we show that
atleast four T gates are required to perfectly implement a controlled-controlled-NOT gate.

+ Insection 6, we propose a classical algorithm, inspired by [30], for simulating quantum circuits, which is
relevant for the broad class of noisy quantum circuits that are currently being run on NISQ devices. This
algorithm has sample complexity that scales with respect to the mana of a quantum channel. We further show
by concrete examples that the new algorithm can outperform a previous approach for simulating noisy
quantum circuits, based on channel robustness [21].

2. Preliminaries

2.1. The stabilizer formalism
For most known fault-tolerant schemes, the restricted set of quantum operations is the SOs, consisting of
preparation and measurement in the computational basis and a restricted set of unitary operations. Here we
review the basic elements of the stabilizer states and operations for systems with a dimension that is a product of
odd primes. Throughout this paper, a Hilbert space implicitly has an odd dimension, and if the dimension is not
prime, it should be understood to be a tensor product of Hilbert spaces each having odd prime dimension.

Let H 4 denote a Hilbert space of dimension d, and let {| j) } j—o,...,4—1 denote the standard computational
basis. For a prime number d, we define the unitary boost and shift operators X, Z € L(H,) in terms of their
action on the computational basis:

Xl =1liel), €]
Zlj) = wlj),  w= e, @
where @ denotes addition modulo d. We define the Heisenberg—Weyl operators as

T, = 7 M2 Z0X%, 3

where 7 = e@tV7/d 4 = (a), a,) € Zy x Zy.

2
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For a system with composite Hilbert space H, ® Hp, the Heisenberg—Weyl operators are the tensor product
of the subsystem Heisenberg—Weyl operators:

TuAeuB - TuA ® TuB) (4)

where uy @ ugisanelementofZ,, X Zg, X Zg, X ZLg,.
The Clifford operators C, are defined to be the set of unitary operators that map Heisenberg—Weyl operators
to Heisenberg—Weyl operators under unitary conjugation up to phases:

U e Cyiff Vu, 36, v/, s.t. U,UT = Ty, (5)

These operators form the Clifford group.
The pure stabilizer states can be obtained by applying Clifford operators to the state |0):

{Sj} = {U10)(0|U": U € Cy}. (6)
A state is defined to be a magic or non-stabilizer state if it cannot be written as a convex combination of pure

stabilizer states.

2.2. Discrete Wigner function
The discrete Wigner function [27-29] was used to show the existence of bound magic states [18]. For an
overview of discrete Wigner functions, we refer to [18, 19] for more details. See also [31] for a review of quasi-
probability representations in quantum theory, with applications to quantum information science.

Foreach pointu € Z; x Z,in the discrete phase space, there is a corresponding operator A, and the value
of the discrete Wigner representation of a state p at this point is given by

1
W, (u) = 7 Tr [Aupl, (7)
where d is the dimension of the Hilbert space and { A, }, are the phase-space point operators:

1 :
A== T A= LA (®)

The discrete Wigner function can be defined more generally for a Hermitian operator X acting on a space of
dimension d via the same formula:

Wx(u) = %Tr [A,X]. ©)

For the particular case of a measurement operator E satisfying 0 < E < 1, the discrete Wigner
representation is defined as

W (E|u) = Tr [EA,], (10)
i.e. without the prefactor 1 /d. The reason for this will be clear in a moment and is related to the distinction
between a frame and a dual frame [30, 32, 33].
Some nice properties of the set { A, }, are listed as follows:

1. A, is Hermitian;

2., A /d =1

3.Tr [AyAy] = d 6(u, U);

4. Tr[A = 1;

5.0 =2, W,(WAy;

6. (Aul = {AJ}u

From the second property above and the definition in (7), we conclude the following equality for a quantum
state p:

dSoW,w = 1. (11)

u

For this reason, the discrete Wigner function is known as a quasi-probability distribution. More generally, for a
Hermitian operator X, we have that
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S Wy(w) = Tr[X], (12)

so that for a subnormalized state w, satisfying w > 0 and Tr [w] < 1, we have that Y-, W,(u) < 1.
Following the convention in (10) for measurement operators, we find the following for a positive operator-
valued measure (POVM) { E*}, (satisfying E* > 0 Vxand >, E¥ = 1):

ST W(E ) =1, (13)

so that the quasi-probability interpretation is retained for a POVM. That is, W (E¥|u) can be interpreted as the
conditional quasi-probability of obtaining outcome x given input u.

We can quantify the amount of negativity in the discrete Wigner function of a state p via the sum negativity,
which is equal to the absolute sum of the negative elements of the Wigner function [19]:

1 1 1
sn(p) =y W] = —(ZIWp(u)I - Wp(u)) = —(ZIWp(u)I) - — (14)
u:W,(u)<0 2 u 2 u 2
By definition, we find that sn(p) > 0. The mana of a state pis defined as [19]
M@:b4ZMwﬂ=Mmem+D>& (15)

We define the mana more generally, as in [20], for a positive semi-definite operator X via the formula

Mm=@&ﬂ%ﬂ=@ﬂi2|mwbqu (16)

u: Wy (u)<0

We denote the set of quantum states with a non-negative Wigner function by W, (Wigner polytope), i.e.
Wy == {p:Vu, Wy(w) >0, p >0, Tr [p] = 1}. 17)

Itis known that quantum states with non-negative Wigner function are classically simulable and thus are useless
in magic state distillation [ 18], which can be seen as the analog of states with positive partial transpose (PPT) in
entanglement distillation [34, 35].

Motivated by the Rains bound [36] and its variants [37—43] in entanglement theory, the set of sub-
normalized states with non-positive mana was introduced as follows [20] to explore the resource theory of magic
states:

W= {a: SIWw| <1, 02> 0} = {o: M(0) €0, 0 > 0}. (18)

It follows from definitions and the triangle inequality that Tr [o] < 1if o € W (alternatively one can conclude
this by inspecting the right-hand side of (16)).
Furthermore, we define WV, to be the set of Hermitian operators with non-negative Wigner function:

W, = {V:Yu, Wy(u) = 0}. (19)

The Wigner trace norm and Wigner spectral norm of an Hermitian operator V are defined as follows,
respectively:

[V, =Y Wy )] = Y I Tr[AgV]/d], (20)
Vi, = dmax| Wy (u)| = max| Tr [A, V]]. @1
The Wigner trace and spectral norms are dual to each other in the following sense:
Vi1 = max(I Tr [VCIl: [|Clhwoo < 1, (22)
[VIlw,o0 = mCaX{ITr [VCII: [[Cllw, < 1}, (23)

with Cranging over Hermitian operators within the same space.

2.3. Stabilizer channels and beyond

A SO consists of the following types of quantum operations: Clifford operations, tensoring in stabilizer states,
partial trace, measurements in the computational basis, and post-processing conditioned on these measurement
results. Any quantum protocol composed of these quantum operations can be written in terms of the following
Stinespring dilation representation: E(p) = Trz[U (p ® pg) U], where Uis a Clifford unitary and the ancilla py,
is a stabilizer state.
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CPWPO
CSPO

Figure 1. Relationship between stabilizer operations, completely stabilizer-preserving operations, and completely PWP operations.

Table 1. Partial zoo of magic measures.

Measures Acronym Definition

Mana[19] M(p) log>= | Tr Ay pl/d

Robustness of magic [16] R(p) inf{2r + 1: % =17, 0, T € Stab}
Relative entropy of magic [19] Ru(p) infyesun D (pl|0)

Regularized relative entropy of magic [19] RY(p) lim,, . Ry (p®") /n

Max-thauma [20] Onax (P) inf,cyy Dmax (p]|0)

Thauma [20] 0(p) inf,ew D (pllo)

Regularized thauma [20] 0°°(p) lim,, o 0(p®") /n

Min-thauma [20] Omin () inf ey Dy(p|| o)

The authors of [44] generalized the set of SOs to stabilizer-preserving operations, which are those that
transform stabilizer states to stabilizer states and which form the largest set of physical operations that can be
considered free for the resource theory of non-stabilizerness. More recently, [21] introduced the completely
stabilizer-preserving operations (CSPO); i.e. a quantum operation II is called completely stabilizer-preserving if
for any reference system R,

Y pra € Stab,  (idg ® II4_p5)(pgrs) € Stab. (24)

2.4. Magic measures of quantum states
We review some of the magic measures of quantum states in table 1. In particular, the max-thauma of a quantum
state pis defined as follows [20]:

Omax (p) := min Doy (p||0) = min [min{\: p < 2*0}] (25)
oceW ceW

=log, min {||V|jw,1 : p < V}, (26)

where the max-relative entropy Dy (p||o) was defined in [45].

3. Quantifying the non-stabilizerness of a quantum channel

3.1. Completely positive-Wigner-preserving operations

A quantum circuit consisting of an initial quantum state, unitary evolutions, and measurements, each having
non-negative Wigner functions, can be classically simulated [30]. It is thus natural to consider free operations to
be those that completely preserve the positivity of the Wigner function. Indeed, any such quantum operations
are proved to be efficiently simulated via classical algorithms in section 6 and thus become reasonable free
operations for the resource theory of magic.

Definition 1 (Completely PWP operation). A Hermiticity-preserving linear map I1 is called CPWP if for any
system R with odd dimension, the following holds

Vpra € Wi, (idg ® Ha—p)(pra) € Wi (27)
Figure 1 depicts the relationship between SOs, completely stabilizer-preserving operations, and completely PWP

operations.

We now recall the definition of the discrete Wigner function of a quantum channel from [17], which is
strongly related to the Wigner function of a quantum channel as defined in [46, equation (95)].
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Definition 2 (Discrete Wigner function of a quantum channel). Given a quantum channel N} _,p, its discrete
Wigner function is defined as

Wy (vlu) = diTr (AT @ AN (28)
'B

— Lo pagavan). (29)
dy

Here J, = 32418 (jla ® Ni) (jlar) denotes the Choi-Jamiotkowski matrix [47, 48] of the channel AV, where
{li)a }; and {|i)4+ }; are orthonormal bases on isomorphic Hilbert spaces H,4 and H,-, respectively. More
generally, the discrete Wigner function of a Hermiticity-preserving linear map P, _, g can be defined using the
same formula in (29), by substituting N therein with P.

From the definition above and the properties recalled in section 2.2, it follows for a quantum channel NV, _,p
that

S Wh(vlwy =1 Vu, (30)

because v
; Wy (vlw) = ;Tr [AFNAD]/dp = Tr [(; Z—E]N(AX)] (€29)
= Tr [NAYD] = Tr [MAD] = Tr [Af] = 1, (32)

where the penultimate equality follows from the fact that ' is trace preserving (in fact here we did not require
complete positivity or even linearity). Due to the normalization in (30), Wy (v|u) can be interpreted as a
conditional quasi-probability distribution.

Furthermore, the discrete Wigner function of a channel allows one to determine the output Wigner function
from the input Wigner function by propagating the quasi-probability distributions, just as one does in the
classical case. When there is no reference system, such a statement was proved in [17]. Here we slightly extend
this result to the case with a reference system in the following lemma.

Lemma 1. For an input state p, and a quantum channel N_ g with respective Wigner functions W, (u, y) and
Wy (v|u), the Wigner function Wiy, (v, y) of the output state Na_.p(par) is given by

Wa a0 Vs ¥) = ZWN(VIu) W, (1, »). (33)

Proof. The proofis straightforward:

Wt ) = 2 Tr (AT © AD Nt (34)
dBl T ST © ADN-a(W), (0 WY © AT (35)

dB o 3 Vo WTE AT 54D © ALAT) (36)

dB o 22 a0 W TE AL s(AD1ds 53, (37)

= 3 W) W () (38)

All steps follow from definitions and the properties of the phase-space point operators recalled in section 2.2. In
particular, we made use of the fact that p,, = >°, W, (v, w)A] ® Ay’ inthe second equality. [

Theorem 2. The following statements about CPWP operations are equivalent:

1. The quantum channel N is CPWP;
2. The discrete Wigner function of the Choi—Jamiotkowski matrix ]y is non-negative;

3. Wy (v|u) is non-negative for all w and v (i.e. Wy (v|u) is a conditional probability distribution or classical
channel).
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Proof.1 — 2:Let us first apply the (stabilizer) qudit controlled-NOT gate CNOTj to the stabilizer state
[4+) ® |0) to prepare the maximally entangled state &; € W, . Since N completely preserves the positivity of the
Wigner function, it follows that

Jy/d = (idg @ N)(Pg) € W, (39)
2 — 3:Wefind that

Wy (vlu) = Tr Uy (ADT ® AP /dp = Tr [y (AL ® A})]/dy > 0. (40)

In the last inequality, we note that AY = (A%)T and we can always find such u’ since {A%} , = {(A¥)T} .. The
fact that Wy (v|u) is a conditional probability distribution follows from the inequality in (40) and the constraint
in (30).

3 — 1:Ifthe channel N hasanon-negative Wigner function, then for an input state p,  such that
par € W, itfollows fromlemma I that

Wrip0 (V> Y) = > Wy (viu) W, (u, y) >0, (41)
concluding the proof. [

We remark here that the equivalence between 2 and 3 above was proved in [17], and our contribution is to
show the equivalence between 2, 3, and the completely positive Wigner preserving property, which considers
information processing in the presence of reference systems.

3.2. Quantum (CPWP) superchannels
A superchannel 24 _,p)_,c_p) is a quantum-physical evolution of a quantum channel N4_5[49,50], which
leads to an output channel Kc_,p as

Kc—p = Zu—p)—c—p)(Na_p). (42)
The output channel K¢_. p taking system C to system D can be denoted by Z(N) for short. The key property of a
quantum superchannel is that the output map

(idg ® Ea—p)—c—D)) (Nra—RB) (43)
is a legitimate quantum channel for all input bipartite channels N4, rp, where the reference system R is
arbitrary and idg denotes the identity superchannel. A superchannel Z 5, c— p) has a physical realization in
terms of a pre-processing channel £c_, 45 and a post-processing channel Dy, p [49, 50], so that

E—B)—cC—D)Na=p) = Dpm—p o Na—po Ecoam- (44)

The superchannel =4, 5)_.(c— p) is in one-to-one correspondence with a bipartite channel Pp_, 4, defined as

Pcp—ap = Dpm—p © Ec— am- (45)
Related to this, an arbitrary bipartite channel P . 1, is in one-to-one correspondence with a superchannel
Ef A—B)—(C— D) s longas it obeys the following non-signaling constraint [51, theorem 4]:

Trp o Pepap = Trp o Pig_ap © R, (46)

where R} is areplacer channel, defined as Ri(wp) = Tr[wg]mp with 75 the maximally mixed state. That is, the
non-signaling constraint implies that a trace out of system D has the effect of tracing and replacing system B, thus
preventing B from signaling to A.

The Choi operator of a quantum superchannel Z4_. gy, (c— p) is given by the Choi operator of its
corresponding bipartite channel Pcp_, op [49, 50]:

Jesap = 2 i) (fle ® 1) (7ls ® Pew—ap(li) {jlc' ® 1) {15, (47)
i,j,i’,j’

where systems B’ and C’ are isomorphic to Band C, respectively. It obeys the following constraints:

Jésan = 0, (48)
TraplUsapl = Icss (49)
Trplgsap] = Troslgsap] @ s (50)

which correspond respectively to complete positivity of the corresponding bipartite channel Pcp_, op, trace
preservation of the bipartite channel Pgp_, p, and the B> A non-signaling constraint. Conversely, any operator
obeying the three constraints above is a bipartite channel corresponding to a superchannel. One can employ the
following propagation rule [49, 50] to determine the Choi operator of the output channel in (42):

7
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J& = Trasl(U2)T @ Iep)JSsan), (51)

where the superscript T denotes the transpose operation.

By employing definition 2, we define the discrete Wigner function of a quantum
superchannel Z_, p)_.(c—p), and we do so by means of its corresponding bipartite channel Pep_. 4p. That is,
since Prp_, 4p is a channel, it has a discrete Wigner function

1 u V) u v,
y Tr[(Ay* ® Ap?) Pep—ap(Act @ AP, (52)

AUD

W=(ua, vpluc, vp) =

where we use the subscript = to indicate its association with the superchannel = and the choice of letters u and v
are made in the above way because, in what follows, we will link up the discrete Wigner function Wy, (vg|u,) of a
quantum channel A,_, 3 with W= and the notation given above is more convenient for doing so. In addition to
obeying the following property
> Wz(ug, vpluc, vg) = 1, (53)

usvp
so that W= (uy, vpluc, vp) is a conditional quasi-probability distribution, there is an extra constraint imposed
on W= (uy, vpluc, vp) related to the non-signaling constraint B A in (46). To see this, let

Ws(ualuc, vp) =Y Wz(ua, vpluc, vp). (54)
YD
By employing the non-signaling constraint in (46) and properties of the phase-space point operators, it is
straightforward to conclude that the non-signaling constraint B+ A is equivalent to the following condition on
the discrete Wigner function W= (uy, vpluc, vg):

Wz(ualuc, vg) = We(ualuc, vg) Vg, vh, (55)

so that we can write
Wz (ualuc) = W=(ualuc, vp). (56)

This can be interpreted as indicating that the output phase-space point u, is independent of v if system D is not
available (i.e. has been marginalized). We note here that the conditions in (55) represent a direct generalization
of non-signaling constraints for classical probability distributions to quasi-probability distributions. Further-
more, we also observe that the super-quasi-probability distribution in (52) represents a generalization of the
classical superchannels discussed in [52, 53].

By employing the propagation rulein (51) and a sequence of steps similar to those given in the proof of
lemma 1, we conclude that the discrete Wigner function of the output channel Kc_.p = =45y c—p)(Na—5)
is given by

Wz (vpluc) = > W=(ua, vpluc, vg) Wy (vglua)., (57)
Uusvp
again generalizing the fully classical case from [52, 53].
We now define CPWP superchannels as free superchannels that extend the notion of CPWP channels:

Definition 3 (CPWP superchannel). A superchannel =4 _, ), (c_. p) is completely CPWP preserving
(CPWP superchannel for short) if, for all CPWP channels Ny4_, zp, the output channel
E—B)—C—D)(Nra_rp) is CPWP, where R is an arbitrary reference system.

We then have the following theorem as a generalization of theorem 2 (its proof is very similar and so we
omit it):

Theorem 3. The following statements about CPWP superchannels are equivalent:

1. The quantum superchannel = is CPWP;
2. The discrete Wigner function of the Choi matrix Jgg,p is non-negative;

3. The discrete Wigner function Wz(uu, vpluc, vg) is non-negative for all uy, vp, uc, and vg (ie.
Wz (uu, vpluc, vp) is a conditional probability distribution or classical bipartite channel with a non-signaling
constraint).

An interesting consequence of the third part of the above theorem is that every CPWP superchannel has a
non-unique realization in terms of pre- and post-processing CPWP channels. This follows from the fact that
every non-signaling classical bipartite channel can be realized in terms of pre- and post-processing classical
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channels (see the discussion surrounding [52, equation (7)]), and these pre- and post-processing classical
channels can be identified as the discrete Wigner functions of pre- and post-processing CPWP channels.

3.3. Logarithmic negativity (mana) of a quantum channel
To quantify the magic of quantum channels, we introduce the mana (or logarithmic negativity) of a quantum

channel N, _ g

Definition 4 (Mana of a quantum channel). The mana of a quantum channel A4_,  is defined as

M(WN,—p) = logmax | Na_p(AD)|lw,1 (58)
1
= log max Z d_| Tr [AF N4 s(AD]] (59)
u , OB
1
= logmax 3 —| Tr [(4F @ AN (60)
u v B
= logmax Y |Wy (v|u)]. (61)

More generally, we define the mana of a Hermiticity-preserving linear map P, . 3 via the same formula above,
but substituting N with P.

In the following, we are going to show that the mana of a quantum channel has many desirable properties,
suchas:

1.Reduction to states: M(N) = M(c) when the channel A is a replacer channel, acting as
N(p) = Tr [p]o foran arbitrary input state p, with o a state.

2. Additivity under tensor products (proposition 5): M(N, @ N) = MN) + MN,).

3. Subadditivity under serial composition of channels (proposition 6): M(N; o M) < M(N) + MN).

4. Faithfulness (proposition 7): M(N) > 0and M(N) = 0ifand onlyif N'€ CPWP.

5. Amortization inequality (proposition 8): V pp ., M((idg @ N)(pgy)) — M(pgs) < MWN).

6. Monotonicity under CPWP superchannels (proposition 9), which implies monotonicity under completely

stabilizer-preserving superchannels.

Proposition 4 (Reduction to states). Let \ be a replacer channel, acting as N(p) = Tr [p]o for an arbitrary
input state p, with o a state. Then

MWN) = M(0). (62)

Proof. Applying definitions and the fact that Tr [A,] = 1 for a phase-space point operator A, we find that
MWN) = logmax |MAy)|lw,1 = logmax || Tr [Aylo|lw,1 = log|lollw,1 = M(o), (63)
concluding the proof. [

Proposition 5 (Additivity). For quantum channels Ny and N, the following additivity identity holds
MM @ Ny = MM) + MNy). (64)
More generally, the same additivity identity holds if Ni and N, are Hermiticity-preserving linear maps.

Proof. The proof relies on basic properties of the Wigner one-norm and composite phase-space point operators,

ie.
MM @ Ny = logr;lefzc [N @ M) (Ay, © Aw)llw,i (65)
=10grﬁ>2<[||/\f1(Aul)Hw,1 IN2A(A) w1 (66)
= logmu?lix [N Au) w1 + long}lézlX [NV2(Au) w1 (67)
= MWM) + MWN). (68)
This concludes the proof. n
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Proposition 6 (Subadditivity). For quantum channels Ny and N>, the following subadditivity inequality holds
MN; o M) < MN) + M. (69)
More generally, the same subadditivity inequality holds if Ni and N, are Hermiticity-preserving linear maps.

Proof. Consider the following for an arbitrary phase-space point operator A,:

[|(N2 0 MD (AWl
Al
|| MA(Ew Waican (@) Aw) ||

=log Wl log [|Mi(Aw)|w,1 (71)
Sl Waian(@)]

log [|(NV 0 M) (Aw)[lw,1 = log + log [ M(Aw) [lw,1 (70)

Wz, (@)
<log Y ———— | Ma(Aw)|lw,1 + log||MAD w1 (72)
; SulWaap@)| 1 1 1

< logmax [|N2(Aw)[lw,1 + logmax [ M(Aw)[hw,1 (73)

= MWN) + M. (74)
Since the chain of inequalities holds for an arbitrary phase-space point operator A, we conclude the statement
of the proposition. |

Proposition 7 (Faithfulness). Let Ny 3 be a quantum channel. Then the mana of the channel N satisfies
MW) = 0,and M(N') = 0ifand onlyif N € CPWP.

Proof. To see the first claim, from the assumption that A/ is a quantum channel and (30), we find that

ZIWN(VIH)IZZl > IWN(VIu)I]+1>1 Vu. (75)

v: Wy (v[u)<0

Taking a maximization over u and applying a logarithm leads to the conclusion that M(N') > 0 for all channels
N.

Now suppose that A" € CPWP. Then by theorem 2, it follows that Wy (v|u) is a conditional probability
distribution, so that > [ Wy (vlu) |=>, Wi (v|u) = 1forall u. It then follows from the definition
that M(N) = 0.

Finally, suppose that M(N') = 0. By definition, this implies that max, >_,|[Wy(vlu)| = 1. However,
consider that the rightmost inequality in (75) holds for all channels. So our assumption and this inequality imply
that >°1. )y vjw<ol YW (vlw)| = 0 for all u, which means that W) (v|u) > 0 forall u, v. By theorem 2, it follows
that V"€ CPWP. |

Proposition 8 (Amortization inequality). For any quantum channel N_ p, the following inequality holds

sup[MWN(p,) — M(p)l < MWN). (76)
Pa
Furthermore, we have that
sup[M((idg @ N)(pga)) — M(pra)] < MWN). (77)

Pra

Proof. The inequality in (76) is a direct consequence of reduction to states (proposition 4) and subadditivity of
mana with respect to serial compositions (proposition 6). Indeed, letting NV’ be a replacer channel that prepares
the state p,, we find that

MNp) = MWN o N < M) + M) = M) + M(p,). (78)

for all input states p,, from which we conclude (76).

By applying the inequality in (78) with the substitution N' — id ® N, the additivity of the mana ofa
channel from proposition 5, and the fact that the identity channel is free (and thus has mana equal to zero), we
finally conclude that

M((idr @ N)(pga)) — M(pgs) < M(idg @ N) (79)

= M(idg) + MWN) (80)

= MWN), (81)

from which we conclude (77). [ |
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Theorem 9 (Monotonicity). Let Ny _, 3 be a quantum channel, and let Z°*W? be a CPWP superchannel as given in
definition 3. Then M(N) is a channel magic measure in the sense that

MWN) = MEPYPN)). (82)
Proof. Recalling the definition of the channel mana in terms of the discrete Wigner function (see (61)) and
abbreviating Z°PWP as =, consider that
MEPYPN)) = logmax Y | Wz (vpluc)| (83)
uc o
=logmax ) | > Wz(ua, vpluc, vs) Wy (vilua) (84)
e VD Us, VB
<logmax Y [Wz(uu, vpluc, ve) Wy (vslua)| (85)
HC yp,ugvp
=logmax > W=z(us, vpluc, vs)| Wy (vslua)| (86)
HC ypugvp
=logmax Y W=z(ualuc, vg)| Wy (valua)| (87)
HC v
= logmax ) W=(ualuc) | Wy (vilu)|- (88)
HC o upvp

The second equality follows from (57). The first inequality follows from the triangle inequality. The third
equality follows from the assumption that the superchannel = is CPWP, so that its discrete Wigner function is
non-negative (see theorem 3). The fourth equality follows from marginalizing W= over vp. The fifth equality
follows from the non-signaling constraint in (55). Continuing, we find that

Equation(88) = logmax ) Wz(ualuc) ) | Wy (vilua)| (89)
< logmax ) WE(uA|uc)lmaX Z|WN(VB|uA)|] (90)
= logmax »_ | Wy (vglua)| D
= MW). (92)

The first equality follows from rearranging sums. The inequality follows from bounding 3=, | Wy (vs|u4) | in
terms of its maximum value (so that it is no longer dependent on u4). The penultimate equality follows because
2w, W=(ualuc) = 1,and the final one follows by definition. ]

Remark 1. We note here that the monotonicity inequality in (82) holds more generally if A/ is a completely
positive map that is not necessarily trace preserving.

3.4. Generalized thauma of a quantum channel

In this section, we define a rather general measure of magic for a quantum channel, called the generalized
thauma, which extends to channels the definition from [20] for states. To define it, recall that a generalized
divergence D(p||o) is any function of a quantum state p and a positive semi-definite operator o that obeys data
processing [54, 55],i.e. D(p||o) = D(N(p)||N(o)) where N is a quantum channel. Examples of generalized
divergences, in addition to the trace distance and relative entropy, include the Petz—Rényi relative entropies [56],
the sandwiched Rényi relative entropies [57, 58], the Hilbert a-divergences [59], and the x? divergences [60].
One can then define the generalized channel divergence [61], as a way of quantifying the distinguishability of two
quantum channels N _, g and P,_. 3, as follows:

DN||P) = sup D(N4_ 5(¥ra) || Pa— 5(1¥0rA))> (93)

P RA

where the optimization is with respect to all pure states 1g4 such that system R is isomorphic to the channel
input system A (note that one does not achieve a higher value of D(N||P) by allowing for an optimization over
mixed states pp, with an arbitrarily large reference system [61], as a consequence of purification, the Schmidt
decomposition theorem, and data processing). More generally, P, _, g can be a completely positive map in the
definition in (93). Interestingly, the generalized channel divergence is monotone under the action of a
superchannel =:

11
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DW|P) = DEWN)|EP)), (99

as shown in [50, section V-Al.
We then define generalized thauma as follows:

Definition 5 (Generalized thauma of a quantum channel). The generalized thauma of a quantum channel
N,4_ pisdefined as

O(N):= inf DW|E), (95)
EM(E)<0
where the optimization is with respect to all completely positive maps £ having mana M(E) < 0.

Itis clear that the above definition extends the generalized thauma of a state [20], which we recall is given by

6(p)==inf  D(p|o). (96)

0>0:M(0)<0

We now prove that the generalized thauma of a quantum channel reduces to the state measure whenever the
channel A isareplacer channel:

Proposition 10 (Reduction to states). Let N be a replacer channel, acting as N(p) = Tr [plo for an arbitrary
input state p, where o is a state. Then

OWN) = 0(o). 97)
Proof. First, denoting the maximally mixed state by 7, consider that
ON) = inf supD((idr ® N)(¥ra)||(idr ® &) (Pra)) (98)
EME)L0 o

> inf D(m @ Mm)|m @ E(m)) (99)
EME)L0

= inf D(og||E(M)) (100)
EME)LO0

= inf D(op|lw) (101)
w:M(w)<0

= 0(0). (102)

The first equality follows from the definition. The inequality follows by choosing the input state
suboptimally to be 1z ® 4. The second equality follows because the generalized divergence is invariant
with respect to tensoring in the same state for both arguments. The third equality follows because 7is a
free state with non-negative Wigner function and £ is a completely positive map with M (&) < 0. Since
one can reach all and only the operators w € W, the equality follows. Then the last equality follows from
the definition.

To see the other inequality, consider that £(p) = Tr [p]w, for w € W, is a particular completely positive
map satisfying M(€) = M(w) < 0, so that

ON) = inf supD((idg ® N)(¥ra)|(idr @ E)(¥ra)) (103)
EM(E)L0 Y

< inf  D(Yr @ opl|Yr ® ws) (104)

w M(w)<0
= inf D(O’B HwB) (105)

w:M(w)<0
=60(o0). (106)
This concludes the proof. |

That the generalized thauma of channels proposed in (95) is a good measure of magic for quantum channels
is a consequence of the following proposition:

Theorem 11 (Monotonicity). Let N, . be a quantum channel, and let =“*W? be a CPWP superchannel as given
in definition 3. Then 0 (N') is a channel magic measure in the sense that

O (Na—p) = O(EY(Na—p)). (107)

Proof. The idea is to utilize the generalized divergence and its basic property of data processing. In more detail,
consider that
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G(NAHB): inf D(NAHBH(C/‘) (108)
EM(E)K0
> inf D(EPWP(N,_p)||ZPWP(E)) (109)
EM(E)K0
> inf DEPYPW,_p)|E) (110)
&:M©E)L0
= 0(EVP(N,p)). (111)

The first inequality follows from the fact that the generalized divergence of channels is monotone under the
action of a superchannel [50, section V-A]. The second inequality follows from the monotonicity of M(N)
given in theorem 9 (and which extends more generally to completely positive maps as stated in remark 1). This
monotonicity implies that M(E) > M(EPWP(E)) and leads to the second inequality. |

A generalized divergence is called strongly faithful [62] if for a state p, and a subnormalized state o4, we have
D(p,||oa) = Oingeneraland D(p, ||o4) = Oifand onlyif p, = oy4.

Proposition 12 (Faithfulness). Let D be a strongly faithful generalized divergence. Then the generalized thauma
O(N) of achannel N defined through D is non-negative and it is equal to zero if N € CPWP. If the generalized
divergence is furthermore continuous and O (N') = 0, then N’ € CPWP.

Proof. From lemma 29 in appendix A, it follows that any completely positive map £ subject to the constraint
M(E) < Oistrace non-increasing on the set W, . It thus follows that £, p(1r,) is subnormalized for any input
state Yra € W,. By restricting the maximization to such input states in W, applying the faithfulness
assumption, and applying the definition of generalized thauma, we conclude that 8 (N') > 0.

Suppose that A € CPWP. Then by proposition 7, M(N') = 0 and sowe canset £ = A in the definition of
generalized thauma and conclude from the faithfulness assumption that 8 (N') = 0.

Finally, suppose that 8 (A") = 0. By the assumption of continuity, this means that there exists a completely
positive map & satisfying D(NV]|€) = 0. Bylemma 29 in appendix A and the faithfulness assumption, this in
turn means that Ay, 3(®ra) = Ea_, p(Pra) for the maximally entangled state py € W, , which implies that
Na_p = E4_p. However, we have that M(&) < 0, implying that M(N') = 0, since A/ isa channel and
M(N) > 0 forall channels. By proposition 7, we conclude that N € CPWP. [ |

As discussed in [61, 63], a generalized divergence possesses the direct-sum property on classical-quantum
states if the following equality holds:

D[ py()lx) (xlx @ p* || 30 px (0)lx) (xlx @ o[ = 37 py ()D(p[|0™), (112)
X X X
where pxis a probability distribution, {|x)} . is an orthonormal basis, and { p*}, and {o*}, are sets of states. We
note that this property holds for trace distance, quantum relative entropy [64], and the Petz—Rényi [56] and
sandwiched Rényi [57, 58] quasi-entropies sgn(ax — 1)Tr [p®c!'~%]and sgn (o — 1)Tr [(o2 palivn )],
respectively.
For such generalized divergences, which are additionally continuous, as well as convex in the second
argument, we find that an exchange of the minimization and the maximization in the definition of the
generalized thauma is possible:

Proposition 13 (Minimax). Let D be a generalized divergence that is continuous, obeys the direct-sum property in
(112), and is convex in the second argument. Then the following exchange of min and max is possible in the
generalized thauma:

O(N) =sup inf DWNa_p(¥ra)||Ea—p¥ra)). (113)

Uy EME<0

Proof. Let & be a fixed completely positive map such that M () < 0. Let ¢, and 1%, be input states to
consider for the maximization. Due to the unitary freedom of purifications and invariance of generalized
divergence with respect to unitaries, we can equivalently consider the maximization to be over the convex set of
density operators acting on the channel input system A. Define

ph = MY+ (1 — V3, (114)
for A € [0, 1]. Then the state
[pMrra = VAIO)R/ [P Ra + V1 — X [L)r/[902)ra (115)
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purifies pz and is related to a purification [1)*)z4 of p’/\a by an isometry. It then follows that

DWNa— @) | Ea—5@R0))

= DWNa— (@) Ea—B(DRg) (116)
> AD(|0) (0l ® Na—p(Pra)[[10) (Olx' @ Ex—p(¥ka))

+ 1 — D) (1r @ Nap@z)llI1) {1z @ Ea—p@ha)) (117)
= ADWN— (k) 14— 8(10ka)) + (1 — DN s(bh)||Er—5(PEA)- (118)

The inequality follows from data processing, by applying a completely dephasing channel to the register R’. The
last equality again follows from data processing. So the objective function is concave in the argument being
maximized (again thinking of the maximization being performed over density operators on A rather than pure
states on RA).

By assumption, for a fixed input state 1z, the objective function is convex in the second argument and the
set of completely positive maps & satisfying M (&) is convex.

Then the Sion minimax theorem [65] applies, and we conclude the statement of the proposition. |

Remark 2. Examples of generalized divergences to which proposition 13 applies include the quantum relative
entropy [64], the sandwiched Rényi relative entropy [57, 58], and the Petz—Rényi relative entropy [56]. The
proposition applies to the latter two by working with the corresponding quasi-entropies and then lifting the
result to the actual relative entropies.

3.5. Max-thauma of a quantum channel

Asaparticular case of the generalized thauma of a quantum channel defined in (95), we consider the max-
thauma of a quantum channel, which is the max-relative entropy divergence between the channel and the set of
completely positive maps with non-positive mana. Specifically, for a given quantum channel N} _, g, the max-
thauma of NV, _, g is defined by

emax(N) = min Dmax(N”g)) (119)
EM(E)K0

where the minimum is taken with respect to all completely positive maps £ satisfying M (£) < 0and
Dinax (N1|€) = sup Dinax (Na— p(¥'ra)||E4— B(YrA)) (120
Ura

is the max-divergence of channels [66]. (More generally, A" and £ could be arbitrary completely positive maps
in (120).) Note that it is known that [62, 67]

Dmax(N”g) = Dmax(NAHB((I)RA)HgAHB(q)RA)) - 108 min{t: ]}/x\l/} < t],fB}) (121)

where ®p, is the maximally entangled state and ] ,ﬁg is the Choi—Jamiotkowski matrix of the channel N, _,zand
similarly for J§;.

Due to the properties of max-relative entropy, it follows that theorem 11 and propositions 10, 12,and 13
apply to the max-thauma of a channel, implying reduction to states, that it is monotone with respect to
completely CPWP superchannels, faithful, and obeys a minimax theorem, so that

Omax(R) = Omax (0), if R(p) = Tr[plo (122)
Omax (N) = Omax EPWPN)), (123)
Onax(NV) =0 and  Op(N) =0  ifand only if A € CPWP, (124)
Omax(NV) = min  max Dy (Na— s(¥ra) | Ea— B(YrA)) (125)

EME)LO g,

=max min Dy (Na—p(¥ra) || Ea—p(WrA))s (126)
Uy EM(E)O

where N is a quantum channel and Z“*WP isa CPWP superchannel.

We can alternatively express the max-thauma of a channel as the following SDP:

Proposition 14 (SDP for max-thauma). For a given quantum channel N _, g, its max-thauma 0,,,,, (N') can be
written as the following SDP:

14
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Omax (N) = log min ¢
S. t ]AB YAB
DoITr (AL ® ADYasll/ds <t Vu, (127)
v
where | /X; is the Choi—Jamiotkowski matrix of the channel Ny_ 5. Moreover, the dual SDP to the above is as follows:
amax (N) = log max Tr Ui\)rg Vasl
s.t. Z b, <1
VAB Z(Cv u— [, )AL @ Ag /ds, (128)
Crut fou < bv, Vu, v,
uz0f,,20  Vuw

Proof. Consider the following chain of equalities:

Omax(N) = log  min  Dpay (N]|€) (129)
EM(E)K0

= log min {¢ : ]AB t]AB, M(E) <0} (130)

= log min{t N < S, ZlTr [E'ADAR]/ds < 1, Vu} (131)

= log min{t TN < Jss D oITr [EADAR]1/ds < t, Vu} (132)

= log mln{t ]AB Yag, Z|Tr [(A} @ A Yupll/dp < ¢, Vu}, (133)

where the second equality follows from (121) and the last from the fact that £ is completely positive and thus in
one-to-one correspondence with positive semi-definite bipartite operators. We further rewrite the absolute-
value constraint in (133) and arrive at the following SDP:

Omax (N) = log mln{t T < Yup, —t < ZTr [(A} ® A)Yapl/dp < t, Vu}. (134)

v

Then we use the Lagrangian method to obtain the dual SDP:
Omax (N) = logmax Tr [J2 Vsl
sty by <1
0< Vap <) (eyu — fowAL ® Ag /ds,
cvut fou <by, Vuv,
u=0,f,, >0, Vu v (135)
This concludes the proof. n

Corollary 15 (Max-thauma versus mana). For a quantum channel N, _, p, its max-thauma does not exceed its
mana:

Omax (N) < MN). (136)

Proof. The proofis a direct consequence of the primal formulation in (127). By setting Y5 = J15, we find that
Omax(N) < log minf{t: max ZITI (A} ® AR asll/dp < t} = MN), (137)
where the last equality follows from (60). |

Proposition 16 (Additivity). For two given quantum channels Ny and N,, the max-thauma is additive in the
following sense:

emax(-/vi & M) = max(/\/l) + emax(A/.Z) (138)

Proof. The idea of the proof is to utilize the primal and dual SDPs of 6,,,,, (A') from proposition 14. On the one
hand, suppose that the optimal solutions to the primal SDPs for 6, (V) and 0, (V) are {Ry, by, } and
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{Ry, by,}, respectively. Itis then easy to verify that {R; ® Ry, by, by, } is a feasible solution to the SDP of
Omax (N1 ® N5). Thus

Omax (N @ D) > log Tr [, © Ji%) (R @ Ro)] = Oiax (D) + Oinax (N2, (139)

On the other hand, considering equation (119), suppose that the optimal solutions for N and N, are & and
&,, respectively. Noting that M (& ® &) = M(&) + M(E,) < 0,and employing (121) and the additivity of
the max-relative entropy, we find that

emax(-/\/i ® Afz) < Dmax(-/\[l ® -/\/ZH(‘:I ® 52) (140)
= emax(-/\/l) + omax(j\/-Z)- (141)
This concludes the proof. |

The following lemma is essential to establishing subadditivity of max-thauma of channels with respect to
serial composition, as stated in proposition 18 below. We suspect that lemma 17 will find wide use in general
resource theories beyond the magic resource theory considered in this paper. For example, it leads to an
alternative proof of [62, proposition 17].

Lemma 17 (Subadditivity of max-divergence of channels). Given completely positive maps
1 2

Y N3 o EN_py and E5_ ., thefollowing subadditivity inequality, with respect to serial compositions, holds
for the max-channel divergence of (120), (121):
Dmax(M o MHgZ o gl) g Dmax(-/\/I”gl) + Dmax(M||82)a (142)

where we have made the abbreviations Ny = Ny _p, No = N§_c, &= E4_pand &, = E_¢.
Proof. Recall the ‘data-processed triangle inequality’ from [68]:
Dinax (P(p) |w) < Dinax (pl|0) + Dinax (P(0) [|w), (143)

which holds for P a positive map and p, w, and o positive semi-definite operators. Note that one can in fact see
this as a consequence of the submultiplicativity of the operator norm and the data-processing inequality of max-
relative entropy for positive maps:

Dinax (P(p) ||w) = 2log [|w™ 2 [P(p)]? |l (144)

=2log [lw '[P [P(0)] /2 [P(p)]/? || (145)

< 2log [lw™ 2 [P(@)]? oo - TP IP()1 |l (146)

= 2log [|w™ /2 [P(0)]/? |l + 21og [[[P()]2[P(0)]'/? | (147)

= Dinax (P(p) [ P(6)) + Dimax (P(0)||w) (148)

< Dinax (p]|0) + Dinax (P(0)[|w). (149)

Let us pick

P=idoN,, p=_>Gdo M@, oc=(>10d® D), w=(id® £)(0), (150)

where ® denotes the maximally entangled state. We find that
Dmax(/\/Z o M||52 o gl)

= Dinax ((id ® (N2 0 MD)(®)]|(id @ (€2 0 EN)(P)) (151)
< Dinax ((id @ AMD(®) [|(id @ EN(P)) + Dimax ((id @ (N2 0 EN(P)||(id @ (£, 0 EN) (D)) (152)

The first equality follows from (121). The first inequality follows from (143) with the choices in (150). The
second inequality follows because Dy, (id @ MD(®)]|(id ® EN(P)) = Dpmax (M ||£), as a consequence of
(121), and the channel divergence Dy, (N3]|€,) involves an optimization over all bipartite input states, one of
whichis (id ® &)(®). |

Remark 3. The proof above applies to any divergence that obeys the data-processed triangle inequality, which

includes the Hilbert a-divergences of [59], as discussed in [62, appendix A].

Proposition 18 (Subadditivity). For two given quantum channels Nj and N5, the max-thauma is subadditive in
the following sense:

Omax (N2 © M) < Oimax (M) + Omax (N2). (154)
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Proof. This is a direct consequence of lemma 17 above. Let &; be the completely positive map satistying
M(E) < 0and that is optimal for ; with respect to the max-thauma 6,,,,,, for i € {1, 2}. Then applying
lemma 17, we find that

Dmax(M o ./\/1”52 o gl) < Dmax(j\/l”gl) + Dmax(j\/Z”gZ) (155)
= amax (-/Vi) + Gmax (M)’ (156)

The equality follows from the assumption that &; is the completely positive map satisfying M (&;) < 0, whichis
optimal for N; with respect to the max-thauma 0., fori € {1, 2}.

Given that, by assumption, M (&) < Ofori € {1, 2}, itfollows from proposition 6 that M (&, o0 &) < 0.
Since the max-thauma involves an optimization over all completely positive maps £ satisfying M(E) < 0, we
conclude that

omax(A/Z o -/Vi) < Dmax(M o MHSZ o gl) < emax(-/\/i) + emax(A/.Z)y (157)

which is the statement of the proposition. |

Proposition 19 (Amortization inequality). For any quantum channel N, _, p, the following inequality holds
Sup[emax(NAﬁB(pA)) - Gmax(pA)] < emax(N)) (158)

Pa
with the optimization performed over input states p,. Moreover, the following inequality also holds

Sup['gmax((idR & N)(PRA)) - omax(pRA)] < Hmax(NAaB)- (159)

Pra

Proof. The inequality in (158) is a direct consequence of reduction to states (proposition 122) and subadditivity
of max-thauma with respect to serial compositions (proposition 18). Indeed, letting A/” be a replacer channel
that prepares the state p,, we find that

Hmax (N(pA)) - emax (,/\/0 Nl) < emax (N) + Gmax (N/) - emax (N) + emax(pA)~ (160)

for all input states p,, from which we conclude (158).

To arrive at the inequality in (159), we make the substitution A" — id ® A, apply the above reasoning, the
additivity in proposition 16, and the fact that the identity channel is free (CPWP), to conclude that the following
holds for all input states pg,

Omax ((idg ® NA—»B)(pRA)) - omax(pRA) < Omax (id ® N) = Omax (id) + emax(N) = emax(N)) (161)
from which we conclude (159). |

To summarize, the properties of 0, (\') are as follows:
1.Reduction to states: Op.(N) = Opax(0) when the channel N is a replacer channel, acting as

MN(p) = Tr [p]o foran arbitrary input state p, where o is a state.

2. Monotonicity of 6,..(N) under CPWP superchannels (including completely stabilizer-preserving
superchannels).

3. Additivity under tensor products of channels: 8., (M @ N3) = Opax (M) + Omax (N2)-

4. Subadditivity under serial composition of channels: 6., (M3 © M) < Onax (VD) + Ornax N2).
5. Faithfulness: A" € CPWP ifand only if 0,,,,, (N) = 0.

6. Amortization inequality: sup, Oax((idg ® M)Y(Pra)) — Omax (Pra) < Omax (N).

Remark 4. Due to the subadditivity inequality in proposition 18, the additivity identity in proposition 16, and
faithfulness in (124), the following identities hold

emax(-/\/l) = Sup amax([id ® M] o AfZ) - max(-/\/Z): (162)
N,

emax(M) = Sup emax(/\/Z o [ld ® -/\/1]) - emax(M)) (163)
N,

emax(/\/i) = Ssup emax(-/\[Z o [ld & -/\[1] o -/V;) - Gmax (M) - emax(-/\/;)) (164)
N, N3

which have the interpretation that amortization in terms of arbitrary pre- and post-processing does not increase
the max-thauma of a quantum channel.
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4. Distilling magic from quantum channels

4.1. Amortized magic

Since many physical tasks relate to quantum channels and time evolution rather than directly to quantum states,
itis of interest to consider the non-stabilizer properties of quantum channels. Now having established suitable
measures to quantify the magic of quantum channels, it is natural to figure out the ability of a quantum channel
to generate magic from input quantum states. Let us begin by defining the amortized magic of a quantum
channel:

Definition 6 (Amortized magic). The amortized magic of a quantum channel N} _, p is defined relative to a
magic measure m(-) via the following formula:

mAWNY = supm((de ® N)(pra) — m(pgy). (165)
Pra
The strict amortized magic of a quantum channel is defined as

MAWN) == sup m((idg @ N)(pgy))- (166)

Pra € Stab

That is, the amortized magic is defined as the largest increase in magic that a quantum channel can realize after it
acts on an arbitrary input quantum state. The strict amortized magic is defined by finding the largest amount of
magic that a quantum channel can realize when a stabilizer state is given to it as an input. Such amortized
measures of resourcefulness of quantum channels were previously studied in the resource theories of quantum
coherence (e.g. [67, 69-71]) and quantum entanglement (e.g. [72—76]). They have been considered in the
context of an arbitrary resource theory in [73, section 7].

Proposition 20. Given a quantum channel Ny _.p, the following inequalities hold

MAWN) = sup M((idg ® Na—p)(pra)) — M(ppa) < MN), (167)
Pra

oﬁax (N) = SuP amax((idR ® NAﬂB)(pRA)) - emax(pRA) < gmax(N) (168)
Pra

Proof. These statements are an immediate consequence of the amortization inequality for M (p) and 0., (p)
given in propositions 8 and 19, respectively. |

4.2. Distillable magic of a quantum channel
The most general protocol for distilling some resource by means of a quantum channel A’ employs n
invocations of the channel N interleaved by free channels [73, section 7]. In our case, the resource of interest is
magic, and here we take the free channels to be the CPWP channels discussed in section 3.1. In such a protocol,
the instances of the channel V" are invoked one at a time, and we can integrate all CPWP channels between one
use of A/ and the next into a single CPWP channel, since the CPWP channels are closed under composition. The
goal of such a protocol is to distill magic states from the channel.

In more detail, the most general protocol for distilling magic from a quantum channel proceeds as follows:
one starts by preparing the systems R; A, in a state pgl)Al with non-negative Wigner function, by employing a free

CPWP channel F SL RAD then applies the channel NV, "4, B,» followed by a CPWP channel F (1321)31—» RoAy resulting
in the state
P, = F s raldr, @ Na—5) (p}),)- (169)
Continuing the above steps, given state pg.? , after theaction of i — 1invocations of the channel A, and
interleaved CPWP channels, we apply the channel Ny, 5, and the CPWP channel 7 %}}L Ri . A; . pODtaining
the state
pg:j}inl = ng}LRfHAfH((idRi ® NA1—>B,') (pg?Ax)) (170)

After n invocations of the channel V' _, s have been made, the final free CPWP channel F§ 5! ¢ producesa
state wg on system S, defined as

s = PR ) ar
Such a protocol is depicted in figure 2.

Fixe € [0, 1]and k € N.The above procedureisan (n, k, €) ¢-magic distillation protocol with rate k/n
and error €, if the state wg has a high fidelity with k copies of the target magic state v/,
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Figure 2. The most general protocol for distilling magic from a quantum channel.

(Y[R wgp)e* > 1 — e. (172)

Arate Ris achievable for ¢)-magic state distillation from the channel NV, ifforall ¢ € (0, 1], § > 0,and
sufficiently large n, there exists an (n, n(R — 0), €) 1»-magic state distillation protocol of the above form. The -
distillable magic of the channel  is defined to be the supremum of all achievable rates and is denoted
by Cy(N).

A common choice for a non-Clifford gate is the T-gate. The qutrit T gate [77] is given by

€0 0
T=|o1 o0 | (173)
00 ¢!

where ¢ = e?™/? isa primitive ninth root of unity. The T gate leads to the T magic state
IT) =TI+), (174)
by inputting the stabilizer state |+ ) to the T gate. Furthermore, by the method of state injection [7, 78], one can
generate a T gate by acting with SOs on the T'state | T').
In what follows, we use quantum hypothesis testing to establish an upper bound on the rate at which one can

distill qutrit T states. The proof follows the general method in [72, theorem 1] and [69, theorem 1], which was
later generalized to an arbitrary resource theoryin [73, section 7].

Proposition 21. Given a quantum channel N, the following upper bound holds for the rate R = k/n of an
(n, k, €) T-magic distillation protocol:

R< L (Hmax(/\/) 4 log/11 = €D E])). (175)
log(1 + 2sin(7/18)) n
Consequently, the following upper bound holds for the T-distillable magic of a quantum channel N :
Cr) < —— e (176)

log(1 4 2sin(7/18))

Proof. Consider an arbitrary (n, k, €) T-magic state distillation protocol of the form described previously. Such
a protocol uses the channel 7 times, starting from the state p, with non-negative Wigner function and

RA,
generating p(RZZ)AZ,. . p(R”) '\ » and wy step by step along the way, such that the final state ws has fidelity 1 — & with
|T)®k, where |T) = T|+) is the corresponding magic state of the T gate. By assumption, it follows that
Tr [|T) (T|%*ws] > 1 — &, 177)

while the result in [20] implies that
Tr [|T) (T|®*05] < (1 + 2sin(w/18))* (178)

for all o5 € VW with the same dimension as ws. Applying the data processing inequality for the max-relative
entropy, with respect to the measurement channel

() = Tr[IT)(TI*()110) (0] + Tr [(I=k — |T) (T|®*)()]11) (1], (179)

we find that
Omax (ws) = log[(1 — &)(1 + 2sin(7/18))¥] (180)
>log(l — ¢) + klog(1 + 2sin(w/18)). (181)
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Moreover, by labeling ws as p*1, we find that

Omax (p"H1) = i[emax(pﬁ“h — Omax (p)] (182)
o

S O (FO 0 [id © AD(0) — G (0] (183)
P

<3 e 1id & N1 — (0] (184)
P

< MOmax (N). (185)

The first equality follows because oy (p1) = 0 and by adding and subtracting terms The first inequality
follows because the max-thauma of a state does not increase under the action of a CPWP channel. The last
inequality follows from applying proposition 19.

Hence
10max (N) 2= log(1 — €) + klog(1 + 2sin(w/18)), (186)
which implies that
Sns log(1 + 215in(7r/18))(0maX(N) M w) (187)
This concludes the proof. |

We note here that one could also use the subadditivity inequality in proposition 18 to establish the above
result. We further note here that similar results in terms of max-relative entropies have been found in the context
of other resource theories. Namely, a channel’s max-relative entropy of entanglement is an upper bound on its
distillable secret key when assisted by LOCC channels [68], the max-Rains information of a quantum channel is
an upper bound on its distillable entanglement when assisted by completely PPT preserving channels [79], and
the max-k-unextendibility of a quantum channel is an upper bound on its distillable entanglement when assisted
by k-extendible channels [80].

4.3. Injectable quantum channel

In any resource theory of quantum channels, it tends to simplify for those channels that can be implemented by
the action of a free channel on the tensor product of the channel input state and a resourceful state [73, section 7]
and [81, section 6]. The situation is no different for the resource theory of magic channels. In fact, particular
channels with the aforementioned structure have been considered for along time in the context of magic states,
via the method of state injection [7, 78]. Here we formally define an injectable channel as follows:

Definition 7 (Injectable channel). A quantum channel N is called injectable with associated resource state w if
there existsa CPWP channel A4c_ g such that the following equality holds for all input states p,:

Nazp(py) = Aac—s(py @ wo). (188)

The notion of a resource-seizable channel was introduced in [62, 81], and here we consider the application of
this notion in the context of magic resource theory:

Definition 8 (Resource-seizable channel). Let \V,, _, 3 be an injectable channel with associated resource state wc.

The channel J is resource-seizable if there exists a free state &, with non-negative Wigner function and a post-

processing free CPWP channel F5%" | - such that

FRomcWNamp(kRy)) = we. (189)

In the above sense, one seizes the resource state w¢ by employing free pre- and post-processing of the
channel N, _ 5.

An interesting and prominent example of an injectable channel that is also resource seizable is the channel 7°
corresponding to the T gate. This channel 7 has the following action 7(p) := TpT' onan input state p. This
channel is injectable with associated resource state we = |T') (T, since one can use the method of circuit
injection [7] to obtain the channel 7 by acting on |T) (T| with SOs. It is resource seizable because one can act on
the free state |+) (+| with the channel 7 in order to seize the underlying resource state | T) (T| = 7(|+) (+])-

Asa generalization of the 7 channel example above, consider the channel AP o T, where AP is a dephasing
channel of the form
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AP(p) = pyp + P ZpZ" + p, Z%p(Z%) (190)

where p = (py, p;> P,)> Py P1> P, = 0,and p, + p; + p, = 1. The channel s injectable with resource state
AP(|T) (T]), because the same method of circuit injection leads to the channel AP o T when acting on the
resource state AP(|T) (T|). Furthermore, the channel AP o T is resource seizable because one recovers the
resource state AP(|T) (T|) by acting with AP o T on the free state |[+) (+|.

For such injectable channels, the resource theory of magic channels simplifies in the following sense:

Proposition 22. Let \ be an injectable channel with associated resource state wc. Then the following inequalities
hold

MWN) < M(wo), ON) < 0(wo), (191)

where 0 denotes the generalized thauma measures from section 3.4. If N is also resource seizable, then the following
equalities hold

MWN) = M(wo), O(N) = 0(wc). (192)
Proof. We first prove the first inequality in (191). Consider that

MW) = logmax | N3 _p(AD)|lw.1 (193)

= logmax [[Aac_.(A} ® we)|wa (194)

< logmax ||A} ® wellw, (195)

= logmax ||A} [|w,1 + log|lwcllw.i (196)

=log ||wc|lw,1 (197)

= M(wc). (198)

The first two equalities follow from definitions. The inequality follows from lemma 30 in the appendix. The
third equality follows because the Wigner trace norm is multiplicative for tensor-product operators. The fourth
equality follows because || A} ||w,; = 1for any phase-space point operator A".

We now prove the second inequality in (191):

OWN) = inf supDWNa_pWra)|lEa—p(WrA)) (199)
EM(E)K0 P
= inf supD(Aac—p(Wra ® wo)||Ea—p(¥ra)) (200)
EME0
< inf  supD(Aac—(¥ra ® we) |[Aac—p(Wra ® 0c)) (201)
0c=0:M(oc)<0 U
< inf supD(¢ra ® wel|Yra @ oc) (202)
0c20:M(0c)<0 Vs
= inf D(wc||oc) (203)
0c20: M(0c)<0
= 0(we). (204)

The first two equalities follow from definitions. The first inequality follows because the completely positive map
E = Myc_p(-®0c) with o € W isaspecial kind of completely positive map such that M(E) < 0, due to the
firstinequality in (191). The second inequality follows from data processing under the channel A4¢_, g. The third
equality follows because the generalized divergence is invariant under tensoring its two arguments with the same
state 1r4 (again a consequence of data processing [58]). The final equality follows from the definition in (96).
The inequalities in (192) are a direct consequence of the definition of a resource-seizable channel, the fact
that both the mana and the generalized thauma are monotone under the action of a CPWP superchannel
(theorems 9 and 11, respectively), and with F5%" (N p(k%)) understood as a particular kind of
superchannel that manipulates N _, s to the state wc. Furthermore, it is the case that the channel measures
reduce to the state measures when evaluated for preparation channels that take as input a trivial one-dimensional
system, for which the only possible ‘state’ is the number one, and output a state on the output system (see
proposition 4 and (122)). |

Applying proposition 22 to the channel 7 and applying some of the results in [20], we find that
Omax (T) = 6(T) = Omax (IT) (T1) = O(IT)(T]) = log(1 + 2sin(7/18)). (205)

The notion of an injectable channel also improves the upper bounds on the distillable magic of a quantum
channel:

21



10P Publishing

New J. Phys. 21 (2019) 103002 X Wanget al

Figure 3. The most general protocol for exact synthesis of a channel Ny p starting from n uses of another quantum channel N,
along with free CPWP channels F*,for i € {1,...,n}.

Proposition 23. Given an injectable quantum channel N with associated resource state wc, the following upper
bound holds for the rate R = k/n of an (n, k, ) T-magic distillation protocol:

1 hy(€) )
R < 0 + =, 206
log(1 + 2sin(7/18))(1 — 5)( we) + =, (206)
where hy () := —elog,e — (1 — €)log,(1 — ¢). Consequently, the following upper bound holds for the T-
distillable magic of the injectable quantum channel N :
Cr(N) < 6luc) (207)

log(1 4 2sin(7/18))

Proof. Consider an arbitrary (n, k, €) T-magic state distillation protocol of the form described previously. Due
to the injection property, it follows that such a protocol is equivalent to a CPWP channel acting on the resource
state w¢" (see figure 5 of [73]). So the channel distillation problem reduces to a state distillation problem.
Applying proposition 4 of [20] and standard inequalities for the hypothesis testing relative entropy from [82], we
conclude the bound in (206). Then taking limits, we arrive at (207). [ |

5. Magic cost of a quantum channel

5.1. Magic cost of exact channel simulation

Beyond magic distillation via quantum channels, the magic measures of quantum channels can also help us
investigate the magic cost in quantum gate synthesis. In the past two decades, tremendous progress has been
accomplished in the area of gate synthesis for qubits (e.g. [83—90]) and qudits (e.g. [91-95]). Elementary two-
qudit gates include the controlled-increment gate [91] and the generalized controlled-X gate [93, 94]. More
recently, the synthesis of single-qutrit gates was studied in [96, 97].

Of particular interest is to study exact gate synthesis of multi-qudit unitary gates from elements of the
Clifford group supplemented by T gates. More generally, a fundamental question is to determine how many
instances of a given quantum channel A\ are required to simulate another quantum channel A/, when
supplemented with CPWP channels. That is, such a channel synthesis protocol has the following form:

_ n+1 ! n 2 ! 1
Na_p= fR”B';HB ) NA,Q—’B,Z © F R, B, —R,A, © © FRBl—RoA} © NA{*B{ o Faral> (208)

as depicted in figure 3. Let S 57 () denote the smallest number of A/’ channels required to implement the
quantum channel A/ exactly. Note that it might not always be possible to have an exact simulation of the channel
N when starting from another channel N”. For example, if A" is a unitary channel and A\ is a noisy
depolarizing channel, then this is not possible. In this case, we define S\ (N) = oo.

In the following, we establish lower bounds on gate synthesis by employing the channel measures of magic
introduced previously.

Proposition 24. For any qudit quantum channel N, the number of channels N required to implement it is
bounded from below as follows:

M) Onax (N)
Snv'N) = , : 209
w0 maX{MW) s ) o
If the channel N is injectable with associated resource state wc, then the following bound holds
MAN)  Oax N) }
SN > max{ , . (210)
M(we)  Omax(we)

Proof. Suppose that the simulation of A/ is realized as in (208). Applying proposition 6 iteratively, we find that
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Figure 4. Lower bound on the number of noisy T gates required to implement a low-noise CCX gate.

nt1
MN) < aMWN) + 37 M(F) = nMANY), (211)
i=1
where the equality follows from proposition 7 and the assumption that each ' isa CPWP channel. Then
MW
MN)

MW
that S (N) > W

Applying propositions 18 and 12 in a similar way, we conclude that S (N) >

n > . Since this inequality holds for an arbitrary channel synthesis protocol, we find

emax (N)
Ornax (A7)
If the channel is injectable, then the upper bounds in (191) apply, from which we conclude (210). |

As adirect application, we investigate gate synthesis of elementary gates. In the following, we prove that four
T gates are necessary to synthesize a controlled—controlled-X qutrit gate (CCX gate) exactly.

Proposition 25. To implement a CCX qutrit gate, at least four qutrit T gates are required.

Proof. By direct numerical evaluation, we find that

M(CCX) 21876 _
MATY(T) ~ 0.6657 ~

Sr(CCX) > 3.2861, (212)

which means that four qutrit T gates are necessary to implement a qutrit CCX gate. |

For NISQ devices, it is natural to consider gate synthesis under realistic quantum noise. One common noise
model in quantum information processing is the depolarizing channel:

Dyp) =1 —pp+ —L— ¥ XZipXiZiY. 213)
d* — 1 0<ij<d1
(i,j)=(0,0)

Suppose thata T gate is not available, but instead only a noisy version D, o T of itis. Then it is reasonable to
consider the number of noisy T gates required to implement a low-noise CCX gate, and the resulting lower
bound is depicted in figure 4. Considering the depolarizing noise (p = 0.01) and applying proposition 24, the
lower bound is given by

M(Dy;, o CCX)

214
M(D, o T) 214

5.2. Magic cost of approximate channel simulation
Here we consider the magic cost of approximate channel simulation, which allows for a small error in the
simulation process. To be specific, we establish the following proposition:
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Proposition 26. For any qudit channel N (with odd dimensions), the following lower bound for the number of
channels N required to implement it with error tolerance €:

§5,(N) = min(k: KMNY) > M), %W — Ny < &, N € CPTP}, (215)
where||-|lo = supy sup; y, <1 [|(:®id) (X) | denotes the diamond norm.

To get this bound, we minimize the lower bound of exact magic cost in proposition 24 over the quantum
channels that are e-close to the target channel in terms of diamond norm. Using the SDP form of the diamond
norm [98] the above lower bound can be computed via the following SDP:

log min ¢

s.t. 2MN) >IN (A w.» Y,
TrBYAB g E-ﬂA) Y> 0) Y?]/\/’ _]Na
Jar 20, Tr )3y = la. (216)

Moreover, one could also replace mana with thauma in the above resource estimation. Also, it is possible and
interesting to exactly characterize the minimum error of channel simulation under CPWP bipartite channels.
We leave these for future study.

6. Classical simulation of quantum channels

6.1. Classical algorithm for simulating noisy quantum circuits
An operational meaning associated with mana is that it quantifies the rate at which a quantum circuit can be
simulated on a classical computer. Inspired by [30], we propose an algorithm for simulating quantum circuits in
which the operations can potentially be noisy. We show that the complexity of this algorithm scales with the
mana (the logarithmic negativity) of quantum channels, establishing mana as a useful measure for measuring the
cost of classical simulation of a (noisy) quantum circuit. For recent independent and related work, see [99].

Let H3" be the Hilbert space of an n-qudit system. Consider an evolution that consists of the sequence
{AMi}, of channels acting on an input state p. Then the probability of observing the POVM measurement
outcome E, where 0 < E < I, can be computed according to the Born rule as

L
Tr[EWNo - o MD(p)] = > W(E) [T Waswlu-) W, (uy), (217)

I=1

where i = (uy,...,u;) represents a vector in the discrete phase space and W (E|-) is the discrete Wigner function
of the measurement operator E (see equation (10)). For the base case L = 1, this follows from the properties of
the discrete Wigner function:

52 W Bl War ) Wy ) = 3 Tr [EAw 1 T [AwATAW] S Tr [Aup] (218)
ziﬁRWAd%TrMmN@H (219)
=Tr [EN(p)]. (220)

The case of general L follows by induction.

Our goalis to estimate Tr [E(Np o --- o Nj)(p)] with additive error. In what follows, we assume that the
input stateis p = |0") (0”| and the desired outcome is |0) (0]. This assumption is without loss of generality, since
we can reformulate both the state preparation and the measurement as quantum channels

Ni(0) =Tr(0)p,  Ni(o) = Tr (Eo)[0) (0] + Tr (1 — E)o)|1)(1]. (221)

Consequently, we have

L
Tr [10) (Ol(Np o -+ o AD(|07) (0"])] = Z W ([0} (Olfup) [T Wz () Wigr 07 (tao).- (222)

I=1
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To describe the simulation algorithm, we define the negativity of quantum states and channels as
M, =||pllw, = D IW, (W,
u

My ) = [[NMAW w1 = DWW |w)],

u’

My = 2MN) = max My (u). (223)

Then a noisy circuit comprised of the channels {V;}{; can be simulated as follows. We sample the initial phase
point ug according to the distribution |Wgn (o7 (o) | / M,gn (o and, for each I=1,.. ., L, we sample a phase point
u; according to the conditional distribution |W; (wjlu;_ )|/ M »; (u;_+), after which we output the estimate

L
Mo (071 Sign[Wiory (0 (o)] [T Mows (wr— 1) Sign[Won; (wilug— )] W (0) (0] ). (224)
I=1

This gives an unbiased estimate of the output probability since

L
E[Mm") (071 Sign[Wjom 0 (o)l [ Mas(w—1) Sign[Wx; (wijw;— )] W (|0) (0] |UL)]

I=1
- |W|0") <0"|(u0)| L [W s (aglag— )|

T Moy 2 Mg(u)
L
X Mory (o Sign[Wigny om(uo)] [T Mz (i) Sign[ Wz (wylug— )] W (0) (0] )
=1

L
= Z W((0) (Ollup) [T Was(wlai—1) Wigny o (uo)

i I=1

=Tr[|0) (0](NL o -+ o AD(|0") (0"])]. (225)

Note that Mg (g = 1since [0”) is trivially a stabilizer state. Also for any stabilizer POVM { Ey}, we have
Tr [ExA,] > 0and

> Tr[ExAu] = Tr[Ag] = 1, (226)
k

which implies that
max |W (EJu)| = max |Tr [ExrAu]| = max Tr [ExA,] < 1. (227)
u u u

Therefore, the estimate that we output has absolute value bounded from above by

L
Mo =] M. (228)

I=1

By the Hoeffding inequality, it suffices to take
2 2
=Mz lo (—) 229
€? SV (229)

samples to estimate the probability of a fixed measurement outcome with accuracy e and success
probability 1 — 6.

In the description of the above algorithm, we have used the discrete Wigner representation of quantum
states, channels, and measurement operators. However, the algorithm can be generalized using the frame and
dual frame representation along the lines of the work [30]. Specifically, for any frame { F(\): A € A} andits dual
frame {G(A): A € A}onad-dimensional Hilbert space, we define the corresponding quasiprobability
representation of a state, a channel, and a measurement operator respectively as

W,(A) = Tr [F(Mpl,
Wy (N'[A) = Tr [FN)MG )],

W (E|N) = Tr [EG(V)]. (230)
Then, we have similar rules for computing the measurement probability
> WEN) Wy (NN W,(A) = Tr [EM(p)] (231
AN

and the above discussion carries through without any essential change. For simplicity, we omit the details here.
Note that for the discrete Wigner function representation that we used in our paper, the correspondence is
F(\) = A,/dand G(\) = A,.
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6.2. Comparison of classical simulation algorithms for noisy quantum circuits
Recently, the channel robustness and the magic capacity were introduced to quantify the magic of multi-qubit
noisy circuits [21]. To be specific, given a quantum channel A/, the channel robustness is defined as

ReN):= min {2p+ 1: (1 + p)A, — pA_ =N, p > 0}, (232)
A+€CSPO
and the magic capacity is defined as
CN) = max R[({d ® N)(l¢) (D] (233)
| #) € Stab

They are related by the inequality [21]
R(Qy) < CNV) < Ro(N), (234)

where R (-) is the robustness of magic (see section 2) and ®y is the normalized Choi—Jamiotkowski operator of
N . The authors of [21] further developed two matching simulation algorithms that scale quadratically with
these channel measures. Here, we compare their approach with the one described in section 6.1 for simulating
noisy qudit circuits. Note that neither the proof of (234) nor the static Monte Carlo algorithm of [21] depend on
the dimensionality of the underlying system, so those results can be generalized to any qudit system with odd
prime dimension.

Thus, we consider an n-qudit system with the underlying Hilbert space H3", where d is an odd prime.
Consider a noisy circuit consisting of the sequence {V;}_; of channels acting on the initial state |0"), after which
acomputational basis measurement is performed. To describe the simulation algorithm based on channel
robustness [21], we assume each N has the optimal decomposition with respect to the set of CSPOs

-/\/j =1+ Pj)/\[j,o - Pj-/\/j,b (235)
where R4(N)) = 2p, + 1.For anylz € 7%, define
pe=11 A+p)IT =p)  lplh =2 Ipgl = IT R«W)) = R (236)
ki=0 ki=1 k j

Wesamplea k € ZL from the distribution | pzl/ll pll and simulate the evolution N, o -+ o Ny, 0 Ny, °.
To achieve accuracy e and success probability 1 — §, it suffices to take

2 2
ZR21 (—) 237
2 108 s ( )

samples.

To compare it with the mana-based simulation algorithm, we first prove that that the exponentiated mana of
aquantum channel is always smaller than or equal to the channel robustness. To establish the separation, we
introduce the robustness of magic with respect to non-negative Wigner function as follows.

Definition 9. Given a quantum state p, the robustness of magic with respect to non-negative Wigner function is
defined as

Rw(p)=min{2p +1:p= 1+ p)o — pw, w, 0 € W, }. (238)
Since Stab C W, , we have
R (By) < R(By) < CN) < Re(N). (239)

Proposition 27. Given a quantum channel N, the following inequality holds
2MN) = My < R4, (240)
and the inequality can be strict.

Proof. Suppose {p, A} is the optimal solution to equation (232) of R (N).
Then, we have

My = max [NAw) w1 (241)

=max||(1 + p)A(Ay) — pA_(Ad)lw,1 (242)

Strictly speaking, this evolution can be directly simulated only when the circuit is noiseless. Otherwise, we need to further decompose each
N;, kjasa finite combination of stabilizer-preserving operations, each of which has a single Kraus operator. This does not affect the sample
complexity of the simulator [21].
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Figure 5. Comparison between My, and R, (Py,) for m < 6 < 27. The gap indicates that My, is strictly smaller than C(Ujp) and
Ry(Up).

<max[(1 + p)[|A+(Aw)|lw,1 + PIIA-—(AW)|lw,1] (243)
= R4(N). (245)

The inequality in (243) follows due to the triangle inequality. The equality in (244) follows since AL € CSPO
and then || A+(Ay)|lw,1 = 1forany u.

Furthermore, we demonstrate the strict separation between 2M) and R () via the following example.
Let us consider the diagonal unitary

e”? 0 0
=0 1 0 | (246)
0 0 e

Note that the T gate is a special case, given by U,.. Due to equation (239), the separation between M (Up) and
log Ry, (®y,) in figure 5 indicates that the mana of a channel can be strictly smaller than the channel robustness
and magic capacity, i.e.

My, < Rw(Py,) < C(Up) < Ri(Up). (247)
This concludes the proof. |
Applying proposition 27 to the channels { \j}-_,, we find that
Mo =1] My, <] ReV)) = R (248)
j j

Thus for an n-qudit system with odd prime dimension, the sample complexity of the mana-based approach is
never worse than the algorithm of [21] based on channel robustness. Furthermore, the separation demonstrated
in (247) indicates that the mana-based algorithm can be strictly faster for certain quantum circuits.

The above example shows that the mana of a quantum channel can be smaller than its magic capacity [21],
due to (247), but it is not clear whether this relation holds for general quantum channels.

7. Examples

7.1.Non-stabilizerness under depolarizing noise
For near term quantum technologies, certain physical noise may occur during quantum information processing.
One common quantum noise model is given by the depolarizing channel:

Dyp) = (1 —plp+ —L— S XiZip(XiZY, (249)
d* — 1 o<ij<d—1
(1,/)=(0,0)

where p € [0, 1]and X, Z are the generalized Pauli operators.
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Non-stabilizerness

-

0 1 1
0 0.2 0.4 0.6 0.8 1

Noise parameter p from 0 to 1

Figure 6. Non-stabilizerness of T gate after depolarizing noise. The solid red line quantifies the classical simulation cost of noisy
circuits D, o T . The dashed blue line gives the upper bound of magic generating capacity of D, o 7 .

— M(D;? 0 CCX)|

Non-stabilizerness

0 1 1 1 1 1
0 01 02 03 04 05 06 07 08

Noise parameter p from 0 to 1

Figure 7. Non-stabilizerness of CCX gate after depolarizing noise. The solid line also quantifies the classical simulation cost of the
noisy circuit D> o CCX.

Let us suppose that depolarizing noise occurs after the implementation of a T'gate. From figure 6, we find
that if the depolarizing noise parameter p is higher than or equal to 0.62, then the channel D, o 7 cannot
generate any non-stabilizerness. That is, the channel D, o 7 becomes CPWP after this cutoff.

Another interesting case is the CCX gate. Let us suppose that depolarizing noise occurs in parallel after the
implementation of the CCX gate. The mana of D%3 o CCX is plotted in figure 7, where we see that it decreases
linearly and becomes equal to zero ataround p = 0.75.

7.2. Werner-Holevo channel
An interesting qutrit channel is the qutrit Werner—Holevo channel [100]:

Nwnu(V) = %[(Tr i - V7. (250)

In what follows, we find that the Werner—Holevo channel maps any quantum state to a free state in WV, (state
with non-negative Wigner function), while its amortized magic is given by our channel measure. This also
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indicates that the ancillary reference system is necessary to consider in the study of the resource theory of magic
channels.

Proposition 28. For the qutrit Werner—Holevo channel Ny,

Nwn(p) € Wy, (251)
for any input state p (which is restricted to be a state of the channel input system), while
5
MANwH) = MNyn) = 3 (252)
5
eéax (NWH) = Umax (NWH) = g (253)

Proof. On the one hand, for any input state p, we find that

Wi @) = £ Tr Ayl = ) = 2(1 = Tr Awp") > =1 = [Au]) > 0, (254
where the first inequality follows because || Ay |lc = [|Ao||rc = 1,since A, = Ty A, Ty, the matrix T, is unitary,
and A, for a qutrit is explicitly given by the following unitary transformation:

100
Ay=|0 0 1] (255)
010

On the other hand, we can set pp, to be the maximally entangled state, and we find from numerical
calculations that

. 5
M((idr @ Nwi)(Pra)) — M(pga) = 3 (256)
Meanwhile, we find from numerical calculations that M (Mwy) = 5/3, which by proposition 8 means that
. 5
sup[M ((idr ® Nwn)(pra)) — M(pra)l = MNyn) = 3 (257)
Pra

Similarly, we find from numerical calculations that

. 5
Sup[gmax((ldR ® NWH)(pRA)) - gmax(pRA)] - emax(NWH) = g (258)
Pra
This concludes the proof. |

8. Conclusion

We have introduced two efficiently computable magic measures of quantum channels to quantify and
characterize the non-stabilizer resource possessed by quantum channels. These two channel measures have
application in evaluating magic generating capability, gate synthesis, and classical simulation of noisy quantum
circuits. More generally, our work establishes fundamental limitations on the processing of quantum magic
using noisy quantum circuits, opening new perspectives for the investigation of the resource theory of quantum
channels in FTQC.

One future direction is to explore tighter evaluations of the distillable magic of quantum channels. We think
that it would also be interesting to explore other applications of our channel measures and generalize our
approach to the multi-qubit case.
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Appendix A. On completely positive maps with non-positive mana

Lemma 29. Let £ be a completely positive map. If M(E) < 0, then £ is trace non-increasing on the set YW,
(quantum states with non-negative Wigner function).

Proof. The assumption M(E) < 0isequivalent to max, Y, |Wz (vlu)| < 1. For p € W,, then consider that

Tr [E(p)] = [Tr [EP)]] = | D We(v[w) W, (w) (A1)
< I [[W,)] < IW, | => W,(w) = 1. (A2)

The first equality follows from the assumption that £ is completely positive and p is positive semi-definite. The
second equality follows from lemma 1. The first inequality follows from the triangle inequality and the second
from the assumption M(E) < 0. The final two equalities follow from the assumption p € W, and (11). |

Appendix B. Data processing inequality for the Wigner trace norm

Lemma 30. For any operator Q and CPWP channel 11, the following inequality holds
TI(Q)[w,1 < [|Qlfw,1- (B1)
Proof. Let us suppose that Q = >~ g, Ay. Thenwe have | Q|w,; = X,lq,|. Furthermore

ITIQlw,1 = || 2 q,T1(AY) (B2)
v w1
=20 | 2o a, Tr[Al(AV)] ‘ (B3)
=>_ | 2 a,Wuulv) (B4)
<0l Wir(ulv) (B5)
= i|q‘:,| = |Qllw,1- (B6)
This concludes the proof. ' n
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