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Abstract

In this paper, we introduce intrinsic non-locality and quantum intrinsic non-locality as quantifiers for
Bell non-locality, and we prove that they satisfy certain desirable properties such as faithfulness,
convexity, and monotonicity under local operations and shared randomness. We then prove that
intrinsic non-locality is an upper bound on the secret-key-agreement capacity of any device-
independent protocol conducted using a device characterized by a correlation p, while quantum
intrinsic non-locality is an upper bound on the same capacity for a correlation arising from an
underlying quantum model. We also prove that intrinsic steerability is faithful, and it is an upper
bound on the secret-key-agreement capacity of any one-sided-device-independent protocol
conducted using a device characterized by an assemblage p. Finally, we prove that quantum intrinsic
non-locality is bounded from above by intrinsic steerability.

1. Introduction

In principle quantum key distribution (QKD) [BB84, Eke91, SBPC+09] provides unconditional security
[May01, SP00, LCT14] for establishing secret key at a distance. In the standard QKD setting, Alice and Bob (two
spatially separated parties) trust the functioning of their devices. That is, it is assumed that they know the
ensemble of states that their sources are preparing and the measurements that their devices are performing.
However, this is a very strong set of assumptions.

Itis possible to consider other scenarios in which the trust assumptions are relaxed while still obtaining
unconditional security. When one of the devices is untrusted, the protocol is referred to as one-sided-device-
independent (SDI) QKD [TR11, BCW+12]. If both the devices are untrusted, then we are dealing with the
scenario of device-independent (DI) QKD [MY98, ABG+07, VV14, AFDF+18].

Itisinteresting to note that the three scenarios of QKD mentioned above are in correspondence with a
hierarchy of quantum correlations [WJD07]. The standard QKD approach requires that Alice and Bob share
entanglement [HHHHO09] or that they are connected by a channel that can preserve entanglement. In SDI-
QKD, arequirement for Alice and Bob to generate secret key is that their systems violate a steering inequality
[BCW+12, CS17]. For DI-QKD, Alice and Bob’s systems should violate a Bell inequality [CHSH69, ABG+07,
BCP+14].

In this paper, we establish upper bounds on secret-key rates that are achievable with DI-QKD and SDI-QKD.
To this end, we first introduce intrinsic non-locality and quantum intrinsic non-locality as quantifiers of non-
local correlations. We prove that they fulfill several desirable properties, such as monotonicity under local
operations and shared randomness, convexity, faithfulness, superadditivity, and additivity with respect to tensor
products. We also provide a proof for faithfulness of restricted intrinsic steerability, a quantifier of quantum
steering introduced in [KWW17], thus solving an open question from [KWW17].

© 2020 The Author(s). Published by IOP Publishing Ltd on behalf of the Institute of Physics and Deutsche Physikalische Gesellschaft
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Next, we consider a device that is characterized by a correlation p, and we allow Alice and Bob to perform
local operations and public communication on its inputs and outputs (this contains the parameter estimation,
error correction, and privacy amplification) to extract a secret key from this device. Then, we prove that intrinsic
non-locality is an upper bound on the rate at which secret key can be extracted from this device, such that the
secret key is protected from a third party possessing an arbitrary no-signaling extension of the correlation, as well
as copies of all of the classical data publicly exchanged in the protocol. We do the same for quantum intrinsic
non-locality and a third party possessing an arbitrary quantum extension of the correlation.

We then consider a device that is characterized by an assemblage p and prove that restricted intrinsic
steerability is an upper bound on the rate at which secret key can be extracted from this device, such that the
secret key is protected from a third party possessing an arbitrary no-signaling extension of the assemblage (as
considered in [KWW 17]), as well as copies of all of the classical data publicly exchanged during the protocol.

The present work is inspired by [MW99], which introduced intrinsic information and proved that itis an
upper bound on the distillable secret key for Alice and Bob protected from an adversary Eve, such that Alice has
access to arandom variable X, Bob to a random variable Y, and Eve to Z, such that the joint distribution is Pxy,.
Later, [CW04], taking inspiration from the underlying idea of intrinsic information, defined squashed
entanglement as a quantum version of the former, which turns out to be an entanglement measure with many
desirable properties. (See also [Tuc02] for discussions related to squashed entanglement.) The squashed
entanglement was later established as an upper bound on the distillable secret key of a bipartite quantum state
[CEH+07] (see also [Wil16] in this context). The squashed entanglement of a channel was later defined and proved
to be an upper bound on the secret-key-agreement capacity of a quantum channel [TGW 14, Wil16]. Both the
intrinsic steerability from [KWW 17], intrinsic non-locality, and the quantum intrinsic non-locality defined here
are strongly related to these previous quantities. It is fair to say that intrinsic non-locality is closest in spirit to
[MW99], in that, itis defined entirely in terms of classical random variables accessible to Alice and Bob.

This paper is structured as follows: we recall the definition of restricted intrinsic steerability in section 2. We then
introduce intrinsic non-locality and quantum intrinsic non-locality, and we analyze its mathematical properties in
section 3. In section 4, we provide a proof for the faithfulness of intrinsic steerability. Section 5 provides a proof for the
faithfulness of intrinsic non-locality. We prove upper bounds on secret-key-agreement capacities for device-
independent and one-SDI protocols in section 6. In section 7, we showcase our bounds for some specific examples,
thus obtaining explicit bounds on the secret-key rate that can be obtained from specific bipartite correlations studied
in the device-independent literature. We end with section 8, where we conclude and discuss some open questions.

Note: after posting the first version of this paper to the arXiv, we became aware of related results presented in
[WDH19]. In [WDH19], squashed non-locality was introduced as a measure of non-locality. This quantity was
then proven to be an upper bound on device-independent secret key rates that are secure against a no-signaling
adversary with classical inputs and outputs. This is the scenario in which an untrusted no-signaling device is
shared by the honest parties (as in our model), while the inputs and outputs of an adversary Eve are assumed to
satisfy only the no-signaling conditions. The latter is more ‘liberal’ than the models considered in our work.

2. Restricted intrinsic steerability

In this section, we recall the definition of restricted intrinsic steerability, which was introduced in [KWW17]. We
begin by recalling the notion of an assemblage. Let p 5 be a bipartite quantum state shared by Alice and Bob. Suppose
that Alice performs a measurement labeled by x € X', with A’ denoting a finite set of quantum measurement
choices, and she gets a classical output a € A, with A denoting a finite set of measurement outcomes. An assernblage
[Pus13] consists of the state of Bob’s subsystem and the conditional probability of Alice’s outcome a (correlated with
Bob’s state) given the measurement choice x. This is specified as { p ; ix(a 1), p5*} ac A xex- The sub-normalized
state possessed by Bobis py™* := p 5/ (alx) ;™. Taking px(x) as a probability distribution over measurement choices,
we can then embed the assemblage { p;*} ,, . in a classical-quantum state as follows:

pxis = Y Px(O[x alxa @ pg*. o

Notation 1. In the above and what follows, we employ the shorthand [x a]x; to denote |x) (x|x ® |a)(a|z.

Assemblages are restricted by the no-signaling principle. That is, the reduced state of Bob’s system should
not depend on the input x to Alice’s black box if the measurement output a is not available to him:

ST pEE =31 p Vx, x € X. )
a a
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This is equivalent to I(X; B),, = 0 for all input probability distributions px(x), where
I(X; B), == H(X), + H(B), — H(XB), is the mutual information of the reduced state py; = Tr 1(py15)-

An assemblage is referred to as local-hidden-state (LHS) if it arises from a classical shared hidden variable A
in the following sense:

P = 32 puVP i a (@l N} 3
A
We now recall a measure of steerability that was introduced in [KWW17]:
Definition 2 (Restricted intrinsic steerability [KWW17]). Let { p;*} , « denote an assemblage, and let p, 1

denote a corresponding classical-quantum state. Consider a no-signaling extension py ;5 of py 5, of the
following form:

Pxige = 2 Px()[x alxa @ Pgis (4)
where pp satisfies Trz(pg) = pg* and the following no-signaling constraints:
SO P =3 par vx, X! € X. (5)
The restricted intrinsic steerability of { p;*} ; « is defined as follows:
S(A; B); = sup inf I(XA; B|E),, (6)
Py Pxise

where the supremum is with respect to all probability distributions px and the infimum is with respect to all non-
signaling extensions of py ; as specified above. Furthermore, the conditional mutual information of a tripartite
state oxra 1s defined as

I(K; LIM), == H(KM), + H(LM), — H(M), — H(KLM),. @)

Using the no-signaling constraints, which imply that I (X; B|E), = 0, and the chain rule for conditional mutual
information, it follows that

S(A; B); = sup inf I(4; B|EX),. (8)

Py Pxase

3. Quantum non-locality

3.1. Correlations

Consider a two-component device that takes in two inputs and gives out two outputs. Let one component be
with Alice and the other component be with Bob. Let us set some notation now. Alice’s component takes in an
inputletter x € X and outputs a € A. Similarly, Bob’s component accepts an input letter y € ) and outputs
b € B.Weconsider X and ) to be finite sets of quantum measurement choices and .4 and B to be finite sets of
measurement outcomes. For simplicity, we consider X = ) = [s]and .A = B = [r]. The conditional
probability distribution {p(a, b|x, y)} 4 pe[r),x,ye[s) cOrresponding to the device is traditionally called a
‘correlation.” Then the correlations can be divided as follows according to the constraints that they fulfill:

* Local correlations: A correlation is said to have alocal hidden variable (LHV) description or be a local
correlation if it can be written as

pa, blx, y) = > py(Nplalx, Mp(bly, V), )
A

where A is alocal-hidden variable, p, () is the probability that the realization A of the local-hidden variable A
occurs, p(alx, \)isthe probability of obtaining the outcome a given xand A, and p(b|y, A)is the probability
of obtaining the outcome b given y and A. Let L denote the set of correlations that can be written asin (9). A
device characterized by local correlations is known as a local box.

* Quantum correlations: The set Q of quantum correlations corresponds to the set of correlations that can be
written as

p(a, blx, y) = Tr(IAY © AJlpsp), (10)

where p,  is a bipartite quantum state and { A} } , and {AI;} » are POVMs characterizing Alice’s and Bob’s
measurements with A%, Af, > Oforalla € Aandb € Band )  Af = I'and ZbAI; =1

+ No-signaling correlations: The set NS corresponds to the set of correlations that fulfill the following no-
signaling principle:
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> pa, blx, y) =Y p(a, blx', y) = p(bly), Vx,x' €[sland b e [r],y€ [s]. (11)
> pa, blx, y) =" pla, blx, y) = p(alx), Vy,y' €lsland a € [r], x € [s]. (12)
b b

The no-signaling constraints (11) and (12) can be expressed equivalently in terms of conditional mutual
informations, namely

Vp(x, y) I(X; BlY), = 0=I(Y; A|X)p, (13)

with respect to the joint distribution p(a, b, x, y) = p(x, y)p(a, b|x, y),and where p(x, y) ranges over
probability distributions on X and Y.

It is well known that local correlations are contained in the set of quantum correlations, thatis, L C Q. Since the
correlations in Q fulfill the constraintsin (11) and (12), we have that Q C NS. For more details on correlations,
please refer to [BCP+14].

An example of a correlation that belongs to the set of no-signaling correlations, but not to the set of quantum
correlations, is a Popescu—Rohrlich (PR) box [RP94] box, which is defined as follows:

Definition 3 (PR box). A PR box is a device corresponding to the following correlation p(a, b|x, y):
1
p(0, Olx, y) = p(1, 1lx, y) = 5 for (x, y) = (1, 1),

(0, 1%, y) = p(1, Olx, ) :é for (x,7) = (1, 1), (14)

while p(a, blx, y) = 0 forall other quadruples. This correlation is no-signaling between Alice and Bob, as
definedin (11)and (12).

3.2. Local operations and shared randomness
Physically, local operations and shared randomness [FWW09, FW 1 1] refers to an operation in which Alice and
Bob share unlimited free randomness between their two components and can perform local operations on

+ theinputs given by Alice and Bob to their respective components,

+ the outputs of the two components to give the final outputs to Alice and Bob.

Thelocal operations and shared randomness act on the initial correlation p.(a, blx, y) corresponding to the
device, in order to yield a final, modified correlation py(a, b|x, y). These operations can be parametrized as
follows [GA17]:

prtag, brlxp, yp) = > OPay, brla, b, x, y, xp, yp)p;(a, blx, NIP(x, ylxp, yp). (15)
a,b,x,y
Here, I'¥) corresponds to alocal correlation for alocal device that takes in the inputs x; and y; from Alice and
Bob, uses shared randomness, and performs local operations to yield new inputs x and y for the main device
characterized by p;. This can be written as
I(L)(x> )/|xf) yf) = Z pAZ (AZ)IA (Xl.Xf, AZ)IB ()/ny> >\2): (16)
A
where p 2, (A2) corresponds to the probability distribution of the shared classical variable A, Iy (x|x7, A2)
corresponds to the probability of obtaining x given x; and Ay, and Iz (y|y;, ) corresponds to the probability of
obtaining y given yr and ).
Once the initial device p; generates the outputs a and b, it can be post-processed by alocal device that is

characterized by the local correlation O, This can be written as

0 (ay, byla, b, x, y, x, ) = ZPAl()\l)OA(ﬂHﬂ’ x, xp, M) Op(brlb, y, ypr M) (17)
A

This device takesin a, b, x, y, Xp> Yy and gives the final outputs ag, by by using shared randomness and
performing local operations on the inputs. Here, p, () is a probability distribution over the classical shared
random variable X, Oy (as|a, x, xf, ;) is a conditional probability distribution for obtaining a, given
X Xfy A, @, and Ogp(byb, y, Vs A) is a conditional probability distribution for obtaining by given y, V> A b.
See figure 1 for a pictorial representation of the most general transformation of local operations and shared
randomness on a correlation p;(a, b|x, y).

In the resource theory of Bell non-locality [dV 14, GA17], the resources are non-local correlations
p(a, blx, y). Local operations and shared randomness are one possible set of free operations in this resource

4
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Xf ar
| x a
I(L) y pz b O(L)
s | bf
I

Figure 1. This figure depicts how local operations and shared randomness can act on an initial correlation p,(a, blx, y) to producea
final correlation py(ay, bylxy, 7p)-

theory [dV14]. It can be shown from the definition of a local correlation, that the action of the local operations
and share randomness transforms a local correlation to a correlation in L. Furthermore, a quantum correlation
remains in the set Q when acted upon by these free operations. To see this, replace the local boxes O and IV in
(15) by separable states shared between Alice and Bob with the local states encoding the probability distributions
required in (16) and (17) and the measurements as projective measurements.

In [GA17], alarger set of free operations known as wirings and prior-to-input classical communication
(WPICC) was considered. It was also shown in lemma 6 of [GA17] that any quantifier that is a monotone under
local operations and shared randomness is also a monotone under WPICCs.

3.3. Intrinsic non-locality

To calculate the amount of non-locality present in the correlation p(a, blx, y), we introduce a function

N: p(a, blx, y) — R, which we call intrinsic non-locality. Consider a correlation p(a, b|x, y) € NS. Now
embed the correlation p(a, b|x, y) into a classical—classical state as

PABxy = Z p(&x, y)p(a, blx, y)a b x yligxy, (18)
a,b,x,y

where p(x, y) is a probability distribution for the measurement choices x and y. Consider a no-signaling
extension p zzyyp Of P agxy:

Pamae = Y. P, plabxylipy @ pa, blx, y)psP™, (19)
a,b,x,y

such that Trz(p 55¢vr) = P 45xy> and the following no-signaling constraints hold:

> p(a, blx, ) p%™ =" p(a, blx’, y)p“E’b’x/’y Vx, x' € X (20)

Itis then easy to see that given the value in system Y, the state of systems X and systems BE is product. This is
equivalent to the following constraint on conditional mutual information:

I(BE; X|Y), = 0 Vp(x, y). Q1)
Similarly, the following no-signaling constraints hold
S p(@, blx, ) =3 pa, blx, ) Wy, y € V. (22)
b b

Itis easy to see that given the value in systems X, the state of systems Yand AE is product. This is equivalent to the
following constraint on conditional mutual information

I(AE; YIX), =0 Vp(x, y). (23)
Finally, we have that
> p(a, blx, ) p™ =" pla, blx', ) pip™ (24)
a,b a,b
=> p(a, blx/, y’)p”é’b’x”y’ Vx,x' € X, y,y' € ). (25)
a,b

The first equality follows from (20), and the second equality follows from (22). This implies that the state of Eve’s
system is independent of the measurement choices, i.e., I (XY; E), = 0forall p(x, y). We can then quantify the
amount of non-local correlations in the correlation p(a, blx, y)asinf, I(A; B|XYE), where the infimum is
with respect to no-signaling extensions p z 5, of the above form. Since Alice and Bob want to maximize the

5
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non-local correlations of the two black boxes, we maximize over input probability distributions p(x, y), leading
us to the following definition:

Definition 4 (Intrinsic non-locality). The intrinsic non-locality of a correlation p(a, b|x, y) € NSisdefined as

N(A; B), = sup inf I(A; BIXYE),, (26)
p(x,y) P ABXYE

where p 5y is @ no-signaling extension of the state p 75y i.e., subject to the constraints in (20) and (22).

3.4. Quantum intrinsic non-locality

We now introduce a function N2 p(a, blx, y) — R, which we call quantum intrinsic non-locality, with

p(a, blx, y) € Q. Asstated above, the correlation in the set Q arises from some underlying state p, , and POVMs
of Alice and Bob characterized by { A% }, and {Ai; }1» respectively”. Now, consider a quantum state p, 5, such that
Tre(pupp) = pap- Wecall p, g an extension of the state p, ;. Then, one possible extension of the classical—
classical state p 75,y as definedin (18)is

Pagxye = ., P ) Trapl(Af ® A}; @ Zg) pagella b x yligxy (27)
a,b,x,y

= 5" p(x »)pa, blx, p)la b x yligy @ p2™™, (28)
a,b,x,y

where p(a, b|x, y) p“E’b,x,y = Trup[(Af ® Ai’, ® TIg) ppgl- By definition, this extension is also a no-signaling
extension and is subjected to the constraints in (20) and (22). We call the extensions of the form in (27) quantum
extensions.

For p € Q, the set of no-signaling extensions of p is strictly larger than the set of quantum extensions. For
example, in the CHSH game, a correlation p(a, b|x, y) reaching the Tsirelson bound only admits a trivial
quantum extension, i.e., with constant p% b7 independent of a, b, x, and y. Whereas, the no-signaling
extensions of such a correlation are not extremal, as can be seen by writing p(a, b|x, y) as a convex combination
of a PR-box (with necessarily constant p b% a5 an extension) and a local box (where s % contains the LHV).

Therefore, to consider the regime in which there is an underlying quantum model, we define quantum

intrinsic non-locality as follows:

Definition 5 (Quantum intrinsic non-locality). The quantum intrinsic non-locality of a correlation
p(a, blx, y) € Qisdefined as

NQ(A; B), = sup inf I(A; B|XYE),, (29)
p(x,y) P ABXYE

where p ;1 5yyg is @ quantum extension of the state p 55,y thatis subject to the constraints in (27).
Proposition 6. If p(a, blx, y) € Q, then
N(A; B), < N?(4; B),. (30)

Proof. This follows from the observation that a quantum extension o 1zxyg of p 455y is a particular kind of no-
signaling extension. [

3.5. Properties of intrinsic non-locality and quantum intrinsic non-locality

In this section, we prove that intrinsic non-locality and quantum intrinsic non-locality are faithful, monotone with
respect to local operations and shared randomness, superadditive, and additive with respect to tensor products of
correlations. These are the properties that are desirable for a measure of Bell non-locality to possess. We also prove that
quantum intrinsic non-locality of a correlation is never larger than the intrinsic steerability of an associated assemblage.

Proposition 7. Intrinsic non-locality and quantum intrinsic non-locality vanish for correlations having a local
hidden-variable model; i.e.if p(a, blx, y) € L, then N (A; B), = 0and N?(A; B), = 0.

Proof. Given p(a, blx, y) € L, then we can writeitas

pa, blx, ) = S_ p(N) plalx, N) p(bly, M. (31)
A

For certain quantum correlations, it is possible to pinpoint the underlying quantum state and POVMs up to certain isometries. See
[YN13, MY04] in this context.
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Embed this in a classical—classical state with p(x, y) an arbitrary probability distribution over x, y:
Pasxy = 2 PG )Y p(N) plalx, Np(bly, Nla b x ylagxy- (32)

a,b,x,y A

Then, consider the following quantum extension

Pasxye = ». PG »labxylagxy @ Y p(N) plalx, Np(bly, N) [Me. (33)
a,b,x,y A
Then, by inspection, A and B areindependent given XYE. This implies that inprBXYEI (A; BIX YE), = 0. Since
this equality holds for an arbitrary probability distribution p(x, ), we can then conclude that N?(A; B), = 0.
Then, by (30) we conclude that N (A; B), = 0. [

Welater prove in theorem 19 that N (A; B), = 0or N?(A; B), = Oimpliesthat p € L.

We expect any quantifier of non-locality to be monotone under the free operations of local operations and
shared randomness. That s, a free operation should not increase the amount of non-locality in the device. We
state this in the following proposition:

Proposition 8 (Monotonicity of intrinsic non-locality). Let p,(a, b|x, y) be a correlation, and let
py(ay, bylxs, p) be a correlation that results from the action of local operations and shared randomness on

p.(a, blx, y), so that we can write the final probability distribution as follows:

pray, bylxp, yp) = > 0Way, byla, b, x, y, xf, ) i@, blx, NIV, ylxy, yp), (34)
a,b,x,y

where IV (x, y|x;, yp) and OW(ay, byla, b, x, y, xy, yp) are local boxes as described in (16) and (17). Then,

N(A; B)), > N(Ag; By)p. (35)
Proof. First, we embed Py (ar, bylxs, yf) in a quantum state:
xf,yf,af,b/

where p(xy, yf) is an arbitrary probability distribution for xy, Y Then invoking (15)—(17), we obtain
PABx, vy = > plxp p) > > pa, (M) Oslagla, xp, x, Ay) Op(bylb, y, Vp X)

xp¥p>ap,by abx,y Ay
X pi(@> blx, )37 Py O L Gxlxrs MIs(lyp M Dxy vy ar byl a5, (37)
A

An arbitrary extension of the state in (36) is given by
ag,by,xs,y,
PAB X YE = Z pxs }’f)Pf (af, bylxy, }’f) [xf Yy ar bf]XfoAfo & pEf (e (38)
Xf,)/f,ﬂf,bf
A particular extension of the state in (36) is given by

CAfEfoYfEAlAZ = Z p(xp, }’f) Z ZPAZO\z) OA(afla) Xfs Xy A2)
’ Xpypaby abxy A

X OB(bflb) Y yfy AZ)pi(a’ blx) y)

X Y Py, (M) a(xlxy, Ay lyps M xr vy ar brlasxy © 05 @ N A, (39)
A

This in turn is a marginal of the following state:

CAfoXfoEAIAZXYAE = Z plxp, }’f) Z ZPAZ(/\z)OA(afW’ Xf> X, Az)OB(bﬂb; Vs Vps A2)

xp,ypapby a,b,x,y A,

X pj (6[, blx’ )’)Z pAl()\l)IA (xley )\I)IB()/U’f, )\1) [xf yf af bf]XfoAfo

A
® TE" @ [MAadas, ® [xy a blxvis. (40)
Consider that

inf I(Af; B_f|Xf YfE)p g I(Af; BlefoEA1A2)< (41)

ext.in (38)
< I(AX X Ag; BY; Y Ag|Xy Yy EAA), (42)

= I(AX; BY|X;YFEA ), (43)
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— I(AX; BY|X; Y;EAy), (44)
=I(4; B|XYXf YfEAl)g + I(X; B|Xf YfEA1Y)§ + I(Y; /_\|Xf YfEA1X)C + I(X; Y|Xy YfAlE)C. (45)
The first inequality follows from considering a particular extension in (39). The second inequality follows from
data processing of conditional mutual information. The second equality follows because

Casxyx,vEnn, = SABxyx,vieA, @ Gy, Thelastequality follows from the chain rule for conditional mutual
information. Now, let us consider each term in (45). By inspection,

Canxvgyen = 2 POp v Do pOWP(a, blx, »)p 6, ylxr v )
xp¥y a,b,x,y, A

[xr vy A x y a blxvaxvip @ T“E’b’x”’ . (46)
Upon re-arranging, we obtain
CABXYX Y, EA, = 2Py D0 plxyp Ve Ml ) [x y xp ye Mlxvxgva,
) xf’yf))\l

® > pia, blx, TEPY @ [a blas. (47)
a,b
So, given X, Y, the states (7 and (’)‘(Jf' ¥, T in tensor product. Therefore I (A; BIXYX;Y;EA)): = I(A; BIXYE),

where ( 7 55y is a no-signaling extension of p ;.. Now consider that

CXXfYYfBEAl

= 3 PGy Xy WX Xy Mgy, © 2 pOly)TE ® [bl5. (48)
x,y,Xf,yf,)\l b

=Y pyly @ > plxp, Yps % MV Xy yp Mlxxgvyn, © S ply)TY @ [blz. (49)
y XYM b

Then, by inspection
I(X; BIXfYfEAY): = 0. (50)

Similarly, I(Y; A|Ys XfEAX) = 0.
Now, consider the term I (X; Y|X; YfEAl)C, with

nyxfnyA1 =y plxs, ¥p) > p(xlxy, APy M x y x5 yp Mlxyxpven, @ pg- (51)
xf’}’[ x)y)/\l
Here, X and Yare independent given Xj; Y; and A,. Therefore, I (X; Y|X;Y;EA); = 0. Combining the above
equations, we obtain

inf I(Af; Bf|X;Y/E), < I(A; BIXYE),. (52)

ext.in (38)

Since (52) is true for an arbitrary no-signaling extension of p ; 5y, the above inequality holds after taking the
infimum over all possible no-signaling extensions ¢ 5 5yz-
Finally, we can take the supremum over all the measurement choices, and we find that

N(Ay; By),, < N(&; B),,. (53)
This concludes the proof. |

Proposition 9 (Monotonicity of quantum intrinsic non-locality). Let p,(a, blx, y) € Q, and let
py(ay, bylxs, P result from the action of local operations and shared randomness on p;(a, b|x, y). We can write the
final probability distribution as follows:

peag, brlxp, yp) = Y- OWAay, byla, b, x, y, xp, yp) py(a, blx, NIP(x, ylxp, yp), (54)
a,b,x,y

where IV (x, ylxp, yf) and O(L)(af, bfla, b, x, y, x, yf) arelocal boxes as described in (16) and (17). Then,

Q(A:- B Q(A,- B
NQ(A; B)p, > NUAy; By)y,. (55)
Proof. First, we embed by (ar, bylxs, yf) in a quantum state:
PaBxy, = 2. PCpypap brlxs y)lxr vy ar bylxy i (56)
xI,yf,af,bf

where p(xy, y;) is an arbitrary probability distribution for xy, y;. The set of quantum correlations Q is closed
under the action oflocal operations and shared randomness, implying that p;(ay, bylxy, y;) € Q.Since
P (ag, bylxy, yf) is also a quantum correlation, we know that there exists an underlying state 045 and POVMs

8
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{AY Joy and {A};f[ }i,» such that

b
prlay, bylxy, yp) = Tr [(AY, @ AY)ousl. (57)
An arbitrary quantum extension of the state in (56) is given by
\bpsx
oaBxvE= Do PO ypap byl v lxy vy ag bplxyvias, @ o, (58)
xpYpapby
where
SbXfs 1
azf PPV — —TI'AB[(Ag ® A% ® Ig)oagel, (59)

py(ay, bylxs, Yp)
and o pg is an extension of 0,45. Now, we know that

prlag, bylxp, yp) = 5 OWay, byla, b, x, y, x5, yp) pi(a, blx, NIP &, ylxp, yp), (60)

a,b,x,y

and that the correlations IV (x, y|xs yp)and 0V (ay, byla, b, x, y, x, y7) arelocal correlations. Therefore, there
exist separable states py, and p,, 5 ,along with the POVMs which result in the correlations @ and OW), That is,

10, yly, y) = Tri(A%, © Aoy, (61)
OW(ay, byla, b, x, y, xp, yp) = Tr[(Adlxyx ® AZ{'bﬁy) Pas) (62)

Furthermore, we know that the correlation p,(a, b|x, y)is a quantum correlation. Therefore, it has an
underlying state p, , and POVMs characterized by { A}, and {Ai }»- Then

b a X
paag, belxp yp) = 30 Trl(Adee © Ay, @ AL © A) ® A} ® AP aep, © pap @ pxy)l- (63)
a,b,x,y

Since pyy isa s.eparable state, we can wr%te .it as pyy = 2, P(A) Py ® pg\,‘ Let pyyp, = 225 P(N) Py ® Py @
[Ai]a, beaparticular extension of pyy. Similarly,let p, ; , beanextensionof p, p and p,p, anextension

of pyp-
A particular quantum extension of the state in (56) is given by

PAEx v EMG = D POp Y (ag, brlxp v [ vy ag, brlxvias PEP @ [N Xy, » (64)
xf,yf,af,bf
where
1
@bxy — — — Trgl(A @ AL @ . 65
PE @ bl 7) B[ (A% y @ Ie) pagel (65)
Then it follows that
PAEX Y EMG = 2 POn ) D0 YA, () Oalagla, xp, X, N)
xpypoafsby abx,y Ay

X OB(bf|b, Vs }’f> )\Z)P,'(ar blx’ }/)

X Y py, A Ta(xlxy, Iyl M) xr vy ar brlagsxy @ P @ [N Xalan,.  (66)
A

This in turn is a marginal of the following state:

P A B X; Y ENMAXYAB — Z pGxp, J’f) Z ZPAZ()\Z)OA(‘ZH% xf, % A2) Op(brlb, y, Ye> A2)
xpyp-afsby abx,y Ay

x pi(a, blx, )y pp, DL (xlxp, AW Is(lyp, M) Lxr vy ar brlx v, 5,
N

® P& @ [Nl ® [x y a blxvis. (67)
Then, following arguments similar to that given in proposition 8, we obtain NQ (As; By) p <N Q(A; B) o -
Proposition 10 (Convexity of intrinsic non-locality). Let p(a, b|x, y) and q(a, b|x, y) be two correlations, and

let X € [0, 1]. Let t (a, b|x, y) be amixture of the two correlations, defined as t (a, b|x, y) = A\p(a, blx, y) +
(1 — Nq(a, blx, y). Then

N(A; B), < AN(4; B), + (1 — MN(A; B),. (68)

Proof. First, we embed the correlation  (a, b|x, y) in the following classical—classical state 7 z5xy:

9
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Tibxy =y p(x, y)t(a, blx, y)[x y a blxvas, (69)

X,¥,a,b

where p(x, y) is an arbitrary probability distribution. Similarly, embed p(a, blx, y)in p 551y and q(a, blx, y)

Ny gy
Pagxy = 2. PG y)pa, blx, y)[x y a blxyas, (70)
X,,0,b
Yigxy =y, p(x ¥)q(a, blx, y)[x y a blxyas. (71)
X,,a,b

Next, consider an arbitrary no-signaling extension of 7 15xy:

Tamve = Y. ple Y@, blx, y)x y a blxyis @ TEP. (72)
X,9,a,b

Similarly, consider an arbitrary no-signaling extension of p 75y and v z5xy:

Pagxye = 2 P y)pa, blx, y)[x y a blxyas ® p“E‘b’x’y, (73)
x,y,a,b

Vg = Y. ple »)a(a, blx, »ix y a blxvas @ v (74)
X,9,a,b

Now, consider the following particular no-signaling extension of 7 z5xy:

Crmxyes = > PO p)xyablyvas @ O\ p(a, blx, y)p%P™ @ [01y + (1 — Nq(a, blx, »)yE™™ @ [11).

X,¥,a,b
(75)
Then,
inf I(A; BIXYE), < I(A; B|XYEE), (76)
ext.in (72)
= M (A; B|XYE), + (1 — M)I(4; BIXYE),. (77)

The first inequality follows from choosing a particular no-signaling extension. The equality follows from
properties of conditional mutual information. Since this holds for all non-signaling extensions of the form in
(73) and (74), we conclude that

inf I(A; BIXYE); < A inf I(A;BIXYE), + (1 — A) inf I(A; BIXYE),. (78)

ext.in (72) ext.in (73) ext.in (74)
Taking the supremum over all measurement choices, we find that

sup inf I(A; BIXYE): < Asup inf I(A; B|XYE),
pe,y) ext.in (72) pe,y) ext.in (73)

+ (1 = N)sup,, infextin 7)1 (A5 BIXYE),. (79)
This completes the proof. n

Proposition 11 (Convexity of quantum intrinsic non-locality). Let p(a, b|x, y) and q(a, b|x, y) be correlations
inQ, andlet A € [0, 1]. Let t(a, b|x, y) be a mixture of the correlations defined as
t(a, blx, y) = Ap(a, blx, y) + (1 — N)q(a, b|x, y). Then

NQ(A; B), < ANQ(4; B), + (1 — M)N?(A; B),. (80)
Proof. Since Q is a convex set [Pit86], we know that ¢ (a, b|x, y) € Q. First, we embed the correlation
t(a, blx, y) in the following quantum state 7 zgxy:

Tabxy =y p(x, y)t(a, blx, y)[x y a blxyas, (81)
X,9,a,b

where p(x, y) is an arbitrary probability distribution. Similarly, embed p(a, blx, y)in p 55,y and q(a, blx, y)

Iy gy
Pisxy = O P(6 y)p(a, blx, y)x y a blxyas, (82)
X,9,a,b
vasxy = Y, p(x y)q(a, blx, y)[x y a blyyas. (83)
X,9,a,b

10
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Next, consider an arbitrary quantum extension of 7 15xy:

Tapxe = Y pln Yt blx, p)[x y a blxvas ® 75" (84)
X,9,4,b

Similarly, consider an arbitrary quantum extension of p 55,y and 7 ; 5y

Pimve = 2 P y)p(a, blx, )x y a blxvis @ p%’b’x’y, (85)
X,¥,a,b

Vg = Y p6 ¥)q(a, blx, y)[x y a blxvas @ Y5 (86)
X,y,a,b

Let p, be a quantum state that, along with the POVMs characterized by A§ and Af,, yield the correlation

p(a, blx, y).Let p,pp bean extension of p, ;. Similarly, let , , be a quantum state that, along with the POVMs
characterized by My} and Mf , yield the correlation q(a, b|x, y). Let 7, be an extension of y, ;. Then, a
particular quantum state that realizes the correlation ¢ (a, b|x, y) is the following:

TABA'B' = )\[)AB X |00> <00|A’B’ + (1 — )\)’YAB (024] |11> <11|A’B’) (87)
t(a, blx, y) = Tr[(A% ® AY @ (00) (00]4p) + MY @ M) @ (|11) (11 a5) (Tapas)], (88)

where it is understood that Alice is measuring o7 on her system A’ and Bob is measuring o7 on B’, in addition to
the other measurements on their systems A and B. Now, consider the following extension of T4p4/p:

TABA'B'EE' = ApABE ® |000> <000|A’B’E’ + (1 — /\)’YABE & |111> <111|A’B’E’- (89)
Furthermore, consider the following particular quantum extension of 7 g5xy:

Capxvee = 2 P(% y)[xyablxyas
X,¥,a,b (90)

R\ p(a, blx, ) p%"™ @ [0l + (1 — Nq(a, blx, )vE"™ @ [11).

Then following similar arguments given in the proof of proposition 10, we obtain
N?(A; B): < ANQ(4; B), + (1 — MNC(A; B),, (€29

concluding the proof. [

Proposition 12 (Superadditivity and additivity of intrinsic non-locality). Let p(a;, ay, by, by|x, %, ;5 ;) bea
correlation for which the following no-signaling constraints hold:

Zalp(alw a, bl) blel) X5 yp )/2)
= a ap, dz, 01, 02(X1, X, )/1) )’2 X1> X1, X25 )/1, )’2 Sl a2, U1, Oy rl,
S, pas, a, by, blx] ) Vx! € [s], @z, by, by € [1]
Zazp(al) a, bl) bllxl) X25 )’1’ )’2)
= a ar, a4y, 01, U2]X), le, )/1) )’2) vle) X25 X1» }/1, )/2 S [S]a a, bl) bZ S [T],
> P( by, byl
oy, Plan, ay, by, balxi, x5 3,5 1)
= b a, dy, 01, Ua[X), X5 Vs }’2 Y }/1) X1 X2 )/2 sl a1, 4z, 02 rl,
>, P( by, by L) Yy € [s] b € [r]
szp(al) a, bl) bllxl) X5 )’1’ }’2)
= >, pla, a, by, balx, %, 35 }’/) V)//, Yy %5 > %1 € [s], a1, ap, by € [r].
2 2 2
Let t (a, bi|x, ) and r(ay, ba|x, y,) be correlations corresponding to the marginals of the probability distribution
plas, ay, by, balxi, %, 345 ). Then the intrinsic non-locality is super-additive, in the sense that
N (AAy; BiBy), > N(Aj; B): + N(Ay; By, (92)
If p(ay, by, @, balxis %, 1> 1) = tar, bilx, y)1 (a2, balx, 1), then the intrinsic non-locality is additive in the
following sense:
N (AAy; BiBy), = N(A;; B); + N(4y; By),. (93)
Proof. Consider the classical—classical state p ; 7 5 5,x v, v, With the following arbitrary no-signaling extension:
pA1A21§11§2X1X2Y1 %LE — le,xz,yl,yz,al,az,bl,bzp(xl’ > % yz)P(ab bb a, b2|x1> X2 N> }’2)
b1,x1, Y502, 02,%,
(a1 b1 %1y a2 b2 % 9,14, x VA By, @ p%‘ PN ARI2TRY (94)

where p(x;, %, 3, »,) is an arbitrary probability distribution. From the chain rule of mutual information and
non-negativity of conditional mutual information, we obtain

11
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I(AAy; BiBo|Xi Xo VL), = I(AlAy; BIIXi X, Y2E) 4 1(AAy; BolEX Y X, Y, By) (95)
= I(A;; BIX\ X, Y2E), + 1(A; BIEX| Y X YhA),

+ I(A; BolXi Vi Xo L EBy) + 1(Ays Byl X Vi X, Y, EA By) (96)

> I(Al; BI|X1Y1X2 YZE)p + I(/_\2; BZIXIYIXZ YzEI‘Tqu)p- (97)

From the no-signaling constraints in the statement of the proposition and (94), we obtain

PAB XXV HE — Z P, %, N }’2) [a1 by x 7% YlABxyy
apby,x,x0,99,

® p(aly bllxl) yl)p)Eq)yl)abbl- (98)

We firstembed ¢ (a;, bilx;, ) in 7 4,5, x,vip> and r (ay, bal%, y,) iny B X TE and consider the following arbitrary
no-signaling extensions:

\bixi,
T AB X E *= Zp(xla }/1) & Z [xl }/1 m bl]XlYlfilEl & t(ab bllxb )/1)7_6]? v )’1’ (99)
Xp) a,b;
\b2,%x2,
YaBxnE = Y P02 1) ® > [0y, a bilyyis ® r(a, bilx, y)vE " (100)
X)) aby

Since pj 5 x v x, v, 15 @ particular no-signaling extension of 7 4,5, x,y, and p 5 5 1, 5,x v x, v, 1 @ particular no-
signaling extension of 7z 5 v v, we obtain the following inequality:

I(AIAZ; B1]-'§2|X1X2 YleE)p = I(Al; EI|X1 nx; YzE)p + I(Az; Ez|X1 nx; YZEAIEI)[) (101)
> infexcin 99)] (A BIIXiYE), + infexin 100)] (A2; BolXo Y2EA By),,. (102)
Since (102) holds for an arbitrary no-signaling extension of p, we obtain
infextin (94)1 (AU‘_\z; E11§2|X1X2 Y YZE)p
> infexiin 99) (A3 BIXIKE); + infexein 100y (A2; Bo|Xo Y2EA By),,  (103)

Since the above equation holds for arbitrary probability distributions, we can take a supremum over all
probability distributions to obtain

)inpr1A2g152X1X2YIYZEI(A_lA_Z; B11§2|X1X2 Y YZE)p

> supp(xbyl)infTAlBleYIEI(Al; BIIX\YE), + supp(xb%)infq,AzgzmeI(Az; ByXoYE),.  (104)

Supp (€ ’yl)P (Xz»J’z

Since we have considered a supremum over product probability distributions for the measurement choices on
the LHS, we can relax this to consider a supremum over all probability distributions p(x;, y;, %, y,) of the
measurement choices. This concludes the proof of (92).

Now we give a proof for additivity of intrinsic non-locality with respect to product probability distributions.
Since intrinsic non-locality is super-additive, it is sufficient to prove the following sub-additivity property for
product probability distributions:

N (AAy; BiBy), < N(A;; B): + N(A; By),. (105)

Consider the following states

PAALBEXKY, = > PG, %, syt (@, bilxi, )1 (az balx, 1)

ay,b1,x1,),,02,b2,%2,y,

[a1 by a2 by x1 %% Y, Y, 4B AB X HXYs - (106)

Consider an arbitrary extension of the state p 1 1 5 5,x %, v,

P A LB BX %Y BHE = Z P, %, 1 Y t(an, bilxs, )1 (ag, balx, y,)

”])hlyxh}’l)aZ)bZ»sz/z

[ambixiyaabrny] ® p?’bl’xl’y"az’bz’xz’yz. (107)
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Now; consider a particular extension of the state p 5 1 5 5, x x,v v

CAIAZBIBZXIXZYIYZEIEZ = Z p(xly X2, }/1, yz)t(al) hllxl) yl)r(ab b2|x2y )/2)

anbyx, b2 %07
[abiar by x99, 14,8 x v A, By oy, ® p?;ll’bl’xl’yl ® p?;zz’bz’xz’yz. (108)
Then, we have the following set of inequalities:
infexin 1071 (A1A2; BiBolXi iXo Y2E), < I(AAy; BiBoXi X 2B By (109)
= I(AU 31|X1Y]X2 YzElEz)g + I(A2§ BllElEZXIYIXZ YZA_1)§
+ I(As; B Xi X YL Eo By)e + 1(Ay; BolXi X 2 E(E2A1By)e  (110)
= I(Al; B1|X1Y1X2 YzElEz)g + I(Az; Bz|X1 nx, YZEIEZAIBI)C- (111)

The first inequality follows from a particular choice of an extension. The first equality follows from the chain
rule. For the second equality, observe the following:

I(Ay; BIIEE; X Y X, YoA)) e = H(AEE, X N X, Yo A — H(AEE X Y, X, Y,A,B))¢ (112)
= Z (1 %5 Y5 1) [H (A2 A E Ey) s — H (A3|ALELEy By)mnn],  (113)
X1X201Y>
where
Cﬁfiﬁﬁ = tal)als @ P%ll’x' ® > r(amlo)ali, @ p%zz’xz, (114)
4 az
X2 Yp, »x1,b1,
Cinmdte = zbj tay, bilx, plabilis @ pp""" @ 3o r(@mlw)lals, © pp. (115
a1,01 a
Then, from (114) and (115), it follows that
H (A|ALE Ey) v = H (K| Ey)crsm, (116)
H(Az |A1E1E21§1)<"1x2}’2)’2 = H(A2|E2)C‘1"2}’272. (1 17)

This is equivalent to I (Ay; Bi|E E, X , X 2 Ap): = 0.
Similarly, I (A;; Bo|E E2Xi X, Y, By )¢ = 0. Then by inspection of (108), and from the no-signaling
constraints, it follows that

infexcin 107 (A1Az; BiBo|Xi Vi Xo 2E), < I(Aj; BIUXiYiE)) e + 1(Ay; By X Y2 Es)e. (118)
Since the above statement holds for an arbitrary no-signaling extension of the form in (107), it follows that
infexin (107)I(A1A23 31§2|X1 X, YZE)/)
< infexein 108y ] (A1; BiIXi iE))¢ + infexein (108)] (A3 BolXo Y2 Er)c.

(119)
Since the above inequality holds for an arbitrary probability distribution p(x;, %, ¥, 3,), we find that
SuPp(xl,xz,yl,yZ)infext.in aonI (AiAy; BiBy|Xi ¥ X, 5E),
< Supp(xhyl)infext.in (o) ! (Ai; BilX, YiE)¢ + SUP) (x,,5,) infextin (108) [ (A3 Byl X, Y, E>)c.
(120)
This concludes the proof. |

Proposition 13 (Superadditivity and additivity of quantum intrinsic non-locality). Let
plan, az, by, balxi, %, 3, 3,) bea quantum correlation that arises from a four-party state p , , p p » and POVMs

a
X1

characterized by A%, A%, Af,ll and Af,; Then the following no-signaling constraints hold:

o @, a, by, bolxi, %0, 335 15) = 3, plar, ax, by, bl %, 31, 35) VX1, %05 50, 1, 9, € 51, @, by, by € [1]
S, Pan, a3, by, balxi, %0, 11, 35) = 32, plan, a, by, balx, X5, 31, 35) VX5, %0, %1, 1, 95 € L8], @, by, by € [7]
Sy, P, a, by, balx, %0, 3y, 3,) = 0y plan, @, by, balx, %0, 3, 1) Yo 3 %0, %, 3, € [5), @i, az, by € [r]
Sy, P(a, ay, by, balxi, %, 715 35) = X2, plan, a3, by, balxi, %, 15 3,) Y955 50 %, ¥ % € [8), @, @, by € 1]

Let t (a, bilx, ;) and r(ay, ba|%, y,) be quantum correlations corresponding to the marginals of
play, @y, by, bolxi, %, ¥, 3,). Then the quantum intrinsic non-locality is super-additive, in the sense that

NQ(A,Ay; BiBy), > NQU(A; By): + NUAy; By),. (121)
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If p(ay, by, a3, balxis %, ¥ ) = tar, bilxi, y)1(as, balw, p,), then the quantum intrinsic non-locality is additive
in the following sense:

NQ(AAy; BiBy), = N2A;; By), + N9U(Ay; By, (122)

Proof. The proof follows by using similar techniques as proposition 12, and by taking appropriate quantum
extensions. u

Let p, bea quantum state, and let p 5, p%3* be an assemblage that arises from the quantum state p, z and
some measurement { A }”. We then prove that the intrinsic steerability of the assemblage p Alx Py isnever
smaller than the quantum intrinsic non-locality of all the bipartite correlations that can arise from this
assemblage.

Proposition 14. Let p(a, b|x, y) be a quantum correlation that is obtained by performing a POVM {AI; }p on the
assemblage { p 7 x (alx) p"} ax. Then the quantum intrinsic non-locality of the correlation p does not exceed the
intrinsic steerability of the assemblage p. That is,

NQ(A; B), < S(A; B);, (123)

where we recall that p is a shorthand to denote the assemblage.

Proof. Let p(a, blx, y) bea quantum correlation that arises from the assemblage p 5 (alx) p%3*. That s,

p(a, blx, y) = Tr[AY(pzx (alx) p)]. (124)

Let p 5, (alx) p; be a particular no-signaling extension of p 5 (a|x) pi;”. Then one possible no-signaling

extension of p(a, blx, y)is
p(a, blx, ) p™"” = Tral AY(p 5 (alx) P (125)

From [SBC+15], it follows that the above is also a quantum extension.

Let p(x, y) be an arbitrary probability distribution. Let p(a, b|x, y) be a correlation embedded in a
classical—-classical state p ; 5y, with the following particular no-signaling extension:
Pasxve = Y, PG y)p(a, blx, y)la b x ylagxy ® p%’b’x’y, (126)

a,b,x,y

and an arbitrary quantum extension:

oamve = Y, pe6 ¥)pa, bx, y)la b x yligy @ o (127)
a,b,x,y

Similarly, let p ;5 be a state into which the assemblage p 5y (alx) Py isembedded, andlet p 4y, be a particular
extension, where

Pisxe = 2, PP g x@l)a xlix © pgp. (128)
Let
Pasxve = p_ PO6 Mpzx@l)la xlax @ pgr. (129)
Then,
I(A; B|XE), = I(A4; BY|XE),. (130)

This follows from chain rule of conditional mutual information and inspection of (129). Observe that Bob can
perform alocal operation and tranform the state p ;5\ yp t0 p 15yye- Then, from the data-processing inequality,
we find that

I(A; BIXE), > I(A; BY|XE), (131)

This means that for every no-signaling extension p 4, of the state p 5, that encodes the assemblage
P z1x (alx) p™*, we can find a quantum extension p 5 gy, Of p z5xy that encodes the correlation p(a, blx, y)
derived from the assemblage p X (alx) p**, such that (131) is true. Therefore, we obtain the following:

infext in (128)I(A§ B|XE)p 2 infext.in (126)I(A; EY|XE)p (132)

5 o 1T s . . . .
From [SBC+15], it can be seen that given a bipartite assemblage, we can always find an underlying quantum state and measurements.

14
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> infextin 127)I (A5 BY|XE),. (133)

This in turn implies that
S(; B); > NO(A; By, (134)
concluding the proof. [

3.6. Intrinsic non-locality of a PR box
In this section, we calculate the intrinsic non-locality of a PR box.

Proposition 15. The intrinsic non-locality of a PR box isequal to 1, i.e., N (A; B), = 1, where p is the correlation
definedin (14).

Proof. Consider the state

Pasxy = . PG y)p(a, blx, y)la b x ylisxy, (135)
a,b,x,y

where p(x, y) is an arbitrary probability distribution. Consider a no-signaling extension of the state

Pasxve = Y, PG y)pa, blx, y)[a b x ylasxy @ p%’b’x’y. (136)
a,b,x,y

The no-signaling constraints are

> p@, blx, p)Ib x ylaxy ® p0 =3 pla, blx's )b« ylaxy @ py """, (137)
a,b,y u,b,y
> p(a, blx, y)la x ylixy @ p’é’y’“’b =" p(@a, blx, y)la x y'lixy ® pz«’}'/’”’b. (138)
b,a,x b,a,x

From (14), and the no-signaling constraint in (137), we arrive at the following constraints on the possible states
of Eve’s system:

P00 g 0 0 Pl g 0 0
0011 1011
L 0 A 0 o
0 o L0 o [T o 0 L0 g (139)
PE PE

o o o pM o 0 0 p
In the matrices given above, the rows and columns are indexed by (y, b). The first matrix on the left corresponds
tox = 0,andthesecondoneon therightcorrespondsto x = 1.The constraintsin (139) can also be written
as

(1) p%OOO — plEOOO, (2) pOEOll — pIEOll,
3) p%100 _ pglo) (4) poEm: p1E101' (140)

Similarly, from (14), and the no-signaling constraint in (138), we arrive at the following constraints on the
possible states of Eve’s system:

0000 0100
0 0 0 0 0 0 0 0
o Mo 0 o Ao 0
1000 = 1101 : (141)
0 0 Pl 0 0 0 P 0
0 0 0 plEOll 0 0 0 p%no

In the above block matrices, the rows and columns are indexed by (x, a). The first matrix on the left corresponds
to y = 0,and the second one on the right corresponds to y = 1. The constraints in (141) can also be written as

(5) pOEOOO: p(])EIOO) (6) pOEOll: pOElll,

(7) pEOO(): plElOl) (8) pOElll: plElOl. (142)

Byfollowingl — 7 — 4 — 6 — 2 — 8 — 3 — 5 — lin theabove, we obtain pg’y’“’b = pg’y/’“l’h/ Vx, x/,

v, ¥' € [s]land a, a’, b, b" € [r]. Thisimplies that p ;5 has a trivial tensor product no-signaling extension.
Hence,
I(A; BIXYE), = I(4; BIXY), = 3 p(x, »)I(4; B) v (143)
xy
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= p@ y)HA)~ — H(A|B),) (144)
%y
=1 (145)
Itis easy to check that given realizations of X, Y, the entropies H (A|B),~» = 0and H(A),~ = 1. [

4. Faithfulness of restricted intrinsic steerability

In this section, we solve an open question from [KWW 17], regarding the faithfulness of restricted intrinsic
steerability.

Theorem 16 (Faithfulness of restricted intrinsic steerability). For every assemblage py™, the restricted intrinsic
steerability S(A; B); = 0, ifand only if it is an LHS assemblage. Quantitatively, if S(A; B), < e, where

0< Eﬁl X |% < 1, there exists an LHS assemblage o zxp such that

81 / 16| Xll /2

e

Sup, o 1P axs — caxslh < 141 (61/4 +
Proof. The forward direction (‘if’) was established in [KWW17], Proposition 12. We now give a proof for the
reverse direction (‘only if’) of the theorem.
L
| ]
generalize it to a proof for an arbitrary distribution py (x). This proof shares some ideas from the proof for
faithfulness of squashed entanglement [LW18].

Invoking theorem 5.1 of [FR15], we know that there exists a recovery channel Ryg_, 1xx such that

1P axpe — Rxe—axe(ppe ® p)lh < JI(A; BIEX),In2 = ¢, (147)

lpaxse — RxE—Axe0 Trax(paxse @ Px)h < 6 (148)

Let us first construct a proof strategy for a uniform probability distribution py (x) = ,and then we

where systems A, and A, are isomorphic to system A, and systems X, and X, are isomorphic to X. In the above,
we have invoked the no-signaling condition I (X; BE), = 0, which implies that p, and p are product as
written. Now, let us apply this recovery channel again. We then have that

IR xe-AxE0 Trxa (P 2,05 @ Px) — OfaRxi—axieo Tra, x ((Paxse @ Px, @ px)lh <t (149)

which follows from the monotonicity of trace distance with respect to R x,g_, 4, x,£© Trx, 4,- Then, combining the
above equation with (147) via the triangle inequality, we obtain

P AxsE — O?:ZRXiE*’AiX[EOTrAi—IXi—l(pAlXIBE ® px, ® px)lh < 2t (150)
For j € 4, ..., n, again apply the channels Ryg_, AX.EC Tr AX o along with the monotonicity of trace norm
under quantum channels, combining the equations via the triangle inequality, to obtain the following inequality:
lpaxe = Trel Ol R —axieo Tra, x, (paxs @ PO} < nt. (151)
The recovery channel R x . 4.x,r can be taken as [Wil15]
Tijy —1_j Ll 1o
Rae—ixe() = P Pxi ~OPxE  Pige s (152)
I B e 1
= Z|x> <x|X ® (pi%E)%+MpE2+M(')pE2+I (PEE); M) (153)
X
forsome w € R.Let 0 znx»pr denote the following state:
oixpe = (Rx,p—i,x,E© * © Rxp-ixE) (05 @ 05" (154)
= Z Pxr(x")q grxn(@"]x™) Ix") (x| @ |a™) (@] p @ %" (155)
a",x"
o i"xg = Trg(o i"xBE) (156)
— Z PX”(xn)‘ZA”|X"(ﬂ"|xn)|xn> (x"yr @ |a™ (a"| 4 @ o‘%’z,xn‘ (157)
g
0 A,x;8 = Tr g\t xi\ 13 (0 znxnp) (158)
= Z pX”(xn)QA”|X”(an|xn)|xn> <xnlxn ® |a”> <a”|An X o’%r:,xn’ (159)
s

where AW\ = AlA, -+ A;_1A;, -+ Ay and similarly X\ = XX, - X X; ) -++ X,,. Furthermore,
q i x»(@"x") is a probability distribution for a” given x" after the application of the recovery channels
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R x,e—4,x;g- From (151), we obtain forall i € {1, 2, ..., n}that
lpaxs — oaxslh < nt. (160)
The application of the recovery channels generates the data (x;, a1), (%, @), ..., (X a,). Thex;correspond

to the measurement choices, and the a; correspond to the measurement outcomes. This data is called the ‘cheat
sheet’ and acts like a hidden variable . The formulation of the cheat sheet is similar to the construction ofa LHV
model in [TDS03].

We now devise an algorithm to generate 4 from % by using the cheat sheet. The generated state o jzpisa
local-hidden state, with the cheat sheet as the hidden variable. We then prove that ¢ 55 is close to the original

state Pixs:
Alice receives %. She searches for all the values of i for which x; = %, and generates i uniformly at random
1
oxn ({|Fx") = ————0x.5 (161)
Prxxe Gl NG

where 0,z is the Kronecker delta function and where N (%|x") is the number of times that the letter X appears in
the sequence x". Then, she outputs d with probability

PA|A"1(5|ﬂ"i) = 04, (162)
Therefore,

P i (@l%x"a") = > P iy arerg (Ala"ix"X) ppy g 4n (1|Xx"a") (163)

i=1
= ZpAlAnl(dla”i)pIIXXn(ilix”). (164)

i=1

" 1

= ———— 000 165
2 Sy (165)

If ¥ does not belong to the sequence x”, then she generates @ randomly. This sequence of actions can be
expressed in terms of the following conditional probability distribution:

1 if N(&|x") =0
~ ~ A 4 =
P Ao (A%, x", a") = |1 | (166)
n 03,044 else.
szl N()’Elxn) %,x;Ya;a

Itis easy to check that 3= ;p 5 g x4 (A%, X", @) = 1.
We now use the notion of robust typicality [OR01] for the analysis.

Definition 17 (Robust typicality [OR01]). Let x” be a sequence of elements drawn from a finite alphabet X', and
let p(x) be a probability distribution on X. Let N (x|x") be the empirical distribution of x". Then the 6-robustly
typical set T{ for 6 > 0 is defined as

TX = {x”: VA,

%N(xlx”) Py )

< 6p(x)}. (167)
The following result holdsfor 0 < 6 < 1:

Property 18. The probability of a sequence x " to be in the robustly typical set is bounded from below as

né2uy

PriX"e TX'}) > 1 — 2| X|exp 5, (168)

where
fx = MiNye xp, (x)>0Px (%)- (169)
The state generated after the application of the algorithm in (166) is as follows:
oase =y px®IR) (Fx @ 3 pagxon @F, X", apn(x")q oy (@"xM|8) (@5 @ o (170)
%a

x"a"

Then, define the following sets:

+ S(X): setof sequences x” such that X € x" and x" € T,

+ S,(%): set of sequences x " such that ¥Zx" and x" € T,

17
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+ S;:setof sequences x " such that x"¢ T(gxn.

So we can write the state o ;g as

cizs= Y p;®X) Ex @ | S pa@lk x" a"la) (dloq@", xMoy

X,d x"e S (x),a"

+ Y p@E " anla) (@l © q@, xod T+ Y p(lk, x, aﬂ>|a><a|®q<an,xﬂ)o%”’x"], (171)

x"€S,(X),a" x"eSs,a"
0 x5 = 04k + 05k + 0y (172)
From the triangle inequality, we obtain the following:
lpass — oaxslh < llpags — olixgh + lo5kslh + loGiglhs (173)
where
1 1¢
1paxs — oG%slh < || Paxs — QZUA,-XIB ZUAXB i (174)
I L
<1’ll’+H ZUAXB_JAXB (175)
1
Let us analyze each term individually, beginning with
lo5kslh = 2o px@ 1) (Ex @ >0 p@lk, x", a"la)(alega”, xMof™ (176)
x,d x"e€Ss,a" 1
<2 P@® Do pGMa@kp@l, &, an|[1%) (%] © |a){al @ o |y a77)
x,a x"eSs,a"
= Zp(x) > P(x”)z q(a"lx”)Zp(alx, x" a") < &, (178)
X"€S;

where g = 2|X|exp~ & . The first inequality follows from convexity of trace distance, and the second
inequality follows from the definition of S5 and (168).

Let us now consider S, (%), that is, the set of sequences x” such that ¥Zx" and x" € T(SX". From definition 17,
we know that for the robustly-typical set, the following condition holds

x"mVx e X, lN(x|x”) — py ()| < Opy (x). (179)
n

For a robustly-typical sequence to have an empirical distribution N (x|x") = 0, itis required that 6 > 1.So, we
restrict 6 € (0, 1). Thus, by the fact that p, (x) > Oforall x € &, itisimpossible for N (%|x") = 0 and

x" e TéX Thatis,

||O'(j))(B||1 =0. (180)
Consider that
ISP IS
% a",x"e8(X),a
n
X3 ————Ga,abz, A3 @ Pyr (X" o (@lx" G (181)
i1 N(X|x")
P (%) NG [3) g (]l \ ). %
= ZP(X)[X]X ® Z[a]A ® Z > = pyin (x |%)q(dlx )
M2 kI liheE g (%), alM \ i} N (%|x )/n
(alrm\ ) |\ ch)g%""\"’)X‘”J\"’,x’ﬂ, (182)

where x["1\ (1% refers to a sequence x " with x; = X.
We now want to give an upper bound on the second term in (175):

H _ZUAXB AXB

, (183)
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where
TaxE = D Py ()0 (@ X" ) (xilx, © lai) (ailz, @ o
a’,x"
Let us define the following sets:
+ S1(x;): setof sequences x” such that x; € x"and x" € Téxn,
+ Sy(x;): set of sequences x" such that x;Zx" and x" € T5X",
+ Ss:setofsequences x” such that x" & T5X“.
Then,
O A X;B= Z an(x”)qAnlxn(anlx”)lx,-) (xilx; @ lai)(aila, ® anxt
a"x"e Sy (x;)
+ Z px"(xn)QA”|X'*(an|xn)|xi> (xilx; ® lai)(aila, ® O_%",x"
a"x"e Sy(x;)
+ > e @lxM xi) (xilx, © lag) (ail 4, @ of™
a"x"€S;
(/:)XB + U(j)XB + O-(j)XB

EKaur etal

(184)

(185)

(186)

Then, using the convexity of trace distance with (183) and typicality arguments similar to (178) and (180), we

find that
ZJAXB AXB _Z ||UAXB - O—;;B ‘
I
< Z ||0-(AI)XB Eﬂ}))éBHI + &
where

o5 = D Py Ce)lxilx, ® Y lails,

a;

® 3 PGV x) g @\ x) g (@ \ D NGy 6) o QNN

xl\bxie 5 (xp),al\ )
and
s = Z P@IXIx ® Y lali ® > 7173?(@ pxinm I R) g (@l 1)
7 XI\LLSES ()l \ () N (x|x™) /n
q(a[n] \ {i} |x[n] \ [1},ia) O_%Irt]\{i),x[n]\(i),)z)g.
Invoking (179), we find that
; 6
1) oW
o < ,
Z” AX;B AXB”l\ 1_6
where § € (0, 1). After combining (178), (180), (188), and (191), we obtain

6
lpixs — oaxslh < nt+ ﬁ + 2¢q.
Minimizing over all possible no-signaling extensions, as required by the definition, we find that
6
lpixs — oixslh < n inf, . t+ —5 + 2¢.

Since p 55 and o ixp are classical quantum states with py (x) = , we obtain

[E7]

6
Yo lleks — %l < |X|(n inf, t+ 1-% + 281).
X

This implies that the following inequality holds forall x € A"

. 0
||pEB - U%BHI < |X|(7’l lnprXBEt + m + 281).

(187)

(188)

(189)

(190)

(191)

(192)

(193)

(194)

(195)

This means that we can average the above to get a bound for any arbitrary distribution p(x) on x. Therefore, we
can now relax the assumption of a uniform probability distribution, in order to obtain the following bound for

19



10P Publishing

New J. Phys. 22 (2020) 023039 EKauretal

an arbitrary probability distribution:
. 6
Sup, o IlPasx — oasxlh < |X|(n SUp,, (infy .t + T35 + 251), (196)

which implies that

= §
Sup, ) lpapx — oasx|h < |X|(n1/S(A; B);In2 + T + 251). (197)

Given S(4; B); < ¢ (as required by the condition of faithfulness), choose n = (1/¢)!/4, § = &!/16| X|'/2 (recall
that werequire 6 € (0, 1)). We know by the Chernoffbound [OR01] that g = 2|& |e’ﬁ52”. Substituting these
values, we find that

51/ 16|X|1/2

I /4y = L
lpasx — oasxlh < |X|(€ +T EVEET

+ 4|X|ef§’"), (198)

This concludes the proof. |

5. Faithfulness of intrinsic non-locality
The following theorem, combined with proposition 7, establishes that intrinsic non-locality is faithful.

Theorem 19 (Faithfulness of intrinsic non-locality). For every no-signaling or quantum correlation p(a, b|x, y),
the intrinsic non-locality N (A; B), = 0, ifand only ifit has a LHV description. Quantitatively, if N (A; B), < ¢,
where 0 < ¢'/19d"/2 < 1, ford = |X| - |V, there exists a probability distribution [ (a, blx, y) havinga LHV
description, such that

cl/1641/2 N

—1/4
Sup,, ey lPaxay — Yaxsylh < d(51/4 i T 4de3)’ (199)

where p z gy correponds to the classical-classical state p, (x, y)p(a, blx, y) and v 3y, is the classical-classical
state correspondingto p. (x, y)l(a, blx, y).

Proof. The proof closely follows the proof for faithfulness of intrinsic steerability. We first construct a strategy

for pyy (%, y) = |17||17| and then generalize it to an arbitrary distribution. Invoking [FR15], we know that there

exists a recovery channel Ryg_. 1xg such that

o axsve — Rae—axe(ppye @ py)lh < {I(A; BY|XE),In2 =1t. (200)

Since I (BE; X| Y), = 0from (21),and py (x, y) = %.é,we canwrite pgyyp = Pgyp @ py- Followingan
argument similar to (148)—(151), we obtain the following inequality:

lpazxy — waxsy | < nt, (201)

where
wirxpye = O 1 Rxe-AxePpye © Y (202)
WXy = Trggn/ixni(w A"xyE)- (203)

Since the distributions p, (x) and p, (y) are independent, we have

[(X" Y), = 0. (204)
From the no-signaling constraints, we have
I(X"Y; E), = 0. (205)
This implies that
[(X"E; Y), = [(X"; Y), + I(E; Y|X"), = 0. (206)

Since the systems A"X"E of w znxngye are obtained from the application of the recovery channel on systems X,,E
ofthe state p 5, We can use quantum data processing for mutual information to obtain the following
inequality:

I(A"X"; Y),, = 0. (207)
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This implies that

wixgy =, pxMq@’|x") p(y)qbla"x"y)[x" a" b ylx-argy. (208)
x",a",y,b
Alice’s strategy is exactly the same as before, and the following state is obtained after the application of the
algorithm in (166):

Yazpy = px@IR)(Flx @ D pajgsear(@IF, X @")p o (x")q g 0 (@ p () g (bla"x"y)[a b y)isy-

X,a,b,y x"a",

(209)

Note that this state is a local-hidden-variable state. This construction of the local-hidden-variable state shares
some similarities with [TDS03]. By following the arguments given for the proof of faithfulness of intrinsic
steerability, we obtain

o
lpaxsy — Vixsy|h < nt + 1T-35 + 2g. (210)
This implies
. o
lpaxey — vaxsy [y < ninf £+ —— 4 2a. (11)
P AXBYE 1—-96
This implies
. o
le(a, blx, y) — l(a, blx, y)| < |X||y|( inf t 4+ —— + 251) Vxe &, ye ). (212)
a,b P AXBYE 1-96
Now, using triangle inequality, we obtain the following for any arbitrary distribution p(x, y):
. o
lpaxsy — vaxsy[h < IXID?I( inf ¢+ T 251). (213)
P AXBYE -

This implies

— §
sup lpaxay — vassy[h < IXIIyI(\/N(A; Blpln2 + —— + za). (214)

Pxy (6y)
Given N (4; B), < ¢ (asrequired by the condition of faithfulness), choose n = (1/¢)'/4, § = e!/16|x|'/2|Y|1/2.
This proofholds onlyif § € (0, 1). We know by the Chernoffbound [OR01] that g = 2|X]| | Ve simim®n,
Substituting these values, we obtain

sl/lélel/z ) |y|1/2 4
Ty e e A Ple) (215)

|l paxay — vaxsy|h < |X]- |.)7|(€1/4 +
This concludes the proof. n

Corollary 20 (Faithfulness of quantum intrinsic non-locality). For every quantum correlation p(a, b|x, y), the
quantum intrinsic non-locality N2(A; B), = 0, ifand only if it has a LHV description. Quantitatively, if

NQ(A; B), < &, where0 < el/10dl/2 < 1, ford = |X| - |, there exists a probability distribution 1(a, b|x, y)
having a local hidden-variable description, such that

1/16 41/2 iy
glrted 1 4), 216)

sup |[paxsy — Yaxsy i < d(€1/4 Tz T 4de
Pxy (y) l—¢ d

where p z gy correponds to the classical—classical state py, (x, y)p(a, blx, y) and vz, is the classical—classical
state corresponding to pyy (x, y)1(a, blx, y).

Proof. The if-part of the proof follows from proposition 7. The only-if part follows from proposition 6 and
theorem 19. [

6. Upper bounds on secret key rates in device-independent QKD

We now consider the task of device-independent QKD. We consider two honest parties, Alice and Bob, who
share a two-component device and want to extract a shared secret key from this device.

In general, in the device-independent literature, many prior works have devised lower bounds on the key
rates for particular protocols, as done in [ABG+07, AFDF+18]. By a protocol, we mean a sequence of steps in
which Alice and Bob interact with their devices and communicate publicly with each other.
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Here, we are interested in a different question. We fix the black-box device that is shared by Alice and Bob.
We assume that the correlations generated from this device are characterized by a correlation p(a, b|x, y). We
then pose the following question:

Given a device characterized by p(a, blx, y), whatis a non-trivial upper bound on the secret-key
rate that can be extracted from this device with any possible protocol?

We answer this question for an i.i.d. device, which means that in each round of the protocol, the device
considered is characterized by the correlation p(a, b|x, y). The inputs of the device in a particular round can be
correlated with the input of the device in other rounds. The assumption that the device is characterized by the
correlation p(a, b|x, y) is not a drawback since we are interested in determining upper bounds on secret-key
rates here. In what follows, we prove that the quantifiers introduced above are upper bounds on the secret-key
rates that can be generated from the device.

In device-independent key distribution, we assume the presence of an eavesdropper who obtains all of the
classical data communicated between Alice and Bob during the protocol. Furthermore, the system held by the
eavesdropper can have joint correlations with the systems held by Alice and Bob. Let Alice and Bob share a
quantum correlation p(a, b|x, y) as defined in (10). Let the correlation shared between Alice, Bob and Eve be
defined by p(a, blx, y) p% by 1f p(a, blx, y) Py 0% has an underlying quantum strategy as described in (27),
then we call the eavesdropper a quantum Eve. If p(a, b|x, y) p“E’b ) only fulfills the constraints given in (20) and
(22), then we call the eavesdropper a no-signaling Eve.

6.1. Device-independent protocols

We now state the general form of a device-independent protocol with no-signaling eavesdropper for which our
upper bounds hold. Such protocols have previously been considered in [BHK05, Mas09, MRC " 14]. Let n € Z*,
R > 0,and ¢ € [0, 1]. Let p(a, b|x, y) be the correlation of the device shared between Alice and Bob. We define
an (n, R, ¢) device-independent secret-key agreement protocol as follows:

+ Alice and Bob give the inputs x” and y " to their devices according to p.y.(x", ¥"). The device is used # times,
and the distribution p.,.(x", y")isindependent of Eve. Alice inputs x; and obtains the output a;. Bob inputs

y;and obtains the output b;, where i € {1, ..., n}. Theinputand output distributions are embedded in the
state o gngnxnyn, where
CaRExyr = Y Py (X7 yMPU(@”, BT, y") [a"b X"y qrgrxey e s (217)
x”,y”,a”,h”

and p"(a", b"|x", y")isthelii.d. extension of p(a, b|x, y). Thejoint state held by Alice, Bob, and Eve is a no-
signaling extension ¢ gngnxnyng Of 0 gngrxnyn.

+ Alice and Bob perform local operations and public communication, with C, denoting the classical register
communicated from Alice to Bob, C, is a classical register held by Eve that is a copy of C,, Cg the classical
register communicated from Bob to Alice, and Cy is a classical register held by Eve that is a copy of Cp. This
protocol yields a state wg, k, k¢, ¢, x»y+ that satisfies

Wk ksEx '€,y — Pruky @ WExyiCycalhl < &5 (218)
for all no-signaling extensions, where

an

— 1
Dk, = ﬁ2|kk><kk|mks- (219)
=1

A rate Risachievable for a device characterized by p if there existsan (1, R — 6, €) device-independent
protocol forall € € (0, 1), 6 > 0, and sufficiently large n. The device-independent secret-key-agreement
capacity DI (p) of the device characterized by p is defined as the supremum of all achievable rates.

Theorem 21. The intrinsic non-locality N (A; B), is an upper bound on the device-independent secret-key-
agreement capacity of a device characterized by p and sharing no-signaling correlations with an eavesdropper:

DI(p) < N(4; B),. (220
Proof. For an arbitrary (1, R, €) protocol, consider that

nR = I(Ka; KplEX"Y"Cy Cp) e (221)
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Figure 2. This figure depicts a device-independent secret-key agreement protocol, along with the various states involved at each time
step. The classical systems A"X"B"Y" are processed by local operations and classical communication to produce classical key systems
K, and Kp that are approximately independent of the no-signaling extension system E, the input systems X" and Y", and copies Cy
and Cj of the classical systems C, and Cg, respectively.

< I(Ky; KplEX"Y"Cy Cp),, + €’ (222)
< I(My CgCp; MpCgColEX"Y"C,Cp), + €’ (223)
= I(My Cs; MgGCylEX"Y"C,Cp), + €' (224)
< I(My Cy; MpCplEX"Y™), + €/ (225)
< I(A"; BYEX"Y™), + €/, (226)
where
e = nRe 4+ 2[(1 + e)log(1 + ¢€)) — eloge]. (227)

In the above equations, oxngnry» is the classical—classical state obtained from the device after Alice and Bob enter
in the measurement inputs. Alice, Bob, and Eve hold a no-signaling extension ox»»gny=g. Alice performs alocal
operation £4 to obtain M, and C4. She communicates C, to Bob, and Eve also obtains a copy Cj of the classical
communication. Similarly, Bob performs alocal operation L to obtain Mg and Cg. He communicates Cg to
Alice, and Eve also obtains a copy Cp of the classical communication. Alice then performs alocal operation D,
on My, Cg, and C, to obtain K, while Bob performs alocal operation Dy on M3, Cy, and Cg to obtain K. Fora
pictorial representation of the above description, refer to figure 2.

The first inequality follows from the uniform continuity of conditional mutual information [Shil7,
Proposition 1]. The second inequality follows from data processing. The second equality and third inequality
follow from chain rule of conditional mutual information, as well as the fact that C; is a classical copy of C4 and
Cgis a classical copy of Cp. The last inequality follows from data processing for conditional mutual information.
Since the above inequality holds for an arbitrary no-signaling extension of o gngrxny, we find that

nR < inf I(A"; B"|X"Y"E), + €. (228)
T A"BIXnYnE
This implies that
nR < N(A"; B"), + €. (229)

By the assumption that the device is i.i.d, we can invoke the additivity of intrinsic non-locality from
proposition 12 to obtain

(1 —e)R < N(A; B), + 2[(1 4 e)log(1 + ¢)) — eloge] /n. (230)

Taking the limitas # — ooand ¢ — 0 thenleadsto DI(p) < N(A; B)p. [

Now, let us consider a class of device-independent protocols in which the eavesdropper is restricted by
quantum mechanics. These models have previously been studied in [ABG+07, AFDF+18]. The general form of
a device-independent protocol with a quantum eavesdropper remains the same except that we now consider a
quantum extension (27) of the state in (217). We then arrive at the following theorem:

Theorem 22. The quantum intrinsic non-locality N2(A; B), is an upper bound on the device-independent secret-
key-agreement capacity of a device characterized by p and sharing quantum correlations with an eavesdropper:
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DI(p) < NO(4; B),. (231)

Proof. The proof of the theorem is similar to that of theorem 21. |

We should explicitly point out that the general form for protocols that we consider allow both Alice and Bob
to exchange public classical information. Therefore, the upper bounds via intrinsic non-locality and quantum
intrinsic non-locality hold for two-way error-correction as well. It has been observed in device-dependent QKD
that two-way error-correcting protocols surpass the threshold of the one-way error-correcting protocol
[BAO7, WMUKO07, KL17]. This question has only recently been explored in DI-QKD in [TLR19]. Therefore, it is
possible that the upper bound via the intrinsic non-locality will not be tight for the existing DI-QKD protocols
[ABG+07, AFDF+-18] which consider only one-way error-correction.

Another point to make is that in the protocols we consider, Alice and Bob announce their measurement
choices. Thatis, X and Yare known to Eve. The secret-key is extracted from A and B. There are certain protocols
in the device-independent literature where the outputs A and B are broadcast and the local randomness
variables X and Yare the basis of the key [RPMP15] (note that [SARG04] introduced this concept in the device-
dependent QKD literature). For such DI-QKD protocols, our upper bounds do not hold.

6.1.1. Other considerations
Bounds on device-independent QKD protocols based on certain states were also previously discussed
in [FIM15].

There is yet another way to model a no-signaling adversary in the device-independent secret agreement
protocols which has been considered in [BHKO05]. This model is set in ‘box world’, where each player including
the eavesdropper has a set of possible inputs and outputs. Therefore, it becomes natural to model the joint
system with a conditional probability distribution Pyggxyz. In [WDH19], the authors introduced squashed
non-locality to provide upper bound on key rates of device-independent protocols with the aforementioned
model of the eavesdropper. This is in contrast to the model that we consider where the eavesdropper is a
quantum no-signaling adversary but is not equipped with a number of measurements.

6.2. One-SDI protocol
Letn € Z*,R > 0,and ¢ € [0, 1]. Wedefinean (1, R, €) one-SDI secret-key-agreement protocol for an
assemblage p == {p, x(alx) Py} ax as follows:

+ Alice givesinputx” to get an output a”. The assemblage shared by Alice and Bob is then

Parpe = 9 Py (XM (@XM [x", a"lxnae @ pis (232)

x"a"

where {p A (a"]x™) p]”;;""} o isaniid. extension of the assemblage { Pajx (alx) 05"} ax- Alice, Bob, and Eve
hold a no-signaling extension of the above assemblage:

Panps = Y Py (P gy (@XM X", @ @ phg (233)
xn_‘un
+ Bob inputs y;and obtains the output b;, where i € {1, ..., n}.Letthe measurement correspondingtoy”bea

set { Yy };» of measurement operators, such that 3°,(Y;#)' Y/ = I. The state shared between Alice, Bob and
Eve is then o guxngnyng.

O A"Xy"B'E = Z P (xM)p gnxen (@™ [x", a"lxnzr & Zpyn(y")[y”]y,,

x"a" ynbn

® (Y plrd (Y3 ). (234)

+ Alice and Bob perform local operations and public communication, with C, being the classical register
communicated from Alice to Bob, C, is a classical register held by Eve that is a copy of C,, Cp the classical
register communicated from Bob to Alice, and Cy is a classical register held by Eve that is a copy of Cp. This
protocol yields a state wg, k, k¢, ¢, x»y+ that satisfies

|lwi,kExmyc, & — Pryky @ WXy e Gylh < €5 (235)

for all no-signaling extensions, where
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ZHR

= 1
(I)KAKB = ﬁZIkk> <kk|KAKB- (236)
k=1

A rate Risachievable for a device characterized by p if there exists an (n, R — 6, €) one-SDI protocol for all
e € (0, 1), 6 > 0,and sufficiently large n. The one-SDI capacity SDI(p) of the device characterized by p is
defined as the supremum of all achievable rates for p.

Theorem 23. The restricted intrinsic steerability S(A; B), is an upper bound on the one-SDI secret-key-agreement
capacity SDI(p) of a device characterized by p:
SDI(p) < S(A; B);. (237)

Proof. For obtaining the upper bound in the one-SDI setting, we continue from (226) as follows:

nR < I(A"; B"Y"|EX™), — I(A"; Y"|EX™), + ¢’ (238)
< I(A"; B'Y"EX"), + &' (239)
< I(A"; BY|EX™), + €. (240)

The first inequality follows from the chain rule of conditional mutual information. The last inequality follows
from data processing. Since the above inequality holds for an arbitrary no-signaling extension of p zuyugs» We

obtain
nR < inf, .. I(A"; B"|X"E), + ¢'. (241)
This implies that
nR < S(A"; B"), + €. (242)
Since we assume an i.i.d device, we find by applying the additivity of restricted intrinsic steerability [KWW17]
that
(1 — &)R < S(A; B); + 2[(1 + &)log(1 + ¢)) — eloge] /n. (243)
Taking the limitas # — coand e — 0 thenleads to the desired inequality SDI(p) < S(A; B),. [ ]

In the following proposition, Kp(p, ) refers to the distillable key of the state p, 5. For the exact definition,
please refer to Definition 8 of[HHHOO09].
Proposition 24. Let p, ; be a bipartite state, py™ an assemblage resulting from the action of a POVM on Alice’s
system, and p(a, b|x, y) be a quantum correlation resulting from the action of an additional POVM on Bob’s system.
Then, the device-independent secret-key-agreement capacity of the quantum correlation p does not exceed the one-
SDI secret-key-agreement capacity of p, which in turn does not exceed the distillable key of the state p, ,:

DI(p) < SDI(P) < K (pyp)- (244)

Proof. The proofis a consequence of the following observation: the DI secret-key-agreement protocol is a special
case of the SDI secret-key-agreement protocol with the measurements on Bob’s side corresponding to i.i.d.
measurements. Similarly, the SDI secret-key-agreement protocol is a special case of a secret-key-agreement
protocol acting on the state p,; with the local operations on Alice’s side consisting of i.i.d. measurements. [ ]

7. Examples

7.1. Device-independent protocol

We now consider a device that is characterized by the correlation p which has the following quantum strategy:
Alice and Bob share a two-qubit isotropic state why = (1 — p)®p + pmy @ 73, where By = %Z}’j _ ol (il
and 7 denotes the maximally mixed state. This state arises from sending one share of ®,5 through a depolarizing
channel. Alice’s measurement choices x, x;, and x, correspond to o, %, and Uz\_ﬁgx , respectively. Bob’s
measurement choices y; and y, correspond to o, and oy, respectively. The correlation resulting from this setup is
then p(a, blx, y), with x taking values from {x,, x1, %}, the variable y taking values from {y,, y,},and

a, b € {0, 1} being the measurement results. A specific device-independent protocol was studied in [ABG-+07],
which was then used to obtain a lower bound on the key rate from the above specified correlation.
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Figure 3. In this figure, we plot the upper bound in (253) and the lower bound from [ABG+-07] for the device-independent protocol
described in section 7.1. Relative entropy of entanglement of qubit-qubit isotropic state is given in [VPRK97]. For further explanation
of this plot, see the next section.

The secret-key rate in a device-independent protocol is bounded from above as follows (Theorem 22):

R < supp(x,y)inf/’/inyﬁzpXY(x’ )/)I(A, ElE)x:)"
Xy

(245)

The idea is now to consider some quantum extension of the probability distribution obtained from the black

box, and then bound the quantum intrinsic non-locality from above.

The technique presented below is similar to the technique used in [GEW16] to obtain upper bounds on the
squashed entanglement of a depolarizing channel. An isotropic state is Belllocalif p > 1 — — [HHH9Y5]. This

NG

implies that the quantum intrinsic non-locality of a correlation derived from w? is equal to zero for

p=>1-— %(Proposition 7).Fore<p<1— %,we can write the probability distribution g, (a, b|x, y)

obtained from w ; as a convex combination of probability distributions obtained from w* and w!~'/¥2, That

is, forsome 0 < o < 1, wehave
g, blx, y) = (1 — a(e))q,(a, blx, y) + ale)q,_ /2(a, blx, y).

By simple algebra, we obtain

a(e) =

Equation (246) can be written as

q.»(a blx, y) = (1 — a(€))q,(a, blx, y) + a(€)d> ] p(Ng 2(a, 1%, Mg z(bs [y, M.
A

Then, from convexity of quantum intrinsic non-locality (Proposition 11), we obtain
NQ(A; B), , < (1 — a(€))N?(A; B), .
Since the above equation is true for all o, we find that
NQ(A; B), , < ming<.<,(1 — a(e))NU(A; B), ..
This implies that

NQ(A; E)qu < mingg <p(1 — a(6))supp(x’y)infpmm(f)Zp(x, NI(A; BIE)p51 (e,

ABE
ey 4

(246)

(247)

(248)

(249)

(250)

(251)

where g isencoded in p zpxy (€) with p 75y (€) as the quantum extension. Let us choose a trivial extension of

the state p7(¢). Itis easy to see that
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Figure 4. In this figure, we plot the upper bound in (26 1) and the lower bound from [BCW+12] for the one-sided-device-independent
protocol described in section 7.2. The relative entropy of entanglement of a qubit-qubit isotropic state is given in [VPRK97].

I(A, B)p%]l;(f) > I(A, B)pf{g(f) Vx € &, y € ). (252)
Therefore,

2 —
2

We plot this upper bound in figure 3, and we interpret it and explain the relative entropy of entanglement bound
in the next subsection.

) o . € €
R < ming<e<p(1 — a(€)I(A; B)ol) = mingge<p(l — a(f))( log,(2 — €) + Elog2 6). (253)

7.2. One-sided-device independent protocol
Let us now consider an assemblage p(p) that is generated from an isotropic state, with xy = 0, and % = o,

then
puan(p) = (10) (0l © 110) (0l © (1 = p)I0) (0l + pr))
+ 20000l @ 11 (13 @ (1 = p)I1) {1ls + pr))
+ 200 1 @ 10) (0 & (1 = p)I) (+la + pr))

+ i(l1><1lx 2 1) (s @ (1 = p)l=){—Is + pr)). (254)

1
2
([KWW17], Proposition 7). For e < p < %, we can write the py ;5 (p) as a convex combination of states py ;5(€)

If p > 1/2,itisknown that p,;, is unsteerable [WJDO07], and therefore intrinsic steerability is zero for p >

and ngB(%).Thatis, forsome0 < o < 1

pxan(P) = (1= @) pyap(©) + apyas(5) (255)
Then, by simple algebra we obtain
a(e) =2=< (256)
E — €
From convexity of intrinsic steerability (Proposition 10 [KWW17]), we obtain
S(A; B)pp) < S(A; B)jie). (257)
Following the same argument as before, we obtain
S(A; B)j(p) < minge,<p(1 — a(e)) suppx(x)inf“me > px)IA; BIE), . (o) (258)

Px(x)
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Let us now choose a trivial extension of the assemblage. It is easy to see that

I1(A; B) e = I(A; B) e (259)
=1 (5)tog(5) + (1~ 5)log (1 — 5) (260)

We therefore obtain
$(4; B), = min (1 = a(@)(1+ (5)log(5) + (1 = 5)tog (1 - %)) (261

We plot this bound in figure 4.

Due to the fact that squashed entanglement is an upper bound on the rate at which secret key can be distilled
from an isotropic state [CEH-07, Wil16], as well as the above protocols being particular protocols for secret key
distillation, squashed entanglement is also an upper bound on the rate at which the secret key can be distilled in
one-SDI and device-independent protocols. However, the upper bound on squashed entanglement of an
isotropic state that we obtain after choosing the extension as given in [GEW16] is greater than the bound
obtained on intrinsic steerability of the assemblage considered above. Therefore, we do not plot the squashed-
entanglement bounds in figure 3 or 4.

For the same reason given above, the relative entropy of entanglement is also an upper bound on the rate at
which secret key can be distilled in one-SDI and device-independent protocols [HHHOO09]. The relative entropy
of entanglement of qubit-qubit isotropic states has been calculated in [VPRK97], which we plot in the above
figures. This bound performs better than intrinsic non-locality and intrinsic steerability in certain regimes. This
suggests that it might be worthwhile to explore if relative entropy of steering [GA 15, KW 17] and relative entropy
of non-locality [vDGG05] would be useful as upper bounds for one-SDI and device-independent QKD,
respectively.

The bounds that we obtain do not closely match the lower bounds obtained from prior literature. One
reason for this discrepancy can be traced back to the following question: is a violation of Bell inequality or
steering inequality sufficient for security in DI-QKD and SDI-QKD? Since our measure is faithful, it is equal to
zero if and only if there is no violation of steering inequality or Bell inequality. However, the lower bounds hit
zero at alower value of p than expected from the faithfulness condition. Another possible reason for the
discrepancy has been discussed in section 7.1, pertaining to two-way error correction that is allowed in the
protocols considered above.

8. Conclusion and outlook

In the present work, we have introduced information-theoretic measures of non-locality called intrinsic non-
locality and quantum intrinsic non-locality. They are inspired by the intrinsic information [MW99] and have a
form similar to squashed entanglement [CW04] and intrinsic steerability [KWW17]. We have proven that
intrinsic non-locality and quantum intrinsic non-locality are upper bounds on secret-key rates in device-
independent secret-key-agreement protocols. Similarly, we have proven that restricted intrinsic steerability is an
upper bound on secret-key rates in one-SDI secret-key-agreement protocols. To our knowledge, this is the first
time that monotones of Bell non-locality and steering have been used to obtain upper bounds on device-
independent and one-sided-device-independent secret-key rates, respectively. The faithfulness properties for
intrinsic steerability and intrinsic non-locality that we have proven here are of independent interest.

We now give an overview of the remaining open problems not addressed by the present work. It is not
known if either intrinsic non-locality or intrinsic steerability are asymptotically continuous. A naive approach
for establishing these properties is to follow the proof for asymptotic continuity of squashed entanglement
[AF04]; however, this approach does not straightforwardly apply due to the no-signaling constraints on the
extension system. From a foundational perspective, it would be interesting to provide an example of a
probability distribution for which the intrinsic non-locality with a classical no-signaling extension is different
from intrinsic non-locality with a quantum no-signaling extension.

We also suspect that the squashed entanglement of a bipartite state p, , is greater than or equal to the
intrinsic steerability of an assemblage that results from measuring p, ;. The approach in proposition 14 does not
apply because it does not account for the factor of 1/2 present in the definition of squashed entanglement.

Another promising direction to pursue is to improve the upper bounds on secret-key rates for device-
independent and one-sided-device independent protocols. Several works in the classical information theory
literature have introduced modifications of classical intrinsic information [RW03, GA10] in order to obtain
better bounds on secret-key rates than intrinsic information. In [RW03], a modified measure of intrinsic
information, called reduced intrinsic information, was introduced and proved to be a better upper bound on
secret-key rate than intrinsic information [MW99]. This bound was also subsequently improved further in
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[GA10]. It would be interesting to check if these techniques lead to improvements on the upper bounds
presented by intrinsic non-locality and intrinsic steerability.

One of the most important open questions is to determine if the relative entropy of steering [GA15, KW 17]
and relative entropy of non-locality [vDGGO05] would be useful as upper bounds for one-SDI and device-
independent secret-key-agreement protocols, respectively. It is possible that this might be the case; if true, it
could lead to tighter upper bounds for certain device-independent and one-SDI protocols.
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