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Characterizing the performance of continuous-variable Gaussian quantum gates

Kunal Sharma and Mark M. Wilde
Hearne Institute for Theoretical Physics, Department of Physics and Astronomy,

and Center for Computation and Technology, Louisiana State University, Baton Rouge, Louisiana 70803, USA

(Received 13 July 2019; accepted 20 December 2019; published 5 February 2020)

The required set of operations for universal continuous-variable quantum computation can be divided into
two primary categories: Gaussian and non-Gaussian operations. Furthermore, any Gaussian operation can be
decomposed as a sequence of phase-space displacements and symplectic transformations. Although Gaussian
operations are ubiquitous in quantum optics, their experimental realizations generally are approximations of
the ideal Gaussian unitaries. In this work, we study different performance criteria to analyze how well these
experimental approximations simulate the ideal Gaussian unitaries. In particular, we find that none of these
experimental approximations converge uniformly to the ideal Gaussian unitaries. However, convergence occurs
in the strong sense, or if the discrimination strategy is energy bounded, then the convergence is uniform in the
Shirokov-Winter energy-constrained diamond norm and we give explicit bounds in this latter case. We indicate
how these energy-constrained bounds can be used for experimental implementations of these Gaussian unitaries
in order to achieve any desired accuracy.

DOI: 10.1103/PhysRevResearch.2.013126

I. INTRODUCTION

Quantum computers use quantum properties such as super-
position of quantum states and entanglement for information
processing and computational tasks [1]. One of the notions
of universal quantum computation consists of the manipu-
lation of qubits encoded in discrete quantum systems and
the application of a universal set of quantum operations on
these qubits [1]. Another way to implement discrete-variable
(DV) quantum computation is to encode a finite amount of
quantum information into a continuous-variable (CV) system
[2–4]. This approach is appealing given that already existing
advanced optical technologies can be used for state prepara-
tion, manipulation of states, and measurement for the required
quantum computational tasks [5].

The notion of quantum computation can be further ex-
tended to CV systems, such that the transformations involved
are arbitrary polynomial functions of continuous variables
[6]. Recently, there have been many interesting advances in
the context of CV quantum cryptography [7], CV quantum
computing [8,9], and quantum machine learning [10]. One
of the advantages of CV quantum computation could be in
simulating CV systems more efficiently in comparison to a
DV quantum computer [11]. Moreover, a hybrid of DV and
CV quantum computation could be efficient for distributed
quantum computing and other related tasks [12–14].

The required operations for universal CV quantum com-
putation can be divided into two primary categories: Gaus-

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

sian and non-Gaussian operations [6,15]. Gaussian operations
correspond to the evolution of the state of light under a
Hamiltonian that is an arbitrary second-order polynomial in
the electromagnetic field operators. In particular, any second-
order Hamiltonian can be decomposed as a sequence of
phase-space displacements (elements of the Heisenberg–Weyl
group) and symplectic transformations (see, e.g., Ref. [16] for
a review). In general, along with Gaussian unitary operations,
access to a Hamiltonian of at least the third power in the
quadrature operators is sufficient to approximate any non-
Gaussian Hamiltonian that is polynomial in the quadrature
operators [6,17].

These CV Gaussian quantum gates have been extensively
investigated both theoretically and experimentally in the con-
text of quantum optics and quantum information processing
[18–21]. In general, these quantum gates are not experimen-
tally realized in their ideal form. Rather, one approximates
these operations using a sequence of other basic operations.
For example, a displacement unitary on an arbitrary input state
is commonly approximated by sending it through a particular
beamsplitter along with a highly excited coherent state [18].
Moreover, squeezing and SUM transformations are gener-
ally implemented using strongly pumped nonlinear processes,
which are inherently noisy, and their high sensitivity to the
coupling of optical fields in a nonlinear medium makes their
implementation on an arbitrary quantum state challenging
[19]. Rather, one can approximately realize these latter gates
by using a sequence of passive transformations, homodyne
measurements, and offline squeezed vacuum states [19–21].

Even if the different components involved in approximat-
ing a CV quantum gate are considered ideal, it is natural to ask
the following question: in what sense does a sequence of these
approximations converge to the desired quantum gate? More
formally, let {Mk}k denote a sequence of quantum channels
corresponding to the approximations of a quantum channel N .
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Then in what sense does the sequence {Mk}k converge to N ?
Since these quantum channels are superoperators (completely
positive and trace-preserving maps from density operators to
density operators), one needs to consider various topologies
on the set of quantum channels in order to study convergence.
In the present context, we focus on three different notions of
convergence for quantum channels: uniform and strong con-
vergence (as presented in Ref. [22]), and uniform convergence
on the set of density operators whose marginals on the channel
input have bounded energy (as presented in Refs. [23,24]; see
the appendices for more details).

In this work, we study the aforementioned three different
performance criteria to analyze how well experimental ap-
proximations simulate ideal Gaussian operations. We mainly
focus on particular Gaussian unitaries, such as displacement
operators, phase rotations, beamsplitters, single-mode squeez-
ing operators, and the SUM operation, which are sufficient
to generate any arbitrary Gaussian unitary operation acting
on n modes of the electromagnetic field [25]. Results of a
similar spirit, but for different examples, appeared recently in
Refs. [24,26,27].

In particular, we prove that none of these experimental
approximations converge uniformly to the ideal Gaussian
processes. Qualitatively, the uniform convergence of a se-
quence of experimental approximations to an ideal Gaussian
operation implies that the convergence is independent of the
input state [22]. As stated in Ref. [22], it is the same as
convergence in the well-known diamond norm [28], which is
typically considered in the context of finite-dimensional quan-
tum channels. Therefore our results indicate that the notion of
uniform convergence for these experimental approximations
of the desired Gaussian unitary operation is too strong, and
we note here that similar observations have been made in the
context of infinite-dimensional channels in Refs. [22–24,29]
(see the appendices for more details).

Next, we study the strong convergence of these experimen-
tal approximations to the ideal Gaussian unitaries. The notion
of strong convergence [22] corresponds to the convergence of
a sequence of approximations to an ideal process, considered
for each possible fixed input quantum state. In particular,
we show that these experimental approximations of an ideal
displacement operator, beamsplitter, phase rotation, single-
mode squeezer, and SUM gate converge to the ideal unitaries
in the strong sense.

A physical meaning for these two kinds of convergence
was discussed in Ref. [26] by using game-theoretic arguments.
In particular, it was shown that the success probability in
distinguishing some CV quantum channels from their telepor-
tation simulations is related to these two kinds of convergence,
for a specific construction of the “CV teleportation game”
[26, Sec. III].

One can infer from the definitions of strong and uniform
convergence that the notion of strong convergence is a weaker
notion of convergence, in fact implied by uniform conver-
gence. Another notion of convergence, which is experimen-
tally relevant, is uniform convergence on the set of density
operators whose marginals on the channel input have bounded
energy (as presented in Refs. [23,24]). Recently, it has been
shown that the strong convergence of a sequence of infinite-
dimensional channels is equivalent to uniform convergence on

the set of energy-bounded density operators [23]. Therefore
our results imply that these experimental approximations of
an ideal displacement operator, single-mode squeezer, and
SUM gate converge uniformly to the ideal unitaries on the
set of energy-bounded density operators. In this work, we
take the energy observable to be the number operator, and
we use the terminology “energy” and “mean photon number”
interchangeably.

In order to experimentally approximate these different
unitary operations, it is important to study how the uniform
convergence over the set of energy-bounded operators de-
pends on different experimental parameters. In particular, we
consider the energy-constrained sine distance [30, Sec. 12]
as a metric to bound the Shirokov-Winter energy-constrained
diamond distance between an ideal displacement operator
and its experimental approximation. We first show that the
fidelity between the ideal displacement and its experimental
approximation when acting on a fixed input state is equal to
the fidelity between a pure-loss channel and an ideal channel
when acting on the same input state. We then provide an
analytical expression to upper bound the Shirokov-Winter
energy-constrained diamond distance between an ideal dis-
placement and its experimental approximations, by using the
recent result of Ref. [31]. Furthermore, we study different
performance metrics to analyze how well an experimental
approximation simulates a tensor product of different dis-
placement operators.

We also establish two different lower bounds on
the Shirokov-Winter energy-constrained diamond distance
[23,24] between an ideal displacement operator and its experi-
mental approximation by employing two different techniques.
A first technique is based on the trace distance between the
outputs of these two channels for a particular choice of the
input state. In particular, we provide an analytical expression
for a lower bound on the Shirokov-Winter energy-constrained
diamond distance for low values of the energy constraint. A
second technique is to estimate the Shirokov-Winter energy-
constrained diamond distance by using a semidefinite pro-
gram (SDP) on a truncated Hilbert space. In particular, we
use an SDP from [24], which directly follows from an SDP
from [32,33] defined in the context of finite-dimensional
quantum channels. Moreover, we analytically show that for
a fixed value of the energy constraint and for a sufficiently
high value of the truncation parameter, the Shirokov-Winter
energy-constrained diamond distance between two quantum
channels can be estimated with an arbitrarily high accuracy
by using an SDP on a truncated Hilbert space.

Similarly, we establish analytical bounds on the Shirokov-
Winter energy-constrained diamond distance between ideal
beamsplitters, phase rotations, and their respective experimen-
tal approximations. We also study uniform convergence over
the energy-bounded quantum states of some experimental
approximations of both an ideal single-mode squeezing oper-
ation and a SUM gate, by considering several experimentally
relevant input quantum states.

These Gaussian unitaries are key elements for CV quantum
computation [6], CV quantum error correction [34–36], CV
quantum teleportation [37], improving the sensitivity of an
interferometer in the context of quantum metrological tasks
[38], for generating a quantum nondemolition interaction
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between different modes [19], and for bosonic codes [39–59].
Therefore our results quantifying the performance of their
experimental approximations play a critical role in under-
standing how to achieve any desired accuracy for several
practical applications.

The rest of the paper is organized as follows. We first
briefly summarize different notions of convergence consid-
ered in this paper. We next describe experimental implemen-
tations of a displacement operator, a beamsplitter, a phase
rotation, a single-mode squeezer, and a SUM gate, and then
we study different notions of convergence for these gates indi-
vidually. Finally, we conclude with a brief summary. We note
that the appendices provide detailed proofs of all statements
that follow. For additional details see Ref. [60].

II. NOTIONS OF CONVERGENCE FOR
QUANTUM CHANNELS

In this section, we briefly summarize three different no-
tions of convergence for quantum channels: uniform and
strong convergence (as presented in Ref. [22]), and uniform
convergence on the set of density operators whose marginals
on the channel input have bounded energy (as presented in
Refs. [23,24]).

We begin by reviewing some definitions relevant for the
rest of the paper (see the appendices for more details). Let
H denote an infinite-dimensional, separable Hilbert space.
Let T (H) denote the set of trace-class operators, i.e., all
operators M with finite trace norm: ‖M‖1 ≡ Tr(

√
M†M ) <

∞. Let D(H) denote the set of density operators (positive
semi-definite with unit trace) acting on H. The trace dis-
tance between two quantum states ρ, σ ∈ D(H) is given by
‖ρ − σ‖1. The fidelity between ρ and σ is defined as [63]

F (ρ, σ ) ≡ ‖√ρ
√

σ‖2
1. (1)

The sine distance or C distance between two quantum states
ρ and σ is defined as [64–67]

C(ρ, σ ) ≡
√

1 − F (ρ, σ ), (2)

and it is a metric [64–67]. The following bounds hold between
the fidelity and the trace distance between two quantum states
ρ, σ ∈ D(H):

1 −
√

F (ρ, σ ) � 1

2
‖ρ − σ‖1 �

√
1 − F (ρ, σ ), (3)

with the lower bound following from the Powers-Størmer
inequality [68] and the upper bound from Uhlmann’s theorem
[63]. See also Ref. [69].

Let G denote a positive semidefinite operator. We assume
that it has discrete spectrum and that it is bounded from below.
In particular, let {|ek〉}k be an orthonormal basis for a Hilbert
space H, and let {gk}k be a sequence of non-negative real
numbers. Then

G =
∞∑

k=0

gk|ek〉〈ek| (4)

is a self-adjoint operator that we call an energy observable.

The number operator is defined as

n̂ =
∞∑

n=0

n|n〉〈n|, (5)

where |n〉 denotes a photon-number state with n photons.
From (4) and (5), it is evident that n̂ is an energy observable.
In particular, the expectation value of n̂ corresponds to the
mean number of photons in a single-mode quantum state.
Moreover, we consider the following lth extension ¯̂nl of the
number operator n̂:

¯̂nl = n̂ ⊗ I ⊗ · · · ⊗ I + · · · + I ⊗ · · · ⊗ n̂, (6)

where l is the number of factors in each tensor product above.
The expectation value of ¯̂nl corresponds to the mean number
of photons in a multi-mode quantum state.

In our paper, we employ the two-mode squeezed vacuum
state with parameter N � 0, which is defined as

|ψTMS(N )〉 ≡ 1√
N + 1

∞∑
n=0

√(
N

N + 1

)n

|n〉R|n〉A, (7)

where |n〉 again denotes a photon-number state with n pho-
tons.

It is important to note that even though the state in (7) is
a well-defined quantum state for all N ∈ [0,∞), the limiting
object, often called “ideal EPR state” limn̄→∞ |ψTMS(N )〉
[70], is not a quantum state, as it is unnormalizable and it is
thus not contained in the set of density operators. Similarly,
the eigenvectors of the position- and momentum-quadrature
operators, denoted as |x〉 and |p〉, respectively, are also not
quantum states. In spite of this, the notions of uniform and
strong convergence involve a supremum over the set of density
operators, and so these objects can be approached in a suitable
limit. Note that this point has been clarified previously in the
context of uniform and strong convergence [26].

We now recall the notion of uniform convergence for quan-
tum channels. Let {Mk

A→B}k denote a sequence of quantum
channels, where each channel takes a trace class operator
acting on a separable Hilbert space HA to a trace class operator
acting on a separable Hilbert space HB. Then the channel
sequence {Mk

A→B}k converges uniformly to another quantum
channel NA→B if the following holds:

lim
k→∞

∥∥Mk
A→B − NA→B

∥∥
� = 0, (8)

where ‖LA→B‖� denotes the diamond norm of a Hermiticity
preserving linear map LA→B, defined as

‖LA→B‖� ≡ sup
ψRA∈D(HR⊗HA )

‖(IR ⊗ LA→B)(ψRA)‖1, (9)

where IR is an identity channel acting on Hilbert space HR,
ψRA is a pure state, and system R is isomorphic to the channel
input system A [28]. Due to the supremum being taken, note
that the diamond norm might only be achieved in the limit
(for example, for a sequence of two-mode squeezed vacuum
states with squeezing strength becoming arbitrarily large, as
discussed in Ref. [26]).

The channel sequence {Mk
A→B}k converges to another

quantum channel NA→B in the strong sense if for all ψRA ∈
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D(HR ⊗ HA), the following holds:

lim
k→∞

∥∥Mk
A→B(ψRA) − NA→B(ψRA)

∥∥
1 = 0, (10)

which can be summarized more compactly as

sup
ψRA∈D(HRA )

lim
k→∞

∥∥Mk
A→B(ψRA) − NA→B(ψRA)

∥∥
1 = 0, (11)

where it is implicit that the identity channel acts on the
reference system R. Therefore convergence in the strong sense
is the statement that, for each fixed input quantum state ψRA,
the sequence {Mk

A→B(ψRA)}k of states converges to the state
NA→B(ψRA) in trace norm. It is important to note that the
different orders in which the limits and suprema are taken in
(8) and (11) lead to physically distinct situations, as discussed
in Ref. [26].

Let HA denote an energy observable corresponding to the
quantum system A. Then the channel sequence {Mk

A→B}k

converges uniformly (on the set of density operators whose
marginals on the channel input have bounded energy) to
another quantum channel NA→B if the following holds for
some E ∈ [0,∞):

lim
k→∞

∥∥Mk
A→B − NA→B

∥∥
�E

= 0, (12)

where the Shirokov-Winter energy-constrained diamond dis-
tance is defined as [23,24]∥∥Mk

A→B − NA→B

∥∥
�E

≡ sup
ψRA:Tr(HAψA )�E

∥∥Mk
A→B(ψRA) − NA→B(ψRA)

∥∥
1, (13)

and it is again implicit that the identity channel acts on the
reference system R.

The energy-constrained sine distance between two quan-
tum channels NA→B and MA→B is defined for E ∈ [0,∞) as
[30, Sec. 12]

CE (NA→B,MA→B)

≡ sup
ψRA:Tr(HAψA )�E

√
1 − F (NA→B(ψRA),MA→B(ψRA)).

(14)

III. APPROXIMATION OF A DISPLACEMENT OPERATOR

We now analyze convergence of the experimental imple-
mentation of a displacement operator from Ref. [18] (see also
Ref. [71]) to the ideal displacement operator. For a single-
mode light field, a unitary displacement operator is defined
as [16]

D(α) ≡ exp(αâ† − α∗â), (15)

where α ∈ C, â = (x̂ + i p̂)/
√

2 is an annihilation operator,
and x̂ and p̂ are position- and momentum-quadrature op-
erators, respectively. The action of a displacement operator
on a single-mode Gaussian state ρ can be understood as a
displacement of the mean values 〈x̂〉ρ and 〈p̂〉ρ . Moreover, any
displacement operator acting on n modes can be decomposed
as a tensor product of displacement operators acting on each
mode [16].

Let ρA be a single-mode input quantum state. We then sim-
ulate the action of D(α) on the state ρA, according to [18], by

FIG. 1. The figure plots an experimental approximation D̃η, α√
1−η

of the ideal displacement operation Dα on the input state ρA, as
introduced in Ref. [18]. |β〉B represents a coherent state in mode
B, where α = √

1 − ηβ. Bη

AB represents a beamsplitter channel with
transmissivity η. The experimental approximation of Dα corresponds
to sending ρA and |β〉B through Bη

AB, and then tracing out the mode B
[18].

employing a beamsplitter Bη
AB of transmissivity η ∈ (0, 1) and

an environment state prepared in a coherent state |β〉B [16],
where β is chosen such that

√
1 − ηβ = α. We denote the

channel corresponding to the experimental implementation of
the displacement operator D(α) by

D̃η,β = D̃η, α√
1−η . (16)

As described in Fig. 1, the simulation of the ideal channel
Dα (ρA) ≡ D(α)ρAD(−α) realized by the displacement oper-
ator D(α) is given by the following transformation:

D̃η,β (ρA) ≡ TrB
(
Bη

AB(ρA ⊗ |β〉〈β|B)
)
. (17)

We first show that the fidelity between the ideal displace-
ment and its experimental approximation when acting on a
fixed input state is equal to the fidelity between a pure-loss
channel and an ideal channel when acting on the same input
state. By using the following covariance of the beamsplitter
channel with respect to displacements [16]:

Bη
AB ◦ Dβ

B = [
D

√
1−ηβ

A ⊗ D
√

ηβ

B

] ◦ Bη
AB, (18)

we arrive at the following simplification:(
TrB ◦Bη

AB

)
(ρA ⊗ |β〉〈β|B) = (

Dα
A ◦ Lη

A

)
(ρA), (19)

where Lη
A(ρA) = (TrB ◦Bη

AB)(ρA ⊗ |0〉〈0|B) denotes a pure-
loss channel with transmissivity η and |0〉 denotes the vacuum
state.

Now let ψRA denote an arbitrary two-mode pure state.
Computing the fidelity between the ideal displacement Dα and
its experimental approximation D̃η, α√

1−η by using (19) and the
unitary invariance of the fidelity, we find that

F (Dα (ψRA), D̃η, α√
1−η (ψRA)) = F

(
ψRA,Lη

A(ψRA)
)
. (20)

Therefore analyzing the convergence of the sequence
{D̃η, α√

1−η }η∈[0,1) to Dα is equivalent to analyzing the conver-
gence of a sequence of pure-loss channels to an ideal channel.
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A. Lack of uniform convergence

We now prove that the sequence {D̃η, α√
1−η }η∈[0,1) does not

converge uniformly to Dα , which follows from (20) and [24,
proposition 2]. Let |δ〉 be a pure input coherent state. Then we
find that

F (Dα (|δ〉〈δ|), D̃η, α√
1−η (|δ〉〈δ|)) = exp[−(|δ|2(1 − √

η)2)/2],
(21)

where we used (20) and the fact that |〈γ |δ〉|2 =
exp(−|γ − δ|2) for coherent states |γ 〉 and |δ〉. Therefore

lim
|δ|2→∞

F (Dα (|δ〉〈δ|), D̃η, α√
1−η (|δ〉〈δ|)) = 0. (22)

Let |φ〉RA = |0〉R|δ〉A. Using (3), (22), and the fact that
‖ρ ⊗ ω − σ ⊗ ω‖1 = ‖ρ − σ‖1, for any density operators
ρ, σ, ω, we find that

lim
|δ|2→∞

∥∥IR ⊗ Dα
A (φRA) − IR ⊗ D̃

η, α√
1−η

A (φRA)
∥∥

1 = 2, (23)

which is the maximum value of the diamond distance between
any two quantum channels. Therefore the definition in (8) and
the equality in (23) imply that the sequence {D̃η, α√

1−η }η∈[0,1)

does not converge uniformly to the ideal displacement channel
Dα . The equality in (23) indicates that the ideal displace-
ment Dα and its experimental approximation D̃η, α√

1−η become
perfectly distinguishable in the limit that the input state has
unbounded energy. We note that the lack of uniform conver-
gence of a sequence of pure-loss channels to another pure-loss
channel was recently studied in Ref. [24, proposition 2].

B. Strong convergence

We now argue that the sequence {D̃η, α√
1−η }η∈[0,1) converges

to Dα in the strong sense. Let χρA (x, p) denote the Wigner
characteristic function [16] for the input state ρA. Let ρ̃out

A

denote the state after the action of D̃η, α√
1−η on ρA:

ρ̃out
A = D̃η, α√

1−η (ρA). (24)

Then the characteristic function of ρ̃out
A is given by

χρ̃out
A

(x, p) = χρA (
√

ηx,
√

ηp)

× e[i
√

2(pRe(α)−xIm(α))−(1/4)(x2+p2 )(1−η)]. (25)

Moreover, the characteristic function after the action of an
ideal displacement channel Dα on ρA is given by

χDα (ρA )(x, p) = χρA (x, p)e[i
√

2(pRe(α)−xIm(α))]. (26)

Therefore, for each ρA ∈ D(HA), and for all x, p ∈ R

lim
η→1

χρ̃out
A

(x, p) = χDα (ρA )(x, p). (27)

We have thus shown that the sequence of characteristic
functions χρ̃out

A
converges pointwise to χDα (ρA ), which implies

by lemma 8 of Ref. [29] that the sequence {D̃η, α√
1−η }η∈[0,1)

converges to Dα in the strong sense.

C. Convergence in the Shirokov-Winter energy-constrained
diamond norm

We now discuss uniform convergence of the sequence
{D̃η, α√

1−η }η∈[0,1) to Dα on the set of density operators whose
marginals on the channel input have bounded energy. As
observed in Ref. [23], a sequence of quantum channels
converges strongly to a quantum channel if and only if it
converges uniformly on the set of density operators whose
marginals on the channel input have bounded energy. There-
fore the sequence {D̃η, α√

1−η }η∈[0,1) converges uniformly to Dα

if the input states have a finite energy constraint.
However, from an experimental perspective, it is important

to know how the energy-constrained uniform convergence
depends on experimental parameters. Using (3) and (20), we
find that

1

2

∥∥Dα − D̃η, α√
1−η

∥∥
�E

� sup
ψRA:Tr(HAψA )�E

√
1 − F

[
ψRA,Lη

A(ψRA)
]

(28)

=
√

1 − [(1 − {E})
√

η
�E� + {E}√η

�E�]2, (29)

where {E} = E − �E�. The equality follows from the recent
result of [31] (see also the earlier result in Ref. [72]), where
the energy-constrained Bures distance [73] between two pure-
loss channels was calculated. From (29), it is easy to see that

lim
η→1

1

2

∥∥Dα − D̃η, α√
1−η

∥∥
�E

= 0, (30)

which justifies the energy-constrained uniform convergence
of {D̃η, α√

1−η }η∈[0,1) to Dα . Furthermore, the optimal state ψRA

that saturates the equality in (29) is

|ψ〉RA =
√

1 − {E}|�E�〉A|τ 〉R +
√

{E}|�E�〉A|τ⊥〉R, (31)

which follows directly from Ref. [31]. Here, |τ 〉 and |τ⊥〉 are
normalized orthogonal states.

Next, we perform numerical evaluations to see how close
the experimental approximation D̃η, α√

1−η is to the ideal dis-
placement channel Dα . We denote the energy-constrained sine
distance [30, Sec. 12] obtained in (29) as

f (η, E ) =
√

1 − [(1 − {E})
√

η
�E� + {E}√η

�E�]2. (32)

In Fig. 2, we plot f (η, E ) versus η for certain values of the
energy constraint E . In particular, we find that for all values of
E , the experimental approximation D̃η, α√

1−η simulates the ideal
displacement Dα with a high accuracy for η ≈ 1. Moreover,
for a fixed value of η, the simulation of Dα is more accurate
for low values of the energy constraint on input states.

In Fig. 3, we zoom in on Fig. 2 for high values of η.
Figure 3 indicates that it is only for low values of E and
high values of η that high accuracy in simulating Dα can
be achieved. Therefore energy constraints on the input states
play a critical role in simulating ideal unitary operations and
determining error propagation.

We now analyze a simple case when the energy constraint
E on the input density operators takes on an integer value.
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FIG. 2. The figure plots the energy-constrained sine distance
f (η, E ) (32) between an ideal displacement channel Dα and its

experimental approximation D̃η, α√
1−η . In the figure, we select certain

values of the energy constraint E , with the choices indicated next to

the figure. In all the cases, D̃η, α√
1−η simulates Dα with a high accuracy

for values of η ≈ 1. Moreover, for a fixed value of η, the simulation
of Dα is more accurate for low values of the energy constraint on
input states.

From (29), we find that

inf
ψRA:Tr(HAψA )�E

F
[
Dα (ψRA), D̃η, α√

1−η (ψRA)
] = ηE . (33)

Therefore, for a given energy constraint on input states, and
to implement an ideal displacement channel Dα with any
desired accuracy, one can find η from (29)–(33), and the
corresponding β from

√
1 − ηβ = α. The equality in (33)

illustrates just how difficult it is to achieve a good accuracy in
simulating an ideal displacement channel: in order to achieve
the same fidelity, one requires an exponential increase in η to
match only a linear increase in E .

We now summarize the results from Secs. III A–III C.
From Secs. III A and III B, it follows that the sequence
{D̃η, α√

1−η }η∈[0,1) does not converge uniformly to Dα . Rather,
convergence occurs in the strong sense. In other words,
convergence of {D̃η, α√

1−η }η∈[0,1) to Dα is not independent of

FIG. 3. The figure plots Fig. 2 for high values of η. The figure
indicates that, only for low values of E and high values of η, high
accuracy in simulating Dα can be achieved.

the input state; i.e., there exists an input state for which the
experimental implementation of a displacement operation has
the maximum possible value of the worst-case error.

It is important to stress that, although for a fixed finite
value of the energy-constraint parameter E , the limit η → 1 is
necessary for the implementation of a displacement operation
Dα using {D̃η, α√

1−η }η∈[0,1) with a high accuracy, it also relies
on the fact that

√
1 − ηβ = α. Due to the unitary invariance

of the fidelity as shown in (20) of our paper, the fidelity
between Dα and {D̃η, α√

1−η }η∈[0,1) becomes independent of
the parameter β. However, it is implicit from

√
1 − ηβ = α

that η → 1 requires β → ∞. Although high values of β are
experimentally achievable, the ideal displacement operation
is achieved only in the limiting sense. This raises a further
question: is it possible to implement an ideal displacement
operation through a different procedure than in Ref. [18], such
that a high accuracy can be achieved?

D. Convergence for a tensor product of displacements

Let us briefly discuss the various notions of convergence
for experimental approximations of a tensor product of ideal
displacement channels. Let {Dαi}L

i=1 be a set of L different
displacement channels. We approximate the tensor product of
these operators by a tensor product of {D̃ηi,βi}L

i=1, such that√
1 − ηiβi = αi, for i ∈ {1, . . . , L}. From the same counterex-

ample given above (coherent states with large energy), it fol-
lows directly that the sequence {⊗L

i=1 D̃ηi,αi/
√

1−ηi}η1,...,ηL∈[0,1)

does not converge uniformly to
⊗L

i=1 Dαi . Rather, the conver-
gence holds in the strong sense, as a consequence of proposi-
tion 1 in Ref. [26]. Moreover, suppose that there is an average
energy constraint on the input state to the tensor product of
displacement operators, i.e., Tr(H̃AL ψAL ) � E , where

H̃AL ≡ HA ⊗ I ⊗ · · · ⊗ I + · · · + I ⊗ · · · ⊗ I ⊗ HA, (34)

and E ∈ [0,∞). Let Tr(HAψAi ) = Ei, where Ei ∈ [0,∞),
∀i ∈ {1, . . . , L}. Then by using triangle inequality for the sine
distance, monotonicity of the sine distance, [26, Proposition
1], and (29), we find that

1

2

∥∥∥∥∥
L⊗

i=1

Dαi −
L⊗

i=1

D̃ηi,αi/
√

1−ηi

∥∥∥∥∥
�E

� max
{Ei}i:

∑
i Ei�E

L∑
i=1

f (ηi, Ei )

(35)

See the appendices for more details. Therefore
{⊗L

i=1 D̃ηi,αi/
√

1−ηi}η1,...,ηL∈[0,1) converges uniformly to⊗L
i=1 Dαi on the set of density operators whose marginals on

the channel input have bounded energy.

E. Estimates of Shirokov-Winter energy-constrained
diamond distance

We now provide good estimates of the Shirokov-Winter
energy-constrained diamond distance, as defined in (13)
between the ideal displacement operation Dα and its ex-
perimental approximation D̃η,α/

√
1−η. In particular, we find

two different lower bounds on the Shirokov-Winter energy-
constrained diamond distance by using two different tech-
niques. A first technique is based on the trace distance be-
tween IR ⊗ Dα (ψRA) and IR ⊗ D̃η,α/

√
1−η(ψRA) for a finite
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energy-constraint E , i.e., Tr(n̂ψA) � E , where ψRA is given by
(31). Since the Shirokov-Winter energy-constrained diamond
distance, as defined in Ref. (13) involves an optimization over
all input states satisfying the energy constraint, we find that∥∥IR ⊗ Dα (ψRA) − IR ⊗ D̃η, α√

1−η (ψRA)
∥∥

1

�
∥∥Dα − D̃η, α√

1−η

∥∥
�E . (36)

A second technique is based on the numerical evaluation
of the Shirokov-Winter energy-constrained diamond distance
between Dα and D̃η,α/

√
1−η on a truncated Hilbert space. In

particular, we consider input states to these quantum chan-
nels such that instead of acting on an infinite-dimensional
separable Hilbert space, these states act on an M-dimensional
Fock space. Moreover, we consider a mean photon number
constraint on these states. Let HM denote an M-dimensional
Fock space. Let n̂ denote the following truncated number
operator:

n̂ =
M∑

n=0

n|n〉〈n|. (37)

Let ϕA ∈ D(HM ). Then the following inequality holds:

Tr(n̂ϕA) � E , (38)

where E denotes the mean energy constraint.
We define the energy-constrained diamond distance be-

tween two quantum channels NA→B and MA→B on a truncated
Hilbert space as

‖N − M‖�E ,M

≡ sup
φRA∈D(H⊗2

M ):Tr(n̂φA )�E

‖N (φRA) − M(φRA)‖1, (39)

where E and M denote the mean energy constraint and the
truncation parameter, respectively, and φRA = |φ〉〈φ|RA is a
purification of the state φA. Moreover, it is implicit that the
identity channel acts on the reference system R. Note that the
following identity holds

‖N − M‖�E ,M

= sup
φRA∈D(H⊗2

M ):Tr(n̂φA )�E

‖N (φRA) − M(φRA)‖1, (40)

where we have replaced n̂ with n̂, following as a consequence
of the reduced state of φRA ∈ D(H⊗2

M ) on A having support
only on the truncated space and from the Schmidt decompo-
sition, implying that the reference system R need only have
support as large as the input space A.

We now show that the set of density operators acting on a
truncated Hilbert space with a finite mean energy constraint
(yet an arbitrarily high truncation parameter) is dense in the
set of density operators acting on an infinite-dimensional
Hilbert space and with the same mean energy constraint.
In other words, any finite mean-energy state acting on an
infinite-dimensional separable Hilbert space can be approx-
imated with an arbitrary accuracy by a state with the same
finite mean-energy acting on a truncated Hilbert space with a
sufficiently high value of the truncation parameter. Let ρRA

denote a density operator acting on an infinite-dimensional
separable Hilbert space, such that Tr(n̂AρRA) � E , where

E > 0. Let �M
A denote an M-dimensional projector defined

as

�M
A =

M∑
n=0

|n〉〈n|. (41)

Consider the following chain of inequalities:

Tr
(
�M

A ρRA
) = Tr(ρRA) −

∞∑
n=M+1

〈n|ρA|n〉 (42)

� 1 −
∞∑

n=M+1

n

M + 1
〈n|ρA|n〉 (43)

� 1 − 1

M + 1

( ∞∑
n=0

n〈n|ρA|n〉
)

(44)

� 1 − E

M + 1
. (45)

The first inequality follows from the fact that n/(M + 1) � 1
for all n ∈ [M + 1,∞). The second inequality follows be-
cause

∑M
n=0 n〈n|ρA|n〉 is a sum of positive numbers. The last

inequality follows because Tr(n̂AρA) � E . We note that (45)
can also be derived from the Fock cutoff lemma in Ref. [74].

Let ρM
RA denote the following truncated state

ρM
RA = �M

A ρRA�M
A

Tr
(
�M

A ρRA
) . (46)

The following proposition establishes a bound on the trace
distance between ρRA and ρM

RA.
Proposition 1. Let ρRA be a density operator acting on

an infinite-dimensional separable Hilbert space such that
Tr(n̂AρRA) � E , where E > 0, and n̂A is the number operator
as defined in (5). Let ρM

RA be the M-dimensional truncation of
the state ρRA, as defined in (46). Then

1

2

∥∥ρRA − ρM
RA

∥∥
1 �

√
E

M + 1
. (47)

Proof. The proof follows directly from (45) and the gentle
measurement lemma introduced in Ref. [75] and subsequently
improved in Ref. [76]. �

Proposition 2 below states that for low values of the mean
energy constraint E , the Shirokov-Winter energy-constrained
diamond distance between two quantum channels N and M
can be estimated with an arbitrarily high accuracy by using
the energy-constrained diamond distance on a truncated input
Hilbert space with sufficiently high values of the truncation
parameter M.

Proposition 2. Let N and M be quantum channels, and
let E be the energy constraint on the input states to these
channels. Let M denote the truncation parameter. Then

1

2
‖N − M‖�E ,M � 1

2
‖N − M‖�E

� 1

2
‖N − M‖�E ,M + 2

√
E

M + 1
. (48)

Proof. The inequality ‖N − M‖�E ,M � ‖N − M‖�E fol-
lows from (13) and (40).
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We now prove the other inequality. Let ρRA be a density
operator acting on an infinite-dimensional separable Hilbert
space such that Tr(n̂AρRA) � E . Let ρM

RA be the M-dimensional
truncation of the state ρRA as defined in (46). Consider the
following chain of inequalities:

‖N (ρRA) − M(ρRA)‖1

�
∥∥N (ρRA) − N

(
ρM

RA

)∥∥
1 + ∥∥N (

ρM
RA

) − M
(
ρM

RA

)∥∥
1

+∥∥M(
ρM

RA

) − M(ρRA)
∥∥

1 (49)

� 2
∥∥ρRA − ρM

RA

∥∥
1 + ∥∥N (

ρM
RA

) − M
(
ρM

RA

)∥∥
1 (50)

� 4

√
E

M + 1
+ ‖N − M‖�E ,M . (51)

In all the steps above, it is implicit that the identity channel
acts on the reference system R. The first inequality is the
consequence of triangle inequality for the trace distance. The
second inequality follows from monotonicity of the trace
distance. The last inequality follows from proposition 1 and
from (39). Since the chain of inequalities holds for all input
states ρRA satisfying the energy constraint, the desired result
follows. �

We now study the aforementioned two techniques in detail
to characterize the performance of the simulation of an ideal
displacement operator. It is evident from Fig. 2 that for a fixed
value of η, the accuracy in simulating an ideal displacement
operation Dα by using the protocol from Ref. [18] is reason-
able only for low values of the energy constraint on input
states. Therefore we now study the simulation of Dα in detail
only for low values of the energy constraint.

Let 0 < E < 1. Then
1
2

∥∥IR ⊗ Dα (ψRA) − IR ⊗ D̃η, α√
1−η (ψRA)

∥∥
1

= 1
2 [{E}(1 − η) + (1 − √

η)κ(η, {E})] ≡ d1(η, E ),
(52)

where

κ(η, {E}) =
√

{E}(4 + {E}(η + 2
√

η − 3)), (53)

{E} = E − �E�, and ψRA is given by (31) (see the appendices
and [60] for a detailed proof to obtain (52)). Therefore, from
(36), it follows that (52) is a lower bound on the Shirokov-
Winter energy-constrained diamond distance between Dα and
D̃η,α/

√
1−η for 0 < E < 1, i.e.,

d1(η, E ) � 1
2

∥∥Dα − D̃η, α√
1−η

∥∥
�E . (54)

As discussed earlier, a second method to obtain a lower
bound on the Shirokov-Winter energy-constrained diamond
distance between two quantum channels NA→B and MA→B

is to truncate the infinite-dimensional separable Hilbert space
to a finite-dimensional Hilbert space and apply energy con-
straints on channel input states according to the truncated
number operator, as defined in (37) and (38). In particular,
we obtain the energy-constrained diamond distance between
NA→B and MA→B on a truncated Hilbert space by using a
semi-definite program (SDP) from [24], which is inspired
from an SDP defined in the context of finite-dimensional
quantum channels in Refs. [32,33]. We use the following SDP
to estimate the Shirokov-Winter energy-constrained diamond

distance between two quantum channels NA→B and MA→B:

‖N − M‖�E ,M =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
sup Tr(WRBJRB),

subject to 0 � WRB � ρR ⊗ IB,

Tr(ρR) = 1, ρR � 0,

Tr(n̂ρR) � E ,

(55)

where M is the truncation parameter, E is the mean energy-
constraint parameter, and n̂ is given by (37). Moreover, JRB

denotes the operator corresponding to the difference of the
Choi operators of quantum channels N and M on the trun-
cated Hilbert space HM and is defined as follows:

JRB = (IR ⊗ NA→B)(�RA) − (IR ⊗ MA→B)(�RA), (56)

where �RA = |�〉〈�|RA is the projection onto the unnormal-
ized maximally entangled vector on the truncated Hilbert
space HM , i.e.,

|�〉RA =
M∑

n=0

|n〉R|n〉A. (57)

For a small value of the energy-constraint parameter E , the
truncation parameter M can be chosen such that the value of
‖N − M‖�E ,M does not change significantly by increasing M
further. For example, in the context of the ideal displacement
operation Dα and its experimental approximation D̃η,α/

√
1−η,

we find that for E � 1, the truncation parameter M = 6
provides a good estimate of ‖Dα − D̃η, α√

1−η ‖�E . For E � 1,
we define

d2(η, E ) ≡ 1
2

∥∥Dα − D̃η, α√
1−η

∥∥
�E ,M , (58)

for M = 6. From proposition 2, it follows that

d2(η, E ) � 1
2

∥∥Dα − D̃η, α√
1−η

∥∥
�E . (59)

Let us study in detail the case when the input states have
mean energy constraint E = 0.06. We first calculate d1(η, E )
by using (52) and then find d2(η, E ), as defined in (58) by
solving the corresponding SDP in (55) [60]. We then compare
both d1(η, E ) and d2(η, E ) with the energy-constrained sine
distance f (η, E ) between Dα and D̃η,α/

√
1−η, as calculated in

(32).
In Fig. 4, we plot the lower bound d1(η, E ) in (52), the

lower bound d2(η, E ) in (58), and the upper bound f (η, E )
in (32) versus η for E = 0.06. In particular, we find that
d1(η, E ) overlaps with d2(η, E ) for small values of η. From
numerical evaluations, we find that the value of d2(η, E )
does not change significantly with a further increment in
M � 6. These findings indicate that d2(η, E ) is a good lower
bound on the Shirokov-Winter energy-constrained diamond
distance between Dα and D̃η,α/

√
1−η, and furthermore, that

the upper bound in proposition 2 is loose for this case.
Moreover, from Fig. 4, it is evident that d1(η, E ) is also
a tight lower bound. Although there is a significant gap
between f (η, E ) and d2(η, E ) in Fig. 4, the key message of
our results remains the same; i.e., in order to achieve a high
accuracy in simulating an ideal displacement operation Dα

by using the protocol from [18], the value of η should be
very high and the mean energy of the input states should
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FIG. 4. The figure depicts the lower bound d1(η, E ) in (52), the
lower bound d2(η, E ) in (58), and the upper bound f (η, E ) in (32)
for the fixed value E = 0.06. Here, d1(η, E ) is the trace distance
between the outputs of an ideal displacement Dα (ψRA) and its exper-
imental approximation D̃η,α/

√
1−η(ψRA), when the input state ψRA is

such that it optimizes the energy-constrained sine distance between
Dα and D̃η,α/

√
1−η and is given by (31). Moreover, d2(η, E ) is the

energy-constrained diamond distance between Dα and D̃η,α/
√

1−η

on a truncated Hilbert space with the truncation parameter M = 6,
and f (η, E ) is the energy-constrained sine distance between Dα

and D̃η,α/
√

1−η. For low values of η, d1(η, E ) is close to d2(η, E ).
The figure indicates that for a fixed value of E , high accuracy in
simulating Dα can be achieved only for high values of η.

be very low. In summary, a good estimation of the accu-
racy in simulating an ideal displacement operation can be
obtained from the following three methods. (1) The energy-
constrained sine distance between Dα and D̃η,α/

√
1−η can be

calculated from the analytical expression obtained in (32).
(2) A lower bound on the Shirokov-Winter energy-constrained
diamond distance between Dα and D̃η,α/

√
1−η can be estab-

lished by solving an SDP in (55) on a truncated Hilbert space
[60]. (3) For a fixed energy range �E� � E � �E�, a lower
bound on the Shirokov-Winter energy-constrained diamond
distance between Dα and D̃η,α/

√
1−η can be established by

finding the trace distance between IR ⊗ Dα (ψRA) and IR ⊗
D̃η,α/

√
1−η(ψRA), where ψRA is given by (31). In particular, for

0 < E < 1, an analytical expression for the trace distance is
given by (52) (see the appendices for more information).

IV. APPROXIMATION OF A BEAMSPLITTER

In this section, we analyze convergence of the experimental
implementations of a beamsplitter transformation. A beam-
splitter consists of a semi-reflective mirror, which both partly
reflects and transmits the input radiation. In general the uni-
tary operator corresponding to the beamsplitter transformation
is given by [5]

U θ,φ

BS ≡ exp[iθ (eiφ â†
inb̂in + e−iφ âinb̂†

in)], (60)

where âin and b̂in denote the two incoming modes on either
side of the beamsplitter, and θ depends on the interaction
time and coupling strength of semi-reflective mirrors. More-
over, φ denotes the relative phase shift parameter. Another
representation of a beamsplitter is given in terms of the
transmissivity η of the beamsplitter, where η = (cos θ )2. In

this work, we parametrize a beamsplitter with respect to η and
θ interchangeably.

Let ρA1A2 be a two-mode input quantum state, and let Bη,φ

denote the beamsplitter transformation of transmissivity η ∈
(0, 1) and phase φ ∈ [0, 2π ] acting on mode A1 and A2, i.e.,

Bη,φ
(
ρA1A2

) = U θ,φ

BS

(
ρA1A2

)(
U θ,φ

BS

)†
, (61)

where η = (cos θ )2.
There are at least two different ways to model the noise

in implementing Bη,φ . A first method consists of an ideal
beamsplitter preceded and followed by a tensor product of
pure-loss channels with transmissivity η′. We denote the
channel corresponding to the experimental implementation of
the beamsplitter transformation Bη,φ by B̃η,φ,η′

, such that

B̃η,φ,η′(
ρA1A2

) ≡ (
Lη′

A1
⊗ Lη′

A2

) ◦ Bη,φ ◦ (Lη′
A1

⊗ Lη′
A2

)(
ρA1A2

)
.

(62)

This models the physical process when there is a nonzero
probability of absorption of the radiation, along with reflec-
tion and transmission. We note that the beam splitter channel
with transmissivity η and the channel corresponding to a
tensor product of two pure-loss channels with equal transmis-
sivity η′ commute, i.e.,(

Lη′
A1

⊗ Lη′
A2

) ◦ Bη,φ (·) = Bη,φ ◦ (Lη′
A1

⊗ Lη′
A2

)
(·). (63)

Since a concatenation of two pure-loss channels Lη1 and
Lη2 is another pure-loss channel Lη1η2 with transmissivity
η1η2, we consider the following channel as an experimental
approximation of the beamsplitter:

B̃η,φ,η′(
ρA1A2

) ≡ Bη,φ ◦ (Lη′
A1

⊗ Lη′
A2

)(
ρA1A2

)
, (64)

Now let ψRA1A2 denote an arbitrary four-mode pure state,
where it is understood that R is a two-mode system. From
invariance of the fidelity under a unitary transformation, we
find that

F
(
Bη,φ

(
ψRA1A2

)
, B̃η,φ,η′(

ψRA1A2

))
= F

(
ψRA1A2 ,

(
Lη′

A1
⊗ Lη′

A2

)(
ψRA1A2

))
, (65)

where it is implicit that the identity channel acts on the
reference system R.

From arguments similar to those given in Sec. III A, we find
that the sequence {B̃η,φ,η′ }η′∈[0,1) does not converge uniformly
to Bη,φ . In particular, let ψA1A2 = |δ〉〈δ|A1 ⊗ |0〉〈0|A2 be a
tensor product of a coherent state and a vacuum state. Then
we find that

F
(
Bη,φ

(
ψA1A2

)
, B̃η,φ,η′(

ψA1A2 )
) = exp[−(|δ|2(1 −

√
η′)2)/2]

(66)

Therefore, from arguments similar to (22) and (23), it follows
that the ideal beamsplitter Bη,φ and its experimental approx-
imation B̃η,φ,η′

become perfectly distinguishable in the limit
that the input state has unbounded energy. Hence the uniform
convergence does not hold.

We now argue that the sequence converges {Bη,φ,η′ }η′∈[0,1)

to Bη,φ in the strong sense. Let χρA1A2
(x1, p1, x2, p2) denote

the Wigner characteristic function for the input state ρA1A2 .
Let ρ̃out

A1A2
(η, φ, η′) denote the state after the action of B̃η,φ,η′
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on ρA1A2 . Then for each ρA1A2 ∈ D(HA1 ⊗ HA2 ), and for all
x1, p1, x2, p2 ∈ R, we have that

lim
η′→1

χρ̃out
A1A2

(η,φ,η′ )(x1, p1, x2, p2) = χBη,φ (ρA1A2 )(x1, p1, x2, p2).

(67)

We have thus shown that the sequence of characteristic
functions χρ̃out

A1A2
(η,φ,η′ ) converges pointwise to χBη,φ (ρA1A2 ),

which implies by lemma 8 of Ref. [29] that the sequence
{B̃η,φ,η′ }η′∈[0,1) converges to Bη,φ in the strong sense (see
Appendix C for more details).

Similar to Sec. III C, we investigate the dependence of
convergence of the sequence of {B̃η,φ,η′ }η′∈[0,1) to Bη,φ on
the experimental parameters when there is a finite energy
constraint on the input states. Let A = A1A2. Consider the
following chain of inequalities:

1
2‖Bη,φ − B̃η,φ,η′ ‖�E

� sup
ψRA:Tr(HAψA )�E

C
(
ψRA,

(
Lη′

A1
⊗ Lη′

A2

)
(ψRA)

)
(68)

= f (η′, E ), (69)

where HA = HA1 ⊗ IA2 + IA1 ⊗ HA2 and f (η′, E ) is given by
(32). The first inequality follows from (3). The last inequality
follows from the recent result of Ref. [31], which holds for a
tensor product of loss channels with the same transmissivity.
Therefore, from the analysis in Sec. III C, it follows that the
accuracy in implementing Bη,φ using Bη,φ,η′

is high only for
high values of the loss parameter η′ and low values of the
energy constraint E .

A second experimental approximation of an ideal beam-
splitter is a phenomenological model that accounts for the
imprecision in implementing Bθ,φ with an exact value of
the parameters θ and φ, as defined in (60). For the analysis
that follows, we fix φ = 0, which is typically considered in
experiments. We denote the ideal beamsplitter for φ = 0 by
Bθ . We note that a similar analysis follows for φ = π/2.

The channel corresponding to an experimental approxima-
tion of Bθ is given by

B̃θ,σ ≡
∫ 2π

0
dθ ′ p(θ ′, θ, σ, 0, 2π )Bθ ′

, (70)

where p(θ ′, θ, σ, a, b) is a truncated normal distribution with
location parameter θ , scale parameter σ , truncation range in
between a and b, and is given by

p(θ ′, θ, σ, a, b) = φ((θ ′ − θ )/σ )

σ [�((b − θ )/σ ) − �((a − θ )/σ )]
,

(71)
where

φ(x) = 1√
2π

exp(−x2/2), (72)

�(x) = 1

2
(1 + erf(x/

√
2)), (73)

and erf(x) is the error function.

Now let ψA1A2 = |α〉〈α|A1 ⊗ |0〉〈0|A2 be an input state,
where |α〉 is a coherent state. From (70), it follows that

F
(
Bθ

(
ψA1A2

)
, B̃θ,σ

(
ψA1A2

))
=
∫ 2π

0
dθ ′ p(θ ′, θ, σ, 0, 2π )F

(
Bθ

(
ψA1A2

)
,Bθ ′(

ψA1A2

))
.

(74)

Now consider that

F
(
Bθ

(
ψA1A2

)
,Bθ ′(

ψA1A2

))
= F

(
ψA1A2 ,B(−θ ) ◦ Bθ ′(

ψA1A2

))
(75)

= exp[−2|α|2(sin(θ ′ − θ ))2], (76)

which converges to zero as |α|2 → ∞. Then from (74) and
by an application of the dominated convergence theorem, it
follows that the sequence {B̃θ,σ }σ∈[0,∞) does not converge
uniformly to the ideal beamsplitter Bθ .

We now show that convergence occurs in the strong sense.
Let ψRA1A2 denote the input state. Then the following holds:

F
(
Bθ

(
ψRA1A2

)
, B̃θ,σ

(
ψRA1A2

))
=
∫ 2π

0
dθ ′ p(θ ′, θ, σ, 0, 2π )F

(
Bθ

(
ψRA1A2

)
,Bθ ′(

ψRA1A2

))
.

(77)

Since limσ→0 p(θ ′, θ, σ ) = δ(θ − θ ′), it follows that

lim
σ→0

F
(
Bθ

(
ψRA1A2

)
, B̃θ,σ

(
ψRA1A2

)) = 1, (78)

which implies that the sequence {B̃θ,σ }σ∈[0,∞) converges
strongly to Bθ .

We now investigate convergence of the sequence
{B̃θ,σ }σ∈[0,∞) to Bθ in terms of the experimental parameters
when there is a finite energy constraint on the input states.
Consider the following chain of inequalities:

1

2
‖Bθ − B̃θ,σ ‖�E

� 1

2

∫ 2π

0
dθ ′ p(θ ′, θ, σ, 0, 2π )‖Bθ − Bθ ′ ‖�E (79)

= 1

2

∫ 2π

0
dθ ′ p(θ ′, θ, σ, 0, 2π )‖I − Bθ ′−θ‖�E (80)

�
∫ 2π

0
dθ ′ p(θ ′, θ, σ, 0, 2π )2

√
E |θ ′ − θ |. (81)

The first inequality follows from convexity of the trace dis-
tance. The first equality follows the unitary invariance of the
trace distance. The last inequality follows from proposition
3.2 in Ref. [27].

We denote the upper bound on the Shirokov-Winter
energy-constrained diamond distance between Bθ and B̃θ,σ ,
obtained in (81) by g(θ, σ, E ):

g(θ, σ, E ) =
∫ 2π

0
dθ ′ p(θ ′, θ, σ, 0, 2π )2

√
E |θ ′ − θ |. (82)

In Fig. 5, we plot g(θ, σ, E ) versus σ for certain values of
the energy constraint E and for θ = π/4, which corresponds
to the simulation of a balanced beamsplitter. In particular, we
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FIG. 5. The figure depicts the upper bound g(θ, σ, E ) in (82) for
a fixed value of the beamsplitter parameter θ = π/4 and for two
different values of the energy-constraint parameter E = 0.06 and
E = 0.2. Here, g(θ, σ, E ) is an upper bound on the Shirokov-Winter
energy-constrained diamond distance between an ideal beamsplitter
and its experimental approximation in (70). The figure indicates that
for a fixed value of σ in (71), high accuracy in simulating Bθ can be
achieved only for low values of the energy-constraint parameter E .

find that for all values of E , the experimental approximation
B̃θ,σ simulates the ideal beamsplitter Bθ with a high accuracy
for σ ≈ 0. Moreover, for a fixed value of σ , the simulation of
Bθ is more accurate for low values of the energy constraint on
input states.

V. APPROXIMATION OF A PHASE ROTATION

In this section, we analyze convergence of the experimental
implementation of a phase rotation. In general, the unitary
operator corresponding to the phase rotation is given by

U φ
PR = exp(in̂φ), (83)

where n̂ denotes the number operator.
Similar to Sec. IV, there are at least two ways to model

the noise in implementing the unitary channel Uφ
PR(·) ≡

U φ
PR(·)(U φ

PR)†. A first model consists of sending the input
state through a pure-loss channel, followed by the ideal phase
rotation. This models the case when some photons are lost in
the medium used to implement the phase rotation. We denote
the channel corresponding to such an approximation of the
ideal phase rotation by Ũφ,η

PR , such that

Ũφ,η
PR (ρ) ≡ (

Uφ
PR ◦ Lη

)
(ρ). (84)

Now let ψRA denote an arbitrary two-mode pure state. Then
from unitary invariance of fidelity, we find that

F
(
Uφ

PR(ψRA), Ũφ,η
PR (ψRA)

) = F
(
ψRA,Lη

A(ψRA)
)
, (85)

where it is implicit that the identity channel acts on the
reference system R. Therefore analyzing the convergence of
the sequence {Ũφ,η

PR }η∈[0,1) to Uφ
PR is equivalent to analyzing

the convergence of a sequence of pure-loss channels to an
identity channel. We note that the same result holds for an
ideal displacement unitary and its experimental approxima-
tion, as shown in (20). Therefore, from the results in Sec. III,
it follows directly that the sequence {Ũφ,η

PR }η∈[0,1) does not

converge uniformly to Uφ
PR. Rather the convergence holds in

the strong sense. Moreover, the dependence of an estimate
of the Shirokov-Winter energy-constrained diamond distance
between Ũφ,η

PR and Uφ
PR is given by (29). From the analysis in

Sec. III C, we conclude that only for low values of the energy
constraint E on input states and high values of η, i.e., low
values of the loss, high accuracy in simulating Uφ

PR can be
achieved.

We now consider a phenomenological model to approxi-
mate the ideal phase rotation Uφ

PR. In particular, instead of Uφ
PR,

the following channel is applied:

Ũφ,σ ≡
∫ 2π

0
dφ′ p(φ′, φ, σ, 0, 2π )Uφ′

, (86)

where p(φ′, φ, σ, 0, 2π ) is a truncated normal distribution
with location parameter φ and scale parameter σ , as defined
in (71).

Let |α〉 be an input coherent state. Then from unitary
invariance of fidelity it follows that

F (Uφ (|α〉〈α|),Uφ′
(|α〉〈α|)) = F (|α〉〈α|,Uφ′−φ (|α〉〈α|))

(87)

= exp(−2|α|2(sin(φ′ − φ))2),

(88)

which converges to zero as |α|2 → ∞. Therefore, by an
application of the dominated convergence theorem, it follows
that the sequence {Ũφ,σ }σ∈[0,∞) does not converge uniformly
to the ideal phase rotation Uφ .

The strong convergence of {Ũφ,σ }σ∈[0,∞) to Uφ follows
from arguments similar those given in (77) and (78).

We now provide an estimate of the Shirokov-Winter
energy-constrained diamond distance between Ũφ,σ and Uφ .
Consider the following chain of inequalities:

1

2
‖Uφ − Ũφ,σ‖�E

� 1

2

∫ 2π

0
dφ′ p(φ′, φ, σ, 0, 2π )‖I − Uφ′−φ‖�E (89)

�
∫ 2π

0
dφ′ p(φ′, φ, σ, 0, 2π )2

√
E |φ′ − φ|. (90)

The first inequality follows from convexity and unitary invari-
ance of the trace distance. The last inequality follows from
Ref. [27, proposition 3.2]. Since the upper bound in (90) is
exactly same as the upper bound in (81), we conclude that
only for low values of both the energy constraint E and the
scale parameter σ in (71), high accuracy in simulating Uφ

PR

using Ũφ,σ can be achieved.

VI. APPROXIMATION OF A SINGLE-MODE SQUEEZER

In this section, we analyze the convergence of the ex-
perimental implementation of a measurement-induced single-
mode squeezer from [19] to the ideal single-mode squeezer. A
single-mode squeezer is a unitary operator defined as

S(ξ ) ≡ exp[(ξ ∗â2 − ξ â†2)/2], (91)
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FIG. 6. The figure plots an experimental approximation of the
ideal single-mode squeezing unitary S(r) on the input state ρA, such
that e−r = √

η. S(rE )|0〉E represents a squeezed vacuum state in the
mode E . The experimental approximation of an ideal single-mode
squeezing operation corresponds to the following transformations:
sending ρA and S(rE )|0〉E through a beamsplitter with transmissivity
η followed by a measurement of the momentum quadrature in mode
E . Then a feed forward operation corresponding to the measurement
outcome p followed by a displacement operator D(κ ) on mode A
[19], where κ = −i

√
(1 − η)/(2η)p.

where ξ = reiθ , with r ∈ [0,∞) and θ ∈ [0, 2π ] (see, e.g.,
Ref. [77] for a review). A squeezing transformation realizes
a decrement in the variance of one of the quadratures at
the expense of a corresponding increment in the variance of
the complementary quadrature, which is helpful for improving
the sensitivity of an interferometer [38] and for other quantum
metrological tasks [77].

Let ρA be an input quantum state, and let x̂A and p̂A denote
the position- and momentum-quadrature operators for mode
A, respectively. As described in Fig. 6, the simulation from
Ref. [19] of Sr (ρA) = S(r)ρAS(−r), such that e−r = √

η, is
given by the following transformation of the mode operators:

x̂A → √
ηx̂A +

√
1 − η e−rE x̂0

E , (92)

p̂A → 1√
η

p̂A, (93)

where x̂0
E is the position-quadrature operator corresponding

to the vacuum state and rE is the squeezing parameter corre-
sponding to the squeezed vacuum state. We denote the channel
corresponding to the experimental implementation of an ideal
single-mode squeezer by S̃η,rE = S̃e−2r ,rE . Furthermore, by
applying the inverse S−r of the ideal single-mode squeezer
Sr on the output of S̃e−2r ,rE , we arrive at the following trans-
formation:

x̂out = x̂A +
√

1 − η√
η

e−rE x̂0
E , (94)

p̂out = p̂A. (95)

We denote the channel induced by the transformation in (94)
and (95) by �η,rE . Since all the elements involved in the trans-
formation are Gaussian, the channel �η,rE can be described
by its action on the mean and covariance matrix of the input
state ρA. In particular, there are two 2 × 2 real matrices, the
scaling matrix X�η,rE and the noise matrix Y�η,rE , which char-
acterize the Gaussian channel �η,rE completely (background

on Gaussian channels can be found in the appendices). It is
easy to check that the action of �η,rE does not change the
mean vector of ρA. Therefore the scaling matrix X�η,rE = I2,
where I2 is a two-dimensional identity matrix. Moreover, the
expectation value of the anticommutator {x̂A, x̂0

E } is equal to
zero, which further implies that the noise matrix Y�η,rE has the
following form: Y�η,rE = diag((1 − η)e−2rE /η, 0).

Let us study the channel �η,rE in further detail. As observed
in Ref. [78], all single-mode bosonic Gaussian channels can
be categorized into six different canonical forms. In particular,
the canonical form �B1 has the following X�B1

and Y�B1

matrices [78]:

X�B1
= I2, Y�B1

= diag(0, 1). (96)

We now show that the channel �η,rE is unitarily equivalent
to the canonical form �B1 [78]. Let ρ be a quantum state
with the covariance matrix Vρ . Then the symplectic matrix

σx = [0 1
1 0] transforms the covariance matrix Vρ as follows:

V ′
ρ = σxVρσx. We then apply the symplectic transformation

corresponding to the symplectic matrix K = diag(ς, 1/ς ),
where ς = √

(1 − η)e−rE /
√

η, on the covariance matrix V ′
ρ .

The transformed covariance matrix is given by V ′′
ρ = KV ′

ρK.
We now apply the canonical form �B1 on the transformed
state, and get the following transformation of the covariance
matrix V ′′

ρ : V ′′′
ρ = V ′′

ρ + Y�B1
. We then apply the symplectic

transformation corresponding to the symplectic matrix K−1

followed by σx on V ′′′
ρ , and get the following final covariance

matrix V final
ρ :

V final
ρ = σxK−1V ′′

ρ K−1σx + σxK−1Y�B1
K−1σx (97)

= Vρ + diag(ς2, 0) (98)

= Vρ + diag((1 − η)e−2rE /η, 0), (99)

which implies that the overall transformation is the same as
the action of the channel �η,rE on the state ρ. Therefore we
have shown that the Gaussian channel �η,rE is unitarily equiv-
alent by Gaussian input and output unitaries to the canonical
form �B1 . This gives a physical interpretation to channels in
the class �B1 , in terms of the measurement-induced squeezing
approximation from Ref. [19].

A. Lack of uniform convergence

We now prove that the sequence {S̃e−2r ,rE }rE ∈[0,∞) does not
converge uniformly to the ideal single-mode squeezer Sr .
Let |z〉 be a squeezed-vacuum input state with the covariance
matrix V|z〉〈z| = diag(z, 1/z) and mean vector μ|z〉〈z| = (0, 0)T,
where z ∈ [0,∞). Then under the action of �η,rE , the covari-
ance matrix V|z〉〈z| transforms as follows:

V out
|z〉〈z| = diag(z + (1 − η)e−2rE /η, 0). (100)

We can use these expressions in the Uhlmann fidelity formula
for single-mode Gaussian states [79,80]. By using the unitary
invariance of fidelity, we find that

F (Sr (|z〉〈z|), S̃e−2r ,rE (|z〉〈z|)) = F (|z〉〈z|, �η,rE (|z〉〈z|)).
(101)
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Moreover, we find that [60]

F (|z〉〈z|, �η,rE (|z〉〈z|)) =
√

2z

2z + (e2r − 1)e−2rE
. (102)

Therefore, for fixed rE ,

lim
z→0

F (Sr (|z〉〈z|), S̃e−2r ,rE (|z〉〈z|)) = 0, (103)

which implies that the sequence {S̃e−2r ,rE }rE ∈[0,∞) does not
converge uniformly to the ideal single-mode squeezer trans-
formation Sr .

The reasoning behind (103) can be intuitively explained as
follows: the channel �η,rE adds noise to the x̂ quadrature only.
Therefore it can be discriminated from an identity channel
by using an input state that has vanishing noise in the x̂
quadrature operator. Since an infinitely squeezed vacuum state
(infinitely squeezed in the position quadrature) satisfies such
a condition, then (103) follows.

B. Strong convergence

We now argue that the sequence {S̃e−2r ,rE }rE ∈[0,∞) con-
verges to Sr in the strong sense. Let χρA (x, p) denote the
Wigner characteristic function of the input state ρA. Let ρ̃out

A

denote the state after the action of S̃e−2r ,rE on ρA: ρ̃out
A =

S̃e−2r ,rE (ρA). Then the characteristic function of ρ̃out
A is given

by

χρ̃out
A

(x, p) = χρA (erx, e−r p)e− 1
4 (e2r−1)e−2rE p2

. (104)

Moreover, the characteristic function of Sr (ρA) is given by

χSr (ρA )(x, p) = χρ (erx, e−r p). (105)

Therefore, for each ρA ∈ D(HA), and for all x, p ∈ R

lim
rE →∞ χρ̃out

A
(x, p) = χSr (ρA )(x, p). (106)

Therefore we have shown that the sequence of characteris-
tic functions χρ̃out

A
(x, p) converges pointwise to χSr (ρA )(x, p),

which implies that the sequence {S̃e−2r ,rE }rE ∈[0,∞) converges
strongly to Sr [29, lemma 8].

As described in Fig. 6, the simulation of an ideal single-
mode unitary consists of an ideal displacement. We now
briefly discuss the case when the displacement operator in-
volved in the simulation of Sr is not ideal. By using the
counterexample from before, we find that convergence of
the simulation of a single-mode squeezing operation to an
ideal single-mode squeezing operation is not uniform. From
(27), (106), and proposition 2 of Ref. [26], it follows that
convergence holds in the strong sense.

Furthermore, the strong convergence of the sequence
{S̃e−2r ,rE }rE ∈[0,∞) to Sr implies that the experimental approx-
imations of an ideal single-mode squeezer, as described in
Figure 6, simulate the desired unitary operation uniformly on
the set density operators whose marginals on the channel input
have bounded energy [23]. However, as discussed previously,
from an experimental perspective, it is important to know how
this convergence depends on the experimental parameters. We
now consider experimentally relevant input Gaussian states

with energy constraints, such as single-mode squeezed states,
coherent states, and two-mode squeezed vacuum states. For
any fixed finite value of the energy constraint, we find that,
among these Gaussian states, inputting a two-mode squeezed
vacuum state provides the largest value of the sine distance
between the ideal single-mode squeezer and its experimental
approximation.

C. Estimates of the Shirokov-Winter energy-constrained
diamond norm

Let us study in detail the case when the input state is
the two-mode squeezed vacuum state with parameter N ,
as defined in (7). The fidelity between Sr (ψTMS(N )) and
S̃e−2r ,rE (ψTMS(N )) is given by [60]

F (Sr (ψTMS(N )), S̃e−2r ,rE (ψTMS(N )))

= 1√
1 + (N + 1/2)(e2r − 1)e−2rE

. (107)

Next, we perform numerical evaluations to see how
close the experimental approximation S̃e−2r ,rE is to the ideal
squeezing operation Sr for a fixed input quantum state
ψTMS(N ). Fix the squeezing parameter r = 0.46, which cor-
responds to the squeezing strength 4 dB. We use the relation
10 log10(exp(2r)) ≈ 8.686r to convert the squeezing param-
eter r to units of dB. Let g(rE , N ) denote the sine distance
between Sr (ψTMS(N )) and S̃e−2r ,rE (ψTMS(N )):

g(rE , N ) =
√

1 − 1√
1 + (N + 1/2)(e0.92 − 1)e−2rE

, (108)

where we used (107).
In Fig. 7, we plot g(rE , N ) in (108) versus the offline

squeezing strength rE for certain values of the input mean
photon number N . In particular, we find that the simulation of
Sr is more accurate for low values of the energy constraint on
the input states. The figure indicates that an offline squeezing
strength of 15 dB, which is what is currently experimentally
achievable [81], is not sufficient to simulate an ideal squeezing
operation with squeezing strength 4 dB, with a high accuracy,
by using the measurement-induced protocol from Ref. [19].

We further investigate the strength of the offline squeezing
required to simulate the ideal squeezing operator with high
accuracy. In Fig. 8, we plot Fig. 7 for high values of the
squeezing parameter rE . The figure indicates that for the low
input mean photon number N ≈ 0.06, approximately 26 dB
offline squeezing strength is required to achieve a reasonable
accuracy (≈97%).

VII. APPROXIMATION OF A SUM GATE

In this section, we analyze the convergence of experimental
approximations of a measurement-induced SUM gate from
[19] to the ideal SUM gate. A SUM gate is a quantum
nondemolition (QND) interaction between two modes, the CV
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rE

g(rE, N)

FIG. 7. The figure plots the sine distance g(rE , N ) in (108) be-
tween an ideal single-mode squeezer Sr with 4 dB squeezing strength
and its experimental approximation S̃e−2r ,rE when the input state is
the two-mode squeezed vacuum state with parameter N , as defined
in (7). In the figure, we select certain values of the mean-photon
number N of the channel input, with the choices indicated next to the
figure. For a fixed value of rE , the simulation of Sr is more accurate
for low values of the energy constraint on input states. The figure
indicates that an offline squeezing strength of 15 dB, which is what is
currently experimentally achievable [81], is not sufficient to simulate
an ideal squeezing operation with squeezing strength 4 dB, with a
high accuracy, by using the protocol from Ref. [19].

analog of the CNOT gate [25]:

SUMG ≡ exp(−i Gx̂1 ⊗ p̂2), (109)

where x̂1 and p̂2 correspond to the position- and momentum-
quadrature operators of modes 1 and 2, respectively, and G is
the gain of the interaction. Generally, G = 1 is sufficient for
quantum information processing tasks. Other than universal
quantum computation, this CV entangling quantum gate has
applications in CV quantum error correction [35,36] and CV
coherent communication [82,83].

rE

g(rE, N)

FIG. 8. The figure plots Fig. 7 for high values of the offline
squeezing parameter rE . The figure indicates that only for high values
of the offline squeezing parameter rE and low values of N , high
accuracy in simulating Sr with 4 dB squeezing strength can be
achieved.

FIG. 9. The figure plots an experimental approximation of the
ideal SUM gate (SUMG = exp(−i Gx̂1 ⊗ p̂2), where G = 1/

√
R −√

R, and 0 < R � 1) on a two-mode input quantum state. The
circuit consists of a sequence of passive transformations, offline
squeezed vacuum states, homodyne measurements, feed-forward
operations, and displacement unitaries [19]. D(ζ ) and D(υ ) de-
note displacement unitaries with ζ = −√

1 − Rx/
√

2R and υ =
−√

1 − Rp/
√

2R, respectively.

Let ρ in
12 denote a two-mode input quantum state. Then the

action of the ideal SUMG gate on the mode operators x̂1, x̂2,
p̂1, and p̂2 of ρ in

12 is given by

x̂in
1 → x̂in

1 , (110)

p̂in
1 → p̂in

1 − Gp̂in
2 , (111)

x̂in
2 → x̂in

2 + Gx̂in
1 , (112)

p̂in
2 → p̂in

2 . (113)

On the other hand, as described in Fig. 9, the simulation
of SUMG(ρ in

12) from Ref. [19] is given by the following
transformation of the mode operators x̂1, x̂2, p̂1, and p̂2 of ρ in

12:

x̂in
1 → x̂in

1 −
√

1 − R

1 + R
e−rA x̂0

A, (114)

p̂in
1 → p̂in

1 − Gp̂in
2 +

√
R(1 − R)

1 + R
e−rB p̂0

B, (115)

x̂in
2 → x̂in

2 + Gx̂in
1 +

√
R(1 − R)

1 + R
e−rA x̂0

A, (116)

p̂in
2 → p̂in

2 +
√

1 − R

1 + R
e−rB p̂0

B, (117)

where G = 1/
√

R − √
R, rA and rB denote the squeezing pa-

rameter corresponding to the modes A and B, respectively, and
0 < R � 1. We denote the channel corresponding to the ex-

perimental implementation of an ideal SUMG by S̃UM
rA,rB,R

.
Furthermore, by applying the inverse of SUMG on the output

of S̃UM
rA,rB,R

, we get the following transformation of the
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mode operators:

x̂out
1 = x̂in

1 −
√

1 − R

1 + R
e−rA x̂0

A, (118)

p̂out
1 = p̂in

1 +
√

1 − R

R(1 + R)
e−rB p̂0

B, (119)

x̂out
2 = x̂in

2 +
√

1 − R

R(1 + R)
e−rA x̂0

A, (120)

p̂out
2 = p̂in

2 +
√

1 − R

1 + R
e−rB p̂0

B. (121)

We denote the channel induced by this overall transformation
by �rA,rB,R. Since all the elements involved in the transforma-
tion are Gaussian, the channel �rA,rB,R can be described by
its action on the mean vector and covariance matrix of the
input state ρ in

12. We now find two 4 × 4 real matrices X�rA ,rB ,R

and Y�rA,rB ,R , which characterize the Gaussian channel �rA,rB,R

completely (background on Gaussian channels can be found
in the appendices). From the aforementioned equations, it
is clear that the mean vector of ρ in

12 is invariant under the
action of the channel �rA,rB,R. Therefore the scaling matrix
X�rA ,rB ,R = I4, where I4 is a four-dimensional identity matrix.
Moreover, the noise matrix Y�rA,rB ,R has the following form:

Y�rA ,rB ,R =

⎡⎢⎢⎢⎢⎣
α(rA) 0 −α(rA )√

R
0

0 β(rB )
R 0 β(rB )√

R

−α(rA )√
R

0 α(rA )
R 0

0 β(rB )√
R

0 β(rB)

⎤⎥⎥⎥⎥⎦, (122)

where

α(rA) = [(1 − R)e−2rA ]/(1 + R), (123)

β(rB) = [(1 − R)e−2rB ]/(1 + R). (124)

A. Lack of uniform convergence

We now prove that the sequence {S̃UM
rA,rB,R}rA,rB∈[0,∞)

does not converge uniformly to the ideal SUMG gate.
Let |ψ〉12 = |z〉1|z〉2, where |z〉 denotes a single-mode
squeezed-vacuum state with the covariance matrix V|z〉〈z| =
diag(z, 1/z), where z ∈ [0,∞). The covariance matrix of ψ12

is Vψ12 = diag(z, 1/z, z, 1/z), and its mean vector is μψ12 =
(0, 0, 0, 0)T. Under the action of �rA,rB,R, the covariance ma-
trix Vψ12 transforms as follows:

V out
ψ12

=

⎡⎢⎢⎢⎢⎢⎣
z + α(rA) 0 −α(rA )√

R
0

0 1
z + β(rB )

R 0 β(rB )√
R

−α(rA )√
R

0 z + α(rA )
R 0

0 β(rB )√
R

0 1
z + β(rB)

⎤⎥⎥⎥⎥⎥⎦.

We now use these expressions in the Uhlmann fidelity
formula for two-mode Gaussian states [84]. By using the
unitary invariance of fidelity, we find that

F (SUMG(ψ12), S̃UM
rA,rB,R

(ψ12)) = F (ψ12,�
rA,rB,R(ψ12)).

(125)

Moreover, we find that [60]

F (ψ12,�
rA,rB,R(ψ12))

= 2
√

zR√
(2zR + (1 − R)e−2rA )(2R + z(1 − R)e−2rB )

. (126)

Therefore, for fixed rA, rB

lim
z→0

F (SUMG(ψ12), S̃UM
rA,rB,R

(ψ12)) = 0, (127)

which implies that the sequence {S̃UM
rA,rB,R}rA,rB∈[0,∞) does

not converge uniformly to the ideal SUMG gate.

B. Strong convergence

We now argue that the sequence {S̃UM
rA,rB,R}rA,rB∈[0,∞)

converges to the SUMG gate in the strong sense. Let ρ in
12

denote the input state. Let χSUMG(ρin
12 )(x1, p1, x2, p2) denote

the characteristic function of the state SUMG(ρ in
12). Let ρ̃out

12

denote the state after the action of S̃UM
rA,rB,R

on ρ12: ρ̃out
12 =

S̃UM
rA,rB,R

(ρ12). Then the characteristic function of ρ̃out
12 is

given by

χρ̃out
12

(x1, p1, x2, p2) = χSUMG(ρin
12 )(x1, p1, x2, p2)

× exp

(
R − 1

4(1 + R)
[(p1 −

√
Rp2)2e−2rA

+ (
√

Rx1 + x2)2e−2rB ]

)
.

Therefore, for each ρ in
12 ∈ D(H1 ⊗ H2), and for all

x1, p1, x2, p2 ∈ R

lim
rA,rB→∞ χρ̃out

12
(x1, p1, x2, p2) = χSUMG(ρin

12 )(x1, p1, x2, p2),

(128)

which implies that {S̃UM
rA,rB,R}rA,rB∈[0,∞) converges strongly

to the SUMG gate.

C. Unideal displacements

As described in Fig. 9, the simulation of an ideal SUM
gate consists of two ideal displacements. We now briefly
discuss the case when these displacement operators are not
ideal. From the counterexamples given previously, we find
that convergence of the simulation of a SUM gate to an ideal
SUM gate is not uniform. By using the triangle inequality
for sine distance, (27), (128), and proposition 2 of Ref. [26],
the convergence holds in the strong sense. Moreover, the

strong convergence of the sequence {S̃UM
rA,rB,R}rA,rB∈[0,∞) to

the SUMG gate implies that the experimental approximations
of an ideal SUM gate simulate the desired unitary operation
uniformly on the set of density operators whose marginals on
the channel input have bounded energy [23].

D. Estimates of the Shirokov-Winter energy-constrained
diamond norm

Similar to Sec. VI, we investigate the dependence of the

convergence of the sequence {S̃UM
rA,rB,R}rA,rB∈[0,∞) to the
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SUMG gate on the experimental parameters when there is a
finite energy constraint on the input states. Since the SUMG

gate acts on two modes, we consider several experimentally
relevant quantum states with energy constraints, such as a
tensor product of two coherent states, a tensor product of two
single-mode squeezed states, a two-mode squeezed vacuum
state, and a tensor product of two two-mode squeezed vacuum
states. For a fixed finite value of the energy constraint, we
find that a tensor product of two two-mode squeezed vacuum
states provides the largest value of the sine distance between
the ideal SUM gate and its experimental approximation.

We now discuss in detail the case when the input state is
a tensor product of two two-mode squeezed vacuum states
with parameter N , as defined in (7). For G = 1/

√
R − √

R,
and 0 < R � 1, the fidelity between SUMG(ψ⊗2

TMS(N )) and

S̃UM
rA,rB,R

(ψ⊗2
TMS(N )) is given by [60]

F
(
S̃UM

rA,rB,R(
ψ⊗2

TMS(N )
)
, SUMG

(
ψ⊗2

TMS(N )
))

= 2RerA+rB√
(κ (N, R) − 2e2rA R)(κ (N, R) − 2e2rB R)

, (129)

where κ (N, R) = (−1 + R)(1 + 2N ).
We now perform numerical evaluations to see how close

the experimental approximation S̃UM
rA,rB,R

is to the ideal
SUMG gate for a fixed input state ψ⊗2

TMS(N ). From (130), it is
evident that the sine distance between SUMG(ψ⊗2

TMS(N )) and

S̃UM
rA,rB,R

(ψ⊗2
TMS(N )) is symmetric in for rA and rB. Therefore

we fix rA = 1.726, which corresponds to the currently ex-
perimentally achievable maximum squeezing (≈15 dB) [81].
We also fix the gain parameter G = 1, which implies that
R = (

√
5 − 1)2/4.

Let d (rB, N ) denote the sine distance between

SUMG(ψ⊗2
TMS(N )) and S̃UM

rA,rB,R
(ψ⊗2

TMS(N )) for R =
(
√

5 − 1)2/4 and rA = 1.726:

d (rB, N )

=
√

1 − 2RerA+rB√
(κ (N, R) − 2e2rA R)(κ (N, R) − 2e2rB R)

,

(130)

where we used (129).
In Fig. 10, we plot d (rB, N ) in (130) versus the offline

squeezing strength rB for certain values of the input mean
photon number N . Similar to the results in Secs. III and VI,
we find that the simulation of SUMG is more accurate for
low values of the energy constraint on input states. More-
over, even with a low mean photon number N = 0.06 of the
input states and with the currently experimentally achievable
offline squeezing strength of 15 dB, only approximately 83%
accuracy in simulating the ideal SUMG gate for G = 1 can be
achieved.

It is an open question to establish analytical bounds to
quantify the performance of these experimental approxima-
tions of a SUM gate with respect to an energy-constrained
distance measure.

rB

d(rB, N)

FIG. 10. The figure plots the sine distance d (rB, N ) in (130)
between an ideal SUMG gate with the interaction gain G = 1 and

its experimental approximation S̃UM
rA,rB,R

with rA = 1.726 and R =
(
√

5 − 1)2/4, when the input state is a tensor product of two two-
mode squeezed vacuum states with parameter N , as defined in (7). In
the figure, we select certain values of the mean-photon number N of
the channel input, with the choices indicated next to the figure. For a
fixed value of rB, the simulation of SUMG is more accurate for low
values of the energy constraint on input states. The figure indicates
that an offline squeezing strength of 15 dB, which is what is currently
experimentally achievable [81], is not sufficient to simulate an ideal
SUMG gate for G = 1, with a high accuracy, by using the protocol
from Ref. [19].

VIII. APPROXIMATION OF ONE- AND TWO-MODE
GAUSSIAN UNITARIES

In this section, we show that a sequence of one-mode
Gaussian channels does not converge uniformly to a one-
mode Gaussian unitary. The same is true for the two-mode
case. However, convergence occurs in the strong sense.

We begin by defining a set of matrices that characterizes
all n-mode Gaussian channels. Let GX,Y denote an n-mode
Gaussian channel, which is completely characterized by two
2n × 2n real matrices X and Y . For GX,Y to be a physical
channel, the X and Y matrices must be such that

Y + i� � iX�X T , Y = Y T . (131)

Let Sn denote a set of a pair of matrices X and Y that satisfy
(131), i.e.,

Sn = {(X,Y ) : Y + i� � iX�X T ,Y = Y T }, (132)

where n in the subscript of Sn indicates that the set Sn consists
of a pair of 2n × 2n real matrices.

Let UA→B denote a single-mode Gaussian unitary transfor-
mation. Suppose (such that n = 1) an experimental approx-
imation of UA→B is a single-mode Gaussian channel ŨX,Y

A→B,
which is completely characterized by two 2 × 2 real matrices
X and Y . We now show that the sequence {ŨX,Y }(X,Y )∈S1 does
not converge uniformly to U , where S1 is given by (132) for
n = 1. Let ψRA(n̄) denote a two-mode squeezed vacuum state
with parameter n̄, as defined in (7). Let GX̃ ,Ỹ

A→B = U−1 ◦ ŨX,Y
A→B

denote the overall Gaussian channel. Let

X̃ =
[

x11 x12

x21 x22

]
, Ỹ =

[
y11 y12

y12 y22

]
. (133)
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Then from the unitary invariance of fidelity, we find that

F
(
UA→B(ψRA(n̄)), ŨX,Y

A→B(ψRA(n̄))
)

= F
(
ψRA(n̄),GX̃ ,Ỹ

A→B(ψRA(n̄))
)
, (134)

where it is implicit that an identity channel acts on the
reference system R.

By expanding F (UA→B(ψRA(n̄)), ŨX,Y
A→B(ψRA(n̄))) about

n̄ = ∞, we find that [60]

F
(
UA→B(ψRA(n̄)), ŨX,Y

A→B(ψRA(n̄))
)

= 1

(−1 + x11 + x12x21 + x22 − x11x22)n̄2
+ O(1/n̄)3.

(135)

Therefore

lim
n̄→∞ F

(
UA→B(ψRA(n̄)), ŨX,Y

A→B(ψRA(n̄))
) = 0. (136)

Using (3) and (136), we find that

lim
n̄→∞

∥∥UA→B − ŨX,Y
A→B

∥∥
� = 2, (137)

which implies that the sequence {ŨX,Y }(X,Y )∈S1 does not con-
verge uniformly to the ideal single-mode Gaussian unitary
transformation UA→B.

Similarly, it can be shown that a sequence of two-mode
Gaussian channels does not converge uniformly to an ideal
two-mode Gaussian unitary transformation [60].

On the other hand, as a consequence of proposition 1 of
Ref. [26], the convergence holds in the strong sense for both
the one- and two-mode case, and in fact for the general n-
mode case.

IX. CONCLUSION

In this paper, we studied different performance metrics to
analyze how well an ideal displacement operator, an ideal
single-mode squeezer, and an ideal SUM gate can be sim-
ulated experimentally. In particular, we proved that none of
these experimental approximations converge uniformly to the
ideal Gaussian processes. Rather, convergence occurs in the
strong sense.

We also discussed the notion of uniform convergence on
the set of density operators whose marginals on the channel
input have bounded energy, which is the most relevant from
an experimental perspective, given that experiments are gen-
erally energy sensitive. In particular, we reduced the problem
of distinguishing an ideal displacement operator from its
experimental approximation to the problem of distinguishing
a pure-loss channel from an ideal channel. We provided an
analytic expression for the energy-constrained sine distance
between an ideal displacement unitary and its approximation
in terms of experimental parameters, by using the result
of Ref. [31]. Moreover, we established two different lower
bounds on the Shirokov-Winter energy-constrained diamond
distance between an ideal displacement operator and its exper-
imental approximation for low values of the energy constraint
on input states. These bounds could be used to determine
the requirements needed to implement a displacement op-
erator to any desired accuracy. The displacement operator
is ubiquitous in quantum optics and plays a critical role

in CV quantum teleportation, CV quantum error correction
and quantum computation, and quantum metrology. Therefore
quantification of the accuracy in simulating a displacement
operator is important for several practical applications.

We then introduced two different methods to model the
noise or loss in implementing both beamsplitters and phase
rotations. For these models, we established analytical bounds
on the Shirokov-Winter energy-constrained diamond distance
between these ideal gates and their experimental approxi-
mations. These bounds are relevant for characterizing the
performance of any experiment consisting of beamsplitters
and phase rotations.

Similarly, we discussed the notion of uniform convergence
on the set of density operators whose marginals on the channel
input have bounded energy for experimental approximations
of both the single-mode squeezing unitary and the SUM
gate. We considered several experimentally relevant input
quantum states and studied how close these experimental
approximations are to the ideal quantum processes. It is an
interesting open question to determine the optimal value of
energy-constrained distance measures and the corresponding
optimal state to completely characterize these experimental
approximations of the ideal quantum processes.

In this paper, homodyne measurements involved in sim-
ulating a single-mode squeezer and a SUM gate were con-
sidered ideal. We expect that the well-known experimental
approximation of homodyne detection converges strongly
to ideal homodyne detection, based on the calculation of
Ref. [85, Appendix K], and we also expect that the exper-
imental approximation will not converge uniformly. How-
ever, it is an open question to determine the optimal value
of energy-constrained distance measures and corresponding
optimal states when homodyne measurements involved in
these simulations are not ideal. Another interesting direction
is to use these results to study the error propagation in an
experiment based on quantum optical elements. We leave this
for future work.
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APPENDIX A: PRELIMINARIES

We begin by reviewing some definitions and prior results
relevant for the rest of the appendices. We point readers to
Refs. [16,86] for background.

1. Gaussian states and channels

Let H denote an infinite-dimensional, separable Hilbert
space. Let T (H) denote the set of trace-class operators, i.e.,
all operators M with finite trace norm: ‖M‖1 ≡ Tr(

√
M†M ) <

∞. Let D(H) denote the set of density operators acting on H,
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i.e., those that are positive semi-definite with unit trace. The
continuous-variable system of interest in this work is n quan-
tized modes of the electromagnetic field. Any physical state of
n bosonic modes can be described by density operators acting
on a tensor-product Hilbert space H⊗n = ⊗n

i=1Hi, where Hi

is the Hilbert space corresponding to the ith mode. Let x̂i and
p̂i denote the respective position- and momentum-quadrature
operators of the ith mode. Let r̂ ≡ (x̂1, p̂1, . . . , x̂n, p̂n)T . Then
the following commutation relation holds:

[r̂, r̂T ] = i�, (A1)

where � = ⊕n
i=1 �0, and �0 = [ 0 1

−1 0]. Furthermore, we
take the annihilation operator for the ith mode as âi = (x̂i +
i p̂i )/

√
2.

For r ∈ R2n, we define the unitary displacement operator
D(r) ≡ exp(irT �r̂). Moreover, the set {D(r)}r forms an or-
thogonal complete set on the space of operators acting on the
Hilbert space L2(Rn) of square integrable functions, in the
sense that Tr(D(r)D(−r′)) = (2π )nδ2n(r − r′). Therefore any
quantum state ρ ∈ D(H) can be represented as follows:

ρ = 1

(2π )n

∫
d2nr χρ (r)D(r), (A2)

where χρ (r) ≡ Tr(D(−r)ρ) is the Wigner characteristic func-
tion of the state ρ. Moreover, a quantum state ρ is Gaussian if
its characteristic function has the following form:

χρ (r) = exp
(− 1

4 rT �T Vρ�r + irT �T μρ

)
, (A3)

where μρ ≡ 〈r̂〉ρ is the mean vector of ρ and Vρ ≡ 〈{(r̂ −
μρ ), (r̂ − μρ )T }〉ρ is the covariance matrix.

Quantum channels that take any Gaussian input state to
another Gaussian state are called quantum Gaussian channels.
Let ρ be an input state with the characteristic function χρ (r).
Then under the action of a Gaussian channel N from n modes
to m modes, χρ (r) transforms as follows:

χρ (r) → χN (ρ)(r)

= χρ

(
�T X T �r

)
exp

(− 1
4 rT �T Y �r + irT �T d

)
,

(A4)

where X is a real 2m × 2n matrix, Y is a real 2m × 2m positive
semidefinite symmetric matrix, and d ∈ R2m, such that they
satisfy the following condition for N to be a physical channel:

Y + i� − iX�X T � 0. (A5)

Furthermore, since a Gaussian state ρ can be completely
characterized by its mean vector μρ and covariance matrix
Vρ , the action of a Gaussian channel on ρ can be described as
follows

μρ → Xμρ + d, Vρ → XVρX T + Y. (A6)

Let Y = 0. Then from (A5) we get X�X T = �, which
further implies that X is an element of the real symplectic
group Sp(2n,R). The symplectic group is a set of transfor-
mations that preserve the anti-symmetric form � when acting
by congruence, i.e., S�ST = �, ∀S ∈ Sp(2n,R). Therefore
the group of Gaussian unitaries is identified with Sp(2n,R).

Let ρ be an n-mode Gaussian quantum state with the mean
vector μρ and the covariance matrix Vρ . The Wigner function

of ρ is given by

W (r) = 2n

πn
√

Det(Vρ )
exp

[−(r − μρ )T V −1
ρ (r − μρ )

]
.

(A7)

Gaussian state transformations can also be described in the
phase-space formalism. In particular, the action of a symplec-
tic transformation S on a Gaussian state is given by

W (r) → W (S−1r). (A8)

Moreover, the Wigner function of a Gaussian input state
transforms under a linear displacement D(−r̄)ρD(r̄) as

W (r) → WG(r − r̄). (A9)

A coherent state |α〉 is an eigenvector of the annihilation
operator â with eigenvalue α, i.e., â|α〉 = α|α〉. The coherent
state |α〉 can also be represented as |α〉 = D(α)|0〉. Moreover,
the overlap between two coherent states |α〉 and |β〉 is given
by

〈β|α〉 = exp
(− 1

2 |α − β|2) exp
[

1
2 (αβ∗ − α∗β )

]
. (A10)

A single-mode thermal state with mean photon number
n̄ = 1/(eβω − 1) has the following representation in the pho-
ton number basis:

θ (n̄) ≡ 1

1 + n̄

∞∑
n=0

(
n̄

n̄ + 1

)n

|n〉〈n|. (A11)

In our paper, we employ the two-mode squeezed vacuum
state with parameter n̄, which is equivalent to a purification of
the thermal state in (A11) and is defined as

|ψTMS(n̄)〉 ≡ 1√
n̄ + 1

∞∑
n=0

√(
n̄

n̄ + 1

)n

|n〉R|n〉A. (A12)

2. Quantum pure-loss channel

A quantum pure-loss channel is a Gaussian channel that
can be characterized by a beamsplitter of transmissivity η ∈
(0, 1), coupling the signal input state with the vacuum state,
and followed by a partial trace over the environment. In the
Heisenberg picture, the beamsplitter transformation is given
by the following Bogoliubov transformation:

b̂ = √
ηâ −

√
1 − ηê, (A13)

ê′ =
√

1 − ηâ + √
ηê, (A14)

where â, b̂, ê, and ê′ are the annihilation operators representing
the sender’s input mode, the receiver’s output mode, an envi-
ronmental input mode, and an environmental output mode of
the channel, respectively.

3. Topologies of convergence

Uniform and strong convergence in the context of infinite-
dimensional quantum channels were studied in Ref. [22].
A connection between the notion of strong convergence
and the notion of uniform convergence over energy-bounded
states was established in Ref. [23]. Later, these different
topologies of convergence were studied in the context of
linear bosonic channels and Gaussian dilatable channels in
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Ref. [29]. Furthermore, topologies of convergence in the con-
text of teleportation simulation of physically relevant phase-
insensitive bosonic Gaussian channels have been investigated
in Ref. [26].

APPENDIX B: CONVERGENCE OF THE EXPERIMENTAL
IMPLEMENTATION OF A DISPLACEMENT OPERATOR

In this section, we begin by providing a detailed proof of
the convergence of the experimental implementation of a dis-
placement operator from Ref. [18] to the ideal displacement
operator. We then provide a proof for (52).

We begin by showing that the channel corresponding to
the experimental implementation of a displacement operator
is equivalent to a pure-loss channel followed by the ideal
displacement operator. Consider that(

TrB ◦Bη
AB

)
(ρA ⊗ |β〉〈β|B)

= (
TrB ◦Bη

AB ◦ Dβ
B

)
(ρA ⊗ |0〉〈0|B) (B1)

= (
TrB ◦[D√

1−ηβ

A ⊗ D
√

ηβ

B

] ◦ Bη
AB

)
(ρA ⊗ |0〉〈0|B) (B2)

= (
TrB ◦D

√
1−ηβ

A ◦ Bη
AB

)
(ρA ⊗ |0〉〈0|B) (B3)

= (
D

√
1−ηβ

A ◦ TrB ◦Bη
AB

)
(ρA ⊗ |0〉〈0|B) (B4)

= (
Dα

A ◦ Lη
A

)
(ρA). (B5)

The first equality follows from the definition of a coherent
state. The second equality follows from the following covari-
ance of the beamsplitter unitary with respect to displacement
operators [16]:

Bη
AB ◦ Dβ

B = [
D

√
1−ηβ

A ⊗ D
√

ηβ

B

] ◦ Bη
AB. (B6)

The third equality follows from the cyclicity of partial trace.
In the final equality we defined the pure-loss channel as
Lη

A(ρA) = (TrB ◦Bη
AB)(ρA ⊗ |0〉〈0|B).

Let ψRA be an arbitrary two-mode state. To compute the
fidelity between the ideal displacement operator and its ex-
perimental approximation, consider that

F
(
Dα

A (ψRA),
(
Dα

A ◦ Lη
A

)
(ψRA)

) = F
(
ψRA,Lη

A(ψRA)
)
, (B7)

where we employed the unitary invariance of the fidelity.
Let |δ〉 be a coherent state. Then |δ〉 transforms under the

pure-loss channel Lη
A to |√ηδ〉. Therefore, by using (A10), we

get

F
(|δ〉〈δ|,Lη

A(|δ〉〈δ|)) = exp[−|δ|2(1 − √
η)2], (B8)

which converges to zero as |δ|2 → ∞, and in turn implies that
the sequence {D̃η, α√

1−η }η∈[0,1] does not converge uniformly to
the ideal displacement channel Dα .

We now show that convergence occurs in the strong sense.
Let ρA denote the input state. Let χρA (x, p) denote the Wigner
characteristic function of the state ρA. Then from (A4), the
Wigner characteristic function of the output of an ideal dis-
placement channel is given by

χDα (ρA )(x, p) = χρA (x, p) exp [i
√

2(pRe(α) − xIm(α))].
(B9)

We now find X , Y matrices and the d vector corre-
sponding to the Gaussian channel D̃η, α√

1−η . By using (B5),
we get X = diag(

√
η,

√
η), Y = diag(1 − η, 1 − η), and

d = (
√

2Re(α),
√

2Im(α))T. Let ρ̃out
A = D̃η, α√

1−η (ρA). Then
from (A4), the Wigner characteristic function of ρ̃out

A is given
by

χρ̃out
A

(x, p) = χρA (
√

ηx,
√

ηp) × exp[i
√

2(pRe(α) − xIm(α))

− (1/4)(x2 + p2)(1 − η)]. (B10)

Therefore, for each ρA ∈ D(HA), and for all x, p ∈ R

lim
η→1

χρ̃out
A

(x, p) = χDα (ρA )(x, p), (B11)

which implies that the sequence {D̃η, α√
1−η }η∈[0,1) converges to

Dα in the strong sense [29, lemma 8].
We now discuss the notion of uniform convergence on the

set of density operators whose marginals on the channel input
have bounded energy for experimental approximations of a
tensor product of ideal displacement channels. Let {Dαi}K

i=1 be
a set of K different displacement channels. We now approxi-
mate the tensor product of these operators by a tensor product
of {D̃ηi,βi}K

i=1, such that
√

1 − ηiβi = αi, ∀i ∈ {1, . . . , K}. Let
HA denote the Hamiltonian of the system A. Moreover, sup-
pose that there is an average energy constraint on the input
state to the tensor product of displacement operators, i.e.,
Tr(H̃AK ψAK ) � E , where

H̃AK ≡ HA ⊗ I ⊗ · · · ⊗ I + · · · + I ⊗ · · · ⊗ I ⊗ HA, (B12)

and E ∈ [0,∞). Let Tr(HAψAi ) = Ei, where Ei ∈ [0,∞),
∀i ∈ {1, . . . , K}.

Consider the following chain of inequalities:

1

2

∥∥∥∥∥
(

K⊗
i=1

Dαi

)
(ψRAK ) −

(
K⊗

i=1

D̃ηi,αi/
√

1−ηi

)
(ψRAK )

∥∥∥∥∥
1

�
K∑

i=1

C
(
Lηi

Ai

(
ψRAi

)
, IAi

(
ψRAi

))
(B13)

� max
{Ei}i:

∑
i Ei�E

K∑
i=1

√
1 − [(1 − {Ei})

√
ηi

�Ei� + {Ei}√ηi
�Ei�]2. (B14)

The first inequality follows from (3) and proposition 1 of Ref. [26]. The last inequality follows from the recent result of Ref. [31],
and due to the maximization over a set of energy values satisfying the input energy constraint. Since the chain of inequalities is
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true for all input states satisfying the input energy constraint, the following holds:

1

2

∥∥∥∥∥
K⊗

i=1

Dαi −
K⊗

i=1

D̃ηi,αi/
√

1−ηi

∥∥∥∥∥
�E

� max
{Ei}i:

∑
i Ei�E

K∑
i=1

√
1 − [(1 − {Ei})

√
ηi

�Ei� + {Ei}√ηi
�Ei�]2. (B15)

Therefore {⊗K
i=1 D̃ηi,αi/

√
1−ηi}η1,...,ηK ∈[0,1) converges uniformly to

⊗K
i=1 Dαi on the set of density operators whose marginals on

the channel input have bounded energy.
We now provide a proof for (52). Let t = √

η and r = √
1 − η. Then the action of a pure-loss channel with transmissivity η

on ψRA in (31) is given by (
IR ⊗ Lη

A

)
(ψRA) = TrB

((
IR ⊗ Bη

AB

)
(ψRA ⊗ |0〉〈0|B)

) ≡ ρRA. (B16)

Consider the following unitary evolution of the pure state |ψ〉RA ⊗ |0〉B:

(
IR ⊗ Bη

AB

)
(|ψ〉RA ⊗ |0〉B) = Bη

AB

(√
1 − {E}
�E�!

(â†
in)�E�|0〉A|τ 〉R|0〉B +

√
{E}
�E�!

(â†
in)�E�|0〉A|τ⊥〉R|0〉B

)
(B17)

=
√

1 − {E}
�E�!

(t â†
out + rb̂†

out)
�E�|0〉A|τ 〉R|0〉B +

√
{E}
�E�!

(t â†
out + rb̂†

out)
�E�|0〉A|τ⊥〉R|0〉B (B18)

=
√

1 − {E}
∑

k1

√(�E�
k1

)
t k1 r�E�−k1 |k1〉A|τ 〉R|�E� − k1〉B

+
√

{E}
∑

k2

√(�E�
k2

)
t k2 r�E�−k2 |k2〉A|τ⊥〉R|�E� − k2〉B. (B19)

The second equality follows from the beamsplitter transformation in the Heisenberg picture (A13). Then the density operator
after tracing out B in (B18) is given by

ρRA = (1 − {E})
∑

k1

(�E�
k1

)
t2k1 r2(�E�−k1 )|k1〉〈k1|A|τ 〉〈τ |R + {E}

∑
k2

(�E�
k2

)
t2k2 r2(�E�−k2 )|k2〉〈k2|A|τ⊥〉〈τ⊥|R

+
√

(1 − {E}){E}
∑

k1

√(�E�
k1

)( �E�
k1 + 1

)
t (2k1+1)r�E�+�E�−2k1−1(|k1〉〈k1 + 1|A|τ 〉〈τ⊥|R + |k1 + 1〉〈k1|A|τ⊥〉〈τ |R). (B20)

On the other hand, the density operator of the state in (31) is given by

ψRA = (1 − {E})|�E�〉〈�E�|A|τ 〉〈τ |R + {E}|�E�〉〈�E�|A|τ⊥〉〈τ⊥|R
+

√
(1 − {E}){E}(|�E�〉〈�E�|A|τ 〉〈τ⊥|R + |�E�〉〈�E�||τ⊥〉〈τ |R). (B21)

Let �RA denote the operator corresponding to the difference of ρRA in (B20) and ψRA in (B21).

�RA = ρRA − ψRA (B22)

= (1 − {E})

⎡⎣∑
k1

(�E�
k1

)
t2k1 r2(�E�−k1 )|k1〉〈k1|A − |�E�〉〈�E�|A

⎤⎦|τ 〉〈τ |R

+{E}
⎡⎣∑

k2

(�E�
k2

)
t2k2 r2(�E�−k2 )|k2〉〈k2|A − |�E�〉〈�E�|A

⎤⎦|τ⊥〉〈τ⊥|R

+
√

(1 − {E}){E}
⎡⎣∑

k1

√(�E�
k1

)( �E�
k1 + 1

)
t (2k1+1)r�E�+�E�−2k1−1(|k1〉〈k1 + 1|A|τ 〉〈τ⊥|R + |k1 + 1〉〈k1|A|τ⊥〉〈τ |R)

− |�E�〉〈�E�|A|τ 〉〈τ⊥|R − |�E�〉〈�E�||τ⊥〉〈τ |R
⎤⎦. (B23)

We now find ‖�RA‖1 for a simple case. Let 0 < E < 1. Then �E� = 0 and �E� = 1. Let |τ 〉 = |0〉 and |τ⊥〉 = |1〉. Therefore
the operator �RA is given by

�RA = {E}[r2|0〉〈0|A + t2|1〉〈1|A − |1〉〈1|A]|1〉〈1|R +
√

(1 − {E}){E}[(t − 1)(|0〉〈1|A ⊗ |0〉〈1|R + |1〉〈0|A ⊗ |1〉〈0|R)]. (B24)
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After expressing r and t in terms of η, the matrix representation of �RA is as follows:

�RA =

⎡⎢⎢⎢⎣
0 0 0 −√

(1 − {E}){E}(1 − √
η)

0 {E}(1 − η) 0 0

0 0 0 0

−√
(1 − {E}){E}(1 − √

η) 0 0 −{E}(1 − η)

⎤⎥⎥⎥⎦. (B25)

Then ‖�RA‖1 is given by [60]

1

2
‖�RA‖1 = 1

2

[
{E}(1 − η) + 1

2
|(√η − 1)({E}(1 + √

η) −
√

{E}[4 + {E}(−3 + 2
√

η + η)])|

+ 1

2
|(√η − 1)({E}(1 + √

η) +
√

{E}[4 + {E}(−3 + 2
√

η + η)])|
]
. (B26)

Since

{E}(1 + √
η) �

√
{E}[4 + {E}(−3 + 2

√
η + η)]) (B27)

for all 0 < E < 1 and η � 0, we get that
1

2
‖�RA‖1 = 1

2
[{E}(1 − η) + (1 − √

η)
√

{E}[4 + {E}(−3 + 2
√

η + η)]]. (B28)

APPENDIX C: CONVERGENCE OF THE EXPERIMENTAL IMPLEMENTATION OF A BEAMSPLITTER

In this section, we provide a proof for (67). Let χρA1A2
(x1, p1, x2, p2) denote the Wigner characteristic function for the input

state ρA1A2 . Let ρ̃out
A1A2

(η, φ, η′) denote the state after the action of B̃η,φ,η′
on ρA1A2 :

ρ̃out
A1A2

(η, φ, η′) = B̃η,φ,η′
(ρA1A2 ). (C1)

We now find the terms involved in (A4) for both Bη,φ (ρA1A2 ) and ρ
η,φ,η′
A1A2

. XB̃η,φ,η′ matrix corresponding to the operation B̃η,φ,η′
is

given by

XB̃η,φ,η′ = XBη,φ ·
√

η′I4, (C2)

where I4 is a four-dimensional identity matrix. Moreover, YB̃η,φ,η′ matrix is given by

YB̃η,φ,η′ = (1 − η′)I4. (C3)

Let r = (x1, p1, x2, p2)T. Then, for each ρA1A2 ∈ D(HA1 ⊗ HA2 ), and for all x1, p1, x2, p2 ∈ R

lim
η′→1

χρ̃out
A1A2

(η,φ,η′ )(r) = lim
η′→1

χρA1A2

(√
η′�TX T

Bη,φ �r
)

exp
(− 1

4 (1 − η′)rTr
)

(C4)

= χρA1A2

(
�TX T

Bη,φ �r
)

(C5)

= χBη,φ (ρA1A2 )(r). (C6)

We have thus shown that the sequence of characteristic functions χρ̃out
A1A2

(η,φ,η′ ) converges pointwise to χBη,φ (ρA1A2 ), which implies

by lemma 8 of Ref. [29] that the sequence {B̃η,φ,η′ }η′∈[0,1) converges to Bη,φ in the strong sense.
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