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Information-theoretic aspects of the generalized amplitude damping channel
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"Hearne Institute for Theoretical Physics, Department of Physics and Astronomy,
Louisiana State University, Baton Rouge, Louisiana 70803, USA
2Center for Computation and Technology, Louisiana State University, Baton Rouge, Louisiana 70803, USA
(Dated: July 10, 2020)

The generalized amplitude damping channel (GADC) is one of the sources of noise in superconducting-
circuit-based quantum computing. It can be viewed as the qubit analogue of the bosonic thermal channel,
and it thus can be used to model lossy processes in the presence of background noise for low-temperature
systems. In this work, we provide an information-theoretic study of the GADC. We first determine the parameter
range for which the GADC is entanglement breaking and the range for which it is anti-degradable. We then
establish several upper bounds on its classical, quantum, and private capacities. These bounds are based on
data-processing inequalities and the uniform continuity of information-theoretic quantities, as well as other
techniques. Our upper bounds on the quantum capacity of the GADC are tighter than the known upper bound
reported recently in [Rosati et al., Nat. Commun. 9, 4339 (2018)] for the entire parameter range of the GADC,
thus reducing the gap between the lower and upper bounds. We also establish upper bounds on the two-way
assisted quantum and private capacities of the GADC. These bounds are based on the squashed entanglement,
and they are established by constructing particular squashing channels. We compare these bounds with the max-
Rains information bound, the mutual information bound, and another bound based on approximate covariance.

For all capacities considered, we find that a large variety of techniques are useful in establishing bounds.

I. INTRODUCTION

One of the main goals of quantum information theory is to
determine the optimal rate of sending information (classical or
quantum) through quantum channels [1-4]. Quantum chan-
nels model the noisy evolution that quantum states undergo
when they are transmitted via some physical medium.

Depending on the message and the availability of resources,
communication protocols over quantum channels can be di-
vided into different categories. In particular, classical commu-
nication, entanglement-assisted classical communication, pri-
vate classical communication, and quantum communication
are some of the communication protocols that have been stud-
ied in the last few decades (see [1-4] for reviews). The notion
of the capacity of a channel defined by Shannon [5] can be
extended to the quantum domain for these different communi-
cation protocols (see Sec. III A for formal definitions).

The optimal rate (capacity) of any communication protocol
depends on the properties of the quantum channel. In gen-
eral, the best characterization of the capacities of a quantum
channel is given by an optimization over regularized informa-
tion quantities over an unbounded number of copies of the
channel. Hence, it appears to be generally difficult to calcu-
late the quantum and private capacities of quantum channels
[6, 7] except for a special class of quantum channels that are
degradable (see definitions in Sec. III), in which case the regu-
larized quantities reduce to simpler formulas that are functions
of only one copy of the channel [8, 9]. Recently, however, it
was shown that one can calculate quantum capacity for some
channels that are not degradable [10, 11]. Furthermore, recent
progress in estimating and understanding the quantum capac-
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ity of low-noise and some other channels has been reported
in [12-15].

Remarkably, even in the qubit case, very little is known
when it comes to exact, computable expressions for the com-
munication capacities of quantum channels. For example, two
of the most widely considered noise models in quantum infor-
mation and communication are the depolarizing channel and
the amplitude damping channel. The classical capacity of the
qubit depolarizing channel is known [16, 17], but its quantum
capacity (for its entire parameter range) is not. Similarly, the
quantum capacity of the amplitude damping channel is known
[18], but its classical capacity (for its entire parameter range)
is not. These are two of the most significant open problems in
quantum Shannon theory.

In general, the difficulty in obtaining exact expressions for
the communication capacities of quantum channels has led to
a wide body of work on obtaining lower and upper bounds
on these quantities. With the recent developments in quantum
communication technologies, it is important to study different
physically motivated noisy communication processes (quan-
tum channels) and to establish lower and upper bounds on
their communication capacities in terms of the channel param-
eters. Moreover, these communication rates also play a criti-
cal role in the context of distributed quantum computing be-
tween remote locations and in benchmarking the performance
of quantum key distribution and quantum networks.

In this work, we provide an information-theoretic study
of the generalized amplitude damping channel (GADC). As
the name suggests, the GADC is indeed a generalization of
the amplitude damping channel. Specifically, the GADC is a
qubit-to-qubit channel, and it models the dynamics of a two-
level system in contact with a thermal bath at non-zero tem-
perature. It can be used to describe the 7| relaxation process
due to the coupling of spins to a system that is in thermal
equilibrium at a temperature higher than the spin tempera-
ture [19-21]. The GADC is also one of the sources of noise
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in superconducting-circuit-based quantum computing [22]. It
can additionally be used to characterize losses in linear optical
systems in the presence of low-temperature background noise
[23]. In the case that the thermal bath is at zero temperature,
the GADC reduces to the amplitude damping channel, which
arises naturally as a noise model in spin chains [18, 24].

The GADC can be thought of as the qubit analogue of the
bosonic thermal channel, which is used to model loss in quan-
tum optical systems and is particularly relevant in the context
of communication through optical fibers or free space [25—
27]. Moreover, in the context of private communication, tam-
pering by an eavesdropper can be modeled as the excess noise
realized by a thermal channel [28, 29]. A lower bound on
the quantum capacity of a bosonic Gaussian thermal channel
was proposed in [30]. Recently, several upper bounds on the
energy-constrained quantum and private capacities of a ther-
mal channel have been established in [31] (see also [32] in the
context of lower and upper bounds on the energy-constrained
quantum capacity). Moreover, the unconstrained quantum ca-
pacity of a thermal channel has been studied in [31-35]. How-
ever, the communication capacities of a qubit thermal channel,
i.e., the GADC, have not been studied extensively.

Some prior works have established bounds on the various
capacities of the GADC. Since it is not a degradable chan-
nel for nearly all parameter values, determining its quantum
capacity exactly appears to be a difficult task. It is worth not-
ing, however, that it is degradable in the special case that it
reduces to the amplitude damping channel, and thus the quan-
tum and private capacities of the amplitude damping channel
are simply given by its coherent information [18], due to the
additivity of the coherent and private information for degrad-
able channels [8, 9]. An upper bound on the quantum capac-
ity of the GADC in general was established in [34] by using
the notion of weak degradability. Furthermore, lower and up-
per bounds on the classical capacity of the GADC have been
established in [36] (see also [37]). In [38], the mutual in-
formation of the GADC was calculated, thus establishing its
entanglement-assisted classical capacity [39—41], which is in
turn an upper bound on its unassisted classical capacity. In
general, half the mutual information of a quantum channel is
an upper bound on its two-way assisted quantum and private
capacities [42—44]. Thus, one can infer from [38] and [42-44]
an upper bound on the two-way assisted quantum and private
capacities of the GADC.

II. SUMMARY OF RESULTS

In this paper, we study the GADC in detail by first deriv-
ing its intrinsic information-theoretic properties, such as nec-
essary and sufficient conditions for entanglement breakability
[45] and anti-degradability [46]. We then consider several up-
per bounds on the classical, quantum, and private capacities
of the GADC; see Table I for a summary.

We start with the classical capacity of the GADC. A first
upper bound, known as Cg, is based on the no-signalling
and PPT-preserving codes for classical communication over a
quantum channel [47]. In particular, we find an analytical ex-

pression for Cg of the GADC that depends only on the channel
parameters. Another upper bound from [47] on the classical
capacity of any quantum channel is the quantity C,. We prove
that C; = Cg for the GADC. Two other upper bounds on the
classical capacity of the GADC are established by using the
notion of e-entanglement-breakability and e-covariance [48].
We also compare these upper bounds with the entanglement-
assisted classical capacity upper bound for the GADC [38].

We employ a variety of techniques to establish upper
bounds on the quantum and private capacities of the GADC.
The first four upper bounds are established, related to the ap-
proach of [49, 50] (see [31, 32, 34] for bosonic channels),
by decomposing any GADC into a serial concatenation of
two amplitude damping channels. Since the quantum ca-
pacity of an amplitude damping channel is known [18], up-
per bounds on the quantum capacity of the GADC follow
from the data processing property [56] of the coherent in-
formation of a quantum channel. We call these bounds the
“data-processing bounds.” We also consider three other up-
per bounds by using the notion of approximate degradability
and anti-degradability, recently developed in [51]. We call
these bounds the “e-degradable bound”, “e-close-degradable
bound,” and “g-anti-degradable bound.” We finally employ
the Rains information strong converse upper bound from [52]
and the relative entropy of entanglement strong converse up-
per bound from [35] in order to bound the quantum and private
capacities of the GADC, respectively.

We compare these upper bounds on the quantum capac-
ity of the GADC with the known coherent information lower
bound, and we find that for certain parameter values, the gap
between the lower bound and the upper bounds is relatively
small. Moreover, we compare these upper bounds with the
upper bound established in [34], and we find that two of our
data-processing upper bounds are tighter than the bound in
[34] for all parameter values of the channel. Furthermore, the
strong converse bounds from [35, 52] can be even tighter for
certain parameter values.

We also consider four different upper bounds on the two-
way assisted (i.e., feedback-assisted) quantum and private ca-
pacities of the GADC. The first two upper bounds are based
on the fact that the squashed entanglement of a quantum chan-
nel is an upper bound on the two-way assisted quantum and
private capacities of any channel [42, 43, 57]. For the third
upper bound, we employ the max-Rains information [58, 59]
and the max-relative entropy of entanglement [60], which are
known to be upper bounds on the two-way assisted quantum
[54] and private [60] capacities, respectively, for any quantum
channel. In fact, for this third upper bound, we have found an
analytical expression that establishes that the max-Rains in-
formation and max-relative entropy of entanglement are equal
for the GADC. We found this analytical expression by analyt-
ically solving the semi-definite programs associated to max-
Rains information and max-relative entropy of entanglement.
The fourth upper bound is based on the notion of approximate
covariance. A comparison of these four upper bounds with the
mutual information upper bound leads to the conclusion that
all four upper bounds are significantly tighter than the mutual
information upper bound.



Upper Bounds
Capacity Lower Bounds
Quantity Technique
Cs (Eq. (148)) No-signalling and PPT-preserving codes [47]
CUB (Eq. (137)) Approximate covariance [48]
X
Classical Hole(\]::oqlrzfl%rir)ljltion CL® (Eq. (136)) Approximate entanglement-breakability [48]
CRE (Eq. (149)) Approximate unitality [36, 37]
Cr (Eq. (152)) Entanglement-assisted classical capacity [39-41]
b4 (Eq. (165)~(168)) Data processing [49, 50]
, dUeI;l_z (Eq. (169), (171)) Approximate degradability [51]
Quantum || Coherent Information YUB (BEq. (174 Approximate anti-degradability [51
Eq. (177)) redeg (BQ- (174)) pp g y [51]
B (Eq. (175) PPT-preserving codes [52]
Ve (Eq. (180)) Degradability and data processing [34]
I VP (Eq. (189)) One-half mutual information [42-44]
Coherent Information
TwojWay (Eq. (177)) Q;’:F_Bz (Eq. (190), (192)) Squashed entanglement [44, 53]
Assisted Fi
Quantum Reverse Coherent | Qo rains (B (207)) PPT-preserving assisted codes [54]
Information
(Eq. (204)) 0558 (Eq. (208)) Approximate covariance [55]

TABLE I. Summary of the lower and upper bounds on the classical, quantum, and two-way assisted quantum capacities of the GADC that
we consider in this work. The classical capacity upper bounds are established in Sec. VI. The quantum and private capacity upper bounds are
established in Sec. VII. The two-way assisted quantum and private capacities are established in Sec. VIII. We obtain analytic expressions for

<,UB
max-Rains

the quantities C (Proposition 6), Q

The rest of the paper is structured as follows. We be-
gin by summarizing relevant definitions and prior results in
Sec. III. We derive necessary and sufficient conditions for en-
tanglement breakability and anti-degradability of the GADC
in Sec. IV and Sec. V, respectively. We then establish several
upper bounds on the classical capacity and the quantum ca-
pacity of the GADC in Sec. VI and Sec. VII, respectively. In
Sec. VIII, we establish several upper bounds on the two-way
assisted quantum and private capacities of the GADC. Finally,
we summarize our results and conclude in Sec. IX.

All codes in Mathematica, Matlab, and Python used to as-
sist with the analytical derivations, numerical computations,
and the creation of plots are available as ancillary files with
the arXiv posting of this paper [61]. The Mathematica files
contain the code used in the proofs of (107), Proposition 6,
Proposition 10, and (218). The Matlab and Python files have
been used to compute all the bounds stated in the paper, and
the plots have been generated in the included Jupyter note-
books using Python.

(Proposition 10), and Q:® in this work.

III. PRELIMINARIES

In this section, we review some definitions and prior results
relevant for the rest of the paper. We point readers to [1-4] for
details and further background.

Let J{ denote a finite-dimensional Hilbert space. The tensor
product of two Hilbert spaces 34 and Hp corresponding to
the quantum systems A and B is denoted by Hap = H, @ Hp.
We let d, denote the dimension of H,. Let D(H) denote the
set of density operators (positive semi-definite operators with
unit trace) acting on a Hilbert space H{. An extension of a
state pa € D(H,) is some state pga € D(FHg ® F4) such that
Trgrloral = pa- Similarly, a purification of a state ps € D(J{,)
is some pure state [p)ra € Hg ® F4 such that Trg[|p){dlral =
PA-

The quantum entropy of a quantum state p € D(H) is de-
fined as H(p) = —Tr[plog, p]. The binary entropy ha(x) is
defined for x € [0, 1] as

hy(x) = —xlog,(x) — (1 — x)log,(1 — x). @))

Moreover, throughout the paper we use the bosonic entropy



g(x) for x > 0:

g(x) = (1 +x)log,(1 +x) — xlog, x 2)
=(1+x)h2(lix). 3)

The quantum mutual information of a bipartite state psp €
D(H, ® Hp) is defined as

I(A; B), = H(pa) + H(pp) = H(pap). “)

Let L(J) denote the space of linear operators acting on J.
Quantum channels are completely positive and trace preserv-
ing maps from L(HH4) to L(H g) and denoted by N4, 5. Aniso-
metric extension or Stinespring dilation U : Hy — Hp Q@ Hg
of a quantum channel N,_,p is a linear isometry such that
for all py € L(34), the following holds: Trg[UpsU'] =
N(p4). A complementary channel N _, . of Ns_p is defined
as NS _ -(oa) = TrplUpa UT]. The Choi state of a quantum
channel N4, is given by

pi\fB = (idg ®Na5p) (D4 41) &)

where (I)j1  denotes the maximally entangled state, i.e.,

dy
RS IV
Ol = 7= ) I @ 1T - ©)

ii'=1

We let
I = dapiy (7)

denote the Choi matrix of the channel N.

According to the Choi-Kraus theorem, the action of a quan-
tum channel N4_,5 on any X4 € L(3H,) can be represented in
the following way:

Naos(Xa) = D ViXaV] @®)
i=1

where the so-called Kraus operators V; : Hy — Hp, i €
{1,...,r},satisfy 2., VfVi = 14, and r need not exceed dadp,
with a minimal choice being r = rank(l"f;ﬂg).

A quantum channel N4, 5 is entanglement breaking if the
Choi state as in (5) of the channel is separable [45].

A quantum channel N4, is called degradable if there ex-
ists a channel Dp_ g such that

(Dpsk © Nassp)(Xu) = No_ g (Xa), 9

for all X4 € L(H,) [8]. A channel N,_p is called anti-

degradable if its complementary channel N¢ _, . is degradable,
i.e., if there exists a channel €x_, 3 such that
(s o NG p)(X4) = Nas,p(Xa) (10)

for all Xy € L(H,) [46].
For any Hermiticity-preserving map My, its diamond
norm ||M]|, is defined as [62]

IMUls = max|IMa—p(¥ra)lli, (11)
YRA

where the optimization is over all pure states g4, with the
dimension of the reference system R equal to the dimension
of A, and || X]||; denotes the trace norm of the matrix X, which
is defined as the sum of the singular values of X.

A. Capacities of quantum channels

For any quantum channel N, its classical capacity C(N) is
defined to be the highest rate at which classical information
can be sent over many uses of the channel with an error prob-
ability that converges to zero as the number of channel uses
increases. It holds that [63—-65]

CON) = 1im %X(N@"), (12)

where y(N) is the Holevo information of the channel N, which
is defined as

xN) = max I(X; B),,, (13)
PXA

where wxyp = Na_p(oxa), and the maximization is with re-
spect to all classical-quantum states, i.e., states of the form

pxa = ) px(OIKalx ® o} (14)

For any quantum channel N, its quantum capacity Q(N) is
defined to be the highest rate at which quantum information
can be sent over many uses of the channel with a fidelity that
converges to one as the number of channel uses increases. It
has been shown [56, 66—71] that

00N = lim (N, (15)

where the function /. is the channel coherent information,
which is defined for any quantum channel N as

I.(N) = max I.(p, N), (16)
P

where p € D(H), and
1:(p, N) = HN(p)) — H(N(p)). (17)

If the channel N is anti-degradable [46], then its coherent in-
formation in (16) vanishes, which means that anti-degradable
channels have zero quantum capacity.

The private capacity P(N) of a quantum channel N is de-
fined to be the maximum rate at which a sender can reliably
communicate classical messages to a receiver by using the
channel many times, such that the environment of the channel
obtains negligible information about the transmitted message.
The private capacity P(N) is equal to the regularized private
information of the channel N [71, 72], i.e.,

1
P(N) = lim —PON®Y) | (18)
n—oo n
where the private information of the channel is defined as
PON) = max |I(X; B),, — [(X; E), |- (19)
PXA

The maximization here is with respect to all states px4 as in

(14), and wxagr = u/jLBE(pXA)’ with Ui\LBE being an isomet-

ric channel extending N.



In general, the quantum and private capacities of a channel
N are related as follows [71]:

ON) < P(N). (20)

For degradable channels N and M, the coherent information
is known to be additive [8] in the following sense:

I.(N@ M) = I.(N) + I.(M). 21

Moreover, the private information of a degradable channel
is equal to its coherent information [9]. Therefore, both the
quantum and private capacities of a degradable channel are
given by its coherent information.

Two-way assisted communication capacities are defined as
the highest achievable rate of communication for protocols in-
volving local operations by the sender and receiver and classi-
cal communication in both directions between the sender and
receiver [73, 74] (see also [42]). We denote the two-way as-
sisted quantum and private capacities of a quantum channel N
by O (N) and P (N), respectively. As in the unassisted case,
we have that Q7 (N) < P (N) for all quantum channels N.

Since any one-way, or unassisted, communication protocol
is a special case of a two-way assisted communication pro-
tocol, we immediately have the coherent information lower
bound Q< (N) > I.(N). Another known lower bound is the
reverse coherent information [75-77], which is defined as

I(N) = max Ir.(p, N), (22)
o

where

Le(p. N) = H(p) — HON(p)). (23)

The reverse coherent information as in (22) was defined in
[75] and shown in [75, 76] to be a lower bound on the two-
way assisted quantum capacity. It was proven to be additive
in [77], and concavity in the input state p was shown in [2,
Eq. (8.48)].

B. Bounds on the capacities of quantum channels

In this section, we recall several different techniques for
placing upper bounds on the communication capacities of a
quantum channel that we use throughout the rest of the paper.

1. Data-processing upper bounds

Let N o M denote the serial concatenation of two quantum
channels N and M. Upper bounds on the quantum capacity of
the channel N o M can be established as follows [49, 50]:

ON o M) < OM), (24)
ONo M) < ON). (25)
The first inequality follows from definitions and the quantum

data processing inequality. The second inequality is a con-
sequence of the following argument: consider an arbitrary

encoding and decoding scheme for quantum communication
over the channel NoM. Then this encoding, followed by many
uses of the channel M, can be considered as an encoding for
the channel N. Since the quantum capacity of the channel N
involves an optimization over all such encodings, the desired
inequality follows.

By similar reasoning as above, we can conclude analogous
data-processing upper bounds for the private capacity and the
classical capacity:

PN o M) < POW), (26)
PN o M) < P(N), Q7
CN o M) < C(ON), (28)
CN o M) < CN). (29)

2. Classical capacity upper bounds via approximate entanglement
breakability and approximate covariance

Upper bounds on the classical capacity of any quantum
channel have been obtained using the notions of approxi-
mate entanglement-breakability and approximate covariance
of channels [48]. We now summarize these results. All of
these results, as well as their proofs, can be found in [48].

A quantum channel N is called e-entanglement-breaking if
there exists an entanglement-breaking channel M such that
FIN = Mll, < &. We let

1
egg(N) = n%/i[n {EHN — M|, : M entanglement breaking

(30)
denote the smallest € such that N is e-entanglement-breaking.
For qubit-to-qubit channels, the entanglement-breaking pa-
rameter egg(N) can be calculated by means of a semi-definite
program [48, Lemma II1.8]. We suppress the channel depen-
dence on ggg if the channel is understood from the context.

For any e-entanglement-breaking channel N, the following
upper bound on the classical capacity C(N) holds [48, Corol-
lary IIL.7]:

CN) < x(M) + 2¢log, dg + g(e), 31

where M is the entanglement-breaking channel such that € =
HIN =M
LIN = V..

We now define the notion of approximate covariance of a
quantum channel N4_, 5. Let G be a finite group with a unitary
representation {U4(g)},ec on the input system A and a unitary
representation {Vg(g)},ec on the output system B. The so-

called twirled channel Nf,f p 18 defined as

—

1 + '
Ny _5() = Gl gEZG V() Nass(Ua(@)(OUa(@))Va(g)- (32)

Note that the twirled channel N | ; can be realized by means
of a generalized teleportation protocol [55, Appendix B]. By
construction, this channel is covariant with respect to the rep-
resentations {U,(g)}eec and {Vp(g)}gec, meaning that

NG p(Ua(@)paUa(®)") = Va(@NG_ z(0a)Ve(®)"  (33)



for all states p4 and all g € G. We call N e-covariant with
respect to the representations {Ua(g)}gec, {VB(8))geq if %HN -
NG”o < e&. Welet

1
Zeov(N) = SN = Nl (34)

denote the smallest & such that N is e-covariant. The covari-
ance parameter £.o,(NN) can be computed by means of a semi-
definite program, as observed in [48], due to the fact that the
diamond norm can be computed by a semi-definite program
[78]. We suppress the dependence of the covariance parame-
ter on both the group and its representations for simplicity, and
if it is clear from the context, we also suppress the dependence
on the channel.

Let N be a qubit-to-qubit channel, and let G = Z; X Z;,
with Z, the group consisting of the set {0, 1} with addition
modulo two. This group has the (projective) unitary represen-
tation consisting of the Pauli operators {1, 0,0y, 0.}. With
this group and this representation, if N is e-covariant, then
[48, Corollary II1.5]

CN) < y(N9) + 2¢ + g(&). 35)

3. Quantum and private capacity upper bounds via approximate
degradability and approximate anti-degradability

We now recall techniques to obtain upper bounds on the
quantum and private capacities of a quantum channel using
the concepts of approximate degradability and approximate
anti-degradability. These concepts were developed in [51].
All of the results stated in this subsection, as well as their
proofs, can be found in [51].

A channel N is called e-degradable if there exists a channel
D such that %HNC —DoNJ, <& Welet

EdegN) = mgn {%IIN" —DoN|,:Disa Channel} (36)

denote the smallest & such that N is e-degradable. We sup-
press the dependence of this quantity on the channel if it is
clear from the context. Note that g4.(NN) can be calculated
via a semi-definite program.

For an e-degradable channel N with corresponding (ap-
proximate) degrading channel D, it holds that [S1, Theorem 7]

ON) < Up(N) + 2¢log, de + g(e), 37
where the quantity Up (N) is defined as

Up(N) = mpax{H(FIE)w wprp = (WRLE)VpaVIIWe1p)',
(38)
withV : Hy - Hg @ Hgand W : Hp — H; ® Hp be-
ing isometric extensions of channels N and D, respectively.
Moreover, the following bound was established on the private
capacity of an e-degradable channel N in [31, Theorem 13]:

PON) < Up(N) + 6¢log, di: + 33(s). (39)

Another upper bound on the quantum capacity of a quan-
tum channel N can be established using the notion of e-close
degradability. A channel N is called e-close-degradable if
there exists a degradable channel M such that %IIN— M, < &.
If N is an e-close-degradable channel, then the following
bounds hold [51, Proposition A2]:

ON) < I.(M) + 2¢log, dp + 2g(e), (40)
P(N) < I.(N) + 4elog, dg + 4g(¢). 41

A channel N is called an e-anti-degradable channel if there
exists a channel € such that 1[N — € o N||, < &. We let

1
Eadeg(N) = mgin {EHN —EoN,:Eisa channel} (42)

denote the smallest & such that N is e-anti-degradable. We
suppress the dependence of this quantity on the channel if it is
clear from the context. Note that &,.4c(N) can be calculated
via a semi-definite program.

For any g-anti-degradable channel N, it holds that [51, The-
orem 11]

OMN) < P(N) < glog,(dg — 1) + 2¢log, dg
+ hy(e) + g(e). 43)

4. Rains information upper bound on quantum capacity and
relative entropy of entanglement upper bound on private capacity

The Rains information of a quantum channel is an upper
bound on its quantum capacity [52], and a channel’s relative
entropy of entanglement is an upper bound on its private ca-
pacity [35]. Here we briefly recall these results.

The Rains relative entropy R(A; B), [79, 80] and the relative
entropy of entanglement Er(A; B), [81] of a bipartite state psp
are defined as

R(A;B), =  min  D(paglloag), (44)
7 Ap€PPT'(A:B)
Er(A;B), = min  D(paglloap), (45)

o E€SEP(A:B)

where D(papl|loap) is the quantum relative entropy of psp and
oap [82]. We have D(paglloag) = Tr[p(log, p — log, o)] if
supp(pap) C supp(cap), and D(papllocap) = +oo otherwise.
Also, PPT'(A : B) denotes the set {oap : oap = 0, ||0';BB||1 <
1} [80], and SEP(A : B) denotes the set of separable states
acting on H 4 ®FH g [83]. Note that one can efficiently calculate
the Rains relative entropy by employing convex programming
methods [84—86], due to the fact that the constraints o4 > 0
and ||O';BB|| 1 < 1 are semi-definite constraints.

For any channel N4/ _, g, we define its Rains relative entropy
R(N) and its relative entropy of entanglement Ex(N) as fol-
lows:

R(N) = rgr)lax R(A; B),, (46)
Er(N) = max ER(A; B),, 47)



where pap = Na - p(¢aar) and the optimization is with respect
to all pure bipartite input states ¢4, with the dimension of A
equal to the dimension of the input system A’ of the chan-
nel N. As stated above, the information measures R(N) and
Er(N) are useful because they bound the quantum and private
capacities, respectively, of the channel N:

ON) < R(N), (48)
P(N) < Eg(N). (49)

By following an approach similar to that given in [52,
Proposition 2], it follows that the maximizations in (46) and
(47) are concave in the reduced density operator Tra[¢aa-]:

Proposition 1. Let Ny g be a quantum channel, py a state,
¢, a purification of pa:, and wapg = Ny (¥, ,,). Then, the
functions py — R(A; B), and ps — Eg(A; B),, are concave
in the reduced state Try [qﬁ 1 = par, regardless of which pu-
rification ¢, ,, of pa is chosen.

We give a proof of Proposition 1 in Appendix A. Proposi-
tion 1, combined with the results of [84-86], implies that R(N)
can be computed efficiently by convex programming tech-
niques. One can effectively use convex programming tech-
niques to calculate Ex(N), but it will not be efficient to do so
in general since it is well known that optimizing over the set
of separable states is difficult [§7-89].

For qubit-qubit systems AB, it is known that R(A; B), =
Egr(A; B), [90], which is related to the fact that the posi-
tive partial transposition criterion is necessary and sufficient
for separability for such low-dimensional systems [91, 92].
(However, note that the analysis in [90] goes well beyond this
observation in order to establish the aforementioned equality.)
This equality in turn implies that R(N) = Ex(N) for qubit-
to-qubit channels, which is useful for our purposes here since
our focus is the qubit-to-qubit generalized amplitude damping
channel.

5. Upper bounds on two-way assisted quantum and private
capacities

The squashed entanglement [93] (see also [94, 95]) of a
bipartite state p4p is defined as

1.
Ey(A;B), = 3 inf{I(A; BIE),, : Tre[wape]l = pag},  (50)

where

I(A; BIE) = H(A|E) + H(B|E) — H(AB|E) 1)
= H(AE) + H(BE) — H(E) - H(ABE)

is the quantum conditional mutual information. Whether the
infimum in (50) can be replaced with a minimum is one of the

outstanding challenges in quantum information theory.
An alternative way of writing the squashed entanglement
is to use the fact that for any extension wspg of a state psp
there exists a channel 8 acting on a purification |y)4pg such

that Sg/ (W) {Wlape) = wape. This leads to the following
alternative expression for Ey(A; B),:

Ey(A; B),

1
=5 iISIf{I(A;BIE)m twape = Spe(W)Wlase)},  (52)

where |Y)apg: is a purification of pap. The channels 8 over
which we optimize are called squashing channels.

The squashed entanglement of a channel N [42, 43] is de-
fined as

EqN) = rgax Ey(A; B),, (53)
AA?

where pap = N p(daa) and where the optimization is over
all pure states ¢4+, with A having the same dimension as the
dimension of the input system A’ of the channel N.

For any channel N, the following bounds hold [42, 43] (see
also [57] for (55)):

Q7 (N) < Eiq(N), (54)
Pe(N) < Eq(N). (55)

By taking the identity squashing channel, and using the fact
that I(A; BIE)y, = I(A; B), for any pure state y,pg, Where
pas = Trp[ly)XWlase], we get that Eq(A; B), < 31(A; B), for
all states pap. This implies that E¢q(N) < %maxq,AA, I(A;B), =
1IN), where pap = Naop(@an). In other words, the
squashed entanglement of any channel is always bounded
from above by half the mutual information of the channel.
Therefore, we have

0”00 < 5100 (56)

for all channels N [42—44].
The max-Rains relative entropy of a bipartite state pap is
defined as [58] (see also [52])

Rmax (A’ B)p = min
o A5€PPT (A:B)

Dmax(pAB”O-AB)’ (57)

where, as stated before, the set PPT’(A: B) is defined as [80]
PPT(A:B) = {oap : 04 2 0, [0}l < 1}, (58)

and the max-relative entropy Diax(0aslloap) is defined as [96]

Dax(paslloap) = log, mtin{t : pAB < 1T 4B). (59

The max-Rains information Ry, (NN) of a channel N is defined
as [59] (see also [52])

Rinax(N) = max Rinax(A; B)y, (60)
AA

where pap = N p(daar), and the optimization is over pure
states ¢44/, with the dimension of A the same as that of the
input system A’ of the channel N. It satisfies [54]

07 (N) < Riax(N). (61)



Furthermore, it is a strong converse rate. As shown in [59], it
holds that

Rmax(N) = 10g2 A(N)»

min. ITrg[Vap + Yapllleo (62)
AN) ={ subjectto Y45 >0,Vyp >0,
(Vap = Yap)™® > T,

where Iﬂ\fB is the Choi matrix of the channel N, and ||X]|o
denotes the spectral norm of the matrix X, which is defined
as the largest singular value of X. In particular, the quantity
A(N) is given by an SDP.

For the two-way assisted private capacity, we consider the
following general strong converse upper bound [60]:

PT(N) < Enax(N), (63)

which holds for any channel N. The quantity Ej,,x(N) is the
max-relative entropy of entanglement of N, which is defined
as [60]

Epnax(N) = I;laX Emax(A; B)p, (64)
e

where pap = Na—p(daa), and the optimization is over pure
states ¢4/, with the dimension of A equal to the dimension
of the input system A’ of the channel N. The max-relative
entropy of entanglement Ey,,(A; B), of any bipartite state p4p
is defined as [96]

E . (A;B), = min
max(4; By 0 43€SEP(A:B)

Dmax(0aslloap), (65)

where SEP(A : B) is the set of separable states acting on the
space 4 ® Hp. It has been shown in [54] that, for qubit-
to-qubit channels, the quantity E,(N) can be written as the
solution to an SDP as follows:

Emax(N) = 1032 Z(N),
min. ITrp[YaB]llco
subject to l"f‘\rB < Yas,

Yih = 0.

TN) = (66)

Using the fact that PPT c PPT’, we obtain Ry (A4;B), <
Enax(A; B), for all states psp, which implies that

Rinax(N) < Emax(N) (67)

for any quantum channel N.

In [55], the following bounds on the two-way assisted
capacities were established for a channel N that is &-
approximately covariant (see Sec. III B 2 for the definition):

07 (N) < R(A; B), + 2glog, dg + g(e), (68)
PT(N) < Er(A; B), + 2elog, dp + g(&), (69)

where pap = Nf,_} 5(®%,,) and the twirled channel NG,_> 5 1s
defined in (32).

C. The generalized amplitude damping channel

The generalized amplitude damping channel (GADC) A, y
is a qubit-to-qubit channel with the following four Kraus op-
erators (in the standard basis) [19]:

Ay = VI = N([0)0] + T =y1X1]), (70)
Ay = A/y(1 = N)|OX1], (71)

As = VN (VT =710)0] +1)1]), (72)
As = JyNITXO| (73)

It is completely positive and trace preserving for all y,N €
[0,1]. If we set N = 0, then the GADC reduces to the ordi-
nary amplitude damping channel A, with two Kraus opera-
tors. The GADC also has only two Kraus operators for N = 1,
in which case the channel behaves as an amplification process,
driving the signal toward the state |1)(1].

Let p denote a single-qubit density operator:

1
p= 5(]1 + 1O + 1,0y + 1.07), 74)

where 7 = (r,, Ty, 17) € R3 is the Bloch vector, which satisfies
rz+ry+r2 < 1. The action of the GADC A,y on p is given by
the action of A, y on the Pauli operators o, oy, 0,. We have
that

Ayn(o) = N1 —yos, (75)
Ayn(ey) = Ty, (76)
Ayn(oy) = (1 = y)o, )

Ayn(1) = 1 +y(1 - 2N)o, (78)

for all v, N € [0, 1]. This implies that the vector 7 of the initial
state p gets transformed as

70—>(rx\/1— ,ry Vl_ er(1_7)+7(1_2N))Eﬁ’

where R = (R, Ry, R;). In particular, for any state p, we get

2 2
J +(Rz—y<1—2N>)
-y

=r§+r§+r§§1, (79)

75 s

which implies that the initial Bloch sphere gets transformed to
an ellipsoid centered at (0, 0, y(1 — 2N)) with x-, y- and z-axes
V1 —=7v, 1 —v, 1 -1, respectively. Note that all pure initial
states, which satisfy 72 + rf +r2 = 1, get mapped to the surface
of the ellipsoid.

The relations (75)—(78) also imply that the GADC is co-
variant with respect to the Pauli-z operator, i.e.,

‘Ay,N(O'zpo_z) = Usz,N(p)O'z (80)

for all states p and all y,N € [0,1]. More g¢nerally, the
GADC is covariant with respect to the operator e'*", where

=11 81



is the number operator, i.e.,
‘AY’N(eiaﬁpe—iaﬁ) — eiaﬁ‘A%N(p)e—iaﬁ (82)

for all states p, alla € R, and all y, N € [0, 1].
We also have that

'Ay,N(p) = O—x-Ay,]—N(O-xpo—x)o-x (83)

for all states p and all v, N € [0, 1]. In other words, the GADC
A, n is related to the GADC A, ;_y via a simple pre- and post-
processing by the unitary o,. The information-theoretic as-
pects of the GADC are thus invariant under the interchange
N < 1 — N, which means that we can, without loss of gener-
ality, restrict the parameter N to the interval [0, 1/2].

We now recall the following well-known decomposition
theorems for an arbitrary generalized amplitude damping
channel A, y:

1. Let y € [0,1] and N € [0,1]. Then any generalized
amplitude damping channel A, » can be decomposed
as a convex combination of A, and A, 1, i.e.,

An=0-N)A,o+NA, . (84)

2. Letyy,y2 € [0,1] and Ny, N, € [0, 1]. Then, any gener-
alized amplitude damping channel A, y can be decom-
posed as the concatenation of two generalized ampli-
tude damping channels A,, 5, and A,, y, [97]:

Ay,N = Ayz,Ng o ‘A‘Yl,Nl (85)

11d=y2)Ni+y2 N>
Yi+72=Y172

A consequence of (85) is that, for all y, N € [0, 1],

wherey =y +y2 —v1y2and N =

Ayn=An 0 AM 0 (86)
Ay = Aya-mo o A_n . (87)

We define
A v(pa) = TeglVI L pa(ViN )T (88)

to be a channel complementary to A, y, where vV s an

A—BE
isometric extension of A, y, which we take to be

Vy_)BE =AIR0)e+AR | DNE+As®12)E+As®13). (89)

D. The qubit thermal channel

The GADC is presented in a different form in [34] and is
called the “qubit thermal attenuator channel”. In this section,
we show explicitly that the qubit thermal attenuator channel is
equal to the GADC up to a reparameterization.

A qubit thermal attenuator channel, which we refer to here
as a “qubit thermal channel”, is defined by analogy with the
bosonic thermal channel [98] as the interaction of two qubit
systems A and E via a unitary channel, given by the unitary

PA

FIG. 1. The qubit thermal channel is defined by analogy with the
bosonic thermal channel as the interaction of a system A in the state
pa With an environment in the state Hg (see (91)) at a “beamsplitter”
of transmissivity 7, which is a unitary channel defined by the unitary
U" in (90). The state of the environment is then discarded to obtain
the output £, y(04).

U7, followed by discarding the system E [18]. See Fig. 1 for
an illustration. The unitary U” is defined as

1 0 0 0
_|0 V1 V1-1n7 0 (90)
0 —\1-n +m O}
0 0 0 1
This unitary is analogous to the unitary transformation in-
duced by an optical beamsplitter with transmissivity n €
[0, 1]. Such an optical beamsplitter is defined such that if one
of the input arms contains no light, then the fraction n of the
light is transmitted unaltered, while the remaining fraction is
reflected into the other output arm. The unitary transforma-
tion for the optical beamsplitter can be written as e'”#s, where
Hgs = i(a'h—b'a) and 6 = arccos( /1) (see, e.g., [99]). Here,
a and b are the bosonic annihilation operators corresponding
to the two input arms of the beamsplitter. The unitary U”"
for the qubit thermal channel can be written in the same form
e¢'’Hss by replacing the bosonic annihilation operator & in Hpg
with o ® 1 and the operator b with 1®c_, where o_ = |0X1|
can be thought of as the qubit analogue of the annihilation
operator.
Let p4 denote the state of the input system A, and let the
initial state of the system E be

6y = (1= N)IOXOlg + NI1)X1[g. oD

Then, the qubit thermal channel £, v is defined as

Lon(oa) = Tre[UN . oo(oa @ OD)(UL, )] (92)
= Trep (UL, 5 ® 1p)(0a ® 160V X0 ££7)
X (U1, 5e® L)', (93)
where
10" ee = V1= NI0,0)ge + VNI, D (94)

When N = 0, we call the qubit thermal channel £, the qubit
pure-loss channel.



o 10} 1)
P Lonlpn) = pa \ \Vzmm
n - 7]7(1”7”)N 1-(1-pN
o 1) 10}
pa Lonlon) = pa \ \VL,,WA)
n T n+ (=N
-w n+(1-mN

FIG. 2. Serial decompositions of the qubit thermal channel, as given
in (99) and (100).

The qubit thermal channel as defined in (92) has exactly the
same form as the bosonic thermal channel, the latter having
the unitary U” defined in (90) replaced by e/’ In particular,
the initial state Og of the system E can be thought of as the
qubit analogue of the bosonic thermal state ¢ 4@/ Tr[e#4'4]
[98], and the parameter N € [0, 1] can be thought of as the
mean number of photons. Indeed, if we replace a with o_ in
the definition of the bosonic thermal state, observe using the
definition of the number operator 7 in (81) that olo_ =h, and
let 8 =1n (I*TN), then we obtain

e—ﬁo’i o_

B
€
Tr[e_,BU'iUl] 1 —+ e_ﬁ |0><0| + l + e_/g| >< | (95)

= (1 = N)I0)0] + N|T)<1] (96)
=", 97)
There is a simple connection between the qubit thermal

channel and the generalized amplitude damping channel that
is straightforward to prove: for all y € [0, 1] and N € [0, 1],

‘A%N = Ll—y,N~ (98)

Using this, along with (86) and (87), we obtain the following
serial decompositions of the qubit thermal channel:

05 99
N (100)

Lynv=Li—a-pnioL

n
T—(I-pN *

L = L _ o L n
nN 7+(1-mN,0 Py

These decompositions are depicted in Fig. 2.
We take a channel complementary to the qubit thermal
channel to be

L5 n(pa) = Trpl(Ull g ® Le)(pa @ 16V )6" )

. ; (101)
X Upppe ®Le)'],
and we define a weakly complementary channel [46] to be

L npa) = TeglUl . pppa ®8YUL ) 1 (102)
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0.0
0.00 0.25 0.50 0.75 1.00
Y

FIG. 3. Region of parameters, indicated in blue as per (107), for
which the GADC is entanglement breaking. See also [97, 100].

IV. ENTANGLEMENT BREAKABILITY OF THE GADC

Having defined the GADC, we now proceed to examine
its properties. We start by determining when the channel is
entanglement breaking. Necessary and sufficient conditions
for entanglement-breakability of the GADC have been pre-
viously determined in [97, 100]. For completeness, we pro-
vide the derivation here, following the same approach given
in [97, 100].

For any two-qubit quantum state p4p, the condition

det(p}) > 0 (103)
is necessary and sufficient for the separability of pap [101].

Since a channel is entanglement breaking if and only if its
Choi state is separable [45], to determine when the GADC
A, n is entanglement breaking, we can apply the condition in

(103) to its Choi state pX’g = pfg'N as defined by (5). We have

1
P = 5((1=7M010,050, 05 + VT=10,0)(1, 1y
+7yNI|0, 1)(0, 1|45 + y(1 — N)|1,0)1,0lsp

+ Vl - 7|13 1><O3 O|AB

+(1_')’(1_N))|1»1><1»1|AB) (104)
1-yN 0 0 Vi—y
I T R A
Vi-=y 0 0 1-y(-N)
Then,
det((ng)m> _ -l +2y—9? ;674(1 —N)2Nz, (106)

so that det ((pX’;V TE) > 0 leads to the following necessary and
sufficient condition for the GADC to be entanglement break-



ing (see also [97, 100]):
22-1D<y<,

2 —
ll_ wst
2 v2

N =

yz

24 dy—4
- “_7]

107)
Note that 2(V2 — 1) ~ 0.8284. See Fig. 3 for a plot of this
region of parameters. It is worth remarking that while the
GADC has many parallels with the bosonic thermal chan-
nel, as outlined in Section III D, the entanglement-breakability
condition obtained here is starkly different from the corre-
sponding condition in the bosonic case. In particular, entan-
glement breakability of the bosonic thermal channel is given

by the relatively simple condition < & +1 [102].

V. DEGRADABILITY AND ANTI-DEGRADABILITY OF
THE GADC

A. Degradability of the GADC

It is known that the GADC is degradable for all y € [0, 1/2]
when N = 0or N = 1[18]. For N € (0,1) and y € (0, 1], it
follows from [103, Theorem 4] that the GADC is not degrad-
able.

In the case N = 0, it can be shown that [18]

ASg = Alyo. (108)

Then, using (85), it follows from the condition D,y 0 A, =
A;,o = Ay that a degrading channel D, g is simply

Dyo=Arn . (109)

In other words,

A g0 Ayo = Ay (110)

for all y € [0, 1/2). In terms of the qubit thermal channel, we
use the correspondence in (98) to write the condition (110) as

Lo Lo = Ly, (111)

forall n € (1/2,1].
Although the qubit thermal channel is not degradable for
N > 0, it is weakly degradable, meaning that there exists a

channel ‘:5,,,1\/ such that

Dy © Ly = L . (112)

In particular, one possible weakly degrading channel 5,7,,\] is
[34]

Dy = Proay 0 Ly, (113)
n

where P, denotes the phase damping channel, which is de-
fined via its Kraus operators

(114)

o = o )

11
B. Anti-degradability of the GADC

To determine the anti-degradability of the GADC, we use
the fact that a channel is anti-degradable if and only if its Choi
state is two-extendable [104].

Proposition 2 (Anti-degradability of the GADC). Forall N €
[0, 1], the condition

(115)

R =

y>

is necessary and sufficient for the anti-degradability of the
GADC A, y.

Proof. Since the GADC is a qubit-to-qubit channel, its Choi

state pz‘g is a two-qubit state. For any two-qubit state p4p, the
inequality

Trp3 5] — Trlp3] < 4 +/det(oap)

is necessary and sufficient for p4p to be two-extendable [105,
106]. For the Choi state pz’g, we find that

(116)

1
Te|(ohn) | = PN -V -y a1
1 1
Tr[ ] 2y’N? — 272N+27 *3 (118)
4N2(] _N)Z
det(p};v) = (119)

Substituting these quantities into the inequality in (116) and
simplifying leads to y > 3 as the necessary and sufficient con-
dition for two- extendab1l1ty of the Choi state of the GADC,
and hence for anti-degradability of the GADC. O

It is interesting to note that the condition for anti-
degradability of the GADC has no dependence on N, even
though, intuitively, the noise of the channel increases with N.
This is another way in which the GADC is in contrast with the
bosonic thermal channel, since for the bosonic thermal chan-
nel the anti-degradability condition depends on N and is given
by < 212 1107, Eq. (4.6)].

When the GADC is anti-degradable, there exists a simple
anti-degrading channel & satisfying (10), the form of which
follows immediately from the following lemma.

Lemma 3. Define the channel €}, by the Kraus operators

Ey = 10)s(0lg + [1) (1|,
E1 =10)33Ie + 11)5{2lE,

(120)
(121)

which acts on the four-dimensional output space of the com-
plementary channel A;!N defined in (88). Then,

Eyo A;’N = Aiyn (122)
forall N € [0,1] and all y € [0, 1].
Proof. See Appendix B. O



It follows that the channel €}, defined in Lemma 3 is an
anti-degrading channel at the boundary y = % forall N €
[0,1]. To find an anti-degrading channel for y > %, we use
(85) to obtain the following.

Proposition 4. Forall N € [0,1] and all y > %, the channel

Eyn = Azt yo &y (123)

is an anti-degrading channel for the GADC, meaning that
8%1\/ o ‘A;,N = A%N.

Proof. The decomposition in (85) implies that

‘AE,N o Al—y,N = .A%N. (124)
Combining this with (122), we find that
Ana yo&yo Al y=An (125)
=, \

forall N € [0, 1] and all y > % The result then follows. O

VI. BOUNDS ON THE CLASSICAL CAPACITY OF THE
GADC

We now consider the communication capacities of the
GADC, starting with the classical capacity. In general, the
Holevo information recalled in (13) is a lower bound on the
classical capacity of any channel. Then, as implied by the
formula in (12), determining the classical capacity of a quan-
tum channel essentially reduces to determining the additivity
of the Holevo information, as the capacity of additive chan-
nels can be calculated without any regularization. Remark-
ably, even in the case N = 0, in which case the GADC reduces
to the amplitude damping channel, determining the additivity
of the Holevo information remains an important open prob-
lem. In the case N = %, however, we observe from (78) that
the GADC is unital, i.e., A%%(]l) = 1 for all y € [0,1]. The
Holevo information is additive for unital qubit channels [16],
ie.,

XN ®M) = x(N) + x(M) (126)
for any unital qubit channel N and for any channel M. This
implies that the classical capacity of any unital qubit chan-
nel is equal to its Holevo information. In particular, for the
GADC, we obtain

C(Ay 1) = XA, ). (127)
Furthermore, the Holevo information for unital qubit channels
is directly related to its minimum output entropy [108-110]
(see also [1, Example 8.10]), such that for the GADC with
N = 1 we obtain

5 (128)

1—@].

X(Ay,;)=1—h2[

12

The Holevo information is also known to be additive for
entanglement breaking channels [111]. Therefore, using the
result in (107), we obtain

C(AyN) = x(Ayn), (129)
for all y and N satisfying
20V2-1)<y<l,
2 _ 2 _
l 7+47 4§N§ll+ w
2 v2 2 v2
(130)

Using the techniques from [109, 112], it has been shown in
[113] that the Holevo information of the GADC for its entire
parameter range is given by

1
X(Ayw) = S(F0) = logy(1 =) = af (@), (13D)

where
f@ =0 +x)log,(1+x)+ (1 -x)log,(1 —x), (132)
Vo i _ 1+x
[ =20 = 10g2(1 _x), (133)
- _ 2
. \/1_7_ (@=y(-202 134)
-y
and q is determined as the solution to the equation
(yq =¥*(1 =2N) = y(1 = )1 = 2N))f' (")
= —r"(1-Nf(. (135)

Let us now compare the Holevo information lower bound
with two upper bounds based on the concepts of e-
entanglement-breakability and e-covariance.

Proposition 5 (Classical capacity upper bounds via

g-entanglement-breakability and e-covariance). For all
v, N € (0, 1) it holds that
C(Ayn) < XM, N) + 261 + g(e1) = Cgg (v, N, (136)
C(AyN) S x(Ay 1) +26 + g(e2) = Con (v, N),  (137)

where & = epp(A,N)
Ecov(Ayn) = 7|N - %'

Proof. To obtain (136), we use (31) and the fact that dg = 2
for the GADC. Furthermore, we note here again that since the
GADC is a qubit-to-qubit channel, the entanglement-breaking
parameter egg(A, n) defined in (30) can be calculated via an
SDP [48, Lemma II1.8] due to the fact that, for two-qubit
states, the set of separable states is equal to the set of states
with positive partial transpose [91, 92].

For the bound in (137), we make use of (35). Let us first
show that the channel Aﬁ  Obtained by twirling with the Pauli
operators {1, 0, oy, 07} is equal to A%%. We start by recalling
the convex decomposition of the GADC as stated in (84):

1
AN = Mywalle and & =

An=0-N)A,0+NA, ;. (138)
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FIG. 4. Bounds on the classical capacity of the GADC. Shown is the
Holevo information lower bound given by (131), as well as the Cy
upper bound given by (148). We also plot the upper bound in (136)
based on approximate entanglement breakability, the upper bound in
(137) based on approximate covariance, the upper bound in (149)
from [36], and the entanglement-assisted classical capacity Cg given
by (152). The classical capacity lies within the shaded region. For
N = %, the classical capacity is equal to the Holevo information, and
this coincides with the approximate covariance upper bound and the
upper bound from [36].

Thus, by linearity of the twirling channel, we have that Aﬁ N =
(1 - N)Aﬁo + NAﬁl. Next, we recall (80) and (83), respec-
tively:

(139)
(140)

‘Ay,O(') = GZAV,O(UZ(')JZ)UZ,
‘Ay,l(') = O-xAy,O(O-x(')O—x)O—x-

Using these relations, and the fact that oy = io,07;, we obtain

1 1

Ao = 540+ A = A
1 1

AS = FA0+ FA = A,

(141)
(142)

where to obtain the last equality in both equations we used
(138). Therefore,

ASy=A, (143)
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for all y, N € [0, 1]. The final step is to show that gcoy (A, n) =
Sy N = AG o = 31K, x = A, 1l =7 |N = 3], which we do
in Appendix D. O

We now compare the upper bounds obtained above with
two strong converse upper bounds on the classical capacity
that hold for any quantum channel N [47]. The first upper
bound is

C(N) < Cp(N) = log, BN), (144)
where
min. Tr[S 5]
BON) = { subjectto ~Rap < (I3)" < Rap. (145)

—]1A®SBSRX;3S]1A®SB.

Note that the optimization is with respect to the operators S 5
and Rsp. We also observe that the optimization problem is a
semi-definite program (SDP).

The second upper bound from [47], which is also given by
an SDP, is the following:

CN) < C¢(N) = log, LN), (146)
where
min. Tr[S 5]
{(N) = { subjectto Vap > T35, (147)

—1a®Sp<VE <1, ®Ss.

By considering the dual of the SDPs in (145) and (147), we
obtain analytic expressions for Cg(A, y) and C/(A, y) for all
values of y and N, and we find that C,(A, y) = Cg(A, y) for
all values of y and N.

Proposition 6. Forally,N € [0, 1],

Cﬁ(‘Ay,N) = C{(‘Ay,N) = logz(l + \/m)

Proof. See Appendix C. O

(148)

Let us now compare the Holevo information lower bound
and the upper bounds in Proposition 5, (144), and (146) to the
upper bound obtained in [36]. This bound is obtained using a
technique developed in [37], which is based on a decomposi-
tion of the channel of interest in terms of a unital channel (for
which we know the classical capacity, as mentioned above).
When applied to the GADC, the technique leads to the fol-
lowing upper bound [36, Eq. (35)]:

C(A,n) < Cpr (v, N)

_ 1 V1I—-vy
=1—h2[§[1— f(%N)]]Hngf(%N)
1 N
+ E Ing m, (149)

where

fy,N)=vy+/N( -N)



+ VN+(I-NA-)I-N+N1—-y). (150)

Finally, we consider the entanglement-assisted classical ca-
pacity as another upper bound on the classical capacity of
the GADC. The entanglement-assisted classical capacity of
a quantum channel N, denoted by Cg(N), is defined as the
maximum rate at which classical information can be sent over
the channel in the asymptotic limit, with the assistance of en-
tanglement between the sender and the receiver. It is known
[39-41] that Cg(N) is given simply by the mutual information
I(N) of the channel, i.e.,

CEN)=IN) = rgax I(A; B),, (151)

where pap = Na _p(daa ) and the dimension of A is equal to
the dimension of the input system A’ of the channel N. For the
GADC, by using its Pauli-z covariance, as well as the concav-
ity of the function ps: = I(A; B),,, where wax = N (¢, )
and ¢/j 4 1s any purification of p4/, it has been shown [38] that

I[(Ayn) = max F(y.N.z) (152)

for all y, N € (0, 1), where

F(y,N,2)
2

2 4
Ailogy A= ) Alog, A+ Y A log, A (153)

i=1 i=1 i=1

and
A = %(1 +2), (154)
b=30-0), (155)
B= 3 +@N =Ty ==, (156)
= 3= @N =Ty~ -7, (157)
1= 50~ N1 -2, (158)
1 = SNy +2), (159)

A = % (2 —(1+@2N - )z)y

+ \/4 —4(1+22N = D)y + 2N -1 + z)2y2), (160)

T %(2-(1 + N = 1))y

- \/4 —41+z2N-1)y+ (1 -2N + z)zyz) . (161)

In Fig 4, we plot the Holevo information lower bound as
well as the Cg upper bound, the upper bound ng based on
approximate entanglement breakability, the upper bound CJ8
based on approximate covariance, the bound Cgi? defined in

(149), and the entanglement-assisted classical capacity Cg.
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We find that the Cg upper bound is close to the Holevo in-
formation lower bound for low values of y and N. For higher
values of y, the entanglement-assisted classical capacity pro-
vides a tighter upper bound than Cg. For values of N close
to % as one might expect, the approximate covariance up-
per bound CJ2 is tighter than both Cs and Cp, at least for
low to intermediate values of y. In this same regime for N,
the bound CP is the tightest for small intervals of y close
toy = 0.6. For N = %, we know from (127) that the clas-
sical capacity of the GADC is given by the Holevo infor-
mation. Accordingly, the Holevo information and the upper
bounds Cg,% and Cg]f’ coincide. Also, as expected, the ap-
proximate entanglement-breaking bound ng is tight, match-
ing the lower bound, whenever the GADC is entanglement
breaking. For values of y and N close to the entanglement
breaking region, this upper bound is also the tightest among

all of the other upper bounds.

VII. BOUNDS ON THE QUANTUM AND PRIVATE
CAPACITIES OF THE GADC

We now consider the quantum and private capacities of the
GADC and provide upper bounds using the data-processing
bounds, the approximate degradability and approximate anti-
degradability bounds, and the Rains information and relative
entropy of entanglement bounds defined in Sec. III B.

We start with the decompositions of the GADC in (86)
and (87):

(162)
(163)

Ayn = Ayni o Ayim g,
1=

Ayn =Aya-mo o A_w .

(N

These decompositions of the GADC involve the amplitude

damping channels .Ay](lfx) o and Ayq-n). Moreover, these
el
decompositions are similar in spirit to the ones used in

[31, 32, 34, 107, 114] in the context of bosonic Gaussian ther-
mal channels.

Unlike the classical capacity, the quantum capacity of the
amplitude damping channel has a known closed-form expres-
sion and is given by [18]

O(Ay0) = [max ho((1 = y)p) = ha(yp) |- (164)

for y € [0,1/2), and Q(A, ) = 0 for y € [1/2,1]. The quan-
tum capacity can be determined easily in this case since the
amplitude damping channel is degradable for all y € [0, 1/2],
which implies that the coherent information of the channel is
additive. The relation between A, o and A, given by (83) im-
plies that the quantum capacity of the channel A, ; is equal to
the quantum capacity of the amplitude damping channel, i.e.,
0O(A,1) = O(A, ). Furthermore, since the private and quan-
tum capacities are equal to each other for degradable channels,
we have that P(A, o) = O(A, ).



15

Y Y
QLB UB UB UB UB QUB QUB
—_— CI —_— DP,2 -— DP.4 deg,1 deg,2 - a—deg -_— Rains
UB UB
- DP,1 = DP,3

FIG. 5. Bounds on the quantum capacity of the GADC. Shown is the coherent information lower bound QFF given in (177), the data-processing

B

upper bounds Q[P to QP , from Proposition 7, the upper bounds Qi |, OyF ) and Q% from Proposition 8, and the upper bound Q2

defined in (175). The quantum capacity lies within the shaded region.

Proposition 7 (Data-processing upper bounds). Forally,N €
(0, 1), it holds that

Oy) < PAy) < 0(Asan o) = OB, W), (165)
O(Ayn) < P(Ayn) < Q(Ayi-n0) = Oppo(r-N),  (166)
Q(Ayn) < P(Ayn) < Q(Auwi) = Opp3 (7. N), (167)
O(AyN) < P(AyN) < Q(A]_;“N_N),l) = Oppa(y.N). (168)

Proof. All of these inequalities follow from the relation be-
tween the quantum and private capacities in (20), the decom-
positions of the GADC in (162) and (163), and the general
data processing upper bounds given in (24) and (25) for the
quantum capacity and (26) and (27) for the private capacity. In
particular, for the bounds on the private capacity, we make use
of the fact that the amplitude damping channel is degradable,
which means that its private capacity is equal to its quantum
capacity, as given in (164). O

We obtain more upper bounds using the concepts of &-
degradability, e-close-degradability, and e-anti-degradability.

deg, a-

Proposition 8 (Approximate degradability and anti-degrad-

ability upper bounds). Forall y € (0,1/2) and all N € (0, 1),

we have the following e-degradable upper bounds:
O(A, V) < Ogug1 (7, N) = Un (A, n) + 481 + g(&1),
P(Ayn) < Up(Ayn) + 121 + 3g(e1),

(169)
(170)

where &1 = g4eg(Ay ). The e-close-degradable upper bounds
are

O(AyN) < Ogeg 27, N) = QA 0) + 262 + 28(£2),
P(Ayx) < Q(Ay0) + 4, + 4g(£),

(171)
(172)

where g, = %HA%N — Ay ollo. Finally, the e-anti-degradable
upper bounds are

O(Ayn) < P(Ay ) (173)
< O N) = 265 + ha(e3) + 8(e3),  (174)

where 3 = &y.deg (A, n)

Proof. We start with the bounds in (37) and (39). For the
GADC, we have dg = 4, since the channel has four Kraus op-



erators (assuming N # 0 and N # 1). Therefore, by determin-
ing the approximate-degradability parameter £qeq(A, n), We
immediately obtain the bounds in (169) and (170).

Similarly, we obtain the bounds in (171) and (172) using
(40) and (41), respectively, as follows. Since the channel A,
is degradable for all y € [0, 1/2], we can take that to be our
g-close-degradable channel to A, . Then, since I.(A,p) is
simply the quantum capacity of A, (as given by (164)), we
obtain (171).

Finally, we use the bounds in (43) arising from eg-anti-
degradability. Since dgp = 2, after calculating the anti-
degradability parameter £,.geg(A, n), We obtain (174). m]

We obtain another upper bound on the private and quantum
capacities of the GADC by employing the Rains information
of the GADC, as given in (46), (48), and (49):

QAyN) < P(Ayn) < R(AyN) = (175)

QRams (7’ N)’
which follows from the fact that, as stated previously, the
Rains information R(A, y) is equal to the channel’s relative
entropy of entanglement Eg(A, y) for qubit-to-qubit chan-
nels, due to [90]. To compute the latter, we can perform the
minimization over PPT states, due to [91, 92]. Furthermore,
due to the o, covariance of the GADC, we can make several
simplifications to the task of computing the Rains informa-
tion R(A, ), which speed it up significantly. First, due to
the o, covariance and concavity of Rains information in the
input state, as presented in Proposition 1, it suffices to per-
form the maximization over input states with respect to the
one-parameter family of states |0”)aa = +/1 — pl0,0)aa +
\/PI1, 1)44- (see Appendix E for details on how to show this).
Second, the minimization in the Rains relative entropy in the
definition in (46) can be performed over PPT states having the
following form:

e

e
1 0
RE
0

OAB= =
2

(176)

S OR

00
B0
0y
& 00
where @, 8,7,6 > 0, a+B+y+6 = 2,0 < ¢ < min{ Vasd, VBy),
¢ € [0,2m). This latter simplification follows from the same
argument given in [115, Appendix B].
See Fig. 5 for a plot of the upper bounds QDP | to QRams
get a sense for how good these upper bounds are, it is worth
comparing them to a lower bound. The coherent information
I.(A, n) provides a lower bound on the quantum capacity of
the GADC. It can be shown that [116]
Ie(Ay) = max 1, ((1 a2 0) A N) = 0P (.N). (17D)
T petomy 0 p) e
By plotting in Fig. 5 the coherent information lower bound
alongside the upper bounds QDP] to QR ains» WE find that the
gap between the upper bounds and the lower bound is smallest
when both y and N are small. We also find that, as expected,
the upper bound Q dB based on e-degradability is a tighter
bound for vy close to zero, since y = 0 is the point at which the
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GADC is close to an identity channel. We note here that the
generic behavior of the e-degradable bound being tangent to
the lower bound for low noise quantum channels was studied
in detail in [13]. On the other hand, the upper bound QUB deg.2
based on e-close-degradability is relatively poor for large val—
ues of N. Similarly, we observe that the upper bound Q- deg
based on g-anti- degradablhty is relatively poor except for val-
ues of y close to y = 5, where, as expected, the bound is
tighter, since y = % is the point beyond which the GADC is
anti- degradable From Fig. 5, it is also evident that the up-
per bound QDP | is tighter than all other data-processing upper
bounds for all values of y and for N < 0 5. Moreover, for
N = 0.5, the upper bounds Q p and Q p, coincide with the

upper bounds QDP 4 and QDP 5» Tespectively. Furthermore, the
upper bound Q;J_Beg is tighter than all other upper bounds for
both y and N close to % While the Rains information upper
bound QRa s 18 worse than two of the data-processing upper
bounds for all values of ¥y when N is close to zero, it is tighter
than all four data-processing upper bounds for all values of
v when N is close to ; In this region of N close to % it is
also tighter than the bounds QUB deg.1 and QY8 for values of y
roughly between 0.15 and 0.49.

a-deg

A. Comparison with prior work

Let us now compare the bounds obtained here with those
from prior work.

In [34], in order to obtain an upper bound on the quantum
capacity of the qubit thermal channel, the authors consider the
“extended” channel

r]N(pA) = Tre[(Ul ;5 ® LE)(oa ® 10V X0 25)

(178)
X ( AE—BE ® lE’)T]'
Note that
Lyn = Trg oLy n, (179)
which implies, via (24), that
QL) < QLyn) = Ok N). (180)

As explained in [34], to compute the upper bound Q(Z,,,N),

we observe that by defining a channel complementary to £, v
as

Lf,N(,DA) = Trpe (U, gp ® 1) (0a ® 10V X6 ££7) (181)
x (Uy AE-BE ® ]lE’)T]’

we get

L8y =L0y (182)
forallnp, N € [0, 1], where Z,LN is the channel weakly comple-
mentary to £, y defined in (102). This implies that whenever
the qubit thermal channel is weakly degradable, the extended
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FIG. 6. Comparison between the data-processing upper bounds QDP .
and QDP2 defined in (165) and (166), respectively, the e-degradable

upper bound QJ8 , defined in (169), and the upper bound OB ob-
tained in [34] and defined in (180). Also shown is the coherent in-
formation lower bound Q defined in (177). The quantum capacity
lies within the shaded region.

channel is degradable. Indeed, for all N > 0 and all 5 € [0, 1],
the channel D, y = Pi_on © LH’N o Trg: satisfies

57],N © ZU,N = j)I—ZN o Lﬂ N © Trg OZW‘N (183)
2,

=Pravo Ly yolyn (184)
n

= LSy (185)

= L5y (186)

where to obtain the second equality we used (179) and to ob-
tain the third equality we used (113). The quantum capacity
of the extended channel is therefore given by its coherent in-
formation. In other words,

(L) = max (H(Lyn(p)) — HE;, (o))

_ 1-p 0) =
= max ([ 57 0) B

(187)

(188)

17

1 OO

102
0.

=
1072 1 1 I 1 107’2 1 1 1 1
0.5 0.6 0.7 0.8 0.9 1.0 0.5 0.6 0.7 0.8 0.9 1.0
n n
[ o ——of —— dpn - oh. — o

FIG. 7. Comparison between the data-processing upper bounds DP |
and QDPZ defined in (165) and (166), respectively, the Rains infor-
mation upper bound QRalns in (175), and the upper bound QRMG ob-
tained in [34]. Also shown is the coherent information lower bound

o defined in (177). The quantum capacity lies within the shaded
region.

for all N >AO and n € [0, 1], where thE last equality holds due
to the fact £, y(0,pa0;) = (0, ® 1)L, n(p)(0,® 1) and the
fact that the coherent information is concave in the input state
of the channel whenever the channel is degradable [117].

See Fig. 6 for a comparison of the upper bounds obtained in
this paper and the upper bound obtained in [34] for N = 0.01
and N = 0.1. We find that the upper bound QUB based on ap-
prox1mate degradability is tighter than QRMG beyond roughly

= 0.56 for both N = 0.01 and N = 0.1, while the data-
processmg upper bounds QDPl and QDP2 are tighter than

RMG for all values of 1. In fact, as shown in Fig. 7, these
data-processing bounds are tighter for all values of N. The
data-processing upper bounds are thus tighter than the bound
in [34] for the entire parameter range of the qubit thermal
channel/GADC. For values of N close t0 , the Rains infor-
mation upper bound QRa n 18 tighter than both data-processing
upper bounds for all values of 7.

BOUNDS ON THE TWO-WAY-ASSISTED QUANTUM
AND PRIVATE CAPACITIES

VIIIL.

In this section, we consider the two-way assisted quantum
and private capacities Q< (A, y) and P (A, y), respectively,
of the GADC.



A. Squashed entanglement upper bounds

Recalling from (56) that one-half of the mutual informa-
tion of a channel is an upper bound on its two-way assisted
quantum capacity, and using the expression for the mutual in-
formation of the GADC in (152), we get

07 (Ayn) < %Vgn[_a}x” F(y,N,2) = 03" (. N)  (189)
for all y, N € (0, 1).

A potentially better upper bound on the two-way quantum
capacity of the GADC than the one in (189) can be obtained
by a different choice of squashing channel. In particular, we
make use of the decompositions in (86) and (87) to obtain the

following result. Our approach is related to the constructions
in [44, 53].

Proposition 9 (Squashed entanglement upper bounds). For
ally,N € (0, 1), it holds that

QH (Ay,N) < PH(A)/,N)

1 <, UB
1 - 0~
5 max [(A; BIE B} = Q5 (. V), (190)

where the state ™" on which we evaluate the conditional mu-
tual information is

Thpp, g, = (dap AL @ AL ) Wp)Wplasee,),  (191)
N1 =2,
with ) aBE; E, Vly;,_’,BEé VA’iB’E’l [0P)aar and |0P)anr =

V1 =pl0,0)44: + /PI1, Daar.
Also,

Q(_)('AV,N) < PH(-A)/,N)

1 o
< 5 max [(A; BIE Ex)w = 005" N),
pel0

(192)
where the state TP on which we evaluate the conditional mu-
tual information is

Tipp g, = (idap ®A1,® A%,o)(h;p)(&p'ABEjEé)a (193)

Vy(l N)OVI y(l N’ |0p>AA,.

with [ p)ape £, = B'—>BE, YASBE

Proof. We use the fact that Q7 (A, n) < Ey(A, n), where

1
—Iélax inf I(A; B|E),,,

E'>E

sq(Ay N) (194)

where wape = S p(WXWlaper) and |Y)ape: is a purification
of the state (idg ® A, x)($){Plaa).
To obtain the first upper bound in (190), we use the fact
that A, y can be decomposed as A, y = Ay 0 Aryim o- This
T—yN *

means that, for any pure state [#)44, a purification of the state
pap = (idg @A, N)(|¢){dlaa) can be written as

y(-N)
N1 =
WA g, = Vi, ' \BE, Vs g Pan (195)
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As the squashing channels, which act on E| and E}, we
take the channels A,, 5, and A,, y,, respectively. The state
waABE,E, on which the quantum conditional mutual informa-
tion in (194) is evaluated is then

WABE E, (Y1, N1, Y2, N2)

= (idag @Ay, v, ® Ay, v)(IW)WlasE ). (196)

We can optimize over the open parameters y;, Ni,y2,No €
[0, 1] such that the squashed entanglement of psp can be
bounded from above as

1
Esq(A; B)p < 5 min I(A7 B|E1E2)m,

Y1,72,N1LN)

(197)

where the state wapg, g, is given in (196). This means that

1
A < -max min I(A;B|E|E>),. 198
Esq(Ayn) 5 max  min (A; BIE1E2) (198)
Now, numerical evidence suggests that y; = % =1vyyand N| =

0 = N, is optimal. The corresponding squashing channel can
be viewed as qubit pure-loss channels with beamsplitters of
transmissivity %, analogous to the construction in [44, 53];
see Fig. 8. So we have

1
Es(Ayn) < 5 max I(A; BIE, E)-, (199)
2 Gaw

where Tapg,p, = wABElEz(%,O, %,0). Finally, due to the co-
variance of the GADC with respect to the Pauli-z operator,
it suffices to optimize over pure states |[p)aar = |07 )aa =
V1 =pl0,0)44-++/PI1, 1)44-, where p € [0, 1]. In other words,
the following equality holds:

1 1
3 max I(A; Bl[E\E»), = = max I(A B|IE\Ey) v, (200)
2 pel

dan’

where Tf‘ E, £, 18 defined in (191). See Appendix E for a proof.
We thus obtain the bound in (190).

We obtain the second upper bound in (192) using the de-
composition A,y = A,-mpo o A L In this case, we

take a purification of the state pap = (id4 @A, ¥)(|P){Plaa’) tO

be

- 1-N O
sz, = ViV oan. 0D)

Then, letting

@aBEE, (Y1, N1, 72, N2)
= (idap @Ay, v, ® Ay, v) ()P lae ;) (202)

and performing the optimization min,, ,, n, N, 1(A; BIE1E>)g
analogous to the one in (197), we find numerically that y; =
% = v, and N = 0 = N, gives the optimal value. Therefore,
we get

1

sq (-Ay N) a

> max x 1(A; BIE\Ey)r,

(203)
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FIG. 8. Strategy for the first part of the proof of Proposition 9, in
which we decompose the GADC as A,y = Ay 0 Aya-m o> &S per
TN *
(86). Using (98), we can write this decomposition using the qubit
thermal channel as Ay y = £1-,n10L 1 ,. To place an upper bound
I-yN~
on the squashed entanglement of the GADC, we use a squashing
channel consisting of a 50/50 “qubit beamsplitter” (i.e., the unitary
transformation U" defined in (90) with n = %) acting on the environ-
ment of each of the two qubit thermal channels in the decomposition
of the GADC.

as required. As with the first upper bound, it suffices to op-
timize over pure states |6”)44- due to the covariance of the
GADC with respect to the Pauli-z operator, and the proof is
analogous to the one presented in Appendix E for the first up-
per bound. O

See Fig. 9 for a plot of the squashed entanglement upper
bounds in (190) and (192) along with the mutual informa-
tion upper bound Eq(A, ) < $1(A, x), with I(A, y) given in
(152). We also plot the reverse coherent information /(A )
lower bound. Due to Pauli-z covariance and concavity of the
reverse coherent information, /r.(A, x) can be obtained by op-
timizing over diagonal input states, i.e.,

1-p 0 _ ~o.LB
Lie(Ayn) = rg[%}] Iie (( 0 )’Ay,N) = QRCI (v, N).

p p
(204)
We note that the coherent information lower bound is not plot-
ted in Fig. 9 because it is smaller than the RCI lower bound
for all values of v and N.

B. Max-Rains and max-relative entropy of entanglement
upper bounds

For the amplitude damping channel A, , it has been shown
in [115, Proposition 2] that
EmaX(Ay,O) = 10g2(2 - 7)

We now generalize this formula to all values of y, N for the
GADC. We also prove that the inequality opposite to the one

(205)
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in (67) holds for the GADC. As stated, this result generalizes
the equality in (205), and the proof that we give is arguably
simpler than that given for [115, Proposition 2].

Proposition 10. For all y, N such that the GADC A, y is not
entanglement breaking, it holds that

Emax (-Ay,N) = Rimax (Ay,N)

1
— log, (1 - % +3 JOeN - Dy + 41 - y)). (206)

Ifthe GADC is entanglement breaking, as given by (107), then
Emax(Ay,N) = Rmax(-Ay,N) =0.

Proof. See Appendix F. O
By (61), and using Proposition 10, we have that
07 (Ay)s P7(Ay) £ O Ruin

1
= log, (1 - % ) \/(y(2N — D)2 +4(1 - 7)). (207)

for all y, N € [0, 1]. In Fig. 9, we compare this max-Rains up-
per bound with the squashed entanglement upper bounds from
the previous subsection. We observe that the max-Rains up-
per bound is tight when the channel is entanglement breaking.
This is due to the fact that the state psp for which Ry (A; B),
is evaluated in (60) is separable whenever the channel is en-
tanglement breaking, and the fact that any separable state is in
the set PPT'.

C. Approximate covariance upper bounds

Applying the bounds in Eq. (68) and Eq. (69) to the GADC,
recalling from (143) that AS = A, 1, and using the fact that
the quantity R(A; B), coincides with Ex(A; B), for qubit-qubit
states pap [90, Section III], these bounds reduce to the follow-
ing:

07 (Ayn), PT (A, ) < Qe P (v, N)

= Er(A; B)p + 2&cov + 8(Ecov)s (208)
where &coy = Ecov(Ayn) =¥ |N - %' and
Php=A, 1 (@i4) (209)
o 5o Yo
=2 0 0% o 210)
Ji-y 00 1-1%

Note that, due to (107), p} , is entangled only when 0 < y <
2(\/5 — 1). In this case, it is a Bell-diagonal state of the form:

1

Phg = Z 1 j1 @i ;X Di jlags
=0

(211)
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FIG. 9. Bounds on the two-way assisted quantum capacity of the GADC. Shown is the reverse coherent information QRH(’:%B lower bound,

given by the expression in (204). We also plot the mutual information upper bound QﬁiUB defined in (189) and obtained by employing the
<, UB

al and

identity squashing channel in the definition of the squashed entanglement, along with the squashed entanglement upper bounds Q
Q;’f B defined in (190) and (192), respectively. The bounds Q:q',’lUB and Q;”‘;J B are obtained by employing the squashing channel as shown in
(191). The max-Rains upper bound Q"8 . is given by the SDP in (62). (See also the analytic expression in (206).) The upper bound Q{;"®

max-Rains
is given in (208) and is based on the notion of approximate covariance. The two-way assisted quantum capacity lies within the shaded region.

with |(Di,j>AB = <]1A ® U;Ug) |(D+>AB and

1
70,0=Z(2+2 l—y—y) (212)
1
m1=1@‘2 T=y-7). (213)
ro =ri = (214)

Z .
The closest separable state for such a Bell-diagonal state with
ro0 = % is well known to have the form [118] (see also [90])

1
OAB = EI(DO,OX(DO,OIAB
1

+ 7 jl®; ;X D; jla (215)
2(1 = rop) i,j#z(():,O)
%—x 00 «x
0O xO0 O
= 0o 0ox 0 | (216)
x 00 %—x

where
x= 4 . 217)
2(2-24T=y+y)
We then find that
ER(A;B);)
1
Y Y
= r,-,jlogzr,-,j+1——10g2(—]
l;) 2 2-2 1_7+7
Yy=2+241-vy 4—y—-41-y
+ 7 log, Sty , (218)

which completes the analytic form of the bound in (208).
Note that this formula for E(A;B), holds only for y €
[0,2(V2 - 1)); otherwise, pXB is separable, which means
that Ez(A; B), = 0. We also note that for N = % which
is when the GADC is covariant with respect to the Pauli



group and thus &,y = 0, the bound in (208) reduces to
O A,n), PT(A,N) £ Egr(A;B),, which is precisely the
bound determined in [33, Theorem 5] and in [35, Theo-
rem 12] for the class of teleportation-simulable channels.
(Any channel that is covariant with respect to the Pauli group
is teleportation-simulable; see, e.g., [35, Appendix A].)

In Fig. 9, we plot the bound Q5B in (208). While the
bound is relatively poor for small values of N, for values of N
close to % we find that it is tighter than the other upper bounds

for some values of y. Notably, at N = %, this upper bound is
the tightest among the other upper bounds, and by a significant
margin as well.

IX. CONCLUSION

In this work, we provided an information-theoretic study of
the generalized amplitude damping channel (GADC), which
is a generalized form of the well-known amplitude damping
channel and can be thought of as the qubit analogue of the
bosonic thermal channel. We first determined the range of
parameters for which the channel is entanglement breaking, as
well as the range of parameters for which it is anti-degradable.

We then established several upper bounds on the classical
capacity of the GADC. We used the concepts of approximate
covariance and approximate entanglement-breakability [48]
to obtain upper bounds. We compared these upper bounds
with known SDP-based upper bounds [47], for which we
proved an analytical formula for the GADC, as well as the
known entanglement-assisted classical capacity upper bound
[38].

We also provided several upper bounds on the quantum and
private capacities of the GADC. We exploited the two decom-
positions of the GADC in (86) and (87) in terms of amplitude
damping channels in order to obtain data-processing upper
bounds, and we used the concepts of approximate degradabil-
ity and approximate anti-degradability [51] to obtain further
upper bounds. We found that one of the data-processing up-
per bounds is tighter than the recently obtained upper bound
from [34] for all parameter values of the GADC, and that the
Rains information upper bound is tighter than the upper bound
from [34] for certain parameter regimes.

We also considered the two-way assisted quantum and pri-
vate capacities of the GADC. We determined upper bounds on
these capacities using the squashed entanglement [42, 43], the
max-Rains information [54], and the max-relative entropy of
entanglement [60]. The squashed entanglement upper bounds
exploited the decompositions of the GADC in (86) and (87),
as well as a particular choice of squashing channel. This al-
lowed us to obtain upper bounds that are better than the mu-
tual information bound that can be obtained via the identity
squashing channel. We also obtained upper bounds using the
concept of approximate covariance. Along the way, we also
determined an analytic form for both the max-Rains informa-
tion Ry, and the max-relative entropy of entanglement Ep,«
of the GADC, and we found that for the GADC both quan-
tities are equal to each other. In light of the latter result, it
is worth exploring whether the equality Ry (N) = Enax(N)

21

holds for all qubit-to-qubit channels N.

Obtaining the communication capacities of the GADC for
its entire parameter range remains a challenging open prob-
lem. This work has applied many state-of-the-art techniques
to obtain upper bounds, and it is clear that obtaining tighter
upper bounds, or even to obtain an exact expression for the
capacity, will require new techniques. To this end, some direc-
tions for future work include: employing a different squashing
channel than the one used here to obtain a better upper bound
on the two-way assisted quantum and private capacities of the
GADC. Another method to reduce the gap between lower and
upper bounds for any communication scenario is to look at
improving current lower bounds rather than upper bounds, via
potential superadditivity effects.
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Appendix A: Proof of Proposition 1

The proof is similar in spirit to [52, Proposition 2], and in
fact implies it for the relative entropy. Let wg 4 and l///l4 4 be
pure states and define

vy = (1= Dy + ), (A1)
for A € [0, 1]. A purification of ¢}, is given by
WY ban = V1= A0V ) an + VAR Yanr. (A2)

This purification is related to another purification q)ﬁ 4 by
an isometric channel Ua_,pa: ¥p,, = Uaspa(dt,). Let
o4, € PPT'(A: B) be the operator such that RN —5(¢} ,,)) =
R(A9B)p/l = D(NA’—>B(¢‘/;Ar)HO—jB)’ where pﬁB = NA’—>B(¢‘/;Ar)7
and define &5,, = Uaopa(oiy). Observe that &4, €
PPT'(PA: B). Let

ApEppp) = qI0X0lp ® Typ + (1 = ) ID(1lp ® Tjp,  (A3)

where Ap is a completely dephasing channel, defined as

Ap() = [0XO0[p(I0XO0Lp + [T pOI1X1]p,  (A4)
q = Tr[(10)0lp ® 1ap) Epypls (AS)
1
= aTrp[(|0><0|P ® 1ap) Epgpl, (A6)
1
Ty = 7, Tl © Lin &gl (AT)

Note that the states 75 , and 7} , are in the set PPT’(A: B) since
&, is in PPT'(PA: B). Then we have that

RN 5(¢h,))

= DNa (@i )lloh 5) (A8)



= DNar o s pan Epap) (A9)
> D(ApN s W p g DIIAP(EDAR)) (A10)
= DONp o3 (Ap (W p g p DIIAP(ERAR)) (A1)

= (1 =) DN )T ) + ADNA s 4)lIThp)

+D({1 - A, A}11{g. 1 - q}) (A12)
> (1= ) D4 s )T 5)

+ ADNapWhu)lIThp) (A13)
> (1= DRNaspWly) + ARNaspWhy)).  (Ald)

The second equality follows from the isometric invariance of
the relative entropy. The first inequality follows from the data
processing property of relative entropy. The fourth equality
follows from the identity [3, Exercise 11.8.8]

D(pxalloxs) = ) pOD(jllo) + Dplin,  (ALS)
holding for classical-quantum states
pxs = ) pPOW)(x ® p}, (A16)
X
oxp = ) r))(xlx ® 0. (A17)

X

Note that D(p||r) denotes the classical relative entropy of the
probability distributions p and r. For binary probability distri-
butions such that p(0) = 1-2, p(1) = A, r(0) = 1—¢q, r(1) = g,
welet D({1 — A, A} |[{1 — g, q}) = D(p||r). The second inequal-
ity follows from the non-negativity of the relative entropy. The
final inequality follows because the Rains relative entropy in-
volves a minimization over all states in PPT’(A : B).

A proof for the concavity statement for the relative en-
tropy of entanglement Eg(A; B),, is identical, except replacing
PPT'(A: B) with SEP(A: B).

Appendix B: Proof of Lemma 3

Let &*, Ep, and E; be as defined in the statement of

Lemma 3. Let VZ_) BE be the isometric extension of the GADC

defined in (89), and define the pure state
|$>ABE =(1s® VX’,]\_])BE)ICDJr)AA' (B1)
1 —_—
= @( 1 _N|0’0’0>ABE+ \/N(l _y)|0’0’2>ABE

+VNYI0, 1,3)a5z + (1= Y)(1 = N)I1, 1,004pz
+VNIL 1,205z + Vy(I = N)I1,0, 1ape)  (B2)

Then, pAB = TI‘E[|¢><W|ABE] is the Choi state of the GADC
Ay n, while pAE TrB[lzp)(zMABE] is the Choi state of the
complementary channel A;,N as defined in (88). In order

to prove that &} o A" = A, it suffices to show that

(ENE-B (pz’g ) = pl\ ByN In other words, it suffices to show

that the Choi state of the complementary channel A;’N is
mapped to the Choi state of the channel A;_, y.
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We have

1
Phy = 5 (1= YN)I0.0X0. 0Lz + VT=710,0X1 11an

+ /1 =vI1,1)X0,0l45 + ¥yNI0, 1){0, 1|45
+y(1 = N)I1,0)1,0[4p
+(1 = y(1 = N)1,1X1, 1ap) .
(B3)
Let an isometric extension of the channel €3, be

W

e = Eo®0)p + Ey @[ (B4)

Then,

e
WE—»B’E’ |'/’>ABE

@ (VI=NI0.0,0,00455 2

+ N1 =)I0,0,1, DappE
+vNY0, 1,0, D aps i

+4/(1 =) - N)I1,1,0,0)a8p £
+ VNI, 1,1, Dagpe

+ VY =MI1,0,1,0048p').

|¢>ABB’E’

(B5)

Then,
TrBE/[|¢><¢|ABB 1= ENE-m L)
= 5 ((1 = (1 =Y)N)[0,0%0, 04z + v¥10,0X1, I|ap
+ VYL 10, 0lap + N(1 = )I0, 1)0, 1]
+(1 = y)(1 = N)|1,0X1,0lp

+(N +y(1 = N)IL, 1)L, 1ap)

1-y,N
=Pap

(B6)

as required.

Appendix C: Proof of Proposition 6

We start by recalling the convex decomposition of the
GADC as stated in (84):

.A%N = (1 —N)qu() +N.Ay,1 (Cl)
for all y, N € [0, 1]. We also recall from (83) that
Ay,l(p) = O-X‘Ay,O(axpo-x)o-x (C2)

for all y € [0, 1]. Next, note that it follows from (145) that
the quantity S(N) in the definition of Cg(N) is convex in the
channel N: for any two channels Ny and N; and any A € [0, 1],

BNy + (1 = DN2) < ABNp) + (1 = DBN2).

Furthermore, S(N) is invariant under pre- and post-processing
of the channel N by unitaries. Therefore,

Cp(Ayn) =

(C3)

Cp((1-N)A, o+ NA, 1) (c4)



< (1= N)Cp(Ay0) + NCa(A, ) (C5)
= Cp(A, ), (Co)

where to obtain the last line we used (C2) and the invariance
of Cg under pre- and post-processing of the given channel by
unitaries to find that Cg(A,,1) = Cg(A, ).

Given the facts above, our proof strategy is as follows. First,
we provide an upper bound of 1+ 4/1 — y for the SDP in (145)
in the case N = 0, i.e., for the amplitude damping channel,
which establishes that Cg(A, n) < log,(1 + /1 —7). Next,
we consider the SDP dual to the one in (145) and prove that
1+ 4/1 —yis alower bound on it. By strong duality, it follows
that Cg(A, y) = log,(1 + /1 —y) forally, N € [0, 1].

We first recall from (145) that

min. Tr[S g]
BON) = { subjectto ~Rap < (I3)" < Rap. (C7)
-1,®S8p SRX% <1,®S8s,

where the optimization is with respect to the Hermitian oper-
ators S g and R4p. Note that it follows from the above con-
straints that S g, R4 > 0.

As a matrix in the standard basis, the Choi matrix for the
amplitude damping channel is (see (104))

1 00 1I-vy
0 00 0
D5=205= o0 oy o || @
Vi=y 00 1-v
so that the partial transpose is given by
1 0 0 0
0 0 I-y O
" = C9
T =ly =5y o (C9)
0 0 0 -y

Let us choose the operators R4p and S p to be

1 0 0 0
|0 1-y+a a 0
Ras=lo 4 1+a o | (C10)
0 0 0 1-vy
l1+a 0
SB:( 0 1—y+a)’ (C11)

where a = %( V1 —7v—( —1v)). We first check that the con-
straint —Rap < (FX’;)TB < Ryp is satisfied. Consider that

00 00
0 b —b0
ko= ()" =[0 5, 5 o o
00 00
where
1
b= 5(\/1—y+(1—y)) (C13)
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Due to the inequality b > 0 for all y € [0, 1] and the fact that
1 -1 . B
( |1 ) > 0, it follows that R4 — (FZ’g) > 0. We also have

that

2 0 0 0
0 b VIi-v+a 0
Rap+(T00)" =
AB+(AB) 0 V1-y+a l+vy+a 0
0 0 0 2(1-vy)
(C14)

:
To determine whether R4 5 + (Fz\’g) "> 0, it is clear that we can
focus on the inner 2 X 2 matrix. For the casesy = 0ory = 1,

one can directly confirm the condition Rap + (F X’E)TB >0 A
general 2 X2 matrix is positive definite if and only its trace and
determinant are strictly positive. The trace of the inner 2 X 2
matrix in (C14) is

Vi-y+1+y>0 (C15)
for all y € (0, 1), and its determinant is
C-N(Vi-y-(1-9)>0 (C16)

for all y € (0, 1). It thus follows that Ry + (I'rg) " > O for all
y € (0,1).

We now check the conditions —14 ® S5 < R},
Consider that

<1,®S5.

l1+a 0 0 0
1 0 I-y+a O 0
LieSs=| o 0 1+a o | ©7
0 0 0 l-y+a
1 0 0 a
0O1l-y+a O 0
1B _
Rs=lo 0 1+a o (CI18)
a 0 0 1-y
Then
a 00 —-a
0 00 O
]lR®SB—RIfB: 000 0 (C19)
—a 00 a

Due to the fact that a > O for all y € [0, 1], it follows that

1,985 - R;BB > 0. We also need to consider

1R®SB+RTB

a+2 0 0 a
1 0 2a+2(1-v) 0 0
-1 0 0 2a+ 2 0 - (€20)
a 0 0 a+2(1-vy)
We have that 2a+2 (1 —y) > 0 and 2a+2 > O forall y € [0, 1].

Thus, to determine whether 1, ® S g + RX% > 0, it is clear that

we can focus on the “corners” 2 X 2 submatrix:

a+2 a
a a+2(l —7))' €20



For y = 0 or y = 1, one can directly confirm that this corners
submatrix is positive semi-definite. For y € (0, 1), the trace of
the corners submatrix is

3—y+41-y>0, (C22)
and its determinant is given by
A=-MC+N+CL-yyl-y>0 (C23)

for all y € (0, 1). It thus follows that 1, ® S 5 + ijb > ( for all
v € (0,1). Thus, the proposed operators R4z and S p satisfy
the given constraints in (C7), and we conclude that

B(Ay0) < Tr[S 5] (C24)
=l+a+1l-y+a (C25)
=2+2a-vy (C26)

1
=2+2§(\/1—y—(1—y))—y (C27)
=1+ +1-y. (C28)

By the arguments presented at the beginning of the proof, we
thus conclude that

Cp(Ayn) <logy(1 + /1 -7) (C29)
for all y, N € [0, 1].
J
Vi-y—-Ny+1
1 0

N
Uyg Eas = D) 0

VIi-y+y(N-1D+1 0

so that

TN Eagl = 1+ 1—y. (C37)

This implies that Cj(A,.y) = log, B(A,.n) = logy(1+ /1 - ).
By strong duality, it holds that Cg(A, n) = C[,(A%N). There-
fore,

Cp(Ayn) = logy(1 + /1 —y), (C38)

for all y,N € [0, 1]. Putting together (C29) and (C38), we
obtain Cg(A, ) = log,(1 + /1 =), as required.
Let us now show that C;(A, y) = log,(1 + /1 =) for all
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The SDP dual to the one in (C7) is given by

max. Tr[T35(Kap — Map)™]
subjectto Kap + Map < (Eap — Fap)™®,
Eg+ Fp < ]]-B,
Kap, Map, Eap, Fap 2 0.

BNy = (C30)

From (104) we have that the Choi matrix for the GADC is

I—yN 0 0 =y

BV R Y YA 0

E=| 0o ‘0 ya-m 0 (€30
=5 0 0 l-y(1-N)

Let us now make the following choice for the operators
Kap, Map, Eap, Fap:

1000

1fo01 10
KABZE o110}l MAB:O’ (C32)

0001

1001

0100
EAB_E 0010} FAB_O- (C33)

1001

We find that K45 = Ejfjg and Ep = 13, so that the constraints
in (C30) are satisfied and

Tr{lyy (Kap — Map)™] = Ty K] (C34)
= Te[[} Eapl. (C35)
We find that
0 VI-y=-Ny+1
0 0
—y(N=1) 0 , (C36)
0 Vi—-y+y(N-1)+1
[
v, N € [0, 1]. Recall from (147) that
min. Tr[S B]
{N) =4 subjectto Vyp > Ty, (C39)
-14®8p < VI‘% <1A®S5.

The inequality C;(A,p) < log,(1 + 4/1 —7) has been
proven in [47, Theorem 14]. By inspecting the SDP in (C39),
it is clear that the quantity {(N) is convex in the channel
N. Furthermore, it is invariant under unitary pre- and post-
processing. Thus, proceeding in a way similar to the proof of
the upper bound Cg(A, y) < log,(1 + /1 —y) above, we find
that

Ay n) =L = N)Ayo + NAy1) (C40)



< =N)(Ayp) + N(Ay 1) (C41)
=1 =N){(Ayp) + NL(Ayp) (C42)
={(Ay0) (C43)
<1+ 4/1-v, (C44)
from which we conclude that
Ci(Ayn) <log,(1+ 4/1-9) (C45)

for all y, N € [0, 1].
To arrive at the opposite inequality, consider that the SDP
dual to the one in (C39) is given by

max. Tr[Kapl5]

subject to Tra[Eap + Fap] < 13,
Kap < (Eap — Fap)™,
Kap, Eap, Fap 2 0,

IN) = (C46)

where the optimization is with respect to the operators
J

1
N _
KABFXB )

so that taking the trace yields

Tr[Kaplp 1= 1+ 1. (C51)

‘We thus conclude that
C3(Ayn) = log, L(Ayn) (C52)
> log, (1 + /1 - 7y). (C53)

By strong duality, it holds that Ci(Ayn) = Cy(A,n) for
all y,N € [0,1]. Therefore, we have that C/(A,yn) >
log,(1 + +/1 — ), and combining this with (C45) means that

C(Ayn) =log,(1 + 4/1 — ), as required.

Appendix D: Covariance parameter for the GADC

Using the definition of the diamond norm in (11), we can

write the quantity gcov(A, ) as
1

seon(Ay) = 5 max |y = Ay W), @D

We first show that the maximum is achieved by taking

[¥)ra to be the maximally entangled state, i.e., taking |y)gs =

| D+ ga = %UO, 0)ga + |1, 1)g4). We do this by making use of

[48, Lemma IL.3]. Let [)g4 be an arbitrary pure state, and let

pa = Trr[Yral. We take the group G = Z; X Z, and the Pauli
operators {1, o, 0, 0} and note that

1
Pa 1= 7(Pa+ TpaTs + Opa0y +0pac) = =+ (D2)

VI-y—-Ny+1 0
0 Ny
0 0 y(1-N)

Vi-y=-Ny+1 0
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Kap, Eap, Fsp. Now, for the GADC, let us make the following
choice for KAB’ EAB’ FAB:

1001
1o 100

KAB = 5 0010} (C47)
1001
1000
0110

EAB =5 0110/ (C48)
0001

Fap =0. (C49)

Then, we find that the conditions Tru[Esp + Fap] < 1p and
Kap < (Eap — Fap)™ are satisfied with equality. Now,

0 VI-y=-vy(1-N)+1
0 0

) (C50)

0
0 Vi-y=-y(1-N)+1

(

Due to this fact, one purification of p is the maximally entan-
gled state |®*)g4. Therefore, by applying [48, Lemma I1.3]
(with the generalized divergence therein taken to be the trace
distance), we obtain

“A%N (Dra) = A, 3 ((DEA)HI

=

1
72, 18Xslp ® A5 W)

g€G

1
—i e AL )| . (D3

geG

1

where AY == 8 0 A, v 0 8, with 8o() = S()Sg and S, €
{1,0,0y,0;}). Then, recalling that

oAy 1 (0T o = AL 1), (D4)
O'Z.A%%(O'Z(.)O'Z)U'Z = _A%% ), (D5)
= o—y‘A%% (O—y(.)a—y)o—y = ‘Ay,% ()’ (D6)
we get that Ai , = A, forall g € G. Therefore,
>3
[y @io - A, @i (D7)
1
= 4 ZG lg)slr ® (Ai,zv — A, D)Wra) (D8)
g€ 1




= 2 et - A @) (D9)
geG

where to obtain the last line we used the fact that all of the

operators in the sum in (D8) are supported on orthogonal

spaces. Then, using (80) and (83), which together imply that

O-y-Ay,N(O-y(’)O-y)O-y = -Ay,l—N(')a we get

Ay (@)~ A, @) (D10)
2 % ||(Ay,1—zv - a‘ly,%)(lm)”1 (D11)
+ % |(va - ‘Ay,%)(lpRA)Hl : (D12)

Next, we use the fact that A,y = (1 = N)A, o + NA, ; to get
that

Ay = A, Dwra)| (D13)
: ((% - N) Ayo- (N - 3w oW
= v = 3] Ay = Aol (D15)
and
Ay = A, Dwra)| (D16)
: H((N - %)Ay,o - (% - 0 o)
= v = 3] A0 — Al (D18)
= [l - 4, D) (D19)
Therefore,
My @) - A, @) (D20)
> [ Ay = A, Dwra), (D21)

for all pure states /g4, which implies that

=, ], = [aoawi -, 050

(D22)
Combined with the inequality

sl ], 2 o=,

(D23)
which holds simply by restricting the maximization to the
state CDR 4> We obtain

ety = 5 [y =, @5 (D24)

for all y, N € [0, 1].
Finally, to calculate the right-hand side of (D24), we ob-
serve using (D15) that

-, 0030,
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= ’N - %‘ [[(Ayo = Ay D)@k, (D25)
= W= 3|l + o - 2@, @20
~ o= 1|3+ 0 - o) g o2
=N - 11 ¢4, 1 = Ao @3)|| (D28)
= 212N — 1jeeor(Ay)- (D29)

Now, it has been shown in [48, Appendix C] that .oy (A, ) =
%. Therefore,

1 1
Ay = 72N = 1l = y ‘N - 5‘ : (D30)

as required.

Appendix E: Proof of Eq. (200)

By restricting the optimization on the right-hand side of

(200) to pure states [67)44r = /1 = pl0,0)4a + /PI1, Daar,
we obtain

1
5 r(Iﬁlax I(A; BIE\E>), >

AA’

1
5 max I(A; BIE{E>)» (ED)
O

1
== max I(A BIE{Ey)». (E2)
2 pelo

The remainder of the proof is dedicated to proving the reverse
inequality.

Let @44 be an arbitrary pure state, and let psr := Tra[¢aa-]-
The state 7 on which we evaluate the conditional mutual in-
formation on the left-hand side of (E2) is given by

TaeE, = (Idap @A 1

® A1 )W) Wlase; ), (E3)

where

y(1-N)
N1
W)ase e, = Vi, ' BE, A]_Y,%E [$)an. (E4)

Note that the GADC has only two Kraus operators when the
second parameter is either zero or one. Consequently, for any
y" € [0, 1], we can take the isometric extensions in (E4) to be
of the following form:
V0= A1 00y + Ay ®11), (ES)
V7'l = A;910) + As @ |1). (E6)

By using an isometric extension of the same form for the chan-
nel A 10» We can write Tapg, g, explicitly as

TABEE, = TTF F, [l0X@laBE B, Fi Fy ],

[©)ABE, B, F\ Fs (E7)

y(l N)
2 2 ¥N,1 =N
(VE’ e ® VE’—>E7F2) VB’—>BE’ VA’—>B’E’ |#)aas



Now, the Pauli-z covariance of the GADC is equivalent to
the relations Ajo, = 0,A1, Ayo, = —0,Ay, Azo, = 0,43,
and A40, = —0.A4. Therefore, writing VY0 as V0 = A, ®
0.0y — Ay ® o|1), for any state /), we obtain

V0 ) = Ajo ) ® 0,|0) — Asor Y @ o 1) (E8)
= Al ® 0|0) + Ay ® o 1) (E9)
= (0. @) AW ®10) + Aslp) ® 1) (E10)
= (0, @0V, (E11)

Similarly, we have
Vo gy = (0, ® )V ) (E12)

for all states |i/).

Next, we observe that by using the definition of the condi-
tional mutual information in (51), along with the definition of

J

PBE,E,F\F>» = PBE E,F,F>(PA")

(v

E|—EFy

oV’

N1 y(1-N)
YN, 1-yN
E;—>EZF2) 4 4

Using the relations in (E11) and (E12), we get

5 5
CBEEFyF, (02041 02) = 02 0, B, 7, 7, (04 )0, (E20)
which implies that F(o,p40;) = F(pa-). Furthermore, since
the conditional entropy is concave, so is the function F. We
thus obtain

1 1 1 1
F(EpA’ + §O'z,OA/O'z) 2 EF(pA’) + EF(O'ZPA’O'z) (E21)

= F(pa). (E22)
Now, observe that the state %pAr + %a’ZpA/a'z is diagonal
in the standard basis, meaning that it has a purification of
the form [0”)aa = /1 = pl0,0)aar + +/pIl, 1)aa for some
p € [0,1], say p*. Therefore, by restricting the optimization
3 MaXpeqo,11 [(A; BE\Ey)r = 3 maxg I(A; BIE1E2)er to p*,
we get

1 1 1
— ; » > Fl=pa + = ,
7 max I(A; BIE\Ey)w 2 F (sz + 50Pa O-z) (E23)
1
> zF(pA/) (E24)
1
= EI(A;BIElEz)T- (E25)
Since the state p4- was arbitrary, we get that
1 1
— max I(A; BIE\Ey)» > = max I(A; BIE\E3);. (E26)
2 pelo.1] 2 Gan

B'—BE, ' A'>B'E]
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the conditional entropy, we can write I(A; B|E | E,), as

I(A; BIE\E2); = H(BIE | E2): — H(BIE1 E>A)-
= H(BIE| E3), + H(BIF 1 F3),,

(E13)
(E14)

where to obtain the last line we used the fact that the state
lYaBE, E,F, F, In (E7) is pure; in particular,

H(B|E|E;A): = HABE | E»); — H(E | EyA), (E15)
= H(F\F?), — H(BF1F3), (E16)
= —H(B|F\F3),. (E17)

Now, since the right-hand side of (E14) does not contain the
A system, the quantity is a function solely of the state p,. For
convenience, let us define a function F by

F(pa) = I(A; BIE| E2): = H(B|E\ E3), + H(B|F, F3),, (E18)

where

y(=N)

i T 1 1
TN yN.1 20 2.0
pa (VA’—>B’E§) (VB’ABEQ) (VE;—>E1F| ® VE;—>E2F2

)T (E19)

(

Combining with the inequality in (E2), we get

1 1
—max I(A; BIE|E»); = = m[g)l(] I(A; BIE 1 E3)p, (E27)
€[0,

2 pan 2p

as required.

Appendix F: Proof of Proposition 10

We start by showing that

E max (Ay,N )

i
- ]og2(1 - % +3 JOEN - DY + 4 —7)) (F1)

for all v, N such that the GADC A, y is not entanglement
breaking. If the channel A, y is entanglement breaking, then

the Choi matrix FZ’;V is separable and PPT, so that we can pick

the variable Y45 in the SDP (66) to be FX’;V, for which we have
ITrg[Yapllleo = 1. This means that Epx (A, x) = 0 in this case.
In what follows, we thus assume that A, y is not entanglement

breaking.

We first establish an upper bound on (A, ) by employing
the SDP in (66). To determine an ansatz for the variable Y, p
therein, we first consider the positive partial transpose of the



Choi matrix FX’;V from (104):

1-yN 0 0 0

(F%N)TB _ 0 YN VI-v 0

AB 0 1-y y(1-N) 0
0 0 0 1 -y(1-N)

(F2)
To determine the positive semi-definiteness of this matrix, it
suffices to focus on the inner 2x2 matrix, given that 1-yN > 0
and 1 —y(1 — N) > Oforall y,N € [0, 1]. The eigenvalues of
the inner 2 X 2 matrix are given by

Ay = % (y + \/(y(2N -1 +4(1 - y)). (F3)
We have that 1, > Oforally, N € [0, 1]. The condition A_ < 0
is equivalent to the channel not being entanglement breaking.
If we add —A_1 to the inner 2 X 2 matrix, then it becomes
positive semi-definite. This leads to the following ansatz for
the matrix Y4p:

00 0O
~N |04 0 0
Yas=Tis =0 0 a4 0 )
00 0O
1-vyN 0 0 V1-v
B 0 YN — A_ 0 0
- 0 0 y(1=N)-A_ 0
V1-v 0 0 1-y(1-N)
(F5)
By construction, we have that
Yag — %) >0, (F6)
Y:\% >0, (F7)

so that Y, p satisfies the constraints of the SDP in (66). Now,
computing Trp[Y45] gives

1-1 0 ) (FS)

Trp[Yagl = ( 0 1-.1

which implies that || Trg[Y4p]|lc = 1 — A-. Therefore,

1
AW < 5 (2 7+ NON - DR+ )] )

We now establish a lower bound on X(A, y) by considering
the SDP dual to the one in (66), namely,

max. Tr[I%Pas]

subjectto Pag, Qap 2 0,
Pap + QI‘BB <paA® ]]-B,
pa 20,
Tr[pa] < 1.

SN) = (F10)

By strong duality, it follows that these optimization problems
have equal solutions, i.e., X(N) = Z(N) for all quantum chan-
nels N.

28

Now, let
a= QN )P +4(1 - ), (F11)
b= W. (F12)
2a
Note that b € [0, 1] for all ¥, N € [0, 1]. Then, let
b 0
pPA = (0 1= b), (F13)
b 00 é -y
0 00 0
PAB = 0 00 0 ) (F14)
IJi-y 00 1-b
0 0 0 0
0 b L=y 0
= a . F15
Oas 0-1yT=y ‘1-b 0 (F15)
0 0 0 0

We have that p4 > 0 and Tr[ps] = 1 forally, N € [0, 1]. Also,
for all y, N € [0, 1], the eigenvalues of the corners submatrix
of P4p are equal to zero and one, implying that P45 > 0.
Similarly, for all y, N € [0, 1], the eigenvalues of the inner
submatrix of Q4p are equal to zero and one, implying that
Qag = 0. Furthermore, we have that

0 0 0 -1y1-y
0 b 0 0
B _
s o o1-» o | F®
-Lyt=y0 o0 0
b0 0 0
0b 0 0
pA®]]-B_ 00 1=b 0 > (F17)
00 0 1-b

and so we have that P,p + QIT&, < pa ® 1p (in fact, this in-
equality is saturated). Thus, all the constraints in (F10) are
satisfied. Then, since

Tr{I7yy Pas]

1
=5 (2 -y+ \/(7(2N— )% +401 —y)), (F18)

we have that

. 1
S(Ayw) 2 5(2—«y+ JOeN - DR + 40 —y)). (F19)

This means that

1
Sy = 1= L4 Joen - eda -y, @20

thus establishing (F1).
We now show that

Rmax (Ay,N )



1
= log, (1 - % + 5 \/(y(ZN —1))2+4(1 - y)). (F21)

Due to the inequality in (67), namely, Rmi(A,n) <
Emax (A, n), it suffices to show that

1
Rmax(Ay,N) > logz (1 - % + 5 \/(7(2]\] - 1))2 + 4(1 - 7))

(F22)
when A, y is not entanglement breaking.

When the channel A, y is entanglement breaking, then the
Choi matrix I X‘g is separable and PPT. This means that we can
pick Vap = (FX’;V)TB and Y, = 01in (62), for which ||Trg[ Vg +
Yaglleo = ITep[Vagllleo = 1, implying that Rypax(A,.x) = 0 in
this case. In what follows, we thus assume that A, y is not
entanglement breaking.

First, the SDP dual to the one in (62) is

. max. Tr[[C Z’gRA 5]

A(N) =4 subjectto —ps ® 1p < R;BB <pa®1p,

pa =0, Tr[pa] < 1.

(F23)

By strong duality, it holds that AN) = AN).
Let a € [0, 1], which we will specify in more detail later as
a function of y and N. We pick

a 0
pA_(O 1-&)’ (F24)
a 0 0 2a(1 — a)
Riw 0 a(l —2a) 0 0
AB = 0 0 —(1 —a)(1 -2a) 0
2a(1 — a) 0 0 1-a
(F25)
Note that p4 > 0 and Tr[p4] = 1. Also, consider that
a 0 0 0
|0 al -2a) 2a(1 — a) 0
Rip = 0 2a(l-a) -(1-a)(1-2a) O | (F26)
0 0 0 1-a
a0 O 0
0Oa O 0
Pa®LE=1001-a 0 | 2D
00 0 1-a
implying that
a 0 0 0
. 5|10 al-a) a(l-a) O
RAB+pA®]lB—20a(l_a) al—-a) 0 | (F28)
0 0 0 l1-a
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which is positive semi-definite since a € [0, 1]. Also, we have
that

0 0 0 0
0 a? —a(l—a) O
_RB _
Pr®@le—Rip =210 41-a) (1-ap o T
0 0 0 0

which has eigenvalues equal to zero and 2(1 — 2a(1l — a)), the
latter being nonnegative for all a € [0, 1]. Thus, our choice of
pa and R, p satisfies the constraints in (F23). Now, computing
Tr[I;) Rag), we find that

Tr[[ ) Ragl = g(a,y, N)
=1-2(1-Ny-2a*(2y1-y+7)

+4a(/1 -y +vy(l-N)). (F30)
We now choose a such that the equation
1
1= Y4 S Jo@N - DR +41 ) = gay.N)  (F3D)
2 2
is satisfied. It has solutions
P \/cf + (4N = 3)y — ¢3)
a= , (F32)
(&)
where
cr=4(VI-y+y(1-N)), (F33)
c=4(2y1-y+7), (F34)
c3 = \/(y(2N -2 +41 -y (F35)

Note that the solutions for a in (F32) satisfy a € [0, 1] for all
v, N such that the GADC is not entanglement breaking. Thus,
for this choice of a, we conclude that

A 1
AN)>1- %/ + 3 \/(y(ZN - 1)) +4(1 —y). (F36)

‘We thus have that

Rumax (*Ay,N) = Emax (Ay,N)

1
=1- 24 2 JoeN - D2 A -y, @37)

as required.
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