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Abstract

We develop a resource theory of symmetric distinguishability, the fundamental objects of which
are elementary quantum information sources, i.e. sources that emit one of two possible quantum
states with given prior probabilities. Such a source can be represented by a classical-quantum state
of a composite system XA, corresponding to an ensemble of two quantum states, with X being
classical and A being quantum. We study the resource theory for two different classes of free
operations: (i))CPTP,, which consists of quantum channels acting only on A, and (ii) conditional
doubly stochastic maps acting on XA. We introduce the notion of symmetric distinguishability of
an elementary source and prove that it is a monotone under both these classes of free operations.
We study the tasks of distillation and dilution of symmetric distinguishability, both in the one-shot
and asymptotic regimes. We prove that in the asymptotic regime, the optimal rate of converting
one elementary source to another is equal to the ratio of their quantum Chernoff divergences,
under both these classes of free operations. This imparts a new operational interpretation to the
quantum Chernoff divergence. We also obtain interesting operational interpretations of the
Thompson metric, in the context of the dilution of symmetric distinguishability.

1. Introduction

Distinguishability plays a central role in all of modern science. The ability to distinguish one possibility
from another allows for making inferences from experimental data and making decisions based on these
inferences or developing new theories. Thus, it is essential to understand distinguishability from a
fundamental perspective. Furthermore, distinguishability is a resource, in the sense that fewer trials of an
experiment are needed to arrive at conclusions when two different possibilities are more distinguishable
from one another.

In this paper, we adopt a resource-theoretic approach to distinguishability in quantum mechanics that
ultimately is helpful in and enriches our fundamental understanding of distinguishability. We note here
that, more generally, the resource-theoretic approach to quantum information processing [CG19] has
illuminated not only quantum information science but also other areas of research in physics and
mathematical statistics. Our work differs from prior developments with a related motivation [Mat10,
WW19a, WW19b], in that here we focus instead on what we call symmetric distinguishability (SD), or
alternatively, the Bayesian approach to distinguishability. The outcome of our efforts is a resource theory
with a plethora of appealing features, including asymptotic reversibility with the optimal conversion rate
being given by a ratio of Chernoft divergences. We explain these concepts in more detail in what follows.

© 2021 The Author(s). Published by IOP Publishing Ltd on behalf of the Institute of Physics and Deutsche Physikalische Gesellschaft
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Our theory is similar in spirit to that proposed previously in [Mor09], but there are some notable
differences and our conclusions are arguably stronger than those presented in [Mor09]. We refer to the
resource theory that we propose here as the resource theory of symmetric distinguishability (RTSD).

1.1. Overview of the resource theory of symmetric distinguishability
The basic objects of this resource theory are elementary quantum information sources, which emit one of
two quantum states with certain prior probabilities (i.e. the source emits a state p, with probability p or a
state p; with probability 1 — p). Such a source can be represented by the following classical-quantum (c—q)
state:

pxa = pl0O)O] @ po + (1 —p) [1)1] @ pi, (1.1)

where p € [0, 1] is a prior probability and p, and p, are quantum states’. Note that the classical system is
equivalently specified by a random variable that we also denote as X. In analogy with the notation used in
the resource theory of asymmetric distinguishability [WW19a, WW19b], it can be equivalently represented
by a quantum box given by the triple (p, py, p;). The nomenclature ‘box’ is used here to indicate that a
quantum system is prepared in the state p, with probability p and p, with probability 1 — p and it is not
known which is the case (thus, the system is analogous to an unopened box).

An important goal of the resource theory is to transform a state of the above form to the following state

oxs:=q|0)0| ® oo + (1 —q) [1Y1]| ® 71, (1.2)

via a chosen set of free operations, where g € [0, 1] and 0 and o, are quantum states. Note that the target
system B need not be isomorphic to the initial system A. This corresponds to the following transformation
between boxes: (p, py, p1) — (¢, 00, 01). Note that in what follows, we often suppress the subscripts
denoting the quantum systems, for notational simplicity.

Given such an elementary quantum source py, = (p, oy, p1), @ natural way to study distinguishability is
to consider the binary hypothesis testing task of discriminating between the states p, and p,. There are two
possible errors that can be incurred in the process, namely, the type I error (mistaking p, to be p,) and the
type Il error (mistaking p, to be p,). In the setting of asymmetric hypothesis testing, one minimizes the type
II error probability under the constraint that the type I error probability is below a given threshold. In
contrast, in symmetric hypothesis testing, the two error probabilities are considered on the same footing
and weighted by the prior distribution. The latter (also known as Bayesian discrimination) is arguably the
first problem ever considered in the field of quantum information theory and solved in the single-copy case
by Helstrom [Hel67, Hel69] and Holevo [Hol72]. The operational quantity in this task is the minimum
(average) error probability, which we formally define in (3.2) and denote as p,,,(pxa)-

Let pggz denote the c—q state corresponding to a source that emits the state pg" (resp. p") with
probability p (resp. (1 — p)). It is known that pe( pggz) decays exponentially in 7, with exponent given by
the Chernoff divergence (also known as the quantum Chernoff bound) of the states p, and p,

[NS09, ACMnT"07]. Just as the resource theory of asymmetric distinguishability (RTAD) provides a
resource-theoretic perspective to asymmetric hypothesis testing [Mat10, Mat11, WW19a], our resource
theory (RTSD) provides a resource-theoretic framework for symmetric hypothesis testing. By the quantum
Stein’s lemma, the relevant operational quantity in asymmetric hypothesis testing is known to be
characterized by the quantum relative entropy [HP91, ON00], and in the RTAD, the optimal rate of
transformation between quantum boxes was proved to be given by a ratio of quantum relative entropies
[WW19a] (see also [BST19] in this context). In analogy and given the result of [ACMnT"07], it is natural
to expect that, in the RTSD, the corresponding optimal asymptotic rate of transformation between
quantum boxes is given by a ratio of Chernoff divergences. It is pleasing to see that this is indeed the case. In
contrast, in [Mor09], only one-shot transformations are considered and hence, in contrast to our work,
asymptotic transformations are not studied.

We consider the RTSD for two different choices of free operations: (i) local quantum channels (i.e.
linear, completely positive, trace-preserving maps) acting on the system A alone, and (ii) the more general
class of conditional doubly stochastic (CDS) maps. We denote the former class of free operations by CPTP,.
A CDS map acting on a c—q state px, defined through (1.1) consists of quantum operations acting on the
system A and associated permutations of the letters x € X. A detailed justification behind the choice of
CDS maps as free operations is given in section 2, where the RTSD is introduced via an axiomatic approach.

In any quantum resource theory, there are several pertinent questions to address. What are the
conditions for the feasibility of transforming a source state to a target state? If one cannot perform a

7 Throughout this paper we restrict attention for the most part to c—q states of the form in (1.1).
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transformation exactly, how well can one do so approximately? What is an appropriate measure for
approximation when converting a source state to a target state? Is there a ‘golden unit’ resource that one can
go through as an intermediate step when converting a source state to a target state? At what rate can one
convert repetitions (i.e. multiple copies) of a source state to repetitions of a target state, either exactly or
approximately? More specifically, at what rate can one distill repetitions of a source state to the golden unit
resource, either exactly or approximately? Conversely, at what rate can one dilute the golden unit resource to
repetitions of a target state? Is the resource theory asymptotically reversible? In this paper, we address all of
these questions within the context of the RTSD.

Given an elementary quantum source pyy, a natural measure of SD is given by the minimum error
probability p,,.(pxa) in the context of Bayesian state discrimination (mentioned above). Then

SD(pxa) := — log (2perr(pxa)) (1.3)

is a natural measure of the SD contained in py,.® A justification of this choice arises from the consideration
of free states and infinite-resource states. For a detailed discussion of the notion of SD in a more general
setting, see section 2. A natural choice of a free state for this resource theory is a c—q state of the form (1.1),
for which p = 1/2 and p, and p, are identical and hence indistinguishable. For such a state,

Perr(Pxa) = 1/2, which is achieved by random guessing, and hence SD(py,) = 0. Note that the converse is
true also (i.e. SD(py,) = 0 implies that p, and p, are identical and p = 1/2). Hence our choice of SD
respects the requirement that a state has zero SD if and only if it is free. On the other hand, a natural choice
of an infinite-resource state is a c—q state of the form (1.1), for which p, and p, have mutually orthogonal
supports. This corresponds to an elementary quantum information source that emits perfectly
distinguishable states. For such a state, p,,,(py4) = 0 and hence SD(py,) = +oc0. Thus our choice of SD
validates the identification of such states as infinite-resource states.

An infinite-resource state has the desirable property that it can be converted to any other c—q state via
CDS maps. Under CPTPy, it can be transformed to any other c—q state with the same prior. Moreover, any
given c—q state cannot be transformed to an infinite-resource state unless it is itself an infinite-resource
state.

We coin the word SD-bit to refer to the unit of symmetric distinguishability, the basic currency of this
resource theory. In fact, for every positive real number m > 0, it is useful to identify a family of c—q states
that have m SD-bits. In definition 3.4 of section 3.1, we consider a natural choice for such a family of c—q
states. They are parametrized by M = 2" and denoted as %%). Such a state, which we call an M-golden
unit, has the following key property: perr(%%)) = ﬁ and hence SD(%%)) =log M = m.

Consideration of an M-golden unit also leads naturally to a clear definition of the fundamental tasks of
distillation and dilution in the RTSD as the conversions of a given c—q state to and from, respectively, an
M-golden unit under free operations’. The previously mentioned task of transformations between two
arbitrary c—q states under free operations can be achieved by first distilling an M-golden unit (for the
maximal possible M) from the initial state and then diluting the distilled M-golden unit to the desired target
state. This is discussed in detail in sections 4 and 5.

One fundamental setting of interest is the one-shot setting, with the question being to determine the
minimum error in converting an initial source to a target source. We prove that this minimum error can be
calculated by means of a semi-definite program (SDP). Thus, we can efficiently calculate this error in time
polynomial in the dimensions of the A and A" systems.

Moving on to the case of asymptotic transformations, we consider the following fundamental
conversion task via free operations:

P = (0§ i) = o) = (g, 05 0™, (1.4)

where p,q € [0,1] and, for i € {0,1}, p; and o; are states of quantum systems A and B, respectively. The
goal here is, for a fixed 1, to make m as large as possible, and to evaluate the optimal asymptotic rate % of
the transformation in the limit as n becomes arbitrarily large. We allow for approximations in the
transformation and require the approximation error to vanish in the asymptotic limit (n — oo). This
approximation error will be measured with respect to an error measure (defined for c—q states of the form
considered in this paper) that we denote by the symbol D'. The precise definition of D’ and its mathematical
properties are given in section 3.2.

8 Note, however, that this measure is not unique and it is possible to define other measures. In this paper, logarithms are taken to base 2.
? [Mor09] also considers transformations to and from a certain unit of resource. However, instead of the M-golden unit that we con-
sider, there the unit of resource is a dbit, which is a pair of orthogonal states and therefore corresponds to the case M = oo of our
golden unit. The advantage of our choice (M-golden unit) is that it yields a more refined analysis also in the case of finite resources.
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1.2. Main results

In this paper, we develop a consistent and systematic RTSD that answers the most important questions
associated with a resource theory. In brief, the main contributions of this paper can be summarized as
follows. In the following, all c—q states are assumed to be of the form (1.1), and they hence represent
elementary quantum information sources.

e We define two new examples of generalized divergences, each of which satisfies the data-processing
inequality (DPI). These are denoted as £,,;,, and &,,,... Moreover, we define a quantity, denoted as &%,
on c—q states of the form (1.1), and we prove that it satisfies monotonicity under CDS maps.

e All of the above quantities are of operational significance in the RTSD:

* The one-shot exact distillable-SD of py, under CPTP, maps is given by & i, (px4) (theorem 4.3);

* The one-shot exact SD-cost of py, under CPTP, maps is given by &, (px4) (theorem 5.3);

* The one-shot exact distillable-SD of py, under CDS maps is given by its symmetric
distinguishability, SD(px,) (theorem 4.5);

+ In addition, the one-shot exact SD-cost of py, under CDS maps is given by £ (pxa) (theorem
5.5).

o & ax(pxa) and & (pxa) are both defined in terms of the Thompson metric of the state px, (see
theorems 5.3 and 5.5), thus providing operational interpretations of the latter in the context of the
RTSD'.

e The optimal asymptotic rate of exact and approximate SD-distillation for a state py, = (p, P> P1)>
under both CPTP4 and CDS maps, is equal to its quantum Chernoff divergence, (p,, p;) (theorem 4.7
and 4.17), where

&(po, p1) := sup (— log Tr[pép{’s]) . (1.5)

s€[0,1]

e The optimal asymptotic rate of exact SD-dilution for a state py, is equal to its Thompson metric (see
theorem 5.12). This provides another clear operational interpretation for the latter.

e The optimal asymptotic rate of approximate SD-dilution for a state py, is equal to its quantum
Chernoff divergence (see theorem 5.13).

e The optimal asymptotic rate of transforming one c—q state to another, under both CPTP, and CDS
maps, is equal to the ratio of their quantum Chernoff divergences (see theorem 7.4). This result
constitutes a novel operational interpretation of the Chernoff divergence beyond that reported in
earlier work on symmetric quantum hypothesis testing [NS09, ACMnT*07]. It also demonstrates that
the RTSD is asymptotically reversible.

In the following sections, we develop all of the above claims in more detail. In particular, in section 2, we
introduce a general RTSD, for arbitrary quantum information sources (given by an ensemble {py, px }xcx of
quantum states), via an axiomatic approach. The resource theory studied in the rest of the paper is a special
case of the above, namely, the one for elementary quantum information sources (i.e. corresponding to the
choice | X'| = 2). Certain necessary ingredients of the RTSD are introduced in this section and in section 3.
These include the notion of golden units, which facilitates a study of distillation and dilution of SD.
SD-distillation and SD-dilution are studied in sections 4 and 5, respectively, both in the one-shot and
asymptotic regimes. In section 6, we elucidate the salient features of the RTSD for certain examples of
elementary quantum information sources. The interesting task of converting one elementary quantum
information source to another via free operations is studied in section 7. We conclude the main part of the
paper with a summary and some open questions for future research. Various relevant quantities of the
RTSD can be formulated as SDPs. These are stated in sections 3 and 4, but some of their proofs appear in
the appendices.

2. An axiomatic approach to the resource theory of symmetric distinguishability

In this section, we introduce an axiomatic approach to a RTSD, from which the particular resource theory
that we study in this paper arises as a natural special case, corresponding to the choice |X| = |X| =2 in
what follows.

10 Even though the Thompson metric has been widely studied in the mathematics literature, to the best of our knowledge, this is the
first time an operational meaning has been given to it.
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Consider an ensemble {py, px } xex 0of quantum states. Such an ensemble can be described by a c—q state

pxa = > _Pel)x| @ py. (2.1)

xeX

There are many functions that can be used to quantify the distinguishability of the ensemble of states
above. Perhaps the function that is most operationally motivated is the guessing probability:

pguess (X‘A) = {/I\TlaX pr Tr(Axpx)y (22)

* xeXxeX

where the maximum is over every possible POVM {A, }ccx-

We are interested in a notion of ensemble distinguishability that takes into account the prior
distribution {p, }+cx, while distinguishing between the states in the ensemble, as opposed to state
distinguishability, which is concerned only with the distinguishability of the states in the set {py}rex-

Motivated by the guessing probability and symmetric hypothesis testing, we identify an ensemble as free
in the RTSD if the guessing probability takes on its minimum value; i.e. if the guessing probability is equal
to ‘71‘, which is the same value attained by a random guessing strategy. Note that the guessing probability is
equal to ‘% if and only if all the states of the ensemble {py, ps }xcx are identical and the prior distribution is
uniform. For the sake of completeness, we include a proof of this fact at the end of this section (see lemma
2.6 below).

Thus, for all such ensembles, the SD is equal to zero. The corresponding c—q state py, = 7Tx @ wa,
where 7y := Ix/|X| is the completely mixed state, is then a ‘free’ state of the RTSD because it has zero SD.
This leads us to identify the set of free states in the RTSD as follows:

S(AXA)Z: {7TX R wy 1wy € D(A)} (2.3)

Note that, in the above, we use the notation D(A) to denote the set of quantum states (i.e. density
matrices) of the quantum system A.

To make the notion of SD precise, we introduce an axiomatic approach. Here, we define a preorder
relation < on the set of all c—q states, which satisfies axioms I-V below (see definition 2.1). We say a c—q
state py, has less SD than oy if pyy < ox . In this approach, SD is a property of a composite physical
system shared between two parties, say, Xiao and Alice, with Xiao possessing classical systems (denoted by
X, X', etc) and Alice possessing quantum systems denoted by A, A’, etc. The word ‘symmetric’ refers to the
fact that the distinguishability is symmetric with respect to the ordering in the ensemble; i.e. for every
permutation 7, the ensemble {px, px }x has the same SD as the ensemble {pr(x)> pr(x) }« because the latter is
just a relabeling of the former. We write this equivalence as the following relation:

AxiomI pxs ~ Pxox(pxa) V P — permutation channel. (2.4)

Similarly, every isometric channel V € CPTP(A — A’) that acts on the states { py }, does not change
their ‘overlap’ (i.e. their Hilbert—Schmidt inner product), and this leads to the next axiom:

AxiomII pxs ~ Vaa(pxa) V V — isometric channel. (2.5)

The fact that states with zero SD cannot add SD leads to the next axiom: for every classical system X’ on
Xiao’s side and every state w,s on Alice’s side,

AxiomIIl  pxy ~ pxa ® (Tx @ war) . (2.6)

The next axiom concerns two ¢—q states pyaar, oxanr € D(XAA’) that have the form

pxan = > @yPa @ )yla and o =Y 0% @ [y)Xyla (2.7)
yey yey

with )/ a finite alphabet, g, € [0, 1] the elements of a probability distribution, and {|y)},cy an orthonormal
basis. Since the label y is distinguishable in such states, we assume that

AxiomIV oy, ~oy, VyEY = pxaa ~ Oxan- (2.8)

The motivation behind axiom IV is the following: since the label y can be perfectly inferred by a
measurement of system A’, the SD of the states py4 and oy, should be fully determined by the SD of the
individual states p, and o%,. Hence, if py, ~ o, for all y, then their mixtures py,, and oy, should also
be equivalent.
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The last axiom is the following natural assumption: the SD of a c—q state does not increase by discarding
subsystems; i.e.

AxiomV  Tryx/a(pxxan) < Pxxian’. (2.9)

The above axioms now lead to the formal definition of the preorder of SD:

Definition 2.1 (Preorder of SD). Let ©(XA) denote the set of c—q states on a classical system X and a
quantum system A, and let
:ch = Ux)AZD()(A)

be the union over all finite-dimensional systems X and A. The preorder of SD is the smallest preorder
relation on D, that satisfies axioms I-V."

In appendix A, we discuss a number of consequences of axioms I-V and the preorder of SD. There, we
also define general resource measures to quantify SD, and we provide several examples.
We now use this preorder to define the set of free operations.

Definition 2.2 (Free operations of the RTSD). A map N/ € CPTP(XA — X'A’) is said to be a free
operation if
N(pxa) < pxa (2.10)

for every c—q state py,. We denote the set of such free operations by F(XA — X'A’).

The above definition of the free operations defines the RTSD. Specifically, we identify SD as a property
of a composite physical system, shared between two parties, Xiao and Alice (with Xiao’s systems being
classical and Alice’s being quantum), that can neither be generated nor increased by the set § of free
operations.

There is an important class of operations that play a central role in the RTSD. These are referred to as
CDS maps and were first introduced in [GGH " 18]. In fact, when the classical input and output systems of
the resource theory are the same (i.e. X = X'), then the set of free operations, defined above, reduces to the
set of CDS maps. This is stated in lemma 2.3 below. Before proceeding to the lemma, we introduce the
notion of CDS maps in the next section.

2.1. Conditional doubly stochastic (CDS) maps

Consider the following problem: Xiao picks a state px € {p1, ..., p|x|} at random, with prior probability p,,
and then sends the state p, to Alice through a noiseless quantum channel. Alice knows the probability
distribution {p,} from which Xiao sampled the state p,, but she does not know the value of x. Therefore,
the overall state can be represented as a c—q state of the form:

pxa =Y _pala)ix] © pa, (2.11)

xekX

where X is a classical register to which Alice does not have access and A is a quantum register to which she
does have access. What are the ways in which Alice can manipulate the state py,? There are two basic
operations that she can perform:

(a) Alice can perform a generalized measurement on her system A.

(b) Alice can partially lose her knowledge of the distribution p_, by performing random relabeling on the
alphabet of the classical system X :={1,2,...,|X|}.

That is, Alice can perform a generalized measurement on the quantum system A, and based on the
outcome, say j, apply a random relabeling map DY on the classical system X. Hence, the most general
operation that Alice can perform is a CPTP map N € CPTP(XA — XA') of the form

N=Y"D| @&, (2.12)
j

where each D' is a classical doubly stochastic channel and each £ is a completely positive (CP) map such
that ) jé’j is CPTP. Alternatively, since every doubly stochastic matrix can be expressed as a convex

' Note that an arbitrary preorder relation < on D, can be interpreted as a set R C Dq X Dq, such that py, < oy if and only if
(pxa>0xar) € R. The smallest preorder relation satisfying axioms I-V is then given by the intersection NgezR, with the index set Z
defined as 7 = {R | R preorder relation on D4 satisfyingaxioms I-V}. As the intersection of preorder relations is again a preorder
relation, we see that Nze7 R gives a well-defined preorder on ©,.
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combination of permutation matrices, there exist conditional probabilities ,; such that

X! X!

D= 6P t;20Vzj Y L;=1Yj (2.13)
z=1 z=1

where P~ is the permutation channel defined by P*(|x)(x|) = |m,(x))m.(x)|, with 7, being one of the |X|!
permutations. We therefore conclude that

|t

N = Z P)Z(—>X ® gfa—m" (2.14)

z=1

where £ = thz‘jé’j . Hence, we can assume, without loss of generality, that in (2.12) the map D* = P?,

with z = 1,...,|X]!, so that the maps that Alice can perform are given by
X!
z=1

We call such CPTP maps CDS maps.

The following lemma states that, when the input and output classical systems are the same (i.e. X = X'),
the free operations for the RTSD, introduced in definition 2.2, are given by CDS maps, denoted by
CDS(XA — XA").

Lemma 2.3. For a classical system X and quantum systems A and A’, the following set equivalence holds
CDS(XA — XA") = F(XA — XA"). (2.16)

Proof. We first prove that
CDS(XA — XA") C F(XA — XA'). (2.17)

Since partial trace and isometries acting on Alice’s systems are free, it follows that every quantum
instrument on Alice’s side is free. Let

Ensaar(wa) i= Z‘S’ZHA’ (wa) @ |yXy|an (2.18)
yey

be a quantum instrument on Alice’s side, and let px4a € ©(XA). Then, the action of the quantum
instrument on py, yields the state

> & (pxa) @ )yl (2.19)

yey

and from axiom I, we have, for all y € ), the equivalence

(SZAA/(PXA) - ,Pg,(—>X ® gj\aA’(pXA) (2.20)

e[, (oxa)] Tr[E), ) (pxa)]

where each P§_y is a permutation channel. Combining this with axiom IV, we conclude that the c—q state
in (2.19) can further be transformed to

> Phx ® E ) (pxa) @ [y)ylar- (2.21)
yey

Finally, tracing system A” yields the overall transformation

pxa = Y (Phx ® Ep ) (pxa), (2.22)
yey

which is the general form of a CDS map. This completes the proof of (2.17).
Conversely, note that only axiom III is not covered by CDS maps. Therefore, the most general
transformation Mys_xa € F(XA — XA’) has the form

Nxasxar (pxa) = Z(Tl’x/ 0Py @ EL 4 (pxa @ Tx1), (2.23)
yey

7
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where 7y is the maximally mixed state, {&,}, is a quantum instrument, and Py, € CPTP(XX’ — XX') are
joint permutation channels. However, observe that

Dy x(wx) :=(Try o P;(x’) (wx ®@my) Y wx €D(X), (2.24)

is a classical doubly stochastic channel and therefore can be expressed as a convex combination of
permutation channels. We therefore conclude that NVy,_xa € CDS(XA — XA'). O

Lemma 2.3 above demonstrates that if the dimension of the classical system is fixed, then the free
operations in the resource theory of SD are CDS maps. However, we point out that the lemma above can
also be used to characterize (XA — X'A’) where |X| # |X|. In particular, observe that

CDS
PXA LUX/A/ & Ty ® pxa ——Tx Q Oxrar (2.25)

for all pxa, oxar € Dq because the maximally mixed states 7x and 7y are free. In the general case, when
|X| # |X'|, the set F(AX — A’X") can be viewed as a special subset of conditional thermal operations
[NG17], corresponding to a thermodynamical system with a completely degenerate Hamiltonian. We
therefore call it the set of conditional noisy operations.

In the rest of the paper, we focus on the case in which the input classical system X has the same
dimension as the output classical system X', and furthermore, we constrain both of them to have dimension
equal to two. Thus, according to lemma 2.3, the set of free operations reduces to CDS maps in all of our
discussions that follow.

Moreover, in addition to CDS maps, we will also consider the set

CPTP4:= {id® & | £ CPTP onsystem A} (2.26)

as a possible set of transformations. Note that CPTP4 has the clear physical interpretation of applying a
fixed quantum channel onto the quantum part of the c—q state without changing its classical probability
distribution. Furthermore, it is clear from the definition of CDS maps that we have the inclusion

CPTP,4 C CDS. (2.27)

The following lemma shows that the minimum error probability p,,.(px4) can only be increased by
application of a CDS map.

Lemma 2.4 (Monotonicity of minimum error probability under CDS maps). Let N' € CDS(XA — XA')
and px, be a c—q state. Then
perr(N(pXA)) = perr(pXA): (2.28)

where p,. . (pxa) =1 — pguess(X\A), with pguess(X\A) defined in (2.2).

Proof. The guessing probability p,, .. (X|A) can be written as follows [KRS09]:
Paness (X[ A) = 2infey Dmax (pxalIx ®wa)

where Dy denotes the max-relative entropy, which for a state p and a positive semi-definite operator o is
defined as follows [Dat09]:
Dinax(pl|o) :=inf{X : p < 2)‘0}. (2.29)

Thus, we conclude that

perr(N(pXA)) —1_ 2inf,,A,Dmax(/\f(pXA)HIx®JA/) >1— 9infusy Dmax (N (pxa) |V (Ix @wa))
> 1— 2infwADmax(PXAHIX®wA) :Perr(pXA)'

The first inequality follows from the fact that for each quantum state w4 on system A, the image under
the CDS map A can be written as N (Ix ® w,) = Ix ® o with o a state on system A’ (which is evident
from the definition of CDS maps). The second inequality follows from the DPI for the max-relative entropy
[Dat09]. (]

The above lemma immediately leads to a natural choice of a measure of SD for the particular case of the
RTSD that we study in this paper, namely, one in which the dimension of the classical system X is fixed to
|X| = 2. This measure was mentioned in (1.3), and we recall its definition here:

Definition 2.5. For a fixed dimension |X| = 2, we define

SD(pxa) := — log (2perr(pxa)) - (2.30)
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This function is equal to zero on free states and behaves monotonically under CDS maps, as is evident
from lemma 2.4 above.

Lemma 2.6. For an ensemble {px, p }xex, the following lower bound holds for the guessing probability:

1
Pauess(X|A) > m, (2.31)
with pgueSS(X|A) defined in (2.2). This lower bound is saturated (i.e. pguess(X|A) = ﬁ) if and only if
1
JdJoseDA) VxeX, Px =04, and py= m (2.32)
Proof. It is known that [KRS09]
pguess(X‘A) — pinfu, Dmax(pxalIx®@wa) — ‘innfwADmax(/’XAHﬂ'X@“}A)) (2.33)

where the infimum is over every state w,. In the above, py, is the c—q state corresponding to the ensemble
and is defined in (2.1), and mx = Ix/|X| is the completely mixed state. The lower bound in (2.31) is then a
direct consequence of (2.33) and the fact that Dy, (p||o) > 0 for states p and o.

As a consequence of (2.33), we also conclude that

pguess(X|A) = < inf Dmax(pXA”ﬂ'X ®wy) = 0. (2.34)
WA

1
| X
Now note that the infimum on the right-hand side of (2.34) is actually a minimum (due to the finiteness
of inf Dinax (pxa || Tx ® wa) and continuity of 2*¢ in \). Therefore,
WA

Pauess(X|A) = S Jopst.pxa = Tx R 04, (2.35)

1
X
where we also employed the property of max-relative entropy that, for states p and o, Dpax(pl|o) = 0 if and
onlyif p = 0. |

Remark 2.7. By rearranging (2.33), we find that

10g(|X|pguess(X‘A)) = i&fDmax(pXAHWX &® WA)~ (236)

This quantity is a measure of symmetric distinguishability alternative to SD(py, ), as defined in (1.3).
Indeed, this measure of SD has the appealing feature that it is the max-relative entropy from the state py, of
interest to the set of free states. As is common in quantum resource theories [CG19], one could then define
an infinite number of SD measures based on the generalized divergence of the state of interest with the set
of free states.

3. Some key ingredients of the resource theory of symmetric distinguishability

3.1. Infinite-resource states and golden units

In the following sections, we study the information-theoretic tasks of distillation and dilution within the
framework of the RTSD, with respect to the golden unit of definition 3.4 below. We consider two different
choices of free operations: (i) CPTP maps on the quantum system A and the identity channel on the
classical system, which we denote as CPTP,, and (ii) CDS maps, which were introduced in the previous
section. The reason for considering both of these is that they lead to novel and interesting results. Also, in
some cases, a proof for one choice of free operations follows as a simple corollary from that for the other
choice. We refer to these tasks as SD-distillation and SD-dilution, respectively. We study the exact and
approximate one-shot cases, as well as the asymptotic case for both of these tasks.

In this section, we prove certain key results that serve as prerequisites for the above study; they involve
infinite-resource states and golden units—notions that were introduced in section 1. We recall their
definitions before stating the relevant results. As mentioned in the introduction, the basic objects of the
RTSD are elementary quantum information sources represented by

pxa =plo}0| ® po + (1 — p) [1Y1] @ py, (3.1)

where p € [0, 1] is a prior probability and p, and p, are quantum states.




10P Publishing

New J. Phys. 23 (2021) 083016 R Salzmann et al

The main operational quantity associated with such a state, in the context of symmetric hypothesis
testing, is the minimum error probability of Bayesian state discrimination of the states p, and p;:

Perr(pxa) = min_(pTr(Apg) + (1 = p)Tr((1 = A)py)) - (3.2)

0<ALI

Remark 3.1. Since the c—q state py, is also represented by the quantum box (p, py, p;) (as mentioned in the
introduction), we sometimes use the notation p,..(p, py, p;) instead of p,,,(px,) in the following.

The following well-known theorem gives an explicit expression for this minimum error probability
[Hel67, Hel69, Hol72].

Theorem 3.2 (Helstrom—Holevo theorem). For a c—q state py, of the form in (3.1), the following equality
holds .
Perr(pXA) = E (1 - HPPO - (1 —P)P1||1) . (33)

Recall from section 1 that a c—q state py, is said to be an infinite-resource state if p,,. (pxs) = 0, which is
equivalent to the quantum states p, and p, having mutually orthogonal support. Hence, the symmetric
distinguishability given by SD(pxa) = — log (2perr(pXA)) is infinite in this case.

The following lemma shows that we can transform any infinite-resource state to any other c—q state of
the form in (3.1) via CDS maps.

Lemma 3.3. Let wxa be an infinite-resource state, and let o xp be a general c—q state. Then there exists a CDS
map N : XA — XB such that
N(OJXA) — OXB- (34)

Proof. We write the c—q states explicitly as

wxa = p[0)(0] @ wo + (1 —p) [1)(1] @ w,
oxs = q[0)(0] ® o9 + (1 — q) [1)(1| ® o1,

for some p, g € [0, 1] and quantum states wy, wi, 09, and ;. As wyx, is an infinite-resource state, and hence
wo and w; have mutually orthogonal supports, we can pick a POVM {A, T — A} such that

Tr(Awy) = Tr((1 — A)w;) = 1 and consequently Tr(Aw;) = Tr((1 — A)wy) = 0. Consider a pair (&, &) of
quantum operations, i.e. CP, trace non-increasing linear maps that sum to a CPTP map, defined as follows:

&) = qTr(A)og + (1 — g)Tr((1 — A)-)o, E1() =qTr((1 — A))og+ (1 — ) Tr(A-)oy,
and consider the corresponding CDS map
N =idx ® & + Fx @ &,
where Fx denotes the flip channel on the classical system X. We then immediately get
N(wxa) = oxs,

which concludes the proof. U

As mentioned in the introduction, it is useful to consider a particular class of c—q states that lead
naturally to a clear definition of the fundamental tasks of distillation and dilution in the RTSD. These states
are parametrized by M € [1, 00] and q € (0, 1), and for M large enough have SD equal to log M. We refer to
such a state as an (M, q)-golden unit. It is defined as follows:

Definition 3.4 (Golden unit). We choose the following class of c—q states of a composite system XQ, where
Q is a qubit. Each state is labeled by a parameter M € [1, co] and a probability g € (0, 1) and is defined as
follows:

%%’q) =q]0){(0]y @ T + (1 — q) [1)(1]| ® oWy, (3.5)
where

mwim (1= 57 ) 1001+ 57

is a state of a qubit Q and o) denotes the Pauli-x matrix. We call the state 7)%’@ an (M, q)-golden unit.
Note that for M = oo, we have 7, = |0)(0] and hence the golden unit reduces to an infinite-resource state.

10
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The goodness of this choice of the golden unit lies in the fact that its SD has a useful scaling property, as
stated in the following lemma.

Lemma 3.5. Forall M € [1,00) such that 2M > max{1/q,1/(1 — q)} and g € (0, 1),

1

Perr('YXQ ) m) (3.6)

and hence its symmetric distinguishability is given by SD(V%I’W ) = log M. For M = oo, and hence
Perr('VXQ Dy = 0, the SD ovaQ MA) s infinite.

Proof. In the case M = oo, we trivially have pm(’yxQ ) =0asmy = 10)(0] and oW 7 oo™ = [1)(1] are
orthogonal. For the case M € [1, 00), we use the Helstrom—Holevo theorem to conclude that
(1 - ||q7rM —(1—¢q)o

(el

L I PO N D P (3.7)
) 17 oM 17 oM :

Hence, for 2M > max{1/q,1/(1 — q)}, we get

Perr('VXQ q)) = (I)WMU(I)HI)

N | — N\'—‘

1
(M,q)
Perr('YXQq ) = M’ (3.8)

and hence SD(V(M ) = —log (ZPerr(VXQ q))) =log M. O

Furthermore, we note that for q,,4, € [0, 1] such that the corresponding distribution 4, := (g1, 1 — q1)
is majorised by ¢, :=(q2, 1 — q2) (i.e. §1 < ), the golden unit %((AQL‘“) is dominated by %%’QZ) in the
preorder of SD (see definition 2.1). This is the statement of the following lemma.

Lemma 3.6. Let M € [1,00] and q,,q, € [0, 1] be such that the corresponding distribution vectors satisfy

q1 < q> in majorisation order. Then

,YXAéI‘h) = ,YM‘JZ) (39)

and hence %%m) can be transformed to %((AQL‘“) via a CDS map.

Proof. As §; < ¢, there exists a A € [0, 1] such that Aq, + (1 — A\)(1 — g,) = q,. Now consider the CDS
map

N = Xidy ® idg + (1 — M) Fx @ Fo,

where Fx and F denotes the flip channel on systems X and Q, respectively. This directly gives
N (%fcng ) = 10)(0] @ (Aqa 7w + (1 = N)(1 = g2) FoloWmua™))

+([® (1= N2 Folm) + A1 = g2) oMo ))

= q110){0] @ Tar + (1 = 41) [1){1] © 0V a0 = ),

which finishes the proof. U

When we consider CDS maps as free operations, it suffices to focus on the case ¢ = 1/2. We denote the
corresponding golden unit simply as %%), and call it the M-golden unit. For future reference, we write it out
explicitly:

N =70 =3 L 10) (0] @ g + = \1><1| ® 0Vmyo, (3.10)

where

= (1= 537 ) 1001+ 57 0l

Remark 3.7. Note that the golden unit 7)%) is equivalent under CDS maps to 7wy @ w, for an arbitrary
quantum state w. To see that, consider first the CDS map

N =idx ® (0] - [0) w + Fx @ (1| - [1) w. (3.11)

11
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and note that N ('y)%)) = my ® w. To see the other direction, consider the CDS map

M= 2 (ids @ Tr() 0) (0] + Fx © Te() [1)(1]) (3.12)

which gives M(my @ w) = 1 (my @ [0)(0] + oW myoV @ [1)(1]) = ’y}%).

3.2. A suitable error measure for approximate transformation tasks

In this section, we introduce the notion of a minimum conversion error for the transformation of one c—q
state to another (both of the form defined in (3.1)) via free operations. For the transformation py, — oxz,
we denote this quantity as d (pxa — oxg). The latter is defined in terms of a scaled trace distance, which we
denote as D' (py4, oxp). We also discuss some of the properties of the above quantities. These quantities are
then used to define the one-shot approximate distillable-SD and the one-shot approximate SD-cost in the
following sections.

Definition 3.8. For general c—q states py, and oxa, define the scaled trace distance
1
2llpxa — oxally

D/( ) _ perr(aXA) ) (3 13)
PXa> OXA 0, if perr(oxa) = 0and pxa = oxa, :

> ifperr(UXA) > 0>

00, if perr(0xa) = 0and pxa # oxa.
Remark 3.9. Note that the scaling factor in the definition of the scaled trace distance D' (py4, oxa) depends

on the state x4 in the second slot.

Definition 3.10. For a set of free operations denoted by FO, we define the minimum conversion error
corresponding to the scaled trace distance D'(-, -) as follows:

dio(pxa + oxp) = min D'(A(pxa), oxp), (3.14)
A€FO

with py, and oxp being general c—q states on the classical system X and the quantum systems A and B,
respectively.

Proposition 3.11. Let py, = (p, py» p1) and oxg = (g, 00, 01) be c—q states. The minimum conversion error
dro(pxa — oxp) for FO € {CDS, CPTP,} can be written as

Af/flepOHM(PXA) —oxsl,

dpo(pxa — oxp) = (3.15)
: A (00q)
i Vo) 45"
where 7)((05"1) = q10)(0[x ® [0)(0], + (1 — g) [1){1[x @ [1)(1], is an infinite resource state.
Proof. By inspecting the definition of dyq(pxa + oxs), we see that it remains to prove the following:
Penlrca) = min | N (xm) = 1557 (3.16)

where FO is either CPTP4 or CDS. We leave the proof of the equality above to appendix B (see lemmas B.3
and B.4 therein). O

Remark 3.12. The reason for considering the scaled trace distance D' (-, -) instead of the usual trace distance
as an error measure for transformations in the RTSD is that using the latter would allow for the
unreasonable possibility of a finite-resource state being arbitrarily close to an infinite-resource state. In
particular, as any infinite-resource state can be transformed to any other c—q state via CDS maps (see
lemma 3.3), this would imply that, for any finite allowed error measured in trace norm, the transformation

(m) _

P = (P 5" ") = ok = (q,05™, 07™) (3.17)

would be possible at an infinite rate (as long as p, # p,). To see this, for all n € N, pick a POVM
{A,, T — A,} on the composite system of 1 copies of system A such that both type I and II error
probabilities corresponding to the source (p, p;", pi") vanish asymptotically, i.e.

: Qn\ _ 13 Qn\ __
lim Tr((1 — Ay)py™") = lim Tr(Aupi") = 0. (3.18)

12
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This is possible because p, # p,. Hence, considering the infinite-resource state
wxq = p10){0] @ [0){0] + (1 — p) ) (1] @ [1){1],
with the quantum system being a qubit Q, and the measure-prepare channel £,(-) = Tr(A,-) [0)(0]

+ Tr((1 — A,)) [1)(1], we see that

1
lim  (d © E) — wxo| = lim (pTe((1 = Ap§") + (1= p)Tr(Aup"))) = 0.

Therefore, as the infinite-resource state wxg can be transformed to any other c—q state without error, we
see that for every € > 0, we can pick n € N large enough such that for every c—q state oxz = (g, 0¢,01) and
m € N there exists a CDS map A such that

1
EHN@ggg - agg)Hl <e. (3.19)

Hence, the transformation p, = (p, py", p") — oy = (g,05™, 7™) is possible at an infinite rate

and with arbitrarily small error measured in trace distance. For g = p, this transformation can also be
performed at an infinite rate by just using CPTP, operations.

Note that D'(, -) is exactly defined in such a way that for every infinite-resource state wxs and
Pxa F wxa, we have D' (py4, wxa) = 00. Therefore, the problem discussed above, in which we obtain
unreasonable infinite rates in the transformations in the RTSD, does not occur when we choose D'(-, ) as
the error measure. Moreover, in the following, we see that D' (-, -) has many desirable properties that lead to
reasonable asymptotic rates in SD distillation, SD dilution, and the transformation of general elementary
quantum sources.

The scaled trace distance D' satisfies the DPI under CDS maps:

Lemma 3.13 (DPI for D’ under CDS maps). Let py4,0xa be two c—q states and N a CDS map. Then

D'(N(pxa), N (ox4)) < D' (pxa, oxa). (3.20)

Proof. The statement directly follows from the DPI for the trace distance under general CPTP maps, i.e.

1 1
7 IV (oxa) = Noxally < S lloxa = oxall, (3.21)
and the monotonicity of the minimum error probability under CDS maps proven in lemma 2.4, i.e.

perr(N(O'XA)) > perr(UXA)~ (3.22)
This concludes the proof. O

The following lemma now establishes a bound relating the minimum error probabilities of two c—q
states py, and oy,, involving a multiplicative term related to their scaled trace distance D'. This lemma is
the key ingredient for proving all converses in approximate asymptotic SD-distillation, SD-dilution, and the
transformation of general elementary quantum sources.

Lemma 3.14. Let py, and oxa be c—q states such that D' (py,, oxa) is finite. Then

perr(pXA) < (D/(pXAy UXA) + 1) perr(UXA)~ (3~23)
Proof. First, it is helpful to note that by writing the c—q states explicitly as

pxa = p10){0] ® po + (1 = p) [1){1| @ p1, (3.24)

oxa = q10)(0] @ oo + (1 — @) [1)(1] @ o, (3.25)

they can be block-diagonalised in the same basis and hence we can write

1
Slloxa = oxally = 3 (Ippo = qooll, + 111 = o1 = (1= @aull,) - (3.26)

N =

We can hence bound the minimum error probability of py, as

perr(pxa) = min_(pTr(Apo) + (1 — p)Tr((1 — A)py))

0<ALIT

= 0211\121] (qTr(Aao) + (1 =gTr((1 — A)oy)

13
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+ Tr (A(ppo — q00)) + Tr((1 = A)((1 = p)p1 — (1 — @)o1)))

= 0211\121] (qTr(Aao) + (1 =gTr((1 — A)oy)

+ Tr ((J0)(0] @ A+ [1)(1] @ (1 = M) (pxa — oxa)))

. 1
<, min (aTr(Aoo) + (1 — ) Tr((1 — A)oy)) + S lpxa = oxall,

1
:Perr(o—XA) + E”pXA - U)(A||1

= (D/(PXA) o—XA) + 1) Perr(JXA)~ (327)

This concludes the proof. O

3.2.1. Semi-definite program for the scaled trace distance D/

We now prove that the scaled trace distance D'(+, -) can be calculated by means of a SDP. SDPs can be
computed efficiently by numerical solvers [VB96]. As semi-definite programming is a powerful theoretical
and numerical tool for quantum information theory, with a plethora of applications, we expect that the
following SDP characterizations of D'(-, -) may be useful for a further understanding of this quantity.

Proposition 3.15. For general c—q states px, and oxy with p,,.(0xa) > 0, the scaled trace distance,
D' (pxp> 0xa), in definition 3.8 is given by the following SDP:
max t

st — Ixa < Lxa < Ixy,
(3.28)
—tly < Py < tly,

t —TrPa(qoo — (1 — q)o1) = Tr Lxa(pxa — oxa).
The dual SDP is as follows:
min Tr(Bxa + Cxa)
s.t. Bxa, Cxa, Da,Eq4 > 0,5 € R,
Bxa — Cxa = s(pxa — oxa)s (3.29)
Dp — Ex = s(qog — (1 — q)o1),
Tr(Da 4+ Ea) <s—1.

If po,(0xa) > 0, then strong duality holds, so that the optimal value in (3.28) is equal to the optimal value in
(3.29).

The proof of proposition 3.15 can be found in appendix C.

3.2.2. Semi-definite program for the minimum conversion error

The one-shot transformation task from a source px4 :=p[0)0] ® po + (1 — p) [1)}1] @ p; to a target
oxa :=q|0}0] ® a9 + (1 — q) [1)(1| ® oy using CDS as the set of free operations can be phrased as the
following optimization task:

deps(pxa = oxa) = min __ D'(Nyaxa (pxa), oxar)- (3.30)
Xa-sxal €CDS

We now prove that the minimum conversion error in (3.30) can be calculated by means of a SDP.

Proposition 3.16. The minimum conversion error in (3.30) can be evaluated by the following SDP:

Tr[Bxar + Cxarl:
Bxar — Cxar = Txar — soxar;

Dy — Ey = s(qoo — (1 — q) 01),
min Tr[Dy + Ex] <s—1,
By y1-Co g1 oD g1, 20, Tra [Q% + Qhy] = sy,

D L2021 (0] x7xar[0)x = Tral(pp%) T Q0 ] + Tral((1—p) ) U],
(Ux7xar |)x = Tral(pp%) Q] + Tra[((1 - p) ) ],

(1x7xa|0)x = (Olx7xa|1)x =0

(3.31)

The proof of proposition 3.16 can be found in appendix C.

14



10P Publishing

New J. Phys. 23 (2021) 083016 R Salzmann et al

4, SD-distillation

In this section, we study the fundamental task of distillation of symmetric distinguishability
(SD-distillation), both in the one-shot and asymptotic settings.

4.1. One-shot exact SD-distillation
One-shot exact SD-distillation of a given c—q state

pxai=plO)0| @ po + (1= p) [1X1] @ 1, (4.1)

with p € [0, 1] and p,, p, states of a quantum system A, is the task of converting a single copy of it to an
M-golden unit via free operations. The maximal value of log M for which this conversion is possible is equal
to the one-shot exact distillable-SD for the chosen set of free operations. This is defined formally as
follows:We state the following theorems now.

Definition 4.1. For a set of free operations denoted by FO and g € [0, 1], the one-shot exact distillable-SD
of the c—q state py, defined in (4.1) is given by

§§O’q(pXA) := log (sup {M | A(pxa)= fy)((AQd’Q), A € free operations ( FO) }) . (4.2)
For the choice
FO = {id ® £ | £ CPTPon system A} = CPTPy, (4.3)

the only sensible choice in (4.2) is g = p, as free operations of the form id ® £ cannot change the prior in
the c—q state. In that case, the above quantity is called the one-shot exact distillable-SD under CPTP, maps
and we simply write

Ealpxa) = E5 T (pxa). (4.4)

Whereas for the choice FO = CDS and g = 1/2, the above quantity is called the one-shot exact
distillable-SD under CDS maps and we use the notation

Elpxa) = £ (pxa). (4.5)

Explicitly, for a c—q state px, given by (4.1) we then have

&ilpxa) = log (sup { M [(id © €) (pxa)= 1fs”, € € crTP }) (46)
and
ilpxn) = log (sup {MIN (pxa)= 2y, N € CDS } ), (47)

where 7)%) = 7)((AQ4’1/ ?) as stated previously.

Remark 4.2. Note that in the case of prior p € (0, 1) and the free operations being CPTPy, the
distillable-SD is, by definition, independent of p. In fact, in that case it can be equivalently written as

Ealpxa) = Eapo, p1) = log (sup {M I€(po)= mand E(py) = oDryoV, & € CPTP }) . (4.8)
For p € {0, 1} one easily sees that
€a(pxa) = 0. (4.9)

Therefore, we restrict to the non-singular case p € (0, 1) in the following theorem 4.3.
We state the following theorems now.

Theorem 4.3. The one-shot exact distillable-SD under CPTP4 maps of a c—q state pyy, defined through (4.1),
with p € (0, 1) is given by
fd(PXA) - gmin(pXA): (410)

where
Emin(Pxa) = Emin(po> p1) = — 108 Qmin (0 p1); (4.11)

and Quin(po> p1) is given by the following SDP:

Qnmin(po> p1) :=2 min {Tr(Apo) [Tr(A(po + p1))=1, 0 < A < T}. (4.12)
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Remark 4.4. An alternative way of writing Qi (0o, p1) 1s as follows:

Qmin(po> p1) = 2 min {Tr(Apo) [Tr(Apg)= Tr((1 — A)p1), 0

=2 min {Tr(Apo) |Tr(Apo) = Tr((1 — A)p1), 0O (4.13)

This clarifies that the optimization is over all POVMs {A, T — A} such that the type I error probability
Tr(Ap,) is (greater than or) equal to the type II error probability Tr((1 — A)p;).

To see the second equality in (4.13), note first that the last line is trivially smaller than or equal to the
right-hand side of the first line, since we are minimising over a larger set. To arrive at the other inequality,
let /N\min be a minimiser of the last line of (4.13) and ¢:= Tr(]\mm(po +p1)) = 1. Let Ay, = ZNXmin /c. Clearly
0 < Amin < Apin < 1 and Tr(Amin(py + p1)) = 1. Moreover,

2Tr (Aminpo) ~
Qmm(pOy pl) 2 TI’(AmmPo) = ——% <2 Tr (Aminpo) 5
from which we conclude the equality in (4.13).

Theorem 4.5. The one-shot exact distillable-SD under CDS maps of a c—q state px,, defined through (4.1), is
given by
&i(pxa) = —10g(2per(pxa)) = SD(pxa)- (4.14)

Remark 4.6. As a consequence of theorem 4.3, it follows that the one-shot exact distillable-SD under
CPTP4 maps can be calculated by means of a SDP, due to the form of Q,;,(py, o) in (4.12). As a
consequence of theorem 4.5, it follows that the one-shot exact distillable-SD under CDS maps can be
calculated by means of a SDP, due to the expression for p,..(px4) in (3.2).

Proofs of the above theorems are given in sections 4.4 and 4.5, respectively. The quantities £ i, and Qi
appearing in theorem 4.3 have several useful and interesting properties, which are given in section 4.3.

4.2. Optimal asymptotic rate of exact SD-distillation
Consider the c—q state
P = pl0)(0] @ pg" + (1 — p) [1){1] @ pi™,
and let fd(p )) and £ d(p(") ) denote its one-shot exact distillable-SD under CPTP, maps and CDS maps,

respectively. Then the optimal asymptotic rates of exact SD-distillation under CPTP, maps and CDS maps are
defined by the following two quantities, respectively:

fd<p<"’ lim 5d<p<"’

T’l*)OO T’l*)OO

lim (4.15)

The next theorem asserts that both limits in (4.15) actually exist and are equal to the well-known
quantum Chernoff divergence [ACMnT 07, NS09]:

Theorem 4.7 (Optimal asymptotic rate of exact SD-distillation). For p € (0, 1), the optimal asymptotic
rates of exact SD-distillation under CPTP4 and CDS maps are given by the following expression:

(n) (n) . @n @n
lim S48 _ g S gy Smin 0T ) (4.16)
n—00 n n—00 n n—00 n
where £(po, p1) := — log Orgigl Tr(pjp)*) denotes the quantum Chernoff divergence.
Here, the restriction to p € (0, 1) is sensible as for p € {0, 1} we directly get §d(p =¢£ d(p = oo for

allne N.
A proof of the above theorem is given in section 4.6.

4.3. Properties of Q,;, and &,
In this section, we establish some basic properties of the distinguishability measures Q,;, and & ;-

Lemma 4.8. The distinguishability measures Q,;,(pg> p1) and & in(po» p1) are symmetric in their arguments.

Proof. To see this, note that if A, is a minimiser for Q. (py, p1)> 1-€. satisfying

2Tr(Ammp0) Qmm(po,pl) 0< Apin < 1,and Tr(Amm(p0 + p1)) = 1, then Amin = 1 — Ay also satisfies
0< Apin < 1and Tr(Amm(po + p1)) = 1. Moreover, 2Tr(Ammp1) = 2Tr(Aminpo) = Qmin(po, p1). From
that we see

Qmm(phpo) Qmm(pO) pl)
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The reversed inequality can be obtained by symmetry, which yields

Qmin(pO) pl) - Qmin(pl) Po) (417)

By a straightforward consequence of the definition of &,;,(pg, p;) in terms of Qi (pg p1), it follows that
& min(Po> p1) 1s symmetric in its arguments. (]

The quantity &, also satisfies a DPI under CPTP maps, which is the statement of the following lemma:

Lemma 4.9 (DPI for ¢,.;, under CPTP maps). Let £ be a quantum channel. Then

Emin (E(P0)> E(P1)) < &min(po> p1)- (4.18)
Proof. Consider
Quin(E(p0), E(p1)) = 2 min {Tr(AE(po)) |Tr(AE(po + p1))=1, 0 < A < 1}
=2 min {Tr(E"(A)po) [Tr(E* (M) (po + p1))=1, 0 <A < 1}
> 2 min {Tr(Apo) [ Tr(A(po +p1))=1, 0 < A < 1}
= Qumin(po> p1)- (4.19)

In the last inequality, we have used that 0 < £*(A) < 1 for each 0 < A < 1, implying that we are
effectively minimising over a smaller set. Hence, directly from the definition of £, in (4.11), we conclude
the DPI (4.18). (]

The next lemma gives upper and lower bounds on Q,;,,, which turn out to be the key ingredients for
proving the asymptotic result in (4.16).

Lemma 4.10. Forall q € [0, 1], we have

1
perr(% P0> pl) < EQmin(pO) pl) < zperr(l/z) P0> pl) (420)

Proof. Let Ay be a minimiser of Qi (99> 1) As Tr(Amin(py + p1)) = 1, we have
Tr(Aminpo) = Tr((1 — Amin)p1). Hence, for each g € [0, 1]

Qmin(pO) Pl)/2 - Tr(AminPO) - qTr(AminPO) + (1 - q)Tr((ﬂ - Amin)pl)

> min_ (4Tr(Ap) + (1= QTr() = D)) = penlas pos 1) (4.21)

For the remaining inequality in (4.20), we use the specific choice of

1/2

A= (po+ p1) 2pi(po + p1) V2,

with (po + p1) /> being defined via the pseudo inverse. Note that {A, T — A} forms the so-called pretty
good measurement [Bel75a, Bel75b, Hol79, Hau93, HW94]. As

(po+ p1) " (po+ p1) =Ty 4,
with II,, 1, being the projector onto the support of the operator p, 4 p,, we see that
Tr(A(po + p1)) = Tr(pi1ly 1)) = 1. (4.22)
In the above, we have used that the null spaces satisfy

N(po + p1) = N(po) N N(p1),

which follows by the positive semi-definiteness of p, and p,. Moreover, by (4.22) we already get
Tr((1 — A)p1) = Tr(Apy). Hence, we see

Quin/2 < Tr(Apo) = 3 (Tr(Apy) + Tr((1 — A)py)). (4.23)

Using the well known fact that the error probability of the pretty good measurement is upper bounded
by twice the minimum error probability [BK02] (also compare [HW12, CMTM ™ 08]), i.e.

1
P (1/2 por o) = 5 (Tr(Apo) +Tr(1 = A) p1) < 2pere(1/2, pos p1)s (4.24)
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this completes the proof.
Note that in order to see (4.24), [BK02, equation (13)] gives the following lower bound on the guessing
probability of the pretty good measurement:

pguess(l/z) Po) 01)2 g Pgﬁgsls(l/Z, Po) pl)) (425)

where pyi(1/2, py, p1) is the optimal guessing probability in the discrimination task. This bound
immediately implies (4.24) since (1 — x)* > 1 — 2x for every real number x. O

Lemma 4.11. For states p, and p,, the following bound holds

Emin(p0> p1) 2 €(po> p1) — 1, (4.26)
where &, (pg> p1) 1s defined in (4.11) and E(py, py) in (1.5).
Proof. From the Helstrom—Holevo theorem and lemma 4.10, we conclude the upper bound
Quin(po, p1) <2 = [[po — p1l1-

Using theorem 1 in [ACMnT"07] (also compare equation (6) therein) we see

Qumin(po> p1) <2 = lpo — prllv < 2Q(po, p1),
with Q(pg, p1) = mingggi Tr(p§p; *). This directly yields the desired lower bound on & ;.. O

Remark 4.12. Using lemma 4.8, £,;, can be written as
&min(po> p1) := — log(min {Tr(Ap)) [Tr(A(po + p1))=1, 0 <K A< 1}) — L. (4.27)

The use of the subscript in &,;, is motivated by the similarity of the above expression (modulo the
additive constant) with Dp,:

Dinin(po||p1) = —log min {Tr(Ap;) [Tr(Ap)=1, 0 < A< T}. (4.28)

The notation & ;,, is further motivated by analogy with the RTAD [WW19a], where the quantity
analogous to &,;, is the min-relative entropy Dy, [Dat09].

4.4. Proof of theorem 4.3—one-shot exact distillable-SD under CPTP, maps

Proof. We first prove the achievability, i.e. the lower bound &,;(pxs) = €min(Pxa) = Emin(Po> P1)-
Let A, be a minimiser of the optimisation problem corresponding to Qi given in (4.12), i.e.
2Tr(Aminpo) = Qmin(po, p1). Let € be the following measure-and-prepare channel:

E(p) = Tr((1 — Amin)p) [0)(0] + Tr(Aminp) |1) (1] (4.29)
Hence, using Tr(Aminpn) = Tr((1 — Apin)py) we get
(1®E) (pxa) = p|0Y(0] @ mas + (1 — p) [1)(1] © oD rrpgo D, (4.30)
with M = 1/(2 Te(Aminpy))- This implies that

Emin(Po> p1) := — 108 Qmin(po> p1) = —10g(2 Tr(Aminpo)) < &alpxa). (4.31)

To obtain the converse, i.e. the reverse inequality £;(pg, p1) < &min(Po> 1), We first note that for all
M > 0 we have 7y + 0V 0V = 1 and hence by picking A = |1)(1]
Qmin(ﬂ'MyU(l)ﬂ'MO'(l)) = 2 min {Tr(AWM) \Tr(A): L, 0<S AL 1]}

1

<21fmul) = -,

and therefore
Emin(mar, VeV > log M.

Now considering £ to be an arbitrary CPTP map such that

(1@ &) (pxa) = p0)(0] @ myr + (1 — p) [1){(1] @ oW mpraV,
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for some M > 1, we see by the data processing inequality in lemma 4.9 that
Emin(P0, p1) = Emin(E(p0)> E(p1)) = Emin(mar Va0 ™) > log M.
As & is an arbitrary CPTP map satisfying the constraint in (4.2), we get
Emin (po> p1) = alpxa),

and hence & ;. (Pxa) = i (00> P1) = Ealpxa)- -

4.5. Proof of theorem 4.5—one-shot exact distillable-SD under CDS maps

Proof. We start with the achievability part, i.e. the lower bound

&(pxa) = —10g(2perr(pxa))-

Let A, be the minimiser of

Per(pa) = min, (pTr(Apo) + (1 = p)Tr((1 — A)py)) - (4.32)

Define the quantum operations, i.e. CP, trace non-increasing maps

E0(p) = 5 (TH((1 = Apia)p)[0)(0] + Tr(Aminp) [1)(1])
E1(p) = 5 (TH((1 = Apin)p) [D{1] + TrlAinp) 0)(0]) (4.33)

and note that & and & sum to a CPTP map. Hence, we can define the corresponding CDS map as
N =idx ® & + Fx @ &1, (4.34)

where idy and Fx denote the identity and flip channel on the classical system X, respectively. Noting that

pE(po) + (1 — p)Ei(pr) = % (PTr((1 = Amin)po) + (1 = p)Tr(Aminp1)) [0) (0]
+ % (p Tr(Aminpo) + (1 = pYTr((1 — Amin)p1)) [1)(1]

= 2 (= pealp2)) 0)(0] + peep) 1)1

= %Wl/zpm(m)) (4.35)
and by symmetry

PE(p) + (1= PEs(pn) = 5 (1= par) 1D{1] + per [0) 0))

_ %U(”m oo (4.36)
Hence,
N(pxa) = 10)(0] @ (pEolpo) + (1 = p)E1(p1)) + [1)(1] & (p€1(po) + (1 — p)Eolp1))

1
2 (100401 @ 1 /3pers (e + 1101 @ 07125 ™)

— ,y)((lQ/ZPerr(/’XA))’ (437)

which implies
g:j((pXA) 2 _log(zperr(pXA))~ (438)

To obtain the upper bound in (4.14), we use monotonicity of the minimum error probability under
CDS maps. More precisely, let M > 1 satisfy the constraint in (4.7); i.e. there exists a CDS map N such that

Npxa) = % - (4.39)
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Using the monotonicity of the minimum error probability p,,. under CDS maps, we obtain

—log(2perr(pxa)) = —log (2pers (N (pxa))) = —10g<2perr(v%’))
= log M. (4.40)
As M is arbitrary under the constraints in (4.7), we have shown that

- log(zperr(pXA)) 2 gg(pXA)a (441)

which finishes the proof. U

4.6. Proof of theorem 4.7—optimal asymptotic rate of exact SD-distillation

Proof. We first prove the result in the case of free operations being CPTP, maps. As a consequence of
theorem 4.3, we have the equality
Ealpxd) _ Emin(p§", p7")

n n

(4.42)

and so it suffices to prove the asymptotic result for £ ;.. Using (4.26) and the fact that the quantum
Chernoff divergence ¢ is additive, we get
. Qn - @n
lim inf 7&“1“(% A1)

1—00 n

= &(pos p1)-

To get the other inequality, we use the lower bound in (4.20) to see that for every q € (0,1)
gmin(p(?n) P?") < - log(zperr(% p(?n, P?"))
n n

(4.43)

Hence, by using the main result in [ACMnT"07], we conclude that
fmin(p()@n) P?n) g hm - log(perr(q) po®", P?n)) -1

n—00 n

lim sup = &(po, p1)- (4.44)

n—o0 n

In the case of free operations being CDS maps, the equality

x7 (n) _ myy
lim M — lim log(perr(PXA)) 1

n—00 n n—00 n

= &(po» p1) (4.45)

directly follows from theorem 4.5, together with the main result of [ACMnT*07], which finishes the proof.

O
4.7. Approximate SD-distillation
We now define the one-shot approximate distillable-SD for a general c—q state
pxa = p10)(0] @ po + (1 = p) [1)(1] @ pr. (4.46)

Definition 4.13. For € > 0 and golden unit 7)((%"1), the one-shot approximate distillable-SD of the c—q state
Pxa 1S given by

Eo’q’g(pXA) := log (sup {M ’d;o(pXA — ’y}%’q))é e’:‘})
= log (sup {M ’D' (A (pxa) ,’Y;((]g’q)) <e A€ FO}) , (4.47)
where the minimum conversion error d is defined in definition 3.10. For the choice

FO = {id ® £ |€ CPTPonsystem A} = CPTP,, (4.48)

the only sensible choice in (4.47) is g = p, as free operations of the form id ® £ cannot change the prior in
the c—q state. In that case, we simply write

E5(pxa) = 5P (pxa). (4.49)

Whereas for the choice FO = CDS and g = 1/2, we use the notation

= (pxa) = 052 (pxa). (4.50)
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4.7.1. One-shot approximate distillable-SD as a semi-definite program

In this section, we prove that the one-shot approximate distillable-SD under CPTP,4 can be evaluated by
means of a SDP and comment on SDP formulations of the one-shot approximate distillable-SD under CDS.
Under CPTP, this quantity is defined as follows:

§a(pxa) := log L Sup {M | D' (Alpxa) 1y < e}, (4.51)
€CPTP,
and for CDS maps as
& (pxa) :=1log sup <M | D/(A(PXA)>'7)((M’1/2)) <€y (4.52)
) Q
<CDS

We begin with the following:

Proposition 4.14. Foralle > 0 and p € (0, 1) and for every elementary source described by the c—q state px,,
the one-shot approximate distillable-SD under CPTP4 maps can be evaluated by the following SDP:

&(pxa) = —log 20<i/1\1<fﬂ {r|p|1 —r—"Te[Apo]| + (1 = p)|r — Te[Ap1]| < & min{r,p,1 —p}}| .

ref0,1/2]
(4.53)
Proof. By definition the quantity £;(pxa) is equal to the negative logarithm of
. / (1/7’P) < }
AeCPTlgf,re[o,l] {r\D (A(pXA)’ xQ ) Sep (4.54)
Let A € CPTP4. Then by applying a completely dephasing channel to the Q system, the state %((1Q/r,p )
does not change, whereas the local channel becomes a measurement channel of the following form:
M(w) := Tr[Aw]|0X0]q + Tr[(I — A) w]|1X1]q. (4.55)
So we find that the optimal value is given by
: (1/rp)
inf {D (M(px)2$0™") <} (4.56)

as a consequence of the DPI for D' given in lemma 3.13 and with the optimization over every measurement
channel M. Now consider that

M(pxa) = pl0)OLx @ Tr[Apol[0)(0lq + plO}0]x & Tr[(I — A) pol[1)1]q

+ (1= p) [1)X1x ® Te[Api1[0X0lq + (1 = p) [1)(1x ® Te[(T = A) p1][1)X1]q (4.57)
and ) H
3| Moxa) = 230"
2 XQ
D' (Mpxa) i) = , ! (4.58)
( w”) Per(740"")
By applying (3.7), we know that
Wy _ Ly T o, T
Perr(Txg ) = 5 (1 ‘p 2’ ‘1 p 2D (4.59)
. r
= min {5’1)’ 1 —p} , (4.60)

where the last equality follows from a simplification that holds for p € [0,1] and r € [0, 1]. Now consider
that

r, r r
6™ = plo)oLx @ (1= 3 ) 10X0lo + plo)0ls @ 2 [1)1]q

+ (1= p) [Ntk ® Z[0X0lo + (1 = p) [1N11x ® (1= 7 ) 11)1o. (461)
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So then we find that

[ Moxn) = 5™

1:p’1_ % —Tr[Apo]’-i-p‘% —Tr[(I—A)po]‘

r r
+(1-p) ‘E —Te[Api]| + (1 - p) ’(1 - E) —TY[(T = A) pu] (4.62)
r r
=2p ’1 -5 Tr[Apo]| +2 (1 —p) ’5 — Tr[Ap]] . (4.63)
So the optimization problem is equivalent to the following:
r r
) r:p’l—f—Tr[Apo] +(1—p)‘7—Tr[Ap1]
A>énf[0 1] ’ ! 2A (464)
20,rell, < i — - <
\6m1n{2,p,1 p}, <
Let us make the substitution r — 2r, and the above becomes the following:
; rip|l—r—"Te[Apol| + (1 —p) [r — Tr[Ap1]|
2 f . . 4.65
A>0,:2[0,1/2] { <emin{rp,1—p}, A<I ( )
This concludes the proof. U

Remark 4.15. We can see that if € = 0 on the right-hand side of (4.53), this expression reduces to the £ ;,
quantity defined in (4.11).

Remark 4.16. An alternate SDP formulation for the one-shot approximate distillable-SD under CPTPy,
stemming from an SDP formulation for the minimum conversion error, is also possible. Similarly, the
one-shot approximate distillable-SD under CDS maps can also be formulated as an SDP. We do not include
details of these SDPs here, but note that they are available in the arXiv posting of our paper [SDG21].

4.7.2. Optimal asymptotic rate of approximate SD-distillation

We now consider the asymptotic case of approximate SD-distillation. Theorem 4.7 already established that
in the exact case the optimal rates for free operations being CDS or CPTP, are given by the quantum
Chernoff divergence. The following theorem shows that also when an error is allowed in the
transformation, the corresponding asymptotic rates are still given by the quantum Chernoff divergence.

Theorem 4.17 (Optimal asymptotic rate of approximate SD-distillation). Foralle > 0 and p € (0, 1), the
optimal asymptotic rates of approximate SD-distillation under CPTP, and CDS maps are given by
e (1) e (n)
lim SalPxa = lim 4 (Pxa
n—00 n n—00 n

= &(po> p1)s (4.66)

where £(po, p1) = — log(minogsgl Tr (pf)pi_s)) denotes the quantum Chernoff divergence.
Here, the restriction to p € (0, 1) is sensible, as for p € {0, 1}, we directly get £5(p{)) = £5°(p\) = oo
foralln € N.

Remark 4.18. Note that theorem 4.17 establishes the strong converse property for the task of asymptotic
distillation in the RTSD. Another way of interpreting this statement is as follows: for a sequence of SD
distillation protocols with rate above the asymptotic distillable-SD, the error necessarily converges to co in
the limit as n becomes large.

Proof of theorem 4.17. As we have, for every c—q state pxy,

&alpxa) = &alpxa)s (4.67)
7 (pxa) = 5 (pxa), (4.68)
we immediately get the lower bounds
(o)
lim inf 2245 > €(po, 1), (4.69)
n—00 n
*,5(p(n)
liminf 24—"F4% > ¢(pg, py), (4.70)
n—00 n

from theorem 4.7.

22



10P Publishing

New J. Phys. 23 (2021) 083016 R Salzmann et al

To establish the upper bounds, we use lemma 3.14. We only prove the upper bound for £}, as the one
for & exactly follows the same lines. Let M be such that it satisfies the constraint in the following
optimization:

;’5(p§(’2) = log(sup {M ’ ngS(pggg — y%’)g 5}) . (4.71)

Hence, there exists a CDS map A such that

D (J\/(p&’fi),v%’) <e.

Then, by the monotonicity of the minimum error probability under CDS maps and the bound in lemma
3.14, we see

. " e+1

Pere(P) < P (N0 ) < (e + D pere(15)) = S (4.72)
As M is arbitrary under the constraint in (4.71), we get
(0 < (~log(pus(pe) — 1) +log(e + 1), (473)
and hence
e (1) (— log(p rr(p(n))) — 1) +log(e + 1)
lim sup >4 Pxa < lim B = &(po> p1), (4.74)
1—00 n =00 n

which finishes the proof of theorem 4.17. |

5. SD-dilution

We now turn to the case of dilution of SD. We begin with the exact one-shot case in section 5.1, establish
some properties of relevant divergences in section 5.2, provide proofs in sections 5.3 and 5.4, consider the
one-shot approximate case in section 5.5, and evaluate asymptotic quantities in sections 5.6 and 5.7.

5.1. One-shot exact SD-dilution
One-shot exact SD-dilution of a given c—q state

pxa :=plOY0| @ po + (1 — p) [1)(1] @ p1, (5.1)

with p € [0, 1], is the task of converting an M-golden unit to the target state py, via free operations. The
minimal value of log M for which this conversion is possible is equal to the one-shot exact SD-cost for the
chosen set of free operations. This is formally defined as follows:

Definition 5.1. For a set of free operations denoted by FO and g € [0, 1], the one-shot exact SD-cost of the
c—q state py, defined in (5.1) is given by
§fo’q(pXA) = log (inf {M ‘A (’y}%’q)) = pxa, A € free operations (FO) }) . (5.2)
For the choice
FO = {id ® £ | £ CPTP onsystem A} = CPTP,, (5.3)

the only sensible choice in (5.2) is g = p, as free operations of the form id ® £ cannot change the prior in
the c—q state. In that case, the above quantity is called the one-shot exact SD-cost under CPTP, maps and we
simply write

Eclpxa) = TP (pyy). (5.4)

whereas for the choice FO = CDS and g = 1/2, the above quantity is called the one-shot exact SD-cost
under CDS maps and we use the notation

& (pxa) = £ (pxa). (5.5)
Explicitly, for a c—q state px, given by (5.1), we then have
£(pxa) = log (inf {M|(id ® &) (7%"’)) — pxa, € € CPTP }) (5.6)

and

& (pxr) = log (inf {MIN (1)) = pxas N € CDS}), (5.7)
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with %((AQ@ = %%’1/ ?) as defined previously.

Remark 5.2. Note that in the case of the free operations being CPTP, and prior p € (0, 1) the SD-cost, just
as the distillable-SD (see remark 4.2), is independent of p by definition. In fact, in that case, it can be
equivalently written as

&(pxa) = E(po, pr) = log (inf {M |E(my)= ppand E(cVmyo')) = py, € € CPTP }). (5.8)

For p € {0, 1}, one easily sees that
&c(pxa) = 0. (5.9)

Therefore, we restrict to the non-singular case p € (0, 1) in the following theorem 5.3.

Theorem 5.3. The one-shot exact SD-cost under CPTP 4 maps of a c—q state py, with p € (0, 1), as defined
through (5.1), is given by
fc(PXA) = gc(pO) pl) - gmax(pO) pl): (510)

where
Emax (Po> p1) 1= 108 Qmax(p0> 1), (5.11)

and

Qmax(po> p1) := inf {M |py < 2M — 1)p1, p1 < 2M — 1)pg}

1
_ > ( dr(po.p1) + 1) > 1. (5.12)

Here, for two positive semi-definite operators wy, wa,
dr(wi,w,) := max {Dmax(wl sz)) Dpax (w2 le)} (5.13)

denotes the Thompson metric [Tho63].

Remark 5.4. Note that £, can be written as
Emax (0> p1) = max {log(szax(POspl) 4 1) , log(szax(Pls/)O) + 1)} —1. (5.14)

The use of the subscript in £, is motivated by the fact that it is a divergence that is essentially a
symmetrized version of Dpy.

The notation &, is further motivated by analogy with the RTAD [WW19a], in which the quantity
analogous to &, arising as the cost of exact dilution of asymmetric distinguishability, is the max-relative
entropy Dpax [Dat09].

We also note that theorem 5.3 can be inferred from [BST19, lemma 3.1], but we include a self-contained
proof below for completeness.

Theorem 5.5. The one-shot exact SD-cost under CDS maps of a c—q state px,, defined through (5.1), is given

by
£ (pxa) = Ehax(pxa)s (5.15)

where
Emax (Pxa) = log Qhay (pxa) 5 (5.16)

and

Qhax(pxa) i=Inf {M |ppy < @M — 1)(1 — p)p1, (1 —p)p1< (2M — 1)ppo}

_ % (zd»r(Pﬂo)(l—p)m) + 1) > % max {1/p,1/(1 —p)}. (5.17)

Remark 5.6. Note that theorems 5.3 and 5.5 give an operational interpretation to the Thompson metric in
the context of exact one-shot dilution in the RTSD. To the best of our knowledge, this is the first time an
operational meaning in quantum information has been given to the Thompson metric.

Remark 5.7. As a consequence of theorem 5.3, it follows that the one-shot exact SD-cost under CPTP,
maps can be calculated by means of a SDP, due to the expression in (5.12). As a consequence of theorem
5.5, it follows that the one-shot exact SD-cost under CDS maps can be calculated by means of a SDP, due to
the expression in (5.17).

Properties of £,,,» Qmax> Ermax> ad Qf,, are discussed in section 5.2. Proofs of the above theorems are
given in sections 5.3 and 5.4.
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5.2. Properties of £, .\ Quax> &0 and Q55
The quantity £, satisfies the DPI under CPTP maps:

Lemma 5.8 (DPIfor ¢, ). Let & be a CPTP map. Then

gmax(g(p0)> S(Pl)) < gmax(pO) pl) (518)
Proof. Follows immediately from the DPI for Dy,,y under CPTP maps [Dat09]. O

We now prove that £&
in the following ways, as a consequence of the definition (5.17) of Q

is decreasing under CDS maps. For that, we find that £}, can also be expressed

* .
max*

anax(pXA) — (max {ZDmax(PPOH(I*p)PI), 2Dmax((lfp)ﬂl HPPO) } + 1)

(max {szax(/’OH/’l)“"log(P/(l_P))) 2Dmax(/’l”/’0)"1‘108((1_17)/?) } + 1)

N = = N =

(szaxmn(fx@idmxm n 1) , (5.19)

where Fx(-) = oV - o)) denotes the flip channel on the system X.

Lemma 5.9. Let N' € CDS. Then
Ernax N (pxa)) < Efax(pxa). (5.20)

Proof. Noting that every CDS channel A/ commutes with the channel Fx ® idy, (5.20) follows directly
from the DPI for Dp,. O

5.3. Proof of theorem 5.3—one-shot exact SD-cost under CPTP, maps

Proof. We prove that £.(px4) = &max(P0> £1) and start with the achievability part, i.e. the upper bound
E(pxa) < Emax(po> p1)- Without loss of generality, suppose that &, (p, p;) is finite because, otherwise, the
upper bound is trivially satisfied.

Let us first consider the case Q. (pg> p1) = 1 (and hence &, = 0) for which necessarily p, = p, = p.
Let us choose the measure-and-prepare channel

£() = Tr()p.

Note that
E(my) = E(eWmya)y=p VM > 1.

Hence,
(id ® )1 = pxas

which in turn implies that £.(pys) < 0 = &0x(Po> P1)- As E.(pxa) = 0 by definition, this also gives
gc(pXA) = Emax(pO’ pl)

Next consider the case in which py, is a state for which M = Q,,,.,(py> ;) > 1 and hence
Emax(Po> 1) = log M > 0. We first prove the achievability bound & .(pxs) < &nax(Po> p1)- To do this, let us
define

N 1
Po = 2M—2((2M_ Dpo—p1)s (5.21)

1

p1= M—2 (2M —1)p1 = po) - (5.22)

By assumption on M, we have that py and p; are quantum states. Consider now the
measure-and-prepare channel £ given by

£ = {01010) 7o + {1 p11) . (523)
Then
) = (1) o+ — 7
M) = oM )T oM
2M —1 1
= I —aM (2M — D)po — p1) + I —aM (M — 1)p1 — po)
1
=— (M —=1)%*—=1) po = po. 24
4M2—4M(( ) ) Po = po (5.24)
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By symmetry, we also get
E(eWVmyeV) = py. (5.25)

This implies that (id ® £ )(’y}%’p )) = pxa, which in turn implies that
&c(pos p1) < log M = Emax(pos p1)- (5.26)

To show the reverse inequality, we first note that for all M > 1,
Emax (> oWmyo®) = log M. (5.27)

To see this, note that
v < M — 1)oWmpoV (5.28)

ifand only if M < M. The reversed constraint in (5.12) is then also satisfied, which establishes that

Qmax(ﬂ'M) U(I)WMO'(D) =M

and hence (5.27). Let M > 1 satisfy the constraint in the definition of £ (py,) in (5.6). By definition there
exists a CPTP map & such that

(id ® &) (7;5 ”) = pxa. (5.29)
By the DPI for £,,,.., we get
fmax(pO) pl) gmax(ﬂ'M) W 7"-MO' ) = 10g M. (5.30)

And hence, as M can be chosen arbitrarily under the constraint in (5.2), we see that

gmax(pm pl) < gc(pXA)y (531)
and therefore in total

gc(pXA) = gmax(pO) Pl), (532)
concluding the proof. O

5.4. Proof of theorem 5.5—one-shot exact SD-cost under CDS maps

Proof. We first prove the achievability part, i.e. £ (pxa) < & (Pxa). Without loss of generality, suppose
that £}, (pxa) is finite because, otherwise, the upper bound is trivially satisfied. Moreover, note that

1
Qlpxa) = 5 (max {szax(ﬂOle)‘HOg(P/(I*P))) 2Dmax(ﬂl”PO)‘HOg((I*P)/P)} + 1)

1 1 1—
= (Hmax{log(p/(1—p)log((1-p)/p)} =_ D 4
2(2 +1) 2<max{l_p, » +1

= —max{1/p,1/(1—p)}. (5.33)

WV

(pxa) = 3 max{1/p,1/(1 — p)} for which necessarily p, = p; = p. Assume

without loss of generality p < 1 — p (otherwise just flip the classical system X of py,). Let now

EC) = (1]-1)p, E(-) = (0] - |0) p, (5.34)

We first treat the case Q*

max

which are quantum operations, i.e. CP and trace non-increasing maps that sum to a trace-preserving map.
Define the corresponding CDS map
N =idx ® & + Fx ® &1 (5.35)

Writing now M = Q.. (pxa) = ,we see
Ng) = 10)(0] ® = (50(7TM)+51(0 o'l )+\1><1|® (51(7TM)+50(0“’7TM0“’))

=pl0)(0| ® p+ (1 —p)|1){1| ® p = pxa. (5.36)

Hence, this shows £ (pxa) < log M = & .. (pxa).
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(pxa) the operators

max

Let now Q}, (pxa) > 3 max{1/p,1/(1 —p)} > 1 and define for M = Q},

1
Po Wp—1 (p(2M = 1)po — (1 = p)p1) , (5.37)
1

p1 = M —p)—1 (1 =p)@M = 1)p1 — ppo) - (5.38)

By assumption on M we have that g, and p, are states. Moreover, let

2Mp —1
_Mp= (5.39)
2M -2
and hence IM(1L—p)— 1
J— p J—
l—qg=—F—""-—". 5.40
q M — 2 (5.40)
Consider now the quantum operations
Eo(p) = q (0] p[0) po+ (1 —q) (1| p[1) pu, (5.41)
Eilp) = (1 =q) (0[p|0) pr+4q (1] p|1) po. (5.42)
Note that & + & is trace preserving. The corresponding CDS map is given by
N =idx ® & + Fx @ &1. (5.43)

Then
Nw) =10)(0] ® % (Eo(man) + E(aVmne™)) + 1)(1] @ % (Ex(ma) + Eo0Dmyo™)) . (5.44)

Moreover, we see

1 1 _ 1—q._
5 (Eo(m) + E1(0cWmyo™)) =g (1 - m) po+ quPI
2M —1
=~ P@M = Dpo — (1= pp1)
1
+ I — M ((1 —-p)2M — 1)py —Ppo)
= m (@M —1)* = 1) po = ppo. (5.45)
By symmetry we also get
1
5 (E(m) + &0V muo™)) = (1= plpr. (5.46)
This proves the achievability
& (pxa) < Enax(pxa)- (5.47)
For the other inequality, we first note that
Gran (i) = log M, (5.48)

max(%%)) = Emax (Tar, 0V a0V and the arguments in the case of free
operations being CPTP4 maps (in particular consider the discussion of (5.27)). Let M > 1 satisfy the
constraint in the definition of £ (px4) in (5.7). By definition there exists a CDS map A such that

which follows from the observation £*

N = pxa. (5.49)

We use monotonicity of £, under CDS maps (compare lemma 5.9) to get that

Ehax(Px1) < Enan (1)) = log M. (5.50)

As M is arbitrary, we see that £& (pxa) < £ (pxa) and hence &, (pxa) = £ (pxa). 0
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5.5. One-shot approximate SD-dilution
We can now define the one-shot approximate SD-cost for a general c—q state

pXA=p\0><0\®po+(l—p)|1><1\®p1. (5.51)

Definition 5.10. For € > 0 and golden unit VXQ ) the one-shot approximate SD-cost of the c—q state py, is
given by

6 =t it M o (357 ) < )

= log (inf {M ‘ D'( (szgq)) ,pXA) <eg Ac FO}) , (5.52)

where the minimum conversion error dj, is defined in definition 3.10. For the choice
FO = {id ® € |€ CPTP onsystem A} = CPTP,, (5.53)

the only sensible choice in (4.47) is g = p, as free operations of the form id ® £ cannot change the prior in
the c—q state. In that case we simply write

E(pxa) = EEPTPAPE (pyy). (5.54)

Whereas for the choice FO = CDS and g = 1/2, we use the notation

&7 (pxa) = £ (pxa). (5.55)

In the case of the dilution task, the one-shot approximate SD-cost can be directly obtained from the
corresponding exact quantity.

Lemma 5.11. For FO being c—q state preserving and € > 0, we have

§%%(pxa) = inf &% (pxa), (5.56)

Pxa€BL(pxa

where we have defined the ball of c—q states'> around py, with radius € with respect to the scaled trace distance
Dl(') )
BL(pxa) = {pxa c—qstate|D'(pxa, pxa) < €} . (5.57)

Hence, in particular we get for free operations being CPTP4 or CDS maps

§lpxa) = inf  &(pxa), (5.58)
Pxa€BL(pxa)

2(pxa) = inf X (pxa)- (5.59)
PXAEBL(pxa)

Proof. The proof simply follows by
£ (pxa) = log (mf { dio(e™” = pxa) < s})
tog (inf {M| D' (A (+457) . pxa) < &, A€ FO})
— log (mf {M ‘ A (VXQ ): Pxar Pxa € Bl(pxa), A € Fo})

o (A7) e 4 o)

PxA€BL(

= inf  &%px). (5.60)

PXAEBL(pxa)

Here, for the third equality we have used that pxy = A (’y}%’q)) is a c—q state because FO is c—q state
preserving. Hence D'(pxa, pxa) < € already implies pxa € B.(pxa). O

12 Note that (5.56) is also true if we replace B.(pxa) with the full D'-ball with radius ¢ of all linear operators and not just c—q states.
The reason for that is that {f O’”’( pxa) 1s infinite for px4 not a c—q state because the set of free operations FO is assumed to be c—q state
preserving.
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5.6. Optimal asymptotic rates of exact and approximate SD-dilution
Consider the c—q state
Pl == p10)(0] @ p™ + (1 = p) [1)(1] @ pi™".

Similarly, as in the case of distillation, we are interested in the asymptotic quantities

(n) x( (1)
lim sup %; lim sup % (5.61)

n—0o0 n—0o0

Using theorems 5.3 and 5.5 and the additivity of Dy, and hence also of the Thompson metric dr, we
can directly read off that both limits in (5.61) exist and are given by the Thompson metric:

Theorem 5.12 (Exact asymptotic SD-cost). Forall p € (0, 1), the optimal asymptotic rates of exact
SD-dilution under CPTP, and CDS maps is given by

= dr(po, p1)- (5.62)

o &P _ 6o
n—0o0 n n—r00 n
Hence, unlike the case of distillation, the optimal asymptotic rates in the case of exact dilution do not
match the quantum Chernoff bound, as they are too large. We also note here that (5.62) gives an
operational interpretation of the Thompson metric in quantum information theory.
However, allowing errors with respect to the scaled trace distance D' in the conversion, the
corresponding approximate quantities converge to the Chernoff divergence.

Theorem 5.13 (Approximate asymptotic SD-cost). Foralle > 0 and p € (0, 1), the optimal asymptotic
rates of approximate SD-dilution under CPTP, and CDS maps is given by

) _ i &0k

lim = &(po> p1)» (5.63)
n—00 n n—00 n
where £(po, p1) = — log (minogsgl Tr (pép{’s)) denotes the quantum Chernoff divergence. In particular this
gives
£ (n) *,E (1)
lim lim 20 iy i &P g, (5.64)
e—0 n—o0 n e—0 n—o0 n

Here, the restriction to p € (0, 1) is sensible, as for p € {0, 1}, we directly get §f(p§(’2) =0and
C*’E(pggi) =ooforalln € Nande > 0.

Remark 5.14. The fact that the limits in (5.63) hold without any restriction on the value of ¢ > 0 implies
that the strong converse holds for the asymptotic SD-cost. Another way of interpreting this statement is as
follows: for a sequence of SD dilution protocols with rate below the asymptotic SD-cost, the error
necessarily converges to infinity as n — oo.

Remark 5.15. Given that the asymptotic distillable-SD and SD-cost are equal to the quantum Chernoff
divergence, it follows that the RTSD is asymptotically reversible. This means that, in the asymptotic limit of
(n) (m)

large 7, one can convert the source state py, to a target state oy, at a rate " given by the ratio of the

Chernoff divergences. Then one can go back to pggz at the inverse rate with no loss (in the asymptotic limit).
The procedure to do so, for the first aforementioned state conversion, is to distill golden-unit states from
(n)

Py at a rate equal to the Chernoff divergence. Then we dilute these golden-unit states to (T}((mA),, and the

overall conversion rate is equal to the ratio of Chernoff divergences. Then we go back from 0';:2 to pggi ina

similar manner, and there is no loss in the asymptotic limit. We discuss these points in much more detail in
section 7.

We note here that other resource theories, such as pure-state bipartite entanglement [BBPS96],
coherence [WY16], thermodynamics [BaHO™ 13], and asymmetric distinguishability [WW19a] are all
asymptotically reversible in a similar sense.

5.7. Proof of theorem 5.13

5.7.1. Lower bound for the asymptotic SD-cost in equation (5.63)

Using an argument similar to that given in the proof of theorem 4.17, we establish the following asymptotic
lower bound on the approximate SD-cost:

Lemma 5.16. Foralle > 0,

n—00

£
n
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liminf >—2£~ & ( XA)
n—00

= &(pos p1)- (5.66)

Proof. We only consider the lower bound for £%, as the one for & exactly follows the same line of
reasoning. Let M be such that it satisfies the constraint in the following optimization:

f*“(p )) = log(mf {M ‘ dCDs(%%) — pXA)< 5}) (5.67)
Hence, there exists a CDS map N satisfying
p(NO.) <
Then, by the monotonicity of the minimum error probability under CDS maps and lemma 3.14, we see

1

M = Perr ('VXQ ) < Perr (N('V)((Aé))) <(e+ 1)perr(p§Z§). (5.68)

As M is arbitrary under the constraint in (5.67), we get

E°(PD) > —log(pere(p52)) — log(2(e + 1)), (5.69)
and hence )
iminf U8 iy ~108Peroh) ZIOBGEE D) _ (5.70)
n—oo n—00 n
concluding the proof. ]

5.7.2. Upper bound for the asymptotic SD-cost in equation (5.63) and smoothed Thompson metric
Denote the set of sub-normalised states on a Hilbert space H by

Sc(H):={weBH) |w>0, Trw)< 1}, (5.71)

with B(#) the set of bounded operators on H. Moreover, for a sub-normalised state w on H, we define the
trace ball of sub-normalised states with radius € > 0 around w as

B.(w) := {G)GSg(H) ‘ %Hw—GJHl <5}. (5.72)

In order to prove the desired upper bound on the asymptotic dilution cost (5.63), we consider the
following smoothed quantity:

dr(we,wr):=_inf  drp(@o,01) (5.73)
o €Be (wo),
O1€B:(wy)

= inf  max {Dmax(@o]|@1), Diax (@1 ]|&0) } - (5.74)
@0 €Be(wo),
01€Be(wy)

We get the following upper bound on the smoothed Thompson metric:

Lemma 5.17. For all wy,w; € S<(H) and € € (0, 1], we have the bound

dy(wo, wr) < log<4> (5.75)

For the special case of Tr(wg) + Tr(w,) = 1, we get the slightly stronger bound

4
inf dr (g, @ lo 5.76
SoB i B, o), T ER O < g( ) (5.76)
Tr(@o)+ Tri@n=1

and for the case Tr(wy) = 1 and Tr(w;) = 1, we get

2
inf dr (g, @ lo 5.77
o B e, T OB O < g( ) (5.77)
Tr(@g)=1, Tr(@1)—=1
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Proof. For € € (0, 1], fix

Aozm{mw—%m,l})

3

A :maX{ZTr((wo—wl)Q,l}’

€

and write

0 <ep:=Tr((w1 —wp)4)/ Ao <
0 < £1:= TI'(((JJ() — OJ])+)/)\1 < 6/2.

Define now the positive semi-definite operators

wo + /\1—0(@1 — wo)+
1+¢e0+¢e

(;)01:

wy + i(wo — w4+
1+ g0t ¢y

wi =

where A denotes the positive part of a self-adjoint operator A. Firstly, note that by definition

Tr(wo) + €0 <1

Tr(wy) = X
( O) 14+e0+e¢;

R Salzmann et al

(5.78)

(5.79)
(5.80)

(5.81)

(5.82)

(5.83)

and analogously Tr(@w;) < 1, which gives @y, @; € S< (). Moreover, note that w, € B.(wp) and

@1 € B.(wy), which follows by

1 - 1 1
E”WO —wolly = 20 +e0ten) (€0 + €1)wo — )\_O(Wl — wo) 4
< ((50 +en)lwolls +
2(1 4+ + 1)
2e0 + €1
S2ltete) O
and analogously for ;.
We now note that
AoWo = S (Aowo + (w1 —wo)+) = S (Ao — Dwo +w1) =
1+e0+ e 1+e0+e
where we have used Ay > 1. Furthermore, we see
Ao - 1
/\iwo - (140 + 61)((4)0 ~ )

- l+eo+e1 \ N

:1+€0+51 )\1
1 Ao 1
= —wy+ — (W —w
1+¢ep+¢& <)\1 0 /\1( ' O)>

1 ()\0—1 n 1 >>0
— W, — W = U.
1+¢ep+¢& Al ¢ AL '

[ (w1 = wo) s

14+ey+e1

! (ﬁwo + /\il (w1 —wo) 4 — (wo — w1)+)>

! (AOwo + >\i1 (w1 —wo) 4 — (w1 — wo)—))

(5.84)

(5.85)

(5.86)

Here, in the third line, we have denoted the negative part of an self-adjoint operator A by A_ and used
(—A)+ = A_ and in the fourth line we used A = A — A_. Hence, combining (5.85) and (5.86) together

with the definition of @, (5.82), this in total gives

Ao\ - -
(Ao—F)\—(l)) wo 2@1.

(5.87)
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Analogously we get

<>\1 + Al) w1 = Wy. (5.88)
Ao

Therefore, using Tr((wy — wi)+) < Tr(wp) < 1 and Tr((w; — wp)+) < Tr(w;) < 1 and hence
1 < M, A\ < max{2/e, 1} =2/¢, (5.87) and (5.88) give

Dinax (@1]|0) < log<)\o + %) < log<g> (5.89)
1
and

- Al 4
Dinax (@0 |01) < log| A + — ) <log( — | . (5.90)

Ao 3

Therefore, we obtain for the Thompson metric of @, and @,
. e e 4

dr (@, @1) = Max { Dinay (@0 [|@01)5 Dimax (@1]|@0) } < log<g> : (5.91)

Hence, by definition of the smoothed Thompson metric this shows (5.75). Moreover, noting that in case
Tr(woy) + Tr(w;) = 1, we have by construction
Tr(wo) + Tr(w:) + &0 + &1

Tr(@o) + Tr(wy) = I f e te =1
0+ e

which immediately also gives (5.76).
In order to also conclude (5.77), we slightly change the above construction in the following way: first
note that in the case Tr(wg) = Tr(w;) = 1 we have Tr((wy — wy)+) = Tr((w; — wp)+ ). Let now

)\:max{w,l}, (5.92)

and write 0 < &’ = Tr((wo — w1))+ ) /A = Tr((w1 — wo))+ ) /A < e. Define now the positive semi-definite
operators
wo + 5 (w1 — wo) 4

R 5.93
1+¢€ ( )

Wy =
and
- wi + 3 (wo —wi) ¢
wy =
1+¢€
Note that by Tr(wy) = Tr(w;) = 1 we get Tr(wg) = Tr(w;) = 1. Moreover, similarly to the above, we
see Wy € B.(wp) and w; € B.(w). Lastly, by using the same arguments as in (5.85) and (5.86) we see that

(5.94)

N+ 1)@ > @ (5.95)

and
A+ 1wy = o, (5.96)

which gives by using A < 1/¢

Dmax(d)chDo) <logA+1) < log(1 :E> < log(i) (5.97)

and
Do (@0]31) < log(c + 1) < 1og<16i> < log@). (5.98)
Then we conclude (5.77). O

The desired upper bound (5.63) in theorem 5.13 can now be deduced from the following lemma.

Lemma 5.18. For all ¢ > 0, we have

. (o)
lim sup be(Pa) < &(po> p1), (5.99)
n—00 n
o SR
lim sup B < &(pos p1)- (5.100)
n—00
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Proof. We prove the statement only for £%, as the proof for £ follows exactly along the same lines. Let A,
denote the quantum system consisting of n copies of the quantum system A. Moreover, for a generic c—q
state pxa,, we use the notation

pxa, = P|0)(0] @ po + (1 —p) [1){1] @ pr. (5.101)
By using theorem 5.5 and lemma 5.11, we see that

) = inf  &(pxa,) = inf &L (Pxa,)

PXAp €= qstate PXA, €—q state,
D (pxa pi<e D' (Bxan ) <e

= inf log(sz(l_jﬁo,(I*Is)ﬁl) 4 1) —1. (5102)
Pxa, c—q state,
D' (pxa, P(n))

Define now
Eper(p))

> (5.103)

(e, n):=
Note that if a given pxa, = (P, fo, 1) is such that ppy € Bz (ppy") and
(1= p)p1 € Bz ((1 — p)pi™), this implies that %HﬁXAn - pggng < 2é(e,n) and hence

D' (fxa, pi)) < €. (5.104)

Using that, by writing @y = ppp and &, = (1 — p)py, we see that

P+ 1= inf log<2d»f@ﬁo,<1—ﬁ>m> n 1)
PxA, €—q state,
D' (pxa, Pgm))
< inf lo g( 20r@odn) 4 1)
UJ[]GB( ”)(ppO )s uJ1€B“( n)((l P)Pxn)
Tr(@o)+Tr(wy)=1

= log inf 2@ 4 g
DEBz(e ) (PP, @1 EBz(c) (1=p)pT™)
Tr(Go)HTr(@))=1

(e )
S8l zon T

1g< (1 )>+log(4+e(e n))

<lo g( (1 )> +log(4 +¢€), (5.105)

where we have used equation (5.76) in lemma 5.17 for the fourth line and (g, n) < ¢ for the last inequality.
Hence, we finally see by definition of £(¢, n)

eox( (1) 1
£ (pxa) <1°g(s<e,n>) +log(4+s)—1

n h n n
— log(perr(p))) log(E/Z) N log(4 +¢) — 1. (5.106)
n n n
Noting once again that
nlgofé ——or XAl log(p:lrr(pggi)) = &(po» p1)
and the other terms on the right-hand side of (5.106) are O(1) in # finishes the proof. O
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6. Examples

In this section, we detail a few examples of the RTSD to illustrate some of the key theoretical concepts
developed in the previous sections. We begin with a first example. Let p, and p, be the following states:

po:=A"N(|0)0)), (6.1)
pri=APN(1X1)), (6.2)

where A7 is the generalized amplitude damping channel, defined as

3
AN (W)=Y " AwAl, (6.3)

=0

with v, N € [0,1] and
Agi=VT=N (lo)o| + VT =71X11), (64)
A=/ (1 N)Jox1l, (6.5)
A= VN (VT =100 + [1X11), (66)
Ay:=+/AN|1)0). (6.7)

The parameter v € [0, 1] is a damping parameter and N € [0, 1] is a thermal noise parameter. The
generalized amplitude damping channel models the dynamics of a two-level system in contact with a
thermal bath at non-zero temperature [NC10] and can be used as a phenomenological model for relaxation
noise in superconducting qubits [CB08]. See [KSW20] for an in-depth study of the information-theoretic
properties of this channel and for a discussion of how this channel can be interpreted as a qubit thermal
attenuator channel. We choose the prior probabilities for the states p, and p, to be g and 1 — g respectively,
with g = 1/3, so that the c—q state describing the elementary quantum source is

pxa = ql0)0] @ po + (1 — q) 11| @ pr. (6.8)

In figure 1, we set the thermal noise parameter N = 0.1 and plot the exact one-shot distillable-SD of py,
under CPTP4 maps, and under CDS maps, and the exact one-shot SD-cost of py, under CPTP, maps, and
under CDS maps. As expected, when the damping parameter y increases, each measure of SD decreases.
The exact distillable-SD and SD-cost under CDS maps do not decrease to zero due to the non-uniform
prior (g = 1/3). However, they do decrease to zero under CPTP, maps because the prior q does not play a
role in this case. Additionally, the SD-cost under CPTP, maps is strictly larger than the distillable-SD under
CPTP, maps for all v € (0, 1), demonstrating that the RTSD is not reversible in this one-shot scenario. The
same holds for distillable-SD and SD-cost under CDS maps.

The SD-cost under CPTP, maps is smaller than that under CDS maps because we use different golden
units in these two cases. In this context, recall definition 5.1. It is not possible for CPTP, maps to change
the prior g. So we are forced to use the golden unit with prior g, i.e. 7*, which in this case we chose to be
q = 1/3. CDS maps, however, can change the prior, and as mentioned in definition 5.1, we pick the prior of
the golden unit to be the canonical choice of 1/2. Also, note that y*1/3 has more SD than y™1/?; i e. it
dominates y*!/2) in the preorder of SD and hence can be transformed into the prior 1/2 golden unit via
CDS (see lemma 3.6). So the SD costs under CPTP4 and CDS maps are different, as we are paying with a
less valuable currency in the case of CDS maps.

We next consider the following example:

po:=AN(0X0]), (6.9)
pri= AN Y, (6.10)

where the angle ¢ € [0, 7w/ 2] , we choose the prior g to be the same (i.e. ¢ = 1/3). All of the quantities
mentioned above are plotted in figure 2. As the angle ¢ increases from zero to 7 /2, the states AN (|0)0|)
and eior” 47N (| 1><1|)e’i¢"(1) become less distinguishable and become the same state when ¢ = 7 /2. Thus,
we expect for the various measures of SD to decrease as ¢ increases from zero to /2. Similar statements as
given above apply regarding the difference between the SD quantities under CPTP, and CDS maps.

As another example, we plot the logarithm of the one-shot approximate distillable-SD of the states in
(6.1) and (6.2) under both CPTP,4 and CDS maps, as a function of the damping parameter . We set the
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Figure 1. Various operational measures of SD for the states in (6.1) and (6.2) with prior ¢ = 1/3, as a function of the damping
parameter . The noise parameter N = 0.1.
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Figure 2. Various operational measures of SD for the states in (6.9)—(6.10) with prior g = 1/3, as a function of the angle
parameter ¢. The damping parameter v = 1/4 and the noise parameter N = 0.1.

approximate error € = 0.1, the prior probability ¢ = 1/3, and the noise parameter N = 0.1. For reference,
we also plot the logarithm of the exact distillable-SD under both CPTP, and CDS maps. See figure 3. We
have plotted the logarithm of the number of SD bits in order to distinguish the curves more clearly. The
difference in the behavior of the curves has to do with the fact that CDS maps can change the prior
probability while CPTP4 maps cannot. Here, the distillable-SD under CDS maps (both in the approximate
and exact cases) flattens out for values of the damping parameter greater than v ~ 0.5 as in this case SD of
the considered box is exclusively due to the non-uniform prior (g = 1/3) and does not decrease further
even if the quantum states themselves become less distinguishable.

As a final example, we plot the minimum conversion error in (3.30) when transforming the box

(1/3, AN (Jox0]), AN ([1)(1)))

to the box . .
(1/4, AN (j0)0]), €97 22 (|1)(1])e 7"

as a function of the angle ¢ € [0, 7/2], with v, = 0.5, N; = 0.3, 7, = 0.25, and N, = 0.1. To do so, we

make use of the SDP from proposition 3.16. The minimum conversion error is plotted in figure 4 as a

function of the angle ¢. Intuitively, for small values of the angle ¢, it should be more difficult to perform
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Figure 3. Logarithm of various operational measures of SD for the states in (6.1) and (6.2) with prior g = 1/3, as a function of
the damping parameter 7. The noise parameter N = 0.1, and the approximation error ¢ = 0.1. We have plotted the logarithm of
the number of SD bits in order to distinguish the curves more clearly.
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Figure4. Minimum conversion error when transforming (1/3, AN (|0)(0]), A7 (]1)(1])) to (1/4, A72N2(|0)0]), e

AVZ’N2(|1)(1\)e’i°’”m) as a function of the angle ¢ € [0,7/2], withy, = 0.5, N, = 0.3,y, = 0.25,and N, = 0.1.

the conversion because the states in the first box are less distinguishable than those in the second, and so we
expect the error to be higher. However, as the angle ¢ increases, the states in the second box become less
distinguishable and so the transformation becomes easier. The difference in the prior probabilities of the
boxes is a fundamental limitation that cannot be overcome, even as ¢ becomes closer to 7/2, so that the
minimum conversion error plateaus for angle values greater than ~0.9.

All Matlab programs that generate the above plots (along with the SDPs) are available with the arXiv
ancillary files of this paper.

7. Asymptotic transformation task

Let py, and oxg be c—q states explicitly given by

pxa = p|0)(0] @ po + (1 — p) |1){1]| @ py, (7.1)
oxg = q[0){0| ® o9 + (1 — q) [1){1] ® o7y, (7.2)
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with p, p; states of a quantum system A, and oy, o states of a quantum system B. Moreover, we assume
that p, g € [0, 1]. We use the short-hand notation p:= (p, 1 — p) and §:= (g, 1 — q) for the prior
(distribution) of py, and oxp respectively and write p = § if p majorizes 4. Let pggz and a)({g) be as follows:

Pl = p10)(0] @ p§™ + (1 — p) [1)(1] ® pf™, (7.3)
o) = q10)(0] ® a¢™ 4 (1 — @) 1) (1] © o™, (7.4)

Definition 7.1. Let py,, oxp be c—q states, and let FO denote the set of free operations. For n,m € N and
€ > 0, we say that there exists a (1, m, ) FO-transformation protocol for the states py, and oxgp if

dro (i) = o)) < e. (7.5)

That is, there exists an A € FO such that
D (A(p;’jg),a)(gg’) <e. (7.6)

We denote such a transformation protocol in short by the notation py, — oxs.

Definition 7.2. The rate R > 0 is an achievable rate for the transformation py, — oxp under free
operations FO, if for all £,0 > 0 and n € N large enough there exists an (1, |[n(R — )|, £)
FO-transformation protocol. The optimal rate is given by the supremum over all achievable rates, and is
denoted by

Rro(pxa — oxp) = sup {R > 0 |Rachievable rate under FO} . (7.7)

In particular, in the case of free operations being CPTP, we write
R(pxa — oxs) = Rcpre, (pxa — 0xB)s (7.8)
and in the case of free operations being CDS we write
R*(pxa = oxp) = Reps(pxa = oxs)- (7.9)
Note that by the inclusion CPTP, C CDS we immediately get the inequality

R(pxa — oxs) < R*(pxa — oxa). (7.10)

Definition 7.3 (Strong converse rate). The rate R > 0 is a strong converse rate for the transformation
Pxa —> oxp under free operations FO, if for all £, > 0 and n € N large enough there does not exist an
(n, [n(R 4 0)],e) FO-transformation protocol. The optimal strong converse rate is given by the infimum
over all strong converse rates, and is denoted by

Rro(pxa + oxp) = inf {R > 0 | R strong converse rate under FO} . (7.11)
In particular, in the case of free operations being CPTP, we write

R(pxa = oxp) = RCPTPA(PXA = OxB)» (7.12)

and in the case of free operations being CDS we write

R*(pxa — oxp) = Reps(pxa — oxs)- (7.13)

By definition, we have
Rro(pxa — ox) < Reo(pxa — oxa), (7.14)

and, moreover, by again using the fact that CPTP, C CDS, we get the inequality
R(pxa = oxp) < R*(pxa = oxp). (7.15)

The following theorem gives expressions for the optimal achievable and strong converse rates for the
transformation py, + oxp under both CDS and CPTP,. Note that in the following we interpret 5> as oc.

Theorem 7.4. Let py, and oxp be the c—q states defined through (7.1) and (7.2) with p,q € (0, 1).
For free operations being CDS we have: for £(og,01) > 0

(00 01) (7.16)

R*(pxa — oxp) = R*(pxa = oxp) =
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For {(0¢,01) = 0 and &(py, py) > 0 we have
R*(pxa — oxp) = R*(pxa +— 0x3) = o0. (7.17)
For (o, 01) = &(py, p1) = 0, we have

R*(pxa — oxp) = R*(pxa + oxp) =00, ifp = g, (7.18)

whereas R*(pxa — oxg) =0 and R~*(pXA — oxg) = 00, else. (7.19)

For free operations being CPTP, we have: in the case of px, and oxp having equal priors

R(pxa = 0xp) = R(pxa — oxp) = Elon ), (7.20)
&(09,01)
Here, we interpreted 3 as co.
In the case of the priors being different we get
R(pxa — ox) = R(pxa +— oxg) =0, if &(og,01) > 0, (7.21)
R(pxa +— oxp) =0, R(pxa +— oxp) = o0, if £(0g,01) = 0. (7.22)

Remark 7.5. For simplicity we excluded in theorem 7.4 the case of singular priors, i.e. p € {0,1} or
q € {0,1}. For completeness we now state the corresponding results on optimal and strong converse rates
in these cases:

For free operations being CDS we have

R*(PXA — O'XB) = RN*(PXA — O'XB) = 00, lfp € {0, 1}, (7.23)
and for p € (0,1) and g € {0, 1} we have

R*(pxa — oxp) = R*(pxa + oxp) = 00, if &(po, p1) = 00, (7.24)
whereas R*(pxa — oxp) = R~*(pXA — oxp) =0, if &(po, p1) < 0. (7.25)

For free operations being CPTP, and g € {0, 1} we have

R(pxa — ox) = R(pxa — oxg) = 00, if p=g, (7.26)
R(pXA — O'XB) = R(pXA — UXB) =0, lfp 7’5 q. (7.27)
And for p € {0,1} and g € (0, 1) we have similarly to (7.21) and (7.22)

R(pxa — oxp) = R(pxa = oxg) =0, if &(0g, 1) > 0, (7.28)
R(pxa — oxp) =0, R(pxa + oxp) = 00, if &(0g,01) = 0. (7.29)

Remark 7.6. Further to what was already stated in remark 5.15, theorem 7.4 expresses the fact that the
RTSD is asymptotically reversible. Indeed, the optimal asymptotic rate at which one can convert py, to oxg
is equal to the ratio of quantum Chernoff divergences. The rate at which one can convert back is thus equal
to the reciprocal of the forward rate. Since the product of these two rates is equal to one, we conclude that
the RTSD is asymptotically reversible.

7.1. Proof of theorem 7.4

7.1.1. Achievability

We start the proof of theorem 7.4 by proving the achievability part. In particular, we show the following
lemma.

Lemma 7.7. Let py, and oxg be the c—q states defined through (7.1) and (7.2) with p,q € (0, 1). For
&(og,01) > 0, we have
£(po, p1)
(o0, 01)°
Moreover, for {(0¢,01) = 0 and E(py, p;) > 0, we get R*(px4 — oxg) = 00 and in the case
E(00,01) = E(pg» p1) = 0 we get R*(pyy +— oxp) = 00 if p = G, and R*(py, + oxp) = 0 otherwise.
Moreover, in the case of px, and oxg having the same priors we have

R*(pxa + oxp) = (7.30)

lpo, p1)

&(o0,01) 730

R(pxa — oxp) >
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Here, we interpreted ° and { as co. In the case of priors being different we have R(px, — oxg) = 0.

Proof. We prove the result for free operations being CDS, since for free operations being CPTP,4 the proof
follows the same lines. Let us first consider the case (0, 01) = 0, in which case necessarily oy = 01 = 0.
Moreover, first assume that £(py, p;) = 0 (which implies that p, = p; = p) and p = §. In that case, there
existsa A € [0, 1] such that

A+ (1= N1 —p) =g,

and consequently

A1=p)+(1-Np=1—q.

Therefore, considering for every m € N
£"() = ATi()o™, M) = (1= NTr()o™",
which are quantum operations summing to a CPTP map, and the corresponding CDS map
N —id@ ™ + Foe™, (7.32)
we get

N (pxs) = (Ap + (1 = N1 = p)) [0)(0] @ ™" + (A(1 = p) + (1 — A)p) [1){1] ® o™
(m)
= Oxs -

Consequently, R*(py, — 0xg) = 00, since py, can be transformed to ag’;}) without error via a CDS map

for an arbitrary m € N.
Consider now the case (py, p;) = £(00,01) = 0 and p # 4. In this case, using lemma 3.14, we see that
foralln,me N

min{p, (1 = p)} = pue(pxa) = peas(p§e) < (dos (P = 04 + 1) sl
= (dens(pifd = %) + 1) pee(oc)
= (deps Pl = o) + 1) min{q,1 - g},
and since min{p, (1 — p)} = (c+ 1)min{g, (1 — q)} for some ¢ > 0, we get
d/CDs(ngz = U)((rg)) zc>0

for all n,m € N, and hence R*(py, — oxp) = 0.

Now consider the case in which £(oy, 01) = 0 but £(py, p;) > 0. Assume without loss of generality that
q<1—g,and forall n € N, let {A{"”, A"} denote the optimal POVM for discriminating the quantum
states pg" and p{" of the c—q state pggz. Moreover, for all m € N, let

E"() = Tr(A o™, &) = Tr(Ag”)o ™", (7.33)
which are quantum operations summing to a CPTP map, and define the corresponding CDS map
NE™ = id @ E™ + F @ ™.

This gives
N (Y — pere(P2) [0)(0] @ 0™ + (1 = perr(p\)) |1)(1] @ ™.

Now choose 7 large enough such that pe,.( ng«i) < ¢, which gives that the prior of A/ ( pggz) majorises
the prior of O')(gg) . Using the above, i.e. the construction around (7.32), we can find a CDS map transforming
N (”’m)(pggg) to a%) for all m without error. This implies that R*(py, — oxp) = oc.

Next consider the case in which £(oy, 1) > 0. We can assume without loss of generality that
&(pg> p1) > 0, since otherwise (7.31) is trivially satisfied. The case £(py, p,) = oo follows by lemma 3.3, i.e.
by the fact that we can transform any infinite-resource state to any other c—q state via CDS maps without
error. Note here that £(p,, p;) = oo if and only if p, and p, have orthogonal supports. Furthermore, the
case in which £(py, p;) < 0o and £(0g, 1) = oo follows from the fact that any transformation from a finite
resource to an infinite-resource has infinite error with respect to the scaled trace distance D.
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Let us therefore now finally consider the case in which 0 < &(py, p;), (00, 01) < 00, and fix ,6 > 0. By
theorem 4.7 we can find for all 6; > 0, an N; € N such that for all n > N, there exists a CDS map N7 such
that

N =75
where 7)%”) is the M,,-golden unit defined in (3.10) with

log M,

= £(po> p1) — 01 (7.34)

Since &(py, p1) > 0, without loss of generality even £(p,, p;) > 9; by picking d; small enough, we also
see that the sequence (M,,),>n goes to infinity for n — co. For each M, consider m, € N to be the unique
number such that

w5 (o)) < log M, < €5 (o), (7.35)

First, note that we also get m, —>oo because M, —)oo Also note that as each £ C(O'XB")) is finite
there exists a CDS map N, such that

D (M, o) <

and hence in total

D/ (N o Ni (o) o) < e
Moreover, we have by (7.34) and (7.35)

:,a(a(anrl)) lo Mn
o ) B2 > €lpn ) — 1. (7.36)

n

By theorem 5.13 we can pick for all 4, > 0, an N, € N such that for all n > max{N;, N,} we have

g* c(o_XBrz+1))

e+ 1 <&(op,01) + 62
and therefore

2+ 1 log M,
T (€00, 01) + 82) =~ > €(py, p1) — b (7.37)

As 61,0, > 0 are arbitrary, we can choose them small enough and moreover possibly 7 even larger such
that

&(pos p1) — o1 s &(po> 1)

(o0, 01) +6, &(oo,01)

In summary, we have proven that for all £,0 > 0 and » large enough, there exists an (n, m,, €)CDS-
transformation protocol with

— 0.

My E(po,p1)
n = &ogor)

which shows that R:= —%&; is an achievable rate and hence proves (7.30). O

(7.38)

7.1.2. Strong converse

We now prove the strong converse part of theorem 7.4. The proof follows a similar idea as the one for
proving the strong converse in the RTAD [WW19a]. There, the key insight was the pseudo continuity
bound for either the sandwiched Rényi relative entropy [WW19a, lemma 1] or Petz—Rényi relative entropy
[WW19a, lemma 3]. However, here we instead use a pseudo continuity bound for the operational quantity
—log(p,.,(-)), involving the scaled trace distance D', and holding for two arbitrary cq-states py, and oxa:

— log(perr(pxa)) + 10g(perr(oxa)) = —log(1 + D' (pxa> oxa)) - (7.39)
Note that (7.39) directly follows from lemma 3.14. With that we prove the following lemma:

Lemma 7.8. Let py, and oxg be the c—q states defined through (7.1) and (7.2) with p,q € (0, 1). Then we have

§(po, p1)

75(00) o)’ (7.40)

R*(pxa + oxp) <

and
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Ripxa s oxs) < S0P (7.41)
&(o0,01)
Here, we interpreted % and % as oo.
Furthermore, in the case in which (o, 01) = 0 we get
R(pxa = ox5) = R*(pxa — oxp) = 0. (7.42)

Proof. As R(pXA — oxp) < R*(pXA — oxg) we only need to show (7.40) as (7.41) directly follows.
Moreover, consider &(og, 01) > 0 as otherwise (7.40) is trivially true. Let n,m € N and € > 0 be such that
there exists an (1, m, €) CDS-transformation protocol. Hence, there exists a CDS map A such that

D (N (D, o) < = (7.43)

Using first monotonicity of the minimum error probability under CDS maps and then (7.39) we get

—log(perr(pgéfi)) —log(pm(/\/(p ))) log(perr(o%’))—log(lJr&)

> mé(og,01) — log(1 + €), (7.44)

where we have used [ACMnT 07, theorem 1] for the last inequality. This gives

_ log(perr(ngez)) _log(l+e)

> . (7.45)
(o0, 01) (o0, 01)
Let now d; > 0 and consider n € N large enough such that
_ (n)
log (perr(pXA))
— s o (7.46)
which is possible by the results of [NS09]. Substituting this into (7.45) we get
Spppr) S m logl+e) o (7.47)
§(oo,00) ~ n n&(og,01)  &(og,01)
Hence, by picking §; > 0 small enough, we see that for all ¢, > 0 and n large enough a possible
(n, m, £)CDS-transformation protocol satisfies
Seop) 5, (7.48)
§(oo,01)

which shows that R:= —(Lg&)) is a strong converse rate and finishes the proof.

It remains to discuss the case £(0g, 01) = 0, in which case 0y = 0; = o, and to show that then
R(pxa — oxs) = R*(pxa — ox) = oo. Consider for all n,m € N the CPTP map £ = Tr(-)o®" and note

that
(id® E™) (pE) = p[0)(0] @ o™ + (1 — p) [1)(1] @ ™™
Hence,
|Gd e m) (o - o) _
((1d®5 ™) (p(")),a)(gg)) = - L — P4l < 00
zperr(UXB ) mln{q’ 11— q}
Therefore, for ¢ := mm‘l{’iq‘ fixed and all n,m € N we have found a (n, m, €) transformation protocol

(under both CPTP4 and CDS) which implies that
R(pxa = oxp) = R*(pxa — oxp) = 00, (7.49)

concluding the proof. O
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8. Summary and open questions

In summary, we have introduced the RTSD and have answered many of the fundamental questions
associated with it. In particular, we have developed an axiomatic approach to the RTSD, which led to the
conclusion that CDS maps are the natural choice for free operations, with CPTP, maps being a special case.
We then introduced the golden units of the RTSD and argued why a particular scaled trace distance is a
more appropriate figure of merit for approximate transformations, instead of the standard trace distance.
We finally defined and studied the tasks of dilution, distillation, and transformation, in the exact and
approximate cases, both in the one-shot and asymptotic scenarios. We proved that the rate at which
asymptotic transformations are possible is equal to the ratio of quantum Chernoff divergences of the
elementary information sources, and we thus concluded that the RTSD is asymptotically reversible.

Going forward from here, it would be interesting to generalize the RTSD that we developed in this paper
for elementary information sources to more general information sources, i.e. to c—q states for which the
classical alphabet has a size greater than two. We note here that many of the concepts considered in our
paper, such as the basic axioms for the RTSD, CDS maps, and the scaled trace distance D'(-, ) already apply
to this more general setting. In light of the seminal result in [Li16], it is a tantalizing possibility that the
optimal conversion rate between quantum information sources would be equal to a ratio of multiple-state
Chernoff divergences, as a generalization of theorem 7.4, but it remains open to determine if it is the case. It
is also interesting to determine expressions for the one-shot distillable-SD and SD-cost, as generalizations of
& min and &, As an additional open direction, it is worth exploring whether there is an operational
interpretation of the scaled trace distance D'(+, -) that we introduced in section 3.2. Finally, it is an open
question to determine if the one-shot approximate SD-cost can be evaluated by a SDP. We prove in
appendix D that the two variants of approximate SD-cost (based on CPTP, and CDS maps) can be
evaluated by means of bilinear programs, so that the methods of [HKT20] can be used to evaluate these
quantities. However, it is not clear to us if these bilinear programs can be simplified further to SDPs.
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Appendix A. General properties of the axiomatic framework of the RTSD

In this appendix, we discuss a number of consequences of axioms [-V, and the preorder of SD, introduced
in section 2. We also define general resource measures to quantify SD, and we provide several examples of
such measures.

Lemma A.1. The preorder of SD satisfies the following properties:
(a) Minimal elements. For all pxy € D(XA) and my @ wy € D(X'A’) we have

Ty @ wy < PxA- (A.1)

(b) Maximal elements. For all pxy € D(XA), {px}lcxz‘l a probability distribution, and A" a quantum system
with |A'| > |X|, we have
x|
pra = [I(Lx ~ D pale)xlx @ )l (A2)

x=1
(¢) Reduction to majorisation. For px,ox € D(X) classical states of the same dimension, the preorder of SD is
equivalent to the majorisation preorder.

Proof. The first property follows immediately from axiom III and axiom V. For the second property, first
observe that axiom IIT implies that |1)(1|x ~ |1)(1]|x ® w4 for some w,4. From the form of CDS maps we get
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that |1)(1]x ® wa can be converted to any cq-state in ©(XA’). Hence, since F(XA — XA") = CDS
(XA — XA’) (see lemma 2.3) the assertion follows. For the third property, note that by axioms I, III, and V,

px = ox (A.3)
with respect to the preorder of SD if and only if
px = Trxr o Pxy (0x @ mxr), (A.4)

for some classical system X’ and permutation channel Pxx on the joint classical system XX'. The above
channels are known as noisy operations [HHOO03]. First, observe that noisy operations are doubly
stochastic, so that if such a permutation channel Py exists, then ox majorizes py.

Conversely, suppose p = Z;”:lty U,oU, where {t,}}"_, are the components of a probability distribution,
U, are permutation matrices on system X, and for convenience of the exposition here we removed the
subscript X. It is well known that such {,} and {U,} exist iff p < 0. Suppose that £, = “ are rational
components where n = Z;":lny is the common denominator and each n, € N. Let X’ be a classical system
of dimension |X'| = n. Define a permutation matrix Pyy by its action on the basis elements

Pyy (|x)x ® [X)x) = (U, |x)x) @ [X)x Vxe[|X]], ¥ € [n],

where y,, € [m] is the index satisfying
yxlfl

T
o <A< n (A.5)
z=1 z=1

and we used the convention that the left-hand side of the above inequality is zero for y,, = 1. With this
definition we have

1 n 1 m m
Try o Pxx (0x @) = =Y U, ,oxUl, = =Y n,UcUl =Y t,UoxU, = px.
x © Pxx (0x ® mx1) mz 70 0x Yy, m; yUyoUy ; yYy0xYy = Px

x=1
Therefore, noisy operations can approximate any mixture of unitaries arbitrarily well. |

Note that the lemma above indicates that |1)(1|x is the maximal resource in the fixed dimension of X. If,
for example, X' is another system with a higher dimension |X'| > |X] then

({1 x < [1{1]x- (A.6)

That is, the ‘embedding’ of X into X’ by adding zero components to matrices/vectors is not allowed in
this resource theory since it can increase the value of the resource. To get the intuition behind it, consider
Xiao possessing either one of the two classical states |1)(1|yx or |1)(1]|x ® 7g. In the first case, Xiao has
complete information of the state in her possession since she knows the values of both the random variables
X and X. On the other hand, in the second case Xiao has no information about X, since it is in a uniform
state. Therefore, the first state is more distinguishable than the second one and we get

[~ [T @ 7z < {1 |- (A7)

Hence, for the case X' = XX, (A.7) reduces (A.6). More generally, the SD of a cq-state py, represents the
ability of Alice to distinguish the elements in Xiao’s system. Therefore, the greater |X| is, the more elements
there are to distinguish, and consequently, the maximal resource has greater SD. This, in particular, applies
to the minimum error probability p,, (py,). That is, suppose for example that two states pxa, oxrar € Dqs
with |X] < |X'| satisfy

Per(pxa) = perc(oxrar). (A.8)

Then, we can expect that oy, has more SD since Alice is able to distinguish among |X'| > |X]| elements
with the same error as she would have if she held py,. This means in particular that if we consider
inter-conversions among c—q states with different classical dimensions then the minimum error probability
is not a good measure of SD. In the following subsection we show how the minimum error probability
needs to be re-scaled with the classical dimension so that it becomes a proper measure of SD.

A.1. Quantification of SD
SD is quantified with functions that preserve the preorder of SD.

Definition A.2. A function f : Dy — R is called a measure of SD if:
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(a) Forany pxa,oxa € Dq we have
pxa = oxar = f (pxa) < f (oxar) - (A9)
(b) For the trivial state 1 (i.e. |X| = |A| = 1) we have

f(1)=o0. (A.10)

Note that from axiom III and the second condition above, all measures of SD vanish on free states.
Combining this with the property in (A.1) we conclude that measures of SD are non-negative.

Example A.3. Let

D : UD(A) X DA) =R : (p,o) — D(pllo)
A

be a relative entropy; i.e. it satisfies the DPI, additivity (under tensor products), and the normalization
D(1]|1) = 0. Then, the function

rEnDi&)]D) (pXA||7rX ®oJA) = log|X| — H(X|A), (A.11)

is a measure of SD, since in any quantum resource theory, a function of the form min,ecz) D(pa|lwa) is a
measure of a resource [CG19].

Example A.4 (Normalized guessing probability). A special example of the above family of measures of SD
is obtained when setting ID to be the max-relative entropy Dp,y. Specifically, in [KRS09] it was shown that
the guessing probability can be written as

P (X|4), = 2mnecpinPonprallcon)
Therefore, replacing Iy with the maximally mixed state mx we get that the function
log (‘X|Pguess(X|A)p) = wleng&) Diax(pxa||mx @ wa) (A.12)

is a measure of SD. Note that the dimension of the classical system is included on the left-side so that the
expression remains invariant under replacement of py, with py, ® mx.

In this paper we have focused on the RTSD for the particular case in which the dimension of the
classical system X is fixed to |X| = 2. In this case, as mentioned in the main text, it suffices to consider
measures of SD that behave monotonically under CDS but not necessarily under conditional noisy
operations (i.e. under free operations that change the dimension of X). The measure of SD that we have
chosen in the paper is given by definition 2.5. As shown in theorem 4.5 it has the particularly pleasing
feature of having an operational meaning in the context of SD distillation.

Appendix B. Proof of equation (3.16)—minimum trace distance to infinite-resource
states under free operations

Let (pp° (1 — p) p') be a pair of subnormalized states, with p € (0, 1), and p” and p' states. Then this pair
is in one-to-one correspondence with the following c—q state:

pxp:=plOX0lx @ pj + (1 —p) [1X1]x © pg- (B.1)

Let (qo°, (1 — q) o') be another pair of subnormalized states, with g € (0,1), and ¢° and o' states.
Then this pair is in one-to-one correspondence with the following c—q state:

oxg :=q|0}0]x ® o + (1 —q) [1X1]x ® o} (B.2)

The trace-distance conversion error of pyg to oxp is defined as follows:

. 1
min -

Nocs-rxw (pxw) = o [ B.3
NXB;;XB/GCDSZH xs-xp (pxe) — oxp |, (B.3)

where CDS is the set of conditional doubly stochastic (CDS) maps.
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We first show that the trace-distance conversion error can be computed by means of a SDP.

Proposition B.1. The trace-distance conversion error

. , _ B.4
NXB_{I;;/HGCD 5 ||NXB—>X 5 (pxB) — oxp ”1 (B.4)

between the initial pair (ppy, (1 — p) pg) and the target pair (qo%y, (1 — q) of,) can be calculated by means of
the following SDP:
min Tr[Yg/ + Yyl (B.5)

0yl pANO Al
VgV Do gy 20

subject to

TI'B/[F B’ + F ] = IB, (B6)
T T 0
r5(pop)" FBB’ ((1—p) pp) FBB’] 9oy (B.7)
Yé, > TrB[(pp%)TFBB/ + ((1 —p) pB)TI‘BB,] — ( q) oy (B.8)
The dual program is given by
0 1

YBeHenrnr’l‘;aV);)ZBeo Tr[Yp] — q Te[Wyop] — (l — q) Tr[Zpoyl, (B.9)

subject to
WB/,ZB/ < IB/, (BIO)
Yp @Iy < ppy @ Wy + (1—p) pp ® Zg, (B.11)
Yp@Iy < (1—p) pp @ Wy + ppp @ Zp. (B.12)

Proof. Recall that an arbitrary CDS channel has the following form:
idy @ Np_p + Px @ N3, (B.13)

where N ., and N, are CP maps such that N} ., + N, is trace preserving, and P is a unitary
channel that flips |0)(0] and |1)(1|. This means that its action on an input

plOX0Lx @ pl + (1 = p) [1)X1]x ® pg (B.14)
is as follows:

(idx © Ny + Px @ Ny ) (plOX0]x ® p + (1 = p) [1X1]x @ pp)
= (idx ® Nj_y) (plOXO0lx @ pf + (1= p) [1)(1]x ® pj)

+ (Px @ Ngop) (PlOX0]x ® pj + (1= p) [1X1]x © pp) (B.15)
= plo}0lx ® N5y () + (1 —p) [1X1]x & Ny (pp)

+ pPx(10)X0]x) ® N3 p (p3) + (1 = p) Px(|1)1]x) @ Ny p(pp) (B.16)
= p[0)X0x ® N _p(pp) + (1= p) [1)(1]x @ Ngp(pp)

+ pIIY1x ® Ny (p3) + (1= p) [0)0]x © Nj_p (pp) (B.17)
= [0)0]x ® [Ny (prg) + Ny ((1 = p) pp)]

+ 11 x ® [Np (0pB) + Now (1= p) py)] - (B.18)

The semi-definite specifications for the CP maps N ., and NV}, are as follows:

T, Ty >0, (B.19)
Try [T + T0p ] = Is. (B.20)
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Furthermore, the output state is given by
|0X0|x ® {TrB[(ppB)TFBB’] + TrB[(( ) pB)TFBB’]}
FX1x ® [TrB[(ppB)TFBB/] + Trpl (1 — )pB>TrBB,]} . (B.21)

Recall that the dual SDP for computing the normalized trace distance of two quantum states p and o is
as follows (see, e.g. [WW19a]):

1
—_ —_ = 1 M 2 —_ . .
sz all, rggl{Tr[Y] Y>p—o} (B.22)
So in this case, it follows that
i N / — /
NXBE»?I;’%CDS 5 H xBxp (PxB) — OxB ||1

= Ymigo {Tr[Yxp]: Yy = Nygoxp (pxs) — oxp }s (B.23)

XB'#

where we have now called the output system X for clarity. Then the SDP for the trace-distance conversion
error is given by

min Tr[Yyp] (B.24)
Yyp 2
subject to
I‘BB,,I‘BB, >0, (B.25)
Try [[Ay + Tyl = I, (B.26)

Vi > 001 ® [Trsl(pod) T + Trsl((1 — p) ph) T ] — a0
F1Y1x @ [TrB[(ppB)Tr 21+ Trsl(1 = p) ph) T3] — (1= q) al;,] . (B.27)

It is clear that the optimal Yxp respects the c—q structure. So this means that the final SDP can be
written as follows:

mlon 1 Tr[Yg, + Yyl (B.28)
vo.vh, FQB, F/\B,>o
subject to
Try [TAy + Ty ] = I, (B.29)
> Tral(pp%) Ty + Tral (1 = p) pi) Thy] — q0%, (B.30)
Yy = Trpl(pp}) T ] + Trsl((1 — p) PTG — (1—q)oy. (B.31)

Now we compute the dual of the SDP above. Recall the standard form of primal and dual SDPs:

max {Tr[AX] : (X) < B}, (B.32)
X>0
min {Tr[BY]: ®'(Y) > A} . (B.33)
Y>0

From inspecting the above, we see that

Yp 0 0 0
0 Yy O 0
0o 0o T o
0 0 0 I

(B.34)

S O O~
S O~ O
S O O O
S O O O
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[ Trg [T + T ] 0 0 0
@T(Y) _ 0 TI'B/ [FBB/ + FBB/] 0 0
0 0 Yy — Zy 0
I 0 0 0 Yy — Zy
Iz 0 0 0
|0~z o0 0
A=1o0 o —qoyy 0
00 0 —(1—q)op
where

7% = Tes[(pp) Ty + ((1—=p) b T,
ZB’ = TrB[(ppB)TFBB’ + ((1 ) pB)TFBB’]
Now we need to find the adjoint map of ®'. Consider that
Te[®1(Y)X] = Te[Try [Ty + Ty ] (Xh — X3)]
+TY[(YY — Trgl(ppd) Ty + (1= p) ph) " Tae DX

+ TY[(Y)y — Tral(ppd) Ty + (1= p) pb) T DX ]

R Salzmann et al

(B.35)

(B.36)

(B.37)

(B.38)

(B.39)

= Te[(Thy + D) (X — X2) © Ip)] + Tr[Y9X3 ) — Te[Thy (pp%) T © X30)]

— Te[(Th) (1 — )p}g)T@)Xg/)]—kTr[Yé,Xé,] Te T4 (pp)T ® X4)]

— Tr[T3 (1= p) p)" @ X5)]
= Tr[Yp X5 + Tr[ Yy X5 ]

+ Tr[Dhp (X5 = X3) @ Iy — p(ph)T @ X3 — (1 p) (ph)T @ X4)]

TR (X5 — X3) @ Iy — (1—p) (p)T @ X3 — p(p))T @ X3)].

So this means that

Xy 0 0 0
0 X4 o0 0
e =1, (f we o oo |’
B

0 0 0 W
Wy = (X5 — X3 @ Iy — p(p})" ® X3 — (1 p) (oh)" ® X
Wji=(Xh— X3) @ Iy — (1-p) (o) © X3y — p(p)" © X

Then the dual program is given by

Iz 0 0 0 X 0 0 0
max T ||0 B0 0 0 X2 0 0
X408, 0 0 0 —qoy 0 0 0 X5 0
0 0 0 —(l—q)op] [0 0 0 Xy
subject to
Xy <y, Xy <lIp,

(Xp = Xp) ® Iy — plpp)" @ X — (1= p) (pp)" @ X <0,
(X = X3 & Iy — (1 - p) ()" © X — p(p)T © X} < 0.
This can be simplified to the following:

max Tr[Yz] — ¢ Tr[Xg/Ug/] — (l - q) Tr(Xzop],

YpeHerm, XB’ XB’ >

(B.40)

(B.41)

(B.42)

(B.43)

(B.44)

(B.45)

(B.46)

(B.47)
(B.48)

(B.49)
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subject to
X3 < Iy, Xy < Iy, (B.50)
Y5 @Iy < p(p)T @ Xy + (1—p) (ph)" @ Xy, (B.51)
Ys@Iy < (1—p) (pp)" @ X3 + p(ph)T @ Xj. (B.52)

Then we can set X> > = Wy and X3, = Zp to get

- / O/ - - / 1/ .
YBeHenrnr’l‘;‘a/);)ZBeo Tr[Ys] — q Tr[Wyoy] (l q) Tr[Zpoyl, (B.53)
subject to
WB/,ZB/ < IB/, (B54)
0\T INT
Y @ Iy < plpp) @ Wp + (1 —P) (pp)” ® Zp, (B.55)
Y@ Iy < (1—p) (pp)" @ Wy + p(ph)" @ Zp. (B.56)

We can finally make the substitution Yz — Y and the optimal value is unchanged. Since the operators
on the right-hand side of the inequalities just above are separable, the partial transpose has no effect and
can be removed. This concludes the proof. |

B.1. Minimum error probability and minimum conversion error (in terms of trace distance) to
infinite-resource states
As mentioned in the main text, the minimum error probability is given by

1
perr(pXB) = E (1 — ||pp% — (1 —p) p};”l) . (B.57)

An alternative expression for it is given by
Pere(pxs) = | max A{Tr[Ys) 1 Y5 < pplp, Y5 < (1-p) Py} (B.58)

where Herm denotes the set of Hermitian operators acting on the system B. Note that the maximising
operator Yz on the right-hand side of the above equation is called the ‘greatest lower bound (GLB)
operator’ of the operators pp% and (1 — p)ps. The GLB operator is defined in equation (84) of [AM14], and
the above result was established as lemma A.7 of the same paper.

Consider the infinite-resource state

Yo" = qloX0lx @ [0X0]y + (1 — q) [1)(1]x ® [1)1]y, (B.59)

which is the (M, q)-golden unit (definition 3.4) with M = oc. It follows from lemma 3.3 that for all

9,4 € [0,1], it is possible to perform the transformation N—XQ('Y)(((S Iy = 7X°Q° ) where Nxq is a CDS map.

Lemma B.2. Let pyg = (p, p°, p') be a c—q state. Then the following equality holds for all g,q € [0,1]:

= _ min ’NXBAXQ(PXB) VXQ H K (B.60)

’NXB%XQ(pXB) VXQ 1 NisoxgeCDs 2

min ’
NXBA;)(QGCDS 2

Proof. We first establish the inequality >. Let Ny, be the CDS channel that converts %((OQQ’Q) to ’y}((og’q,). Then
consider that

Nx%mXéIéCDS 2 HNXB_}XQ(p x3) — WXQ " H1
- NXBE;S)QCDS% ‘NXB%XQ(PXB) Naotrsa? )H (B.61)
S Nxsf;gelcm E‘ (Wxg © Nixs-x0) (pxn) - NXQ(VxQ q))H (B.62)
i 3 Vit =157 (563)
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The first inequality follows because N, }’(Q o Nxp-,xq is a member of the set of CDS channels. The second
inequality follows from the DPI under the trace distance. We can then apply the same argument to arrive at
the opposite inequality. O

Lemma B.3. Let pyz = (p, p° p') be a c—q state. Then the following equality holds

. 1 00,
min 3 HNXB—>XQ(pXB) — ’V)((Q q)Hl = perr(PxB)- (B.64)

q€[0,1],
NXBA;)(QECDS

Proof. We first establish the inequality

. 1 (0o H
2 Q|| S » B.65
qg[lol)lll]’ 5 HJ\/ xB-xQ(PxB) — Vxq | < Per (pxs) (B.65)

NXB_»(QGCDS

by demonstrating the existence of a value of g € [0, 1] and a CDS channel for which the left-hand side is
equal to p,. . (pxp). From lemma B.2, it follows that the left-hand side of (B.64) is independent of g € [0, 1].
So we can pick g = p, and the value is unchanged. Now consider that the channel used in state
discrimination is a simple local channel of the following form:

MB—>Q(UB) = TI'[ABO'B] ‘0><0|Q + TI'[(IB — AB)O'B] | 1><1 ‘Q, (B66)
and so idx ® Mp ,q is a CDS channel. Acting with it on pyz leads to the following state:

Maq(pxe) = plO)Olx @ (Tr[Appp]|0)0]q + Trl(Iz — Ap)ppl|1)X1]q)
+ (1= p) [1X1]x ® (Tr[App3]|0)0lq + Trl(Is — Ap)ps]|1)(1]o) (B.67)
= p Tr[Appy]|0X0[x @ [0)(0lq + p Tr[(Is — Ap)p][0)0]x @ [1)1]q
+ (1= p) Te[Appgl[1)(1]x @ [0)(0]q + (1 — p) Trl(Is — Ap)pp]|1)(1]x @ [1}1]q.  (B.68)

Since this is a particular choice, it follows that

min  — ||\ — Yxey, < Z||M — Vxey, H . B.69
gelon], ZH xw-xa(Pxs) = Mg || S 5 [Mesalexe) = 3™ | (B.69)
NXBA,)(QGCDS

Now let us compute the trace distance between My ,q(pxp) and the simple state ’y}((og’p )

HMBAQ(pXB) - 7}%»1?) H1

p Tr[Agp3]|0X0[x ® |00l + p Tr[(Is — Ap)p%1|0)0|x @ [1X1]q
= ||+ (1 = p) Tr[Agpp][1}1]x @ [0)0]q + (1 — p) Tr[(Iz — Ap)pp][1)(1]x @ [1)(1]q (B.70)
—pl0)X0[x @ |0)X0lq — (1 —p) [1X1]x ® [1)1]q .
(p Tr[Aspg] — p) 10)0[x © [0)0lq + p Tr[(Is — Ap)p]0)(0]x © [1)1]q
= + (1 —p) Tr[Appgl|1)(1]x ® [0)(0]q (B.71)
+ [(1 = p) Tr[Is — Ap)pp) — (1 —p)] [1Y1]x @ [1)(1]q .
= |p Te[Appl] — p| + p Te[(Is — Ap)pj]
+ (1= p) Te[Appg] + [ (1 — p) Tr[(Is — Ap)pp) — (1 —p)| (B.72)
= |p Trl(Is — Ap)p§]| + p Trl(Is — Ap)ph]
+ (1 —p) Tr[Appg] + ’(1 —p) Tr[ABpllg]| (B.73)
=2 (p Trl(Is — Ap)pp] + (1 — p) Tr[Appp]) (B.74)
- 2perr(pXB)~ (B75)

We now establish the opposite inequality. Since the value of q does not matter, let us set it to 1/2, so that

oxr(@) = 51001 [0)0lg + 3 1K1 |x & 1)1l (B.76)
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By applying proposition B.1 and weak duality of semi-definite programming, we conclude that the
trace-distance conversion error

. 1
min  =[[Nxsoxo(pxs) — wxo(@); (B.77)
qelon], 2

NXB*,XQGCDS

is not smaller than the optimal value of the following SDP:

1
e Tr[Ys] — 3 (Tr[Wy[0)0[] + Tr[Zy|1)1]]) » (B.78)

subject to

Iy, (B.79)
py @ Wy + (1 —p) ph ® Zy, (B.80)
1—p) pi @ Wy + pply @ Zyy. (B.81)

=

®

Y
NN N

— 'ﬁ

Let us then pick Wy = |1)(1|p and Zg = |0)(0|. Then the SDP simplifies as follows:

YBrgggm Tr[Y3], (B.82)
subject to
Yp ® Iy < pp @ [1)(1]p + (1 - p) pp @ |0X0[s, (B.83)
Y@ Iy < (1-p) pp @ [1X1p + ppy @ |0)0]5- (B.84)
Since we can write
Y5 ® Iy = Y5 |0)0|5 + Y5 @ |1X1]y, (B.85)

the above constraints are equivalent to the following:
Yz < pp ;
B X PPp> Yy < (1 —P) PB- (B.86)

This SDP is thus equal to the following one:

max {Tr[YB] 1Y < ppl Y < (1 —p) pll;} . (B.87)
YpeHerm
This quantity is precisely the trace of the GLB operator, and so we conclude by applying (B.58). O

Lemma B.4. Let pxp = (p, % p}g) be a c—q state. Then the following equality holds

o min > [Naolem) =457 = petose) (8.88)
Proof. The inequality < follows by the same reasoning given at the beginning of the proof of the previous
theorem. The opposite inequality follows because we can apply a completely dephasing channel to the Q
system and the state 7}%’1) ) remains invariant, while the channel A/ is transformed to a measurement
channel. The trace distance does not increase under such a channel and evaluating it leads to an expression
for the error probability under a particular measurement. |

Appendix C. Derivation of the SDPs for scaled trace distance D’ and minimum
conversion error in propositions 3.15 and 3.16

Proof of proposition 3.15. We begin by rewriting the scaled trace distance D'(py,, oxa) as follows:

1
3llpxa — oxally 1)
5 (1= llgoo — (1 = g)onll;)

llpxa — oxall
(C.2)
1 —|lgoy — (1 — q)a ]|,

D' (pxa>oxa) =
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_ MAXpy <Ly <l I Lxa(pxa — oxa) (C.3)
1 — max_y, <p, <1, Tr Pa(qoo — (1 — q)or) '

Tr Lxa(pxa — oxa)

= max . C4
~Ixa<Lxa<hu—Ta<Pasia 1 — Tr Py(qoo — (1 — q)oy) (C4)
Furthermore, let us introduce t = %ﬁ% and obtain
D' (pxa,oxa) = {max t:t — t Tr Pa(qoo — (1 — q@)o1) = Tr Lya(pxa — oxa),
—Ixa < Lxa <Ixa, —In S Py < L} (C.5)

The constraints in the optimization above still have bilinear conditions. However, we can absorb P4
into a single variable and obtain the simplified SDP in (3.28).

We now continue with the derivation of the dual SDP stated in (3.29). The standard form of primal and
dual SDPs is as follows [Wat18]:

sup {Tr[AX] : &(X) < B}, (C.6)
X>0
inf {Tr[BY]: ®'(Y) > A}. (C.7)
Y>0

The SDP for the scaled trace distance can be written as

t:—Iy < Ly, — Ly < Lxas
sup —tly < Py — P§ < tly, . (C.8)
L PoPa 20 (¢ — Tr[ (Py — PY) (q00 — (1 — q) 01)] = Tr[(Liy — L) (pxa — oxa)]

In standard form, this SDP is as follows:

X = diag(t, L%, Lys» P%, PY), (C.9)
A = diag(1,0,0,0,0), (C.10)
®(X) = diag (Lyy — Lyu» Lxa — Lia» Py — P — tla, P — Py — tly,
Tl (L — L) (oxa — oxa)] = (¢ = Te[(Py = PY) (900 — (1= q) o)1),
t = Te[(Ph = P3) (900 — (1= q) o)1 = Trl(Lin — L&) (pxa —oxa)]),  (C.11)
B = diag(Ixa, Ixa, 0,0,0,0). (C.12)
So we need to derive the adjoint map P, satisfying Tr[Y®(X)] = Tr[®(Y)X]. Consider that the dual

variables are given as
Y = diag(BXA,CXA,DA,EA,Sl,Sz). (CIS)

Then we find that
Tr[Y®(X)] = Tr[Bxa (L — L%a)] + Tr[Cxa (Lyy — Lia) ]
+ Tr[Dy (P} — Py — t14)] + Tr[E4 (P} — Py — tl,)]
+ (51 — $2) (Tr[(L}lm — I&A) (pxa —oxa)] — (t — Tr[(P}‘ — Pg) (qao — (l — q) 0'1)]))

(C.14)
= Tr[(Bxa — Cxa + (51 = 52) (pxa — 0xa)) Ly
—Tr[(Bxa — Cxa + (51 — 52) (pxa — 0xa)) Ly
+Te[(Da — Ea + (s1 = 52) (q00 — (1 — q) 1)) P4]
—Tr[(Da — Es + (s1 — 2) (qo0 — (1 —q) o1)) P}
— ((sy — 52) + Tr[Dy + Ea]) t. (C.15)
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So we conclude that
®(Y) = diag (— ((s1 — 52) + Tr[Da + Eal), — (Bxa — Cxa + (51 — 52) (pxa — 0xa)) »

(Bxa — Cxa + (51 — 52) (pxa — 0xa)) >

(C.16)
- (DA —Ex+ (51— 52) (qao - (1 - q) 01)) ,
(Da = Ea+ (51 = 2) (q00 = (1 = q) 1)) -
So then ®(Y) > A is equivalent to the following constraints:
—((s1 —%2) + Tr[D4s + Eal) = 1, (C.17)
— (Bxa — Cxa + (51 — 52) (pxa — 0xa)) = 0, (C.18)
(Bxa — Cxa + (s1 — %2) (pxa — 0xa)) 2 0, (C.19)
— (Da—Ea+(s1 —%2) (qo0 — (1 —g) 1)) >0, (C.20)
(Da = Ea+ (51 — 2) (q00 — (1 —q) 01)) =0, (C.21)
which is the same as
— (51 —$52) — 1 = Tr[D4 + Eal, (C.22)
Bxa — Cxa = — (51 = %2) (pxa — oxa) » (C.23)
Dy —Ep = — (51 —52)(q00— (1 —q) 01) . (C.24)
Then the dual SDP is as follows:
Tr[Bxa + Cxal:
BXA)CXA)li)ilsgA)ﬁJZ?O Bxa —(5(17XA 5:2)— (ilirg)[?;xjfﬁgm) > (€25
Dy —Ex = —(s1 — 52) (qUo - (1 - ‘1) ‘71)
Now setting s = — (51 — $,), this can be rewritten as
Tr[Bxa + Cxal:
BXA,CX,ilei,EAgo, BXAS— (l?j irE?;X:‘fAU];A) , (C.26)
scit DA—EAzs(qao— (l—q) 0'1)
We now prove that strong duality holds under the following conditions:
lpxa — oxall; > 0, (C27)
laoo — (1 —q) ou [, < 1. (C.28)
Then strong duality holds by picking the primal variables as
t= %HPXA_UXAHP (C.29)
Ly, = %Hpmm + %IXA, (C.30)
Ly, = %Hm@m + %IXA) (C.31)
P, =P} = Iy, (C.32)
where 11, , >, is the projection onto the non-negative eigenspace of py, > oxs and I, <5, is the

projection onto the strictly negative eigenspace. Then all of the following constraints are satisfied with strict
inequality (except for the final equality):

t, LS4, Ly, PS, PY = 0, (C.33)
—Ixa < Lyy — L%y < Lxas (C.34)
—tly < Py — P < tly, (C.35)
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t—Tr[(Py — P3) (900 — (1= q) 1)1 = Tr[(Lis — L) (pa — o). (C36)
For the dual program, we pick

1

T g (- a)a], e
Bxa = Ixa + spxa» (C.38)
Cxa = Ixa + soxa, (C.39)
Dy = sP, (C.40)

E4 =N, (C.41)

where P is the positive part of gog — (1 — q) oy and N is the negative part of gog — (1 — q) 0. Under these
choices, we find that the constraints from the dual program are met, i.e. as follows:

Bxa, Cxa, Da, E4 2 0,5 € R, (C42)
s—1="Tr[Da + Eal, (C.43)

Bxa — Cxa = s (pxa — 0x4) (C.44)

Dy —Ex =s(qo0— (1—q) o). (C.45)

Thus, strong duality holds under the conditions given in (C.27) and (C.28).

Finally, suppose now that ||px4 — oxal|; = 0 and ||goo — (1 — q) 0 ||1 < 1. Then the choices t = 0,
Lxs = 0, and P4 = 0 are feasible for the primal and lead to a value of zero for the objective function. Also,
setting Bxa to be the positive part of s(py, — 0xa) and Cxa to be the negative part of s(px, — oxa), with the
same choices for s, D4, and E, as given above, leads to feasible choices for the dual, for which the objective
function also evaluates to zero. So strong duality holds in this case also. ]

Proof of proposition 3.16. Using (3.29), the scaled trace distance D/(-, -) for states
Txa :=10)0] ® 70 + (1 — ) [1X1] ® 7 and wxa :=w|0)X0| @ wy + (1 — w) |1) 1| ® w can be written as the
following SDP

TI'[BXA + CXA]
min Bxa — Cxa = s (Txa — wxa)
Bxa,CxarDaEa=0.5€R | Dg — Eq4 = s(wwy — (1 — w) wy),
TI‘[DA +EA] < s—1

D' (Txa, wxa) = (C.46)

Following the development in (B.13)—(B.21) and combining with (C.46), we conclude the following
form for the optimization task

Tr[Bxar + Cxarl:
Bxar — Cxar = s (Txar — oxar)
Dy — Ey = s(qog — (1 — q) 01),
) Tr[Dy + Ex] <s—1,
BXA/,CXE?IIDIZ/,EA/>O, Try [I‘QQO, + T = I,
PN S0seR | (0] kT |0)x = Teal(pod) TNy ] + Tral((1 = p) pl) Ty ],
(Ix7xar|1)x = TTA[(PPg)TFAN;/] + Tral((1 = p) p};)TF%:/],
(UxTxar|0)x = (Ofx7xar[1)x =0

(C.47)

As written, this is not a SDP, due to the bilinear term s7x,/ in the second line above, given that s is an

C . . o . 0 1
optimization variable and 7, includes the optimization variables I*},, and TY,,. However, we observe that
s > 1, due to the constraints Tr[D, + E,/] < s— 1and Dy, E, > 0. We can then make the reassignments
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0 1 . . .
STy — Q5 and Ty — QL to rewrite the above optimization as follows:

TI'[BXA/ + CXA/]Z
Bxar — Cxar = Txar — SOxa5
Dy — Ey = s(qoo — (1 — q) 01),
Tr[Dy + Epy] <s—1,

BXA/,CXE}EIZ/,EA/ZO, Tra [Q% + Qhy] = sy, (C48)
L =021 0]y e |0)x = Tral(ppd) ' Q0] + Tral((1 = p) p)) " U1
(Uxrxar|D)x = Tral(ppl) " QUpar] + Tral((1 = p) pp) " Wur],
(x7xar0)x = (Olx7xa[1)x =0
This concludes the proof. O

Appendix D. Optimizations for approximate one-shot SD-cost

In this appendix, we detail the optimization problem for approximate one-shot SD-cost under CPTP, and
CDS maps. We prove that both of these operational quantities can be calculated by means of bilinear

programs.
Consider from lemma 5.11 that the approximate one-shot SD-cost is equal to
g0 (pxa) = inf  E(pxa), (D.1)
Pxa€BL(pxa)

where ECF o pxa) is the exact cost. Under CPTP4 maps, we know from theorem 5.3 that

84 (pxa) = log inf {M: pp < @M — 1) p1, p1 < (2M — 1) i} - (D.2)

Combining with the SDP for the minimum conversion error (from proposition 3.16), we conclude that

E (pxa) = EETPAPE (pya) (D.3)
M:

Po < (2M — 1) p,

p1 < (2M — 1) po,

Tr[Bxa + Cxu] <&,

=1lo inf s—1>Tr[Dy + E4], (D.4)
8 M>1By.Can
Dy Ey 05, Bxa — Cxa = s(pxa — pxa)
PEIO1] 707120 Dy —Ex=s(ppo— (1 —p) pr)

pxa = [0)0] @ ppo + [1)(1| @ (1 = p) p1,
Tr[po] = Tr[p] =1

M:
po < (2M —1) py,
p1 < 2M — 1) fi,
TI‘[BXA + CXA] < &,

= log e 1i;nfc s—12>=Tr[Ds + Eal, . (D.5)
_DA/,E,;ZX:S,)S?X?,) Bxa — Cxa = spxa — Pxas
PE[0:1],p0,/1 20 Dy — Ex = ppo — (1 —p) Pl

pxa = 0X0] ® ppo + [1}1| @ (1 —p) p1,
Tr[po] = Tr[p1] =

This is a bilinear program, due to terms like (2M — 1) p1, (2M — 1) po, ppo, and (l — f)) p1 appearing in
the optimization.
Under CDS maps, we know from theorem 5.5 that

M:ppy < (2M —1) (1—p) 51,}
{ (1-p)p <M —1ppo f° (D.6)

CDS,} - — loo inf
& (pxa) = log nf

Combining with the SDP for the minimum conversion error (from proposition 3.16), we conclude that

£ (pxa) = €77 (pxa) (D.7)
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= log M>“i3nfC s—12>Tr[Da + Eal, (D.8)
9A/,E,;>X_6§,’s§)ﬁ€,’ Bxa — Cxa = s (pxa — pxa) »
PElO1L50,71 20 Dy —Ex=5(ppo— (1=p) 1),
pxa = 0)0] @ ppo + [1)(1] ® (1 —p) pr,
Tr[po] = Tr[pi] =1
M:
ﬁO S (2M— l)ﬁl’
ﬁl g (2M— l)ﬁ())
Tr[Bxa + Cxal] <,
= log inf s—12>Tr[Da + Eal, (D.9)
M3>1,By4.Cxar -
Dy Ep >05€R, Bxa — Cxa = s(pxa — pxa) »
P20 Dy —Es=s(po—p1)>
pxa = 0)0] ® po + [1)}1] ® pi,
Tr([po] + Tr[p1] =1
M:
po < (2M — 1) py,
ﬁl < (2M - 1)ﬁ0>
Tr[Bxa + Cxal] <,
= log inf s—12>Tr[Da + Eal, (D.10)
M3>1,By4.Cxar -
Dy Ep 20530, Bxsa — Cxa = spxa — pPxa»
Po-p1 20 Dy — Ex = po — P>
pxa = 0)0] ® po + [1)}1] ® pi,
Tr[po] + Tr[p1] = s

This is also a bilinear program, due to terms like (2M — 1) p; and (2M — 1) p; appearing in the
optimization.
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