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Abstract

This dissertation explores questions regarding the Weil sum of binomials, a finite
field character sum originated from information theory. The Weil spectrum counts distinct
values of the Weil sum through invertible elements in the finite field. The value of these
sums and the size of the Weil spectrum are of particular interest, as they link problems in
information theory, coding theory, and cryptography to other areas of math such as num-
ber theory and arithmetic geometry. In the setting of Niho exponents, we prove the Van-
ishing Conjecture of Helleseth (1971) on the presence of zero values in the Weil spectrum
and deduce bounds on the Weil sum. At certain roots of unity, we derive an exact formula
for the Weil sum. Finally, we state a conjecture on when the Weil spectrum contains at

least five elements, and prove it for a certain class of Niho exponents.



Chapter 1. Introduction
1.1. The Weil Sum and Motivation

Let F' be a finite field of characteristic p and size ¢ = p”. Let u : F — C be the
canonical additive character, i.e u(z) = ;r Y/ (x), where ¢, = €™/? is a pth root of unity
and Trp/p, () is the absolute trace function from F° — F,. If L is an extension of F, i.e
|L|= ¢™ for some positive integer m, then p extends to L by u(x) = pTrF/F”(TrL/F(m)) where
Trz,p(x) is the trace function from L — F.

We are interested in a character sum of binomials over a finite field F' of the form:

> ulay® + by°), (1.1.1)

yer

where a,b € F* and d # e. We say d is an invertible exponent over F' if ged(d,q — 1) =
1. In such case the power mapping x — 2% permutes the elements of F.
If d and e are invertible over F' then we can reparameterize the character sum

above by setting y = a='/?2'/¢ to obtain

Z (2% + ba=/4z). (1.1.2)

zeF

So it is natural to define the Weil sum for each a € F as follows:

where ged(s,q — 1) = 1.

One observes that

Wro(0) = 3 u(a*) = 3 i) =0, (113)

since the map x — 2® permutes the elements of F.



The Weil sum relates many problems from number theory to discreet mathematics.
Properties of the Weil sum including its values, number of values over the finite field, and
its bounds are still not well understood. We note that in Eq. (1.1.1) and Eq. (1.1.2), if d =
1 and e = ¢ — 2, then we obtain the Kloosterman sum Z plaz +bx™') = We,_o(ab) — 1.

zeFX
The Kloosterman sum has many important applications in analytic number theory; see
[15]. Moreover, questions associated to these aspects can also be translated to equivalent
open problems in current research in information theory and cryptography. For instance,
determining the values of Wg(a) for a € F'* is equivalent to the study of cross-correlation
functions between maximal linear sequences in information theory.

A maximal linear sequence, or an m-sequence has been used to generate pseudo-
random sequences in communication networks. One important criterion that makes such
sequences useful in remote sensing and communications is that they should have low cross-
correlation (See |7, 19, 6, 20, 5, 17, 1, 2, 9]). An m-sequence over the finite field F' always
has the trace representation (Tr(a¥™));cz/(m_1yz, where a is a primitive element of the
field, d is an integer called the shift, and ged(s,p™ — 1) = 1. We usually take d = 0 and
s = 1 as our reference sequence.

To measure how similar a pair of m-sequences is in a network, we define the con-
cept of a cross correlation function between them.

Definition 1.1.1. Let m be a positive integer, and let f = (f;)jez/mz and g = (9;)jez/mz
be m-sequences, where j € Z/(p" — 1)Z. The cross correlation of f with g at shift d is

defined as

Oﬁg(s): Z e2mi(fi+a=9;)/p.

JEZ/MZL



Consider the cross-correlation function between the sequence f = (f;) =
(Trpr, (7)) and the reference sequence g = (g;) = (Trp/r,(a*)) at a shift d. These
cross correlation functions turn out to be Weil sums:

Crod) =Y V™ —ao)

JEZ/(q—1)Z

= Z (o — o =)

jez/(q—1)Z

= Z w(z® — =)

reFXx

=—-1+ WES(Oé_d).

1.2. Properties and Conjectures
Since the Weil sum is a sum of roots of unity, it is an algebraic integer. In fact, the
Weil sum is a real number. This is clear when p = 2 since (; = —1. When p is odd, note

that s is odd since ged(s,q — 1) = 1. Then taking the conjugate of Wg(a) yields

So when does the Weil sum become a rational integer? This was answered in a pa-

per of Tor Helleseth [7].



Theorem 1.2.1 (Helleseth [7]). Wgs(a) € Z for all a € F* if and only if s =1 (mod p —
1).

Next, it is natural to wonder what kind of value one would get from the Weil sum.
We have seen that the Wr(a) is always 0 at @ = 0, and interestingly, this presence of
zero value is not known for nonzero elements a. We define s to be singular if there is an
a € F* such that Wg(a) = 0. In 1971 Tor Helleseth proposed the following conjecture
[6, 7] on the presence of zero value.

Conjecture 1.2.2 (Helleseth Vanishing Conjecture). If ¢ = |F|> 2 and s is an invertible
exponent over F such that s =1 (mod p — 1), then s is singular.

Now, if we put some restrictions on the exponent s, some partial results on the
Vanishing Conjecture can be obtained. For the finite field L of order ¢ = p**, an expo-
nent s is called a Niho exponent if s is not a power of p (mod p** — 1) and s = p’
(mod p" — 1). If j = 0, then such exponent is called a normalized Niho exponent.
Niho exponents were first introduced by Yoji Niho in 1972 in his PhD thesis on the cross-
correlation function between an m-sequence and its d-decimation [19]. Since then further
research has been done using Niho exponents, and it has resulted in various applications in
coding theory, sequence design and cryptography [16]. Moreover, the Helleseth Vanishing
Conjecture was proved for Niho exponents for a field of characteristic 2 [3].

One useful fact about Weil sums with Niho exponents is that we can replace them
with normalized Niho exponents due to a result discussed in Aubry, Katz and Langevin
paper [22] (also see Lemma 4.2.2).

In this thesis, we prove the Helleseth Vanishing Conjecture holds true for the case
of Niho exponents, i.e extending the result in [3] for all characteristics p.

4



Theorem 1.2.3. Let L be a finite field where |L|= q = p*" for some odd prime p and posi-
tive integer n. Suppose that s is an invertible Niho exponent over L. Then s is singular.
The next questions of interest would be how many distinct values Wy (a) takes as
a ranges over F', and what they are. We define the Weil spectrum for some fixed s to be
the set {Wgs(a) | a € F*}, and say that it is r-valued if |[{Wgs(a) | a € F*}|=r.
If s is a power of p modulo (¢ — 1), s is said to be degenerate. In fact, if s = p’

(mod ¢ — 1) for some nonnegative integer j, then

Wrs(a Zuaz —ax)

acl

= E ,u —CLJ}
aclF
Z TrF/JFP(xp —ax)
acF

2 : TrF/]Fp (@) )—=Trp/5, (ax)

acF

Z TrF/]Fp
Y

ack
since Trace is an additive function (see Proposition 2.2.2) and TrF/]Fp(xpj) = Trpm, ().
From here we can easily see that for a degenerate power s, Wg(a) takes only two
values as follows.
Theorem 1.2.4 (Helleseth [7]). If s is degenerate, then the Weil spectrum of Wgs(a) is
two-valued over F', where

q ifa=1,
WES(CL) =

0 otherwise

If s is nondegenerate, then Wg(a) takes at least three values over F.



The natural question from here is: When exactly is the Weil spectrum three-
valued? In fact, this does not seem to occur often. Currently, only eleven families of
three-valued Weil spectra are known [22, Table 1| and [13]. These are also conjectured to
be the only ones that occur. The numerical data of the rare occurrence of three-valued
spectra prompted Tor Helleseth in 1971 to give the following criteria for when this three-
valued property is never met [6, 7.

Conjecture 1.2.5 (Helleseth Three-valued Conjecture, 1971). Let F be a finite field of
characteristic p. If [F' : F,] is a power of 2, then for any invertible exponent s, the spec-
trum of the Weil sum Wgs(a) is not three-valued.

More progress has been made towards the Three-valued Conjecture in comparison
to the Vanishing Conjecture, using various approaches from coding theory, cryptography
and number theory [1, 2, 3,4, 9, 11, 12, 13, 14, 18, 22|. The cases for characteristic p = 2
and p = 3 in the Three-Valued Conjecture were proven by Daniel Katz in [11] and in [12],
respectively. Special families of the three-valued Weil sum for all characteristics p are also
addressed via the Welch Conjecture and the Niho Conjecture. Canteaut, Charpin, and
Dobbertin gave a proof to the Welch Conjecture in [2| and Hollmann and Xiang proved
both the Welch and Niho Conjectures in [9].

Notice that The Helleseth Three-valued Conjecture gives a criteria for the Weil
spectrum of a nondegenerate exponent to be at least four values. We propose a similar
conjecture for the five-valued behavior.

Conjecture 1.2.6. Let L be a quadratic extension of a finite field F' of order p", where
p is an odd prime. Let s = 1 + k(p" — 1) be an invertible Niho exponent over L, dy =

ged(k,p" + 1), and dy = ged(k — 1,p" + 1).



If either
(i) di+dy > 5, or
(11) di +dy = 3 and p* = 11 (mod 12),
satisfies, then the Weil spectrum over L is at least five-valued. Moreover, in case (i), the
five values are {0, —p™, p™, 2ap™, (28 + 1)p"} where a, f > 1 are integers. In case (ii), at
least four values are {0, —p", p™, 2p"}.

A special case of the condition d; + ds > 5 in Conjecture 1.2.6 is p” = 2 (mod 3).
Hence, we can restate the conjecture with simpler assumptions as follows.

Conjecture 1.2.7. Let p be an odd prime and L be a quadratic extension of a finite field
F of order p™. Suppose s = 1+ k(p" — 1) is an invertible Niho exponent over L. If p™ = 2
(mod 3), then the Weil spectrum has at least five values of the form {0, —p™, p", 2ap™, (26+
1)p"} for integers o, 3 > 1.

Remark 1.2.8. Since s is an invertible exponent over L, ged(s,p?™ — 1) = 1. Hence, if
p* =2 (mod 3), then s =1 or 2 (mod 3). Thus, k =0 (mod 3) and (k—1) =2 (mod 3),
ork = 1 (mod 3) and (k — 1) = 0 (mod 3). Moreover, p" + 1 is divisible by 2 and 3.
Therefore either di or dy in Conjecture 1.2.6 is divisible by 3. The same conclusion can be
made for the divisibility of either di or dy by 2. Hence, dy + dy > 5.

As partial progress to our above conjectures, we show case (i) of Conjecture 1.2.6
holds true for sufficiently large primes. Finally, we obtain the proof for case (ii). We have
the following theorems.

Theorem 1.2.9. Let L be a quadratic extension of a finite field F of order p™, where p is
an odd prime and n > 2 is an integer. Let k > 2 be an integer such that k < g + 1, and

s = 1+ k(p™ — 1) be an invertible Niho exponent over L. Let dy = ged(k,p™ + 1), and
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dy = ged(k—1,p"+1). If di+dy > 5, then the Weil spectrum over L is at least five-valued.
Moreover, four of those five values are {0, —p™, 2ap™, (26 + 1)p"}, where o, f > 1.
Remark 1.2.10. If £k = 0 or 1 then s is degenerate. So in general, we can toke 2 < k <
p", since k + p" + 1 gives the same exponent s (mod p** — 1) as k over L.

For the case of n = 1 in Theorem 1.2.9, taking integer k such that p*/? > 2(k — 1)
would yield the same conclusion.
Theorem 1.2.11. Let L be a quadratic extension of a finite field F' of order p™, where
p is an odd prime. Let s = 1 + k(p™ — 1) be an invertible Niho exponent over L, dy =
ged(k,p" + 1), and dy = ged(k — 1,p" + 1). If dy + do = 3 and p™ = 11 (mod 12),
then the Weil spectrum over L is at least five-valued. Moreover, four of those five values
are {0, —p", p"™, 2p"}.
1.3. Outline of Thesis

The organization of our thesis is as follows. In Chapter 2, we review some back-
grounds on finite fields, character sums from additive characters and multiplicative
characters. We link the discussion of additive character sum to the Weil sum of binomials
and show an interpretation of the Weil sum as a projection coefficient. The chapter ends
with a discussion of how Gauss sum relates to the Weil sum. Chapter 3 discusses the
power moment property of the Weil sum and show how this plays a role in our proof of
the Helleseth Vanishing Conjecture in the case of Niho exponents. From here, we deduce
some bounds on the Weil sum in the setting of Niho exponents. Chapter 4 first proves a

formula for the Weil sum at certain roots of unity. We then move on to the discussion of

Galois action over the finite field on the Weil sum values. The final section of this chapter



gives the proofs of Theorem 1.2.9 and Theorem 1.2.11. Finally, we give some concluding

remarks and future directions.



Chapter 2. Preliminaries

In this chapter, we review some background on finite fields and character sums over
finite fields. We will discuss character sums formed by additive characters then multiplica-
tive characters.
2.1. Finite Fields

Throughout this discussion, we let F' be a finite field of order ¢q. The prime field of
F must be of the form [, for some prime p. Moreover, ¢ = p", where [F' : F,] = n. We
recall some properties about finite fields and direct the readers to the discussion of finite
fields in [8].
Theorem 2.1.1. /8, Lemma 5.3.2] A polynomial of degree d over a field can have at most
d roots in any extension field.
Theorem 2.1.2. /8, Theorem 7.1.2] The multiplicative group F* has g — 1 elements and
15 cyclic.
Lemma 2.1.3. F is a finite field with q = p™ elements if and only if ' is the splitting field

of the polynomial f(x) = 27" — x over F,.

Proof. Suppose F is a finite field of order ¢ = p™. Then every element of F satisfy 2?" =
x. Since 2P" — x has at most p" roots over F, F' contains all the roots of 27" — . Hence, I’
is the splitting field of the polynomial f(z) = z*" — z over F,,.

Now, suppose F' is the splitting field of the polynomial f(z) = 2" — x over F,. Let
F' C F be the subfield containing all roots of 27" — z. Thus, F” is a splitting field, and
F' = F. So |F|= |F'|< p™. Since 27" — x has a formal derivative of —1, it is separable.

Therefore, |F'|= p". O

10



Definition 2.1.4. Let 0 : F' — F, be defined by o(x) = 2P, for every x € F. Then o is a
field automorphism called the Frobenius automorphism.

Theorem 2.1.5. F/F, is Galois and Gal(F'/F,) = (o).

Proof. By Lemma 2.1.3, F is the splitting field of the separable polynomial 27" — x over
F,, so F/F, is Galois.

Let Fix({o)) be the fixed field of (¢). For x € F,, o(x) = 2”7 = x. Hence, F, C
Fix({o)). On the other hand, every element fixed by o is a root of the polynomial 2? — x
so Fix((c)) has at most p elements. Since (o) is a subgroup of Gal(F'/F,) and the fixed

field of (o) is precisely F,, Gal(F/F,) = (o). O

The above theorem has the following consequence for an extension field of F'.
Corollary 2.1.6. Let L be a finite extension of a finite field F', with |L|= q™, |F|= q =
p". Then L/F is a Galois extension. Moreover, Gal(L/F) is cyclic and is generated by the

general Frobenius automorphism 7(x) = z*", for every x € L.

Proof. The proof is the same as that of Theorem 2.1.5 when we replace F, by F', o by 7,

and 2P by 27", O]

2.2. Additive Characters

Let ¢ : F, — C* be the homomorphism defined by ¥(z) = (¢ = e2™=/P for all
x € IF, (we consider as x € Z, = F,). This is the canonical additive character on the prime
field F,,.

Now, to define such a character for a general field F', we need to construct an addi-
tive homomorphism from this field to the prime field F,. We will do this generally for an

extension L of degree m of a finite field F'.

11



m—1

Definition 2.2.1. The trace map is defined by Trp p(x) = v 4+ 27 + a2 42t

Proposition 2.2.2. [10] Let L be an extension of degree m of a field F, where |F|= q =
p*. Ifa,B € L and a € F, then

(1) Tr(a) € F.

(2) Tr(a+ §) = Tr(a) + Te(B).

(3) Tr(aa) = aTr(a).

(4) Tr is surjective.

(5) Trpye,(Troyp(a)) = Tro, (a).

Proof. (1) Note that

(TrL/F<a))q = (Oé + a4+ an 4+t aqm_l)q
:aq+aq2+...+gqm‘1+aqm
—al4+al 4+ +a
= Trp/p(a).
HGHCG, Tr(a) € F.

(2) We have that

Tr(a+8) = (a+B) + (a+ )+ (a+ )T + -+ (a+ ")
=(a+B)+ (a?+ )+ (@” + ) + -+ (" + 57
=(a+al+a’ +-+a® )+ (BHBIHPT 4+ BT
= Tr(a) 4+ Tr(p).

(3) We have that

m—1 m—1

Tr(aa) = ac + a%a? +a%a® + -+ a7 oA
—ala+al+a® 44+’
=aTr(a).

(4) Consider the polynomial

m—1

TTL/F($)=$+$q+xq2+---+xq ,

12



m=1 yo0ts in L.

which has at most ¢

Since L has ¢™ elements, Try,p(a) = v # 0, for some a € L.

Now, for every ¢ € F, by part (3), Tr((¢/v)a) = ¢/v Tr(a) = c.
(5) We have that

atal+- 4ol

) -+ TIF/Fp(aq) + -+ Tl"F/]Fp(Oéqm_l)

n(m—1)

Trp, (Trr/r(a) = Trep, (
= TI'F/[FP(
= Trpyp, (o) + TrF/IFp(ap )+ -+ Tre/m, (o

)

= (O(_‘_ap_{_..._i_ckpnil)_*_(apn_i_ pn+1+ +a +n71)+
. + (O[pn(mfl) + O[pn(m71>+1 + . + ap7L(TYL 1)+n— 1)
—a+al+.--+a?"

= Trr, ().

Remark 2.2.3. Trpr, (2) =2 +aP + -+ 2" is called the absolute trace function.

To define a canonical additive character 4 : FF — C*, we compose the

trace map with ¢, i.e u(x) = ( R . Over the extension field L, p extends to
Tr Tr T
/J(l‘) — Cp F/]Fp( L/F( ))

Proposition 2.2.4. [10] The additive character sum p has the following properties:

(1) pla+ B) = p(a)u(B).

(2) There is an o € F' such that p(a) # 1.

(3) (Orthogonal property) Z,u(a) = 0.

acF

Proof. (1) Since Trace is additive we have that

pla+ B) = (D = (MO = () u(B).
(2) Since Trace map is onto, Tr(a) = 1 for some a € F. Then p(a) = ¢, # 1.

13



(3) Let g € F such that u(8) # 1. Then

since the map o — 8+ « for all a € F' gives a bijection on F.

Hence, Z pla) =

aeF

Definition 2.2.5. For all functions f,g: F' — C, we define the inner product

Zf

xGF

where = stands for complex conjugation.
For a € F, let p,(x) = p(az). Then the set of additive characters {u, : a € F'} form
an orthonormal basis, with respect to the above inner product, for the space of functions

from F to C. In fact, for a,b € F,

/La, Mb Z ,U/a

xGF

- Z TrF/]F

:EEF

1 ifb=a,

0 ifb#£a
by the orthogonal property of additive characters in Proposition 2.2.4.
We also note that po(x) = 1 for all z € F. One observes that the additive character
w(x) in our introduction is py (z).

14



If we let fs be the function fs(z) := p(z®), our Weil sum is the coordinates (or
the Fourier coefficients) up to a factor of 1/q of f, with respect to the orthonormal basis

{1ta : a € F'}. More precisely, the Weil sum becomes

Weo(a) = 3 e — ax)

zeF
= (") pa()
zel
=q- <f57 lua>a
and
1
fs =~ ZWFS<a> Ha
q acF
On the other hand,
<fsa fs> - 17

and hence,

= (5 HWto) 5 00 ) = &S0

ackF beF ackF

The Weil sum is shown to only take real values [11, Theorem 2.1(c)|, so the relation

above becomes

1= % > Wi(a)®. (2.2.1)

a€eF

This relation is also called the second power moment of the Weil sum (see Sec-
tion 3.1).
2.3. Multiplicative Characters

A multiplicative character on F, is a homomorphism y : F; — C*. The trivial
multiplicative character is defined by e(a) =1 for all a € F,. We can extend the domain to

15



[F, by letting €(0) = 1 and x(0) = 0 if x #e.

Proposition 2.3.1. [10] Let x be a multiplicative character and a € F. Then
(a) x(1) =1.
(b) x(a) is a (p—1)* root of unity.

(¢) x(a™") = x(a)™" = x(a).

Proof.  (a) x(1) = x(1-1) = x(1)x(1). Since x(1) # 0, x(1) = 1.
(b) We have that
1=x(1) = x(a"") = x(a)".
Thus, x(a) is a (p — 1)* root of unity.

(c) We have that

A multiplicative character sum on F, is defined as Z x(a).
acky,

Proposition 2.3.2. [10] Let x be a multiplicative character. If x # €, then Z x(a) = 0.

a€lFy,

This is called the orthogonal property of multiplicative characters. If x = ¢, then

> x(a)=p

a€clF,

Proof. Suppose x # €. Let b € F,, be such that x(b) # 1. Now



since a — ba gives a bijection on F,. Since x(b) # 1, Z x(a) =0. If x =¢, then

a€lFy

Ze(a)zlep.

a€ly a€lFy

The multiplicative characters over F; form a group under multiplication, i.e
x7(r) = x(x)y(z) for characters x,y over F)\, with the trivial character € as the identity
element, and the inverse of x as ¥ in Proposition 2.3.1. We denote this group by E‘;.
Proposition 2.3.3. [10] @ is cyclic of order p — 1. If a € Ff and a # 1, then there is a

character x such that x(a) # 1.

Proof. Since F is cyclic, let g be a generator for F'.

For every a € FY, a = ¢'. Then x(a) = x(g)". So we only need to determine x(g) to
find the values of x at each element in the field.

Recall that x(g) is a (p — 1)st root of unity, and there are exactly p — 1 of these.
Hence, \IFTJS p—1

Let v be such that

One can easily check that ~ is a character.
Claim: p — 1 is the smallest integer such that 4" = e.

To see this , if v = € for some integer n, then

2 -2

1=e(g) =7"(g) =" .

17



Hence, p — 1 divides n. Since

7 a) = ()" =q(ah) =1(1) = 1,

we have v?~! = €. Therefore, p — 1 is the smallest integer such that 4* = ¢. Combine this
fact with \@\g p — 1, we see that @ has exactly p — 1 characters. Moreover, it is cyclic
with v as its generator.

Let a € F and a # 1. Then a = g' where p — 11 1. We have that

@) =y(g) = 7T £ 1.
0

Corollary 2.3.4. [10] If a € F) and a # 1, then Zx(a) = 0, where the summation is
X
over the group of characters on IF,.

Proof. Since a # 1, there is a character A such that A(a) # 1. We have

Ma) Y x(a) =Y Ma)x(a) =Y Ax(a) = x(a),

since \x runs over the group of characters. Therefore, Z x(a) =0. [
X

To extend the concept of a multiplicative character over a general field of order ¢ =
p", we need to construct a multiplicative homomorphism this field back to the prime field
[F,, similar to our construction of the additive character over a general field. This is called
the norm map. We will do this generally for an extension L of a finite field F' of degree m.

Definition 2.3.5. Let o € L. The norm of « from L to F is defined by

m—1

Npp(a) =a-a?...af

18



For the norm map, we have the following properties.

Proposition 2.3.6. [10] Let L be an extension of degree m of a field F, where |F|= q =
p*. Ifa,B € L and a € F, then

(@) Nyye(a) € F.

(b) Npyr(aB) = Nijr(a)Npjr(B).

(¢c) Npjp(ac) = a™ Ny p(a).

(d) Npjp maps L* onto F*.

(¢) Nrjr,(Noyr(@)) = Ny, ().
Proof.  (a) We have that

Npjp(a)? = (a-a?...a7" )

2 m
=al-a7 ...

2
=a?- 07 ...«
:NL/F(Oé)

(b) We have that

m—1

Npp(aB) = (af) - (aB)?... (aB)?
—(a-a. .Y (B4 5
= Np/r(a)Np/r(B).

m—1

(¢) Since a? = a, Npjp(a) =a-a?...a®”  =a™.

(d) We compute the kernel of Ny p. An element o € Ker(Ny,p) if and only if

m—1 o gm—1 a®-1
l=a-af.. . a7 =t T — g1,
S s s
Since L* is cyclic and | ¢° — 1, the equation z'«-T = 1 has 7 solutions.
q J—

By part (b), Np/p: L* — F* is a group homomorphism and
Ker(Npp) ={a€L|a"T},
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By the First Isomorphism Theorem, the image of Ny ,r has ¢ — 1 elements.
Therefore, N, is onto.
(e) We have that

Npsw,(Nryr(a)) = Npyp, (o - af .. .a‘fnil)
= NF/IFp (CY)NF/]FP (aq) o NF/IF,, (aqul)
— NF/]FP (Q)NF/FP (Oépn) o NF/FP (Oép”('mfl))

=(a-a”...a” " T

n(m—1) n(m—1)+1 n(m—1)+n—1
(a® o coaf )

nm—1

=«a-af.. . af
= NL/]Fp(a)-

To define a multiplicative character x’ : F — C*, we compose the norm
map with x, ie x'(a) = x(Npsr,(a)). Over the extension field L, x’ extends to
(o) = X(Ngyr,(Npyrp(a))). For simplicity, from now on, we will just relabel a multi-
plicative character over a given field .
2.4. Gauss Sums

In this section we review Gauss sum at a character and show how it relates to the
Weil sum.
Definition 2.4.1. Let x be a multiplicative character on F of order ¢ = p™ andr € F.
The Gauss sum on F' at x is defined as

9:(0) =Y _x(a)u(ra).

acF
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Proposition 2.4.2. [10] We have the following

(

q Z'fT‘:0cde:e,

0 if r=0 and x #¢,
gr(X) ==

0 if r# 0 and x =€,

x(rHagi(x) otherwise.

\

Proof. We have that

go(e) = Ze(a) =q.

aeF

If x # ¢, then

g(x) =>_x(t) =0,

acF

by the orthogonal property of multiplicative characters. If r» # 0, then

gT(e) = ZM(T(Z) =0,

acF

by the orthogonal property of additive characters.

If r # 0 and x # ¢, then

X(1)g-(x) = x(r) Y x(@)u(ra) = > x(ra)u(ra) = gi(x)

acF agFx
Hence, g:(x) = x(r™")g1(x)- O
One sees that the Gauss sum can be viewed as the discrete Fourier transform of
the character x at m. This realization can be further generalized in other exponential or
character sums to give a useful perspective to study an exponential function of interest by
understanding its Fourier transform with a character. This is one of the main reasons why
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exponential and character sums would naturally arise in various settings. For instance,
in the finite field setting, functions including the exponential functions can be expressed
using the set of additive characters, whose coefficients can be computed using discrete
Fourier transforms. This proves to be extremely useful in working with functions over fi-

nite fields.

Consider g1(x) = Zx(a)u(a) = Z x(a)u(a). Note that

acF acF'%

Now, we consider the absolute value of g; ().

Proposition 2.4.3. If x # ¢, then |g1(x)|= /4.

Proof. Let r # 0. By Proposition 2.4.2,

9:(x) = x(r~Ha1(x) = x(r)g1(x),

and

9-(x) = x(r ")g(x).

Hence,

9 ()9 (x) = x(r " x(r) g1 0091 (x) = 191 (01> (2.4.1)
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Summing the right hand side of Eq. (2.4.1) over all r € F' we have
> g1 001P= (g = Dlg1 (01,
reF

because go(x) = 0.

We also have that

> 0 ()90 =) (Z x(a)u(m)> (Z X(b)u(rb)>

=Y > > xla)x(b)p(ra —rd)

S i@ (Zwm _ b») |

If a = b then the inner sum becomes ¢. If a # b, then it is 0.

We can rewrite the above sum

> 0:(09:-(00) = > xla)x(a)g = (¢ = 1)q.

reF aeF

It now follows that
(¢ — D]gr(x)|*= (¢ — 1)q,

or [g1(x)|= v/a-

Finally, we are interested to relate the Weil sum to the Gauss sum. This is dis-
cussed extensively in [22].

By Fourier inversion, if a € F'*, we have that
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Hence, for a € F'*,

Wi(a) = 3 pla® = ax)

zeF

—1+ 5 p(a*)ulan)

zel'*

I
[S—y
+
=
[ | =
—_

e
~
2
=
/>i|
H(‘IJ
~
~
2
€l
S}
|
s
&

14— 2 T an@ret-oe)
— 1+ ! 7 > 91009@e(-a) (Z YS%M))
=1+ _1 e ZAgl(x)gl(@so(—a) (Z YS@(SC))
ey PITINTLS
1
Tt EF; 910091 (X°)x°(—0)
X7e€
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Chapter 3. Weil Sums of Binomials
3.1. Power Moments

Relation (2.2.1) can also be proved using the cross-correlation function in [11]. In
fact, it is called the second power moment of the Weil sum. In general we can consider the
summation of all Weil sums in the finite field raised to a positive integer m. This is called
the mth power moment. For the first few moments we have the following result which was
proved in [11].

Lemma 3.1.1. [11] Let F be a finite field of order p™ and s be a fized invertible exponent.
Then

() S Wia(a) = p,

acF

(i1) Z Wr4(a)® = p*™, and

acF
(iii) > Wri(a)® = p™ - |R|, where R={z € F | (1 - z)* + 2° — 1 =0}

acF

Aes for the settings of a quadratic extension L over F', we have the following mo-
ment property of the Weil sum in different orbits under the multiplication action of F’* on
L*.
Lemma 3.1.2. Let F' be a finite field of order p™ and L be a quadratic extension of F.
Suppose that s is an invertible exponent over L and s = 1 (mod p™ — 1). Then for a fized
be L*,

p?" ifbe FX,
> Wi(ab) =

acF .
0 otherwise.

Proof. The first case for b € F' was proved in |22, lemma 2.5|. We restate that proof here,

then prove the second equality afterwards.
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Case 1: Suppose b € F*.

We have that

> Wilab) =Y Wi.(a)

acl a€F

=3 > e’ — ax)

a€F x€L

_ Zﬂ(xs) Z C;)PFF/]FP(_Q(TTL/F(CU))).

zeL acF

For each x € L such that u = Try/p(x) # 0, then the inner sum becomes

Z Trp/p, (—au) —0.

a€eF

Hence the above sum becomes

S Wida)=p"- Y la?).

a€F zeL
Try, r(z)=0
Notice that if Try/p(x) = 0, then 0 = Trp/p(x) = 2P" + x, or 27" = —x. Hence,

Trp p(z®) = %" + 2% = (—z)® + 2% If s is odd then this makes Try/p(z®) = 0. Now,
suppose s is even. Since ged(s,q — 1) = 1, this case is only possible if p = 2. Then

Trp p(2®) = 22° = 0. Thus,

Z Wi s(a) =p"- 1 =p™.

ackF
TI‘L/F(Q?) 0

For odd p, the last equality follows since the elements in L such that 0 = Trp,p(z) =

2P + 2 (or zP" = —x) are precisely 0 or in H \ F'*, where H is the unique subgroup of L*
with [H : F*] = 2. For p = 2, the equality follows since 0 = Try /p(z) = 2*" + . =2*" — 2z
means v € F.
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Case 2: Suppose b ¢ F*.

Observe that

Z Wr.s(ab) = Z Z p(z® — abx)

a€F a€F zeL
s Trp/r, (—a(Try r(bz)))
= 3l Y G )
el a€F

For each x € L such that v = Trz,p(bx) # 0, then the inner sum becomes

ZCfF/FP(_a“) = 0.

[

Hence,

> Widab)=p*- > pa).

acF zeLl
TI‘L/F(bx):O

Now we consider the equation 0 = Try p(y) = y*" +y = y(y?" ' + 1) over
L. Note that the polynomial y?" + y has formal derivative of 1 so it is separable over L
with p" distinct roots. Let xy be a non-zero element such that bz is a nonzero solution to
Trz,r(y) = 0. Then all the roots of the polynomial are of the form cbx,, where ¢ € F'.
Note that Trz,p(x) # 0 because b & F'.

Now, suppose that 0 = Trpp(z5) = 25(1 + 25® V). This means 257 " = —1
since g is nonzero. Then 22 ' = (—1)'/*, where 1/s is the inverse of s modulo p** — 1. If

p is odd, then 1/s is odd and xé’n_l = —1, which contradicts Try/p(zo) # 0. If p = 2, then

a:g"‘l = 1. This also contradicts Try/p(zo) # 0 in L = Fo2n. Therefore, Try /p(z§) # 0.
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Hence,

> Wiab) =p"- > ul(cxo)’)

acel ceF

n Z TrF/]Fp cTrp p(zg))

ceEF

Note that the second-to-last equality follows from s =1 (mod p” — 1) and ¢® = ¢ in

The conclusion of Lemma 3.1.2 also implies the first moment property of the Weil
sum.
3.2. The Helleseth Vanishing Conjecture in the Case of Niho Exponents

Our goal in this section is to prove the Vanishing Conjecture for the case of Niho
exponent s:
Theorem 3.2.1. Let L be a finite field where ¢ = p** for some odd prime p and positive
integer n. Suppose that s is an invertible Niho exponent over L. Then s is singular.

We first start with a lemma that gives a formula for Weil sum W, ;(a) based on the
cardinality of a relevant set.
Lemma 3.2.2. Let L be the quadratic extension of the finite field F'. Assume that s is an
invertible Niho exponent over L. Let K, = {x € L* | Try/p(2® — ax) = 0}.

Then |K, | is a multiple of (p" — 1) and

| Kas|
pr—1

.

Wis(a) =p" -

Furthermore, Wy, s(a) is divisible by p™.
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Remark 3.2.3. The first statement of the theorem was also proved in [22].

Proof. By Lemma 4.2.2, we can replace the condition s = p’ (mod p" — 1) by s = 1
(mod p" — 1).
As seen in the proof of Lemma 3.1.2, the equation y*" +y = 0 has p” distinct roots
over L. Hence,
Kosl= [{z € L* | (@) + 2" = 0}}=p" — 1.

Ko s
So the identity 0 = W, 4(0) = p" - |—0"1 — p" holds. We now assume a # 0.
P =

We have

Wila) = 3 pla® —ax) + (0) = 3 pla® = az) + 1.

reLX zeLX

For any y € L*, we can write y = bx for some b € F'*, and
Trpr((bx)® — a(bx)) = Trp p(ba® — abx) = b Trp p(a® — ax).

Therefore, each element y in the coset T := xF™ either lies in K, s or not depending
on whether z lies in K, s or not. This implies that | K, s| is a multiple of |F*|= p™ — 1. We

then rewrite Z p(x® — ax) as follows.

zeLXx
> e —ar) = 37 37 ¢
Tt p/r, (0(Trp p (2 —ax)))
- Z Z Cp
ze€{Z} beFX
Tr p(b(Tr (z°%—ax))) "
= 3 S ) ),
ze{z} beF
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If © ¢ K, 4, then for a fixed equivalence class Z the inner sum

ZCTI‘F/]FP b(TI‘L/F S—ax ZCTrF/Fp

beF ueF
is 0; otherwise it is p".
Thus,
" K[l S
Wy s(a) pl_’l‘ (P"+1)+1
— ’]{éﬁ’ n
pr—1

This completes the proof.

Now we are ready to give a proof of Theorem 3.2.1.

Proof of Theorem 3.2.1. By Lemma 3.2.2, W, (a) = p" - h, for some h, € Z. Specifically,
ho = 0 since Wy, 4(0) = 0. Applying this and relation (2.2.1) to the setting of a field L of

2n

order ¢ = p*", we have

=p" =) h. (3.2.1)

acLX

If h, = 0 for some a € L*, then the Vanishing conjecture holds. To prove this,
we use proof by contradiction and assume that h, # 0 for all a € L*. If |h,|= 1 for all
a € L*, then from (3.2.1), we have that ¢ — 1 = ¢, which is not possible. So |h,|> 2 for

some a’' € L, then

Yom=Y 42 =(g-2)+4=q+2>q
aceLX a€7£L>,<

which also contradicts (3.2.1).

So at least W, s(a) = 0 for some a € L*. O
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As a consequence to Theorem 3.2.1, the Helleseth Vanishing Conjecture holds true
for ..
Corollary 3.2.4. Suppose s is an invertible exponent over F2 and s = 1 (mod (p — 1)),
then the Helleseth Vanishing Conjecture holds for the field F.
3.3. Bounds on the Weil Sum

Recall that F'is a finite field of order ¢ = p". First, we consider the Weil sum
Wgs(a). Since the Weil sum is a sum of roots of unity and by triangle inequality, we al-
ways have |Wgs(a)|< q. In fact, Wg,(a) is only equal to ¢ if the exponent s is degenerate.

Lemma 3.3.1. [11] If s is nondegenerate, |Wgs(a)|< q.

Proof. Since each p'™ root of unity has length < 1, |[Wg(a)|= ¢ if and only if all the roots
of unity equal 1. That means, for all x € F, Tr(z* — ax) = Tr(2°) — Tr(axz) = 0. In other

words, the polynomial
a4+ 2 —(ar+ PP 4 +a” 2" ) =0 (mod z? — ).

If s is nondegenerate then s Z 1,p,...,p" ! (mod ¢ — 1). Hence all the exponents of =
in the above polynomial are distinct modulo ¢ — 1 and cannot be reduced to zero modulo

! — . OJ

The above bound is considered a "naive" bound on the Weil sum. Using the Weil-
Carlitz-Uchiyama bound on character sums in [21], we can obtain a better bound as fol-
lows.

Theorem 3.3.2. Let F be a finite field and d a nondegenerate invertible exponent over F.

Then [Wrs(a)|< (s — 1)\/|F| for every a € F.
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Now we revisit our setting with a Niho exponent over a quadratic extension L over
F. We utilize results in Section 3.2 to obtain bounds for W (a).

Lemma 3.2.2 gives a formula for W, ;(a) based on the cardinality of the set K, ;.
By identifying field elements in K, s, we can bound |K, ;| in order to deduce bounds on
Wr.s(a).
Proposition 3.3.3. Let a € F and p be an odd prime. Suppose x*®"~Y =1 andx ¢ F,
then Trp p(2° — ax) = 0.
Proof. Since z?""~D =1 and z ¢ F, 27"~ = —1.

We have that z(#"~D* = g7*"~1-20"~1) — (320" ~1))~1 — 1 Now,

Trrr(a® — ax) = Trpp(2®) — aTrp p(2)
= 2"+ 2" —a(x +2"")
= 25(1 + g*FE"=DFDE DY (1 4 2P )
=251+ 2" Y —ax(l + 2" 1)

=0.

Note that there are 2(p” — 1) solutions for the equation z>®"~1 = 1 in L, since
ged(2(p™ — 1),p* — 1) = 2(p™ — 1). This gives a bound on the size of K, ,, hence a bound
on the Weil sum.

Proposition 3.3.4. Let p" =2 (mod 3). If 23®" =Y =1, then Try p(z* — ) = 0.
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Proof. We have that

TrL/F(xS —x) = TrL/F(xS) — TrL/F(a:)

z* 4 2" — (x + 2P")

xk(p"fl)ﬂ(l + x(k(p"fl)ﬂ)(p”fl)) _ :L‘(l + xp”%)

_ x<xk(p"fl) + 2PTDEELD) x(pnfl)% (331)

using the relation

n__1)\2 2n _ 1 __ n__ _ n__ n__
2 (P17 =120 1) 200" 1) (01

If k=0 (mod 3) or k =1 (mod 3), then the expression (3.3.1) becomes 0.

If k = 2 (mod 3), then s = 0 (mod 3), but ¢ — 1 = p*" — 1 = 0 (mod 3). So
ged(s,q — 1) > 3, which is a contradiction. O
Theorem 3.3.5. For an odd prime p, we have the following bounds on Wy, s(a):

(1) If a € L, then Wi, s(a) > —p™.

(2) If a € F, then Wi, s(a) > 0.

(3) In particular, Wy, 4(1) > p"™. If p" =2 (mod 3), then Wi (1) > 3p™.
Proof. Since |K,s|> 0, |Ws(a)|> —q for a € L.

If a € F, then by Proposition 3.3.3 there are at least 2(p™ — 1) — (p" — 1) =p"* — 1
points in K, ,. So Wi s(a) > 0 by Lemma 3.2.2.

For part (3),if v € F, then 2° = x and Try/p(2® — x) = 0. So such z lies in

K ;. Combining this fact and Proposition 3.3.3, there are at least 2(p"” — 1) points in K ;.
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Therefore, Wy, (1) > p™. Moreover, if p” = 2 (mod 3), then there are 3(p" — 1) solutions to

the equation 23" ~Y) = 1, and by Proposition 3.3.4 and Lemma 3.2.2, W (1) > 3p". O

34



Chapter 4. Weil Spectrum
4.1. A Formula for the Weil Sum at Roots of Unity

In this section, we begins by considering the value of the Weil sum at a root of
unity in the field for certain primes p. The formula is obtained by realizing the relation
between the elements in the set K, = {z € L* | Try/p(2® — ax) = 0} in Lemma 3.2.2 and
the roots of unity.
Proposition 4.1.1. Let s = 1 + k(p" — 1) be an invertible Niho exponent over L, where
2<k<p" Letdy =ged(k,p"+1), dp = ged(k—1,p"+ 1), and t be a positive integer with

t|p*+1. Let ¢; be a primitive t-th root of unity in L. Fori=1 or 2, let

41
Uit
b = :

0 otherwise.

Then

p"(dy + dy — 2) ift=1,
WL,s(Ct) ==

p*(dy014 + dabay — 1) otherwise.
Proof. We compute |K¢, | in Lemma 3.2.2. Let € K¢, then Try/p(2®) = Trp p(Gx).
We also have that Ny p(2°) = Np/p(Gx), since an = 1. Hence, (;x and z° satisfy the
same degree two minimal polynomial over F. So we can consider two cases z® = (x or
2° = (Ga)P". Let
L* = {g)
for some generator g in the field. Then x = g¢' for some i € Z,2n ;. We can pick §; =

g@" =i/t where ged(j,t) = ged(j,p** — 1) = 1. For the case 2° = (., we have that
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xk(p"—l) — Ct' Then gik(pn_l) — g(p2n_l)j/t7 SO

2n 1)3
(p" — 1)ik = u (mod p*" — 1), (4.1.1)
which implies that
ik = w (mod p" +1). (4.1.2)

Let di = ged(k,p" + 1). Then (4.1.2) is solvable if -2 = 0 (mod d;). If it is solvable then
there are d; solutions. When ¢ = 1, (4.1.2) is always solvable. Hence (4.1.1) has d;(p" — 1)
solutions if t = 1, and d;d,,(p™ — 1) solutions otherwise.

Similarly, for the case z° = (Gz)?" = ¢ '2?", we have that

B0 1) = o1 = =i/

Let dy = ged(k — 1,p" + 1), then there are dy(p™ — 1) solutions to this case if ¢ = 1 and
d202+(p™ — 1) for other values of t. For both cases to have simultaneous solutions, we have
that ¢,z = ° = ({2)?". This means 2° = & € F* and 2°®"~) = 1. Since the power map
r — z® permutes both L and the subfield F', x° € F if and only if x € F. Therefore, we
have € F*. We also note that ¢, = 257! = 2*¢" -1 =1,

Hence, when t = 1 the solutions for both cases were counted twice for x € F*.

Therefore,

KCt,s =

(p" — 1)(d101+ + d2d2) otherwise.

Apply this to the formula for W, (((;) in Lemma 3.2.2, we have

p(dy + dy — 2) =1,
WL,S(Ct) -

p"(dy01+ + daday — 1)  otherwise.
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]

Remark 4.1.2. Theorem 3.3.5(3), can be obtained by Proposition 4.1.1. As noted in Re-

mark 1.2.8, for an odd prime p, either di or do must be divisible by 2, so dy + dy > 3.

Moreover, if p" = 2 (mod 3), then dy + ds > 5, and thus, W (1) = p"(dy + dy — 2) > 3p".
From Proposition 4.1.1, we deduce the following corollary for the Weil sum at a =

—1.

Corollary 4.1.3. Let p be an odd prime, L be a quadratic extension of order p*™ over the

finite field F', s be an Niho exponent over L, and dy,ds be defined as in Proposition 4.1.1.

Then

14+ (_1)(p”+1)/d1

do -
5 + do

14 (=1)@"+1)/d2
Wrs(=1) =p" (dl : (=1 — 1) .

If p" =3 (mod 4) and dy + dy = 3, then W (—1) = 2p".
Proof. Applying the formula of 4.1.1 for ¢ = 2, and notice that ;2 and d, 2 are precisely

1 4 (—1)@"+D)/d 14 (—1)@"+1)/do
1)

given by , respectively. O

4.2. Galois Action and Weil Spectrum
In this section we consider the Galois action on elements of the finite field and the

influence on the Weil sum values. These discussion are from [22].

Lemma 4.2.1. [22] Let F be a finite field of characteristic p. If o € Gal(F/F,), then

Wes(o(a)) = Wgs(a).
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Proof. Let o0 € Gal(F/F,). Galois conjugates have the same trace, so

W) = 3 e — ax)

zeF

= 3" ulo(a® - ax))

zeF

=y’ - ola)y)

yer
= Wrs(o(a)),
where y = o(x). O
Lemma 4.2.2. [22] Let F be a finite field of characteristic p and s be an invertible expo-
nent over F'. Then Wgs(a) = Wgpis(a) for any a € F and j € Z.
Proof. Since 2P’ and 2° are Galois conjugates, they have the same trace and hence,

WF,s(a) - WF7pjs<a>' =

Lemma 4.2.1 implies that we can replace Niho exponents with normalized Niho ex-
ponents in the Weil sum.

The next two results [22] show congruences between Weil sums in the finite field,
which are useful in our proof of the values in the Weil spectrum in Conjecture 1.2.6.
Lemma 4.2.3. [22] Let L be an extension of a finite field F' of characteristic p. Suppose

that [L : F) is a power of a prime { distinct from p. Then for any a € F, we have
Wis(a) = We([L: F)*"V*a) (mod ¢),

where 1/s indicates the multiplicative inverse of s (mod p — 1).
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Proof. We have that

Wrs(a Zu x® — ax) (4.2.1)
zeLl
= Z,u(xs —ar) + Z p(z® — ax)
zcF reL\F
(4.2.2)

The first sum becomes

5t - ) = )

zeF zeF
Z TI"F/]Fp x®—azx TI‘L/F(l))

zeF

Z Trp /g, ([L:F](2°—ax))

z€F

Z TI“F/JF (([L: F]l/s )s—[L:F]1- USa([L F]l/sx))
el

Z TfF/Fp (v*—[L:F1' 1 oay)

zeF

— Wi(L 2 F)'"a),

where y = [L : F]'/*z.
Now, consider the second sum in Eq. (4.2.2). The action of Gal(L/F) partitions
the set L \ F into orbits of Galois conjugates. The size of each orbit is a power of . Let

o € Gal(L/F). By Lemma 4.2.1,

p(a* — az) = plo(a* — ) = p(o(e)" — ao(x)).

Hence, in each orbit, the values are constant. Therefore, the second sum in
Eq. (4.2.2) is a multiple of /.

39



Thus,

Wis(a) = We([L: F)*"*a) (mod ).

For Niho exponent s over L, we have the following corollary to the above lemma.
Corollary 4.2.4. [22] Let F be a finite field of characteristic p, and let L be an extension
of F with [L : F| a power of a prime { distinct from p. Let s be degenerate over F but not

over L. Then Wi 4(1) = |F| (mod ¢) and Wi s(a) =0 (mod ¢) for every a € F'\ {1}.

Proof. Since s is a Niho exponent, s =1 (mod p"—1) =1 (mod p—1). So [L : F]'""/* =1.

Hence by Eq. (4.2.2),

Wio(1) = Wea(1) =) p(a® — x)

zel
=> u(0
zeF
|F|  (mod ¢)

Moreover, for every a € F'\ {1},

Wi s(a) = Wrs(a Z,u (z® — ax)
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Combining this corollary with our previous results, we can deduce the following

four values in the Weil spectrum in the cases of Conjecture 1.2.6.

Corollary 4.2.5. Let L be a quadratic extension of a finite field F' of order p", where p is
an odd prime. Let s = 1+k(p"—1) be an invertible Niho exponent over L, dy = ged(k, p"+
1), and dy = ged(k — 1,p" + 1).

(1) If dy + dy > 5, then the spectrum of Wy, s(a) contains at least 4 values of the form
{07 _pn7 205pn7 (26 + 1)pn}7

where o, B > 1 are integers.

(ii) If dy + dy = 3 and p" = 11 (mod 12), then the spectrum of W, s(a) contains
{Oa _pn> 2pnjpn}

Proof. In both cases: By Theorem 1.2.4, the Weil spectrum contains at least three values,
and one of which is 0 by Theorem 3.2.1. If all the nonzero values were positive, we would

have

(Z WL,s(a)> > Wi (a).

a€eL a€L

This would contradicts the first and second moments in Lemma 3.1.1. Hence, the spec-
trum must contain at least a negative value. From Lemma 3.2.2 and Theorem 3.3.5 (part
1), this negative value must be —p™.

Case (i): Apply Corollary 4.2.4 to our setting of the quadratic extension L over F,
the prime ¢ = [L : F| = 2. Then the Weil sum W ;(a) admits an odd value for a = 1 and
even values for all @ € F'\ {1}. By Proposition 4.1.1, Wy, (1) = (dy + dy — 2)p™ > 3p". If

Wi s(a) =0 for all a € F'\ {1}, then taking b = 1 in Lemma 3.1.2 yields

P = Wila) = Wi (1),

acF
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Together with the value —p™, this would mean

> W (a) > p*,

a€el

contradicting to the second power moment relation 2.2.1. Hence, there is a nonzero even
value for some a € F' \ {1}. Therefore, the Weil spectrum consists of —p™, 0, 2ap™, and
(28 + 1)p", where a, 8 > 1.

Case (ii): By Proposition 4.1.1, W, (1) = (dy +dy —2)p™ = p™. By Corollary 4.1.3,

W s(—1) = 2p™. Hence the Weil spectrum in this case consists of —p”,0,p", and 2p". O

Our numerical evidence suggests a stronger conclusion than Corollary 4.2.5 implies.
This leads to Conjecture 1.2.6 and Conjecture 1.2.7 in the introduction.

4.3. A New Conjecture

In this section we give some partial results towards Conjecture 1.2.6. The
idea behind the proofs of 1.2.9 and Theorem 1.2.11 is to apply the power moments in
Lemma 3.1.1 to the four Weil sum values to derive a contradiction.

We first need to count the set R={x € L | (1—z)°+2°—1 =0} in the third power
momment of Lemma 3.1.1 for the case of Niho exponent s over a quadratic extension of F.
We have the following lemma.

Lemma 4.3.1. Let L be a quadratic extension of F, and |F|= p™ and k > 2. Let d; =

ged(k,p™+ 1) and dy = ged(k — 1,p™ + 1). Then
|R|=p" + (dy — 1)(dy — 2) + (dy — 1)(dy — 2).

Proof. Clearly, all elements in F' are in R. So |R|> p™. Now suppose z € R\ F.
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We have that (1 —z)° =1 — 2°. Computing the norm Ny, of both sides, we get

Npp(l—2%)=1- " — g 4 D)

=1- TI'L/F(ZL’S) + NL/F<.TS)
and

Npp((l—2)°) =1—2" —z 42"

As s =1+ k(p" — 1), we know Ny p(x) = Np/p(2®). Equating the norm of 1 — z*
gives us Trp p(x) = Try /p(z®).

Since the norm and trace of z and z° are the same, they must satisfy the same
degree-two minimal polynomial over F. Hence 2° = x or 2° = 7",

Case 1: z° = z.

This implies #¥®" =1 = 1. Since z ¢ F, #*"~' # 1. Now, 1 = 2" ~1 = g@"-DE"+1),
So a solution in this case must satisfy 21®"~1) = 1, where d; = ged(k,p” + 1). Let
L* = (g) and h = ¢@"~1/% be an element of order d; in L*. Then 2"~ must be in
(h). Without loss of generality, let 27" ~! = A" where 1 < t; <d; — 1.

On the other hand, 1 = 2* + (1 — 2)* = z + (1 — x)*. This implies (1 —z)** =1 or
(1 — 2)*®"=Y = 1. Using the similar argument from above, we can say (1 — z)?"~! = h'2,

where 1 <ty <dy — 1. Since x ¢ F, t| # t,.
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Now,

(1—z)"'=h"2 = 1 -2 =h"(1-2)

— 1 —hlix = h'2 — hl2g

1— ht:

— Y= e

(4.3.1)

With 1 <t#y,ty < dy — 1 and t; # ty, there are (d; — 1)(d; — 2) choices for solution z.
Claim: These (d; — 1)(dy — 2) choices are all distinct.
To see this, suppose there are pairs (t1,t2) # (uq,uz), where 1 < ty,u; < dy — 1,
satisfying

C1—ht 1—h
I r—

T

Since h has order d; = ged(k,p™ + 1), h* = h?"*1 = 1. Thus, h*" = h~!. Using this
fact we compute

o 1=h2 A\
< ()

1 — hi2r"
T Rt _ plart

1—ht2
=t
,, 1—ht
hit — ht2

= hhig.

So 2P"~t = h!t. Similarly we find 2" ! = A",

This means t; = uq, since h has order d; and 1 < ty,t9,u1,us < d; — 1. From here,
we can reverse the implications of Eq. (4.3.1) to show A2 = (1—z)P"~! = h*2, which means
to = Us.
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Therefore, the (d; — 1)(d; — 2) choices for x in this case are all distinct.

In the reverse direction, to show such (d; — 1)(d; — 2) choices are in R, consider

T = hltl%h;z, where h is defined as above, and 1 < ty,t, < d; — 1.
We have that
(B — ht2)* = (Bt — plz)1+kG"=D) (4.3.2)
= (hft — pt2) AR (phr” — plor™k (4.3.3)
= (A" — h2)U B (ph — pi2)R
= hTUERTER (R — pf2) TR (Rt — gl
= (R (R (=) (i — )
= (1) = n)
Similarly, we can show that
(Rt —1)* = (=D)F(n"r — 1), (4.3.4)
and
(1 — h'2)* = (=1)k(1 — h'2). (4.3.5)

Now,
R \* (1 —h2\®
(1—z)°+2° —1_( htl—ht2> +<—ht1—ht2> -1

htl_ s htg)
( )

with the last equality following from relations (4.3.2), (4.3.4), and (4.3.5). Hence, such
choice z is in R.
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Case 2: oP" = g° = g!TFG"—1),
This implies 2*~D®"~1) = 1. Suppose # ¢ F. Similar to the argument in case
1 we let dy = ged(k — 1,p" 4+ 1) and find solutions to the equation 22®"~1) = 1. Let
¢ = g®"=1/% he an element of order do, where g is the generator of L* as in case 1. A
quick check also yields us the relation (1 — z)*=D®"~1) = 1. Then 2?"~! and (1 — z)?"~!
1 ¢

, where
T2

must be in (¢). Using the similar argument from above, we obtain x = T

1 <ry,ry <dy — 1. There are (dy — 1)(dy — 2) choices for such z. Using similar arguments
as Case 1, we can show that all these choices are distinct.
In the reverse direction, we first note that /¥ = ¢ and /" = ¢!, since ¢ has order
dy = ged(k —1,p" 4+ 1).
Using a similar argument as in case 1, we have that
(0 = m2)s = (e — )R (grv” — grav™yk (4.3.6)
— (grl . gm)(lfk)(gfm . Efrg)k:
— £7T1k67r2k<£r1 . grg)(lfk)(grg . grl)k
— (_1)k£—r1€—r2(€r1 . £T2)

= (DR,
Similarly, we can show that
(0 — 1) = (=DF1 —7), (4.3.7)
and

(1—0m2)° = (=)@ —1). (4.3.8)

46



By relations (4.3.6), (4.3.7), and (4.3.8), we can show that (1 — z)* + 2°* — 1 = 0.
Thus, such choice z is in R.

Hence there are (dy — 1)(dy — 2) solutions of z in this case.

Note that since k and k — 1 are coprime, d; and dy are coprime as well. Therefore,
the solutions in case 1 and case 2 for x ¢ F' are distinct.

Accounting for the solutions 2z € F we have |R|=p"+ (d; —1)(dy —2) + (dg — 1)(dy —
2). O
Corollary 4.3.2. Let s = 1 + k(p"™ — 1) for some integer k, 0 < k < p". Then k and

2 — k + p" gives the same number of solutions to the equation (1 — x)* +2°* — 1 = 0 for

z € L.

Proof. From the proof of Lemma 4.3.1, the exponents s and sp™ give the same number of
solutions to the equation (1 —z)*+2° —1 =0 for z € L. Now, sp" =14+ (1 — k)(p" — 1)
(mod p** —1) , and 0 < 2 —k + p" < p" gives the same exponent modulo (p*" —1) as 1 —k

over L. O
Now we are ready to prove Theorem 1.2.9.

Proof of Theorem 1.2.9. According to Corollary 4.2.5, there are four values in the Weil
spectrum. Suppose that these are the only ones in the spectrum. Let mq, msy, m3 and my
be the number of elements whose Weil sum value is —p", 0, 2ap™ and (25 + 1)p", respec-
tively, for integers a,, 5 > 1. In here 28 + 1 = dy + d — 2 from Proposition 4.1.1.

By Lemma 3.1.1 we have the following system of equations:
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(my +my + mz +my = p*" (4.3.9)
—my + 2ams + (dy + dy — 2)my = p" (4.3.10)
my + 4a’mg + (dy + dy — 2)*my = p*" (4.3.11)

L —my + 8a’my + (dy + da — 2)*my = p"|R), (4.3.12)

where |R|=p" + (dy — 1)(d1 — 2) + (d2 — 1)(dy — 2) from Lemma 4.3.1.
The above system has a unique solution over QQ, which is

p(d2 + d3+ (2a — p" — 3)(dy + da) — p"(2a — 3) + 4(1 — )

my = —

oL P ((dat dy)a(p" 1) — " —4) + df + df — Ga(p” +1) + 2(2p" + 3))
2_2 a(d1+d2—2)
oL M+ — (" + 4)(dh + dy) +2(2p" +3))
T2 (2a—dy —dy +2)(2a+ 1)a
oo pUd 4 d—2p"(a —1) = 3(di +db) +4 - 20)
=

(20& — dl - d2 + 2)(d1 + d2 — 1)(d1 + dg — 2)
From the numerator of mjs, we have that
di +d5 — (p" +4)(dy + da) +2(2p" + 3) = (dy — 2)* + (dy — 2)* — (dy + dy — 4)p™ — 2
< (dy —2)*+ (dy — 2)* — p" — 2, (4.3.13)

since di +dy — 4 > 1.

Note that since k < §+ 1,d; < §+ 1 and dy < g Hence, we can bound (4.3.13) by

2 2 1
R R R
1,
S—ép —3p+3

< 0,
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since n > 2.

So the numerator of m3 is negative. Thus, the denominator of mg, i.e 2(2ac — dy —
dy + 2)(2a 4 1)« is negative, which implies the factor (2«0 — dy — dy + 2) < 0.

Now, this forces the denominator of my4 to be negative, which implies that the ex-
pression (d? +d5—2p"(a—1)—3(d; +ds) +4 —2a) in the numerator of m, must be positive.

If a > 2, using the bounds for d; and dy, we can bound the numerator of m4 by

(2 +d5 —2p"(a—1) = 3(dy + do) +4—2a) < d3 +d5 — 2p" — 3(dy + d)
3\’ 3\* 9
=(d -2 dy—=) —=—2p"
(6-3) +(2-3) -3
p+2 3\° [p 3\° 9 .
e Z_Z) -2
<( 2 2)+ 0 2) 2 P

which is a contradiction. Hence, o must be 1.

Replacing this for my, we have

ool p(d2 + d3 — 3(dy + dg) + 2)
YT 2(dy +dy — ) (dy + dy — 2)(dy +dy — 1)

Observe that the factors in the denominator

2
(d1+d2—4)<(d1+d2—2)<(d1+d2—1)<2%+§—1:p.

Moreover, (d; + dy — 2),(dy + de — 1) > 3, so these two factors do not divide p. Hence, for

my to be an integer, they must divide d? + d3 — 3(d; + do) + 2.
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However,

d2 4 d3 —3(dy +dy) +2 = (dy +dy —4)(dy +dy — 1) —2(dy — 1)(dy — 1)

< (dl + dQ — 2)(d1 —|—d2 — 1)

This is a contradiction. Therefore, there must be a fifth value in this Weil spectrum. O

Remark 4.3.3. For the case n = 1 in Theorem 1.2.9, taking odd prime p such that p*/? >
2(k — 1), and following the argument in the proof of Theorem 1.2.9 with this bound would
yield the same conclusion (i.e the Weil spectrum has at least five values).

Finally, we show Theorem 1.2.11, which proves case (ii) of Conjecture 1.2.6.

Proof of Theorem 1.2.11. This proof is in a similar flavor to the proof of Theorem 1.2.9.
Since p"* = 11 (mod 12), p» = 3 (mod 4). By Corollary 4.1.3, Wy, ,(—1) = 2p". Since
di +dy = 3, Wi (1) = p™ by Proposition 4.1.1. As in the last proof, let my, my, ms and my
be the number of elements whose Weil sum value is —p™, 0, 2ap™ and (28 + 1)p", but here
we take a = 1, = 0, specifically. Now, dy + dy = 3, where dy,dy > 1 (since k > 2) implies
that one of them is 1 and the other one is 2. Hence, d? + d3 = 5.

Replacing these values of a, 8,d; + dy = 3, and d? + d3 = 5 in the solutions of

mi, ma, m3, and my in the proof of Theorem 1.2.9, we obtain

it — 1
ml:p(p3 )

ot — 1
m2:p(p2 )

(]
mgzp(pG )
my = p".
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Since p" = 11 (mod 12), p # 3. Since m; must be an integer, p” = 1 (mod 3), but

this is a contradiction. Therefore, there exists a fifth value in this Weil spectrum.
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Chapter 5. Concluding Remarks and Future Directions

The study of Weil sum has many important applications in information theory. In
this thesis, we prove the Helleseth Vanishing Conjecture for the case of Niho exponents,
propose, and prove a criterion for when the Weil spectrum is at least five-valued, while
giving some intermediate results on the bounds and behavior of the Weil sum values at
roots of unity. There are some next-step projects naturally arise from this work:

(1) The general case of the Helleseth Vanishing Conjecture for non-Niho exponents
remains open.

(2) Case (i) of Conjecture 1.2.6 for other invertible exponents s is still open. Also,
the fifth value p" in case (i) is conjectured to be in the spectrum, based on our computa-
tion data.

(3) A probabilistic approach to study the likelihood that the Weil spectrum takes
a certain value is of interest. This maybe helpful in proving the fifth value p™ in case (i)
of Conjecture 1.2.6. Some directions for this approach can start looking the averaging
properties of the Weil sum using the m-th power moments in [11, Proposition 3.1] and
Lemma 3.1.2.

(4) A different perspective for the Helleseth Vanishing Conjecture is to look at it as
a counting point problem over hypersurfaces. In fact, [14] establishes that the conjecture is
equivalent to the following problem:

Conjecture 5.0.1. Let F be a finite field of characteristic p and order ¢ > 2, and let S be
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an invertible exponent over F with s =1 (mod p — 1). Consider the system of equations

WAyt =0
bll‘l + bzl’g + -+ bq_lxq_l = 0,
where (z1,...,0, 1) € FI™' and {by,...,b, 1} = F*.

The Helleseth Vanishing Conjecture is equivalent to saying that the number of solu-

tions of the above system is equal to ¢973.
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