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Abstract

As classical technology approaches its limits, exploration of quantum technologies is
critical. Quantum optics will be the basis of various cutting-edge research and applica-
tions in quantum technology. In particular, quantum optics quite efficacious when applied
to quantum networks and the quantum internet. Quantum Optomechanics, a subfield of
quantum optics, contains some novel methods for entanglement generation. These entan-
glement production methods exploit the noise re-encoding process, which is most often
associated with creating unwanted phase noise in optical circuits. Using the adapted two-
photon formalism and experimental results, we simulate (in an experimentally viable pa-
rameter space) optomechanical entanglement generation experiments. These simulations
consider dual coherent field input, displaced single-mode squeezed input, and displaced
two-mode squeezed inputs. Unsqueezed inputs should yield an Ey of about 0.1 at room
temperature, although very high measurement certainty is needed to observe this in the lab-
oratory. Squeezing the displaced input fields increases the expected output entanglement
significantly (maximum of Ey of about 1). Furthermore, when considering dual two-mode
squeezed input (4 fields) in the simulation, the optomechanical cavity demonstrates squeez-

ing angle-dependent entanglement distribution.
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Chapter 1
Introduction

The development of applied quantum physics and quantum technologies is at the inter-
section of many science fields (genetics, material science, condensed matter, optics, com-
puter science, machine learning, etc.) [1L 2, 3, 14, [5, [6]. As knowledge of classical mechanics
allowed for the development and application of the classical machinery that sparked the
industrial era, quantum mechanics shall usher in a new technological age. More than
ever, physical phenomena must be better understood to fully implement technologies such
as quantum networks, quantum sensors, universal one-way quantum computers, and the
quantum internet. Ultimately, extensive research is required in an array of areas of quan-
tum physics and physical phenomena. One aspect critical to most quantum technologies
today and tomorrow is the need for a stable and efficient entanglement source. Correlations
are fundamental to communication. In general, the transmission of information from point
A to B requires a message sent between the sender and receiver. However, communication
channels today are typically over classical communications networks, which are still lacking
in security, privacy, and bandwidth relative to their quantum technological counterparts.

Furthermore, Quantum Mechanics can produce advantageous correlation effects. These
quantum physics principles make quantum technologies an attractive option for upgrading
classical communication networks. Squeezed states and quantum entanglement are phys-
ically fundamental corollary phenomena that will be the central limiting resource behind
all quantum networks and most quantum technologies. These resources are already in
high demand today and will only become more valuable in the future, yet we do not have
efficient production methods [7, [§]. Thus, to further develop the technologies involved
in entanglement generation and entanglement distributions, this work explores quantum
cavity optomechanics. Quantum cavity optomechanics is a sub-field of cavity optics; it con-
siders a mechanical oscillator’s motion coupled to the optical cavity fields. Exploiting these
phenomena can produce a novel source of quantum light. Ponderomotive entanglement is

an entanglement generation technique that has gained recent attention [9]. It exploits op-



tomechanical couplings, which are traditionally noise sources in most optics measurements.
To examine the effects of the radiation pressure and quantum back action in our simula-
tions, we consider a dual homodyne quadrature variance measurement of two optical output
fields from a single cavity double optical spring. The mechanically oscillating endmirror’s
mass is small enough to enhance further the quantum back-action effects (see Chapter 4)
(micromirror (pmirror)). Two coherent input states yield entangled light. A single input
yields displaced squeezed light. Both distinctive outputs, of course, require careful attention
and treatment of variables and experimental complications such as cavity linewidth, optical
losses, mechanical oscillator temperature, cavity circulating power, optomechanical detun-
ings, etc. These are all considered in the simulations reported in the chapters that follow.
Achieving large N entanglement (macroscopic entanglement) will significantly bolster the
attention, efficacy, and applications of quantum technologies (quantum key distribution,
quantum teleportation, quantum metrology, etc.) [I0] [I1]. The most popular method
for producing entangled photons is Spontaneous Parametric Down Conversion (SPDC).
SPDC involves illuminating a birefringent material with laser light. This method yields
at most two entangled photon pairs per approximately a million input photons [12]. This
method will not be reliable as demands increase due to costs and other factors. Developing
a scalable optical entanglement generation method that did not depend on crystal purity
is ideal. Optomechanical cavity-based entanglement generation is, so far, not scalable. It
is also not yet known to yield competitive entanglement rates. The work and results in
the chapters that follow will demonstrate both the typical entanglement output seen in the
recent experimental work and some computational studies [9, [13]. We will make a case for
how these devices could yield significant entanglement rates while considering laboratory
conditions and constraints.

Previous research reaffirms optomechanical methods’ applications in entanglement gen-
eration—the theoretical study of entanglement of two optical fields from two optical cav-

ities. In 2007 D. Vitali et al. showed that entanglement could theoretically manifest be-



tween an electromagnetic field and a movable mirror [14]. Then, in 2008 Christopher Wipf,
Thomas Corbitt, Y. Chen, and Mavalvala adapted Vitali et al.’s approach to generating
bipartite entangled optical fields [15]. Later, Y. Wang and A Clerk at Mc Gill University
showed that the optomechanical entanglement of two cavity electromagnetic modes and a
laser-cooled mirror could actualize optomechanical entanglement when subject to the suit-
able optomechanical couplings and other favorable experimental constraints. Furthermore,
if the couplings can be easily adjusted, the entanglement can be maximized [16]. Inter-
estingly, researchers from Texas A&M University reported that, in theory, a two-cavity
two-qubit system could act as a quantum state “beam” splitter of sorts; thus predicted
to yielding maximally entangled NOON states from input |N) ® |0) [17] [18]. (Chapter
6 reveals more evidence of optomechanical cavities acting as beam splitter-like devices.)
They also demonstrated scaling up the system produced multi-NOON states.

Additionally, optomechanical cavities yield squeezed light when the radiation pressure
noise is high [I9]. More research into maximizing this squeezing is currently underway [20].
Moreover, recent work on optomechanical entanglement includes significant computational
and experimental investigation. One experimental paper of note achieves bipartite optical
entanglement from an oscillating silicone membrane optomechanical cavity. The compu-
tational works showed that optomechanical cavities should still output entangled states
without cryogenics [21] 13]. Furthermore, Our study showed that the input quantum noise
ratio to the thermal noise determines the entanglement’s temperature sensitivity.

Not many experimental reports on the ponderomotive entanglement systems have been
published. This lack of experiments is partly due to some disconnect between what is and
is not accessible in the laboratory. One goal of this research is to amend this disconnect.
Another is to help realize ponderomotive entanglement at LSU and explore possible scaling
configurations towards innovative, efficacious entanglement devices through the compre-
hensive study of ponderomotive entanglement generation. This study will begin with the

simulation of this optomechanical entanglement process. This study considers laboratory



constraints and optomechanical cavities’ response to quantum noises. Furthermore, it aims
to explore upscaling optomechanical systems and the possibility of macroscopic entangle-
ment or other useful entanglement devices.

Creating, aligning, and executing experiments is an arduous task: a task that can
end with wasted time, effort, and financial resources. There is a demand for simulations
that can closely and accurately simulate possible experiments. A failed computational
project is often less expensive than a failed experimental one. Previous work by Corbitt
et al. has established a functioning optomechanical circuit simulation. The program has
proven accurate in predicting higher-order mechanical effects and their influence over the
optomechanical cavities’ quantum dynamics [22, 23], 20].

This dissertation will begin with a short review of quantum optics and entanglement
measures in this research. The next chapter will provide the reader with a quick introduc-
tion to quantum cavity optomechanics and the mathematical frameworks used to study
these systems. For a more comprehensive review of quantum cavity optomechanics, see
the paper by Aspelmeyer et al. [24]. This dissertation will discuss some of the current
quantum cavity optomechanics applications in entanglement and squeezing-based devices.
It will also cover the work done to extend the simulation programs to examine possible
experiments and provide insight into optomechanical entanglement. Squeezing will also be

discussed briefly.



Chapter 2
A Brief Introduction to Quantum Optics

2.1 Field quantization

...photons don’t really exist like electrons or protons. They are just an [outdated]
explanatory device. That’s why you don’t see them in physics...I do research in optics and
from what I have seen light is purely classical... there is no such thing as quantum optics...

~Dr. Ye Feng Technical Director at LAM Research

People tend to take the optical for granted. The above quote serves as proof. A former
physicist assumes to understand optics because he works with optics often, forgetting that
in a sense, we all “work with optics”. Quantum Optics can serve many purposes, but one
of those can be a humbling one. The ability to manipulate something is not evidence of
understanding that something.

Field quantization is the most fundamental derivation in Quantum Optics. Field quan-
tization is that critical because it establishes the ever-elusive photon.

To begin, we start from Maxwell’s Equations:

V-E=p/e , (2.1)
V-B=0, (2.2)

0B

JE
VxB= /lo(.] + EOE) . (24)

These equations are known to describe the dynamics of classical light as an electromagnetic
wave. Next, we apply these equations to a scenario that will properly yield hints into light’s
quantum nature. For this, we imagine a one-dimensional box of length L (an optical cavity)

that entirely confines the light. As a further simplification, let us assume that the light is



completely polarized in the x-direction, and the light is only free to propagate and reflect
off the bounds of the box. Let us say for the time being that the trapped light is or can be

equated to a single photon. Maxwell’s equations for the system are

V-E=V. -B=0, (2.5)
0B
E=-——"— 2.
V x ETR (2.6)
OE
VxB= ,U/()EOE, (27)

These develop into a wave equation:

0B
E=—— 2
V x ETE (2.8)
OE
B= — 2.
V X Ho€o a’ ( 9)
0B O’E
V X —E = —/UL(]GOW, (210)
OE
_ 2
V x (V X E) = _1/COW7 (211)
then, apply
Vx(VxA)=V(V-A)-V?A, (2.12)
(where V2A = (V- V)A), (2.13)
and since V-E=0 V x (V x E) = —~V’E, (2.14)
which leaves us the wave equation (in E and B),
V°E — 182E—0—V2B— LB (2.15)
2o ¢ ot '

Since the light is polarized in the x-direction the electric field is considered of the



form E = x E,(z,t). This allows us to easily solve the differential equations above and

see, after boundary conditions are considered, that F,(z,t) = %q(t) sin(kz). Like the

particle in a box example from vanilla quantum mechanics, w is the frequency, ¢(t) is a

function that acts as the position of a particle later, so here we call it ¢(t). Furthermore,

we note that from Maxwell’s equations, the magnetic field must obey the relation: B =
k

yhoe, J20 . g(t) cos(kz). With forms for the electric and magnetic fields, we can write the

Hamiltonian as H = 1/2 [(egE? + 1/uoB?)dV; after integrating, we find
H =120 + ) : (216)

since their Hamiltonians are the same, the single optical mode acts like a harmonic oscilla-
tor. Since these are the canonical position and momentum variables, we can replace them
with the operators. Moreover, since the single-mode follows the same Hamiltonian as the
harmonic oscillator, the ladder operators satisfy the commutation relation [a, '] = 1. Thus
the position and momentum operators ¢ and p follow the canonical commutation relation.
For the remainder of this work, we will refer to these operators as the quadrature operators
X and Y respectively.

2.2 Quadrature operators

The analogous phase space operators for quantum optics are the quadrature operators,

here written in terms of the ladder operators X and Y follow the equations below:

(2.17)

A ~

They are the position (X) and momentum (Y') analogues for electromagnetic oscillations.
They follow the quantum canonical commutation relation directly: [X,Y] = ih. Conse-
quently, they are useful for creating optical phase space diagrams (see figure .

Such diagrams give a compelling visual representation of the statistics of optical states



and operations on optical states. Here these operators allow for the characterization of
Gaussian state statistics for the quantification of bipartite optical entanglement. They are
great for visualizing squeezing.

It is also useful to establish a generic quadrature operator that varies with a quadrature

angle (:

~

Q(¢) = %(éT e +ae™) . (2.18)

This form is beneficial when creating the optical phase space plots. This form allows for

the X quadrature as ¢ = 0 and Y quadrature as ( = 7/2.
2.3 Coherent states

Here coherent states refer to optical Gaussian states with a second-order coherence
function equal to unity. These states are noiseless laser light. They are also the Eigenstates

of the annihilation operators:

ala) = ala). (2.19)
2.4 The Wigner quasiprobability distribution function

Another necessary tool in exploring quantum optics is the Wigner quasiprobability
distribution (or only Wigner function). A quasiprobability distribution (QPDF) could be
hastily described as a distribution function that almost could be called a probability dis-
tribution function (PDF). To fully classify as a PDF, distribution functions must satisfy
the three Kolmogorov axioms at the foundation of probability theory. The Wigner func-
tion violations the first and third of these axioms. Specifically, the non-negativity and
o-additivity axioms.

A wavefunction’s Wigner function is also the generator for the wavefunction’s spatial

autocorrelations. This feature of the Wigner function directly relates the wavefunction to



the noise power spectral density. For a pure state, the Wigner function is:

ax’ . (2.20)

W(X,Y) = % /_ T (X 4 X)X — XY exp {ﬂ}

Moreover, in general, and in this dissertation, we primarily deal with mixed states. The

Wigner function for an arbitrary mixed state with density matrix operator p is:

1
W(X,Y) = %/ (X + X| 5| X — X'} exp

—00

{ﬂ} dx’ . (2.21)

2.5 Squeezed light

Squeezed light is a form of quantum light with minimal uncertainty and whose statistics
are modified to yield higher noise in one measurable mode than another canonically conju-
gate mode. The result is light with phase uncertainty under the Heisenberg //2 limitation
while amplitude noise is increased.

To demonstrate the topics from sections 2.2-2.4, we shall plot the Wigner distribution
for a squeezed coherent state. Our squeezed coherent state has a wavefunction (x|¢)) = ¢(x)

where i =1 let

(z — 1)

() = exp (— 207

+ 2@'13) (ignoring the normalization constant for now). (2.22)

In this form the parameter, wy, represents the squeezing; wy > 1 represents amplitude
squeezing and 0 < wy < 1 represents phase squeezing. Using the equation Wigner

function can be written as
W(X,Y) = \/ﬂwo|6(4w04(4+y(z’X+Y—4))+w02X(3X—4z'Y)+(X—8)X—4)

; (2.23)

the “squeezing” of the coherent function is more apparent in the Wigner function plots as



wo=0.5 Wo=1.5

Figure 2.1: The above images are 3D plots of the Wigner quasiprobability distribution
of three nearly identical coherent states. The only difference between the coherent states
above is the squeezing amount quantified by the parameter, wy, and its deviation from
unity (note that wy > 0). The Wigner function plotted is mathematically described by

equation [2.23]
displayed in figure 2.1}

Then, we can fully characterize quantum states with the Wigner quasiprobability dis-
tribution within the optical phase space. Future work (discussed in Chapter 7) will heavily
involve solving and propagating the intracavity Wigner functions to produce the full pro-
cess tomography [25]. Here, the function solely serves to provide a fundamental method

for visualizing the optical quantum states and showing a coherent field’s squeezing.

2.6 Operator propagation

One of the go-to methods for solving quantum optical systems applies a matrix trans-
formation to the incident optical fields yielding the output fields or vice versa. Essentially,
taking incident field operator from a to &’ via a set of equations specific to the type of optic

the field is acting on/ passing through. The following section reviews an example applica-

10



tion of this method for single photons (N = 1 Fock states). However, these methods can

(and will) be applied to continuous-variable quantum optics as well (see sections 2.5.1 and

Chapter 4 and 5).

Beamsplitter Example

As a quick example of operator propagation through an optical apparatus we examine
a single photon state incident on a (50:50) beam splitter (figure . Here the initial state,
|¥input), 1 just a single photon, |1),. Then the solving following the matrix equation for
the outgoing field operators we find expressions for modes a, and as:

as to 1T agp
- x (2.24)

ag ro 11 a;

for a 50:50 beam splitter the transmission and reflection coefficients all equal to v/0.5. Our
initial state is then rewritten as [1); = a; |0). This in combination with the matrix equation
about reveal the outgoing fields as (see figure :

1

|1/’>out = NG

<|0>2 |1>3 + |1>2 |0>3) ; (2.25)

here the matrix equation determines how the initial field ladder operators are transformed

by the beam splitter, how the operators propagate around the beam splitter.

2.7 Homodyne measurement

Homodyne measurement or homodyne detection is the measurement technique most
critical to the research that follows. They allow the measurement of quadrature means and
variances, making them highly useful when working with Gaussian states.

Typically, this is considered an electrical engineering technique that excels at extracting
information from frequency modulations. This scheme uses a local oscillator considered to

have zero frequency modulation relative to the signal beam detected. In optics, the local

11



50:50 beam splitter

|1pinput> = a\-“())01 I

aq as

; + a13L)|0>23

[Woutpue) = (@
[0)01 = [0)0]0)4 w1

|0)23 = [0)2|0)3 a,

Figure 2.2: A single photon incident on a beam splitter yields an N = 1 NOON state [26].

oscillator is the unsqueezed optical source. Alternatively, using the signal (squeezed light)
as a reference oscillator is called self-homodyne detection [27, 28]. Ultimately, the path
length of one arm of the optical circuit is varied intentionally to create a difference in
phase between the two paths. This phase difference corresponds to the quadrature angle
¢ in equation [2.18 The measured deviation from the local oscillator at some phase is the

quadrature measurement at the corresponding angle.

2.7.1 Dual homodyne measurement in the two-photon formalism

When trying to characterize entangled Gaussian states, more quadrature spaces are
necessary. In order to correctly measure the statistics of such systems, multiple homodyne
detection schemes are necessary. The parallel homodyne detectors are necessary because
the quadrature modes’ entanglement and correlations will appear as noise in the single-
angle quadrature measurement.

Our programs simulate the noises and losses associated with the measurement. Later

in this work, the simulated experiments require several (three or more) parallel homodyne

12



detection circuits. Fortunately, using the adapted two-photon formalism, we can write the
homodyne measurement step in each experiment as a function. A function that is readily
modified to adapt to detector modes necessary to characterize the bipartite entanglement
(see appendix-B). The adapted two-photon formalism is a method of operator propagation
regarding the twin sideband modes as a single term [29, 22].

2.8 Beam splitter entanglement

Here we review a standard method for generating optical entanglement. Here beam
splitter entanglement refers to methods that involve sending single-mode squeezed light
to a beam splitter [30]. Such methods of using squeezed light to create entanglement
present a problem in our analysis of squeezed light enhancement of optomechanical cavity
entanglement generation (see Chapter 6).

We begin with one single-mode squeezed vacuum state incident on a 50:50 beam splitter.
The input state[yy) is [¢), = |€); = S|0),. The application of equation we find

(considering as well the phase difference factor of 4):
ay = \/1/2(iag +a1) as = +/1/2(ay + iay) . (2.26)

This reduces to the following:

2 2
a; = %(53 —iay) and é{ = \/7—(5;2 + iég) . (2.27)

The input state is the squeezing operator acting on vacuum so the operator to transform is
the single-mode squeezing operator S, where S = exp|1/2(£*a2 — 52?112)} . The transformed

operator becomes:

((i€)*agas — <z's>é£é£>] (2.28)
S»(¢/2)Sk(6/2)8%) (i€) ;

13



where S%) represents the two-mode squeezing operator, which yields an entangled state

when acting on vacuum (two-mode squeezed vacuum).

14



Chapter 3
A Brief Overview of Entanglement Measures of Interest

To determine whether or not the output fields are entangled, we need to choose a
convenient measure. The primary measure we will use for this paper and others on this
project will be the logarithmic negativity entanglement measure [31]. Later on, in our work,
we will utilize at least one more measure. That measure we will call the Duan measure.
The variance matrix assembled from the quadrature operators will be the main output to

measure entanglement on, thus the variance matrix can be written as follows:

(X" X)), (XM, (Xi'Xe), (Xi'Ye),
V — <Y1*X1>+ <Y1*Y1>+ <Y1*X2>+ <Y1*Y2>+ (3‘1>
<X2*Xl>+ <X2*Yl>+ <X2*X2>+ <X2*Y2>+
<Y2*X1>+ <Y2*Y1>+ <Y2*X2>+ <Y2*Y2>+
or in block form:
Vi1 VW
v=| " 7. (3.2)
Vor Vo

In the above formula, the symmetrized average follows the form:

L 1 . .
(X;Yr), =5 (X; Y + Y3 Xj) . (3.3)

\)

3.1 Logarithmic negativity

Negativity is an “easy-to-compute” measure of entanglement defined as follows:

|l -1

5 , (3.4)

N(p)

where p is the density matrix, A is the dimension of the subsystem, and p'4 is the partial

transpose of p with respect to subsystem A [32, 33]. Written with the same dependence
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the logarithmic negativity is the following:

Ey = loga||p"*]1. (3.5)

One of the most beneficial features of this measure is that it is additive for tensor products;
meaning, Ex(pa ® pg) = En(pa) + Ex(pp). It can also be defined as a function of the
quadrature covariance matrix (see chapter 5).

3.2 Duan’ measure of inseparability

Since the logarithmic negativity is strongly dependent on the normalization, we com-
pute a second entanglement measure, Duan’s measure, as a sanity check. Figure con-
trasts the two measures with the results from the calculations discussed in Chapter 5. We
chose this measure because it does not deviate from the choice of variance matrix normal-
ization. This entanglement monotone is an alternative to the negativity-based measure for
CV entangled beams [34]. The calculation determining the a parameter is dependent on
calculations done on the variance matrix V'; however, the only variance matrices of certain
forms can be used [34]. Fortunately, Duan’s work explains how to quantify entanglement
from an arbitrary covariance matrix (with arbitrary normalization, for example). Duan’s
approach involves transforming the given non-standard covariance matrix into their stan-
dard forms for robust entanglement quantification. The variance matrix of the standard

form (the goal) is written as follows:

ni &

N9 C2

v (3.6)

C1 my

C2 mo
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These matrix elements are computed from the elements of what we shall call the “substan-

dard form of the variance matrix”; this form shall be written as follows:

V/

I
—

@

-3
N~—

The standard form is calculated from the substandard form by solving the following system

of equations for the parameters r; and 7:

|
VTiralc| — = Va,am — / (BnBm 3.8
c] oS ( ) (3.8)

Brn _ Bm

Dr oo 3.9

o " an. (3.9)
where a, = nry — 1, B, = 3+ — 1, ap = mry — 1, and [, = ;= — 1. Then, to apply 71 and

C/

T9: M1 = Nry, Ny :n/’f’g, myp =mry, Mo = MTy, C1 = C{\/T1T2, Cy = Jrirs

Finally, our original variance matrix, V', will be referenced in block form as follows:

Vii Via A B
V= - . (3.10)

Vig Vi BT C

Calculating V' from V was done using the following equations.

det A =n? detC =m? det B = cc, (3.11)

det V = (nm — ¢*)(nm — ¢?) (3.12)

After attaining the proper form, the following inequalities need to be broken for there
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Figure 3.1: Duan measure 1 — R and logarithmic negativity Fy versus side-band frequency.
For this measure, higher values correspond to stronger entanglement. Both at T = 295 K.
The dips in the Duan measure are due entirely to numeric instabilities from our parameter

space.

to be entanglement in the system:

ler| < \/(m —1)(my — 1) (3.13)

2] < /(2 = 1)(ma — 1) (3.14)

To compare Duan’s measure with logarithmic negativity, we use the following form of

the metric inequality representing Duan’s measure:

2(nitnz) | (mitma)
o) g () oy —eo|

R =
a? + a2

where a? = ,/ ’7?11—__11 The system is separable only when this inequality is satisfied. The

plot of the two entanglement measures versus the side-band frequency is depicted in figure

B.1
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Figure 3.2: This is a plot of the output entanglement (Ey) versus the input squeezing
strength (7/2) of one single-mode squeezed coherent state incident on a 50:50 beam splitter.
A notable feature for comparison to OMC entanglement methods is the low squeezing
region, see chapter 6.

3.3 Optical entanglement generation example

When one single-mode squeezed coherent beam is incident on a 50:50 beam splitter, the
result is the tensor product state. That state consists of a two-mode squeezed state and two
single-mode squeezed states (see equation . Thus, the logarithmic negativity between
the two beam splitter outputs (due to the logarithmic negativity’s additivity) is equivalent
to the logarithmic negativity of a two-mode squeezed state. Later in this work, this two-
mode squeezed state generation method is used to compare the efficacy of new entangling
techniques. Figure [3.2] plots the output Logarithmic negativity versus the strength of the

input squeezing.
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Chapter 4
Introduction to Quantum Cavity Optomechanics

Optomechanical cavities are optical cavities with at least one mechanical mode coupled
to at least one intracavity optical mode. The inclusion of these coupled mechanical modes
elicits rich dynamics in the optical cavities. The following is a quick introduction to the
field of optomechanics. We discuss the basics necessary to understand the experiments that

follow this chapter.
4.1 Optical cavities

An optical cavity (also referred to as an optical resonator or a resonating cavity) is an
optical device that temporarily traps incoming light. This temporary confinement causes
an amplification in the cavity fields. The most common form of the optical cavity is the
Fabry-Perot cavity. These devices utilize two flat mirrors to trap and amplify input light.
While the amplification only occurs inside the cavity, this temporary boost in intensity
is still useful for many applications. The optical resonator’s ability to host longitudinal
optical states closely ties quantum optics and optical resonators (see chapter 2).

The physics of the stationary optical cavity (here meaning, without a mechanical res-
onator) is highly relevant to the quantum optomechanical descriptions that are seen in the
Quantum Langevin approach to quantum cavity optomechanics. In particular, the input
output theory provides a quantum mechanical framework for understanding optical cavity
reflection and /or transmission. Traditionally, input output theory is written in Heisenberg’s
picture of quantum mechanics. It establishes direct relationships between the intracavity

and extracavity (exocavity) optical field operators:

a. = —K/28. + (W — We)ae + V/Kelyn + VKol ; (4.1)

where: a. is the intracavity field operator, ay is the input field operator, x, is the loss rate

due to the input mirror of the cavity, and kg is the optical loss rate in the rest of the cavity;
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thus the total cavity loss rate is their sum: x = kg + k,. Moreover, the theory describes the
relationship of the intracavity light to the out going light as a,,; = a, — \/k.a, and it also
establishes the input power photon number as P o <é§VéN). The terms ay, a, and ay,; are

the ladder operators that correspond to the input field, the intracavity field, the output

field respectively.

4.2 Optomechanical cavities

An optomechanical cavity (OMC) is an optical cavity that includes a mechanical os-
cillator that is coupled to the intracavity electromagnetic field. For our discussions we are
primarily concerned with the physics of Fabry-Perot cavities with movable endmirrors as
the mechanical oscillator. These types of OMC'’s couple the optical to mechanical fields via
the momentum transfer that comes from the intracavity radiation pressure. Since this is
the only mode of interaction between the mechanical and optical fields we can , from this,

write the radiation pressure force and its relation to the interaction Hamiltonian:

. hiw dH;
_ ata _ wnt
(F) = Tlala) = — () (42
hwala
Hin =~ — Ac < . 4.
G- (43)

This type of optomechanical interaction creates a dynamical back action on the in-
tracavity fields. The dynamical back action causes the mechanical oscillator’s resonance
frequency to change with the optical field frequency, optical losses, and the mechanical
oscillator frequency. Moreover, these effects lend to the physics of the optical spring. More
information on the physics of ideal OMC and the optical spring effect can be found the
references [19, 24, 15, 35, B6]. One area of study involves the inclusion or consideration
of the cavity end mirror’s response to the amplified radiation pressure. This phenomenon

boasts a rich physics that deeply extends into cutting-edge quantum technology research.
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Intracavity A
optical fields Wy
(F) = ), e

Stationary cavity mirror

Figure 4.1: This figure depicts a cartoon of an optomechanical cavity with two intracavity
fields (red and blue not indications of detuning here) cantilever shaped movable end mirror
here marked pmirror. The OMC that we simulate exhibits viscous dampening due to its
size. A thin rod (acts as a heat pipe) maintains the endmirror’s (mechanical oscillator’s)
temperature. It connects the head of the cantilever mirror and a coolable heatsink. The de-
coherence rate depends on temperature, which we can control in our simulations (Chapters
5-7).
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4.2.1 Optical springs

For a movable endmirror optical cavity, the restoring force for the endmirror with no
optical fields considered to follow Hooke’s law for small vibrations in position from the rest
position. For equilibrium mirror position x = 0 the potential energy of the mechanical
oscillator is Vy(z) = mQ22?/2. Considering the intracavity optical fields complicates the
physics. The mechanical oscillator responds to the applied radiation pressure from the

intracavity circulating fields. Thus, changing the oscillator potential function to:

V(z) = Vo(z) + Vr(@); (4.4)
where Vg(z) = 88% is the potential that comes from the radiation pressure force. Thus,
changing the equilibrium position to zo, where zg = z when 22(z) = —%(x). This

phenomenon can be understood as changing the effective spring constant of the endmirror.
In other words, after considering the change to the rest position of the endmirror, two
springs are acting in series; the original restoring action from the mechanical oscillators
restoring force (with potential V4) and the new restoring action from the optical field’s
force on the endmirror. This is called the Optical spring effect. The new effective spring
constant k. follows:

0V,
k. = mQ? + axfwwzm : (4.5)

This effect gives rise to other phenomena such as bistable oscillation and optical cooling (of
the mechanical oscillator) in the red-detuned regime (w, —w,. < 0), unstable oscillation, and
optical heating in the blue-detuned regime (see reference [24) [19]), and (when considering
the dynamic back-action as well) frequency dependency shifts to the effecting mechanical

dampening and oscillating frequency (see references).
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4.3 The optomechanical Hamiltonian

A salutary approach for understanding the quantum dynamics of a generic OMC begins
with the optomechanical Hamiltonian. Guessing the form from the preceding radiation force
equation and considering the free-photon and free-phonon Hamiltonians. The following is
a Hamiltonian of a 1-dimensional optical cavity with a moving end mirror (cavity length

depends on the position, x, of end mirror):
H = hwe(x)a’a + hwmeanbTb + iBE(eeta — e7iwatal). (4.6)

where a4 and b are the annihilation operators for the intracavity photon field and the
movable endmirror’s phonon modes respectively; E is the carrier electric field, w, is the
frequency of the carrier, and ¢ is time. This Hamiltonian considers the endmirror’s behavior
as quantum, the perhaps more adaptable version of this Hamiltonian is H = hw.(x)ata +
p?/(2m,,) + ihE(e™“~'a — e~*tal). Furthermore, in our work or endmirror has a restoring
force that follows Hookee’s law, this adds 1/2m,w,X’, to the Hamiltonian.

Since the cavity frequency, w,., is dependent on cavity length it depends on the cavity

endmirror’s position operator X:

2 o
wo(%) = 7 IC& =27y (~1)" LR (4.7)
n=0

where L is the cavity length with the endmirror at the “rest” position (x = 0) and ¢ is the
intracavity speed of light. Though there are some interesting and important effects that
call attention to the higher order terms in the series, typically, quadratic and higher order
terms are ignored [37].

So far, the Hamiltonian describes the cavity’s physics, but we are concerned with noise
effects specifically. In systems with sufficient input power versus the mechanical oscillator’s

inertia, the systems can act as a classical steady-state with fluctuations, in that steady-
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state, due to quantum and thermal noises. The quantum noise in the input light drives
the quantum behavior of the cavity. To begin, we assume that the quantum noise in the
optical and mechanical fields can be represented by the quadrature mode operator da such

that the total mode operator a is then rewritten [24]:

a—>a + 0a (4.8)

Furthermore, we can exclude the time dependence terms by switching to a rotating frame
of reference (at frequency w,); since the a'a terms ultimately yield a constant factor of a2,
we omit that factor by reestablishing the pmirror rest position to account for this radiation

pressure constant. The Hamiltonian becomes

2mwoYeh

17 (o) (6a' + 6a)(b" + b), (4.9)

H = h(w, — wp)daléa + hw,,bb —

where .7 (w,,) is a function that accounts for the higher order modes in the mechanical
oscillator (when the sideband frequency, w,,, equals a higher mode frequency the function

goes to zero).

4.4 Correlations in optomechanics

Cavity optomechanics allows for the generation of quantum correlations between the
oscillator and the intracavity optical field [24]. The amplitude variations from each input
field in the OMC induces variations in the end mirror position. The quantum dynamical
back action then imprints those variations onto the intracavity optical field’s phases. Since
both fields receive fluctuations from each other, the output fields are correlated. This phe-
nomenon can present as phase noise in most interferometers. The phase noise is caused
by the fluctuations in input power fluctuating the overall cavity length, which encodes this
noise (or fluctuations) in the outgoing light phase. However, via the application of quan-

tum cavity optomechanics, the phenomena can be exploited as a source for quantum light,
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such as squeezed light [23]. The optomechanical phase noise limited the Laser Interferome-
ter Gravitational-wave Observatory ’s (LIGO’s) measurements. Recently, LIGO upgraded
their facility to include squeezed light to reduce the quantum back-action effects on the
phase measurements (these measurements are critical in an interferometer). This imple-
mentation of quantum technologies significantly increased the overall sensitivity of their
gravity wave detector [38, [39]. These methods involve injected squeezed light to reduce
the effects of the optomechanical interaction but injecting squeezed light can also boost
the quantum behavior of the OMC (see Chapter 6). We should capitalize on a weakness
anytime can be turned into a strength. We have this opportunity with quantum cavity
optomechanics. One of the most interesting of the quantum effects that spawn from the

three-wave mixing in quantum noise-dominated OMCs is the emission of entangled optical

fields from the OMC.

4.5 Research in optomechanical entanglement

Entanglement is the most common resource for quantum technologies, from quantum
metrology [40], to quantum communication [41] and quantum computing [42, 43]. Quan-
tum light sources, in particular entangled sources, require nonlinear interaction [44]. To
date, most of these sources are based on all-optical nonlinear processes in crystals [45],
which are good enough for most applications, but insufficient for applications with very
short wavelengths [46]. Exploring different avenues to generate quantum entanglement is a
consistent topic of interest in the quantum technology research community [47, [11], 10}, [48].
One approach is to use strong light-matter interaction with single atoms [47] or single
quantum dots [I1I]. While this method is very efficient, it is limited to a single entangled
pair at a time. A reliable source of entanglement which does not require a high-intensity
field and provides multi-photon entanglement is still in need.

Radiation pressure — the force electromagnetic radiation exerts on a material sur-
face — is a significant source of noise in optical metrology [49]. The light’s momentum

causes fluctuations in the mirror’s position, yielding phase noise in the electromagnetic
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Figure 4.2: Labeled image of the OMC in LSU optics laboratory. This setup was used to
obtain thermal and quantum noise measurements used in the simulations [19].

wave. However, exploiting this interaction could produce light with squeezed or entangled
light. When an electromagnetic wave is incident on a movable micromirror, it experiences
an optical nonlinearity which can yield squeezed light[50]. The same process can generate
entanglement between the light and the micromirror [14]. However, if two light sources
are used, the entanglement can be swapped such that the two light sources are entangled
[35, [16]. This work numerically evaluates the amount of entanglement produced by simu-
lating two coherent light fields on one micromirror under realistic experimental conditions.
Furthermore, we aim to investigate the entanglement’s dependence on various experimental
parameters like temperature, sideband frequency, cavity length, and loss. Ponderomotive
entanglement is an entanglement generation technique that exploits optomechanical cou-
pling. This coupling is traditionally a noise source in most optical measurements; the
radiation pressure noise. To enhance the effect of the radiation pressure and quantum back
action, we consider a homodyne quadrature variance measurement of two optical output

fields from a single cavity double optical spring; quantum back action is further enhanced
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by utilizing a very small mirror in the cavity (umirror). Here, we report the prediction of an
experimentally feasible parameter configuration that allows for observable entanglement at
room temperature and lower. Furthermore, based on programs and foundations that have
been previously tested and reported [20, [19], we can predict continuous-variable entan-
glement between two Gaussian beams using only one optical cavity and micro-mirror with
realistic losses. These relationships between output entanglement and laboratory param-
eters will be discussed further in the subsequent chapter. Let us next present the theory

behind optomechanical entanglement through the use of the Quantum Langevin equations.

4.5.1 Before the Quantum Langevin Equations

To begin and find the correct form of the Quantum Langevin Equations, we start with
the system’s Hamiltonian.

Commence with the OMC Hamiltonian with the restoring force term and only the
linear term in the expansion for the mechanical oscillator’s Brownian motion w.(X,), and

in the rotating reference frame:
At a faeo 1 At
H = h(wa — wo)a'a + hw,b'd + 57:““2 — hga'ax, (4.10)

where: a'a = n. These will be used interchangeably for the photon fields only unless
otherwise specified, the optomechanical interaction term is Hi, = —hgnx,,, the free pho-
ton component is Hy = hwon, the mechanical oscillator in the simple harmonic potential is
H, = hwuf)ﬂ;ht %muwufci. The Quantum Langevin method describes the how the intracav-
ity operators evolve in time. Therefore, we are interested in the time derivatives of the op-

erators: X, X, Y, p; where X and Y are the optical quadrature operators described in eqn

2.17] Applying Heisenberg’s equations (for arbitrary operator A A = i[H, A+ (%—é)H)
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yields (let x, = X):

i .. P
—lmx=F 4.11
x=[Hx]=—, (4.11)
p = —mwk + hgn, (4.12)
a=ig(l1—%)+.... (4.13)

Using these equations to form the optical quadrature operators and arranging them into
the covariance matrix form will lead to the Quantum Langevin equations and a coupling

matrix K.

4.5.2 Quantum Langevin Approach

The mathematics describing the entangling process that occurs in the cavity are, so far,
best explained by the quantum Langevin equations. Most of the parameters specific to the
optical cavity are contained in the coupling matrix, K. The intracavity fields are considered
within the Heisenberg picture, thus to describe the field’s evolution we must identify the
relevant operators. The coordinate operators of the intracavity field are contained in the
vector u.. To cleanly model the noises in our system we assume the injection of noise in to
our cavity as the addition of a set of noise operators confined to the vector uy, the input

noise coordinate vector. This means:

u, = [q,p, Xer, Yor, Xea, Yea] " (4.14)

uy = [0, Fp, Xn1, Yvi, Xnz, Yaa]” (4.15)

0 I/m 0 0 0 0
—mwfn —Ym FLGl 0 hGQ 0
0 0 —-% —-A; 0 0
and K = . (4.16)
Gy 0 AVEEEE 0 0

0 0 0 0 - —A

Gy 0 0 0 JAVIEEE S
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The mirror resonance frequency is w,,, m is the mass of the movable mirror, 7, is the
cavity linewidth, and G, Gy are the optomechanical couplings; while I',, is the movable
mirror dampening rate. Also, the detunings are A, = —w, + w.(1 — @). When w, is

L

the cavity resonance frequency, the optomechanical couplings can be written as follows:
G, = 2,/ %. With these elements, one can describe in the Heisenberg picture of
quantum mechanics the dynamics that entangle the two Gaussian fields. The quantum

Langevin equations that do so are as follows:
u, = Ku, + uy. (4.17)

To solve this differential matrix equation we can conveniently transform to the side-band

frequency-space:

—iQw, = KU, + Uy (4.18)

— K+ iQIu,. = uy . (4.19)

Here, we have taken u.— > u,, etc..Since our goal is to calculate the variance matrix for
our measurements we can shape the solution for the equation into a form most appropriate
for the calculations by considering the outer product of the intracavity coordinate vector

and the input-output relation for the system. The input output relation is

Aout = \/2v.4. — ay (4.20)
where the quadratures are defined as X = %"‘T and Y = égf‘T. After considering these

equations, the expectation of the outer product of the output field should yield the variance

matrix of the output field; to illustrate we write the outer product of the output field as
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follows:

X:X; XrY; XiX, XiY,
YiX; YY) YiX, YiY
vevi=| T b T (4.21)
XX, XY, XX, XiY,

YiX, Y3Y, YiX, Y3Y,

The Quantum Langevin equation and the input-output relation allow us to (somewhat)
directly write the variance matrix in terms of the coupling matrix, the sideband frequency
(), and the outer product of the input noise vector. Conveniently, the input noise vector’s
outer product with its Hermitian conjugate is also the input noise’s correlation spectra.

Mathematically, from equation [4.19, write,

u, = —[K + QI tuy. (4.22)

Then, let M = [K + iQI]~!, and write the outer product of the intracavity space with its

Hermitian conjugate:

u. ®@ul = M uy ® ul, Mf (4.23)

=M G M, (4.24)

where G = uN®u§V. Next, apply the transformation of u, to v (the output field coordinate

vector). Next, we consider the input-output relation and how it transforms u.— > v:

vV =+/27.u, — uy (4.25)
v v =2yu,@uf +uy ®ul, (4.26)
—/27.(u, ® ul, + uy @ uf) (4.27)
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The first half of v ® v' is a simple substitution to v® vi = M G Mf + G — ...; however,

the next two terms require an additional step to simplify.

u. ® u}r\, =-Muy® u}, (4.28)
=-M G; (4.29)
and likewise for its complex conjugate, uy ® ul, = —G M. Finally, we may write the

variance matrix as a function of the input noise spectra and the sideband frequency as

follows:

vavh) =2y MGM'+ G+ /27.(M G+ G M")) , (4.30)

while recalling V = f((vevl) + (vi@v)).

Also, the correlation spectra is:

0 0 0 0 0 0
0 ’YmQ(cotI:)(ﬂiggT)fl) 0 0 0 0
o 0 1 L0 0
(G) = (4.31)
i1
0 0 -+ 1 0 0
0 0 0o 0 3 &
0 0 0 0 —i 4

Then recalling that M is not a matrix of operators we can simplify to the following:

V = 1/2(27.M(G)M' + (G) + /27.(M(G) + (G)M') + ... ; (4.32)
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which can be further simplified to the following:

V=_@@Q + QI(G)Q) (4.33)
or V= Re(Q(G)Q") (4.34)
where Q = /27.M + L (4.35)

This form can be directly used to calculated entanglement (see Chapter 3).

4.6 Computational methods in optomechanics

When simulating tabletop experiments of effects like temperature-sensitive pondero-
motive squeezing, optomechanical entanglement, quantum back-action, etc., the choice of
theoretical and computational framework is critical. For fast order of magnitude simula-
tions of ideal systems, the Quantum Langevin approach is more than ideal. However, in
long-term experimental projects that require performing several (similar) experiments to
finish the project, then the two-photon formalism adaptation (2PF) by Thomas Corbitt
et al. is the most promising. Both have their strengths and weaknesses, yet preparing
complicated simulations of quantum optomechanics is not straightforward. In both com-
putational /theoretical frameworks, matrices need to be inverted to solve the system. These
matrices are mostly expensive to invert computationally. These computational expenses
imply that higher precision (and in many cases different commands) is (are) necessary to
calculate the inverse accurately. Moreover, the Quantum Langevin (QL) methods are most
advantageous when working with lossless ideal circumstances. In this methodology, the
inversion problems can be mostly avoided by switching to natural units.

However, in the 2PF methods, a different (likely not entirely stable/achievable) param-
eter space must be used to avoid significant numerical instabilities (at losses within two
orders of magnitude see chapter 6 and the appendix were dropping the losses to 1% of lab

losses eliminated the numerical noise that obscured our results).
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Figure 4.3: Qualitative comparison of two parameter sets that differ only in the squeez-
ing parameter set for the light injected into the OMC. When considering more realistic
conditions the simulation fails at strong squeezing strengths r > 1.
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4.6.1 Quantum Langevin

Although it can be well adapted to simulate loss and other laboratory conditions, the
QL approach shines when such complications are not considered. Losses and noises are
tricky to work into these methods because of the QL’s close reliance on the Hamiltonian
and Quantum master equations; in other words, it is more challenging to use such methods

in open systems.

4.6.2 Adapted Two-Photon Formalism

The adapted two-photon formalism is an approach that more easily allows for high
modularity in the simulation programs. Here high modularity means that a program writ-
ten in this framework can be modified more promptly to address major or minor changes
to the simulated experiment. In other words, when the experiment is changed or the ap-
paratus is altered, the code can be readily edited to compensate (this modularity is loosely
captured in figure . Moreover, this approach relies on operator transformations, the
go-to method in photonics. It may be more intuitive to most (especially those without a
strong background in quantum mechanics but with some knowledge of advanced electro-
magnetism).

Furthermore, this method allows for the inclusion of losses and noise easier than the
Hamiltonian methods. The simulation of an OMC with two intracavity fields that both in-
teract with a single mechanical mode. This is depicted in figure These fields only affect
each other through the mechanical mode; thus, the OM coupling is critical to producing

bipartite quantum effects.
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Figure 4.4: Above the prime operators correspond to a second intracavity field. This figure
is a diagram of an optomechanical cavity with (blue) a movable end mirror with fluctuat-
ing position and momentum (x and p). The equations that transform the intracavity fields
in the two-photon formalism are included in the diagram. Here x(w,) are the sideband
frequency-dependent position measurements that our group has obtained. These measure-
ments help incorporate effects like thermal noise and higher-order vibration modes when
simulating the optomechanical cavity. Note that even for two intracavity fields, there is
only a single mechanical mode. Thus, each optical mode couples to the mechanical mode,
which determines the overall interaction between the optical modes.
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Chapter 5
Room Temperature Optomechanical Entanglement

To observe the effect of the quantum back action between the two light fields, we con-
sider a homodyne quadrature variance measurement of two output optical fields from a
single cavity double optical spring with a pgmirror. We examine the experimental feasibil-
ity of observable ponderomotive entanglement in a cantilever ymirror type optomechanical
cavity at room temperature and lower temperature. This work identifies experimental
configurations that will yield observable entanglement using programs, designs, and mea-
surements that have been previously reported [51l 52, 19]. We numerically evaluate the
amount of entanglement and investigate the dependence of entanglement on various ex-
perimental parameters such as temperature, side-band frequency, cavity length, and loss.
This is the first work to consider such realistic experimental conditions in a computational
framework; thus, we predict the efficacy of such an entanglement generation as techniques

develop minimizing losses and noises.

5.1 Methods

5.1.1 Experimental considerations

The experimental setup considered is shown in figure [5.1l This configuration allows
for a stable optomechanical system with no external feedback, which could disrupt the
entanglement. It utilizes a single optomechanical cavity, that (when two optical fields are
input) acts as a double optical spring. This setup will convert the squeezing effects of the
optical spring cavity into entanglement. Measuring this form of entanglement requires dual
homodyne detection to properly measure the squeezing correlations (see Appendix). The
two lasers are frequency locked in order to maintain their relative detunings with respect to
the cavity resonance. The laser fields are arranged with orthogonal relative polarizations.

In order to accurately predict entanglement generation from the ymirror cavity we take
into account: temperature, cavity loss, laser power, and optical spring detunings. Concur-

rently, we restrict the optical detuning to maintain a stable optical spring; while including
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Figure 5.1: Schematic diagram of the proposed experiment. The scheme uses two frequency
locked laser fields that are prepared in two orthogonal polarizations before entering the
cavity. A balanced homodyne measurement is employed to construct the full quadrature
covariance matrix. The scheme utilizes polarizing beam splitters to isolate orthogonal
polarizations.

more realistic models for input noises. Other variables pertaining to the optomechanical
cavity, such as the thermal noise from the pmirror motion (at room temperature), was

taken from experimental data of the same setup [52].

5.1.2 Measuring entanglement

To determine whether or not the output fields are entangled we need to choose a con-
venient measure. The main measure we will use here is the logarithmic negativity entan-
glement measure [53], 31]. The variance matrix assembled from the quadrature operators

will be the main output to measure.

Logarithmic negativity

The logarithmic negativity is useful for measuring continuous-variable (CV) entan-
glement and is monotone for Gaussian beams (see appendix for an alternate entangle-
ment measure and results). The information-theoretic meaning of logarithmic negativity
in terms of exact entanglement cost of quantum Gaussian states was established in [54], [55].

Conveniently, the logarithmic negativity can be calculated from the variance matrix (see
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equation (3.2 [56]:

En = max][ 0, —ln\/2n—2 n? —4detV |,

where 17 = det Vi1 + det Voo — 2det Vs.

5.1.3 Computational resources

While the quantum Langevin approach is more convenient for an analytical approach,
to experimentally and computationally develop a simulation, sideband operator propaga-
tion is preferred; due to its more intuitive treatment of the optics and higher modular-
ity [22, 29]. The simulation assumes an input field and cavity configuration specified by
some parameter configuration ¢ and outputs the homodyne measurement of the quadra-
tures. It solves for the output quadratures via successive transformation of the input
sideband quadratures. To calculate the effect of the micromirror on the input sidebands,
measurement data from previous work with the optomechanical cavity is used to simulate
the cantilever’s effects. These data allow our simulation to consider the cantilever’s higher
harmonic modes’ effect on the entanglement.

These programs are written to calculate the entanglement measures over different pa-
rameter spaces. There are nine adjustable parameters; highlighted in the table [5.1 Past
experiments identified configurations that would yield observable single mode squeezing for
a single incident beam. These results narrowed our search for optimal parameters (more

on these methods in later in the chapter).

5.2 Results

The last column in table represents a parameter set that generates the highest
logarithmic negativity and stable optical spring. After the simulations are preformed the
output is used to calculate the variance matrices and entanglement measures. All subse-
quent figures will use the parameters in the table above unless otherwise specified. For

example at room temperature and frequency of about 20 kHz, the program predicts an
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output variance matrix,V where En(V) = 0.104 and where:

1732 —-51.38 —21.06 —14.80
—51.38 156.2 63.76  45.07
—21.06 63.76  26.61  18.47

—14.80 45.07 18.47 13.54

(note that unsqueezed shot noise would have a variance matrix of %I where I is the identity

matrix).

Table 5.1: Set of variable simulation parameters, and a stable configuration that yield
non-zero entanglement.
Stable laboratory parameters &,

Parameter Notation | Stable and Ey # 0
Temperature T 295K
Circulating carrier power P 0.2816W
Circulating subcarrier power Py 0.2238W
Loss Ly 250ppm
Carrier detuning dy 0.3
Subcarrier detuning dsy —-1.5
Quality factor Q 17000
Cavity Length L, 0.01m

Further analyzing the entanglement yields, we found that the Ey was maximum at
20kHz for the above parameters. This maximum appears to decrease slightly in frequency
as temperature decreases as shown in figure [5.2] In the figure, the sharp drops to zero Ey
are at the resonance frequencies of higher order mechanical modes of the cantilever.

Not only is the double optical spring cavity capable of entangling the two fields, it is
able to do so at room temperature. Cooling the micromirror increases both the degree of
entanglement and the frequencies over which it is produced. However, there is no significant
advantage to cooling the micromirror below 4K, for frequencies of 1kHz and above. This
is a result of the thermal noise being pushed well below the quantum back action level, as
shown in figure 4. At about 4K, the logarithmic negativity maximizes at approximately

En = 0.2 at frequencies above the yaw resonance at 4.3 kHz. Furthermore, the figure shows
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Figure 5.2: Logarithmic negativity measure (Ey) of the two output optical fields as a
function of temperature and frequency. Conveniently, these parameters yield entanglement
at room temperature for a range of frequencies. The sharp drops in Ey are due to the
higher order optical spring resonances of the cantilever micromirror (yaw resonance at 4.3
kHz and translation and yaw 54 kHz are the most visible). Top and bottom most dotted
lines indicate 295K and 4K respectively.

that the predicted entanglement closely follows the results of the ponderomotive squeezing
experiment, which also maximized at a frequency of about 20 kHz at room temperature [23].

More promise for this method is inspired by the results displayed in figure |5.3] Even
when realistic noise and losses are considered the entanglement persists. Lower losses
also aid the entangler; figure [5.3| shows the entanglement increases as loss decreases. The
behavior of the classical to quantum noise ratio well follows that of the entanglement at all
temperatures.

To maximize entanglement we consider changing the optomechanical cavity length.
Figure [5.4 shows the dependence between cavity length and Ey. Together figures and
5.5| pertain to the fundamental concepts behind optomechanical entanglement generation.
The cavity length changes due to the input laser power. This has quantum fluctuations

due to the Heisenberg uncertainty principle. This creates a fundamental uncertainty in
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Figure 5.3: Ey vs Loss and frequency at room temperature. Encircled black region denotes
absolute zero logarithmic negativity. For small changes in loss the maximum FE is relatively
constant. The three higher order harmonics are all visible here: yaw,ya-transverse, roll-
transverse. The yellow line indicates current experimental losses.

the overall cavity length, which in turn strongly effects the properties of the output light.
This technique manipulates quantum radiation pressure noise into an entanglement source.
When this noise is greater than the classical noise, in this case thermal noise, the entangle-
ment should thrive; figure [5.5] confirms this. Furthermore, entanglement will be limited if
the cavity length fluctuations are too small relative to the overall cavity length. Moreover,
the dampening effects become more dominant as the cavity length increases thus widening
the resonances that destroy entanglement as shown in figure [5.4l

We would like to quantify how difficult it is to experimentally verify the existence of
the simulated entanglement. We simulate a noisy variance matrix measurement by creating
a set of variance matrices normally distributed about the initial output variance matrix at
each frequency. (While we shall only show the experiments noise sensitivity as a function
of Gaussian spread and frequency, it is possible to vary any of the parameters in the table

for the noise analysis) The resulting entanglement uncertainties are plotted in figure .
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Figure 5.4: Logarithmic negativity versus the cavity length for different ambient tempera-
tures at 20kHz. No benefit to entanglement generation will be seen when cooling below 4K
(unless operating at the cantilever’s higher harmonic frequencies). Furthermore, cooling
below 1K avoids losses to entanglement due to harmonic effects the cavity length effects on
the entanglement (the drop at 10cm) are present at all temperatures. Entanglement does
not improve at cavity lengths shorter than Imm.

With measurement certainty on the order of 1% the output noise in the measurement is
several times that of the expected maximum entanglement. When measuring at or near

the peak Ey frequency, the double homodyne precision must be on the order of 0.1%.

5.3 Simulating the optomechanics

This project’s simulations required a mathematical framework (we refer to as the
adapted two-photon framework) that developed from the two-photon formalism by Caves
and Schumaker. This approach solves for the propagating fields in an interferometer via
the input-output equations that pertain to each constituent optic in the interferometer.
These methods are described in detail in the reference [22]. Here we give a more abstract
overview of the process.

Let a equal a column vector of sideband annihilation operators in the adapted two-
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Figure 5.5: The ratio of quantum to thermal noises in the system (see appendix for calcu-
lation). The Logarithmic negativity result at room temperature (295K) has been included
to show agreement.The early decrease of the Fy with respect to the noise ratio is due
to losses. While this confirms our hypothesis about the quantum radiation pressure noise
working in opposition to the thermal noises to yield entanglement, in conjunction with our
other results it also shows that such an entanglement generation technique heavily relies
on the other experimental parameters as well.

photon formalism specific to our considered experimental setup in fig. [22]. For our
specific experimental setup there is a corresponding matrix M such that the following is

true for each particular parameter configuration &:

M(1,1) M(1,62) &

Ma= =1, (5.2)
M(62,1) M(62,62) g2

such that & = Vo + 1o ; (5.3)

where Vo and lg are column vectors corresponding to vacuum and input laser sidebands.
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Figure 5.6: The effects of Gaussian noise in the double homodyne measurement in the
resulting negativity. This was done by creating a normal distribution of variance matrices
and calculating the standard deviation. Due to the numeric instabilities in the entangle-
ment measure, entanglement verification requires high precision measurement of the output
quadratures (about 0.1%) (67% confidence interval); the logarithmic negativity is highly
sensitive to Gaussian noise. The grey shaded region denotes the uncertainty in the output
entanglement. All parameters for this calculation match those in the table previous.

Furthermore, elements of the vector a are the annihilation operators for the sidebands with
out vacuum noises and laser input. In figure [5.7], the noiseless sidebands are named the
critical sidebands. As is explained in the figure, calculating the fields and the homodyne
measurement simulation requires the inversion of a 62x62 matrix. This is one of the
differences between the traditional Quantum Langevin approach and the two-photon re-
formalism approach. The two-photon methods allows for the development of more robust
programs. These programs are more intuitive when including losses, noises, and changes

to the experimental apparatus in the computations.

5.3.1 Noise ratio calculation

This technique solves for all fields in the optical apparatus, so it is convenient for our

calculation for the quantum to thermal noise ratio as well. To begin we assume that the only
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Figure 5.7: The program calculates the transformation matrix for the sideband operators
(a;).Since there are 15 fields with each having an upper and lower annihilation operator for
a single field input the program calculates (considering losses and input noises) and inverts
a 30 +2 by 30 +2 transformation matrix. For the two input fields case the matrix is 60 +
2 by 60 + 2

significant thermal noise source is in the variance of the ymirror’s expected position. Next,
we sum the total quadrature noise directly from the homodyne detection; then, divide by

the thermal noise’s contribution to the double homodyne noise detection. Mathematically,

_ total input quantum noise measured.

Qn =

5.4
total thermal noise measured (5-4)

for a single coherent input this can be written in the same terms used in figure To
begin let there be two vectors u and v such that the elements of u are the matrix elements
M~(19,1), M~*(19,6), and all other elements in between in the same row (in MATLAB
v = M~1(19,1 : 6)); and where v are likewise but in between the elements M (X, 1),

M~Y(X,6). Then,

Qn = \/ L)+ R E M9, 1) A9, IO 5.5

AIMHX, X2 ’

where L takes the vector and assigns a function to the proper elements that correctly

accounts for losses (in other words it multiplies elements that correspond to the fields a,
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Figure 5.8: All other parameters match the table. Due to the entanglement measure we
see non-Gaussian noise output in certain frequency and temperature combinations.

and az by ﬁ where [ is the Loss parameter in table . The result of this calculation

for each sideband frequency graphed in figure [5.5

5.3.2 Gaussian noise and the logarithmic negativity

Logarithmic negativity cannot be less than zero. So ensembles with high separability
have the same Ey as those with lower separability as long as their n_ values are less than
zero (see Chapter 3). Figure shows how this effects Gaussian noise analysis. Injecting
Gaussian noise into our simulated dual homodyne apparatus we often found non-Gaussian

statistics in the measurements of Ey.

5.4 Project conclusions

All optical circuits and devices are subject to quantum radiation pressure effects. These
effects correlate incident light; which implies potential for new entanglement devices. The
effects are strong enough to be manipulated into generating bipartite optical entangle-
ment. Moreover, this entanglement persists at room temperature with realistic losses, sta-
ble optical spring detunings, and accessible circulating powers. With experimentally stable

parameters, we predict a maximum logarithmic negativity of Ey = 0.2; while considering
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parameters close to reported experiments yields average logarithmic negativity of Ey = 0.3
(with about 1% measurement certainty) which agrees with the results reported there [9].
Furthermore, we found that entanglement is highly temperature dependent. While low-
ering losses could enhance entanglement, we have shown that the current loss levels still
allow for entanglement. Although, predicted entanglement persists despite realistic noise
and higher mode considerations, the sensitivity of the system to Gaussian noises presents
a significant challenge to experimental realizations. Further optimization may be required

to achieve accessible entanglement output.
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Chapter 6
Boosting Optomechanical Entanglement with the Injection
of Squeezed Light

Upon further application of the adapted two-photon formalism, we extend our knowl-
edge of optomechanical cavities as a quantum optical entanglement device [I3]. Previous
work computationally demonstrated middling entanglement output when two laser fields
are input. Moreover, the computational and experimental squeezing results are further
evidence of a lack of "quantumness” in the OMC. We desire a method to enhance these
quantum effects. Amplifying the squeezing effects should enhance its quantum effects. It is
unlikely that the overall increase in usable quantum output, for even a large increase in the
quantum to classical noise ratio, would be marginal; as it was in Chapter 5, where cooling
below T" = 4 the increase in the output Fy was marginal. OMC could be more useful if
we could enhance these effects; it would also be convenient if these devices could gener-
ate much more entanglement. Investigating all options is necessary to grasp the utility of
optomechanical cavities in quantum technologies fully. In a first attempt to amplify these
quantum effects, we consider the room temperature simulations’ results. The project in
Chapter 5 found that the quantum to thermal noise ratio was a good indicator of the OMC’s
?quantumness”. When the ratio was high, entanglement (for dual input) and (for single
input field) squeezing were output. Thus, to increase the quantum effects in the OMC, we
must first need to somehow increase the quantum noise in the cavity. One possibility is to

inject states with higher quantum noise, for example, squeezed states.

6.1 Squeezing

Adding squeezed light in OMC optical circuits has been demonstrated, both theo-
retically and experimentally, to dissipate the negative OM effects that obscure measure-
ments of phase in interferometers, that impede optical cooling of the mechanical oscillator,
etc. [57, B8, 59, 60, 61]. Here, we attempt to use squeezed light to enhance the OM ef-
fects. Specifically, we look to increase the output bipartite optical entanglement produced

in the OMC. First, we recall from our previous work that two coherent states input into
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the cavity may yield bipartite entangled optical quantum states. This entanglement is due
to the optomechanical interaction. The quantum fluctuations of the two input beams are
imprinted onto each other since both fields interact with a single mechanical mode. The
interaction Hamiltonian, with the higher-order terms in the mirror’s x quadrature dropped,

is recalled from Chapter 4 as the following:

A

This term also plays a significant role in enhancing the output squeezing when squeezed
light is injected into the OMC.

This enhancement of quantum noise is also what enables these devices to produce
entangled light from coherent inputs. Furthermore, as the squeezed light injection enhances

output squeezing, squeezed inputs also enhance output optomechanical entanglement.

6.1.1 Squeezed coherent input

We predicted enhanced response and increased optomechanical cavity effectiveness
when the input states are squeezed coherent light.
Let us assume we have included in out table top system a black box single-mode

squeezer. Our input state is then written as follows:

€4, 04); = S1(€4)Di(a) 0), - (6.2)

Considering the interaction Hamiltonian above, we can calculate the time propagation
of the squeezing in the intracavity quantum state via Heisenberg’s quantum equation of
motion [62].

In the single-mode simulations, we find that the optomechanical cavity can enhance
the single-mode squeezing strength. This effect is seen mathematically from the following

commutator (for the common first order approximation in phonon position quadrature
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Figure 6.1: Above are the simulation results from the single single-mode coherent state
input (r = 1.1). Squeezing is present where the output is below 0.

operator Xu)3

[H0,S;(6)] = —¢S;(20)X,, (6.3)

where ¢ = re®.

6.2 Enhancing output entanglement

The high quantum to thermal noise ratio is a feature of OM cavities with novel output.
A cavity whose intracavity noise is quantum dominate can yield squeezed light or entangled
light with one or two coherent states at inputs. Injecting squeezed light into such a device
will further increase the quantum to thermal noise ratio. Since the quantum to thermal
noise ratio should increase, the squeezed light injection should yield larger output squeezing

for the single input field and higher logarithmic negativity for the two field cases.
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Our input state

(€4, aa)y (€8, )y = S1(8a)D1(a)S2(€5)Da(as) [0), 10), - (6.4)

Considering the interaction Hamiltonian of the form,

A~

Hipy = g(hy +12)X,, - (6.5)

we calculate the expected intracavity quantum state via Heisenberg’s quantum equation of
motion.

For &4 = &g = £ the following form is found within:

my [26)1 [§); +m2 [§),|26), (6.6)

where mq, and my are functions of temperature, squeezing, and miscellaneous experimental
parameters and conditions. More specifically, part of the intracavity field is entangled
only due to the non-zero input squeezing parameter, £. Mathematically, writing the time

derivative of the squeezing operators with respect to the full optomechanical coupling;

==él(fA)SQ(gB)‘+’S1(§A)é2(53)7

= (S1(264)S2(68) + S1(64)S2(288) — S1(€a) — S2(€8)) - (6.7)

(1

[

6.2.1 Calculating changes in the output entanglement

Since our final output state will host a pure state of the form written in equation [6.7}
the squeezing parameters that yield optimal entanglement are calculable. Next, assume a

pure state [¢), such that

V) = |Z) = mu[28a), [€B)y + M2 |€a), [26B), - (6.8)
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The above state is a Gaussian state when &4 = £p; it is a Gaussian state for most
combinations of {4 and {g; its (positive) Wigner function is written, using the wavefunction

from equation [2.22] in the appendix. Then, the density operator becomes the following;

p= ) (W = (6.9)
[ ?126a), [€8), (€, (26l +
[mal? [€4) 1 1268), (2615 (€al, +
mamy [26a), €8)5 (2855 (€aly +

mima |€4)1 |128p)5 (€8l (28al; -
Which inspires the following form of the logarithmic negativity:
En(p) = inllo" || (6.10)

For a complete basis, we use the photon number basis; so we must recall

1 1 .
o, &) = (coshr)_l/2 exp {—§|a|2 — —a*?e tanhr| x

>

n=0

(%ei 9 tanhr)"/?

Vn!

H,[y(e" ! sinh 2r)~Y?] |n) .

The method above is an alternative to finding the quadrature covariance matrix; this
may be easier to solve for the entanglement dynamics. First, we note G & K and start

solving for the elements in the covariance matrix for a state (see Chapters 2 and 3). Note
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that the quadrature covariance matrix is of the traditional form

(Xi" X)), (Xi'M), (Xi"Xe), (Xi'Ye),
V — <}/1*X1>+ <}/1*}/1>+ <}/1*X2>+ <}/1*}6>+ (6 11)
(Xo"X1), (Xo'V), (X" Xo), (Xo'Yo),
<Y2*X1>+ <Y2*Y1>+ <Y2*X2>+ <Y2*Y?>+
were (u'v), = M, or in block form:

Vir Vio
V= : (6.12)

Vor Va

Using what we know already we can attempt to write the variance matrix by using the
density operator: Tr(pX,;Yy) = (X;Y}).

For the state above, these quadrature operators transform with respect to a squeezing
operator S; to transform these operators calculate Xj = STX]-S. Of the 16 terms in the
covariance matrix, the four diagonal terms are (somewhat) trivial, and six others can be
calculated directly from the remaining six. Therefore, we only need to calculate six terms

to construct the matrix

Xij = cosh r; cosh rkf{jf{k (6.13)
1 z . 2 .
+ g sinhry sinh (e, DE(e™, 1)
1 ~ 2 .
+ 3 cosh r; sinh Tkafk(629k7 1)

1 2 N
+ 3 sinh 7 cosh i f; (€%, 1)X, ;
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and

Xij = cosh r; cosh rkaYk (6.14)
= sinb s sinh gy (e, DR 1)
+ % cosh r; sinh T‘kxjfk<ei9k’ 1)

- % sinh 7; cosh £ (€%, 1) Y}, ;
these are 5 of the 6 required calculations the final one is the following:

YJYk = sinh r; sinh rijYk (6.15)
L inh r; sinh ryd (69, 1), (¢
— ysinhr;sinhry (e Dy (e*, 1)
+ %Sinh r;sinh 7, Y £ (€% 1)

— %sinh rjsinh rkfj(ewj, 1)Yk ,

for j=1and k = 2.

Next, we consider these transformed operators acting on a pair of squeezed states with
squeezing parameters & and &. After the transformation, the leftover quadratures are the
quadrature operators for a vacuum state (should produce the same overall variance matrix
as the coherent states). Let us begin by writing Vj; for the super-¢ state. This is similar
to calculating G for this case in the QL approach (see next section) but with different (or

more specific) squeezing parameters. Thus, Vi, is the following (before symmetrization):

R %647"% + 2sinh 47, cos 6, 1 — sinh4ry sin 6,
(1) = , (6.16)
5 — sinh 4r; sin 6, % sinh? 27, (1 + isiné;)
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furthermore,

2 . ; . .
%e’é + 2 sinh 2ry cos 0, 5 — sinh 27y sin 6,

(822) = _ ; (6.17)
i —sinh2rysinfy,  1sinh®ry(1 + isinfy)

where (g15) = 0 and (G) = (g) + (d); additionally,

) gu & . Oy O
5 11 812 5_ A11 A12 (6.18)
g1 822 021 022
next,
1 2 . i . .
. =e" + 2sinh 2r; cos 6 L —sinh 2r; sin @
@uy= | * e e (6.19)
5 — sinh 2r; sin 0, % sinh? 7, (1 + isin6,)
furthermore,
. 1edr3 4 98inh 4ry cos 0, i _ sinh 4ry sin 6,
(Op)= | ? . (6.20)
5 — sinh 475 sin 0, % sinh? 27y (1 + i sin 6y)

The process written above follows Xj = STX]S which, in Heisenberg picture, is essen-
tially rewritten using commutator relations as Xj => STQOj; where Oj is some arbitrary
operator that is yielded from the commutation of Xj with Sj [44]. However, when trying
to measure the entanglement of the super ¢ state one must calculate terms such as X]Xk
to write the super-¢ covariance matrix.These terms are equal to gjnf(jf(kén, where m and
n indicate the two squeezing parameters, are dependent on two different squeezing param-
eters when m # n. Details of this calculation are in appendix. Those calculations show

for ¢ = 2¢ that ST(¢)S(€) = S(2¢)1, effectively multiplying affected variance matrices by

_1
cosh 2r”

Ultimately, we end up with a sum of 4 matrices as our unsymmetrized variance matrix. (
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for the €A = 263 = 25 C&SG) Mll ]_ + Mgg ]_ + M12 + M21 The fOHOWiIlg

cosh 2r cosh 27 °

alternative approach provides more insight into the four terms here.

an alternate approach

The approach above is precarious in notation and handling of the complications due
to the squeezing amplifications. Below is a more formal yet hopefully equivalent method-
ology. The goal in this section is to calculate the terms in the quadrature variance matrix.
To begin, let @(91) represent some arbitrary quadrature operator of the j* mode with

quadrature angle 6;; then, any arbitrary covariance matrix element is the following:

Vi, = S1(s161)Sh(5362) 6;(6;) 61(61)S1 (57€1)Sa (s362) (6.21)

where \7](2 is an element of one of the unsymmetrized variance matrix that sum to the
unsymmetrized variance matrix V (V = 321, V@) before taking the expectation values;
the superscript ¢ is ignored for now. Due to the lack of commutators between different

modes, this element can be written as
HSE 1& ﬁg 9@)8@(82&) . (6.22)
¢

Next, depending on 6, the quadrature operator O can be either X or Y, so to solve

our covariance matrix we need to calculate S}(s{€,)X;Sy(s5¢,) and S§(s$€,)Y,Se(s5€0).

S} (s1€0)Se(s580)SH(s56) X eSe(s56) = Si(s1€0)Se(s560)7a(55E0) (6.23)

where 4, (s5¢) = 3[(cosh sir, — e sinh s§ry)al + (cosh s5re — e 7% sinh s7,)a]. In this work

the terms s}* are ether 1 or 2. Following the calculation in Appendix A.1, eqn becomes

ST((s1 — s5)&)Aa(s5€0) (6.24)
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(when we restrict s* to 1 or 2); likewise for S}(s{&,)Y,S.(s5¢,) we have
SHs18) YrSe(s2€) = SI(s1 — s2)€0)7u (38) (6.25)

and 9, (s5&) = %[(cosh sir,+ €™ sinh shry)al — (cosh sjr,+ e~ sinh shr¢)a]. A more general
form would be SE(&@)YzSe(fw) = S;(ﬁlg — &0)Ay(s5&). Ether way the difference between
the two squeezing parameters ,&1p — E9p, should be known to expedite the calculation in the

appendix Appendix A.1.
6.2.2 Squeezed input with the QL method

The Quantum Langevin method allows for the same setup as the initial unsqueezed
OM entanglement cases. All that changes are the input noises. Since the coupling matrix
does not change for lossless squeezing, we only need to consider alterations to the input
noise spectra (G). For this calculation, we lean heavily on the results of the transformed
quadrature operators above. Mathematically, each element of the noise matrix is a term of

similar form to (XjYwalaQ; so we write them here

(X;Yi)asar = (coshr; coshr, X; X (6.26)
1 < . 2 .
+ g sinhr sinh s (e, Dfi (e, 1)
1 a2
+ 3 cosh r; sinh Tkafk(elgk’ 1)

1 L .
+ 3 sinh r; cosh rkfj(ewf, DXk)aja
assuming we can average with respect to 0,0, instead of ey we note: X [0) = 1/2]1),

F(u,1)0) = w|1) = £(u, 1)]0).

For single-mode correlations, the intra-mode quadratures are non-zero, yet the inter-
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modes are zero; thus,

~

<§§ij>00 = (d;x(coshr; cosh 'r’kaXk + ;lsinh r; sinh rki'j(eiej, Dfy (e 1)
+ %cosh r; sinh rka%k(eiek, 1) + %Sinh r; cosh rk%j(eiej, 1)Xk))00

= {(cosh? 735(%00 + é sinh? rﬁ'}(ei%,1)2fk(ei9k,1)>00

+ <% coshr; Sinhrij%j(eiaf, 1))oo + (% sinh r; coshrj:fj(ewﬂ', 1)Xj))00

= 1/4cosh®r; + ;lsinh2 rj + %cosh rjsinhr;e® + %sinh 7jcoshrje
— i(cos.h2 r; + sinh? r;) + sinh27r;(cos6;)

1
= Z¢” + sinh 2r;(cos6;) .

4
Next,
<§§ij)00 = (coshr; cosh rkaYk - isinh r; sinh T,;fj(ewj, 1)fk(ei9’*’, 1)
+ %Cosh rjsinh rkf(jfk(eiek, 1) — % sinh r; cosh rkfj(eiej, 1)Yk)00
= cosh®rji/4 — isinh2 Ty + icoshrj sinhrjewf — isinhrj Coshrje’iej
' 1
= % — §sinh2rj sinf; ;
and lastly,

A

A NN 1 A a o
<Yij>OO = <SiIlh ] sinh T’ijYj — Z sinh T sinh ijj(e“gj, 1)fj(€wj, 1)
+ % sinh T sinh Tijfj (€i9j, ].) - % sinh T sinh rjf'j(ewj, ].)Yj)oo

1
= sinhr;sinhr;1/4 — Zsinhrj sinh7;(—1)
i'h ik i g, i'h i i,
+  sinh7;sin rj(—§e ) — 5 sinhr; sin 7"]-(—56 )

1 1
=3 sinh® r; + (Z)(sinh2 r;)(2isiné;)

1
=3 sinh? (1 + 4 sin 0;)

99

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)



The first optical sub-matrix for the correlation spectra for squeezed coherent state input

is the following;:

R Lert 4 92sinh 2r; cos i _ ginh 2r; sinf
Gy =|° R T (6.39)

f—sinh2rysing;  Lsinh®r;(1+ising;)

Since the coupling matrix does not change when adding the lossless squeezing, we only
need to consider alterations to the input noise spectra (G). The optical only elements for

the correlation spectra for squeezed coherent state input are the following

(G) =
A2a+Bia*?+A1B1(2]al?+1) i(B2a*?2—A2a%2+A1B1)-1 0 0
2 2
_i(B%a*2—A%a2+AlBl)—1 —A2a—B2a*?+ A1 B (2]a)?+1)-1 0 0
2 2
0 0 A2a+B2a*2+ A2 Ba(2|al?+1) i(B2a*2—A2a%+A5Bs)—1
2 2
0 0 _i(B3a*?—A2a%4A45By)—1  —AZa—B3a*2+4:Bs(2]af*41)
2 2

where A; = coshr; — e i sinh rj and B; = coshr; — % sinh T

The simulations correspond to the theoretical calculations. The figure shows that
the super-¢ state creates entanglement that is periodic in the squeezing angles (with the two
angles sharing the same periodicity in Fy). Since the simulation results more so consider
the realistic output from an experimental apparatus, the results plotted in figure more

so correspond to the expected behavior of the output entanglement.

6.2.3 Single 2-mode squeezed input

We expect that the cavity would have a similar effect on two-mode squeezed displaced
states. Figure [6.4] confirms this hypothesis. The cavity, with a particular combination of

input squeezing parameters, outputs completely disentangled light. It appears to act as a
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Figure 6.2: The simulation shows the same two-mode periodicity due to the dependence
on two squeezing angles. This dependence is consistent with our presented theoretical
results of the super-§ state. The maximum output Ey is about unity and is the same
for 2 one-mode squeezed and 1 two-mode squeezed input cases. For this simulation the
squeezing strengths are r; = ro = 0.8, and the temperature is set to 4K, see table for
other parameters used. The maxima occur when input squeezing angles are odd integer
multiples of 7/2 and minima at even integer multiples of 7/2.Interestingly, the maximum
Ey for ri =1y =0.5is Exy = 6.5, only slightly lower than the r; = r, = 0.8 case
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En in arbitrary units

\

Figure 6.3: Above is a qualitative plot of logarithmic negativity of a super-{ state as a
function of the common squeezing angle, 8; = 5 on the left and the logarithmic negativity
of the state calculated from the quantum Langevin equations. This result shows that these
states boost the entanglement in the same regions as those in the computational results.
The double-angle dependence has been removed to better compare to the simulation results.
The discrepancies in the theoretical calculations and the simulations are likely from the
entanglement measure. The logarithmic negativity is not necessarily monotonic for non-
Gaussian continuous variable states, and the super-¢ state is non-Gaussian for some cases
where the input squeezing angles are not equal(see Appendix. The entanglement
boosts in the figure affirms the production of the super-¢ states within the optomechanical
cavity. Despite a drastic difference in parameters, the maxima in Ex boosting are still at
the same relative input squeezing angle and periodicity (integer multiples of 7).

Ey in arbitrary units
a1

0 m

detangler for displaced two-mode squeezed states. The entanglement enhancement effects

are also limited to about Ey = 1.

6.3 OMC device efficacy

Optomechanical cavity-based entanglement generating devices with unsqueezed coher-
ent state input yields output entanglement. However, it is not efficient enough to rival
two-mode squeezed vacuum entanglement generation methods. The next step is consider-
ing light that has some squeezing before inputting into the OMC. The sections above show
much higher output entanglement, yet these yields are not competitive for strong squeez-
ing. The disparaging entanglement yields are clear from comparing figure to figure |3.2]
However, in the squeezing strength range of » = 0 to r = 0.2, there is some advantage in the
OMC methods over the traditional methods of optical entanglement generation (see figure
6.7). The OMC method always outputs at least some entanglement, unlike the two-mode

squeezing methods, which see an output Ey of zero for » > 0.4.
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Figure 6.4: Above are the results of the two-mode squeezed coherent input. Each plot is
of the same results over different input squeezing parameters. The output Ey is strongly
dependent on the input squeezing angle. Output entanglement peaks (Ey = 1) at integer
multiples of 7 with a squeezing strength of about 2. Temperature is set to 4K, and the rest
of the parameters follow table [6.1] The color scale is rest for the plot encircled in black.
The grey boxed plot shows that the peak in output Ey is asymptotic in input squeezing
strength 7.
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Figure 6.5: Above plots correspond to the dual single-mode squeezed input case with
r1 = ry = 0.8. In the previous chapter, the quantum to thermal noise ratio greatly
determined the cavity’s entanglement output. Here this still holds, but the overall increase
in entanglement is much less than when unsqueezed coherent light is input (see figure .
In the two plots, the quantum to thermal noise ratio is maximum at the squeeze angles
where output entanglement is maximum (at about (nw/2,nm/2) where n an arbitrary
integer); seemingly, in direct contradiction to the results from our last project. However,
note the boosted quantum noise in the injected field. Then, the quantum to thermal
noise ratio is always above unity. Thus the output bipartite entanglement could occur
at any squeezing angle. What this plot likely hints at is the tripartite optomechanical
entanglement (between the two propagation optical modes and the mechanical oscillator)
at the maximum ratio squeezing angles combination.
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Figure 6.6: This is a plot of the entangled pairs per mode versus the input squeezing
strength and temperature for two single-mode squeezed inputs. The squeezing angles are
set to yield a maximum FEy (see appendix for two single-mode squeezed squeezing angles
plot for lab parameter space), and the other parameters are represented in table A
notable feature is the maximum entanglement here is at T=1K (which is trivial) and when
r &~ 0.5. These results hint that OMC may have even more possible applications versus
conventional methods at low input squeezing strength.

However, while these advantages will vary with system parameters, the overall benefit
to entanglement is slight. This benefit to entanglement is seemingly in contrast to the large
increase in the quantum noise (see figure . The expectation is that the quantum noise
drives (or is an indicator of) the optomechanical entanglement. Figure shows large
quantum variances that are at most two orders of magnitude higher than the unsqueezed
input variances (figure , yet the output entanglement is only weakly boosted.

Entanglement production efficiency output by these devices is low. Even with cryo-
genics, squeezed light input, and ultra-low losses (here, this means losses two order of
magnitude below current laboratory operations), the maximum output Ey is about unity.
There should be some applications that can take advantage of this specific system’s broad-

band capabilities (table [5.1]) . In the paper by Deng et al., the number of entangled pairs
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Figure 6.7: In this figure, entanglement at peak squeezing angles odd integer multiples of
7/2 and 7/2 versus squeezing strength. This calculation is done using the LSU parameter
set, except temperature is set to 4 K (see table . These results can be compared to
figure to see efficacy arguments at small squeezing where the methods described for
figure 3.2 yield Ey = 0.

per second that these systems overall output per second is Exr where [63],
1 o0
Enp = / Ex(9)d | (6.41)
2 Jo

We can consider all output sideband frequencies for some applications when comparing
the entanglement output (see appendix for frequency-dependent plots with squeezed light
injection into the OMC). Another factor that directly affects the output entanglement is the
mechanical oscillator temperature. This variable is difficult (and expensive) to control and
is not an issue with non-optomechanical entanglement methods. With this in mind consider
figure[6.6, Which plots the integral’s result versus input squeezing strength and mechanical
oscillator temperature. Surprisingly, the actual output bipartite optical entanglement rate
peaks at vy = ry = 0.5.

The squeezing enhancement results show slight promise for future utility. In section
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Figure 6.8: Another look at the squeezing results from the single-mode input simulations
(similar to figure . Here input squeezing strength is » = 0.5. The overall squeezing
is much greater for squeezed input than for an unsqueezed coherent state. This would be
an interesting mode of application for these devices if the output squeezing limitations can
be overcome. For increasing input squeezing strength, preliminary results show that the
marginal output is squeezing decreases.

6.1.1, it appears OMC-based device could be designed to output squeezing on the order of
2Nr where N is the number of OM cavities (in series) (see equation and r is the input
squeezing strength. This application is most likely limited to small input squeezing only
r < 0.4. Our current results show limited output squeezing for increasing input squeezing
strength. More study is necessary to determine feasibility even for the small squeezing
applications.

OMC devices could have useful applications in entanglement swapping [24]. The most
exciting platform for examining the entanglement swapping applications is that of non-
Gaussian inputs here; we can more easily study Gaussian inputs, so we include entangle-
ment output results from two two-mode squeezed coherent inputs though these results are
preliminary, they are included in the subsequent chapter.

Future application investigations should include quantum network /internet-related ap-
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Figure 6.9: This diagram depicts the main calculation in the simulation. The functionality
is the same as figure but with a lossless black box squeezer that adds two additional
fields to the calculation. This diagram best describes the two single-mode squeezed coherent
state input scenario, yet the two-mode squeezing case is the same but without the field a_;
and only one squeezing parameter &.

plications (like entanglement swapping), non-Gaussian input applications, and quantum

noise-based metrology devices.

6.4 Computational methods

Most of the computational framework from our previous project was preserved for this
work. Ultimately, the edits where just the addition of the matrix . and the addition of 1-2
quadrature fields (in figure these fields are ag and a_;). Here the matrix .% describes

how the sideband operators transform due to single-mode squeezing

cos 20 sinh r + cosh r sin 26 sinh r
SL(r,0) = . (6.42)
sin 26 sinh r coshr — cos 260 sinh(r)
Changing the parameter space has a strong effect on the results. For our two-photon

formalism-based calculations, two-parameter spaces were considered. The first we shall

call &, is a parameter space loosely based on the laboratory parameter listed in a recent
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experimental work where observed OM entanglement from an oscillating silicon membrane-
based OMC (see table [9]. These parameters gave very stable calculations and led to
quick, sensible results. The other parameter space we consider is stable in the optics
laboratory at LSU, and that is the same parameter space as listed in the previous chapter
(see table . This space more accurately depicts experimental results, yet they do not
stray far from the results from the &7, parameter space. Simulating with this parameter
space presented significant challenges due to numerical instabilities and the non-Gaussian

nature of the entanglement measure Ey (see figure .

Table 6.1: This table is a set of variable simulation parameters and a stable configuration
that yield non-zero entanglement. Since losses were not quantified directly in the reference,
the Loss value was set equal to our other parameter space yet relative to the new cavity
parameters(reflection and transmission).

Ultra-stable parameter set &

Parameter Notation | Stable and Exn # 0
Temperature T 4K
Input carrier power P 0.01W
Input subcarrier power Py 0.01W
Loss L, 10710
Carrier detuning dy —0.22
Subcarrier detuning ds —0.25
Quality factor Q 1.9 x 10?
Cavity Length L, 0.001m

Figure [6.10] shows the detunings for the &?; parameter space yield maximum output
entanglement. While figure [3.2]shows the marginal return and limits to higher entanglement
yields versus input squeezing. The marginal return is likely due to the optical cavities
parameters causing the entangling effects to compete with the detangling effects. (seen in
the Fny = 0 portions of the plots in figures , and .

The flexibility of the two-photon formalism allows for the full simulation of homodyne
measurements of the sideband quadratures. Such flexibility creates a robust platform for
understanding how the output entanglement and quantum noise are affected by laboratory

complications and loss parameters.
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Figure 6.10: In these simulation results, the optimal detunings appear well within the
regions of optical spring stability (see reference [64]). For the other calculations in this
parameter space, the detunings are set to yield optimal entanglement. Furthermore, our
calculations also show that the referenced work was operating at the optimal detuning to
yield OM entanglement [9].

6.5 Project conclusions

Entanglement and squeezing are valuable quantum resources in quantum technologies
such as quantum sensing, computing, and networking. The optomechanical cavity’s prop-
erties make it an attractive prospect for studying new means of producing squeezed light
and entangled light. However, generating entanglement via squeezed light injection into
OMCs will likely not be a competitive method for producing entanglement from single-
mode squeezed Gaussian states. At an input squeezing strength of r = 1 the output
entanglement from the simulated OMC, entanglement circuit yielded Ey ~ 0.8 at squeeze
angles of about 7 in each input arm. This is the case for both the ultra-stable parameter
space and the laboratory parameter space. If one applied these squeezed coherent fields
to a beam splitter, the output entanglement would yield Ex > 3. Although these devices
yield competitive entangling rates for low input squeezing, the yields are barely higher than

the unsqueezed results.
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Chapter 7
Further Extensions of Squeezed Light Injection into OMC’s

In the case of two single-mode squeezed coherent input states input into on optomechan-
ical cavity, the output entanglement varied with the input squeezing angle (see figure .
Naively, one could assume that the boost in input quantum noise could be modulated in
some way to resonate with the harmonic nature of the OMC. To investigate this hypothesis,

we replace the input squeezing angle with a function of squeezing frequency and time.

7.1 Rotating Squeeze angle

The position of the cavity endmirror XM has a fundamental uncertainty (Heisenberg’s
uncertainty), amplified by the uncertainty in the amplitude of the injected coherent field.
This OM interaction drives the quantum processes in the cavity. Injecting light with more
quantum noise amplifies the quantum effects of the OMC (see chapter 6). However, fig-
ure [6.2]shows that it is not strictly amplitude or strictly phase squeezed light that generates
peak output entanglement. Since we already have a well-established computational model
of this system, we can explore these phenomena by merely creating a virtual experiment.
What would occur if the injected light’s squeezing angle rotated at a frequency comparable
to the mechanical oscillator frequency? Perhaps there exists some frequency in squeeze an-
gle where the uncertainty fluctuations could induce a position uncertainty frequency that
could then resonate with at least one of the intracavity field fluctuation frequencies.

When, 6— > [t + &y, and we Fourier transform to the sideband frequency €2; the

squeezing quadrature matrix becomes the following:

V/50(Q2 — 283)e~ % sinh(r) 4 cosh(r) i\/50(2 — 26)e % sinh(r)
i\/50(2 — 26)e 2% sinh(r) cosh(r) — 1/Z6(Q — 268)e~2% sinh(r)

S(Ta Ba 50) =

The hypothesis fails due to the squeezing matrix’s independence relative to the squeezing

angle frequency from this form alone. From, Heisenberg’s equation (A = %[H, A} + (%—i‘) )
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Figure 7.1: The plot is the results from the rotating squeezing angle simulation. When
varying r from 0 to 1 for the two single-mode squeezed states and oscillator temperature
T = 4K, simulation results show output entanglement only falls from such complications
in the squeezing. Additionally, the transformation to a time-varying squeezing angle has
eliminated the OM entanglement’s angle dependence. This angle-dependency is not re-
placed with squeeze angle frequency dependence except near 2 = +25. Moreover, at the
harmonic frequency (2 = £20) the entanglement is zero. Similar to the higher order mode
frequency behaivor.

we can predict the effect of the new time dependent squeezing operation:

(Xu _ 1)k

[Hiu, 8;(9)] = (9F(€,2)8,(26) —ip(g"a® + €al*)) Y _(—1)F == —

k

(7.2)

7.2 Dual two-mode squeezed input

Previously, we addressed the applicability of optomechanical cavities as entanglement
generators. However, we have yet to mention the entanglement swapping capabilities. The

three-wave mixing in the OM interaction Hamiltonian makes OMCs a legitimate candidate
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Figure 7.2: This simulation was done at 7' = 4K. The two input fields were both two—mode
squeezed. The modes 1 and 2 were entangled intially, as is were modes 3 and 4. These
results are somewhat preliminary and may require further investigation.

for further attention as a prospect for developing viable entanglement swap devices, par-
ticularly for continuous-variable applications. Figure contains the simulation results
for the pair of two-mode squeezed coherent states introduced into an OMC. The result is
squeezing angle dependent entanglement swapping. In this simulation, there are four inde-
pendent intracavity optical modes. Consequentially, our program for this scenario requires
the diagonalization of a 126 by 126 matrix. The increase in dimension dramatically in-
creases the programs’ overall complexity since the original entanglement applications only
required the diagonalization of 66 by 66 matrices per parameter configuration. Initially,
modes 1 and 2 are entangled, and modes 3 and 4 are entangled. The output results show
that this initial entanglement somewhat persists. However, the OMC still appears to swap

some of the entangled modes, yielding more robust entanglement between modes 2 and 3
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output than any other bipartite combination.
These results seem to suggest that OMC’s could be utilized as continuous variable

entanglement swapping devices.

7.3 Future work: networks of optomechanical cavities

Deployment of OMCs in some quantum networks will require firm comprehension of the
behavior of networks of OCMs with an arbitrary number of optical input fields. Further-
more, optomechanical cavities may have further applications when integrated into devices
as a series or in parallel. In this section, we take the first small steps to studying such sys-
tems in theory. Here we assume all OMC’s are cantilever movable endmirror type OMCs.

somewhere cite [65, [66], 67].

7.3.1 Parallel

To investigate these applications we start from a more general Hamiltonian:
H == HO + Hd + Hint . (73)

In the above equation Hj is the sum of the Hamiltonians of the free photons and the
mechanical oscillators in the network of OMC’s, and Hy is the sum of the driving Hamil-
tonians; likewise for H;,; which is the sum of the interaction Hamiltonians. Perhaps the

most important of the three is the interaction term:
M N
H,, = Z g0 u(Xy) , (7.4)
jk

for M photon fields and N phonon fields (mechanical oscillators). For circuits with multiple
OM oscillators it may be necessary to consider higher order effects so instead of just the
linear term in x we include the entire series expansion which we write as u(x).

Since the entanglement effect on unsqueezed input states is relatively weak we shall

only examine squeezed input cases. Next, we calculate the commutator of S with the
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Figure 7.4: Cartoon of two OMCs configured in series.

interaction Hamiltonian:

A

(S, Hine] = D[S, gt u(%y)].
ik

Ignoring the sum for now:

[S;, g w(X))] = gu[S;, k] w(X;) = gu[S;, ] w(%,)d;

= S](fll.C — (AT;Lék + opay — 6,:6k)gklu()2l)5]k
Thus when considering the full sum we can write

7.3.2  Series [Sj(gj)’Hmt] = Zkgjku(&k) 2f‘2(§j)sj(2§j)-
j

(7.5)

(7.8)

From the OM squeezing results in previous work, as well as the results displayed in
figure [6.1] one could infer great applications for OMC squeezing and entanglement devices

when arranged in series.
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Appendix A
Miscellaneous Calculations

A.1 Calculation 1

In this section we note the steps to calculate the expected value of ST(f)S(C ). Before
we begin we note that ST(€)S(¢) = 1 when ¢ = ¢ and ST(¢)S(¢) = S(¢) when & = 2¢ (will
be shown in the following notes). Let’s begin with the following:

A

ST(€)S(¢) = e¢aHea™ (Crat—cal (A.1)

Using the Baker-Campbell-Hausdroff (BCH) formula we can write this product as follows
(note: A = —¢*a? 4 €a'? and B = (*a? — ¢af? ):

SI(E)8(Q) = e eateal (R _opl(—gt 4 (a4 (€ - Qa?+ 2|, (A2)

A

where Z = %l;0+i([f2(—§),f<o] — %[ﬂ((),f{o]ﬂ—...; and where ko = s[—&rat+cat? ¢ra -

ko = [cat? — ¢*a% a2 — ca’? (A.3)
= [¢a, ¢ra’] — [¢a™ ¢a™] — [¢a’, ¢"a’] + [¢7a”, (al] (A.4)
= [¢a® ¢*a?] + [¢"a% ¢al?]; (A.5)

since, [af? a% = —2(2n + 1) and [a2,a™?] = 2(2n + 1) we can write eqn as
26" = €Q)(2n+1) . (A.6)

Thus, the resulting operator is highly dependent on the input squeezing angle difference
and is not very sensitive to differences in squeezing strength between the two inputs. To
make this more clear we can write ko in a different form than above if we assume & = rqe®
and ¢ = rye'?:

ko = 4irirosin (0 — ¢)(20+1) . (A7)

If the squeezing angles are the same, the term Ro vanishes; the real parts of the squeezing
parameters do not change the form of the operator unless they are zero. Furthermore, at
higher orders there are terms with dependence on sin( + ¢) and cos(f + ¢); there is still
some non-trivial complications to the squeezing operator around the line 8 = ¢. These
complications may account for the peaks in the dual single-mode squeezed input entangle-
ment results which appear to show that the entanglement is maximum when 6 ~ ¢; it is
likely that when 6 exactly equals ¢ that the Ey falls (or rises) sharply.
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A.1.1 Super ¢ (when ¢ = 2¢)

In this case 1A<0 = 0 and so are the rest of the terms in the BCH series above. Thus, in

equation 7 =0 and,

ST(€)S(2¢) = S(2¢) .
A.1.2 more on the BCH application

(A.8)

Additionally, this is a special application of the BCH formula that lends to a pertinent
lemma. For an arbitrary matrix Lie group, L, it has a corresponding Lie algebra, ¢. For a
matrix operator element X of the algebra ¢ the adjoint endomorphisim is the map for all
matrix operations Y € £ then adg : £ — £ with adg (Y) = [X,Y]. Furthermore, when

1

N N A A 1 ~ ~ & N A A A
eadXY =Y + [X7Y] + g[Xv [XuYH + _[Xv [Xu [XuY]H :

3!
Then,

eXeY = (adgY) X
which is known as the braiding identity [6§].
A.2 Some Commutator Algebra

Moreover,

Let, 6 = gTéS, then:

A ~

where 6 = acoshr — afe? sinh r.
Next,

Sta[S,a] = StaSa — STa?S = 6a — 6% => a[S, 4] = S(6a — 6?)

(A.9)

(A.10)

(A.11)

(A.12)

(A.14)

(A.15)

(A.17)



Splitting up the two terms: [S, afla = Safa —afSa = QST[S, alla = Sh — SéTa. Also,
af[S,a) = a'Sa — afaS = SSTafSa — SStafSSfaS = Sofa — So'6. (A.18)
Ultimately,
[S,n] = S(h—6Ta+6a—6'6). (A.19)

However, using BCH we can show that this commutator is also equivalent to S(Qf )—1 (see
section A.3).

more algebra
The input state is the following (neglecting the phonon/umirror state for now):
[Ginput) = a1, az) = Di(a1)Da(as) [0, 0) (A.20)
The time evolution of the displacement operator (with g— > —g for now).

[Hin, D] = (A.21)
9Xu(E;(@) = |af*) D, (A.22)

where f;(an) = (aja,—aaly), £ = —f;; Also recall that [H, D, Dy] = Dy[H, Dy]+[H, D1] D

Thus, D |Yinput) can be written as follows:

[ng]A((ﬂ(oq) + [ea[?) |a) Jevz)
+(f2(a2) + |aaf?) Jon) |az)) ;

ultimately,
= [9X,(jaal® + lazl) Jaa) as) (A.23)

noting that fi(a;)]a;) = 0. Furthermore we note the following (ignoring explicit time
dependence):

DD, + DD, = [¢X,](fi (1) — |ou|? + fo(an) — |a2?) D1 Dy (A.24)
A.3 Boosting squeezing

The boost in predicted out squeezing is due to the commutator of S and Hint. Here
we show this:

[S,4] = Sh — aS; (A.25)
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since, S = exp[1/2(£a% — €af?)] = ef€2) and since e = 37 I we can write...

S.8] = fexp[1/2('a? — a™)] a) = YTV gy 57 DALy o)

For m = 0 the commutator is zero. The m = 1 term is

(F(¢,2)), 8] = 1/2(¢"[a% n] — ([a™ n]) = 1/2(26"a% — 2¢a"%) = £(2¢,2).  (A.27)

Next, for m = 2...

[(£(¢,2))%, 0] = (£(£,2)[((&,2)),8] + [(f( 2)),0)(£(¢,2)) (A.28)
2(£(¢,2))(£(2¢,2)), (A.29)
since [£(€,2),£(2¢,2)] = 0. From this result we can infer that m = 3 is
2°(£(¢,2))°(£(2¢,2)) ; (A.30)
thus for arbitrary k, where k = m + 1 we have the following;
[(£(¢,2))%,0] = 2"(f(¢,2))*(F(2¢, 2)), (A.31)
for k = 0 to infinity. Now we have...
S, 0] = [exp[1/2(¢*a? — €a™%)], 4] = 0 + Z 2(f T +<1 (26,2)) (A.32)
_ 91f(g, ) Ek: 2’““( (E(i)i_’“*ll)( (2¢,2)) (A.33)
= SHE) T RRe )@Y 1) (A3y)

But remember that 2f(¢,2) = £(2€,2); this allows ...
S 2) 7 (26, 2)) (1052 — 1) = (152 — 1) = (§(26) ~ 1) (A.35)
thus, [S(€),n] = S(2¢) —1.

So for two single-mode squeezed vacuum states the time derivative of the product of
squeezing operators (with respect to the interaction Hamiltonian only) (S1(£)S2(()) is

(S1(20) = 1)S5(Q) + 81()(S2(2¢) — 1) (A.36)
= 51(28)S2(¢) + S1(£)S2(2¢) — S1(§) — S2(¢)
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A.4 Miscellaneous

To begin let’s define a useful function that takes a complex number as input and
outputs an operator (we will consider the function acting on some complex input as an
operator itself):

f,(u) = ual™ —uram (A.37)

where m € N. We note here that f,,(u)! = —f,,(u) and that ...

(£1 (u) £ (w))oo = [uf*((12 + aa"))oo (A.38)
= [u*((20 + 1))oo (A.39)
= [ul? ; (A.40)

moreover,
(£ () 2(w)) 0o (A.41)
= [ul*((: D ®+1+a+2n+n0n2))y (A.42)
= |u|*((: 024+ 1+ 204 102))g = |ul? (A.43)

Furthermore,
(1 (w) 1 () ayer = (A.44)
[ul?{(~n — aal + —a? + ©62)) 4,0, (A.45)
u u

—[ul{(28+ 1= —a = =a?))a0, (A.46)
= —|u* (2la1]® + 1) ; (A.47)

moreover,
(o (w) 2(w)) 2y (A.48)
=u* (a2 +1+a+20+10%))a (A.49)
= [ul*(2|al* + 2|a)® + a4+ 1) (A.50)

A.5 Super-¢ Wigner function

Using the wave function from equation we let equation [2.22] equal ¢(z,w), and
we assume that w; and ws are both greater than unity, then the Wigner function is

Wz(x,y, wy, wy) = / n(x + 2 wy, we) Nz — 2, wi, we) en v da’ (A.51)
where
n(@, wi, we) = ¢z, 2w1)P(x, w2) + G(z, w1)P(, 2w2) . (A.52)
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The result is (calculated with Mathematica):

16w (wh(y—2)24+(2-1)2)  ,2(x_1)2
1( 2y . )+ 2(.,21) +8($—1)2

w3 w1

4(4w%+w§)

VAw? + w3

wi (16w%(y—4)2+<z—1)2) n 16w3 (z—1)2 +8(z—1)?
2 2

w3 wy

4(w%+4w§)

2Vmwne, N

0 exp (_ (4w? (w3 (y—4)—i(z—1)) —iw3(z—1)) (w} (4w (y—4)+i(x—1))+4mg(x_1)))

2

2

IOw%wS (w%-‘,—w%)
Vw? + w3

(when w; is less than one the factor in the wavefunction is § instead of 2). This is a positive
function for x and y for the case {4 = &g like in eqn [6.6]

exp | —

WE(% Y, Wy, ?UQ) = Qﬁwle

exp | —

_|_

4

A.6 Squeeze entanglement noise in the single homodyne detection scheme

Assume the state:
|7) = |SX>1 |SX>2 +C2 ’SX>1 |SY>2 +c3 |SY>1 |SX>2 ) (A.54)

where the states |Sx) and | Sy) represent squeezed states (squeezed in the X or Y directions)
and ¢;_3 are arbitrary constants. The single homodyne detection scheme is used to measure
the squeezing of a single mode. This measurement attempt fails for a state such as |.7).
This is an attempt to measure the amount of squeezing in the eigenstate|Sx) which is s,
(times 3 for ¢; = ¢ = ¢3), or some proportional result due to the constants. To measure
squeezing in the X direction with a single homodyne scheme is mathematically equivalent
to (Sx)y, or

(Sx)o = lersx + leasxy = les|*sx + ... . (A.55)

The negative terms come from the action of the X squeezing operation on a Y squeezed
state. Moreover, notice that they are terms that add and subtract, thus unnecessarily
obscuring the amount of squeezing. Furthermore, the sum continues with terms that are
not related to reaching the goal of the measurement. The correlations and superposition of
modes both work here to obscure the desired result. Such components could be removed
from the measurement in post-measurement calculations, but only when dual homodyne
detection is implemented.
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Appendix B
Simulation Code

B.1 Entanglement measures

B.1.1 Logarithmic negativity

This takes a covariance matrix as input.

function EN = LogNegl(tV) Y%takes 4x4 (co)Variance matrix as input
dtV= det (tV);
dtVil= det (tV(1:2,1:2));
dtV22= det(tV(3:4,3:4));
dtVi2= det(tV(1:2,3:4));
tSigma= dtV11+dtV22-2xdtV12;
EN= max ([0, real(-1/2*xlog(2*(tSigma-sqrt(tSigma~2-4*dtV))))]1);

B.1.2 Duan’s measure

code

function [R]= rhsduan(fvar,Pvar,Ppvar,Lossvar,Tevar,QOvar,dLvar,dLpvar,qqq)
% yields the right hand side of the Duan inequality for a set of parameters
%» R must be less than one for there to be entanglement

p0= p_gen();

A= p0; % this is just the same as codeopt really

=

Setting variables

A.f= fvar;

A .P=Pvar;

A .Pp= Ppvar;
A.Loss= Lossvar;
A.Te = Tevar;
A.QO0 = QOvar;
A.dL = dLvar;
A.dLp = dLpvar;

A.readout_angle = 0;
A.rotl1=0;

hc = (zeros(2,length(£)));
B = micro_code_two(A);

clear(’B’);
f = fvar;
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for j=1:length(f)

Af= £(3);

B(j,:,:)= micro_code_two(A);

psf12(:,j)= [B(j).psdx1x2;B(j).psdyly2];

last4(:,j) = [B(j).psdxlyl; B(j).psdx2yl’; B(j).psdx2y2 ; B(j).psdx2yl]l;
end

for j=1:length(f)
out= (cat(1,B(j).psdx1x1,B(j).psdylyl,B(j).psdx2x2,B(j) .psdy2y2));
three= last4(1:3,j);
four= last4(4,j);
tVun= diag(out)+diag(psf12(:,j),-2)+diag(psf12(:,j)’,2)+ ...
diag(three,1) + diag(three’,-1);
tVun(3,2)= four; tVun(1,4)= B(j).psdxly2’; tVun(4,1)= B(j).psdxly2;
tV= real(tVun/2); %real(vpa(tVun+tVun’,qqq)/4);%(tVun+tVun’)/2;

end

Doth

Gl= vpa(tV(1:2,1:2));
G2= vpa(tV(3:4,3:4));
C= vpa(tV(1:2,3:4));

dG1l= det(Gl); dG2 = det(G2); dC = det(C); dM = det(tV);
Yoo

n= sqrt(dGl); m= sqrt(dG2);
c = (1).%2.7(-1/2) .x(m. " (-1) .*n." (1) .*(dC."2+(-1) .*dM+m."2.%n."2+( ...
1) .%x((-4) .*dC."2.%m."2.%n. 2+(dC. 2+(-1) .*dM+m."2.%n."2)."2) .~ (1/2))) .~ (1/2);
cp = (1).%2.7(1/2) .*xdC.*x(m."(-1) .*n. (1) .*x(dC."2+(-1) .*dM+m. "2.%n. 2+ ...
(1) .%x((-4) .*%dC."2.*m. 2.*n. 2+(dC. "2+ (-1) .*dM+m."2.*n."2).72) .~ ( ...
1/2))).7(-1/2);% From Sol2 +-+- in Mathematica notebook
syms rl r2 %nl n2 ml m2 cl c2
hassume (abs (cl)-abs(c2)==sqrt ((m1-1)*(n1-1))*sqrt ((m2-1)*(n2-1)))
eqns1=[];% [ dC ==cx*cp,dM==(n*m-c"2)*(n*m-cp~2)];
eqns2= [(n/r1-1)/(n*ri-1)==...
(m/r2-1)/(m*r2-1) ,sqrt (ri*r2)*abs(c)-abs(cp)/(sqrt(ri*xr2))==...
sqrt ((nxr1-1)*(m*r2-1))-sqrt ((n/r1-1)*(m/r2-1))1];
eqns3= [];%nl== n*rl, n2 == n/ril, ml== m*r2, m2== m/r2,cl == ...
sqrt(ri*xr2),c2== cp/(sqrt(ri*r2))];

EQNZ = cat(2,eqnsl,eqns2,eqns3);
S = solve(EQNZ, [r1 r2 ]1,’Real’,true);%nl n2 ml1 m2 cl1 c2])
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S.rl;
S.r2;
rrl= S.rl; rr2 = S.r2;

if “isempty(rril)
nnl= vpa(n*rril,qqq);
nn2 = vpa(n/rril,qqq);
mml= vpa(m*rr2,qqq) ;
mm2= vpa(m/rr2,qqq) ;
ccl = vpa(c*sqrt(rri*xrr2),qqq);
cc2= vpa( cp/(sqrt(rrix*rr2)),qqq);
oo

a= sqrt(sqrt((mmi1-1)/(nni1-1)));

oo

%"a0 is..."

ha

%"Standard form disagreement "

%hdouble (abs(ccl)-abs(cc2)-(sqrt((mmi-1)*(nn1-1))-sqrt ((mm2-1)*(nn2-1))))
in= a"2*(nni+nn2)/2+(mmi+mm2) / (2*a~2)-(abs(ccl)+abs(cc2));

%"should be less than one for entangled systems"

R=-in/(a"2+a" (-2))+1;

end
%"should be less than one for entangled systems"

B.2 squeezed light injection

Injecting squeezed light involves the the inclusion of the correlation matrix and then
adding that as a layer in the simulated apparatus that is later diagonalized.

in the dual single-mode implementation

function results = micro_code_3(opt,psr,psphi,psrp,psphip)
% 2 Single mode squeezed inputs

warning(’off’);
%% Adding squeezed light as input
% psr= opt.psr; % squeezing strength

% psphi= opt.psphi; 7 squeezing angle
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% psrp= opt.psrp; % squeezing strength 2nd field
% psphip= opt.psphip; % squeezing angle 2nd field

PreSqueeze= vpa([cosh(psr)+sinh(psr)*cos(2*psphi), sinh(psr)*sin(2*psphi);...
sinh(psr)*sin(2*psphi), cosh(psr)-sinh(psr)*cos(2*psphi)],128);

PreSqueezep= vpa([cosh(psrp)+sinh(psrp)*cos(2*psphip), sinh(psrp)*sin(2*psphip);...
sinh(psrp)*sin(2*psphip), cosh(psrp)-sinh(psrp)*cos(2*psphip)],128);

% See eqns 31 in 2phtn rev

Eventually you insert the squeezers in the apparatus like so

M(al:a2,aal:aa2)= (PreSqueeze);’%/sqrt(2);
M(alp:a2p,aalp:aa2p)= (PreSqueezep);%/sqrt(2);

where the quadrature mode labels have been properly shifted to account for new fields/optics.

single two-mode implementation

function results = micro_code_4_2paper(opt,psr,psphi)

warning(’off’);

paulix=[0 1; 1 0];

hpauliy=1i.*[0 -1;1 0];

pauliz=[1 0;0 -1];

%% Adding squeezed light as input

une4= ones(1,4);

tempmatl= rot90(cos(psphi) .*pauliz+sin(psphi) .*paulix,3);

matl= cosh(psr).*diag(uned)+sinh(psr) .*rot90(blkdiag(tempmatl,tempmatl));
PreSqueeze= matl;

PS= (PreSqueeze) ;

Which is then is included in the simulation apparatus like the previous scenario.

B.3 multi-homodyne

This is the more modular multi-homodyne detection code that appears at the end of
the MATLAB code for the microcode.m programs. The general purpose was to reduce the
length of the code required to better implement additional fields in the simulation.

in the four optical modes implementation

%% Condensed Measurement (4 fields version)
quadindex= [t1 t2 mlp m2p t10 t20 mlp0 m2p0];
modeindex= [aal, aa2, bl, b2, cl, c2, hl,h2, nl, n2 ;
aalp, aa2p, blp, b2p, clp, c2p, hlp, h2p, nlp, n2p;
aal0, aa20, b10, b20, c10, c20, h10,h20, n10, n20 ;
aalp0, aa2p0, blp0, b2p0, clp0, c2p0, hipO, h2p0, nlp0O, n2p0];
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hresults.xlx1=CovMesO(quadindex, modeindex, iM,TS,1,1);
tempMatO= zeros(8);
for j=1:8
for k=1:8
tempMat0(j,k)= CovMesO(X,quadindex,modeindex, iM,TS,Loss, j,k);
end
end
results.vv= tempMatO;
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Appendix C
Miscellaneous Plots and Results

These graphics begin on the following page.
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. . ml6
input squeezing anglé’ input squeezing strength (r)

Figure C.1: Quantum to thermal noise ratio plot at T" = 4K for the dual single-mode
squeezed displaced states input. Here r; = ro and ¢ = ¢ (for squeezing angle ¢).

-1/2

squeezing angle 25 2n squeezing angle

Figure C.2: Plot of the logarithmic negativity output from a pgmirror OMC with two
single-mode squeezed displaced states input with » = 0.8. Here temperature is set to 4K.
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