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Abstract

We characterize preduals and Kothe duals to a class of Sobolev multiplier type
spaces. Our results fit in well with the modern theory of function spaces of harmonic anal-
ysis and are also applicable to nonlinear partial differential equations. As a maneuver,
we make use of several tools from nonlinear potential theory, weighted norm inequali-
ties, and the theory of Banach function spaces to obtain our results. After characteriz-
ing the preduals, we establish a capacitary strong type inequality which resolves a special
case of a conjecture by David R. Adams. As a consequence, we obtain several equivalent
norms for Choquet integrals associated to Bessel or Riesz capacities. This enables us to
obtain bounds for the Hardy-Littlewood maximal function on Choquet spaces associated
to Bessel or Riesz capacities in a sublinear setting. Finally, we extend those maximal func-
tion bounds to full range of exponents, which allow us to deduce Sobolev type embeddings

on certain Choquet spaces.



Chapter 1. Introduction

For a > 0 and s > 1,let H*® = {u = G, x f : f € L5(R™)} be the space of Bessel
potentials of L* functions in R™, n > 1. Here G,, is Bessel kernel of order o and * denotes
the convolution operator in R™. Associated to H®*® is the Bessel capacity Cap, ,(-) defined

for any set £ C R" by

Cap, ,(E) = inf{] f

SLS(RTL) . Ga * f 2 ]_ on E}

For p > 1, we let M be the space of functions f € L, (R") such that

loc

B [ 1 @) |Pda\ "7
[ fllaggs = Sup (—Capa,s(}() < 400,

where the supremum is taken over all compact sets K C R™ such that Cap, ,(K) # 0. It is
by now known (see Chapter 2) that a function f € L} (R") belongs to M * if and only if

loc

su e Lf for any v € H** and the following inequality holds:

([ @ornrisras) <cin

Thus M>* can be viewed as a Sobolev multiplier type space in R" (see [MSI,

f

s
P
L5 (Rn)

Vh > 0.

MS2]). We note that such spaces or their homogeneous counterparts appear naturally and
play an important role in many super-critical nonlinear PDEs including the Navier-Stokes
system (see, e.g., [VW, KV, HMV, Ph2, Ph3, PhV, NP, AP2, PhPh, L-R, Ger]).

For 0 < as < n, and p > 1, a major part of this thesis is to investigate preduals
X of My+*. Those are spaces X such that X* =~ M* in the sense that for every linear

functional L € X*, there is a unique f € My"* such that

L(g)= [ f(z)g9(x)dz,  VgeX,

R



and that A L] < || fllags < Al|L|| for some constant A > 0.

It will be shown in Section 3.2 that X could be any of the spaces (My"**)', N,
Ny*, ]\7;’3. and B°, where p’ = p/(p — 1). The readers are referred to Section 3.2 for the
precise definitions of such predual spaces. Here we mention that (M,°)" is the Kothe dual

of M7»*, and Ng+* is the space of all measurable functions g such that there exists a local

Ay weight w > 0 such that [ Cap, ,({w > t})dt <1 and

([ tota uteyac) " < oo

The ‘norm’ of a function g € N;f’s is the defined as the infimum of the above quantity over
all such weights w.

As one of the main results, we obtain in Theorem 3.2.8 that these preduals are iso-
morphic, i.e.,

NJ* = Ny* = (M) = Kf;,’s ~ B (1.1)

Moreover, in the case when Cap,  is strongly subadditive, which is known for s = 2
and 0 < a < 1 (see Chapter 2), we show in Theorem 3.2.7 that all of the above spaces
are Banach function spaces in the sense of [Lux] and the following isometric isomorphisms
hold:

(M) = N&* = BY*.

One can think of the isomorphism (My*)" ~ N;* obtained in (1.1) as a concrete

description for the abstract space (M;"*)". This enables us to obtain localized bounds for

the Hardy-Littlewood maximal function and standard Calderén-Zygmund operators on

(My-*)" (or on any of the spaces in (1.1)), see Theorem 3.3.2.



The above results as well as other results obtained in Chapter 3 are based on the
paper [OP1]. The methods used here are based mainly on tools from nonlinear potential
theory, weighted norm inequalities, the theory of Banach function spaces, and a lemma of
Komlés [Kom].

In Chapter 4, we present the results obtained in the papers [OP2, OP3]. Here an
application related to the preduals of M* will be considered. Our motivation is the fol-
lowing conjecture made by David R. Adams in [Ad4]: There exists a constant A > 0 such

that

/ (Gox f)AC < A | f5(Gy* f)*du, Vf>0. (1.2)

Rn

Here we write, for any function ¢,

/ pldC = / Cap,, ,({z € R" : [p(a)| > t})dt,
R™ 0

which is the Choquet integral of || with respect to the capacity Cap, .

More precisely, Adams [Ad4] obtained (1.2) in the context of Riesz potentials and
capacities for integers o € (0,n) and suggested that it should hold for all real o € (0,n).
Here, as another main result, we answer this question positively for both Riesz and Bessel
potentials. Our resolution of (1.2) enables us to find new characterizations of the L' Cho-

quet integral defined above. Indeed, for any function ¢ we have

.. |gp|d0 = AQ,S(()O) = BQ,S<¢)7 (]“3)



where

)‘0478(@) = inf {Hf”(MZ?’S)’ :0< f € (M;?7S),7 Go * f > |90|} ’

Bus(p) = inf{ F(Gar ) da s f > 0,Gux f > m}.

Rn
Here A ~ B stands for the two-sided bound ¢ 'A < B < cA for some constant ¢ > 0.
In turn, the characterization (1.3) allows us to obtain the boundedness of the local

Hardy-Littlewood maximal function in a sublinear setting:

/H(Mlocf)qd(J < A . |fledC, (1.4)

where M'"¢f is the local Hardy-Littlewood maximal function of f defined by (3.5) below,
and ¢ > (n — «)/n (see Theorem 4.2.5). Note here that the exponent ¢ could be smaller
than 1.

Finally, we extend the range of ¢ in (1.4) to the optimal one ¢ > (n — as)/n (see
Theorem 4.3.2) by showing that at the end-point ¢y = (n — as)/n one has the following

capacitary “weak type” bound
Capa’p({Mlocf >t <Ct ™ |f|%*dC, vVt > 0, (1.5)
R

(see Theorem 4.3.1). Our approach to (1.5) relies heavily on nonlinear potential theory
in which the so-called Wolft’s potentials will play an important role. We also prove and
use certain convexity property of a weak L% Choquet space. With the bound (1.4) for

q > (n — as)/n and the bound (1.5) at hand, we are able to deduce various Sobolev type

inequalities on Choquet spaces (see, e.g., Theorem 4.4.1).



Chapter 2. Preliminaries
2.1. Capacities and the Space L'(C')
Let a be a real number and s > 1. We define the space of Bessel potentials H** =

H*3(R™), n > 1, as the completion of C>°(R"™) with respect to the norm

a

[ull s = I(1 = &)=l

Ls (R”) .

Here the operator (1 — A)? is understood as (1 — A)z := F~'(1 + |£]*)2F, where F is
the Fourier transform in R™. In the case o > 0, it follows that (see, e.g., [MH]) a function

u belongs to H** if and only if

u=Gqy* f

1s. Here GG, is the Bessel kernel of order a

for some f € L® and moreover ||u||gos = || f|

defined by G (z) := F (1 + [¢>) =] (x).
The Bessel potential space H**, o > 0,s > 1, can be viewed as a fractional gen-

eralization of the standard Sobolev space W** = W*s(R"), k € N,s > 1. The latter,

by definition, consists of functions in L® whose distributional derivatives up to order k also

belong to L*. The norm of a function u € W"** is given by ||ul|yxs = > 18l=k | DPul| s +

||u||Ls. Indeed, it follows from the theory of singular integrals that for any £ € N and s > 1

we have H"* ~ W, i.e., there exists a constant A > 0 such that
A7l s < [lullwrs < Allul|ge.s. (2.1)

Recall that the Bessel capacity Capa,s(-), a > 0,s > 1, is defined for every subset FE
of R™ by

Capg, o (E) = inf {|fll3- : f > 0,Ga % f > 1on E}.

5



It is an outer capacity, i.e., for any set £ C R,
Cap, ,(F) = inf{Cap, ,(G) : G D E,G open},
and is countably subadditive in the sense that for F; C R", 1 =1,2,..

Cap, ( G Ez> < i Capg o(Ei).
i=1 i=1

Moreover, it has the following basic properties of a Choquet capacity (see [AH]):

°

(i) Cap, ((0) = 0;
(11) if By C E27 then Capa,s(El) < CapmS(Eg);

(iii) if K1 D K3 D ... is a decreasing sequence of compact sets of R™, then

1—00

Cap, ( ﬂ Ki> = lim Capw(Ki);
i=1

(iv) if By C By C ... is an increasing sequence of subsets of R", then
Cap,,. L_Jl E;) = lim Cap, ,(E). (2.2)

Thus by the Capacitability Theorem (see [Cho, Mey]), for any Borel (or more gen-

erally Suslin) set £ C R™ we have
Cap,, ,(E) = sup{Cap,, ,(K) : K C E, K compact}.

By (2.1) we see that if « is a positive integer, then Cap, ((F) ~ C, (E) for any set

E C R™ (see also [AH]). Here for a compact set K C R™ and a € N, we define

Cos(K) = inf{||¢|lwes : p € C°,p > 1 0n K},

C

and C, 4(+) is extended to any set F of R" by letting

Cuos(FE):= inf sup Cos(K) p. 2.3
s(E) AN (K) (2.3)

6



The notion of Choquet integral will be important in this work. Let w : R" —
[0, cc] be defined Cap,, ,-quasieverywhere, i.e., defined except for only a set of zero capac-

ity Cap, ;- The Choquet integral of w is defined by
/ wdC' = / Cap, ,({r € R" : w(z) > t})dt. (2.4)
n 0

A function f is said to be quasicontinuous with respect to Cap, , if for any € > 0 there ex-
ists an open set G such that Cap, ,(G) < € and f is continuous in G¢ := R™\ G (see [AH]).

We let L'(C) be the space of quasicontinuous (hence quasieverywhere defined) functions f

in R™ such that
T / |ldC < +oo. (2.5)

In general, L'(C) is only a quasi-Banach space (see Proposition 2.1.2 below) as
| - [[z1(c) may not satisfy the triangle inequality. However, by a theorem of Choquet (see
[Cho, Den)), || - ||11(c) satisfies the triangle inequality (hence L'(C') is a Banach space) if
and only if the associated capacity Cap, , is strongly subadditive. By definition, the ca-

pacity Cap, ¢ is strongly subadditive if for any two sets Ey, Fy C R",
Cap,, ,(F1 U Ey) + Cap, ((E1 N Ey) < Cap, ((E1) + Cap,, (). (2.6)

It is known that Cap,,, 0 < a < 1 is strongly subadditive, and Cap, ;, s > 1, is
equivalent to one that is strongly subadditive.

For s = 2 and o € (0, 1], it is known that Cap,, ,(-) is strongly subadditive in the
sense of (2.6) (see [Lan, pp. 141-145]). We note that the book [Lan] considers only Riesz
capacities, i.e., homogeneous versions of Capag(-). However, the argument there also ap-
plies to Bessel capacities since for any o € (0, 1] the Bessel kernel G, is continuous and

7



subharmonic in R™ \ {0} (hence the First Maximum Principle in the sense of [Lan, Theo-

rem 1.10] holds).

On the other hand, for & = 1, the capacity C () is strongly subadditive for any

s > 1. Indeed, this can be proved by adapting the proof of [HKM, Theorem 2.2] to our

nonhomogeneous setting.

r <1,

We shall need the following metric properties of Cap, ,(-) (see [AH]): For any 0 <

Cap, ((B,) ~r"™* ifas<n (2.7)

and

Cap, (B,) ~ [log(2)]'™* if as =n.

For r > 1 and as < n we have
Cap, ((B,) ~r". (2.8)
On the other hand, we have for any non-empty set £ with diam(£) < 1,
Cap, (E) ~1 if as>n. (2.9)
By Sobolev Embedding Theorem for any Lebesgue measurable set E,
|E|'72s/" < C Cap, (E) if as < n. (2.10)
Moreover, by Young’s inequality for convolution we have, for s =n/a > 1,

1Ga* fllize < |Gallzrl1F1 2

for any n/a < g < 400 and r = ng/(n + q(n — «)). Thus for any € € (0, 1] we find

|E|© < C(e) Cap, ((F) if as=n.

8



Note that using the bound ||G, * f

e < ||Gallp ]| f]

s, we also find that
|E| < CCap,(F) foralla>0,s>1.

It follows that if Cap, ((F) = 0 then the Lebesgue measure of E is zero.

The Choquet integral of a Cap,, -quasieverywhere defined function w : R" — [0, oc]
was defined by (2.4). We also let L'(C') be the space of quasicontinuous functions f in
R™ such that (2.5) holds. Perhaps, a better notation for L'(C') should be L'(Cap, ) to
indicate its dependence on Cap, ,. But we shall use the notation L'(C') for simplicity and
implicitly understand that C' = Cap,, ;.

In general, the ‘norm’ of L!'(C) is only a quasinorm, i.e., we only have

1F + 9l < 2llglle) + 2llgllzo)-

However, if Cap, ; is strongly subadditive then it is actually a norm by a theorem of Cho-
quet (see [Cho, Den]).

In [Ad3, Theorem 4] the following quasiadditivity result was obtained for Cap,, ,:

Y Cap, (En{j—1<la] < j}) < CCap,,(E) (2.11)

j=1
for all E C R", where C' = C(n,a,s) > 0. We now use (2.11) to obtain the following
density result for the space L'(C).

Proposition 2.1.1. C.(R") is dense in L*(C), where C.(R™) is the linear space of contin-

uous functions with compact support in R™.

Proof. We first show that the set of all bounded continuous functions is dense in L'(C).

Let f € L*(C) be given. For M > 0, we define fy(z) = f(z) if |f(z)] < M, fy(z) = M if



f(z) > M, and fy(x) = —M if f(z) < —M. Note that

1ar = Fllre) = / Cap ({|far — f| > t})dt
_ / " Capo, (1] > M+ 1))dt

= [ Cov. 0111 > e 0.

as M — oo. For any € > 0, choose an M > 0 such that || far — fl|r1(c) < €. As fu is quasi-
continuous (since f is quasicontinuous), there exists an open set G such that Cap, ,(G) <

1s continuous.

e and fur| .

By Tietze Extension Theorem, we can find a continuous function v such that |v| <

M and v = fp;y on G°. Then

lo = flle = / " Capa({lv — ful > 1))t
= /OOO Cap, ({r € G : |[v(x) — fu(x)| > t})dt
— /0 Cap, ,({z € G : Jv(z) — fu(z)| > t})dt

<2MCap, ((G) < 2Me.
As a result,
1f = U”Ll(C) <2[f - fMHLl(c) + 2| fa — vHLl(C) < 2¢+4M e,

which yields the claim.
Now we claim that C. is dense in L'(C). All we need to do is to approximate
bounded continuous functions by functions in C.. To this end, let v be a bounded continu-

ous function, say, |[v| < M for some M > 0. For each N = 1,2, ..., let Oy = {|v| > 1/N},

10



then Oy is open and

Cap, (On) < N|jv|p1c) < +oo.

We observe that

loxos ey = / Cap, ,({z € 0% : Ju()| > t})dt
0

1/N
= Capays({x € OF : |v(z)| > t})dt
0

1/N
g/ Cap,,({[v] > 1})dt — 0,
0

as N — oo. Thus for any € > 0, there is an open set O such that Cap, ,(O) < oo and

lvxoellLic) < €. Since Cap, ,(O) < oo, by (2.11) we have

Y Cap, (ON{j < |z| < j+1}) < oo,

Jj=0

and so there is a positive integer j, such that

Cap, (0N {lz] 2 jo}) < ) Cape (ON{j < |z <j+1}) <e.

J=jo
Let 01 = O N {l(L’| < jo} and 02 = O N {|£L’| Z jo}, then O = 01 U 027 Ol is
bounded, and Cap,, ,(O2) < €. Let 7 be a continuous function with compact support such

that 0 <n <1and n=1on O;. We have

[nv — vy < 2[|(nv —v)xoe e
+4l[(nv — v)xo Iy + 4l (v — v)xo. |l )

= 2[|(nv — v)xoel L) + 4l (v — v)x0, L1 (),

since n = 1 on Oy.

11



On the other hand, note that

(70 — 0)x0ll 1y = / Cap,,({z € 0°: |(0)(z) — v(x)| > t})dt
0
g/ Cap, ({x € 0° : 2Ju(x)| > t})dt
0
< 2||lvxoe Ly

< 2e.

Also,

It =v)xoslleiey < | - Cava({z € O 2 [O)(w) = vlw)] > t})dt

S 2MCapa75 (02)

< 2Me.
Thus, we conclude that

lnv —v||Liey < 4+ 8M e,

and since nv has compact support, the proof is then complete. O

We are now ready to establish the completeness of L'(C).

Proposition 2.1.2. The quasinorm space L*(C) is complete for any a > 0 and s > 1.

Proof. Let {u,} be a Cauchy sequence in L'(C'). We need to show that u,, — w in L'(C)

for some u € L'(C'). Since C, is dense in L'(C'), we may assume that {u,} C C..

As {u,} is a Cauchy sequence, we can find positive integers n; < ny < --- such

/ Cap, o ({|um — uy| > t})dt <47 (2.12)
0

12



for all m,n > n;, j =1,2,... In particular,
2—J
/ Cap, s(|tn,,, — Up,| > 277)dt < 477
0
and hence

Capa,s(’unj+1 - unj’ > 2_j) < Q_j.

Let G; = {|tn,,, —tn,| >277}. Then G, is open and Cap, ,(G;) < 277. We now set

H, =] G;.

j>m
Then we have
Cap, (Hn) < Z Cap, ,(G;) < Z 277 50
j>m i>m
as m — oo.

Observe that for any x € Hy,, we have

Z |ty () = U, (2)] < Z 277 < +oo.

j>m j>m

Thus if we let u : H;, — R be defined by

u(z) = lim uy,, (z) = uy,, () + lim (Un; () — Un;_, (T)),

k—o00 k—o00
j=m+1

then by the Weierstrass M-Test we see that u is continuous in H,.

(2.13)

As the set Hf is increasing, the function u can be extended to define in the union

U1 Hy Tt is now easy to see from (2.13) that u is quasicontinuous.

13



Now by (2.2) and the Monotone Convergence Theorem we have for each n > 1,

e — ey = / Capp({Jun — ul > })dt
0

< [ ca,. (U M At = | > t}) di

N>1k>N
= lim Cap, {Jun, — up, | >t} | dt
A N—o0 ’ (kQV k
= ]\;gléo i Cap,, (ﬂ {Jtn, — up, | > t}) dt.
k>N

Thus by (2.12) for each j =1,2,..., and n > n;, we have
”Un — UHLl(C’) S 4_j.

This completes the proof of the proposition.

We also define 9% = 91**(R™) as the space of locally finite signed measure u in

R™ such that the norm ||u|/one.s < 400, where

K
H:UHDZRQ,S = supM
K Capajsg()

with the supremum being taken over all compact sets K C R" such that Cap, ,(K) # 0.

using Proposition 2.1.1 and the formula

/ ud|p] = sup {/ vdp v € C.(R"), |v] < u} :

which holds for all v € C.(R") and u > 0.

14

]

The following duality relation was stated without proof in [Ad4]. Indeed, it can be proved

Theorem 2.1.3. Let a > 0 and s > 1. We have (L*(C))" = IM** in the sense that each

bounded linear functional L € (L*(C))* corresponds to a unique measure v € IM** in such



a way that

LU = [ f@)iv(z) (2.14)

for all f € L'(C). Moreover, ||L|| = ||v||oma.s-
Remark 2.1.4. The right-hand side of (2.14) makes sense since for f € LY(C) and
t € R, we have that the set {f > t} = F\ N for a G5 set F' and a set N with u(N) =
Cap, (N) = 0. Here p should be understood as the completion of j1, and note that if
Cap, (N) =0 then N C N, where N is a Gy set with Capw(]v) =0.
2.2. The Spaces L?(C), LP>*(C), and Capacitary Strong Type Inequality

For 0 < p < oo, we denote by LP(C) the space of all q.e. defined functions u in R"

such that [o, [u[?dC' < 400, with quasi-norm

el ey = ( / |u|pd0) |

The ‘weak’ version of LP(C') is denoted by LP*°(C') which consists of all q.e. de-

fined functions u in R™ such that ||ul| (o) < +00, Where

1
HUHLP,OO(C) = Sup)‘capa,s({’u‘ > )\})p'
A>0

One of the fundamental results of nonlinear potential theory is the following
Maz’ya’s capacitary inequality, originally obtained by Maz’ya, and subsequently extended

by Adams, Dahlberg, and Hansson:

/ (Gox f)dC <A | fda, (2.15)

R”
which holds for any nonnegative Lebesgue measurable function f. See, e.g., [Maz, MS2,
AH], and in particular, see Section 2.3.1 and the historical comments in Section 2.3.13 of

15



[Maz]. This kind of capacitary inequalities and their many applications are discussed in
Chapters 2,3, and 11 of [Maz]. Let us call (2.15) the Capacitary Strong Type inequality
which we restate it as the following theorem.

Theorem 2.2.1. Let a > 0, 1 < s < oo. There is a constant A, depending only on n and

s such that

| Canlfir € BY: G £(0) 2 ADAN < Al e
0

for all f € L5 (R").

Proposition 2.2.2. L'(C) is normable.

Proof. We will need the following functional which is defined by

1
B q.e.}

for each q.e. defined function u in R™. Note that v, s(tu) = [t|7a.s(u) for all ¢ € R, and

Vas(u) = inf {/fsd:c 0< fel’(R") and G, f > |u

moreover,

Ya,s(w) :==inf{t >0: |u| e t H},

where H is the set of all nonnegative and q.e. defined functions g in R™ such that g% <

G * f q.e. for a function f € L*(R"), f > 0, such that || f|

.« < 1. Note that if we define a

nonlinear operator 1" by

T(h) = (Ga % |h

) Vh € LR,

then by reverse Minkowski’s inequality we see that 7" is superadditive on L} (R™). This
yields that the set H is convex (see [KV, Lemma 2.4]) and thus the functional v, 4(-) is

subadditive.
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On the other hand, we can deduce from the Capacitary Strong Type inequality and

[AH, Proposition 7.4.1] the following equivalence

/000 Cap, ({7 : [u(z)] > t})dt ~ v4,s(u), (2.16)

which holds for all q.e. defined functions u in R™. In particular, we find that the space

L'(C) is normable for all & > 0,s > 1 and as < n. O

Corollary 2.2.3. L*(C) is normable for p > 1.
The following important result is a direct consequence of Capacitary Strong Type
inequality of Theorem 2.2.1 above.
Theorem 2.2.4 (Maz'ya-Adams-Dahlberg-Hasson). Let a > 0, s > 1 and suppose that v
s a nonnegative locally finite measure in R"™. Then the following properties are equivalent:
(i) The inequality

/ (Gox f)dv < Ay [ fidx
n R
holds for all functions f € L*(R™), f > 0.

(ii) The inequality

v(K) < A; Cap, ,(K)
holds for all compact sets K C R™.

(iii) The weak-type inequality

supt’v({x e R" : Gy x f(x) > t}) < A3 | fidx

t>0 R"

holds for all functions f € L*(R™), f > 0.

Moreover, the least possible values of A;, i =1,2,3, are equivalent.
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2.3. Banach Function Spaces

Most of the spaces under our consideration fit well in the context of Banach func-
tion spaces in the sense of [Lux|. In the setting of R™ with Lebesgue measure as the un-
derlying measure, a Banach function space X on R" is the set of all Lebesgue measurable
functions f such that || f||x := p(|f|) is finite. Here p(f), f > 0, is a given metric function

(0 < p(f) < o0) that obeys the following properties:

(P1) p(f) = 0 if and only if £(z) = 0 ae. in R" p(fi + fo) < p(fi) + p(f2); and
p(Af) = Ap(f) for any constant A > 0.

(P2) If {f;}, 7 = 1,2,..., is a sequence of nonnegative measurable functions and
fi 1 fae in R", then p(f;) 1 p(f).

(P3) If F is any bounded and measurable subset of R”, and yp is its characteristic
function, then p(xg) < +o0.

(P4) For every bounded and measurable subset E of R™, there exists a finite con-
stant Ap > 0 (depending only on the set E) such that [, fdx < Agp(f) for any nonnega-

tive measurable function f in R".

It follows from property (P2) that any Banach function space X is complete (see
[Lux]). We also have that, for measurable functions f; and fs, if | fi] < |fs] a.e. in R™ and
f2 € X, then it follows that f; € X and || f1||x < || f2llx-

Given a Banach function space X, the Kothe dual space (or the associate space)
to X, denoted by X', is the set of all measurable functions f such that fg € L'(R") for

all g € X. It turns out that X’ is also a Banach function space with the associate metric
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function p'(f), f > 0, defined by

p'(f) = sup{/ |fgldz : g € X, [lgllx < 1}-

By definition, the second associate space X” to X is given by X” = (X')', i.e,,
X" is the Kothe dual space to X’. The following theorems are important in the theory of
Banach function spaces (see [Lux]).
Theorem 2.3.1. Every Banach function space X coincides with its second associate space
X" i.e., X = X" with equality of norms.
Theorem 2.3.2. X* = X' (isometrically) if and only if the space X has an absolutely
continuous norm.

Here we say that X has an absolutely continuous norm if the following properties
are satisfied for any f € X:

(a) If E is a bounded set of R” and E; are measurable subsets of £ such that
|Ej| — 0 as j — oo, the || fxg,|x — 0as j — oo.

(b) I/ xrm\5;(0)lx — 0 as j — oc.

It is known that X has an absolutely continuous norm if and only if any sequence

f; € X such that |f;| | 0 a.e. in R™ has the property that ||f;||x J 0 (see [Lux, page 14]).
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Chapter 3. Sobolev Multiplier Type Spaces
3.1. Basic Properties
Let M3* = M3*(R"), « > 0,5 > 1,p > 1 be the Sobolev Multiplier Type Space

defined as the set of all functions f € Li, (R™) such that the trace inequality

(/ IUISIfI”dw) < Clulln. (3.1)

holds for all u € CZ°(R™). A norm of a function f € M"* is defined to be the least possi-

ble constant C' in (3.1). By Theorem 2.2.4, the norm is equivalent to the quantity

i |f@)Pdz\ "
P ( Cap, (K) > ’ 3.2)

where the supremum is taken over all compact sets K C R™ with non-zero capacity. In

what follows, we shall tacitly use (3.2) for functions f € M ", that is, we redefine

(Ll f@Pda
||f||MZ§"vS = Sl]i'p (W) .

It is worth mentioning that one also has (see [MS2, Remark 3.1.1]):

Ji \f(x)\”dx)”p_

e sup (000

K:dian(K)<1
Thus in view of (2.9), we have || f[|y0+ =~ sup,egn | f|lzr(B,(x)) Provided as > n. That
is, when as > n, M;»* can be identified with the space of uniformly local L? functions in
R™. For this reason, we shall be mainly interested in the case as < n. On the other hand,
for as < n by (2.7) below we see that M is continuously embedded into a local Morrey

space. If f € L>®°(R") then f € M for any p > 1, and

1 g < Clfllzoe ey (3-3)
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On the other hand, when as < n by (2.10) we have

”fHM;S < CHf“[/%OO(]gn)?

where Las>®(R") is the weak Las space.
Our first result provides another equivalent norm for the space M*, p > 1.

Theorem 3.1.1. Forp > 1 and a > 0,s > 1, with as < n, we have

1/p
g s ([ If@)Putoc)

where the supremum is taken over all nonnegative w € L*(C) N AP® with ||w| 1) < 1 and
[w]ae <€(n, e, s) for a constant €(n, o, s) > 1 that depends only on n,a and s.
Here A°° is the class of local A; weights which consists of nonnegative locally inte-

grable functions w in R™ such that
M w(z) < Cw(z) (3.4)

for a.e. z € R™. The AY° characteristic constant of w, [w] Aloe, s defined as the least pos-
sible constant C' in the above inequality. The operator M'° stands for the (center) local

Hardy-Littlewood maximal function defined for each f € L{ _(R™) by

loc

1
M f(z) = sup
0<r<i1 |BT(x)’ Br(x)

|f(y)|dy. (3.5)

We recall that the (center) Hardy-Littlewood maximal function M f of f is defined simi-
larly except that the supremum is now taken over all » > 0. If (3.4) holds a.e. with M in
place of M, then we say that w belongs to the class A;.

One should relate Theorem 3.1.1 to [AX1, Theorem 2.2] and [AX2, Lemma 11] in
the context of (homogeneous) Morrey spaces. Here we mention that our approach to The-
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orem 3.1.1 actually provides a new proof of [AX2, Lemma 11] in which the result of [OV]
can be completely avoided.

To prove Theorem 3.1.1 we need the following preliminary results. A homogeneous
version of the next theorem can be found in [MS1]. But our approach here is different
from that of [MS1] at least in the case s > 2 — a/n.

Theorem 3.1.2. Let s > 1, a > 0, and as < n. Ift € (1,n/(n — a)) for s < 2 —a/n
andt € (1,n(s —1)/(n — as)) for s > 2 — a/n, then for any nonnegative measure p and

V =Ga*(Gy % u)s%l we have
M (V) (xg) < AV (), Vzo € R, (3.6)

where A is a constant independent of .

Proof. We shall use the following properties of G, (see [AH, Sect. 1.2.4]):
Golz) >~ |z|*™™, Vx| < 4, 0<a<n, (3.7)

and

Ga(z) <cGalz+y),  Vz[=22,  Jy <1 (3.8)

Note that (3.7) and (3.8) yield that for any ¢t € (1,n/(n — a)) we have
M (Gt (- — 2))(z) < CGE(x — 2), Y,z € R", (3.9)

where C'is independent of x and z. This can be verified by inspecting the case © € Bj(z)
and the case x ¢ Bs(z) separately.

First we consider the case s < 2 — a/nand t € (1,n/(n — «)). By Minkowski’s
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inequality and (3.9) we have, for 7y € R™ and r € (0, 1],

t
fovt=f [ Gulr-2(Gor i) ay
By (o) By (z0) Rn

/H(Ga e (][Br(m) Galy - Z)d3/> % dZ]t

<C [/n(Ga w1 (2) 71 Ga(zo — z)dzy

<

= Cvt(l‘g)

Thus we get (3.6) when t € (1,n/(n — «a)) and s < 2 — a/n. In fact, the proof is
valid for all s > 1.
We now consider the case s > 2 —a/nand t € (1,n(s — 1)/(n — as)). By Holder’s

inequality we may assume that ¢ > s — 1. Let o € R” and r € (0, 1]. We write

V(z) = Vi(z) + Va(x),

where
W)= [ Gule = wewdy
ly—xo|>3
Vo) = [ Gule = wewdy
ly—zo|<3
with
_1
o(y) = (Ga* p(y)) .
Observe that for |z — zo| < 1 and |y — x| > 3, it holds that
Galz —y) < AGq(wo — y). (3.10)
Indeed, since | —y| > |y — x| — |z — 29| >3 —1 =2 and |z — zo| < 1, by (3.8) we
find

Ga(x - y) S AGa(x -y + xo — .’L’) = AGa(IO - y)
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Now by (3.10) we have

Vi(z) < A / Gaolzo —y)e(y)dy = AV (20)

for all |x — x| < 1. This yields
][ Vi(z)dz < AV (xy).
Br($0)

As for V5 we write

Vi) = / _, Callole —u)du < V() + V(o)

where

Var(z

u)p1(z — u)du,

|z—u— ro\<3

Voo (x w)a(x — u)du,

|e—u— a:o\<3

with

1

oo =0 = ( [ Guleu- ()

oa(z — u) = (/|HO|§5 Golr —u— z)du(z)) -

Using (3.8), for |z — x| > 5, |v — u — zo| < 3, and |z — 2| < 1, we have

Golrt —u—2) < AG.(x —u— 2z — x4+ x0) = AGo(T0 — u — 2).

Thus for such x and w it follows that

1
s—1

or(z —u) < A U Galzo —u — 2)du(2)| = Ap(zo — ).
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Hence,

Vo (z) < A Go(u)p(rg — u)du

|[t—u—2x0|<3

<A [ Galzo—y)e(y)dy

]Rn

As this holds for all |x — 2| < 1 we deduce that

][ Vi (x)de < AV (xy). (3.12)
Br($0)

It is now left to estimate Vae. Note that for |z — x¢| < 1,

Vas(z) = /|_ » Galz —y)p2(y)dy < / Golr —y)p2(y)dy,

ly—x|<4

and thus by (3.7) we have

5[5 @) P2(W)dy
Vao(2) < c/ fBP“pn—_zd—p”. (3.13)
0

We next claim that for |[x — zo| < 1,

100 —_
Vas(z) < 0/ ("(L_(‘””) dp. (3.14)
0 pTL as p
Assuming (3.14), we have
F o vh@ < 0Qi+ Q) (3.15)
Br(wo)

where



For Q2 we observe that if x € B,(x¢) and p > r then B,(x) C By,(zo), and so

u(szm)))si@ t t
QQS]{B,.W ( / ( s 2) dr < CV'(a0).

where we used [Adl, Theorem 2] in the last inequality.

For @1, we first bound, with z € B,(zg) and € > 0,
1 t _t_
[[ (BB ) e g (MDY
0 pn—as p 0O<p<r pn—as-i-e
et d ﬁ
< crs1 sup (/ —u(qlz_)aﬁﬁ)
0<p<r lz—z|<p |.T B ’Z‘
et d Siﬁl
([ we )
|zo—z|<2r ‘.T - Z‘
This and Minkowski’s inequality (recall that t > s — 1) yield

t
¢ d =1
Q1 < CTS%][ (/ = ,u<nz_)o¢s+e> dz
Br(z0) \J|mo—z|<2r |z — 2|
s—1

¢
s—1
et d ¢
<crs1 / du(z) ][ ° ; :
|zo—z|<2r B (z0) |l‘ — Z|(n7as+e);

We now choose an € > 0 such that (n — as + €)-5 < n, which is possible since

n(s—1)
t

>n — Qas.

Then by simple calculations and [Ad1, Theorem 2| we arrive at

p

Thus in view of (3.15) and the above estimates for )1 and Q5 we get

][ Vo (x)dr < AV (zy). (3.16)
Br(fﬂo)

Estimates (3.11), (3.12), and (3.16) yield the bound (3.6) as desired.
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Therefore, what’s left now is to verify inequality (3.14). In view of (3.13) we need

to estimate pr(x) ©2(y)dy. To this end, we first observe that for y € B,(x), p € (0,5], by

(3.7) it holds that

|z— x0|<5

)

0=(f
(/ [ Goly= )it )"
i)

IN

IN

Thus for 0 < p <5 we have

/ a(y)dy < C(I) + L),
By ()

where
1

1 s—1
L = / (/ ﬁdﬂ(z)) dy,
By(z) \J|z—y|<p ly — 2|

and

1

1 s—1
- (/ Mdu(z)) dy
Bp(z p<|z—y|<11 |y - Z‘
([ ey
5w \J, Ry
Sy
p

We now claim that

Indeed, we have

1

d s—1
L < / </ LZ)_) dy,
le—y|<p |z—x|<2p |Z - y|n “
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and thus when s > 2 by Holder’s inequality with exponents s — 1 and % and Fubini’s

theorem we obtain

1

d s—1 s—2
I < ( [ we [ —y) 1B, (1))
|[z—z[<2p lz—y|<p |Z - y‘

o n(s—2)

1 1 n4o=n
< cp(Bp(x) 1 pTp T = e p(Bap(x)) T Tp" T

On the other hand, when 2 — ar/n < s < 2 we use Minkowski’s inequality to get

1

s—1 s—1
d
L < / (/ %) dp(z)
lz—z|<2p \Je—y|<p |2 — y| T

a—n

< ¢ p(Bap(w))=Tp oL

Thus the claim (3.18) follows. At this point combining estimates (3.13), (3.17)-

(3.18) we obtain

Vanl) < C/05 (M> Tdp Cla), (3.19)

pn—ocs p

where

N

Using Hardy’s inequality of the form

([([roa) ry) <

1<g<oo,a>0, f>0,when s <2 we find

J(x) §0/012 (%)L% SC/()M (%)s—l dp

ORI

{[Cusomety
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When s > 2 we have

( / ”(fiix)) %

1
2k+1

[ Bl dr)
= (; /ka tho 7)

0

(Z " BW )

1

sC (BW ))

where ko = ko(p) is an integer such that 2¥+1p > 12 and 2%*!p < 24. This yields

([ ) e [ ()

Thus by Fubini’s theorem we get

<C/ /48( )

I/\

- tn [0

_ / MBQt d_
tTL as t

s

- n—Qas t

Now combining (3.19) with the above estimates for J(x) we arrive at (3.14) as de-
sired.

The proof of the theorem is complete. O]

For any set &/ C R™ with 0 < Cap,, ,(E) < oo, by [AH, Theorems 2.5.6 and 2.6.3 |
one can find a nonnegative measure u = pu with supp(p) C E (called capacitary measure

for E) such that the function VE = G, * ((G, * u)sfll) satisfies the following properties:

1" (E) = Cap, ,(E) = /n VEdF = /n(G e (3.20)
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VE >1 quasieverywhere on E,

and

VE<A onR™ (3.21)
Lemma 3.1.3. Let E, u= p”, and V¥ be as above and let 0 < as < n. If
e (,n/(n—a))

fors <2 andd € (s—1,n(s —1)/(n — as)) for s > 2, then the function (VE)? € Alec with

[(VE)] goe < e(n, @, 5,8). Moreover, (VF)? € LY(C) with |(VF)’|| 110y < C Cap, 4(E).

Proof. Thanks to Theorem 3.1.2, we just meed to prove the last statement of the lemma.

By [AH, Proposition 6.1.2] we see that VE and hence (VF)? are quasicontinuous. We have
V5 ey =5 | Capa((VE > phi (322)
For s > 2, by [AM, Proposition 4.4] and (3.20) it holds that
Cap, ,({VF > p}) < CpP(R™)p'™* = C Cap, (E)p' .

For 1 < s < 2, let v be the capacitary measure for the set {V¥ > p}. By Fubini’s

theorem we have

Cap, (V¥ > p}) = / dv<pt [ VEd

n Rn

= [ (Gox hP ) (G x vl
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Thus by Holder’s inequality it follows that

Cap, ({VF > p}) < p™ {/ (Ga * uE(y))ssldy}“ x

) {/"(G“ * 15 (y))(Gax y(y))sildy}s1
= p'Cap, ,(E)** / o % (G 0) 7Y dp"

n

< Cp'Cap, (E)**uP(R")*™" = C p~'Cap, ,(E).
Using (3.21)-(3.22) and the above estimates for Cap,, ,({V* > p}), we get
A
(V5 sy < € Capy (E) [ gm0y < € Cap, (),
0

as desired. O
We are now ready to prove Theorem 3.1.1.

Proof of Theorem 3.1.1. By Theorem 2.1.3, given w € L'(C) with |Jw||;1(c) < 1, one has

[ 1f@putede < Pl [ Capa (o > th

= Hf”p s

wHLl(C’)7

which yields

sup {/ |f(z)|Pw(z)dz : w € L' (C), w1y < 1} < HfH?V[gS

On the other hand, fix a constant § such that § € (1,n/(n — «))if s < 2 and § €
(s—1,n(s—1)/(n—as)) if s > 2, and let E be a compact subset of R" with Cap,, ,(E) > 0.

Then, with V¥ as in Lemma 3.1.3, we can find a constant ¢ = ¢(n,,s) > 1 such that
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[VF/Cap, s(E)] g0 < €. Thus we have
p T p E
Jo s _fyeres < [ (ot ) s
Capa s( N Capa s( ) R Capa,s(E)

< C sup {/ | f(@)[Pw(z)dz : w € LYC), |w|pic) < 1, [w] g0 < E} :

This finishes the proof of the theorem. m

We notice that by [MV, Theorem 1.2] it holds that

Sy —L
p(s’—1)

Ga * [Ga * (I/P)]°
Ga* (fIP)

wwp:H

L= ({Gax(|f[7)>0})

Thus it follows from [KV, Proposition 2.9] and [KV, Theorem 2.10]

and G, *(|f|P) belong to Z. Here Z = Z is the space of measurable functions h such that
the integral equation

w= Gy * (u®) + €|h) a.e.
has a nonnegative solution u € L; (R") for some ¢ > 0. A norm for Z can be defined by

Go* [P ||

|Wb=Mﬁ>mGwmﬁsﬁﬂmzm}:H|m

Lo ({[h]>0})

(see [KV, page 3455]). Moreover, by [KV, Theorem 2.10] we have

171z = 1 Ga = (L)1

With these observations, we see that a function f € My i €z

and

~

([FAEd (i Py

WIS
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3.2. Preduals

The main goal of this section is to find ‘good’ predual spaces to the space MJ"*,
p > 1. By a good predual space in this context we mean one that fits in well with the the-
ory of function spaces of harmonic analysis and partial differential equations. For exam-
ple, one should be able to demonstrate the behavior of basic operators such as the Hardy-
Littlewood maximal function and Calderén-Zygmund operators on such a space. A natu-

ral candidate for a predual of M* is its Kothe dual space (M,"*)" defined by
(M) = {measurable functions f : sup/ |fg|de < —1—00} : (3.23)

where the supremum is taken over all functions g in the unit ball of M. The norm of
f € (Mg*)" is defined as the above supremum. Indeed, as in [KV], using the p-convexity of

M7>* we find that this is the case , i.e.,
,s\1* __ a,s
[(Mp ) ] - Mp )

(see Proposition 3.2.5).

We observe however that the space (M;**)" is quite abstract and thus it is desir-
able to find a more concrete space that is isomorphic to it. In this paper, inspired from
the work [AX1, AX2], several other predual spaces to M;"* will be constructed. In particu-
lar, we find a Banach function space (in the sense of [Lux]) N;f’s, p = p/(p—1), such that
(Mg=) =~ N* for all p > 1,a > 0, and ap < n. More importantly, the space V7** and
other predual spaces that we construct have a nice structure that the Hardy-Littlewood
maximal function and standard Calderén-Zygmund type operators behave well on them
in a reasonable sense. As a result, the local Hardy-Littlewood maximal function M (see

(3.5)) is shown to be bounded on (M;+*)". We remark that whereas the Hardy-Littlewood
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maximal function M is bounded on M for any p > 1 and as < n (see [MS1]), it fails
to be bounded on (M*)". This is because L>(R") < M and thus (M*)" — L'(R").
This phenomenon happens simply because of the inhomogeneity of the Sobolev space un-
der consideration. In the homogeneous case, where the space H** in (3.1) is replaced with
its homogeneous counterpart Hes (the space of Riesz potentials), such a phenomenon does
not exist.
3.2.1. (NJ°)* ~ Mg+
Inspired by Theorem 3.1.1 we define the following space. For ¢ > 1 and > 0, s >
1, let N&* = N&*(R™) be the space of all measurable functions g such that there exists a

weight w € L'(C) N AP® with [[w]|z1) < 1 and [w] gee < €(n, v, 5) such that

([ tata gy iz P,

This implies that, for such w, g = 0 a.e. on the set {w = 0}. The ‘norm’ of a

function g € N;** is the defined as

1/q
gl g = inf (/ |g(:)3)|qw(w)1_qu) ,

where the infimum is taken over all w € L'(C') N AP® with [Jw|[z1 ) < 1 and [w] groe <
c(n,a,s).
Our first duality result can now be stated.

Theorem 3.2.1. Letp > 1, a > 0,5 > 1, with as <n, and p' = p/(p —1). We have
(V) ~ My~
in the sense that each bounded linear functional L € (N;f’s)* corresponds to a unique f €
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Mg such that L(g) = L¢(g) for all g € N°, where

Ls(g) = Rnf(:v)g(ﬂﬁ)d:ﬂ, geN”.

Moreover, we have

0z 2 Ll ey

In Theorems 3.1.1 and 3.2.1, we can also drop the A°® and the quasicontinuity con-
ditions on the weights w and obtain the following similar results with equality of norms.

Theorem 3.2.2. Forp>1 and a > 0,s > 1, with as < n, we have

1/p
e =5 ([ (@Putelas)

where the supremum is taken over all weights w such that w is defined Cap,, ;- quasievery-
where and fR” wdC < 1.
Moreover, we have <N§8> = M>*, where N;‘ﬁ = N;"S(R”), q > 1, is the space of

all measurable functions g such that

1/q
ol =int ([ lotorute)t-od ) < oc
w Rn

Here the infimum is taken over all nonnegative g.e. defined function w € Li (R™) such

that [g, wdC < 1.

The spaces N;** and N, . are obviously quasinormed spaces. However, at this point
it is not clear if they are normable or complete for all @« > 0,s > 1 with as < n and
q > 1. We now introduce two Banach spaces are also preduals of M»*. The first one is
of course the Kéthe dual space (M) defined earlier in (3.23). The second one is a block
type space in the spirit of [BRV], which we call B»*, ¢ > 1.
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3.2.2. (B%")" ~ Mo
Definition 3.2.3. Let ¢ > 1, a >0, and s > 1. We define B* = B»*(R") to be the space

of all functions f of the form

f=>_ca;
J
where the convergence is in pointwise a.e. sense. Here {c;} € I' and each a; € LY(R")

is such that there exists a bounded set A; C R"™ for which a; = 0 a.e. in R" \ A; and

laj|lze < Capa,S(Aj)l%q. The norm of a function f € By is defined as

| fll ges = inf { Z lc;| : f = chaj a.e.}.

J

It is now easy to see from the definition that B{** is a Banach space. Both (M)’
and BJ)° are also preduals of M"*.

Theorem 3.2.4. Letp>1, a >0, and s > 1. We have
[(Mpa,s)/]* — (B;l,s)* _ M;’S,

with equalities of norms.

We will now follow an idea in [KV, Proposition 2.11] and use the p-convexity of
M3+ to show that (M"*)" is actually a predual space of M.
Proposition 3.2.5. We have [(M*)']* = M3 (isometrically) for any a > 0,5 > 1,

p>1.

Proof. Tt is obvious that My"* is p-convex with p-convexity constant 1, i.e., for every

choice of m functions {f;}j2, in M, we have

| (gw);

1

< (3o bl ) (324
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Now using the fact that 7' ((M*)*) = (P(Mg+*)* we have for any choice of m func-

tions {g;}I", in (Ml‘j"s)’,

(S il )’ (Zuglu(Mas)
=1

= sup Z/fi(l‘)gi(fﬁ)dl’
||{fi}||gp(1\/1"‘*5 <l

<{f1}zp(ﬂ,as><1/<z|fl ) (ZL% ) dx
<Z|f2|p> <g|gi‘p'>§

Thus in view of (3.24) we see that (Mpo"s)’ is p’-concave with p’-concavity constant

1 1
7 7

=

<
H{fz}ng(M“ 5)<1

yS

(M°)

1, i.e.,

1
o

(Sl )7 < (Z 9" )"
=1

Then by [LT, Proposition 1.a.7] the space (M)’ must have an absolutely continu-

(Mp°)

ous norm. Hence, Theorems 2.3.1 and 2.3.2 yield that
[(M;,s)l]* — (M;,s>// — M;,s,
as desired. ]

Remark 3.2.6. The proof shows that (MS"*)" has an absolutely continuous norm and thus
it is a separable Banach space (see [Lux]).

Having introduced several predual spaces to M, a natural question to us now is
whether they are isometrically isomorphic or at least isomorphic. We will show eventually
that they are all indeed isomorphic. In the case the capacity Cap, , is strongly subadditive
we claim that

NG* a2 (M) = N&* = By, (3.25)
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provided Cap, , is strongly subadditive.

The first relation in (3.25) provides us with a new concrete description for the ab-
stract space (M;*)" and enables us ‘to do harmonic analysis’ on it when Cap, , is strongly
subadditive. In order to deal with all capacities, we now introduce another space which we
call N, ¢ > 1. Eventually, we show that NJ* ~ (My+*)" for all p > 1 and as < n. To
this end, we first modify the space L'(C'), which in general is only a quasinormed space.

Let £!(C) be the space of measurable functions w such that

s / l9() () dz < +o0,

where the supremum is taken over all g € M} such that [|g|,e« < 1. In other words,
L(C) is the Kéthe dual of M7"® with the norm ||wl|z1(¢) being defined as the above supre-
mum. It is easy to see that L'(C) — L£1(C).
3.2.3. (M;")* ~ M;* and the Equivalence of Preduals

For ¢ > 1, we now define Ni* = N™*(R") as the space of all measurable functions
g such that there exists a weight w € L£}(C) N AP® with [Jw|[z1c) < 1 and [w] groe <

¢(n, a, s) such that
1/q
(/ |g(x)|qw(x)1_qu> < +00.

As in the case of N, the norm of a function g € N* is the defined as the in-
fimum of the left-hand side above over all w € L£'(C) N AP¢ with ||w| sy < 1 and
[w] g10e < €(0, v, 5).

Theorem 3.2.7. Letp > 1, > 0, s > 1, as < n. Then ./\/pof’S and (M>*)" are Banach

function spaces, and N;* ~ (Mg>*)" (thus (N7°)* ~ Mg»*). Moreover, if Cap,, , is strongly
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subadditive then N3*, N3°, and B;* are also Banach function spaces, and
LS . ATOLS s\ __ ATQL,S _ oLs
Ny*® = Ny* = (My*) = Ny° = B”.

Finally, we have the following isomorphism result which applies to all capacities.

Theorem 3.2.8. Letp>1,a>0, s>1, as <n. We have
0,5 ., NTQLS SN o NTOLS o OGS
Np, ~ N~ (M) =~ N,* =~ B,". (3.26)
In general, the space of continuous functions with compact support C. is not dense
in M7»*. We shall let ]\04;’5 denote the closure of C, in M»*. As it turns out, we have that

Mg-* is a predual of N7,

Theorem 3.2.9. Letp>1, a >0, s > 1, with as < n. We have
(Mpa,s)* ~ Npo/z,s

in the sense that each bounded linear functional L € (M;S)* corresponds to a unique g €
N* such that L(v) = [, v(z)g(x)dx for allv € My, and H9HN§ =~ ||| (ngeesy--

As a consequence of Theorem 3.2.9, we obtain a triplet duality relation
y ’ Q,S ’
NN,

which is analogous to the famous triplet VMO-H'-BMO of harmonic analysis (see
[CW]). See also [AX2] where a similar triplet was claimed without proof in the context
of Morrey spaces. We mention that our proof of Theorem 3.2.9 is completely different
from the VMO-H" duality proof of [CW]. Tt is based on the relation N7* =~ (M;+*),
Radon-Nikodym Theorem, and Hahn-Banach Theorem. Moreover, it can also be easily
modified to provide a proof the claimed triplet in [AX2]. For other related results in the
Morrey space setting, see [ST, ISY].
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Proof of Theorem 3.2.1. 1f f € Mg>*, then for any g € N;* and w € LN(C), wllpi(c) < 1,

such that [ |g|"'w'~dz < +o0, one has

<(/ |frpwdx)‘l“ (f1a0wrar)’

by Hélder’s inequality. Thus it follows from the proof of Theorem 3.1.1 that

=

\ [ swgteia

< lasg <l gl

\ [ gt

and so Ly € (N,;°)".
Conversely, let L € (N;°)* be given. If g € L*" with supp(g) C E for a bounded set

E with positive capacity, then with V¥ and 6 as in Lemma 3.1.3 we have

9" [(VE) /Cap,, (E)]' ™ dz < Cap, J(B)~[gll”.,.

R”

Thus g € N* with
1
lgllves < CCap, (E)7 gl v

and so

|L(g)] < ClIL||Cap, o (E) (|9l -

By Riesz’s representation theorem there is an f € L} (R") such that

loc

L(g) = / f(@)g(x)dz (3.27)

for all g € L*" with compact support. In particular, if g = sgn(f)|f|?~'xx for any compact

set K, then we deduce

1 L(g)| = /K\f!” < C|[L||Cap, s (K) 7 {9l

— 0|l L||Capy .(K)* ( / \f|”) ’
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This implies f € M»* and
1fllazgs < CIL.
Note that for any ¢ € N;f’s, the functions
g := max{min{g, k}, —k}xB.0), k>1,

converge to g in N* as k — oo. Also, for any g € N;” and k > 1 we have

grllnes < ClLF llargsllgllve,
p p P

[ il < g

and thus by Fatou’s lemma we get fg € L'(R"). Then by continuity, (3.27), and Lebesgue

Dominated Convergence Theorem we arrive at

k—o0

L) = Jim L(g) = Jim [ f@ou(o)de = [ f@)gla)ds
for all g € N;”".
This completes the proof of the theorem. O

Remark 3.2.10. The above proof shows that bounded functions with compact support f
are dense in N, For such f, we define pe x f = € "p(e™") x f, where e € (0,1) and
p € CX(B1(0)). Let B be a ball such that supp(f) C B and supp(pe * f) C B for any

€ € (0,1). Then take a weight w € L*(C) N AYC such that w > 1 on B. We have

Hpe*f_fHN,‘;’S SC(/ ’pe*f_f’qwl_qdl) SCHPE*f_fHLQ'
Rn

Thus we see that C°(R™) is dense in Ngv°. Likewise, we also have that C2°(R™) is

dense in the space Ni°.
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Proof of Theorem 3.2.2. One just needs to follow the proofs of Theorems 3.1.1 and 3.2.1

and replace the function (VF)? with the characteristic function . O

Remark 3.2.11. In general, functions in N (hence NO‘ *) do not belong to LIOC(R"). To
see this, consider the case p=2,a = 1/4,s =2, and n > 3. Let g(x) = |z|"*! for |z| < 1
and for g(x) = |z|™"1 for |x| > 1. Also, let w(x) = g(x) for any x € R™. Then using (2.7)
and (2.8) it can be shown that w € A*NLY(C). Moreover, we have g?>w=! € L'(R"). Thus
g € N;° (by enlarging €(n, a, s) if necessary) but g ¢ L*(B1(0)).

On the other hand, if in the definition of N;f’s we consider only weights w such that
w € L*(R") N LY(C) N AP® with ||w||pic) < 1 and (W] gee < €(n,r,8) (or only weights
w such that w € L>(R"™) and [,, wdC < 1 for N;f’s), then Theorems 3.2.1 and 3.2.2
still remain valid for those versions of N;° and ]V;ﬁ’s. Moreover, functions in such spaces

belong to LP (R™).

Proof of Theorem 3.2.4. By Proposition 3.2.5, we just need to show (B;‘,’S)* = M»*. Let
f € My and g € B°. Suppose that g =}, cja; where a; = 0 in R" \ A; and [[a || v <

Cap, ,(A;)7/P. We have

' [ gt

<ol [ 1ol
i A
<3 leall Flesap gl
J
< Sl bt o 4™

< el Fllaggs-
J
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Thus,

‘ [ swgteas

< 1A s llgll ey (3.28)

Conversely, let L € B be given. If 0 # g € L*" with supp(g) C E for a
bounded set E then g € By* as we can write g = Cap, ,(E)"?||g g, where § =

9/(Capq, (E)"?|g|l ), and so
1
lgll 55+ < Capa,s(E)7 lgl o

This gives
1
[L(g)| < ILl|Capq, o(£)7[|g]l -

Then as in the proof of Theorem 3.2.1 we can find an f € M** with [[f[[50 <
IZ]], and

L(g) = / f(2)g(x)dz (3.29)

for all g € L?" with compact support.

We will now show that (3.29) holds for all ¢ € B*. Note that for any g € B)”,
we have a representation g = Zj cja; where a; = 0in R™ \ A;, A,’s are bounded sets,
la;]| 1 < Cap, 4(A;)~?, and >_;lejl < +oc. Thus the functions

g = Z ciay, k>1,
l71<k

have compact support and converge to g in B® as k — oo. Also, if hy = 3 ;- ¢jllasl,

k> 1, then hy € B and ||yl ges < 37 |cj|. Thus using (3.28) we have

[ 17t < 1l g < Wi 3l
J

and by Fatou’s lemma we get f >~ |c;|la;| and fg € L'(R™).
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Now by continuity, (3.29), and Lebesgue Dominated Convergence Theorem we ar-

rive at

k—o0

L) = Jim L(g) = Jim [ f@gu(o)de = [ f@)gla)ds
for all g € B)”. O

Remark 3.2.12. The proof above shows that if g = Zj c;a;, where a; = 0 in R™\ A, for
a bounded set A;, |a;| v < Capgy (A;)7Y7, and > lej|l < +oo, then the series 3, c;a;
converges absolutely a.e. in R™.

Recall that £1(C) is defined as the Kothe dual of M;"*. Also, by Theorem 2.1.3 we
see that L'(C') is continuously embedded into £'(C). Moreover, the norm of a function

g€ /\/'qo"s is the defined as

1/q
gl = inf ( / !g(x)\"w(x)l‘qu) | (3.30)
w Rn

where the infimum is taken over all w € L£L}(C) N AP with [|w||z1c) < 1 and [w)] Aloe <
c(n,a,s).

We remark that if Cap, ; is strongly subadditive, then it can be shown from
Hahn-Banach Theorem, Theorem 2.1.3, and an approximation argument that || f{| .y =
”f“Ll(C) for all f € LY(C).

Let 6 be a fixed constant such that
Je(l,n/(n—a))

ifs<2andd € (s—1,n(s—1)/(n— as))if s > 2. We observe that if F is subset of R™

such that 0 < Cap, ,(E) < oo and V¥ is as in Lemma 3.1.3, then by Theorem 2.1.3 and
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Lemma 3.1.3 we have

/'g (CapaI )) br=¢

for all g € Ly, N M}"* such that ||g|[pes < 1. That is,

loc

1(VE)/Capa o(B)| g1 ey < C-

Moreover, [VE/Capa7S(E)]Alloc < ¢(n, a, s) for some ¢(n, «,s) > 1. Thus by a sim-
ple modification of the proofs of Theorems 3.1.1 and 3.2.1 we obtain the following duality
result.

Theorem 3.2.13. Forp > 1 and a > 0,5 > 1, with as < n, we have

1/p
g s ([ If@)Putoc)

where the supremum is taken over all weights w € L'(C') N AP¢ with ||[w|| g1y < 1 and
[w] goe < €(n, @, 5). Moreover, we have (J\f;’s)* ~ M.

The fact that || - ||z1(¢) is a norm yields the following important result. A related
result in the setting of Morrey spaces can be found in [MST].
Theorem 3.2.14. The space Nq‘”’s with the norm given by (3.30) is a Banach function

space.

Proof. For any g € N;"S we set

lglly i=inf { S lesl s 9= 3 ety ae. |,
J J

where each b; is a block in N»%, i.e., b; € N™* and ||bj][yes < 1. Tt is easy to see that

| - 1|1 is actually a norm and (N3, - ||1) is a Banach space. That [|g[|; = 0 implies

g=0
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a.e. can be checked as follows. Since ||g||; = 0, for any € > 0, there exist {¢;} € ¢! and
blocks b;’s such that g = > c;b; and 3, |¢;| < €. Then for any ¢ € C.(R") by Theorem

3.2.13 we have

[laliglds < Sl [ billeide < 3 el -
J J

which yields that [ |g||¢|dz = 0 for all ¢ € C.(R") and hence g = 0 a.e.

ellass < ellellse.

We next show that

19llxg= = llglls (3.31)

for all g € N ;o7 and thus property (P1) in the definition of Banach function space is ful-

filled. That |[g|l1 < [|g|[xzs is obvious. To show the converse, we will show that
lgllazs < @ +e)*glh,  Ve>0. (3.32)

For any g € N*, g # 0, and any € > 0, there exist {¢;} € ¢! and blocks b;’s such
that g =3, ¢;b; and
> gl < (1 +9)lglh.
J

Since [|by][ e < 1, we can find w; € LY(C) N AP°, with [Jw;|[z1) < 1 and
[wj] aree <€(n, 0, s)

, such that

1
(/ \bj|qw;qda;) ' <l+e

By Holder’s inequality we have

ol < (S leslinl) " < (X eles) ™ (sl ).

J
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Let w = )" |¢jlw;. Tt is easy to see that w € L£(C) N APe, with

w1y < Z |41
j

and [w] qoe < €(n, a,s). We then have

/ 9w de <Y e / 1b[*[ews [ ~9dz <> Jesl(1+ €)°.
j j

This gives

/ |9|q<zéj|cj|>lqu < (Z |Cj|>q(1 + €)7,

J

and so

lgllngs < D lesl (L +€) < (1+€)lglh
J
Thus we obtain (3.32) and so (3.31) follows.
As properties (P3) and (P4) are easy to check, what’s left now is to verify the Fa-
tou property (P2). To this end, let {f;}, j = 1,2,..., be a sequence of nonnegative mea-

surable functions in N;* and f; 1 f a.e. in R". We just need to show that || f[|yes <

SUD; > Hfj”N,?’s- For this, we may assume that
sup || fjllazes = M < +o00.
j=>1

Then for any j > 1 and € > 0 we can find w; € £(C) N AP, with |lw;||z1c) < 1

and [w;] qe < €(n, a, s), such that

1
(/ \fj(ﬂc)\qwj(w)l‘qu) "< Me (3.33)
Note that if ¢ = 1/C, where C'is the constant in (3.3) then we have g € M;"* and

gl s+ < 1. This yields that

1

E/Wj(l')dl" < wjllzrey <1, Vi > 1.
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Thus by Koml6s Theorem (see [Kom]), one can find some subsequence of {w;}, still

denoted by {w;}, and a function w such that

for almost everywhere z. Moreover, any subsequence of {w,} is also Cesaro convergent to

wlr—k

w almost everywhere. Then for any function g such that [|g[[pe+ < 1, by Fatou’s lemma

we have

/ J9(2) () < lim inf / l9(2)|ow(2)da

—hmmf Z/\g )|w;(x

< liminf — Z |w;ll c1c)

k—o0

<1

This shows that w € £'(C) and ||wl|z1(c) < 1. Furthermore, for each j > 1, by the

convexity of the function ¢ — t'7% on (0, 00), we have

[t rae= [ fein [0 wa)]
m=j
k-1
<h]£ri>g1f/fj(x)q % Z wm(x)} 1iqu
1 ]':::i
<h;?i,i£f/f9(x)qk Z Wy ()
Eila "
<hi?l>golf/E Z Fon (@) Wy, (2)~%de,
m=j



where we used 0 < f; < f,,, for m > j in the last bound. By (3.33), this gives

/fj(a:)qw(x)l_qda: < (M + €)1,

and letting 7 — oo we get

/ F@)Tw(z) %z < (M + )",

As this holds for all € > 0 we arrive at

[fllags < M = sup | fjl| ag-s
Jj=1
which completes the proof of the theorem. n

We now obtain the main result of this section.

Theorem 3.2.15. For a > 0,s > 1 with as <n and p > 1 we have
o, s\ a,s
(V") = Mg, (3.34)

and
NG* s (M) (3.35)
Proof. The relation (3.34) is just a consequence of Theorem 3.2.13 and in fact more pre-
cisely we have
11 gy < 10z < Ol ey
To prove (3.35) we note from (3.34) that (./\fﬁ’s)” ~ (M;j"s)/. On the other hand, by

Theorems 2.3.1 and 3.2.14 we find (/\/;ff’s)” = N*. Thus we obtain (3.35) as claimed. [J

Remark 3.2.16. If we drop the AYC condition in the definition of/\/';"s, then we get an-
~ N\ ~

other space which we call N{**. For this space we have (./\/;70,"8> = M and Ny° =

(M;’S)/, p > 1. In particular, we have N =~ /\7;"8, qg>1.
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In order to prove Theorem 3.2.7 we need the following lemmas.
Lemma 3.2.17. Suppose that ¢ > 1 and Cap, , is strongly subadditive. Then NJ* and

Ng»* are Banach spaces and we have Nj* ~ N* ~ B with

[l zge < W fllBgs < el fllges < eallfllnges < 2l fllsge-

Proof. By reasoning as in the proof of Theorem 3.2.14 we find
I fllgs =it { D lesl s f =D esb e}, (3.36)
J J

where each b; € Ng** and [|b;||yes < 1. Likewise,

[l =t {3 lesl = £ = Dby ae (3.37)
j j
where each b; € N;"S and Hbj”ﬁg,s < 1. Note here that to verify (3.36) we use the com-
pleteness of L'(C') (Theorem 2.1.2) to obtain that if w = Y. |¢;|w;, where {c;} € ¢! and
w; € LNC) with [Jwj||z1c) < 1, then w is quasicontinuous and [lw;|L1cy < 37, |¢j|. Now
(3.36) and (3.37) yield that N* and N;“ are Banach spaces.

Note that if @ € LI(R™) is such that there exists a bounded set A C R™ for which

]

a=0a.e. in R"\ Aand |al|z« < Cap,(A) ¢, then obviously
ol g <1

and by Lemma 3.1.3

lall g < C.

Thus it follows from (3.36) and (3.37) that

[l gos < I fllpgs, and [[fl[nes < Clfllpge-
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Also, it is obvious that ||f||ﬁ; < || fllne-s and so we just need to show

1fllgs < CNFll eos (3.38)

for any f € N;”’s. Now for f € N;"S, we can find a nonnegative function w defined quasiev-

erywhere such that

/wdC’ = / Cap, ,({w > t})dt <1
0

and

1

([ 1@lmtoy o) < 2l

Note that

S 24 Cap,,, ({2 < w < 2)

kEZ

1 Qkfl
S [ ol < w < 2
kez Y2

1
<12 [ Comw > ey
keZ
1 1
== < Z
4/wdC’_ 1

Let By = {2" ' <w < 2"} fork€ Zand D, = {l —1 < |z| < I} for | = 1,2,...

Note that w < 400 quasieverywhere and hence

f= Z I XEwnD, = Z Ck, 10k, a.e.,
k,l

k.l

where > ) = > ez 25y and

¢kt = || fll Lo(menp) Cap,, s (B 0 Dy) =D/,

a1 = ”f“ZqI(Ekle)Capa,s(Ek N Dl)(l_q>/quEkﬁDl-

o1



Here we understand that az; = 0 whenever f = 0 a.e. in E, N D;. It is obvious that
lax|lLe = Cap,, ((Ex N D,)-0/a,

whenever ay; # 0. Moreover, we have that

peex

([, el ) 2e-0ncap, (B Dy
k,l E,ND;

<(X

k.l

1
qg—1

\f(x)\qw<x>1-qw<x>q-ldx) " Cap,,(Een DY

kMDD

qg—1

/Ele |f(x)|qw(x)1_qd;p> % ( ; 2kcapa,s(Ek N Dl)> "

where we used Holder’s inequality in the last line.
On the other hand, it follows from the quasiadditivity of Cap, , (see (2.11)) we

have

Y Cap, (BN D) < C Cap, ,(Ey).

>1

Thus,

q—1
q

o< ([ 1@lrtoyoac)

< Cllfllgor.as-

(Z 2kCapa’s(Ek)>

We have succeeded to decompose f as the sum f = >, c;ja; such that |c;f[n <
C|l f| st and [la;]| e < Cap, 4(A;)1~9/4 with {a; # 0} C A; for a bounded set A;. Thus

by the definition of B$"* we obtain f € Bg* with the bound (3.38). O

Lemma 3.2.18. Suppose that ¢ > 1 and Cap,, ; is strongly subadditive. Then N*, Ng’s,
and By** are Banach function spaces.
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Proof. First we show that N . 1s a Banach function space and for that we just need to
check the Fatou property (P2). The proof is similar to that of Theorem 3.2.14. Let {f;},
j =1,2,..., be a sequence of nonnegative measurable functions in ﬁg"* and f; T f a.e. in
R™. Suppose that sup;, ||fj||j\7{t;,5 = M < +o0. It is enough to show that ||f||]\7(7 < M.
As in the proof of Theorem 3.2.14, for any j > 1 and € > 0 we can find a nonnega-

tive and q.e. defined weight w; with [ w;dC <1 such that

1

([1n@rera) <ar+

and [wj(z)dx < C. Then by Komlés Theorem, one can find a subsequence of {w;}, still

1
denoted by {w;}, and a function w such that oy (x) := e Z?Zl wj(x) — w(z) for almost

everywhere z. Moreover, any subsequence of {w;} is also Cesaro convergent to w almost
everywhere. By redefining w(x) to be zero for all the points = such that ox(z) 4 w(z),

one has

w(z) < liminf oy (z) quasieverywhere.
k—o0

Hence,

| Coven =t < [~ con,, ({iminton > ¢})
0 ’ 0 ’ k—o0
< / lim inf Cap, ({0} > t})dt
0 k—o0 ’
< liminf / Cap, . ({ox > £})dt
k—o00 0 ’
k—oo k —

k
1 o
<liminf Y / Cap,({w; > t})dt,
j=170

where we used the strong subadditivity of Cap, ; in the last inequality. This gives

k
1
< lim inf — ; <
/wdC’_hgr_l}glfk;_l/w]dC'_ 1.
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Moreover, as in the proof of Theorem 3.2.14 we have

/ @)y ~tde < (M + )

and so ||f“j\7{t;,5 < M as desired.

Next we show that N is a Banach function space. Let {f;}, j = 1,2,..., be a
sequence of nonnegative measurable functions in Ng** and f; T f a.e. in R". Suppose that
sup;>1 || fillves = M < 4o00. By Lemma 3.2.17 and the Fatou property of ]’\7‘?,3’ we have
HfHN;,S < M. In particular, f € Nq‘“’s N N and thus g; == f — f; € N;‘S N N* for all
j=>1landg; |0 ae.

On the other hand, Theorem 3.2.1 implies that (Ng“s)* = (N;*"’)/ with equality
of norms and hence it follows from Theorem 2.3.2 that N . has an absolutely continuous
norm. This yields that || f — fj||1\7g,s = ||gj||ﬁqa,s 1 0. Thus by Lemma 3.2.17 we then obtain
195l news 4 0. This yields || fjl[yes T ||f|lnes and the Fatou property (P2) follows for N
It is now easy to see that N;* is a Banach function space.

The proof that Bg"* is a Banach function space can be proceeded similarly, as long

as we can verify the following properties of Bg"*:

I llsgs = W flllgs,  Vf € B, (3.39)

and

0<f<gae = |[flppe <llgllzg=,  Vge By (3.40)

Equality (3.39) is easy to see from the identities |f| = fsgn(f) and f = |f|sgn(f).
To see (3.40), suppose that g € Bg* and g = ), ¢;a;, where {¢;} € ¢' and each a; €
L4(R™) is such that there exists a bounded set A; C R™ for which a; = 0 a.e. in R" \ 4;
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and ||a;l|za < Capays(Aj)%q. Then for 0 < f < g we can write

f=Y cfg  axigroy  ae.
j

]

Note that || fg~ a;x{gz0pllze < llaj]|ze < Cap, (A7), and thus f € Bg»* and

1fllsgs < llgllgges-
This completes the proof of the lemma. O

We can now prove Theorem 3.2.7.

Proof of Theorem 3.2.7. By Theorems 3.2.2 and 3.2.4 we have

"

(M) = (Ng7) = (By)".
Thus if Cap, , is strongly subadditive then by Theorem 2.3.1 and Lemma 3.2.18 we
find
(M) = N&* = BY”.
Likewise, by Theorem 3.2.1 we have (N;ﬁ’s)” ~ (Mg+*)" and so it follows from Theo-

rem 2.3.1 and Lemma 3.2.18 that N ~ (M"*)".

Now the theorem follows from Theorems 3.2.14, 3.2.15, and Lemma 3.2.18. O]

Proof of Theorem 3.2.8. Using (2.16) and the subadditivity of 7, s(-), and arguing as in

the proof of Theorem 3.2.14 we find

[ flnges = inf { Z cj| + f = chbj a.e. where [|b;]|yes < 1},
J J

and

1/ 1] fros = inf{z lcj| : f = chbj a.e. where |b; | zo.s < 1}.

J J
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At this point we can repeat the argument in the proof of Lemma 3.2.17 to obtain

N~ Ng,s ~ By-*. Combining this with Theorem 3.2.15 we get the theorem. O

3.3. Boundedness of Local Hardy-Littlewood Maximal Function on Preduals
The way the spaces N;;* and NV;* are constructed and Theorem 3.2.8, we obtain
the following important results regarding the behavior of the Hardy-Littlewood maximal
functions and Calderén-Zygmund operators on those spaces.
Theorem 3.3.1. Letp > 1, a > 0, s > 1, and as < n. Then the local Hardy-Littlewood
mazimal function M°° is bounded on S where S is any of the spaces in (3.26).
We recall the Hardy-Littlewood maximal function M is bounded on M}, as < n,
(see [MS1]). However, unlike M, standard singular integrals are generally unbounded on

Mg-*. Take for example the j-th Riesz transform,

R;(f)(z) = c(n) p.v. %f(y)dy, i=12. ..n,

and adapt the argument of [RT, Theorem 1.1] to our setting, using the fact that L> <
M.

On the other hand, M fails to be bounded on any of the spaces in (3.26), since
they are included in L!. Likewise, the first Riesz transform R;, say, is also unbounded on
these spaces. To see that, take a nonnegative function f € C°(B;(0)) such that f = 1 on

B1/2(0). Then for any x = (x1,2') = (21, 22, ..., ,) with 21 > 1 we have

K1 — U Ty
Ry(f)(@) > c(n) / s Bt T B
By /5(0) |z — y|m+t ||+
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This shows that Ry (f) ¢ L', since

IR ()l > e / / S > / / o de
1 |z |<x1 1 |2’ |<x1

[e.9]
-1
:c/ x, dzry = +00,
1

and thus it does not belong to any of the mentioned spaces.

However, the following ‘localized” boundedness property is applicable to M and any
standard Calderén-Zygmund operator.
Theorem 3.3.2. Let ¢ > 1, « >0, s > 1, and as < n. Suppose that T is an operator (not

necessarily linear or sublinear) such that

/WM%MSQ/W%M

holds for all f € Li(w) and all w € Ay, with a constant Cy depending only on n,q, and the
bound for the Ay constant of w. Then for any measurable function f such that supp(f) C

Br,(x0), o € R", Ry > 0, we have

IT(F)XBry@olls < Collfls,
where S = N&* Novs, (M), N2, Bg®, or Mg»*. Here the constant

q )

CQ = 02(77’7 Q, s, 4, RO)

We mention that Theorem 3.3.2 can be applied to the so-called (nonlinear) m-
harmonic transform #,,, m > 1, where for each vector field F' € L™(Q,R") we define

Hpn(F) = Vu with u € W, (Q) being the unique solution of A,,u = div(|F|™ 2F) in
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Q. Here Q is a bounded C'! domain in R™ and A,, is the m-Laplacian defined as A,,u =

div(|Vu|™ 2Vu). Indeed, this is possible since the weighted bound

/ |Ho (F) | wdz < C'(n,m,q, <, [w]Al)/ |F|wdz
0 0

holds for all weights w € A; and ¢ > m (see [Phl, MP] for ¢ > m and [AP1] for ¢ = m).
For m-Laplace equations with measure data, where the exponent ¢ can be less than the
natural exponent m, see [Ph3, NP].

To prove Theorems 3.3.1 and 3.3.2, we need the following basic results about A
weights. We first observe that if w € A° then for any ball B, with radius r < 1/2 we

have

][ w(y)dy < 2"[w] goc igfw. (3.41)

T

Let B be any ball such that the radius of B is r(B) = 1/2. We claim that there is a

constant ¢(n) > 0 such that

/ w(y)dy < c(n)w]ape / wiy)dy, V> 1. (3.42)
(t+1/2)B

tB

Indeed, for any ¢t > 1, let A= (t+1/2)B\tB. We can cover A by balls By, of radius

r(Bg) = 1/2 such that | By NtB| > ¢(n), and

S X (@) < N(n).

Thus using (3.41) we have

i 7 Bk ko
< c|w] 4100 inf w < clw| jioc w(y)d
ol 3 inf 0 < el 3 f. . wods



It follows that

w(y)dy < (clw] groc + 1 w(y)dy,
/(M)B )y < (ol + 1) [ widy

tB
and the claim (3.42) follows.
Using (3.42) we see that if w € AP® with [w] ae < €, then for any ball B, with

radius r < Ry, Ry > 0, we have

][ w(y)dy < C(n, Ry, <) ilrngfw. (3.43)
Now using (3.43) and a minor modification of the proof of [Ryc, Lemma 1.1], we
obtain the following result.
Lemma 3.3.3. Let w € AP with [w]awe <€ and B = Bp,(x0), Ro > 0. Then there exists
a weight W € Ay such that w =w in B and [w]4, < ¢(n, Ry,T).
As a consequence of [Ryc, Lemma 2.11] and (3.43), we also have the following

weighted bound for M.

Lemma 3.3.4. For any p > 1 and w € AP° with [w]awe <€, it holds that

M (f)Pwdz < C(n,p,c) | flPwdz.
Rn

Rn
In fact, Lemma 3.3.4 also holds for w in the larger class of Ag’c weights (see [Ryec,
Lemma 2.11]).

We are now ready to prove Theorems 3.3.1 and 3.3.2.
Proof of Theorem 3.3.1. This theorem follows from Theorem 3.2.8 and Lemma 3.3.4. O]

Proof of Theorem 3.5.2. Let w € Al with [w]Alloc < ¢ and suppose that supp(f) C

Bp,(x) for some Ry > 0. By Lemma 3.3.3, there exists a weight w € A; with [w],, <
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C(n, Ry, €) such that W = w in Bg,(xg). Thus it follows from the hypothesis of the theo-

rem that
J 1Mo ywde < [ (TPl
< C(n.q.) [ |11
~C(n.q.) [ |f1twds.
Theorem 3.3.2 now follows from Theorems 3.2.8 and 3.1.1. O

3.4. The Homogeneous Case
Let p > 1, « > 0, and s > 1 be such that as < n. The homogeneous version of

M3+*, denoted as Mﬁ’s, is the space of functions f € L} (R") such that the trace inequal-
ity
([ wispar)” < clal,. (3.44)
R?’L
holds for all u € C°(R™). A norm of a function f € Mﬁ“s is defined as the least possible

constant C' in the above inequality. In (3.44), H** stands for the space of Riesz potentials

which consists of functions of the form v = I, * f for some f € L*(R"), and ||u|| ga.. =

If

1s- Here I,, a € (0,n), is the Riesz kernel defined as the inverse Fourier transform
of [£|* (in the distributional sense), and explicitly we have I,(x) = v(n, a)|z|*", where
v(n,o) = T(252)/[x"/?2°T(2)]. 1t is known that (see [MH]) H** is the completion of

C>(R™) with respect to the norm

lull os = I1(=2) %

Lo@ny = | F 1€ F (u)

Ls(Rn)

In the case &« = k € N and s > 1 we have H*S ~ W where W% = Whs(R") is
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the homogeneous Sobolev space with norm being defined as

lallyirns = D I1DPu

181=k

LS.

The capacity associated to H** is the Riesz capacity defined for each set E C R”

cap,, ;(&) := inf {||f|

SLs5fZO,fa*f210nE}.

It is known that the norm of a function f € M;"S is equivalent to the quantity

[ |f@)Pda\"”
S‘ép( fapa,5<f<>> ’

where the supremum is taken over all compact sets K C R" (see [MS2, AH]). For this
reason, we shall use this quantity as the norm for M]?’S, p > 1, in what follows.

For s = 2 and a € (0,1], it is known that cap, ,(-) is strongly subadditive (see [Lan,
pp. 141-145]). On the other hand, for a = 1, cap, ,(-) is equivalent to the capacity ci(-),

which is a strongly subadditive capacity (see [HKM, Theorem 2.2]). Here for each compact

set K C R,
c1,5(K) = inf{/ \Vul®dz : o € C2°,¢p > 1 on K},

and ¢ ¢(-) is extended to all sets E as in (2.3).

Note that for all balls B,., r > 0, we have
capajs(Br) ~ s

and for any measurable set F it follows from the Sobolev Embedding Theorem that

| B0 < Ccap, o (E).
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This lower bound implies that Las>(R") < M;’s with the estimate

s < ClFIL 22 - (3.45)

The capacity cap, ¢ is quasiadditive in the following sense. There exists a constant

C = C(n,a,s) > 0 such that for any set £ we have (see [Ad3, Eq.(7)] and [Ad2])

S cap, (BN {27 < fo] < 27}) £ Ccap, , (E).

j=—o00
The homogeneous version of L'(C) is L'(C) which is defined analogously using the
Riesz capacity cap, ,. Likewise, the homogeneous version of £'(C) is L1(C) which consists

of measurable functions w such that

el g1 ey = sup / 19(@)]Jw()|dz < +oo,
g

where the supremum is taken over all g € M®* such that ||g||M1a,s < 1. That is, £'(C)
is the Kothe dual of M®. It is easy to see that the quasinormed space L'(C) is continu-
ously embedded into the Banach space £(C).

Let E be a subset of R" such that 0 < cap, ((F) < oo. By [AH, Theorems
2.5.6 and 2.6.3 |, the capacitary measure for F exists as a nonnegative measure p with
supp(p”) C E such that the function V¥ = I, x ((I, * u)ﬁ) satisfies the following

properties:

HE(B) = Cop, o (B) = [ VEP = [ (1) Fide,
VE >1 quasieverywhere on £, and V¥ <A onR"

We have the following homogeneous version of Lemma 3.1.3.
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Lemma 3.4.1. Let E, p¥, and V¥ be as above with 0 < as < n. If § € (1,n/(n — «)) for
s <2andd € (s —1,n(s —1)/(n — as)) for s > 2, then the function (VF)’ € A, with
[(VEY)4, < c(n,a,s,68). Moreover, (VF) € LY(C) with I(VEY Nl ey < Ccap, o(E).

This lemma follows from Lemmas 2 and 3 of [MS1, Sub-section 2.6.3]. The follow-
ing ‘renorming’ theorem for M;’S can be proved as in the inhomogeneous setting.

Theorem 3.4.2. Forp>1 and a > 0,s > 1, with as < n, we have

1/p
£ 3o == sup ( . |f(x)|pw(x)dx> ) (3.46)

w

where the supremum is taken over all nonnegative w € L'(C) N Ay with [wllzicy <1 and
[w]a, < €(n,a,s) for a constant €(n,a,s) > 1. The equivalence (3.46) also holds if we

replace L' by LY. Moreover, we have

1/p
e =50 ([ 1oPutelas)

where the supremum is taken over all weights w such that w is defined cap, - quasievery-
where and [ cap, ,({z € R" : w(z) > t})dt < 1.

The homogeneous versions of N;"S,/\/';"S, Ng"s, and Bg** are denoted by Nqa’s,
) s .
./\fqo"s, N, , and Bg"*, respectively. They are defined similarly using cap, ¢ in place of

Cap, ;- We have the following relations.

Theorem 3.4.3. Letp > 1 and a > 0,5 > 1, with as < n. Then
(M=) m (W) ot = (N, ) = (B57) = ey (3.47)

Moreover, the spaces N7* and (Mg*)" are Banach function spaces and Ny*® =~
S

(M;’S)’. Additionally, if cap, , is strongly subadditive then N;f’s, Np; , and B;“;s are also
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Banach function spaces, and

Q.S

NS* ~ NG* (M%) = N, = B3,

In general, if no strong subadditivity is assumed on cap, ; then we have

ESre ]

QLS NTOLS o (NS AL ~ DS
No* m NS* m (MO®) =~ N, ~ BS". (3.48)

P

Note that by (3.45) and (3.47), all spaces in (3.48) are continuously embedded into
the Lorentz space Lv-as'!,
The homogeneous version of Theorem 3.2.9 reads as follows.

Theorem 3.4.4. Letp > 1, a >0, s > 1, with as <n. We have
(M;,s)* %Npolz,s,

where we define ]\?4;’3 as the closure of C. in M;’S.

It is known that the Hardy-Littlewood maximal function M and standard
Calderén-Zygmund operators are bounded on M;’s (see [MV] and [MS1]). For other
spaces, we have the following results.

Theorem 3.4.5. Let ¢ > 1, « >0, s > 1, and as < n. Suppose that T is an operator (not

necessarily linear or sublinear) such that

/|T(f)|qwdx§01/|f|qwdx

holds for all f € Li(w) and all w € Ay, with a constant Cy depending only on n,q, and

the bound for the Ay constant of w. Then T is bounded on N;"S,Nqo"s, (M5®Y, N and

q q 7’

Ha,s
Bes.
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Chapter 4. Further Applications
4.1. Adams’ Conjecture
In [Ad4], Adams conjectured (in the context of Riesz capacities and Riesz poten-

tials) that another capacitary strong type inequality

/ (Go* f)dC < A | f5(Gox f)Sda (4.1)

R7
holds for any nonnegative Lebesgue measurable function f (see [Ad2, Equ. (3.11)]). (The
integral [p, f*(Gq * f)'"*dx is understood as co whenever f = 0o on a set of positive
Lebesgue measure. In the case f = 0, it is understood as 0). Moreover, he essentially
showed for the corresponding Riesz capacities and potentials that this is true provided «
is an integer in (0,n) (see [Ad2, p. 23]). However, we observe that his argument does not
appear to work for Bessel capacities and Bessel potentials as in (4.1) even with integers
a € (0,n).
One of the main purposes of this section is to verify (4.1) for any real o > 0.

Theorem 4.1.1. Let a > 0 and s > 1 be such that as < n. There exists some constant

A > 0 such that (4.1) holds for any nonnegative Lebesgue measurable function f.

Proof. Let L'(C) denote the space of quasicontinuous function f in R™ such that

1l = / FldC < +50.

Recall a function f is said to be quasicontinuous (with respect to Cap,, ) if for any ¢ > 0
there exists an open set O such that Cap, ,(O) < € and f is continuous in O° := R" \ O.
It is known that the dual of L'(C) can be identify with the space 9 = 9M**(R") which

consists of locally finite signed measures p in R™ such that the norm ||p||gpe.s < 400 (see
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Theorem 2.1.3). Here we define

K
e = sup 1)
K Capa,s(K)

where the supremum is taken over all compact sets K C R™ such that Cap,, ((K) # 0.
By Proposition 2.2.2, L'(C) is normable and thus it follows from Hahn-Banach

Theorem that for any u € L'(C') we have

il ey = stup {\ / udu‘ Melne- < 1 (12)

Let f be a nonnegative measurable and bounded function with compact support.

Applying (4.2) with u = G, * f we have

Go* fdC < A sup /Ga x fd|u

R lillmas <1
—A sw_ [(Guxlufis
lillmas <1
<A ”fH(M“;S)/ sup |G * |M|||M°j’s
e <1 :
S A ||f||(MS&,’S)/7

where the last inequality follows from [MV, Theorem 1.2]. By density (see Remark 3.2.10)

we see that the inequality
| Gox 1dC < ANy (43)
R™ s

holds for any nonnegative function f € (M)’
In proving (4.1) we may assume that [, f*(Gs * f)'"*dz < 400 and hence f is
finite a.e. by our convention. In this case we must have that f € (M;*)". Indeed, for any

g € M5 such that ||g|[p«¢ < 1 by [KV], there exists a nonnegative function u € L (R")

loc
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such that

u=Gg* (u) + % a.e.

for a constant M > 0 independent of g and u. Thus, as in [BP] (see also [KV]), we have

flglde = M | flu—Gqx (u®))da (4.4)
R® Rn

=M | (fu—u"Gq* f)dx

Rn

f )
=M Gg * U —u® | dz
R™ f( Ga*f

< Ms™(s— 1) [ f(Gax ) da,

Rn

where we used the Young’s inequality ab — @ /s' < b°/s, a,b > 0, in the last inequality.

Thus taking the supremum over g € M3 such that ||g[[5es < 1in (4.4), we find
[ llazsy < C | f(Gax ) de < +oo. (4.5)
R

Finally, combining (4.3) with (4.5) we obtain (4.1) as desired. O

4.2. Various Characterizations of L'(C)

For a q.e. defined function u in R", recall that

Va,s(U) == inf{/fsdx 0< fel’(R") and G, f > |u

1
s q.e.}.

We further define the following quantities:
A s(t) == inf {||f||(Mo,s), L0 < fe (M%) and Go* f > |yl q.e.}

and

Bas(u) = inf{ [ (Ga* ) 5dx: f >0, Go* f > |ul q.e.}.

R"
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Recall the important equivalence that
[u]dC >~ 74 s(1). (4.6)
]Rn

Theorem 4.2.1. Let « > 0 and s > 1 be such that as < n. For any q.e. defined function
u wn R™ 4t holds that

[ 1dC = o) = Bt (@)
In particular, we have

Capa,f,’(E) = )\Q,S(XE) = BQ,S(XE)

for any set E C R".

In order to prove Theorem 4.2.1, we first prove the following “integration by parts”
lemma.
Lemma 4.2.2. Let o > 0,5 > 1 be such that as < n. Suppose that i is a nonnegative
measure such that the diameter of supp(u) is less than 1. Then there is a constant C' =

C(n,a,s) > 0 such that, for f = (G * p1)*~*, we have
(Gax [)* < CGox [f(Gax f)*]

pointwise everywhere in R™.
Remark 4.2.3. For Riesz potentials, this lemma has been established for all f > 0 in
[VW] (see also [KV, Ver]). In our setting, which deals with Bessel potentials, it is neces-

sary to require p to have compact support.

Proof of Lemma 4.2.2. Without loss of generality, we may assume that supp(u) C Bi/2(0).

With f = (Gq * p)* ', we write f = f1 + fo, where

fi=fxBs;0) and fo= fxs0e (B3(0)°=R"\ B3(0)).
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Then
(Gox [)* < COl(Ga* 1) + (Ga x f2)°]. (4.8)
We shall use the following pointwise two-sided estimates for G, (see, e.g., [AH, Sec-
tion 1.2.4]):
Gol(z) ~ |2|*™, V|z| <15,(0 < a <n). (4.9)
and

Go(r) ~ Golx +y), Vx| >3, |yl <1,(a>0). (4.10)

We mention that (4.10) follows from the asymptotic behavior G, near infinity that
can be found, e.g., in [AH, Equ. 1.2.24].

We now write

s—1

Gale — 1) f(y) [ [ Gae—arep| a

z|<3

Gos i)y = [
ly|<3
Thus if |z| > 10, then |x — z| > 7 > |y — z|, which yields that
Gaolr — 2) < Go(y — 2).
Therefore, we get

(G * [i(2)]" < Ga  [f(Ga* f)"](2)

in the case |z| > 10.

On the other hand, if |z| < 10, then for |y| < 3 by (4.9) we have
Galr —y) > [z —y[*"
Thus applying [Ver, Lemma 2.1] we obtain

[Go * f1(2)]" < CGo * [f1(Go x f1)*(x) < CGo x [f(Gax f)*(2)
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in the case |z| < 10.

Combining these two estimates we get that
(G 1(2))° < CGa % [f(Gax 1) )(z), Yz € R
To estimate [G,, * fo(2)]® we first observe the following bound

fo(z) < CG,* f(x), VreR™

(4.11)

(4.12)

Inequality (4.12) is trivial when |z| < 3. On the other hand, for |z| > 3, we have by

(4.10),

(fola) ! = / , Galr—o)n(s) <€ /| ., Gal)iuty)

= Cllpll Galz).

Note that for |y — x| < 1/2 and |z| > 3, by (4.10) we have

fly)t = /| Gl =2)n(2) 2 o Gul) 1.

and so, for |z| > 3,

Gt f(2) > / Galz —y)f(y)dy
ly—z|<1/2
> Go(r —y)(co Golx Yl
> [ Gule =l Gale) )y
> c([lull Gal2)" ™" = e fole).

Thus (4.12) is verified. Now by Holder’s inequality and (4.12) we have

(G fo]" < CGax (f;) < CGax [f(Gax f)'].

At this point, combining (4.8), (4.11), and (4.13), we obtain the lemma.
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We are now ready to prove Theorem 4.7.

Proof of Theorem 4.7. Let u be a q.e. defined function in R™. Suppose that f is a nonneg-
ative measurable function such that G, * f > |u| quasi-everywhere. Then by (4.3) and

(4.5) it follows that

luldC < / Gox fdC < A [[fllpesy < As | fH(Ga* )t sds.
R n s

R"

Now taking the infimum over such f we arrive at

[uldC S Aas(1) S Bas(u)-
Rn

Thus to complete the proof, it is left to show that

Bas(u) S [ |uldC. (4.14)

R™
To this end, we first show (4.14) for u = xg, where E is any set such that

Cap, ,(£) > 0 and the diameter of £ is less than 1. By [AH, Theorems 2.5.6 and 2.6.3 |

one can find a nonnegative measure u = ¥ with supp(u) C E (called capacitary measure

for E) such that the function VF = G, # ((G4 * p1)¥ ') satisfies the following properties:

pE(E) = Capms(E) = / VEAP = / (Gy * NE)S,d:v,

and

VP >1 quasieverywhere on E.

Let f = (Gg* p)¥~'. By Lemma 4.2.2, we have
X < (VE) = (Gax f) < CGax[f(Gax )] ae

71



Thus,

Bastxe) SC | f'(Gax I {Gax [f(Gar ™} da

<SC | f(Gax )G, x /)%

Rn

=C | fde=C [ (Gaxp)dz=CCap,,(E),

R7 R”
as desired.

We now let {7},5¢ be a covering of R" by open balls with unit diameter. This
covering is chosen in such a way that it has a finite multiplicity depending only on n. We

shall use the following quasi-additivity of Cap,, ,:

Z Cap, ,(ENB’) < MCap, (F) (4.15)

Jj=0
for any set £ C R". For compact sets E, a proof of (4.15) can be found in [MS2, Propo-
sition 3.1.5]. The same proof also works for any set F provided one uses [AH, Corollary
2.6.8).
In proving (4.14) we may assume that [, [u|dC < 4oc0. Let Ej, = {2871 < |u| <

28} and E; = Ex N B for k € Z and j > 0. We have

Boz,s(u) = 504,5 <Z |U|XEk> < ﬁa,s (Z Z |u’XEj,k> . (416)

keZ k€Z j>0

For k € Z and 57 > 0, let
Fik = (Gox )" and - Fyp = fin(Gax f12)°7"
By the above argument, we have

Gox (2°Fj) > clulxg,, a.c.
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and
/ (28 1) (G # (2°Fy )~ de < C2*Cap, ,(Eye).
By (4.5), this gives
2,4 ey < O Cap, (B 41

Set I = sup;; 2"Fjx. Then we have (Gq % F)'™* < (Go % (25Fj))"* for any k € Z

and j > 0. Moreover,

GoxF>c Z \ulxE, > ZZ lulx g, , q.e.

keZ k€Z j>0

due to the finite multiplicity of {B7},>¢. Also, it follows from (4.15) and (4.17) that

1F ey < C 7 37 25 Cap,  (Ejs) < O Y 24Cap, ()

keZ j>0 kez

<C [ |uldC < +o0.
R’ﬂ

In particular, F' is finite a.e. and thus there is a set N such that |N| = 0 and
R" = Upez,j>0{0 < F < 2" F . J U{F =0} UN.

Thus we find

Bogs (ZZ ‘U|XE7J€) S C/Rn Fs(Ga * F)l_sdflf

keZ j>0

<C / F5(Gy x F)' " %dx
D0 |y, (G D)

keZ j=>0

255 /R (OF ) (G ()

keZ j>0

<CY Y 2Cap, (Eq) < c/ |u|dC.
Rn

keZ j>0

Inequality (4.14) now follows from (4.16) and the last bound, which completes the
proof of the theorem. O
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Remark 4.2.4. For Riesz potentials I, * f and Riesz capacities cap, ,, o € (0,n),s > 1,

the corresponding bound (4.14) can be obtained using (4.6) and the pointwise bound

(Lo* ) < CLox [f (L% )™ (1.18)

which holds for all nonnegative measurable functions f (see [VW, Ver]). Indeed, for any
F >0 such that I, = f > |ul> q.e., by (4.18) we have Cl, x [f(Io * f)*Y] > |u| q.c., and

thus again by (4.18),

Bas(w) S C [ foLax /) Lox [f(Lax f)]' da

Rn

<C | fda.

Rn
Minimizing over such f and recalling (4.6), we get the corresponding bound (4.14)
as desired.
We end this section by an easy application of Theorem 4.2.1.
Theorem 4.2.5. Let o« > 0 and s > 1 be such that as < n. For any ¢ > (n — a)/n and

any measurable and q.e. defined function f, we have

/ (M f)1dC < Cln,a,5,q) | |fldC.
n Rn

Proof. By Theorem 4.2.1, we have

Q=

| f]9dC ~ inf{/ h*(Go* h) *dx - h > 0,(Gy * h)a > |f] q.e.} :
Rn n

On the other hand, for any A > 0 and (G, * h)% > |f] q.e. by Theorem 3.1.2 we

have

Q=

M€ f < MPC[(G * h)1] < C(Ga * h)
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pointwise everywhere, provided ¢ > (n — «)/n. Thus
/ |f|%dC > ¢ inf {/ G (Goxg)dr g >0, (G, * g)% > Mloc f q.e.}
R n
~ / n(Mloc f)adc.

This completes the proof of the theorem. n

We note that the bound ¢ > (n — «)/n in Theorem 4.2.5 is not sharp. A sharp
version will be discussed in the next section.
4.3. Boundedness of Local Hardy-Littlewood Maximal Function on L?(C)

Let us review some basic terminologies that have been introduced in Section 2.2.

For 0 < p < oo, we denote by LP(C') the space of all q.e. defined functions u in R™ such

that [, |u[?dC < 400, with quasi-norm

iy = ([ aPac)”.
R’n
The ‘weak’ version of LP(C') is denoted by L»*°(C') which consists of all g.e. de-

fined functions u in R" such that [|u| ) < +o0, where

[l ooy = sup A Capg ,({uf > A})?.
A>0

Theorem 4.3.1. Fors > 1 and 0 < o < n/s, let p = =22, Then for any measurable

function f € LP(C), it holds that

||M10C(f)HLp,oo(C) S A ||f||LP(C) ) (419)

where the Choquet integral is associated to the Bessel capacity Cap,, ;.

It is obvious that if |f(x)| < M a.e. then M"(f)(z) < M everywhere. Thus
by Theorem 4.3.1 and interpolating we obtain the following strong type estimate for the
Hardy-Littlewood maximal function.
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Theorem 4.3.2. Let o > 0 and s > 1 be such that as < n. For any ¢ > (n — as)/n and

any measurable function f € LI(C'), we have

M ()| 0y < Al o

where the Choquet integral is associated to the Bessel capacity Cap,, ;.
The homogeneous versions corresponding to Theorems 4.3.1 4.3.2 are given by the

following.

Theorem 4.3.3. Fors > 1 and 0 < o < n/s, let p = *=22. Then for any measurable

n

function f € LP(C), it holds that

IM()| ooy < Al ooy » (4.20)

where the Choquet integral is associated to the Riesz capacity cap,, .
Theorem 4.3.4. Let a > 0 and s > 1 be such that as < n. For any ¢ > (n — as)/n and

any measurable function f € L1(C), we have

IM(A oy < AllFll oo

where the Choquet integral is associated to the Riesz capacity cap, -
Remark 4.3.5. It is worth mentioning that Theorem 4.3.2 also holds in the case as =
n. Indeed, by adapting the proof of Theorem 4.5.1 to the case as = n, we can show that
(4.19) holds for any p =€ € (0,1). Then interpolation yields the result of Theorem 4.2.5 in
the case as = n.

Several preliminary results are needed to prove Theorem 4.3.1. We first start with
a potential theoretic one. Let n be a nonnegative function in C'2°(B;(0)) such that n(z) <
1 for || < 1and n(x) > 1/2 for |z| > 1/2. Also, let n,,(z) = 2™"n(2"x) for m € Z.
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Following [AH], for any nonnegative measure p in R™, we define a nonlinear potential of p
by

V(@) =) 27 g s (i )
m=0
We mention that for s > 2 — 2 one can also use the Havin-Maz’ya potential
VI (1) == Gy * (Go * 1)* =" instead. But this potential does not serve our purpose well in
the case 1 < s <2 — 2 (see the remark after [AH, Proposition 6.3.12]).

Recall from [AH, Section 4.5] that V¥  is comparable to a Wolff’s potential in the

sense that
oS 2O By () < V()
m=2
and
Vi) < er 3 20 By () (1.21)
m=—1

We define the truncated Wolff’s potential W2 (1), 0 < R < oo, of a nonnegative

measure j by
1

R B =1 (]
A A 2 S
’ 0 pres P
With this, we see that (4.21) implies that
Vi () < CWE (u)(x). (1.22)

We shall need the following estimate.
Lemma 4.3.6. Let s > 1, a > 0, and as < n. For any nonnegative measure p and any

0<r<1, 29 €R”, we have

I (1) (o),

HV&L’SHL%’N(BT(IO)) < A|B, ()
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(s—1)n

where A is a constant independent of p, r, and xy. Here Ln=os">(B,.(xo)) stands for the

(s—1)n
weak L'5=as space over the ball B,(xq) (with respect to the Lebesque measure).

Proof. Let t = (s:—l)” In view of (4.22), it is enough to show that

W2 Ol oy < C 1B ) [FWE, (1) (o) (4.23)

for any 0 < r <1 and zy € R™.

It is obvious that

IWa st O e oy < CPL+ P2), (4.24)
where
1
r B . s—1 d
P - / (M(nfij)) dp
o\ P Pl Lo (B, a0
and

SN

To bound P, we observe that if x € B, (z¢) and p > r then B,(z) C Bs,(x¢), and so

[/(se) s

< C'|B, (o)W (1) (o)

L5 (B (20))

P, <

L1o0(By (o))

To bound P, we let i be the restriction of y to the ball By, (xg). Observe that for

x € B,(x9) we have

/OT (W)%: Or (M)%ﬂ

< O Bay (o)) & 0n M(f1) ()7,

o=



where the last bound follows as in the proof of [AH, Proposition 3.1]. By the weak type

(1,1) bound for M, this yields

Py < Cli(Bay(w0)) & 17 fi( Bay (0))

uwwmv$

TTZ—O&S

< C|B,(xo)]F (

< C|B, (o) [ TWE (1) (o).

Thus in view of (4.24) and the above estimates for P, and P, we get (4.23) as de-

sired. The proof of the lemma is complete. m

We next prove Theorem 4.3.1 in the special case where f is the characteristic func-
tion of a measurable set.
Lemma 4.3.7. Let I be a measurable subset of R™ such that Cap,, ,(E) < +oo fors > 1

and 0 < a < n/s. Then we have

HMlOC(XE)”L%,oo ) < Ccapa,s(E)ﬁ

©
for a constant C independent of E.

Proof. By [AH, Theorem 6.3.9] one can find a nonnegative measure = % with
supp(p) C E (called capacitary measure for E) such that the function V¥ := Ve =

S0 27y k(g * )% 1 satisfies the following properties:

m=0

HE(B) = Cap, (B) = [ VEdu® (425)
and

VE > 1 quasieverywhere on E.
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Thus it follows that

(s—1)n

xe < (VF)n=as  qe.

We next claim that for all oy € R™,

(s—1)n

M (yz)(20) < C [W3, (1) (0)] "o . (4.26)

Indeed, for any zp € R™ and 0 < r < 1, by Lemma 4.3.6 we have

1

1
Xedy = 7 IXEl 1o, (0
|Br(20)] J B, (20) B, (ag)| "NE Lt (B (w0
1

(s—=1)n
48 (e

= [B(x0)

which proves the claim.

Now it follows from (4.26) that, for any A > 0,

Cap, (M (x5) > A}) < Cap,,, ({WE.(1)() > (A/C)ETw })
1(R™)

n—as
n

<C

where we used [AH, 6.3.12] in the last inequality.

By (4.25), this yields

Cap, ((F)

n—as
n

Ca’pa,s({Mloc<XE) > A}) < ¢

which proves the lemma. O

We will make use of the following inequality which is referred to as the (locally)

p-convexity of LP>(C'), 0 < p < 1.
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Lemma 4.3.8. Let s > 1,0 < a < n/s, and 0 < p < 1. Then for any integer m > 0, we

have

P

<M (Z kauzp,m(c)) . (4.27)
k=1

Remark 4.3.9. Using the normability of L*(C), it is easy to see that inequality (4.27)

m

>k

k=1

Lp>2(C)

also holds if LP>(C') is replaced by LP(C) for 0 < p < 1.

Proof of Lemma 4.3.8. The proof of (4.27) where LP*°(C') is replaced with LP*>°(K, \), for
a compact metric measure space (K, \), was obtained in [Kal]. For a similar result in the
context of a general measure space (X, ), see [Gra, Exercise 1.1.14].

The key to the proof of (4.27) in our setting is the normability of L'(C') mentioned
above. As in [Gra, Exercise 1.1.14], we first observe that by the countable subadditivity of
Cap, ¢, one has

p

max | [

< Z ||fk||1zp,oo(c) . (428)
©) k=1

Lp:oo

Also, by the subadditivity of Cap, ,, for any A > 0 one has

Capa,s({‘fl + - fm’ > A}) < Ca‘pa,s({lfl + - fm’ > )‘7 1I§I}€a§§1’f7€‘ < )\}>

+ Cap,({ max |fil > A}).

Let

I = Sup)\pcapas(ﬂfl + - fm| > )‘7 max |fk‘ S /\})
A>0 ’ 1<k<m

Then it follows from the last bound and (4.28) that

m p

>k

k=1

ST+ fillfneey- (4.29)
Lr:>o(C) k=1
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To estimate I, we notice that for any A > 0,

V&mmmﬁ+~JM>A@£§UHSAD

A
<2t [ Cap ({1 fl > £ 0 {max 5] < At
0 1<k<m

< Ap*/ ot fnldC
{ max [fi] <A}

< on! / fuldC,
; { max |fx] <A}

1<k<m

where we used the normability of L'(C') in the last inequality. This gives
N Capa({Ifi + - ful > A max [£] < A}) (430)

< ont / | fldC
Z;{mg}

mo
:(Mp1§:[:Ca@4ﬂﬁk>ﬂMt
k=1

C & »
< T, ; 1 fellZro oy -
Finally, we combine (4.29) and (4.30) to obtain (4.27) as desired. O

We are now ready to prove Theorem 4.3.1.

Proof of Theorem 4.3.1. Recall that if £y C Fy C ... is an increasing sequence of subsets

of R™, then
1—00

Cap, , ( [OJ El> = lim Cap, ,(E;).
i=1

Thus by Lemma 4.3.8 we have

1
Sl 2w (znfkuzpm@) | W)
Lp-oo(C)

kEZ

kEZ

which holds since p = (n — as)/n € (0, 1).
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Now for f € LP(C), we write

F=> fxe ae,

kEZ

where E, is the set Ej, := {281 < |f] < 2¥}. Thus,

@< 2" ae.

keZ
which yields

M (f)(z0) <D 2" M (xp,)(20), Vo € R

kEZ

Hence applying (4.31) and Lemma 4.3.7, we get

D=

IM(F)] ey < M (Z 2t HMI"C(XE,@)HZ,w(c))

kEZ

S =

<M (Z okp Capa’s(Ek)>

kEZ
This gives
| 2k—1 dt %
M)y <4 (X [ 7 Comanldlf > )G
kez Y27
~ di\ v
<a( [ #Cap,.ifl>mT
0
=4 Hf“Lp(c) )
as desired. O

We now have to remarks about the sharpness of Theorem 4.3.1.
Remark 4.3.10. The exponent p = (n — as)/n in Theorem 4.5.1 is sharp. To see this,

suppose that as < n and let 0 < p; < (n — as)/n, say, p1 = ﬁ for some 6 > 0. Note

that for any € € (0,1/2) and |z| < 1/2, we have

1

M (x g, (0)) () >
© | Bioire@)] J5,,,.(0)

6 n
XBG(O)(Z/)CZZ/ =c ( ) )

|z| + €
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where ¢ = |By(0)|. Thus, for (2¢)" <t <1,

Cap,, ,({z € B1)2(0) : MIOC(%XBE(O))(x) > t}) (4.32)

> Cap,,({z € By2(0) : (m: E>n > t})

= Capa,s (Bet_l/”—e(()))‘

As Cap, ((B,(2)) = "7 for any 0 <r < 1 and z € R", by choosing t = (2¢)" this
gives

HMIOC(XBE(O))HLm,oo(C) > C<2€)n(1/2 - E)n(1+6)'
On the other hand, we obviously have

HXBG(O) HLm ©) =~ e,

Thus the bound

HMloc(XBE(O))Hme(C) <A HXBE(O)HLMC)

cannot hold uniformly in € € (0,1/2).
Remark 4.3.11. Inequality (4.19) fails to hold if the space LP>°(C) is replaced by the

space LP(C'). Indeed, with as < n and € € (0,1/8), by (4.32) we have

n—as 1 n—as n—as
M e O] 2 2 © /( P (Y ) g

2¢)™

1
= O / T G A B/
(20

1/2
> Clenmas / t~Ldt
(

2€)™

= O In(27" e ™).
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Thus the bound

I () oy < A 0

cannot hold uniformly in e € (0,1/8).

4.4. Sobolev Type Embeddings on L*(C)

Theorem 4.4.1. Let s > 1, 0<a<n/s,¢> (n—as)/n, and 0 < < (n —as)/q.
. (n—as)q
7= n—as—Bq

for any measurable function f € L1(C) it holds that

. n—aoas
HGE * fHLq*,oo(c) <A ||f||Lq(C) provided g = o

. n—aoas
HGﬂ * f”Lq*(c) <A ”fHLq(c) provided ¢ > n

and
|G * f”qu(c) <A Hf”Lq(c) provided ¢ < ¢1 < ¢".
Here L(C') is associated to the Bessel capacity Cap,, .

The homogeneous version of Theorem 4.4.1 is given as follows.

Theorem 4.4.2. Let s >1,0<a<n/s,¢q> (n—as)/n, and 0 < < (n — as)/q.
. (n—as)q
7= n—as—Bq’

for any measurable function f € L1(C) it holds that

n—aoas

115 f”Lq*,oo(c) < Alfllgay provided ¢ =

and

n—as

|15 * f”Lq*(C) <A ||f||Lq(c) provided ¢ >
Here L(C') is associated to the Riesz capacity cap, .
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The proof of Theorem 4.4.2 is based mainly on the pointwise inequality

ILo(f)(x) < C (|22 M(f) () =%/ 1< p<n/B,

(see [AH, Proposition 3.1.2]), and Theorems 4.3.3, 4.3.4. It is simpler than that of Theo-

rem 4.4.1 and thus we shall present only the proof of Theorem 4.4.1.

Proof of Theorem /.4.1. By the pointwise behavior of Bessel kernel (see [AH, Section

1.2.4]), we have

Gmﬂ@=/@JMWﬂﬁ@@+/ Gl — ) f(y)dy

|lz—y|>1/2

<c[en [ il [ i

Rn

= C(L(N)(x) + L (f)(@)).

Arguing as in the proof of [AH, Proposition 3.1.2], we find

I(F)(@) < C 115 Gy M) ()PP

provided 1 < p < n/p.

As Cap, ,(E) > c|E|'=*/™ for any measurable set E, we sce that
ey = [ 67 Capg ({111 > 1)y (433
0

> [T el e
0

=cC ”quan/(n—as),q(Rn)

>c Hquan/(n—as)(Rn) )

where L"9/("=2%)4(R") is a Lorentz space (see, e.g., [Gra)).
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We remark that if we use the lower bound Cap, ,(E) > c|E|, then we obtain that
1/l zaey = cllfllpaggny, which by interpolation yields [|f|| oy = ¢[|flzai gn) for all ¢ <
¢ < ng/(n — as). But this will not be needed in the paper except for ¢; = ng/(n — as).

Note that ¢*(1 — 8q¢/(n — as)) = ¢, and thus when ¢ > (n — as)/n by the above

bounds and Theorem 4.3.2 it follows that

HJl(f)HLq*(c) (4.34)

< C g

Lna/(n—as)(Rn) HMIOC Hl Bq/(n—as)

La*(1=Ba/(n—as))(C)

< CIANEE ™ I () ey "

< Ol fllpacey

By using Theorem 4.3.1, the bound (4.34) also holds in the case ¢ = (n — as)/n
provided L7 (C) is replaced with L7 °°(C).
Now suppose that the support of f is contained in a ball By(zg). Then the support

of M°¢(f) is contained in Bs(xg), and thus we get

11 () 2o (4.35)

Bq/(n—as) loc 1-Bq/(n—as)
S C HfHLqu/(n as)(Rn HM B2(£B0)HL‘ZQ*B‘Z/(”*O‘S»(C)

<C ||f||§3{(c’";‘”$> HMIOC Hl Bq/(n—as)

< Ol fxB: (@)l pa(c) -

Let {Q,} be a partition of R” into a countable collection of closed cubes with diam-

eters 1/2 and with disjoint interiors. Then for any (n — as)/n < ¢ < 1 and f € LI(C) by
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Remark 4.3.9 we have

|1 (f

ZJ1 (fxq;)

< CZ H‘]l fXQJ HLq(C

Li(C) J

< CZ HfXQjH(zq(c) (by (4.35))

<C [T 63 Cap, (141> 10 Qi
0 .
J
<Ol fltaey

where we used quasi-additivity of Cap, , (see [MS2, Proposition 3.1.5]) in the last inequal-

ity. Note that if ¢ > 1 then by Holder’s inequality and the last bound, we also have
11 (P ooy = 1) N aiey < CNAAADN Loy < C U Loy -
Thus we have obtained
1T () o oy + 1D | oy < CllF N ooy (4.36)

for all ¢ > (n — as)/n, and this also holds for ¢ = (n — as)/n provided L7 (C) is replaced
with L97%(C).

To bound J,(f), we first observe that by Holder’s inequality we have

nnw e[ e'”'/2|f(y)!pdy); St

With {Q;} being a partition of R” as above, for any p > 1 we have

1) <C (Z / €_diSt(z’Q“/2|f(y)|pdy>
i
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Thus for any 0 < ¢ < p by Remark 4.3.9 we find

¢/p
[PAGIEE D (/ |f(y)|pdy> o~ dist(-Q;)/2
J % Le/P(C)
¢/p
—dist(-,Q; €/
<C Z( ; |f(y)|”dy> e
J J

We now choose p = ng/(n — as) and € = ¢ to get from (4.33), the above inequality,

and quasi-additivity of Cap, , that

12N ey < C D 11X Gaiey < C U NSy - (4.37)
J

Similarly, for any p; > p we have

p1/p

1721 0y < C

J

Z ( |f(y)|pdy> e~ dist(-@;)/2
Qj

Lr1/P(C)

p1/p
<o (X[ e,
i 7
p1/p
sc( |f(y)|”dy) |
RTL

Thus with p = ng/(n — as) by (4.33) we find

12 o iey < Cllifllaey — ¥pr > ng/(n —as). (4.38)

Now using (4.37), (4.38) and interpolation we arrive at

1 T2() o oy + 1720 | Loy < C NNl Loy - (4.39)

Finally, combining (4.36) with (4.39) and interpolation we obtain the theorem. [
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