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Abstract

In this dissertation we study multigrid methods for linear-quadratic elliptic dis-
tributed optimal control problems.

For optimal control problems constrained by general second order elliptic partial
differential equations, we design and analyze a P, finite element method based on
a saddle point formulation. We construct a W-cycle algorithm for the discrete
problem and show that it is uniformly convergent in the energy norm for convex
domains. Moreover, the contraction number decays at the optimal rate of m™!,
where m is the number of smoothing steps. We also prove that the convergence is
robust with respect to a regularization parameter. The robust convergence of V-
cycle and W-cycle algorithms on general domains are demonstrated by numerical
results.

For optimal control problems constrained by symmetric second order elliptic
partial differential equations together with pointwise constraints on the state vari-
able, we design and analyze symmetric positive definite P; finite element methods
based on a reformulation of the optimal control problem as a fourth order varia-
tional inequality. We develop a multigrid algorithm for the reduced systems that
appear in a primal-dual active set method for the discrete variational inequalities.

The performance of the algorithm is demonstrated by numerical results.



Chapter 1

Introduction

1.1 Elliptic Optimal Control Problems

Optimal control of systems governed by partial differential equations (PDEs) are
optimization problems that are subject to constraints by partial differential equa-
tions. The essential features of an optimal control problem include a cost func-
tional, a partial differential equation constraint, a state y, a control function v and
other constraints. The problem is to minimize the cost functional under all the
constraints. In many cases, optimal control of partial differential equations has to
be considered. For example, heat conduction, diffusion, fluid flows and many other
physical phenomena can be modeled by partial differential equations. We refer to
(74, 97] for more details about such optimal control problems. In this dissertation,
we focus on optimal control problems with quadratic cost functional while the
state is governed by a linear elliptic partial differential equation. Such a problem
is called a linear-quadratic elliptic control problem.

To start with, we consider a region Q@ C R? or R? to be heated or cooled.
We are given a desired state y; which can be treated as the desired temperature
distribution in €2. The control u is a heat source that we want to choose such
that the state y is the best possible approximation to y;. Here we assume the
temperature vanishes at the boundary. Figure 1.1 is an illustration of this process
in R2. This problem can be modeled by the following optimal control problem,

1 g

b2 2 l12 1.1.1
min 2Hy Yall72(q) + QHUHLQ(Q) ’ ( )



subject to
—Ay = u in €,

y = 0 on 0. (1.1.2)

This is a typical example of a linear-quadratic elliptic control problem with dis-
tributed control. The constant § > 0 can be viewed as a measure of how much
energy is needed to implement the control u. Mathematically, the number 3 can
also be viewed as a regularization parameter. It is also natural to consider point-
wise control and state constraints, since the available energy for heating or cooling

is limited and the temperature should not exceed a certain range.

Figure 1.1. Distributed Control.

In this dissertation, we focus on the following general elliptic optimal control
problem with pointwise state constraints. Let 2 be a bounded polygonal /polyhedral

domain in R" (n = 2,3), y4 € L*(Q) and § be a positive constant, find

_ |1 f
(y,u) = argmin §|Iy - de%Z(Q) +

v oeK 5”““%2(9) 5 (1.1.3)
Y,u)€

where (y,u) belongs to K C H}(Q) x L*(Q) if and only if
a(y,v) = (u,v)r2@) Yv € Hy(Q) (1.1.4)

and

y <1 ae. in . (1.1.5)



Here ¢ belongs to W2°(Q) N H3(Q) and ¢ > 0 on 9. The bilinear form a(-, -) is

defined by

a(y,v) = /QVy -Vou dz + /Q[(C -Vy)v — (¢ - Vo)y] de + /vav dr, (1.1.6)

where the vector field ¢ € [IW1>°(Q)]™ and the function v € L>(2) is nonnegative.
If ¢ # 0 then the constraint (1.1.4) is the weak form of a general second order
PDE with an advective/convective term.

1.2 Literature Review

In the absence of pointwise state constraints (1.1.5), the optimal control problem
(1.1.3)-(1.1.4) can be characterized by the following first order optimality system

(cf. [97, 74, 62)),

a(g,p) = (U—va iz Y € Hy(Q), (1.2.1a)
p+pu = 0, (1.2.1b)
a(y,z) = (u,2)r20) Vz € Hy (). (1.2.1c)

Multigrid methods for the system (1.2.1) were well-studied and can be categorized
into at least two main approaches. First, notice that (1.2.1b) is simple thus we can

replace the control « in (1.2.1c) by —%]5, the resulting saddle point problem is

alq,p) = (¢ V2 = —(¢,¥a)12) Vg € Hy(), (1.2.2a)

—(P, 2)r2() — Ba(y,z) = 0 Vz € Hy (). (1.2.2b)

Multigrid methods that are directly applied to (1.2.1) or (1.2.2) belong to the
class of all-at-once methods where all the unknowns are solved simultaneously.
This approach can be found in [17, 91, 96, 2, 95, 18, 94] and the references therein.
Meanwhile, multigrid methods for general saddle point problems have been inves-

tigated in [28, 31, 29, 24, 92, 108, 99, 100]. However, the multigrid convergence



results in [17, 91, 96, 2, 95, 18, 94| are not established in the energy norm. This
issue was addressed in [29, 28, 31| for general saddle point problems. Also, the
analyses of the multigrid convergence results in [17, 91, 96, 2, 95, 18, 94] often
require §) to be convex. A recent result on arbitrary domains is established in [96]
when ¢ = 0. The other important feature of the multigrid methods for optimal
control problems is the robustness with respect to the regularization parameter
B. When g is small, the performance of multigrid methods often deteriorates. In
the case when ¢ = 0, multigrid methods that are robust with respect to 3 can be
found in [91, 96]. However, the contraction numbers decay at the rate O(m™2) in
(91, 96] where m is the number of pre-smoothing steps and their results cannot
be directly extended to the case when ¢ # 0. Second, we can eliminate one more
unknown in (1.2.2) resulting in a single equation which involves the control u or
the state y. This can be done for a large class of optimal control problems (cf.
[74]). Multigrid methods that are applied to this single equation belong to the
other approach [13, 14, 85, 93, 56]. The advantage of this approach is that we can
exploit the well-known multigrid theory for elliptic PDEs and use this as building
blocks for the outer iterative methods.

On the other hand, if (1.1.5) is present, the elliptic optimal control problem
(1.1.3)-(1.1.5) is equivalent to a fourth order variational inequality. Multigrid meth-
ods for variational inequalities can be found in [70, 71, 65, 60, 6, 53]. We refer to
[47, 17, 16] and the references therein for multigrid methods designed for con-
strained optimal control problems. In most cases (cf. [34, 47, 11]), an outer op-
timization method is needed to handle the constraints while a reduced system
needs to be solved during each outer iteration. Several optimization methods were
proven to be efficient for solving constrained optimal control problems, for exam-

ple, primal-dual active set (PDAS) algorithms [63, 10] and interior-point methods



[79, 104]. The challenge of this approach is that the reduced system becomes harder
to solve when the mesh size h of the discretization decreases, especially when a
three dimensional problem is considered. In this situation, fast solvers were studied
to remedy this issue, for example, multigrid methods were developed for general
second order elliptic problems in [72, 69]. However, the reduced system we consider
here is fourth-order and hence more difficult to analyze. The other issue to address
is that the pointwise state constraint (1.1.5) imposes difficulties for constructing
and analyzing numerical methods. Specifically, the Lagrange multiplier associated
to (1.1.3) is only a measure in general (cf. [41, 33]). This low regularity of the
Lagrange multiplier causes the difficulties. Recent results on the finite element
methods of elliptic optimal control problems with pointwise state constraints can
be found in [33, 42, 45, 34] and the references therein. In general, multigrid meth-
ods for state constrained optimal control problems are difficult to analyze hence

not much work has been done.

1.3 Outline of the Dissertation
The main goal of this dissertation is to construct and analyze multigrid methods
for (1.1.3)-(1.1.5).

In Chapter 2 we review some fundamentals that are needed in this disserta-
tion. We briefly review the concept of Sobolev spaces, the theory of saddle point
problems and the elliptic regularity for second order and fourth order PDEs. We
also review the existence and uniqueness of solution for elliptic optimal control
problems (1.1.3)-(1.1.5) and derive the first order optimality condition. Iterative
methods including the Richardson iteration, the Gauss-Seidel iteration, the mini-
mal residual (MINRES) algorithm and the generalized minimal residual (GMRES)

algorithm are described. These are useful in the construction of the smoothing steps



of multigrid methods. We then briefly review the P, finite element methods. Lastly
we review the structure and ingredients of basic multigrid algorithms.

In Chapter 3 we introduce P; finite element methods for (1.1.3)-(1.1.5). Two ap-
proaches are considered, namely, the saddle point problem (SPP) approach and the
symmetric positive definite (SPD) approach. For SPD approach, a mass lumping
mesh-dependent inner product is introduced to enable efficient implementation of
multigrid solvers. We prove the convergence in energy norm for both approaches.
For the SPP approach, we track the regularization parameter g in the error anal-
ysis. This is essential for the convergence analysis of the W-cycle algorithm in
Chapter 4. Numerical results are presented to support the theoretical results.

In Chapter 4 we propose an all-at-once multigrid method for (1.1.3)-(1.1.4) based
on the P finite element methods that are introduced in Chapter 3. We prove that
the W-cycle algorithms are uniformly convergent and robust with respect to 5 on
convex domains while the contraction numbers decay at the rate O(m™!), where m
is the number of pre-smoothing steps and post-smoothing steps. This result is es-
tablished in the energy norm. Numerical results are presented to illustrate the per-
formance of W-cycle and V-cycle algorithms. We also compare the performance of
our methods to preconditioned GMRES. As far as we know, this multigrid method
is the first one that are provably robust with respect to the regularization param-
eter § when the elliptic PDE constraint (1.1.4) involves an advective/convective
term. The materials in this chapter come from [30].

In Chapter 5 we propose a PDAS algorithm with multigrid solver for (1.1.3)-
(1.1.5) when ¢ = 0 and v = 0. We briefly review the PDAS algorithm for the
discretized problem. Then we construct a W-cycle multigrid algorithm to solve
the reduced system that appears during each outer PDAS iteration. This multi-

grid solver is efficient since we utilize a mass-lumping technique. We observe the



convergence of our W-cycle multigrid algorithm numerically on arbitrary domains.
We also compare the performance of our methods to preconditioned MINRES.

Numerical results are shown for various examples.



Chapter 2

Preliminaries
2.1 Sobolev Spaces
In this section we briefly review the concept of Sobolev spaces. We refer to [32, 1,
55, 103] for more details.

Let f be a Lebesgue measurable real-valued function on a given domain 2 € R,
where d is a positive integer. We assume (2 is a Lebesgue measurable subset of R?

with non-empty interior. We denote the Lebesgue integral of f on €2 by

/Qf(x) dx.

For 1 < p < o0, let
£y = ([ 1@ da)"
and for p = oo,

£z (@) = ess sup{|f(z)| : = € Q}.

We define the Lebesgue spaces for 1 < p < oo,

L =A{f + I fllzry < oo} (2.1.1)

We identify two functions f and g in LP(Q) if they differ only on a set of measure
zero, namely || f — g||zr() = 0. For 1 < p < oo, LP(Q2) is a Banach space.
Let a = (a1, a9, , ) be a multi-index, where «; is a non-negative integer,

1=1,2,--- ,n. We denote the length of « as

lal = .
i=1
For ¢(z) € C*(£2), we denote the usual partial derivative as

olel g e

- 0 r)= — - -
Ozt -+ - Oxon ( ox ! Oxon

D%¢(z) ¢(x).



Definition 2.1. We define the set of locally integrable functions as
L,.(Q)={f:fe LK) V compact K C interior Q}. (2.1.2)

Definition 2.2. We say that f € L}, (Q) has a weak derivative D f if there exists

loc

a function g € L},.(Q) such that

| 9@)ol@) dz = (1) [ f@)D*(x) dr Vo € C3=(). (2.1.3)

Here C§°(Q2) denotes the space of infinitely differentiable functions with compact

support in Q2. We denote DS f = g.

For ¢ € Clol(Q), D24 exists and coincides with D). Therefore we ignore the

differences between D{ v and D1 from now on.

Definition 2.3. Let k be a non-negative integer, suppose f € L}, () and the weak

loc

derivative D f exists for all |o| < k. Define the Sobolev norm

1 lwre = (3 IDfl50) (2.1.4)

laf<k

if 1 < p < oo, and in the case p = o0,

1fllw @) = max | D f[| L e)- (2.1.5)

|a|<k

We then define the Sobolev spaces as
WHR) = {f € Lh(@) : [ flwse < oo}, 1<p<oo.  (216)

Definition 2.4. Let k be a non-negative integer, suppose f € Wlf(Q), we define

the Sobolev semi-norm as

1
[Flwpy = (32 1D fII0)? (2.1.7)
la|=k
if 1 < p < oo, and in the case p = oo,

[flwe @) = max [ D | o). (2.1.8)

|al



Theorem 2.5. The Sobolev space WF(2) is a Banach space.

One can easily see W7 (Q) = LP(Q2). We denote W5 (Q) by H*(2) and denote its
norm and semi-norm by || - [[gx) and |- |gr). One can show that (cf. [32, 1])

H*(Q) is a Hilbert space under the following inner-product,

(v, W) ey = / D% D*w dx.

|a|<k
Definition 2.6. Let k be a non-negative integer. We define HY(S)) to be the closure
of C3°(Q2) under the norm || - || gr(q)-
Definition 2.7. Let k be a non-negative integer. We define H=*(Q) as the dual

space of HE(Q). The norm in H=*(Q) is defined as

U, v
bl = sup o2 (2.1.9)
vEHE(Q),0#£0 HUHH'@(Q)

where (-,-) is the usual paring between HY(QY) and its dual space.

Definition 2.8. Let Q be an open set in R%. For a real number | = k + \ where k

is a nonnegative integer and \ € (0,1). We define
WLHQ) = {f € L*(Q) : D°f € L*(Q) for |s| <k and I\(D*f) < oo}, (2.1.10)

where

_// 2 |x_ |d+;( >|d$dy~ (2.1.11)

Remark 2.9. W(Q) is a Hilbert space with respect to the inner product

(v, ) wia D*vD*w dx
=y
(D*v( “v(y)(D*w(x) — D*w(y))
T e e

We denote the Hilbert space W(Q) as H{(Q) (cf. [103, Theorem 5.3)).

We need the following density theorems (cf. [81, 1]) and embedding theorems to

analyze the convergence of finite element methods in Chapter 3.

10



Theorem 2.10. Let Q be any open set. Then C=(Q) NWF(Q) is dense in WF(€)
forl <p< .

Theorem 2.11. Let Q be any Lipschitz open set. Then C*(Q) is dense in W}F(12)

for1 <p< 0.

Theorem 2.12 (Sobolev Embedding [1, Theorem 4.12]). Assume that Q is a
(bounded or unbounded) open set of R with a Lipschitz continuous boundary and

1 < p < oo. Then the following continuous embeddings hold:
o If0 < kp<d, then WE(Q) C LP"(Q) for p* = dp/(d — kp);
o If kp=d, then W}(Q) C LY(Q) for p < q < oo;

o Ifkp>d, then W} (Q) C C().

Notice that it is meaningless to write v]aq for v € H*(Q2) since we cannot define
functions in H*(2) on a subset of measure zero. In order to remedy this issue, we

introduce the concept of trace.

Theorem 2.13 (Trace Theorem [84, Theorem 1.3.1)). Let 2 be a bounded open

set of R? with smooth boundary 02 and let k > %

e There exists a unique linear continuous map vo : H*(Q) — H*"2(9Q) such

that yov = v|aq for each v € H*(Q) N C(9).

e There exists a linear continuous map Ry : H¥2(0Q) — H*(Q) such that

YRot) = ¥ for each ¢ € H*2(99).

Remark 2.14. In particular, the following inequality holds,

]| 2200) < Cllv|| a1, (2.1.12)

11



where C' > 0 is a constant and v on the left-hand side is understood in the sense
of vov. Note that this estimate is also valid for a bounded polygonal open subset €}

of R%. Moreover, we can characterize the space Hg(S)) by using the trace operator,
Hy(Q)={ve HY(Q) :yv=0 on L*(90)}.

For a subtle description of trace on polygonal domains, we refer to [1, 55].

Theorem 2.15 (Poincaré Inequality [32, Theorem 5.3.5]). Let 2 be a bounded

connected open set of RY. Then there exists a constant Cq > 0 such that
[vllz2) < Calvlm o (2.1.13)

for each v € H}(Q).

Theorem 2.16 (Riesz Representation Theorem [32, Theorem 2.4.2]). Any contin-
uous linear functional L on a Hilbert space (H,(-,-)) can be represented uniquely
as

L(v) = (u,v) (2.1.14)

for some uw € H. Furthermore, we have
| = [l (2.1.15)

For more general discussion on Riesz Representation Theorem, we refer to [86,
Section 13, Theorem 25] and [87, Theorem 2.14]. Riesz Representation Theorem is
often used to prove the existence and uniqueness of solutions for symmetric vari-
ational problems. For nonsymmetric variational problems, we need the following

theorem.

Theorem 2.17 (Lax-Milgram [84, Theorem 5.1.1]). Given a Hilbert space (V, (-,-)),

a continuous, coercive bilinear form a(-,-) and a continuous linear functional F €

12



V', there exists a unique u € V' such that
a(u,v) = (F,v) Yo eV. (2.1.16)

Moreover we have

1
[ully < a”FHv', (2.1.17)
where a is the coercivity constant and V' is the dual space of V.

Remark 2.18. A bilinear form a(-,-) on a linear space V' is a mapping a : VXV —
R such that each of the maps v — a(v,w) and w — a(v,w) is a linear form on V.
A bilinear form a(-,-) on a normed linear space H is said to be bounded (or

continuous) if 3 C' < oo such that
(v, w)| < Cllvflmllwllz  Yo,we H,
and coercive on V C H if 3 a > 0 such that

a(v,v) > oljv||% Vv e V.
2.2 Saddle Point Problems
In this section we briefly discuss the saddle point problems. Saddle point problems
arise in many areas including optimal control, constrained optimization, fluid dy-
namics etc. We refer to [8, 15] for a thorough discussion of saddle point problems
and their numerical approximation.

We start with a simple example in algebraic setting (cf. [8]). Consider the fol-

5 5161 o2

where A € R™" B € R™*" O is zero matrix and A is symmetric positive semidef-

lowing linear system

inite. This form of linear system arises as the first-order optimality condition of

13



the constrained optimization problem,

1
min ixTAx — ff (2.2.2)

st. Bx=g. (2.2.3)

Here y in (2.2.1) represents the vector of Lagrange multipliers. Any solution (z*, y*)

of (2.2.1) is a saddle point of the Lagrangian
1
L(z,y) = §$TA$ — fTz+ (Bz —g)"y. (2.2.4)

Therefore we call (2.2.1) a “saddle point problem”. Note that a saddle point is a

point (z*,y*) that satisfies
L(z*y) < L(z*,y") < L(z,y") VreR" yeR™ (2.2.5)
A more general saddle point problem is of the form
5 ] L] 229

where C' is also symmetric positive semidefinite. This system often arises in stabi-
lized finite element methods and PDE-constrained optimization problems.

On the other hand, consider the following mixed variational problem,

a(u,v) +b(v,p) = (f,v), YveV, (2.2.7a)

b(u, q) =(9,q9), VYqe€Q, (2.2.7b)

where a(+,+) : VxV — Rand b(-,-) : V x @ — R are continuous bilinear form (cf.

Remark 2.18)

a(u,v) < Gilfullv|[vllv,  Vu,veV,

b<vuq) < CQHUHV”QHQ’ YoeV,qge Q>

14



f eV and q € Q'. The system (2.2.7) is a general variational problem that arises
in many areas, for instance, fluid dynamics. After we discretize (2.2.7) by certain
numerical methods, the discretized system is of the form (2.2.1). Hence we also call
(2.2.7) a “saddle point problem”. Previous work on the existence and uniqueness

of the solution of (2.2.7) dates back to 1970s. Brezzi proved the following theorem.

Theorem 2.19 (Brezzi [37]). The variational problem (2.2.7) is well-posed if and

only if the following conditions hold

inf sup _alu.v) = inf sup alu, v) =a>0, (2.2.8a)
weVovevy lullvlvlly  veVouevs [lullvllvllv
where Vo ={v €V :b(v,q) =0 Vq € Q}, and
b
infsup 20D 5 (2.2.8b)

9€Q yev ||U||V||C]||Q

Conditions (2.2.8) are called Babuska-Brezzi conditions or BB conditions in
short. Other names, for example, Ladyzhenskaya-Babuska-Brezzi conditions or
LBB conditions and inf-sup conditions can be found in the literature.

Alternatively, Babuska proposed the following framework. Let (U, (+,-)y) and
(V,(-,-)v) be two Hilbert spaces. Let B : U x V' — R be a continuous bilinear

form. Consider the following variational problem: Find u € U such that
B(u,v) = (f,v), YveV, (2.2.9)
where f € V',

Theorem 2.20 (Babuska [4, 5]). The problem (2.2.9) is well-posed if and only if

the following BB conditions hold:

B B
inf sup _Blu,v) >0, infsup Bluv) > 0, (2.2.10)
uel vev [luflullollv veVuer [lullullvflv
furthermore if (2.2.10) hold, then
B B
inf sup _Blu,v) = inf SupM =a>0. (2.2.11)

weUoev [[ullullolly vV e Tullollolly —
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We connect Babuska theory with Brezzi theory by the following argument (cf.
[106]). Setting B((u, p), (v,q)) = a(u,v) +b(v,p) + b(u, q) then (2.2.7) is equivalent

to

B((u,p); (v,q)) = (f,v) +{9:0), V(v,q) €V X Q. (2.2.12)

Hence, by Babuska theory, (2.2.7) is well-posed if and only if

inf sup Bl(u.p). (v, q))
W)V xQ (v,9evxQ | p)lvxell(v, 9)llvxe
(
(

)

lvxq

(2.2.13)

B
inf sup ({u,p).
@DEVXQ (up)evx@ ||(w p)llvxell(v,

)
)
)) =~>0,

q
q
v, q
q

where [|(v, q)[[V <o = I[0]I} + [lallg for all (v,q) € V x Q.
It can be shown that (2.2.13) is equivalent to (2.2.8). More details can be found
in [106]. The concise formulation (2.2.12), which can be applied to problem (2.2.6),

will be used throughout this dissertation.

2.3 Existence and Uniqueness of Solution for Optimal Control
Problems

In this section, we discuss the existence and uniqueness of solution for optimal
control problems and derive the first order optimality system. The references [74]
and [97] contain a detailed discussion of this topic. Minimizing sequence technique
is often used to prove the well-posedness (cf. [74, Theorem 1.1], [97, Theorem
2.14]) and the state is often eliminated by a control-to-state operator. We provide
a simple proof which eliminates the control in this section (cf. [75]). It is natural
to do so since the constraints are imposed on the state directly. The derivation of
the first order optimality condition is subtle and we only provide enough details
which enable us to proceed in the numerical analysis. We refer to [74, 97, 41, 42]

for more general cases.
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Let us consider problem (1.1.3)-(1.1.5). It is easy to see that

a(u,0) < Cillull iy o]0, (23.1)

a(v,v) > Collv|| g0, (2.3.2)
where C; and Cy are two positive constants. Here we use the fact ¢ € [Wh>(Q)]"
and the function v € L*(2) is nonnegative. Hence (1.1.4) is well-posed by Lax-

Milgram Theorem (cf. Theorem 2.17).

Let V be the subspace of Hj(f2) defined by
V={ye HjQ): Ly e L*(N)}, (2.3.3)

where Ly = —Ay + ¢ - Vy+ V- (Cy) + vy and Ay is understood in the sense of

weak derivative (cf. Definition 2.2).

Remark 2.21. The reason why we define V' is that, when § is a general domain,

we can only conclude y belongs to V when y satisfies (1.1.4). Indeed, we have
| v(80) do = [ (~Vy)V6 do

:/Q(—ujLC-VerV-(Cy)ﬂy)cﬁ dr, V¢ € G (),

which means that Ay = —u+ ¢ - Vy + V - (Cy) + vy in the weak sense. Thus we

(2.3.4)

can conclude y € V. Conversely, if we have y € V', we obtain

/Q(—Vy)V¢ dr = /Qy(Aqﬁ) dr = /Qflqs dr, Vo€ CX(Q), (2.3.5)

where f1 equals to Ay in the weak sense. Since y € V we know f = [—fi + -
Vy+ V- (Cy) + yy] € L*(Q). Combining with the fact that C§°(Q) is dense in
Hi(Q2) (c¢f. Theorem 2.10), we know y satisfies a second order PDE of the form

—Ay+¢-Vy+V-(Cy) +yy = f (in the weak sense).

Therefore we can see the space V' is the natural space to look for the solution.

Due to elliptic regularity for polygonal/polyhedral domains (cf. [44, 55]), V is a
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subspace of H'™(Q) N HE () N H{ () for some o € (3,1]. Then it follows from

Theorem 2.12 that we can identify V' with a subset of C'(€2) and ignore the a.e. in
(1.1.5).

We rewrite (1.1.3) as

~ |1 B
y = argmin | = (y,y)r2) + 5 (Ly, LY)2(0) — ¥, Ya) 2 | 5 (2.3.6)

where

K={yeV:y<vy inQ}. (2.3.7)
Let the inner product ((+,-)) on V' be defined by
(v,w)) = (v,w) r2(0) + B(Lv, Lw) 2. (2.3.8)
Lemma 2.22. The space (V,((+,-))) is a Hilbert space.

Proof. 1t is trivial that ((-, -)) is an inner product on V. We only need to prove that
this space is complete. First denote the new norm by |[||v||| = /(v,v)). Suppose

{fn} is a Cauchy sequence in (V,((+,-))). Notice that

I fn = falll* = 1 = Fall o) + BIL S — Lfall T2y (2.3.9)

This implies that {L£f,} is also a Cauchy sequence in standard L*(©2). Due to
the completeness of standard L*(Q2), there exists a f € L?(Q) such that ||[Lf, —
fllz2¢) — 0 as n — oo. By Lax-Milgram (cf. Theorem 2.17), there exists a unique

g € H}(Q) such that Lg = f. Notice that g € V' (cf. Remark 2.21) and

1fn = 9ll2@) < M fa = gllm) < ClLf = flliz), (2.3.10)

we conclude ||| f, — gl = 0 as n — oc.

This implies the completeness of (V, ((-,+)). O
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Lemma 2.23. There exists a unique § € V' such that

(9, 2)2() + B(LY, L2)12(0) = Wa, 2)12) YV 2z € V. (2.3.11)

Proof. Notice we can write (2.3.11) as

(7, 2) = F(z) (2.3.12)
where F'(2) = (Y4, 2)12()- F' is linear and bounded. Then by Riesz Representation
Theorem (cf. Theorem 2.16), there exists a unique g that satisfies (2.3.11). O]

We then need the following projection theorem to prove the well-posedness of

(2.3.6)-(2.3.7).

Theorem 2.24 (Projection Theorem [32, Proposition 2.3.1)). Let K be a non-
empty closed convex subset of a Hilbert space H. Given any v € H, there exists a
unique w* € K such that

|lv — w*|| :glel}}Hv—wH. (2.3.13)

Proof. Let § = inf, ¢k ||v —w]||. There exists a minimizing sequence {w, } € K such
that

dim [Jo —w, | = 6.
We want to show that {w,} is a Cauchy sequence, then there exists w* € K=K
such that w, — w*. Continuity of the norm implies that ||[v — w*|| = §.

To prove that {w,} is a Cauchy sequence, note that the following parallelogram

law (cf. [32, (2.2.8)]) holds
la+0||* + [|a — b]|* = 2[|al|* + 2]|b]|*. (2.3.14)
Apply the parallelogram law to a = v — w,, and b = v — w,,, we have

(v = win) + (v = wa)[I* + (0 = wm) = (v = wn)|*

= 2||v — win|* + 2lJv — wa?,
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hence

Y + n 2

2
m ~— Wn 4 -
= wall? + 4o = =

= 2/|v — wn|* + 2[|v — wa 1.

Notice that “””T*“’" € K since K is convex, thus

[wa — wall* < 2/l — wl|* + 2]v — w,||* — 46%.

Then ||wy, — wy|| — 0 as m,n — oo.

To prove the uniqueness, suppose w*, z* € K such that
[0 —w*|| =6 = [l ==
Apply the parallelogram law to a = v — w* and b = v — z* we have
' = 212 < 2o — w2 + 2w — 22 — 462
=26+ 26" — 46> =0
which implies w* = 2*. [
Theorem 2.25. There exists a unique solution y of the problem (2.3.6)-(2.3.7).

Proof. First we notice that K is closed and convex. Since ¥ > 0 on 0f2 and

Yloa = 0, we can conclude that K is also nonempty. We can rewrite (2.3.6) as

§ = argmin [5(0.0) — (5.9)
= argin [5(y = 5.9~ 9) ~ 5(5.9)

1 2
= argmin g ly —g[|"
yeK

Then the solution will be the projection of 7 onto K. The existence and unique-

ness of the projection is guaranteed by Theorem 2.24. O]
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2.3.1 First Order Optimality Condition
In the absence of the pointwise state constraints, for simplicity, we define a control-
to-operator S : L*(Q2) — L*(Q),u — y(u) (cf. [97, Section 2.5]) and rewrite (1.1.3)

as

B

_ 11
u = argmin §\|Su — yallZ2() + 5”“”%2(9) : (2.3.15)

u€L?(Q)

Follow along the same lines as the preceding argument, we can show that the

unique solution @ of (2.3.15) can be characterized by
(St, Sv)r2@) + B4, 0) 2 = (Ya, SV) 2@y Vv € L*(Q). (2.3.16)
Define the adjoint operator S* as
(Su,v)20) = (u, ™) 29y Vu,v € L*(Q). (2.3.17)

Then define p € H}(Q) (adjoint state) by

p=5"(y — ya), (2.3.18)
thus we can write (2.3.16) as
(p,0) 20 + B(U,v) 12y = 0 Vv € L*(Q), (2.3.19)
which is
p+ pu=0. (2.3.20)

To find the explicit expression of S*, we need the following lemma.

Lemma 2.26 ([97, Lemma 2.23]). Let function z,u € L*(Q), let y and p denote,

respectively, the weak solutions to the elliptic boundary value problems,

—“Ay+¢-Vy+V-Cy)+vy = u in

y = 0 on 00
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and

—Ap—C-Vp—=V-(p)+w = z in Q

p = 0 on OS.

Then (Zay)L2(Q) = (p, U)L2(9)~

Proof. We can write out the weak form of both equations using test functions p
and y. By integration by parts, we can easily see that the left-hand side of both

equation is a(y, p). The result immediately follows. ]

Now we can state the following lemma which gives an explicit expression for S*.

Lemma 2.27 ([97, Lemma 2.24)). For the problem (1.1.4), the adjoint operator
S*: L2(Q) — L*(Q) is given by

S*z =p, (2.3.21)

where p € H(Q) is the weak solution to the boundary value problem

—Ap—¢-Vp—=V-(p)+p = z in Q

p = 0 on 0N
Proof. First we have
(z,5u) = (S*z,u) Vz,u € L*(Q) (2.3.22)

by the definition of the adjoint operator. Secondly, apply Lemma 2.26 to y = Su,

we have

(z,5u) = (2,y) = (p,u). (2.3.23)
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Therefore by Lemma 2.27 the solution of (1.1.3)-(1.1.4) is determined by

a(g,p) = (4,9 —va)r2y Yq € Hy(9), (2.3.24a)
p+pu = 0, (2.3.24D)
a(y,z) = (u,2)r20) Vz € HL(Q). (2.3.24c¢)

Remark 2.28. The optimality system (2.3.24) is called the first order optimality
condition. It can also be derived from [74, Theorem 1.4] and [97, Lemma 2.21]. It
is a necessary and sufficient condition of (1.1.3)-(1.1.4) (cf. [97, Theorem 2.22]).
The optimality condition (2.3.24) is the starting point of our multigrid methods in
Chapter 4.

If the pointwise state constraint (1.1.5) is imposed, the first order optimality
condition becomes a variational inequality. For simplicity, we consider the case
¢ = 0. Without loss of generality, we also assume v = 0. We first prove the

following general theorem.

Theorem 2.29 (Variational inequality [74, Theorem 1.2]). Let a(-,-) be a sym-
metric, continuous and coercive bilinear form defined on a Hilbert space V., F € V'

and K be a convez subset of V. Then

1
u = argmin | —a(v,v) — (F,v) (2.3.25)
veK 2
if and only if
a(u,v —u) > (F,o—u) Yove K. (2.3.26)

Proof. Assume u is the solution of (2.3.25). Let v € K be arbitrary and E(v) =

a(v,v) — (F,v). Define ¢(t) = E((1 — t)u + tv) on [0, 1]. Specifically, since a(-, -)

is symmetric, we have

o(t) = ;a(u,u) —(F,u) + tfa(u,v —u) — (F,v —u)] + ;t2a(v — U, v — u).
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We know for t € [0,1], (1 —t)u+ tv € K since K is convex, thus by the fact u is

the minimizer of F(v) for all v € K, we obtain
$(0) < o(t).
Hence ¢/(0) > 0, which is
a(u,v —u) > (F,v—u) Yve K.

On the other hand, we know ¢'(t) = a(u,v — u) — (F,v — u) + ta(v — u,v — u).

By the coercivity of a(-,-), we have for v € K and all v € K,
Gt) >0 telol].
Therefore we must have ¢(0) < ¢(1) which means

1
u = argmin ia(v,v) —(F,v)|.

veK
[
Note that we can rewrite (2.3.6)-(2.3.7) as the following,
_ 1
y = argmin |Sa(y,y) — (F,y)|, (2.3.27)
yeK 2

where a(y, z) = (y, 2)r2() + B(AY, Az)2q), (Fy) = (Ya,y) 12 and K = {y €
V iy <1 in Q}. It is easy to check that a(-,-) and K satisfy the assumptions
of Theorem 2.29. Therefore we can apply Theorem 2.29 to (2.3.27) and hence
the solution to (2.3.6)-(2.3.7) can be characterized by the following variational
inequality

a@,y—¥) = Y,y — Pz Yy € K,

which is

(Y = Ya,y — V)2 + BAAY, Aly —9))r2() 20 Yy € K. (2.3.28)
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The variational inequality (2.3.28) is equivalent to the following system involving
the adjoint state p. If (y,u) € Hg(Q) x L*(Q) is the solution of (1.1.3)-(1.1.5), then

there exists p € H} () such that

Aj+ =0,

p+pu=0,
(2.3.29)

y<,

(Vo,V(y —9)r2@) + Wa— 4,9 — Y12 <0 Vy € K.

Remark 2.30. Details about the derivation of (2.3.29) are discussed in Section
2.4.8. Note that (2.3.29) is equivalent to (2.3.24) when the pointwise state con-
straints are absent under the assumption ¢ = 0 and v = 0. While the starting
point of our multigrid methods for (1.1.3)-(1.1.4) is the saddle point problem (first
order optimality condition) (2.3.24), the variational inequality (2.3.28) is the start-

ing point for our multigrid methods for (1.1.3)-(1.1.5) instead of (2.3.29).

2.4 Regularity Results
In this section we briefly review the elliptic regularity results for second order
PDEs, fourth order PDEs and optimal control problems with pointwise state con-

straints. Since this is a broad subject we only present a few relevant results. More

details can be found in [33, 50, 51, 55, 44, 41, 42, 82, 48|.

2.4.1 Second Order Problems
Let Q be a bounded polygonal /polyhedral domain of R?, d = 2,3. We denote the

second order elliptic operator £ by

d d
Lu = — Z D?u + Z[Dz(blu) + ciDyu) + agu. (2.4.1)
i=1 i=1

Here D; is the jth partial derivative, b;, ¢;, a9 € C*®(Q).
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Consider the following problem

Lu=f in Q
(2.4.2)
u=0 on Of).

The variational formulation of (2.4.2) is, given f € L?(Q), to find u € H}(2) such

that
a(“v U) = (f7 U)LQ(Q)a (243)
where a(u,v) = [, {Z?Zl DyuDyw — X% (bjuDyv — cuDyu) + aouv} dx.

Theorem 2.31 ([44, Section 6]). Let u € Hy () be the weak solution of (2.4.2),

f e L*(Q) and by, ¢;,a0 € C=(Q). Then u € H'**(Q) where a € (3,1] and

[ullzr+a) < Ol fllr2@)- (2.4.4)

Remark 2.32. If Q is conver, we have a =1, u € H*(Q) N Hy () and

[ull 20y < Cllfllr2@)-

For more general elliptic regqularity result for second order problems, we refer to

[55, 82, 44].
2.4.2 Fourth Order Problems

For fourth order problems we restrict ourselves to the following problem. Let Q2 C

R? be a bounded domain, f € L?(Q) and

ANu+u=f in Q
(2.4.5)

u=Au=0 on Of.

The weak formulation of (2.4.5) is to find w € V = H?(Q) N H} () such that
a(u,v) = (f,v)2@ Yv eV, (2.4.6)

where a(u,v) = [o[AulAv + wv] dz.
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Theorem 2.33. Assume Q) is a polygonal domain and f € L*(Q)). Let u be the
weak solution of (2.4.5), then u € H***(Q) for some a € (0,2]. The number o can
be close to 0 even when the domain is convex. If the largest interior angle of ) is

less than or equal to 5 then oo = 1. Moreover, we have
ullg2re) < Cll fll2@)- (2.4.7)

More details of the elliptic regularity result for fourth order problems can be
found in [55, 44, 78, 82].
2.4.3 Optimal Control Problems with Pointwise State Constraints
In this subsection we discuss the regularity results for (2.3.6)-(2.3.7) under the
assumption ¢ = 0,7 = 0 and the equivalent variational inequality (2.3.28). These
results are useful in the convergence analysis of finite element methods for (2.3.28)
(cf. [33]). In this subsection the space V' is defined in (2.3.3).

Let us introduce the Lagrange multiplier . We take y = —¢+y € K in (2.3.28)

where ¢ is a nonnegative function in C§°(€2). Thus we have

| |G- vao+ a)120)

drx < 0. (2.4.8)

It follows from [86, Section 13, Theorem 25] or [87, Theorem 2.14] that

L [@= w0z + 52 a2)

dx = / zdu VzeV, (2.4.9)
Q

where p is a non-positive regular Borel measure.
Let € = {z € Q: y(x) = ¢(x)} be the contact set. Note that € is a compact set
of Q2 since y = 0 on 9 and ¢ > 0 on IN. Let ¢ € C§(€2) such that supp pNE = .

We consider the functions (+€)¢ + y with sufficiently small €, we have

<0 on supp ¢,

(Fe)o+y—v = { <0 otherwise. (2.4.10)
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This implies (£€)¢ + y € K. Then we can substitute y = (£€)¢ + ¥ in (2.3.28) to

obtain

/Q {(y —Ya)o + B(Ay)(Agb)} dzx = 0. (2.4.11)

Therefore by (2.4.9) and (2.4.11) we have

/Q¢ di =0 (2.4.12)

for all ¢ € C§°(2) satistying supp ¢ N € = (. From (2.4.12) we can conclude (cf.

(33, 34]) w is supported on €, which is equivalent to the complementarity condition

/Q(w — ) du=0. (2.4.13)

Moreover, we derive an important property of u here. Assume y is the solution of
(2.3.6)-(2.3.7), it is known that [33, 50, 51, 39, 40] the following interior regularity
result of y holds,

g€ Hp (Q) NWEX(Q). (2.4.14)

Define a linear functional
(u, z) = /Qz dp. (2.4.15)
Take ¢ € C§°(Q2) such that ¢ = 1 in an open neighborhood of €. We obtain, for

all z € C§°(Q),

[ zdn= [ 6z du= [ |- vaoz+ B(ADAG2)|dr. (2.4.16)

Let a subset G of Q2 satisfy € C supp ¢ C G. Then we can rewrite the last integral

in (2.4.16) by simply replacing Q with G. Since y € H .(Q) (by (2.4.14)) we have

16— oz + B89 A0:)| daf (2.4.17)
N VG [(g — Ya)$z = BV(A@V(W)} dz

IN

Cllzllar @) + Bllullas@ 1éa @l 2l a @
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Hence we conclude,
’/Q . d,u‘ < el V2 € CF(Q). (2.4.18)

Since C§°(9) is dense in HJ(£2), (2.4.18) is also true in Hj (). Therefore we con-

clude p € H1(Q).

Remark 2.34. The fact that the Lagrange multiplier p is a nmon-positive reqular
Borel measure and yu € H=1(Q) at the same time is crucial in the analysis of finite
element methods in the following chapter. It can be shown that (2.4.13), (2.4.9)

and p is a non-positive reqular Borel measure implies (2.3.28).

We define the adjoint state p € HJ(2) by
(VD, V) 200y = (J = Ya, V) 12(02) — /deu Vv € Hy(S2). (2.4.19)
By integration by parts, we have
(Ds A2)r20) = (Ya — U, 2)12(00) + /Q zdpy VzeV. (2.4.20)
Comparing (2.4.20) and (2.4.9), we have
(p — BAY, Az) 2y =0 VzeV, (2.4.21)

which implies SAy = p since A is a bijection from V' — L?(Q) (cf. Remark 2.21).

Thus we have following regularity of «
= —Ay € Hy(Q). (2.4.22)

We refer to [42, 33, 64] for more discussion about regularity results of optimal

control problems with pointwise state constraints.

2.5 Classical Iterative Methods
In this section we give a brief review of classical iterative methods which we use

throughout this dissertation. Iterative methods are indirect methods for solving
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linear systems by approximating the solutions iteratively. These methods are suit-
able for solving large sparse linear systems. We exploit classical iterative methods
and utilize them as smoothers for multigrid methods. In this section £ = 0,1, - --
represents the number of iterations. For thorough reviews of iterative methods, we
refer to [89, 52, 102, 46].

We consider the following linear system in this section,
Ax =D, (2.5.1)

where A € R™™" is nonsingular and b € R". Suppose we have an initial guess xg,

we denote the error by e = x — x(. Note that
Ae =b — Axy. (2.5.2)

Here r = b— Ax, is called the residual. Hence we call (2.5.2) the residual equation.

Assume we can solve (2.5.2), then we can recover the exact solution x by
X =Xg+e.

Clearly we cannot solve (2.5.2) exactly (otherwise we are able to solve (2.5.1) and
obtain the exact solution x). Instead we approximate A~! by some matrices B.

Therefore we have

e = B(b — Axy),

where € is an approximation of e. Hence we update our initial guess by
X1 = Xg + e’ = X + B(b - AX()). (253)

We hope that x; is a better approximation of x than xo. Motivated by (2.5.3), we

can repeat this process and write the general iterative methods as

Xkt+1 = Xk + B(b - AXk) (254)
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From (2.5.4) we see that we are free to choose B. In general, Bx should be easy
to compute and B should be a “good” approximation of A~

Alternatively, the iterative scheme (2.5.4) can be written as

Xpi1 = Mx + g, (2.5.5)

where M = (I — BA) and g = Bb. Let us consider the iterative methods of the

form (2.5.5).

Definition 2.35. An iterative method is convergent if

lim x;, = x
k—o0

with any initial guess.
The following theorem is well-known (cf. [89, Theorem 4.1}).

Theorem 2.36. The iterative method (2.5.5) is convergent if and only if p(M) < 1

where p(M) is the spectral radius of M.

Remark 2.37. M is called the iteration matriz of (2.5.5). It can be shown that
p(M) is the convergence factor which indicates how fast the iterative method (2.5.5)
converges. The smaller the convergence factor p(M) is, the faster the method con-
verges.

2.5.1 Richardson Iteration

Assuming A is SPD, an easy choice of B is vI where v > 0 is a constant, hence
we have

Xpr1 = X + v(b — Axy). (2.5.6)

The iterative method (2.5.6) is called the Richardson iteration. Clearly the choice
of 7 is crucial for Richardson iteration. According to Theorem 2.36, the spectral

radius of the iteration matrix I — A should be less than 1 for Richardson iteration

31



to converge. Assume \,;, and A, are the smallest and largest eigenvalues of
A respectively, the smallest and largest eigenvalues of I — vA are 1 — y\,,4. and
1 — YA nin. The following conditions must be satisfied in order for the method to

converge,

I 7)\mm < 1a

1 — v Apaz > —1.
These imply the Richardson iteration converges for any v > 0 which satisfies

2
0<vy< : (2.5.7)

)\max

Moreover, it can be shown that (cf. [89, Example 4.1]) the optimal choice of v in

terms of minimizing the convergence factor p(M) is

2
opt — y 2.5.8
Topt /\maa: + >\mm ( )
while the optimal convergence factor is
Amaz — Ami
ot = mar  Tmen 259
P Pt )\maz + >\mzn ( )

2.5.2 Gauss-Seidel Iteration

Let us split the matrix A as A = D + L + U, here D is the diagonal part of
the matrix A, L is the strictly lower triangular part and U is the strictly upper
triangular part.

If we choose B = (L + D)™, the iterative method (2.5.4) becomes
Xpi1 =Xk + (L + D) (b — Axy). (2.5.10)

The method (2.5.10) is called the forward Gauss-Seidel iteration. Similarly, if we

choose B = (U 4+ D)~! we have

Xp1 =X, + (U + D) (b — Axy,). (2.5.11)
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The method (2.5.11) is called the backward Gauss-Seidel iteration.

Alternatively, we have
(L+D+U)x=b=(L+D)x=b—-Ux. (2.5.12)
Thus we can write down another iterative scheme motivated by (2.5.12),
(L+ D)xgy1 =b — Uxy. (2.5.13)

It is trivial that (2.5.13) is equivalent to (2.5.10). Therefore forward Gauss-Seidel
iteration can be viewed as a matrix splitting method. Similarly, backward Gauss-

Seidel iteration is equivalent to the following matrix splitting method,
(U + D)Xk—i-l =b— LXk. (2514)

In applications, A is often symmetric positive definite. However, B in forward
or backward Gauss-Seidel iteration is not symmetric. Hence it is preferable to use

symmetric Gauss-Seidel iteration in some applications, namely

Xp4 =x; + (L+ D) (b — Axy), (2515

Xps1 = X1 + (U + D) (b — AXy 1)

Notice that the symmetric Gauss-Seidel iteration consists of a forward sweep fol-
lowed by a backward sweep. It is easy to show that symmetric Gauss-Seidel itera-

tion is of the following form,
Xp1 = Xp + (U+ D) 'D(L+ D) H(b — Axy,). (2.5.16)

Here B = (U + D)"'D(L + D)~! is symmetric. Furthermore, if A is SPD then
B is also SPD. The following theorem guarantees the convergence of Gauss-Seidel

iteration.
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Theorem 2.38. Assume A is SPD, then forward Gauss-Seidel (2.5.10), backward
Gauss-Seidel (2.5.11), and symmetric Gauss-Seidel (2.5.15) converge for any ini-

tial guess.

Remark 2.39. The condition “A is SPD” is sufficient but not necessary. We refer

to [89, 102, 46, 52] for more general results of Gauss-Seidel iterations.
2.6 Projection Methods

In this section we briefly review the projection methods to solve the linear system
(2.5.1) and discuss two important examples: the minimal residual method (MIN-
RES) (cf. [83]) and the generalized minimal residual method (GMRES) (cf. [90]).
Detailed discussion about this topic can be found in [89, Chapter 5-6].

In general, suppose K and £ are two subspaces of R? and x, is given as an initial
guess. A projection technique is to seek an approximate solution X in the space

xo + K such that the new residual vector be orthogonal to £, namely
Find xexo+ K, suchthat b—Ax L L. (2.6.1)

For a specific choice of £, we have the following important lemma (cf. [89,

Proposition 5.3]).

Lemma 2.40. Let A be an arbitrary square matrixz and and assume that L = AK.
Then a vectore X is the result of an projection method with respect to K and L with
the starting vector xq if and only if it minimizes the 2-norm of the residual b — Ax

over X € Xg + IC, i.e., if and only if

R(x) = min_R(x), (2.6.2)

xexo+K
where R(x) = ||b — Ax]||5.

Remark 2.41. Lemma 2.40 is the starting point of MINRES and GMRES. They

all minimize the 2-norm of the residual over an affine space hence the methods are
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called “minimal residual methods” while MINRES aims for symmetric indefinite

matriz and GMRES works for nonsymmetric matrix.
One of the most important choices for subspace K is so-called Krylov subspace.

Definition 2.42. Define
Km(A,v) = span{v, Av,--- A" v} (2.6.3)

Km(A,v) is called a Krylov subspace. KC,, (A, V) is denoted by IC,, if there is no
ambiguity.

2.6.1 MINRES

Assume A is symmetric, choose K = K,,,(A,vy) and £ = AKX where v, = e
and rg = b — Ax( is the initial residual. This choice leads to MINRES. We briefly
review the idea of MINRES without attempting to be exhaustive.

According to Lemma 2.40, we try to solve the following constrained optimization,

min  ||b — Ax||. (2.6.4)

xEX0+Km

Here we exploit the famous Lanczos algorithm [73]. Lanczos algorithm is an algo-
rithm for building an orthogonal basis of the Krylov subspace C,,. Starting from
vi, Lanczos algorithm generates vectors vy, va, -+, v, that form an orthonormal

basis of the Krylov subspace (cf. [89, 98, 54]), i.e.,
Km(A,v1) = span{vy, Avy, -+, A" v}

Moreover, denote by V,,, the n X m matrix with columns vy, vy, -+ ,v,,, we have
the following,
AV = Vi T, (2.6.5)

where T, is a tridiagonal matrix with m 4 1 rows and m columns. Note that any

vector in K,,, can be written as V,,y where y = (y1, 42, ,¥Ym) is the vector that
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contains the coefficients. Hence we rewrite (2.6.4) as
myin IIb — A(x0 + Viuy)|l2-
By (2.6.5) and the orthonormality of V.1, we have

b — A(xo + Viuy)l2
=|[ro — AViy |l
=|ro = Vi1 Tyl
=[[Vint1(llroll2e1 = Tiny) I

=|lroll2e1 — Ty |l2-

Therefore we need to solve
min [ [oflzer — Tyl (266

which is a least-squares problem of small size. We can apply Givens rotation to
T,, hence the QR decomposition is obtained, then the least-squares problem can
be solved efficiently. To summarize, MINRES approximation is the unique vector

X, of xg 4+ /KC;, which solves (2.6.4). It can be obtained by

Xm = X0 + Viny,
(2.6.7)
where y = argmin ||||rg]l2€1 — T)nY||2-
Yy

We include the following convergence theorem for MINRES under some special

assumptions. We refer to [54, Chapter 3| for more general cases.

Theorem 2.43 ([54, Section 3.1)). Assume A is symmetric and the eigenvalues
of A are contained in two intervals [a,b] U [c,d], where a < b < 0 < ¢ < d and

b—a=d-—c. We have

Irolls =~ \Vad + vbe (2.6.8)
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where v, = b — Axy, is the residual after k MINRES iterations and [k/2] is the

integer part of k/2.

We omit the details of specific implementation. We refer to [98, Figure 6.9]
and [15, Algorithm 2.4] for the implementation. If MINRES is applied to a pre-
conditioned linear system, we have the preconditioned MINRES algorithm. This
algorithm can be found, for example, in [15, Algorithm 4.1]. We refer to [83, 98,

54, 15, 89] for more details about MINRES.

2.6.2 GMRES
Let A be nonsymmetric, under the same choice of subspaces K and £ in Section
2.6.1, we have the GMRES algorithm. According to Lemma 2.40, we also start

with the following constrained optimization,

min_ ||b — Ax||. (2.6.9)

xex0+Km

However, a general version of Lanczos algorithm, Arnoldi’s procedure [3], is used.
This procedure also generates an orthonormal basis of the Krylov subspace. Instead

of (2.6.5), we have

AV, = Vi1 Hon, (2.6.10)

where H,, is a Hessenberg matrix with m + 1 rows and m columns. Therefore we
replace V,,, in MINRES with H,, and the analysis holds. The GMRES approxima-
tion is the unique vector of x,, of x¢ + K,;, which solves (2.6.4). It can be obtained
by

X = Xg + Vi,

(2.6.11)
where y = argmin ||||rol|2€1 — Hpny||2-
y

A common technique to solve the least-squares problem in (2.6.11) is to trans-

form the Hessenberg matrix into upper triangular form by using plane rotations.
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We refer to [89] for more details. GMRES algorithm can be found in [89, Algorithm
6.9, 6.10].

One major issue of GMRES is that it requires the storage of V,, which can
be large after several iterations. In order to avoid large storage requirements and
computational costs for the orthogonalization, GMRES is usually restarted after
each k iteration steps using the latest x; as the initial guess. This algorithm is
referred to as GMRES (k). GMRES(k) algorithm can be found in, for example, [98,
Figure 6.2]. We refer to [90, 89, 54, 98] for more discussion of implementation of
GMRES and preconditioned GMRES.

The convergence analysis of GMRES is subtle, we only include two convergence
theorems for special cases. For more discussion about the convergence of GMRES,

we refer to [89, 54].

Theorem 2.44 ([89, Theorem 6.30]). If A is a positive definite matriz, then GM-

RES(k) converges for any k > 1.

Theorem 2.45 ([89, Proposition 6.32]). Assume A is a diagonalizable matrix
and let A = XAX! where A = diag{ 1, \a, ..., \,} is the diagonal matriz of

eigenvalues. Then the residual norm achieved by the k-th step of GMRES satisfies

sl

< Ko(X) min max pg(\;), (2.6.12)
HI’()HQ Pr t=1,...,n
where ko(X) = || X|2)|X7Y|2 and pr is a polynomial of degree k or less with

pk(O) =1.

2.7 P, Finite Element Methods
In this section we briefly review the construction and the error analysis of the

P, finite element methods [32]. We discuss the methods for the following model
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problem for simplicity,

—Au=f in (2.7.1a)

u=0 on 09, (2.7.1b)

where 0 C R? is a bounded polygonal domain and f € L%*(§2). The variational

problem of (2.7.1) is to find u € V := H{(£2) such that
a(u,v) = (f,v)2@ Yv eV, (2.7.2)

where a(u,v) = [ Vu - Vodz. It is easy to see that a(-,-) is a symmetric bilinear
form and

a(u,v) < |lullmol|vllai) Yu,v e V. (2.7.3)
By Poincaré inequality (cf. Theorem 2.15), we also have
CL(’U,U) = ’U’%ﬂ(ﬂ) 2 CH’UH%{l(Q) YveV. (274)

It can be shown that (V,af(-,-)) is a Hilbert space (cf. [32, (2.5.3)]). Therefore by
Riesz Representation Theorem (cf. Theorem 2.16) there exists a unique solution

u € V solving (2.7.1).

Remark 2.46. For nonsymmetric problems, Lax-Milgram (cf. Theorem 2.17) is

often used to prove the well-posedness of the problems.

Let V}, be a finite dimensional subspace of V', the Ritz-Galerkin approximation

problem is to find u, € V}, such that
a(uh,v) = (f, U)LQ(Q) Yu € V. (275)

Proposition 2.47 (Galerkin Orthogonality). Let u and uy, be solutions to (2.7.2)

and (2.7.5) respectively. Then

a(u —up,v) =0 Yo € V. (2.7.6)

39



Proof. By subtracting (2.7.5) from (2.7.2), we immediately obtain the result. [

Lemma 2.48 (Abstract Error Estimate). Let v and uy be solutions to (2.7.2) and

(2.7.5) respectively. Then
lu = unlla = min [lu = vlla, (2.7.7)
where || - [[7 = a(-, -).
Proof. Let v € V}, be arbitrary, we have
lu —lls = alu —v,u—v)

=a(u—up+up —v,u—up+u, —v)

= a(u — up,u —up) + alup, — v, up — v)

> [lu — uallz.
Here we use the fact that a(-, -) is symmetric and the Galerkin orthogonality a(u —
Up, up, —v) = 0. 0

Remark 2.49. Lemma 2.48 shows that the Ritz-Galerkin method delivers the best
approzimation of u from Vj, with respect to ||+ ||o. If a(-,-) is not symmetric, Lemma
2.48 is invalid. Alternatively, Céa’s Theorem (cf. [32, Theorem 2.8.1]) provides a
quasi-optimal error estimate in the sense that ||u — up|| g1 () is proportional to the

best it can be using the subspace Vi,. We refer to [32] for more details.

From Lemma 2.48 we can see that it is crucial to construct the finite dimensional
space Vj,. We begin with a triangulation 7, of Q0 which is a collection of triangles

that satisfies the following requirements,
e (2 is the union of the triangles in 7j,.

e Any two different triangles in 7 satisfy one of the following,
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— Disjoint,
— Share a common vertex,
— Share a common edge.

See Figure 2.2 for an example of a triangulation of a square. The mesh size of the

triangulation is h = maxre7, diam(T).

Figure 2.1. P; Finite Element.

The P; finite element space V}, associated with 7}, is defined as,

Vi ={ve Q) :vlr € Py and v =0 on 02}, (2.7.8)

where P; denote the set of all polynomials in two variables of degree less than or
equal to 1. A polynomial of degree less than or equal to 1 defined on a triangle
can be determined by its values at the three vertices hence the dimension of V}, is
the number of interior vertices of 7. Figure 2.1 shows the P; finite element in two
dimensions. Note that the dot indicates the nodal variable evaluation at the point
where the dot is located. It can be shown that V;, C V. Therefore the P; finite
element method for (2.7.2) is (2.7.5) with V}, defined in (2.7.8).

In order to obtain a concrete error estimate, we need to choose some v € V),
in (2.7.7). The interpolation operator II;, : V' — V}, is defined by II,u = u at all
vertices of Tj,. By Theorem 2.31, we know u € H'**(Q2) N Hj(2). Moreover we

have the following standard interpolation error estimate [32, Chapter 4],

Hu — HhuHLz(Q) + h]u — Hhu|H1(Q) < Ch1+a|u|H1+a(Q), (279)
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where the positive constant C' is independent of h.

Theorem 2.50 (Concrete Error Estimate). Let u and uy be solutions to (2.7.2)

and (2.7.5) respectively. We have

\u — uh]m(ﬂ) < Cha\u]HHa(Q), (2.7.10)

Hu — uhHLz(Q) < Ch2a|U’H1+a(Q). (2.7.11)
Proof. By Lemma 2.48 and (2.7.9) we have,

U — up| 1) = 52%/2 [ — | 1)
< Ju = Ihu| g (o)

< Oh/a|u|H1+a(Q).

The estimate (2.7.11) can be established by a standard duality argument. Let w

be the solution of the following variational problem. Find w € V such that
a(w,v) = (u — up,v) 2y Vv € V. (2.7.12)

The problem (2.7.12) is well-defined since u — u;, € L*(). Therefore, by Galerkin

orthogonality and (2.4.4),

[ — w2 ) = (u— un,u — up)r2(e)
= a(w,u — up)
= a(u — up, w — Mw)
< lu — upl ey lw — Tpw| o
< Oh|lu — up|| )| w| g1+e (o)

S OhaHU — uh||H1(Q)||u — uh||L2(Q)-
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Therefore we conclude
Ju— unlz2) < Ch*|lu — wpll i) < Ch*|ulgi+aq)- (2.7.13)
O]

In order to solve (2.7.5) with the P; finite element method, we introduce a basis
of V. Let {p;}?; be the interior vertices of T, where n = dimV},. The natural

nodal basis {¢;}" , of V}, is defined by

1 j=k
©i(Pe) = djk :z{ 0 ik (2.7.14)

Here d;;, is called the Kronecker delta. By using this basis of the P; finite element

space Vj,, the discrete problem (2.7.5) is equivalent to the following problems,

a(un, i) = (f, i)z for i=1,2,... n. (2.7.15)

We can write u, = >7_; x;¢; and (2.7.15) becomes

ij¢j7@1 f@l)p(g) for 1=1,2,...,n.

Since af(-, -) is symmetric and bilinear, we have

> alein i)z = (fipi)iz for i=1,2,... n (2.7.16)
7=1
We rewrite (2.7.16) in matrix-vector form
Ax = b, (2.7.17)

where A € R, x,b € R", A(i,7) = a(i, ;) = (Vei, Vi) r2q), x(1) = x; and
b(i) = (f, vi)r2(0)-

The matrix A is called the stiffness matrix. It is well-known that the condition
number x(A) = ’/\\%:((2)) = O(h™?). Therefore the system (2.7.16) becomes ill-

conditioned when h is small.
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Remark 2.51. We only review some basic ingredients for the error analysis of
the Py finite element methods in this section. However, even for a simple problem
like (2.7.2), we found that A is ill-conditioned when h is small. This is one of the

difficulties to solving the problem (2.7.17) efficiently.

2.8 Multigrid Algorithms

In this section we review the multigrid algorithm (cf. [32, Chapter 6]). The multi-
grid method was proposed in [49] and initially designed to solve elliptic boundary
value problems. A large sparse linear system is obtained after one applies cer-
tain numerical methods (finite difference methods, finite element methods, etc.)
to such a problem. As the mesh size h decreases, the problem usually becomes ill-
conditioned hence classical iterative methods are not efficient (cf. Remark 2.51).
Multigrid methods are multilevel methods that can overcome this issue. Moreover,
the multigrid method is an optimal solver in the sense that the amount of com-
putational work involved is only proportional to the number of unknowns in the
discretized equations.

The multigrid method has two main features: smoothing on the current grid and
error correction on a coarser grid. The smoothing step has the effect of damping
out the oscillatory part of the error. Classical iterative methods are often used as
smoothers, for example, Richardson iteration, Jacobi iteration and Gauss-Seidel
iteration. The smooth part of the error can then be accurately corrected on the
coarser grid.

We briefly illustrate the construction and the analysis of the multigrid methods
by considering a simple model problem. We only consider finite element based

multigrid methods in this dissertation. Let Q C R? be a convex polygon and

a(u,v) = /QVU -Vvdzx. (2.8.1)
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Consider the Dirichlet problem, find u € V = HJ(£2) such that
a(u,v) = (f,v)2 Yvev, (2.8.2)

where f € L*(Q).

2.8.1 The Algorithms

Let 75, be a shape regular simplicial triangulation of € and V,, C V be the P;
finite element space associated with 7. The diameter of T € 7T}, is denoted by hyp
and h = maxyer;, hr is the mesh size. Let the triangulation 7;, 75, ... be generated
from the triangulation 7y through uniform subdivisions, and Vj, be the P; finite
element space associated with 7. Let hy be the mesh size of 7. See Figure 2.2
for an example of the first three triangulations for the square. Note that we have

VoCcWViC--- C V.

Figure 2.2. Triangulation.

The discretized problem is to find u; € V}, such that
a(uk,v) = (f,v)2¢) Yv € Vj. (2.8.3)

Definition 2.52. The mesh-dependent inner product (-,-)x on Vj, is defined by

Nk

(v, W) == hi;v(pi)w(pi), (2.8.4)

where {p;} 15, is the set of internal vertices of Tg.

The operator A : Vi, — V}, is defined by

(Apv,w), = a(v,w) Yv,w € V. (2.8.5)
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The coarse-to-fine operator [ ,’j_l : Vke_1 — V} is the natural injection and the
fine-to-coarse operator [, ,lj_l : Vi — Vi is the transpose of I} | with respect to

the mesh-dependent inner product, i.e.,
(IF Yy, 09—y = (v, IF_wo)r Yo € Vi and vy € Vi_y.
In terms of the operator A, the general k-th equation is
Apv = g. (2.8.6)

W-cycle Algorithm: Let the output of the W-cycle algorithm for (2.8.6) with
initial guess vy and my (resp. ms) pre-smoothing (resp. post-smoothing) steps be
denoted by MGw (k, g, vy, m1,my). We use a direct solve for k = 0, i.e., we take
MGw(0, g,v9, m1, ms) to be Aytg. For k > 1, we compute MGy (k, g, v, m1, ms)

in three steps.

Pre-Smoothing The approximate solutions vy, ..., v,,, are computed recursively
by
1
Vj = Vj—1 + A—(g - Akvj—l) (287)
k

for 1 <j <my.
Coarse Grid Correction Let ¢ = I} "' (g — Agvpm, ) be the transferred residual of

U, and compute v}, vh € Vi1 by

vy = MGw(k—1,9,0,my,msy), (2.8.8)

vy = MGw(k—1,g v, my,ms). (2.8.9)

We then take vy, 11 to be v, + IF_ v}
Post-Smoothing The approximate solutions v,,, 12, . . ., U, +my+1 are computed re-

cursively by
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1
Vj = Vj—1 + A—(g — Akvj,l) (2810)
k

for m; +2 < j <my +my+ 1.

The final output is MGy (k, g, vo, m1,M2) = Uy tmqt1-

Remark 2.53. Notice that we use Richardson iteration as the smoothers hence the
parameter Ay should satisfy (2.5.7). Other classical iterative methods, for example,
Jacobi iteration, Gauss-Seidel iteration can also be used in the pre-smoothing and

post-smoothing steps.

V-cycle Algorithm: Let the output of the V-cycle algorithm for (2.8.6) with
initial guess vy and my (resp. ms) pre-smoothing (resp. post-smoothing) steps be
denoted by MGy (k, g,v9, my, ms). The difference between the computations of
MGy (k, g,vo, m1, my) and MGy (k, g, v, m1, m2) is only in the coarse grid correc-

tion step, where we compute
Ui = MGV(k - 17 gl7 07 my, m2>

and take vy, 41 to be vy, + If_jv].
Two-Grid Algorithm: If we solve the coarse grid system exactly, we have

so-called two-grid method, namely, we take
Vmy i1 = Uy + I A (2.8.11)
Full Multigrid Algorithm: The full multigrid algorithm is the following,
o Fork=0,vy=A;'f.
e For k£ > 1, the approximate solutions vy are obtained recursively from

k_ Tk
- Vg = Lg_1Vk-1,
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— o) = MGw(k, v}, g,m1,mz) or
vF = MGy (k,vF |, g,m1,ms), 1 <1<,

— vy = vk,

One can see Figure 2.3 for an illustration of V and W multigrid cycles at level 2.
Every node in the graph represents a smoothing procedure or an exact solve (only
at level 0). Every edge represents an inter-grid transfer procedure involving the
operators I¥ | and [ ,’j’l. Hence Figure 2.3 depicts the movement of the approximate
solution among different levels. For V-cycle and W-cycle algorithms, the names

come from the shape of the path among different levels.

V-cycle W-cycle
Level 2 ® » e »
Level 1
Level 0 ¢ ¢ ¢

Figure 2.3. V-cycle and W-cycle.

2.8.2 Convergence Analysis

In this subsection we review the essential ingredients for analyzing multigrid meth-
ods. We refer to [59, 38, 23, 105] for thorough reviews of the convergence analysis
of multigrid methods.

We define a mesh-dependent norm |||-[, , as

ol = /(Ago, o), (2.8.12)

where A7 denotes the s power of the SPD operator Ay. Note that [[[v[||, , = [v[m1 (o)

and |[[vlllo, & [lv]lz2)-
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The operator P,f_l : Vi — Vi1 is defined by
a(PF v, w) = a(v, IF_jw) Vv € Vi,w € Vi_y. (2.8.13)

Let us consider two-grid algorithm first. It can be shown that [32, Chapter 6] the

error propagation operator Ej of two-grid algorithm for (2.8.6) is
E, = R™(I - If | PFYR™M™, (2.8.14)

where Ry = I — A%@Ak is the relaxation operator that represents a single step of
Richardson iteration (2.8.7). As we can see in (2.8.14), there are two components to
analyze, the smoothing part R; and the approximation part [ — I ,’j_lP,f_l. Hence,

we have the following results (cf. [7]).
Lemma 2.54 (Smoothing Property). There ezists a positive constant C' such that

t_S t—s
7)2
t—s+2m

BRIl < Ch( [olll - (2.8.15)

Lemma 2.55 (Approximation Property). There exists a positive constant C' such

that

(7 = iy B olllos < ChE ol - (2.8.16)

Combining the smoothing property and approximation property, we have the

two-grid convergence.

Theorem 2.56 (Two-Grid Convergence). Given the initial error ey and § € (0, 1).

If my + my is large enough, then

’Ekeo‘Hl(Q) < 5’60|H1(Q)- (2.8.17)
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Proof. According to Lemma 2.54 and Lemma 2.55, we have

Il Bxeoll,, = IR (T — I, PEY Ry eq i
< Ol (g I = T PE R ol
< O (g MR IR ol
< O (g M (g el
= g g el
This implies the result. O

Once we obtain the two-grid convergence, a standard perturbation argument can
be used to prove the W-cycle convergence. We state the following theorem without

proof.

Theorem 2.57 (W-cycle Convergence). Given any v € (0,1), if my +mq is large

enough. Then
v — MGw(k,vo, g,m1,m2) 1) < 7|V — oo, (2.8.18)
where vg is the initial guess and v is the exact solution of (2.8.6).

Remark 2.58. Smoothing property and approximation property were introduced in
[57, 58]. These two properties are essential to standard W -cycle convergence analy-
sis. The convergence of W -cycle algorithm is a direct result of two-grid convergence

as stated above.

Remark 2.59. We assume ) is convex in this section. For nonconvexr domain,
the convergence of W-cycle can be obtained by altering the approximation property

where partial elliptic reqularity (cf. Theorem 2.31) is utilized.

Remark 2.60. The convergence of V -cycle algorithm is more delicate. For convex

domain, we refer to [20, 19] for proofs. For nonconvex domain, the analysis is more
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difficult and the results in [20, 19] cannot be extended directly. Hence multiplicative
theory [107, 21] and additive theory [26] were introduced to prove the convergence

of V-cycle algorithm without full elliptic reqularity.
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Chapter 3

P, Finite Element Methods for Elliptic Optimal Control
Problems

In this chapter we consider P; finite element methods for elliptic optimal control
problems (1.1.3)-(1.1.5). We prove the convergence of these P; finite element meth-
ods and concrete error estimates are established. Numerical results are provided
at the end of the chapter. We refer to [30, 34] for more details. Throughout this
chapter, we use C' to denote a generic constant which is independent of mesh size.
Also to avoid the proliferation of the constants, we use the notation A < B (or
A 2z B) to represent A < (constant)B. The notation A ~ B means that A < B
and B S A.

3.1 Optimal Control Problems without Pointwise State Constraints
As stated in Section 2.3.1, the problem (1.1.3)-(1.1.4) is equivalent to (2.3.24).

After eliminating u, we obtain the following saddle point problem,

alq,p) = (¢ D2 = —(¢, a2 Vg € Hy(), (3.1.1a)

—(p, 2)12(0) — Ba(y,z) = 0 Vz € HH(R). (3.1.1b)

Note that the system (3.1.1) is unbalanced with respect to [ since it only appears

in (3.1.1b). This can be remedied by the following change of variables:

p=p1p and =B 1. (3.1.2)
The resulting saddle point problem is
1 - - 1
B2a(q,p) — (¢, 9)r2@) = —B7(q, ya)r2@)  Vaq € Hy(Q), (3.1.3a)
— (P, 2) 12 — BZa(f,2) = 0 Vze HYQ). (3.1.3b)

We then use a P; finite element method to discretize (3.1.3) and follow Babuska’s

approach to analyze our finite element methods (cf. Section 2.2). We can write
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(3.1.3) concisely as

B((5,9), (¢,2)) = =B (ya, 2y ¥ (q,2) € H(Q) x HL(S), (3.1.4)

where
B((p.v). (¢.2)) = B2a(q.p) — (@.9)r0) — (P 2)ixe) — Baly,2).  (3.15)
3.1.1 Continuous Problem
We will analyze the bilinear form B(-, -) in terms of the weighted H' norm ||- ||Hé(Q)
defined by
ol = 510y + ol Yo € HY(Q. (3.6

Lemma 3.1. Let (p,y), (¢,2) € HY(Q) x HY(Q) be arbitrary. We have

1 1
B(9),(2:2) S (el + 1) (lalne + lol3n@)t GL7)

Proof. The result follows immediately from (1.1.6), (3.1.5), (3.1.6) and the Cauchy-

Schwarz inequality. Note that the hidden constant here may depend on ¢ and y. [

Lemma 3.2. We have

sup B((p,y), (g, 2))

1
@2)emy@)x<my@) (1allF ) + 12151 0)?

_1 1
> 2 H (bl + Wl (318)
for any (p,y) € Hy(Q) x Hy ().
Proof. We have

1 1
B((p.y), p —y.—p —y)) = B2a(p,p) + (p.p)r2(0) + (¥, Y)12(0) + B2aly,y)
> ||p||127{é(9) + ||y||%{é(ﬂ)'
and
1 1
(llp = y”?{é(g) +-p- y”l%lé(Q))Q = (B2lp = ylin@ + I = yll72

1 1

+82|p + yﬁfl(ﬁ) +llp+ y”%Q(Q))2

1 1
= 22(”?“%1;(9) + HyH%Ié(Q))Q'
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The last equality is due to the parallelogram law (cf. [32, Theorem 2.2.8]). This

immediately implies the result. O

It follows from Lemma 3.1 and 3.2 that

B((p.y), (¢,2))
HPHHE(Q) + H?JHH;(Q) ~ sup (3.1.9)

(¢,2)€HL(Q) x HL(2) HQHH;(Q) + HZHHg(Q)

for all (p,y) € HZ(Q) x Hy(Q). Hence (3.1.4) is well-posed (cf. Theorem 2.20).

Similarly, we have

B((¢: 2), (p:y))
HP“H;(Q) + HyHHé(Q) ~ sup
(9,2)EHL(Q) x HL(Q) ”(JHHé(Q) + ||ZHH;(Q)

for all (p,y) € Hy(Q) x Hi ().
3.1.2 Discrete Problem

(3.1.10)

Let Ty, be a triangulation of Q and V,, C Hj(Q) be the Py finite element space
associated with 7,. The P; finite element method for (3.1.4) is to find (pp, o) €

Vi, x V3, such that

B((Bn, 5, (ahs 20)) = =55 (Yas )2y Y (Ghs 20) € Vi X V. (3.1.11)

For the convergence analysis of the multigrid algorithms, it is necessary to con-

sider a more general problem: Find (p,y) € H}(Q) x H(Q) such that

B((p,y), (4,2)) = (f,@)r2) + (9, 2)r2) Y (q,2) € Hy(Q) x Hy(Q), (3.1.12)

where f,g € L*(Q), together with the following dual problem: Find (p,y) €
H}(Q) x H}(Q) such that

B((g,2), (0,y) = (f, Dz + (9, 2)12@) ¥ (¢,2) € Hy(Q) x Hy(Q). (3.1.13)

The unique solvability of (3.1.12) (resp., (3.1.13)) follows immediately from
(3.1.9) (resp., (3.1.10)) (cf. Theorem 2.20). The P, finite element method for

(3.1.12) is to find (pp,yn) € Vi x V4 such that

B((pn, yn), (an, zn)) = (f, Qh)L2(Q) + (gazh>L2(Q) V (qn, 2n) € Vi X Vi, (3.1.14)
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and the P; finite element method for (3.1.13) is to find (pn, yn) € Vi, X Vj, such that

B((qn; 21), (prsyn)) = (fsan)r2@) + (9, 2n) 120 Y (qn, zn) € Vi x V3. (3.1.15)

Note that Lemma 3.1 and 3.2 also yield the following analog of (3.1.9):
B((pn: yn), (qn, zn))

1Pell) + lvnllmyo) = sup (3.1.16)
o M mevini e + [2almye
for all (pp,yn) € Vi x Vj. Similarly, we have
B((qn, zn), (Pn, yn
||Ph||H[g(Q) + ||yh||Hé(Q) ~ sup ( ) ) (3.1.17)

(an,2n)EVR XV, thHHé(Q) + ||Zh||Hg,(Q)

for all (pp, yn) € Vi X Vj,. Therefore the discrete problems (3.1.14) and (3.1.15) are

also uniquely solvable (cf. Theorem 2.20).
3.1.3 Error Estimates

We first have the following quasi-optimal error estimate.

Lemma 3.3. Let (p,y) (resp., (pn,yn)) be the solution of (3.1.12) or (3.1.13)

(resp., (3.1.14) or (3.1.15)). We have

Ip=prllmye+ly=wllmye S o (p=almye+ly==lmw). (3.1.18)

Proof. We only consider (3.1.12) since the arguments for (3.1.13) are similar. By
(3.1.7), (3.1.16) and Galerkin orthogonality, we have for all (qx, z5) € Vj, X Vj,

B((pr — qn, yn — z1), (an, z1))

P — anll ) + lyn — 2nllmy ) S sup
o p@ (an.2n)EVR X Vi, thHHé(Q) + thHHé(Q)
B((p — _
— s ((p = an,y — 21), (qn, 1))
(qns2n) EVR XV, ||C]h||H/g(Q) + ||Zh||H;(Q)

Slp— QhHHé(Q) + |y — ZhHHé(Q)a
hence we obtain
lp — thHé(Q) + [y — ?Jh||H}3(Q) Sp - CIh||Hé(Q) + [y — ZhHHé(Q)
+ [|pn — qhHHé(Q) + [lyn — ZhHHé(Q)

Slp— qhHH;,(Q) + [ly — zhHHé(Q)-
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This implies the result. [

In order to obtain a concrete estimate from the quasi-optimal estimate, we need

the following regularity result.

Lemma 3.4. The solution (p,y) of (3.1.12) or (3.1.13) belongs to H**(Q) x

HY*(Q) and we have
182plri+e) + 182yl m+eo) < Calll fllzz@) + l9llr2@), (3.1.19)
where o € (3,1] is the index of elliptic reqularity (cf. Theorem 2.51).

Proof. We only consider (3.1.12) since the arguments for (3.1.13) are similar. We

can write (3.1.12) as

alg, B2p) = (y + [,4) 12 Vg € Hj(Q),

a(B2y,2) = (—p—9,2)2) V2 € Hy(Q).
Thus by the elliptic regularity (cf. Theorem 2.31) we have,

1
182Dl m+e) S N1Wllz2) + 1 £l 2(),

1
182yl grre) S IPllc2@) + 9]l 2)-

From (3.1.9), (3.1.12) and (3.1.6) we have

f7 q)r2) + 9, 2)12(0
Ipll L2y + 1yl o) < sup (f,D)r20) + (9:2)12(@)
(¢,2)EHL(Q)x HE(Q) HQHHé(Q) + ||Z||Hé(9)

<[ fllz2) + llgllz2()-

The estimate (3.1.19) immediately follows. O

We can now derive the concrete error estimates for the P; finite element methods.
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Theorem 3.5. Let (p,y) (resp., (pn,yn)) be the solution of (3.1.12) or (3.1.13)

(resp., (3.1.14) or (3.1.15)). We have

1. o\l 1. 1.4
lp = pully@) + 1y = vnllmie) < C(L+ B2R72)2B720 (|| fll 2y + l9llz2@),

O — e
1P = pullz) + 1y — ynll 2 < C(L+ B2h72) B W22 (|| fll2@) + 9]l 22(0),

where the positive constant C' is independent of B and h and o € (%, 1].

Proof. We only consider the case that involves (3.1.12) and (3.1.14). Let I, :
H"™(Q)NH}(Q) — V4, be the nodal interpolation operator. We have the following

standard interpolation error estimate [32, 43| for all ¢ € H'™*(Q) N H}(Q):
II¢ — Hh§||L2(Q) + h|¢ — HhC|H1(Q) < Ch1+a|C|H1+a(Q), (3.1.20)

where the positive constant C' only depends on the shape regularity of 7.

The first estimate follows from (3.1.18), (3.1.19) and (3.1.20),

lp— ph“?{é(ﬂ) +ly — yh”?{é(g) <|p- th“?{é(ﬂ) +ly — thH?{é(Q)
1 1
= |lp — Tpll 720y + B2 |0 — Waplingg) + ly — WayllZ2) + 821y — Haylin )
_ o _1.9,
< (B2 4 B2 (|| 1) + 9l o)

= (1+ 551172)57%2”&(Hf”%?(ﬂ) + HQH%%Q))-

The second estimate is established by a duality argument. Let (£,60) € H(Q) x

H}(Q) be defined by
B((q,2),(£,0)) = (¢, — pr)r2) + (2,9 — Yn) 12(02)- (3.1.21)
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We have, by Galerkin orthogonality and Lemma 3.4,
12 = pull720) + 1y = Ynll72) = BU(D — o1y — wn), (€, 6))
= B((p — pny — yn), (€ — &, 0 — 11,,0))
1 1
S (lp = pullise) + 1y = wnllz o) (1€ = Ml o) + 110 = bl 0))?
1. ol o 114, 1
S+ 82728720 ([Ip — pallZ2q) + 1y — UnllZ20)?
1
x (|lp _th%{é(Q) +lly — yh“?{é(ﬂ)>2a

which implies the second estimate. O

Let us consider a P finite element method for (3.1.1), to find (pp, yn) € Vi X V4

such that

a(qn, pn) — (@n, Un) 2 = —(an, Ya) L2(0) Van € Vh, (3.1.22a)

—(Phs 20) 2(2) — Ba(yn, zn) = 0 Vz €V, (3.1.22b)
which is equivalent to (3.1.11) under the change of variables,
pn=PBipn and g = BTG (3.1.23)
Applying Theorem 3.5 to (3.1.22), we arrive at the following error estimates.

Lemma 3.6. Let (p,y) (resp., (pn,yn)) be the solution of (3.1.1) (resp., (3.1.22)).

We have
15 = Bullirye) + 82115 = Gnll sy < CO+ B2 R lyall ooy, (3.1.24)
15— ullza + 82115 = Gnllz@y < C(L+ B2h3)B 2Ryl 2y, (3.1.25)
where positive constant C' is independent of B and h and o € (%, 1].
Proof. Through the change of variables (3.1.2) and (3.1.23), we have
15 = Bully = 875D = Bullmseys 15 = Gnllarsey = 83115 = Inll s

L 1 S 1,_  _
HP —thLQ(Q) = 4”]9 _ph“LQ(Q)a Hy - yh“LQ(Q) = 54HZ/ - yh“LQ(Q)-
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Replace these norms in Theorem 3.5 and let f = —f( iyd and g = 0, we obtain the

error estimates immediately. O

Remark 3.7. According to Lemma 3.6, the performance of the Py finite element
methods with respect to H' norm and L? norm will deteriorate as 3 goes to 0.
Therefore it is necessary to use very fine mesh when [ is small in which case it
is important to have an efficient iterative solver, especially for three dimensional

problems.

The performance of the P; finite element method is illustrated in the following

numerical example.

Example 3.8. We solve (3.1.1) by the P, finite element method defined by (3.1.22)
on the unit square Q = (0,1)? for yg =1 and yq = x1(1 — x1)xo(1 — x3). We take
¢ =0 and v = 0 for simplicity. In both cases the exact solution can be found in the
form of a double Fourier sine series. The relative errors for h = 27% and various

B together with the solution times are displayed in Table 3.1.

Table 3.1. Relative Errors and Solution Times of the P, Finite Element Method
Defined by (3.1.22) for y; = 1 and yq = z1(1 — x1)x2(1 — x5), with h = 275 and
B=10"2,10"2,1075.

3 D —_ﬁh\Hl(Q) P —_I5hHL2(Q) ly —_§h|H1(Q) lly —_??hHLz(Q) Time (s)
12l a (@) 2] 22(0) Yl 19l 22(0)
Ya =1
102 1.65e-02 6.92e-04 1.17e-02 6.31e-04 4.43e:00
10~4 5.62e-02 4.64e-03 1.92e-02 9.29¢-04 4.68¢e:00
106 1.87e-01 3.99e-02 6.13e-01 4.51e-03 6.11e:00
ya = o1(1 — 1) 2o (1 — 22)
1072 1.16e-02 2.65e-04 1.16e-02 4.26e-04 2.96e+00
1074 1.47e-02 1.88e-04 1.17e-02 1.92e-04 2.99e400
1076 4.55e-02 8.82e-04 1.22e-02 1.86e-04 3.74e400
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3.2 Optimal Control Problems with Pointwise State Constraints
In this section we consider P; finite element methods for (1.1.3)—(1.1.5) under the
assumption ¢ = 0 and v = 0.

According to (2.3.6)—(2.3.7) in Section 2.3, we consider the following problem,

_ |1
Y = argmin i(y —Ya,Y — Ya)r2() + g(Ay, Ay) )| (3.2.1)
yeK
where
K={yeV:y<vy inQ}. (3.2.2)

Let 7, be a shape regular simplicial triangulation of Q and Vj, C Hj(f2) be the
P, finite element space associated with 7;,. The diameter of T' € T}, is denoted by

hr and h = maxre7, hr is the mesh diameter.

3.2.1 Discrete Laplace Operators

The discrete problems for (3.2.1) involve two discrete Laplace operators. The op-

erator Ay, : H}(Q) — Vj, is defined by
(Ah’l),w)L2(Q) = —(VU, Vw)Lz(Q) Ywel,. (323)

Let the inner product (-, ) be defined by

o= (5

peVL \T€T,

d‘?l) v(ip)w(p) Yov,w eV, (3.2.4)
where V}, is the set of the vertices of 7, 7, is the set of the elements in 7;, that
share p as a common vertex, and |7'| is the area (d = 2) or volume (d = 3) of T
We have (v,v), & [|v]|72q for all v € Vj, (cf. [32]). The operator A H(Q) =V,
is defined by

(Ahv,w)h = —(VU, V’w)L2(Q) YVwelV,. (325)

Remark 3.9. The first discrete Laplace operator Ay, is defined in terms of the L?
inner product while the second one Ay is defined in terms of the discrete inner

product (3.2.4) related to mass lumping.
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3.2.2 Discrete Problems

We provide three P, finite element methods utilizing the discrete Laplace operators
Ah and Ah.

The first discrete problem is to find

_ |1
yp, = argmin | = (yn — Ya, Yo — Ya)r2(0) + é(Ahyh, Apyn) 2@ | » (3.2.6)
yn€EKR 2 2
the second discrete problem is to find
] 1 I
yn = argmin §<yh — Yas Yn — Ya)12(Q) + E(Ah?jh, Apyn)n| (3.2.7)

yn€EKp

the third discrete problem is to find

_ 1 ~ _
yp = argmin | =(yn — Y, Yn — Ya)n + E(Ahyha Apyn)n| (3.2.8)
yn€Kp 2 2
where
Kn={y €V, :y, <1 at the vertices of T,}. (3.2.9)

Remark 3.10. The P, finite element method defined by (3.2.6) and (3.2.9) can be

found in [34, 42, 80].

We can derive the following analogs of (2.3.28) which are the first order opti-

mality conditions for (3.2.6), (3.2.7) and (3.2.8),

(Un — Ya, Yo — Un)r2() + 5(Ah§h, Ap(yn — Qh))LQ(Q)Z 0 Yy, € Ky, (3.2.10)

(Un — Ya, Yn — Un)12(0) + B(Ah?jhy Anyn — @h))h >0  Vy, €K, (3.2.11)

(Un — Yd, Yn — Un)n + 5(Ah§h, Ah(yh — gh))h >0 Vyn € K. (3.2.12)

Remark 3.11. Let Ay, (resp., M) be the stiffness (resp., mass) matriz represents
the bilinear form (V-,V-)p2q) (resp., (-,-)r2(q)) with respect to the nodal basis of
Vi. Then Ay, can be represented as —M,;lAh. On the other hand, the matrixz rep-
resenting Ay is given by —l\N/IglAh, where My, is the diagonal matriz representing

the bilinear form defined by (3.2.4).
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We are able to solve (3.2.7) and (3.2.8) with a primal-dual active set algorithm
since the system matriz M, +BAh1\N/I,;1Ah or l\N/Ih +5Ah1\N/I,:1Ah 1s available. This
also enables us to construct multigrid methods to solve the reduced system during
each PDAS iteration. That is the main reason we utilize the mass lumping inner

product (3.2.4).

3.2.3 Error Estimates

We have the following error estimate for the P; finite element methods.

Theorem 3.12 ([34, Section 6]). Let y, € K}, be the solution of (3.2.6) (or (3.2.7),

(3.2.8)) and up, = —Apyp (or up = —Ahgjh). We have
|lu — ﬂhHLz(Q) + |y — thLQ(Q) + |y — gh’Hl(Q) < C(|In h|%h + A7), (3.2.13)

where

a ifd=2 or3 and Ty is quasi-uniform,

1 ifd=2 and T, is graded around the reentrant corners.

o€ (%, 1] is the index of elliptic reqularity.

Remark 3.13. We refer to [34] for a detailed proof of the theorem. Note that
the constant C in (3.2.13) might depend on 3. We do not attempt to explore the
relation between C' and [ in this theorem.

3.3 Numerical Results

In this section we present several numerical results to illustrate the behavior of the
P, finite element method (3.1.14) and (3.2.8). We employed the MATLAB/C++

toolbox FELICITY [101] in our computations.

Example 3.14. In this ezample we solve (3.1.12) on Q = (0,1)® with 3 = 1,

¢ = 1[1,0]", v = 0 and ezact solution

(p,y) = (sin(27xq) sin(27xs), 21 (1 — z1)x2(1 — 22)). (3.3.1)
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Figure 3.1. Criss-Cross Mesh.

There are 10 degrees of freedom (dofs) for the Py finite element space associated
with the first level mesh (k = 1). After 11 uniform mesh refinements, the Py finite
element space associated with the final mesh (k = 12) has 67092482 dofs. See Figure
3.1 for the first three meshes in this example. The relative errors are displayed in
Tables 3.2. We observe O(h) convergence in | - |giq) and O(h?) convergence in

| - lz2@), which agrees with Theorem 3.5.

Table 3.2. Convergence Results for Example 3.14.

k % Order % Order % Order % Order
1] 2.77e-01 - 1.96e-01 - 1.60e-01 - 1.45e-01 -

2 | 1.33e-01 1.06 6.97¢-02 1.49 | 1.92e-01 | -0.27 | 1.36e-01 | 0.09
3 | 5.83-e02 | 1.19 2.01e-02 1.79 | 9.54e-02 | 1.01 | 4.20e-02 | 1.70
4 | 2.67-e02 | 1.13 5.30e-03 1.92 | 4.67e-02 | 1.03 | 1.10e-02 | 1.93
5 | 1.27e-02 | 1.07 1.40e-03 1.92 | 2.32e-02 | 1.01 | 2.80e-03 | 1.97
6 | 6.20e-03 | 1.03 3.45e-04 2.02 | 1.16e-02 | 1.00 | 7.00e-04 | 2.00
7 | 3.10e-03 | 1.00 8.67e-05 1.99 | 5.80e-03 | 1.00 | 1.75e-04 | 2.00
8 | 1.50e-03 | 1.05 2.17e-05 2.00 | 2.90e-03 | 1.00 | 4.38e-05 | 2.00
9 | 7.65e-04 | 0.97 5.44e-06 2.00 | 1.40e-03 | 1.05 | 1.10e-05 | 1.99
10 | 3.82e-04 | 1.00 1.36e-06 2.00 | 7.23e-04 | 0.95 | 2.74e-06 | 2.01
11| 1.91e-04 | 1.00 3.40e-07 2.00 | 3.62e-04 | 1.00 | 6.85e-07 | 2.00
12 | 9.55e-05 | 1.00 8.51e-08 2.00 | 1.81e-04 | 1.00 | 1.71e-07 | 2.00

Example 3.15. In this ezample we solve (3.1.12) on a L-shaped domain 2 =

(0,1)2\ (0.5)% with 8 =1, ¢ = 3[1,0]", v = 0 and ezact solution

(p,y) = (sin(27xq) sin(2mxs), 21 (1 — 21)(0.5 — z1)z2(1 — 29)(0.5 — x9)).  (3.3.2)
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Figure 3.2. Initial Mesh for L-shaped Domain.

There are 34 degrees of freedom (dofs) for the Py finite element space associated
with the first level mesh (k = 1). After 9 uniform mesh refinements, the P, finite
element space associated with the final mesh (k = 10) has 12574722 dofs. See Figure
3.2 for the initial mesh in this example. The relative errors are displayed in Table
3.3. We observe O(h) convergence in |- |1 () and O(h?) convergence in || - || r2q),

which is higher than the convergence order in Theorem 3.5.

Table 3.3. Convergence Results for Example 3.15.

[9—ynlpg1 lo—ynll; 2 [P—Pnl 1 [D—pnlg2
S H @ | Order | ———— | Order | ——2 | Order | ——=© | Order

k| e ol 200 Pl ez
1 [ 624601 | - | 31701 | - | 393000 | - | 32801 | -
2 | 2.936:01 | 1.00 | 146601 | 1.12 | 1.99e:00 | 0.98 | 9.86e:02 | 1.73
3 | 1.27¢.01 | 1.20 | 4.360:02 | 1.74 | 1.000:00 | 0.99 | 2.61c:02 | 1.92
1| 595602 | 1.10 | 1.156-02 | 1.93 | 5.03e:01 | 1.00 | 6.636-03 | 1.98
5 | 291602 | 1.03 | 291003 | 1.98 | 25201 | 1.00 | 1.676:03 | 1.99
6 | 1.456:02 | 1.01 | 7.31e:04 | 1.99 | 1.26e-01 | 1.00 | 4.176:04 | 2.00
7 721603 | 1.00 | 1.830-04 | 2.00 | 6.28-02 | 1.00 | 1.04e-04 | 2.00
8 | 3586:03 | 1.01 | 4596:05 | 2.00 | 3.12-02 | 1.01 | 2.59¢:05 | 2.01
9 | 1.756-03 | 1.04 | 1.166-05 | 1.99 | 1.52e-02 | 1.04 | 6.346-06 | 2.03
10| 7.81c:04 | 116 | 3.01e-06 | 1.95 | 6.820:03 | 1.16 | 1.440-06 | 2.14

Example 3.16. In this ezample we solve (3.1.12) on Q = (0,1)3 with 3 = 1,

¢ =3[1,0,0, v =0 and ezxact solution

(p,y) = (sin(2mxq) sin(27xe) sin(27xs), 21 (1 — z1)x2(1 — 29)z3(1 — x3)). (3.3.3)
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There are 54 degrees of freedom (dofs) for the Py finite element space associated
with the first level mesh (k = 1). After 5 uniform mesh refinements, the P, finite
element space associated with the final mesh (k = 6) has 4096766 dofs. The relative
errors are displayed in Table 3.4. We observe O(h) convergence in | - |m () and

O(h?) convergence in || - || 12y, which agrees with Theorem 3.5.

Table 3.4. Convergence Results for Example 3.16.

[U—Ynlpg1 lo—ynll;2 [P—pulg1 [P—pnlL2
k| 2@ | Order | —=r—=" | Order | ——2 | Order | ——=" | Order
IyIHl(Q) HyHLZ(Q) |p|H1(Q) |p\L2<Q)

5.57e-01 - 3.84e-01 - 8.04e-01 - 7.41e-01 -

3.07e-01 0.86 1.35e-01 1.51 4.86e-01 0.73 | 3.44e-01 1.11

1.43e-01 1.10 4.24e-02 1.67 | 2.51e-01 0.95 | 1.06e-01 1.70

6.68e-02 1.10 1.15e-02 1.89 1.26e-01 1.00 | 2.80e-02 1.92

3.18e-02 1.07 2.91e-03 1.98 | 6.14e-02 1.03 | 6.99¢-03 | 2.00

S| O = W N =

1.41e-02 1.17 7.13e-04 2.03 2.74e-02 1.16 | 1.63e-03 | 2.10

Example 3.17 ([34, Example 7.1]). In this example we take Q = [—4,4]*, B =1,

Y =lz|*> -1 and

Aty 2 >1
YT A%t g+2 |2 <1

in (3.2.8), where

lz|> — 1 lz| <1
7=1{ wlla) + (1 o(alyulr) 1<l <3,
w(x) |x| >3
with
o) = (o - 0~ =D g 12 - 3y
s(al) = 1+ al Loty o=ty By

w(x) = QSin(%(ml+4))sin(g(x2+4)).

We report the absolute errors in Table 3.5. We observe O(h) convergence for the

state in H' norm which agrees with Theorem 3.12. The convergence rate of the state
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in L? norm is close to O(h?) in average and the convergence rate of the control in
L? norm is close to O(h'®) which are better than the estimates in Theorem 3.12.

These convergence rates also coincide with those of [34, Example 7.1].

Table 3.5. Convergence Results for Example 3.17.

E 1Ny = ynllee) | Order | |y — ynluiq) | Order | | — up|r2(q) | Order
1 1.97e401 - 1.71e:01 - 1.44e401 -

2 1.21e400 4.03 3.94¢e,00 2.12 5.88e+00 1.29
3 8.60e-01 0.49 1.85e400 1.09 4.18e:00 0.49
4 3.51e-01 1.29 8.58e-01 1.11 1.46e+00 1.52
D 1.10e-01 1.67 3.96e-01 1.12 4.83e-01 1.60
6 4.41e-02 1.32 1.94e-01 1.03 1.79e-01 1.43
7 1.31e-02 1.75 9.47e-02 1.03 6.12e-02 1.55
8 1.27e-03 3.37 4.57e-02 1.05 2.16e-02 1.50
9 1.12e-03 0.18 2.05e-02 1.16 7.61e-03 1.51
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Chapter 4
Multigrid Methods for Elliptic Optimal Control Problems
In this chapter we focus on the multigrid method for (2.3.24). As we discussed in
Chapter 3, our goal is to design multigrid methods for the general problem (3.1.14).
We follow the approach introduced in Section 2.8 which involves smoothing prop-
erty and approximation property. The main ingredient is to use a post-smoother
that can be interpreted as a Richardson iteration (cf. (2.5.6)) for a SPD problem
that has the same solution as the saddle point problem (3.1.14). We only focus
on the convergence analysis of W-cycle algorithm. We refer to [30, 29, 28, 31] for
more details about this approach. The materials in this chapter come from [30].
Throughout this chapter, @ € R¥(d = 2,3) is a convex domain. Let 7, be
a triangulation of {2 and the the triangulations 77,75, ... be generated from 7,
through a refinement process so that hy = hy_1/2. The P finite element subspace
of H}(Q) associated with Ty is denoted by Vi. We use C' to denote a generic
constant which is independent of mesh size. Also to avoid the proliferation of the
constants, we use the notation A < B (or A 2 B) to represent A < (constant)B.

The notation A ~ B means that A < B and B < A.

4.1 Multigrid Algorithm
We want to design multigrid methods for problems of finding (p,y) € Vi X Vj such

that

B((p,y),(q,2)) = F(q) +G(2)  V(g,2) € Vi x W, (4.1.1)

where F,G € V/, and for the dual problem of finding (p,y) € Vi x Vj such that

B((q,2),(p,y)) = F(q) + G(2)  V(g,2) € Vi x V. (4.1.2)
4.1.1 Mesh-dependent Inner Product

Similar to (2.8.4), we define a mesh-dependent inner product on V.
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Definition 4.1. The mesh-dependent inner product (-, ), on Vi is defined by

N

(v, W)y = hﬁZv(pi)w(pi), (4.1.3)

i=1

where {p;} 15, is the set of internal vertices of Ty.

By a standard scaling argument [32, 43], we have
(v,v) & ||v||%2(9) Vv € Vy, (4.1.4)

where the hidden constants only depend on the shape regularity of 7.
Then we introduce a mesh dependent inner product on Vj, x Vj to rewrite (4.1.1)
in terms of an operator that maps V; x Vj, to Vi x Vj. Define the mesh-dependent

inner product [-, ], on V; x V} by

[(p,y), (¢, 2)]k = (0, Dk + (Y, 2)- (4.1.5)

Let the operator By, : Vi x V, — Vi x V}, be defined by

(B0, y), (0. 2)] = B((p,v), (¢,2)) Y (0,¥y),(q.2) € Vi x Vi (4.1.6)

We can then rewrite (4.1.1) in the form

Bi(p.y) = (f.9), (4.1.7)

where (f,g) € Vi x Vj is defined by

[(f,9): (¢, 2)lk = Fa) + G(2) V(g 2) € Vi x Wk,
and (4.1.2) becomes
B.(n,y) = (f,9), (4.1.8)
where

(B}, (p, ), (4, 2)]k = [(p,y), Bi(q, 2)]k

=B((¢,2),(p,y)) YY), (q,2) € Vi x V4.

(4.1.9)
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Similar to Section 2.8, we take the coarse-to-fine operator I¥ | : Vj_y x Vg —>
Vi X Vi to be the natural injection and define the fine-to-coarse operator I ,lj_l :
Vi x Vi, — Vi1 X Vi_1 to be the transpose of I,’j_l with respect to the mesh-

dependent inner products, i.e.,

[[Ilj_l(p> y>7 (Q7 Z)]kfl = [(pa y)ajllﬁc—l(cb Z)]k’ v(pa y) € Vi X Vk> (qv Z) € Vi1 X Vi1
(4.1.10)
4.1.2 A Block-diagonal Preconditioner

Let Ly : Vi, — Vj. be a linear operator symmetric with respect to the inner product

(+,-)k on Vi such that
1
(Liv, 0)i = [0llis0) = IVl Z2@) + B2 10l Vv € Vi (4.1.11)

Then the operator € : Vi, x V, — V}, x V). defined by

€k(p.y) = (Lip, Liy) (4.1.12)
is symmetric positive definite (SPD) with respect to [-, -] and we have

Remark 4.2. We will use €' as a preconditioner in the constructions of the
smoothing operators. In practice we can take Li* to be an approzimate solve of the

Py finite element discretization of the following boundary value problem:
—BiAu+u=f in Q and u=0 on ON. (4.1.14)

The multigrid algorithms in this section are O(n) as long as L;' is also an O(n)
algorithm. This can be done using the multigrid algorithm introduced in Section
2.8 (apply to (4.1.14)). In practice, a V-cycle algorithm with very few smoothing
steps is sufficient. Numerical results are presented in Section 4.4 to illustrate the

effects of the preconditioner.
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We refer to [15, T7] for a general discussion on the construction of block-diagonal
preconditioners for saddle point problems arising from the discretization of partial

differential equations.

Lemma 4.3. We have

(B Bi(p,v), 0 )k = Pl o) + W) Y (0y) € Vi x Vi, (41.15)

(B By (p,y), 0.k = Pl o) + W) Y (2y) € Vi x Vi, (4.1.16)
where the hidden constants are independent of k and (.

Proof. Let (p,y) € Vi x Vi be arbitrary and (r,x) = €, Bx(p,y). By (3.1.16),

(4.1.6), (4.1.13) and duality, we derive (4.1.15) as follows,

[B1.€. "B (p. v), (0, )]k = [€e(€1 " Br) (0, ), € " B (p, y)]i

= [C(r, ), (r,2)]k

~ s (€1 (r, ), (¢, 2)]}
(0.2)eViexVi [€1(4; 2), (¢, 2)]k

~ sp  2@0) (@2

(g,2)EVie x Vi ||Q||12qé(g) + ||Z||?'—[[13(Q)

~ s B((p,y), (¢, 2))*
(g,2) €V XV, anfqé(g) + ||Z||§Jé(9)

- 2 2
~ HpHHé(Q) + ||?J||Hg,(§z)-

The derivation of (4.1.16) is analogous with (3.1.16) (resp., (4.1.6)) replaced by

(3.1.17) (resp., (4.1.9)). O

Lemma 4.4. We have the following bounds on the minimum and mazximum eigen-

values of BLE By, and B,C, B :

Amin (B ' B), Amin (Br€y ' BY) > Crnin, (4.1.17)

Amax (BLE B, Amax (Br€ ' BL) < Choax (1 + B2h12), (4.1.18)

where the positive constants Ci, and Chax are independent of k and 3.
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Proof. We only derive the estimates for 8% €, %5, since the derivation of B, !B,

is similar. We have, from (4.1.4) and (4.1.5),

(0,0, (0. 9)le = P22y + IWl720) Y (0iw) € Vi X Vi, (4.1.19)

where the hidden constants only depend on the shape regularity of 7y. It follows

from (3.1.6), (4.1.15) and (4.1.19) that

[B1.€, B0, y), 0, W)k = Cainl (0, 9): 0]k V(poy) € Vi x Vi, (4.1.20)

which then implies (4.1.17) by the Rayleigh quotient formula.

By a standard inverse estimate [32, 43|, we have
1 1
”U“%Ié(ﬂ) = ||U||%2(Q) + 62'”@11(9) < (1+CBzhy 2)||U||i2(9) Vo eV,

where the positive constant C' depends only on the shape regularity of 7. It then

follows from (3.1.6), (4.1.15) and (4.1.19) that

[BLE Bi(p,y), (0, Wk < Conax(L+ 820D [(0,y), 0. 9)l Y (p,y) € Vi x Vi,

and hence (4.1.18) holds because of the Rayleigh quotient formula. O]

Remark 4.5. It follows from Theorem 4.4 that the operators BLE, By, and B,€; B,
are well-conditioned when B2hi;? = O(1). When 8 is fired, f2h;;> = O(1) is satis-
fied at relative lower levels. We will exploit this fact and (2.5.7) for the choice of
the damping parameter in the smoothers of our multigrid methods.

4.1.3 A W-cycle Multigrid Algorithm for (4.1.7)

Let the output of the W-cycle algorithm for (4.1.7) with initial guess (po,yo)

and my (resp., my) pre-smoothing (resp., post-smoothing) steps be denoted by

MGW<k7 (fa g)7 (p07 y())? my, mQ)'
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We use a direct solve for k = 0, i.e., we take MGw (0, (f,9), (po,yo), m1, m2)
to be By ' (f,g). For k > 1, we compute MGw (k, (f,9), (po, %), m1, my) in three

steps.

Pre-Smoothing The approximate solutions (p1,%1),- .-, (Pmy, Ym,) are computed

recursively by

(0 y3) = (Pi-1,Y5-1) + M€ ' BL((f, 9) — Br(pj-1,yj—1)) (4.1.21)
for 1 < j < my. The choice of the damping factor A, will be given below in (4.1.24)
and (4.1.25).

Coarse Grid Correction Let (f',¢") = I *((f,9) — Br(Pmy>Ym,)) be the trans-

ferred residual of (py,, Ym,) and compute (p,y}), (py, y5) € Vik—1 X Vi—1 by

(pllayll) = MGW(k - 17 (f/7g/)7 (Oa 0)7m17m2)7 (41228’)

(p/2a yé) = MGW(k - 17 (f/7g/)v (plla y1)7m17m2)' (4122b)

We then take (pmﬁ-l’ yml-f—l) to be (pm17 yml) + Illcf—l(p/% yé)

Post-Smoothing The approximate solutions (P12, Ymir2)s- - - » (Pmytmat1s Ymitmatr1)

are computed recursively by

(pj,yj) = Pi—1,yj-1) + MBLE((f, 9) — Br(pj-1,yj-1)) (4.1.23)
form; +2<j<my+mgy+1.

The ﬁnal Output is MGW(ka (f7 g)7 (p07 y0)7 may, m?) - (pm1+m2+17 ym1+m2+1>‘

To complete the description of the algorithm, we choose the damping factor A

as follows:

2

if 3302 < 1 4.1.24
Amin (BLEB) + Amax (BLE1B,) if 52 hy ’ ( )

A =
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and
Ao = [CH(1+ B2R;%)) ! if B2h% > 1, (4.1.25)

where C} is greater than or equal to the constant Ciay in (4.1.18).

Remark 4.6. Note that the post-smoothing step is exactly the Richardson iteration

for the equation
BLE, Br(py) = BLE ' (f,9),
which is equivalent to (4.1.7).

Remark 4.7. In the case where B%h,f < 1, the choice of Ay is motivated by the
well-conditioning of BLE, "By (cf. Remark 4.5) and the optimal choice of damping
factor for the Richardson iteration (Section 2.5.1). In the case where B%hgz >1,
the choice of A\ is motivated by the condition Amax(MeBLE, ' B1) < 1 (cf (4.1.18))
that will ensure the highly oscillatory part of the error is damped out when Richard-

son iteration is used as a smoother for an ill-conditioned system.

Remark 4.8. In practice, Anin(BLE, ' Br) and Amay (BLE, ' By) are estimated by
power iterations or Lanczos algorithm on coarse grids. We refer to [88, 52] for

more details.

4.1.4 A V-cycle Multigrid Algorithm for (4.1.7)
Let the output of the V-cycle algorithm for (4.1.7) with initial guess (po,yo)
and my (resp., mg) pre-smoothing (resp., post-smoothing) steps be denoted by

MGy (k,(f,9), (po,yo), m1,ms). The difference between the computations of

MGV(k'7 <f7 g)? (p07y0)7m17 m2) and MGVV(kv (f7 g)7 (p07 y0)7m17m2) Is OHIY in the

coarse grid correction step, where we compute

(pll?y,l) = MG‘/(k - 17 (flvgl>7 (070)7m17m2)'
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Remark 4.9. We will focus on the analysis of the W -cycle algorithm in this disser-
tation. But numerical results indicate that the performance of the V -cycle algorithm
is robust with respect to k and B (cf. Section 4.4).

4.1.5 Multigrid Algorithms for (4.1.8)

We can define W-cycle and V-cycle algorithms for (4.1.8) by simply interchang-
ing the operators B, and B in Sections 4.1.3 and 4.1.4. In particular, the pre-

smoothing step is given by

(pj,y5) = (Pj—1,Yj—1) + M€ " Br((f. 9) — Bi(pj1.yj-1)), (4.1.26)

and the post-smoothing step is given by

(pj,yi) = (Pj=1,Yj—1) + MeBr€ (. 9) — Bl (pj—1,yj—1))- (4.1.27)

4.2 Smoothing and Approximation Properties

As we discussed in Section 2.8, we will develop in this section two key ingredients
for the convergence analysis of the W-cycle algorithm, namely, the smoothing and
approximation properties. They will be expressed in terms of two scales of mesh-

dependent norms defined by

o )l s = [(BLEBR) (0, w), (0. )]E Y(py) € Vi X Vi, (4.2.1)
o Iy = [(Br€ ' BL) (0, w), ()R Y(py) € Vi X Vi (4.2.2)
Note that

P 5k ~ 12132 + 19l ~ (@l Y(py) € Vi x Vi (4.2.3)

by (4.1.19), and

P I i 2 Mz @) + i@ = (@I YV (p,y) € Ve x Vi (4.24)

by (4.1.15) and (4.1.16).
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4.2.1 Post-smoothing Properties
The error propagation operator for one post-smoothing step defined by (4.1.23) is
given by

Ry, = Id;, — )\ksBZQ:El%k, (425)

where Idj is the identity operator on Vi x Vj. Similarly, the error propagation

operator for one post-smoothing step defined by (4.1.27) is given by
Ry = Idj, — \B,€; 1 BE . (4.2.6)
Lemma 4.10. In the case where B%h,;2 < 1, we have

IR )l e < 7l lle  V0y) € Vi x Vi, (4.2.7)

B )k < 7l o)llTe YV (py) € Vi x Vi, (4.2.8)

where the constant T € (0, 1) is independent of k and 3.

Proof. In this case A given by (4.1.24) is the optimal damping parameter for the

Richardson iteration and we have
CVrnin S Amln(%zclzl%k) S Amax(%}:gqr];l%k) < 2C(ma,x
by Lemma 4.4. It follows that (cf. Section 2.5.1)

I1RE (2, )l x = [B1.C  BiR(p, v), Re(p,9)]2
- (Amax<%z¢,:193k> = Amin(B1.&, "By
T W nax (BLE B + Ain (BLE, MBy)
< (mmax_cmlf‘) 1w, )l
o 2C’max _I' C’min by Lk

) BLE B (1, y). ()2

Therefore (4.2.7) holds for 7 = (2Chax — Cinin)/(2Cmax + Cmin). The derivation of

(4.2.8) is identical. O
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Lemma 4.11. In the case where 6%h,;2 > 1, we have, for 0 < s <1,

IRE (. )l e < CA+ 820 ) Pm= ()l _sr Y(poy) € Vi X Vi, (4.2.9)

~ - 1. _9\s/2  —s ~
IR (p )15 < C+ B2h )P ()T s V(poy) € Vi X Vi, (4.2.10)
where the positive constant C' is independent of k and [5.

Proof. In this case \; is given by (4.1.25) and Apax(AeB4E, 1 B) < 1. Tt follows

from (4.1.25), (4.2.1), (4.2.5), calculus and the spectral theorem that

IR (2, I 5 = [BLE: " BrRy (p,y), By (9, y)]w
= A (B B) (M BLE, By ) Ry (0, 1), By (0, y) i
< G+ B30 ?)” max [(1 - 2)*"2*)[(BL€ ' B)' (0. 9). (0. )l
< CO+ B m ™ ()l -

The proof for (4.2.10) is identical. O

Remark 4.12. In the special case where s = 0, the calculation in the proof of

Lemma 4.11 shows that

Bl e < e V2y) € Vi x Vi,

IR, )% < )llTe Y (2oy) € Vi X Vi
4.2.2 Approximation Properties
We define two Ritz projection operators P,f_l Ve x Vi, = Vi x V1 and f’,f_l :
Vie X Vi = Vi1 X Vi_1 in terms of the bilinear form B(-, -) and the natural injection

IF | Viey x Vi — Vi XV, as follows. For any (p,y) € Vi x Vj, and (q,2) €

Viem1 X Vi1,
BB (p,y), (4,2)) = B((p,y), Ix_1 (g, 2)) = B((p, ). (¢, 2)), (4.2.11)
B((g,2), B (p,y)) = B(If_1(g. 2), (0, ) = B((g, 2), (p, ). (4.2.12)
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It follows that

PEUE = Tdy = PFIE (4.2.13)

and hence

(If PFY =1F PP and (Id, — I} (PP Y)Y =1Id, — I} \Pf', (4.2.14)

(IF  PFY =1F PF' and (Id, —IF PFY)? =1d, —IF [ Pf'. (4.2.15)

Moreover we have the following Galerkin orthogonality relations for all (p,y) €

Vie x Vi, (¢, 2) € Vier x Viy:

B((Idy, — It PE ) (p,y), I¢_1(q,2)) = 0, (4.2.16)

B(Ii_y(q, 2), (Idi — Iy B 1) (p,y) = 0. (4.2.17)

The effects of the operators Idy, — If_PF~' and Idj, — If_,PF~! are measured

by the following approximation properties.

Lemma 4.13. For all (p,y) € Vi, x Vi, there ezists a positive constant C indepen-

dent of k and (8 such that

I(Zde = L P @ y)llose < O+ 82022720 (0, )y, (42.18)

S ~ 1, o1, 1 ~
I(7de = L P poy)lllsn < CQL+ 8202 8720 1o, )l - (4.2.19)

Proof. We only present the proof for (4.2.18). Let (p,y) € Vi, x Vi be arbitrary and

(C ) = (Idy — I, PE) (p.y). (4.2.20)

In view of (4.2.3), it suffices to establish the estimate

L, _9o\1 5L
1< z2@) + Nullzzi) S (1 + 820 )2 8720 [l (. )l (4.2.21)

by a duality argument. Let (£,0) € H}(Q) x Hj(Q2) be defined by

B((0:2), (6.0)) = (¢ ey + (1 2) iy ¥(0,2) € HY(Q) x H(Q), (42.22)
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and (&g—1,0k—1) € Vik—1 x Vi_1 be defined by

B((q,2), (€k-1,0k-1)) = (¢, @) r2(0) + (1, 2) L2() V(g,2) € Vier x Vi1 (4.2.23)

Since hy_1 = 2hy, we have, according to Theorem 3.5,

1 g\l 1
€ = &r-rlliz ) + 110 = Okrll o) S (1 + B2 )2 B2 hi(II¢ o) + el z2e)-

(4.2.24)

Putting (3.1.7), (4.2.4), (4.2.16), (4.2.20) and (4.2.22)—(4.2.24) together, we find

12y + lallZa@) = BUC, ), (£.6))
= B((Idy — Ii_1 Py )(p,). (€.9))
= B((Idy — I}, PE)(p,9), (€,0) = (€x1,051))
= B((p, ), (€,0) = (&1, 601))
S (11 = &t lr ey + 10 = Ol o) 2 UIplra (o) + 19 r3(0)?

S (482078720 (IC ey + Niellzze) s o)l »

which implies (4.2.18). The estimate (4.2.19) is established by similar arguments
based on (4.2.17). O

We also need the following stability estimates.

Lemma 4.14. We have

71 lle = M@ 2 lgemy ¥ (a52) € Vier X Vi, (4.2.25)
12 s )kt S M@ o)l V(p,y) € Vi X Vi, (4.2.26)
B @ ) lTe—r S M )T V(p,y) € Vi X Vi, (4.2.27)

where the hidden constants are independent of k and (.
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Proof. The estimate (4.2.25) follows from (4.2.4) and the fact that IF ; is the
natural injection. The estimate (4.2.26) then follows from (3.1.16), (4.2.4), (4.2.11)

and (4.2.25) :

B(PE' (p.). (4,2))

1P (P )llle—r =  sup

(0,2)€Vi—1xVi—1 |||(q’ z)”ll,k—l
B((p,y), If_1(¢,2))
= sup S s )l -
(¢,2)€V—1X Vi1 |H(q= Z)|||1,k—1 b

We can obtain (4.2.27) similarly by using (3.1.17), (4.2.4), (4.2.12) and (4.2.25). O

4.3 Convergence Analysis of the W-cycle Algorithms
In this section we will first establish the convergence of the two-grid algorithm and

then prove the convergence of the W-cycle algorithm as we discussed in Section

2.8.
Let By : Vi x Vi, — Vi x Vi be the error propagation operator for the k-th
level W-cycle algorithm. We have the following well-known recursive relation, (cf.

59, 76, 22]):
E, = R™(Id, — IF \PF '+ 1IF (Bl  PFYHsSym, (4.3.1)
where
Sy = Idy — \€; ' BL By, (4.3.2)

is the error propagation operator for one pre-smoothing step (cf. (4.1.21)).
Note that S is the transpose of Ry (the error propagation operator for one
post-smoothing step for the dual problem (4.1.8)) with respect to the variational

form B(-,-) by (4.1.6) and (4.2.6):

B(Sk(p,v), (¢, 2)) = Br(Idp — M€y B1.B5) (0, v), (¢, 2)]i

= [Bi(p,y), (Idy — \eB1C;, ' BL) (g, 2)]i (4.3.3)

=B((p.y). Re(q,2)) YV (p.y).(¢,2) € Vi x Vi
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Remark 4.15. The duality between Sy, and Ry, is the reason why we consider the

multigrid algorithms for (4.1.7) and (4.1.8) simultaneously.
The relations (4.2.11) and (4.3.3) lead to the following useful result.

Lemma 4.16. We have
|(Idy — Iy PSP~ | R (Ldy — I BEI, (4.3.4)

where ||-|| denotes the operator norm with respect to |||-[||, , and the hidden constants

are independent of k and .

Proof. 1t follows from (3.1.16), (4.2.4), (4.2.11), (4.2.12) and (4.3.3) that

(T = B PE)SE (0, 9) 1
B((Idy — IE_, PE) S (0,), (4, 2))

A sup

(9:2) €V xVy, H|(Q7Z)|H1,k
L w B((p.y), R (Idy — It Pt ) (q, 2))
(9,2)EVE X Vi, H|(Q»Z)W1,k
S M@ | BTy = L B Y (p,y) € Vi x Vi,
and hence

I(Idy, — IE_ NS S Ry Ly — 1§ PEY.

The estimate in the other direction is established by a similar argument that uses
(3.1.17) instead of (3.1.16). O
4.3.1 Convergence for the Two-grid Algorithm for (4.1.7)

In the two-grid algorithm the coarse grid residual equation is solved exactly. By
setting Ex—1 = 0 in (4.3.1), we obtain the error propagation operator R} (Id) —
If  PF1)S™ for the two-grid algorithm with m; (resp., my) pre-smoothing (resp.,
post-smoothing) steps.

We will separate the convergence analysis into two cases.
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The case where %h,f < 1. Here we can apply Lemma 4.10 which states that R
(vesp., Ry) is a contraction with respect to |||-|||, . (resp., ||I-||7,.) and the contraction

number 7 is independent of k£ and j.

Lemma 4.17. In the case where B%h,f < 1, there exists a positive constant Cy

independent of k and [ such that
IRy (Idy — I PE 1) S| < Cyrmitme, (4.3.5)
where || - || is the operator norm with respect to ||||||1k

Proof. We have, from Lemma 4.10 and Lemma 4.14,

IR (Idy, — IE_ P (0 )|k

< T de = Ly P 0wl S 7 M w)lllhye Y (2oy) € Vi x Vi,

and hence

IRy (Idy — If \PEH| S 7. (4.3.6)

Similarly, we also have, by (4.2.4),(4.2.8) and Lemma 4.14,
1 (Tdy = B PEDIS 77, (43.7)
which together with Lemma 4.16 implies
I(Zdy, — I, PSPl < 7 (4.3.8)
Finally we establish (4.3.5) by combining (4.2.14), (4.3.6) and (4.3.8):

IR (Tds — I P ) S|
= ||RY(Idy, — Iy Py~ ) (Tdy, — Ty PE ) Si |

< IR (I = Ly PO dy = I, PETSE || S mmme,
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The case where B%h,f > 1. Here we can apply Lemma 4.11.

Lemma 4.18. In the case where ﬁ%h,f > 1, there exists a positive constant C,

independent of k and B such that

[NIE

| Ry (Idy, — I, PF1)S || < Cy[max (1, m;) max(1,ms)]2, (4.3.9)
where || - || is the operator norm with respect to |||-[[], -
Proof. Let m be any positive integer. We have, from (4.2.9) and (4.2.18),
I BY (Idy, — I B (0, 9)
S (U B ) em 2| (T = IE L PE) ()
S (U B em=2 (14 B2 )2 8720 (0. )l

m=2 (6720 + 1) [l(p, )l

1
<2m™z{|(p; Y)llly.x Y (p,y) € Vi X Vi,

and hence

1Ry (Idy — If  PE| S m2 (4.3.10)

Similarly, we have, by (4.2.4), (4.2.10) and (4.2.19),

|y (i — IE A BED| S mz, (43.11)
which together with Lemma 4.16 implies

I(Tdi — IE PE)SP | S me. (4.3.12)

Combining (4.2.14), (4.3.10) and (4.3.12), we obtain for my, mg > 1,

1R (Tdy, — Te_y Py~ | = 1R (Tde — Ty P ) (T, — Ty P ) SE |

< |RP(Idy — I P (T — T P ) S |

[N

§ (mlmg)_ .

The cases where m; = 0 or mg = 0 follow from (4.2.25) and (4.2.26). O
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4.3.2 Convergence for the W-cycle Algorithm for (4.1.7)

We will derive error estimates for the W-cycle algorithm through (4.3.1) and the

results for the two-grid algorithm in Section 4.3.1. We assume mq, ms > 1.
According to Remark 4.12, there exists a positive constant C; independent of k

and m such that

IRPIL IR < Cr o form > 1, (4.3.13)

where || - || is the operator norm with respect to |[-[||, . Moreover it follows from

(3.1.17), (4.2.4) and (4.3.3) that for all (p,y) € Vi, x V4,

B(Sp(p.y), (¢,2))
1S )~ sup
’ W e @2l

B((p,y), R*(q, 2
s ((,w), By (a,2))

(g,2)EVix Vi, |||<C], Z)|||1,I<:

S M)l B,

and hence, by (4.3.13),

1S < Cs form > 1, (4.3.14)

where the positive constant C5 is independent of k£ and m.
Putting Lemma 4.14, (4.3.1), (4.3.13) and (4.3.14) together, we obtain the re-

cursive estimate
1E:|| < |Rp2(Ide — I§ , PEDSI + Cull Bea || for k> 1, (4.3.15)

where the positive constant C, is independent of k£ and 5. The behavior of ||Ej|| is
therefore determined by (4.3.15), the behavior of || Ry (Idy — IF_,PF~1)S ||, and
the initial condition

[ Eoll = 0. (4.3.16)

Specifically, for %h,f < 1, we have

[Ex|| < Cyr™*m2 4 O By |1? (4.3.17)
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by Lemma 4.17, and for B%h,f > 1, we have
| Ex]| < Cbml_%mZ_% + Ci|| By ])? (4.3.18)

by Lemma 4.18.

The following result is useful for the analysis of (4.3.16)—(4.3.18).

Lemma 4.19. Let oy, (k=0,1,2,...) be a sequence of nonnegative numbers such
that
ar <14+68ai ,  for k>1, (4.3.19)

where the positive constant § satisfies

1
§< — . 4.3.20
= 4(1 4 ap) ( )

Then it holds that

ar <2+47 %0y for k>0. (4.3.21)

Proof. The bound (4.3.21) holds trivially for £ = 0. Suppose it holds for & > 0.
We have, by (4.3.19) and (4.3.20),
a1 < 1+ 5@2
<146(2+4"%a)?
=1+ 04+ 4" 4ag) + (ag)4> > g
1

<14 6(4+ dag) + <4>42‘2'““a0 <2442,

Therefore the bound (4.3.21) holds for £ > 0 by mathematical induction. O

Theorem 4.20. Let k, be the largest positive integer such that B%h,;f < 1. There
exists positive integers mi and m3 independent of k and [ such that m; > mj,
my = mi imply

| Ex|] < 2Cy7mHme V1<k<Ek,, (4.3.22)

I|EL|l < 2Comy~2my"2 + 41727 (20,7 m) Wk >k, 1, (4.3.23)
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where || - || is the operator norm with respect to |||-|[], -
Proof. For 1 <k < k,, we take
a = || Ei[l/(Cyr™ ™)
and observe that
ap <1+ (C’*CﬁTmlerz)ai_l

by (4.3.17). It then follows from (4.3.16) and Lemma 4.19 that oy < 2, or equiva-
lently

1Bl < 2C ™,

provided that

C,Cyr™*mz < (4.3.24)

=

We now define

1

1k = || Ensill/(Comy ~2my~7)

and observe that

Lo S 1+ (C'*Cbml_%mg_%),ui_l for k Z 1

by (4.3.18). It then follows from Lemma 4.19 that
e <2+ 41*2ku0 for k>1,

or equivalently

2k—k*

IE4|| < 2Cymy~2my 2 + 42| By,

for k>k,+1,

provided that

1

C*Cbmlfémzié < 1 TN
41+ [| By, ||/ (Cymi~2mg™2))
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or equivalently

1
C.Comy " 2my ™2 + O, || By || < i (4.3.25)
Finally we observe that if we choose m] and mj so that
A A | m*m® 1
C*Cb<m1) 2(m2) 2 + QC*CﬂT 12 < Z’
then (4.3.24) and (4.3.25) are satisfied for my > mj, mq > m3. O

Remark 4.21. According to Theorem 4.20, the k-th level W -cycle algorithm is a
contraction if the number of pre-smoothing and post-smoothing steps is sufficiently
large and the contraction number is bounded away from 1 uniformly in k and f3.
Moreover, for the coarser levels where B%h,f < 1, the contraction number of the W -
cycle algorithm will decrease exponentially with respect to the number of smoothing
steps. After a few transition levels the dominant term on the right-hand side of
(4.3.23) becomes ZCbmf%mg’% and the contraction number will decrease at the
rate of mf%mg’% for the finer levels where 5%h,;2 > 1.

4.3.3 Convergence for the W-cycle Algorithm for (4.1.8)

The error propagation operator Ey : Vi x V, — Vi, x V}, for the W-cycle algorithm

for (4.1.8) satisfies the following analog of (4.3.1):
Ey = R (Id, — IF_ PF' 4+ IF (B2  PFhHS™, (4.3.26)

where Ry, is giving by (4.2.6) and Sy = Idj, — M@ "B, B¢ is the error propagation
operator for one pre-smoothing step (cf. (4.1.26)), and we have the relations for

<p7 y)? (Q7 Z) € Vk X V;m

B((p.y), Sk(q, 2)) = B(Ri(p, y). (¢, 2)),

(T — I PEYSE & | Ry (T — I PE)],
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that are analogs of (4.3.3) and (4.3.4). The results for Ej, in Section 4.1.3 holds
for E; by essentially identical arguments based on Lemmas 4.10, 4.11, (4.2.15),
Lemmas 4.13 and 4.14.
4.4 Numerical Results
In this section we report numerical results of symmetric W-cycle and V-cycle algo-
rithms for (4.1.7) on two and three dimensional domains, where the preconditioner
¢, ' is based on a V-cycle multigrid solve for (4.1.14). We employed the MAT-
LAB/C++ toolbox FELICITY [101] in our computations.

The contraction numbers in energy norm that are presented in this section are

computed using the following algorithm.

Algorithm 4.1 Contraction Numbers at Level k with m Smoothing Steps

Initialization: choose a random vector q, calculate b = 8.q. p = po,r0 = q.
repeat
p < MGw(k,b,p,m,m) or MGy (k,b,p,m,m)

T < q—P
||rHH1<Q)
Hr0”H1(Q)

o< T

until ¢ converges

Example 4.22 (Unit Square). The domain ) for this example is the unit square

(0,1)%. We take ¢ = 1[1 0] and v = 0 in (1.1.4), and C; = 5 in (4.1.25). Here €'

1
2
is based on a V' (4,4) multigrid solve for (4.1.14). See Figure 3.1 for the meshes at

the first three levels.

The contraction numbers of the kth level symmetric W-cycle algorithm in the
energy norm with 8 = 1072 (resp., 3 = 107 and 8 = 107°) are presented in
Table 4.1 (resp., Tables 4.2 and 4.3), while the number m of pre-smoothing and

post-smoothing steps increases from 2° to 28.
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Table 4.1. Contraction Numbers of W-cycle Algorithm for Example 4.22 (5 = 1072).

k 1 2 3 4 ) 6 7 8

20 2.94e-01 | 6.01e-01 | 4.46e-01 | 3.81e-01 | 3.71e-01 | 3.68e-01 | 3.66e-01 | 3.65e-01

2! 8.84e-02 | 3.88e-01 | 2.43e-01 | 2.15e-01 | 2.13e-01 | 2.11e-01 | 2.09e-01 | 2.09e-01

22 7.81e-03 | 1.85e-01 | 1.01e-01 | 8.66e-02 | 8.20e-02 | 8.12e-02 | 8.08e-02 | 8.03e-02

23 6.11e-05 | 4.89¢-02 | 3.54e-02 | 3.73e-02 | 3.96e-02 | 3.95¢-02 | 3.94e-02 | 3.92¢-02

24 6.43e-08 | 1.82e-02 | 1.57e-02 | 2.04e-02 | 1.97e-02 | 2.00e-02 | 2.00e-02 | 2.00e-02

25 9.06e-17 | 2.70e-03 | 7.41e-03 | 7.47e-03 | 9.55e-03 | 1.02e-02 | 1.02e-02 | 1.02e-02

26 1.62e-16 | 5.95e-05 | 1.90e-03 | 3.40e-03 | 5.03¢-03 | 4.94e-03 | 5.00e-03 | 5.03e-03

27 7.05e-17 | 3.70e-08 | 1.24e-04 | 1.57e-03 | 1.76e-03 | 2.38e-03 | 2.52e-03 | 2.54e-03

28 3.10e-17 | 3.06e-15 | 5.34e-07 | 3.45e-04 | 8.28e-04 | 1.23e-03 | 1.21e-03 | 1.23e-03

Table 4.2. Contraction Numbers of W-cycle Algorithm for Example 4.22 (8 = 1071).

1 2 3 4 ) 6 7 8

20 1.21e-01 | 2.32e-01 | 4.88e-01 | 5.45e-01 | 4.13e-01 | 3.77e-01 | 3.68e-01 | 3.66e-01

2! 1.47e-02 | 7.46e-02 | 2.58e-01 | 3.21e-01 | 2.42e-01 | 2.18e-01 | 2.12¢-01 | 2.10e-01

22 2.17e-04 | 5.85e-03 | 7.11e-02 | 1.68e-01 | 1.02e-01 | 8.56e-02 | 8.17e-02 | 8.07e-02

23 5.06e-08 | 3.58e-05 | 6.99¢-03 | 6.00e-02 | 4.75e-02 | 4.16e-02 | 4.00e-02 | 3.93e-02

24 1.00e-15 | 3.88e-07 | 2.88¢-04 | 2.38e-02 | 2.42e-02 | 2.16e-02 | 2.05e-02 | 2.01e-02

25 1.37e-17 | 1.44e-16 | 5.53¢-07 | 7.07e-03 | 1.19e-02 | 1.13e-02 | 1.06e-02 | 1.03e-02

20 1.45e-16 | 1.03e-16 | 9.37e-13 | 1.25e-03 | 3.70e-03 | 5.61e-03 | 5.30e-03 | 5.12e-03

27 1.13e-16 | 1.05e-16 | 2.43e-16 | 3.93e-05 | 1.08e-03 | 2.72e-03 | 2.75e-03 | 2.61e-03

28 3.14e-17 | 1.24e-16 | 2.18e-16 | 8.94e-08 | 1.20e-04 | 7.89¢-04 | 1.34e-03 | 1.29¢-03
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Table 4.3. Contraction Numbers of W-cycle Algorithm for Example 4.22 (5 = 107°).

k 1 2 3 4 ) 6 7 8

20 2.56e-01 | 3.89e-01 | 2.36e-01 | 3.77e-01 | 7.02e-01 | 4.90e-01 | 3.95e-01 | 3.72¢-01
2! 6.79e-02 | 1.71e-01 | 5.63e-02 | 1.38e-01 | 4.92e-01 | 2.90e-01 | 2.30e-01 | 2.14e-01
22 4.61e-03 | 2.96e-02 | 3.08e-03 | 2.29¢-02 | 2.82e-01 | 1.38e-01 | 9.38e-02 | 8.35e-02
23 2.13e-05 | 8.88¢-04 | 8.91e-06 | 1.04e-03 | 1.32¢-01 | 6.00e-02 | 4.49¢-02 | 4.06e-02
24 6.45e-11 | 9.79e-07 | 2.77e-11 | 2.43e-06 | 3.33e-02 | 2.84e-02 | 2.37e-02 | 2.11e-02
25 1.25e-16 | 8.18e-14 | 1.34e-16 | 3.26e-12 | 6.03e-03 | 1.06e-02 | 1.22¢-02 | 1.11e-02
20 6.45¢-17 | 2.29¢-16 | 1.40e-16 | 1.63e-16 | 3.44e-04 | 2.54e-03 | 5.70e-03 | 5.69¢-03
27 1.65e-16 | 1.29e-16 | 1.37e-16 | 1.59e-16 | 1.47e-06 | 2.29e-04 | 1.98e-03 | 2.91e-03
28 7.25e-17 | 1.31e-16 | 1.34e-16 | 1.52e-16 | 6.78e-12 | 2.58e-06 | 3.90e-04 | 1.31e-03

Table 4.4. The Times for One Iteration of the Symmetric W-cycle Algorithm with
m Smoothing Steps at Level 7 (Unit Square).

m 20 2! 22 23 21 25 20 27

Times (s) | 3.0e-01 | 5.4e-01 | 1.0e+00 | 2.0e4+00 | 4.0e4+00 | 7.9e+00 | 1.6e+01 | 3.1e+01

We observe that the symmetric W-cycle algorithm is a contraction with m =1
for all three choices of 3, and the behavior of the contraction numbers as k& and
m vary agree with Remark 4.21. The robustness with respect to § and k is also
clearly observed.

The times for one iteration of the symmetric W-cycle algorithm at level 7 (where
there are roughly 6 x 10% dofs) are reported in Table 4.4. They are proportional to
the number of smoothing steps, which confirms that this is an O(n) algorithm.

We have also computed the contraction numbers for the kth level symmetric V-
cycle algorithm, which are similar to those of the W-cycle algorithm. We present
the results for k = 1,---,8, f = 1072,107%,107% and m = 2°,--- 2% in Tables
4.5, 4.6 and 4.7. Again we observe that the V-cycle algorithm is a contraction for

m = 1 and the contraction numbers are robust with respect to both § and k.
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The times for one iteration of the symmetric V-cycle algorithm at level 7 are
reported in Table 4.8. They are proportional to the number of smoothing steps,

which again confirms that this is an O(n) algorithm.

Table 4.5. Contraction Numbers of V-cycle Algorithm for Example 4.22 (5 = 1072).

1 2 3 4 ) 6 7 8

20 2.94e-01 | 6.01e-01 | 5.58e-01 | 5.38e-01 | 5.33e-01 | 5.28e-01 | 5.12e-01 | 5.03e-01
2! 8.84e-02 | 3.87e-01 | 3.44e-01 | 3.31e-01 | 3.01e-01 | 2.93e-01 | 2.76e-01 | 2.71e-01
22 7.81e-03 | 1.86e-01 | 1.67e-01 | 1.55e¢-01 | 1.33e-01 | 1.31e-01 | 1.29¢-01 | 1.26e-01
23 6.12e-05 | 5.03e-02 | 5.63e-02 | 5.59¢-02 | 5.85e-02 | 5.96e-02 | 5.93e-02 | 5.83e-02
24 6.82e-08 | 1.82e-02 | 2.34e-02 | 2.48e-02 | 2.70e-02 | 2.83e-02 | 2.90e-02 | 2.92e-02
2° 9.50e-18 | 2.70e-03 | 8.08e-03 | 1.03e-02 | 1.24e-02 | 1.38e-02 | 1.44e-02 | 1.47e-02
26 1.43e-16 | 5.96e-05 | 1.91e-03 | 4.24e-03 | 5.25¢-03 | 6.59¢-03 | 7.10e-03 | 7.21e-03
27 1.45e-17 | 3.45e-08 | 1.24e-04 | 1.60e-03 | 2.24e-03 | 3.00e-03 | 3.40e-03 | 3.58e-03
28 1.02e-16 | 2.83e-15 | 5.34e-07 | 3.45e-04 | 9.82e-04 | 1.29¢-03 | 1.62e-03 | 1.75e-03

Table 4.6. Contraction Numbers of V-cycle Algorithm for Example 4.22 (8 = 107%).

1 2 3 4 ) 6 7 8

20 1.21e-01 | 2.31e-01 | 4.88e-01 | 5.46e-01 | 4.94e-01 | 4.86e-01 | 4.85¢-01 | 4.84e-01
2! 1.47e-02 | 7.59e-02 | 2.55e-01 | 3.20e-01 | 3.18e-01 | 3.17e-01 | 3.16e-01 | 3.16e-01
22 2.17e-04 | 5.73e-03 | 7.18e-02 | 1.68e-01 | 1.73e-01 | 1.75e-01 | 1.75e-01 | 1.75e-01
23 4.76e-08 | 3.56e-05 | 6.90e-03 | 5.98e-02 | 7.23e-02 | 7.71e-02 | 7.80e-02 | 7.76e-02
21 1.12e-15 | 1.57e-07 | 2.88e-04 | 2.37e-02 | 3.38e-02 | 3.61e-02 | 3.61e-02 | 3.53e-02
25 4.11e-17 | 1.82e-16 | 6.45e-07 | 7.09¢-03 | 1.28e-02 | 1.58e-02 | 1.67¢-02 | 1.66e-02
20 7.54e-17 | 7.46e-17 | 1.50e-12 | 1.25e-03 | 3.77e-03 | 6.91e-03 | 7.94e-03 | 8.18e-03
27 6.34e-17 | 1.57e-16 | 2.31e-16 | 3.93e-05 | 1.09e-03 | 2.76e-03 | 3.64e-03 | 3.93e-03
28 4.93e-17 | 1.59e-16 | 2.30e-16 | 9.08e-08 | 1.20e-04 | 8.06e-04 | 1.62e-03 | 1.91e-03
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Table 4.7. Contraction Numbers of V-cycle Algorithm for Example 4.22 (5 = 107°).

k 1 2 3 4 ) 6 7 8

20 2.56e-01 | 3.91e-01 | 2.36e-01 | 3.71e-01 | 7.03e-01 | 6.31e-01 | 6.03e-01 | 5.86e-01
2! 6.79e-02 | 1.68e-01 | 5.61e-02 | 1.42e-01 | 4.93e-01 | 4.12e-01 | 4.03e-01 | 4.01e-01
22 4.61e-03 | 3.09e-02 | 3.13e-03 | 2.35e-02 | 2.82e-01 | 2.54e-01 | 2.48e-01 | 2.47e-01
23 2.13e-05 | 8.86e-04 | 8.53e-06 | 1.06e-03 | 1.31e-01 | 1.17e-01 | 1.15e-01 | 1.15e-01
24 5.87e-11 | 7.40e-07 | 2.78e-11 | 2.47e-06 | 3.34e-02 | 3.80e-02 | 4.20e-02 | 4.28e-02
25 1.41e-16 | 1.26e-13 | 1.36e-16 | 3.57e-12 | 6.00e-03 | 1.15e-02 | 1.59e-02 | 1.75e-02
20 9.45e-17 | 1.72e-16 | 1.71e-16 | 1.58e-16 | 3.51e-04 | 2.55e-03 | 6.11e-03 | 8.01e-03
27 8.87e-17 | 1.58e-16 | 1.16e-16 | 1.69e-16 | 1.45e-06 | 2.29e-04 | 2.01e-03 | 3.44e-03
28 1.28e-16 | 1.34e-16 | 1.51e-16 | 1.62e-16 | 6.55e-12 | 2.65e-06 | 3.91e-04 | 1.36e-03

Table 4.8. The Times for One Iteration of the Symmetric V-cycle Algorithm with
m Smoothing Steps at Level 7 (Unit Square).

m 20 2! 22 23 24 25 20 27

Times (s) | 7.1e-02 | 1.3e-01 | 2.5e¢-01 | 4.9¢-01 | 9.4e-01 | 1.9¢+00 | 3.7¢+00 | 7.4e-+00

Example 4.23 (Unit Cube). The domain for this example is the unit cube (0,1)3.
We take ¢ = 1[1 1 1]" and v = 0 in (1.1.4), and Cy = 4 in (4.1.25). The number of
grid points in all directions are doubled in each refinement and the triangulations
inside the cubic subdomains at all levels are similar to one another. The triangula-
tions To and T, are depicted in Figure 4.1. Here €; " is based on a V (4,4) multigrid

solve for (4.1.14).

The contraction numbers of the kth level symmetric W-cycle algorithm in the
energy norm with 3 = 1072 (resp., 8 = 107% and 8 = 107%) are presented in
Table 4.9 (resp., Tables 4.10 and 4.11), while the number m of pre-smoothing and

post-smoothing steps increases from 2° to 28.

Table 4.9. Contraction Numbers of W-cycle Algorithm for Example 4.23 (5 = 1072).
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Figure 4.1. Triangulations 7y and 77 for the Unit Cube.

k 1 2 3 4 ) 6

20 4.74e-01 | 6.67e-01 | 5.99e-01 | 5.59¢-01 | 5.56e-01 | 5.57e-01
2! 2.24e-01 | 4.74e-01 | 4.23e-01 | 3.96e-01 | 3.91e-01 | 3.90e-01
22 5.18e-02 | 2.77e-01 | 2.51e-01 | 2.53e-01 | 2.47e-01 | 2.50e-01
23 4.98¢-03 | 1.32e-01 | 1.46e-01 | 1.44e-01 | 1.44e-01 | 1.46e-01
24 4.62e-05 | 5.87e-02 | 7.09e-02 | 7.49e-02 | 7.71e-02 | 7.87e-02
25 7.20e-08 | 1.88e-02 | 2.79e-02 | 3.44e-02 | 3.73e-02 | 4.04e-02
26 2.04e-16 | 2.02e-03 | 1.08e-02 | 1.54e-02 | 1.41e-02 | 1.67¢-02
27 1.76e-16 | 2.38e-05 | 2.51e-03 | 6.47e-03 | 5.92e-03 | 5.32e-03
28 1.60e-16 | 3.37e-07 | 1.42e-04 | 2.40e-03 | 2.80e-03 | 2.71e-03

Table 4.10. Contraction Numbers of W-cycle Algorithm for Example 4.23 (§ =
1074).

1 2 3 4 ) 6

20 2.32e-01 | 4.77e-01 | 4.88e-01 | 6.51e-01 | 5.87e-01 | 5.63e-01
21 5.41e-02 | 2.57e-01 | 3.32e-01 | 4.80e-01 | 4.17e-01 | 3.97e-01
22 2.92e-03 | 9.33e-02 | 1.87e-01 | 3.11e-01 | 2.69e-01 | 2.55e-01
23 8.25e-06 | 1.47e-02 | 8.34e-02 | 1.85e-01 | 1.60e-01 | 1.49e-01
24 5.80e-12 | 4.70e-04 | 2.32¢-02 | 9.63e-02 | 9.10e-02 | 8.18¢-02
25 1.26e-16 | 4.91e-07 | 2.96e-03 | 4.31e-02 | 4.17e-02 | 4.26e-02
26 1.52e-16 | 2.46e-13 | 4.69¢-05 | 1.43e-02 | 1.63e-02 | 1.84e-02
27 1.29¢-16 | 1.39e-16 | 7.60e-08 | 3.03e-03 | 6.43e-03 | 6.10e-03
28 1.07e-16 | 1.43e-16 | 2.90e-15 | 1.91e-04 | 1.94e-03 | 3.04e-03

Table 4.11. Contraction Numbers of W-cycle Algorithm for Example 4.23 (8 =
1079).
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m k 1 2 3 4 ) 6 7
20 2.88e-01 | 2.66e-01 | 4.36e-01 | 5.24e-01 | 7.64e-01 | 6.69¢-01 | 5.79e-01
2! 8.49e-02 | 7.23e-02 | 1.93e-01 | 3.39¢-01 | 5.95e-01 | 4.86¢-01 | 4.08e-01
22 7.37e-03 | 5.19e-03 | 4.36e-02 | 1.71e-01 | 4.28e-01 | 3.15e-01 | 2.63e-01
23 5.26e-05 | 2.27e-05 | 2.04e-03 | 5.08¢-02 | 2.71e-01 | 1.94e-01 | 1.57e-01
24 4.50e-07 | 2.09e-11 | 5.25e-06 | 5.56e-03 | 1.43e-01 | 1.10e-01 | 8.91e-02
25 1.57e-16 | 1.92e-16 | 1.39e-12 | 8.55e-05 | 5.94e-02 | 5.46e-02 | 4.73e-02
26 1.80e-16 | 1.88e-16 | 1.62e-16 | 2.64e-07 | 1.44e-02 | 2.20e-02 | 2.38e-02
27 1.54e-16 | 1.82¢-16 | 1.59e-16 | 2.47e-16 | 8.27c-04 | 4.84e-03 | 7.83¢-03
28 1.26e-16 | 1.85e-16 | 1.60e-16 | 2.22e-16 | 6.14e-06 | 5.12e-04 | 2.92¢-03

Table 4.12. The Times for One Iteration of the Symmetric W-cycle Algorithm with
m Smoothing Steps at Level 5 (Unit Cube).

m

20

21

22

23

24

25

26

27

Times (s)

8.3e-01 | 1.5e+00

2.8e+00

5.4e+00

1.1e+01

2.1e+01

4.2e+01

8.4e+01

We observe that the symmetric W-cycle algorithm is a contraction for m =

1. The behavior of the contraction numbers agrees with Remark 4.21, and the

contraction numbers are robust with respect to both 5 and k. The times for one

iteration of the W -cycle algorithm at level 5 (where there are roughly 5 x 10° dofs)

are reported in Table 4.12. They are proportional to m, which confirms the O(n)

complexity of the algorithm.

The performance of the symmetric V-cycle algorithm is similar and we present

the numerical results for m = 2°, --- ;2% in Tables 4.13, 4.14 and 4.16. Again the

symmetric V-cycle algorithm is a contraction for m = 1 and contraction numbers

are robust with respect to both  and k. The times for one iteration of the V-cycle

algorithm at level 5 are reported in Table 4.15.

Table 4.13. Contraction Numbers of V-cycle Algorithm for Example 4.23 (5 =

1072).
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1 2 3 4 ) 6

20 4.74e-01 | 6.71e-01 | 7.03e-01 | 7.11e-01 | 7.13e-01 | 7.13e-01
2! 2.25e-01 | 4.76e-01 | 5.23e-01 | 5.39e-01 | 5.42¢-01 | 5.43e-01
22 5.15e-02 | 2.76e-01 | 3.36e-01 | 3.58e-01 | 3.65e-01 | 3.64e-01
23 4.98e-03 | 1.33e-01 | 1.83e-01 | 2.04e-01 | 2.12¢-01 | 2.10e-01
24 4.62e-05 | 5.88e-02 | 8.40e-02 | 1.03e-01 | 1.09¢-01 | 1.08e-01
25 7.89e-08 | 1.88e-02 | 3.32e-02 | 4.60e-02 | 5.22e-02 | 5.35e-02
26 1.23e-16 | 2.02e-03 | 1.12e-02 | 1.91e-02 | 2.34e-02 | 2.21e-02
27 1.66e-16 | 2.41e-05 | 2.51e-03 | 7.14e-03 | 1.01e-02 | 1.10e-02
28 1.65e-16 | 3.93e-07 | 1.42e-04 | 2.43e-03 | 4.15e-03 | 4.49¢-03

Table 4.14. Contraction Numbers of V-cycle Algorithm for Example 4.23 (5 =
107%).

1 2 3 4 ) 6

20 2.32e-01 | 4.85¢-01 | 5.54e-01 | 6.52e-01 | 7.00e-01 | 7.02e-01
2! 5.41e-02 | 2.59e-01 | 3.61e-01 | 4.77e-01 | 5.37e-01 | 5.48e-01
22 2.92e-03 | 9.33e-02 | 2.00e-01 | 3.23e-01 | 3.72e-01 | 3.80e-01
23 8.16e-06 | 1.48e-02 | 8.37e-02 | 1.92e-01 | 2.28e-01 | 2.31e-01
24 1.03e-11 | 4.70e-04 | 2.33e-02 | 1.01e-01 | 1.16e-01 | 1.19e-01
25 1.36e-16 | 4.11e-07 | 2.95e-03 | 3.95e-02 | 5.48e-02 | 5.13e-02
26 9.35e-17 | 2.16e-13 | 4.39e-05 | 1.38e-02 | 2.08¢-02 | 2.19e-02
27 1.07e-16 | 1.45e-16 | 7.65¢-08 | 3.04e-03 | 6.22e-03 | 7.87¢-03

28 1.03e-16 | 1.44e-16 | 3.18e-15 | 1.91e-04 | 2.01e-03 | 3.46e-03

Table 4.15. The Times for One Iteration of the Symmetric V-cycle Algorithm with
m Smoothing Steps at Level 5 (Unit Cube).

m 20 2! 22 23 24 25 26 27

Times (s) | 7.2e-01 | 1.3¢400 | 2.4e400 | 4.6e4+00 | 9.1e4+00 | 1.8e4+01 | 3.6e+01 | 7.2e+01
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Table 4.16. Contraction Numbers of V-cycle Algorithm for Example 4.23 (5 =
1079).

1 2 3 4 ) 6
m

20 2.91e-01 | 2.65e-01 | 4.35e-01 | 5.38e-01 | 7.64e-01 | 7.72e-01
2! 8.51e-02 | 7.09e-02 | 1.97e-01 | 3.49e-01 | 5.97e-01 | 6.27e-01
22 4.29e-03 | 5.23e-03 | 4.37e-02 | 1.74e-01 | 4.31e-01 | 4.61e-01
23 4.98e-05 | 2.27e-05 | 2.25e-03 | 5.50e-02 | 2.69e-01 | 3.01e-01
24 2.70e-07 | 4.41e-11 | 5.39¢-06 | 5.73e-03 | 1.46e-01 | 1.65e-01
25 1.36e-16 | 1.88e-16 | 1.37e-12 | 8.40e-05 | 5.88¢-02 | 7.19¢-02
26 1.43e-16 | 1.76e-16 | 1.65e-16 | 2.94e-07 | 1.43e-02 | 2.29¢-02
27 1.41e-16 | 1.80e-16 | 1.60e-16 | 2.49e-16 | 8.63e-04 | 4.96e-03
28 1.78e-16 | 1.70e-16 | 1.61e-16 | 2.23e-16 | 6.15e-06 | 5.05e-04

Example 4.24 (L-shaped domain). In this example we consider the L-shaped

domain (0,1)?\ (0.5,1)%. We take ¢ = £[1 0] and v = 0 in (1.1.4), and C; =5

1
2

in (4.1.25). See Figure 3.2 for the initial mesh To. Here €; " is based on a V(1,1)

multigrid solve for (4.1.14).

The contraction numbers for the symmetric V-cycle (resp., W-cycle) algorithm
in the energy norm with 1 pre-smoothing step and 1 post-smoothing step can be
found in Table 4.18 (resp., Table 4.17). The times for one iteration of the multigrid
algorithms at level 6 (where there are roughly 5 x 10* dofs) are also included in
Tables 4.18 and 4.17.

Table 4.17. The Contraction Numbers of the Symmetric W-cycle Algorithm with

m = 1, Together with the Time (in Seconds) for One Iteration of the W-cycle
Algorithm at Level 6 (L-shaped Domain).

k 1 2 3 4 5 6 Time

1072 | 7.97e-01 7.04e-01 6.32e-01 | 6.07e-01 | 6.01e-01 | 5.92e-01 | 1.56e-01
107* | 2.18e-01 | 4.64eaL.S01 | 7.54e-01 | 6.68e-01 | 6.18e-01 | 5.91e-01 | 1.57e-01
107¢ | 4.02e-01 1.63e-01 4.06e-01 | 8.61e-01 | 7.67e-01 | 6.57e-01 | 1.59e-01
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Table 4.18. The Contraction Numbers of the Symmetric V-cycle Algorithm with
m = 1, Together with the Time (in Seconds) for One Iteration of the V-cycle
Algorithm at Level 6 (L-shaped Domain).

k 1 2 3 4 ) 6 Time

1072 | 7.97e-01 | 7.85e-01 | 7.89e-01 | 7.93e-01 | 7.96e-01 | 7.99e-01 | 4.70e-02
107* | 2.18e-01 | 4.67e-01 | 7.56e-01 | 7.57e-01 | 7.64e-01 | 7.71e-01 | 4.73e-02
1075 | 4.02e-01 | 1.62e-01 | 4.20e-01 | 8.62e-01 | 8.40e-01 | 8.36e-01 | 4.74e-02

Remark 4.25. Numerical results indicate that our multigrid algorithms are ro-
bust for monconvexr domains. Moreover, our symmetric multigrid algorithm is a

contraction with m = 1.

Example 4.26 (Comparison with preconditioned GMRES). In this example we
compare our W -cycle algorithm with preconditioned GMRES with restart after 10
iterations (PGMRES(10)). See Section 2.6.2 for details of GMRES.

In the case of unit square @ = (0,1)%, we take ¢ = L[1 0)', v = 0 and yq =

1
2
21(1 — x1)22(1 — 22) in (1.1.4), and Cy = 5 in (4.1.25). In the case of unit cube

Q= (0,1)%, we take ¢ = 3[1 1 1], v =0 and yqg = 1 in (1.1.4), and Cy = 4 in

1

(4.1.25). We set the tolerance in Euclidean norm to be 107° for both methods.
Here the preconditioner €, in our multigrid method is based on a V(1,1) or

V(2,2) multigrid solve for (4.1.14). We used symmetric V -cycle algorithm with

4 pre-smoothing steps and /4 post-smoothing steps as the left preconditioner for

GMRES.

The computational times (in seconds) for unit square case are presented in Table
4.19 (where there are about 1.7 x 107 dofs). The computational times (in seconds)
for unit cube case are presented in Table 4.20 (where there are about 4.0 x 10°

dofs). We do not include GMRES and GMRES(k) (cf. Section 2.6.2) because they

fail to solve the problems at fine levels where the condition number of the system

96



is large. Meanwhile, we observe that our W-cycle algorithm and PGMRES(10)
are comparable with respect to computational times. These numerical results also
indicate that our multigrid methods can serve as good preconditioners for other

iterative methods.

Table 4.19. Computational Times of the Symmetric W-cycle Algorithm with m
Smoothing Steps and PGMRES(10) at Level 11 (Unit Square).

Use V(1,1) for €, "

1 2 4 | PGMRES(10)

1072 [ 5.0e4+02 | 5.9¢4+02 | 8.0e+02 5.5¢+02
107% | 4.4e+02 | 5.6e+02 | 7.6e+02 5.2e+02
1078 | 3.5e+02 | 3.9e4+02 | 5.4e+02 4.8e+02
Use V(2,2) for ¢;*

1 2 4 | PGMRES(10)

1072 | 4.3e4+02 | 5.8¢+02 | 6.8e+02 5.5e+02
107% | 4.3e4+02 | 5.5e+02 | 7.2e+02 5.1e+02
1078 | 3.2e+02 | 3.7e+02 | 4.8e+02 4.7e+02

Table 4.20. Computational Times of the Symmetric W-cycle Algorithm with m
Smoothing Steps and PGMRES(10) at Level 6 (Unit Cube).

Use V(1,1) for ¢;°

1 2 4 PGMRES(10)

1072 | 4.5e+02 | 4.5e+02 | 4.3e+02 4.4e+02
107% | 4.5e+02 | 4.4e+02 | 4.3e+02 4.4e+4-02
1078 | 3.4e+02 | 3.4e+02 | 3.5e+02 2.4e+402
Use V(2,2) for ¢;*

1 2 4 PGMRES(10)

1072 | 3.1e+02 | 3.1e+02 | 3.2e+02 3.5e+02
1074 | 3.1e4+02 | 3.1e+02 | 3.5e+02 4.2e4+02
1078 | 2.5e+02 | 2.5e+02 | 2.9e+02 2.5e+02
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Chapter 5

Multigrid Methods for Elliptic Optimal Control Problems
with Pointwise State Constraints

In this chapter we discuss multigrid methods for (1.1.3)—(1.1.5) based on the P,

finite element methods introduced in Section 3.2. We assume ¢ = 0 and v = 0 for

simplicity. Throughout the chapter we focus on the finite element method (3.2.8).
Recall the discrete problem (3.2.8) is ,

_ 1 Box . %
Yp = argmin *(yh — Yd, Yn — yd)h + *(Ahy}w Ahyh)h )
yn€EKp 2 2

where

Kn={y €V, :y, <1 at the vertices of T}.

Let Ay, be the stiffness matrix representing the bilinear form (V-, V) 2(q) with
respect to the nodal basis of V, and M), be the diagonal matrix representing the
bilinear form defined by (3.2.4). Then the matrix representing Ay is given by
—M; A,

We can rewrite (3.2.8) in matrix form, namely,

< 1 ~ B ~ o~
Yy = arginj,n §(Yh —ya)" My, (yn — ya) + §y2Ath1Mth ALy
Y

1 o N N
= argmin iyz [ﬁAth A, + Mh} Yo — ¥r(Myya)

yn<p

1 -
= argmin fy};Bhyh — y}iyd, (5.0.1)
Yt 2

where B;, = ﬁAhl\N/I,leh + 1\N/Ih and yg = l\N/Ihyd. Note that By, is SPD. Moreover,

By, is available due to the mass lumping technique (3.2.4) (cf. Remark 3.11).

Remark 5.1. Let My, be the mass matriz represents the bilinear form (-,-)r2(q)
with respect to the nodal basis of Vi,. The matriz form of the discrete problem (3.2.7)

is the followinyg,

_ o1 -
Yy, = argmin EyZBth — yﬁbyd, (5.0.2)
Yy
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where By, = 5Ah1T/IglAh + My, and y4 = My,.
5.1 Primal-dual Active Set Algorithm
Our goal is to solve (5.0.1) efficiently. One of the most efficient methods is a
primal-dual active set strategy (PDAS) which was developed in [12, 66, 67, 9, 10].
PDAS is an active set strategy involving primal as well as dual variables. This
method is related to the early work [61]. It was also shown that it is related
to the semismooth Newton method [63]. For convergence properties, we refer to
[12, 66, 67, 9, 10, 63, 68] and the references therein.

We illustrate the primal-dual active set strategy by a simple example (cf. [63]).
Consider the following finite dimensional minimization problem,

minJ(y):;(yvAy)_(f’y)’ (5.1.1)

subject to y < 1,

where A € R™" is SPD, f,¢ € R™ and (-, -) denotes the inner product in R™. The

optimality system for (5.1.1) is

Ay+ A=, (5.1.2)

y<vY, x>0, (\y—v)=0, (5.1.3)

where y is the primal variable and A is the dual variable. The key observation

[10, 12] is that (5.1.3) is equivalent to
A =max(0, A+ c(y — ¢)) (5.1.4)

for any ¢ > 0, where the max-operation is understood componentwise. Hence

(5.1.2)—(5.1.3) is equivalent to

AA=s (5.1.5)

A =max(0, A + c(y — ).
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The primal-dual active set method is based on utilizing (5.1.4) as a prediction
strategy. Given a current primal-dual pair (y, A), the choice for the next active and

inactive set is given by

IT={i:N+cly—2); <0} and A={i:\+c(y—1); >0} (5.1.6)
Note that by (5.1.3), the definition (5.1.6) is equivalent to

IT={i:N=0andy <t} and A={i: )\ >0andy =1} (5.1.7)

Hence when a node is active, the primal variable equals to the obstacle. Using

(5.1.6) we have the following algorithm [63].

Algorithm 5.1 Primal-Dual Active Set Algorithm

. Initialize 3%, \Y. Set k = 0.

s Set Ty, = {i : A+ c(yf —); <0} and Ay = {i: \F + c(yF — ), > 0}
. Solve AyF*t 4 N+l = f b+l — 9 on A, N1 =0 on I,.

. Stop, or set k = k + 1 and return to step 2.

=W N

Remark 5.2. The primal-dual active set algorithm terminates if the active set and
inactive set stop changing. In practice, we choose a large constant c, for example,
108, to get better prediction of the active/inactive sets. It is shown in [63], the
primal-dual active set algorithm converges if the initial quess is sufficiently close
to the true solution (with respect to usual Euclidean norm) and the convergence is

superlinear. This is similar to the behavior of the classical Newton’s method.

5.2 Primal-dual Active Set Algorithm with Multigrid Solver
It is easy to see that (5.0.1) is of the form (5.1.1). Hence we apply Algorithm 5.1

to (5.0.1) and obtain the following algorithm.
1. Given an initial guess (yo, Ag) where Ag > 0, we define

Ao = {7 €n: X)) +c(yolh) — () > 0},

o = {jen: () +clyoli) — () <0} =n\A.
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2. For £ > 1 we recursively solve the system

Bryr+ A = Y, (5.2.1a)
ye = % on Ay, (5.2.1b)
)\k = 0 on Ik—l- (521C)

3. Then update the active set and inactive set by

A = {jen: () +clyn(h) — () > 0},
I = {jen: () +clyr(d) — () <0} =n\ A
Here n = {1,2,...,dim V},}.

Note that the most expensive step of the algorithm is to solve the equation

(5.2.1a). Furthermore we can rewrite (5.2.1) by using Z and .4, as index sets,

Yi)ae: = Ya, .

()‘k)IkA = 07
(Bh)qufkﬂ(yk)fkq - (yd>Ik—1 - (Bh)Ik,lAk,I’l/’Ak,N (522)
(Ak)Ak—l = (S’d)Ak_l - (Bh}’k)Ak_l-

It is clear that (5.2.2) is a reduced system that we need to solve during each
PDAS iteration. In practice, this system becomes harder to solve when the mesh
size h is small, especially in three dimensions. Our goal is to design multigrid solver
for the reduced system (5.2.2). Let V}, be the finite element space at refinement
level r and Z, be the inactive set Z,_; for a particular k. The general system we

want to solve is

Let the output of the W-cycle multigrid method at level r be denoted by

MGw (r,g,¥0,m1, m2,Z,) where g is the right-hand side, y, is the initial guess,
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my(resp., my) is the number of pre-smoothing (resp., post-smoothing) steps and
7. is the inactive set at level r. We use direct solve when r < 2 to avoid empty
inactive set at initial level and level 1. It is possible to have empty inactive set at
low levels since the problem size is very small. When r > 2 the W-cycle algorithm

for the system (5.2.3) is as follows.

e Pre-Smoothing. For 1 < j < my,

s, =% +%(gn —Brryr ), (5.2.4)

where 7, is the damping factor in Richardson iteration.

e Coarse-Grid Correction. First we calculate the residual of the system (5.2.3),
£, — gz, — Broy. (5.2.5)

Then we extend the residual to all grid points, namely
f=f +f4, (5.2.6)

where f4, = 0. After that we transfer the residual to level (r — 1). Suppose the

matrix represents the coarse-to-fine operator I, is I'_,, we have

g = (I_)'F. (5.2.7)

Then we generate the coarse level inactive set Z,_; from the current inactive
set Z.. We use the same procedure in [65, 69, 72|. Specifically, on level r — 1 we
only label a node as inactive when it is inactive on level r together with all its
neighbors. See Figure 5.1 for a simple example. If the red node and all the black

nodes are inactive at level r, then the red node is inactive at level » — 1 since it is

102



Figure 5.1. Inactive Nodes.

inactive at level r with all its neighbors. Once we obtain the inactive set Z,_; we

perform the following,

q/IT,l = MGW(T - 17g/707m17m2a17"—1)a

az,._, = MGWO"_17g/7q,IT_17m17m27Ir—1)-

Then we extend qz,_, to all grid points by

q=4qr,_, + 94,1, (5.2.8)

where q4,_, = 0. At last let
v =y + (d)z, (5.2.9)

e Post-Smoothing. For m; +2 < j < mj +mgy + 1,

1, =v7, +(er, —Brzyr ). (5.2.10)

Remark 5.3. In practice, in order to generate the inactive set Z,_1 from L., we
assign a vector v with 1s at A, and 0s at Z., calculate v/ = (I'_;)*v and designate

the nodes with zero entries in v' as inactive at level r — 1.

Remark 5.4. We choose v, = in the pre-smoothing step (5.2.4) and the

c
Bh?+h2
post-smoothing step (5.2.10) where C' is a constant, h, is the mesh size at level r.

This is due to the fact p(~,.Bp) < 1. Alternatively, let Bz,z. = D + L+ U, we can
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replace the pre-smoothing step (5.2.4) and the post-smoothing step (5.2.10) by the

following symmetric Gauss-Seidel iteration (cf. Section 2.5.2).
vl =y '+ (U+D)'DL+D) ' (gr. - Brryl ). (5.2.11)

The advantage of using symmetric Gauss-Seidel iteration (SGS) as smoothers is

that we do not need to choose the parameter ~,.

Overall, the primal-dual active set algorithm with multigrid solver for (5.0.1) is

described in Algorithm 5.2.

Algorithm 5.2 PDAS Algorithm with Multigrid Solver for (5.0.1) at Level r.
1: Initialize (yo, Ag) where Ag > 0, ¢ and ¢. Given 1. Compute

Ao = {7 en:(d) +clyold) — () > 0},
Z{] = Il\.Ao.

For k > 1, (yk)Ak,1 < 1:0./419717 ()\k)kal 0.
Let Z, =741 and A, = A;_;.
f < (Fa)z, — Bz, 4,4,
repeat

(Yi)z, < MGw(r.f,(yk)z,, m1,ms,I,)
until ”f_BIr”Ifr”(}’k)IrH <e

(Ak)Akq — (yd)Ak—l - (Byk)-Ak—l'
Update the active and inactive sets

A = {7 en: () +clye(h) — () > 0},
Ik = U\AQ.

10: Stop when Ay = Aj_1 or go to step 2.
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Remark 5.5. As we mentioned in Remark 5.2, PDAS converges if the initial
guess is sufficiently close to the true solution. Hence the choice of the initial guess
(0, Xo) in Algorithm 5.2 is important. In practice, we solve the problem at level 0
with zero initial guess and use that as the initial solution for level 1. In general,
we use the solution at level r — 1 as the initial guess for level r.

5.3 Numerical Results

In this section we present the numerical results of the symmetric W-cycle algorithm
for (5.0.1) on two and three dimensional domains. We compute the contraction
numbers using similar strategy in Algorithm 4.1. We employed the MATLAB/C++

toolbox FELICITY [101] in our computations.

Example 5.6 (No State Constraints). In this example we consider an extreme
case which no state constraints are imposed in (3.2.8). Hence it is equivalent to
solve the following system,

Byyn =Y. (5.3.1)

where B, = 5Ah1\N/I,71Ah + l\N/Ih and yg = l\N/Ihyd. Our W -cycle algorithm can still
apply to (5.3.1) (A, = @). We take Q = (0,1)? and B = 1. We use symmetric
Gauss-Seidel iteration (5.2.11) as smoother in this example. See Figure 2.2 for the
meshes. In this case My, is a multiple of the identity matrixz since every interior

node has six triangles around it.

We report the contraction numbers of our W-cycle algorithm in Table 5.1. It is
clear that our W-cycle algorithm is a contraction when m = 1 and the behavior of
the contraction numbers agrees with the standard O(m’%) multigrid performance

for fourth order problems [25].
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Table 5.1. Contraction Numbers of W-cycle Algorithm for Example 5.6.

k 1 2 3 4 5 6

20 2.85e-01 | 3.64e-01 | 4.10e-01 | 4.23e-01 | 4.24e-01 | 4.27e-01
2! 8.92e-02 | 1.66e-01 | 2.05e-01 | 2.19¢-01 | 2.26e-01 | 2.26e-01
22 1.501e-02 | 8.50e-02 | 1.27e-01 | 1.43e-01 | 1.47e-01 | 1.51e-01
23 1.84e-03 | 5.42e-02 | 8.57e-02 | 1.02e-01 | 1.04e-01 | 1.07e-01
24 4.10e-05 | 3.78e-02 | 5.19e-02 | 7.02e-02 | 7.18e-02 | 7.50e-02
2° 2.98e-08 | 2.13e-02 | 3.69e-02 | 4.83e-02 | 4.89e-02 | 5.18e-02
26 1.81e-15 | 6.87e-03 | 2.13e-02 | 2.75e-02 | 3.70e-02 | 3.60e-02

Example 5.7 (Disk Active Set [34, Example 7.1)). In this example we take Q =
[—4,4)%, B=1 and ¢ = |x|* — 1. We use y; in Example 3.17 here.

We take c = 10%, e = 107® in Algorithm 5.2 and v, = 0.015h2 in smoothing steps
(5.2.4) and (5.2.10). 7, is a regular triangulation of the domain Q) (see Figure 2.2).

In this example the resulting active set is a disk which is depicted in Figure 5.2.

Figure 5.2. Disk Active Set.

We report the contraction numbers of the symmetric W-cycle algorithm in Ta-
bles 5.2-5.5. At each level, we compute the contraction numbers in each PDAS

iterations with smoothing steps m = 2!,22 23, We use Richardson iteration and
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symmetric Gauss-Seidel iteration as smoothers. We need k£ PDAS iterations to ob-
tain the solution at each level. The number k varies from level to level and hence
the tables have different number of rows. The results start from level 4 since we
take level 2 as the coarsest level. We observe that our symmetric W-cycle algorithm
is a contraction with m = 2 for both smoothers. The performance of our multigrid
algorithm with SGS is clearly better. See Figure 5.3 for an example of the active

sets at different levels generated by the multigrid algorithm.

Table 5.2. Level 4 Contraction Numbers for Example 5.7.

Richardson SGS
21 22 23 21 22 23
k=11]6.66e-01 | 4.69e-01 | 2.80e-01 | 4.15e-01 | 2.52e-01 | 1.89¢-01
=2 | 832e-01 | 7.13e-01 | 5.72e-01 | 6.85e-01 | 5.17e-01 | 3.73e-01
k=318.32e-01 | 7.13e-01 | 5.72e-01 | 6.88¢e-01 | 5.15e-01 | 3.73e-01

Table 5.3. Level 5 Contraction Numbers for Example 5.7.

Richardson SGS
2! 22 23 2! 22 23
7.62e-01 | 5.98e-01 | 4.07e-01 | 4.78e-01 | 3.33e-01 | 2.68e-01
8.96e-01 | 8.21e-01 | 7.29e-01 | 7.97e-01 | 6.76e-01 | 5.65e-01
8.96e-01 | 8.21e-01 | 7.29¢-01 | 7.98¢e-01 | 6.77e-01 | 5.65e-01
8.96e-01 | 8.21e-01 | 7.29e-01 | 7.95e-01 | 6.77e-01 | 5.65e-01

=

ol I N
I
= W] DN

Table 5.4. Level 6 Contraction Numbers for Example 5.7.

Richardson SGS
2! 22 23 2! 22 23
k=1]0921e-01 | 8.45e-01 | 7.34e-01 | 8.19¢-01 | 6.83e-01 | 5.35e-01
k=2]|879-01 | 7.83e-01 | 6.54e-01 | 7.65e-01 | 6.09e-01 | 4.61e-01
k=3 889-01 | 8.03e-01 | 6.98e-01 | 7.79e-01 | 6.44e-01 | 5.26e-01
k=41 89201 | 8.08¢-01 | 7.07e-01 | 7.80e-01 | 6.51e-01 | 5.36e-01
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Table 5.5. Level 7 Contraction Numbers for Example 5.7.

Richardson

SGS

21

=

22

23

21

22

23

9.10e-01

8.31e-01

7.18e-01

8.06e-01

6.65e-01

5.30e-01

9.27e-01

8.66e-01

7.99e-01

8.53e-01

7.57e-01

6.60e-01

9.36e-01

8.83e-01

8.22e-01

8.69e-01

7.84e-01

6.96e-01

9.33e-01

8.83e-01

8.23e-01

8.69e-01

7.83e-01

6.94e-01

9.35e-01

8.83e-01

8.23e-01

8.69e-01

7.83e-01

6.95e-01

9.31e-01

8.85e-01

8.23e-01

8.68e-01

7.81e-01

6.93e-01

9.32e-01

8.85e-01

8.23e-01

8.68e-01

7.81e-01

6.92e-01

9.35e-01

8.87e-01

8.24e-01

8.69e-01

7.83e-01

6.94e-01

eI S S B B B B
|
©o| | | o G | w| | =

9.35e-01

8.87e-01

8.24e-01

8.68e-01

7.83e-01

6.95e-01

xxxxx

44444

T

)

Figure 5.3. Active Sets for Example 5.7 at Different Levels.

Example 5.8 (Disjoint Active Set [36, Example 4]). In this example we take
Q=10,1)%, yq = sin(4rzy)+ 1.5, ¢ = 1 and 8 = 10~* in (3.2.8). Other parameters

are identical as those of Example 5.7. In this example the resulting active set is

disjoint which is shown in Figure 5.4.
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We report the contraction numbers of the symmetric W-cycle algorithm for
Example 5.8 in Tables 5.6-5.9. We observe that our symmetric W-cycle algorithm
is a contraction with m = 2 for both smoothers. Again, our multigrid algorithm
with SGS has better performance with respect to the contraction numbers. See

Figure 5.5 for an example of the active sets at different levels generated by the

multigrid algorithm.

Figure 5.4. Disjoint Active Set.

L L L I I I L
0 01 02 03 04 0.5 06 07 08 09
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Table 5.6. Level 4 Contraction Numbers for Example 5.8.

Richardson SGS
2! 22 23 2! 22 23
k=11|7.74e-01 | 5.98e-01 | 3.83e-01 | 4.20e-01 | 2.18e-01 | 1.80e-01
k=21 8.06e-01 | 6.74e-01 | 5.21e-01 | 6.39e-01 | 4.56e-01 | 3.24e-01
k=3 8.64e-01 | 7.64e-01 | 6.30e-01 | 7.14e-01 | 5.58e-01 | 4.14e-01
Table 5.7. Level 5 Contraction Numbers for Example 5.8.
Richardson SGS
2! 22 23 2! 22 23
k=11T777e-01 | 6.04e-01 | 4.49e-01 | 5.35e-01 | 3.98e-01 | 3.01e-01
k=2 | 888e-01 | 7.91e-01 | 6.53e-01 | 7.57e-01 | 6.06e-01 | 4.59e-01
k=3 | 8.88e-01 | 7.94e-01 | 6.72e-01 | 7.60e-01 | 6.15e-01 | 4.80e-01
k=41 8.93e-01 | 8.07e-01 | 6.95e-01 | 7.71e-01 | 6.30e-01 | 5.07e-01
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Figure 5.5. Active Sets for Example 5.8 at Different Levels.

Table 5.8. Level 6 Contraction Numbers for Example 5.8.

Richardson

SGS

=

21

22

23

21

22

23

8.07e-01

6.55¢e-01

4.52e-01

5.54e-01

3.73e-01

3.19e-01

9.08e-01

8.31e-01

7.09e-01

8.04e-01

6.62e-01

5.14e-01

9.06e-01

8.26e-01

7.15e-01

8.01e-01

6.73e-01

5.51e-01

9.08e-01

8.30e-01

7.16e-01

8.03e-01

6.71e-01

5.46e-01

ol = ol Rl I N
I
Y | W DN =

9.08e-01

8.30e-01

7.16e-01

8.03e-01

6.72e-01

5.47e-01

Table 5.9. Level 7 Contraction Numbers for Example 5.8.

Richardson

SGS

21

22

23

21

22

23

8.17e-01

4.71e-01

5.82¢e-01

6.45¢-01

9.36e-01

4.06e-01

9.16e-01

8.49e-01

7.40e-01

8.27e-01

6.96e-01

5.48e-01

9.17e-01

8.50e-01

7.43e-01

8.27e-01

6.95¢e-01

5.57e-01

9.16e-01

8.51e-01

7.43e-01

8.29e-01

7.00e-01

5.56e-01

9.15e-01

8.47e-01

7.37e-01

8.25e-01

6.92¢-01

5.51e-01

9.15e-01

8.48e-01

7.38e-01

8.26e-01

6.94e-01

5.53e-01
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Example 5.9 (Active Set with Empty Interior [35, Example 3|). In this ezample
we take Q =[0,1]2, B =1, ¢ = 1—5|z|*— |z|* and yq = 0 in the following problem
which is very similar to (3.2.8),

] e I
yp = argmin | = (yn — Ya, Yn — Ya)n + = (DnYn, Dnyn)n| ,
Y€Ky, 2 2

where

Kn={yeV,:yp, > at the vertices of Tp}.

Notice that the only difference is that v is a lower bound of y, instead of an upper
bound. PDAS can be easily altered to handle this problem, specifically, use the

following definition of active and inactive sets,

Ay

{7 en: X)) + clyr(y) —2(j)) <0},

Ik = ﬂ\.Ao.

We refer to [35, Example 3] for more details about this example. In Figure 5.6, it

shows that the active set in this example has an empty interior.

Figure 5.6. Active Set with Empty Interior.

We report the contraction numbers of the symmetric W-cycle algorithm at level

7 (where there are roughly 6.5 x 10* dofs) in Table 5.10. For simplicity, we omit
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results from other levels. It takes 33 PDAS iterations to converge at level 7, we
include the contraction numbers of first and last three iterations since other con-
traction numbers are similar. We observe that the symmetric W-cycle algorithm
is a contraction with m = 2. See Figure 5.7 for an example of the active sets at

different levels generated by the multigrid algorithm.

Table 5.10. Level 7 Contraction Numbers for Example 5.9.

Richardson SGS
21 22 23 21 22 23
k=1 | 9.50e-01 | 9.09¢-01 | 8.63e-01 | 8.26e-01 | 7.58¢-01 | 6.85e-01
k=2 |9.09-01 | 8.44e-01 | 7.66e-01 | 7.10e-01 | 6.11e-01 | 4.99¢-01
k= 9.52e-01 | 9.38¢-01 | 9.37e-01 | 9.33e-01 | 8.98¢-01 | 8.56e-01

k=311 9.48e-01 | 9.36e-01 | 8.96e-01 | 8.59e-01 | 7.99e-01 | 7.34e-01
k=321 9.39-01 | 9.20e-01 | 8.95e-01 | 8.67e-01 | 8.05e-01 | 7.33e-01
k=331 9.41e-01 | 9.17e-01 | 8.80e-01 | 8.46e-01 | 7.78e-01 | 7.00e-01

Figure 5.7. Active Sets for Example 5.9 at Different Levels.
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Figure 5.8. Active Set in a L-shaped Domain.

Example 5.10 (L-shaped Domain [27, Example 6.1]). In this ezample we take

Q=(0,1)2\(05,1)2 8=1, ¢ = [(E22)2 4 (222)2] — 1 and yy = 0 in (3.2.8).

Figure 5.8 shows the active set of this example.

Figure 5.9. Active Sets for Example 5.10 at Different Levels.

We report the contraction numbers of the symmetric W-cycle algorithm at level
7 (where there are roughly 2 x 10° dofs) in Table 5.11. The numerical results

indicate that our algorithm is a contraction with m = 2 on nonconvex domain.
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See Figure 5.9 for an example of the active sets at different levels generated by the

multigrid algorithm.

Table 5.11. Level 7 Contraction Numbers for Example 5.10.

Richardson SGS
2! 22 23 2! 22 23
9.29e-01 | 8.71e-01 | 8.12e-01 | 8.54e-01 | 7.80e-01 | 6.94e-01
9.11e-01 | 8.20e-01 | 7.45e-01 | 7.76e-01 | 6.73e-01 | 5.67e-01
9.33e-01 | 8.71e-01 | 8.12e-01 | 8.46e-01 | 7.72e-01 | 6.86e-01
9.17e-01 | 8.32e-01 | 7.19e-01 | 7.66e-01 | 6.43e-01 | 5.13e-01
9.20e-01 | 8.49e-01 | 7.73e-01 | 8.04e-01 | 7.09e-01 | 6.15e-01
9.25e-01 | 8.47e-01 | 7.42e-01 | 7.86e-01 | 6.71e-01 | 5.58e-01
9.28e-01 | 8.64e-01 | 7.79¢e-01 | 8.15e-01 | 7.10e-01 | 6.01e-01
9.23e-01 | 8.43e-01 | 7.31e-01 | 7.64e-01 | 6.36e-01 | 5.15e-01
9.24e-01 | 8.51e-01 | 7.50e-01 | 7.83e-01 | 6.63e-01 | 5.45e-01
9.23e-01 | 8.46e-01 | 7.36e-01 | 7.69e-01 | 6.42e-01 | 5.20e-01
k=111 9.25e-01 | 8.53e-01 | 7.54e-01 | 7.93e-01 | 6.75e-01 | 5.54e-01
k=12 | 9.25e-01 | 8.52e-01 | 7.53e-01 | 7.93e-01 | 6.75e-01 | 5.54e-01
k=13 | 9.24e-01 | 8.51e-01 | 7.54e-01 | 7.93e-01 | 6.75e-01 | 5.54e-01

=

T x| | | | | | | |
I
O Co| | O O &= Wl N =

I
—_
=)

Example 5.11 (Cube [34, Example 7.5]). In this ezample we take Q = [—4,4]3,
B=1,v = |z|* =1 and use identical yq in Example 5.7 except replacing w(x) with

w(z) =2 sm(g(ggl +4)) sin(g(:cg +4)) Sin(g(aﬁg +4)).

This example is a three dimensional generalization of Example 5.7 (cf. [34, Example
7.5]). We set the coarsest level to be level 1 for this example. Figure 5.10 shows the

ball-shaped active set.

We briefly report the contraction numbers of the symmetric W-cycle algorithm
at level 5 (where there are roughly 2.5 x 10° dofs) in Table 5.11. It is clear that
the algorithm is a contraction with m = 2. See Figure 5.11 for an example of the

active sets at different levels generated by the multigrid algorithm.
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Figure 5.10. Active Set in a Cube.

Table 5.12. Level 5 Contraction Numbers for Example 5.11.

Richardson

SGS

21

=

22

23

21

22

23

9.60e-01

9.17e-01

8.46e-01

7.70e-01

6.72e-01

5.71e-01

9.60e-01

9.26e-01

8.66e-01

8.04e-01

7.17e-01

6.23e-01

9.45e-01

8.96e-01

8.18e-01

7.43e-01

6.47e-01

5.52e-01

9.45e-01

8.97e-01

8.19e-01

7.43e-01

6.46e-01

5.49e-01

Rl Il S N
I
O =] W] N =

9.45e-01

8.97e-01

8.19e-01

7.44e-01

6.46e-01

5.49e-01

Example 5.12 (Comparison with preconditioned MINRES). In this example we
compare the computational time of our W-cycle algorithm with that of the precon-

ditioned MINRES (cf. Section 2.6.1). We use V(1,1) with SGS smoothers as the

left preconditioner of MINRES in two dimensions and three dimensions.

We report the computational times of Example 5.7 (resp., Examples 5.8) at level

8 (where there are roughly 2.6 x 10° dofs) in Table 5.13 (resp., Table 5.14) where

m = 2,22 for Richardson smoothers and m = 2°, 2! for SGS smoothers.

We observe that our W-cycle algorithm with 2 SGS smoothing steps are faster
than PMINRES with respect to the total computational time. For each PDAS

iteration, our W-cycle algorithm becomes faster while PMINRES has similar per-

115




Figure 5.11. Active Sets for Example 5.11 at Different Levels.

formance. The numerical results also indicate that our multigrid algorithm with

SGS smoothers can be used as preconditioners for other iterative methods.

Table 5.13. Level 8 Computational Times (in Seconds) for Example 5.7.

Richardson SGS PMINRES
2! 22 20 2! -
k=11 48.0248 | 37.7692 | 32.4575 | 27.5180 | 18.3618
k=2|47.1066 | 35.9143 | 31.4178 | 29.0540 | 18.0510
34.4820 | 27.9079 | 25.8978 | 22.9460 | 17.7606
k=4 |275818 | 22.6635 | 22.1258 | 17.6000 | 18.2602
25.9348 | 20.2082 | 19.6119 | 15.8561 18.1571
k=6 |18.6314 | 14.2765 | 13.3810 | 11.5135 | 19.2007
k=T7114.2909 | 11.3900 | 10.9514 | 8.8073 22.0979
k=8| 13.3463 | 10.8952 | 10.6121 | 8.8232 20.8777
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Table 5.14. Level 8 Computational Times (in Seconds) for Example 5.8.

Richardson SGS PMINRES
2! 22 20 2! -
kE=1119.9301 | 17.8965 | 8.8707 | 7.6867 8.6414
=2 | 20.0603 | 17.3770 | 12.9998 | 10.7860 | 14.7845
k=3 | 7.8013 | 6.0977 | 5.4200 | 4.5432 14.7572
=41 4.9935 | 3.9591 | 1.4424 | 3.0455 14.7656
E=5| 1.6861 | 1.3349 | 0.9701 | 1.5330 14.8192
k=6 0.5818 | 0.8961 | 0.0334 | 0.7930 14.8007

We also provide the comparison results for Example 5.11 at level 5 and level 6
(about 2.05x 10° dofs) in Tables 5.15 and 5.16. We also include the built-in function
backslash in MATLAB which is a sparse direct solver. Backslash cannot solve the
problem in a reasonable time at level 6 thus we ignore the results. As we can see
in the numerical results, our W-cycle algorithm and the PMINRES have better
performance than backslash at level 5 and level 6 which agree with the discussion
in Section 5.2. Meanwhile, PMINRES is more efficient than W-cycle algorithm
at level 5 and level 6. But since W-cycle algorithm is an O(n) algorithm while
MINRES is not, the gap between PMINRES and W-cycle algorithm will decrease

as we increase levels.

Table 5.15. Level 5 Computational Times (in Seconds) for Example 5.11.

Backslash | SGS (m =2) | PMINRES
k=11 109.4605 52.1178 19.4686
k=2 99.8426 D7.7145 19.9472
k=3 106.9629 41.2576 17.9270
k=41 101.8495 34.5839 18.6486
k=51 101.2255 19.5259 18.6386
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Table 5.16. Level 6 Computational Times (in Seconds) for Example 5.11.

Backslash | SGS (m = 2) | PMINRES

k=1 - 757.2665 248.4203
k=2 - 817.2732 254.4706
k=3 - 957.6223 270.2558

- 558.7001 231.6902
k=5 - 526.7740 246.9906
k= - 417.7242 253.9759
k= - 263.6513 253.8082
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