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Towards a reduced phase space quantization in loop quantum cosmology with
an inflationary potential

Kristina Giesel1,∗ Bao-Fei Li 2,† and Parampreet Singh2‡

1 Institute for Quantum Gravity, Department of Physics,
FAU Erlangen-Nürnberg, Staudtstr. 7, 91058 Erlangen, Germany

2 Department of Physics and Astronomy,
Louisiana State University, Baton Rouge, LA 70803, USA

We explore a reduced phase space quantization of loop quantum cosmology (LQC) for a
spatially flat FLRW universe filled with reference fields and an inflaton field in a Starobinsky
inflationary potential. We consider three separate cases in which the reference fields are
taken to be the Gaussian dust, the Brown-Kuchař dust, and massless Klein-Gordon scalar
reference fields respectively. This is a “two-fluid” model in which reference fields act as
global clocks providing a physical time in an inflationary spacetime, and allow bypassing
various technical hurdles in conventional quantum cosmological models. The reduced phase
space is obtained in terms of the Dirac observables of the gravitational as well as the inflaton
degrees of freedom. The physical Hamiltonians of the two dust models take the same form
but turn out to be quite different from that of the Klein-Gordon reference field which reflects
an aspect of the multiple choice problem of time. Loop quantization is implemented using
the so-called µ̄ scheme and the Schrödinger equations involving the physical Hamiltonian
operators generating the evolution in the physical time in the dust and massless Klein-
Gordon models are obtained. These turn out to be quantum difference equations with
same non-singular structure as for other models in LQC. We study some phenomenological
implications of the quantization using the effective dynamics resulting from the reduced
phase space quantization including the resolution of the big bang singularity via a quantum
bounce, and effects of the different reference fields on e-foldings in both the pre-inflationary
and the slow-roll inflationary phases. We find that different clocks, even when starting with
a small but same energy density, can leave tiny but different imprints on the inflationary
dynamics. In addition, for Brown-Kuchař dust, the choice of a negative energy density can
result in a cyclic evolution before the onset of inflation constraining certain values for ideal
clocks.

I. INTRODUCTION

The problem of time in canonical quantum gravity is complex and comes in different forms,
which include the existence of a global time, and the multiple choice problem [1]. Since these
issues affect the way one interprets predictions from quantum gravity and quantum cosmology,
they are necessary to be squarely addressed to obtain a consistent dynamics and phenomenology.
In the quantization of GR as a totally constrained system, a related important issue which one
encounters is to find the physical Hilbert space equipped with a physical inner product. In general,
this is a non-trivial task, such as in the Dirac’s method of the quantization of constrained systems
where it requires a successful implementation of the refined algebraic quantization or the group
averaging procedure [2]. In certain situations, which are of significant physical interest, all above
issues need to be addressed together. One such situation arises in the presence of inflationary
potentials where these issues become intricate, such as what is the choice of appropriate clocks,
how to satisfy a global time requirement in inflationary dynamics and how it affects unitarity, and
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how to construct the associated conserved physical inner product.
To overcome the problem of time in quantum gravity, a strategy is the relational formalism

in which reference fields are introduced to extract dynamics of the remaining degrees of freedom
[1, 3–6]. Relevant observables can be constructed from phase space functions via an observable
map introduced in [3, 4]. The resulting gauge-invariant quantities, so-called Dirac observables
Poisson commute with all first class constraints. The relational formalism has been successfully
used in various settings to extract dynamics in GR [5, 7–15], scalar-tensor theories [16], Lemâıtre-
Tolman-Bondi spacetimes [17], loop quantum gravity (LQG) [18–25] and quantum cosmological
models (see for eg. [26, 27]). The latter provide a simpler setting where the Gauss and spatial-
diffeomorphisms are fixed in a symmetry reduction, and a single massless scalar field is most widely
used as a reference field both in the Wheeler-DeWitt quantum cosmology [27] and LQC [26, 27].
In LQC, the relational dynamics has so far been used in absence of any scalar potential and
physical evolution has been explored for various spacetimes [26, 27]. Expectation values of Dirac
observables, such as volume and energy density, show that the big bang singularity is resolved
via a quantum bounce occurring when the spacetime curvature reaches Planckian values. Using
consistent histories formulation, probability for bounce to occur turns out to be unity [28]. Based
on these results various extensions have been successfully pursued, including investigations on a
generic resolution of singularities [29, 30], quantization of anisotropic models [31], inclusion of
inhomogeneities in Gowdy models [32, 33], and various phenomenological implications have been
studied (see [34] for a review). Despite this remarkable success, it is difficult to adopt above
strategy to inflationary spacetimes because of a resulting time-dependent Hamiltonian constraint
if one employs a single scalar field as is usually done in LQC, which in this case is the inflaton,
as the clock. This complicates the task of finding the physical Hilbert space equipped with a
conserved inner product in the time-dependent case.1 Given that the inflationary paradigm is
widely considered essential to explain cosmological observations, and since it is past-incomplete
in classical GR, obtaining a quantization of inflationary spacetimes which is non-singular is an
important open issue. Our work aims to fill this gap in LQC.

For the quantization of inflationary spacetimes in LQC we use an alternative strategy to Dirac
quantization known as the reduced phase space quantization which bypasses various difficulties of
the former. Here one chooses appropriate reference fields and reduces (part of) the constraints
already at the classical level by constructing Dirac observables for just the remaining degrees of
freedom. The quantization of the resulting reduced phase space yields the physical Hilbert space
paralleling situation for unconstrained theories with a physical Hamiltonian operator that does not
vanish. The latter is proportional to the momentum of the clock and is a constant of motion in
the FLRW models considered here. In reduced phase space quantization one can either reduce
the Hamiltonian and spatial diffeomorphism constraints or just the Hamiltonian constraint at the
classical level using either four or one reference fields respectively. These two models are classified
as type I and type II respectively [10], where for the former physical Hilbert space is obtained
directly but for the latter one requires to partially use the Dirac quantization [19, 20, 38]. Since
diffeomorphisms are trivially vanishing in FLRW model, differences between type I [21, 22] and
type II models [19, 20] disappear at the level of the background dynamics. But these differences
become important at the level of perturbations (see for eg. [39]). In our analysis we consider three
different type I models with reference fields using the Gaussian dust [10, 40], the Brown-Kuchař
dust [8, 18, 41] and the four scalar field model [21, 22] with an inflaton in Starobinsky inflationary
potential which is favored by observations. In the homogeneous and isotropic models, due to

1 If the effect of the potential is assumed to be small in the pre-inflationary epoch, one can consider a local time
range in which the inflaton clock behaves monotonically and one finds that the big bang singularity is resolved
[35]. While such an approach does not provide a full quantum gravitational treatment of an inflationary spacetime
where above issues are resolved, it does allow to gain some insights on the physics of bounce if potential plays little
role [35] and associated phenomenology [36], which has proved useful to get glimpses of quantum gravity effects
via cosmological perturbations (see for eg. [34, 37, 38]).
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symmetry reduction, each of these models contains one reference field and one inflaton field, both
of which are minimally coupled to gravity. Note that unlike earlier works inflaton is not chosen
as a reference field (as in [35, 38]). An advantage of our method is that the resulting physical
Hamiltonian is time-independent, whereas this is no longer the case when the inflaton is chosen as
the clock with a non-trivial potential. Though our work uses established techniques in LQC, it is
based on a reduced phase space quantization unlike the Dirac quantization mainly used so far in
LQC.2

The models that will be considered here have the common property that the algebra of the Dirac
observables has the standard canonical form, which in general need not be the case. This is an
important advantage as far as the reduced phase space quantization is considered because in this
case we can use the standard LQC representation, usually used for the kinematical Hilbert space in
a Dirac quantization approach, as the representation for the physical Hilbert space here generalized
to the case of two-fluid models. This is in contrast to the Dirac quantization, where obtaining the
physical Hilbert space is non-trivial and involves finding an inner product using a group averaging
procedure. Interestingly, due to the property of the observable map that the observable of a function
of the elementary phase space variables is just the function of the corresponding Dirac observables,
the reduced phase space quantization of LQC shares many features of the polymer quantization in
standard LQC but needs to be generalized to the two fluid case due to the additional degrees of
freedom we start with by coupling the reference fields in addition to the inflaton. The advantage
of this is that we can formulate the quantum dynamics governed by a Schrödinger-like equation
directly in the physical Hilbert space and the physical inner product can easily be constructed. This
is in contrast to studies in standard LQC conducted so far, where one uses the inflaton itself as a
clock and the understanding of the physical Hilbert space of a time-dependent quantum constraint
is rather complicated. Note that the inner product used for models with a massless scalar field is
no longer valid for inflationary spacetimes.

Investigations of inflationary potentials, including the Starobinsky potential have been under-
taken earlier in LQC but neither there is any study so far at the full quantum level where the
physical Hilbert space equipped with a physical inner product is known, nor there are investiga-
tions with clocks in addition to the inflaton. Note that in the conventional setting of Starobinsky
inflation one starts from an R2 action and obtains an equivalent scalar field potential in the Ein-
stein frame. This strategy has not yet been replicated in LQC where the higher order action is
obtained in a Palatini framework [42]. Therefore, as in various other works in LQC, we assume
the existence of a Starobinsky scalar field potential in our analysis. While the form of this poten-
tial may change when quantum gravitational generalization of above construction is available, this
would not affect the validity of our approach. Further, the physical Hamiltonian for the Gaussian
and Brown-Kuchař dust models in the classical FLRW spacetime with a Starobinsky potential
has been studied recently in [39]. It turns out that due to the homogeneity and the isotropy of
the spacetime, the background evolution of the universe obeys the same equations of motion in
both dust models for the classical theory, but, differences arise when linear perturbations around a
FLRW spacetime are considered. This is not surprising because Gaussian and Brown-Kuchař dust
clocks have same variation of energy density with respect to the scale factor and any differences in
background dynamics vanish unless one considers dust clocks with negative energy density which
are permissible in the latter case. In contrast, since the energy density of Klein-Gordon reference
field has different variation with respect to scale factor when compared to dust clocks, there can
arise small differences in physical predictions for different clocks. Our analysis will also deal with

2 A model of type II that also provides a time-independent physical Hamiltonian even if the inflaton potential is
considered is the one in [20]. Similar to the four scalar field model [21, 22], the type II model in [19], although
not analyzed in this direction so far, could also be generalized to more degrees of freedom including an inflaton
coupled in addition to the reference field but for the model in [19] this needs to be implemented at the level of
the diffeomorphism invariant Hilbert space and it would be interesting to compare such a generalizations to the
generalized model of [21, 22]
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understanding some of these differences in pre-inflation and inflationary epochs.
This paper is organized as follows. In section II, we give a brief review of the relational formalism

using the Gaussian and the Brown-Kuchař dust models and the Klein-Gordon scalar field model
in GR. The reduced phase space constructed from the observable map in these models is discussed
in a concise way and the physical Hamiltonian will be given in each case. In order to analyze these
models in the context of cosmology, we also explicitly discuss the symmetry reduced case of spatially
flat FLRW spacetime with the resulting physical Hamiltonians. In section III, the reduced phase
space of the flat FLRW universe is formulated in terms of the Dirac observables corresponding to
holonomies and the triads and the physical Hamiltonians in the reduced phase space are expressed
in terms of these fundamental Dirac observables. The quantization is then carried out in the µ̄
scheme used in LQC which results in non-singular quantum difference equations formulated at the
level of the physical Hilbert space with the same structure as in conventional LQC. In order to
facilitate a numerical analysis, we also assume the validity of the effective dynamics of the quantized
background spacetime in the dust and Klein-Gordon scalar field models and derive the relevant
equations of motion for the background dynamics. In section IV, numerical solutions for some
representative initial conditions are discussed when the late-time inflation is driven by a single
scalar field with a Starobinsky potential. The emphasis will be placed on the different effects of
the reference clocks on the background dynamics due to their distinct evolutionary properties. In
section V, we summarize and discuss the main results of the paper.

II. REVIEW OF RELATIONAL FORMALISM WITH DUST AND SCALAR
REFERENCE FIELDS

In the relational formalism, the Dirac observables are constructed by means of reference fields,
whose values at each coordinate point are encoded in a gauge fixing condition. The observable
evaluated at physical coordinates of a given field returns the value of the field when the reference
fields take those particular values fixed by the gauge conditions. Although one can choose the
reference fields from the geometric degrees of freedom [12–14, 43], it is often more convenient
to consider dust or scalar fields as the reference fields [8, 17, 44] since the resulting physical
Hamiltonian that generates the dynamics on the reduced phase space is time independent for
these models. Furthermore, these dust and scalar field models have the property that the Poisson
algebra of the observables satisfies the standard canonical commutation relation, which is not
given in the case of geometric clocks. In this section, we will review the relational formalism for
the Brown-Kuchař and Gaussian dust reference fields [8, 10] as well as a four scalar reference fields
[21, 22]. As the content in this section has been extensively studied in the vast literature [1, 3–
6, 8–10, 12, 13, 15, 45, 46], we will only go through the basic ideas and quote the main results and
consider their symmetry reduction to a spatially flat FLRW universe as our starting point for the
loop quantization.

II.A. The relational formalism with Brown-Kuchař, Gaussian dust and scalar reference
fields

The three models considered in this section have the property that they lead to addition of
matter fields to GR coupled to a generic scalar field ϕ. In the case of the Brown-Kuchař and the
Gaussian dust model these are 8 additional fields whereas in the case of four scalar field model these
are 7 additional fields. Both of the systems are second class systems and the partial reduction of the
second class constraints in the individual models leads to a first class system with four additional
reference fields. In addition to gravity we consider a generic scalar field ϕ and in the case of the dust
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model 8 fields denoted by Tµ = (T, Sj , ρ,Wj) where j = 1, 2, 3 on a four-dimensional hyperbolic
spacetime (M, g). In the case of the scalar field model we denote the additional scalar fields by
(χ0, χj ,Mjj) where again j = 1, 2, 3. The total action of the coupled system is given by

S = Sgeo + Sscalar + Sref (2.1)

where the first two terms of the action are given by

Sgeo =
1

2κ

∫
M

d4x
√
−gR(4), (2.2)

Sscalar =
1

λϕ

∫
M

d4x
√
−g
(
−1

2
gµν∂µϕ∂νϕ− U(ϕ)

)
, (2.3)

with κ = 8πG, R(4) denotes the four-dimensional Ricci scalar, λϕ is a coupling constant allowing for
a dimensionless ϕ and U(ϕ) is the scalar potential. The last term Sref in the action (2.1) depends
on the reference field model under consideration and differs for the three models [10, 21, 41]:

SBK
dust = −1

2

∫
M

d4x
√
−gρ[gµνŨµŨν + 1], (2.4)

SG
dust = −

∫
d3x
√
−g
(ρ

2
[gµνT,µT,ν + 1] + gµνT,µWjS

j
ν

)
, (2.5)

Sref
scalar = −1

2

∫
M

d4x
√
−ggµνχ0

,µχ
0
,ν −

1

2

∫
M

d4x
√
−ggµνMjjχ

j
,µχ

j
,ν , (2.6)

with the unit time-like dust velocity field defined by Ũ = −dT + WjdS
j , where j = 1, 2, 3. The

main motivation for introducing only seven but not eight additional scalar fields in the last model
comes from the aim to formulate a model close to the model in [19] where only one Klein-Gordon
scalar field was taken as the temporal reference field but none for the spatial diffeomorphisms. In
this way we choose the same temporal reference field as in [19]. As shown in [21] considering a
model with only four Klein-Gordon scalar fields as reference fields yields a physical Hamiltonian
that cannot be quantized in the framework of LQG.

Let us briefly summarize the main properties of the different models. In the Brown-Kuchař dust
model, as well as the Gaussian dust model, the dust field action involves eight scalar degrees of
freedom, collectively denoted by Tµ = (T, Sj) and (ρ,Wj). For both models adding the dust action
to gravity plus standard matter yields a second class system. If we introduce the corresponding
Dirac bracket the second class constraints can be solved strongly. In the partially reduced system
the four dust fields Tµ = (T, Sj) are dynamical, whereas the scalar fields (ρ,Wj) can be expressed
in terms of the remaining variables in the partially reduced phase space. For the variables on the
partially reduced phase space the Dirac bracket coincides with the Poisson bracket. The detailed
analysis of the Hamiltonian formulation of the dust models [8, 10] reveals that, although in the
extended phase space, there are 38 local degrees of freedom which include lapse N , shift Na, 3-
metric qab, the scalar field ϕ, the dust fields Tµ = (T, Sj), (ρ,Wj) and their respective conjugate
momenta, there are also 8 first class constraints and 8 second class constraints which result in
a total of 14 physical degrees of freedom in the finally reduced phase space also called physical
phase space. In the partially reduced phase space in which only the second class constraints
have been implemented the elementary variables are the variables N , Na, qab, ϕ and Tµ and
their conjugate momenta and 8 first class constraints. These first class constraints consist of four
primary constraints and four secondary constraints. The primary constraints are the conjugate
momenta of the lapse function and shift vector, i.e. πµ = (π, πa). The secondary constraints are
the total Hamiltonian and spatially diffeomorphism constraint which take different forms in two
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dust models that will be discussed separately in the following. Going from the partially reduced
phase space to the physical phase space can be achieved by applying the observable map to all
elementary variables on the partially reduced extended phase space. The independent physical
degrees of freedom are encoded into the Dirac observables of the variables (qab, p

ab) and (ϕ, πϕ),
which are exactly the 14 degrees of freedom mentioned above, whereas the observables associated
with N,Na and their momenta are either phase space independent or can be expressed in terms
of these 14 physical degrees of freedom. In the scalar field reference model we start with seven
additional scalar fields (χ0, χj ,Mjj) next to gravity and a scalar field with potential, so in total
with 36 degrees of freedom in phase space. Again the resulting system is second class and the 6
second class constraints can be used to eliminate the Mjj and their conjugate momenta. In this
partially reduced phase space we have 30 degrees of freedom consisting of N , Na, qab, ϕ, χ0, χj and
their conjugate momenta together with 8 first class constraints. The latter include the primary
constraints, that is the vanishing of the momenta for lapse and shift, as well as the secondary ones,
being the Hamiltonian and spatial diffeomorphism constraints which here involve the corresponding
contributions from the scalar reference fields. Now we can proceed as in the dust models and use
χ0, χj as reference fields and construct Dirac observables. The reduced phase space in this model
consists of the Dirac observables associated with (qab, p

ab) and (ϕ, πϕ), which in this model can
also be identified with the physical degrees of freedom. In the following, we briefly present the
formulas and properties of the two dust models and the four scalar field model that will be relevant
for our work in this article: If we perform a partial reduction with respect to the second class
constraints, which is in detail discussed in [8, 10, 21] in all three models, the Hamiltonian and
spatial diffeomorphism constraints can be expressed as

ctot = P ref + href , ctot
j = P ref

j + href
j , (2.7)

where the explicit form of href and href
j depends on the chosen reference model. In the case of the

dust models P ref = PT and P ref
j = Pj , whereas for the four scalar field model we have P ref = π0 and

P ref
j = πj , where PT and Pj are conjugate momenta of T and Sj and π0 and πj are the momenta

conjugate to χ0 and χj respectively. The contributions to the Hamiltonian constraint for the three
models are given by

hBK =: −sgn(PT )
√
c2 − qabcacb, hG = c

√
1 + qabT,aT,b − qabT,acb, (2.8)

hscalar = −B
2
−

√(
B

2

)2

−A, (2.9)

where

B := −2
√
q

3∑
j=1

χ0
,aϕ

a
j

√
qcdχj,cχ

j
,d, A := qqabχ0

,aχ
0
,b − 2

√
q

3∑
j=1

ϕaj ca

√
qcdχj,bχ

j
,d + 2

√
qc .(2.10)

In the above formulas, c and ca are given by

c =
1
√
q

(
pabp

ab − 1

2
(pabqab)

2

)
−√qR(3) +

κλϕ√
q
π2
ϕ +

2κ
√
q

λϕ

(
1

2
qab∂aϕ∂bϕ+ U

)
, (2.11)

ca = −2qabDcp
bc + 2κπϕ∂aϕ, (2.12)

where pab and πϕ are the conjugate momenta of qab and ϕ, respectively, and q is the determinant of
the 3-metric. The different contributions to the spatial diffeormphism constraints for the individual
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models read

hBK
j := +Saj

(
−hBKT,a + ca

)
, hG

j := +Saj
(
−hGT,a + ca

)
,

hscalar
j := χaj

(
−hscalarχ0

,a + ca

)
, (2.13)

where Saj is the inverse of Sj,a with Sj,aSak = δjk and Sj,aSbj = δba and similarly for χaj . In the following
we will also use ctot

µ = (ctot, ctot
j ) which collectively denoes the Hamiltonian and diffeomorphism

constraint. Next let us introduce the notation to collectively denote the secondary and primary
constraints cI = (ctot

µ , πµ) and reference fields and their temporal derivatives T I = (Tµ, Ṫµ) for the

dust model and T I = (χµ, χ̇µ) with the multi-index I = 1, . . . 8. In order that the reference fields
can be used to construct Dirac observables, an important condition they need to satisfy is that T I

and cJ form a canonical conjugate pair, that is,

{T I(t, ~x), cJ(t, ~y)} ≈ 2κδIJδ(~x− ~y). (2.14)

which is satisfied for both dust models as well as the scalar field model. The corresponding gauge
fixing conditions for the reference fields are given by GI = (Gµ, Ġτ ) with Gµ = τµ−Tµ for the dust
models and Gµ = τµ−χµ in the case of the scalar field model, where τµ = (τ, ~σ) are functions onM
but not dynamical variables on the phase space. With this, one can construct an observable map
for an arbitrary function f on the (partially reduced with respect to the second class constraints)
extended phase space, which maps f to its gauge-invariant extension Of,Tµ and Of,χµ respectively,
that is f 7→ Of,Tµ(τµ) and performs a reduction with respect to the remaining first class constraints.
The explicit form of this map is given by

Of,Tµ(τµ) = f +
∞∑
n=1

1

n!2nκn

n∏
k=1

∫
σ

d3xkGJ(xk){f(x), cJ(xk)}(n), (2.15)

where {f, g}(n) denotes the iterated Poisson bracket with {f, g}(0) = f and {f, g}(n) = {{f, g}(n−1), g}.
In the case of the scalar field model Of,χµ can be constructed similarly by replacing the reference
fields Tµ by χµ. As discussed in detail in [8, 10] for the dust models the construction of the ob-
servables is performed in two steps. First a reduction with respect to the spatially diffeomorphism
constraints is obtained by means of pulling back all variables in the phase space except (Sj , Pj)
to the dust manifold yielding spatially diffeomorphism invariant quantities. As shown in [21] the
same strategy can be followed in the scalar field model where all phase space variables but (χj , πj)
are pulled back to the scalar field manifold. In the second step in all three models the observable
map is applied to these variables to further obtain the reduction with respect to the Hamiltonian
constraint and the primary constraints, where the latter has not been discussed in [8, 10], but the
explicit form of lapse and shift has been obtained via an alternative route. The Dirac observable
Of,T (τ) and Of,χ0(τ) respectively is the image of f under the observable map. For each τµ, it
returns the value of f in the gauge in which the reference fields Tµ and χµ respectively take the
values τµ. It is also straightforward to show that Of,T (τ) and Of,χ0(τ) weakly Poisson commutes
with all the constraints cI by using the property in (2.14). The elementary canonical variables in
the reduced phase space are made up of the Dirac observables of the 3-metric, the scalar field and
their respective momenta. More specifically, to keep our notation compact, we use the notation
for these elementary observables to simply denote them by the corresponding capital letters as

Qij := Oqij ,T (χ0)[τ, ~σ], P ij := Opij ,T (χ0)[τ, ~σ], Φ := Oϕ,T (χ0)[τ, ~σ], ΠΦ := Oπϕ,T (χ0)[τ, ~σ].
(2.16)

where the the bracket (χ0) indicates that we will use the same capital letter for observables con-
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structed in the dust and scalar field model whenever it is clear from the context which reference
fields have been chosen. For all three models these observables satisfy the following Poisson brackets{

Qij [τ, ~σ], P kl[τ, ~σ′]
}

= 2κδk(iδ
l
j)δ

3(~σ − ~σ′),
{

Φ[τ, ~σ],ΠΦ[τ, ~σ′)
}

= δ3(~σ − ~σ′). (2.17)

The application of the observable map to lapse and shift degrees of freedom leads for the Brown-
Kuchař and the Gaussian dust model to the following observables:

OBK
N,T (τ, ~σ) =

C

H
=

√
1 +

QijCiCj
H2

, OG
N,T (τ, ~σ) =

C

H
=

√
1 +

QijCiCj
H2

,

OBK/G

Nj ,T
(τ, ~σ) = 0, OBK/G

π,T (τ, ~σ) = π, OBK/G
πj ,T

(τ, ~σ) = πj , (2.18)

which shows that in the Brown-Kuchař as well as the Gaussian model, the lapse and shift degrees of
freedom can be completely expressed in terms of the physical variables and the primary constraints
and expect for the observables for the lapse N the observables agree in both models3. On the other
hand for the scalar field model these observables take the following form

Oscalar
N,χ0 (τ, ~σ) = −

√
Q

Hscalar
, Oscalar

Nj ,ϕ (τ, ~σ) =

√
Q
√
Qjj

Hscalar
, Oscalar

π,χ0 (τ, ~σ) = π, Oscalar
πj ,χ0 (τ, ~σ) = πj ,

(2.19)
In the reduced phase the evolution of a generic phase space function F (Qij , P

ij ,Φ,ΠΦ) is governed
by Hamilton’s equations that involve the so called physical Hamitlonian Hphys

Ḟ = {F,Hphys} =

∫
S

d3σ{F,H(σ)}. (2.20)

The corresponding Hamiltonian density H(σ) of the physical Hamiltonian is the observable associ-
ated the function href in (2.7) and consequently differs for each of the three models. The physical
Hamiltonian associated with for the Brown-Kuchař model using hBK takes the form

HBK
phys =

1

2κ

∫
S

d3σ OhBK,T =
1

2κ

∫
S

d3σ
√
C2 −QijCiCj =:

1

2κ

∫
S

d3σHBK(σ). (2.21)

Here HBK :=
√
C2 −QijCiCj denotes the physical Hamiltonian density in the Brown-Kuchař

model. C and Ci are the images of (2.11)-(2.12) under the observable map which are explicitly
given by

C =
1√
Q
GijmnP

ijPmn −
√
QR(3) +

κλϕΠ2
Φ√

Q
+

2κ
√
Q

λϕ

(
1

2
Qij∂iΦ∂jΦ + U

)
, (2.22)

and

Ci = −2DkP
k
i + 2κΠΦ∂iΦ. (2.23)

It should be noted that in order to obtain the Hamiltonian (2.21), we choose sgn(PT ) to be negative
so that (2.21) is bounded from below. In the case of the Gaussian model we obtain for the physical

3 In [8, 9] a shift vector in terms of physical degrees of freedom is defined as N j = −Q
jkCk
H

whereas in the above we
present the Dirac observable associated to the shift vector which is just zero. Note that there is no contradiction
between two results because the N j from [8, 9] is not the Dirac observable of the shift vector but has been defined

as follows. Consider {F,H(σ)} = C
H
{F,C}− QjkCk

H
{F,Cj}. Then N j was defined as being the coefficient in front

of the Poisson bracket of {F,Cj}.
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Hamiltonian

HG
phys =

1

2κ

∫
S

d3σOhG,T =
1

2κ

∫
S

d3σ C, C := Oc,T = c(Qij , Pij ,Φ,ΠΦ), (2.24)

The four scalar field model has a physical Hamiltonian of the form

Hscalar
phys = :

1

2κ

∫
S

d3σOhscalar,χ0 =:
1

2κ

∫
S

d3σ

√√√√−2
√
QC + 2

√
Q

3∑
j=1

√
QjjCjCj (2.25)

where C and Cj take the same form as in (2.22) and (2.23) and we define the Hamiltonian density

Hscalar(σ) :=

√
−2
√
QC + 2

√
Q

3∑
j=1

√
QjjCjCj . A difference to the dust models considered before

is that here summation over j involved in the physical Hamiltonian density induces a kind of
directional dependence at the level of the scalar field manifold for the reason that the Cj ’s and the
inverse metric Qjk are not contracted in a covariant fashion. However, since this is at the level of
the observables and refers to the scalar field manifold, it causes no issue here. Moreover, in the
context of this work where we consider the FLRW symmetry reduced case this term in the physical
Hamiltonian will not contribute but vanishes in this sector. The reason for the form of this term
can be understood when looking at the explicit form of the Dirac observables for lapse and shift
and their conjugate momenta in this model in (2.19).

II.B. The reduced phase space in a spatially flat FLRW universe

In this section we want to take the reduced phase spaces obtained in three models as a starting
point and further symmetry reduce it to the case of a spatially flat FLRW universe. For the
reason that we want to apply a reduced phase space quantization in the context of loop quantum
cosmology later on we will consider the reduced phase spaces formulated in terms of Ashtekar-
Barbero variables. If we perform the extension from the ADM phase space to the one where the
Ashtekar-Barbero variables (Aia, E

a
i ) are the elementary ones we obtain an additional SU(2) Gauss

constraint, which for the full theory will be handled using Dirac quantization. If we restrict to the
FLRW symmetry reduced sector the Gauss constraint plays anyway no role for our work presented
here. Following the discussion of the former section we use in each of the presented models the
reference fields and the observable map to obtain the Dirac observables of the (up to the Gauss
constraint) reduced phase space that are for the two dust models denoted by

OAia,T [τ, ~σ], OEai ,T [τ, ~σ], Oϕ,T [τ, ~σ], Oπϕ,T [τ, ~σ], (2.26)

and in the case of the four scalar field model are given by

OAia,χ0 [τ, ~σ], OEai ,χ0 [τ, ~σ], Oϕ,χ0 [τ, ~σ], Oπϕ,χ0 [τ, ~σ]. (2.27)

The corresponding physical Hamiltonians HG
phys,H

BK
phys and Hscalar

phys are then understood as function
of these Dirac observables.

If we specialize to the symmetry reduced FLRW sector we consider a spatially flat isotropic and
homogeneous FLRW spacetime described by the metric

ds2 = −ON2dτ2 +Qjkdσ
jdσk, and ds2 = −ON2dτ2

χ +Qjkdσ
jdσk, (2.28)
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respectively, where τ is the physical time of the dust models that can be interpreted as proper time
and τχ denotes the physical time in the scalar field model, ON is the lapse function and Qjk is the
physical metric related to comoving coordinates as

Qjkdσ
jdσk = Oa2Q̊jkdσ

jdσk = Oa2((dσ1)2 + (dσ2)2 + (dσ3)2). (2.29)

Here Q̊jk is the fiducial metric over the spatial manifold which for k = 0 model can be R3 or
T3. In the latter case, the scale factor a relates the coordinate volume OVo of the 3-torus to the
physical volume as OV = Oa3V0

. If the spatial manifold is chosen with spatial topology R3 then one
needs to choose a fiducial cell (V), acting as an infra-red regulator, to define symplectic structures.
In this case, one is free to choose another cell which has a rescaled coordinate volume. A key
requirement for consistency of physics in LQC is that physical predictions of observables which
are classically invariant under rescalings of the fiducial cell must be invariant under such rescalings
after quantization. It turns out that this requirement leads to so-called improved dynamics or the
µ̄-scheme as the only consistent quantization in isotropic LQC [47]. In our analysis we will focus
on the µ̄-scheme introduced in [26] in the next section.

Due to the homogeneity and isotropicity of the spatially flat FLRW universe, the reduced phase
space of the geometric sector is a two-dimensional space spanned by the canonical pair (Oc,Op)
which are related with the Dirac observables of the Ashtekar-Barbero SU(2) connection OAia and
the densitized triad OEai via

OAia = OcOV −1/3
0

Oω̊ia , OEai = OpOV −2/3
0

√
Oq̊Oe̊ai , (2.30)

with Oe̊ai and Oω̊ia representing the fiducial triads and co-triads compatible with the fiducial metric

Q̊jk, respectively. The fiducial volume of V with respect to the fiducial metric Q̊jk will be set to
unity in the following. The canonically conjugate pair (Oc,Op) satisfies in all three models

{Oc,Op} = 8πGγ/3. (2.31)

Here γ is the Barbero-Immirzi parameter which is determined from black hole thermodynamics in
LQG. Its exact value depends on the prescription chosen to count the degrees of freedom on an
isolated horizon. In LQC literature, this value is conventionally set to γ ≈ 0.2375 which will be
considered in this manuscript. Note that here and in the following the subscript c in Oc denotes
the symmetry reduced connection and does not correspond to the c in (2.11) that denotes all but
the reference contribution to the Hamiltonian constraint. Since we work in the reduced phase
space, in the following the symmetry reduced connection is always depicted in its Dirac observable
form and to avoid confusion the Dirac observable associated with c in (2.11) is denoted by C.
For the above equation, we used that the Dirac bracket of the gauge variant connection and triad
variables coincides with their Poisson bracket and the same is true for the matter sector, that is
{Oϕ,Oπϕ} = 1, where we will consider an inflationary field ϕ in Starobinsky inflationary potential
(4.1) and Oϕ, Oπϕ denotes the Dirac observables associated with ϕ, πϕ. As before we again use
the property that for the variables ϕ, πϕ we have {ϕ, πϕ}∗ = {ϕ, πϕ}, where the star on the right
upper corner of the Poisson bracket stands for the Dirac bracket of two variables. Now it remains
to discuss the symmetry reduced form of the physical Hamiltonians for each of the models. In
the case of the spatially flat FLRW spacetime, the observable Cj in (2.23) vanishes and as a
result the physical Hamiltonians in the Brown-Kuchař and Gaussian dust models, which are given
respectively in (2.21) and (2.24), coincide. This fits well with the fact that in the case of spatially
flat FLRW spacetime the Dirac observable of the lapse function ON,T in (2.18) of the Brown-Kuchař
model becomes unity and thus agrees with the corresponding Dirac observable of the Gaussian dust
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model. Since in the Brown-Kuchař dust model the physical Hamiltonian involves a square root, we
briefly discuss this in a bit more in detail for this model. Considering the Hamiltonian constraint
in (2.8), in the symmetry reduced case we obtain

PT = sgn(PT )
√
C2 = sgn(PT )|C|, (2.32)

and the physical Hamiltonian will be given by HFLRW,dust
phys = −sgn(PT )|C|. Now from the original

form of the constraints in the Brown-Kuchař dust model [8] we have ctot = c + P
√

1 + qabUaUb,
where c is shown in (2.11) and this implies at the level of observables that on the constraint surface
sgn(c) = −sgn(PT ) from which we obtain sgn(C) = −sgn(PT ). Considering this let us discuss the

two possible cases: if the dust energy is negative, that is PT < 0, then we have HFLRW,dust
phys = |C| =

C where we used in the last step that for PT < 0 we have C > 0. If the dust energy density is
chosen to be positive, that is PT > 0 we have C < 0 and thus HFLRW,dust

phys = −|C| = C in this
part of the phase space. Thus we fix the sign of C at the classical level and then quantize the
corresponding sectors of the reduced phase space. As discussed in [10] this can become problematic
since it requires to have sufficient control on the spectrum of the physical Hamiltonian which for
full LQG is perhaps a too strong requirement. However, in the mini-superspace models considered
here we assume that this assumption is justified.

In order to make the integral in the physical Hamiltonian finite, one can first choose a fiducial
cell with the volume OV0 in the symmetry reduced dust manifold, then compute all the integrals
within the fiducial cell. As mentioned earlier, we choose the volume of this cell to be unity. Finally,
the physical Hamiltonian of the dust models in the classical theory can be written in terms of the
Dirac observables for the symmetry reduced variables as

HFLRW,dust
phys =

−3O2
c

√
|Op|

κγ2
+

λϕO2
πϕ

2|Op|3/2
+
|Op|3/2U(Oϕ)

λϕ
. (2.33)

It should also be noted that HFLRW,dust
phys is the physical Hamiltonian in the reduced phase space so

it does not vanish but is a constant of motion which is determined by the initial conditions of the
system.

In the case of the scalar field reference model the symmetry reduction of the physical Hamilto-
nian leads to the following form

HFLRW,scalar
phys =

√√√√−2|Op|3/2
(
−3O2

c

√
|Op|

κγ2
+

λϕO2
πϕ

2|Op|3/2
+
|Op|3/2U(Oϕ)

λϕ

)
. (2.34)

This setup will be taken as the starting point of the reduced phase space quantization of the
symmetry reduced flat FLRW sector for the three models in the next section.

III. LOOP QUANTIZATION OF THE SPATIALLY FLAT UNIVERSE IN THE
RELTIONAL FORMALISM

In this section, we apply loop quantization to the reduced phase space of the dust models and
Klein-Gordon scalar field model for a spatially flat FLRW universe. Then, we will proceed with
the effective description of quantum spacetime and find the resulting Hamilton’s equations and
modified Friedmann equation from an effective Hamiltonian. Then we perform numerical analysis
using Hamilton’s equations in the next section. Let us note that conventional LQC allows different
factor orderings, such as [26, 27, 48]. While we present results following the construction in [26],
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which also guides our notation, our results can be generalized in a straightforward way to other
factor orderings.

For all three reference field models we consider the reduced phase space symmetry reduced to a
spatially flat FLRW universe discussed in section II.B as the starting point for quantization. What
we are aiming at is to find a representation of the algebra of Dirac observables for each individual
model that further allows to implement the physical Hamiltonian of the models as a well defined
operator. In this approach we directly obtain a representation of the physical Hilbert space. This is
in contrast to the usual approach in LQC with a scalar field clock. There one deparameterizes the
Hamiltonian constraint at the classical level and then performs a Dirac quantization by promoting
the classical constraint to a constraint operator on the kinematical Hilbert space. Considering
then states that are annihilated by the constraint yields a set of functions on which the physical
inner product can be defined (see for instance [26]), and taking the completion with respect to the
corresponding norm yields the physical Hilbert space in this route.

An advantage of all these models have is that the algebra of the elementary Dirac observables
in the reduced phase space is as simple as the kinematical algebra, that is

{Oc,Op} =
8πGγ

3
, {Oϕ,Oπϕ} = 1, (3.1)

where we as before neglected the label of the clocks here that would be T for the dust models and
χ0 for the scalar model. Since we want to apply a loop quantization, instead of the connections Oc
and triads Op, the canonical variables used for quantization are the holonomies of the connection
along edges and the fluxes of the triads along 2-surfaces. These can be constructed from our Dirac
observables Oc as follows:

O
h

(µ)
k

= cos

(
µOc

2

)
1 + 2 sin

(
µOc

2

)
τk, (3.2)

where 1 represents a unit 2× 2 matrix and τk = −iσk/2 with σk denoting the Pauli spin matrices.
To obtain the above equation we have used that the observable map is a homomorphism with
respect to the groups of multiplication and addition, that is for any functions f(c, p, ϕ, πϕ), in the
original kinematical phase space, the observable map has the property

Of(c,p,ϕ,πϕ),T = f(Oc,T ,Op,T ,Oϕ,T ,Oπϕ,T ) and Of(c,p,ϕ,πϕ),χ0 = f(Oc,χ0 ,Op,χ0 ,Oϕ,χ0 ,Oπϕ,χ0),
(3.3)

in the two dust models and in the scalar field model respectively.
The flux of the triads along 2-surfaces in the spatially flat FLRW spacetime turns out to be

proportional to4 Op. The elementary variables that are chosen instead of Oc,Op in LQC are the
pair Nµ(Oc) = eiµOc/2 and Op, where µ ∈ R that satisfy the algebra

{Nµ(Oc),Op} = i
4πGγµ

3
Nµ(Oc). (3.4)

Because the algebra of the elementary variables on our reduced phase space coincides exactly
with the one at the kinematical level of LQC we can use the representation usually describing the
kinematical Hilbert space of LQC Hkin here as a representation of the physical Hilbert space Hphys.
This is in exact analogy to the model presented in [18, 21, 22] based on a reduced quantization of
full LQG.

4 For an alternate quantization using gauge-covariant fluxes see [49].
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III.A. Physical Hilbert space and Hamiltonian operator of the dust models

As far as the gravitational sector of the theory is considered thanks to the methods in LQG
[50, 51], a unique representation for the symmetry reduced model can be identified [52, 53], which
can be used for the physical Hilbert space for the reference field models in our work. In the case
of the two dust models the physical Hilbert space is Hphys,grav = L2(RBohr,dµBohr) where RBohr is
the Bohr compactification of the real line with Haar measure µBohr. The sector of the inflaton is
quantized in the usual Schrödinger representation with the Hilbert space Hphys,ϕ = L2(R, dOϕ).
The physical Hilbert space of the theory is then just given by the tensor product of the individual
Hilbert spaces Hphys = Hphys,grav ⊗ Hphys,ϕ. We denote the elements of Hphys by Ψ(Oc,Oϕ) :=
ψ(Oc)⊗ ψ(Oϕ). The inner product of Hphys is given by

〈Ψ, Ψ̃〉phys := 〈ψ, ψ̃〉grav〈ψ, ψ̃〉ϕ, (3.5)

with the inner product in the gravitational sector

〈ψ, ψ̃〉grav := lim
D→∞

1

2D

D∫
−D

dOcψ(Oc)ψ̃(Oc), (3.6)

and for the matter part we use the standard Schrödinger inner product given by

〈ψ, ψ̃〉ϕ :=

∞∫
−∞

dOϕψ(Oϕ)ψ̃(Oϕ). (3.7)

If we choose some orthonormal basis in Hphys,ϕ that we denote by ψn with n ∈ N then an orthonor-
mal basis in Hphys is given by the set (Nµ(Oc) ⊗ ψn)µ∈R,n∈N since 〈Nµ(Oc)|Nµ′(Oc)〉grav = δµ,µ′

where Nµ(Oc) are almost periodic functions of Oc. Normalizable quantum states are given by a
tensor product of a discrete sum of plane waves, that is ψ(Oc) =

∑
i aie

iµiOc/2 and matter states

of the form ψ(Oϕ) =
∞∑
n=0

αnψn with
∞∑
n=0
|αn|2 <∞.

Let us briefly discuss how the elementary operators act on the physical Hilbert space Hphys.

The operators corresponding to the Dirac observables of the holonomy and fluxes denoted by ÔNµ
and Ôp respectively act on the states Ψ(Oc,Oϕ) by multiplication and differentiation respectively
on Hphys,grav, and trivially on Hphys,ϕ:

ÔNµΨ(Oc,Oϕ) := (ÔNµ ⊗ 1)Ψ(Oc,Oϕ) = eiµOc/2ψ(Oc)⊗ ψ(Oϕ),

ÔpΨ(Oc,Oϕ) := (Ôp ⊗ 1)Ψ(Oc,Oϕ) = −i8πγ`Pl
2

3

d

dOc
ψ(Oc)⊗ ψ(Oϕ). (3.8)

Likewise the elementary operators corresponding to the Dirac observables Oϕ,Oπϕ which we denote

by Ôϕ and Ôπϕ respectively act trivially onHphys,grav and as multiplication and derivative operators
respectively on Hphys,ϕ, with an explicit action of the form:

ÔϕΨ(Oc,Oϕ) := (1⊗ Ôϕ)Ψ(Oc,Oϕ) = ψ(Oc)⊗Oϕψ(Oϕ),

ÔπϕΨ(Oc,Oϕ) := (1⊗ Ôπϕ)Ψ(Oc,Oϕ) = ψ(Oc)⊗
~
i

d

dOϕ
ψ(Oϕ) . (3.9)

In the following, as often done in physics notation, we will suppress the tensor product and work
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with the notation on the left hand side of the equations above and the action of the corresponding
operators is always understood in the sense defined above.

As in unreduced LQC, we would be working with the triad (or volume) representation in which
the operator ÔNµ acts as a translation operator

ÔNµ′Ψ(OpOϕ) = Ψ(Op+µ′ ,Oϕ) = Ψ(Op + µ′,Oϕ), (3.10)

and Ôp acts as a multiplication operator

ÔpΨ(Op,Oϕ) =
8πγ`Pl

2

6
µΨ(Op,Oϕ) . (3.11)

Note that since there are no fermions in our analysis, as in LQC, we consider states Ψ(Op,Oϕ)

such that they are symmetric under parity operation: Π̂Ψ(Op,Oϕ) = Ψ(−Op,Oϕ), i.e. they satisfy
Ψ(Op,Oϕ) = Ψ(−Op,Oϕ).

The gravitational part of the Hamiltonian, denoted by Hgrav
phys, is obtained by expressing terms

involving the symmetry reduced connection in terms of holonomies along the edges of a square with
comoving length `O

V
1/3
0

. In terms of the Dirac observables, the gravitational part in the classical

theory can be written as

Hgrav
phys = lim

`→0
sin (`Oc)

[
− sgn(Op)

32π2G2γ3`3

∑
k

TrτkOh(`)
k

{O−1

h
(`)
k

,O3/2
|p| }

]
sin (`Oc) . (3.12)

Here in contrast to unreduced LQC [26], Hgrav
phys is expressed in terms of Dirac observables. In

particular, Hgrav
phys is the Dirac observable of the rescaled gravitational contributions to the Hamil-

tonian constraint denoted by Cgrav/16πG in [26]. We will denote the corresponding operator on

the physical Hilbert space Hphys by Ĥgrav
phys which is a true Hamiltonian in our approach, whose

action on physical states does not vanish in the physical Hilbert space. In contrast to this in [26]
Dirac quantization was applied for the k = 0 FLRW model sourced with a massless scalar field
used as a relational clock and consequently the quantization of Cgrav/16πG was performed which
vanishes in the quantum theory.

Let us recall that in LQC, ` is chosen to coincide with the physical length of the square loop
with area given by the minimum area eigenvalue in LQG. In the improved dynamics prescription

[26], this physical length is measured by µ̄ =
√

∆/O|p| with ∆ = 4
√

3πγl2Pl. Unlike other possible

prescriptions, the improved dynamics is the only known choice which yields an unambiguous scale
for bounce density and an infra-red limit which is free from rescalings of the fiducial cell [47]. In
this prescription, since µ̄ depends on the triad Op, the holonomy operator O

h
(µ̄)
k

when restricted to

Hphys,grav is the shift operator on eigenstates of the volume operator |ν〉 where ν = Ksgn(µ)|µ|3/2

with K = 2
√

2

3
√

3
√

3
and acts trivially on Hphys,ϕ. For this reason, it is convenient to switch from the

triad to the volume representation in Hphys,grav (see [26] for more details). In this case

Hphys,grav = span(|ν〉 : ν ∈ R) with 〈ν , ν ′〉 = δνν′ . (3.13)

When acting on the volume-kets in Hphys,grav, the action of the operator corresponding to the Dirac

observables for the volume, defined as ÔV = Ô|p|3/2, and holonomy operators is given by

ÔV |ν〉 =

(
8πGγ

6

)3/2 |ν|
K
|ν〉, ÔNµ̄ |ν〉 = |ν + 1〉. (3.14)
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Further, the holonomy operator acts trivially on Hphys,ϕ.
The corresponding quantum operator for the gravitational part of the physical Hamiltonian

acting on Hphys, following the construction in [26], becomes

Ĥgrav
physΨ(OV ,Oϕ) :=

(
Ĥgrav

phys ⊗ 1
)

Ψ(OV ,Oϕ)

=

(
sin (µ̄Oc)

[ 3isgn(OV )

16π2G2γ3µ̄3

(
sin

(
µ̄Oc

2

)
ÔV cos

(
µ̄Oc

2

)
− cos

(
µ̄Oc

2

)
ÔV sin

(
µ̄Oc

2

))]
sin (µ̄Oc)

)
ψ(OV )⊗ ψ(Oϕ). (3.15)

The quantization of the matter part of the Hamiltonian Ĥϕ
phys with a scalar field ϕ in an inflationary

potential U(Oϕ) yields

Ĥϕ
physΨ(OV ,Oϕ) =

(
−~2

2
Ô−3/4
|p| ∂2

OϕÔ
−3/4
|p| + Ô3/4

|p| U(Ôϕ)Ô3/4
|p|

)
Ψ(OV ,Oϕ), (3.16)

where we chose a symmetric operator ordering.
Given these two individual contributions, the physical Hamiltonian in both dust models is just

given by

Ĥphys = Ĥgrav
phys + Ĥϕ

phys . (3.17)

At the classical level in the reduced phase space Hphys is generating the equations of motion of
the elementary Dirac observables (Ob,OV ,Oϕ,Oπϕ). At the quantum level this yields the Heisen-
berg equations for the corresponding operators of these Dirac observables. Switching from the
Heisenberg picture to the Schrödinger picture we can then find for the dust reference models the
respective quantum gravitational Schrödinger-like equations given by

i~
∂

∂τ
Ψ(OV ,Oϕ; τ) =

(
Ĥgrav

phys + Ĥϕ
phys

)
Ψ(OV ,Oϕ; τ). (3.18)

Using the action of Ĥgrav
phys and Ĥϕ

phys, one finds that

ĤphysΨ(OV ,Oϕ; τ) =
(
Ĥgrav

phys + Ĥϕ
phys

)
Ψ(OV ,Oϕ; τ)

= −αB(OV )∂2
OϕΨ(OV ,Oϕ; τ)− |OV |

2αK
U(Oϕ)Ψ(OV ,Oϕ; τ)

− αC+(OV )Ψ(OV+4,Oϕ; τ)− αC0(OV )Ψ(OV ,Oϕ; τ)

−αC−(OV )Ψ(OV−4,Oϕ; τ), (3.19)

with coefficients given by

α =
1

2

(
6

8πGγ

)3/2

, B(OV ) =

(
3

2

)3

K|OV |||OV + 1|1/3 − |OV − 1|1/3|3,

C+(OV ) =
3πKG

8
|OV + 2|||OV + 1| − |OV + 3||,

C−(OV ) = C+(OV − 4), C0(OV ) = −C+(OV )− C−(OV ). (3.20)

The expressions of C+, C0 and C− are same as in unreduced LQC [26] albeit with generalization
to observables. Here as in Dirac quantization of LQC we have expressed the inverse volume in the
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kinetic energy term of scalar field using Thiemann identity [54], which results in

ÔV −1Ψ(OV ,Oϕ; τ) = B(OV )Ψ(OV ,Oϕ; τ), (3.21)

with B(OV ) given by the expression above in (3.20). We thus obtain the evolution equation
as a second order quantum difference equation with the same uniform spacing in volume as in
conventional LQC which is non-singular. Note that the physical Hamiltonian only relates states
which are supported on a ‘lattice’: L±ε = {ν = ±(4n+ ε)} with n ∈ N and ε ∈ (0, 4]. One can then
choose a particular ‘lattice’, and as in unreduced LQC, one expects that the action of the physical
Hamiltonian and the Dirac observable operators preserve the chosen ‘lattice’. The coefficients
C+(OV ), C0(OV ) and C−(OV ) do not vanish on any chosen ‘lattice’. Thus, given the wavefunction
at volumes OV ∗+4 and OV ∗ for V ∗ lying in the chosen lattice, the quantum difference equation
recursively determines the wavefunction at volume OV ∗−4. The quantum difference equation allows
to determine the wavefunction across the to-be classical singularity at zero volume, and in this sense,
there is a resolution of big bang singularity at this level.

As shown in [55] the physical Hamiltonian operator of the dust models Ĥphys is self-adjoint
in Hphys = Hphys,grav ⊗ Hphys,ϕ which is the physical Hilbert space in the dust models. Note
that in [55] only the case of a massless scalar field with a cosmological constant was considered,
however as discussed in [20] the property of self-adjointness is preserved for any non-exotic matter
contribution added to the gravitational sector. One can include potentials in this setting which are
equivalent to adding different cosmological constants for different time slices. Using above results,
self-adjointness of the physical Hamiltonian follows. Further, also the elementary Dirac observables
ÔV , Ôb, Ôϕ, Ôπϕ are self-adjoint operators in Hphys and the physical Hamiltonian Ĥphys can then
be understood as a function of these elementary operators.

Thus using the dust reference fields as clocks we have found the corresponding quantum grav-
itational Schrödinger-like equation which is a difference equation with a uniform spacing in four
Planck volumes. The latter is a primary characteristic of the LQC quantum difference equation in
the µ̄-scheme which results in a successful resolution of the big bang singularity replacing it with
a quantum bounce [26, 27]. In contrast to the unreduced LQC model [26], in the dust models we
can without further technical complications include a potential for the inflaton since even then the
resulting physical Hamiltonian operator stays time-independent. As mentioned before in the model
of type II [20] this would be also possible but up to now an analysis of the physical properties of
such a model is not available in the literature.

An important next step will be to investigate solutions of the above Schrödinger equation.
Compared to the unreduced LQC model this is technically more involved since we have one more
degree of freedom at the level of the physical Hilbert space. As a result, numerical simulations
with the full quantum difference equation will be more demanding. Nevertheless, thanks to recent
developments in including supercomputing efforts in LQC [56] and efficient algorithms [57], the
situation above is expected to be no more than computational requirements of analyzing difference
equations in anisotropic models which have been successfully analyzed recently [58]. We expect
that as in conventional LQC, numerical simulations with quantum difference equations would show
that singularity resolution occurs via a quantum bounce in the Planck regime. Note that since we
use the usual kinematical LQC representation for Hphys here the physical Hilbert space on which
the Schrödinger-like equation is formulated is still non-separable. However, given the structure
of the quantum difference equation discussed above regarding ‘lattices’ L±ε, we expect that if
we restrict on solutions of the quantum dynamics there is a super-selection and a Hilbert space
associated to the solutions can become separable.
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III.B. The physical Hilbert space and Hamiltonian in the Klein-Gordon scalar field model

After discussing the quantum dynamics of the two dust models in detail in the last subsection
we will be brief in the presentation of the Klein-Gordon scalar field model where many of the
steps performed in the dust models can be carried over. We consider the same Hphys,ϕ for the
inflaton but slightly modify the inner product for the gravitational part and introduce as in [26]
the following inner product:

HB
phys,grav := span(|ν〉 : ν ∈ R) with 〈ν , ν ′〉B := 〈ν , B(OV )ν ′〉, (3.22)

where B(OV ) is given in (3.20). The reason for this modification is that we want the physical
Hamiltonian of the scalar field model to be self-adjoint. The elementary operators acting on Hphys

act in a similar way as in the dust model shown in (3.8) and (3.9) respectively. As before we can
go from the Heisenberg picture that one obtains after the reduced phase space quantization to the
Schrödinger picture. In case of the Klein-Gordon scalar field clock, the Schrödinger-like equation
is given by

i~
∂

∂τχ
Ψ(OV ,Oϕ; τ) =

√
| − 2B̂−1(OV )(Ĥgrav

phys + Ĥϕ
phys)| Ψ(OV ,Oϕ; τ), (3.23)

with the action of (Ĥgrav
phys +Ĥϕ

phys))Ψ(OV ,Oϕ; τ) given by (3.19). Here the factor of B(OV )−1 arises
from the inverse volume term in the Klein-Gordon clock and we included in absolute value for the
expression under the square root.

The operator under the square root inside the absolute value, up to the factor 2, can be identified
with the Θ̂ operator in [26] written in terms of Dirac observables and generalized to the case of
an inflationary potential. As discussed in the case of the dust model, and shown in [55] this is a
self-adjoint operator on the physical Hilbert space HB

phys. In this case, unlike the dust models, the
spectrum of the physical Hamiltonian is expected to be more non-trivial capturing some features
discussed earlier for a positive cosmological constant with a massless scalar field as a clock [27] but
now with an additional complexity of a potential which corresponds to choosing different values of
a positive cosmological constant at different times τχ. Further, unlike the dust clock, we now have
a square root operator arising from the physical Hamiltonian in this case. Hence, the structure
of the Schrödinger equation of the scalar field model appears more complicated compared to the
dust model case at this stage. We found above that the evolution equation in the reduced phase
quantization turns out to be a quantum difference equation with a quantum discreteness set by
the underlying quantum geometry via the minimum eigenvalue of the area operator in LQG. This
is the same structure as in conventional LQC which results in a singularity resolution.

III.C. Effective dynamical equations for the dust clocks

As in the Dirac quantization of LQC, insights in to the physical evolution can be obtained by
using an effective spacetime description which captures the quantum evolution in LQC for different
models quite accurately [26, 56, 58, 59]. This effective description allows obtaining numerical
solutions on a differentiable spacetime which encodes quantum gravitational effects. This effective
spacetime description is obtained from a geometrical formulation of the quantum theory using an
appropriate choice of sharply peaked states which results in an effective Hamiltonian constraint
[60]. Extensive numerical simulations carried out with a wide variety of states using quantum
difference equations show that the dynamics obtained from the effective Hamiltonian is an excellent
approximation to quantum dynamics for states which bounce at volumes much larger than the
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Planck volume [56, 58, 59]. For such states the difference between the expectation values of the
relevant physical observables and their counterparts in the effective dynamics turns out to be
negligible. On the other hand for states which are widely spread or bounce at volume close to
Planck volume, there can be departures between the quantum and effective dynamics [61]. In
this paper we would assume that suitable sharply peaked states exist in the reduced phase space
quantization which lead to a reliable effective spacetime description for different reference fields.
In this effective dynamics setting we first present dynamical equations for dust clocks, which is
followed by those for Klein-Gordon scalar field clock. As in the usual case in LQC, we work in
the approximation where effects from inverse volume operators which are significant only near the
Planck volume can be ignored. In the solutions discussed below, the volume of the universe remains
much larger than the Planck volume even at bounce which is consistent with above approximation.
Further, we will choose the orientation of the triad to be positive.

For the dust clock, following the procedure used in Dirac quantization in LQC, an effective
physical Hamiltonian written in terms of Dirac observables OV , Ob, Oϕ, and Oπϕ , can be written
as:

HFLRW,dust
eff = − 3OV

8πGλ2γ2
sin2(λOb) +

O2
πϕ

2OV
+OV U(Oϕ), (3.24)

where Ob is defined as Ob = Oc/O1/2
|p| and OV = sgn(Op)O3/2

|p| and λ =
√

∆. One can then use

Ob and OV as phase space variables, which satisfy {Ob,OV } = 4πGγ. The resulting Hamilton’s
equations in the reduced phase space are

dOV
dτ

=
3OV
2λγ

sin(2λOb),
dOb
dτ

= −3 sin2(λOb)
2γλ2

− 4πGγOPϕ , (3.25)

dOϕ
dτ

=
Oπϕ
OV

,
dOπϕ

dτ
= −OV

dU(Oϕ)

dOϕ
. (3.26)

Here OPϕ denotes the observable corresponding to the pressure of the inflaton field ϕ

OPϕ =
O2
πϕ

2O2
V

− U(Oϕ). (3.27)

Since the dust clocks are pressure-less they do not contribute to total pressure which is captured
by the above observable. In contrast, the total energy density observable also includes contribution
from the dust:

Oρ =
O2
πϕ

2O2
V

+ U(Oϕ) +
Edust

OV
, (3.28)

where Edust is defined as the negative physical Hamiltonian given by (3.24), and the ratio Edust/OV
corresponds to the energy density of the dust clock. Note that in the Brown-Kuchař case, the energy
density for dust can also take negative values.

For understanding cosmological dynamics it is useful to derive the modified Friedmann equation
which can be obtained from (3.25) by computing the square of the observable for the Hubble rate
H = V̇ /3V , which using (3.24) yields

O2
H =

Ȯ2
V

9O2
V

=
8πG

3
Oρ
(

1− Oρ
ρmax

)
. (3.29)
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Here ρmax is a constant determined by the area gap,

ρmax =
3

8πGγ2λ2
. (3.30)

When Oρ = ρmax ≈ 0.41ρPl, the observable corresponding to the Hubble rate vanishes and the
Dirac observable of the volume OV reaches its minimum value when the bounce occurs. At this
value the energy density is bounded above by ρmax. In the limit where λ→ 0, ρmax →∞ and the
observable Oρ is unbounded from above. In this limit, the big bang singularity is recovered.

As compared with the modified Friedmann equation obtained in an effective description of the
Dirac quantization of LQC, equation (3.29) has the same form and the same maximum energy
density at which the bounce takes place. The only difference lies in the composition of the energy
density which is now made up of two ingredients, the inflaton and the contribution from dust
clock. It is also straightforward to show that the form of the modified Raychaudhuri equation in
the relational formalism is the same as its counterpart in LQC. This is owing to the property of the
observable map in (3.3) which ensures all the dynamical equations can be lifted to the observable
level in a straightforward way once the the contribution from the dust field to the total energy
density is taken into account.

Finally, the Klein-Gordon equation of the scalar fields can be derived from the Hamilton’s
equations in a straightforward way. Taking the time derivative of (3.26) and combining it with
(3.25), one finds,

Öϕ + 3OHȮϕ + U,Oϕ = 0. (3.31)

Using this equation it is straightforward to show that the continuity equation is satisfied for the
observables of energy density and pressure of the scalar field. Further, the observable for the total
energy density which includes contribution from dust clocks also satisfies the continuity equation.

In the next section, we use these dynamical equations to understand some features of the
resulting non-singular dynamics with dust clocks.

III.D. Effective dynamical equations for the Klein-Gordon scalar field clock

Similar to the dust model, we assume that an effective spacetime description also exists in the
Klein-Gordon scalar field clock model. By using the Ob, OV variables and the same substitutions
in the classical physical Hamiltonian (2.34), the effective Hamiltonian in the Klein-Gordon scalar
field model can be shown to be

HFLRW,scalar
eff =

√√√√−2OV

(
− 3OV

8πGλ2γ2
sin2(λOb) +

O2
πϕ

2OV
+OV U(Oϕ)

)
, (3.32)

It is then straightforward to derive Hamilton’s equations which read

dOV
dτχ

=
3ONOV

2λγ
sin(2λOb),

dOb
dτχ

= −4πGγON
(
Oscalar
ρ +Oscalar

P

)
, (3.33)

dOϕ
dτχ

=
ONOπϕ
OV

,
dOπϕ
dτχ

= −ONOV
dU(Oϕ)

dOϕ
, (3.34)
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where ON = −OV /HFLRW,scalar
eff and the total energy density and the pressure are given by

Oscalar
ρ =

O2
πϕ

2O2
V

+ U(Oϕ) +
E2
χ

2O2
V

, (3.35)

Oscalar
P =

O2
πϕ

2O2
V

− U(Oϕ) +
E2
χ

2O2
V

. (3.36)

In the above formulas, Eχ = −HFLRW,scalar
eff is a constant of motion. It should be noted that in the

Hamilton’s equations all the Dirac observables are evolved with respect to the Klein-Gordon scalar
physical time τχ. This physical time is related to the proper time τ (which is also physical dust
time) by dτ

dτχ
= ON . Further, given that the lapse function is negative, τχ is negative of the scalar

field clock used in LQC [26].
The forms of the Friedmann and Raychaudhuri equations when expressed in Klein-Gordon scalar

physical time τχ are slightly different than the ones in proper time τ . For example, with respect to
the Klein-Gordon scalar field clock, the Friedmann equation in effective description takes the form

H̃2 = O2
N

8πG

3
Oρ
(

1− Oρ
ρmax

)
, (3.37)

where we have defined the Hubble rate in the Klein-Gordon scalar field model as H̃ = dOV /dτχ.
It is important to note that although the above equation is not same as (3.29) because of different
choice of clocks, they have the same physical content. One can transform from τχ to τ in above
equation to obtain (3.29). As in GR, the physical predictions are by no means dependent on the
specific time coordinates used in the dynamical equations. In particular, the above equation still
yields the bounce at the maximum energy density given by (3.30) and the super-inflationary phase,
defined as the regime in which the time derivative of the Hubble rate is positive, occurs in the range
ρmax/2 ≤ Oscalar

ρ ≤ ρmax.
Finally to summarize, in this section, using the techniques from LQC, we have quantized the

reduced phase space of a spatially flat FLRW universe with both dust clocks and a massless Klein-
Gordon scalar clock. We have derived the Schrödinger-like quantum difference equations and the
Hamilton’s equations of the effective dynamics for the three different types of clocks. These effective
equations lay the basis for the numerical analysis of the background dynamics of the spatially flat
FLRW universe in the reduced phase space framework which is discussed in the following.

IV. NUMERICAL ANALYSIS OF THE EFFECTIVE DYNAMICS WITH THE DUST
AND MASSLESS KLEIN-GORDON SCALAR FIELD CLOCKS

In this section, starting from the Hamilton’s equations obtained in an effective spacetime de-
scription of the reduced phase quantization of a flat FLRW universe, numerical solutions of the
background dynamics with respect to the reference fields are found when an inflaton field is present.
Both the references fields and the inflaton field are minimally coupled to gravity. We discuss two
separate cases: one for dust clocks as reference fields and another one with a Klein-Gordon scalar
reference field. The inflationary potential is chosen to be the Starobinsky potential

U =
3m2

16πG

(
1− e−

√
16πG

3
Oϕ
)2

, (4.1)

where the mass is fixed to be m = 2.44 × 10−6 from the observational data [62]. The initial
conditions are chosen at the bounce where the total energy density reaches its maximum value.
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FIG. 1. In this figure, with the initial conditions given in (4.2), the evolution of the volume Dirac observable
near the bounce is depicted in the left panel where the inset figure shows the behavior of the Hubble rate
across the bounce. In the right panel, we compare the time evolution of the kinetic (red dashed) and
potential (black dot-dashed) energies of the scalar field with the dust energy density (blue solid). The inset
plot of the right panel depicts the time evolution of the first slow-roll parameter till the end of inflation.
The vertical lines in these graphs indicate the onset of inflation at τ = 3.17× 105.

A property of the physical Hamiltonian in this reduced phase quantization is that at the bounce
Ob equals π/2λ. This leaves the Dirac observables OV , Oϕ and Oπϕ to be specified for the initial
conditions. For our numerical solutions, we set the Dirac observable of the volume at the bounce
to 103 in Planck units. Then the choice of the initial values of Oϕ and Oπϕ determines the value of
the physical Hamiltonian at the bounce, or equivalently, the initial value of Edust in the dust model
and Eχ in the Klein-Gordon scalar field model. Apart from studying singularity resolution with
different clocks, we will be also interested in understanding the way energy density of the different
clocks may have any imprint on the cosmological dynamics. For this reason, we parametrize the
space of the initial conditions by (Oϕ,Oρclock).

The effects of the dust reference fields on the background dynamics in the classical theory for
both Gaussian and Brown-Kuchař dust models were discussed recently by the authors in [39]. There
it was found that changing the initial dust energy density can effectively change the inflationary
e-foldings. The numerical analysis of the classical theory in [39] started with initial conditions
when the inflaton starts from the left wing of the Starobinsky potential as in this manuscript. It
was found thatwhen the magnitude of the initial negative dust energy exceeds an upper bound
determined by the initial conditions for the other physical quantities, the inflationary phase is
replaced by a recollapse of the universe which finally results in a big crunch singularity. In classical
cosmology, solutions with either positive or negative dust energy density are past incomplete with
an inevitable big bang singularity when evolved backward in time. In the following, we will show
that all singularities encountered in the classical theory in [39] are resolved and replaced by a
quantum bounce when the classical spatially flat FLRW spacetime is loop quantized as in the last
section. In all the representative cases discussed below, we focus on the situation when the inflaton
initially rolls down the left wing of the Starobinsky potential. Since the energy density of the dust
field can also take negative values in the Brown-Kuchař dust model, we consider both positive
and negative dust energy densities in our analysis. Note that for the background dynamics, the
Gaussian and Brown-Kuchař dust clocks yield no difference when the energy density is positive.
For this reason, in the following, cases for positive dust energy density we refer to both of the dust
clocks. Further, in the discussion below all values of the Dirac observables are considered in Planck
units.
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IV.A. Dust clocks with a positive energy density

In this subsection we discuss a representative case of initial conditions chosen for dust clocks
with a positive energy density. As mentioned earlier, for numerical analysis the initial conditions
for geometric variables are Obi = π/2λ and OVi = 1000. Initial conditions for other variables are
chosen as

Oϕi = −1.45, Oρdust
i

= 10−8, (4.2)

where the subscript ‘i’ stands for the initial values of the relevant quantities at the bounce. With
these initial values, we find Oπϕi = 900. Note that for the above initial conditions, Oπϕi can be
either positive or negative, but the latter does not yield a viable phase of inflation and hence is
not considered.5 Also, we choose these particular values for Oϕi and Oπϕi since they yield slightly
greater inflationary e-foldings than 60 in LQC in the absence of dust reference fields. In particular,
these initial conditions without any contribution from dust clocks yield 63.9 inflationary e-foldings
(for details on number of e-foldings for various initial conditions in LQC for Starobinsky potential
see [62]). One of our goals in the following will be to understand the effect of dust clocks on the
number of e-foldings even when the energy density of clocks is much smaller than the inflaton
energy density.

Fig. 1 shows the results for above initial conditions. In the left panel, we see that a non-
singular bounce takes place at τ = 0 with the inset showing the behavior of the Dirac observable
for the Hubble rate. The super-inflationary phase starts from the bounce and ends at the moment
when the Hubble rate reaches its maximum at around τ = 0.18, yielding a total of 0.12 e-foldings.
The universe at the bounce is dominated by the kinetic energy of the scalar field as shown in the
right panel of the figure. As the inflaton first rolls down the left wing and then climbs up the
right wing of the potential, it slows down with a positive velocity before the turnaround point.
The slow-roll inflation takes place shortly after the turnaround point and ends when the inflaton
reaches the bottom of the potential. Throughout the period from the bounce to the end of the
inflation, the dust field plays a subdominant role as its energy density stays much less than the
energy density of the scalar field. This behavior of the dust clocks becomes more obvious in the
slow-roll inflationary phase in which the dust energy density exponentially decreases while the
energy density of the scalar field remains almost constant. The presence of the inflationary phase
can be further confirmed by the inset plot of the observable for the slow-roll parameter OεH defined
as

OεH =
4πG

O2
H

(
Oρϕ +Oπϕ +

Edust

OV

)
. (4.3)

Inflation takes place at OεH = 1 marked by the gray vertical line in the figure and ends when OεH
grows up to unity again after the exponential expansion of the universe, yielding a total of 63.1
inflationary e-foldings.

IV.B. Dust clocks with a negative energy density

In the Brown-Kuchař model, the energy density of the dust can be negative. If the energy density
of such a phantom dust is sufficiently large, the universe undergoes a recollapse before inflation
can start. Classically such a universe encounters a big crunch singularity [39], which is avoided by

5 When the initial velocity is negative, only the positive values of the inflaton field at the initial time can lead to
successful inflation later on.
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FIG. 2. These plots correspond to the initial conditions given in (4.4) for a negative energy density of the
dust clock, the evolution of the volume Dirac observable and the Hubble rate is depicted near the bounce in
the left panel. The right panel shows the time evolution of the kinetic and potential energies of the scalar
field and the first slow-roll parameter (in the inset plot) where the gray vertical lines indicate the onset of
inflation at τ = 3.18× 105. Inflation ends at τ = 5.60× 107, yielding a total of 64.7 inflationary e-foldings.

loop quantum effects, and such initial conditions result in several cycles before inflation can start.
Note that such a negative phantom dust field is not consistent with the well-known ΛCDM model
of the current universe which is in excellent agreement with the latest observations since the latter
only allows for a positive cosmological constant. Nevertheless, we discuss this case to show how
different choices of initial conditions for the dust clock can result in very different dynamics. In
the following, we first discuss a case when the energy density of dust allows inflationary dynamics
to occur without any such cycles. This is followed by examples where the energy density of the
dust clock is so negative that the universe undergoes cycles of contraction and expansion before
inflation can set in.

The first set of initial conditions for negative energy density are chosen to differ from conditions
in (4.2) just by a negative sign of the dust energy density,

Oϕi = −1.45, Oρdust
i

= −10−8, (4.4)

which also set Oπϕi = 900. As before we choose Obi = π/2λ and OVi = 1000 in Planck units. In this
case, the qualitative evolution of the universe is similar to the case with the positive dust energy
density discussed in the last subsection. As shown in the left panel of Fig. 2, the Dirac observables
of the volume and the Hubble rate evolve continuously across the bounce at τ = 0. Also, the dust
field is subdominant at all times. The difference from Fig. 1 lies in the exact number of e-foldings
of the inflationary phase, which in this case is 64.7, larger than the inflationary e-foldings in Fig. 1.
This increase in the number of e-foldings is tied to the higher value of Oϕ at the onset of inflation
when dust energy density is negative, which occurs because of the decrease in the Hubble friction.
An increase in the magnitude of the negative dust energy density further decreases the Hubble
friction which makes the inflaton turn around at a higher value of Oϕ in the Starobinsky potential.

The effects of the dust fields on the e-foldings of the preinflationary and inflationary phases
are depicted in Fig. 3 when the initial value of the scalar field is fixed to be −1.45 at the bounce
for both positive and negative dust energy densities. In the left panel, the initial positive dust
energy density increases in small increments from 5×10−8 to 10−4 which constitutes 0.000012% to
0.024% of the total energy density at the bounce. It shows that the e-foldings of the inflationary
(pre-inflationary) phase decreases (increases) with an increasing positive dust energy density at
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FIG. 3. With the initial conditions set at the bounce and Oϕi
= −1.45, we compare the effects of the positive

(left panel) and negative (right panel) dust energy densities on the e-foldings of the the pre-inflationary (in
the inset subfigures) and the inflationary phases.

the bounce.6 This is because the Hubble friction becomes larger when the initial positive dust
energy density is increased resulting in a smaller value of the scalar field at the onset of inflation.
In the extreme case, when the initial positive dust energy is so large that the inflationary phase
can disappear. Such extreme values clearly do not correspond to dust acting as a good clock. As
a result, for a given value of Oϕi , there exists an upper bound on the value of initial dust density
for which the inflationary phase does not occur. For Oϕi = −1.45, this bound turns out to be
1.38×10−4. In the right panel of Fig. 3, we find the negative dust energy has an opposite effect on
the number of the preinflationary and inflationary e-foldings as compared with the positive dust
energy. But similar to the latter case, for any given initial values of the scalar field, there is an
upper bound Oρupper (defined positive) on the magnitude of the negative dust energy density to
ensure the dynamics of the LQC universe is not qualitatively altered by the dust reference field.
When |Oρdust

i
| < Oρupper , the magnitude of the dust energy density is always smaller than that of the

scalar field. If above condition is not met, the total energy density vanishes before the turnaround
point occurs, leading to a recollapse of the universe. Before moving on to next example, we want
to emphasize that the above results are robust to changes in the value of Oϕi , namely, a different
initial value of the scalar field will certainly change the pre-inflationary and inflationary e-foldings
when the dust field is negligible. However, as the initial dust density increases, the dust field will
affect the number of e-foldings in a qualitatively same way as depicted in Fig. 3 for any fixed
initial value of the scalar field as long as the inflaton is initially released from the left wing of the
potential with a positive velocity. In the extreme case, when the inflaton field starts with a large
negative value, the inflationary phase would disappear even without the reference clocks. On the
other hand, a large positive value of the scalar field can lead to a huge number of e-folding. The
effects of the reference clocks would be the same as depicted in Fig. 3 for a positive initial velocity
while the negative initial velocity would have an opposite effect on the e-foldings.

From our simulations, we find that with the initial scalar field set to Oϕi = −1.45, the upper
bound on the magnitude of the initial negative dust energy density turns out to be approximately
Oρupper = 5.35 × 10−7. When |Oρdust

i
| > Oρupper , the universe undergoes a recollapse and a cyclic

dynamics in LQC will appear. This interesting case is not satisfied by ideal dust clocks because a
relatively large magnitude of energy densities changes the universe with only one bounce into the
one with many bounces. One such case occurs with the following initial conditions, chosen again

6 Note that the pre-inflationary e-foldings are counted from the bounce to the onset of inflation, and includes the
e-foldings from super-inflation.
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FIG. 4. In this figure, the initial conditions are chosen as in (4.5) for a large negative dust energy density
which results in a cyclic universe. The Dirac observable of the volume of the universe increases very slightly
in consecutive cycles. The cyclic phase continues for a long time as shown in the inset figure. The value of
the Starobinsky field increases steadily in a step-like phenomena.

with Obi = π/2λ and OVi = 1000,

Oϕi = −1.45, Oρdust
i

= −5.35× 10−7, (4.5)

which also set Oπϕi = 900. Results are presented in Fig. 4 in which the evolution of the Dirac
observable of the volume and the scalar field is depicted. It can be seen from the figure that the
universe experiences cycles of alternating expanding and contracting phases. In the process, the
volume at successive recollapse points increases very slightly, showing a hysteresis-like phenomenon
which has been discussed recently in a closed universe in LQC [63]. Meanwhile, the scalar field
undergoes a step-like increase at each bounce which is dominated by the kinetic energy of the scalar
field. From our numerical solutions, we find that the cyclic universe without the inflationary phase
continues until t = 109. It is possible that after many bounces and recollapses, the inflation can
still takes place at a time when the dust energy density becomes less than the energy density of the
scalar field in the expanding phase. However, due to the flatness of the Starobinsky potential on
its right wing, the volume of the universe only changes slightly in each cycle, it possibly takes very
long time before the inflation finally sets in. This cyclic behavior of the universe caused by the
negative dust energy density in the loop quantized model is in striking contrast with the behavior
of the universe in the classical theory. As discussed in [39], in the classical FLRW universe, when
the magnitude of the negative dust energy density is large enough to cancel the energy density of
the scalar field, the universe recollapses and heads towards the big crunch singularity. However, we
find in our case that this singularity is avoided because of quantum gravitational effects and the
big crunch singularity is avoided, resulting in a cyclic evolution. While above initial conditions do
not easily lead to inflation in short time, it is not difficult to find initial conditions where inflation
occurs after some cycles. An example is for the initial conditions:

Oϕi = −2.52296, Oρdust
i

= −10−6, (4.6)

from which one can find Oπϕi = 905 using Obi = π/2λ and OVi = 1000. The results are shown in
Fig. 5. The left panel of Fig. 5 clearly shows that the largest value for the Dirac observable of the
volume at different collapse points are changing slightly in the forward evolution. Meanwhile, the
scalar field initially moves steadily in one direction. However, when the inflation takes place, the
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FIG. 5. This figure shows the characteristic evolution of the Dirac observable of the volume and the scalar
field when inflation takes place after a few cycles of the expansion and contraction for the Starobinsky
potential. The initial conditions are chosen as in (4.6) with a negative dust energy density.

inflaton reaches its turnaround point and the value of the scalar field starts to decrease. Afterwards,
as the volume of the universe experiences an exponential expansion, the effects of the dust field
becomes negligible as compared with the scalar field. From our simulations, we find that in
order for the universe to transit from the cyclic phase to the inflationary phase, the slope of the
scalar potential plays an important role. Unlike the Hubble friction which also assumes oscillating
behavior in the cyclic phase, the potential related term in the Klein-Gordon equation (3.31) always
acts as a frictional force when the scalar field steadily moves in the direction with increasing Oϕ.
The hysteresis-like phenomena noted in effective dynamics in LQC in which the volume at the
recollapse point grows in successive cycles [63] is found explicitly for this example.

IV.C. Klein-Gordon scalar field clocks

We now consider the case when a massless Klein-Gordon scalar field plays the role of a clock.
For the standard kinetic energy, these clocks have positive energy density. In order to compare with
the dust clocks which have positive energy density, we consider representative initial conditions in
this case (at the bounce) at OV = 103 as

Oϕi = −1.45, Oρχi = 10−8, (4.7)

here Oρχi stands for the initial energy density of the massless Klein-Gordon scalar reference field
which for comparison with solutions for dust clocks is set equal to the initial dust energy density
in (4.2). With the initial values given in (4.7), one finds Oπϕi = ±900. Similar to the cases in the
dust models, we choose positive Oπϕi in our numerical analysis. Since the Dirac observable of the
lapse is negative-valued in the Klein-Gordon scalar field model, we compensate this by choosing
negative values for τχ to study the evolution. As a result, when setting the bounce at τχ = 0,
inflation takes place in the regime of negative values of τχ.7 In Fig. 6, we show the evolution of
the Dirac observable of the volume and effects of the initial energy density of the Klein-Gordon
scalar field on the background dynamics. In the figure, τχ = 0 corresponds to the bounce point,
and the super-inflationary phase defined by the region when Oρ=ρmax ≥ Oρ ≥ Oρ=ρmax/2 ends at

7 Note that in comparison with the unreduced LQC [26] where Dirac quantization is applied, the Schrödinger equation
involves a derivative with respect to the scalar field that is chosen as a clock. Because the Dirac observables are
a power series in terms of (τχ − χ) a derivative of the observable with respect to τχ and with respect to χ exactly
differ by a minus sign which relates the τχ used here to the physical time used in [26].
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FIG. 6. In this figure, the initial conditions are chosen at the bounce with the initial values set by (4.7) for
the Klein-Gordon scalar clock. In the left panel, we show the continuous evolution of the Dirac observable of
the volume until the onset of inflation. The gray dashed vertical line marks the end of the superinflationary
phase at −τχ = 2.24 × 10−5. The behavior of the the Dirac observable of the volume across the bounce
is depicted in the inset plot. In the right panel, we show the impact of the initial energy density of the
Klein-Gordon scalar reference field on the pre-inflationary (the inset plot) and the inflationary e-foldings
with Oϕi = −1.45.

τχ = −2.24×10−5, yielding a total of 0.12 super-inflationary e-foldings. This phase then leads after
a short time to slow roll inflation starting at τχ = −3.81× 10−4 and ending at τχ = −3.98× 10−4,
yielding a total of 63.8 inflationary e-foldings. Note that due to a faster decay of the energy
density of the Klein-Gordon scalar field, the effects of the Klein-Gordon scalar reference field on
the background dynamics are quantitatively different from the dust reference field. To be specific,
starting with the same initial energy densities of the clock fields, the inflationary e-foldings in the
two models turn out to be different. As discussed in section IV.A, for the initial conditions (4.2),
the inflationary e-folding with the dust clocks is 63.1, while the inflationary e-folding with the
Klein-Gordon scalar clocks is 63.8 which is closer to the inflationary e-foldings, equal to = 63.9,
in the standard LQC effective theory without any reference clocks [64]. This indicates that with
the same initial energy densities, the Klein-Gordon scalar reference field has less impact on the
inflationary e-foldings than the dust reference field. Of course, our numerical results also show that
the effects of both clocks can be tuned as negligible as possible if the initial energy density of the
clocks are set to small values.

In the right panel of Fig. 6, we show the Klein-Gordon scalar reference field affects the back-
ground dynamics in a qualitatively similar way as the dust reference field with a positive energy
density. For a particular Oϕi in the parameter space, there also exists an upper bound on the
initial energy density of the Klein-Gordon scalar field for inflation to occur which turns out to be
0.238 in the current case and is significantly larger than the upper bound in the dust model (which
is 5.35× 10−7) with the same Oϕi . Meanwhile, the affect of the Klein-Gordon scalar reference field
on the e-foldings of the pre-inflationary and the inflationary regimes is also quantitatively different
from the dust reference field with the same initial conditions. For the dust model, as shown in
Fig. 3, when the initial dust energy density lies between (10−7, 10−4), we find a rapid decrease
(increase) in the number of the inflationary (pre-inflationary) e-foldings while in the Klein-Gordon
scalar field model, the decrease (increase) in the number of the inflationary (pre-inflationary) e-
foldings becomes significant only when the initial energy density of the reference field grows above
0.01. As a result, the Klein-Gordon scalar reference field serves as a good clock in a larger part of
the parameter space than the dust reference field.
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V. CONCLUSIONS

The goal of this paper is to understand the loop quantization of the spatially flat, homogeneous
and isotropic FLRW universe sourced with a Starobinsky inflationary potential using reduced
phase space quantization. We used the relational formalism with Brown-Kuchař, Gaussian dust
and Klein-Gordon scalar reference fields which act as clocks in the quantization procedure. We
obtained the physical Hamiltonians in the reduced mini-superspace in terms of Dirac observables
associated with four degrees of freedom which are the Dirac observables of the connection and the
conjugate triad as well as the inflaton and its conjugate momentum. We applied the improved
dynamics or the µ̄ scheme in LQC to loop quantize the geometric degrees of freedom. The physical
Hilbert space is spanned by the quantum states depending on the volume of the universe, the value
of the inflaton field and the clock time. Using properties of the gravitational part of the Hamiltonian
and the evolution operator considered generally in LQC [55], the physical Hamiltonian in all three
cases turns out to be self-adjoint. We constructed the quantum theory in terms of operators
corresponding to the Dirac observables and obtained the quantum dynamics in terms of their
corresponding physical Hamiltonians implemented on the physical Hilbert space. We showed that
the resulting quantum gravitational Schrödinger equations are non-singular quantum difference
equations with uniform steps in volume. We investigated some of the physical implications on
bounce and inflationary dynamics in the effective spacetime description with the above clocks. For
the reason that we can use the usual LQC representation for the physical Hilbert space in all three
models the physical Hilbert space is still non-separable. However, as in (Dirac quantized) LQC,
solutions of the quantum gravitational Schrödinger equation are expected to obey super-selection
sectors and in this case if one restricts to the space of solutions of the quantum dynamics we expect
that the space of solutions becomes a separable Hilbert space. Our analysis provides a novel way
to bypass various problems with quantization of inflationary potential in Dirac quantization with
inflaton as a clock. Unlike in such an approach where the Hamiltonian is time-dependent, the
inner product is not conserved and no global clock exists, in our approach one obtains a time-
independent Hamiltonian, a conserved inner product and a good global clock, essential for unitarity,
is available. Our analysis provides a path to repeat a similar exercise in Dirac quantization by
introducing in addition to the inflaton Klein-Gordon or dust reference fields. The methods used
in our analysis can be applied for any potential, including those for alternatives to inflation, and
different quantum cosmological models. To understand aspects of new physics in this model, we
used effective dynamics for our two fluid models to find numerical solutions. Effective dynamics
has so far in LQC turned out to be an excellent approximation to the quantum difference evolution
equation [26, 56, 58, 59].8 We found the effective Hamiltonians in the reduced mini-superspace and
derived the Hamilton’s equations and the modified Friedmann equations for the dust and Klein-
Gordon reference field models. As the Dirac observable of a function of the elementary phase
space variables is just given by the function of the corresponding Dirac observables, the observable
map is in this sense function preserving. Therefore, the modified Friedmann equations in the dust
models take formally the same form as their counterpart in the standard LQC in cosmic time
while the modified Friedmann equation in the Klein-Gordon scalar field model contains on its right
hand side an additional multiplication factor proportional to the square of the Dirac observable of
the lapse which is expected since the evolution is formulated with respect to the scalar field time
and not the cosmic time. These modified equations effectively describe a dynamical system with
two fluids coupled individually to the background spacetime. Besides, these two fluids, i.e. the
inflaton field and the clock field, satisfy their individual continuity equations and have no direct
couplings between each other. From the modified Friedmann equations, we found that in the

8 Recently, attempts have been made to obtain effective dynamics in LQC from reduced phase space quantization of
LQG using path-integral formulation with dust reference fields [25], but such studies do not yet include a potential.
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spatially flat FLRW universe of the reduced phase space, the big bang singularity is replaced with
a quantum bounce which takes place at the maximum energy density ρmax ≈ 0.41ρPl set by the
quantum geometry. The bounce density turns out to be the same for different clocks studied in
this manuscript.9

For the numerical analysis, the initial conditions were chosen at the bounce in a two-dimensional
parameter space consisting of the scalar field Oϕ and the energy density of the reference field. The
initial conditions for the inflaton were given when the inflaton field was initially rolling down in
the left-wing of the potential. For the positive (negative) dust energy, the presence of the dust
field increases (decreases) the Hubble friction, and thus decreases (increases) the duration of the
inflationary phase for above initial conditions. The dust energy density can also slightly change the
duration of the preinflationary phase in the bouncing regime. We found that when the magnitude
of the negative dust energy density exceeds Oρupper , the total energy density becomes zero before
the inflation sets in, causing a recollapse. The big crunch singularity of classical theory is resolved
due to quantum geometric effects and the universe undergoes cycles of contracting and expanding
phases. The volume of the universe grows slightly in successive cycles, leading to a change in the
dust energy density between any two neighboring cycles reflecting a mild hysteresis-like phenomena
[63]. With the Starobinsky potential, while some initial conditions do not yield inflation even after
long time, we showed the existence of initial conditions which do lead to inflation after various cycles
of contraction and expansion10. In all the cases we find non-singular dynamics with dust clocks, in
contrast to the classical theory where for the same inflationary potential the universe encounters
the big bang singularity in the past, and a big crunch in future for a sufficiently large negative
dust energy density [39]. The effects of the Klein-Gordon scalar field clock turn out to be similar
to the dust clock with a positive energy density but with some differences. First, the inflationary
phase lasts for a very short period in the time measured by the Klein-Gordon scalar field clock as
compared with the dust clock. Secondly, since the energy density of the Klein-Gordon scalar field
clock decays much faster than the dust clock, the former has less impact on the duration of inflation
than the latter. Starting from the same initial energy density of the clock fields, the inflationary
e-foldings in the Klein-Gordon scalar field model is larger than in the case of dust reference fields.
In general, the Klein-Gordon scalar reference field serves as a good clock in a larger subspace of the
whole parameter space than the dust reference field with the positive energy density. We also find
that with the same initial conditions, the e-foldings from the bounce to the moment when the pivot
mode exits the horizon during inflation are slightly larger for the dust reference fields. This implies
the observable window of the primordial power spectrum for the quantum gravitational effects are
also changed when different physical clocks are used. Note that even though, the Gaussian and
Brown-Kuchař dust models have exactly the same background dynamics in the spatially flat FLRW
universe, from the analysis in [39], a difference in the scalar power spectrum is still expected as
the equations of motion for the linear perturbations are different in the two dust models. It will
be interesting to generalize the latter analysis to LQC and explore the consequences of choosing
different dust and scalar clocks on the primordial power spectrum in detail. While above results
indicate that starting from the same initial conditions for clock densities, different reference fields
can leave tiny but distinct imprints on inflationary dynamics, one can of course choose different
initial conditions for different clocks to get same phenomenological effects. In this sense, the
multiple choice problem of time, which leaves traces in phenomenology, is linked with the problem
of initial conditions. Finally, one can always choose initial conditions for the clock densities such
that their contribution to observational quantities is less than the experimental error. A more
detailed understanding of these models can be obtained by investigating the physical solutions, and

9 Unlike Wheeler-DeWitt theory where the choice of clock has been argued to make a difference in singularity
resolution [65], our analysis shows that the same conclusion does not extend to LQC for the clocks we investigated.

10 Similar results have been recently obtained for spatially closed model in LQC [66].
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quantum dynamics directly. Compared to the current models in LQC the already existing numerical
techniques need to be generalized to the two-fluid case. Due to the presence of a reference field
independent of the potential, this is computationally more involved than numerical simulations
done so far in isotropic (Dirac quantized) LQC [26, 59]. The situation is closer to anisotropic
models which have more degrees of freedom. Given that the latter have been successfully analyzed
in detail using super-computing methods [56, 58], the numerical infrastructure can be adapted
to study quantum dynamics in reduced phase space quantization. Apart from the question of
singularity resolution at the level of the physical Hilbert space, this step is important since it
will allow to test the validity of effective techniques for two-fluid models. Further, it opens the
possibility to better compare to for instance the model in [26] at the quantum level, always taking
into account that we compare models with different degrees of freedom in the physical Hilbert
space. This for instance also involves a better understanding of the possibility to switch clocks
at the quantum level in these models, see for instance [67] for an analysis in Wheeler-DeWitt
cosmology. The notion of quantum reduction maps that have been presented in [68] and used to
compare Dirac and reduced quantisation are an interesting approach in this context. A long term
future project will be, once the quantum background dynamics is well understood, to consider
linear perturbations which opens a window to further analyze the different features of the dust
and Klein-Gordon scalar fields models. For instance the fact that the physical Hamiltonians in the
two dust models coincide is only a special property of the FLRW spacetime and no longer holds if
perturbations are taken into account. An analysis on above lines would provide a consistent and
complete quantum gravitational treatment of inflationary spacetimes where the role of clocks in
the background dynamics as well as in perturbations, and important issues such as the physical
Hilbert space and the conserved inner product in presence of an inflationary potential, and resulting
impacts on phenomenology will be settled.
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