Louisiana State University

LSU Digital Commons

LSU Historical Dissertations and Theses Graduate School

1990

Small Sample Properties of Estimators and Test Statistics in
Nonlinear Regression: The Box-Cox Transformation.

Minbo Kim
Louisiana State University and Agricultural & Mechanical College

Follow this and additional works at: https://digitalcommons.Isu.edu/gradschool_disstheses

Recommended Citation

Kim, Minbo, "Small Sample Properties of Estimators and Test Statistics in Nonlinear Regression: The Box-
Cox Transformation." (1990). LSU Historical Dissertations and Theses. 5066.
https://digitalcommons.Isu.edu/gradschool_disstheses/5066

This Dissertation is brought to you for free and open access by the Graduate School at LSU Digital Commons. It
has been accepted for inclusion in LSU Historical Dissertations and Theses by an authorized administrator of LSU
Digital Commons. For more information, please contact gradetd@Isu.edu.


https://digitalcommons.lsu.edu/
https://digitalcommons.lsu.edu/gradschool_disstheses
https://digitalcommons.lsu.edu/gradschool
https://digitalcommons.lsu.edu/gradschool_disstheses?utm_source=digitalcommons.lsu.edu%2Fgradschool_disstheses%2F5066&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.lsu.edu/gradschool_disstheses/5066?utm_source=digitalcommons.lsu.edu%2Fgradschool_disstheses%2F5066&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:gradetd@lsu.edu

INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may
be from any type of computer printer. '

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion. '

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6" x 9" black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly
to order.

University Microfilms International
A Bell & Howell Information Company

300 North Zeeb Road. Ann Arbor. M1 48106-1346 USA
313.761-4700 800 521-0600






Order Number 9123209

Small sample properties of estimators and test statistics in
nonlinear regression: The Box-Cox transformation

Kim, Minbo, Ph.D.

The Louisiana State University and Agricultural and Mechanical Col., 1990

U-M-1

300 N. Zeeb Rd.
Ann Arbor, MI 48106






SMALL SAMPLE PROPERTIES OF ESTIMATORS
AND TEST STATISTICS IN NONLINEAR REGRESSION:
THE BOX-COX TRANSFORMATION

A Dissertation

Submitted to the Graduate Faculty of the
Louisiana State University and
Agricultural and Mechanical College
in partial fulfillment of the
requirement for the degree of
Doctor of Philosophy

in

The Department of Economics

by
Minbo Kim
B.A., Seoul National University, 1980
M.S., Louisiana State University, 1988
December 1990



ACKNOWLEDGEMENTS

I wish to express my appreciation for the constructive comments supplied by
Dr. Stephen W. Looney. I wish to thank Dr. David J. Smyth for summer grants
and his faith in me.

I am especially grateful to my major professor R. Carter Hill for his encourage-
ment, suggestions, and guidance of this dissertation and throughout my graduate
study at Louisiana State University in Baton Rouge.

ii




TABLE OF CONTENTS

Page
ACKNOWLEDGEMENTS ..ttt ittt i
LIST OF TABLES ... ittt ci et vii
AB S T R ACT it et et e e i i b
CHA'PTER
1  INTRODUCTION ...ttt et i iiie e, 1
2 STATISTICAL INFERENCE ... 5
2.1  Basic Definitions .........ccoiiiiiiiiiiiiiiiii i 5
2.2 Point Estimation Theory ...........cooiiiiiiiiiii i, 9
2.2.1 Finite Sample Properties ...t 10
2.2.2 Jackknife and Bootstrapping .............oooi .t 18
2.3  Estimators in the Linear Regression Model ................. 23
2.3.1 Ordinary Least Squares (OLS) ................ ... 23
2.3.2 Generalized Least Squares (GLS) ................ 24
2.3.3 Biased Estimation ...........ccoiiiiiiiiiiin... 20
24  Maximum Likelihood Estimation and
Asymptotic Properties ..........ccoiiiiiiiiiiiiiiiiena 34
2.4.1 Asymptotic Properties ..., 34
2.4.2 Maximum Likelihood Estimator .................. 39

i



2.4.3 Concentrated Maximum Likelihood Estimation ...

2.4.4 General Equality Restrictions and

Asymptotically Equivalent Test Statistics ........

2.5  Small Sample Theory ......cooiiiiiiiiiiiiiiiiiiii...
2.5.1 Gram-Charlier and Edgeworth Expansion ........

2.5.2 Saddlepoint Approximation .............. ...l

2.5.3 Rational Function Approximation ................

GENERAL TRANSFORMATION-OF-VARIABLES

IN REGRESSION ...t it
3.1 Introduction ..........oiiiiiiiiii i
3.2 Estimation of the Box-Cox Transformation .................
3.2.1 Maximum Likelihood Method ....................
3.2.2 Nonlinear Two Stage Estimation .................
3.2.3 Iterative Generalized Least Squares ..............
3.3  Bootstrapping and Edgeworth Expansion ...................
3.4  Design of Monte Carlo Simulation ................... ... ...
3.0 Results ..o e e
3.5.1 Bias and Standard Error ............ ... .ol
3.5.2 Empirical Distribution ...............0.ooooiiL
3.5.3 Bootstrap Inversion of Edgeworth Expansion .....
3.6  ComcluSIONS +vvuiuret it i e e

v

41

61

61

64



TESTING THE BOX-COX MODEL IN SMALL SAMPLES ...... 106
4.1 Introduction . .ov vttt i e ittt et ettt e e e 106

4.2 The Box-Cox Transformation:

Model and Assumptions ........c.ovvvviiiiiiiniiiiineeen... 109

4.3  Asymptotic Variabilities and Test Statistes ................. 114
4.3.1 Asvmptotically Equivalent

Covariance Matrix Estimators ................... 114

4.3.2 Asymptotically Equivalent Test Statistics ........ 117

4.4 A Monte Carlo Simulation ............c.ciiiiiiiiiii, 122

4.5 Results ..o e e 124

4.5.1 Bias .ttt e 124

4.5.2 RMSE and Standard Errors .............. ... ..., 125

4.5.3 Empirical Distribution and Real Size of the Tests 126

4.5.4 Power Properties .............oooiiiiiiiiiiiin, 127

4.6 Conclusions ..vvu ettt eie i 128

SHRINKAGE ESTIMATION IN NONLINEAR REGRESSION:
THE BOX-COX TRANSFORMATION ...t 142

5.1 INtroduction ...ootir et e ettt i42

5.2 Alternative Estimators

in the Box-Cox Regression Model ............... ... ..t 143
5.3 Asymptotic Risk Properties ...l 146
54  Design of Monte Carlo Experiments .................... ... 154
5.5 Results ... i i i ittt 156



5.5.1 Risk Properties in the Model 62 = 0.1 ............ 156

5.5.2 Risk Properties in the Model 62 = 0.5 ............ 158

5.6  ConclUSIONS . .vvuvuerrerinereesinnenneeeniesonteaseennennnss 160
6 CONCLUDING REMARKS ....ccviiiiiiiiiiiiiiiiiiiiiieiiiiianas 178
Bibliography. . ...vviuiiii i i e e 186
Y2 - 198

vi



Table

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

3.10

3.11

4.1

4.2

4.3

4.4

4.6

LIST OF TABLES

Page
Bias of MLE ... .oitiiii ittt 95
Mean Absolute Error of MLE ..., 96
RMSE and Standard Error of MLE (T =30) ...t 97
RMSE and Standard Error of MLE (T'=60) ...............oolt 98
Bootstrap Result for Model Ay = 0.1 . ..., 99
Kolmogorov-Smironov Statistics for Sampling Distribution ........ 100
Deviations from Nominal Size of N(0,1) (e« =0.05, T'=30) ........ 101
Deviations from Nominal Size of N(0,1) (« = 0.05, T =60) ........ 102
Deviations from Nominal Size of N(0,1) (e« = 0.10, T'=30) ........ 103
Deviations from Nominal Size of N(0,1) (a« =0.10, T'=60) ........ 104
Bootstrap Inversion of Edgeworth Expansions ..................... 105
Bias of MLE ...ttt et e 130
RMSE and Standard Error of MLE (T =30, ¢ =0.1) ............ 131
RMSE and Standard Error of MLE (T =30, 62 =0.5) ............ 132
RMSE and Standard Error of MLE (T' =60, 02 =0.1) ............ 133
RMSE and Standard Error of MLE (T' =60, 02 =0.5) ............ 134
Kolmogorov-Smironov Statistics
for Asymptotic x2-Distribution (62 =0.1) .......oooviiiiiiiiin.. 135

vii



4.7

4.8

4.9

4.10

4.11

412

o
ju—y

5.2

5.3

5.4

5.6

5.7

[
@

5.9

5.10

5.11

5.12

5.13

Kolmogorov-Smironov Statistics

for Asymptotic x2-Distribution (62 =0.5) ......oovviiiiiiiiiiin. 136
Real Size of the y2-Distribution (T'=30, 6?2 =0.1) ........c........ 137
Real Size of the x2-Distribution (T' =30, 62 =0.5) .........cou.0t 138
Real Size of the x2-Distribution (I' =60, 6> = 0.1) ................ 139
Real Size of the y2-Distribution (T' =60, 6> =0.5) ................ 140
Asymptotic and Estimated Power .................cooiiiiiiit. 141
Estimated Risk under Quadratic Loss (62 =0.1) ...........oon.0 162
Estimated Risk under Quadratic Loss (62 =0.5) ........c..ooint 163
Estimated Risk under Weighted Quadratic Loss (6% = 0.1) ........ 164
Estimated Risk under Weighted Quadratic Loss (62 = 0.5) ........ 165

The Risk Ratios Relative to the ML Estimator
— Quadratic Loss: 02 = 0.1 — .. iitiiiii i 166

The Risk Ratios Relative to the ML Estimator
— Quadratic Loss: 02 = 0.5 — ..ottt 167

The Risk Ratios Relative to the ML Estimator

— Weighted Quadratic Loss: 02 = 0.1 — .........coiiiiininnn.n. 168
The Risk Ratios Relative to the ML Estimator

— Weighted Quadratic Loss: 62 =0.5— ........coiiiiiniinn.s 169
Estimated MSE for Parameter Estimators (62 = 0.1,A; = 0.1) ..... 170
Estimated MSE for Parameter Estimators (¢® = 0.1,A; = 0.5) ..... 171
Estimated MSE for Parameter Estimators (¢? = 0.1,A; = 1.0) ..... 172
Estimated MSE for Parameter Estimators (¢ = 0.1, ; = 2.0) ..... 173
Estimated MSE for Parameter Estimators (¢ = 0.5,A; = 0.1) ..... 174

vii



5.14

5.15

5.16

Estimated MSE for Parameter Estimators (0% = 0.5, A; = 0.5)
Estimated MSE for Parameter Estimators (¢ = 0.5, A; = 1.0)

Estimated MSE for Parameter Estimators (¢ = 0.5, A; = 2.0)

ix



ABSTRACT

The dissertation will address small sample properties of estimators and test
statistics in a nonlinear regression model. The Box-Cox transformation is attrac-
tive to economists because a family of functional forms can be compared simulta-
neously within the framework of classical statistical inference. Usually, maximum
likelihood (ML) methods are used to estimate the Box-Cox model. In the present
study, nonlinear two stage and iterative generalized least squares (IGLS) method
are considered. The accuracy of probability statements concerning nonlinear mod-
els is often questionable in small samples. Therefore, the finite sample distribution
of the asymptotic ¢-statistic in the Box-Cox model is derived using an Edgeworth
expansion. Bootstrapping, the more practical method for obtaining small sample
distributions, is also discussed.

ML estimation of Box-Cox transformation suffers from a violation of the usual
regularity conditions since the likelihood function of the Box-Cox model is not a
proper density function. Since it is required that y; > 0 in order for the Box-Cox
transformation to be well-defined, the dependent variable is assumed to have a
truncated normal distribution. The asymptotically equivalent covariance matrix
estimators and test statistics— Lagrange multiplier, likelihood ratio and Wald
—are compared in small samples.

The risk superiority of the Stein-rule estimator to the ML estimator is known
in the context of the linear model. The usefulness of Stein-like estimation in
the nonlinear Box-Cox model is investigated by considering the finite sample risk
properties of ML and Stein-like estimators.

It is expected that this dissertation will make four major contributions to the
current econometric literature. First, we introduce IGLS estimation of the Box-
Cox model, and thus make linear statistical inference applicable to the nonlinecar
model. Second, the exact distribution of asymptotic t-ratios is derived and the
bootstrap inversion of Edgeworth expansion is used. Third, the small sample
distribution and power properties of three asymptotically equivalent test statistics
are investigated. Fourth, shrinkage estimation is used in the determination of
functional form.



CHAPTER 1
INTRODUCTION

Despair has no wings,

Nor has love,

No countenance:

They do not speak.

I do not stir,

I do not behold them,

I do not speak to them,

But I am as real as my love and my despair.

Paul Eluard

This research is concerned with the small sample properties of the Box-Cox
transformation [Zarembka (1974); Poirier (1978); Spitzer(1978, 1982a)]. Since the
statistical inference of nonlinear regression models relies on asymptotic theory, the
accuracy of probability statements concerning nonlinear models is often question-
able in small samples. There has been a continuous effort to develop an exact small
sample distribution theory for estimators and test statistics. Basmann (1961) and
Bergstrom (1962) initiated the interest in this area. Sargan (1975, 1976) and
Phillips (1977) provided a theoretical foundation for approximate finite sample
distributions using Edgeworth expansions. But the application of their results
is limited since the approximations depend upon unknown parameters. Further-
more, the Edgeworth correction performs poorly when the errors in asymptotic
results are large, while the correction works well in the region of the parameter
space where the asymptotics provide a good approximation. The relevance of finite
sample theory for practical econometrics is discussed by Taylor (1983). He casts

doubt on the usefulness of the theoretical development of small sample distribu-



tions. Though a Monte Carlo experiment has difficulties in yielding general and
precise results, the complexity of the problem suggests Monte Carlo simulation. In
these regards, we wish to focus on an extensive Monte Carlo simulation to study
the finite sample properties of the estimators and test statistics in the Box-Cox
model.

In Chapter 2, the theoretical aspects of estimation and several estimation meth-
ods are surveyed. These results provide a basis for the remainder of the disserta-
tion. The chapter includes discussions of point estimation, the linear regression
model, maximum likelihood (ML) estimation, and asymptotic and small sample
theory.

Chapter 3 is concerned with the estimation of the general transformation-
of-variables model, and properties of its estimators and test statistics in small
samples. Spitzer (1978) carried out a Monte Carlo simulation of the power trans-
formation in the regression model. But his study is limited in the number of repli-
cations and the model specification. In the present study, the estimation methods
are discussed in the context of the general power transformation model. The exact
distribution of the t ratio will be derived analytically and investigated via Monte
Carlo simulation, because it is widely used in applied econometric research.

Since it is required that y, > 0 in order for the Box-Cox transformation to
be well-defined, the density of y; implied by the usual likelihood function is not

proper. Therefore, the probability density of the original response (dependent)



variable needs to be properly defined to make the likelihood function regular and
thus make the theoretical analysis of the Box-Cox transformation accuratie. For
our analysis of Box-Cox ML estimators, the response variable is defined to have a
truncated normal distribution.

Recently, several investigators have studied the small sample properties of ML
estimators obtained vi?, alternative numerical optimization procedures. Griffiths,
Hill and Pope (1987) examined the small sample properties of aéymptotically
equivalent covariance matrix estimators associated with different algorithms used
to maximize the likelihood function [Newton-Raphson, method of scoring and the
method of Berndt, Hall, Hall and Hausman (BHHH)] when the probit model is
estimated. A similar study in the context of the simultaneous equation model was
performed by Calzolari and Panattoni (1988). In general, their studies showed
that the variance estimator obtained from BHHH is larger than that obtained
from Newton-Raphson and reflects finite samiple variability more accurately than
does the estimated Newton-Raphson covariance, which is a better estimator of the
true information matrix.

In Chapter 4, asymptotically equivalent covariance matrix estimators for the
Box-Cox model will be studied in small samples. The Lagrange multiplier, like-
lihood ratio and Wald statistics are shown to be asymptotically equivalent under
the null and local alternative hypothesis. Also, the empirical distribution of these

asymptotic test statistics is investigated.



Under the squared error loss function, it is well known that the ML estimator
is inadmissible for the case of more than two parameters in the linear regression
model. Though the James-Stein estimator is a minimax estimator, it too is inad-
missible. Baranchik (1964) proposed the positive part Stein-rule estimator, which
has risk at least as small as the James-Stein estimator over the entire parameter
space. Adkins and Hill (1989) investigated the risk properties of Stein-rule esti-
mators for the probit model and found the same risk performance as for the linear
regression model. But there are few other studies of Stein-like or other biased es-
timation procedures in the nonlinear regression model [Dagenais (1983); Schaefer
et al (1984); Schaefer (1986)]. In Chapter 5, we compare full ML, constrained
ML, pretest and Stein-like estimaton for the Box-Cox model in the context of risk
properties. The asymptotic risks of these four estimators for the Box-Cox model
will be derived analytically. The risk properties of these estimators will also be
investigated in small samples.

Finally, we will give a summary and draw conclusions for this research in

Chapter 6.



CHAPTER 2
STATISTICAL INFERENCE

In this chapter, we briefly summarize statistical inference concepts that are

used in this dissertation.
2.1 Basic Definitions

The concept of a random experiment provides the starting point of a probability
model. If we take the example of throwing a die, we can describe six possible
outcomes, though the outcome of this experiment cannot be predicted a priori.
When this kind of experiment can be repeated under identical conditions, we call

it a random experiment.

Definition 2.1 A set of all possible outcomes of a random experiment is defined

to be the sample space 1. A combination of elements of Q is said to be an event.

In probability models for uncountable spaces §2, we need to assign probabilities
to subsets of §2, not to individual outcomes. In order to impose a mathematical

structure on the set of events, the following definition is relevant:

Definition 2.2 A system F of subsets of Q is a o-algebra, or o-field, if it satisfies
the following condition:
1. e F

2- IanE]T(nv:l,"'), thCnUCnef(OT'anEf)



3. CeF = C € F where C is a complement of C.
Then the concept of probability is defined as follows:

Definition 2.3 Probability P is defined as a probability measure (or set function)

on F if

1. P(C)>0 foranyC e F
2. P() =1

3. P(U2,Cn) = > P(C.) for all mutually exclusive events in F.

n=1

Definition 2.4 A probability model is an ordered triple (2, F,P) where

1. Q is a sample space
2. F is a o-algebra of subsets of

3. P is a probability measure on F

In addition, the following definitions are given for our analysis:

Definition 2.5 Let A be any subset of Q. The indicator (or characteristic) func-

tion of A is defined by

b ={y fogi

The indicator function has the following properties:
1. I4(w) =1 —Iz(w) for any A € F where A is the complement of A.

2. Inyaiw) = Iliza Ipywy for Aie F,i=1,...,n



3. Iupaiw) = max(Iy (w),... . Ja,(w)] for i€ F,i=1,...,n
4, Iy, -I4,=1, forany Aec F

Definition 2.6 The collection of Borel sets B is the smallest o-algebra which

contains all of the open sets (or closed sets).

Definition 2.7 Let {I,} be the countable collections of open intervals that cover

A such that

ACU

n=

1 In
Then the outer measure of A s defined to be

m*(A) = inf Zf([n)

ACUI,

where €(I,) is the length of the interval I,.

This definition implies that m*(0) = 0 and that if A C B, then m*(4) < m*(B).
The set of a single point has outer measure zero, i.e. m*({r}) = 0 for any real

number r € R.

Definition 2.8 (Carathedédory) A set M is said to be measurable if for each

set S,
m*(S) = m* (SN M) +m*(SN M)

where M is the complement of M.



From this definition, it is straightforward to infer that M is measurable. The

empty set and R are also measurable.

Definition 2.9 If M is a measurable set, the Lebesgue measure m(M) is defined
by the outer measure of M. If we restrict the set function m* to the family of

measurable sets, the set function m (Lebesgue measure) is obtained.

Definition 2.10 If the set of points where a property cannot hold has measure

zero, then this property is said to hold almost everywhere (almost surely).

Definition 2.11 A function ¢ = p(w) defined on (2, F) is an F-measurable func-

tion if

e (X) = {w: p(w) € X}
18 a measurable set in 2.

Definition 2.12 From definition (2.11), #f (Q,F) = (X,B(N)), then p(w) s a
Borel function. Or equivalently, ¢ i3 said to be Borel measurable if for each r € R

the set {w : p(w) > r,7 € RN} is a Borel set.

In the context of approximation, the notion of order of magnitude can be repre-
sented by O and o notation. These notations can be extended to the probabilistic

approximation by use of O, and o,.

Definition 2.13 For some positive constant C, the sequence {St} is said to be

of order O(K7r) if

S
lim M < C
T—o0 I\T



Definition 2.14 The sequence {St} is said to be of order o( Kr) if

Definition 2.15 The sequence of random variables {Xr1} ts said to be of order
O,(Kr) if there ezist a convergent nonstochastic sequence {Rr} such that
Xr

=~ —-Rr3o0
Kp T

Definition 2.16 The sequence of random variables {Xr} is of order o,(Lr) if

Xr ,
I\'.'T =0

2.2 Point Estimation Theory

Suppose the independent and identically distributed random variables X1,..., X7
have a common probability density which is of a fully specified parametric form
and which depends on an unknown parameter . The family of probability density

functions is then denoted by
E={f(z;0), 00}, OCHR

Point estimation is related to the problem of obtaining the best estimate of # from
the sample data x1,...,x,. Therefore, point estimation has the form of a mapping
() : A — O where A, is the set of real numbers {z: z = X(w),w € Q} and ¢ is
a Borel function. An estimator is defined by ¢(X) : @ — O and its realized value
e(x),z € A, is called an estimate. Concerning the concept of the best estimator,

we need to consider methods of constructing desirable estimators.
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2.2.1 Finite Sample Properties

Suppose that a statistic or an estimator 6 for a scalar parameter 6 has bias:
B(6) = E(§) -6

Then the mean squared error is defined by

MSE() = E[(§-90)?

I
=
3)
+

3
=

Definition 2.17 An estimator § of 0 is called an unbiased estimator if E(6) = 6.

Under the restriction of unbiasedness, the best estimator can be defined as one
which minimizes V(é) But the minization of variance is not a completely relevant
criterion since it is difficult to compare the dispersions of two distributions of

different shapes in terms of variances.

Definition 2.18 § = é(Xl, ooy X71) 15 called a minimum variance unbiased esti-

mator (MVUE) of 6 +f

<
—
-}
—
IA
<
—_—
D
~—
~
3]
e

where @ represents any other unbiased estimator of 6.
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Consider the random sample X;, X,, X3 from a normal distribution N(6,3),

0 € R. The statistic X = Mgﬂl is distributed as N(6,1). Therefore, X
is unbiased and V(X) < V(X;), for i=1,2,3. But it is not certain that X is a

minimum variance unbiased estimator. The Cramer-Rao inequality gives a basis

for finding this type of estimator. Consider the following regularity conditions on

1. The set {z : f(x;8) > 0} does not depend on 6.

2. For each 0 € O, the derivatives 92’5%,!1') (for i = 1,2,3) exist for all z € A.

3. Eq® exists for all § € O, i.e. Eq® < oo, where ¢ = ggo_f(;l'

If 4 is an unbiased estimator, the Cramer-Rao inequality has the form:
V(6) > [Eg]]™

where [E¢*]7! is the Cramer-Rao lower bound. If we consider the previous example
3

Yo (Xi-9)

again, ¢ = =—— and thus Eq®> = V(X) = 1. Since X satisfies the Cramer-
Rao lower bound, we know that X is a minimum variance unbiased estimator.
Furthermore, the restriction of linearity of estimators can reduce the size of the
class of estimators. In our example, X is a linear combination of random variables;

therefore, this estimator is called a best linear unbiased estimator. In general, the

Cramer-Rao bound is provided as

Rl = 1 + E
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Definition 2.19 Let X and Y be arbitrary random variables of finite variance.
Suppose that EX = m; and EY = m,. Then the linear function a + X which

predicts Y has minimum mean square error E(Y — a — BX)? when a = m; —

cong.Yzml and B = COV(X.Y) The equation

V(X) V(X)
- COV(X,Y
Y = msy + —-—V—((;\jj—'—)'(X - ml)

is called the second-order regression equation.

We can write Y using the second-order regression equation

Y=Y+2Z (2.3)
where
E(Z) = 0
COV(Y,Z) = 0
v(z) = Vv(v)-epehl

Therefore Y is a linear function of X if and only if

_ leovex,vyr

="

If Y is not a linear function of X, the Cauchy-Schwarz inequality is

'OV(X,Y))?
 lcovx,y))

V(Y) 05

since V(Z) > 0.

Proposition 2.1 V(§) > CR(6) for any estimator 8, where equality holds if 8

and q(0) are linear functions of each other [Cox and Hinkley (1974)].
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Proof:

We consider

E(f) = /éf(a:;e)dm = 6 + B(f)

Differentiating both sides with respect to 8, we get

1+ ——

70 z;0)dr

z;6) Ut

_ dlog f(x; 0) .
- /e——————de F(w:0)de

= COV(4,q(8))

dB(6) _ /odfrO) 1

By use of Cauchy-Schwarz inequalily,
[COV(6,4(9))) < V(8)V(g(6))

Therefore,

(1+ 250y
V(0)E(g?) ~

since V(q) = E(¢%).

Next, we discuss the case where the Cramer-Rao lower bound of unbiased

estimators is attainable.

Definition 2.20 Let the statistic S = s(X) and a family of P = {P;0 € O} be
the family of possible distributions of X where X = (Xy,...,Xr). Then a statistic
S is said to be sufficient for X, or for the family P, if the conditional distribution

of X given S = s(z) ts independent of .
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Let S be a sufficient statistic and T, which is not a function of § alone, be any
unbiased estimator for 8. Let E(T|s) = ¢(s). Then the conditional expectation
Y = ¢(9) is a function of only S. The sufficiency of S is required lest Y should
depend on the parameter §. According to the Rao-Blackwell theorem, for any

given 6,

E(Y;0) = E(T;0)=26
V(Y;0) < V(T;9)
where equality holds if and only if T is a function of S almost surely.

Definition 2.21 Consider a probability space (2, F, P). Let G be the collection of
all subsets G of Q such that F; C G C Fy and P(F; \ Fy) = 0 for any F1,F, € F.

Then a probability measure P is complete if G = F.

For example, let the random variable X have a density function that is contained
in the family of probability densities {h(z;6); 6 € O} where h(-) is a Borel mea-
surable function. The family of probability densities {h(x;6); 6 € O} is said to
be a complete family if E[w(z)] = 0 implies that w(x) = 0 almost surely for every
0 cO.

Suppose two different unbiased estimators T; and T3 yield p(s) = E(T1|S = s)
and ¢z(s) = E(T3|S = s). Then Y1 = ¢1(5) and Y; = ¢2(5) are functions of S
such that

E(Y; —Y,;0)=0 V6
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If S has a complete density function, Y; = Y; almost surely. Therefore, we can
deduce that any function of a sufficient stafistic with a complete density is the
unique minimum unbiased estimator of its expectation.

In practice, a minimum variance unbiased estimator can be easily identified

within the exponential class of probability density functions.

Definition 2.22 Consider a probability model (Q,F,P). Let K,,...,K; be k

measurable functions over 2. Then the probability density function
k
f(w,0) = C(6)h(w)exp]d m(0)Ki(w)], weNandbe O,
=1

where the m;(0) are given nontrivial functions, is said to be a member of the expo-
nential class of probability density functions with respect to the probability measure

P.

We consider a family of one parameter continuous density functions:

f(z;0) = expla(6)K(z)+ R(x)+ b(8)], =€ (c,d)

0, otherwise

where § € ® C R. Suppose that the regularity conditions of this exponential class

are given by
1. ¢ and d are not a function of 6.
2. a(f) is a continuous function of # and the case when a(8) = 0 is excluded.

3. £K(-) # 0 and R(z) is continuous.

4
dr
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Let X;,...,Xr denote a random sample from a distribution which is a member
of the regular exponential class of continuous density functions. Then the joint

probability density of X;,..., X7 can be written as

T T
expla(8) 3 Ki(z) + 3 Rilx) + TH(6)

i=1 i=1
By the factorization theorem [Hogg and Craig (1978), p. 344], S = 7, I(x)
is a sufficient statistic for # and the probability density of S is easily shown to
be complete. Therefore, if we can find an unbiased form of ¢(s), then the unique
MVUE of 8 can be identified. Let us take the previous example of three random
variables X;, X;, X3, each distributed as N(8,3). The joint density of X;,X;, X3
is

3 (x; — 0)?

i=1

flan,en,2ai) = (g expl- =2

0 13 3 9’
= exp[§ > wi - EZ’I‘? - 5111(6#) - —2—]
i=1 =1

Thus, X = Z—‘%L—{" is the unique MVUE for 8 since S = T7_, X; is a complete and
sufficient statistic for § and E(S/3) = 6.

Suppose the random variables X;,..., X7 from a common distribution F have
realizations z,,...,op. Let Y = éT(Xl, ...,Xr) be an estimator for 6 in © and let
6(y) denote the function which assigns an action for a given y = fr(zy,...,zr).
Then §(Y) is called a decision function or decision rule and a specific value é(y)
is a decision. In the context of the estimation problem, it would be useful to have

a measure of the difference between a parameter § and the decision rule (point
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estimator) 6(Y'). Let £(6,6(y)) be a nonnegative loss function. The risk function

is given by

p(0,8) = Br(C16,6(0))) = [ £16,6())f(v: 0)dy

if Y is a continuous random variable.

Definition 2.23 An estimator §y is said to dominate an estimator 6, if
p‘(0>é0) < p(o)él)> voe ©
Furthermore, 6y strictly dominates 6, if strict inequality holds for some 6 € ©.

Usually, it is impossible to choose a decision rule which minimizes the risk function

for every value of # in ©.

Definition 2.24 An estimator is said to be admissible if it is not strictly doma-

nated by any other estimator of 6.

If we adhere to the principle of choosing a decision rule which minimizes the

maximum risk, a useful estimator can be defined:

Definition 2.25 An estimator 8y is said to be minimaz if

~ ~

sup p(8,6o) < sup p(6,6)
6cO 6c©

for any other estimator 9 of 6.
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For example, a minimax estimator under the condition that E(éo) = 6§ and
L£(0,6(y)) = (0 — 6(y))* gives a minimum variance unbiased estimator. In par-
ticular, the decision rule §(Y) which minimizes E[# — §(Y)]? for all 8 in O is
called the minimum mean squared error estimator. In the context of minimum
mean squared error estimation, an estimator of small bias and small variance is

preferred to the unbiased estimator having considerable variance.

2.2.2 Jackknife and Bootstrapping

The jackknife method is based on the idea that the study of the change in an
estimator resulting from the elimination of observations enables us to judge the
stability of the estimator. Suppose X;,...,Xr are independeﬂt and identically
distributed random variables from an unknown probability distribution F' on some
space. Let 07 be an estimator for a parameter 6 obtained from observations
X =a1,...,Xr = 27, l.€. br = éT(wl, ...,z7). Then a deleted estimator can be

obtained by deleting each z; sequentially:
égf) = éT(wl, ey L1y Tigly e e ET)

Let

The estimator of bias of éT 1s
B(br) = (T - 1)[6%) - é7]

The bias-corrected jackknife estimator is written as
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0f = by — B(fr) = Ty — (T —1)6%

It is well known that many of the usual statistics (e.g., the ML estimator) have

E(0r) = 0+T+'f+

0+ O(T™) (2.4)

where the a; do not depend on T [Schucany, Gray and Owen (1971)]. Thus,

E(6]) = TE(fr)— (T - 1)E(Y)

— __,__._._____az « ..
= T(T—l)+

= 6+0(T7) (2.5)

From Equations (2.4) and (2.5), we see that the jackknife estimator has bias of
order T'~2 while the original estimator is biased up to T~!. The estimated jackknife

variance suggested by Tukey (1958) is given by

T

Z (65 — 6))? (2.6)

A ~

V(6r

Example:

1. Assume that A=R,0 = E(X) = / XdF. Let § = X where X =¥ X;/T.
®
Since 0() X, 6l =X.

2. Assume § = /ﬂ(X—EX)zdF. Let fr = 252F Since B(dr) = - HH=2L,

é% _ ) (Xi—X)z.

T
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Now consider the classical regression model

Ys '—=£;£3_+ €t

where e, ~ i1id F, Epe; = 0 and z, is a K x 1 vector of regressors at the tth

observation. The OLS estimators are

X T
B = Qzz)™ Yz

V@) = Y otg(Tea)”

where é, = y; — :_v_gé Let é(t) be an OLS estimator obtained from (T — 1) observa-

tions by deleting the {th observation:

~

T
= (t) 2 - €¢
B =8-(D zz) 'z ‘

T -
t=1 1- i’ié(fa:l .m_tl;) 1

Ly

The jackknife covariance estimator of _,B_ is given by
Lo a(ra0 )y
(T-1)/T3 8 -8 -8
t=1

T
where g(') = —;:ZL_?U). This can be modified as
t=1

bﬂ

-—;E(X'X)-I[X'D*x - %(X'_é_*é"X)](X’X)“

where

& = (6,...,e)

T
e = &/l — (> zzy) 'z,
t=1
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MacKinnon and White (1985) showed via Monte Carlo simulation that in the
presence of heteroscedastic error disturbances, the performance of the ¢ ratio based
on the jackknife variance estimator (2.7) was good in small samples. Furthermore,
these t ratios were robust to the heteroscedasticity relative to those based on the
other heteroscedasticity-consistent covariance estimators. Kleijnen et al (1987)
jackknifed the feasible generalized least squares estimator and obtained better
confidence intervals.

Bootstrapping generalizes the idea of the deleted statistic ég:) By using the
empirical distribution F, which is assumed to have probability mass 1/T at each
data point x;, we can draw a random sample with replacement from the observa-
tions x,...,zr such that z3,...,x} are indepéndent and identically distributed
according to F. Then the estimator 67 for a parameter # can be calculated many
(B) times. These simulated statistics 051,...,60;8 are used to estimate the distri-

bution F. The bootstrap expected value of Or is
~ B ~
E.(fr) =Y 6r'/B
b=1

Therefore, we have the bootstrap bias of br

V.(0r) (2.8)

Il
¢
D>
S
!
&
%
—_
D>
3
~—
~—
[N
~
—
[ws]
[
oy
~—

-

S$D.(6r) = /V.(6r)



22

The nonparametric ML estimator [Efron (1981a)] of the standard deviation
o(F') is equivalent to SD.(fr) as T — co. Bootstrap theory can also be developed

in a parametric framework such as

. _ x 1 exp(— (Z - i-f'-)z B
)= | ot o ™ B - o

In the context of a regression model, Freedman (1981) showed that bootstrap-
ping the linear regression model gave the same asymptotics as the classical least
squares estimators. He also showed that the bootstrap produced the desired
asymptotic result even in the presence of heteroscedasticity in the disturbances
when the model contained endogenous regressors and when instrumental variables
were introduced. Beran (1982) obtained the first order Edgeworth expansion of a
bootstrap estimator and showed that it was asymptotically equivalent to the usual
bootstrap estimator. His study provided the theoretical evidence of the validity
of bootstrapping in small samples.

Freedman and Peters (1984a, 1984b) carried out bootstrap simulation to check
the bias of standard errors from feasible generalized least squares (FGLS), two-
stage least squares (2SLS) and three-stage least squares (3SLS) methods in small
samples. Standard errors of FGLS and 25LS were very small relative to the boot-
strap standard deviation while those of 3SLS did not indicate any substantial
differences from the bootstrap finite sample variability. The bootstrap method
was also applied in testing the linear restriction in the context of a seemingly un-

related regression model [Rocke (1989)]. Rocke’s experimental investigation bore
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witness to the good performance of the bootstrap Bartlett adjustment method
in small samples. He used Rothenberg’s second-order asymptotic method for the

Bartlett adjustment [Bartlett (1937); Cox (1984); Rothenberg (1984a)].

2.3 Estimators in the Linear Regression Model

2.3.1 Ordinary Least Squares (OLS)

The classical linear regression model is written as

y=Xp+e (2.9)
under the following assumptions:

1. X is a nonstochastic matrix of full column rank, which is less than the number

of observations T'.
2. There exists a nonsingular matrix @ = Tlglgo%:(X'X)

3. The vector e consists of random disturbances satisfying E(e) = 0 and V(¢) =

o’l.

The least squares estimator LB_ is the value of # which minimizes the Euclidian

distance between y and X 3:

D(y,Xp) = (y - XB) (y — XP)

Thus the analytical solution yields

~

B=(XX)'X'y
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where Ef = # and V(f) = o%(X' X)L

Theorem 2.1 (Gauss-Markov) Let C be a KxT nonstochastic matriz satisfying
CX = I. Define B = Cy. Then E(B - B)(B - B) — E(_,Zz - Q)(é ~ B) is positive

definite zf@ # é é is called the best linear unbiased estimator (BLUE).

Proof:
) E§_~ = E(CXB+Ce)=p, foranyC
E@B-B)B-B) = E(Ces'C')
= o2CC

oHX'X) +0*(C — (X'X)X')(C - (X'X)"'X)
= E(B-0)(B-B) +(C—(XX)'X')C - (X X)"'X)]

If e is assumed to have normal distribution N(0,02I), then the least squares

estimator is the ML estimator and the covariance matrix of the ML estimator

attains a Cramer-Rao lower bound.

2.3.2 Generalized Least Squares (GLS)

The assumption of scalar covariance random disturbances is too strict to be
realistic. Therefore, we will consider more general assumptions about the error

disturbances:

1. eis a T x 1 vector of random disturbances with Fe = 0 and V(e¢) = X, where

3 is a known T x T symmetric positive definite matrix.

2. There exists a finite nonsingular matrix @ = Ilim %(X'E‘IX).
— 00



Theorem 2.2 (Aitken) The estimator defined as
B=(XTX)'X'=ly
is efficient within the class of linear unbiased estimators of 3.
Proof:

. . e . _ ' .
Since T is positive definite, £=1/2 can be defined as PA~Y2P" where P is an
orthogonal matriz of characteristic vectors of £, and A is a diagonal matriz com-

posed of the eigenvalues of ©. Transform the original model (2.9) by premultiplying

by ©1/2 on both sides:

E~1/2 — E—I/ZXﬂ_*_E—I/ZQ
y = Xp+¢€ (2.10)

where Ee* = 0 and V(e*) = I. Then the usual least squares estimation can be

applied to the transformed model (2.10):
B = (X"X)'Xy
= (X' X)'X'z 1y

where E(E) =0 and V(é) = (X'Z71X)"'. The Gauss-Markov theorem holds for

the transformed model.

In practice, the estimated covariance matrix is used for estimation since the

covariance matrix of the GLS model is unknown. The FGLS estimator is
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where V(é) = (X'S-1X)~! and T is a consistent estimator for . When the
covariance matrix of the GLS estimator is unknown, the Aitken theorem does not
hold. In small samples, the standard errors from FGLS were shown to be too
optimistic (small) when compared to the small sample variability [Freedman and

Peters (1984a)].

2.3.3 Biased Estimation

Traditionally, unbiased least squares estimators are preferred to biased esti-
mators. However, if the statistical model is incorrectly specified, then the least
squares estimator may be a biased estimator. Ignorance of non-sample informa-
tion, therefore, may yield suboptimal estimators. Stein (1961) proposed a biased
estimator which dominates the least squares estimator under quadratic loss. It is
a common practice to use pretest estimators in linear regression models when «a
priori information is considered. When a priori information is tested and accepted
using an appropriate test statisic, the restricted least squares estimator is used;
otherwise the least squares estimator is used. But the pretest estimator does not
dominate the least squares estimator in a risk context. We next discuss the pretest

and Stein-rule estimators.
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Pretest Estimator
The classical regression model (2.9) can be reparametrized as
y = XS28V8 +e
= ZO+e (2.11)
where S represents a positive definite matrix X'X, Z = XS~'/? and 8 = S'/?3.

Definition 2.26 The weighted risk function under squared error loss is defined
by

p(8;8,0°,Q) = E(8 - 8)Q(0 - 8)/0°
where @ is any known positive definite matriz. If Q = I, then the unweighted risk

function is defined by

IS
>

p(8;8,0%) = E(6 - 8)'(6 — 8)/0”

and the least squares estimator § = Z'y= Sl/zé has risk

p(8;8,0%) = tr((Z'2)"] = tr(Ix) = K

Consider the test statistic u for testing the null hypothesis Hy : § = r against
H,:6 # r. Then u ~ Figr_g) under the null hypothesis. If Hy is not true, u has
a noncentral F distribution with noncentrality parameter A = (8 —7) (8 —r)/(202).
Let ¢ be determined by /wdF(K_T_K) = « where « is a significance level. Then

c

the pretest estimator has the form:

Hu<c
fu>e

>
lI
e e,
> i3
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or

8 = Ijoo)(u)r + Ijc.o) ()8 = 8 — Toy(u)(8 — 1)

T—-K)(8-r)'(8-1)
K(y-29)'(y-2¢)

where u = § and @ is an unrestricted least squares estimator.

Proposition 2.2 If the (K x1) random vector w is distributed as multivariate
normal with mean § and covariance matriz 02l and is independent of the random

variable with the x{p_y-distribution, then

ww T -Kuw K

w, &, 2
) K o) = o P/ <o)

E[I(O'c)(

’
where A = 25 and § =0 —r.

Proof:

Use the following result from Judge and Bock (1978, pp. 321-322):

gy -2

o2 o

E[‘r”( )E[‘P(X(Z}\'Jrz,x))]

where () is a Borel measurable function. In addition, note that
E[I(_oo,c)(u.)] = P[u < C]

Then the expected value of the pretest estimator can be obtained using this propo-
sition:

E(Q) 6—(8- E)P[X(ZKH,A)/X(ZT-K) < cK/(T - K)]

Therefore, the pretest estimator is biased unless § = 0 or P = 0. Since § is the

bias of the restricted least squares estimator and P is not greater than 1, the bias
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of the pretest estimator is less than or equal to that of the restricted least squares
estimator under the exact linear restriction: § = r. The risk function of the pretest

estimator can be written as [Judge and Bock (1978), p. T1]

2 - . .
p(8;8,0%) = K+ (2;; — K)P[x{ks20/X(r-r) S <K/(T - K)]
88 o o 2 - .
- ;?)P[X(K+4.;\)/X(T—K) < cK/(T - K)]
8’6 8'é

= K+(2% — K)h(2) - (5)h(4)

where hy({) = P[X?K-H.,\)/XfT—K) < cK/(T — K)] and 0 < hy(4) < hi(2) < 1.
Therefore, if the null hypothesis Hy : § = 0 is correct, the risk of the pretest
estimator is less than that of the least squares estimator. Let the hypothesis
error be defined as the distance of the hypothesized value from the true parameter
value. As hypothesis error §'8 increases, the risk of the pretest estimator becomes
increasingly higher than that of the least squares estimator and approaches the
risk of the least squares estimator with an infinite error of hypothesis. There is
no one dominant estimator among the least squares, restricted least squares and
pretest estimators under quadratic error loss measured over the entire range of

hypothesis error.

Stein-rule Estimator

For convenience of analysis, premultiply both sides of equation (2.11) by Z':

z = 0+uv (2.12)
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where v ~ N(Q,0%I). Then the ML estimator 0 = Z'y_ = 2z and the risk of the
ML estimator is

~

p(8;8,0%) = K

Suppose o? is known to be 1. Then the Stein-rule estimator has the form:
b =[1-a/(89)0
When ¢? is unknown, the analogous Stein-rule estimator is

6 =[1—as/(0'9)8

where s = y'[I — X(X'X) ' X']y and a is a constant taking a value in the range

of 0 < a <2(K —2)/(T — K + 2) for minimaxity. The risk for this estimator is

p(8;8,0°) = E

- 2a.E[;s;} + 2a.Q'E[%Q/(.@Z 9))

2K —2)

= K+al - KT~ K+~ e

1E{1/X(2K,A)]

where \ = Q'Q/202. K >3and0<a< (—;{%, then p(é; 8,0%) < p(8:8,a2).
Therefore, the ML estimator is inadmissible. The minimum risk of the Stein-rule

. . . _ K-2 . . .
estimator is attained at @ = 7275 with the corresponding risk of

p(8;6,0%) = K — (K —2)X(T — K)/(T — K +2)E[1/x}g »)

Note that QA'Q/G'2 is distributed as X(2K,,\)- The optimal Stein-rule estimator becomes
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IS-%

(T - K)K -2) 1

by =[1- (T - K +2)K ml

where u = &"K}i}éﬁ ~ Fgr-k» In this form, the Stein-rule estimator uses
the test statistic © to combine the observed sample information with the a prior
restriction § = 0. This estimator differs from the pretest estimator in that the
Stein-rule uses the test statistic u to shrink the unrestricted estimator toward the
restricted estimator, while the pretest estimator chooses between the restricted

and unrestricted estimator, depending on the test statistic. In general, if the

shrinkage point is given by ,, the Stein-rule estimator has the form:

(K -2)(T-K) 1
K(T-K+2) (u1

é.l:[l“

where
u = (T - K)@-0,)(@ - 8,)/Ks
Though the Stein-rule estimator is a minimax estimator, it is not admissible
under squared error loss since other estimators have risk at least as small as the
Stein-rule estimator [Baranchik (1964)]. Baranchik (1964) suggested a positive-
rule estimator which improves on the Stein-rule estimator:

it = Tie,c0)(ue)[1 — c/u)f

where u = (T_]?;)QQ and (;}(;Z(IT;;{)) <c< 3&{‘—(;,3_)-%1—1—;2—1;2 Now the risk of a positive

part Stein-rule estimator is

p(87:8,0%) = p(8;8,07) — 2(4L)E[I g ) e XAT=K) _ 1))

¥] ¥
X(T-K) X{K+42.0)
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— E[I (-1——”2“’A )(1 - cXp=r0 Xt
() X?T—K) X(K.A) X(K')‘)

This positive part estimator can be extended to the general shrinkage estimator.

+ € (4
Ql = I[c,oo)(u‘l)(l - ;;)(Q - Ql) + ‘0'1

where u; = (T — K)(_é - Ql)'(é —0,)/Ks.

Consider the original linear statistical model
y=Xp+e

In the context of the classical linear regression model, the traditional Stein-rule

estimator is defined by

oT - K)

él = [1 B ulK

Jb

where

u; = (T—K)b'Sb/Ks
b = S'X'y
S = X'X

s = y(I-X(X'X)'X")y

< [trS™! — 20mae(S™1)]
T (T — K+ 2)mee(S~Y)

0< a

Nmaz(S™') = the largest characteristic root of S7*

We introduce the linear restriction
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where R is a J x K matrix of rank J. Then the restricted least squares (RLS)

estimator is

B,=b—ST'R(RS'R)"(Rb—r)

and the general minimax estimator which shrinks towards the RLS estimator is

oT~K)., . -
=1 - XL =g
23 [ 'llr3'] ](— QR) + 'L_;.R
, e Y —1 -1 r
where g = E=KRYRSTRMRs) g o (RS (RSR)H AR

When R = Iy,

where u; = (T-K)(QI:'E),S(Q_E)'

Under the unweighted risk function, the general

Stein-rule estimators (¢, and §3) are minimax and have risk improvement over

the ML estimator b if J > 3 and 0 < a < (T—f"+2)[771n,t::zf1) — 2] with 4 =
(RST'R')"'RS™'QS~'R'. The positive part general Stein-rule estimator is written

as

8" = Iy oo)(u3)[1 — %J(Q —Bp) + By

where u; = T{-R:ug.

In general, Stein-rule estimators improve the risk over the ML estimator when
we assume that the disturbances are normally distributed. Brandwein and Straw-
derman (1978, 1980) showed that risk improvement over the OLS estimator could
be obtained in a class of spherically symmetrical disturbance distributions. Ullah

et al (1983) studied the different conditions under which the Stein-rule estima-
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tor dominates the OLS estimators in the case of nonnormal disturbances with
moments up to the fourth order.

Neither the asymptotic nor exact distributions of the Stein-rule estimator are
sufficiently well known to be used as a basis for statistical test procedures. Ullah

(1974) derived the exact moments of the Stein-rule estimator §* = (1 — fr"—)é to the

[5-3

fourth order. His finding was that if the original parameter 6; is positive, then §; is
negatively skewed and vice versa; if 8; is close to zero, § has a normal distribution.
Phillips (1984) obtained the exact density of the Stein-rule estimator §” under the
condition of normality of error terms. Knight (1986) extended Phillips’ analysis by
assuming nonnormal disturbances which are well approximated by Edgeworth or
Gram-Charlier distributions. However, these studies have no practical implications

for hypothesis testing or confidence interval construction.

2.4 Maximum Likelihood Estimation and
Asymptotic Properties

2.4.1 Asymptotic Properties

Definition 2.27 An estimator § = h(X1,...,Xr) 1s said to be (weakly) consistent

for 8 1fé converges in probability to the parameter 8, i.e.
Jim P(l6—0]>¢)=0

Definition 2.28 An estimator 0 is said to be strongly consistent if 6 converges



almost surely to the parameter 0, i.e.
P(Jim 0=0)=1
If a ML function attains a global maximum, then the corresponding ML esti-

mator has the consistency property.

Proposition 2.3 Assume that:

1. The parameter space is a compact subset of R and the true parameter 8, is
in ©.
2. The log-likelihood function €(8,y, X) is continuous in § € © for ally and is

a Borel measurable function of y V0 € O.

3. £(8)/T converges in probability to a nonstochastic function £u(8) uniformly

inf €0 asT — oo, and £ (8) has a unique global mazimum at §,.
Then the ML estimator 8 converges in probability to 8.
Proof: [Amemiya (1985)]

Let N(8,) be an open neighborhood of 6, in RX. Then £, = max (.(8)
6e Nno
exists since N N O is a compact set where N is the complement of N(8,). Let

€ = Loo(0o) — lin- If |F{ — L] < €/2 for all 8, then

ballr) > 1 l(Er) — /2 (213)



36

and

1
(80 > Cux(80) — /2 (2.14)

Since £(0) attains a global mazimum at 8, £(8) > 0(8,). Let Er = {Iz€(8) -

2(8)| < €/2,V8}. Equation (2.13) can be modified as:
A - 1
loo(b7) > l(8o) — €/2 (2.15)
From (2.14) and (2.15), Er implies that
eoo(é) > foo(QO) — €

Therefore,

boo(8) > lim

Consequently,

QE N(Qo)
Since Er C {8 € N(8,)},
P{Izt(8) ~ £(8)] < /2,90) < P{h e N(@y)}

From the assumption, limr_,o P(Er) = 1. Consequently, 8 converges in probability

to .

In practice, it is difficult to obtain a global ML estimator and to ascertain the
global maximum using currently available optimization techniques. Therefore, we

wish to prove the consistency and asymptotic normality of a local ML estimator.
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Proposition 2.4 Let O7 be the set of local mazima satisfying the first order con-

dition for the likelthood function. Then under appropriate assumptions, for any

e>0,

A

8 2 8, uniformly in ©.

In addition,
VT (8~ 8,) — N0, H(8o) T (80)H(80)™")

_ 1 8% 10t o0
where H hm ET8060 lg, and J = 11111 E: T 56 59’ lg, -

Assumptions:

1. Consider any parameter space @ C R¥ which contains the true parameter

8,. O is assumed to be an open set.

2. The log-likelihood function £ is Borel measurable and £ € C*(N(8,)) where
C?! denotes the class of functions which are continuous in their first deriva-

tives and N denotes an open neighborhood.

2 B . . . .
3. (:Z4) exists and is continuous in an open and convexr neighborhood of 8.

4. % 92 ]6 converges in probability to a finite nonsingular negative definile

8899’
matriz hm E;aiai) for any consistent estimator 6.
a¢
9. %a—g — N(0,J(8o))-
6. %((8) converges in probability to the nonstochastic function (s uniformly in

6 € N(8,).
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7. plimz ezists and is continuous in N(§,).

Proof:

Consistency:

By a series expansion around 8,, we have

1 0¢ 1 1 0%

Té@ ’Q_O (8- bo) + "(—0- )

1 1 _—
T(0) = 7€(8) + 2 T 5006’

where ||€" — 8o|| < [|€ — 8ol|. Therefore,

o1 1 N
plim £(8) = £ao(8o) — 5(8 — o) H(8")(€ ~ bo)

1 _5%

. 82
ng_a? |20= —phml 2L - H(G)

ince — i =
s lim F T 2006 [

£o(8) < Loo(lo) for 8 # by

Choose a compact set C C N(8,y). Then for any 8" € C,

1

. 1
Z0(87) > ((8)] = 1

lim P
T—o0

whichk implies that

where

o¢

O = {Q; (T_)-é

=0}

Therefore, the local ML estimator 8 converges in probability to .

|Q‘ (Q - Qo)

38
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Asymptotic Normality:

Using a Taylor series ezpansion of g—; |; around 8,

where ||@" — G| < HQ — @o]|. Since Xz Or, gf; |Q= 0. Therefore,

AT LY
T 9908 *' VT o8 '™

VT8 - 8,) & -]

where £ denotes asymptotic equivalence. According to assumption (4)

2

—plim— lo*= H(8y)

T 5666’

since pim 8" = 8,. Therefore,

VT(8 — 85) — N(Q, H(86) " T (8,) H(8)™")
2.4.2 Maximum Likelihood Estimator

The likelihood function is defined by

T
L(Q, ytaﬂt) = H f(Q,ytvﬁt)

t=1
where y, is the observed value of the random variable Y; and z, is an explana-
tory regressor vector at point t. Then L(y,X,8) is a density function with true

parameter @, satisfying

un yr
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In general, the density function L(y, X, #) is said to be regular for any 8 € © if
differentiation with respect to 8 and subsequent integration over y yield the same
result as in the reverse order. Therefore, if the density L(8,y, X) is regular, the

following is true:

B2 no) = o (2.16)
0*L(-) _
BIE/L0)] = o (2.17)

Eq(8) =0
Then the Hessian matrix of {(-) is
9 _ oL 9L 8L
— = | L I L2 . 9.
o8~ ogog /")~ 2aag 't ) (2.18)

The Fisherian information matrix is defined as:

ligdd

$8y) = —FE|———
3(8o) [GQ(?Q |f_70]

From Equations (2.17) and (2.18), it can be shown that

$(8,) = Eq(8)9(85) = V(q(bo))
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ML estimators have the desirable asymptotic properties — consistency and

asymptotic normality. In addition,

5 1 8%
T8 —8,) ~ N(0,li E--
VI(8 — ) ~ N(Q, Jim [~EG=00s15))]
which means that V(8) is approximated by [— anae l,]~! which is the asymptotic

Cramer-Rao lower bound. Since the asymptotic covariance matrix is a function
of unknown parameters, the ML estimator of the asymptotic covariance matrix is

given by:
U ot at
—E 1517 = -
8909 ™ = E 86’ J

= | (2.19)

But the expected value of the Hessian is sometimes difficult to derive. Therefore,

approximations for the inverted information matrix can be used as an alternative

ML estimator if they are consistent:

- 9%

V, = [_W la) ™" (2.20)
- T 50: oty .,

Vs = [t=1 30 90 la) (2.21)

In the context of small samples, however, these approximately equivalent co-
variance matrices may yield quite different results [Griffiths, Hill and Pope (1987);
Calzorari and Panattoni (1988)]. Accordingly, the choice among these asymp-
totically equivalent covariances needs to be made with care rather than with the

consideration of computational convenience, especially in finite samples.
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2.4.3 Concentrated Maximum Likelihood Estimation

The method of concentrating the likelihood function makes it possible to ex-
clude nuisance parameters without affecting the value of the estimated parameters.
Consider the partitioned vector of parameters as § = [Ql,*_y_']' where 7 is the nui-
sance parameter vector in which we are not interested. The first order condition

for the maximization gives

ol
Y la= (2.22)
at
3 =0 (2.23)
The partitioned asymptotic information matrix is given by
1 8¢ 1. 0% 1_08% I "
; . T apap’ T 835+ 1 12
H=—lmEmm— = —lim 02 2y | _ [ ]
T 5666 E% ool %5—7181 Hj Hy

The required condition for the existence of concentrated likelihood estimators
is that equation (2.23) be solved to produce an explicit representation of 4 in terms

of 3. Let v = 4(). Then we define the concentrated likelihood function:

(8) = (B, %(8)) (2.24)

0%t o 0
where A(f) = % |s,- Therefore,
o ., 0

A(é) = - [61611120 ala/il IQO
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or
ligd4
070y
The differentiation of both sides of (2.24) with respect to § leads to

1 0%

AB) =~ 1555 g (225

oee 74  Of
o3 ls,= 35 03 +AB) 5 |ﬁm (2.26)

Since g—i |y= 0 from (2.23), equation (2.26) becomes

ote ¢ _
ag |§U— 5ﬁ_ Iﬂo:i (2'2‘)

Differentiating equation (2.27) again with respect to 3, we obtain

a%te 9%l

0%t
Fp = - 6o, \ 2.28
9893 ls, gglﬁvﬂL (ﬁ)aﬂa 605 (2.28)
Substituting (2.25) into (2.28)
% le 0 826’ o ., 323
[ = / o 5y 2.29
Therefore,
— plim — e | = Hyp —~ HypHyoH (2.30)
p T 3,33ﬂ 22 2141220112 -

By a Taylor series expansion around 7,

O ey = o, 45 e (3 1,)
88 & =83 % T9pay ¢ T Lo

where [|8" = 8,]| < |[@— 8| with § = (8°4%). Let 2

denote asymptotic equivalence.

Using the relationship which comes from the asymptotic normality of é

. 1 oc
\/_f(l—lo HZZI\/‘—B I
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we can infer that

1o s & [ ___626_ | H—I]LQE |
\/Ta__ﬂ_ EO = it 6@_01’ 9 22 \/TOQ 8,
Consequently,
1 3“‘: -1
—\/—_T—;_a—ﬁ- 'go b 4 N(Q, H11 - H21H22 le) (2.31)

In the context of the concentrated likelihood function, the asymptotic covari-

ance matrix is easily derived from (2.30) and (2.31):
V(B) = [Hn — HnHy; Hy) ™

This is exactly the submatrix of H~! corresponding to the estimator ,Q . Therefore,
the estimator from the concentrated likelihood method is the same as that from

the full ML estimation in the asymptotic sense.

2.4.4 General Equality Restrictions and
Asymptotically Equivalent Test Statistics

Constrained Maximum Likelihood Estimation

The general equality restriction is written in the form:
gi(Q)’: 0, 1= 1,... J
For ML estimation, the Lagrange multiplier method is used:

€8;y,X) - g'(0)p (2.32)
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where p € R’ is a Lagrange multiplier vector and g = (g1,...,9s) is a J x1
vector of constraint functions. For our analysis, the following assumptions about

probability density functions and constraint functions are made:

g oL o andagaoao (:,j,k=1,...,K) forevery 8 eN, = {8 :

1. There exis 36, 56,56,

|18 — 65]| < @} and the first and second derivatives are continuous functions

of 6.

2. For every § € N,

Bl < Gy, Vi
2 .

”306;0 ” < G, V]
3

”ae gelaok | < Gs, Yk

where G, G; and G3 are integrable in R.

89%¢

3. E(;2%L-) is finite for i,j = 1,..., K and the matrix H = — lim E(% 5598 L) is

98, 60

positive definite.

4. For every 8 € N, 30’", t=1,...,K and m = 1,...,J exist and these are

continuous functions of 4.

5. For every 8 € N, é—?;:%g;,i,j =1,...,K,m=1,...,J exists and
0%gm
- M
”ae,-_aoj” < M,

where M is a given constant.

6. The K x J matrix G = = is of rank J.
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Aitchison and Silvey (1958) proved the existence of a constrained ML estimator

satisfying the above conditions. The constrained ML estimator 8 is obtained by

solving the following equations:

q(8) - Gp =

==

<

9(8) =
where ¢ =

obtain the relationship

1 1 0% - 1
TT (_0)+ Taaagl |0 \/—(_‘Qo) - \/T_ o

VTG(8,) (8 — 8y) =

Therefore,
H(8,) G(f) ] VI8 -85) | 4 | Za(bo)
G(Qo)l OJxJ ﬁﬁ Q
where H(6,) = —lLim ETaoao’ lg,- Since the matrix
H(8,) G(8o)
G(6,) O

is nonsingular [Aitchison and Silvey (1958), pp. 822-3],

VT(8 - 8,) } 4 { H(8,) G(8) ] [ 1(8,) ]
\_}fﬂ - G(Qo)l 0JxJ Q

Using the fact that

¢
8y) — N(0, — lim E—l—g— ot

1
7259_( 75628 % le,)

it follows that

VT(8 —8,) = N(O,H [ - G(G'H™'G) 'G'H™))

[le=s’

=]

(2.33)

(2.34)

av By a Taylor series expansion of (2.33) and (2.34) about §,, we can



Wald, Likelihood Ratio and Lagrange Multiplier Test
We consider the null hypothesis
Ho:9(8)=0

where g(8) is a Jx1 vector-valued differentiable function. The Wald test is defined

by

-~

s 09 o s O
W = g(8) 155 I V(@)

s

6" 9(9)

L

where Q is a full ML estimator and V(Q) is a consistent estimator for the covariance
matrix of §. The Wald test is more convenient than the likelihood ratio test since
we need not estimate the constrained model. When the null hypothesis Hp is
correct, Q(Q) should be close to g(8,). Therefore, we can reject the restriction if
__q(_é) is far from the null vector. The validity of a y%-approximation to the Wald
test depends on the consistency of the covariance matrix estimator.

Nelson and Savin (1988) analyzed the power functions of the W, LM and LR
tests for three classes of nonlinear models (nonlinear regression models with normal
disturbances, logit models, and Tobit models) in small samples. They showed that
the finite sample power functions of the Wald tests in one parameter models are
nonmonotonic due to the explosive asymptotic standard errors of the estimate.

Gregory and Veall (1985) showed in their Monte Carlo simulation that the
transformation from one nonlinear restriction irto anciher algebraically equiva-

lent form yielded a different test statistic in small samples. According to their
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investigation, the null hypothesis H64 : #1532 — 1 = 0 was indicative of some statis-
tical advantage over another null hypothesis HZ : 3; — Z}? = 0. Phillips and Park
(1988) studied the small sample behaviour of the Wald statistics under several
nonlinear restrictions. They employed the Edgeworth expansion technique to cb-
tain the finite distribution of these Wald statistics. They found a substantial gap
between the asymptotic and finite sample distributions under HZ : 8, — L—;z— =0,
which confirmed the Monte Carlo results of Gregory and Veall. Phillips and Park
concluded that the small sample distribution of the Wald statistic might depend
heavily on a different representation of the algebraically equivalent nonlinear re-
strictions.

The Lagraﬁge Multiplier test can be derived from constrained ML estimators.
Aitchison and Silvey (1958) and Silvey (1959) proposed the Lagrange multiplier
test which is equivalent to Rao’s score statistic:

M = (6@ B

= g0 s

SX!

)

The basic idea of the Lagrange multiplier test is that g(_é_) should be close to _q_(Q)
if the null hypothesis is true. Since the Lagrange multiplier principle only requires
constrained ML estimators, it is convenient to apply if we can reduce the number
of parameters explicitly. Godfrey (1978a, 1978b) employed this principle to test
ARMA procedures in the errors of dynamic regression equations. Davidson and

MacKinnon (1985) provided a new test which followed the Lagrange multiplier
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principle in testing the functional form of the model; namely, linear and log-
linear regression against Box-Cox alternatives. Their test statistic showed good

performance in small samples.

The likelihood ratio test is based on the likelihood function:
LR = —2(¢(8) — £(9))

Under the null hypothesis, the unconstrained ML value should not be far from the
constrained ML value and thus LR should be small.
In the linear regression model, the Wald test statistic under the linear restric-

tion R@ = r is given by
W = T(Rb—r)[R(X'X) ' R|"(Rb—r)/s

where s = (y — Xb)'(y — X&). The likelihood and Lagrange multiplier statistic can

be written as a function of the Wald statistic:

LM = W/(1+W/T)

LR = Tln(1 4 W/T)

Therefore, the three asymptotically equivalent test statistics have the inequality
relation: LM < LR < W. When using an asymptotic test procedure, the critical
value for an o-level test based on the Wald, Lagrange multiplier or likelihood
ratio statistic is approximated by x(2_,)(a'), where J is the number of restrictions.

Therefore, the inequality relationship may lead to conflicting inference in linear
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models [Berndt and Savin (1977); Evans and Savin (1982)]. The significance level
can be corrected by using an Edgeworth expansiqn. For example, Rothenberg
(1984) obtained size-corrected critical values in the linear regression model with
nonscalar covariance error disturbances and showed that the power of the three
tests is the same to order T-!. In the context of nonlinear models, the small sample

distribution of the three statistics is not known, and requires further research.
2.5 Small Sample Theory

In econometrics, statistical inference heavily depends on asymptotic theory
since finite sample properties of econometric estimators and test statistics are
rarely known. But the asymptotic properties are sometimes misleading when
sample sizes are relatively small and the asymptotic procedures do not reflect the
finite sample behaviour.

In the early stages of theoretical work on small sample distributions, the exact
density functions for the two stage least squares and OLS estimators in simultane-
ous equations were developed. Two seminal articles [Basmann (1961); Bergstrom
(1962)] provided an incentive for the development of the exact sample distribution
theory for econometric estimators and test statistics. Basmann (1974) provided
a survey of the literature in the area of finite sample theory in its early stages.
Phillips (1980, 1985) and Rothenberg (1983) gave good descriptions of recent de-

velopments in this field.
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2.5.1 Gram-Charlier and Edgeworth Expansion

Consider a sum of T independent random variables

Sr=X;+---+ X7

where X, has mean y, and standard deviation o;. Then the standardized variable

T
51— e £ is approximately distributed as N(0,1) as T goes to oo, according to
Y., o2

Lat=1}

the central limit theorem.

Theorem 2.3 Central Limit Theorem (Lindeverg and Lévy)
Let { X} be independent and identically distributed with E(X,) = p and V(X,) =

0%. Then Zp ~ N(0,1) where

St —Tu

T =
T To

Theorem 2.4 Central Limit Theorem (Liapounov)
Let {X,} be independent random variables with E(X,) = p; and V(X,) = o}.
Suppose that the third absolute moment of {X,} about its mean p, is finite for

every t. Let ma, = E| X, — w,|3. If the condition

T T
lim (Z m3t)]/3 Z )‘1/2 -
T—eo t=1 t=1
is satisfied, then Zr ~ N(0,1) where

Zr =

/5T
Zt:l atz
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The central limit theorem justifies the statement that the standardized sum of
the independent variables has an approximate standard normal distribution &®(-).
In addition, the density function of this standardized sum will be approximately
equal to the standard normal probability density function ¢(-) if all the components

of {X,} have continuous distributions and certain regularity conditions are satisfied

[Cramer (1946)]:

F(z) = &)+ R(z) (2.35)

f(z) = ¢(z)+r(z) (2.36)

where R(z) and 7(z) are small for large T’ and R'(z) = 7(z). From a general point
of view, we can consider a random variable X which is not necessarily a sum of
independent variables but seems to be approximately normal. Now we consider
two types of expansions which use the functional form (2.36) and attempt to
expand the remaining terms.

First, the type A Gram-Charlier series will be discussed [Cramer (1946); Phillips
(1980)]. Let us consider a statistic Sp obtained from a sample of size T' and its

density fr(z). Then we may consider an expansion of the form:
[
fr = cod(z) + 78 V(@) + - - (2.37)

where the c; are constant coefficients and ¢{)(z) is the ith derivatives of ¢(z). The
coeflicients c¢; in equation (2.37) can be determined by multiplying through by the

Hermite polynomial H;(z) = (—1)"%'—(‘%), under the assumption that the series of
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(2.37) can be integrated term by term. Multiplying both sides of (2.37) by Hi(z),

H(@)f(@)r = cop(@)Hi(z)+ -+ 580 (x)Hi(z) + -

= coHoHi(®)$(x) + -+ -+ 5(~1) Hi(=) Hi(e)d(z) + - -
Integrating term by term

+o0
f_w Hi(e)fr(z)dz =

+o0 .¢; [fFoo
CO/W Ho(z)Hi(z)$(z) de +--.+(—1)*5/w Hi(c)Hi(z)é(c) dz + - - -

Using the following orthogonality of Hermite polynomials

Foo n! form=n

oo Hm(@)Hal2) = { 0 form#n
we obtain

ei=(-1) [ Hi(e)fr(z) de (2.39)
Consequently, assuming that the standardized variable has finite moments of all

orders,
fr(z) = ¢(x) + _;_3"¢(3)(m) + %¢(4)(m) + $¢(5)(w) I (2.39)
where ¢; is given by (2.38), i.e. c3 = —m3/0®, cq = my/o* with the notation

m; = Elz — E(x)]’

But it should be noted that the series (2.39) is convergent if the integral

+oo
| exp(a?/4) fr(a)da

o0

is convergent and fr(z) is of bounded variation in .
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Definition 2.29 Let f be a real valued function defined on the interval [c,d] and
c=x9 < xy < -+ < xg = d be an arbitrary subdivsion of [c,d]. Then f is said to

be of bounded variation over [c,d] if

sup z|f f(zic1)] < o0

KeI+ o
for all possible values of K.
Unfortunately, only a small class of density functions can admit the expansions of
(2.39) under these restrictions.

On the other hand, the Edgeworth expansion succeeds in providing a good ap-
proximation with a finite number of terms. Edgeworth series have a finite number
of terms when we neglect the terms which have a specified order of magnitude,
ie. O(T~3?). If we take order of magnitude T-¥+1)/2] then the asymptotic

Edgeworth expansion has the form [Phillips (1980)]:

K
fr(z) = ¢(x)[1 + 3 Pi(x)T*] + Rr(x)

i=1

where Pj(z) is a polynomial of degree 3;j and Ry(zx) = O(T~K+1)/2). Suppose
the independent and identically distributed random variables X;,..., X7 have the

continuous density function f and
E(X) =0, V(X;)=1 forall t.

In addition, we assume that the {X;} have finite moments of order &' + 2. Define
the cumulants (semi-invariants) to be the coefficients of the following cumulant

function:
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K . .
mww=2%wwwwﬂ

=1

where ¥(t) is the characteristic function of X, and &; is the jth cumulant of f

[Cramer (1946), pp 185-6]. For example, the expansions of «; are
ke = E(X:)=
ke = V(X)) =
ks = E(X,- E(X,))®

Kgq = E(Xt - E(ng))4 -3

T -
The jth cumulant of the standardized statistic Z7 = Zij%}—'- is

v = r; T for j=1,...,K +2.

The Gram-Charlier series is

fr = $(@)— =22 ¢ () + -

~ 10‘)’2
31T1/2 =7 —= )¢ () +

20— 2o 8 e) (B 17

4T 5! T3/2 6!
where, e.g., k1 = ¢; and k2 = ¢3 — ¢!, By a simple manipulation, the Edgeworth
series has the form:

1 7

fr = (@)= 579 (@)
+ 218 0) + =360 + 0T~
= ¢(e){l + -1,53-(333 — 3z)T~1/?
+ [P(a" - 622+ 3) + 7;(75 — 152" + 4527 — 15)| T

+0O(T™3?) (2.40)
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The expansion of the corresponding distribution function of Zr can be obtained
by integrating the series in (2.40) term by term.

The Edgeworth expansion tends to give poor approximations in the tails of the
distribution. Phillips (1977) investigated the usefulness of the Edgeworth expan-
sion in the context of a first order stochastic difference equation and showed the
severe distortion of the tail area probabilities. On the other hand, the Edgeworth
expansion can provide information about the regions where asymptotic theory

gives a good approximation and those where it works poorly.

2.5.2 Saddlepoint Approximation

Daniels (1954, 1980) explored the saddlepoint approximation, an alternative
to the Edgeworth expansion which had unsatisfactory performance in the tail
area. The saddlepoint approximation is always positive and has the same order of
maginitude of error as the first two terms of the Edgeworth expansion. Holly and
Phillips (1979) used a saddlepoint approximation to the distribution of the k-class
estimator.

We consider the structural equation:
Yy, = ﬂyz +Zim+u (2.41)

where y. and y, are T'x1 vectors of endogenous variables and Z; is a T'x K matrix

of exogenous variables. The reduced form of equation (2.41) is

[;lj_1 : _342] = Zq[m1 ¢ mia) + Zafman P maa] + [y : V,)
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where Z = [Z, : Z,] is a T x (I{; + K,) matrix of exogenous variables and V =
[v; : v,] a matrix of reduced form disturbances in which each row is independent

and identically distributed as N(0,Q2) and

Q= Wil Wiz
w21 W22
The k-class estimator for 3 is given as
A Q;Aky_l
= 2221
Yp ArY,

where Ay = (1 = k)[I — Z1(Z,2,) 71 Z] — Z5(Z525) P Z}| + Z2( 2} Z,)" 1 Z;. By trans-
forming the covariance matrix 2 to the identity matrix, the transformed k-class

estimator can be written as

b= o B 22

2
Wiy — wu/wzz W2

Setting k = 1, the 2SLS estimator of the transformed model is

A w9 E;ZZ(ZQZZ)-1Z£EI W19
Br = - —)

Wil — wfz/wzz y’zZz(ZéZz)‘lZégz W22
Holly and Phillips (1979) obtained the saddlepoint approximation of the prob-
ability density function of ,31* :

1
V2mp

h(z) = K,3%:(8% — 208z — 1)—(!(2-,_1)/26—“2/2, when z < ’%/;—1 and >0

1 ) 1428062
= _P—QWN[I‘2+#Z—#]([3$+1)K2(1 _'_2/3:!: _[32)—(}’{24.1)/2 ]
p(z = By

(1 + z?) 2/ 2 exp|— ], when z > %1 and 3 >0

2 14 x2
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where p? = "—2'2&—2(—‘%322 The distribut_ion function which was obtained by numerical
calculation indicated a uniformly better performance in the tail area than the
Edgeworth expansion up to O(p~!) and O(p~%). In addition, the saddlepoint
approximation showed less sensitivity to parameter'variations than the Edgeworth
expansion. But the saddlepoint technique is applicable only in the special case
where the characteristic function is available or there is a set of sufficient statistics

for the parameters.

2.5.3 Rational Function Approximation

As an alternative to deriving the finite distributions of estimators and test
statistics, a method of approximating the small sample distributions was developed
by Phillips (1982, 1983) using modified multiple-point Padé approximants to the
distribution. This technique has advantages over the usual approximation methods
(Edgeworth and saddle points) in that accurate approximations can be obtained
in very small samples and a priort or additional information on the distribution
can be incorporated. Phillips proved the existence, uniqueness and convergence
of best approximating rational functions to continuous density functions. Phillips
(1983) defined the extended family of rational approximating functions (ERA) as

follows:
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Definition 2.30 Define the class of extended rational approzimating functions of

mazimal degree m and n as the class of functions R, of the form:

) P, Yot a;r’
. — DL == <
Rn(z;8,7) = s(z) - s(a:)zz;1 el r€ERandm < n

where s(x) is a real continuous function, Pyn(x) and Q.(z) are reduced to their

lowest degree cancelling identical factors, m and n are even integers and
n

Y= (@150 s @my b1y b0) € {7 be =1,Qn(z) > 1 Ve € R}
i=1

The additional information can be incorporated into the approximating func-
tion Ryn(x) via s(x) — for example, a probability density estimated from Monte
Carlé simulation, a crude asymptotic approximation to the true density or the fact
that the density is greater than zero. There is a possibility that this ERA fam-
ily includes approximating functions which are singular and which have negative
probability over some part of the parameter space, but these can be eliminated by
restricting P, > 0.

Consider the case of an approximation with m = n = 4. Let

- P"(:r) - Z?: a,i{l'.i
n/ml®) = o) = S b

Then the Padé approximation function is given with points of local Taylor expan-

sions at ¢ =0 and z~! = 0:

as(z — 1)z — 12 )z — 7)(*x — F)
Ba(x — &) (& — &;)(z — 8)(x = §) (2.42)

[4/4)(e) = 5 =
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where (v1,72) and (61, 62) denote the real zeros of the numerator and denominator,
respectively, and (7,7) and (§,8) are complex conjugate pairs. We can modify

(2.42) so that [4/4](z) > 0,Vz € K:

aslaz? + cx + c)(z — v)(z — 7)
Balex® + fx + g)(z — é)(z - 6)

[4/4)(=;8) = (2.43)

where 6 = (a,b,¢c,d, e, f). To keep the equivalent local behaviour of (2.42) and

(2.43), we need to place restrictions on the parameters:

a/d

I
—

c/f

fl

’)’172/5152

With these restrictions, it is ensured that

[4/4](z;8) — 4/Bs as ¢ — oo and

[4/4)(z;8) — cgy172|7)? /846162162 as x — 0

Using ERA, there is a tradeoff between reliable global behaviour and good local
performance. Therefore, we can improve the global performance by trading oft

error magnitudes in different regions of the parameter space.



CHAPTER 3

GENERAL TRANSFORMATION-OF-VARIABLES
IN REGRESSION

3.1 Introduction

Zarembka (1974) introduced the transformation of variables technique to econo-

metrics. He explained and extended the model of Box and Cox (1964),
v =28 +e

where

N

(¥ -1/ iHX#0
Ye —{

In(y:) fA=0

and

e ~iid N(0,0?)

Since economic theory usually fails to provide economists with useful guidance in
specifying the functional form of an economic relationship, Zarembka suggésted
the transformation-of-variables model for choosing the appropriate functional form
within the framework of statistical inference. The beauty of the general Box-Cox
model is summarized in three ways. First, assuming that the dependent variable
differs from the theoretical model by an additive random disturbance is often a
misspecification. The restriction to a specific functional form loosely based on
economic theory may lead to incorrect conclusions by ignoring sample informa-

tion. Therefore, the functional form often needs to be estimated, even though a

61



62

functional relationship exists a priori. Second, the misspecification of the depen-
dent variable can be avoided when an appropriate dependent variable is chosen
from among those that are functionally related. Finally, the properties of the
Box-Cox transformation (additive effects, constant error variance, and normally
distributed error disturbance) provide the possibility of using the (;lassical linear
regression model when the transformation parameters are used. The risk of select-
ing one functional form can be reduced by testing the alternative functional forms‘
that are estimated by use of OLS under the assumed power parameter values.
There exist many applications of the Box-Cox transformation in an econo-
metric context. The typical application is found in the estimation of demand
equations. Zarembka (1968) estimated the functional form of the money demand
equation with the same power transformation applied to both the dependent and
independent variables. White (1972) also estimated the money demand equation
with the same functional parameters in the dependent and independent variables,
among which the interest rate variable had a shifted location. Spitzer (1976) ex-
tended White’s study by applying a general transformation-of-variables model to
the money demand equation. The study of the U.K. money demand equation
by Mills (1978) and Boylan and O’Muircheartaigh (1981) added to this litera-
ture. Also, the import demand equation was studied by Khan and Ross (1977),
Hwang (1981), Boylan et al (1982), and Blaylock and Smallwood (1985) using the

Box-Cox transformation technique. The Box-Cox transformation was also used in
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estimating hedonic price models [Blackley et al (1984); Megbolugbe (1986)]. More
examples can be listed in a wide range of areas [Granger and Newbold (1976);
Hopwood et al (1984); Smyth and Dua (1986); Guerrero (1987); Montmarquette
and Blais (1987)].

The asymptotic properties of the ML estimators of the general Box-Cox model
include consistency, asymptotic unbiasedness, normality, and efliciency if the max-
imum likelihood regularity conditions are satisfied. But the density function of
the dependent variable is not regular because the dependent variable is truncated
unless the transformation parameter of the dependent variable is equal to zero
[Hinkley (1975)]. Therefore, the usual asymptotic properties of the ML estimators
may not be applied to the Box-Cox ML estil‘nators in a strict sense. Furthermore,
finite sample properties of the ML estimators of the Box-Cox transformation are
not known. Spitzer (1978) investigated the small sample properties of the ML
estimators when both the dependent and independent variables are transformed
with the same power parameter. But Spitzer’s Monte Carlo simulation has too
small a number of replicates (50) for studying sampling behaviour and his model
is too restrictive in employing the same power transformation for the dependent
and independent variables.

This study includes an extensive Monte Carlo simulation designed to explore
the unknown properties of the ML estimators of the general Box-Cox model and

their finite sample variabilities. In Section 3.2, alternative estimation procedures
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are outlined. It is a practical convention to test the significance of a coefficient us-
ing an asymptotic ¢ ratio or squared ¢ ratio (Wald statistic). Therefore, the Monte
Carlo simulation will also be used to investigate the finite sample distribution of
the t ratio. The exact distribution of the ¢ statistic can be well approximated
using the Edgeworth expansion, thus leading to improved confidence intervals.
The Edgeworth expansion of the asymptotic ¢ ratio requires information about
the asymptotic variance and its first and second derivatives with respect to the
corresponding parameter estimator. Unfortunately, the asymptotic variance and
its derivatives for the nonlinear ML estimator in the Box-Cox model are difficult to
obtain or may not exist, even if the error term is normally distributed. Therefore,
the bootstrap inversion of an Edgeworth expansion is discussed in Section 3.3. In
Section 3.4, the design of the Monte Carlo study is given and in Section 3.5 the

results are presented. Section 3.6 contains a summary and concluding remarks.
3.2 Estimation of the Box-Cox Transformation

Box and Cox (1964) employed the ML method to estimate the parameters of
their model. Spitzer (1982) discussed several estimation methods (full ML esti-
mation, concentrated ML estimation, nonlinear least squares, and iterative OLS)
in the context of the regression model when only the dependent variable is trans-
formed. But nonlinear least squares applied to scaled variables is more heuristic
than rigorous. In addition, iterative OLS is not practical for use in the general

transformation-of-variables model and its covariance matrix estimator is not con-
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sistent. The usual ML estimators are not consistent either and their asymptotic
covariance matrix estimators (e.g., the inverse of the negative Hessian) are not
correct because of the problem of truncation of the transformed dependent vari-
able which is inherent in the Box-Cox model. Therefore, Amemiya and Powell
(1981) proposed nonlinear two stage least squares, since this gives a consistent
estimator if the error term has an expected value of zero, regardless of its dis-
tribution. We will consider full and concentrated ML, nonlinear two stage least
squares, and iterative GLS estimation. Iterative GLS is considered because of its
GLS interpretation and the fact that its only requirement is the first derivative of
the log-likelihood function. In our Monte Carlo simulation, nonlinear two stage
least squares is excluded since it may not give reasonable estimates due to the
fact that all values of the dependent variable of our model are greater than one if
A1 > 0; less than one if A; < 0. This point will be discussed in detail in Section

3.2.2.

3.2.1 Maximum Likelihood Method

We can specify the generalized Box-Cox model in the form
vy =By + Bzl + o+ Bl ey t=1,...,T (3.1)

where

(z = 1)/A A #0
20 =

In(z;) f =0
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Zig =

ye fori=1
zy fori>1

¢ ~ iid N(0,07%)
Matrix algebra gives a more compact notation for Equation (3.1),
g(A‘) — X(’\')_ﬂ_ +e (3.2)

where g()‘l) is a T x1 vector of the transformed dependent variable and X*) is
a T x k matrix of independent variables with the general Box-Cox transformation
applied to each column vector except for the first, which is a constant vector. Let
0 = (81,82, s Brs A1y -« -y Ak, 02). The log-likelihood function for (3.2) is given

by

06; X,y) = —-?—'21~1n(27r)—%1ncr2

~ L — xOagy ) - xGag
202'% == -

T
+ (M=) Iny (3.3)

t=1

Consider the first order conditions for a maximum of the log-likelihood function

(3.3):
of 1 oy
5@ — ;_Z_A( )_e_:Q
ol 1,

= et lnu=0

g



o _ 1,

. —Pizye=0, i>1
56365 = —%02+5%;g'§=g
where
= { (14 2z In(1+ 22) = AP/ i X £ 0
TN (Inz;)#(In z;)/2 if A, =0

59")

{ y*) ifi=1

2™ i1

and # denotes elementwise multiplication. Let

Then the second derivatives of the log-likelihood function are

agzaﬂﬁ/ = *%X('\')'X“-)
a
0% 1 ,
ot 1 0B (M) .
BN ‘ﬁ’ggﬁ»kﬁfﬁ‘ Y2))y i=2,..k
o 1 oy
W = _-0.—4A( )§
il 1, ,
5? - —;E(y-z\,-y-,\, + E,\Ml-e-)
0%t 1 ' .
(9)\1(9)\,- - ;Eﬂig)q—m‘)‘i’ 1= 2’ ctty k
¢ 1,
OX 002 - 0.4£>‘1§
0% 1 .
W = —;;(’Bfﬁlf\:g'xt - ﬂig—&.‘z\;ﬁ), ] = 2, e ,k
0%

1 . .
oy, = T aPhEmy, 1#7
t J
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d(e?)2 = 204

1
— —¢€e
o

The information matrix of 8 is written as

il |
0000’

I11 I12
Iy I

, 1) = -E|

where
2t 9
h = E[ agff]
3070X 9AN
0%¢
Iy, = — eer, 0, ———,0,...
21 E(O’ ? 7aA160_270’ 70)
o
Iy = —E[a(az)z]

From the first order conditions,

~ 1 A (X)) Ay p ()3
&% = f(g(h) — /\(A-)g) (Q(«\:) — ;\(/\-)g)

The full ML function can be concentrated as

£°(+) = constant — %lll(&z) + (M —-1) Z In(y:)

68

(3.4)

(3.5)

The parameters §; and A; (¢ = 1,..., ) are estimated by maximizing the con-

centrated likelihood function (3.5), and subsequently 6% is obtained using Equa-

tion (3.4).

Under the usual regularity conditions for the likelihood function, the ML esti-

mators are consistent and asymptotically efficient.

6 = 8, +op(T)
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asy.V(8) = [I(8)]

where I(8,) is the information matrix. But the asymptotic covariance matrix
of the ML estimators of the Box-Cox parameters is difficult to derive because
the expectation of the Hessian matrix cannot be evaluated analytically. Draper
and Cox (1969) derived the variance of a power transformation estimator from
the information matrix using a series expansion. They assumed that the trans-
formed dependent variable z = y(*) has a normal distribution. But from a the-
oretical point of view, the distribution of the original dependent variable is re-
quired in order to obtain a regular likelihood function [Hinkley (1975); Amemiya
and Powell (1981)]. Hinkley (1975) employed a one parameter gamrﬁa density
f(y) = y*te V/T(p) and Amemiya and Powell {1981) a two parameter gamma
density f(y) = F(lp—)a“’y”'le‘(l/"‘)y, while Poirier (1978) used the truncated nor-
mal density. But we will not make any assumption about the distribution of the
original dependent variable since this study focuses on the finite properties of the
Box-Cox model and on a Monte Carlo simulation instead of rigorous theoretical
analysis. Therefore, the inverse of the negative Hessian evaluated at the ML esti-
mator § will be used as a maximum likelihood estimator of V (8) when we make the

. 1 8% : . o1s . . :
usual assumption that — T 3699’ IQ converges in probability to a finite nonsingular

. _ . 1 9%
matrix Co = —lim ETaga_Q' lg, -

Furthermore,



Therefore, it is straightforward to infer that

0; — 0o
V()

— N(0,1)

=)

By replacing V(é,-) by its consistent estimator, the asymptotic ¢ ratio is obtained.
3.2.2 Nonlinear Two Stage Estimation (NL2SE)
Amemiya and Powell (1981) proposed an alternative estimation method for

the Box-Cox transformation. To implement the NL2SE method, we modify model

(3.2) as follows:

i(?ivX; /i,A) = _!,i()‘l) - -X()"),_/-z =€ (36)
The minimand for NL2SE is
S(3,2; W) :i’Vlr’(W"W’)_IW"i (3.7)

where W is a T x N matrix which 1s usually composed of quadratic functions of
the columns of the X matrix as well as the X matrix itself. The NL2SE method
should be applied with care since NL2SE is not well defined when the values of the
dependent variable all exceed 1 or are less than 1 [Khazzoom (1989)]. Consider

the original Box-Cox model:

y—(A) — x\—ﬂ + €

siven A, B = (X'X) X'y is the estimator which minimizes

(¥ = Xp)W W)Wy ~ Xp)



Then the concentrated minimand is written as
yM(I - X(X' X)X YW(W'W)TW(I - X(X' X)Xy

Suppose the W matrix contains the X matrix as [ X :W,] where W, is the remainder
of the W matrix after excluding the matrix X. Let Py = X(X'X)™'X’ and

Py = W(W'W)~'W'. Then it is easy to show
Py =Px + (I — Px)W,[W'W, - W/PxW,]"'W/(I — Pyx)

Using the fact that (I — Px)X = 0 and PxX = X, it follows that Pw X = X.

Thus, the concentrated minimand can be written
Sp = y_(/\)'(pw - Px)y_()\)

When all the elements of y are greater than 1, Sp — 0 as A — —~oo. The opposite
behaviour of Sp according to the change in ) is observed when all the values of y
are less than 1. In other words, the moment condition that E(_g,i(’\) - Xp)YW =0

is not sufficient to identify the true parameters.

3.2.3 Iterative Generalized Least Squares (IGLS)

Full information ML estimation in linear and nonlinear simultaneous equation
models can be interpreted as iterative generalized least squares [Dagenais (1978)].
Similar procedures can be applied to single equation ML estimation. The main
advantage of this method is that second derivatives are not necessary and nonlinear

maximum likelihood estimators can be interpreted in the context of generalized
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least squares. Consider the log-likelihood of the Equation (3.6):

T 1
£(8; y,X) = constant + Eln(a'z) - —2——2 €e)+ > In|Jy (3.8)
where J; = gzl = % = yp~1. The first order conditions for the maximization of

the likelihood function are as follows:

o 1O _ 02,
o6, = =iae 0 =0 (3.9)
%; = —%6‘2 (€8)s~* =0 (3.10)

where 6; corresponds to the elements of § and A. From Equation (3.10),

SRab
Thus
o0 L O (E8), o 2 0¢,
a6, ~ Z|J,| a0, T ° 7 38°

"9 __l__alJtle_ ah
7 [Zw 86, T ae]

lm)

Then by stacking

[i 1 9| € a"]
= || 06; T 08,
we obtain

o Lokl o

|Je| 86, T a6,

V! = :

1 8\ & a¢'
S o

where p(= 2k) is the number of parameters to be estimated. The first order

condition (3.9) satisfying Equation (3.10) is written as

8 .
g =0 Ve =0 (3.11)
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Equation (3.11) can be written as
67VI(E + V) —-572V'VE =0 (3.12)
Then Equation (3.12) is solved iteratively by setting
B = (VVV)'V/(& +Vil))
and

0is1 = 0i+Xi(8iyy — 8,)
b = 01 —
= M[(V;V))TV/e]
where V/¢; is the maximization gradient of the log-likelihood function at the ith

iteration and (VV;) is positive definite. Using the derived matrix V, Equation

(3.6) is given by

(3.13)

Then the IGLS esimator can be obtained by applying the least squares technique

to Equation (3.13) iteratively. Consequently, the IGLS estimator of § is
Orcrs = (ViVi) ' ViW; (3.14)

where V;, and W| are values of V and W* evaluated at the maximum of the

likelihood function. The consistent estimator of the asymptotic covariance matrix



is

V(bros) = 8*(ViVe)™ (3.15)
Obviously, the parameter estimates é 1cLs are expected to be equal to the estimates
obtained by use of the Newton-Raphson or BHHH algorithms. But the covariance
matrix estimator from Equation (3.15) may be different from other consistent co-
variance estimators such as the inverted negative Hessian matrix. Calzolary and
Panattoni (1988) showed that the estimated standard errors from the IGLS co-
variance matrix were generally smaller than those from the inverse of the negative

Hessian matrix.
3.3 Bootstrapping and Edgeworth Expansion

Currently, there is no theoretical foundation for statistical inference based on
estimators from nonlinear models in the context of finite samples. Bootstrapping
provides a way of performing the computer-intensive study of the sampling be-
haviour of econometric estimators. Efron (1979, 1982a) proposed the bootstrap
technique, which can be used to measure the variability of an estimator based on
the available data. Freedman and Peters (1984a, 1984h) used bootstrapping to cal-
culate the variability in the estimates of feasible GLS, two stage least squares and
three stage least squares. Hinkley (1988) mentioned that the bootstrap method
is in essence “the simulation of relevant properties of a statistical procedure with

minimal model assumptions (p. 321).” In general, the distribution of a statistic
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S(X1,...,X7) defined on a random sample X;,...,Xr depends on the theoret-
ical distribution F', which is unknown. Therefore, the nonparametric bootstrap
approach uses the empirical distribution F instead of any assumed distribution.

The rational choice of F is

)= 23 h(z — =)

where

h(z) = 0 fu<0

1 fu>0
Consider a general regression model as follows:
Yt :g(ﬁt’g)_i_et, t::]-,---,T (316)

where g(-) has a general functional form depending on the known data matrix, 3
is K x1 vector of unknown parameters, and ¢, is identically and independently

distributed as F' with Er(e;) = 0. Using vector notation,
y =9(X,8)+¢ (3.17)

Then é is estimated by minimizing some distance measure D(y, g), which is usu-
ally the square of Euclidean distance. The bootstrap provides a way of getting
the covariance of the estimator Q by simulation rather than by using asymptotics.
Therefore, this covariance matrix measures the finite sample variability of an es-

timator and can be quite useful when we know only the asymptotic properties of
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the estimators. The bootstrap procedure in the context of the regression model is

summarized as follows:
1. Assume F' by 1/T at each estimated residual, & =1y — gt(é).

2. Draw simulated random samples of size T' with replacement from €,,...,ér.

Calculate the bootstrap observations of y;

y: :g(-@hé)_{"e:, t=1)'--,T

3. Estimate ﬁﬁ which minimizes D(y*,g) = (yv* — ¢)'(y" — g)-
4. Repeat 2 and 3 many(B) times.

5. Calculate the bootstrap covariance matrix and bias of Q

L 1 & . 5 aub Ny
COV.B) = =7 2(B" - BB)E” - B(B))
b=1
Bias.(8) = E.(3)-8
where
1 & .
E. = =
@ - 528

We wish to compare the estimated standard errors of the maximum likelihood
estimators with the bootstrap estimates of variability in the context of finite sam-

ples. Since nonlinear ML estimation relies on iterative procedures which require



-1
-1

much computational time and cost, we will limit the application of the bootstrap
to one model (A; = 0.1) for the cases T' = 30 and T = 60.

It is rare that the exact sampling distribution of estimators and related test
statistics are known. The usual statistical inference depends on large sample
asymptotics. There have been a series of research efforts aimed at deriving the
exact distributions for econometric estimators and test statistics. Phillips (1982)
and Rothenberg (1982) give a good survey on the current state of the art in this
field. In addition, Taylor’s critique [(1983), p. 31] on finite sample distribution

theory merits attention:

The most critical difficulties in applied econometrics remain model se-
lection and specification, and nothing we have cited aids a whit in that
process. Worse than that, our useful finite sample results seem to be
computationally feasible only for moderately small models and classi-
cal conditions — precisely circumstances in which the adequacy of the
model 1s most subject to criticism. It is an unfortunate irony that these

techniques work best where they are needed least.

The Edgeworth expansion is an important technique in studying the exact
sampling distributions of estimators and test statistics. The popularity of this
technique comes from the close relationship with the commonly used large sam-
ple theory and the dependence on the normal and chi-square distributions. Let

Fr(z) = F(z) + o(T~%) if »_,li_l}:oTk'FT — F| = 0 for all z. Then the asymptotic
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distribution of Fr is an o(1) approximation to F. For example, the ML estimator

BT with distribution Fr has a limiting normal distribution, so that
Fr(z) = ®(x) + o(1),

where ®(z) is a standard normal distribution function and the asymptotic variance
of fr is assumed to be 1. Suppose the random variables Xi,..., Xr each have
the continuous probability density function f with mean zero, variance 1, and
moments up to 4th order. Then the cumulant generating function has a power

series expansion in a neighborhood of mean zero:

1 1. 1 _
In d!(t) = :2-—(21‘,)2 + 653(1”3 + :2_‘_1_’(4(“)4 4 ...

where ¥(t) = E(e"®) and x; = jth cumulant of f. The jth cumulant of the
standardized sum St = 71; Y Xiisy; =w; T3/ for j > 0. Therefore, higher
order cumulants of St are close to zero as T' — oo. Let ¢7(f) be the characteristic

function of Sr. The cumulant generating function of St is

1,. 1 . 1 )
Inyr(t) = 5(“‘)2 + E’Ys(‘lt)s + ’2'174(“‘-)4 + -

Thus

1
Pr(t) = exp(—t*/2)[1 + %73(11)3 + -2—474(it)4 + 7‘_-1-573(1:1‘,)6 4]

+oc0
Using the Fourier inversion formula, if / I (t)|dt < oo,
~00

1 +o0 . 1 +o0 .
f@) == [ e iyt = o [T ey
—0 M J—-00

:27r
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and we can obtain the formal Edgeworth expansion of the probability density

function of St:

fr(z) = ¢(z) - %m‘”(w) + 21—474¢“"(m) + %’ygqﬁ(e)(w)

= gy 1 @) L ¢W) 1 ,¢9)
= PNy T TR e 1)

where ¢(*)(z) is the kth derivative of the standard normal density function ¢(z).

Integrating (3.18), we obtain the approximate distribution function of St:

() 1 ¢z (5)( 5
Fr = 8(0) - d(@lgn S - g - St )

or alternatively

1 1
Fr =®{z - 673("32 ~ 1)+ -75[374(3.@ — %) + 2v2(42® - Tz)]} (3.20)

Equations (3.19) and (3.20) are the o(7T~') Edgeworth expansion of Fr(z).

The exact distribution of the t statistic has been studied within the frame-
work of the simultaneous equations model [Richardson and Rhor (1971); Sargan
(1975); Tse(1984)}. But an analytical study of the exact distributions of asymp-
totic t ratios in a nonlinear model has not yet been performed using the Edgeworth
expansion. The ML estimators of the Box-Cox transformation cannot be repre-
sented by the data matrix only, so their behaviour is investigated using the limiting
distribution. To get the Edgeworth expansion up to o(T ') of the ¢ ratios of the

Box-Cox model, we assume that

VT(8 - 8,) — N(0,T)
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where ¥ = (0;;) and 0} = ;. The conditions under which the density of \/T(Q -
8y) has a valid Edgeworth expansion are discussed by Phillips (1977) and Sargan
and Satchell (1986). The standardized variable z; = \/T(Gi — 6oi)/0; has the

N(0,1) distribution asymptotically. Define the ¢ ratio:
7 = VT(0; — 66:)/5; (3.21)

where 67 is a consistent estimator of ¢ and 72 is a Wald statistic which converges
in distribution to xf,. Let

w98 o) O
i % 86” 5 602

Develop the Taylor series expansion of §;:

2
N gy g
§ =8 +—=sMz + Ll

.S
VT

2T
Substitute Equation (3.22) into (3.21):

BAN X
Q
—_—
5
W
S~
[\t
~—

(3.22)

-
-

T = 0;2;8; = z; +£l?_3(1)z? 4 a;'-’ (2,, + Op (T-2/3)
1~1vY1 1 \/T 1 1 2T l

The characteristic function for 7 is

do(t) = (%)*“/Rexp(in-zf/z)dz
= (271')_1/2/ exp[——(z,- —it)®/2 - 2/2] -
{1+ [\/T sz z + 2T (2 22)(it) + z}sgl)zzf(it)z}d.zi
+o(T™)

— 2y ol s (it) + 30} 52 3o} S5
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30 ,
o(it)° +[2T )4 S it)*

*ﬁ

+ sV ([} + o(T7)

where i= v/—1. Consider the relationship for Fourier inversion [Cramer(1946)

225):
+o00
/ 1tm¢(u)(w) T = ( )V -t /2a V= 0,1,27' "t

The probability density function of 7 is obtained from ',(¢) as follows
2 o
- _ O (), 3: S0 390 ROSPOR
97 (1) 403 Ti (@) 307 s (2
4
Gi (1) i(6) -1
+ 5T % N z) +o(T7)
Then we can obtain the distribution function by integrating f,(z):

0? 30’ 2
F, = & S TN e L g(2) o 271 (1% (1),
(=) (=) = g o)+ [2T C e 19(@)
2
_ % ()2 97 2 30} (1)) 4(3)

T
(1) 5 -1
L g >(r) o(T)
— &z ' (1) 30} o 390 qp

2
T o) (2 , 39} S
+\/’T H()+[2T, +T |Hs(x

4
1 (1) -1

(3.23)

= (=1)'¢"(z)/¢(x), or

where H;(z) is a Hermite polynomial such that H;(z)

Equation (3.23) can be written as an explicit polynomial form:

3¢ (@ 397 ay

F(z) = %)~ wz){f T R

Jx
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T2 1) 4 1T 5@ 4 30 Py
+ 2 (25 — 102° + 152) + o(T™Y) (3.24)

2T

There is no correction at z = 0 since F,(0) = ®(0) = 0.5. Suppose o; is a linear
function of §;. Then s{?) = 0. Therefore, at x = 2 Equation (3.24) can be written

as

®(2) + 6(2) =3t

F.(2) =
If %%% is negative, the corrected distribution has smaller probability than the stan-
dard normal distribution at 2. In general, the correction term is negligible for
large values of T

(1)

In the Box-Cox transformation it is difficult to calculate oy, s; (2),

, and s;
Therefore, the corrected distribution (3.23) is of no use in practice. Hall (1988)
suggested a method for improving the test procedure by inverting a general Edge-
worth expansion. Suppose the test statistic ur with asymptotic mean zero and

asymptotic variance one admits the following Edgeworth expansion:
Plur < z] = &(z) + T/ nqu(2)é(x) + T~ ma()¢(x) +
The inversion of the expansion up to O(T~*/2) has the form:
Plur <z —T7V?(x) — - = T"¢ V2% 1] = &(x) + O(T™?)

where 7; (¢ = 1,:-+,k — 1) is an estimator of 7; and the function 7; is assumed

to be smooth in order to admit the Edgeworth expansion. But caution must be
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used when using the inversion technique since overcorrection may occur when the
sample size is small and the number of correction terms is large. In practice, it is
difficult or even impossible to estimate the correction terms ;.

The bootstrap inversion procedure can be used to cope with this problem
[Rayner (1989)]. Suppose Yi,.--,Yr are independent and identically distributed
random variables. Then the bootstrap sample Y;*,---, Yy is assumed to be iid F

with mass 1/T at y;. Define the bootstrap ¢ ratio as
wy = VT(6" - 6)/6"

where 6~ = 6(Yy,---,Y7) and 6% = G*(Y",-+-,YF). Therefore, the bootstrap

distribution P; = P(ur < z) has the following Edgeworth expansion:
Pluyp < 2] = &(x) + T ?in(e)p(z) + T ina(e)p(x) + - - -

Rayner (1989) suggested the following proposition supporting the bootstrap method

of Edgeworth inversion:

Proposition 3.1 Let ur be a studentized statistic in a broad sense. Suppose suf-
fictently many finite moments of Y and derivatives of ur ezist so that ur admits

an Edgeworth ezpansion valid to order O(T~F+1)/2) i e,

k+1
Plur < 2] = ®(c) + 3. T72¢(z)m; + O(T~*+V/2)

i=1

uniformly in x. Let

2; =251 — [P(ni) — B(@))/B(x)y F=1,....k
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where zo = z and Pi(z) = #{uy < z;_1}/B;. The notation uy denotes the

ratio obtained from the jth bootstrap for the correction of the confidence interval

up to O(T~*+1)/?), Then

Plur < o] = &(x) + O(T"*+72)

uniformly in ¢ on compact intervals as T — oo if

Example:

For k=1,

where

For k=2,

where

T2

B; > T In(T) for any § >0, 5=1,...,k

P(ur < ;) = ®(zq) + O(T™)

21 = z. —[PF - P(za)]/d(za)

zoe = ®7Y(a)

Pur < z3) = ®(zq) + O(T"a/z)

21~ [Pr® — ®(za)]/¢(za)

Ta — [P — ®(2a)])/(2a) — (P52 — ®(2.)])/d(za)
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3.4 Design of Monte Carlo Simulation

Monte Carlo simulation is a widely used method for studying finite sample
properties. Qur concern is with the bias and precision of maximum likelihood es-
timators and the empirical distribution of their ¢ ratios in samples of size 30 and 60.
Extensive Monte Carlo simulation will be applied to the general transformation-
of-variables model to investigate these properties.

For the purpose of analysis, let the Box-Cox model be
wt =B+ Paal?) + P + e (3.25)

where [3; = sign(}A;) * 10.0, [, = sign(Ay) * 1.5, Gz = —sign(Ay) * 0.5, A; =
0.1, A3 = 1.0, and A; = (-1.0, -0.5, 0.1, 0.5, 1.0). The signs of the parameters
(B1, B2 and 3) must vary according to the sign of A; in order for the right-hand
side of (3.25) to be positive; 0 < y!™) < 1if A\; < 0; ™) > 1if A; > 0. The
above values of A; are selected to contain the linear and nearly log-linear model
since typical economic applications use linear and log-linear models. The model is
chosen to have two explanatory variables whose values are generated from linear

combinations of uniform random numbers so that corr(ry,zs) = 0.2:

Top = 12 + 4(7119

z3: = 154+ Uy, +2\/6Uu

where Uy, and Uy, ~ U(—+/3,v/3). Therefore, the probability density function of
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T4 and T3 becomes

g1(Ta) = ﬁ if 5.0718 < x5 < 18.9282
= 0 otherwise

gg(.’E3t) = (wgt - 4.7287)/36 if 4.7827 S T3 < 8.2468

l_.

if 8.2468 < x5 < 21.7532

!
5

= (—xs +25.2173)/36 if 21.7352 < x5 < 25.2173

= 0 otherwise

The error disturbances will be obtained using the random number generator RNDNS
provided in the GAUSS matrix language (version 2.0). The variance of the error
term (0% = 0.1) is selected to account for 2 % of the variation of the right hand
side of the Box-Cox model and to prevent the large truncation of the dependent
variable from seriously violating the normality assumption. GAUSS is used to
estimate the Box-Cox transfomation. Each Box-Cox model (A, = -1.0, -0.5, 0.1,
0.5, 1.0) is estimated 1000 times for the samples of size T' = 30 and T' = 60. From

the uniform random numbers, 500 bootstrap resamples will be generated.

3.5 Results

The termination of the iterative procedure for the maximum of the log-likelihood
function was determined by two criteria — the difference between successive val-

ues of the log-likelihood and the rate of change in the parameter estimates. The
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estimator value #;, was accepted as the maximum likelihood estimate if

i 6iy1.0—0ix
it1.k 1.k -4
1958 | Bia+1073 <10

and

|€i+1 — [’i[ <1074
where m = dim(f). The starting values are chosen as follows:

1. Consider the modified model:

(A2)
AO )\n a;c
u™ =B+ Bary? +Bari®) +Ba(he - M) g
2
6:0()\3)
+ B3(As — A3)—o— o +e (3.26)

OXs

where A? (i = 2,3) is the true value of A;. Under the linearity condition,

A? =1 can be used since usually the true value of A; is not known.

2. Varying the value of A;; apply OLS to Equation (3.26).

3. Find 6, which maximizes the log-likelihood function within the range of

values of );, i.e., A; € (—1,1).

Proposition 3.2 The estimator obtained from the grid search method applied to

Equation (3.26) s consistent.

Proof:
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The consistency s straightforward from the first order conditions of ML esti-

malion:

:cgti‘)ég =0, 1=2,3 aend t=1,...,T

X
6"'3:(1 : A

—5ji—€t = O, 222,3 and t=1,...,T

Both the Newton-Raphson and IGLS algorithms were convergent within 100 iter-
ations while on average, two or three percent of the simulation replicates showed

the near singularity of Hessian matrix at the convergent point.

3.5.1 Bias and Standard Error

The two algorithms (Newton-Raphson and IGLS) produced almost the same
estimates and root mean square errors for 6. In general, there is no dominating rule
in terms of bias. The biases, reported in Table 3.1, of 3, and J; are significantly
different from zero in all cases and they are over-estimated when the sign of the true
parameter is positive whereas they are under-estimated when the true parameter
is negative. The power transformation estimator for the dependent variable is
biased upward by a significant amount when its true value has a negative sign
but is biased downward when the sign is positive, at T=30. In Table 3.2, mean
absolute errors are indicative of the consistency of Box-Cox ML estimators since
all values are reduced as the sample size becomes larger. For ,@1 and /3, mean
absolute errors seem to be large relative to those of other estimators.

We make the following observations concerning the root mean square error
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(RMSE) and standard errors:

1.

[V}

Standard errors from the IGLS covariance matrix appear to be a slightly
better measure of RMSE than those from the inverted negative Hessian,

except for G, and A,.

Generally, standard errors from the inverted negative Hessian and the IGLS
covariance matrix are fairly close. For T=30, the standard errors of the

linear parameter estimates are a poor approximation to RMSE but they

become a better approximation to RMSE for T=60, especially for Bl. Pre-

viously, standard errors of power parameter estimates were thought to be

good approximations to RMSE’s.
All standard errors and RMSE’s become smaller as sample size increases.

The discrepancy between RMSE and standard error tends to disappear with
increasing sample size. This observation is in agreement with the decreasing

absolute errors as the sample size becomes larger.

At T=30, the standard errors of ,32 are very small relative to RMSE while the
bias estimates of Bz are large for all models (Table 3.1). We can infer that the
ML method leads to a poor estimate of the linear parameter that corresponds
to the explanatory variable with the nonlinear power transformation — in

our case, A, = 0.1.

Freedman and Peters (1984a) found that the standard errors for feasible GLS
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regression coefficients are very small relative to the bootstrap standard deviations
while the (nominal) standard errors of 3SLS estimators performed well in finite
samples in their another study (1984b).

We chose one model (A; = 0.1) in order to examine the behaviour of the
nominal standard errors of the ML estimators of the Box-Cox model using hoot-
strapping. Bootstrapping was carried out with 500 replications for each of 1000
simulation estimates. The nominal standard errors were obtained by use of IGLS.
In Table 3.5, we can observe that about 75 percent of the nominal standard errors
fall within the range of 0.8-0.9 of the variability (bootstrap standard deviation)
of the estimates obtained via bootstrap at T=30. When the sample size increases,
standard errors are close to the bootstrap finite sample variability. In general, the
nominal standard errors of ML estimators in the Box-Cox model are not seriously
under-estimated according to our bootstrap experiment. But the bootstrap stan-
dard deviations are too small relative to the true sample variability — i.e., RMSE
— at T=30. The difference between them is small when the sample size becomes
larger, except for ﬁz. Therefore, the bootstrap standard deviation is thought to
be a poor indicator of finite sample variability when the sample size is relatively

small.

3.5.2 Empirical Distribution

Empirical researchers usually depend on the asymptotic f ratio (6; — 6;)/4; in

determining the significance of the parameters. But the standard normal distri-
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bution may not provide a good approximation to the ¢ ratio in small samples.
The finite sample distribution was compared with the standard normal distribu-
tion using the Kolmogorov-Smironov test statistic. In Table 3.6, the results give
evidence against the normality assumption. In particular, the ¢ ratios for 3, and
33 show considerable distance from the standard normal distribution at T = 30.
For these parameters, the difference between the sampling distribution and the

normal distribution becomes smaller as sample size increases though the distance

is sizable.

Deviations from Nominal Size in Linear Parameters

To study the empirical distribution of the ¢ ratios, the deviations of real size
from nominal size were calculated. The Empirical (real) size of the test statistics

was obtained using the formula:

#{|til > za}/N

where z, denotes ®~1(1 — «/2) and N the number of replicates of simulation. The
deviations from nominal size (o = 0.05 and o = 0.10) at T' = 30 and T = 60 are
tabulated in Tables 3.7-3.10. Under the null hypothesis Hy : § = 8,, the deviations
from nominal size in 3, and (35 are relatively large and positive at T = 30 for both
o = 0.05 and o = 0.10. However, deviations are greatly reduced as the sample
size increases. Deviations are larger at a = 0.05 than at o = 0.10 for T = 30 and

T = 60. This may indicate that tail areas of the ¢ ratios for ,@2 and B;; are relatively
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heavy. The deviations for Bl are small relative to those of Bg and ﬁg. When the
hypothesized value is slightly greater than the true value, deviations decrease with
the positive sign of the true linear parameter and deviations increase with the
negative sign of true linear parameters. The reverse is true when the hypothesized
value is less than the true value for all nominal sizes and sample sizes. Therefore,

the t ratios of the linear parameters appear to be biased.

Deviations from Nominal Sizes in Power Parameters

Under the null hypothesis Hy : § = 6, the deviations in power parameters are
shown to be slightly larger at o = 0.10 than at o = 0.05 for T' = 30. When the
null hypothesis is not true, the deviations are larger than in the case of a true null
hypothesis. We observe that the ¢ ratios of the power parameter estimates are
unbiased since the rejection rate of the null hypothesis is smaller under the true

null hypothesis than under the false null hypothesis.

3.5.3 Bootstrap Inversion of Edgeworth Expansion

Since the deviations from nominal size in the ¢ ratios of 3, and (33 are conspicu-
ous and their Kolmogorov-Smironov test statistics indicate a remarkable distance
from a standard normal distribution, we made a bootstrap inversion of the Edge-
worth expansion [Rayner (1989)] with only the first stage adjustment in order to
improve the confidence interval. We limited the number of bootstrap resamples ’

to B=300. Results are shown in Table 3.11. The Edgeworth expansion yields a
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good approximation to the distribution of B2 and B3 except the case of o = 0.10
at T = 60. When a = 0.05, empirical confidence intervals become closer to 0.95
with size correction than with the original nominal size. The Edgeworth expansion
also leads to better approximations of the confidence interval 0.90 when o = 0.10.
We observe that the Edgeworth size correction performs better at T' = 60 than at
T = 30, but overcorrection occurs for a = 4.10 at T = 60.

The mean values of first stage adjustments and their standard deviations are
also given in Table 3.11. The standard deviations of these adjustments are rela-
tively large since the adjustment term is a function of higher moments which have

large variability in small samples.
3.6 Conclusions

There are several important implications of this analysis of general transfor-

mation of variables model. We can summarize the conclusions as follows:

1. There was no difference between Newton-Raphson and IGLS algorithms
since they yielded identical parameter estimates and similar variance es-
timates. The choice between these two algorithms can be made with the

consideration of computational convenience.

2. The biases of the linear parameter estimates which correspond to the variable
with the power transformation were sizable and significantly different from

zero in small samples. But the estimators of the general Box-Cox model
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parameters were shown to be consistent.

. Standard errors from Newton-Raphson and IGLS under-estimated the finite
sample variability at T=30. The standard errors of the power parameters,
however, are close to RMSE. The standard error of B, was substantially

under-estimated at both sample sizes.

. When we estimate the Box-Cox model via the usual ML method, the es-
timate of the linear parameter that corresponds to the variable with the
nonlinear power transformation and its standard error seem to be unreli-

able.

5. In our experiment, the nominal standard errors were not too small com-

pared to the bootstrap standard deviation. But the bootstrap finite sample
variability turned out to be a poor approximation to the true finite sample

variability (RMSE) in small samples (T=30).

. There were biases in the t ratios for the linear parameters, while those for
the power parameters did not show any bias. The ¢ ratios of the lincar
parameters which correspond to the variable with power transformation were
a bad approximation to the standard normal distribution. However, the
Edgeworth correction via bootstrapping provided a better approximation to

the finite sample distribution of these ¢ ratios.



Table 3.1: Bias of MLE

| B B2 Ba A1 A2 Aa |
A1=—1.0
T=30 -0.123  -1.445 0.288* 0.023* 0.019 0.024~
(0.220) (0.155) (0.036) (0.007) (0.016) (0.008)
T=60 -0.425 -0.531* 0.146* 0.008 0.031*  0.002
(0.155) (0.070) (0.017) (0.005) (0.012) (0.005)
A1=—0.5
T=30 0.219 -2.006 0.321* 0.009* ©0.004 0.019"
(0.234) (0.229) (0.040) (0.004) (0.017) (0.008)
T=60 -0.065 -0.698* 0.134* 0.004 -0.004 0.002
(0.142) (0.074) (0.017) (0.003) (0.012) (0.005)
A1=01
T=30 -0.331  1.825 -0.271 0.000 -0.008 0.003
(0.177) (0.196) (0.028) (0.001) (0.017) (0.008)
T=60 -0.015 0.783~ -0.027 0.002 -0.020 -0.013"
(0.116) (0.077) (0.013) (0.001) (0.012) (0.005)
A1=05 .
T=30 0.021  1.461* -0.264* 0.011* 0.036° 0.030"
(0.210) (0.191) (0.034) (0.004) (0.017) (0.008)
T=60 -0.166  0.587* -0.088* -0.012* 0.000 0.015"
(0.129) (0.068) (0.015) (0.003) (0.012) (0.005)
/\1-':10
T=30 0.006 1.725* -0.305 -0.027 0.012 0.021"
(0.242) (0.190) (0.039) (0.007) (0.016) (0.008)
T=60 -0.123 0.778 -0.120¢ -0.021* -0.039" 0.014"
(0.155) (0.070) (0.017) (0.005) (0.011) (0.005)
1) Bias = =42 — 6,

2) Numbers in parenthesis are standard deviations of bias
3) Statistical significance at 5 % level is represented by *
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Table 3.2: Mean Absolute Error of MLE

L | B B2 B M s ds |
)\1 = -‘10
T=30 4.703 2.313 0.557 0.180 0.402 0.198
T=60 3.503 1.287 0.353 0.140 0.302 0.132
/\1 = —0.5
T=30 4.705 2.875 0.590 0.110 0.429 0.214
T=60 3.273 1.368 0.335 0.081 0.307 0.136
Al =0.1
T=30 3.806 2.613 0.502 0.044 0.412 0.205
T=60 2.690 1.383 0.282 0.031 0.295 0.131
Al = 0.5
T=30 4.465 2.333 0.533 0.112 0.413 0.207
T=60 3.030 1.262 0.299 0.079 0.292 0.130
Al = 10
T=30 4.947 2.618 0.579 0.187 0.419 0.200
T=60 3.646 1.411 0.351 0.148 0.299 0.136

N
Mean Absolute Error = Zléij - 6;|/N
Jj=1

where N = simulation replications (1000)
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Table 3.3: RMSE and Standard Error of MLE (T=30)

| ,81 /62 /83 A1 AZ /\3 l
A1 - —10
RMSE 6.878 5.061 1.156 0.230 0.512 0.253
SE;/RMSE | 0.87 0.66 0.65 0.93 095 0.89
SE,/RMSE | 092 0.66 0.71 0.98 0.88 0.92
A1 = —05
RMSE 7.247 7.372 1.298 0.137 0.544 0.265
SE,/RMSE | 0.80 0.55 0.58 0.91 0.89 0.98
SE,/RMSE | 0.83 0.54 061 0.95 0.85 0.90
Al == 0.1
RMSE 5.463 6.294 0.909 0.055 0.524 0.262
SE,/RMSE | 0.86 0.58 069 0.89 092 0.89
SE,/RMSE | 0.89 0.57 0.73 0.94 0.87 0.92
Al = 05
RMSE 6.497 6.080 1.095 0.143 0.527 0.262
SE;/RMSE | 0.81 0.54 062 0.85 090 0.87
SE,/RMSE | 0.86 0.53 0.67 0.90 0.86 0.90
Al = ]..0
RMSE 7.585 6.199 1.269 0.239 0.524 0.254
SE,/RMSE | 0.81 0.58 0.62 0.89 0.90 0.89
SE,/RMSE | 0.86 0.52 066 0.94 0.87 0.93
N
RMSE = JZ(aij —6;)*/N
j=1

SE; = standard error from the Hessian matrix
SE, = standard error from IGLS covariance matrix

97



Table 3.4: RMSE and Standard Error of MLE (T=60)

| B B2 B3 A Az As |

/\1 =-1.0

RMSE 4.889 2.272 0.558 0.178 0.377 0.166
SE,/RMSE | 0.89 0.78 0.78 0.93 1.03 0.91
SE,/RMSE | 0.99 0.75 090 1.04 096 1.01
A= —-0.5 4

RMSE 4.395 2413 0.549 0.102 0.387 0.173
SE;/RMSE | 0.88 0.74 0.74 094 0.95 0.91
SE,/RMSE | 0.96 0.74 0.83 1.03 0.93 0.97
A =01

RMSE 3.550 2.476 0.416 0.039 0.373 0.164
SE,/RMSE | 0.93 0.73 090 0.98 0.98 1.00
SE;/RMSE | 0.99 0.74 096 1.05 0.96 1.03
A =05

RMSE 4.008 2.193 0.477 0.100 0.375 0.165
SE,/RMSE | 0.94 0.79 0.81 0.97 1.00 0.96
SE;/RMSE | 1.02 0.78 0.90 1.06 0.96 1.02
/\1 =1.0

RMSE 4.875 2.358 0.566 0.187 0.373 0.170
SE,/RMSE | 0.87 0.83 0.74 0.89 1.02 0.90
SE,/RMSE | 096 0.80 085 0.99 096 0.98

v

RMSE = ,| > _(6:; — 6:)*/N

i=1

SE,; = standard error from the Hessian matrix
SE, = standard error from IGLS covariance matrix
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Table 3.5: Bootstrap Result for Model A; = 0.1

99

[ | B B2 Bs A A2 As |
T=30 %
09< R; < 10| 246 255 249 261 260 24.7
08< R, <09 754 742 75.0 738 73.6 75.2
RMSE; 5.463 6.294 0.909 0.055 0.524 0.262
SD; 4.926 3.634 0.676 0.053 0.467 0.248
SE; 4.339 3.206 0.595 0.046 0.412 0.218
Bias; -0.353 1.744 -0.261 -0.001 -0.010 0.008
T=60 % ~
09< R;<10| 8.2 880 837 89.7 832 88.3
08< R; < 09| 83 8.8 7.6 7.1 8.4 8.3
RMSE; 3.550 2.476 0.416 0.039 0.373 0.164
SD; 3.478 1.787 0.393 0.041 0.362 0.172
SE; 3.271 1.687 0.369 0.039 0.341 0.161
Bias; -0.056 0.689 -0.107 0.000 0.000 -0.002
Ri ‘—‘SE,',J'/SD,'J', i=1,...,6,]=1,...,1000
B
where SE;; = \ %ZV(@Z}’)
b=1

SD,'J' =

B
\ Eﬁg(gz’}b — E.6;)?

V(6;}) = nominal variance estimator

B
Zé )i

E.(6;) = *=5—

B = number of bootstrap replications (500)

N

RMSE; = \J S (6:; — 6:)2/N
j=1

SE: = ¥;SE;/N

- E.G
Bias; = Ej —.]V-'L — 0;
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Table 3.6: Kolmogorov-Smironov Statistics for Sampling Distribution

l | :61 ﬂZ /63 A1 A2 )‘3 I
A =-1.0
T=30 0.115 0.173 0.167 0.048 0.031 0.059
T=60 0.084 0.121 0.118 0.037 0.037 0.042
Ay = —0.5
T=30 0.138 0.170 0.183 0.060 0.037 0.080
T=60 0.091 0.103 0.110 0.033 0.038 0.042
Al = 0.1
T=30 0.080 0.143 0.135 0.045 0.047 0.040
T=60 0.045 0.093 0.076 0.038 0.043 0.064
)\1 == 05
T=30 0.118 0.172 0.172 0.059 0.038 0.078
T=60 0.093 0.108 0.118 0.054 0.034 0.044
A1 =1.0
T=30 0.135 0.183 0.170 0.066 0.050 0.054
T=60 0.123 0.111 0.146 0.064 0.070 0.048

1) Critical values at level a are approximated by
— [In{2/a)71/2
c _[ 2N ]

2) P(DN > C) =«
where o = significance level

Dy = sup|Fn(z) — &()|

®(z) = cdf of N(0,1)

Fn = sampling distribution



Table 3.7: Deviations from Nominal Size of N(0,1)
(e = 0.05, T = 30)

l ﬂl ﬁZ 163 Al A2 A3 l
A =~-1.0
Oy =6 0.06 0.14 0.14 0.03 0.03 0.05
0y =6,-0510.08 020 -0.05 0.63 0.16 0.57
0y =6,+05 {004 007 033 056 0.17 0.51
Ay =-0.5
Oy = 6 0.03 0.14 0.15 0.04 0.03 0.04
0g =6,—05|0.06 020 -0.04 092 0.17 0.51
0g =6,+05]002 007 034 0389 0.18 0.46
)\1 = 01
Oy = 6 6.01 0.10 0.16 0.05 0.04 0.06
0y =6,—05 (000 005 0.32 095 0.16 0.51
g =6,+05]003 017 -0.03 0.95 0.19 0.50
A] = 0-5
Oy = 6 0.05> 0.14 0.14 0.05 0.03 0.06
0y =6,—-05|0.04 0.07 0.34 0.89 0.17 0.55
g =6,+05]|0.07 020 -0.04 091 0.16 049
A =10
O = 6o 0.06 0.15 0.14 0.05 0.04 0.06
g =6,—-0.5[{004 007 034 0.54 0.18 0.55
0y =6,+05 (008 022 -0.04 0.63 0.19 0.49

1) Deviation = P([t;| > z4) — 2 % (1 — ®(z,))

o = significance level

where

Xo = 27H1 — /2)

&(z) = cdf of N(0,1)

~

t; = (6; — 6;)/6;

¢; = standard error from the Hessian
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Table 3.8: Deviations from Nominal Size of N(0,1)

(o = 0.05, T = 60)

| B B2 Jeg M A A |
Al = -—10
Oy = 6o 0.03 0.08 0.08 0.01 0.01 0.03
0y =6,—-05| 0.05 0.16 -0.02 0.81 0.20 0.86
0y =6,+05| 0.01 010 0.36 0.74 0.20 0.81
Ay = —0.5
Oy = 6o 0.03 0.06 0.08 0.02 0.02 0.04
0y =6,—0.5| 0.04 0.13 -0.02 0.94 0.20 0.84
g =6,+05] 0.01 0.06 037 096 0.26 0.78
Al = 0.1
Oy = 6o 0.00 0.05 0.04 0.01 0.02 0.02
g =6, —-0.5{-001 0.00 033 095 020 0.81
g =6,+0.51| 0.01 0.13 005 0.95 0.27 0.79
A] - 05
Oy = b6 0.02 0.07 0.08 0.00 0.02 0.01
0y =6,—05| 000 001 040 0.94 0.19 0.85
0y =6,+0.5| 004 0.15 -0.02 095 0.24 0.77
A1 =1.0
Oy =6 0.06 0.04 0.11 0.03 0.00 0.04
0g =6o—0.5| 0.04 0.00 039 0.72 0.15 0.86
0y =6,+05] 009 0.13 -0.03 0.80 0.27 0.78

1) Deviation = P(|t;| > za) — 2% (1 — ®(z4))
a = significance level

where

Xo = 711 - a/2)

®(z) = cdf of N(0,1)
t; = (0; — 6;)/5;

d; = standard error from the Hessian

102



Table 3.9: Deviations from Nominal Size of N(0,1)

(e = 0.10, T = 30)

| 181 132 133 A1 A2 A3 I
A1 =-1.0
0y = 6o 0.04 0.11 0.11 0.03 0.04 0.07
Oy =6,—-0.5| 007 0.18 -0.08 0.66 0.21 0.62
6y =6,+05| 0.03 0.04 032 0.62 0.20 0.57
Al - —'05
Oy = 6, 0.04 0.11 0.12 0.05 0.05 0.07
0y =6, —05| 0.07 019 -0.07 0.87 0.22 0.58
0y =6,+05| 001 0.04 0.32 0.87 0.21 0.53
A =01
Ou = b6 0.01 0.08 0.08 0.06 0.05 0.06
g =60,—-0.5|-001 0.01 031 090 0.19 0.57
g =6,+0.5| 0.04 0.15 -0.02 0.90 0.20 0.56
Al = 05
Oy =6 0.05 0.11 0.11 0.07 0.04 0.07
Oy =6,—-05| 0.03 0.04 034 0.86 0.21 0.61
0y =6,+05| 0.07 0.18 -0.07 0.88 0.21 0.55
A =10
O = 6o 0.05 0.12 0.12 0.05 0.05 0.06
0y =6,—-05| 0.02 0.04 033 0.60 0.22 0.61
0y =0,+05| 008 0.20 -0.08 0.67 0.22 0.56

1) Deviation = P(|t;| > za) — 2% (1 — ®(z4))
o = significance level

where

Xq = 71 - a/2)

®(z) = cdf of N(0,1)
t; = (6; — 6,)/5;

0; = standard error from the Hessian
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Table 3.10: Deviations from Nominal Size of N(0,1)

(o =0.10, T = 60)

| B B2 Ba Y
A =~-1.0
0y = 0, 0.03 0.06 0.06 0.02 0.00 0.05
0y =0,—0.5,006 0.15 0.09 0.82 0.27 0.85
0y =60,+05(0.01 002 036 076 0.24 0.81
A = -0.5
0y = 6, 0.02 0.05 0.05 0.02 0.03 0.05
0y =0, —0.5]0.05 012 0.14 0.89 0.26 0.83
0y =6,+05]0.01 -0.02 0.37 089 0.30 0.79
A =0.1 )
Oy = 0, 0.00 0.02 0.01 0.01 0.02 0.00
Oy =60,—0.5]0.00 -0.03 034 0.90 0.26 90.81
g =6,+0.51001 011 043 090 0.32 0.80
A =05
Oy = 6, 0.01 0.05 0.06 0.02 0.00 0.02
g =6,—-0.5]000 -0.02 0.39 0.89 0.24 0.83
0y =6,+0.5]005 014 0.13 090 0.30 0.79
A =1.0
Oy = 0(; 0.06 0.03 0.09 0.04 0.01 0.05
g =6,—-0.51004 -0.05 037 0.75 0.21 0.85
6y =6,+051]0.09 0.12 -0.08 0.81 0.33 0.79

1) Deviation = P(|t;| > za) — 2% (1 — ®(z4))

a = significance level

where

Xo = 711 — a/2)

®(z) = cdf of N(0,1)
t; = (0; — 6:)/6;

0; = standard error from the Hessian
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Table 3.11: Bootstrap Inversion of Edgeworth Expansions

B2 B3
T=30 T=60 T=30 T=60
a = 0.05
To 0.841 0.880 0.857 0.899
x 0.891 0.923 0.912 0.948
Mean C -1.148 -0.737 -1.135 -0.735
SDc 0.276 0.252 0.287 0.265
a = 0.10
To 0.813 0.849 0.832 0.873
T 0.871 0.899 0.892 0.930
Mean C -1.009 -0.717 -0.997 -0.719
SDc 0.197 0.185 0.198 0.178

1) 2o = ®71(1 — a/2)
2) Ty = "l:g - C
3) C = [Pr(za) — ®(2a)]/$(za)

where

3(.

= cdf of N(0,1)
$(-) = pdf of N(0,1)
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CHAPTER 4

TESTING THE BOX-COX MODEL
IN SMALL SAMPLES

4.1 Introduction

The linear and log-linear regression models are frequently used when specifying
a functional form since they are simple and appealing in an economic sense. God-
frey and Wickens (1981) discussed procedures for testing the linear and log-linear
models against the Box-Cox regression model. Using Box-Cox alternatives, they
extended the traditional approach of testing linearity and log-linearity against each
other. They considered two different test statistics, a Lagrange multiplier (LM)
test (outer product form) and Andrews’ (1971) exact test.

Davidson and Mackinnon (1983) studied the small sample properties of two
variants of the LM test — outer products of gradient (OPG) and double length
regression (DLR). In small samples, the OPG variant rejects the null hypothesis
more often than the DLR variant. They concluded that the OPG form of the
LM statistic might lead to serious errors of statistical inference. In the context
of the Box-Cox regression model, Davidson and Mackinnon (1985) investigated
the power properties of the two variants of the LM test, Andrews exact test and
the transformed version of the likelihood ratio (LR) test. Their Monte Carlo
experiment revealed that the classical tests (the OPG and DLR variants, and

LR) were much more powerful than the Andrews test, and that the Andrews test
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seriously lacks in power if the variance of the error term in the regression equation
is large. On the whole, the power of the OPG variant was less than that of DLR
and LR.

Draper and Cox (1969) suggested that the Box-Cox transformation could help
regularize data and the estimated transformation might yield a nearly symmetric
distribution. In addition, they obtained the variance of the power transformation
estimator, which turned out to be incorrect since they used a non-regular likelihood
function [Hinkley (1975); Amemiya and Powell (1981)].

We consider the following Box-Cox regression model:

yt()‘l) = [ +,321'(2’¢\2)+"'+ﬂk1’§y)+6t
S 'U,t+€t, 131,,T

where ¢, has the symmetric distribution function F, Ep(€;) = 0 and Ep(€?) = o?.

which is the coeficient of variation of y*. If 1 + Ajp,

Let 6, = sign(M) 5
is much greater than |[A\;|o, i.e. 6, << 1, then each observation of the depen-
dent variables y; has very high probability of being positive and thus the small
f;-approximation leads to a very good approximation of the asymptotic results
[Draper and Cox (1969); Taylor (1985)]. Zarembka (1974) also used the small
6,-approximation. He proposed that the Box-Cox procedure might yield an ap-

proximately consistent estimator of the power transformation parameter when the

error term was reasonably symmetric and homoskedastic. He showed that maxi-
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mum likelihood (ML) estimation was not robust to the heteroskedasticity of the

error term.

*) is not normally distributed unless

The Box-Cox approach implies that yi
A1 = 0. Therefore, the usual ML estimators based on the assumption of normality
of the transformed dependent variable are not consistent and the asymptotic co-
variance matrix of the Box-Cox ML estimators is not the inverse of the information
matrix [Hinkley (1975); Amemiya and Powell (1981)]. Therefore, it is necessary
to assume a proper distribution function for the pre-transformed dependent vari-
able y; in the theoretical analysis of the Box-Cox transformation. Poirier (1978)
used a truncated normal distribution; Amemiya and Powell (1981) used a gamma
distribution.

When we estimate the model, the usual practice is to test individual coefh-
cients using t-ratios. In nonlinear regression models, the asymptotic covariance
matrix can be used to compute a t statistic. Recent studies [Griffiths, Hill and
Pope (1987); Calzolari and Panattoni (1988)] have shown that the asymptotically
equivalent covariance matrix estimators (or standard errors) are different in finite
samples. Within the framework of the Box-Cox model, the functional forms of
the transformed variables are tested using one of the asymptotically equivalent
test statistics (LM, LR and Wald). The asymptotic equivalence of these statis-
tics is not guaranteed in small samples. Furthermore, Nelson and Savin (1988)

investigated the power functions of the LM, LR and Wald tests in one-parameter
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nonlinear models and displayed the nonmonotonic power function of the Wald
statistic. Therefore, the choice of the test procedure does not seem to be a matter
of convenience or personal preference, especially in small samples.

The purpose of this Chapter is to investigate the small sample properties of
the asymptotic standard errors of Box-Cox ML estimators. The empirical dis-
tribution and size of three asymptotically equivalent test statistics (LM, LR and
Wald) for testing the functional form will also be examined in the context of small
samples (T = 30 and T = 60). In addition, the estimated power functions of these
asymptotic tests will be compared to the asymptotic power functions.

In Section 4.2, we wish to show the improper distribution characteristic of the
dependent variable when we use the usual ML estimation method for the Box-Cox
transformation. Asymptotic covariance matrix estimators and test statistics are
discussed in Section 4.3. In Section 4.4, the design of a Monte Carlo simulation is
given and in Section 4.5 the results are presented. Section 4.6 contains a summary

and conclusions.

4.2 The Box-Cox Transformation:
Model and Assumptions

Consider the general Box-Cox regression model in the form

y?’) = [ +ﬂ2m(2't\’) 4. +/3km£’>"’) + €, € ~1tdN(0,0%), t=1,...,T (4.1)
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where y, > 0 and z;,¢ = 1,...,k, are assumed to be nonstochastic. Let the linear

combination of the transformed explanatory variables be denoted by
= By + Baxly? + o+ Bralyt)
Then the Box-Cox model can be represented as
y( 1) = = fty + € (4.2)

The likelihood function of the usual Box-Cox model is

ek
“3

ex]) . (Al) l—lt ] H yA1 -1

L('lQaX) = (\/2—17?;5

implying that the density of y; is

1 1 L
g(ye) = y*~ 1\/—3—7—7—&——2—6@ ~573 YW = 1)) (M # 0)
t=1

The integral of g(y:) over 1™ can be written

(A1)
had L
7 owdy = [y S sy,

where ¢(-) is the probability density function of a standard normal random vari-

able. Let z; = (yt( Vo tt¢)/o. Then we obtain the following result:

If \; >0,

/Oooy(yf)dyt = /:j_ i—qﬁ(q)dy”‘)

A

= [ i 20z

1Ay
LAY

_ 14 Aqpe
= 1- (I)(_ 0'/\1 )
_ <I>(1 + /\1Ht)

0')\1
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where ®(-) is the distribution function of a standard normal random variable.

If \; <O,

/0 ” 9(y)dy: =

_1 + /\1;14,)
0')\1
14 g

1— ®( o

)

Therefore, g(y;) is not a proper probability density function except when A; = 0

under the usual Box-Cox transformation model.

Since the pre-transformed dependent variable y; is truncated (y, > 0), the

transformed variable yg'\‘) is also truncated:

A ~
y ) =y

ifL<y <R

where y; is an unobservable variable with distribution N(y,0%); R = —317 and

L=-x0if\;]<0;R=+4+c0and L = —f; if A; > 0. Therefore, the density of the

transformed dependent variable is

Fy™)

= e —_——
\/m p 202 ;(yt

= 0 elsewhere

1 1 Z .
x O — ) @(R) — (L)) if Le < y™ < Ry

where R, = (R — )/ and L, = (L — py)/o. Let 8 = (811 Bk, Ayeees Miy0?).
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The log-likelihood function of the truncated Box-Cox model is written as

T
£08;X,y) = —%111(2n)~ -é—lnaz

1

(1) v () (M) o xy(3)
Sy — XOIBY () - XOIg)
T T
=3 In(®(R) - ®(L))+ (M —1)D Iny
t=1 t=1

= —§111(27r) — 221—1110 — %gg

T

=3 In G+ (M —I)Zln Yy (4.3)
t=1 t=1

where y*) is a T x 1 vector of the transformed dependent variable; X*)is a
T x k matrix of independent variables with the Box-Cox transformation applied
to each column vector except for the first, which is a constant vector; Gy = ®(R;)—

®(L,); and € = y*) — X*)B. Consider the first derivatives for the log-likelihood

function (4.3):

at 1 oy 1 0G
ot 1 vy, _ 5 LG
B =~ o TG o
at 1, 1 8G,
= D DR Dhenr e
ar 1, 1 G,
on T alEmET Lgay o1
o _ T, 1. _5 109G
do? 20 20‘*gg Gy 0?2
where
M 1+ a2 # I 4 22D — AP/ N £ 0
=207 8N | (Inz)#(Inz)/2 if A =0

y™ ifi=1
M =

™M ifi>1
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elementwise multiplication

OR; oL,
qS(R,) 99; d)(Lt)a—()

probability density function of an N(0,1) random variable.

8220
E3Y

EAVO VIS

The second derivatives of the log-likelihood function are

i TLLITEDS gl“ %%‘3% - 05@‘—;]

g%‘ = —z(yAIyM +Y),,8) — Z a[( git)z - GtW]
g = it~ glon 50s ~ et

g_jé = —(Blzh s — Prhae) - 2 C%[(%%)Z = Gt%z—gi], i=2,..k

2 ; 2(
6(605)2 = —gq - ece- S ! Zf,; - ’r%l
where
PG _
56,6,

S o Pl S

iy
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(8) = 2L, The information matrix —EQ(8,) is denoted by

9609’

Let ¢(8) = 30,
$(8y). In addition, Qr(8) = %Q(Q) and Sr(fy) = %S(QO). The dependence of
the score vector and information matrix on the parameter vector will often be

ignored, i.e., the score vector will be denoted by ¢, rather than g(8,). When the

score vector is evaluated at the ML estimator it will be denoted ¢ = g(_é); when

5]

evaluated at the constrained ML vector it is ¢ = ¢(8).

4.3 Asymptotic Variabilities and Test Statistics

In this Section we discuss the variability of estimators and test procedures for
linear restrictions. Three consistent estimators for the asymptotic covariance ma-
trix are presented. The LM, LR and Wald statistics are shown to have equivalent
x2-distribution under the null hypothesis. These three tests also have the same

noncentral x2-distribution under local alternatives.

4.3.1 Asymptotically Equivalent
Covariance Matrix Estimators

A Taylor series expansion of ¢ about ML estimator 6 yields

) (4.4)

whs
+
Q
——
I
*

v
—~
NS
o

!
>

qg=

\ 1/2

where ||8 — 8,]| < |18 — 8l]. Premultiplying both sides of (4.4) by 7—— 77, we

obtain

1 1 - *
577 Tme = S 87 () VTG, - 0)

= S}°VT(B - 8,) + SYS71Qr(87) + I|VT (8, — 8
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since pimS7'Qr(8”) = —I and S7'Qr(87) + I = 0,(1). According to the Central
Limit Theorem,

N(0, Ix)

Theorem 4.1 Let {z,} be a sequence of random finite dimensional vectors. If

d
z, — & for some random vector, then z, = O,(1).

Proof: [White (1984) p. 63]

Therefore, \sTl/ % = Op(1). Equation (4.4) can be rewritten as

which implies that

since the second term of the right hand side of (4.5) is 0,(1) and thus negligible

relative to %}1/27153 and Ts}/zﬁ(é — 6y), which are Op(1). Therefore,
31 VT (8 - 8,) £ N(0, I (4.6)

The ML estimator of the covariance matrix is V; = $(8)7!, since the true

asymptotic covariance of § is $~!. The other two consistent estimators for the

asymptotic variance of g are the negative of the Hessian, V, = —Q(é)‘l, and
the outer product form V; = [OF a—ﬁgfﬂé]ﬂ (Berndt, Hall, Hall and Hausman

t=1 59

(BHHH)).
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Theorem 4.2 (Chebyshev)
Suppose X1,...,Xr1 are independent random variables such that E(X;) = 4

and V(X;) = 0? < co. Then for any € > 0,

. 1 , 1
%Elgop(l;fz X — TZ ] <e)=1

The log-likelihood function (4.3) can be written as
T T

(@) = S In £1(8) = 3" 4(8)
t=1 t=1

where the £,(g) are independent. Using Chebyshev’s theorem, it can be shown

that

1~ B B, . 1.9t o¢
plllll*f by —a—é—b-éﬂg = Ill_l};l() Efé—é—éﬁlg"

The density of y; is regular, so that

ac ot
Fogog

o~

$ =

Therefore, the outer product of variance estimator V3 is a consistent estimator of
the asymptotic covariance matrix of the ML estimator §. Similarly, using Cheby-
shev’s theorem, we have

phim[—Qr(8)] 'Sy =T

Thus V, is a consistent estimator for $1.

Griffiths, Hill and Pope (1987) investigated the small sample properties of
these three asymptotically equivalent covariance estimators within the context of

the probit regression model. The average variance estimates based on V; and
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V> were very similar in magnititude, while the average variance estimate based
on the outer product form (BHHH) V; was larger than that based on V; or V.
The variance estimate V3, however, seems to be a better approximation to the
finite sample variability. A similar study in the context of simultaneous equations
was performed by Calzolari and Pana,tt.élli (1988). Their Monte Carlo experiment
showed that the average standard errors computed from the Hessian matrix are
smaller than those (in all but one case) computed from the outer product form.
The question we are concerned with is how accurately the asymptotic variance
estimators approximate the small sample variabilities within the framework of
the truncated Box-Cox model. The finite sample properties of the consistent
estimators for the asymptotic ML covariance matrix estimators (V; and V3) will

also be investigated.
4.3.2 Asymptotically Equivalent Test Statistics
We assume that the null hypothesis to be tested takes the linear form:

Hy:R0—1r=0

where R is a J x K matrix of rank J(J < K'). The constrained ML estimation is

based on the maximand with Lagrange multiplier vector u:

M(8,p) = €(8) — p'(RE ~ )
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where u € R’. The constrained ML estimator 8 is the solution of the Lagrange

first-order necessary conditions:

We consider a Taylor series expansion of (4.7) about 8,:

g+ QU )-8~ Rii=0

When we assume that Hy is true, (4.8) is

(S}

R(8—0,)=0

Premultiplying (4.9) by ﬁ(R%}IR')‘IR%}I,
(R%”lR')_lR%'liq + (
T T \/T_

Since plimS~1Q(8”) = —1I and R(8 — §,) = 0,

-

RST'R)'RS7Qr(87)WVT(G — 8o) —

(4.7)
(4.8)
(4.9)
(4.10)

(RST'R) T RS7 Qr(8)WT (8 — 8,) 2 —(RS7'R) ' VTR(E - 8,) = 0

Consequently,

1
Wi

Therefore, we have the result that

(RS7 )2 =i 2 N(0, 1)

v

if Hy is true.

1
= (RST R) 7 RST =g

(4.11)
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The Lagrange multiplier statistic, which is in a form of Rao’s score test statistic,

is given by

LM = g3

2

From (4.7), we know that § = R'fi. Thus the LM test can be represented in the

form that was suggested by Aitchison and Silvey (1959):
LM = i'RS™'R'a
Using (4.11) and the relationship that plim%;p(é)‘lgr(ﬂo) = I, it follows that

LM = [(R37'R)? fm (RS7* R ﬁm&xfn

if Hy is true.
The likelihood ratio test statistic is obtained by comparing the maximum log-

likelihood values evaluated at the constrained and unconstrained ML estimates

- N - « 1 - “ " - A
€8) = €@) + 46 - 8) + 5(8 - 0YQUENE - 8) + O,(T %) (4.12)
Since both of \/— 0 8y) and \/_ é ) are asymptotically normally distributed,

they are O,(1) from Theorem 4.1. Then (§ — 8) = (8 — 8,) — (8 — 8,) is at most

O,(T~*/?) under the null hypothesis. Therefore, (4.12) is represented by

() — 0(8) £ (8~ DQUE)E - )
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since § = 0 and the term of O,(T~!/?) is negligible compared to that of O,(1).

Then LR is asymptotically equivalent to
T(8 — 8)YQr(8)(d - 9) (4.13)

The vector ¢ can be linearized around §:

Thus,

—=§ 2 -3:VT(8-8) (4.14)

Therefore, the LR test (4.13) can be written as

4 1 -

LR & ZRS;'Rj

1

1
= (BST'R)? =i (RST R

2L ae 2
\/T-E] X(J)
if Hy is true.
The Wald statistic is based on the idea that R§ — r = 0 if Ho is true. The

Wald test is given by
W = (R —r)[RS'R])" V(R — 1)
When Hj is true, RO —r = R(Q — 8,). Then

W = T(8-6,)R[R3;*R) ™R8 - 6,)

[ES

[(RS7'R)V2RVT(8 — 6,) (RS R) "2 RVT(8 - 8,)] ~ 1l
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under the null hypothesis.

The LM, LR and Wald tests have an asymptotic noncentral x2-distribution
under a sequence of local alternatives Hy : R —r = Q/\/’:I’_ such that plimv/T(RE —
r) = § for some vector §. The noncentrality parameter can be derived only by

consideration of Hr such that
A =§ (RS R

The arbitrary constant vector § needs to be small enough that the asymptotic
power is less than one. Suppose R = Ix and r = 8,. The asymptotic power

function for any fixed level a is denoted by

P(Ql) = P[X(ZJ,/\) > X(zJ)(CY); Ql]

where 8, # 8,. For a fixed #,, the asymptotic power functions for LM, LR and
Wald tests satisfy

lim P(8,) =1

T'—o0

We will consider an example of a noncentral Wald test. The local alternatives

lead to the relationship:
VT(RY ~r) = VTR(8 — 8,) + 6
Since § is a constant vector,

VT(RE —1) N(é_,llim RSI'R)
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The Wald test under Hr is represented by
Wi = (R ~ r)[RS™ R (RE — 1) * x{5)

where A = §'(RS7'R')1§. Suppose R # r. Then the Wald statistic 1 is O,(T)
since R§ —r = 0,(1) and (RS™1R')~1 = O,(T). It is expected that W; will exceed

any constant critical value with probability one when T tends to infinity, i.e.,
: 7 2 Y
111_1‘1;’ PWy > x(5(a)] =1
if R@ # r [Godfrey (1988), p 17].

4.4 A Monte Carlo Simulation

We have discussed asymptotically equivalent covariance matrix estimators and
test statistics. In this Section we explain the model and simulation design concern-
ing test procedures in the context of the general Box-Cox transformation model.
First, standard errors computed from the Hessian matrix and outer products of
the first derivatives are compared to the root mean square error (RMSE), which
represents the finite sample variability. The information matrix is obtained using
numerical integration (GAUSS function INTQUAD1). The ratio of the standard
error computed from the information matrix over the RMSE is a measure of the
closeness of the small sample approximation to the asymptotic variance. Second,
the sampling distributions of the LM, LR and Wald statistics for testing functional

forms of the model are examined using the Kolmogorov-Smironov (KS) test when
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the null hypothesis is true. The real (empirical) size of the asymptotic x2-statistics
is computed as the proportion of trials that the given statistic exceeds the criti-
cal values corresponding to nominal sizes (« = 0.1, 0.5 and 1.0). Finally, we are
concerned with the power function of the asymptotic x?-statistics. The estimated
power is used to see how well the asymptotic power function performs in small
samples.

The model is specified as follows:
Y1) = stgn(A1)10.0 + sign(), )1.5.1'.(2?'1) - sign,()\l)O.Smg'O) + ¢, €~ N(0,0%)

where A\; = (-2.0,-1.0,-0.5,0.1,0.5,1.0,2.0) and ¢% = (0.1,0.5). We can only

A1) - .
observe the truncated value of yi 1) since yr > 0. The error disturbances ¢ are

generated by the GAUSS random number generator RNDNS such that y\ ') > —;17
if Ay > 0; yg'\‘) < _:\_1: if A\; < 0. The model is chosen to have two explanatory

variables whose values are generated from linear combinations of uniform random
numbers (GAUSS function RNDUS) such that corr(zy,v3) = 0.2:

Ty = 124+ 4u,

T3 = 154 u, + 2v6r,
where u; and v, are uniformly distributed on the interval U(—\/g, V/3). The sc-
lected variances of the error term (¢ = 0.1 and 0.5) account for approximately 2 %
and 6 % of the variation of the right-hand side of the Box-Cox model, respectively.

Each Box-Cox model is estimated 1000 times for samples of size T = 30 and

T = 60. For the analysis of power properties, the log-linear model is tested, i.e.,
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Ho: )\ = A = 0 and A3 = 1.0. Let 9-,71- be the ith parameter estimator in the jth

replication of simulation. The bias and RMSE are defined by
N6

il___g.
?

N

bias =

RMSE = J}: (Bi; — 6:)?/N

where 0; is the ith parameter and N represents the number of simulation replicates.
Let 8, = (81,82,03,0%) and 8, = (M, A2, A3)'. The test statistics are computed
under Hy : 8, = 85:

Walds = (& — 82)(~Qual®) + Qu (DO (D)Qua(B))2: — )

Wald, = (8, — 63)[Pna(8) — Pua(8)P5' (8) Pra(9))(9; — 65)

LM = q(8)P(8)q(8)

LR = —2(¢(8) - (8))
where
Quld) = saply bi=12
P;(8) = i;ﬁ‘ggne, i,j =1,2

, Pll P12
P =
[Pm Pzz]

4.5 Results

4.5.1 Bias

The Monte Carlo results on the biases of the ML estimators are given in Table

4.1. In general, the magnitudes of the biases of the linear parameters are greater
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than those of the power parameters. The bias of the power parameter estimator
is negligible. When the sample size increases, the magnitudes of the biases of all
estimators which are greater than unity are reduced at 7' = 30.

The estimator 3, is substantially biased when T' = 30 and o2 = 0.5. The bias
of 3, is the largest among parameter estimators for T = 30 and T = 60. The
linear parameter estimates are greatly biased when T = 30 and ¢ = 0.5. 3 is
biased downward when A; < 0 and biased upward when A; > 0. The reverse is
true for ;. Overall, the direction of bias is unchanged, with the magnitude of bias
greater than unity as the sample size increases. Concerning ), the bias is larger

at A\; = £2 than at [A\;| < 2.0 when ¢ = 0.1.

4.5.2 RMSE and Standard Errors

The parameter RMSE’s and standard errors are reported in Tables 4.2-4.5.
The standard errors computed from the information matrix greatly understate the
RMSE’s except for Xs. The standard errors of the consistent covariance matrix
estimators (negative of the inverted Hessian and inverted outer products) seem to
be a good approximation to the RMSE in the case of power parameter estimation.
The standard errors from the outer products are greater than those from the
Hessian matrix.

The larger the variance of the error disturbances, the larger are the finite sample
variabilities. RMSE’s are smaller at T = 60 than at 7" = 30. Linear parameter

estimators have large RMSE’s when T' = 30 and ¢? = 0.5. On the whole, the
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standard errors computed from the outer products gives a better approximation

to the finite sample variability than those from the Hessian matrix.

4.5.3 Empirical Distribution and Real Size of the Tests

The one-sample KS test is concerned with the quality of approximation of a
sampling distribution to a theoretical distribution which would be expected under
the null hypothesis. Critical values for one-tailed tests at level o are approximated
by

C' ~ [In(2/a)/2N]"/?

where C, satisfies P(KS > () = a [Morimune (1989)]. When a = 0.05 and
N = 1000, C, = 0.043. Results of the KS test for the test statistics Wald;, Wald,,
LM and LR are reported in Tables 4.6 and 4.7.

Obviously, LR tests give the best approximation to the central xi-distribution
when Hy is true. The KS test statistics of the Wald;, Wald, and LR are reduced
in magnitude as the sample size increases. When ¢? = 0.1, the Wald statistic
using the Hessian matrix (Wald;) generally gives a better approximation to the
x2-distribution than the Wald statistic using outer products (Wald,). However,
the quality of approximation of Wald; and Wald, to the x2-distribution is virtually
indistinguishable when ¢? = 0.5. The outer product variant of the LM test statistic
is shown to be a poor approximation to the x2-distribution in small samples (1" =
30 and T = 60).

Real sizes of the tests are given in Tables 4.8-4.11. In general, the real size
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of the LR test is similar to the nominal size. When the variance of the error
disturbances is 0.1, Wald; slightly performs better than Wald, and the real sizes

of Wald; look similar to those of LR. The small sample LM test shows a large

rejection rate under the null hypothesis.

4.5.4 Power Properties

It is assumed that we are to test Hy : §, = (0,0,1)" against local alternatives
Hr : 8, =(0,0,1) +6&/+T. The constant vector § is chosen to be v/T(0.1,0.1,0.0)’
since we estimated the true model with A\; = A; = 0.1 and A3 = 1.0. The noncen-

trality parameter is

1

A= 8=
°T

o o1k
(6‘22 - g21\911 612)&

where ;3 is the 3 x 3 submatrix of the information matrix corresponding to the
ML estimator Qz and S5 is the 4 x4 submatrix related to the other ML estimators.

We obtained the noncentrality parameters as follows:

A =24.390 if T =30 and ¢? = 0.1
A=4.923 if T =230andc?=0.5
A =50.260 if T =60 and ¢? = 0.1

A=9.794 ifT =60andc?=0.5

The asymptotic power function at level « is P[x{; y) > ('a] where Cy is the a-level

critical value of the central x2-distribution.
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Empirical results are reported in Table 4.12. For T' = 30, the asymptotic
powers exceed the estimated powers. On the other hand, the estimated powers
are greater than the asymptotic powers when T' = 60 and ¢ = 0.1. The estimated
power increases with the increasiné sample size, as expected. The LM statistic
rejects Hy most frequently. Wald; is more powerful than Wald; and LR in all cases
and LR performs better than Wald,. In our limited experiments, the asymptotic

power function does not provide a good estimate of the small sample power.
4.6 Conclusions
The observed results lead us to conclude that:

1. In general, the bias of the power parameter estimator is negligible. The
bias of the estimator of the parameter that is related to the variable of the
nonlinear transformation (A; = 0.1) is substantial in small samples. When
the variance of error disturbances is small (¢? = 0.1), the magnitude of the

bias is larger for |A;| = 2.0 than for |X\] < 2.0.

2. The finite sample variabilities {(RMSE’s) of the parameter estimators are
larger for 02 = 0.5 than for ¢* = 0.1. The RMSE’s are reduced as the

sample size increases.

3. The asymptotic standard error from the information matrix is not a good

measure of finite sample variability. The degree of agreement between the
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RMSE and the asymptotic standard error increases with increasing sample

size.

. The standard error computed from outer products of the first derivatives is
a better approximation to the RMSE than the standard error obtained from

the Hessian matrix.

. According to the results of the Kolmogorov-Smironov tests, the LR statistic
- provides a better approximation to the asymptotic y2-distribution than ei-
ther of the other two. The LM statistic based on outer products is indicative
of the poor approximation to the asymptotic distribution. The estimated size
is closer to the corresponding nominal size for the LR statistic than for any
other statistics. The small sample LM test statistics are not reliable under
the null hypothesis, based on the Kolmogorov-Smironov and empirical size

results.

. The asymptotic power function is not a good approximation to the small
sample power for either T = 30 or T' = 60. The estimated power increases
as the sample size increases. The LM test turns out to be the most powerful

test based on our experiments.



Table 4.1: Bias of MLE

Bl ﬂZ ﬂ3 /\l )‘2 A3

A =-2.0
0?2 =0.1 T=30]|-1.220 -2.198 0.453 -0.047 -0.017 -0.030
T=60 | -0.811 -0.894 0.216 -0.011 0.007 -0.006
o2 =05 T=30| 3.434 -20.349 2.003 -0.008 0.066 0.013
T=60| 0.018 -5.377 0.631 0.023 0.064 0.015

A1 = -1.0
c?=0.1 T=30|-0.374 -1.490 0.316 0.004 0.013 0.006
T=60 | -0.436 -0.536 0.145 0.006 0.033 0.001
c? =05 T=30| 8.009 -31.480 2.089 0.003 0.060 0.006
T=60| 1.683 -6.425 0.465 0.028 0.056 0.014

A = -0.5
o?=0.1 T=30{ 0.129 -2.001 0.331 0.005 0.003 0.015
T=60 | -0.010 -0.647 0.122 0.007 0.005 0.008
0% =0.5 T=30| 8.845 -29.008 1.725 0.019 0.064 0.033
T=60| 1.733 -5.566 0.429 0.011 0.020 0.006

AI = 0.1
c?=0.1 T=30]-0.303 1.815 -0.273 0.000 -0.008 0.003
T=60 | -0.049 0.692 -0.109 0.001 -0.000 -0.003
o? =0.5 T=30|-6.997 22511 -1.499 -0.004 0.025 0.021
T=60 | -3.316 7.936 -0.381 -0.005 0.013 0.008

Al = 0.5
ot =01 T=30| 0.186 1.499 -0.284 -0.002 0.029 0.018
T=60 | -0.223 0.568 -0.078 -0.014 0.005 0.021
o? =0.5 T=30|-8.387 27.965 -1.564 -0.022 0.013 0.058
T=60 | -1.824 5.565 -0.433 -0.015 0.030 0.015

)\1 = 1.0
c?=0.1 T=30]| 0.396 1.821 -0.348 0.000 0.017 -0.002
T=60 | -0.032 0.815 -0.130 -0.013 -0.041 0.009
0?2 =0.5 T=30]-5.447 28.577 -3.024 0.003 0.065 -0.007
T=60 | -1.076 6.311 -0.592 -0.017 0.074 0.019

A = 2.0
c?=0.1 T=30| 1.386 2.431 -0.503 0.061 -0.013 -0.019
T=60 | 1.096 0.736 -0.224 0.027 0.012 -0.009
o2 =0.5 T=30]-5.533 26.012 -2.252 -0.013 0.082 0.004
T=60| 0.008 6.133 -0.744 0.002 0.095 0.000
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Table 4.2: RMSE and Standard Error of MLE (T=30 ¢%=0.1)

|

| 5

Bz

Ps

A1

= -2.0
RMSE
SE,/RMSE
SE,/RMSE
SEs/RMSE

8.763
0.303
0.863
1.121

7.208
0.249
0.628
0.751

1.319
0.186
0.705
0.937

0.370
0.221
1.082
1.368

0.519
0.983
0.988
1.064

0.222
0.759
0.976
1.223

/\1 = -1.0
RMSE
SE,/RMSE
SE,/RMSE
SE;/RMSE

6.848
0.390
0.906
1.028

4.857
0.370
0.772
0.804

1.180
0.214
0.687
0.794

0.209
0.263
1.144
1.246

0.512
0.996
0.953
0.998

0.238
0.716
1.050
1.123

A = -0.5
RMSE
SE,;/RMSE
SE;/RMSE
SE3;/RMSE

7.242
0.372
0.804
0.917

7.325
0.245
0.555
0.628

1.316
0.198
0.578
0.677

0.134
0.294
0.955
1.090

0.541
0.944
0.899
0.925

0.262
0.663
0.898
1.001

M = 0.1
RMSE
SE;/RMSE
SE,/RMSE
SE,/RMSE

5.447
0.502
0.864
1.010

6.261
0.287
0.581
0.691

0.897
0.316
0.702
0.776

0.056
0.412
0.878
0.965

0.523
0.977
0.928
1.029

0.263
0.705
0.884
0.982

A\ = 0.5
RMSE
SE,/RMSE
SE,/RMSE
SE;/RMSE

6.507
0.414
0.837
1.038

6.097
0.295
0.547
0.647

1.107
0.235
0.643
0.745

0.131
0.300
0.969
1.189

0.524
0.974
0.919
1.033

0.252
0.691
0.919
1.056

M= 1.0
RMSE
SE,/RMSE
SE,/RMSE
SE;/RMSE

7.616
0.351
0.851
0.927

6.311
0.285
0.605
0.662

1.294
0.195
0.621
0.740

0.211
0.261
1.094
1.109

0.527
0.968
0.913
0.957

0.235
0.724
1.006
1.100

A= 2.0
RMSE
SE;/RMSE
SE,/RMSE
SE;/RMSE

9.232
0.287
0.829
1.031

8.212
0.219
0.571
0.675

1.516
0.162
0.634
0.770

0.376
0.217
1.057
1.198

0.521
0.980
0.978
1.048

0.229
0.735
0.942
1.105

SE; = standard error from the information matrix

SE, = standard error from the Hessian matrix
SE3 = standard error from the outer product matrix
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Table 4.3: RMSE and Standard Error of MLE (T=30 0?=0.5)

[ 16 2 Be M e A

Al = -2.0

RMSE 44.738 111.267 9.342 0.560 1.135 0.454
SE;/RMSE | 0.132  0.035 0.063 0.357 0.967 0.886
SE,/RMSE | 0.510 0.322 0.402 1.141 0.945 0.830
SE;/RMSE | 1.323 1.410 0.563 1.400 1.052 1.148
Al - -1-0

RMSE 62.085 156.223 8.782 0.358 1.166 0.488
SE,/RMSE | 0.098  0.026 0.065 0.374 0.979 0.785
SE,/RMSE | 0.445 0.320 0.357 0.996 0.905 0.808
SE;/RMSE | 0.826  0.645  0.571 1.153 1.021 1.004
Al = -0.5

RMSE 53.282 138.574 9.858 0.205 1.206 0.495
SE;/RMSE | 0.115  0.029 0.060 0.457 0.946 0.791
SE;/RMSE | 0.580  0.490 0.352 1.044 0.890 0.899
SE;/RMSE | 0.786  0.632  0.391 1.188 0.927 0.975
Al = 0.1

RMSE 39.349 101.126 6.865 0.090 1.187 0.526
SE;/RMSE | 0.155  0.040 0.092 0.568 0.962 0.787
SE,/RMSE | 0.650  0.485 0.417 1.008 0.925 0.978
SE;/RMSE { 0.826 0.652  0.456 1.100 0.985 0.994
A] = 0.5

RMSE 50.461 130.896 10.274 0.212 1.189 0.504
SE;/RMSE | 0.121 0.031 0.058 0.442 0.960 0.778
SE,/RMSE | 0.457  0.325 0.232 0.977 0.889 0.858
SE;/RMSE | 0916  0.777  0.337 1.173 1.026 0.990
)\1 =1.0

RMSE 85.687 229.848 17.994 0.350 1.165 0.500
SE;/RMSE | 0.071 0.017 0.032 0.382 0.979 0.766
SE,/RMSE | 0.310  0.203 0.209 1.024 0.919 0.798
SE;/RMSE | 0.559  0.396 0.312 1.139 1.132 1.073
A =20

RMSE 45.191 120.574 15.121 0.575 1.179 0.447
SE;/RMSE | 0.131 0.032 0.039 0.347 0.930 0.899
SE,/RMSE | 0.572  0.364 0.244 1.111 0.862 0.846
SE;/RMSE | 1.049 0.690 0.379 1.252 1.013 1.144

SE; = standard error from the information matrix

SE, = standard error from the Hessian matrix

SE; = standard error {from the outer product matrix
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Table 4.4: RMSE and Standard Error of MLE (T=60 ¢2=0.1)

X

| b

2

Bs

A1

A\ = -2.0
RMSE
SE,/RMSE
SE,/RMSE
SEs/RMSE

6.229
0.307
0.920
0.991

3.002
0.441
0.704
0.718

0.737
0.219
0.786
0.865

0.317
0.172
1.085
1.119

0.403
0.926
0.919
0.932

0.162
0.701
1.038
1.078

A = -1.0
RMSE
SE;/RMSE
SE,/RMSE
SE;/RMSE

4.844
0.398
0.953
1.094

2.284
0.580
0.757
0.804

0.555
0.297
0.853
0.987

0.170
0.216
1.036
1.212

0.379
0.984
0.977
1.046

0.163
0.704
1.002
1.138

M = -0.5
RMSE
SE,/RMSE
SE,/RMSE
SE,/RMSE

4.324
0.450
0.917
0.927

ScooN
~ =1 oL
-3 W Or =7
<t © G

0.542
0.313
0.778
0.780

0.102
0.258
0.974
0.991

0.385
0.970
0.951
0.998

0.174
0.666
0.929
0.931

M= 0.1
RMSE
SE;/RMSE
SE,/RMSE
SE;/RMSE

3.470
0.574
0.954
1.054

2.409
0.549
0.742
0.783

0.407
0.448
0.902
1.050

0.040
0.386
0.970
1.158

0.376
0.994
0.968
0.995

0.167
0.730
0.978
1.122

X = 0.5
RMSE
SE,/RMSE
SE,/RMSE
SE;/RMSE

3.967
0.491
0.977
1.067

2.217
0.597
0.775
0.844

0.472
0.359
0.847
0.907

0.100
0.262
0.999
1.070

0.373
1.001
0.985
1.069

0.167
0.695
0.982
1.036

M = 1.0
RMSE
SE,/RMSE
SE,/RMSE
SE,/RMSE

4.841
0.398
0.947
0.999

2.397
0.552
0.807
0.895

0.567
0.290
0.817
0.857

0.176
0.209
1.036
1.060

0.373
1.000
0.985
1.062

0.165
0.694
1.016
1.045

M= 2.0
RMSE
SE,/RMSE
SE,/RMSE
SE;/RMSE

5.930
0.322
0.979
0.920

2.505
0.529
0.778
0.834

0.682
0.237
0.869
0.836

0.303
0.180
1.127
1.024

0.384
0.972
0.960
1.034

0.166
0.684
1.007

0.968

SE; = standard error from the information matrix

SE, = standard error from the Hessian matrix
SE3 = standard error from the outer product matrix
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Table 4.5: RMSE and Standard Error of MLE (T=60 ¢2=0.5)

=

S

l | P B2 Ba M Az A3 l

X = -2.0

RMSE 15.568 19.851 2.370 0.471 0.874 0.316
SE;/RMSE | 0.274 0.146 0.158 0.284 0.931 0.826
SE,/RMSE | 0.722 0.508 0.470 1.034 0.937 0.855
SE;/RMSE | 0.986 0.675 0.639 1.243 1.004 0.975
A = -1.0

RMSE 15.400 26.234 1.674 0.266 0.907 0.308
SE;/RMSE | 0.284 0.113 0.224 0.338 0.920 0.836
SE,/RMSE | 0.686 0.420 0.548 1.020 0.911 0.951
SE;/RMSE | 0.892 0.542 0.770 1.184 0.958 1.089
)\ = -0.5

RMSE 12.545 20.581 1.511 0.150 0.907 0.320
SE,/RMSE | 0.352 0.144 0.256 0.422 0.921 0.817
SE,/RMSE | 0.792 0.510 0.613 1.006 0.918 0.935
SE;/RMSE | 0.935 0.610 0.766 1.123 0.918 1.064
Ay = 0.1

RMSE 15.931 32.948 1.959 0.061 0.925 0.314
SE;/RMSE | 0.281 0.090 0.210 0.570 0.903 0.871
SE,/RMSE | 0.612 0.375 0.451 0.959 0.877 0.982
SE;/RMSE | 0.722  0.515 0.441 0.978 0.929 0.972
A = 0.5

RMSE 12.664 22.537 1.980 0.154 0.886 0.314
SE,/RMSE | 0.349 0.131 0.195 0.410 0.942 0.833
SE,/RMSE | 0.753 0.446 0.477 0.968 0.921 0.940
SE;/RMSE | 0.831 0.528 0.481 0.891 0.938 0.907
A= 1.0

RMSE 15.909 28.408 2.239 0.276 0.912 0.328
SE,/RMSE | 0.275 0.104 0.168 0.326 0.915 0.784
SE,/RMSE | 0.671 0.398 0.471 0.941 0.892 0.856
SE;/RMSE | 0.915 0.505 0.660 1.228 0.945 1.034
X = 2.0

RMSE 16.462 22.753 3.456 0.473 0.907 0.318
SE,/RMSE | 0.259 0.127 0.109 0.283 0.897 0.822
SE,/RMSE | 0.710 0.496 0.339 1.014 0.890 0.842
SE;/RMSE | 0.962 0.607 0.518 1.147 0.918 1.009

SE,; = standard error from the information matrix
SE, = standard error from the Hessian matrix

SE; = standard error from the outer product matrix
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Table 4.6: Kolmogorov-Smironov Statistics for Asymptotic x2-Distribution

(62=0.1)
r , Wald; Wald, LM LR ]

A = -2.0

T=30 0.080 0.065 0.693 0.055

T=60 0.042 0.084 0.751 0.059
A =-1.0

T=30 0.066 0.114 0.747 0.059

T=60 0.031 0.066 0.748 0.027
A = -0.5

T=30 0.132 0.160 0.763 0.115

T=60 0.073 0.097 0.734 0.065
A = 0.1

T=30 0.153 0.150 0.842 0.117

T=60 0.044 0.058 0.685 0.029
)\1 = 0.5

T=30 0.113 0.133 0.675 0.093

T=60 0.026 0.058 0.686 0.019
A =1.0

T=30 0.077 0.142 0.692 0.060

T=60 0.033 0.056 0.771 0.033
A =20

T=30 0.083 0.093 0.843 0.063

T=60 0.029 0.101 0.691 0.031




136

Table 4.7: Kolmogorov-Smironov Statistics for Asymptotic x2-Distribution

(62=0.5)
I I Wald, Wald, LM LR '

A= -2.0 V

T=30 0.195 0.089 0.756 0.018

T=60 0.125 0.053 0.669 0.017
A = -1.0

T=30 0.201 0.116 0.768 0.073

T=60 0.084 0.066 0.700 0.038
A = -0.5

T=30 0.149 0.160 0.793 0.082

T=60 0.068 0.097 0.718 0.041
A =0.1

T=30 0.130 0.139 0.727 0.101

T=60 0.069 0.112 0.695 0.051
/\1 = 0.5

T=30 0.165 0.168 0.711 0.102

T=60 0.067 0.174 0.724 0.033
A] = 1.0

T=30 0.194 0.108 0.644 0.048

T=60 0.108 0.064 0.808 0.063
A= 2.0

T=30 0.191 0.109 0.711 0.039

T=60 0.134 0.114 0.707 0.034




Table 4.8: Real Size of the x2-Distribution
(T=30 ¢2=0.1)

[ Wald, Wald, LM LR

A= -2.0

a=0.01 0.044 0.050 0.413 0.022

a=0.05 0.102 0.111 0.634 0.086

a=0.10 0.160 0.158 0.761 0.135
/\1 = -1.0

a=0.01 0.041 0.090 0.478 0.022

a=0.05 0.085 0.155 0.746 0.063

a=0.10 0.139 0.202 0.842 0.122
}\1 = -0.5

a=0.01 0.043 0.107 0.322 0.023

a=0.05 0.110 0.189 0.698 0.086

a=0.10 0.175 0.255 0.849 0.147
M = 0.1

a=0.01 0.057 0.105 0.650 0.030

a=0.05 0.127 0.180 0.860 0.093

a=0.10 0.208 0.244 0.938 0.163
A= 0.5

a=0.01 0.045 0.097 0.439 0.020

a=0.05 0.116 0.167 0.628 0.089

a=0.10 0.181 0.220 0.752 0.159
A= 1.0

a=0.01 0.039 0.094 0.300 0.015

a=0.05 0.097 0.163 0.629 0.075

a=0.10 0.153 0.236 0.771 0.126
AL = 2.0

a=0.01 0.051 0.070 0.664 0.026

a=0.05 0.099 0.131 0.864 0.071

a=0.10 0.153 0.183 0.936 0.128




Table 4.9: Real Size of the x2-Distribution

(T=30 ¢2=0.5)
B T Wald, Wald, LM LR
A] = -2.0
a=0.01 0.196 0.068 0.472 0.015
a=0.05 0.243 0.133 0.757 0.056
a=0.10 0.288 0.177 0.852 0.109
>\1 = -1.0
a=0.01 0.194 0.088 0.479 0.014
a=0.05 0.250 0.162 0.762 0.068
a=0.10 0.297 0.213 0.865 0.124
M = -0.5
a=0.01 0.116 0.123 0.371 0.027
a=0.05 0.182 0.197 0.734 0.065
a=0.10 0.238 0.255 0.871 0.137
A1 = 0.1
a=0.01 0.075 0.110 0.384 0.024
a=0.05 0.147 0.187 0.637 0.083
a=0.10 0.213 0.232 0.797 0.157
M = 0.5
a=0.01 0.133 0.124 0.300 0.022
a=0.05 0.202 0.203 0.603 0.074
a=0.10 0.250 0.268 0.764 0.142
A= 1.0
a=0.01 0.180 0.095 0.380 0.009
a=0.05 0.233 0.156 0.582 0.066
o=0.10 0.285 0.196 0.710 0.132
A\ = 2.0 .
a=0.01 0.198 0.070 0.320 0.009
a=0.05 0.239 0.143 0.645 0.053
a=0.10 0.275 0.200 0.779 0.097
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Table 4.10: Real Size of the y2-Distribution

(T=60 ¢%=0.1)
] Wald; Wald, LM LR
A] = -2.0
a=0.01 0.014 0.034 0.381 0.008
a=0.05 0.061 0.102 0.703 0.053
a=0.10 0.121 0.162 0.829 0.119
)\1 = ~-1.0
a=0.01 0.015 0.048 0.455 0.011
«a=0.05 0.060 0.115 0.671 0.061
a=0.10 0.119 0.150 0.813 0.110
A = -0.5
a=0.01 0.021 0.055 0.384 0.015
a=0.05 0.076 0.129 0.680 0.064
a=0.10 0.132 0.184 0.803 0.127
)\1 = 0.1
a=0.01 0.023 0.051 0.345 0.016
a=0.05 0.081 0.103 0.613 0.067
a=0.10 0.127 0.149 0.745 0.122
A= 0.5
a=0.01 0.014 0.052 0.333 0.011
a=0.05 0.056 0.104 0.620 0.052
a=0.10 0.114 0.149 0.751 0.106
A= 1.0
a=0.01 0.016 0.039 0.554 0.010
a=0.05 0.049 0.101 0.795 0.052
a=0.10 0.110 0.153 0.870 0.110
A = 2.0
a=0.01 0.018 0.055 0.366 0.009
a=0.05 0.071 0.129 0.593 0.065
a=0.10 0.121 0.186 0.754 0.121
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Table 4.11: Real Size of the x3-Distribution
(T=60 ¢?=0.5)

l Wald; Wald; LM LR
A= -2.0
a=0.01 0.118 0.036 0.325 0.007
a=0.05 0.172 0.189 0.573 0.061
a=0.10 0.215 0.147 0.714 0.110
A = -1.0
a=0.01 0.082 0.056 0.504 0.007
a=0.05 0.132 0.113 0.698 0.055
a=0.10 0.174 0.152 0.797 0.119
A = -0.5
a=0.01 0.058 0.058 0.367 0.010
a=0.05 0.115 0.138 0.683 0.059
a=0.10 0.159 0.194 0.806 0.117
A= 0.1
a=0.01 0.047 0.073 0.379 0.019
a=0.05 0.090 0.140 0.649 0.059
a=0.10 0.156 0.207 0.767 0.128
Al - 0.5
a=0.01 0.048 0.098 0.253 0.009
a=0.05 0.092 0.186 0.616 0.054
a=0.10 0.152 0.255 0.793 0.105
A =1.0
a=0.01 0.101  0.035 0.536 0.017
a=0.05 0.141 0.101 0.805 0.059
a=0.10 0.197 0.161 0.907 0.116
A= 2.0
a=0.01 0.139 0.060 0.370 0.014
a=0.05 0.181 0.131 0.648 0.058
a=0.10 0.226 0.193 0.780 0.113
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Table 4.12: Asymptotic and Estimated Power

c? =0.1 o2 =0.5
T =30 T = 60 T =30 T =60

_ Py PP P P P P P
Wald, :
oa=0.0110965 0.611 0.218 0.793 0.999 0.209 0.529 0.238
oa=0.05]0.992 0.786 0.434 0.912 0.999 0.375 0.751 0.447
a=0.10]0.966 0.854 0.562 0.953 0.999 0.474 0.840 0.571
Wald,
oa=0.01]0.965 0.290 0.218 0.621 0.999 0.051 0.529 0.117
a=0.05]0.992 0474 0.434 0.799 0.999 0.131 0.751 0.2537
a=0.101{0.966 0.575 0.562 0.872 0.999 0.211 0.840 0.358
LM
o= 0.011]0.965 0.867 0.218 0.910 0.999 0.470 0.529 0.694
o =0.05]0.992 0.962 0.434 0.998 0.999 0.715 0.751 0.897
o =0.1010.966 0.983 0.562 1.000 0.999 0.835 0.840 0.959
LR
a=0.011]0.965 0.520 0.218 0.758 0.999 0.141 0.529 0.209
a=0.05]0.992 0.731 0.434 0.905 0.999 0.324 0.751 0.428
oa=0.10]0.966 0.823 0.562 0.951 0.999 0.432 0.840 0.555

1) P = asymptotic power
2) P = estimated power
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CHAPTER 5

SHRINKAGE ESTIMATION IN NONLINEAR
REGRESSION: THE BOX-COX TRANSFORMATION

5.1 Introduction

In the normal linear regression model, the Stein-rule coefficient estimator is
known to dominate the maximum likelihood (ML) estimator under quadratic loss
for the case of more than two parameters if certain design related conditions are
met. With the advent of increased computing power, the nonlinear regression
model tends to be widely used in econometric applications. Therefore, it is worth-
while to analyze Stein-rule estimation within the framework of the nonlinear re-
gression model. However, there have been only a few studies on Stein-like or biased
estimation methods in the context of the nonlinear regression model [Schaefer, Roi
and Wolfe (1984); Schaefer (1986); Adkins and Hill (1989)].

Schaefer, Roi and Wolfe (1984) proposed a ridge-type estimator for the logistic
regression model and showed that the ridge estimator had smaller MSE than the
ML estimator when the sample size was sufliciently large and the multicollinear-
ity was severe. Schaefer (1986) employed a Stein-rule esfimator in the logistic
regression model. He showed that the Stein-rule estimator outperformed the ML
estimator when the data were multicollinear.

In the context of the probit model, Adkins and Hill (1989) investigated the

risk properties of a Stein-rule estimator, together with those of the constrained
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ML and pretest estimators. The positive-part Stein-rule estimator outperformed
the ML estimator and had smaller risk than the Stein-rule estimator for small to
moderate degree of hypothesis error.

The objective of this Chapter is to propose a shrinkage (positive-part Stein-
like) estimator for the Box-Cox model and to derive the asymptotic risk functions
of the ML, constraingd ML, pre-test and shrinkage estimators. The estimated
(small sample) risk functions of these estimators will be examined using a Monte
Carlo simulation.

In Section 5.2, a shrinkage estimator for the Box-Cox model will be presented,
together with the ML, constrained ML, and pretest estimators. In Section 5.3,
the asymptotic risks of the constrained ML, pretest, and shrinkage estimators will
be derived and will be compared to the ML estimator’s risk function. Section 5.4
will contain the design of simulation. The results will be discussed in Section 5.5

and conclusions presented in Section 5.6.

5.2 Alternative Estimators
in the Box-Cox Regression Model

The general Box-Cox regression model is given by

T(y) = B+ Pxn? + -+ Bl + ¢

H«t+€t) € "\-'lldN(O,(TZ), t = 1,...,T

]
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where T'(y,;) is a suitable transformation that makes the random variables y; nor-
mally distributed and x4, i = 1,...,k, are assumed to be nonstochastic. Since
the pre-transformed dependent variable y; is truncated (y, > 0), in order for the

(A1)

Box-Cox transformation to be well defined, the transformed variable y,"'’ is also

truncated [Hinkley (1975); Poirier (1978); Amemiya and Powell (1981)]:
w =T(y) ifL<T(w) <R

where R = -t and L = —c0 if \; < 0; R = 400 and L = — if A; > 0. Let
A] A1
= (B1, s Bry A1y 3 Ak, 02) and K = dim(8). The log-likelihood function of

the truncated Box-Cox model is given by

T T , 1Z
08) = ——2111(271')— 21110' - 202;_:16
T
- Zln(@(H (L)) + (A — I)Zlny, (5.1)
t=1

where Ry = (R — pt)/o and Ly = (L — pt¢)/o and ¢ = y ) .

The ML estimator 8 is obtained by solving the first-order conditions for the

log-likelihood function (5.1). Consider the linear restriction
H 0:R8—1r=0

where R is a J x /& matrix of rank J.

The constrained ML estimator # is obtained by maximizing the Lagrangean

function

M(8,p) =0(8)—p'(RE—1)
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where p is a J x 1 Lagrange multiplier vector. Then the pre-test estimator 8 is

defined as

0 — 0 ifu<(,
ST 18 ifu>C,

where w is an appropriate ij)-statistic (e.g., Lagrange multiplier (LM), likelihood
ratio (LR) or Wald test) for testing Hy : R = r, and C, is the critical value of
XfJ)—distribution at the significance level a. Using indicator functions, the pretest

estimator can be written
0" = Iio,c.g(u)8 + Iic, c0)(t)8

Finally, the shrinkage (positive-part Stein-like) estimator proposed is:

5-Y
5<%

Q+ = I(a,oo)(u')(l - g)(—é— - ) +

u

where a is a constant such that a > J. Since the critical value (', at the usual
significance level (a = 0.01, 0.05 and 0.10) exceeds the degrees of freedom J of the
X(ZJ)—distribution, C4 will be selected as the value of a. When the test statistic is
less than the value of a, the shrinkage estimator is reduced to the constrained ML
estimator while the linear combination of the ML and constrained ML estimators
will be obtained if the statistic u exceeds the value of a. The more confidence in
the null hypothesis we have, the larger the value of a will be selected. In contrast,
the positive-part Stein-rule estimator in the linear regression model takes the value
of a on a certain closed interval for minimaxity. Our shrinkage estimator tends

to put a heavier weight on the null hypothesis than the positive-part Stein-rule



146

estimator in the linear regression model since the asymptotic risk gain is obtained
under the null hypothesis. Let w =1 — I(5,00)(#)(1 — £). The shrinkage estimator
0" can also be written as a linear combination of the ML and constrained ML

estimators:

0" =wlh+ (1 —w)l

The shrinkage estimator has the property of shrinking every element of the ML
estimator Q toward the corresponding element of the constrained ML estimator é
Theréfore, the Stein-like estimator may have significant risk gain if the constrained

ML estimator _é is close to the true parameter vector §,.
5.3 Asymptotic Risk Properties

Before we derive the asymptotic risk function of the Stein-like estimator, several
notations and relevant assumptions are given. We denote the score vector and

Hessian matrix as follows:

or
g(Q) = 5&

0%¢
Q(E) = 9908

Qr(e) = 7O

In addition, the information matrix is represented by J(8,) = —EQ(8,) and
S7(8o) = 75(8y). The dependence of the score vector and information matrix
on the parameter vector will often be omitted, e.g., the score vector will be de-

noted by ¢, rather than ¢(8,). We want to make the following assumptions on the
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score vector and information matrix:

S)i; =0T as T — oo for ¢,7 =1,..., K. lim Sr = S exists and is a

T—o0

non-singular matrix.

. pimS7(—Qr) = Ix and plimQ7'(8,)Q7(8) = Iy for 8 which is contained

in the neighborhood of 6.

.87 g & N(0, Ix)

W

Definition 5.1 Let {Xr} be a sequence of random variables with distribution

functions {Fr} and X be a random variable with the distribution function {F}.

Suppose Xt % X. Then the asymptotic expectation of Xt ts defined by

AE(Xr) = Ep(X)

For the measurement of estimator’s risk, the asymptotic risk function is defined

as

Q(é,\Qo) = AE[T(Q - QO)IC\}T(Q - Qo)]

where @ is the estimator of 8, such that Xr = T(8 — 8,)'Sr(8 — 8,) converges in

distribution to a random variable X.

here 2 t tot] ival Since 3o
where = represen .S asylnp O11C equl ie1nce. 11nce \9T

Consider the asymptotic relationship

SY2T(G — 6) A 571/2 )

ﬁﬂ_

1/271772 X N(0,I), we can

infer that

Sy VT(0 - 8o) % =
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where z ~ N(0,Ix). Thus

1
N 2 37/% (5.3)
and
VT(8 - 8,) 2 372 (5.4)

The elements of the constrained ML estimator 8 satisfy the first-order conditions

for the Lagrangean function (5.2):

[E=1
|

X
}

=

S Y
|
(]

il
(=]

R

By taking a first order Taylor series expansion of ¢ about 6,

A

2t

4 ¢—3(8-8)

~SrVT(8 — 8,) 7 —:/}-—TR’EQQ (5.5)
VTR(8 - 8,) =0 (5.6)

Using matrix notation, (5.5) and (5.6) are written as

o T

Then, we obtain the following relationship:

MRS
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Consequently,

VT(8 - 6,) SplIx — R(RS:'R') ' RST] fq
1

1/2R Rc‘ 1R IR“ 1/210-1/2_1
( ) ] St \/T

IE=

= [IK -

S72 I — W37 ”zﬁg

~1/2 . . .
/% is an idempotent and symmetric matrix of

where W = S7'/?R'(RS7'R') "' RS1

rank J. Therefore, the following asymptotic equivalance is obtained

—_
(W ]
-1

~—

~ W)z

4 -1/2

VT(8 - 8,) £ 37/ (Ix

Proposition 5.1 The ML estimator 8 has the asymptotic risk function o(8,8,) =
K under the weighted quadratic loss £ = T(8 — 84)'St(8 — 6,).

Proof:

From (5.3),

Then the loss function ts asymptotically
A
L=zz~ X(ZK)

z ~ N(0,Ix). Therefore,

since z

~

Q(Q, QO) = I{

Proposition 5.2 The constrained ML estimator @ has the asymptotic risk func
0 — 8o)S7(8 ~ o)

tion (8 8o) = K — J under the weighted quadratic loss L =T(8 — 0,)'S (8

if Hy: RO =1 1s true.
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Proof:

From (5.7),

VT(8 - 8,) = 7/ (Ix = W)z
Then the loss function is asymptotically
A 2
L=2Ig—~W)z~ X(K-J)

since z ~ N(0,Ix) and Ix — W is a symmetric and idempotent matriz of rank
K — J. Therefore,

0(8,8,) = K —J

Proposition 5.3 The a-level pretest estimator 8 has the asymptotic risk function
0(87,80) = K — J(1 — [& dx{yyq)) under the weighted quadratic loss £ = T(8 —

0,)Y3r(8" — 8y) if Ho : RE = r is true.
Proof:
Consider the following pretest estimator
To.c.)(w)8 + (1 - I(O'Ca](u))é
From (5.4) and (5.7),

-

VT —8) = Iiocy(u)VT(8 — 8) + (1~ Lo.c.y(w))VT(8 ~ )

It

I(O.Cu](")g:;l/z(fz( -~ W)z + (1~ I(o,c,.](u.))§;1/2£

= (1 Loca(w)37 "Wz + 87 (Ix - W)z
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The loss function is asymptotically

I

£ 24 21 - Lo ()W + (Ix - W)z

= Lcaoo)(u)2 Wz 4 2'(Ik — W)z
The asymptotic risk function of the a-level pretest estimator is wrilten as

0(8°,8)) = Elc,e)(w)z’Wz+ EZ(Ix —W)z

= FElc¢,c)(w)u+ (K~ J)

stnce u = 2'Wz ~ X(ZJ) and 2'(Ig -~ W)z ~ X(zK_J). Therefore,

- _ Y e -
o(0:80) = [, Tajapmy ¢ dutE=J)
J

/ca T((J + 2)/2)2@+2)72
- J/C dxlryn + (K = J)

wTHD2 1wy 4 (K — )

K—-J1- /C dX{(142))

Proposition 5.4 The shrinkage estimator 8% has the asymptotic risk function

o(8%,8,) = I,(Jl/z)e“"/z(a/2)"/2'2 + K — J under the weighted quadratic loss £ =

T(8% — 6,)'ST(8% — 8o) if the null hypothesis Ho: R§ = r holds and a > J.

Proof:

VT8 — 8) = wVT(8—8,) + (1 — w)VT( — 8,)

WS (I — W)z + (1 —w)S7 %2

= (1-w)Sp" "Wz + 372Uk — W)z
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Then the loss function is asymptotically

HES

L 5’[(1 — w)2W + (IK — VV)];

= (1-w)2'Wz+2'(Ig — W)z
The asymptotic risk function is written as

o(8%,8) = E(1—w)2'Wz+ E/(Ix - W)z

= Eljge)(u)(1— 5)2u +K—J

stnce u=2zWz ~ X?J) and 2'(Ig — W)z ~ X(ZK_J). Consider

a oo a., 1
EI(G,OO)(‘U,)(I - ;)zu = /a (1 — ;) HWU

J/Z—le——u/Zdu
_f= 1 /2 _—u/2 had 1 CJj2-1 —u/2
= /(; WU € dll' - 2a ./a WU € ("II

w3 2e 42y

2 [

ta / T(J/2)2772

= 2 /oo ' e "de — 2a /oo !/ e~ dy
a/? 2) af2

I'(J/2) I'(J/
+ __—a? /oo g??" 24y
2I(J/2) Jay2 ‘
Note that
oo 1 Jo1 J-1 ame
N T de =
/. PSR Vs

and a > J. Using the approrimation

/°° e’ e "dr ~ e %’ 1 4 (J — 1)/a + (J — 1)(J — 2)/a?] [Maasoumi (1978)]

we obtain

El 4 00)(u)(1 — S)zu ~ 1_|(J/2)e“’”(a/Q)"”""
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Consequently, the risk function becomes

1

DM

o(8*,6,) =

Proposition 5.5 For any a > J, the asymptotic risk of the shrinkage estimator
0% dominates that of the ML estimator 8 under the weighted quadratic loss L =

T(0+ — QO)’§1~(QJr — 8y) if the null hypothesis Hy : RO = r holds and J > 2.

Proof:

VD IfJ >4

e”V2(a/2)!* 4 K - J

Consider the first and second derivatlives of the risk function with respect to a:

d¢ 1 ~a/2; %\ J/2-3
£ - e/ 2 _9)— (a
%o 1 a
— & _ —a/2( T\J/2-4(, 2_9 _
The solutions for the first-order condition are a = J — 4 and a = 0. Since

%3%|a=,1_4 < 0, the risk function has a mazimum at a = J — 4 for a > 0. The

macimum risk is

1 242 J2-2 | -
mar = T—— 2-2 K -
0 P(!]/2)6 (J/ ) +K-J

Using Stirling’s formula T'(J — 1) >~ /2m(J — 2)(ﬂi;2-)J/2‘2, we obtain

1
Omax X + I{ - J
(J/2 =1)\/2n(J/2 = 2)




which is less than K. Therefore, for any a > J,

0(6,60) < K
since p is monotonically decreasing if a > J — 4.
2)If 2<J<4

Since a > J,

1 .
———e%(a/2)"*? < 1 =2,3,4
I"(J/Z)e (a/2) <1 forJ y3,
Therefore,

Q(éaQO) < K

Under the null hypothesis, the constrained ML estimator has the smallest risk
function. The pretest estimator and shrinkage estimator have risk between those
of the ML and constrained ML estimators. The risk of the pretest estimator
increases as the significance level declines. The greater the value of the constant
a, the larger the risk gain of the shrinkage estimator can we obtain since the risk

function is monotonically decreasing with respect to a.
5.4 Design of Monte Carlo Experiments
For our analysis, the data were generated by the model:

g™ = 10.0 + 1.5z — 0,520 + ¢,
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where A; = (0.1,0.5,1.0,2.0) and o? = (0.1,0.5). The error disturbances ¢, were
obtained using the GAUSS N(0,1) random number generator RNDNS such that
yg/\‘) > ——;\1—1— since we can only observe truncated values of y; (y; > 0). The model
was chosen t(; héve two explanatory variables whose values were generated from

linear combinations of uniform random numbers (GAUSS function RNDUS) such

that corr(za,vs) = 0.2:

Ty = 124 4uy

T3y = 154 us + 2\/(_:‘mt

where u; and v, are uniformly distributed on the interval U(—+/3,v/3). The vari-
ances of the error term (o? = 0.1 and 0.5) account for approximately 2 % and
6 % of the variation of the right-hand side of the Box-Cox model, respectively.
Each Box-Cox model was estimated 1000 times for samples of size 30 and 60. We
considered the null hypothesis Hg : A; = A, = 0 and A3 = 1.0. Let é;j be the 7th
parameter estimator in the jth replication of simulation. The estimated risk and

MSE are defined by

)=
——
!
-

|
5~
N
Pty

Risk under Quadratic Loss = Qj - 8)/N
Jj=1
N -— -
Risk under Weighted Quadratic Loss = > (8, - 8)'S™'(8; — )/N
Jj=1

(1=
=
<l
|
)
N
()
~
=

MSE of an Individual Parameter Estimator =

.
It
-

where 0; is the 1th parameter of the parameter vector § ; Qj is the estimator for

@ in the jth replication of simulation; and NNV represents the number of simulation



replicates. The information matrix § was obtained using numerical integration
(GAUSS function INTQUAD1). For testing the null hypothesis, we employed the
likelihood ratio test since it uses the information from the unconstrained ML and

constrained ML estimators.

5.5 Results

5.5.1 Risk Properties in the Model ¢? = 0.1

When we define the hypothesis error as the distance of the hypothesized value
from the true parameter value, the size of hypothesis error is proportional to the
value of \;. Results for the estimated risks under quadratic loss for o2 = 0.1 are
reported in Table 5.1. The estimated risks for all estimators decrease when the
hypothesis error is reduced (A; = 2.0 — A; = 0.1). For relatively small hypothesis
error (A = 0.1) at T = 30, the ML estimator has the largest risk under quadratic
loss. When the hypothesis error increases, the pretest estimators have the same
value of risk as the ML estimator since all the LR tests reject the null hypothesis.
The pretest estimators at 0.01 and 0.05 levels of significance have higher risk than
the ML estimator for the model A; = 0.5 at T = 30. The pretest estimators
at all significance levels display higher risk than the ML estimator for the model
Ay = 1 when T = 60. The shrinkage estimator dominates the ML estimator
and the pretest estimator over the whole range of hypothesis error. According to
our analytical results (Section 5.3), the risk of the pretest estimator is expected

to be smaller at the higher significance level than at the lower significance level.



Analytically, the asymptotic risk of the constrained ML estimator is less than
that of the ML estimator under the null hypothesis. If we take the conservative
standard (high significance level), we are more likely to choose the constrained
ML estimator (which has small risk values) than the unconstrained ML estimator
(which leads to small risk of pretesting). However, the risk of the pretest estimator
declines with the lower significance level (larger value of ) when the risk of the
ML estimator is less than that of the pretest estimator (for A\; = 0.1 at T = 60 ;
for A; = 0.5 at T' = 30).

For the models A\; = 0.1 and A\; = 0.5, the constrained ML estimator dom-
inates other (ML, pretest and shrinkage) estimators at T' = 30. The shrinkage
estimator has smaller risk values than the ML estimator, the constrained ML es-
timator and the pretest estimator for the models A;=0.5 and 1.0 (T'=30 and 60).
In addition, the shrinkage estimator dominates the ML estimator over the whole
space of hypothesis error for all sample sizes. Asymptotically, the shrinkage es-
timator using the larger critical value has smaller risk than the estimator using
the smaller critical value. The results of our experiments are shown to correspond
to the asymptotic results. When the sample size increases, all estimators but the
constrained estimator have reduced risk. If A; > 0.5, the risk of the ML estimator
is lower than that of the constrained ML estimator.

When we consider the risk gain over the ML estimator (Tables 5.5 and 5.7),

the shrinkage estimator performs well. For the model with small hypothesis error
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(A1 = 0.1), the risk of the shrinkage estimator is less than 50 % of risk of the ML
estimator at T' = 30. The risk gain of the constrained ML estimator is similar to
that of the shrinkage estimator for large hypothesis error. However, the shrinkage
estimator dominates all other estimators at T' = 60.

The MSE’s for 62 = 0.1 are reported in Tables 5.9-5.12. The MSE’s of the
estimators for 3, and B, account for almost 98% of the estimated risk under
quadratic loss. We observe that the MSE of the estimator for g, in constrained
ML estimation is very small relative to the MSE’s for other (ML, pretest and
shrinkage) estimation methods. Therefore, the low risk for the constrained ML
estimator can be explained by the remarkably small MSE of the estimator for /3,.
All MSE’s except for the constrained ML estimator are reduced when the sample
has more observations. The magnitude of reduction in the MSE of the estimator
for 3, is conspicuous with increasing sample size.

The estimated risks (Table 5.3) under weighted quadratic loss have similar
properties to those under quadratic loss, but the magnitude of the risks under

weighted quadratic loss is much larger than under quadratic loss.

5.5.2 Risk Properties in the Model ¢2 = 0.5

The estimated risks for the model 6 = 0.5 are given in Tables 5.2 and 5.4. For
all models (A\;=0.1, 0.5, 1.0 and 2.0), the shrinkage estimator dominates the ML
estimator. It is worth mentioning that the risk of the constrained ML estimator

is much lower than that of any other estimator over the whole range of hypothesis



error, regardless of the loss function. When the error variance is relatively large
(6% = 0.5), the estimated risk for A; = 2.0 is smaller than that for A; = 1.0.
From tables 5.13-5.16, we can observe that the MSE’s of the linear parameter
estimators for the model A\; = 2.0 are more stable than for the model \; = 1.0.
With increasing sample size, the risks are reduced except for the constrained ML
estimator. The pretest estimators for all models 11ave lower risk than the ML
estimators at T' = 30. However, the risks of the pretest estimators are higher than
those of the ML estimators for A\; = 0.1 and A; = 2.0 when T = 60. The risk of the
pretest estimator is higher with a lower significance level when the ML estimator
has higher risk than the pretest estimator. If the pretest estimator has higher risk
than the ML estimator, the reverse is true.

The estimated MSE’s for the model 02 = 0.5 are reported in Tables 5.13-5.16.
The constrained ML estimators show a conspicuously small value for estimated
risk, which may be explained by the observation that the MSE’s of the linear pa-
rameter estimators in the constrained ML estimation are very small, even though
the hypothesis error is substantial (e.g., A; = 2.0). The risk gain of the shrink-
age estimator and the constrained ML estimator over the ML estimator is larger
when the error variance increases (Tables 5.5-5.8). The constrained ML estima-
tor, especially, has very low risk ratio relative to the ML estimator even though
the hypothesis error is large. Generally, the MSE’s are reduced when the sam-

ple has more observation, except in the case of the constrained ML estimators.
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The magnitude of reduction in the MSE of the estimator for F; is particularly

substantial.
5.6 Conclusions

We can summarize the results as follows: -

1. According to our analytical results, the shrinkage estimator dominates the
ML estimator. The results of our simulation experiments are in accord with

-the asymptotic results in small samples.

2. The risk of the pretest estimator is less at higher significance levels than at
lower levels of significance. The reverse is true when the ML estimator has

lower risk than the pretest estimator.

3. The risk of the ML estimator is higher than that of the constrained ML
estimator for the model 02 = 0.1 at T = 30. However, the ML estimator has
lower risk than the constrained ML estimator as hypothesis error increases

for the model 2 = 0.1 at T = 60.

4. Asymptotically, the risk function of the shrinkage estimator is monotonically
decreasing with respect to the constant a. Our Monte Carlo experiments

support this asymptotic result.

5. The risks and MSE’s for the ML, pretest and shrinkage estimators decrcase

when the sample size increases. The risk of the constrained ML estimator
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increases as the sample size becomes larger.

. When the variance of the error disturbances is large (¢? = 0.5), the con-
strained ML estimators dominate the ML estimators over the entire range of
hypothesis error. The estimated risk for the model A; = 2.0 is smaller than

for the model A\; = 1.0 when the variance of the error term is 0.5.

. The risk gain of the shrinkage estimators over the ML estimators increases

‘when the variance of the error disturbances becomes larger.



Table 5.1: Estimated Risk under Quadratic Loss

(¢2=0.1)
| | =01 }=05 X\=10 X\=20 |
ML
T=30 70.018  81.110  99.908 155.478
T=60 18.182  21.060  29.707  42.188
RML
T=30 10.968  43.547  61.136  78.337
T=60 11.734 44412  61.780  78.714
Pretest’
T=30 62.823  81.339  99.908 155.478
T=60 19.161 21.060  29.707  42.188
Pretest’
T=30 68.631 81.153  99.908 155.478
T=60 18.636 21.060 29.707 42.188
Pretest®
T=30 69.296  81.110  99.908 155.478
T=60 18.394  21.060  29.707  42.188
Stein!
T=30 18.508  43.040  58.050  91.697
T=60 9.689  16.379  23.049  29.841
Stein?® .
T=30 26.500  51.262  67.435 107.401
T=60 10.356 17.023  24.375  32.756
Stein®
T=30 31.714 55.931 72.632 115.537
T=60 11.049 17.542 25.176 34.312
RML = constrained ML estimates
Pretest! = pretest estimates at level 0.01
Pretest? = pretest estimates at level 0.05
Pretest® = pretest estimates at level 0.10
Stein! = shrinkage estimates with a = x2(0.01)
Stein? = shrinkage estimates with a = x2(0.05)
Stein® = shrinkage estimates with a = x2(0.10)
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Table 5.2: Estimated Risk under Quadratic Loss

(02 =0.5)
| M=01 XA=05 XA=10 X=20
ML
T=30 11824.120 19789.498 60510.114 16830.985
T=60 1344.336 673.681 1073.080 806.540
RML
T=30 11.170 43.860 61.315 78.605
T=60 12.045 44.754 62.085 78.946
Pretest’
T=30 5366.218 18620.618 60099.594 16718.281
T=60 954.334 674.051 1074.974 807.957
Pretest?
T=30 10079.830 19616.519 60439.262 16822.778
T=60 1267.982 674.045 1073.721 807.041
Pretest?®
T=30 10942.179 19715.697 60480.799 16830.254
T=60 1298.441 673.599 1073.234 806.687
Stein’
T=30 258.984  5240.702 13751.621 4776.065
T=60 132.837 334.683 616.080 431.872
Stein?®
T=30 1094.451  8270.790 24468.786  7589.888
T=60 278.965 414.950 735.739 530.328
Stein®
T=30 1959.614 10008.052 30299.999 9101.661
T=60 401.094 457.328 794.986 578.983
RML = constrained ML estimates
Pretest! = pretest estimates at level 0.01
Pretest? = pretest estimates at level 0.05
Pretest® = pretest estimates at level 0.10
Stein’ = shrinkage estimates with a = x2(0.01)
Stein® = shrinkage estimates with a = x2(0.05)
Stein® = shrinkage estimates with a = x2(0.10)
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Table 5.3: Estimated Risk under Weighted Quadratic Loss

(¢ =0.1)
| M=01 X\=05 XM=10 X=20 |
ML
T=30 44392.379 61633.355 72920.940 92273.179
T=60 8209.787  8445.625 10372.345 13746.246
RML
T=30 59.756  2386.251  7832.190 20067.569
T=60 135.644  5591.552 18114.402 45910.741
Pretest’
T=30 39447.556 61652.564 72920.940 92273.179
T=60 7933.022  8445.625 10372.345 13746.246
Pretest?
T=30 43393.983 61637.736 72920.940 92273.179
T=60 8144.091  8445.625 10372.345 13746.246
Pretest®
T=30 43971.873 61633.355 72920.940 92273.179
T=60 8177.266  8445.625 10372.345 13746.246
Stein’
T=30 8270.496 28804.231 39526.258 57198.504
T=60 2168.109 5806.984  8468.237 12009.737
Stein?
T=30 15129.336 37492.584 48445.415 66588.897
T=60 3444.054  6469.616  8839.795 12146.497
Stein®
T=30 19260.412 41771.774 52812.192 71178.822
T=60 4173.019 6808.171  9067.696 12323.234
RML = constrained ML estimates
Pretest! = pretest estimates at level 0.01
Pretest? = pretest estimates at level 0.05
Pretest® = pretest estimates at level 0.10
Stein? = shrinkage estimates with a = x2(0.01)
Stein? = shrinkage estimates with a = x3(0.05)
Stein® = shrinkage estimates with a = x2(0.10)



Table 5.4: Estimated Risk under Weighted Quadratic Loss

(¢ = 0.5)
( A =0.1 A =05 A = 1.0 A = 2.0
ML
T=30 3872516.900 6778576.000 19123439.000 3388751.100
T=60 694515.670  300249.240 469677.400 428907.920
RML
T=30 15.681 534.208 1701.617 4274.412
T=60 34.074 1239.192 3908.305 9728.462
Pretest’
T=30 1899908.200 6439488.700 19014454.000 3356635.800
T=60 513906.270  299499.740 469757.230  429015.270
Pretest?
T=30 3350379.700 6731594.200 19106842.000 3386574.800
T=60 669411.800  300068.230 469727.670  428987.160
Pretest®
T=30 3644051.400 6760342.100 19116509.000 3388537.900
T=60 678897.450  300145.440 469694.110  428942.990
Stein!
T=30 104154.210 2045560.700 4528802.600 1072963.800
T=60 71568.871  148850.690 272856.030  226707.880
Stein’
T=30 405135.890 3072453.900 7907491.300 1620836.400
T=60 150494.240 186783.180 326102.440  281732.790
Stein®
T=30 700173.920 3645767.700 9733764.800 1912433.500
T=60 215306.820 206164.060 351927.750  308309.540
RML = constrained ML estimates
Pretest! = pretest estimates at level 0.01
Pretest? = pretest estimates at level 0.05
Pretest® = pretest estimates at level 0.10
Stein® = shrinkage estimates with a = x2(0.01)
Stein? = shrinkage estimates with a = x2(0.05)
Stein?® = shrinkage estimates with a = x2(0.10)
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Table 5.5: The Risk Ratios Relative to the ML Estimator
— Quadratic Loss: 02 = 0.1 —

[ | M=01 =05 =10 A\ =20 |
RML
T=30 0.157 0.537 0.612 0.504
T=60 0.645 2.109 2.080 1.866
Pretest!
T=30 0.897 1.003 1.000 1.000
T=60 1.054 1.000 1.000 1.000
Pretest?
T=30 0.980 1.001 1.000 1.000
T=60 1.025 1.000 1.000 1.000
Pretest® _
T=30 0.990 1.000 1.000 1.000
T=60 1.012 1.000 1.000 1.000
Stein!
T=30 0.264 0.531 0.581 0.590
T=60 0.533 0.778 0.776 0.707
Stein?®
T=30 0.378 0.632 0.675 0.691
T=60 0.570 0.808 0.821 0.776
Stein®
T=30 0.453 0.690 0.727 0.743
T=60 0.608 0.833 0.847 0.813
RML = constrained ML estimates
Pretest! = pretest estimates at level 0.01
Pretest? = pretest estimates at level 0.05
Pretest® = pretest estimates at level 0.10
Stein? = shrinkage estimates with ¢ = x3(0.01)
Stein? = shrinkage estimates with a = x2(0.05)

Stein® = shrinkage estimates with @ = x2(0.10)



Table 5.6: The Risk Ratios Relative to the ML Estimator
— Quadratic Loss: 0% = 0.5 —

RML
T=30 0.001 0.002 0.001 0.005
T=60 0.009 0.066 0.058 0.098
Pretest?
T=30 0.454 0.941 0.993 0.993
T=60 0.710 1.001 1.002 1.002
Pretest?
T=30 0.852 0.991 0.999 1.000
T=60 0.943 1.001 1.001 1.001
Pretest®
T=30 0.925 0.996 1.000 1.000
T=60 0.966 1.000 1.000 1.000
Stein!
T=30 0.022 0.265 0.227 0.284
T=60 0.099 0.497 0.574 0.535
Stein?
T=30 0.093 0.418 0.404 0.451
T=60 0.208 0.616 0.686 0.658
Stein?
T=30 0.166 0.506 0.501 0.541
T=60 0.298 0.679 0.741 0.718
RML = constrained ML estimates
Pretest! = pretest estimates at level 0.01
Pretest? = pretest estimates at level 0.05
Pretest® = pretest estimates at level 0.10
Stein? = shrinkage estimates with @ = x2(0.01)
Stein? = shrinkage estimates with a = x2(0.05)

Stein® = shrinkage estimates with a = x2(0.10)



Table 5.7: The Risk Ratios Relative to the ML Estimator

— Weighted Quadratic Loss: ¢ = 0.1 —

}\1 = 0.1 Al == 05 Al - 1.0 )\1 = 20

RML
T=30 0.001 0.039 0.107 0.217
T=60 0.017 0.662 1.746 3.340
Pretest!
T=30 0.889 1.000 1.000 1.000
T=60 0.966 1.000 1.000 1.000
Pretest?
T=30 0.978 1.000 1.000 1.000
T=60 0.992 1.000 1.000 1.000
Pretest®
T=30 0.991 1.000 1.000 1.000
T=60 0.996 1.000 1.000 1.000
Stein’
T=30 0.186 0.467 0.542 0.620
T=60 0.264 0.688 0.816 0.874
Stein?
T=30 0.341 0.608 0.664 0.722
T=60 0.420 0.766 0.852 0.884
Stein®
T=30 0.434 0.678 0.724 0.771
T=60 0.508 0.806 0.874 0.896
RML = constrained ML estimates
Pretest! = pretest estimates at level 0.01
Pretest? = pretest estimates at level 0.05
Pretest® = pretest estimates at level 0.10
Stein! = shrinkage estimates with a = x2(0.01)
Stein® = shrinkage estimates with a = x2(0.05)
Stein® = shrinkage estimates with a = x2(0.10)
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Table 5.8: The Risk Ratios Relative to the ML Estimator
— Weighted Quadratic Loss: 0% = 0.5 —

| M=01 A=05 \=10 X\=20 |

RML
T=30 0.000 0.000 0.000 0.001
T=60 0.000 0.004 0.008 0.023
Pretest!
T=30 0.491 0.950 0.994 0.991
T=60 0.740 0.998 1.000 1.000
Pretest?
T=30 0.865 0.993 0.999 0.999
T=60 0.964 0.999 1.000 1.000
Pretest?® '
T=30 0.941 0.997 1.000 1.000
T=60 0.978 1.000 1.000 1.000
Stein!
T=30 0.027 0.302 0.237 0.317
T=60 0.103 0.496 0.581 0.529
Stein?
T=30 0.105 0.453 0.413 0.478
T=60 0.217 0.622 0.694 0.657
Stein®
T=30 0.181 0.538 0.509 0.564
T=60 0.310 0.687 0.749 0.719
RML = constrained ML estimates
Pretest! = pretest estimates at level 0.01
Pretest? = pretest estimates at level 0.05
Pretest® = pretest estimates at level 0.10
Stein’ = shrinkage estimates with a = x2(0.01)
Stein? = shrinkage estimates with a = x2(0.05)

Stein® = shrinkage estimates with a = x2(0.10)



Table 5.9: Estimated MSE for Parameter Estimnators

(02 = 0.1, \; = 0.1)

| | B Bz Ps A Az As ]
ML
T=30 |29.666 39.198 0.805 0.003 0.273 0.069
T=60 |12.040 5.803 0.166 0.002 0.141 0.028
RML
T=30 |10.776 0.130 0.039 0.010 0.010 0.000
T=60 |11.542 0.126 0.043 0.010 0.010 0.000
Pretest!
T=30 |27.825 34.060 0.699 0.007 0.184 0.045
T=60 | 13.394 5.453 0.163 0.0n4 0.121 0.023
Pretest?
T=30 |29.654 37.909 0.772 0.005 0.230 0.058
T=60 12.592 5.712 0.166 0.002 0.134 0.027
Pretest®
T=30 |29.728 38.457 0.792 0.004 0.249 0.062
T=60 |12.303 5755 0.167 0.002 0.138 0.027
Stein’
T=30 |11.802 6.503 0.154 0.007 0.033 0.006
T=60 8.279  1.319 0.050 0.005 0.029 0.005
Stein?
T=30 |13.705 12.454 0.257 0.006 0.062 0.014
T=60 8.049 2.177 0.068 0.004 0.047 0.009
Stein®
T=30 |15.182 16.097 0.324 0.005 0.084 0.020
T=60 8.197 2.697 0.080 0.003 0.059 0.011
RML = constrained ML estimates
Pretest! = pretest estimates at level 0.01
Pretest? = pretest estimates at level 0.05
Pretest® = pretest estimates at level 0.10
Stein! = shrinkage estimates with a = x%(0.01)
Stein? = shrinkage estimates with a = x2(0.05)
Stein® = shrinkage estimates with a = x2(0.10)
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Table 5.10: Estimated MSE for Parameter Estimnators
(6 =0.1, Ay = 0.5)

B 1 B B2 B3 M A2 As |
| ML
T=30 |42.344 37.178 1.225 0.017 0.274 0.063
T=60 15.740 4915 0.223 0.010 0.139 0.028
RML
T=30 |42.065 1.070 0.145 0.250 0.010 0.000
T=60 |42.904 1.090 0.150 0.250 0.010 0.000
Pretest!’
T=30 |42.565 37.184 1.226 0.019 0.274 0.063
T=60 15.740 4.915 0.223 0.010 0.139 0.028
Pretest?
T=30 42.385 37.179 1.225 0.018 0.274 0.063
T=60 15.740 4.915 0.223 0.010 0.139 0.028
Pretest®
T=30 |42.344 37.178 1.225 0.017 0.274 0.063
T=60 15.740 4.915 0.223 0.010 0.139 0.028
Stein’
T=30 | 26.392 15.902 0.556 0.056 0.104 0.024
T=60 13.330 2.789 0.136 0.028 0.078 0.016
Stein?’
T=30 | 28.870 21.446 0.725 0.035 0.146 0.034
T=60 |13.368 3.361 0.158 0.019 0.095 0.019
Stein3
T=30 |30.673 24.206 0.811 0.028 0.168 0.039
T=60 13.590 3.640 0.169 0.016 0.103 0.021
RML = constrained ML estimates
Pretest! = pretest estimates at level 0.01
Pretest? = pretest estimates at level 0.05
Pretest® = pretest estimates at level 0.10
Stein? = shrinkage estimates with a = x2(0.01)
Stein? = shrinkage estimates with a = x32(0.05)
Stein® = shrinkage estimates with a = x%(0.10)
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Table 5.11: Estimated MSE for Parameter Estimators

(0% = 0.1, A, = 1.0)

L 1 A B2 e M Aa As |
ML
T=30 58.005 39.829 1.673 0.045 0.278 0.055
T=60 |23.434 5.746 0.322 0.031 0.139 0.027
RML
T=30 | 58.419 1.512 0.186 1.000 0.010 0.000
T=60 59.040 1.531 0.190 1.000 0.010 0.000
Pretest!
T=30 58.005 39.829 1.673 0.045 0.278 0.055
T=60 23.434 5.746 0.322 0.031 0.139 0.027
Pretest?
T=30 58.005 39.829 1.673 0.045 0.278 0.055
T=60 23.434 5.746 0.322 0.031 0.139 0.027
Pretest®
T=30 58.005 39.829 1.673 0.045 0.278 0.055
T=60 | 23.434 5.746 0.322 0.031 0.139 0.027
Stein’
T=30 36.446 20.492 0.789 0.164 0.123 0.024
T=60 19.034 3.613 0.214 0.076 0.090 0.017
Stein?
T=30 40.419 25.688 1.019 0.099 0.163 0.032
T=60 19.746  4.204 0.243 0.053 0.104 0.020
Stein®
T=30 42.964 28.222 1.134 0.078 0.183 0.036
T=60 20.250 4.486 0.257 0.045 0.110 0.021
RML = constrained ML estimates
Pretest! = pretest estimates at level 0.01
Pretest? = pretest estimates at level 0.05
Pretest?® = pretest estimates at level 0.10
Stein’ = shrinkage estimates with a = x2(0.01)
Stein? = shrinkage estimates with ¢ = x2(0.05)
Stein® = shrinkage estimates with a = x2(0.10)

172



Table 5.12: Estimated MSE for Parameter Estimators
(¢? = 0.1, \; = 2.0)

, | B B2 B3 A1 A2 As |
ML
T=30 85.239 67.436 2.299 0.141 0.271 0.052
T=60 35.165 6.273 0.465 0.092 0.147 0.028
RML
T=30 72.274 1.829 0.214 4.000 0.010 0.000
T=60 72.634 1.844 0.217 4.000 0.010 0.000
Pretest!
T=30 85.239 67.436 2.299 0.141 0.271 0.052
T=60 35.165 6.273 0.465 0.092 0.147 0.028
Pretest?
T=30 85.239 67.436 2.299 0.141 0.271 0.052
T=60 35.165 6.273 0.465 0.092 0.147 0.028
Pretest?
T=30 85.239 67.436 2.299 0.141 0.271 0.052
T=60 35.165 6.273 0.465 0.092 0.147 0.028
Stein’
T=30 52,149 37.604 1.290 0.470 0.137 0.026
T=60 24951  4.250 0.305 0.205 0.099 0.018
Stein?
T=30 59.488 45.840 1.563 0.278 0.173 0.033
T=60 27.300 4.820 0.349 0.139 0.113 0.021
Stein®
T=30 63.584 49.783 1.696 0.219 0.190 0.037
T=60 28.578 5.088 0.370 0.119 0.119 0.022
RML = constrained ML estimates
Pretest! = pretest estimates at level 0.01
Pretest? = pretest estimates at level 0.05
Pretest® = pretest estimates at level 0.10
Stein! = shrinkage estimates with a = x2(0.01)
Stein? = shrinkage estimates with a = x2(0.05)
Stein® = shrinkage estimates with a = x2(0.10)
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Table 5.13: Estimated MSE for Parameter Estimators

(02 = 0.5, A\; = 0.1)

L P B2 Pa A1 Az As |
ML
T=30 1548.344 10226.516 47.122 0.008 1.408 0.276
T=60 253.792 1085.586  3.837 0.004 0.856 0.099
RML
T=30 10.833 0.172  0.039 0.010 0.010 0.000
T=60 11.731 0.145 0.043 0.010 0.010 0.000
Pretest!
T=30 662.768  4674.333 28.440 0.011 0.304 0.074
T=60 172.813 777.610  3.398 0.009 0.277 0.033
Pretest?
T=30 1262.803  8777.437 38.379 0.010 0.644 0.140
T=60 231.841 1031.629  3.692 0.008 0.559 0.060
Pretest®
T=30 |1396.535 9498.818 45.368 0.010 0.818 0.180
T=60 240.999 1052.773  3.748 0.007 0.656 0.071
Stein’
T=30 48.352 207.207  3.263 0.009 0.032 0.008
T=60 33.278 98.359  1.047 0.009 0.033 0.004
Stein®
T=30 154.700 930.993 8.505 0.008 0.085 0.022
T=60 59.621 217.538 1.594 0.008 0.084 0.010
Stein?
T=30 264.256  1682.476 12.535 0.008 0.143 0.036
T=60 81.046 317.869 1.909 0.007 0.135 0.016
RML = constrained ML estimates
Pretest! = pretest estimates at level 0.01
Pretest? = pretest estimates at level 0.05
Pretest® = pretest estimates at level 0.10
Stein’ = shrinkage estimates with a = x2(0.01)
Stein? = shrinkage estimates with a = x3(0.05)
Stein® = shrinkage estimates with a = x2(0.10)



Table 5.14: Estimated MSE for Parameter Estimators

(0% = 0.5, A; = 0.5)

B P B Ps A1 Az As |
ML
T=30 2546.285 17133.708 105.546 0.045 1.413 0.254
T=60 160.387 507.897 3.920 0.024 0.785 0.099
RML
T=30 42.170 1.071 0.144 0.250 0.010 0.000
T=60 43.042 1.084 0.149 0.250 0.010 0.000
Pretest!
T=30 2395.085 16118.141 103.814 0.134 1.003 0.158
T=60 162.862 505.856 3.900 0.059 0.698 0.086
Pretest?
T=30 2519.928 16988.129 104.682 0.088 1.212 0.210
T=60 1612.212 507.453 3.912 0.036 0.763 0.095
Pretest®
T=30 2534.058 17072.343 105.445 0.072 1.289 0.229
T=60 160.683 507.526 3.922 0.031 0.769 0.096
Stein’
T=30 738.791  4452.678 48.049 0.171 0.169 0.025
T=60 84.822 247.681 1.567 0.113 0.188 0.023
Stein®
T=30 1120.189 7086.298 62.654 0.127 0.336 0.053
T=60 100.842 311.214 2.133 0.075 0.305 0.037
Stein®
T=30 |1336.407 8599.740 69.968 0.106 0.453 0.074
T=60 109.805 344.239 2.428 0.060 0.374 0.046
RML = constrained ML estimates
Pretest! = pretest estimates at level 0.01
Pretest? = pretest estimates at level 0.05
Pretest® = pretest estimates at level 0.10
Stein! = shrinkage estimates with a = x2(0.01)
Stein? = shrinkage estimates with a = x2(0.05)

Stein® = shrinkage estimates with a = x2(0.10)



Table 5.15: Estimated MSE for Parameter Estimnators
(02 = 0.5, \; = 1.0)

| By B2 Bs A A As |
ML .
T=30 | 7342.337 52830.039 323.787 0.123 1.358 0.250
T=60 253.103 807.029 5.012 0.076 0.832 0.108
RML ‘
T=30 58.371 1.512 0.185 1.000 0.010 0.000
T=60 59.123 1.524 0.189 1.000 0.010 0.000
Pretest!
T=30 7279.439 52483.712 322.622 0.394 1.006 0.201
T=60 255.335 806.649 5.017 0.136 0.806 0.104
Pretest?
T=30 7330.033 52771.631 323.674 0.233 1.225 0.237
T=60 253.722 807.039, 5.014 0.092 0.826 0.107
Pretest?®
T=30 7337.470 52805.612 323.792 0.179 1.278 0.243
T=60 253.249 807.034 5.013 0.080 0.830 0.108
Stein’
T=30 1784.831 11869.734  92.246 0.577 0.194 0.040
T=60 144.998 464.568 2.193 0.330 0.269 0.035
Stein?
T=30 3060.176 21253.822 147.969 0.400 0.365 0.075
T=60 170.962 556.655 2.910 0.212 0.395 0.052
Stein®
T=30 3752.553 26362.272 177.262 0.317 0.482 0.098 |
T=60 184.528 601.518 3.272 0.167 0.464 0.061
RML = constrained ML estimates
Pretest! = pretest estimates at level 0.01
Pretest? = pretest estimates at level 0.05
Pretest® = pretest estimates at level 0.10
Stein’ = shrinkage estimates with a = x2(0.01)
Stein? = shrinkage estimates with a = x2(0.05)
Stein?® = shrinkage estimates with @ = x2(0.10)
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Table 5.16: Estimated MSE for Parameter Estimators
(0‘2 = 05, Al = 20)

| B B2 B3 A1 Az As |
ML
T=30 | 2042.220 14538.089 228.632 0.331 1.390 0.200
. T=60 270.991 517.690 11.944 0.224 0.823 0.101
RML
T=30 72.312 1.823 0.214 4.000 0.010 0.000
T=60 72.634 1.840 0.216 4.000 0.010 0.000
Pretest’
T=30 | 2029.834 14438.281 227.593 1.125 1.188 0.168
T=60 272.545 517.434 11.935 0.366 0.808 0.098
Pretest?
T=30 | 2042.449 14529497 228.622 0.552 1.337 0.193
T=60 271.452 517.696 11.945 0.258 0.821 0.100
Pretest® : ‘
T=30 | 2043.062 14536437 228.627 0.441 1.365 0.197
T=60 271.122 517.693 11.944 0.236 0.823 0.101
Stein’
T=30 676.338  4036.364 54.591 2.065 0.250 0.035
T=60 150.905 271.014 6.009 1.013 0.327 0.039
Stein?
T=30 0994.254  6488.944 95.121 1.237 0.449 0.064
T=60 180.646 337.783 7.605 0.634 0.445 0.054
Stein®
T=30 | 1164.479 7807.121 116.934 1.017 0.576 0.082
T=60 195.913 370.171 8.382 0.498 0.507 0.061
RML = constrained ML estimates
Pretest! = pretest estimates at level 0.01
Pretest? = pretest estimates at level 0.05
Pretest® = pretest estimates at level 0.10
Stein’ = shrinkage estimates with a = x2(0.01)
Stein? = shrinkage estimates with a = x2(0.05)
Stein® = shrinkage estimates with a = x2(0.10)
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CHAPTER 6
CONCLUDING REMARKS

April is the cruellest month, breeding

Lilacs out of the dead land, mixing

Memory and desire, stirring

Dull roots with spring rain.

Winter kept us warm, covering

Earth in forgetful snow, feeding

A little life with dried tubers.

Summer surprised us, coming over the Starnbergersee
With a shower of rain; we stopped in the colonnade,
And went on in the sunlight, into the Hofgarten,

And drank coffee, and t.aﬁ(eci for an hour.

Bin gar keine Russin, stamm’ aus Litauen, echt deutsclr
And when we were children, staying at the arch-duke’s,
My cousin’s, he took me out on a sled,

And I was frightened. He said, Marie,

Marie, hold on tight. And down we went.

In the mountains, there you feel free.

I read, much of the night, and go south in the winter.

T. §. Eliot

In this dissertation estimation and inference procedures for the Box-Cox re-
gression model have been considered. This model is an important one for economic
researchers, as it allows the joint estimation of response coeflicients and param-
eters that determine the functional form. Since the model is nonlinear in the
parameters, maximum likelihood estimation is employed, and the focus of this
research has been the sampling characteristics of estimators and test statistics in
small samples.

Zarembka (1974) has shown that heteroscedasticity induced by the transfor-
mation leads to bias in the maximum likelihood estimator of the power parameter
on the response variable. However, the normality assumption for the error distur-

bances is not valid in a strict sense, since the Box-Cox transformation requires a
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positive value for the pretransformed variable, which is thereby truncated. Since
the heteroscedasticity analyzed by Zarembka is based on the normality of the er-
ror term, his condition for consistent estimation of the power parameter of the
response variable is not, in general, correct. This research addressed the trunca-
tion problem since the validity of ML estimation and hypothesis testing is based
on the assumption of a regular likelihood function.

Chapter 2 dealt with the basic concepts of statistical inference with an em-
phasié on ML estimation and asymptotic properties of the ML estimators. Finite
sample properties and the linear regression model were briefly mentioned. Biased
estimators (pretest and Stein-rule) were given a rather thorough treatment within
the framework of decision theory. The small sample distributions of estimators
and test statistics were discussed in light of current theoretical developments.

In Chapter 3, the general transformation-of-variables model was presented.
The three methods of estimation — ML, two stage nonlinear least squares and
IGLS — were presented. Bootstrapping was carried out to compare the boot-
strap sample variability and the finite sample variability (RMSE). When T = 30,
bootstrap sample variabilities turned out to be poor approximations to finite sam-
ple variabilities. The exact distribution of the ¢ statistic was obtained using an
Edgeworth expansion. To correct the size of the ¢ test, bootstrap inversion of
an Edgeworth expansion was employed. Our Monte Carlo experiments showed

that the size correction using the Edgeworth expansion, which was approximated
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by bootstrapping, improved the performance of the t-test. The biases of linear
(response) parameter estimators, especially those with nonlinear power transfor-
mations, were shown to be substantial when the sample size is small (T' = 30).
The standard errors computed from the Hessian matrix were a poor measure of
the finite sample variability. The t-ratios of the linear parameter estimators may
not be normally distributed in small samples.

The LM, LR and Wald test statistics can be used for testing the functional
form in the Box-Cox model. Though they all have an asymptotic x2-distribution,
the empirical size of the tests does not correspond to the nominal size. Further-
more, these statistics do not have a y2-distribution in small samples. Chapter 4 is
primarily concerned with hypothesis testing within the framework of the Box-Cox
transformation. In order to insure the accuracy of our analysis, we assumed that
the distribution of the pretransformed response variable was truncated normal.
The asymptotic equality of the LM, LR and Wald statistics was displayed. The
Monte Carlo simulation, however, yielded differences among the three statistics
when T' = 30 and T = 60. The LR statistic appeared to be a good approximation
to the y%-distribution in small samples. The asymptotic power functions of the
LM, LR and Wald statistics were shown to be a poor measure of the small sample
power.

In Chapter 5, the asymptotic risk properties of the ML, constrained ML, pretest

and shrinkage estimators were analyzed. The shrinkage (positive-part Stein-like)
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estimator dominated the ML estimator in small samples as well as in large samples.

Basically, our research is based on the assumptions of independent random
disturbances and nonstochastic regressors while often in practice the explanatory
variables contain lagged dependent variables and the error term is autocorrelated.
In addition, the available test statistics are only asymptotically justified. There-

fore, future research topics are suggested as follows:

1. When we depend on asymptotic test statistics, it is desirable to develop size
corrected test procedures using an Edgeworth expansion. Bootstrapping is

an alternative way of correcting the size of the asymptotic test statistics.

2. Tt is required to obtain a measure of the precision of the shrinkage estimator
in the nonlinear regression model. In addition, the finite risk needs to be

investigated since the risk function has been obtained only asymptotically.

3. When the Box-Cox regression model contains lagged dependent variables
with autocorrelated errors, the usual asymptotic covariance matrix of param-
eter estimators is incorrect. In order to analyze dynamic nonlinear models,
the notions of asymptotic martingales, which are called mixingales, and near
epoch dependence need to be introduced [Gallant (1987); Gallant and White
(1988)], since these concepts enable us to investigate the general nonlinear
model with dependent and heterogenous stochastic processes. Furthermore,

Gallant and White’s unified approach to nonlinear dynamic models provides



182

a theoretical foundation for acceptable statistical inference even in the pres-

ence of model misspecification.

. Consider the general transformation-of-variables model:
T(yt) = /81 + ﬁZm(zi‘z)+, v ,+ﬂkw§c;‘k) + €

where T'(y;) is a suitable transformation that makes the random variables y;
normally distributed and z;,7 = 1,...,k, are assumed to be nonstochastic
.and Fe¢, = 0. Using Bartlett’s (1947) method for the approximation [Box

and Hill (1974)], we obtain

Var[T(y:)] = Var(yt)[m]z

Aye vw=FEy:
Therefore, Var|[T'(y;)] might be heteroscedastic even if Var(y;) is homoscedas-

tic. For the Box-Cox transformation yf'\‘) for L <T(y) < R,
Var[yp‘)] = Var(y,)[E(v.)]**~? = Var(e)

WllereRz—iandL:~ooifA1 <0;R=+ooandL:———Al—lif)\1 > 0.
The truncated ML estimator under the assumption of homoscedasticity is
inconsistent when the true error disturbances have heterosccidastic variances
[Hurd (1979)]. In general, heteroscedasticity caused by the transformation
needs to be considered for efficient estimation, even though the ML estimator

1s consistent.

. In the context of the Box-Cox transformation, the sample can be divided

into two or more subsamples where all or some of parameters (linear and
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power) are different. For example, in cross-sectional analysis, the regression
coefficients and functional form, as well as variances of the error term, might
differ in geographical regions. Then the problem is that the number of
observations might be small relative to the number of parameters estimated.
A way to cope with this difficulty is to apply the Lagrange principle to test
for structural change, since it requires only the estimation of the constrained
model. If the sample size is very small, the size correction can be made using

an Edgeworth expansion.

. Spitzer (1977) estimated simultaneous equations for money demand and sup-
ply, when both the mone; demand and supply equations are transformed.
He used the full information ML (FIML) estimation method. The trunca-
tion problem raised in single equation estimation can also be addressed in
the simultaneous equations framework. In this case, the covariance matrices
computed from the Hessian matrix or outer products of the first derivatives
of the usual log-likelihood function are incorrect. There are two more points
worthy of mentioning. First, Spitzer ignored the identification conditions
in nonlinear simultaneous equation systems by relying on the identification
conditions for equations linear in the parameters, but nonlinear in the data.
Second, he estimated the simultaneous Box-Cox model using a small sample
(T = 41), for which the validity of applying asymptotic properties is doubt-

ful. Spitzer’s simultaneous Box-Cox model could be extended when the error
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disturbances are assumed to be heteroscedastic and/or vector autoregressive.

Carroll and Ruppert (1984) employed the Box-Cox transformation when
fitting a theoretical model to data. If we have the following CES production

function:

y = [6o+ 6 K7 + & L7

economists usually model the data generation process by merely adding an

error term:

vy = [8p + 86, K7 + 6 LE)Y? + ¢ (6.1)

or

yf = 60 + 61.[&-{) + 62Lf + ¢ (62)

where ¢, ~ N(0,0%). The model (6.1) is estimated by nonlinear least squares
or the ML method while model (6.2) is estimated by the ML method. Carroll
and Ruppert have proposed that the simultaneous power transformation of
the response variable and the model lead to homoscedasticity and normality

of error disturbances:
Y™ = {[60 + 6, K7 + 8,17/} 4 ¢, € ~ iid N(0,02) (6.3)

They further showed via Monte Carlo simulation and an asymptotic theory
that the cost of ML estimation of A is moderate compared to the case when A
is known. Therefore, the method of transformation suggested by Carroll and

Ruppert merits attention because we can apply ML estimation to estimate



the random data generating mechanism without destroying the theoretical
relationship. The Box-Cox transformation of the truncated dependent vari-
able leads to a truncated transformed dependent variable. Therefore, under
the assumption of an appropriate distribution function for the original de-
pendent variable, we can get accurate ML estimators. Heteroscedasticity

caused by transformation can also be implemented into model (6.3).

. Since the error disturbances of the Box-Cox transformation model are as-
Asumed to be approximately normal, robust estimation methods can be used
when we expect heavier tail behaviour of the error disturbances. Robust es-
timators for the Box-Cox model were proposed by Carroll (1980) and Bickel
and Doksum (1981) when only the dependent variable is transformed. Fur-
ther study is required to extend robust estimation to the general transformation-
of-variables model. Han (1987) proposed a non-parametric estimation method
that attains efliciency gain in terms of mean squared error over the ML es-
timation method. Neither the asymptotic nor the finite properties of the

robust estimators have been studied for hypothesis testing.
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