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Abstract

This dissertation addresses a fundamental problem in computational AT —
developing a class of massively parallel, neural algorithms for learning robustly,
and in real-time, complex nonlinear transformations from representative exem-
plars. Provision of such a capability is at the core of many real-life problems
in robotics, signal processing and control. The concepts of terminal attractors
in dynamical systems theory and adjoint operators in nonlinear sensitivity the-
ory are exploited to provide a firm mathematical foundation for learning such
mappings with dynamical neural networks, while achieving a dramatic reduction
in the overall computational costs. Further, we derive an efficient methodology
for handling a multiplicity of application-specific constraints during run-time,
that precludes additional retraining or disturbing the synaptic structure of the

“learned” network.

The scalability of proposed theoretical models to large-scale embodiments in
neural hardware is analyzed. Neurodynamical parameters, e.g.. decay constants,
response gains, etc., are systematically analyzed to understand their implica-
tions on network scalability, convergence, throughput and fault tolerance, during
both concurrent simulations and implementation in concurrently asynchronous
VLSI, optical and opto-electronic hardware. Dynamical diagnostics, e.g., Lya-
punov exponents, are used to formally characterize the widely observed dynam-
ical instability in neural networks as “emergent computational chaos”. Using
contracting operators and nonconstructive theorems from fixed point theory, we
rigorously derive necessary and sufficient conditions for eliminating all oscillatory
and chaotic behavior in additive-type networks. Extensive benchmarking exper-
iments are conducted with arbitrarily large neural networks (over 100 million
interconnects) to verify the methodological robustness of our network “condi-

tioning” formalisms.

X1




Finally, we provide insight for exploiting our proposed repertoire of neural
learning formalisms in addressing a fundamental problem in robotics - manipula-
tion controller design for robots operating in unpredictable environments. Using
somie recent results in task analysis and dynamic modeling we develop the “Per-
ceptual Manipulation Architecture”. The architecture, conceptualized within a
perceptual framework, is shown to be well beyond the state-of-the-art model-
directed robotics. For a stronger physical interpretation of its implications, our

discussions are embedded in context of a novel systems’ concept for automated

space operations.
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Chapter One

Introduction

In the past few years the quest for efficient computational approaches to
artificial intelligence and cognitive engineering has undergone a significant evo-
lution. Not only is this transformation, from discrete symbolic reasoning to
massively parallel connectionist neuroprocessing of compelling scientific interest,
but also is of tremendous practical interest. It is changing the very rubric of
information processing and problem solving. In general, the scientific and en-
gineering community is contested with two basic categories of problems. First,
there are problems that are clearly defined and deterministic. They are targeted
for situations that are completely deterministic, precisely controllable, and can
best be handled by computers employing rigorous, precise logic, algorithms, or
production rules. This class deals with structured problems such as sorting. data
processing and automated assembly in controlled workspace. On the other hand,
there are scenarios such as maintenance of nuclear plants, undersea mining, battle
management and assembly/repair of space satellites, that lead to computational
problems that are inherently ill-posed and ill-conditioned [17,61,149]. Such un-
structured problems entail providing for situations that may have reccived no
prior treatment or thought. Decisions need to be made, based on information
that is incomplete, often ambiguous, plagued with imperfect or inexact knowl-
edge, and involve the handling of large sets of competing constraints that can
tolerate “close enough” solutions. The outcome depends, on very many inputs
and their statistical variations, and there is not a clear logical method for arriv-
ing at the answer. In summary, this category encapsulates problems that cannot

be satisfactorily addressed using traditional computational paradigms such as
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Random Access Machines [3,216], Markov Algorithms [218], Universal Turing
Machines [4], Cellular Automata [271], Recursive Function Theory [247] or Pro-
duction Systems [148,208,286]. The focus of artificial intelligence and machine
learning has traditionally been to understand, and engineer systems that can

address such unstructured computational problems.

Engineered intelligent systems, e.g., expert systems with some embedded
reasoning, autonomous robots and rovers for space applications, behave with re-
markable rigidity when compared to their biological counterparts, especially in
their ability to recognize objects or speech, to manipulate and adapt in an un-
structured environment and to learn from past experience. They lack common
sense knowledge and reasoning, knowledge structures for recognizing complex
patterns - they fail to recognize their own limitations. They are insensitive to
context and are likely to give incorrect responses to queries that are outside the
domains for which they are programmed. Algorithmic structuring fails to match
the biological computational machinery when it comes to taking sensory infor-
mation and acting on it, specially when the sensors are bombarded by a range of
different, and in some cases competing stimuli. On the other hand, the biologi-
cal machinery is capable of providing satisfactory solutions to such ill-structured
problems with remarkable ease and flexibility [14,96,97,175,205]. A key emphasis
underlying any paradigmatic development for unstructured computation today,
is to understand how the aforementioned unstructured computations are inter-
preted, organized and carried out by the biological systems. The latter exhibit a
spontaneous emergent ability that enables them to self-organize and adapt their

structure and function.

A major reason for this limited technical success in emulating some of the
more fundamental aspects of human intelligence lies in the differences between the

organization, structuring of knowledge, and the dynamics of biological neuronal



circuitry and its emulation using the symbolic processing paradigm [41,76,124].
For example, it has been widely hypothesized [133,154,185-187,296] that “anal-
ogy and reminding guide all our thought patterns and that being attuned to
vague resemblances is the hallmark of intelligence”. Thus, it would be naive to
expect that logical manipulation of symbolic descriptions as an adequate tool.
Furthermore, there is substantial psychophysical evidence [60,121,184,154,296]
that while the beginner learns through rules, the expert discards such rules. In-
stead he discriminates thousands of patterns in his domains of expertise acquired

through experience, and how to respond to them.

It is rapidly becoming evident that many of the unstructured problems
characterized above, can be best solved not with traditional AI techniques,
but by “analogy”, “subsymbolic” [133,251,263] or pattern matching techniques
[276,285]. While Al attempts to do this, neural networks, a biologically inspired,
computational and information processing paradigm, provides us with an inher-
ently better, but not a unique tool. Our focus is on examining the capabilities
of neural networks for learning, which is central to the “deeper” question of its
feasibility to artificial intelligence. In the remainder of this dissertation, we con-
centrate on developing a repertoire of computational formalisms that can provide
us an enabling basis for solving a significantly complex problem, that has been
addressed for last several decades, namely, functional synthesis, u.e., learning
nonlinear mappings to abstract functional invariants, statistical invariants log-
ical invariants and spatial invariants from representative examples. However,
before we formally introduce neural networks, and embark into the technical
core of this thesis, we present arguments juxtaposing the suitability of neural
networks versus Formal Al, to solving problems in computational learning. A
detailed discussion on the latter subject may be found in Gulati, Barhen and

Iyengar [111].



1.1. Neural Networks for AT Modeling

Over the last three decades, formai AI and neural network researchers have
extensively examined the problems in pattern recognition, adaptive machine
learning, perception and sensory-motor control, providing an insightful assess-
ment of what is difficult and what is easy [121,144]. Although both disciplines
have similar goals, there is not much overlap between their projected capabilities.
The basis of both paradigms may be traced back to hypotheses of Weiner [286]
and Leibniz [182], wherein they identified humans as goal-seeking, complicated
machine composed of an “intelligent” brain and highly redundant motor systems.
It is able to detect errors, change course, and adapt its behavior so that achieve-
ments of goals is more eflicient. However, subsequent development of intelligent
systems has pursued two distinct schools of thought; symbolic and neurobiologi-
cal, subsymbolic or connectionist. Al researchers concentrated on what the brain
did irrespective of how it was accomplished biologically, while the latter focussed

on how the brain performed.

Rooted in the “rationalist, reductionist tradition in philosophy” [251], Al
assumes that there is a fundamental underlying formal representation and logic
that mirrors all primitive objects, actions and relations that make up the world,
and that has the necessary and sufficient means for general intelligent action.
As its most forceful proponents, Newell and Simon [221], hypothesized that once
such a representation were to become available, the operations of human cyber-
netic machinery could be fully automated and described i:: terms of mathematical
theorems and formal logic. All knowledge could be formulated into rules, and
behavioral aspects of human reasoning and perception could be emulated by
following rules or manipulating symbols, without regard to the varying inter-
pretations of symbols. Further, intelligent behavior arises from amalgamation

of symbols in patterns that were not anticipated when the rules were written.
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Expert systems are product of such a line of investigation. However, as discussed

by Reeke and Edelman in [93] over the years Al researchers have unsuccessfully

struggled against fundamental systems engineering issues summarized as :

(a)

(b)

(f)

Coding Problem : (Leibniz {182]) finding the suitable universal symbol
system , i.e., the ultimate simples in terms of which all complex can be

understood;

Procedure Problem : specifying in advance all actions that must be taken

for all possible combinations of input;

Category Problem : (Minsky [214,215]) specifying a sufficient set of rules
to define all possible categories and phenomena that the system might have

to account for;

Homunculus Problem : (Minsky [214]) This pins the fundamental prob-
lem of Al to the old puzzle of “infinite regress” in a universal symbol system.
For example, when you look at an object, say a computer, how is the image
of the computer registered in th= brain ? All explanations hitherto proposed
by AI pin down this process oi: some “intelligent device” inside the brain
that shall be in charge of doing tiic registering. But then the same prob-
lem has to be faced again in order to explain how the “device” does the

registering, and so on ad infinitum.

Nonmonotonic Reasoning Problem : designing rules that can function
as retractable hypothesis, to mitigate the problems that arise when rules get

executed without conixt-consistency checks

Developmental Problem : devising mechanisms that can enable pro-
grammed systems exist: self-learn, self-organize their structure and function
and self-replicate without explicit external manipulation, akin to adaptive

biological systems;
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Since formal AI has not been able to surmount the above problems, us-
ing logical reasoning alone, Hofstader [133], Smolensky in [251] and others [306]
have suggested recourse to alternate scientific paradigms - neural networks. In
a radical philosophical and paradigmatic departure from AI, the neural network
community argues that logical reasoning is not the foundation on which cog-
nition is based, but instead, an emergent behavior that results from observing
a sufficient number of regularities in the world [251]. Its theoretical underpin-
nings lie in biological detail and rigorous mathematical disciplines such as theory
of dynamical systems {47,100,127-128,237], statistical physics [229], etc., in an
attempt to discover and validate principles that make intelligence possible, by
observing existing intelligent systems, i.e., the brain. They hold the view that
cognitive machinery is built from many simple nonlinear interacting elements -
neural networks that store knowledge in their internal states and self-organize in
response to their environments. Intelligent behavior, then manifests from collec-

tive interactions of these units.

While formal AT or the Symbolic community also treated human brain as an
hierarchical system of components that obey laws of physics and chemistry, and
could be described as solutions to mathematical equations relating computable
functions over the inputs and outputs of neurons, it assumed that given a suf-
ficient amount of information, i.e., computing power, neuronal dynamics, one
could compute a person’s next state. However, it ignored the framework of inter-
pretation, “context-sensitivity”, within which the humans process information,
make commitments and assume responsibility. Instead, its primary focus became
to design rule-systems that processed symbols without regard to their meanings.
Thus, it completely ignored the considerable amount of subsymbolic or subcon-
scious processing precedes our conscious decision making, and subsequently leads
to the filtration out of infinity of situations so that the appropriate rule may be

used. In sharp contrast, rather than creating logical problem-solving procedures,
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neural network researchers use only an informal understanding of the desired
behavior to construct computational architectures that can address the problem,

thereby eliminating the fundamental AI limitation, i.e., context sensitivity in

93]

In summary, unlike Al, there is no recognition, recall and reminding; neural
networks focus on association, units and patterns of activation. Thus, rather
than focusing on symbols, symbolic manipulation, or formal logic procedures,
neurocomputation primarily entails recognizing statistically emergent patterns
and processing alternatives obtained by relaxing various features that character-
ize the situation [208,222]. Therein lies the amenability and performance poten-
tial of neural networks to the development and application of human-made sys-
tems that can emulate the neuronal information processing operations, e.g., real-
time high performance pattern-recognition [12,95-98,126,166-170], knowledge-
processing for inexact knowledge domains [227], and precise sensory-motor con-
trol of robotic effectors [57,81,199,235], that computers and AI machines are not
suited for. They are ideally suited for tasks where a holistic overview 13 required
[298],"1.e., abstract relatively small amounts of significant information from large
data streams such as in speech recogniticn [93] or language identification [296].
On the other hand, digital computers and Al are ideal for algorithmic, sym-
bolic, logical and high precision numeric operations that neural networks are not
suited for. The two fields complement each other in that they approach the same

problems from different perspectives.

Having motivated the applicational and paradigmatic potential of neural
networks, we now briefly summarize their evolutionary history. followed by formal

characterization of their properties.
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1.2. Background: Artificial Neural Networks

Though the notion of imitating human neuronal processing system, cogni-
tive capabilities and biological phenomena to model computation for Al research
was introduced a couple of decades back. it is only recently that they are gaining
recognition as a viable alternative to the traditional Von Neumann architectures.
Recent advances in our understanding of anatomical and functional architecture
[17.19,49,61,202] chemical composition [179]. electrical and organizational pro-
cesses [120,137-138.190-192,196] occurring in the brain and nervous system along
with the advances in hardware technology and capability are leading to physical
and electro-optical realizations [121] of randomly organized interconnect, net-
works with computationally useful collective properties such as time sequence

retention, error correction and noise elimination, recognition and generalization.

Development of detailed models of neural networks began with the work of
McCulloch and Pitts [206,17], wherein using logical elements they demonstrated
that synchronous neural nets could perform all quantifiable processes, e.g., arith-
metic, classification application of logical rules. Hebb [120] demonstrates that
repeated activation of a group of neurons by another through a particular synapse
leads it to synchronously activate groups of neurons to which it is weakly con-
nected, thereby organizing into strongly connected assemblies. Neumann [97]
injects the notion of redundancy in neurocomputing by constructing networks
which activated many neurons to do the job of one. Winograd and Cowan [297]
extended his work to introduce the notion of distributed representation wherein
each neuron partially represented many bits. The field was put on a firm math-
ematical basis by Rosenblatt [248], who conjectured that intelligent behavior
based on a physical representation was likely to be hard to formalize. As per his
arguments, it was easier to axiomatize a physical system and then investigate the

system analytically to determine its behavior, than to axiomatize the behavior




and then design a physical system by techniques of logical synthesis. He engi-
neered his ideas, by attempting to automate procedures by which a feedforward
network of McCulloch and Pitts neurons [206]. named Perceptrons by him. could
learn to automate the procedure by which a network of neurons learned to dis-
criminate patterns and respond appropriately. A detailed study of perceptrons,
led Minsky and Papert [215] to strong criticism of the field. Thereafter. neural
network receded into a long slump. However. as observed by Ladd [175]. they
were misleading in interpreting/suggesting that this class was at the heart of
connectionism. and their [215] analysis was not valid for systems that were more

complex, including multilavered perceptrons and neurons with feedback.
p g \ 8 P

The resurgence of the field is due to the more recent theoretical contribu-
tions by Kohonen {166-170], Grossberg {94-99], Amari [11-14], Fukushima [88].
Carpentar [62-63], Hopfield [134-135], etc. Hopfield's illuminating contributions
have extended the applicability of neuromorphic techniques to the solution of
combinatorially complex optimization problems {136]. In the areas of VLSI and

opto-electronic implementations, major achievements have resulted from the of-

forts of Mead [209], Psaltis and Farhat [242], Hecht-Nielson [121]. and others.

As shown in Fig. 1.1.1, Art:ficial Neural Systems may be characterized as
distributed computational system comprising of a large number of processing
units each of which has selected characteristics of biological neurons connected
to each other in a directed graph of varying configuration [151]. They have been

defined {170} as

“massively parallel, adaptive dynamical systems modeled on the general fea-
tures of biological networks, that can carry out useful information processing
by means of their state response to initial or continuous input. Such neural
systems wnteract with the objects of the real world and its statistical charac-

teristics in the same way as biological systems do.”
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Grossberg [98], Hartley and Szu {264] have classified neural networks to be
any system that satisfies (a) nonlinearity, (b) nonlocal, i.c., exhibit long-range
interactions across a network of locations, (¢) nonstationary, i.c., interactions are

reverabative or iterative, and (d) has nonconvex “energy-like” function.

In contrast to the existing notions on applicative and symbolic computing,
the potential advantages of neuronal processing arise as a result of their ability
to perform massively parallel, asynchronous and distributed information pro-
cessing. Neurons with simple properties and interacting according to relatively

simple rules can accomplish collectively complex functions. This is based on their
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ability to provide a collectively-computed solution to a problem on the basis of
analog input information resulting from a high degree of random interconnec-
tivity, storage and simplicity of individual operations [41.141]. Neural network
modeling then is a discipline which attempts to "understand brain- like com-
putational systems” [24.263] and has been variously termed as “computational
neuroscience” [14]. "parallel distributed processing™ [251]. "connectionism™ [222],

ete.

The bulk of neural net work models can be classified into two categories; those
that are intended as computational models of biological nervous systems or neu-
robiological models [61.137.138,109]. and those that are intended as biologically-
inspired models of computational devices with technological applications, also
referred to as Artificial Neural Systems (ANS) [6.9.62,98,225]. Although our pri-
mary emphasis is on ANS, we will be lnghlighting the influence of neurobiology
on the formulation of artificial neural models, and the resulting computational
implications. To get a sense of the required number and interconnectivity of
neuronal circuitry for intelligent behavior, we begin by examining biological neu-
ral networks. Most existing neural network models are based on i1dealizations
of the biological neuron and the synaptic conduction mechanisms, shown in fig-
ure 1.1.2(a) and 1.1.2(b), respectively. As shown in Fig 1.1.2(a), each neuron is
characterized by a cell body or the cyton and thin branching extensions called
dendrites and axons that are specialized for inter-neuron transmission. The den-
drite is a passive receiving and transmitting agent, the axon electrochemically
charged, highly active brain cell entity. The dendrites receive inputs from other
neurons and the axon provides outputs to other neurons. The neuron itself is
imbedded in an aqueous solution ot; ions, and 1ts selective permeability to these
ions establishes a potential gradient responsible for transmitting information.
The electrochemical input signals or the neurotransmitter is funnelled to the

neuron from other neurons, to which it is connected is through sites on the their
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surface. called synapses (see Fig. 1.1.2/b)) The input signals are combined in
various ways, triggering the generation of an output signal by a special region
near the ceil body. However. the neurobiological phenomenon that i of particu-
lar interest, is the changing chemistry of synapse as information flows from one
neuron to another. The synapse instantancously decides when the imformation
1s inessential and should not be resupplied. The weight of the mdividnal charge
is regarded as the determining factor. On the transmitting or pre-synaptic side
of the synapse. triggering of the synaptic pulse releases a neurotransmiteer, that
diffuses across a gap to the receiving side of the synapse. On the post-synaptic
or receiving side, the neurotransmitter binds itself to receptor molecules, thereby
affecting the ionic channels and changing the electrochemical potential. The
magnitude of this change is determined by many factors local to the synapse,
e.g., amount of neurotransmitter released, number of post-syvnaptic receptors,
etc. Therefore. neurocomputation, biological self-organization, adaptive learning
and other mental phenomena are largely manifested in changing the cffectivencss
or “strength™ of the synapse and their topology [138]. Additional details on the
biological neuron. membrane polarization chemistry and synaptic modification

may be found in {9,100].

The above phenomenological msights at the neurobiological level, have led
to the mathematical formulation of stmulated neurons, i.e., the basic building
block of neural network models. A functional model for typical simulated neuron
is shown in Fig. 1.1.2(¢). Four useful arcas may be abstracted. The first is the
synapse where signals are passed from one neuron to another, and the amount
of signal is regulated, i.e., gated or weighted by the strength of the synaptic
interconnection. In the activated neuron region, denoted as swmner, synaptic
signals containing excitatory and inhibitory information are combined to affect

the tendency of a cell to fire or stay put. The threshold detector determines if the
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neuron is actually going to tire or not, while axonal paths conduct the output
activation energy to other syvnapses to which the neuron is connected.  Useful
information properties properties such as generalization [125], classitication {621,
association [12,91], error correction, time sequence retention [192], ete., emerge
as collective properties of systems comprised of aggregations of large nmumber of
such simple units. When viewed individually, the dynamies of each neuron bears

little semblance to task being performed.

As discussed in the preceding paragraph, of particular computational and
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Figure 1.1.3. Mathematical idealization to biological neurons.

modeling interest, are the mathematical notions of synapse and synaptic modifi-
cation, mechanisms by which such units can be connected together to compute,

and the rules whereby such interconnected systems could be made to learn.
1.3. Computational Learning

The paradigmatic strength of neural networks for potential applications,
which require solving intractable computational problems or adaptive modeling,
arises from their spontaneous emergent ability to achieve functional synthess,
and thereby learn nonlinear mappings [36,32,111], and abstract spatial [62.63].
functional [180] or temporal [177,178] invariances of these mappings. Thus, re-
lationships between multiple continuous-valued, statistically-related mputs and

outputs can be established, based on a presentation of a large number of rep-
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resentative examples. Once the underlying invariances have been learned and
encoded in the topology and strengths of the synaptic interconnections [36.305],
the neural network can generalize to solve arbitrary problem instances. Since
the topological mappings for problem-solving are acquired from real-world exam-
ples, network functionality is not limited by assumptions regarding parametric
or environmental uncertainty, that invariably limit model-based computational
strategies {13]. In order to place our subsequent discussions in context with the
overall discipline of computational learning (including heuristie, algorithmic and

connectionist), in Table 1.4.1. we provide a taxonomy of learning formalisms.

Neural Learning has been defined as the process of adaptively elvolving the in-
ternal parameters e.g., connection weights, network topology, etc. in response to
stimuli being presented at the input and possibly the output butfer. As adaptive
dynamical systems (refer Section 1.6.1), neural networks emphasize relaxation.
and not heuristic search as the basis of automatic learning. Further, learning
can be by programming the net, i.e., setting the weights or by self-organization.
These are known as hard and soft learning respectively. In this thesis we focus on
soft learning, which in turn may be either deterministic, stochastic, supervised or
unsupervised. Learning in neural networks is said to supervised [250-252,269,292],
e.g., when the desired response is from a knowledgeable teacher, and the retrieval
involves one or more of a set of stimuli patterns that have been repeatedly shown
to the system during the training phase. The networks observe the presented
inputs, detect the statistical regularities embedded within it and learn to exploit
these regularities to draw conclusions when presented with a portion or a dis-
torted version of the original pattern. When a portion of the original pattern
is used as a retrieval cue, the learned process is denoted to be auto-associative
[166]. When the desired input is different from the input then learning is referred

to as hetero-associative [188].
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—
Paradigm Categories Algorithm Description Nature Systems
Empirical  Rule-Based; Real-to-model world mapping deductive LAMP,
Learning PRODIGY
Learning via query; Ordering of questions directs inductive MARVIN
learning
Concept Learning Search in hypothesis space inductive OTIS

Case-Based Adapting case-bases search through case networks deductive TA
Learning of analogy-explanatory-

emulation skills
Statistical  Bayesian tech., find probable no. of classes, inductive AutnChss
Learning - Decision trees probabilistic descriptions

& probability of belongingness
Genetic Population genetics Trial solutions (populations) inductive Crs
Learning operated in cycles (generations)

by survival of fittest selection

followed by genetic recombination

(crossover and mutation operators)
Explanation- reasoning about obtain general concept def. on deductive ROE,
Based operationality (merit some property that holds for Metal X
Learning of a learning result ) a given training instance
Connectionist Supervised; capture the functional, spatial relaxation  EBP, CL,
(Neural) Unsupervised; or temporal concept in the in an energy ART, SID
Learning Reinforcement; internal synaptic connections landscape

or topology of the network
Distribution Formal Concept construct a minimal set of inductive, PAC
Free Learning maximally general descriptions  deductive
Learning

Table 1.4.1.

Survey of Computational Learning Paradigms
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When no desired output is shown the learning is unsupervised [306]. It
proceeds with a knowledgeable teacher. An intermediate kind of learning is rein-
forcement learning [42,43] where a teacher just indicates whether the response to
an input is good or bad, how far and in what direction the current output differs
from the desired output, the the network is rewarded or penalized depending on
the action it takes in response to each presented stimulus. The network configures
itself so as to maximize the reward that it receives. Along with the architecture,
learning rules forms the basis of categorizing different neural network models. A
detailed taxonomy of different types of learning rules can be found in Lipmann

[166).

Further the neural learning rules could take the following forms: Correla-
tional Learning wherein parameter changes occur on the basis of local or global
information available to a single neuron. A good example is Hebbian learning
rule {134], wherein the connection weights are adjusted according to a correlation
between the states of the two interconnected neurons. If two neurons were both
active during some successful behavior, the connection would be strengthened
to express the positive correlation between them. On the other hand, in Error-
corrected Learning, the rules work by comparing the response to a given input
pattern with the desired response and then modifying the weights in the direc-
tion of the decreasing error, e.g., perceptron learning rule [248,251], Widrow-Hoff
[291], back-propagation in [150,274,275.,250-253]. Another model, Reinforcement
Learning does not require a measure of the desired responses, either at the level
of a single neuron or at the level of a network. Only a measure of the adequacy of
the emitted response suffices. This reinforcement measure is used to guide ran-
dom search process to maximize reward. Another category, Stochastic Learning,
the network neurons influencing each other through stochastic relaxation, e.g.,

Boltzmann Machine [2].
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Two key elements that characterizes the computational power of neural
learning formalisms are nature of states of individual neurons and the temporal
nature of synaptic updating. The states of individual neurons may be either Dis-
crete or Continuous. They may be finite, infinite but countable, or uncountable
- forming a continuum [264]. It has been shown that networks with a finite num-
ber of states is computationally equivalent to a finite state machine (FSM) if the
number of neurons is finite or to a Turing machine (TM) if the number is infinite.
If the neuron has a continuum of stable states then it is equivalent to a TM. Fur-
ther, the nature of time variable in neural computation may be either discrete,
i.e., dynamics is modeled by difference approximations to differential equations
or it may be Continuous. It has been shown that continuous time networks can
resolve temporal behavior [264], which is transparent in networks operating in

discrete time. In all the respects, the two classes are computationally equivalent.
1.4. Statement of the Problem

The research problems addressed in this dissertation can be simply stated

as follows:

[1] Derive a new class of fundamental, computational neural learning al-
gorithms that can robustly acquire embedded nonlinear functional, spa-
tial, logical, statistical or behavioral invariants from representative ez-
amplars, in hard real-time. Ensure the scalability of proposed learning
algorithms to the number of training samples, network dimensions and
topography, and the cardinality of input-output attributes. Furthermore,
ensure that the paradigmatic complezity of learning formalismas 1s inde-

pendent of the complexity of learning problems to which it is applied.

[2] Develop efficient mechanisms for explicitly incorporating, a multiplic-

ity, of both application-specific and neural network design constraints
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into the neural learning framework. Furthermore, devise computation
structures for avoiding extensive training/retraining costs each time the
network 18 confronted with a novel problem situation, that poses con-

straints different from the ones used during the training phase.

[2] Develop a formal framework for simulating / implementing neural net-
work models on massively parallel SIMD / MIMD multiprocessors and
asynchronous neural hardware - VLSI, optical and opto-electronic. De-
vise formal algorithms for determining the neurodynamaical constants to
ensure scalability and robustness of proposed theoretical models during
implementation. Determine conditions that could potentially drive neu-
ral network algorithms into dynamaical instabilities and chaos, in con-
currently asynchronous neurodynamical regimes. Devise a framework

for formally characterizing chaos in neural networks.

[4] Leverage the above repertoire of tools, to formally conceptualize a com-
putational and architectural framework for a real-life problem that is

beyond the state-of-the-art capability in the chosen domain.

The central theme of this thesis has, in fact been primarily motivated by
the latter objective, i.e., the current lack of computationally enabling tools for
engineering “intelligent autonomous systems” - autonomous robots, rovers, diag-
nostic systems etc. Robotics in general. and robust, task-directed, autonomous
manipulation for space-based robots in particular, represent our specific appli-
cation domains of interest. In the initial phases of algorithm development, our
robotic implementations are limited to inverse kinematics of redundant manipu-
lators. In a latter chapter, we however elucidate its straightforward applicability
to problems in manipulator dynamics, control and sensorimotor coordination.

We extrapolate the applicational conceptualization to include perceptual manip-
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ulation [282] in dynamically varying, poorly modeled and unpredictable environ-

ments.

1.5. Organization of The Dissertation

This work is organized into eight chapters. The first chapter is devoted to
presenting the framework and an applications context within which this work
is relevant. To this end, we introduced some basic concepts and mathematical
tools. Figure 1.5.1 provides an overview of the organization of the thesis. This

section presents a brief overview on the contents of the remaining chapters.

Chapter Two motivates a formal framework for deriving supervised learn-
ing algorithms for dynamical neural networks. The methodology is generic to
networks both with and without feedback. It is based on a recent breakthrough
in nonlinear dynamical systems theory - the notion of terminal attractors (intro-
duced by Zak [302,303]). We exploit the concept of terminal attractors to define
the Singular Interaction Dynamics (SID) model for learning time-independent
data from examples. In a departure from prior neuromorphic algorithms this
methodology provides mechanisms for incorporating and in-training “skew” to
handle network as well as design constraints. The notion of "virtual attrac-
tors” is introduced to guarantee overall network stability. Two versions of the
algorithm are derived, Algorithm SID; and Algorithm SID, for large dimen-
sional networks. We benchmark the efficiency of Algorithm SID; system on a
multidimensional signal reconstruction problem. Algorithm SID, is simulated
on the 3-DOF and 7-DOF redundant manipulators to validate our theoretical

framework and illustrate its computational efficiency.
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Chapter Three extends upon the results in the preceding section to pro-
vide a novel manifestation to computational learning based on phenomenology
of nonlinear neural networks. We present the Algorithm SIDj neural network
model that allows adaptive evolution of network topology in addition to evolu-
tion of synaptic strengths. The former objective is achieved by taking recourse
to Gauss’s Least Constraint Principle [36,107,305] in mechanics. We execute the
algorithm on a 3-DOF redundant manipulator. Further, we examine a funda-
mental limitation in neural learning algorithms - training and retraining costs
and the versatility of neural network models. We draw inspiration from mathe-
matical physics to introduce renormalization concept for task-directed aposteriori
regularization. In the previous chapters, we had largely exploited the notion of
terminal attractors to obtain computational speedup per dynamical iteration. In
this chapter we introduce mechanisms for speeding the overall training process.
We exploit the notion of adaptive time scales in terminal attractor formalism
(introduced by Zak [303]) for supervised learning. These constructs are used to
extend the neural learning formalisms - Algorithm SID,;. We benchmark the
algorithm using problems from the signal processing domain. Furthermore, we
exp101:e another important concern in the design and implementation of learning
algorithms, namely the implications of selecting particular kinds of numerical

tools used in neural network simulations.

Chapter Four couples adjoint sensitivity theory with neural networks,and
learning in particular. We provide a brief introduction to the notion of forward
and adjoint operators. Heretofore, we had resorted to heuristics in the section
of our derivations, dealing with dynamic propagation of backward error. In this
chapter, we eliminate all heuristic overtones, to obtain a formal framework for
global computation of sensitivities. These concepts are used to formally derive

another version of neural learning algorithm - Algorithm SIDs.
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Chapter Five exploits the concept of adjoint operators to enable compu-
tation of changes in the retwork’s response due to perturbations in all system
parameters, using the solution of a single set of appropriately constructed linear
equations. The lower bound on speedup per learning iteration over conventional
methods for calculating the neuromorphic energy gradient is O( N?), where N is
the number of neurons in the network. The learning objective is reformulated
to derive Algorithm SIDg for hyperfast learning in dynamical neural networks.
We demonstrate the computational efficacy of our approach by benchmarking
simulations on complex signal processing problems with current state-of-the-art

neuromorphic models.

Chapter Six addresses a fundamental issue which directly impacts the scal-
ability of current theoretical neural network models to applicative embodiments,
in both software as well as hardware - inherent and unavoidable concurrent
asynchronicity of emerging fine-grained computational ensembles and the con-
sequent chaotic manifestations in the absence of proper conditioning. In this
chapter we introduce a mathematical framework for systematically reconditioning
additive-type models and derive a neuro-operator, based on the chaotic relaxation
paradigm, whose resulting dynamics is neither ”concurrently” synchronous nor
"sequentially” asynchronous. Necessary and sufficient conditions guaranteeing
concurrent asynchronous convergence are established in terms of contracting op-
erators. Lyapunov exponents are also computed to characterize the network dy-
namics and to ensure that throughput-limiting "emergent computational chaos™
behavior in models reconditioned with concurrently asynchronous algorithms was
eliminated. Implementation results are provided for massively parallel networks

ranging from few 100 synapses to over 100 million interconnects.



24

In Chapter Seven. we shift gears to introduce a robotic manipulation prob-
lem that is beyond the state-of-the-art "model-directed™ robotics. We exploit the
aforementioned repertoire of neural learning algorithms developed in this work to
provide an enabling element for such systems. We motivate the need to conceptu-
alize such robotic systems within a “perceptual framework”™ rather than existing
model-based formalisms. We propose a new Task-based Perceptual Manipulation
Architecture, wherein the key control element comprises of metric-driven neural
networks. A technical critique of the proposed architecture is presented vis-a-vis
existing robot architectures. To provide a context to our computationally en-
abling learning framework. we propose a novel systems concept for applications
to space robotics. We execute the architecture on a functional manifestation of

this application.

Chapter Eight provides a summary of contributions. concluding remarks and

outlines directions along which this work can be extended.

1.6. Mathematical Constructs

In solving the aforementioned problems, we have made a deliberate attempt
to base our arguments and formalisms on firm mathematical foundations, rather
than relying on qualitative arguments or brute-force techniques. We draw from a
variety of rigorous mathematical disciplines, such as theory of dynamical systems
[47,100,127-128.237], existence theorems [226], renonunalization theory and criti-
cal phenomena [295], etc. These mathematical constructs have provided us ex-
tremely attractive computational tools for deriving efficient algorithms presented
herein. Furthermore, even though the mathematics used in this dissertation may
be unfamiliar to some readers, the results we obtain are mostly using construc-
tive algorithmic techniques. Also, the chapters are self-contained and structured

to be read in isolation. In the remaining section of this chapter, we provide a
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terse introduction to some of the broad constructs that we will be employing in

the thesis.
1.6.1. Dynamical Systems Theory

Dynamical systems are those that change their state with time {. A dynam-

ical system of order n is defined by two properties [47}:

[1] The state of the system is represented by n real variables, vy, ra, - x,. or
one real vector 7 of dimension n, which may be considered as coordinates of
an abstract n— dimensional space named the phase space.

[2] The motion of the system is represented by a vector function 7(t) of time

satisfying a first-order vector differential equation of motion, dr/dt = r =

v(7,t) where v is a given sufficiently well-behaved velocity function of 7 and

t, whose value for a particular r and ¢ is the phase velocity.

If the system is not subject to any external influences that depend on the
time, the system is said to be autonomous. The velocity field v(7) of an au-
tonomous order-n system can be expressed as the negative gradient of a po-
tential U(7). Thus, v(7) = —dU/dr where, for some constant U,, U(F) =
U, - fof dz'v(z'). At each zero z of the velocity field v(x), v(rx) = 0, so that a
system initially at z; remains there for all time. The points x4 represent states
of the equilitbrium: they are named fized points. When the velocity field has only
simple zeros, the fixed points are stable around zy if v(r) is a decreasing function
of z, so that neighboring states approach x, and they are unstable around rj if
v(zr) is an increasing function of x so that neighboring states leave . Neural
networks as dynamical systems are governed by an update equation on the state
vector that is nonlinear and iterative. If the error norm of the sequence of state
vectors become smaller and smaller tending to a fixed point. x; say at zero, for

all initializing points z, less than a unit distance from the fixed point, then the
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domain r, is said to be the basin of attraction of the attractor at zero. If the
numbers in the sequence increase gradually tending to infinity. then infinity is

the attractor for all points x, > 1.

Limit points (fixed non-time varyving). limit cycle (periodic.time varyving),
strange attractor (sensitive dependence on initial conditions, time varying) and
strings (limit points with filamentary basin of attraction. correlated vectors)
could all constitute attractors in dynamical systems [47]. In the nonlinear dy-
namical systems formulation to neural networks, all information is stored at
fixed points. fixed iimit cycles in state space that act as attractors with pre-
scribed basins of attraction. such that initial configurations of neurons in some
neighborhood or basin of attraction of that memory state will be attracted to it,
As we demonstrate in the sequel, in the dyvnamical systems formulation, com-
puting with neural networks thus implies designing networks with prescribed

phase-space behavior.

1.6.2. Nonlinear Sensitivity Theory

The general objective of sensitivity analysis is to quantitatively derive sen-
sitivities of the system'’s response (i.e., system performance measures of interest)
due to perturbations and uncertainties in the input parameters. The simplest
sensitivity procedure is what may be termed the “brute-force” method, which
evaluates a parametric sensitivity by repeating the computation with a perturbed
input parameter while holding the others fixed. The computational costs involved
in this approach are in general prohibitive for most real-life applications [273].
Two alternative deterministic (rather than statistical) formalisms, labeled the
“Forward Sensitivity Method” (FSM) and “Adjoint Sensitivity Method” {ASM)
exist in order to evaluate the sensitivity of the response to variations in the system

parameters. Originally proposed by Cacuci [59,60] for engincering applications
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parameter 153311, On the other hand. adjoint sensitvity theory provides the
exact sensitivity coetficients of a single response function (primary dependent

variablet with respect to all inpur parameters.

ASM iz computationally more economical for problems involving many pa-
rameter alterations or a large data base and comparatively few functional re
sponses. On the other hand, FSM 1s efficient for problems involving a fow pa
rameters only, as it requires that a different set of equations be solved for cach

: ] N . - .
parameter to obtain the compicte clementary SC matrix, as the actual form of
the differentiated equation depends on the particular parameter under consider
ation. Application of FSNM and ASM to neural learning is discussed in further

detail in Chapters Four and Five.

1.6.3. Renormalization Theory

The "renormalization-group™ approach in physics was introduced by Wilson
[295] for dealing with problems involving many length scales. Its purpose is to
eliminate an energy scale, length scale or any other term that could produce an

effective interaction with arbitrary many coupling constants. The strategy is to




tackle the problem in steps, one step for every length scale. For example in the
case of critical phenomena (e.g.. liquid gas transitions, magnetic transitions, alloy
transitions. etc.), the problem is to technically carry out the statistical averages
over thermal fluctuations on all scale sizes. The renormalization approach is to
essentially integrate the Huctuations in sequence, starting with Huctuations on
an atomic scale and then moving to successively larger scales untl luctuations
on all scales have been averaged out. The concept works as follows: As the
fluctuations on each length scale are integrated out. a new free energy functional
Fr s 1s generated from the previous functional. This process is repeated many
times. If F; and Fy i are expressed in dimensionless form., then one finds that
the transformation leading from Fy to Fy L5 is repeated in identical form many
times. This transformation group is called the "renormalization group™. As L
becomes large, the free energy F approaches a tixed point of the transtormation,
and thereby becomes independent of details of the system at the atomie level.
This explains the universality of eritical behavior for different kinds of system at

the atomic level. The same "fixed point™ interaction deseribes all these systems.,

In this dissertation, the above methodology is abstracted and applied during
a postertort regularization (constraint satisfaction ) to priortize and modulate
network response in the presence of a multiplicity of external constraints during,
run-time. Along the lines discussed here, the constraint satisfaction procedure
as discussed in Chapter Three entails, inclusion of the gradient of a constraint in
the operational network dynamics normalized in a manner such that when the

constraint is satisfied the term vanishes.
1.6.4. Nonconstructive Existence Theorems

In Chapter Six we derive our results using a sampling of various existence

and uniqueness theorems for minimzation of convex functionals on ", which
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are proved by the nonconstructive means, e.g., gradient operators (L.e., operators
F which are the derivatives of a real-valued functional ¢ These are used to
study questions of existence and uniqueness of solutions of Fr = 0 by finding the
minimizers of ¢.). contraction operators, (1.e., when Fis not a gradient operator),
The latter are used extensively in our derivations of asyvanchronous neuro-operator
in Chaprter Six. Some of the key results that we use from nonlinear analvsis ave

as follows:

A mapping G : D C R" — R" is nonexpansive on a set D, & Dif |G
Gyl < |r — yl. Vo,y.€ D, and strictly nonexpansive on D, if strict inequality
holds in (1) whenever @ % y. Also. any nonexpansive mapping on 2, is Lipschit:-
continuous on D,. A linecar operator A4 € X" is nonexpansive it |4 < 1. In our
of this equation. that is any point r* in the domain of G for which &+ = Gr*, s
a fixed point of G. Thus the sequence. X80 = Guek k= 0,1, converges to
fixed point of G. Further, if G: D C R" — R™ is strictly nonexpansive on [,

and ¢*. y* € D, are any two fixed points, then
o™ =yt = |Get = Gyt < et =

1s a contradiction, which implies that +* = y*; that s strictly nonexpansive
mappings can have at most one fixed point. Further a mapping GG : D & R*
R™ 18 contractive if there 1s an a < 1 such that |Gr — Gyl < a]e ~ y] for all
r,y € D,. Lmear operators are contractive on all of " iff |4A] < 1. Also note
that contractive mappings are norm dependent. In the case that D, = D - R™,
G 1s a global contraction on all of R". As discussed in Chapter Six, the existence
of unique fixed points is then given by the Contraction Mapping Theorem [226].
The contraction mapping property plays a major role in several parts of this
thesis. In fact, a number of stability and convergence results used here have

their basis in the variants and generalizations of contraction theorem, such as
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the Inverse and Implicit function theorems. Sard’s theorem. etc. For a more

broader treatment on the subject see [226].




Chapter Two

Singularity Interaction Dynamics (SID)
Model

2.1. Introduction

In this chapter we introduce efficient, adaptive dynamical neural network
formalisms for learning nonlinear transformations from randomly sampled ex-
amples. A key characteristic of our algorithms is their irm mathematical basis
in the nonlinear dynamical systems theory, introduced in Chapter Oune. Specit-
ically, our methodology is based on a recent breakthrough in nonlinear dynam-
ical systems theory - the concept of “terminal” attractors [302,303], that were
shown to correspond to singular solutions of the nonlinear neural dynamics with
infinite local stability. Using topographically-mapped interacting terminal at-
tractors, we construct a ncural network whose synaptic elements can rapidly
acquire the functional invariances embedded within a few training samples and
subsequently generalize to predict responses over the operational domain. Ap-
propriately, we name the neural network Singularity Interaction Dynamics (SID)
Model. In a departure from prior neural learning algorithms this methodology
provides mechanisms for incorporating an in-training "skew” to satisfy network
as well as design constraints during the learning phase. Two algorithmic ver-
sions are derived - Algorithm SID_1 targeted for problems involving few samples
and reduced cardinality of input-output space; and Algorithm SID.2 for large

dimenstonal networks.

In an attempt to validate our theoretical framework and benchmark its com-

putational efficacy we implement Algorithmn SID_I on sequential digital hardware

31
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to perform signal reconstruction from noisy. multidimensional phase data. The
Algorithm  SID_2,0n the other hand, is simulated to solve a significantly more
complex problem from the robotics domain - the inverse kinematics problem,
commonly encountered during the design of real-time, adaptive systems oper-
ating in redundant environments. Specifically, the simulations are performed
on a 3-DOF planar redundant manipulator and a 7-DOF cartesian redundant

manipulators.

The organization of the remaining portion of the chapter is as follows. In
section 2.2 we specify the neural network architecture, and derive corresponding
learning equations in terms of new algorithms for constrained differential opti-
mization which strictly enforce the Lyapunov stability criteria. In particular, we
elucidate the notion of "terminal attractors” based on non-Lipschitzian dynam-
ics, and describe their implications towards neural modeling. In Section 2.3 we
discuss our simulation experiments with the two models. In Section 2.3.1. we
define the multidimensional signal sorting problem, present a rudimentary sys-
tem architecture and discuss our results. Section 2.3.2 provides details on the
inverse kinematics problem, including a brief discussion on the existing algebraic,
geometric and neuromorphic strategies and their limitations. We then present
the results of our experiments with learning the inverse kinematics of 3-DOF and
a 7-DOF redundant manipulators. The last section presents the conclusions of

this chapter.
2.2. Neurodynamics Model
2.2.1. Network Specification

Consider a fully connected neural network with N graded-response neurons,
implementing a functional mapping from the N y-dimensional input space to the

Ng-dimensional output space.
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Figure 2.2.1.1. Topographically partitioned neuro-attractor map for the
fully connected ncural network model.

As shown in Fig. 2.2.1.1, the network is topographically partitioned into
three mutually exclusive regions comprising of a set of input neurons, Sy, that
receive the end-effector task coordinates, an output set Sg, which provides the
angular coordinates required to achieve the desired end-effector motion and a set
of "hidden” neurons, Sy, whose sensitizations partially encode the input/output
mapping being learnt. The network is presented with K randomly sampled train-
ing pairs of cartesian- and joint-space variables, { ¥, ¢* | ¥ = 1,..., 1} ob-

tained by solving the well-posed forward kinematics formulation (see Paul [233}).
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2.2.2. Learning Objectives

The neuromorphic reformulation to the computational learning problem re-
quires determining synaptic interconnection strengths that can accurately cap-
ture the transcendental transformations embedded within the training samples.
Our approach is based upon the minimization of a constrained “neuromorphic

energy” function [37,113] given by the following expression

X
1 1 k k12 1 k k 12
E='2‘K:Z<NXZ[U1—1’1] + N—Z[“I_QI]

k=1 €Sy Q leSq

+ Z Ar g(%) (2.2.2.1)

where uf denotes the I-th neuron’s activity when processing the k-th training
sample, ¢, ( - ) reflect network design considerations related to specific appli-
cations e.g., manipulability [58,197], and A, denotes the Lagrangian multiplier
corresponding to the r-th application or design requirement. The proposed ob-

jective function includes contributions from two sources:

(1] It enforces the convergence of every neuronal state in Sx and Sq to attrac-
tors corresponding to the presented end-effector task coordinates and joint

coordinates respectively, for every sample pair in the training set.

[2] It enforces the synaptic elements to satisfy network constraints of the type,

1 : :
ge() = 5Y. Y (- §)Th 2.2.2.2)
C

¢
<

which minimize the interconnection strengths in line with the Gauss’s Least
Constraint Principle [30,107,305]. Alternately, g.(-) could represent an aux-

iliary design criteria [92 and references therein], e.g., motion-time of joints,




operational ranges, manipulability, torque optimization, etc. We now pro-
ceed with the formal derivation of the learning equations (time evolution
of the synaptic weights) by minimizing the energy function given in eqn.

(2.2.2.1).

2.2.3. Neuromorphic Constrained Optimization

In the past, several neuromorphic algorithms have been proposed for con-
strained minimization of non-convex energy functions. For details the reader may
refer to Hopfield and Tank [136], Barhen et al. [37], Gulati et al [113] and Platt
and Barr [240]. In order to motivate and distinguish our optimization approach
from the existing techniques, we first briefly examine some of the features which
limited the general applicability of previous approaches. Hopfield and Tank’s
method for the Traveling Salesman problem [136] involved the minimization of

an energy function of the type,

E = fu) + Y Wi[g(a) (2.2.3.1)

A first difficulty with this model is that the specific constraint strengths, 117,
were determined heuristically, i.e., by "anecdotal exploration”. Furthermore, the
adopted penalty function construction was known to easily lead to constraint
violation. Also, as the dimensionality of constraints increases the constraint
strengths get harder to set [240]. A recently proposed alternative, i.e., Platt
and Barr’s Basic Differential Multiplier Method, [240], alleviates some of these

limitations by modifying the objective function to

E = f(@) + Y A g:(@) (2.2.3.2)

where A, denote the Lagrange multipliers corresponding to the constraints
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g-(@) = 0. A straightforward ( but naive ) application of Lyapunov’s stability

requirements. ( i.e. £ < 0 ), would result in the following equations of motion:

_— 0E Ogr(u
W= g = - au, ZA au, (2.2.3.3)
and
. OF _
Ar = -— aAr = - gr( U) ( -.--3 ‘l)

However, for some pathological cases the above algorithm could result in A, —
0 , i.e., the constraints might no longer be satisfied. Hence, Platt and Barr

suggested the following heuristic change :

A=+ go(a). (2:2.3.5)

However, their proof of correctness upon inclusion of the above heuristic
is based on assumptions which are extremely restrictive in nature. Specifically,
the necessary condition to achieve stability requires establishing equivalence to
a damped mass system, which in itself is a nontrivial mathematical exercise. In
contrast ( see below) , the methodology we propose, guarantees unconditional

stability.

Lyapunov’s stability criteria require an energy function to be monotonically
decreasing in time. Since in our model the internal dynamical parameters of
interest are the synaptic interconnection strengths T),,,, and the Lagrange multi-

pliers A, this implies that

S YY e REh <o
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One can choose

)
ITnm

where 7 is an arbitrary but positive time-scale parameter. Then substituting in

(2.2.3.7)

T Tnm

Egs. (2.2.3.6) we have

OE . . .
> s v < mTerl (2.2.3.8)

In the above expression @ denotes tensor contraction , 1.e.,
T@TEZZT,']‘T,']'.
i J
Inequality 2.2.3.8 will be true a fortiors if for some 8 > 0,
. OF . .
Z:ATEXZ+G<TTT@T.

The equations of motion for the Lagrange multipliers A, must now be con-

structed in such a way that Eq. (2.2.3.8) is strictly satisfied. Noting that the
analytic expression for the energy function results in gfr = g,(-), we adopt

the following model:

: TeT - 6
Ar = — gr( 2.239
T i®mg + 0 g-(*) ( )
where g & § = >.,9¢r(-) 9-(+), and 8 is an arbitrary positive constant. It

is easy to see that E < 0is then strictly satisfied.

On differentiating (2.2.2.1) with respect to T, we get
0FE 1 1 k v Ouf
Tom = K {7\7? > Ll = al] 57 -

k - leSx

3, 8
[uf — @ + NQZ - u' }("-~-3 10)
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If we define,
) ———K}VQ[U:C — qF + No¥_, g;‘f—%-] ifl € Sg
IF = 0 ifl € Sy (2.2.3.11)
we can rewrite (2.2.3.10) as
OE .. Ouf .
T = DI T (2.2.3.12)
1k

where the index [ is defined over the entire set of neurons. Equations [2.2.3.7,
2.2.3.9 and 2.2.3.11] constitute a dissipative nonlinear dynamical system, the flow
of which generally converges to a manifold of lower dimensionality in the phase
space. In this chapter we focus on network convergence to point attractors, i.e.,
state-space vector locations corresponding to the presented , joint- and Cartesian-
space coordinates. Of crucial importance 1s to know how stable those attractors
are and how fast can they be reached. In this vein, we first briefly review a
novel mathematical concept in nonlinear dynamical systems theory, the terminal
attractor, and its properties, that subsequently will enable us to formalize neural

network algorithms for learning the inverse kinematics mapping.

2.2.4. Terminal Attractor Neurodynamics

Hopfield and others {13,15,16,75,134,135,153] have shown that artificial neu-
ral networks store memory states or patterns in terms of the fixed points of the
network dynamics, such that initial configurations of neurons in some neighbor-
hood or basin of atiraction of that memory state will be attracted to it. But the
static attractors considered so far in nonlinear dynamical system formulations

in general, and in neural network models in particular, have represented regular
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solutions of the differential equations of motion as shown in Fig. 2.2.4.1. The
theoretical relaxation time of the system to these "regular attractors” can theo-
retically be infinite, and they suffer from convergence to spurious states and local
minima. The concept of terminal attractors in dynamical systems, was initially
introduced by Zak [302], to obviate some of the above limitations, thereby signif-
icantly improving the performance characteristics of associative memory neural

network models.

u
\
u3 u =0 - Regular attractor
0 o
t
ui —_—
!1, !2, f3 o0
u?2

(a)

Figure 2.2.4.1. (a) Asymptotic Relaxation of regular attractor to the
fixed point of neurodynamics.

The existence of terminal attractors was established by Zak using the fol-
lowing argument. At equilibrium, the fixed points, p, of an N-dimensional, dis-

sipative dynamical system
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up — fi(ulv U2y 50, II,N) =0 ¢=12 -, N (2241)

are defined as its constant solutions @°°(p). If the real parts of the eigenvalues,
nu of the matrix M;; = [gf;—(ﬁ)] are all negative, i.e., Re {n,} < 0 then
these points are globally asymptotically stable [4]. Such points are called static
attractors since each motion along the phase curve that gets close enough to p.
i.e., enters a so called basin of attraction, approaches the corresponding constant
value as a limit as ¢ — 0o. An equilibrium point represents a repeller if at least
one of the eigenvalues of the matrix M has a positive real part. Usually, nonlinear
neural network deal only with systems which satisfy the Lipschitz conditions,
ie., | 0fi/ Ouj | < oo This condition guarantees the existence of a unique
solution for each of the initial phase space configurations. That is why a transient
solution cannot intersect the corresponding constant solution to which it tends,
and therefore, the theoretical time of approaching the attractors is always infinite.

Fig. 2.2.4.1(a) shows the temporal evolution to such an attractor.

In contrast, Zak’s [303] notion of terminal attractors is based upon the viola-
tion of Lipschitz conditions. As a result of this violation the fixed point becomes
a singular solution which envelops the family of regular solutions, while each
regular solution approaches the terminal attractor in finite time, as displayed in
Fig. 2.2.4.1(b). To formally exhibit a terminal attractor which is approached by

transients in finite time, consider the simplest one-dimensional example:

u = —ul/? (2.2.4.2)

This equation has an equilibrium point at u = 0 at which the Lipschitz

uniqueness condition is violated, since
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-~

u =0 - Terminal attractor

(b)

Figure 2.2.4.1. (b) Terminal Attractor as a singular solution to the
dynamical system.

du 1
S o= —su L, —ooatu — 0 (2.2.4.3)

du 3
Since here the Re {n} — —o00 < 0 this point is an attractor with "infinite”
local stability. As a consequence the dynamical system is locally bestowed with
"infinite attraction power”, enabling rapid clamping of neuronal potentials to the
fixed points; in our case this implies immediate relaxation to the desired attractor

coordinates, z; and ¢q;. Also, the relaxation time for the solution corresponding

to initial conditions u = wug to this attractor is finite. It is given by
v =0 dy 3
2/3 /
to = - / m = SUO < o0 (2244)
o ~

i.e., this attractor becomes terminal. As shown in Fig. 2.2.4.2, it represents a

singular solution which is intersected by all the attracted transients. In partic-
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ular, static terminal attractors occur for & = (2n +1)"! and n > 1. while
for A = 2n+1and n > 0 all attractors are regular. It has been shown

(Zak [301]) that incorporation of terminal attractors into neural dynamics leads
to the elimination of all spurious states in associative memories. This prop-
erty is critical to providing an accurate generalization ability, since it ensures
that interpolations/extrapolations of joint configurations are not based on false
attractors. For details on implication of terminal attractor dynamics for neu-
ral l--rning algorithms see [35,302]. In our proposed neuromorphic framework.
terminal attractor dynamics then provides a mechanism that can implicitly ex-
ploit the time-bounded terminality of phase trajectories and the locally infinite

stability.

2.2.5. “Virtual” Attractor Computation

of our fully connected neural network, i.e., learn the inverse kinematics mapping.
We now need to select the network dynamics for evolving the synaptic elements,
such that, the latter’s convergence to steady state fulfills the above objective. So

to capture the kinematic invariances consider following coupled neurodynamics:

reif + uf = @y Y Twufi ] - If (2.2.5.1)
Il

Here u, represents the mean soma potential of the lth neuron ( u} is the neuron’s
activity when processing the kth training sample ), Tjp denotes the synaptic
coupling from the {-th to the l-th neuron, and I} captures the input/output
contribution in a terminal attractor formalism. Though I} influences the degree
of stability of the system and the convergence to fixed points in finite time, it

does not further affect the location of existing static attractors. In Eqn. (2.2.5.1),
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#-(+) denotes the sigmoidal neural response function with gain 4: typically,

v+1(2) = tanh(sy - 2).

In topographic maps, N7 neurons are generally used to compute a single value of
pograp T £ A 13 !

interest in terms of spatially-coded response strengths. Here we use the simplest

possible model (where Nt = 1), but encode the information through terminal

attractors. Thus, the topographic map is given by

(uf — 2F3 if le S
I = 0 if le Sy (2.2.5.2)
k k \1/3 :
where rf and g} are the attractor coordinates provided by the training sample, to
be denoted for brevity as a¥. Our basic operating assumption for the dvnamical
) l F g I )

svstem defined by (2.2.5.1) is that at equilibrium, for 1 = 1....N :
t, — 0 and Uy — dp

This yields the fixed point equations :
An = Py Z Tym am (2.2.5.3)
m

In associative memory applications, these equations can in principle be used
to determine the synaptic coupling matrix T, resulting in each memory pat-
tern being stored as a fixed point. The key issue is that some of these fixed
points may actually be repellers. The terminal attractors are thus used to guar-
antee that each fixed point becomes an attractor, i.e., spurious states are sup-
pressed. Here however, we are in the process of learning a mapping between
two spaces and as indicated in Fig. 2.2.1.1, attractor coordinates have been
defined for only two of the three topographic regions of the network, i.e., the

input set Sy, and the output set Sg. Consequently, the fixed point equation



a = p(Ta) may not necessarily be defined. sincefor | Sy | > 0., {a, | n

m

’JJ
-
=
——

are not defined. and cannot be used for directly computing T.

This necessitates the development of an alternative strategy, whereby “vir-
tual™ attractor coordinates are first determined for the hidden units, These coor-
dinates are virtual since they correspond to a current estimate T of the synaptic
connectivity matrix. This is achieved by considering the fixed point equations
as adaptive conservation equations which use the extra degrees of freedom made
available by the hidden neurons in Sy. Let { &; = aj | J € Sy } denote
the virtual attractors to which the unknowns, { u; | j € Sy } are expected to

converge to. Then at equilibrium, Eqs. (2.2.5.3) yield

Lp—l(.'l'i) = Z T,’i'.l'g” + Z T,‘j'ﬁjl + Z A”:ql/ Vi € 5_\'
i'€Sx J'€SH I'eSq
o) = Z Tjpry + Z Tijiy + Zle'ql' V) € Sy
'€Sx J'€SH l'eSq
e ) = Z Tivre + Z Ty + Z fvqr Y€ So
€Sy J'ESH I'esq
(2.2.5.4)

where T}; denotes the current estimate of synaptic coupling from ith neuron
to the jth neuron, and 4; represents a virtual attractor whose value is isomorphic

to the current level of knowledge in the network. Now define,

)i cp"l(;v,-) - ZT,i:.z',: - ZT,‘[/Q[' Vi € Sy
iy I

1[)1- = Z Tji’ll'i’ + Z le'(ll' V] c S”
! ll

Y = L,O~1(1?1) — ZTI,'/;I?,‘I - ZTu/qlv VI € SQ.(Q.Q.S.B)
Y g
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Then consistency with the terminal attractor dynamics assumptions requires
that { u; | j € Sy } be simultaneous solutions to the following "conservation”

i

equations

Z T,‘)vlijl = Yy Vi € S.\‘
J'ESH
-1 - h - I - ~
£ () — Z T,y = Vi€ Su
JIESH
‘__'; T[j't}Jf = Vi € SQ (2.2.5.8)
J'ESH

The above system of equations for u is generally overdetermined. A number
of standard algorithms exist to obtain a good approximate solution to such a sys-
tem. In our implementation we use an iterative approach. e.g.. gradient descent
or conjugate gradient descent (a survey of gradient descent algorithms may be

found in [2,312]).

2

R 1 , S

: J
1 . 2
L o= e S T 4w )
QNHE iwj S*[z;__, sy vy +
1 : . 2
Bl ly, — Tt 2.2.5.7)
2NQ XI:(‘fl %: 'y ) ( )i

to obtain the virtual attractors, @; ¥V € Sy by minimizing the above energy

function.
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2.2.6. Singularity Interaction Dynamics Formalism

2.2.6.1. Algorithm SID_1 : A *naive” Formalism

Under an adiabatic framework. at equilibrium, the fixed point equations

developed in Eqs. (2.2.5.3). can be rewritten to yield

[&V]
to
-
P
i
——

k 2 BN -1; k& 3
by = (u)T = o7 ay) (2.2.6.1.

n

where aX denote attractor coordinates; and

k koo k P
o= > Taw u)™ = ) Tum ay, (2.2.6.1.2)
m m
If we write _
4 = al Flk ii" = An.n
B = Bt v oo BN | = By,

then from Eqs. (2.2.6.1.1) and (2.2.6.1.2)
Byy = ITnn - Axny (2.2.6.1.3)
or equivalently
Byk - Axn = Twnv - (Avw - Apn) (2.2.6.1.4)
where ~ denotes the transpose operator. Thus, from elementary lincar algebra,

T = BAA AN (2.2.6.1.5)

Since one would need to verify that 4 - 4 is nonsingular at every learning it-
eration (an O(N?) operation, the above system cannot be efficiently employed

for learning in neural networks for problems wherein large numbers of training
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samples are necessarv for abstracting the nonlinear map. Thus. notwithstanding
p 3 g

the conceptual simplicity, we feel this algorithm will have limited usage.

A number of alternative methods exist for solving the above nonlinear system
of equations. We adopt a dynamical systems approach, wherein Eqn. (2.2.6.1.5)
is formulated as the steady state solution to the system and rewritten in the

terminal attractor formalism. Thus, the learning rule can then be stated as:

:lT
Tom = { (BN-I\' ' AA’-N) - (TN'N - (Avw - Arey )} }
nm nm
(2.2.6.1.6)
At equilibrium the above system yields the learned synaptic strengths, T,,,,. We

now summarize the computational structure of the learning algorithm.
Computation Learning Algorithm: SID_1

/** This algorithm describes a computational structure for encoding non-

linear mappings using topographically partitioned terminal attractors ***/

Input: input/output attractor coordinates x* and ¢*; network dimension;
neurodynamical decay constants k;; neural response function ; temporal

grid; convergence criteria; initialization domain.

Output: learned interconnection matrix Ty .

Algorithm Singularity Interaction Dynamics.-1
[1] Randomly initialize: Vn, m € {1, -+, N}and Vke {1, ---, I'}:
Tom = R [ —€, +€]

[2] Learn synaptic matrix T :

Iterate over v = 1, --., Np
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[3] Loop over training samples, ¥ = 1, ---, K
[3.1] Initialize u, in R [ —¢, + €]
[3.2] Estimate virtual attractors, {aX | n € Sy}

from conservation equations Egs. (2.2.5.4) to Eqs. (2.2.5.7)

[3.3] Evolve network dynamics using Eqs. (2.2.5.1)
Upn + KpUp = ZT,',’,,, o(um) + “Iy
m

where

kr oo [af — ?(ltn)]l/? if n € SxUSy
" [12,‘; - g.a(u,,)]l/s if n € Sy
Output: (*a%) and *Iv

[4] Endloop over training samples {4}

[5] Update T using Eqgs. (2.2.6.1.6)

nm " \<

. . 1/3
Tiil = Ton + mA{(B- D — [T (4 D] |
where bt = 7 1(ak

‘n

[6] Check for convergence:

If yes then exit else goto [2]
[7] Endloop over learning iterations {v}

[8] Exit : Display results
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2.2.6.2. Algorithm SID_2: Rigorous Formalism

In the preceding derivation of Algorithm SID_I, the synaptic update equa-
tion was derived using heuristics. We now modify our methodology to derive the

learning rule using a relaxation procedure adapted from Pineda [238]. Returning

to the computation of 8u,k / OTnm in Eq. (2.2.3.11). Let us define
$ = > Twup (2.2.6.2.1)
II
and denote
dp(+)
ol = 59~(k . (2.2.6.2.2)

8u,k
0T m

Ty Ouk
= o ufi + Y T a= (2.2.6.2.3)
which can be rewritten as

oul . .
S low - i Tl zz= = Ciabul, (2.2.6.2.4)
I nm

In the above expression é;; denotes the Kronecker symbol. We now define,

following [238], a weighted coupling matrix
Alkp = S — ou T (2.2.6.2.5)

Then, substituting (2.2.6.2.5) in (2.2.6.2.4), and premultiplying both sides with

[47!]%, and summing over [ yields

- ouk 1k
DA YAl oz = D0 (AT el fin (2.2.6.2.6)
l l' nm l



Carrying out the algebra, and relabeling the dummy indices results in:

ou f
6Tnm

= [A7YE ol uk. (2.2.6.2.7)

The above expression can now be substituted in Eq. (2.2.6.2.5); the learning

equation thus takes the form

TrTam = =) 3 IF[ATNIE oy ub, (2.2.6.2.8)
Ik

where the indices | and & run over the complete sets of neurons and training

samples.

2.2.6.2.1. Error Propagation Dynamics

A computation of the synaptic interconnection matrix as suggested by Eq.
(2.2.6.2.8) would involve a matrix inversion. Since direct matrix inversion is

typically nonlocal, we adopt the relaxation heuristic suggested by Pineda [239]

to compute the synaptic updates defined by (2.2.6.2.8). Consider the following
change of variable
vh = D [ATVIE I oy (2.2.6.2.1.1)
I
Then substituting (2.2.6.2.1.1) in (2.2.6.2.8) we have

k ~
SoAb, = DI YL A
n n { n

= > If &
{

rk :
It (2.2.6.2.1.2)

One can also use the explicit form of A’,‘lp from (2.2.6.2.5) and by substitution in

(2.2.6.2.8), we obtain
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k k
k v v
‘4np = E 5np _Tn_ - _S_ 9‘9’7115 T"P _7L
Zﬂ @ v

n nk n nk
vk
= ,P Z Top vF (2.2.6.2.1.3)
Pk
Regrouping the previous equations (2.2.6.2.1.2) and (2.2.6.2.1.3), and relabeling
the dummy indices yields
vk = @ [ Tpmvp + IX]. (2.2.6.2.1.4)
P

We see that v¥ represents a fixed point solution of a neural network having the

following coupled dynamics

Toh + vh = O [ D Tpnvp + I¥] (2.2.6.2.1.5)
P
Recall that f,k was defined in Eq. (2.2.5.2). By comparing Egs. (2.2.6.2.8,

2.2.6.2.1.1 and 2.2.6.2.1.5) we see that the resulting neural learning equations

couple the terminal attractor dynamics for u¥, with the error propagation dy-

namics for v¥, i.e.,

Twm = — ) vhuk, (2.2.6.2.1.6)
k

The complete algorithm is summarized below.

Computational structure of Algorithm SID_2

** This algorithm abstracts nonlinear transcendental functions from input-
output examples, subject to design and network constraints using the method of

Lagrange Multipliers. **/
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Input : Attractor coordinates, a¥, network dimension and topographic

partitioning, neurodynamical decay constants, neural response function and

gains, temporal grid, convergence and scaling criteria, initialization domain.
Output : learned synaptic matrix, Tp,,,.

Algorithm Singularity interaction Dynamics_2
[0] Initialize 7', A
[1] Learn T: iterate IT =1, .., NIT
[1.0] Loop over training samples, k =1, .., K
[2] Initialize @*, o*
[2.1] Estimate virtual attractors, {ﬁf | 7 € Sy} from
conservation equations (2.2.5.5)-(2.2.5.7)
[2.2] Evolve @* for inverse mapping ¥ — g* using terminal
attractor dynamics (2.2.5.1)-(2.2.5.2)
[2.3] Compute #* using the error propagation network
[2.4] Store outer product @* A * increment
[2.5] Enddo {k}
[1.2] Update T using Eq. (2.2.6.2.1.6)
[1.3] Update A using Eq. (2.2.3.9)
[1.4] Check for convergence:
If yes then exit else go to [1]
[1.5] Enddo {IT}

[2] exit

In the following section, we apply the above learning algorithms to real-life

problems in signal processing and robotics.




2.3. Simulation Results

We consider the performance of SID_1 and SID_2 in the context of two appli-
cations: (1) multidimensional reconstruction of noisy signals; (2) neurokinematics

of redundant manipulators.

2.3.1. Signal Sorting with Algorithm SID_1

The sorting of radio signals is central to many applications of signal anal-
ysis including the identification and characterization of signals in a dense RF
environment. A generic architecture [263] which is currently utilized for rapid
identification and characterization of communication signals and interference is
depicted in Fig. 2.3.1.1 Briefly, the system works as follows: a noise processor
and rapid scanning spectrum analyzer (either digital or analog) are used as the
first steps in processing the received RF signal. The output from the spectrum
analyzer is initially sorted based on the various measured discriminants available
from the spectrum analyzer, e.g., amplitude, frequency, time, and angle-of-arrival
data. The results of this initial sorting of signal externals 1s an emergence of
distinct signals which can be used for subsequent signal identification and char-
acterization. In addition, once a characteristic signal frequency is identified on
subsequent scans, a set-on receiver can be rapidly tuned to the signal of interest

for purpose of extracting signal internals (e.g., modulation type).

In developing an effective system for signal identification, a key considera-
tion is the signal sorter. Existing signal sorters typically incorporate some form
of histogram analysis or clustering algorithm for sorting the signals into distinct
classes and incorporate either content of window-addressable memories for rapid
signal identification. The problem with these existing techniques is that they
impose the typical estimate-and-process architecture which cannot easily accom-

modate a rapidly time varying signal environment. In addition, these techniques
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Figure 2.3.1.1.  System architecture for communication signal
identification and characterization.

do not necessarily incorporate multiple signal discriminant information in an op-
timal way. Thus, the performance of these existing techniques tends to rapidly

degrade as the received signal-to-noise ratio decreases.

Algorithmically, the problem can be formulated as follows: find a mathe-
matical transformation which maps a set of measured data into a set of signal
characteristics, e.g., angle-of-arrival, amplitude. The main difficult lies in the
fact that it is not a one-to-one mapping: due to inherent uncertainties one set
of measured data can correspond to a number of signals with different charac-
teristics. In other words, the formal mathematical approach requires overcoming

the well known difficulties (ill-posedness, ill-conditioning) associated with inverse
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Fig. 2.3.1.2 shows the feedforward neural network architecture that we un-
plemented for purposes of benchmarking Algorithm SID,. The inputs to the
network are the outputs from the spectrum analyzer with a pair of input neurons
being assigned to each frequency resolution cell of the spectrum analyzer. One
mernber of each pair corresponds to amplitude data whereas the other member
corresponds to angle-of-arrival (AOA) data. This input data is combined via the
connection weights and hidden layers of the network and the output is a binary
vector indicating whether the :—th emitter (or emitter class) is currently active
or not. The control setup comprised of a feedforward network with 24 neurons:
16 input neurons, 6 hidden neurons and 2 output neurons. The training data
was obtained from the output of simulated wideband spectrum analyzer.We as-
sumed fixed frequency emitters with prematched amplitudes. The training set
comprised of a 1000 linearly separable data from 16 frequency channels with
varying noise levels. The classical back-propagation algorithm required O(10%)
training iterations to learn the embedded relationship. The multiscale version
of terminal-attractor based SID_1 Learning Algorithm, on the other hand was
presented only 50 randomly sampled training samples from the set of 1000. It
requir'ed only 170 training iterations (corresponding to an effective time of 17
milliseconds) to abstract the statistical relationship. More important, during
recall, SID algorithm did not perform any false tagging with dropped classes.

Detailed results are included in Gulati and Barhen [104].

2.3.2. Neurokinematics with Algorithm SID_2

Before presenting our simulation results on SID.2 on inverse kinematics of
redundant manipulators, we motivate the relevance of neural networks to solving
robotics problems. Space telerobots envisaged for exacting applications in un-
structured and hazardous space environments, e.g., satellite servicing, space sys-

tem construction and maintenance, planetary missions etc., must be able to dex-
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Figure 2.3.1.2.  Schematic for feedforward neural network for
multidimensional signal reconstruction.

structured and hazardous space environments, e.g., satellite servicing, space sys-
tem construction and maintenance, planetary missions etc., must be able to dex-
terously and adaptively manipulate objects in a nonstationary task workspace.
Redundancy in the design of robot manipulators has been suggested as one means
to enhance their dexterity and adaptability. In contradistinction to other engi-
neering contexts where redundancy implies fault-tolerance or superfluity, redun-
dancy in robotics is determined relative to the task [58]. It refers to a manipulator
with more than the minimum nwnber of degrees of freedom necessary to accom-
plish general tasks. The major objective motivating introduction of redundancy
in robot design and control is to use the additional degrees of freedom to improve

performance in complex and unstructured environments. It helps overcome kine-
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matic, mechanical and other design limitations of non-redundant manipulators.
Also, the extra degrees of freedom can be used during real-time manipulator op-
eration to simultaneously achieve end-effector trajectory control while satisfving

additional constraints.

There are two primary problems in developing control strategies which take
advantage of redundancy. First, given the initial and final end-effector task coor-
dinates, simultaneously generate, in real time a Cartesian-space trajectory that
can achieve a goal (the path planning problem ) and a set of joint space trajectories
which cause the end-effector to follow the desired trajectory ( inverse kinematics
problem ) while satisfying additional constraints, such as obstacle avoidance,
servo-motor torque minimization, singularity avoidance, and joint limit avoid-
ance. Developing algorithms to use the additional degrees of freedom to satisfy
constraints is known as the redundancy resolution problem [30.33,34,58,107.110).
Secondly, provide adaptive mechanisms for responding to any unforeseen changes
in the workspace or the manipulator geometry. Despite a tremendous growth in
research activity on "model-based” adaptive control algorithms, the above prob-
lems entail a level of computational and paradigmatic complexity far exceeding
that what can be provided by the existing strategies. Artificial neural networks,
on the other hand, as discussed in Chapter One, due to their ability to perform
functional synthesis in real-time, could provide an attractive alternate basis to-

wards designing real-time manipulator control architectures.

2.3.2.1. Manipulator Inverse Kinematics

Manipulator kinematics addresses the problem of computing temporal evo-
lution of joint coordinates from the motion of robot end-effector. A forward
kinematic function, @, is a nonlinear differentiable function which uniquely re-

lates a set of Ng joint variables, ¢, to a set of Ny task-space coordinates, i:
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I = f(®). For serial chain robot manipulators the forward kinematic function
is easily derived [233]. The more difficult problem which is of primary practical

interest in manipulators kinematics is the inverse problem:
g = ®1x) (2.3.2.1.1)

1.e., determine one or more sets of joint configurations which take the end-effector
into a desired task position and orientation in the workspace. While the inverse
kinematic function is highly nonlinear, closed form analytical solutions can be
found for a number of non-redundant manipulators with special architecture.
Complete positioning capability in Cartesian space can be nominally achicved
using only six degrees of freedom. However, most manipulators have degenerate
configurations, or kinematic singularities, near which small displacements of the
end-effector requires physically unrealizable joint speeds. These singularities ef-
fectively lead to a loss of usable workspace and capability, and there is a strong
incentive to design robots with additional degrees of freedom. Thus, a robot
manipulator is kinematically redundant if the number of its degrees of freedom is
greater than the dimension of the end-effector task space. In contradistinction to
other engineering contexts, where redundancy per se, implies fault-tolerance, i.c
component duplication allowing for continued system functionality in the event
of an element failure or superfluity i.e, an unneeded excess capacity, redundancy
in robotics is determined relative to the task [58]. For example, a 6-DOF manip-
ulator could be redundant with respect to tasks with symmetry about one axis,
while an arm with 3 or more joints is redundant for achieving any end-effector
position in a two-dimensional space. The major objective motivating introduc-
tion of redundancy in robot design and control is to use the additional degrees
of freedom to improve performance in complex and unstructured environments.
It helps overcome kinematic, mechanical and other design limitations of non-

redundant manipulators, and simultaneously satisfy additional constraints, such
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as obstacle avoidance. minimization of actuator torques, singularity avoidance,
providing greater dexterity. minimization of kinetic energy. improvement of some

measure of manipulability. etc.

However. incorporation of redundancy injects additional complexity into the
problem. For redundant manipulators. the kinematic equations relating the spee-
ified end-effector task coordinates to the unknown joint angles may not have a
unique solution. and in general the problem is both ill-posed and ill-conditioned
[149]. i.e.. solutions may not necessarily exist. and if they do exist at all. they
are likely to be nonunique. Further. such solutions. if they do exist. in general
depend discontinuously on the input. i.e.. & and hence are likely to be unstable
to small errors in the input. For elucidation consider Fig. 2.3.2.1.1., which rep-
resent the transformation. I : Q — X. Let K denote the kinematics operator
®. Inevitable measurement errors or signal noise can lead to data which do not
lie in the range of A" and hence not in the domain of the inverse operator A ~!;
thus no solution will exist. Similarly, the transformation may not be one-to-one.
so that inverse transformation does not yvield a unique result. Jeffry and Rosner
(149] have analyzed the unstable behavior of such systems, by examing the ma-
trix form of equation X = &®Q. If X contains errors (say observational) AX,
then a direct inverse in the least-squares sense. 1.e.. generalized pseudoinverse,

would vield the elementary solution

Q = (®T®)' T [X +46X).
If the row vectors of ®7® are not fully linearly independent, then ®7® will be
nearly singular, and the avove inversion will greatly magnify the error, possibly
driving it to dominate the solution. Therein lies the basis for ill-conditioned

nature of the problem.

Often an infinite number of joint-configurations can be obtained to satisfy a

given end-effector configuration. However, it can be shown [58] that the infinity
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Figure 2.3.2.1.1. Schematic representation of inverse problems and the
origin of their lll-posed and ill-conditioned nature.
(adapted from ref: [149]).

of solutions can be mapped into a finite set of manifolds. Because of this infinity
of solutions, many redundant manipulator investigators have chosen to focus
on the instantaneous or differential kinematics, which uses a jacobian-matrix to

relate end-effector velocities to the joint velocities. The jacobian is defined as

r o= JQ)q (2.3.2.1.2)

For redundant robots the manipulator Jacobian is not uniquely invertible,
and pseudo-inverse techniques can be used to select a solution from the infinity of
possible solutions in the null space of J(§). Eq. (2.3.2.1.2) is often referred to as
the inverse kinematics solution, although (2.3.2.1.1) is the true inverse kinematics

problem.
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Given a desired end-effector velocity, &, the joint velocities. ¢ can simply be

determined by

where J f(q) is the pseudo-inverse. or a weighted pseudo-inverse, of the manipula-
tor Jacobian matrix. This redundancy resolution solution minimizes a weighted
quadratic norm of instantaneous joint velocities. The end-effector velocities are
typically generated by a path planning algorithm, and the joint velocities com-
puted by Eq. (2.3.2.1.3) are used as the reference input to a joint-space control

system.

This solution can be modified by adding a null space component to the joint

velocities [66,78.184.288]:
i = g+ - @Iz (2.3.2.1.4)

where Z is an arbitrary vector. The term (I — JT((j)J((j)) projects this arbitrary
vector into the null space of the manipulator. Physically, any motion in the
null space is an instantaneous internal motion of the manipulator which causes
no motion of the end-effector. Many redundancy resolution criteria can be de-
veloped as potential functions, and = might be the gradient of the resolution
potential function, i.e., , Z = aV¥(q), where « i1s a weighting factor. Then
for a given end-effector configuration, the gradient of this function is used to
control joint velocity in the redundant directions, in a manner that forces the
manipulator to seek an ontimal configuration. However, the pseudo-inverse reso-
lution techniques are generally not cyclic [78,92.256,310], i.e. these techniques do
not generate closed joint-space trajectories corresponding to closed end-effector
trajectories, thereby posing a serious limitation for practical implementations.
Other researchers have used the null space of the jacobian, which corresponds

to the self-motion of the robot, to optimize various performance criteria. For
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example, Liegeois [184] has developed a gradient projection scheme that utilizes
the null space of the Jacobian to optimize a joint-position dependent, scalar per-
formance criterion. However, the existing algebraic methods are, in general, very
expensive computationally, and are unable to find global redundancy resolution
optima with respect to multiple criteria in real-time. Also the manipulators can
have more than one distinct internal motion for a given end-etfector location but
the instantaneous methods only optimize over one internal motion. and therefore

can miss the true optimum which lies on another internal motion [53].

So in the absence of closed form solutions, off-line iterative approximation
techniques based on "local-methods™ have been used to solve the inverse trans-
formation problem. In this context, Goldenberg et al. [92] have proposed an
"augmented task method” that uses a modified Newton-Raphson method to
simultaneously obtain all the joint variables. They partition the augmented
Jacobian matrix into an invertible non-redundant component and a redundant
component to obtain approximate bounds on the magnitude of the joint angles.
A nonlinear constrained optimization is then performed to determine the angu-
lar displacements for the redundant joints by satisfying some auxiliary criteria.
The resulting values are used to compute the Newton-Raphson correction that
minimizes an error-residual between desired and current end-effector coordinates.
Despite its versatility, this techniques suffers from algorithmic singularities, since
it fails to ensure the non-singularity of the Jacobian-matrix partition prior to start
of each iteration. Also, for a large number of degrees of freedom, the nonlinear
optimization algorithm during each iteration induces a significant computational

coinplexity.

In a significantly different approach Burdick [58] conducts a topological and
geometrical analysis of the kinematics of redundant manipulators. Formulating

inverse kinematics as a global manifold mapping problem, he uses the singulari-
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ties of the forward kinematics to partition the configuration space manifold into
disjoint regions. The topological characteristics of these regions and their for-
ward mapping are then used to rigorously analyze kinematic properties, such as
bounds nature and number of singularities that must be encountered along an
arbitrary cyclic path and bounds on the number of inverse kinematic solutions.
Currently formal procedures are being developed for translating this qualita-
tive insight to quantitative algorithms that could aid the design and control of

redundant manipulators.

In contrast to the algebraic and iterative strategies mentioned above, neuro-
morphic approaches to the inverse kinematics problem entail systems composed
of many simple processors ("neurons”), fully or sparsely interconnected, whose
function is determined by the topology and strength of the interconnections. The
synaptic elements of such neural systeins must capture the transcendental kine-
matic transformations using e prior: generated examples enabling subsequent
generalization to other points in the workspace. Thus, the inverse transformation
equations do not need to be explicitly programmed or derived. Once they have
been learned, the network’s inherent self-organizing abilities enable it to adapt
to changes in the environment, e.g. planning joint trajectories in the presence of
obstacles. or to any unforseen changes in the mechanical structure of the manipu-
lator, with little effort [197]. Within a neuromorphic framework, a solution of the
inverse kinematic involves two phases, a training phase and a recall phase. The
training phase involves encoding the inverse mapping in the network’s synaptic
weight space, through repeated presentations of a finite set of a prior: generated
examples, linking cartesian space end-effector coordinates to the corresponding
joint angles. Once the network has acquired the nonlinear mapping imbedded
within the training set, it can be used to rapidly recall, or generalize the joint
configuration corresponding to any given cartesian-space orientation within it’s

workspace of training, thereby eliminating the computational overheads asso-
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ciated with the existing iterative techniques. Also, once the training cycle is
completed. the time required to obtain a solution depends in a weak fashion on

the number of degrees of freedom.

In the past, Josin [152], Guez [102] and Tawel et al. [207] have applied
this generic neuromorphic paradigm to the inverse kinematics problem for a
3-DOF redundant manipulator. In particular, they train a heteroassociative,
multi-layered feed-forward neural network using the backpropagation algorithm
[250.251]. The following principle is commonly used during the training process.
When the system produces a wrong output on presentation of an I/O pair, the
learning update rule simply changes each weight in the direction which makes
the size of the error decrease as rapidly as possible. The components of this
steepest descent direction in weight space are evaluated by using the chain rule to
compute the partial derivatives of an error function with respect to each weight.
The implementation of this weight change requires recursively propagating an
error signal backward through the network, changing weights that had a large
effect on the output more than those that did not. This process i repeated until
the residual error between the network and target output. over all patterns, falls

below a minimum acceptable tolerance.

Despite its conceptual simplicity, there are a number of non-trivial issues,
both from the kinematics perspective and from the computational cost perspec-
tive that have hitherto limited the eflicacy of such neuromorphic solutions to
the inverse kinematics problem for redundant motion control. The major limita-
tions, as discerned from the existing implementations, include an unacceptably
large number of training iterations ( O(10°) even for generalizing over small
manifolds, see Tawel et al [267). Also the interpolated angular coordinates have
relatively poor precision as compared to their algebraic or iterative counterparts.

Besides, the backpropagation algorithm fails to efficiently scale-up to configura-
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seven or more degrees of freedom could not be satisfactorily trained using the
standard back-propagation algorithm even after several million iterations. Fur-
thermore the back-propagation algorithm per se does not provide any intrinsic
mechanism to simultaneously exploit redundancy to increase the task workspace
(design constraints) and satisfv additional requirements inherent to operations

in an unstructured environment sucl as obstacle avoidance in real-time.
2.3.2.2. Implementation Results

The neurodynamical learning framework, SID_2, developed in the preceding
section 2.2. was applied to a planar 3-degree of freedom redundant manipula-
tor and to a spatial T-degree of freedom human-arm like manipulator. Though
either of the manipulators encompasses configurations which exhibit sufficiently
the problematic complexity presented by the inverse kinematics mapping, we
experimented with both examples for a variety of reasons. The 3-DOF planar
manipulator was primarily used to ascertain the algorithmic correctness of our
terminal-attractor-based neural learning algorithm. It provided benchmarks for
comparison with the existing backpropagation based neural network solutions
[102,251,267], in terms of number of training iterations and training samples
needed to stabilize the netwerk. estimates on the number of synaptic elements
or neurons required to successfully capture the inverse mapping and the accu-
racy of recalled or "generalized” joint configurations corresponding to the input
end-effector coordinates. Though backpropagation-based neural networks can be
applied to planar redundant manipulators with 3-DOF, they failed to scaleup to
cases involving seven or more joints. Their practical applicability would thus
appear to be severely limited for kinematic control of most industrial robot ma-

nipulators. We also empirically analyzed the robustness and computational speed
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(b) PUMA 560 Robot Arm constrained to coplanar
configurations.
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(a) Convergence of state variables; (b) Convergence
of joint angles during training of 3-DOF constrained

PUMA 560 Robot Arm.
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of our artificial neural system on a 7-DOF redundant manipulator to illustrate
its efficacy as a viable, real-time alternative to the existing quantitative tech-
niques [30,107]. To provide a context for the subsequent analysis we precede our
discussion on the simulation results with a brief description of each candidate

manipulator.

The continuous-time, dynamical training procedure was simulated using pa-
rameters corresponding to a constrained configuration of the six-jointed PUMA
560 industrial robot [255]. By suppressing the motion of the shoulder, elbow and
the wrist joints, the PUMA robot arm, Fig. 2.3.2.2.1(a) was restricted to motion
in a vertical plane only as shown in Fig. 2.3.2.2.1(b) Fig. 2.3.2.2.2(a) illustrates
the worst-case normalized behavior of the state variables and the synaptic el-
ements during the learning phase, as the neural network acquires the inverse
mapping. Figure 2.3.2.2.2(b) shows the convergence of the output neurons to
the presented attractors during the learning phase for a particular sample. When
learning has stabilized over all the training samples the network switches to its
operational mode. Figure 2.3.2.2.3(a) displays the normalized convergence be-
havior of the neuronal activity, @ as the network generalizes the joint angles in
response to arbitrary cartesian inputs. Figure 2.3.2.2.3(b) illustrates the con-
vergence of interpolated joint angles. Notice the rapid rate of convergence in

computing the joint configuration as juxtaposed to conventional techniques.

In addition, the dynamical training algorithm was applied to learn the in-
verse kinematics transformations for Hemami’s simplified 7-DOF manipulator
formulation [122] of the human-arm. As shown in Figure 2.3.2.2.4, the following
joint motions are available :the joint #; provides back and forth motion about the
shoulder, 8, provides effector elevation in the vertical plane, 63 enables rotation
around the upper-arm axis, while 84 provides the elbow motion, 85 is around the

forearm axis and 65 and 67 lead to the pitch and yaw motions of the wrist,




Figure 2.3.2.2.4. Seven DOF Human-arm like manipulator. Adapted from
Hemami [122].
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respectively. Details on the geometric parameters, namely link length, twist an-
gle, joint limits and offsets may be found in [122]. Forward kinematics equations
(see Paul [233]), were used to generate training samples of end-effector and joint-
space coordinates over the workspace volume of the robot. Figure 2.3.2.2.5(a)

displays the normalized, worst-case temporal behavior of state variables 1, i.e.,

maxy , | (vt — u!)/ul |, adjoint variables ¢ and the synaptic elements,
T, during the learning phase. Figure 2.3.2.2.5(b) shows the variation in activ-

ity at the output neurons during the learning cycle corresponding to one of the
training pairs being presented to the network. Note that the system learns the
inverse mapping in a few hundred iterations only, as compared to the several
million iterations required by the gradient descent-based backpropagation algo-
rithm. The computational efficacy of our neuromorphic learning algorithm may
be estimated from the rate of variation in network activity during the operational
phase of the network as shown in figures 2.3:2.2.6(a) and 2.3.2.2.6(b) As depicted
in Fig. 2.3.2.2.6(a), once the network has acquired the inverse transformations,
it may be used to recall or generate the joint angles needed to achieve any arbi-
trary end-effector coordinate, within the workspace of the manipulator, in very
few dynamical iterations. The detailed results of this study will be reported

elsewhere.

2.4. Summary

In this chapter we have provided a novel framework for solving a class
of complex learning problems in the context of robot manipulation, namely
the enhancement of manipulative capability and reliability. Our novel learning
paradigm for neural network models, based on the terminal attractor concept, is

shown to be computationally competitive with iterative methods currently used
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in robotics to solve the inverse kinematics of redundant manipulators. The neuro-
morphic framework is expected to facilitate the development of robust real-time
algorithms for computing joint configurations to achieve arbitrary end-effector
trajectories. In addition, this strategy does not appear to suffer from non-
cyclicity of motion, as encountered in the pseudo-inverse resolution techniques
[58,66.78,92,288] or the algorithmic singularities common to augmented task ap-
proaches [92]. Furthermore, unlike the feed forward, backpropagation neural
learning approaches, the adaptive dynamical system formulation presented here,
provides the flexibility for incorporating arbitrary combinations of kinematic op-
timization criteria, without imposing high computational overheads. Two options
are available for including the redundancy resolution criteria in the algorithm to
resolve the nonuniqueness of joint configurations that may satisfy a given end-
effector configuration. The constraints may either be included a prior: | ie..
while generating the training samples themselves, thereby forcing the network to
learn only limited aspects of inverse kinematics mapping with a bias towards a
particular criterion; or they could be selectively applied in real-time to an op-
erational version of the network (trained to encode the emergent invariants of
the inverse kinematic mapping), to regularize the solutions (i.e. provide unique
best answers ). In addition, it was found that this strategy scales-up to configu-
rations of practical interest, where conventional neural learning techniques, e.g.,

back propagation appear to fail.




Chapter Three

Constrained Learning in Dynamical
Neural Networks

In this chapter we extend our previous results to rederive a theoretical frame-
work for neural learning of nonlinear mappings, wherein both the topology of the
network and synaptic interconnection strengths are evolved adaptively. The pro-
posed methodology exploits a new class of mathematical constructs, terminal
attractors (detailed in Chapter Two), which provide unique information process-
ing capabilities to artificial neural systems. Terminal attractor representations
are used not only to ensure infinite local stability of the encoded information,
but also to provide a qualitative as well as quantitative change in the nature
of the learning process. In particular, the loss of Lipschitz conditions at energy
function minima results in a dramatic increase in the speed of learning. Typi-
cal performance improvements are in excess of three orders of magnitude over
current state-of-the-art backpropagation techniques. To guarantee the uncondi-
tional stability of the neural activation dynamics during learning, we introduce
the concept of “virtual terminal attractors”. Finally, in a significant departure
from prior neuromorphic formulations our algorithms also provide a framework
for systematically incorporating both in-training and e posterior: regularization
mechanisms to handle design as well as environmental constraints for applications

in unstructured environments in real-time.
3.1. Introduction

A considerable effort has recently been devoted to the development of effi-

cient computational methodologies for learning. Artificial neural networks, char-

5




-]
(@2}

acterized as massively parallel, coupled, adaptive dynamical systems, provide
an ideal framework for interacting with objects of the real world and its statis-
tical characteristics in the same manner as biological syvstems do. In contrast
to existing notions on imperative and symbolic computing. the potential ad-
vantages of neuronal processing stem from their ability to perform concurrent,
asynchronous and distributed information processing. Neurons with simple prop-
erties and interacting within relatively simple architectures can accomplish col-
lectively complex functions such as generalization, error correction, information
reconstruction, pattern analysis and learning. Their paradigmatic strength for
potential applications arises from their spontaneous emergent ability to achieve
functional synthesis, and thereby learn nonlinear mappings [32.36.111]. and ab-
stract spatial [62.63], functional [180] or temporal [177,178] invariances of these
mappings. Thus, relationships between multiple continuous-valued inputs and
outputs can be established, based on a presentation of a large number of a prior:
generated representative examples. Once the underlying invariances have been
learned and encoded in the topology and strengths of the synaptic intercon-
nections, the neural network can generalize to solve arbitrary problem instances.
Since the mappings are acquired from real-world examples, network functionality
is not limited by assumptions regarding parametric or environmental uncertainty.
inherent to model-based approaches. Thus, neural networks provide an attrac-
tive self-organizing algorithmic paradigm, that can can automatically learn like

biological systems, rather than require explicit programming or symbolic scarch.

Fundamental to functional synthesis is the ability to accurately and cthi-
ciently acquire nonlinear transformations from examples. Although, a number
of neural algorithms have been proposed for functional approximation. attention
has largely focussed on the back-propagation algorithm because of its simplicity,
generality and the promise that it has shown in regard to various applications.

However, the increasing perception that back-propagation is too slow to be rel-
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evant to most real-world problems, has led to the development of a number of
variant algorithms. For discrete systems, Baum [46] has proposed a polynomial
time algorithm for learning union of half spaces. Lapedes and Farber [177.178]
proposed a master-slave network with sigmoidal nonlinearities to approximate a
continuous time series for forecasting. Pineda [238] extended the methodology
by deriving a recurrent generalization to back-propagation networks operating
in continuous time. In a similar vein, Pearlmutter [234] constructed a proce-
dure for approximating trajectories by minimizing an error functional between
output and targeted temporal trajectories. More recently, Williams and Zipser
[292] proposed a real-time learning algorithm for training recurrent. continually

updated networks to handle temporal tasks.

In a radically different approach, we propose to use a new mathematical
construct, i.e., terminal attractor dynamics [303] to acquire the nonlincar map-
ping. Terminal attractor representations are used not only to ensure infinite local
stability of the encoded information, but also to provide a qualitative as well as
quantitative change in the nature of the learning process. In particular, the loss
of Lipschitz conditions at energy function minima results in a dramatic increase
in speed of learning. Typical performance improvements are in excess of three
orders of magnitude over current state-of-the-art backpropagation techniques. In
a significant departure from prior neuromorphic formulations our algorithms also
provide a framework for systematically incorporating event-driven constraints in
real-time, avoiding the necessity to retrain the network. Finally, a fundamental
problem in neural learning methodologies based on dynamical systems concerns
the stability of the activation network as synaptic weights evolve during training.
Previous approaches [234,251,305] do not guarantee stability. Here, we introduce
the concept of “virtual” terminal attractors which yields an unconditionally sta-

ble neurodynamics.
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In this context. we present a novel self-organizing neural formalism, which
attempts to provide an efficient and accurate solution to the mverse kinematies
problem and addresses some of the above concerns. The proposed methodol-
ogy extends our work in Chapter Two [30.34.108.110!, wherein we introduced
topographically partitioned. but fully connected networks to acquire the kine-
matics mapping. Central to our approach is the concept of encoding the training

samples as static “terminal-attractors”™ of the network.

Chapter Two focussed on coupling the mapping encoding and the resohuw
tion of kinematic redundancy in an objective function from which the learning
equations were derived. Here, we argue a radically ditferent approach, wheremn
redundancy resolution is carried out at the operational stage. Training now os
sentially alms at capturing the invariant properties of the nonlinear kinemaric
mapping. by minimizing the network’s “strength”™ energy, a regulator of the inter-
connection topology and synaptic strengths. Specifically, this chapter provides a

new theoretical framework for learning using artificial neural networks.

3.2. Neurodynamics Model

3.2.1. Network Specification

Consider a densely connected neural network with N graded-response neu-
rons operating in continuously sampled time. To acquire a nonlinear transfor-
mation, ¢, from a Nyx-dimensional input domain to the Ny -dimensional output
space, the network is topographically partitioned into three mutually exclusive
regions. As shown in Fig. 2.2.1.1, the partition refers to a set of input neurouns,
S, that receive the input components, an output set Sy, which provides the
desired output components and a set of “hidden” neurons, Sy, that encode the
representation of the (-mapping. The network is presented with K randomly

sampled training vector-pairs of input- and output-space coordinates.
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We formalize the neural network as an adaptive dynamical system whose

temporal evolution is represented by the following coupled differential equations
Un + KU, = ZT""’ O (Um) + Kl (3.2.1.1)
m

where u,, represents the mean soma potential of the nth neuron and T,,,,, denotes
the synaptic coupling from the mth to the nth neuron. The constant ~ charac-
terizes the decay of neuron activity. The sigmoidal function ¢4(-) modulates the
neural response, with gain given by ¥; typically, ¢,(z) = tanh(y-z). Without
loss of generality, ¥ will be set to unity in the sequel. The “source” term, *I,
encodes component-contribution by the attractors of the k-th training sample via

the expression

k - 5 i .
", = { g“" #(un) ] :t{: 2 g:; U Sy (3.2.1.1)
The specific attractor coordinates, ka,, are given by *zr, if n € Sy and
kynif n € Sy, for {*z, ¥§ | ¥ = 1, ---, K’} taken from a training set scaled
to the range [—1,41]. In Section 2.2.4, it was shown that. for 3 = (2i + 1)~

and 7 a strictly positive integer, such attractors have infinite local stability and

provide opportunity for learning in real-time.
3.2.2. Energy Function and Network Stability

Our basic operating assumption for the dynamical system defined by Equa-

tions (3.2.1.1) is that at equilibrium, i.e., as ¢, — 0,forn = 1,---, N,
u, — N, (T). (3.2.2.1)

The superscript ~ will be used to denote quantities evaluated at steady state.

This yields the fixed point equations :

ki = ) Tam @(im) + *1, (3.2.2.2
m
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Note that, in contradistinction to Hopfield {135], Pineda [235], and others [75]
kI, is a function of the state variable v, and does not represent a constant
external input bias to the network. It influences the system’s degree of stability
and provides a dynamically varying input modulation to the neuron, thereby
enforcing convergence to fixed points in finite time, without affecting the location
of existing static attractors. For an arbitrary synaptic matrix 7', the asymptotic
attractor contribution *I, differs from zero. The key objective of learning is

then to

adaptively evolve the interconnection topology of the neural network; and
determine the synaptic strengths, so that the Sx — Sy mapping be ac-
curately computed over the training set, in terms of the specified atiractors:

e, Vb =1, .-+, I¥

kIn = 0 Vneée S¢ U Sy

To proceed formally with the development of a learning algorithm, we pro-
pose an approach based upon the minimization of a constrained "neuromorphic

energy-like function” E(T, A) given by the following expression

. 1 _ 1 . .
E(T,A) = 5). Y wam (Tam = Tam Tnn ) + = YN Rty (3.2.2.3)
“ n m k n
where
" 0 ifn € SyusSy VT

Typically, positive values like % and 2 are used for a. The weighting factor wy,,
is constructed in such a fashion as to favor locality of computation. The indices
n, m span over all neurons in the network. Lagrange multipliers corresponding
to the k — nth constraint are denoted by *),. The proposed objective function

includes contributions from two sources.
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[a] It enforces convergence of every neuron in Sy and Sy to attractors corre-
sponding to the components in the input-output training samples, thereby

prompting the network to learn the underlying functional invariances.

[b] It regulates the topology of the network by minimizing interconnection
strengths between distant synaptic elements in line with Gauss’s least con-

straint principle [107].

As already discussed in Chapter Two, additional problem-specific constraints
could also be incorporated in the neuromorphic energy function. But, in con-
tradistinction to the traditional approaches, our methodology incorporates them

directly into the trained ( operational ) network, as discussed in Section 3.5

Lyapunov stability requires an energy-like function to be monotonically de-
creasing in time. Since in our model the internal dynamical parameters of interest

are the synaptic strengths T;,,, of the interconnection topology and the Lagrange

multipliers ¥\, this implies that
: OE . OE . o
E = Z; o7 T, + z,:z,.:@’/\f A o< 0 (3.2.2.5)

One can always choose, with 7 > 0

OFE

Fo o=
' " 9T,

where 7 introduces an adaptive parameter for learning to be specified in the
sequel. Then, substituting in Eq. (3.2.2.5) and denoting by ¢ tensor contraction,

i.e., sum over all relevant indices, one obtains
VAE & A\ < 7VrE®VE (3.2.2.7)

The equations of motion for the Lagrange multipliers {A; must now be constructed

in such a way that Eq. (3.2.2.7) be strictly satisfied. In addition, when the
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constraints are satisfied, i.e., I, — 0, we require that '/'\,' — 0. We have

adopted the following analytical model for the evolution of A,

: VirE 2V rE
l TEL T VT { 3
A = , VAEl; 2.2,
T A+ 1/(A + ) [VA£] (3 5)

where A\ = VA E&V,3EFand0 < 6 <« 1. It is straightforward to prove that

this model fulfills the above requirements.
3.2.3. Adaptive Learning

We now focus on the derivation of an algorithm for computing VpE and

respect to T;; we get

6E L k 1 k R d k ~
= w - E E o= . 2.3,

where ¥, denotes the derivative of the neural response. We must compute

d,g,_ ki, from the network fixed point equations (3.2.2.2). This requirement is
1

a major distinction from previous results for associative memory [13]. There,

the constraints ( *T',, in our notation ) were simply the fixed point equations for
the complete N —dimensional memory patterns, i.e., o ' (ak) = 3 Ty, af,
(again in our notation ). Such a representation and the resulting formalism are

inadequate for learning nonlinear mappings ( Sx — Sy ) problems, since here

| Su | # 0.

We proceed as follows :

d ..
dTij K Up = dT,J {Z Tnm um) + I }

m

— 5o ks~ d_ 5
b Z ni m] QP( um + Z nm (Pde um + dT'J IH

(3.2.3.2)
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which after some algebraic manipulation yields

d_ . k[4- k.~
T i, = “[A7Y . e(tay) (3.2.3.3)

In the above expression, the matrix A is defined as

KA = Fnibai — T R (3.2.3.4)
where
knn = K+ %f[afz - (f)(kﬁn)]—2/3 k‘ran ifn' € S\’US\ (3235)
K ifn € Sy

To summarize the calculations up to this stage, we can write

OF N g -
ar, ~ wiTu - SO T R FAT e M) (3.2.3.6)

A computation of the energy gradient using Eq. (3.2.3.6) would involve
a matrix inversion. Since direct matrix inversion is typically nonlocal, we use a
variant of a relaxation procedure suggested by Pineda [10]. Consider the following

change of variable

*5; Z‘\ Framt Kon FAT (3.2.3.7)

Multiplying both sides of Eq. (3.2.3.7) by ¥4,,, and summing over 7 yields

D FAim Fo = 30O TR s Z TA i Fdim = A TR RS
(3.2.3.8)
One can also directly use the explicit form of ¥ 4,,, from (3.2.3.4) to obtain

Z kA,m ’U, = Z knm -nm vl ZTxm S"m

= k"?m Um — ¥m Z Tlﬂl vl (3239)
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Regrouping equations (3.2.3.8) and (3.2.3.9) results in the fixed point equation

kT]m kﬁm = “m [ Z m vx krgl_l ] (32310)
To obtain *#;, we permute the dummy indices i and m and form the dynamical
system

o 4 fmvi o= FG () Tmivm + FX T (3.2.3.11)

The equilibrium points *#; (obtained when, 9; — 0) are then used in the

computation of VrE, i.e.,

E .
‘——;T,j = wiyTi; — ) Foie(*ay) (3.2.3.12)
! k
Finally, by combining Egs. (3.2.2.6) and (3.2.3.12) the neural learning equations
can be expressed as
T,'j = =7 |wij T Zkv, @( uJ)] (3.2.3.13)

To compute VyE we return to the definition of E to obtain

1 1 .
= =3 > Sy Ty = =T (3.2.3.1¢)
a a
k n
Thus, the temporal evolution of the Lagrange multipliers, Egs. (3.2.2.8) can be
described by the equation
N T VrE® VrFE I+
N o= — I¢ 2.3.
a A+ 1/(A+6) (3.2.3.15)

based on the above results, we now summarize learning algorithm SID_3.
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Algorithm : Singularity Interaction Dynamics_3

Input : input/output attractor coordinates, an; network dimension; neu-
ral response function; neural gain; neuronal decay constants; state variable

initialization domain; topological constraints, time scales
Output : network topology; learned synaptic strengths, Tpm;
algorithm Singularity Interaction Dynamics-3

(1] Initialize: Vn, m € {1, -+, N}and Vk € {1, ---, N} :

T).., = R[—¢ +e]
A0 = R —e 4e]

[2] Learn synaptic matrix T : Iterate v = 1, ---, Np

T e
initialize outer product array : £, = 0.

(3] Loop over training samples, ¥ = 1, ---, K

[3.1] Evolve network dynamics using
itn + Run = Z Trlllm S‘o(um) + kIn
m

where

kro = {[a,ﬁ — c,o(un)]l/3 if ne€ SyUSq
" 0 if n € Sy.

Output: o(*@%) and *I?

[3.2] Evolve "importance” dynamics using
bn o+ Fnnvn = FELLY Toavm + CAL TR
m

where




n
" K if n € Sy

Output : *9?
[3.3] Update outer product contribution

Sha = S+ (i)
[4] Endloop over {k}

[5] Compute VT E

(VTE):;m = z:‘r/zm - Wam Trlzjm

(6] Compute V\E

“(VAEY, = —*Tg*

Rlr

[7] Update T

Tow! = Tim + 1A (VTE),

[8] Update A using

VrE®VrE
VAE G VAE + 6

= A+ A “(VAE),

[9] Check for convergence:

If yes then exit else goto [2]
[10] Endloop over learning iterations {v}

[11] Exit : Display results
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kv _ {m" + % [aﬁ-—go(kﬁ,"l)] > ks if n € SyUSg



3.2.4. Adaptive Time Scales

ified. Now we will show that by an appropriate selection of this parameter the
convergence of the dynamical systems (3.2.3.13) and (3.2.3.15) can be consider-

ably improved. We seek 7 in the form [36,40,105,305]
T x |VE|™? (3.2.4.1)

where VE denotes the vector with components VrE and VyE. It is straight-

forward to show that
d 1-3 TP
= |VE| = -y |VE|'™ (3.2.4.2)

as VE tends to zero, where y is an arbitrary positive constant. If we evaluate

the relaxation time of the energy gradient, we find that

. /WEH’ d|VE | {oo ; if
IV Elo | VE Il 8 - | VE lp < o© if

Thus, for # < 0 the relaxation time is infinite, while for 3 > 0 it is finite. The
dynamical systems (3.2.3.13) and (3.2.3.15) suffer a qualitative change for 3 > 0
: they loose uniqueness of solutions. The equilibrium point | VE | = 0 becomes
a singular solution being intersected by all the transients, and the Lipschitz

condition is violated, as one can see from

d (d|VE|

i[VE] 7 ) = —y |VE|?? — - (3.2.4.4)

where | VE | tends to zero, while 3 is strictly positive. Such infinitely stable

points are “terminal attractors”, as discussed in section 2.1. The qualitative
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effect is depicted in Fig. 3.2.5.1. By analogy with these previous results we

choose 8 = 2/3, which yields

T o= (Z Y UVIEL, + D) “[Vm]i) (3.2.4.5)
n m k H

*5: o(*1;), suggests a possible

physical interpretation for the quantities ¥3;. They measure the “importance”

Finally, inspection of Eq. (3.2.3.13), i.e., Ti;

for neuron 7 of signals coming from all neurons j to which it is connected.

dit

du

Figure 3.2.4.1. Qualitative illustration of the terminal attractor effect
on the convergence of dynamical systems.

3.2.5. Virtual Terminal Attractors

Neural Learning methodologies based on dynamical systems must consider

the fundamental problem of network stability as synaptic weights evolve during
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training. Previously published approaches [235] ignored the issue and actually
do not guarantee stability. To make some progress, we observe that if each node
of the activation network had an associated terminal attractor , the resulting
neurodynamics would be unconditionally stable. However, since by definition of a
mapping, data are provided only for neurons in the input and output topographic
partitions, “virtual” attractors must be determined for the hidden units. These

attractors are virtual since they correspond to a current estimate of the synaptic

connectivity matrix. Specifically, Eq. (3.2.1.2) has to be modified to read
k = [Fan = ¢(un) )7 if n € Sy )
I” B { [k3n - L,O(un) ]ﬂ if n € SH U SY (3...51)

where the virtual attractor coordinates z, are obtained by considering the fixed
point equations (3.2.2.2), as adaptive conservation equations which utilize the
extra degrees of freedom made available by the hidden neurons in Sg. Thus, if

we define

fH, = Z T o(Fap) (3.2.5.2)
{ESy USy

we can compute the virtual attractors from

b= = [K2n = Y Tam @(am) — FHa]'/? (3.2.5.3)
meSy

Note that the above expression also involves terminal attractor dynamics.
3.3. Computation Learning Algorithm - SID _4

First we introduce some nomenclature. Let R[—¢, +¢] represent a uniform
random number distribution over the real interval [—e, +¢], where | ¢ | < 1.
Let N7 denote the maximum number of learning iterations, indexed by v. The
integration time-step is denoted by A. The learning rate being proportional

to the outer product of the vectors ¥ and ¢(*i), a two dimensional array T is
p ¥
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defined for collecting the contributions of each training sample during a particular

iteration.

Algorithm : Singularity Interaction Dynamics_4

Input : input/output attractor coordinates, a,; network dimension; neu-

ral response function; neural gain; neuronal decay constants; state variable

initialization domain; topological constraints;
Output : network topology; learned synaptic strengths, Tym;

algorithm Singularity_Interaction.Dynamics._4

[1] Initialize: Vn, m € {1, -, N}and Vb € {1, .-+, K}:
T = R [ —¢, +e]
KA = R [ —e +e]

[2] Learn synaptic matrix T : Iterate v = 1, ---, Nt

-~

initialize outer product array : ¥4, = 0.
[3] Loop over training samples, k¥ = 1, ---, K
[3.1] Evolve network dynamics using

Up + Kup, = Z TV o(um) + I,
m

where

kpo— [a¥ — o(ua)]® if n € SxUSg
" 0 if n € Sy.
Output: ¢(*@%) and *I¥

[3.2] Evolve "importance” dynamics using

o + Fnlon = FRULD ] Thavm + AL TRV
m




where

_:_2
kv _ {fc“ + % [aﬁ—cp(kﬁ:’l)] S ks if n o€ Sx USq
K if n € Sy

Output : *3”
[3.3] Update outer product contribution
S = S+ i)

nm ~“nm n

[4] Endloop over {k}

[5] Compute V1 E

(VTE);:m = S:/zm - Wnm Trlz’m

[6] Compute VAE

HVAR), = - Ty
[8%

[7] Compute r using Eq. (3.2.4.5)

= (TS vk ¥ ¥ et
(8] Update T

Titt = Th + 72 (VrE)in
[9] Update A using

VTE® VTFE
VAE®V,E+ 6

fantt = RA 4 orA “(VAE)

[10] Check for convergence:

91




If yes then exit else goto [2]
[11] Endloop over learning iterations {v}

[12] Exit : Display results

Note that even though the formulae given for algorithmic steps 8 and 9.
above are based on the Euler approximation for simplicity of notation. more
sophisticated integration techniques must always be used. In addition, since it
is well known that a discrete approximation of a continuous dynamical system
subsumes absence of singularities, extreme caution needs to be exercised during
implementation of the above algorithm in a digital computational environment.
For example, infinitesimal integration steps are typically required to overcome
effects that can be induced by interacting terminal attractors, or, spatial singu-

larities induced by the fractal boundaries of attraction.
3.4. Operational Network

During run-time, i.e., after the invariant characteristics of the nonlincar
transformation have been encaptured by the network, the above neurodynam-
ics can be used to compute joint-space configurations corresponding to arbitrary
task-space coordinates. However, the “operational” version of the neural network
differs from the "in-training” model in two respects. Firstly, network dynamics
in the operational phase no longer includes the “source” contribution for neu-
rons in the output set Sg. It is assumed that if the system has truly acquired
the topological invariances of the inverse kinematics from the presented train-
ing samples, then the network’s emergent generalization ability will always force
convergence to the appropriate fixed points of the neurodynamics. States of the
output neurons in Sg can then be examined to extract the joint-space configura-

tion computed by the network. For inputs that correspond to one of the training
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examples this implies heteroassociative recall. On the other hand, presenting
inputs that do not correspond to the stored states of the system, entails burning
new fixed points in the phase-space landscape of the network. An analytical
argument validating the neural network’s capability for computing a continuum

of outputs in response to an arbitrary input stimuli is included in [235].

Secondly, we attempt to resolve kinematic redundancy during run-time by
directly encoding application-specific as well as environmental constraints into
the dynamics of the operational network. This i1s a significant departure from
existing models. There are essentially three modes for handling kinematic, design

and workspace constraints using neural networks:

(a) generate the training samples such that they always conform to certain se-
lected criteria. For example, Tawel et al. [267] train their network using only
those samples that yield a manipulator configuration with minimal poten-
tial energy. They therefore eliminate the need for redundancy resolution as
all joint-configurations computed by the network will conform to the above

kinematic criteria.

(b) In our earlier derivation in Chapter Two, we provided a systematic mecha-

nism for incorporating constraint information into the neuromorphic objec-

tive function.

(c) Here, in a radically different approach from renormalization group theory
(as summarized in Section 1.6.4), we propose to add constraint information
directly into the dynamics of the operational network, without disturbing

the synaptic elements or the interconnection topology.

The first two approaches skew the network behavior in that it learns only limited
aspects of the inverse kinematic mapping, and are limited in applicability to

situations targeting structured environments. If a manipulator trained in such a
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specific manner were to be deployed in unstructured environments, where cach
different task necessitates a different constraint resolution. we would need to
retrain the network for each such additional constraint. thereby severely limiting

real-time performance.

In the present approach. the network is initially made to learn all inverse
kinematics solution manifolds. Subsequently, mechanisms are provided at run-
time whereby a specific pose that can satisfy the problem constraints is selected.

The network dynamics in the operational mode then takes the following form:
Up + KU, = Z Wam oylum) + I + Z "Ap [ Vagelpe )] (34D
m r

where 11,,,, denotes the learned interconnection matrix, and the “working” input

source If is now defined as.
Irl; = [.L‘,, - "r:’(“n)]_l/s (342)

ifn € Sxyand0if n € Sy USg . The constraints ¢.(-) relate to application-
specific considerations , e.g., obstacle avoidance, singularity avoidance. manipu-
lability etc. The arguments p, denote constraint-specific normalization param-
eters, so constructed that the gradient contribution to the dynamics vanishes
whenever the actual constraint is satisfied by the neuronal activities. For exam-
ple, if our only requirement were to maximize the joints configurational entropy
( an “academic” but conceptually simple constraint !), then the last term of Eq.
(3.4.1) would reduce to A [ 1 + Log,(pum) | dmn, where m € Sp, and the
renormalization parameter p would be given by Ng / [¢} ¢ Sq Um]. The La-
grange multipliers "\ reflect the importance of the r—th constraint and « is again

related to the characteristic decay of neuron activity.




3.5. Simulation Results

The computational framework developed in the preceding section has been
applied to a number of problems including signal reconstruction [104] and
robotics, e.g., inverse kinematics of redundant manipulators [35.103]. that involve
learning nonlinear mappings. In the sequel we discuss two of our experiments
which involved learning a continuous clipping nonlinearity and the inverse kine-
matics of redundant 3-DOF planar manipulator. This function has been exten-
sively benchmarked in [189]. and provides an adequate basis for illustrating the
computation efficacy of our proposed formulation as compared to the existing
neural learning algorithms. The test setup included a fully connected network
with one neuron in the input and output sets respectively. and two hidden neu-
rons. The training set consisted of 8 randomly chosen training samples. Since
our learning methodology involves singular solutions of highly coupled, continu-
ous dynamical systems, extreme caution must be exercised when simulating the
algorithms in a digital computing environment. For example, explicit methods
such as Euler or Runge-Kutta cannot be used, since the presence of singularnities
induces extreme stiffness. Practically this would require an integration time-
step of infinitesimal size, resulting in numerical round-off errors of unacceptable
magnitude. Clearly, fully implicit integration techniques have to be used. For
the simulations reported below, Eqs (3.2.1.1. and 2.3.11) are integrated using a

fourth-order Kaps-Rentrop scheme discussed in [241).

To illustrate our remarks on the sensitivity of results to the integration
schemes we first comment on the results shown in Fig. 3.5.1(a)-(d), which were
obtained using the simplistic Euler discretization. Fig. 3.5.1(a) shows the evolu-
tion of the normalized least-mean-square (LMS) error, i.c., the difference between
the network output and the target output averaged over all training samples. Fig

3.5.1(b) displays the worst-case temporal behavior of the input and output neuron
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states normalized to the unit interval. Notice the rapid convergence of the input
state due to the terminal attractor effect. However, as the system approaches a
singularity, the adjoint equations (3.2.3.5) becomes hyperstiff. Clearly, the coethi-
cient n in Eqn. (3.2.3.9), tends to infinity near the singularity, and induces strong
instabilities as shown by the spikes in the graph. This change is subsequently
reflected in the oscillations of the energy-gradient contractions, V\E ¢ ¥V E and
VrE&VrE, plotted in Fig. 3.5.1(d) Finally. the behavior of the adaptive time-
scale parameter is depicted in Fig. 3.5.1(c¢). The system as a whole is never

stable and the state of the output neuron oscillates in a close neighborhood of

the singularity.

The learning algorithm was then implemented using a fourth-order Kaps-
Rentrop implicit integration framework. At this stage only the activation dy-
namics Eq. (3.2.1.1) and the “adjoint” dynamics Eqn. (3.2.3.11) are integrated
implicitly. Figure 3.5.2 shows the LMS error during the training phase. The
worst-case convergence of the output state neuron to the presented attractor is
displayed in Fig. 3.5.3. Note that the system learns the nonlinear map orders of
magnitude faster than by the back-propagation algorithm (0.2 sees vs 5000 sees
effective time). Fig. 3.5.4 shows the evolution of the energy gradient components.
This network yielded an interpolation/recall precision with error under 0.3% for
80% of the test samples. The worst-case error detected was 3.5%. In contrast,
a multi-layer perceptron network with 2 hidden layers (detailed network config-
uration is discussed in [189]) and trained using the backpropagation algorithmn,
required 5000 seconds effective training time on Neural Ware’s Neuralworks-I1

XY/

package. The worst-case error detected was 5% using 20 training samples. In

reference [189] 1000 training samples were used to yield an error of 0.01%.
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naive integration techniques, e.g., Euler, Runge-Kutta,
are used to implement SID neural learning formalisms.
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Figure 3.5.5(a-d) illustrates our results during learning the manipulator in-
verse kinematics of the 3-dof planar robot arm described in [267], using randomly
sampled joint and cartesian-coordinates. Figure 3.5.5(a) shows the evolution of
the normalized least-mean square (LMS) error, i.e.,

\/(ZI{\=1 Outputnetwork — Outputscruar)?
Ny '
The algorithm SID_4 enabled learning with an LMS error under 0.05% in an

effective time of 2.5ms. Fig. 3.5.5(b) displays the worst-case temporal behavior
of the input and output neuron states normalized to the unit interval. From
the graph we can immediately get a qualitative feel for the terminal attractor
effective during learning. The behavior of adaptive time constant 7 is shown in
Figure 3.5.5(c). Finally, in Fig. 3.5.5(d) we present the temporal evolution of the
energy gradient tensor contractions, Vo &V and V& V. Specifics on network
parameters, training sample selection and additional implementation details are -

included in Gulati and Barhen [105].
3.6. Summary

In this chapter we have presented a new theoretical framework for adap-
tive learning using artificial neural networks. Continuous nonlinear mappings
and topological transformations constitute the main application targets for the
proposed methodology. Our methodology introduces the concept of topograph-
ically partitioned, but fully connected networks, to facilitate the encoding of
training samples as terminal attractors. In a significant departure from prior
neuromorphic formulations to the inverse kinematics problem, we completely de-
couple redundancy resolution issues from learning the inherent properties of the
inverse kinematic transformation. Rather than training with samples optimized
a priort with respect to a particular kinematic objective, or, encoding such con-

siderations as learning goals, we suggest an a posterior: regularization approach.
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Hence, initially the network is trained using pairs sampled over one or more so-
lution manifolds. Then, during run-time, the desired constraints are included
in the dynamics such that network convergence necessarily ensures constraint

satisfaction. Notice that this method requires no additional training.




Chapter Four

Application of Adjoint Sensitivity
Theory in Neural Networks

In continuation to our incremental derivation of high performance compu-
tational neural learning algorithms we draw from mathematical constructs in
sensitivity theory (introduced in Chapter One) for nonlinear systems to provide
a brief introduction to the notion of forward and adjoint operators. The formal-
ism exploits the concept of adjoint operators to enable a fast global computation
of the network’s response to perturbations in all system parameters. This for-
malism eliminates the heuristic overtones adopted in previous derivations. The

concepts are used to derive another version of neural learning algorithm - SID 4.

4.1. Introduction

A considerable effort has recently been devoted to the development of effi-
cient computational methodologies for learning. Attention has largely focussed
on the back-propagation algorithm because of its simplicity, generality and the
promise that it has shown in regard to various applications [250,251]. More
recently, Pineda [134,135] has derived a generalization to back-propagation for
recurrent networks. In a similar vein, Williams and Zipser [292] have presented
algorithms for learning tasks with temporal dependencies. Pearlmutter [234] has
proposed a similar technique which minimizes an error functional between output
and targeted temporal trajectories. In a significantly different approach, Barhen,
Gulati, Zak, Toomarian [35,36,105,111] recently introduced neural formalisms to
efficiently learn nonlinear mappings using a new mathematical construct, i.e.,

terminal attractors [303]. Terminal attractor representations were used not only
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to ensure infinite local stability of the encoded information, but also to provide
a qualitative as well as quantitative change in the nature of the learning process.
In particular, they imply loss of Lipschitz conditions at energy function minima,

which results in a dramatic increase in the speed of learning.

The development of learning algorithms is generally based upon the mini-
mization of a “neuromorphic” energy-like function. A fundamental requirement
of all previously mentioned methods is the computation of the gradient of this
objective function with respect to the various parameters of the neural architec-
ture, e.g., synaptic weights, neural gain, etc. In the present paper we introduce
a new methodology for their efficient analytical computation, as a single solu-
tion of a set of “adjoint” equations. Cacuci, Barhen, Oblow, Toomarian, etc.,
have already successfully used adjoint operators in the fields of energy econ-
omy modeling [10] and nuclear reactor thermal hydraulics [27,273] at the Oak
Ridge National Laboratory, where the concept flourished during the past decade
[223,311].

4.2. Seusitivity Theory

Consider, for the sake of generality, that a problem of interest is represented

by the following system of IV coupled nonlinear equations
@p) = 0 (4.2.1)

where ¢ denotes a nonlinear operator. If differential operators appear in Eq.
(4.2.1), then a corresponding set of boundary and/or initial conditions to specify
the domain of ¢ must also be provided. The learning model discussed in this

paper focuses on the adiabatic approximation only (steady state networks).

Let % and p represent the N-vector of dependent variables and the M-vector

of system parameters, respectively. We will assume that generally M >> N
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and that elements of p are, in principle, independent. Furthermore, we will also
assume that, for a specific choice of parameters, a unique solution of Eq. (4.2.1)
exists. Hence, @ is an implicit function of p. A system response, R, represents

any result of the calculations that is of interest. Specifically
R = R(u,p) (4.2.2)

i.e., R is a known nonlinear function of p and @ and may be calculated from
(4.2.2) when the solution @ in Eq. (4.2.1) has been obtained for a given p. The
problem of interest is to compute the "sensitivities” of R, i.e., the derivatives of

R with respect to parameters p,, ¢ = 1,---,A. By definition

dR OR OR Ou

T = Op T O3 Ome
4.2.1. Forward Sensitivity Theory

Since the response R is known analytically, the computation of 9R/dp, and
OR/ o1 is straightforward. The quantity that needs to be determined is the vector
0u/0p,. Differentiating the state equations (4.2.1), we obtain a set of equations
to be referred to as "forward” sensitivity equations

05 oi _ 0

C— = - 9
5 o, o, (4.2.1.1)

To simplify the notations, we are omitting the ”transposed” sign and denoting
the N X N forward sensitivity matrix 85/04 by A, the N-vector du/0p, by #z
and the “source” N-vector —05/0p, by #5. Thus

Abz = H§ (4.2.1.2)




106

4.2.2. Adjoint Sensitivity Theory

Computation of the response gradient using the forward sensitivity equa-
tions would require solving a system of N nonlinear algebraic equations for each
parameter p,, since the source term in Eq. (4.2.1.2) explicitly depends on p.
This difficulty is circumvented by introducing adjoint operators. Let A* denote
the formal adjoint of the operator A [10.27,311]. However, note that Adjoint
operators can only be considered for densely defined linear operators on Banach
spaces. For the neural application under consideration we will limit ourselves
to real Hilbert spaces only. Such spaces are self-dual. Furthermore, the domain
of an adjoint operator is determined by selecting appropriate adjoint boundary
conditions. The associated bilinear form evaluated on the domain boundary
must generally be also included. The adjoint sensitivity equations can then be
expressed as

AT BT = K3, (4.2.2.1)
By definition, for algebraic operators

REt L (ARE) = RET.M§ = Rz (A KEY)

s

Since Eq. (4.2.3) can be rewritten as

dR OR OR
—_— = — Fz 4.2.2,
dpu ap,‘ * ot ’ ( 3)
if we identify
OR
—_— = Kk = 3* 29
5 = 5 = (4.2.2. 4)

we observe that the source term of the adjoint equations is independent of the

specific parameter p,. Hence, the solution of a single set of adjoint equations will
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provide all the information required to compute the gradient of R with respect to

all parameters. To underscore that fact we shall denote #z* as ©. Thus

4.3. Applications to Neural Learning

Along the lines adopted in Chapter Two, consider a densely connected neural
network with N graded-state response neurons operating in continuously sam-
pled time. To acquire a nonlinear transformation, (, from a N xy-dimensional input
domain to the Ry -dimensional output space, the network is topographically par-
titioned into three mutually exclusive regions with no topological restrictions.
As illustrated in Fig. 2.3.1.1, the partition refers to a set of input neurons, Sy,
that receive the input components, an oufput set Sy, which provides the desired
output components and a set of “hidden” neurons, Sy, that encode the repre-
sentation of the (-mapping. The network is presented with K randomly sampled

training vector-pairs of input- and output-space coordinates.

4.3.1. Neurodynamics Derivation

We formalize the neural network as an adaptive dynamical system whose

temporal evolution is governed by the following energy function

Zrcn/ dLP /u u' — = ZZT'"" o(vun) e(Yum)

where u, represents the mean soma potential of the nth neuron. The constant ~,

characterizes the decay of neuron activity. The sigmoidal function ¢(-) modulates
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the neural response, with gain given by 9n,; typically, ¢(yz) = tanh(yz) or
1/(1+erp(—~.z)). Further, W denotes a symmetric positive matrix, whose 1V, -
th element corresponds to the coupling between the m—th to the n—th neuron.
In the sequel we explicate the conditions for constructing 11". While the first two
terms, are derived from an underlying electrical circuit interpretation [134]. the
third term enforces the convergence of a neuron to its presented attractor, if any,

typifying the nonlinear mapping to be learned.

The specific attractor coordinates are given by

Yo, = F*z, if n € Sy
*an = fyn if n e Sy
for { ¥z, *3 | ¥ = 1, ---, K} taken from a training set scaled to the range

(=1, +1].

As shown by Cohen and Grossberg [70,98], Hopfield [135] and others [15.74,
75], such neurodynamical systems, e.g., Eqgs. (4.3.1.1), will approach an equi-
librium point in response to an arbitrary, but sustained input if the underlying
function is global lyapunov, i.e., di' < 0. For the purpose of deriving the
activation neurodynamics, the only “parameter” of E, are u; i.e., kK, W and a

are fixed. The neural response, ¢ and its corresponding gain are assumed to be

available. In order to ensure global stability, we require

d dE du;
—Ey = Y == <0 (4.3.1.2)

Computing g—ﬁ from Eqn. (4.3.1.1), we obtain

dE

. 1 ]
du, Wi - 5; Wim @i o(um)

~ 33 Waiolun) @i~ lai— )] Pe (43.13)
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where ; denotes the derivative of the neural response. So for v # 1,

Si = v-¢'(yuy). Since the matrix T is symmetric, and n is a dummy
index,
dE X X . A
du;, v T Z Wime(tm) = i [a,- - *(“i)]‘ (4.3.1.4)
! m

Enforcing the Lyapunov stability requirement on Eqs. (4.3.1.4) vields smallskip

Zl.t,' [ K; Uy — Z ‘V,’j i,:’(uj) - [(’1,’ - Q(U,’)]l/s jlt,.? < 0. (4315)
J

Since 3; is always positive, we can choose as our network dynamics

]1/3

U; = —K; u; + Z Wi o(u;) + [a,-—ap(u,,') (4.3.1.6)

J

The symmetric interconnection matrix W can be simply constructed from the

learned synaptic matrix T such that

Wi, = > TuTy = T'T (4.3.1.7)
£

. Taking into account the k—dependence, the n—th neuron’s temporal evolution
can be symbolically represented as

Up + Ku, = ZW’,U,, (Y- um) + kI, (4.3.1.8)

m

where the “source” term, ¥I,, encodes component-contribution by the presented

attractors of the k-th training sample via the expression

kro Fan — p(un)]? ifne SxyuUSy ,
I, {0 ifnC Sy (4.3.1.9)

The topographic input, output and hidden network partitions Sy, Sy and Sy

are architectural requirements related to the encoding of mapping-type problemms.
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In previous chapters we have demonstrated that in general, for 3 = (2i +1)™!
and / a positive integer. such attractors have infinite local stability and provide

opportunity for learning in real-time.
4.3.2. Computational Learning Objectives

To proceed formally with the development of a learning algorithm, we con-
sider an approach based upon the minimization of a constrained "neuromorphic”™

energy-like function E given by the following expression:

E(l—t,,—\,ﬁ) = % Z Z “nm ( Tvl.lzm — Tom Ton )+ ;1; Z Z k,\,, kl"j:
n k n

m

(4.3.2.1)
where the constraints are of the form
k k> .
k _ an — g(vn “ln) ifn €Sy PP
T = ! . 4.3.2.2
n { 0 ifn € S USy ( )

As derived in Chapter Two, a positive value such as 2 is used for a. The weighting
factor wym, i1s constructed in such a fashion, as to favor locality of computation.
The indices n, m span over all neurons in the network. Lagrange multipliers
corresponding to the nk—th constraint are denoted by *\,. The superseript ~

denotes quantities evaluated at steady state.

The proposed objective function, Eqn. (4.3.2.1), includes contributions from

two sources.

[1] It enforces convergence of every neuron in Sy and Sy to attractor coor-
dinates corresponding tc the components in the input-output training pat-

terns, thereby prompting the network to learn the underlying invariances.
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[2] It regulates the topology of the network by enforcing symmetry, and by
minimizing interconnection strengths between distant synaptic elements to

favor locality of computation.

Lyapunov stability requires an energy-like function to be monotonically de-
creasing in time. In our model the internal dynamical parameters of interest are
the synaptic strengths Tj; of the interconnection topology, the characteristic de-
cay constants x;, the gain parameters v; and the Lagrange multipliers *\,. This

implies that we require
1FE
PRI ;,h,
Z 15 ;s Z Z (11\ i < 0 (4.3.2.3)

One can always choose, with 70 > ()

dFE
dT;;

T; = -rr (4.3.2.4)

where 77 introduces an adaptive parameter for learning, as detailed in Chapter

Three. Similar expressions can be constructed for £ and ¥, e.g.,

dE
S 1.3.2.5
Ry Tx . (4.3.2.5)
and
i dE )
Yio= -y ;1..‘;; (4.3.2.6)

with 7., 7y > 0. Then, substituting in Eq. (4.3.2.3) and denoting ten-
sor contraction @, i.e., sum over all relevant indices (e.g., V. E & Vo E =

3.5, dE/dk - dE/dk), one obtains

VaE ® A < 7p (VPE®VEE) + 1o (VLE® V,E)
+ 7 (V4E®V,E) (4.3.2.7)




Without loss of generality, one can assume r = rp = 7 = 7,.

The equations of motion for the Lagrange multipliers {\; must now be con-
structed in such a way that Eqn. (4.3.2.7) is strictly satisfied. In addition, when
the constraints are satisfied. i.e.. as 'T,, — 0 in Eqn. (4.3.9). we require that
I\, = 0 V. We have adopted the following analytical model for the evolution

of /\,'.
I

TN ¥ A+

l/.\,' = ’[T,\E],- (4.3.'2.8)

where

I = V7E&VE + V,ERVE + V,ESVLE

and ,

A = VaE@ V\L.

Also, 8 denotes an arbitrary positive constant. Using simple backsubstitution, it

can be immediately shown that this model fulfills the above requirements.

4.3.3. Adaptive Learning Algorithms

We now focus on the derivation of an eflicient algorithm for computing the
“sensitivity” or parametric gradient contributions, V,E for p € {T. ~, 7.\ }.
An adiabatic computational framework is assumed. For instance, on differenti-
ating Eqgs. (4.3.2.1) with respect to T;; we get

) - ood
= wi Ty o= Y N T g B o R (433.0)
& n

9T;; AT,

where ¥$, denotes the derivative of the neural response. We must compute

#‘lu kii,, from the network fixed point equations (4.3.1.8).

A fundamental issue that needs to be addressed at this stage is the compu-

tational complexity of obtaining V,E. For example, the computation of V¢ E in
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Eqs. (4.3.2.4) requires that N algebraic equations be solved for each parameter
q q 5 I
T;;. that is N3 equations at each iterative relaxation step. Similar requirements

exist for evaluating V,E and V, E as given by Eqs. (4.3.2.5) and (4.3.2.6). since

iy
R

k k -
. d .
one must obtain the values of dd and S8 respectively.
Il

In relating adjoint theory to the neural learning algorithms, we identify the
neuromorphic energy-like function, £ in Eq. (4.3.2.1), with the system response.

Let p denote the following system parameters:
po= {Tu,Tanlswylycoav | oo} (4.3.3.2)

The adiabatic solution to the nonlinear equations of motion (4.3.1.8), for cach

training pattern A, & = 1,---, K is given by
on ¥0,5) = —kn Fin + Y Tum 9(vm Fim) + KL= 0. (43.33)
m
So. in principle, ¥i,, = *a, [T, &, 7. Fan, ¥\, -] Using Eqs. (4.2.2.1), the

forward sensitivity matrix can be computed and compactly expressed as

' d ke oI, . . .
k“lnm = 'a—rzf: = [ —Kn + (_?—k.}l—,—f:] énm + Tnm kgm Ym
= k’]n 61”7: + Ym kf}m Tnm (4334)

where §,, represents the derivative of g, with respect to u,,, and

k — K+ ';lf [af, - ‘P(‘YH kﬁn)]_z/3 Tn k‘;?)n ifne S.\' 4.3.3.5
n {;g 'lfll‘ESHUSY (0)

By analogy with Eqgs. (4.2.3.3), the adjoint sensitivity matrix can be expressed

as

k ¢* I : k ~ o

Anm = NmOmn + Yn " Gn Tinn. (433())

Using Eqgs. (4.2.3.3) and (4.3.2.1), we can compute the adjoint source, k.s'; =
LEL g
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!
! 1 y J d* Ty
ks; - Z v k ’\n’ « k Fn' Y, \u
« L d*¥u,
k! n’
k k ko~ k : -
= ="\ [Tan = 2(9ntta) ] ¥ T (4.3.3.7)

For any parameter p,, we have chosen p, —T“‘;—EL‘ (e.g. in Egs. (4.3.2.4),
m

(4.3.2.5) and (4.3.2.6) ) to strictly enforce Lyapunov’s stability criteria. where

dE; . 3EL 8Er  dXa, ISR LU . :
e T + S 3. 5Ees T T the parametric gradient contribution

can be rewritten as

dE[ OE, k 3} k(ﬁ n
o oaad —— - Un . 1.3.0. )
dpy Opy z}\: ; dp, (

i
(V]
(o}
v.g]

In the above expression *v, denotes an element of the solution to the adjoint

system,

kac ke = k5, (4.3.3.9)

To proceed with our derivation of learning equation, dE/dT;; in the adjoint
operator formalism, we differentiate the activation dynamics, Eqs. (4.3.1.8),

with respect to each synaptic element, T;; to obtain

Z [ knm 6mn -+ Tmn kﬁn Yn } k‘f’m = - k/\n kI’ﬁ“ Tn kgn (43310)

m
Notice that the above system, (4.3.3.10), is linear in *&. Furthermore, its compo-
nents can be obtained as the equilibrium points, (i.e., v; — 0) of the concomitant
dynamical system

Up — knn Un = Tn k.‘jn [ ZTmn Um + k/\n kF::~l (43311)

m

To proceed with our derivation of learning algorithms, we differentiate the steady-

state equations, Eqs. (4.3.3.2), with respect to each parameter, p,, to obtain the




forward source term, #s¥:
“Sﬁ B —( [ -kﬁi ] 61’#-"" + [ 6'”‘ 9(71 I\&J) ] 61’»‘Tij
- kI, ..
+ [Tni kgi u; + ) ]51)“ ~ ) (43312)
Vi

Substituting Eq. (4.3.3.12) in (4.2.3.3), and recalling that our abstract response

corresponds here to the energy function E, yields

dE L~ - L
dpu Bp,l Z
The explicit energy gradient contributions for parameters p, = T, R, ¥ imme-
diately result :
dE x
iy = @il e D Z‘v Fay) (4.3.3.13)
dE [ OF OE 0ka
el 25‘—]
OFE v OFf,
= | G0 - ;Z i e (4.3.3.14)
Since -g{f:- = 0 and a;ﬁ‘j‘,’" = —*4,6,; we have
dE - . -
= XL: “ig > Ry (4.3.3.15)

Also, from Egs. (4.3.2.7), (4.3.3.3) and (4.3.3.8) we can write

.= . 9E FQ?_+Z‘7E?_‘L
o= Y dyi ! | O - oka O,

= -7 |0 =) o, o } (4.3.3.16)
k
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Differentiating Eqn. (4.3.3.12), a;% = T,i*@; ¥4; and substituting in Eqn.
(4.3.1.6), yields

k
aaf" ] ¥4, (4.3.3.17)

dE o] ko~ ko~ A ko~
d—% = —zk:k/\ikr,- Lk kUi‘*‘Zk:;[Tni kgikui"'

Substituting Eqs. (4.3.3.2)-(4.3.3.17) into Egs. (4.3.1.5) and (4.3.1.6), we then

obtain the complete learning dynamics.

The above derivation can be summarized to yield computational learning

algorithm SID_5.

Input : attractor coordinates, a®, network dimension and topographic

partitioning, neural response function, temporal grid, convergence and scal-

ing criteria, initialization domain.
Output : Learned synaptic matrix, T},,, and network topology.
Algorithm : Singularity Interaction Dynamics.5

(1] Initialize: Vn, m € {1, -, N}and Vk € {1, ---, K}:

Tgm = ‘SR[_e’ +€]

A0 = R —e +e]
K = R[—e +e]
72 = R [ —e +€]
[2] Learn synaptic matrix T : Iterate v = 1, ---, Np
initialize outer product array : ¥V =~ = 0.

[3] Loop over training samples, k¥ = 1, ---, K




[5]

[6]

[7]
(8]
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[3.1] Evolve network dynamics using Eqs. (4.3.2.1)-(4.3.2.2)
Up + K Up = Z T o(um) + *I,
where

3 - {[czf‘; — p(u)]'®  if n € Sy
0 if n e Sypusy

Output: ¢(*4%) and *I*
[3.2] Evolve "importance” dynamics using Eqs. (4.3.3.11)

i)n - knn Un = 7n k_(}n [ ZTmn Um + k/\n krz—-l ]
m

Output : *3y

[3.3] Update outer product contribution

Shm = Spm o+ Mon o(vmin,
Endloop over {k}
Compute V7 E
(VTE):;m = E:’zm — Wnm T:m + Wmn T:zn
Compute V,FE
k v 1 kpoa,v
(VAE), = —‘ra

Compute 7 using Eq. (3.2.4.5)

Update T

T3 = Tim + TA(VIE),



[9] Update A using

II
k/\u+1 — k/\u A kVEu
: R v R
where
I = VrE®VrE + ViEGVE + V,E®GV,E
and ,

A = VaAE@ V,E.
[10] Update &, using Egs. (4.3.3.15)
[11] Update v, using Eqgs. (4.3.3.17)

[12] Check for convergence:

If yesthen exit else goto [2]
(13] Endloop over learning iterations {v}

[14] Exit : Display results

4.4. Summary

In this chapter we have presented a powerful theoretical framework for learn-

ing continuous nonlinear mappings using artificial neural networks. Central to

our approach is the concept of adjoint operators which enables a fast computa-

tion of energy function gradients with respect to all system paramters using a

single solution of the adjoint equations. In the next chapter, we exploit the pow-

erful mathematical constructs introduced in this chapter to derive fast learning

algorithms for dynamical neural networks.
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Chapter Five

Adjoint Operator Algorithms for
Fast Learning

In this chapter we extend our results on application of adjoint operators
to neural learning, presented in Chapter Four, to derive a new computational
framework for faster supervised learning in dynamical nonlinear neural networks
is presented. It exploits the concept of adjoint operators to enable computation of
changes in the network’s response due to perturbations in all system parameters,
using the solution of a single set of appropriately constructed linear equations.
The lower bound on speedup per learning iteration over conventional methods for
calculating the neuromorphic energy gradient is O(N?), where NV is the number

of neurons in the network.
5.1. Introduction

The biggest promise of artificial neural networks as computational tools lies
in the hope that they will enable fast processing and synthesis of complex infor-
mation patterns. In particular, considerable efforts have recently been devoted
to the formulation of efficient methodologies for learning (e.g., Rumelhart et
al. [251], Pineda [239], Pearlmutter [234], Williams and Zipser [292], Barhen et
al.[35,36], Gulati et al. [105,107] and Zak [305-307]). The development of learning
algorithms is generally based upon the minimization of a neuromorphic energy
function. The fundamental requirement of such an approach is the computation
of the gradient of this objective function with respect to the various parame-

ters of the neural architecture, e.g., synaptic weights, neural gains, etc. The
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paramount contribution to the often excessive cost of learning using dynamical
neural networks arises from the necessity to solve, at each learning iteration, one
set of equations for each parameter of the neural system, since those parameters

affect both directly and indirectly the network’s energy.

In this chapter we show that the concept of adjoint operators (discussed
in Section 4.2.), when applied to dynamical neural networks, not only yields a
considerable algorithmic speedup, but also puts on a firm mathematical basis
prior results for “recurrent” networks, the derivations of which sometimes in-
volved much heuristic reasoning. The applications of adjoint operators to neural

learning has been discussed in detail in [38,39] and references therein.

In the sequel we first motivate and construct, in the most elementary fashion,
a computational framework based on adjoint operators. We then apply our
results to the Cohen-Grossberg-Hopfield (CGH) additive model, enhanced with
terminal attractor capabilities. We conclude by presenting the results of a few

typical simulations.
5.2. Adjoint Operator Theory

For completeness sake, we proceed by recapitulating some of the key results
in nonlinear sensitivity theory, introduced in Section 1.6.2 and later discussed in
Section 4.2. Consider, for the sake of simplicity, that a problem of interest is

represented by the following system of N coupled nonlinear equations
F@p) = 0 (52.1)

where @ denotes a nonlinear operator. If differential operators appear in Eq.

(5.2.1), then a corresponding set of boundary and/or initial conditions to specify
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the domain of ¢ must also be provided. In general an inhomogeneous “source”
term can also be present. The learning model discussed in this chapter focuses on
the adiabatic approximation only. Nonadiabatic learning algorithms, wherein the
response is defined as a functional, will be discussed in a forthcoming article. Let
@ and p represent the N-vector of dependent state variables and the M-vector
of system parameters, respectively. We will assume that generally M >> N
and that elements of p are, in principle, independent. Furthermore, we will also
assume that, for a specific choice of parameters, a unique solution of Eq. (2.1)
exists. Hence, @ is an implicit function of p. A system “response"’, R, represents

any result of the calculations that is of interest. Specifically

R = R(i,p) (5.2

(14
[
[
~—

i.e., R is a known nonlinear function of p and % and may be calculated from Eq.
(3.2.2) when the solution % in Eq. (5.2.1) has been obtained for a given p. The
problem of interest is to compute the "sensitivities” of R, i.e., the derivatives of

R with respect to parameters p,, ¢ = 1,---,M. By definition
dR JR OR Ou

= et B (5.2.3)
Since the response R is known analytically, the computation of dR/0p, and
OR/0u is straightforward. The quantity that needs to be determined is the
vector 0u/0p,. Differentiating the state equations (5.2.1), we obtain a set of
equations to be referred to as “forward” sensitivity equations

g_g . (%‘; - %’; (5.2.4)
To simplify the notations, we are omitting the “transposed” sign and denoting

the N by N forward sensitivity matrix d.5/0u by A, the N-vector 0i/Jp, by *¢
and the “source” N-vector —J¢/dp, by #5. Thus

o
[
ot

g

Arg = #5 (
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Since the source term in Eq. (5.2.5) explicitly depends on y, computing dR/dp,,
requires solving the above system of N algebraic equations for each parameter p,,.
This difficulty is circumvented by introducing adjoint operators. Let A* denote
the formal adjoint of the operator A. Adjoint operators can only be considered
for densely defined linear operators on Banach spaces (see e.g., Cacuci [310]).
For the neural application under consideration we will limit ourselves to real
Hilbert spaces. Such spaces are self-dual. Furthermore, the domain of an adjoint
operator is determined by selecting appropriate adjoint boundary conditions’.
The associated bilinear form evaluated on the domain boundary must thus be

also generally included. The adjoint sensitivity equations can then be expressed

as

AT HG = HEE (5.2.6)

By definition, for algebraic operators

#q* . (‘,_1 ﬂq—) — llq—* . K3 — Il-q . (A* pq*) — u(—]— .o Hge (527)
Since Eq. (5.2.3), can be rewritten as
dR OR OR
_— = — — kg 5.2.8
dp, Op, + o 1 (5.2.8)
if we identify
OR
— Hx — —% )
S = 5 =8 (5.2.9)

we observe that the source term for the adjoint equations is independent of the
specific parameter p,. Hence, the solution of a single set of adjoint equations will
provide all the information required to compute the gradient of R with respect to

all parameters. To underscore that fact we shall denote #¢* as 5. Thus

dR _ OR  _  0p

_ = ] 5.2.10)
dp“ apu apu (

We will now apply this computational framework to a CGH network enhanced

with terminal attractor dynamics. The model developed in the sequel differs
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from our earlier formulations in Chapter Two, in avoiding the use of constraints
in the neuromorphic energy function, thereby eliminating the need for differential
equations to evolve the concomitant Lagrange multipliers. Also, the usual acti-
vation dynamics is transformed into a set of equivalent equations which exhibit

more “congenial” numerical properties, such as “contraction”.
5.3. Applications to Neural Learning

We formalize a neural network as an adaptive dynamical system whose tem-

poral evolution is governed by the following set of coupled nonlinear differential

equations

Zn + Kp p = Z Wnm ITnm g~,(2m) + kIn (531)

where z, represents the mean soma potential of the nth neuron and T;,,, denotes
the synaptic coupling from the m—th to the n—th neuron. The weighting fac-
tor wnpm enforces topological considerations. The constant x, characterizes the
decay of neuron activity. The sigmoidal function ¢,(:) modulates the neural re-
sponse, with gain given by vn,; typically, g,(z) = tanh(vz). The “source” term
k., which includes dimensional considerations, encodes contribution in terms of
attractor coordinates of the k-th training sample via the following expression
k[ = { [Fan]=# *an - 9+(2n) ] Ef n€ Sy . (5.3.2)
0 ifne SyuUSy
The topographic input, output and hidden network partitions Sy, Sy and Sy
are architectural requirements related to the encoding of mapping-type problems
for which a number of possibilities exist [35,36]. In previous chapters we have
recapitulated that in general, for 3 = (2i+1)~! and ¢ a strictly positive integer,
such attractors have infinite local stability and provide opportunity for learning

in real-time. Typically, B can be set to 1/3. Assuming an adiabatic framework,
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the fixed point equations at equilibrium, 1.e., as 2, — 0, yield

Kn 1,0k~ ko~ : § =
— g 1( ) = Z Wnm Tom "Um + kIn (033)
In m .

where u, = g¢+(zp) represents the neural response. The superscript ~ denotes

quantities evaluated at steady state. Operational network dynamics is then given

by

Uy + Up = 9~ %2' Z‘-‘)nm Tom um + I kIn (5.3.4)

Nn
To proceed formally with the development of a supervised learning algorithm.

we consider an approach based upon the minimization of a constrained “neuro-

morphic” energy function E given by the following expression
1 L . =
E@p) = 5> > [Fin — *an [ Vn € SxUSy (5.3.5)
, “ k n

We relate adjoint theory to neural learning by identifying the neuromorphic en-
ergy function, E in Eq. (5.3.5), with the system response R. Also, let p denote

the following system parameters:

p — {T”q‘"'TNNI/\'al,"'/":NI'Yl)""YNI }

The proposed objective function enforces convergence of every neuron in Sy
and Sy to attractor coordinates corresponding to the components in the input-
output training patterns, thereby prompting the network to learn the embedded
invariances. Lyapunov stability requires an energy-like function to be monoton-
ically decreasing in time. Since in our model the internal dynamical parameters
of interest are the synaptic strengths T,,, of the interconnection topology, the

characteristic decay constants k,, and the gain parameters +, this implies that

ZZ dT T, Z—————fc,, Z ',, < 0 (536)

nm
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For each adaptive system parameter, p,, Lyapunov stability will be satisfied by

the following choice of equations of motion

, dE o
p[l. - _'Tp dp“ (0‘3-1)
Examples include
e TdTnm ‘ n —. vdA/n . o ) ({Hn

where the time-scale parameters 7, 7, and r, > 0. Since E depends on
pp both directly and indirectly, previous methods required solution of a svstem
of N equations for each parameter p, to obtain dE/dp, from dua/dp,. Our
methodology (based on adjoint operators), yields all derivatives dE/dp,.V .

by solving a single set of V linear equations.

Using the neurodynamics, Egs. 5.3.1, the nonlinear neural operator for each

training pattern &, £ = 1,--. K, at equilibrium is given by
k ko 1 k- Y. k~ =
Dn ( u,p) = ¢ -;— Z Wnm! Lpmt “Upr + ;— I, - "u, =0 (5.3.8)
n m' n

where, without loss of generality we have set 7, to unity. So, in principle
ki, = *u, [T, &, 7, *a,,---]. Using Eqs. (5.3.8), the forward sensitivity matrix

can be computed and compactly expressed as

k k7
k 0 “on ko 1 0 1,
Anm = ko~ = In — | Wam Tnm + N ko~ - 6nm
0 *ip, Kn o0 *a,,
— 1 k-~ T k - =
= — Gn Wapm dym — Mn Onm- (039)

Kn




where

. n

n ==

k 2/3 .
n0 ks ok ks 7=z :
{1 + L_as_hl—— 9n [Lan —" ip | /3 ifn € Sy . (9.3.10)
Above, kf],, represents the derivative of g with respect to Ky te. if g =
tanh. then

kfln =1 - [kgn]2

where

1 g . =
k E , T, ko~ ' k [ -
I - “ ‘H"l nm m n ] Q. 11
gn _(][ n ( U ) (‘) 3 )

m

Recall that the formal adjoint equation is given as A*¢ = §* : here

k 1oy ko« o
‘-1::m = X gm “mn Tmn - N Omn (0313)
m

Using Eqgs. (5.2.9) and (5.3.3). we can compute the formal adjoint source

DAY S U Sy
‘. OF  _ { iy = fan  ifn€SxUSy (5.3.13)

0 ifne Sy

The system of adjoint fixed-point equations can then be constructed using Eqs.

(5.3.12) and (5.3.13), to yield :

1
Z C - ks kK, s ks kg

IC_- Im Wmn Tmn Uy — Z Thn Omn "V = *’:‘1 (531““
™ m

m

Notice that the above coupled system, (5.3.14), is linear in *&. Furthermore, it

has the same mathematical characteristics as the operational dynamics (5.3.4).
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Its components can be obtained as the equilibrium points. (1.e.. &; — 0) of the

adjoint neural dynamics

it
3
—
<

e

1 ko~ Ak =
- ¥y (s

. k .
Un + M Uy = E A dm “'mn Tmn Um
Nm
As an implementation example, let us conclude by deriving the learning
equations for the synaptic strengths, T},. Recall that

(5.3.16)

dE OE . o
i, — oI, T \L; e o= )

We differentiate the steady state equations (5.3.8) with respect to Tj;. to

obtain the forward source term,

ok 1
k ¥ k- S
s - ﬁ,—l = T | X[: wnt Oin 01 "t £ 0
1 . . - =y i-
= - — kg,, Oin whyj kuj (5.3.17)
Kn

Since by definition, 0E/0T,,, = 0, the explicit encrgy gradient contri-

bution is obtained as

(1]
B
—
9 5]

Wam ke~ k~ k-~
E Uy Gn “m]

Tom = -—717 [“ -
n
k

We compute the adaptive learning rates, i.e., 7, in Eq.(5.3.7), along the

lines specified in Section 3.2.4. Without loss of generality, we shall assume rp =

T« = Ty = 7, and we shall seek 7 in the form (]

r x |VE|™? (5.3.19)
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where V'E denotes the vector with components VrE. V,E and V E. It is

straightforward to show that
d 1-J = o
o |VE| = —\ |VE| (5.3.20)

as VE tends to zero, where \ is an arbitrary positive constant. If we evaluate

the relaxation time of the energy gradient, we find that

. /IVE}-~0 d|VE| { 20 if 3 <0 (5.3.21)
E= - = LavE)? : 5.3.21
vE,, |VE|'’ LIVEf < o if 3 >0

Thus, for 3 < 0 the relaxation time is infinite, while for 3 > 0 it is finite.
The dynamical system (5.3.19) suffers a qualitative change for 3 > 0 : it loses
uniqueness of solution. The equilibrium point | VE | = 0 becomes a singular
solution being intersected by all the transients, and the Lipschitz condition is

violated, as one can see from

d <d{VE[

= —y |VE]|™? —
d|VE | dt ) VIVET — oo

where | VE | tends to zero, while 3 is strictly positive. Such infinitely stable
points are "terminal attractors”. By analogy with our previous results we choose

8 = 2/3, which yields

—1/3
o= (Z Y IVeEL, + > [VLE + Y [VNE]',Z,) (5.3.22)

The introduction of these adaptive time-scales dramatically improves the

convergence of the corresponding learning dynamical systems.

We now summarize the complete neural learning formalism.



5.4. Algorithm SID_6

Input : Network dimension and topographic partitions; Attractor coordi-
nates. ¥a,; Neural response function, g: Topology matrix, w: Temporal grid

and convergence criteria; Initialization domain and scaling parameters;
Output : Learned synaptic interconnection matrix, T

Algorithm : Singularity Interaction Dynamics_6

(1] Initialize: Vn,m € {1. -+, N}and Vi € { 1. -, N} :

T()

nm

R[—e +e)

[2] Learn synaptic matrix T : Iterate v = 1. ---. Ny

initialize outer product array : ¥, = 0.

[3] Loop over training samples, ¥ = 1, ---, K

[3.1] Evolve network dynamics using Eqgs. (5.3.1)

3 . _ 2 , . k
Zn + KpZp = Wnm Tnm g‘y(~m) + In

m

where from Eqs. (5.3.2)

kIn = [ka"]lm;j [ka" - g’y(:n) ]d ifne Sy
0 if n e Sy USy

Output: *i% and *I¥

(3.2] Evolve "importance” dynamics, Eqs. (5.3.15), using

¥ k 1 kA k *
Un + "Np vy = E " gm Wmn Ton Om — Sn
m
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where

koxo ki — *Fa, ifneSyUSy
n 0 ifne Sy

and from Egs. (5.3.11)

. 1 - |~
kgn = g’:;— (Zu—'nm Toam Lum"*‘ kIn)j'
n
m

Output : *o

[3.3] Update outer product contribution

1 . .
o= 0t - — kb wnm R
/{'Tl
[4] Endloop over {k}
[5] Compute V1 E
(vTE)‘rlzm = E;/zm

[6] Compute T using Eq. (5.3.22

—-1/3
= <Z S IVZEL,, + > [VLEE + > {vnzﬁl)

[7] Update T

1 Wnm k~ ka k-~
T+l = TV —-TTA[—K E Un "dn um]
n
k

[8] Check for convergence:
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If yes then exit else goto [2]
9] Endloop over learning iterations {v}
[10] Exit : Display results
5.5. Simulation Results

The computational framework developed in the preceding section has been
applied to a number of problems that involve learning nonlinear mappings. in-
cluding Exclusive-OR, the hyperbolic tangent and trigonometric functions, e.g.,
sin. Some of these mappings (e.g., XOR) have been extensively benchmarked in
the literature, and provide an adequate basis for illustrating the computational
efficacy of our proposed formulation. Figures 5.5.1(a)-5.5.1(d) demonstrate the
temporal profile of various network elements during learning of the XOR func-
tion. A six neuron feedforward network was used, that included self-feedback on
the output unit and bias. Fig. 5.5.1(a) shows the LMS error during the training
phase. The worst-case convergence of the output state neuron to the presented
attractor is displayed in Fig. 5.5.1(b). Notice the rapid convergence of the input
state due to the terminal attractor effect. The behavior of the adaptive time-scale
parameter 7 is depicted in Fig. 5.5.1(c). Finally, Fig. 1(d) shows the evolution

of the energy gradient components.

The test setup for signal processing applications, i.e., learning the sin func-
tion and the tanh sigmoidal nonlinearlity, included a 8-neuron fully connected
network with no bias. In each case the network was trained using as little as 4
randomly sampled training points. Efficacy of recall was determined by present-
ing 100 random samples. Fig. 5.5.2 and 5.5.3(a)-(b) illustrate that we were able

to approximate the sin and the hyperbolic tangent functions using 16 and 4 pairs




)

()
4 15
2
2 5
a o
2 8
d
g >
3 g
o
4 - -t ! toy
fterations 150
200 1
o
)
' pe
@
D f
2 5
e V’V'VNM\!A ﬁYer\l"VIV(\’,\,lM g
O
J
B
&)
e e SV By /PN SV DS S
ftarations 150

{c)

um't\tlo‘ns

AN

-~y
150

itaations

()

—
150

Figure 5.5.1(a-d). Temporal evolution of state variables, RMS error, time
scales and energy gradient contractions during learning
of Exclusive-OR (XOR) function.
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Figure 5.5.2. Learning the Sin function using a fully connected, 8-neuron
network with no bias. Training set comprised of 4 randomly
chosen points.
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Figure 5.5.3. Learning the Hyberbolic tangent function using a fully
connected 8-neuron network with no bias. (a) Using 4
randomly selected samples; (b) Using 16 randomly selected
training samples.
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(a)
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Figure 5.5.4. Approximating the Gaussian pulse function. (a) Results
obtained by Lippmann and Beckman [189]. (b) Results
using Algorithm SID_6.
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respectively. Fig. 5.5.3(a) demonstrates the network performance when 4 pairs
were used to learn the hyperbolic tangent. Fig. 5.5.4 and Fig. 5.5.5 show our
results while learning the Gaussian pulse. These results reflect a performance
improvement of over two orders of magnitude as compared to state-of-the-art
supervised neural learning algorithms [189,239,251], both in terms of learning
time and the number of training sample. Further, our models require atleast an
order of magnitude less number of neurons as compared to the backpropagation
algorithm. For example, as shown in Fig. 5.5.6, Lippmann and Beckman in
[189] required over 2000 samples to learn the Gaussian pulse function using a
27 neuron, multilayered perceptron with linear input and output nodes. The
network comprised of 1 unit in the input layer, 20 units in the hidden layer, 5

units in the second hidden layer and a single unit output layer.

We would like to mention that since our learning methodology involves ter-
minal attractors, extreme caution must be exercised when simulating the al-
gorithms in a digital computing environment. Our discussion on sensitivity of
results to the integration schemes in Chapter Three emphasizes that explicit
methods such as Euler or Runge-Kutta shall not be used, since the presence
of terminal attractors induces extreme stiffness. Practically, this would require
an integration time-step of infinitesimal size, resulting in numerical round-off
errors of unacceptable magnitude. Implicit integration techniques such as the

Kaps-Rentrop scheme should therefore be used.

5.6. Summary

In this chapter we have presented a theoretical framework for faster learning
in dynamical neural networks. Central to our approach is the concept of adjoint
operators which enables computation of network neuromorphic energy gradients

with respect to all system parameters using the solution of a single set of linear
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equations. If Cr and C4 denote the computational costs associated with solving
the forward and adjoint sensitivity equations (Egs. 2.5 and 2.6), and if M denotes
the number of parameters of interest in the network, the speedup achieved is

M Cr

SF—*A
Ca

If we assume that Cp ~ C4 and that M = N? + 2N + ..., we see that the
lower bound on speedup per learning iteration is O(N?). Finally, particular care
must be exercised when integrating the dynamical systems of interest, due to the

extreme stiffness introduced by the terminal attractor constructs.



Chapter Six

“Chaotic Relaxation” in Concurrently
Asynchronous Neural Networks

Upto this stage our focus has been primarily on deriving a computation-
ally enabling framework for learning using dynamical neural networks. In this
chapter, we now analyze a fundamental issue which directly impacts the scala-
bility of current theoretical neural network models to applicative.embodiments.
in both software as well as hardware. This pertains to the inherent and unavoid-
able concurrent asynchronicity of emerging fine-grained computational ensembles
and the consequent chaotic manifestations in the absence of proper condition-
ing. The latter concern is particularly significant since the computational inertia
of neural networks in general and our dynamical learning formalisms manifests
itself substantially, only in massively parallel hardware - optical, VLSI or opto-
electronic. We introduce a mathematical framework for systematically recondi-
tioning additive-type models and derive a neuro-operator. based on the chaotic
relaxation paradigm, whose resulting dynamics is neither ”concurrently™ syn-
chronous nor "sequentially” asynchronous. Necessary and sufficient conditions
guaranteeing concurrent asynchronous convergence are established in terms of
contracting operators. Lyapunov exponents are also computed to characterize
the network dynamics and to ensure that throughput-limiting "emergent compu-
tational chaos” behavior in models reconditioned with concurrently asynchronous

algorithms was eliminated.

The organization of this chapter is as follows: In Section 6.2. we present a

characterization of asynchronous iterative computation and introduce the chaotic
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relaxation paradigm. Section 6.3. describes the reformulation of the Hopfield
model in terms of contracting neuro-operators. We further define the necessary
and sufficient conditions for convergence. To guide the implementation and val-
idation of our asynchronous neuro-operator, we simulate an associative memory
model in a concurrent environment in section 6.4. In section 6.5., we compute
the Lyapunov exponents, for both the existing and modified model, to provide a
fundamental insight to the network dynamics and to dispel potential misgivings

as to the main origin of oscillatory behavior observed hitherto.
6.1. Introduction

The bulk of existing neural network models are defined as an aggregation of
adaptive dynamical systems, interacting through a densely interconnected synap-
tic network. Computation to be performed by the network is then encoded in
terms of the connection strengths between pairs of neurons. Based on math-
ematical idealizations to biological behavior, the updating regimes of existing
models, both discrete and continuous, may be classified into two basic algorith-
mic modes [68,135,111,313]. A concurrent synchronous mode, where all neurons
are updated simultaneously and an asynchronous mode, wherein only one ran-
domly selected neuron is allowed to update its state on the basis of its inputs.
The firing decision for a particular neuron is allowed only after state information
has been received from all other neurons to which it is connected. However,
computational connotation of asynchronicity implies uncoordinated systemwide
concurrent activity, while the biological manifestation of global asynchrony re-
sults from delays in nerve signal propagation, refractory periods and adaptive
thresholding [190,198]. So, under their current framework, neural network mod-
els per se do not compute using a systemwide on-off uncoordinated switching (
with random delays ) of individual neurons. In fact, asynchrony as discussed

by [68,135], in the context of existing artificial neural networks is essentially a
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"sequential randomness”, lacking implicit concurrency. Thus, the paradigmatic
advantages of neuronal processing, that essentially stem from an ability to per-
form massively parallel, asynchronous and distributed information processing,
cannot be fully realized under the existing neurodynamical relaxation models.
Further, the biggest promise of artificial neural networks as computational tools
lies in the hope that they will resemble the information processing in biologi-
cal systems. Notwithstanding many successes along such intent, as indicated in
Chapter One, it is rapidly becoming evident that current neurodynamical mod-
els are plagued by fundamental limitations. We elucidate the argument using
the Cohen-Grossberg-Hopfield (CGH) additive model [98] (that provided the ba-
sis of our preceding derivations), as a typical representative of artificial neural
networks:
n
u; + Kju; = Z Tijg+(uj) + I, 1 = 1,---,n (6.1.1)
=1

where u;(t) is the mean soma potential of the :—th neuron, T;; are the synaptic
interconnections, and g, is the sigmoidal function modulated by gain y. The
external input is denoted by I;. It is claimed that the neuronal performance in
this model is collective, but not parallel (Barhen et al. in [81],(29,306]). For
example, a small perturbation in the activity of the i—th neuron instantaneously
affects all other neurons:

du; dg.7 . .
- = 1 . )
3 ; = 3 ; T,J 7’: 0 () 75] (6.1.2)

In contradistinction, the biological systems exhibit both collective and parallel
performances. For instance, the different limbs in the human body mechanically
independent. Their performance is parallel. At the same time they exhibit

collective performance since their activity is coordinated by the brain.

We analyze the implications of this lack of true behavioral asynchrony at

two levels, namely, problems encountered during digital VLSI, optical or opto-
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electronic computations and during discrete-time simulations on large-scale asyn-
chronous computational ensembles. Concurrent synchronous activation typically
requires complex global synchronization circuitry to neutralize the clock skew
effects resulting from the variations in the physical [209,224] or optical path
lengths [257] of the actual synaptic interconnections. This extra circuitry would
limit the overall network performance to operate at the rate of slowest neuron
(i.e., one with the largest time constant). An alternate strategy involves clock-
ing the system at a time constant slower than the slowest neuron, but again.
throughput suffers. Not only does such circuitry lack a biological basis, it also
enforces rigid firing sequences that are often difficult to sustain because of sig-
nal leakages and component instability. Macukow et al. [198], showed that in
large-scale networks such self-induced pathological activation could destabilize

the entire neuromorphic system.

Even though the computational and paradigmatic gains expected from neu-
romorphic architectures will actually manifest from systems built around mas-
sively parallel and analog hardware, discrete-time simulations on asynchronous
multiprocessors remain the primary benchmarking testbed for large-scale prob-
lems. Therefore, the algorithmic implications of "sequential” or the tightly cou-
pled "synchronous” nature of neuronal interrogation in simulations cannot be
ignored. In general, during synchronous computation the processors must com-
municate their partial results to each other, at every instance of time specified by
the precedence-constrained task graph obtained from the problem decomposition
[37,109,112,172]. Hence, the distributed concurrent algorithms are mathemati-
cally equivalent to the sequential algorithms. These overheads, in the form of
load imbalance due to processor inactivity, lower processor utilization and en-
hance resource contention due to communication and coordination requirements,
and lead to a severe performance degradation in real-time neural network ap-

plications [113]. For instance, simulating the sequentially asynchronous nature
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of backpropagating networks on a concurrent computer introduces latencies. for
which specific time bounds can be obtained in terms of the critical path of the
corresponding task graph. Additionally. the existing approaches are lacking in
fault tolerance, as updating decisions by a particular neuron require global in-
terrogation. i.e., the status of each neuron to which it is connected. Failure
to receive firing input from some inoperative neuron in the sequentially asyn-
chronous setup could lead to blocking of the entire network. Thus. a model is
necessitated wherein each neuron is associated with a decision algorithm that
requires only local information to reach globally optimal decisions, as in the col-
lular automata approach. This also precludes the necessity for neural signals
or activation potentials to remain stable for long intervals as in synchronous

implementation.

In this chapter we introduce a mathematical framework for reconditioning
artificial neural network algorithms such that their embodiments are truly asyn-
chronous and concurrent. For illustrative purposes, the discussion will focus on
CGH-type additive networks. The ideas however. generalize in a straightforward
fashion to other classes of neurodynamics, e.g., shunting type [93]. Hereafter, we
do not distinguish between the simulation of a neural network on a concurrent
computer or its subsequent hardware implementation, i.e., a neuron is consid-
ered as a "virtual” computing processor. Besides yielding a closer emulation of
biological information processing, this approach is expected to provide guidance

for large-scale fabrication of concurrent hardware.

6.2. “Chaotic Relaxation” Paradigm

In order to obviate the throughput-limiting " Feigenbaum bottleneck™ arising
from an extensive usage of the cooperative problem-solving approach, and the

resulting "sequentiality” in the neurodynamical activation profile, we introduce
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a chaotic relazation paradigm in the neural network dynamics. It is inspired
from the seminal work of Chazan and Miranker [67]. who showed that chaotic re-
laxation schemes could significantly reduce programming effort. communication
overheads and turnaround time during concurrent computing on asynchronous
multiprocessors. In our effort to design truly asynchronous neural networks we
further draw motivation from fized point techniques by Baudet [45]. Miellou
[212], Kung [172] and Bertsekas [48]. But before introducing the chaotic re-
laxation schema in conjunction to neurocomputation, we briefly summarize key
attributes abstracted from concurrent asynchronous computational algorithms,
to reinforce the paradigmatic divergence of neurodynamical relaxation in existing

models from the biological phenomena and future hardware embodiments.

6.2.1. Concurrent Asynchronous Computation

In contrast to the synchronized iterative techniques (see Kung [172]). the
execution profile of concurrent asynchronous algorithms is not constrained by the
underlying task decomposition graph for the problem. Concurrent tasks capable
of uncoordinated execution are implemented as a collection of functionally, hut
not dynamically, cooperating processes, with no explicit dependencies to enforce
waiting at synchronization points for the purpose of swapping partially computed
results. Thus, instead of waiting for specific inputs from other tasks, they may
continue, or terminate according to whatever information is available in the state
variables. The computation per se is essentially iterative in nature, with the

dynamics controlled by state variables and, possibly, previous history.

Thus, asynchronous computation provides an implicitly effective strategy
for designing systems capable of delivering high throughput and real-time op-

erational responses, since the synchronization and coordination restrictions arc




143

eliminated. and computations can be carried out without having to wait to re-
ceive all the messages implied by the precedence constraints. Also, the chaotic
relaxations during asynchronous computation stagger data communication and
memory accesses, alleviating the Von Neumann bottleneck [31]. In a neural
network meodel, this implies that in contradistinction to the existing schema,
computational functions could be implemented using neurons that are allowed
to fire without having to wait to receive excitatory or mhibitory input signals
from all other neurons to which they are connected. in order to evaluate if a

firing threshold is exceeded.

In addition, asynchronous dynamics may lead to true fault tolerance, as it
will enable neurons to remain idle for finite periods. This is analogous to the
existence of "refractory” of recharging period in biological neurous as discussed
by Choi [69]. But more important is the implication for hardware embodiments.
Elimination of inter-neuron dependence. facilitates immediate replacement (or
rerouting) of the failed segment. and resumption of processing without disturb-
ing or reinitializing the entire configuration. Another advantage is the potential
for implementation on large-scale heterogeneous computational ensembles, i.e.,
systems in which the different processing nodes may have different performance
capabilities, to achieve hierarchical neuronal processing. The latter ability would
lead to a reduction of complexity in interleaving operations. to provide for un-
predictable activity fluctuations during neurocomputation. In summary, concur-
rently asynchronous dynamics defines an operational framework that implicitly

confers to that essential for neurocomputation.

6.2.2. Concurrent Asynchronous Neurodynamics

In the subsequent development of our theory on concurrently asynchronous

neural networks, we adopt a terminology in line with the gencralized definition of
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chaotic iterations. originally introduced by Chazan and Miranker [67]. and later
generalized by Baudet [45]. Consider an additive-type neural network with N
neurons. and let & denote the continuous-valued configuration vector of neuron
activations in R" . Let the components of & be given by vy, for7 = 1.--- N,
A temporal state sequence in terms of the neural coordinates u; will be denoted
by w,(t). for t = 0. 1.... Let 7 be the nonlinear network operator from R" to

R". whose components will be expressed as «;( uy. w2, -+, ux )

A concurrently asynchronous neural iteration, denoted by the tuple
( & u(0). & v ), corresponding to the neuro-operator . and starting with a
given vector #(0). is then a sequence of state iterates, u(t). of vectors on R",

defined recursively by:

ui() { u(t — 1) if: € 5 (6.2.2.1)

Cil wp(x (), oounlaa(t)) i e s T

where S;: 1 < | S| £ N denotes the set of neurons that update during the
t—th .iterate, and x;(t), indexes the availability of the /—th neuron's most recent
updated state. Previous updating regimes implicitly assumed x;(f) = t—1. The
set £ = {S¢ | t = 1, 2,-- } is a sequence of nonempty subsets of neurons,
that fired during each successive iterate. Also, ¥ = { (x (), -+, an(t) | t =
1, 2, --- } denotes the latest update configuration for the network with respect
to the t—th iterate. In addition. the following assumptions are made on sets ¢

and ¥ :

(a) zi(t) <t —1,t = 1,2, ---,[6] i.e., each subsequent neuronal update

uses only previously available state information;
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(b) z;(t), considered as a function of ¢, tends to infinity as ¢ tends to infinity
[43], i.e., more and more recent state information must be used in evolving

the set of neurons in the network;

(c) non-starvation condition [43], i.e., ¢ occurs infinitely many often in the
update-sets Sy, for t = 1, 2, ..., 1e., 35 < oc such that each neu-

ron is considered at least once in every s successive updates.

Manifestation of chaotic relaxation in neural networks with concurrent asyn-
chronous updating can be intuited as follows: at some operating instant t, an
idle neuron, ¢, initiates the update of its state to u! = ’x,?,‘(ﬂfv—_l{i}). If the state
a(t) differs from u(t — 1) by a set of components { u; | ¢ € S; }, then the
t—th neuron may update itself using state information already available from the
previous updates, and not wait to receive the results of ongoing activations. The
precise strategy for selecting state information available depends on the degree
of synchronization desired in the system. For example, in a fully asynchronous
operation, the most recently available states could be sclected. Alternately, in
the vein of Chazan and Miranker [67], a more restricted selection could be consid-
ered, which limits the choice of available components to those that are produced
no prior to some fixed number, k, of steps, such that for ¢ = 1, 2,---, the
inequality t — zi(t) < k be satisfied. We now state a criterion for the

asynchronous convergence of the neuro-operator, 3.
6.2.3. Contraction Theorems

Amari [11,13] and others [75,127,128,134-136,207] have shown that, in gen-
eral, the phenomenology of nonlinear neural networks, modeled as adaptive dy-
namical systemns, is essentially a phase space flow towards static attractors. As-
sociative recall, combinatorial optimization, learning, etc. on the other hand,

are merely different functional manifestations of this phenomenology, wherein
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the nature of activation neurodynamics exercises an integral regulatory infuence
on functional efficacy. stability and scalability. We exploit this commonality in
dynamical behavior to derive in the sequel a contracting neuro-operator, that
significantly enhances the scalability of existing systems to massively parallel

asynchronous embodiments.

The concept of contraction plays a fundamental role in the iterative solution
of nonlinear equations. It is most useful [226] to express contraction in terms of

vector norms, which induces a partial ordering on R”".

Definition [226] : An operator 3: D C R" — R"is called a $-contraction

onaset D, C D,if there exists a linear operator & € L(R") with the following

properties :
il | ¢@ — @@ | < ®la~7¢| VY ¢ € D,
ij & > 0

] p(®) < 1

The first property implies Lipschitz-continuity; indeed @ is often referred to
as the Lipschitz matrix of . The latter requirements (non-negativity and spectral
radius of ¢ ) generalize the typical specification of the contractive constant used
in conjunction with the usual norm on R". The existence of a fixed point is then

given by the following theorem.

Contraction-Mapping [226] : Suppose that ¢ : D C R*" — R"is a &-
contraction on the closed set D, C D, such that @3(D,) C D,. Then, for any
a(0) € D,, the sequence w(t+1) = plu(t)],t = 0, 1, --- converges to the

only fixed point of @ in D,, and the error estimate

| at) — (o) | < (I — @)7" @ | a@t) - at-1) |
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fort = 0, 1, ---, holds.

Chazan and Mirankar [67] first applied these concepts to establish the conver-

gence of asynchronous iterations. Their results were later generalized by Baudet

[45].

Baudet’s Theorem : If 3 : R® — R" is a ®-contraction mapping on a
closed subset D C R" and if 3(D) C D, then any asynchronous iteration
corresponding to ¢ and starting with a vector @(0) € D, converges to a unique

fixed point of ¢ in D.

We now derive necessary and sufficient conditions for convergence of the

concurrent asynchronous neurodynamics characterized by Egs. (2.2.1).
6.3. Asynchronous Neuro-Operator Derivation

Consider the temporal evolution of a fully connected, additive-type neurody-
namical system, e.g., a Hopfield model defined by the following system of coupled

differential equations:

b+ au = Y Tygi(vu;) + L (6.3.1)
j

Here u; represents the internal state (e.g., mean soma potential ) of the 7—th
neuron, T;; denotes the synaptic coupling from the j—th to the ¢ — th neuron
and [; is the external input bias. The sigmoidal function g; modulates the neural
response, v; denotes the transfer function gain for the j—th neuron and q; repre-
sents the inverse of a characteristic time constant or the decay scaling term. Let
@;(u) denote the i—th component of the asynchronous operator introduced in
(2.2). Using Euler’s difference approximation to the above system of continuous-

time differential equations, i.e., u; = (uit! —uf) / A, where A denotes the
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discretization stepsize, the :—th component of the above defined Hopfield oper-

ator is given by
wi(a) = u; + Al:—a,'u,' + Z Tij gj('yju]-) + I; (6.3.2)
J

Then for any two phase-space coordinates, #,7 in the domain of attraction

i) — wi(?) = (v — vi) (1 ~ Agy)
+ AY Ty [gi(vius) — gi(vvs) ] (6.3.3)
j

On taking the vector norm, the above system yields,

lei(@) — @i(®) | < Jwi —vi |-} 1~ Aai |+

AN 1T 1] g5(vu5) — gi(vsv;) | (6.3.4)
J

We assume that for each neuron the response function, g;: ® — [-1,+1], is
of class C', and that | ¢} | < 1. This is obviously the case for the usually
considered neural response functions , i.e., g(yu) = tanh(yu) or g(yu) =
[1 + e~7*]~!. Then the Mean Value Theorem implies that there exists a z € R
such that,

gi(vivs) — gi(vivi) = d5(2) v (uj — vj)
Thus
| 9i(viu;) = gi(viv) | < 1| luj = v, (6.3.5).

Regrouping all terms, we obtain

lpi(2) —@i(®) | < |1 - Aai |-|ui —o |+
A I Tl L |-l a;— o5 (6.3.6)
J
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Let us now define a matrix ® as follows:
®;; = |1 - Aa;i| &5 + A |7 1| T | (6.3.7)

We see that @ is nonnegative; furthermore, since

| wi(@t) — ©i(?) | < Z ®i; [uj — vj
J
or equivalently
13(@) - (@) | < @ | a@ -5 | (6.3.5)

we deduce that the neuro-operator ¢ is Lipschitzian with Lipschitz matrix ®.
From Baudet’'s theorem, for ¢ to converge to a fixed point in an appropriate
basin of attraction, the spectral radius of @ must be less than one. Now, using

Bechenbach and Bellman’s theorem [226] we can write

®, 1 N By
min {ZJ L JJJ} < p(P) < max {E—:-J—:L—ﬂi} (6.3.9)

1<i<N Y 1<I<N yi

where § denotes any positive vector. In particular, we can choose all vector

components equal. The contraction then translates into

maxZ@.,-]- <1
p(®) < 1 { b : (6.3.10)
®; >0

for all z, j. This induces constrained interrelationships between the values of
a;, A, v; and T3, i.e.,
X{ll—-—Aa,‘I +AZ |’yj“T,'j|} < 1 (6.3.11)
J
and

| 1—Aa; |6j + A% ||Ti|> 0 (6.3.12)
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To fix the ideas, without loss of generality, consider simplest the situation
where all gain parameters are equal to v. Then convergence under a concurrently

asynchronous regime will be guaranteed if one chooses, e.g.,

W e < x5y < v 5 lwul=a

2 @ < x5 < myiEg 5 lul=

B & >e>% 5 0 < S q Iul=o
4] X >a > % 5 v < _Azijﬁf::jl 5 lyl= -7

Notice that the latter inequality invalidates the often made "high gain” approx-
imation, at least for chaotic relaxation regimes. In the following sections, we

discuss concurrent simulations on massively parallel neural networks.
6.4. Simulation Results

The concurrently asynchronous conditioning methodology developed in the
preceding section, was implemented on a hypercube multiprocessor {31] for Hop-
field’s content associative memory model [134]. In our initial implementations,
a fully-connected network with 128 neurons and six orthogonal patterns were
used. Despite its conceptual simplicity, this model encompasses the paradigmatic
essence of additive neuronal interactions, and has been extensively benchmarked
in terms of correctness, efficacy, capacity and scalability [68,198,200-201]. The
study precluded a critique on the model’s functionality and focussed instead on
the activation mode implications. In particular, our experimentation was aimed

at the following objectives: (a) verify algorithmic correctness and asynchronous
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convergence in a concurrent processing environment; (b) analyze the implications
of ill-conditioned parameters, e.g., violation of conditions necessary for contrac-

tion, Eqs. (6.3.13), and; (c¢) benchmark computational efficacy with respect to

the existing updating regimes.

Figure 6.4.1, juxtaposes the discretized temporal evolution of a noise cor-
rupted input probe to the nearest stored memory under synchronous, "concur-
rently” asynchronous ( specified using Eqs. (2.2.1), (6.3.2) and (6.3.13)), and
sequentially asynchronous updating. With proper conditioning, all three systems
converged to the nearest stored memory. In this example, synchronous update
vields the fastest rate of convergence. Recall, however, that it often suffers from,
both horizontal as well as wertical oscillations [68]. In addition, it imposes sc-
vere clock synchronization constraints, the implications of which were outlined
in Section 6.1. Though the concurrently asynchronous update mode was simu-
lated in a partially concurrent (e.g., 32 neurons / hypercube node ) environment.
convergence to the stored attractor indeed validates our methodology. Note that
convergence in the latter case was achieved despite communication delays on the
hypercube and globally inconsistent state information, i.e., neurons on different
nodes operated assuming different states for the network. Also, as expected, the

"sequentially” asynchronous mode led to the slowest convergence.

When the conditions, given by Egs. (6.3.13) were violated, undesirable
behavior abounded. The system failed to converge and oscillated instead, as de-
picted in Figure 6.4.2. This behavior raises a hithertc unaddressed fundamental
issue regarding network dynamics, i.e., the exact nature of noise observed in con-
current neural networks. Is it due to horizontal oscillations, vertical oscillations
(68] or is it a manifestation of chaos, or merely numerical instability induced by
discretizing continuous dynamical systems ? These issues are briefly taken up in

the next section.
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Figure 6.4.2. Chaotic oscillations with improper conditioning in
concurrently asynchronous updating.




Figure 6.4.3. (a)-{d) Evolution of state variables under concurrently
asynchronous updating.




Figure 6.4.4 (a)-(d) Evolution of state variables under concurrently
asynchronous updating with smail time delays.




Figure 6.4.5 (a)-(d) Evolution of state variables under concurrently
asynchronous updating with large time dalays.




Figure 6.4.6.

(a)-(d) Evolution of state variables under concurrently
asynchronous updating with one il1-conditioned neuron.
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Figure 6.4.7.

(a)-(d) Evolution of state variables under concurrently
asynchronous updating with two ill-conditioned neurons
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In order to study the scalability and validity of our results to massively
parallel network implementations, we simulated the associative memory network
on a number of neural network models. ranging from 8 neurons to 10000 neurons
(100 million synaptic interconnect). The latter simulations were performed on
the JPL Cray XMP-18. It was found that when the neurodynamical parameters
were derived using results from Section 6.3, the network was robust even in
the presence of extremely large time delays (over 2000). Also, we found that
the network always converged to the nearest stored memory. In the absence of
proper conditioning, the network exhibited sustained oscillations and convergence

to spurious memories.

The color plates 6.4.3 to 6.4.7 display the neuronal and network behavior
under different conditions of time delay and dynamical parameter condition-
ing, for the associative memory example discussed in the previous section. The
network comprises of § neurons, V1, V2,... V8. Although. the formalism is
universally robust (as our tests in the previous paragraph indicate). here we use
a low-dimensional network to illustrate the qualitative behavior observed. The
following indexing strategy has been adopted in the plates: upper left region,
(a), indicates the frequency of sign changes, 1.e., zero crossing, in the state of the
neuron (e.g., a neuron changing state from +ve to -ve and vice versa) over an
interval of 100 discretized time iterations; upper right region, (b), indicates the
absolute magnitude of neuronal activity as it evolves in time; lower left region,
(¢), includes the plot of all neuronal activities against the activity of neuron 1°2;
and lower right region, (d), includes the temporal evolution of Euclidean dis-
tance of the test probe from the necarest stored memory to which the network
1s expected to converge to. Plate 6.4.3, displays convergence under concurrently
“synchronous” neurodynamical conditions (i.e., with no propagation time delay).
Plates 6.4.4 and 6.4.5, illustrate convergence uuder concurrently asynchronous

conditions with propagation declays upto 10A and 1004, respectively. Plates
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6.4.6 and 6.4.7 provide a good example of aperiodic oscillations that occur when
the stable dynamical bounds (derived using Eqs. 6.3.11 and Eqs. 6.3.12) are
ignored. We violate the condition for one neuron, V1, in Figure 6.4.6 and for
two neurons, ¥'1 and V4 in Figure 6.4.7 These effects are resummarized in the

composite Figure 6.4.8.
6.5. Elimination of ” Emergent” Computational Chaos

In contradistinction to prevalent notions on instability in neural networks
[68], that attribute oscillatory behavior mainly to the topology of the intercon-
nection matrix, we hypothesize that it is primarily a manifestation of “emer-
gent computational chaos™ induced by ill-conditioned parameters in the model.
This hypothesis is strengthened by the following observations. Simulations have
shown that the same type of model may exhibit radically different dynamical
behavior with slightly different parameters. For example, small perturbations in
time scales, delay distribution, transfer gain etc., may lead the system to oscil-
late back-and-forth from one basin of attraction to another. An analysis of the
Lyapunov spectrum, computed using the time series, obtained from a mapping
which follows the evolution of a mapping which follows the evolution of the av-
erage component difference from a stored memory provided a validation to the

chaotic dynamics in such ill-conditioned models.

Lyapunov exponents [1,299] essentially provide a dynamical diagnostic for
measuring the exponential rates of convergence or divergence of phase trajecto-
ries. For a continuous dynamical system in n-dimensional phase space, the i—th

dimensional Lyapunov exponent is defined as,

.1 pi(t)
)«,‘ = th—flnlo ;logz ;)‘:("65 (601)




161

Power Density

Frequency ( sampling frequency = 1.0 )

Figure 6.5.1. Power spectrum for time series generated during chaotic
oscillations.
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Figure 6.5.2. Autocorrelation function for the time series obtained during
chaotic oscillations.
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where p;(t) denotes the length of contracting / expanding principal ellipsoid axis,
corresponding to the temporal deformation of the phase space. Any dynamical
system characterized by a negative sum of Lyapunov exponents, but containing
one or more positive terms is said to be chaotic, with the magnitude of such
exponents reflecting the time scale on which the system dynamics becomes un-
predictable [1,299]. Our simulations for an ill-conditioned neural model ( A =
0.002, a = 1000, v = 10000 and > | T;; | = 84 ) led to a value of >~ +1.49 for
the largest exponent. Since A is positive, we conclude the system to be if not
chaotic, at least exponentially stochastic ( since we did not compute the sum of

all exponents ). Also, when the largest Lyapunov exponent was determined for
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Figure 6.5.3. Strange Attractor for the chaotic time series (e.g., zero
crossing), when the neurodynamical constants for neurons

were ill-conditioned.




163

a contracting concurrently asynchronous network (A = 0.002, a = 100. y =
1 ). the value Ay = =1.09 ., was found. thereby proving that our conditioning

methodology eliminates "emergent”™ chaos in concurrent neuromorphic models.

Dissipative nonlinear chaotic systems which evolve on a strange attractor
can generate a broadband power spectrum. while the strange attractor “lives” in
a phase space of finite (and often small) dimension. Figure 6.5.1(a) illustrates the
power spectrum for the time series generated during asynchronous convergence

to the stored memory, while Figure 6.5.1(b) displays the power spectrum during

chaotic oscillations. The autocorrelation function,

T
AK) =Xy / r(k 4+ t) x{t) dt A1 (6.5.2)

0
where Xy is the normalization constant, chosen such that 4(0) = 1. Figure

6.5.2. shows the autocorrelation function during chaotic oscillations. The strange

attractor for the chaotic time series is shown in Figure 6.5.3.

6.6. Summary

This chapter presents a radically different insight into the neurodynami-
cal implications of "sequentially” asynchronous and synchronous neuronal al-
gorithms. Despite significant advances in concurrent hardware technology, full
realization of the potential advantages of neural processing in solving real-life
problems has been severely limited due to previous assumptions for asynchronic-
ity. Electronic embodiments based on current mathematical frameworks lead to
biological inconsistencies and require substantially complex circuitry. In a similar
vein, such frameworks also limit the network scalability, stability and through-
put in discrete-time simulations. It was hypothesized that, contrary to existing
notions that attribute dynamical instability in the current models to the topol-

ogy of the interconnection matrix, we ascribe it to "ecmergent chaos”. Lyapunov
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exponents were computed to prove that improperly conditioned neurodynamical

equations of motion do indeed exhibit chaotic relaxation behavior.

We exploited this insight to provide a strategy for systematically recondi-
tioning the existing mathematical framework for additive networks, such that
their VLSI, optical and opto-electronic embodiments are truly asynchronous,
and thereby, eliminate the network instability ascribed to “emergent™ chaos.
We derived a neuro-operator that enables chaotic relaxations to achieve concur-
rently asynchronous updating. Necessary and sufficient conditions guaranteeing
concurrently asynchronous convergence were defined in terms of ®-contraction
mapping. Lyapunov exponents were calculated for our proposed neuro-operator
to ensure that the reconditioned system is devoid of chaotic behavior. Future
directions include extension of our theory to shunting-type [8] neural networks.
We also intend to theoretically analyze the implications of chaotic relaxation on
network parameters, such as synaptic efficacies, transfer characteristics, network

architecture and capacity.




Chapter Seven

Neural Learning Formalisms for
Perceptual Manipulation Systems

7.1. Introduction

In this chapter we analyze the relevance of our theoretical results as an en-
abling technology, in the context of their applicability to difficult real-life prob-
lems in robotics. Leveraging the powerful repertoire of neural learning formalisms
developed in the preceding chapters, we introduce a modular architectural frame-
work for synthesizing a new generation of robot control systems that could po-
tentially provide a previously unattainable level of robustness during task exe-
cution. To put our arguments in perspective, we choose a specific manifestation
of this generalized architecture, that relates to synergistic man-machine systems
[117] (i.e, for space applications: namely, Robot-Assisted Extravehicular Activ-
ity). A key requirement of such systems is a high degree of operational safety,
robustness, execution speed and stable adaptation to active unstructured envi-
ronments (humans) in the workspace. We conduct an analysis of the functional
and architectural requirements to show such robotic systems to be well beyond
the state-of-the-art, "model- directed™ robotic methodologies. The latter, best
suited for problems where reliable and accurate models can be determined prior
to control design, break down in this context. Consequently, we conceptualize
the architecture in a "perception-directed” framework. A technical critique of
the proposed architecture in comparision to the existing robot architectures is

included. Additional details may be found in Venkataraman and Gulati [281].
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We begin with a brief review of the state-of-the-art in symbiotic (coopera-
tive) man-machine systems for space operations, along with some insight into the
applications context. In the past, man-machine integration has typically been
implemented in the form of bilateral teleoperation, shared/traded control or su-
pervised autonomy [258]. The primary emphasis has been on the enhancement
of task execution speed and robustness in the presence of uncertainties through
an effective integration of human perception, planning and control skills into the
robot command structures (human may be considered as a complex time depen-
dent, nonlinear command shaping/filtering function). Synergistic man-machine
task execution for space applications [117]. however, has not received adequate
attention, with the exception of Akin [5] who has proposed teleoperated robotic
assistants for astronauts, with limited capability and the Extravehicular Activ-
ity Retriever [EVAR|] robotic system being developed at NASA/JSC (Erickson
et al. [81]). Notwithstanding its methodological and computational simplicity,
Akin's approach [5] is limited by its ability to render the teleoperator with suf-
ficient task-observability vis-a-vis the state-of- the-art in robotic telepresence.
Also, since the robot simultaneously interacts with two humans (operator and
the astronaut), both of whom potentially represent active unstructured dynam-
ical environments (i.e., with time-varying interaction impedance) its range of
stable operations [158] is rather limited. The EVAR [81] system, on the other
hand, is targeted for autonomous robotic retrieval of “free floating astronauts™,
tools, debris, etc. in space. However, its architectural design precludes capa-
bilites such as adaptation to dynamically varying kinesthetic interactions with
the astronauts, adaptive sensory motor-control, time-boundedness responses and
true shared task execution (i.e., robot and astronaut jointly accomplish a task).
Since the latter are essential for developing space-based systems, the necessity to

revisit the problem groundup cannot be overstated.

Of fundamental concern in realistic synergistic man-machine systems for
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space applications is human safety (e.g., avert astronaut tumble during Orbital
Replacement Unit (ORU) handoff, avoid space suit [or Extravehicular Mobility
Unit (EMU)] damage during astronaut rescue). This implies that task executions
in space would be subjected to robustness and response requirements far more
stringent than ground-based robotic activities, e.g., industrial assembly. Further,
overall system stability (e.g., dampen vibrations arising from energy release of
preloaded items during ORU deinsertion) assume significantly complex dimen-
sions in the presence of hybrid elements: man and machine and constraints on
power. For instance, as the robot stability depends upon the muscular impedance
of the human it is interacting with, the robot must dynamically adapt itself to
the astronaut’s kinesthetic characteristics during contact operations, e.g., tool
handoff, shared transportion of objects, etc. In addition, the execution perfor-
mance of robotic elements is driven by two conflicting motivations: execute tasks
successfully (e.g., precise trajectory tracking for a motion task), while accommeo-
dating the changes in astronauts kinesthetic properties and posture (dynamical

obstacle avoidance). In this context the following requirements naturally emerge

{1] Operational safety : the robotic system representation must exhibit method-
ological completeness in addition to algorithmic performance and robustness.
i.e., an internal representation that is “formally” sufficient for capturing pos-
sible eventualities during control execution. For example, an X,Y,Z, Roll,
Pitch, Yaw representation in [51] is methodologically complete for repre-
senting the kinematics of rigid bodies. Also, a hybrid force-position coordi-
nate system (Raibert and Craig in [244] would be complete for representing
frictionless point contacts between two rigid bodies. On the other hand.
same representation would become insufficient in the presence of friction. In
a similar vein, we require a representation that can capture the complete

physics of interaction with the environment, that occurs during prototypical
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mechanical task execution by robots. The architecture needs to be based
on on a vocabulary of formal task primitives, necessary and sufficient for
targeted functionality. Many of the existing architectures take an engineer-
ing approach to matching system with requirements, and may not be able
to guarantee completeness, e.g., subsumption architecture [54] contains a
collection of intuitively engineered finite state machines (FSM), and pro-
mote the "add an FSM as and when needed philosophy”. It is only with
the availability of such a representation, can the controllers be designed for

autonomous task execution involving arbitrary forces and motions.

Stable adaptation to dynamicaelly changing environments is another key re-
quirement. An essential component of latter is overall system stability, es-
pecially during shared task executions when the robotic system is in contact
with the human/astronaut. Stability issues assume significantly complex
proportions in the presence of a human, since the latter represents a dy-
namic environment which is both active (i.e., has its own actuators), and
unstructured (i.e., dynamic models that characterize the human’s kines-
thetic behavior, i.e., time-varying muscular elasticity may not be known).
For adaptation, the robot must dynamically avoid a human, whose motions
may be unpredictable (i.e., geometric workspace sharing), as well as stabi-
lize contact interactions with a human whose kinesthetic properties may be

dynamically changing (i.e., kinesthetic workspace sharing).

Ezecution Performance, in general, would have to include a set of metrics
that can monitor tracking behavior (e.g., errors in joint angles during a
motion trajectory following task in the robot’s configuration space), and
another to guarantee system stability in the presence of unmodeled system
dynamics, or unforeseen events (e.g., large changes in structural frequen-

cies due to mechanical contacts). We denote the former a precision metric
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that guarantees expectation-based tracking performance and the latter, a
compliance metric that accommodates stable interaction behavior with un-
modeled environments. in general, these metrics compete with each other
([281,282] provides a example of this for linear compliance and motion tra-
jectory tracking during surface tracing experiments). For example, accurate
motion tracking performance can be realized by making the system stiff (high
gains), e.g., during placement of gripper around tool. On the other hand,
stability in the presence of unprecedented contacts can be ensured only by
making the system lax (low gain), e.g., during tool acquisition. Additional

details on precise-compliant controllers are available in [115,281].

In order to motivate our targeted application domain, we briefly sketch the
practical problems impeding deployment of robots for space operations. Current
in-space servicing options (for details see [114] and references therein) include,
Astronaut Extravehicular Activity (EVA), teleoperation off the shuttle [Intrave-
hicular Activity (IVA)] or the space station, Ground Controlled Remote Manipu-
lator (GCRM), or Flight Telerobotic Server (FTS) [144]. In a recent study [114],
we have analyzed the technological and feasibility limitations of these options in
the context of near-term space operations. Pure teleoperation, for instance is
severely limited by operator’s kinesthetic precision, task perception and bounds
on operator fatigue, in additional to design limitation in space hardware, e.g.,
backlash, stiction, structural instabilities, etc. [51]. On the other hand, the
GCRM approach will cater only to a small portion of in-situ serviceable tasks, a
majority of which have been designed to be human serviceable [114]. So regard-
less of any particular strategy for exploiting teleoperation technologies using the
FTS, Remote Manipulator System (RMS), Special Purpose Dexterous Manipu-
lator (SPDM), a sizeable fraction of low earth orbit servicing will be performed
by astronauts in EVA or IVA. However, the productivity of astronauts will be

limited by the rigors of working in space. Performance will be degraded even
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further during EVA due to pre- and post- breathing requirements, a lack of dex-
terity and payload maneuverability imposed by the space suit, and elaborate
safety requirements. It can be summarized, therefore, that any improvement to
the productivity of astronauts in space would prove extremely valuable. In light
of this, we propose an application of telerobotics to develop astronaut assistants

and thereby provide the necessary enhancement to EVA- Astronauts.

Motivated by the above concerns, we conceived the Robot-Assisted Extrave-
hicular Activity (RAEVA) paradigm {114-117,280-282], aimed at the develop-
ment of robotic systems that can assist astronauts during EVA, i.e., in-space
servicing, assembly and inspection. Within this framework, an EVA-Astronaut
would perform the actual servicing, inspection and assembly operations, while
one or more voice-activated robots would fetch and return servicing tools and Or-
bital Replacement Units (ORU) from and to their respective placeholders, help
the astronaut transport large ORUs and truss members, and share task execu-
tion, e.g., supporting thermal blankets during ORU changeout, truss assembly,
cryogenic fluid replenishment. Such a system could potentially exploit the bene-
fits of an unexplored class of man-machine systems and improve effective use of
crew-EVA time through task sharing (e.g., an astronaut would install an ORU
fetched by a robot), In addition, it could amplify crew-EVA capability through
task-space sharing (e.g. assembly of long truss members in space) and increase

astronaut productively, thereby reducing operational costs and fatigue.

The technological elements underlying RAEVA have several ramifications
for space deployment, e.g., Robot-goelogist, Physiotherapy Assistant, Planetary
Prospector, Sample Analysis and Preservation Systems for planetary exploration,
etc {114]. In the remainder of this chapter, we derive a framework for design-
ing and sequencing versatile high performance controllers that could potentially

provide above envisaged capabilites for robotic assistants. However, for ensuring




171

enhanced readability, without any loss of generality, we limit our arguments and

illustrative examples to the RAEVA domain.

7.2. Perceptual Manipulation Systems

Typically, conventional model centered robotic systems , such as HANDEY
[195] would implement the above desired functionality as follows: At the core of
such systems is a high fidelity database comprising of geometric, kinematic and
dynamic models for the robot and environment. These explicit descriptions are
manipulated by goals to be achieved, effects of elementary operations available to
the system and sensory input to predictively derive planning and control actions.
Thereafter, goal conditions for the termination of each task primitive would be
provided by a supervisory agent. Paths leading to the goal state will be generated.
decomposed into sequence of discrete segments, and fed to a controller to compute
the required actuation torques. Task-related constraints, e.g., grasp stability,
grasp forces etc., would be incorporated to lend structure to this overall problem
solving process. The robot would thus alternate between periods of planning a
motion and periods of executing it, while sensing is done between the completion

of motion and the beginning of planning.

However, model-directed control and planning approaches (50,51,143,144,
195] rely upon the existence of reliable world-models that can capture the kine-
matic and dynamical properties of the robot and its environment. Therefore, they
are of limited applicability in active environments, whose dynamical properties
either vary in an unpredictable manner, or are too complex to be utilized on-
line (e.g., models that capture the dynamically varying geometric (posture) and
muscular (kinesthetic) properties of the astronaut with high fidelity are either
extremely difficult to derive and/or computationally intractable to be utilized

on-line). But, in the context of performance-critical robotic systems such as
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RAEVA, it is hard to model the kinesthetic (elasticity of muscular interactions)
properties of the every object (including human) during contact interactions with
the robot. This is a nontrivial consideration, since any simplifying assumptions,
such as using linear second order impedance to model kinesthetic coupling, could
lead to instabilities during shared task executions. So, reliance on models alone,
could lead to reduced operational robustness and loss of range of applicability.
Also, since in space we expect a large range of variations in the interactions be-
tween the robot and its environment, simple PID control laws that provide local
stability may not suffice. And it is very difficult to design optimal control laws
that attempt to minimize tracking errors [56], since the exact dynamic models for
objects such as flexible thermal blankets, do not exist. Contact stability would
require matching robot-environment impedances, so that force controllers may
be designed to provide global contact stability with passive environments (lack-
ing actuation capability). Note that simple compliance, stiffness methods that

guarantee only local contact stability may not suffice [282].

Thus, the robot control architecture must be able to execute perception-
directed formal task primitives, indicating recourse to indicates the need for
sensor-directed planning and control. Architectures such as NASREM (8],
HANDEY [195], HICS [253], and Meystel’s Intelligent Control (IC) Architec-
ture [210] have a tendency to be model-driven, and do not allow real-time in-
tegration of information from multiple sensors in real-time. In fact, very few
semi-autonomous robotic systems built to date, can provide operational speed,
performance and robustness matching the requirements outlined in the previous

section.

Further, control of contact interactions will require real-time matching of the
contact impedance between the robot and its environment, and the accommoda-

tion of unmodelled obstacles in the robot’s workspace. The above considerations,
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when juxtaposed with the achievement of specified goals assume complex pro-
portions since they represent competing performance indices. For example, the
control compliance always degrades the precision with which command trajec-
tories can be tracked. Also, adaptation to dynamic environments requires inte-
gration of sensory information into adaptive control algorithms. By definition,
this would preclude model-driven approaches, e.g., Saridis’ Hierarchial Intelli-
gent Control System [253], Lozano Perez’'s HANDEY [195]. Since passive [158],
active compliance [204] and impedance control methodologies [50,129] have only
demonstrated interaction stability with fully constrained, passive environments,
they may prove inadequate for contact interactions with an unstructured ac-
tive environment (human). At present, conventional adaptive control formalisms
cannot guarantee the operational speeds necessary to ensure human safety, since
the paradigmatic requirement that all sensory information be transformed into
the robot state space at control frequencies cannot be matched with the current

information processing technology [51].

Further, for operations such as rescuing drifting tools, astronauts, the robotic
assistant may require accommodation to environments that change at rates com-
parable to the sensing and actuation rate of a robot system. This, combined with
the fact that there is no intuitive frame of reference in space, would make the
problem of associating inertial and orbiting frames with robot difficult. This is
made even harder by the fact traditional approaches require calibration of visual
geometry to arm movement, relation between link lengths and joint angles to end
arm position, and the calibration of actuator signals to joint angles. Reactive
planning and control [85,249], and behavior-based planning and control (Brooks
in [54],[72]), are some of the recent approaches proposed for imparting speed and
robustness to the robot’s execution performance. However, at present they are

predominantly heuristic-based and not amenable to formal stability analysis.
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In addition, architectural segmentations based upon symbolic-numeric infor-

mation processing (e.g., SOAR). local-global information / interaction contexts

(e.g

.. HANDEY [195]) and process rates (e.g., IC [210]) cannot be applied to our

problem either. for the following reasons:

(a)

(b)

(c)

In general. every action comprises of both symbolic and numeric informa-
tion processing components, i.e.. symbolic processing units must have all
“relevant” numeric context available, and vice versa. Therefore, any ar-
chitectural organization based on symbolic/numeric segmentation will fail,
since, it is not possible to propagate all numeric context to and fro without
the availability of infinite communication bandwidth (impossible to satisfy

in practice).

Since robot-assistant and astronaut interactions cannot be adequately mod-
eled, a priori decisions about local/global "context” - "action™ funnelling
[194] may degrade system performance. For example, typically free motions
are planned globally while fine motions (e.g., contact. stability) are ana-
lyzed and planned locally, under the implicit assumption free (fine) motion
has global (local) effects only. This could easily be violated when excessive
force during tool exchange (fine motion) cause astronaut tumble (causing

global domain instability), the correction for which requires global analysis.

Any segmentation based upon nominal process rates (e.g., Meystel's IC
[210]) can guarantee stability if the system operates in a quasistatic frame-
work; e.g., context switches, (i.e.. no contact to contact or vice versa) induce
small changes in system structural frequencies, or the segmentations have
been arrived at to account for the highest expected structural frequencies.
However, the operational speeds required for RAEVA, combined with the

varying kinesthetic properties of the human may make process rate estima-




175

tions difficult. Further, since construction of adequate world model (dy-
namics) may be extremely complex, it would not be possible to estimate a
priori, contact structural frequencies. Consequently proces rate segmenta-

tions would have limited use for applications akin to RAEVA.

Any workable solution must be founded upon stable, robust and real-time
planning and adaptive control algorithms. driven by perceptual mechanisms that
can provide sensory information at {planning and control) loop frequencies. So,
planning and control actions would need to be structured in the form of behav-
iors. which implies rapid generation of response actions directly from information
in the sensor space, i.e., perception-directed formal task behaviors are required.
As a result, conventional architectural approaches based upon a priont decou-
pling of planning and control activities (e.g., NASREM [§8] considers execution
to consist of plan — > send control command — > generate action — > report
status sequences) may not deliver the operational speed required from RAEVA.
Therefore, the architecture must be able to execute perception-directed formal
task behavior to satisfy competing execution metrics. An approach that has
shown considerable promise in alleviating the above bottlenecks is to structure
planning and control functions as sensorimotor behaviors, i.e., nonlinear transfer
functions that directly map a stream of sensory inputs to control outputs. The
speedup result from parallel computation, the ability to generate control actions
directly from primitive perceptual representations (e.g., edges, range data. tac-
tile maps) and a representation optimized for fusing of information from multiple
sensors directly into the control loop. In addition, such systems [173,174] exhibit
self-calibration, in the sense that the robot is typically controlled using the con-
sistency between the signals used to move it and the signals used to sense the
movement. There are no objective coordinates. To date, Grossberg and Kuper-
stein ([99] and references therein), have demonstrated a system that can learn to

map a target that is visually detected by a mobile camera into a target position
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map that is invariant with respect to body-centered coordinates, and that can
repair itself if its operating parameters undergo modest damage. It has been used
for controlling variable-speed trajectories of a robotic arm without programming
the whole trajectory, and for rapidly updating trajectory commands in real-time,
to reach objects arbitrarily positioned in space. Uno [277] proposed a speedup.
by using a learning algorithm that calculates the actuation signals directly from
a goal of the movement represented as the minimization of integral of square of
torque change, thereby eliminating a need for transforming trajectory coordinates
to the body coordinates. Kawato et al. [156,157] have speeded up this process

even further by using a Newton-like iterative method in functional spaces.

On the other hand. recent advances in “behavioral robotics™ ( Brooks in
[51,54,55]) provide exciting results on the potential of sensor-based control in
implementing complex reflexes and task-behaviors, sans world models. In addi-
tion, it has been shown that providing planning and control actions with a task
context allows compact specification of goal-oriented constraints. structuring of

control algorithms and monitoring execution performance.

In our development of a new architecutural framework, we represent the ac-
tions within task structures that explicitly consider dynamic interactions between
the robot and the human [279], and develop control algorithms that implement
task units in the form of stable sensorimotor behaviors [57.99]. We have de-
veloped the perceptual manipulation architecture {115-117,280] for the purpose
of executing formal task behaviors, that can be monitored by a set of perfor-
mance metrics. Therefore, it naturally lends itself for developments of RAEVA
like systems. In contradistinction to conventional model-based approaches that
plan and execute robot actions relying heavily upon apriori world models, the
RAEVA architecture has been conceptualized within a ”Perceptual Robotics”

(PR) formalism [113-116]. To ensure stable and robust interactions between the
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machine and a human. robot actions are generated through a “perception- di-
rected reverse engineering of formal task behaviors to satisfy competing execution
metrics . In this section. we describe the actual RAEVA architecture. In the
following sections. we will compare our approach with the state-of-the-art, and

provide a justification for the line of thought followed herein.

We begin by briefly describing the system features for RAEVA. Fig. 7.2.1.1
describes the three basic functional units: a voice-activated Command I/0 Unit
that recognizes high level supervisory control commands from EVA / IVA crew
members; a Static Task Analysis Unit that analyzes Crew-EVA primitives to
determine the corresponding robot task primitives, configures the pereeptual
and control organization and synthesizes relevant execution metries; and, a Task
Perception and Execution Unit that implements a recursive hierarchy comprising

of control execution units.

Fig. 7.2.1.2 summarizes the complete system architecture. The basic archi-
tectural building block of its Execution Unit is a kernel of behavioral primitives,
constructed upon a vocabulary of formal Task Primitives (e.g., Free Motion (FAD,
Guarded Motion (GM), Fine Motion (FIM), Free Force (FFA), Guarded Foree
(GFA) and Fine Force Application (FIFA) [279]). The latter have been derived to
explicitly represent the complete physics of mechanical interactions, given by the
power flow across the contact interface (formally defined in [279] and references
therein (thermal, magnetic and other affects are neglected). The architectural
decomposition has been derived to allow an explicit representation of dynamical
interactions between the robot and its environment at locations where maximal
subsystem control under varying “system sensitivities” (system stability versus
subsystem control errors) is desired. For example, Figure 7.2.1.3 shows the kernel

of task primitives for a dual arm RAEVA configuration. As shown, the kernel
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of task primitives are arranged to explicitly capture robot-environment interac-
tion modes at the Object, Grasp (Multiple arms), Arm, Joint and the Actuator
Levels. Such an architecture would represent a departure from the traditional
approaches based upon information processing (symbol/numeric), process rates
and interaction context (global/local). Also, unlike iterative robot architectures,
e.g., HANDEY, SOAR, HICS, etc., each behavioral primitive recurses within
a set of perceptual structures that are engineered to provide complete control

observability.

Fig. 7.2.1.4 further elucidates the usage of such primitives, during Shared
ORU Acquisition, Removal and Transport. The shared transport sequence begins
with a set of recursive instantiations of elemental Arm-level Free Motions until
proximity, followed by Guarded Motions until the handle of the ORU is within the
gripper workspace. Thereafter, repcated invocations of elemental (Object-level)
Grasp followed by acquisition primitive allows stable acquisition of the handle
in the gripper. During shared transport, the robotic system would be placed
under Arme-level Fine Force Application. The numbers, 1 through 5 represent the
ternpc;ral ordering of Reach, Approach, Grasp, Acquisition and shared Transport
phases of the operation (Venkataraman and Lyons in [283]), while the symbol " *”
denotes recursive primitive instantiation until the execution metric are satisfied.
Figure 7.2.1.5 presents a sequencing profile for task-primitives during prototypical

task execution for a class of RAEVA relevant tasks.
7.2.1. Perception Architecture

Fig. 7.2.1.1(a) and 7.2.1.1(b) expand on the perceptual structures for the
above Shared Transportation example. A Task Analysis Unit (TAU) (see Fig.

7.2.1), determines the configuration of a set of sensors, necessary for complete
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control observability during task executions. This information is used by a Per-
ception Activation Unit (PAU) that enables appropriate sensor routing within
a Sensor Partitioning Network (SPN). In addition, the necessary sensor integra-
tion mechanisms are configured within a Logical Sensor Structure (LSS) for the
construction of relevant perceptual features to provide control observability. For
example, during guarded motion, PAU would route vision and proximity infor-
mation through the SPN. Within the LSS, feature level descriptions of the arm
will be extracted from the vision and proximity data. The LSS concept is dis-
cussed in detail in [123]. The output of LSS elements is routed to the control
execution units via the Perception Bus (refer Fig. 7.2.1.4). Each control unit
is repeatedly invoked until the output from the latter corresponds with the goal

condition.

7.2.2. Control Architecture

basic elements: a metric reasoning engine, adaptive execution element, e.g., neu-
ral networks, metric enforcing mechanisms and local memory for storing relevant
task execution states. The Metric Synthesis Unit (in Fig. 7.2.1.2) only pro-
vides global performance considerations, e.g., close up to 5 cm near an ORU.
The Metric reasoning engine then computes the corresponding control tracking
performance, i.e. the precision metric, to be achieved in the perception-space to
match the information provided by the corresponding LSS. For example, if the
adaptive execution element is a neural network, then the metric engine needs to
set up bounds on network convergence that will guarantee desired performance.
Figure 7.2.2.2 provides a schematic comparision of the Perceptual Manipulation

Architecture with existing robot manipulation architectures discussed in Section
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7.2, namely NASREM (Albus et al. [8]), Subsumption Architecture (Brooks
[54]), Intelligent Control (IC) Architecture (Meystel [210]), Intelligent Control
System (ICS) Architecture (Saridis [253)).

7.3 SID-Based Neurocontrol Algorithms

Proceeding along our derivation of manipulation architecture, we exploit

the SID formalisms developed in the preceding chapters to precisely identify and

7.3.1. Task Space Control

Consider the following scenario, wherein we are trying to to incrementally
execute vision-guided multijoint positioning to the proximity of the targeted ob-
ject, say an ORU handle, and attain an orientation that facilitates subsequent
acquisition of the handle. This corresponds to executing the Free Motion primi-
tive as defined in the previous section. At the begining of of each control cycle,
the distance vector between the end effector of the arm and the ORU handle
is computed by the vision system [173] and supplied to a free motion control
execution unit. This distance vector is mapped into the robot actuation space in

the following manner:

Since task space may be informally defined as a space in which system perfor-
mance sensitivity to control errors is maximal (formal definitions may be found
in Venkatarmaman and Lyons in [283], a space constructed out of the relative
location and orientation of the robot arm’s end effector with respect to the tar-
geted object may be considered as a candidate for free motions. The coordinates
may be defined with respect to any arbitrary coordinate system. A particu-

lar instance of the former is well known in literature as the robot’s operational
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space introduced by Khatib [160,161]. Free motion sensorimotor control will
therefore be responsible for servoing the end effector to some neighborhood of a
pre-determined prozimity distance from the target object. The relative distance
would typically form a Euclidean space X € R®, and would form a set of gener-
alized coordinates in the Legrangian sense [164]. Let X represent the object-end
effector distance in the visual space (e.g., reference coordinate system is located
at the camera itself). The robot arm dynamics may be expressed in the visual

space in the following manner [233]:

Fe=[(X) ¥ + C(X, X) + G(X)

=fi (\\\) | (7.3.1.1)

=1 (-C (v X) -6 + R

=fy (\ \F) (7.3.1.2)

where F%eR° represents pseudo actuation signals in the visual space. I(.). C (.)
and G (.) are the inertial, coriolis plus centripetal forces and the gravitational
term in the visual space. Note that the relationships derived in [160] between
joint inertias, coriolis and gravitational forces, and their counterparts in the
operational space, qualitatively hold for the corresponding terms in the above

equation as well.

To obtain values of F%, given X, X and X, traditional methods would require
the calculation of manipulator inertias, and coriolis and gravitational forces in
a manipulator’s joint space, their transformation into the visual space. This,
in general, is computationally intensive, and requires special purpose hardware
[51]. In a departure from traditional robotics, we adopt the alternate approach
of learning the multivariate, dynamics equation, Eqgs. (7.3.1.1) and (7.3.1.2) as a

nonlinear input-output mapping between the actuation signal vector F,, and the
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states X. X, X using neural learning formalism Algorithm SID_.6. In addition,
to computational speedups resulting from massively, parallel and asynchronous
information processing, neural networks can enable adaptation in real-time to
changes in the robot’s structural characteristics (including the effects of backlash
and friction) [152]. Let, fi and fz represent the learnt approximations of f; and
f2 in Egs. (7.3.1.1). The function f; performs the system identification, while f2
may be tuned for motion control. Once fl and f2 are obtained, the dynamical

systems in Eqs. (7.3.1.1) and (7.3.1.2) may be discretized to yield:

Fe =1, (.\'k..\"k,i'k)
Xeg1 =Ni +a fo (.\'k,i'k,Fg) (7.3.1.3)

where o denotes the step size. Fig. 7.3.1.1 shows the schematic of the open-loop
(during free motion) robotic arm after system identification has been completed.

In the system-theoretic sense, Z™! represents the time delay elements.

A multitude of methodologies exist for the design of discrete time controllers
for the identified system [22,260]. In our current stages of controller design,
we drive the design process using a reference model. This method has been
extensively discussed in conventional adaptive control [220]. Briefly, the intent is
to design an input (and/or feedback) shaping function that will make the closed-
loop controlled system appear exactly as specified by the reference model. As
a simplest example, consider the formulation using the Pole Placement Method
(82]. The controller for a linear systein can be derived as: Assume a system of
the form

d%zx dr

7 + a:l_t— 4+ br = u (7.3.1.4)

is driven by a reference model of the form

d’x dx - -
7] + e +der = r (7.3.1.5)
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Figure 7.3.1.1. Arm dynamics system identification.

where a, b, c and d denote constants. Assuming full state feedback, the controller
can then be simply computed using

dr

u = (a — ()717[ + (b — e + r (7.3.1.6)

In the Laplacian domain, the transfer function is given by

1
(s) = ‘ U(s
Yis) (s +a)s +b) ()

1s driven by a reference model

Ik

¥(s) = (s+c)s+d)

r(s) (7.3.1.7)
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The corresponding control law can then be written as

(7.3.1.8)

We shall briefly discuss our metric-driven derivation of reference models in a
later section. For sake of simplicity, consider only linear time invariant reference

models [220] with the form

X=-p X = p X + ¢ (7.3.1.9)
where, p; € R® x R® are the coefficients of the linear systeni, and ¢eR" is the

reference signal. The actuation signals can then be computed using
F = f, (.\’k,‘\"k, (-—p] Xe o+ —pe Xk + qk)> (7.3.1.10)

Fig. 7.3.1.2 shows the schematic of the controlled system. Note that the output
of f, corresponds to the pseudo actuation signals F,, at instant &, and represents

an input into the joint-level controller that we discuss shortly.

The transformation of F, into the robot’s joint space is given in the following

manner:

re =J' F, (7.3.1.11)

where, J represents the standard manipulator jacobian [233]. A kew concern dur-
ing free motion is obstacle avoidance. Many global methods that rely on apriori
knowledge about the location (and motions if any) of the obstacles have been
proposed [146,161,195,256]. We resort to repulsive potential functions for local
obstacle avoidance [160,161]. The other contribution to joint torques, therefore,
would be as a result of obstacle avoidance forces. To ensure that obstacles will

indeed be avoided, we propose a log based potential function of the formn [256]:

E, =K log(2) (7.3.1.12)
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Figure 7.3.1.2. Arm dynamics identification and control.

where, K" is a time (in)variant gain, and Z is the perpendicular distance between
the links of the arm, and the nearest obstacle. The quantity Z is well known in

robotics literature [256]. The repulsive forces are:

:% (7.3.1.13)

which implies that as Z — 0, F, — oo. Assuming K proximity sensors, rigidly
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affixed to the body of the arm. the value Z can be computed as:
Z =4¢%(0) (7.3.1.14)

where, © 1s the corresponding vector of joint angles. At the same instant let the
proximity sensor readings be recorded in a vector S. Let the jacobian between
the space of Z values, and the joint space be J,. Since the proximity sensors
are fixed at known locations, it is reasonable to assume that J, will be known.
That is, for known values of @, the corresponding obstacle avoidance forces in

the joint space 7, may be computed as:

s 5] (7.3.1.15)

where ¢°(.) is a complex nonlinear mapping function between S and Z to be

learnt. Therefore,

T = Ta+ T
F, |
= [J0 5] | & ] (7.3.1.16)
g°(5)

where 7, and 7, denote torque required for actuation and obstacle avoidance re-
spectively. A schematic of the decomposition of task space and proximity sensor
space information into the robot’s joint space is shown in Figure 7.3.1.3. In the
figure, the units SI_1 and SI_2 denote system identification units at the joint and
arm level respectively. The unit labeled QPT is responsible for parametrized se-
lection of appropriate refernce model [220]. The Singularity Interaction Dynam-
ics formalisms described in Chapter Two through Five may be used for online

learning of the nonlinear map, ¢°(.), map

r =g (F,,5) (7.3.1.16)
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Figure 7.3.1.3.  Free motion control.

to provide 7; (at joint level) in real-time.

7.3.2. Joint Control

As proposed in [129], interconnected dynamical systems may be described
using alternating Impedances and Admittances. This allows one to maintain con-
sistency in bookkeeping power flow variables. For example, during free, guarded
or fine motions, a robot imparts flow vectors across an interaction port (in its
task space) to the (free space) environment around it [279]. Consequently, the

robot can be described in the form of a Lagrangian, while the environment is an
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admittance. This calls for a Co-Lagrangian (an admittance-like) description for
the actuators placed at the joints. As discussed by Venkataraman in [279], the
Co-Lagrangians are based on the conservation of kinetic energy K and potential

co-enerqy P*. Given that

dik =0T dp
dp* =07 dr (7.3.2.1)

And the Co-Lagrangian function L* is
L*=dK + dP* (7.3.2.2

where, p is the angular momentum at the joints, and ©, represents the angu-
lar motion of the actuators located at the joints. The basic structure of the

dynamical equation derived herefrom is similar to that of a Lagrangian, i.e.,
O, =I"(p)7 + C*(p.7) + G"(p) (7.3.2.3)

where, I*,C* and G* are the force-momenta duals of inertia, coriolis and grav-
itation terms for the actuator. Since, is is extremely difficult to obtain the co-
Lagrangian dynamics equation for a system, Venkataraman proposed a pseudo-
form in [279]. The latter may be derived through a substitution for ©, in the
actuator Lagrangian in terms of the task space Lagrangian. In our formulation,
we consider the co-Lagrangian as a nonlinear map between actuator velocities
O,, and the terms p, 7, 7, thereby obviating the need for explicit computation

of the pseudo co-Lagrangian. We define nonlinear functions f3 and f; as

Ga :f3 (P, T, T)
7 =f3 (p,7,04) (7.3.2.4)

The nonlinear functions, f; can be learnt off-line in a manner similar to the

process for f; and f; in Egs. (7.3.1.1). Let f be the corresponding learned
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nonlinear approximator. Actuation control is performed to mimic a reference

model of the form

F = -p3F —pyp+r (7.3.2.5)

which implies that f; can be learnt analogous to f,, and parameters of the
equations above can be used to compute @ak. Fig. 7.3.1.3 summarizes the

control architecture for the entire arm free motion control.
7.3.3. Guarded Motion Control

In this subsection we discuss the implementation the behavioral control unit
for executing guarded motion. In the case of guarded motion, however, (in
addition to the goal specification in the visual perception space), a guarding
force needs to be be specified [203,204]. The latter accounts for unprecedented
variations in the end effector’s environment (Mason in [51)). With this, the
contribution to the task space pseudo actuation signal will arise from two sources:
one for the actual task space motion control of the arm, and the second, a
guarding force Fy. That is,

BC (ng ) Fga )
oF, F,,

X1 = Xe + aof) <Xk,}i'k,Fa) + (7.3.3.1)
where C(.) is a generalized nonlinear compliance function [203], that represents
the impedance matching required for a given environment. During free motions,
for example, C' = 0. It is, in general, extremely difficult to determine a compli-
ance function that can capture all expected environmental situations. The com-
pliance functions can be derived by learning the impedances between a robot and

its environment [129], based upon notions of coupled robot-environment stability

properties.

7.3.4. Fine Force Application Control
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Within our proposed scenario, a key primitive of interest is fine force appli-
cation, as introduced in Section 7.2, to provide for stable contact interactions,
e.g., during shared transportation of payloads. In this case, the robot is modelled
as an admittance that admaits the human, whose dynamics takes the form of an
impedance. Accordingly, we adopt the dynamic models first proposed in [279],

wherein the coupled robot-environment dynamics may be given using:

X =7, (X, X, F)

F=f (p, F, xvc) (7.3.4.1)

where the subscripts e and r refer to environment and robot respectively. Com-
bining the above yields

i=f (p, F. X, xx) (7.3.4.2)
where, II = [XT,pT]T and nonlinear function, f; = [ T fg]T. Eq. (7.3.4.2)
possesses the same structure as Eq. (7.3.1.1) and (7.3.1.2). The equivalent of

Eqgs. (7.3.1.3) can be expressed as:
0 _ . : ~ e
[x] = fs (.\,X,A,p,F,F) (7.3.4.3)

7. (X,X,X, F)
fr (P,F,F,X)

approximations to fs and fg respectively. Fig 7.3.4.1 shows the schematic for

where, fo = . Once again fs and fs represent the learnt

system identification.

For control, let the reference model be of the form:

Pl 8 ][]« [0 ] 3]+ [

11 -PI0-PIO + [2] (7.3.4.4)
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The schematics in Fig. 7.3.4.1 and 7.3.4.2 illustrate the control architecture
at the task level. Another important issue that needs to be addressed is obstacle
avoidance. Although in principle, obstacle avoidance strategies will be identical
to that during free motion (as discussed in Section 7.3.1), the underlying energy

function requires some modification. We consider a function of the form

E, =K log (p,)
0E,
dpo

I
_ (7.3.4.5)
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— . T .
Once again, X = [XI A T} , and the appropriate joint velocities © may
be obtained in a manner similar to that in free motion. The function ¢ used in

obstacle avoidance during free motions will also vary in the following manner:

9r (Pj) = Po
9; (ps) = Ppo (7.3.4.6)

Since the arm dynamics is described in the admittance form during fine force
application, the actuator dynamics will be represented as an impedance that

delivers necessary © values. Joint lagrangian has a structure identical to Egs.
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(7.3.1.1)-(7.3.1.3). So, the system identification and control methodologies will
be identical to those for free arm motions. However, the reference model will be
derived here to deliver desired © values instead of goal positions. Fig. 7.3.4.2
describes the joint control architecture, while Fig. 7.3.4.3 summarizes the entire

fine force application control architecture.
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Figure 7.3.4.3. Controller for implementing Fine Force Application primitive.

Each and every control unit (whether they are at the arm or joint level) is
driven to mimic a reference model. In the preceding discussion we had assumed

the form of this model to be known. A key future objective is to (a) study
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the control requirements to determine an appropriate form for reference models
required for each control primitive (b) derive linear (and subsequently nonlinear
[164,165]) reference models using newly emerging research in Qualitative Physics

([86] and references therein).

Consider a standard second order system or the form:

X=-p X —p X + ¢ (7.3.5.1)
The above system is analogous to a mechanical system consisting of a mass m.,
spring (of stiffness k) and dashpot (of coefficient b), p; = ;,b; and p; = fl— If the
system is modulated by an external input ¢., then ¢ = 1. With this connection
in mind, it 1s obvious that to make the system stiffer, one can increase the value
of k, or reduce oscillations and make the system sluggish by increasing the value
of b. Further payloads can be captured with the term m. Therefore, the problem
of metric reasoning becomes one of understanding the information from sensors,
and from other control units in the context of stable task primitive execution,

and metric generation refers to the generation of the parameters, p;, p, and ¢

for control.

The controllers for fine motion, free force application etc., at different archi-

tectural levels may be derived in a similar manner.

7.4. Summary

In this chapter we have attempted to apply our work in the context of a
novel real-world robotic application currently under development. Using recent
results in formal task analysis and dynamic modeling [279], we systematically
derived learning reformulations to nonparametric system identification and con-

trol. The resulting formalisms are well within the addressable complexity of our
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SID learning algorithms. In fact, our earlier performance requirments necessitate

a real-time learning framework as powerful as SID.

In terms of the application, we argued that operational safety, adaptation to
a dynamically active agent (astronaut) in the workspace and overall system sta-
bility are fundamental to the design of Robotic-Assistants for synergistic task
execution during EVA. The targeted application domain for such systems is
EVA-enhancement. Technically, the problem entails building robotic systems
with "doing intelligence” as opposed to reasoning intelligence, i.e., systems that
can stabilize contact interactions with unstructured active environments, effect
damage-proof interactions on fragile passive environments and accommodate dy-
namic unmodeled obstacles. The functional and technical requirements for the
above system were analyzed to show that model-directed architectures and con-
trol formalisms have limited applicability to Robotic-Assistants. On the other
hand, a natural tie-in to perceptual robotics was established. Further, a differ-
ent architectural approach to the problem was presented. Unique characteristics
of the proposed approach included the engineering of control execution chassis
using a vocabulary of behavioral primitives derived from the physics of interac-
tions rather than adhoc macros; perceptual structures engineered for complete
control observability; perception-directed execution behavior rather than com-
plete reliance on a priori world-models; and, the usage of competing, precision
and compliance metrics to control and interrelate the execution of aforementioned

behavioral primitives.




Chapter Eight

Conclusions

This chapter provides a summary of the work detailed in this dissertation, an
outline of the specific contributions of the work. suggestions for possible extension

of the work, and some concluding remarks.
8.1. Summary of Thesis

This thesis has addressed a fundamental problem in computational AT —
developing a new class of massively parallel. computational neural learning al-
gorithms for robustly, abstracting complex nonlinear transformations. e.g.. func-
tional, spatial, temporal and statistical invariants, from representative samples,
in real-time. Provision of such a capability is at the core of many difficult prob-
lems in robotics, signal processing, remote sensing, control, etc. In contradis-
tinction to existing dynamical neural learning formalisms our models, algorithms
SID.1 through SID._6, encode information as singular, rather than regular, so-
lutions to neurodynamics using the notion of terminal attractors. The infinite
local stability resulting from violation of Lipschitz conditions, enables dramatic
speedups during the learning process. Our notion of real-time pertains to oper-
ational responses that can be obtained in a few time constants of the individual
neurons. In addition, we have addressed the issues of scalability and flexibility

in neural networks. In this section we summarize the key results.

In Chapter Two we introduced a formal framework for deriving supervised
learning algorithms for dynamical neural networks, both with and without feed-

back. By exploiting a recent breakthrough in nonlinear dynamical systems theory

206
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- namely, the notion of terminal attractors, we defined neural learning formalisms,
that are based on solutions of coupled singular differential equations. The model
was appropriately denoted as Singularity Interaction Dynamics Model. In a
departure from prior neuromorphic algorithms our methodology provided mech-
anisms for incorporating an in-training skew” to handle network as well as
design constraints. We showed how constraints could be augmented to the learn-
ing objectives using the method of lagrange multipliers. Optimization algorithms
were then derived so as to strictly satisfy Lyapunov Stability criteria. The no-
tion of "virtual attractors” was introduced to guarantee overall network stability.,
Extensive simulation results demonstrate that our model outperforms state-of-
the-art back-propagation type neural learning formalisms by two to three orders

of magnitude.

In Chapter Three we provided a novel manifestation to computational learn-
ing based on phenomenology of nonlinear neural networks. We presented a neural
network model that allows adaptive evolution of network topology in addition
to evolution of synaptic strengths. The former objective is achieved by taking
recourse to Gauss’s Least Constraint Principle in mechanics. This is a radical
departure from existing connotations of learning. We further examined a fun-
damental limitation in neural learning algorithms - training and retraining costs
and the versatility of neural network models. Motivated by results in "renormal-
ization group theory and critical phenomena” in statistical quantum mechanics,
we devised a methodology for "aposteriori regularization” in neural networks.
This enables us to satisfy a multiplicity of event-driven constraints in real-time,
without training the network each time we are faced with a new constraint. Fur-
ther, in the previous sections, we had largely exploited the notion of terminal
attractors to obtain speedup per learning iteration. In this chapter we showed
how to speedup the entire learning process. This was achieved by devising an

algorithm for adapting time scales in the terminal attractor formalism. These
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constructs were used to rederive the neural learning formalisms. Our benchmark-
ing results for signal processing problems indicated over two orders of magnitude
improvement for learning hard nonlinearities. Also the algorithm was found to be
over three orders of magnitude training sample stringent as compared to state-of-
the-art feedforward neural learning formalisms. In addition. we provided insight

on the role of numerical tools used in neural network simulations.

Todate the bulk of neural learning algorithms employed heuristics at some
stage or the other. Qur own work upto this stage, relied upon an efficient heuristic
for inverting matrices, as proposed by Pineda [238,239]. In Chapter Four, we
exploited a powerful tool for sensitivity analysis of nonlinear systems to put on
a firm mathematical basis our results in computational learning. We provide
a formal framework for global computation of sensitivities. In Chapter Five,
we exploited the concept of adjoint operators to enable computation of changes
in the network’s response due to perturbations in all system parameters, using
the solution of a single set of appropriately constructed linear equations. The
lower bound on speedup per learning iteration over conventional methods for
calculating the neuromorphic energy gradient is O(N?), where NV is the number
of neurons in the network. Our simulation results indicate over three orders of

magnitude improvement in training sample stringency.

In Chapter Six we addressed another fundamental issue, which directly im-
pacts the scalability of current theoretical neural network models to applicative
embodiments, in both software as well as hardware - namely inherent and un-
avoidable concurrent asynchronicity of emerging fine-grained computational en-
sembles and the consequent chaotic manifestations in the absence of proper condi-
tioning. All dynamical systems formulations to neural network models are strewn
with parameters - decay constants, response gain, etc. Todate, however, their se-

lection of such has remained largely heuristic, based on “anecdotal explorations”.
&
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We conduct a systematic analysis of the implications of these parameters on the
neurodynaniics, to illustrate that they could have dramatic implications on net-
work scalability, convergence. throughput and fault tolerance, during both con-
current simulations and implementation. in concurrent VLSI, oiotical and opto-
electronic hardware. For the first time we use dynamical diagnostics, Lyapunov
exponents to formally characterize the widely observed dynamical instability in
neural networks as "emergent computational chaos” and not broadband white
noise. Using contracting operators and nonconstructive theorems in Fixed Point
Theory, we rigorously derive the necessary and sufficient conditions for elimi-
nating all oscillatory and throughput-limiting “emergent computational chaos™.
Neural algorithms are derived for conditioning Cohen-Grossberg-Hopfield (CGH)
(additive-type) networks to operate under true “concurrent asynchrony™. We
demonstrated that our results are robust even in the presence of exceptionally
large delays (; 2000 time constants). The validity of our results was demon-
strated by simulated massively parallel networks ranging from few 100 synapses

to over 100 million interconnects.

Finally, in Chapter Seven we provided insight for exploiting this powertul
repertoire of adaptive neural learning formalisms to provide an enabling core for
addressing a fundamental problem in robotics - the design of autonomous robots
designed to perform tasks in unstructured and unpredictable environments. Us-
ing some recent results in task analysis and dynamic modeling, we propose a
Perceptual Manipulation Architecture. The architecture, conceptualized within a
"perceptual framework”, is shown to be well beyond the state-of-the-art "model-
directed” robotics. A technical critique on the proposed architecture is presented
to juxtapose it with existing robot architectures. For a stronger physical interpre-
tation of our implications to autonomous robotics, the discussions are embedded

in context of a novel systems’ concept - Robot-Assisted Extravehicular Activity,
y I
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for automated space operations.

8.2. Contributions

In this thesis we have presented an incremental framework for fast learning in

dynamical neural networks. The primary contributions of this work are:

1]

3]

In a significant departure from existing dynamical neural network formalisms
we introduced an adiabatic learning model. wherein information was encoded
as singular and not regular solutions to neurodynamiecs using terminal at-
tractors. The infinite local stability resulting from this encodation strategy
enabled immediate convergence to the fixed points during learning and op-
erational phases, thereby providing dramatic speedup per learning iteration.
The concept of terminal attractors was further exploited to detine adaptive

times scales which could be used to speedup the overall learning process.

In the past. it has been demonstrated that complex information processing in
the brain results from an adaptive and problem specific evolution of network
topologies. In this thesis, we have demonstrated a framework for evolution of
problem specific topologies. As a specific example, Gauss's Least Constraint
Principle in Mechanics was exploited to adaptively derive networks with
suboptimal topological configurations that favored locality of computation

in addition to learning the nonlinear mapping,.

Our algorithm, SID,, provides a computational framework to explicitly en-
code problem specific constraints during learning. We later showed this to be
limited in that it “skewed” network behavior to capture ouly limited aspects
of the mapping of interest. Each different runtime interest would require re-

training the network. Thus, in order to avoid excessive training/retraining
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computational cost, we exploited advances in “renormalization group the-
ory” in physics to design a methodology for incorporating a multiplicity of
constraints at run-time without retraining. Our "a posteriori regularization”
formalism provides a unique way for modulating network response without

disturbing the synaptic structure of the network.

Most of the computational cost incurred during gradient-descent based,
learning, is expended in computing the parametric sensitivities, i.e., dE/dp,
(as discussed in Chapter Four and Five). All existing learning algorithms
hitherto required, a system of .V equations to be solved for each parameter
Pu, where N denotes the number of neurons in the network. We draw from
results in Adjoint Sensitivity Theory, to obtain all derivatives by solving a
single set of IV appropriately constructed linear equations. The lower bound
on speedup per learning iteration over conventional methods for calculating

neuromorphic energy gradient is O(N?).

All dynamical systems formulations neural network models are strewn with
parameters - decay constants, response gain, etc. Todate, however, their
selection had remained largely heuristic, based on “anecdotal explorations™.
For the first time we analyzed the effects of these parameters on the neurody-
namics. We reasoned to discover that these parameters could have dramatic
implications on network throughput, fault tolerance during both simula-
tions and implementation in concurrent VLSI, optical and opto-electronic
hardware. For the first time we use Lyapunov exponent measurements to
formally characterize this instability as "emergent computational chaos™ and
not broadband white noise. We further developed algorithms based on con-
traction operators for rigorously deriving these parameters to eliminate all
oscillatory and chaotic behavior. Our extensive empirical testing with ar-

bitrarily large neural networks demonstrated robustness in the presence of
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extremely large activation propagation time delays. Qur results reflect a
significant improvement on the parametric bounds derived by Marcus and
Westervelt for network stability in the presence of activation signal propa-

gation time delays.

On the applications front. we demonstrated the computational and paradig-
matic strengths of our theoretical and algorithmic learning formalisms, by embed-
ding them in an architectural framework for solving difficult problems in robotic
manipulation systems [30,33-34.103.105.107-111,114-117.230-282], deterministic
scheduling and load balancing [113.273], multi-target tracking [140] and multidi-
mensional signal identification and characterization [32.35.10.105]. We defined a
“perceptual approach”™ to designing such systems, demonstrating them to be well
beyond the reach of "model-centered™ robotics technology. We conjectured as to
how the tools developed herein might form an enabling core for high performance
task-dependent adaptive control of such systems. Our benchmarking results in
signal processing problems and manipulator inverse kinematics problems have

already shown a promise in that direction.
8.3. Future Directions

We see many future directions for this work. both in terms of extension on
fundamental neural networks theory as well as in the development of advanced
real-life applications in robotics, signal processing, remote sensing etc. Our ap-
proach in drawing heavily from rigorous results in dynamical systems theory,
nonlinear mathematics, system science, statistical physics, ete., reflects our firm
conviction that robustness in computational capabilities of neural networks can
be derived only from the robustness and rigor of mathematical tools employed to
design them. We have and continue to reject adhoc heuristics and brute-force ar-

guments in our model derivation. As we continue to telescope years of biological
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evolution into few years of neural net and Al research, we would however from
here on like to emulate biological metaphors and principles rather closely. For
example, in an attempt to enforce mathematical regularity and tractability in our
models, we have resorted to many phenomena that are unbiological. For exam-
ple, during biclogical learning, the brain is continually exposed to changing input
patterns and has no opportunity to freeze them while waiting for the approach
to equilibrium, i.e, learning is nonadiabatic. The recent work by Toomarian and
Barhen on nonadiabatic learning of nonlinear mappings in [272] is a step in this
direction. Also, the idea that learning can proceed by clamping the output of a
system to a desired value while synaptic weights area adjusted according to some
rule, violates biological reality. In fact, in our opinion in bulk of current artificial
neural network research the only true resemblance to biological neural networks
is on an abstract level, i.e., in terms of high processing element connectivity and
massively parallelism. We would like to deviate and deals with systems whose
fundamental characteristic is variability rather than statistical regularity (Reeke
and Edelman in [93]). In specific terms, the following fundamental problems

related to the work presented here, are of long-term scientific interest

[1] Systematic and rigorous analysis on how much is learned in the continuous
state dynamical systems formulation ? When does unlearning set in ? In
fact, for continuous systems an even more fundamental question remains
unanswered - What is learnable 7 Also, for continuous-state, continuous time
neural networks, no insight currently exists for topographic partitioning, i.e.,

how to choose the hidden neurons.

[2] We would like to extend the constraint satisfaction framework, based on
renormalization theory, to include inequality constraints. These arc funda-
mental to problems in robotics, adaptive control of structures and signal

processing. Recently [272], the framework has been extended to include
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learning of time-dependent state-space trajectories. It would be useful to
extend the constraint satisfaction framework into the latter formalism and
benchmark capabilities with Jordan's [150] methodology for constrained tra-

jectory learning.

[3] Another interesting problem is to analyze the synaptic weight space to cor-
relate it with the physical system being learned. Currently, there is minimal
correlation between the network dynamics and the dynamics of the physical
system, thereby defying an understanding of the physics of the system being
learned in the context of neural network internals, i.e, topology and weight

space.

[4] In continuation of our development of a rigorous framework for autonomous
robots along the lines discussed herein, two interrelated theoretical issues
are of particular interest; namely understanding task stability and dynamics
in the perceptual space, (i.e., from visual, force, and tactile data) and formal
derivation of a necessary and sufficient set of task-specific perception prim-
itives akin to control primitives. The latter issue is completely unaddressed

to date.

8.4. Concluding Remarks

The work described in this dissertation demonstrates that it is possible to
design extremely fast, versatile and robust neural learning algorithms, that can
maintain performance even when the models are scaled to realistic size. These
learning formalisms could form an enabling core for difficult problems in nonlin-
ear adaptive control, object recognition and behavioral conditioning. While the
mainstream of roboticists, continue to address issues relating to the kinematics,

dynamics, design and control of complex mechanisms, which is in the domain of
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engineering, we as Computer Scientists are working towards development of com-
plex computational systems that will expand the capabilities of these mechanisims
and inject rudimentary intelligence and autonomy in these systems. However,
unlike Al researchers we emphasize “doing” intelligence rather than “reasoning”
intelligence. While this research attempted to look at a problem that is very
fundamental in this regard, namely learning complex nonlinear mappings from
examples, there is much work left to do, both within the context of the high per-
formance neural learning algorithms, complex concept representation, specially
in the context of building intelligent machines that can perceive and manipulate
objects with ease. The tools that we have developed as part of this research, will

hopefully allow us to make a step in that direction.
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