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Abstract

The quest for efficient parallel algorithms for graph related problems necessitates
not only fast computational schemes but also requires insights into their inherent
structures that lend themselves to elegant problem solving methods. Towards this
objective efficient parallel algorithms on a class of hypergraphs called acyclic hyper-
graphs and directed hypergraphs are developed in this thesis. Acyclic hypergraphs
are precisely chordal graphs and its subclasses, and they have applications in rela-
tional databases and computer networks. In this thesis, firstly, we present efficient

parallel algorithms for the following problems on graphs.

- determining whether a graph is strongly chordal, ptolemaic, or a block graph. If
the graph is strongly chordal, determine the strongly perfect vertex elimination
ordering.

- determining the minimal set of edges needed to make an arbitrary graph strongly
chordal, ptolemaic, or a block graph.

- determining the minimum cardinality dominating set, connected dominating set,
total dominating set, and the domatic number of a strongly chordal graph.

Secondly, we show that the query implication problem (Q; — Q,) on two
queries, which is to determine whether the data retrieved by query Q is always a sub-
set of the data retrieved by query Q,, is not even in NP and in fact complete in IT,”.
We present several ‘fine-grain’ analysis of the query implication problem and show

that the query implication can be solved in polynomial time given chordal queries.

Thirdly, we develop efficient parallel algorithms for manipulating directed
hypergraphs H such as finding a directed path in H, closure of H, and minimum

equivalent hypergraph of H. We show that finding a directed path in a directed

viii



hypergraph is inherently sequential. For directed hypergraphs with fixed degree and
diameter we present NC algorithms for manipulations. Directed hypergraphs are

representation schemes for functional dependencies in relational databases.

Finally, we also present an efficient parallel algorithm for multi-dimensional
range search. We show that a set of points in a rectangular parallelepiped can be
obtained in O (logn) time with only 2.log?n — 10.logn + 14 processors on a EREW-
PRAM. A non-trivial implementation technique on the hypercube parallel architec-
ture is also presented. Our method can be easily generalized to the case of d-

dimensional range search.



Chapter 1

INTRODUCTION

1. INTRODUCTION

There has been a tremendous interest in algorithmic graph theory to develop
efficient algorithms for various graph problems. This is to a large extent due to the
increase in the application of graph theory to problems of practical interest. Of the
various graph structures which have received wide attention, planar graphs, perfect
graphs, bipartite graphs, trees, chordal graphs, and partial-k-chordal graphs occupy a
special place. Studies on such restricted classes of graphs are well-motivated from the

following points of view:

1. Solutions to problems on restricted graphs oftentimes are easier to obtain com-
pared to arbitrary graphs.

2. Studies on restricted graph classes shed light on solutions to problems for arbi-
trary graphs.

3. Sometimes in real-life situations we may encounter only graphs with special
structures.

4. In many situations, restricted graph classes are studied for their intrinsic
mathematical interest.

Traditionally, researchers in algorithmic studies on graphs have focussed on the
development of deterministic-sequential algorithms. In recent years, deterministic
parallel algorithms for several important computational problems have been

developed. This is supposed to be in preparation for a revolutionary switch from



sequential to parallel computing. In fact, one can expect parallel computing to dom-

inate research initiatives for a few decades to come.

Recently, there has been a great spurt of research activity towards developing
deterministic sequential and parallel algorithms for a class of graphs called perfect
graphs [47]. Among the class of perfect graphs the chordal graph and its subclasses
occupy the chief position. This is due to the fact that many polynomial-time algo-
rithms can be designed systematically for the class of chordal graphs and its subc-

lasses.

The theory of hypergraphs [15], has been extensively used in computer science
as a mathematical model to represent concepts and structures from different domains:
rewrite systems, databases, logic programming, etc. In all cases hypergraphs general-
ize the concept of graph in the sense that they consists of a set of nodes and a set of
(hyperedges defined over the nodes. A different model that has been used in several
applications is the directed hypergraph [8). Directed hypergraphs are a generalization
of directed graphs in which an arc can have more than two nodes. In the next two
subsections an overview of the chordal graph and its subclasses and the directed

hypergraph will be presented.

2. THE STRUCTURE OF CHORDAL GRAPHS AND THEIR APPLICATIONS

Informally, a simple, loopless, and undirected graph is chordal if every cycle of
length of at least four contains a chord (an edge connecting two vertices that are not

consecutive in the cycle). A chordal graph is also called as a triangulated graph.
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.Chordal graphs have important graphs forming their subclass and these include per-
mutation graph, strongly chordal graph, ptolemaic graph, block graph, interval graph,

path graph, threshold graph, k-trees etc. [47]. Figure 1.1 gives a chordal hierarchy.

Perfect Graphs
Chordal Comparabilty
ggtdhlrected gtt]?rrégally K-Trees| | Split Permutationl
\ | [
A4
Directed Path Bipartite
Block Interval
Trees Threshold| | Cographs

Figure 1.1: A hierarchy of chordal graphs

An important property of chordal graphs is that it exhibits an ordering (<) on its
vertices {vy, V3, ..., V,, } called the perfect elimination ordering (PEO) which satisfies
the condition that node v; and nodes v; adjacent to v; with i < j form a complete sub-
graph (not necessarily maximal) {47]. A chordal graph G = (V, E) can be

transformed into a hypergraph H with vertices V and hyperedges S = {§}, S2, ..., S; },



where each S; is a maximal clique (completely connected subgraph) of G. The hyper-

graph H thus obtained from a chordal graph is called an a-acyclic hypergraph [11].

Figure 1.2 shows a chordal graph, its PEO, and the a-acyclic hypergraph correspond-

ing to it.
7
6 5
2
4 3
1

Figure 1.2: A chordal graph with PEO numbering
of the vertices and the a-cyclic hypergraph
corresponding to it.

Chordal graphs are an important class of graphs since polynomial time sequential
algorithms are available on them, otherwise known to be NP-complete on general
graphs. Here is a list of NP-complete problems on general graphs known to be solved
in polynomial time on chordal graphs [44].

1. Maximum Independent Set
2. K-colorability

3. Clique Cover



There also exist problems which are NP-complete on chordal graphs and known to be

solvable in polynomial time for graphs in its subclasses. Here is a list of problems

which are NP-complete on chordal graphs.

1.

2.

Minimum cardinality connected, total, and independent dominating set
Steiner tree

Minimum Fill-in i.e., minimum number of edges needed to make an arbitrary

graph chordal.

Chordal graphs and their subclasses have a close relationship with the theory of

acyclic hypergraphs or acyclic database schemes [3,36]. It was shown by D’Atri and

Moscarini [3] that a graph G is chordal, strongly chordal, ptolemaic, or block, if and

only if the correspohding hypergraph H formed from the maximal cliques of G is

acyclic, -acyclic, y-acyclic, or Berge-acyclic, respectively. Chordal graphs and its

subclasses arise in several important applications, which include the following.

(a).
(b).
(©).
).

(e).

Relational database design and query evaluation [5, 11, 36].

Computing solutions of sparse system of linear equations [4, 37].

Probabilistic expert systems [64].

Reliability of communication networks in the presence of constrained line and
site failures [39, 40, 96].

VLSI design layout [88].

An important sub-class of a chordal graph is the strongly chordal graph intro-
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duced by Farber [37]. Strongly chordal graphs are chordal graphs in which every
even cycle of length at least 6 has a strong chord (i.e., an edge joining two vertices
which are an odd distance apart in the cycle). The edge-vertex incidence matrix of a
strongly chordal graph is "totally balanced." Totally balanced matrices are studied in
proving certain min-max theorems in graphs theory [4]. An example of a strongly

chordal graph is given in Figure 1.3

f

tigure 1.3: A strongly chordal graph.

Recently, there has been a growing interest in developing algorithms for a class
of graphs called K-trees and partial-K-trees. Numerous NP-complete problems can be
solved in polynomial-time (linear in most cases) when the input graph is a partial-K-
tree [6,17]). A K-tree is K-chordal graph in which every clique is of size at most
(K +1). A partial-K-tree is a partial-K-chordal graph which is a subgraph of a K-
chordal graph. A fast NC algorithm for recognizing partial-K-trees was given by

Chandrasekharan and Hedetniemi [18].



3. AN OVERVIEW OF DIRECTED HYPERGRAPHS AND ITS APPLICA-
TIONS

In this section, an informal discussion about directed hypergraphs is presented.
Formal definitions are presented in Chapter 6. In the case of directed graphs, an arc
(a, b) consists of the source node a and the destination (sink) node b. Directed
hypergraphs are a generalization of directed graphs where the source nodes can be a
set of nodes, called the compound node. There is a directed path from compound
node A to compound node B if and only if there are directed paths from A to each of
the component nodes forming B. Figure 1.4 gives an example of a directed hyper-

graph.

F <4 FBD » H
A c D 4 BD » |

Figure 1.4: A directed hypergraph

As observed previously, directed hypergraphs may be often applied to provide a
formal model of concepts in computer science. A few examples are presented now. It

should be noted that all these are informal discussions.



An important application of directed graphs is in the area of database theory.
Given a set of attributes U, a set of functional dependencies is a relation over P (U) X
U, where P (U) is a set of attributes from U. A functional dependency from a set of
attributes X to a single attribute { means that, given the values of all attributes in X,
the value of attribute i is uniquely determined. Clearly a directed hypergraph may
provide an immediate representation for such a relationship. In this context, a typical
problem is to determine a set of functional dependencies which is equivalent to a
given one but which is minimal with respect to some parameter (number of depen-
dency rules in the set, length of the total representation, etc.). Sequential algorithms

for the manipulation of functional dependencies are presented by Ausiello et al. [8].

Another field of application in which it is meaningful to look for equivalent (or
strongly equivalent) representations of the same hypergraph is problem solving.
Directed hypergraphs may be used in problem solving as an alternative to and-or
graphs, for describing the relationship existing among a given problem P and the set
of problems whose solution is required to solve problem P [46]. In this case, for
example, given a hypergraph, it would be meaningful to look for an equivalent
representation where the number of independent problems which may be solved in

parallel is maximal.

Finally, another interesting application of directed hypergraphs arises in the
representation and manipulation of the Horn Formula. Among various classes of log-
ical formulae, Horn Formulae are particularly interesting in view of the fact that in

Knowledge Based Systems is often represented by means of if ... then ... clausal rules.



Also in this case the use of directed hypergraphs is quite natural.

In the case of propositional calculus, for example given a set of propositional
variables V and the truth values T and F, a Horn formula is a relation over P (V') X
V', where V' = V U {T} and Viavu {F}. A typical problem that we are
interested in solving in this case is the implication, that, is the existence of a path,

from a given set of variables X to a single q.

A particularly interesting case is when, in the process of building a Horn formula
which represents our knowledge of a given domain by progressively adding new
clauses we want to check on-line the existence of a path from T to F because such a

path would imply the unsatisfiability of the whole formula [31].

4. AN OVERVIEW OF PARALLEL ALGORITHMS

In recent years, parallel computation has come to influence all areas of computer
science and related disciplines. This is mostly because of possible limits to hardware
speed and software efficiency in the realm of sequential computing. Even before the
existence of real parallel machines, computer scientists were developing a theoretical
framework to develop the model of parallel of computations based on processor capa-
bility, memory accessibility, and the pattern of interconnection among procéssors.
Though there is no consensus on a model of parallel computation, many studies have
focussed on the parallel-random-access-machine (PRAM) model (see Karp and
Ramachandran [56]). The PRAM model is a parallel analog of the sequential RAM.

It consists of several independent sequential processors, each with its own private
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memory, communicating with each other through a global memory. In one unit of
time, each processor can read one global or local memory location, execute a single
RAM operation, and write into one global or local memory location. PRAMsS can be
classified according to restrictions on the global memory access. In EREW (Exclusive
Read Exclusive Write) PRAMs simultaneous access to any memory location for both
reading and writing is forbidden. In a CREW (Concurrent Read Exclusive Write)
PRAM simultaneous reads are allowed but not simultaneous writes. A CRCW (Con-
current Read Concurrent Write) PRAM allows both simultaneous reads and writes. In
the case of a concurrent write we assume that an arbitrary processor succeeds, though
other assumptions are possible (see Moitra and Iyengar [70]). These models are
increasingly powerful in that order. It is known that the CREW and the CRCW
PRAM models can be simulated by an EREW-PRAM model in O (logP ) time with
O (P) extra processors or with no extra processors in O (log?P) time [33]. It was
shown in [94], that all PRAM models with P processors can be simulated by an ultra-
computer (bounded-degree network of processors with no global memory) in
O (logP (loglogP)?) time per step and with no extra processors. Having described the
models of parallel computation we will be using in our work, we next turn our atten-
tion to the class of algorithms we will consider. In our discussion below we only con-

sider sequential algorithms having polynomial-time complexity.

The most natural and a very practical idea of parallelism to make use of a fixed
number of processors say, P (independent of the size of the input say, n). In this case,
it is not hard to see that the speedup of a parallel algorithm (over the sequential one)

for a problem will depend on the input size and when the input size is increased, the
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number of processors has to be dependent on the input size. The agreement in this
case is to make use of only a reasonable amount of hardware i.e., a polynomial
number of processors. The polynomiality of resources (time and processors) has been

accepted as a reasonable demand.

Having justified the use of a polynomial number of processors let us consider the
issue of time. The worst-case time-complexity of a parallel algorithm is a measure of
the maximum time taken by any of the processors over all inputs. Using a polynomial
number of processors we may hope to do as good as getting a constant-time parallel
algorithm. However, creating a polynomial number of processors requires noncon-
stant time in a reasonable model of parallel computation. For example, if we want to
create say O(n") processors, we need O (logon”) time assuming a binary-tree
configuration for processor creation. Hence reasonably good speedup can be said to
have been achieved when the parallel time-complexity is a polylog (polynomial in the
logarithm) of n. Note that in this case the speedup is exponential! Without much
further ado, let us say that the class of NC algorithms (due to Nicholas Pippenger [76])
consists of algorithms which run in O (log" #) time and make use of a polynomial
number of processors. NC algorithms have been found for several important prob-
lems in areas like algebra, graph theory, computational geometry etc. For a good sur-

vey on NC algorithms see Karp and Ramachandran [56].

In contrast to NC is the class of problems that cannot be speedup very much
using a polynomial number of processors. A class that seems to capture this notion is

the class of P -complete problems. The class P is the set of all problems that can be
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solved in polynomial time on a deterministic Turing machine. The question as to
whether or not P = NC is open. It is known that, for example, if any P -complete
problem is in NC, then P = NC. The following problem called the circuit value prob-
lem (CVP) is known to be P -complete [75]. Circuit value problem asks for the output

of a boolean circuit given certain number of inputs which are either true or false.

With this brief introduction to parallel algorithms we list the contributions of the

thesis in the next section.

5. MAIN FOCUS, CONTRIBUTIONS, AND OUTLINE OF THE THESIS

The central theme of this thesis is to develop fast parallel algorithms for a class
of graph structures with applications in relational databases and computer networks.
The mathematics and the algorithmic framework presented in this thesis are very
interesting and deep and offers the potential for far reaching applications as large
scale parallel computers come into their own. In the following paragraphs the focus

of the thesis together with the results obtained are listed.

1. Parallel algorithms for the recognition of strongly chordal, ptolemaic, and block
graphs are developed. Given a graph G with n vertices and m edges we present
parallel recognition algorithms to determine if G is strongly chordal, ptolemaic, or
block. We obtain the following worst-case time and processor bounds for our recog-

nition algorithms which run on a CRCW-PRAM model.
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1) o (logzn) time using O ((n + m)mllogzn) processors for recognizing a strongly
chordal graph;
2 O (log2n ) time using O (n + m ) processors for recognizing a ptolemaic graph;

(3) O(log’n) time using O (n +m) processors for recognizing a block graph.

Our recognition algorithm for strongly chordal graphs has a better processor bound
than the one proposed by Dahlhaus and Karpinski [28], who show that strongly chor-
dal graph can be recognized in 0(log2n) time using O (n4) processors. The above

results are presented in Chapter 2.

2. A parallel algorithm to obtain the strongly perfect elimination ordering (SPEO) of
the vertices of a strongly chordal graph is developed. Various domination problems
which have applications in computer networks are solved in linear-time sequentially,
given the SPEO ordering of the strongly chordal graphs [21]. SPEO ordering is also
used in Gaussian elimination and other computations on sparse matrices [4]. The
parallel algorithm for the construction of SPEO works in O (log?n) time with
O((n+m )3'2/log2n) + M (n)) processors on a CRCW-PRAM, where M (n) is the cost
of multiplying two n X n boolean matrices. OQur SPEO construction algorithm is a
significant improvement over the algorithm of Dahlhaus and Karpinski [28], who
present an algorithm which runs in 0(10g2n) time and uses O (n%) processors. The

algorithm for obtaining the SPEO is presented in Section 2.6.

3. It was shown earlier, by Dahlhaus and Karpinski [26] that maximum matching [49]

in chordal graphs is as hard as bipartite graph matching. This implies that maximum
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matching in chordal graphs is in Random NC. An O (log?n) time algorithm which
uses O (n 8) processors on a strongly chordal graph was presented by [26]. We present
an O (logzn) time algorithm which uses O ((n + m)3’2/10g2n + M (n)) processors on a
CRCW-PRAM for determining the maximum matching in strongly chordal graphs.

This result is presented in Chapter 2.

4. From discussions in the earlier subsections it can be clearly seen that chordal
graphs have advantages over arbitrary graphs. Dahlhaus and Karpinski [27] present
an O (logsn) time parallel algorithm which uses O (nm ) processors to convert an arbi-
trary graph into a chordal graph by adding a minimal set of edges. We use the algo-
rithm of Dahlhaus and Karpinski to construct strongly chordal, ptolemaic, and block
graphs from arbitrary graphs. This result is significant in the sense that we are able to

build acyclic databases given cyclic ones, and is discussed in Chapter 3.

5. We present fast parallel and linear-time sequential algorithms for domination prob-
lems on strongly chordal graphs which have applications in computer networks. A set
of vertices D ¢ V is a 1-dominating set for a graph G = (V, E) if every vertex in
V —D is adjacent to a vertex in D . The domination set D is connected if the graph
induced by vertices in D is connected, independent if the vertices in D are indepen-
dent, and rotal if every vertex in V is adjacent to a vertex in D . The domination prob-
lem or 1-domination problem is to determine the minimum cardinality set D. Gerard
Chang [20] gave a linear time sequential algorithm for the £ -domination problems on
a strongly chordal graph given a simple vertex elimination ordering and without tak-

ing powers of the graph. Farber [38] presented a linear time sequential algorithm for
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the minimum weight domination and minimum weight independent domination given

strongly perfect elimination ordering of the vertices of the strongly chordal graph.

Given a strongly chordal graph G with n vertices and m edges, we present
sequential algorithms with O (n +m) time complexity and fast parallel algorithms
with O (log?n) time complexity using O(n +m) processors on a CRCW-PRAM

model for the following problems:

(1) Dominating set problem

(2) Domatic number problem, i.e., determine the maximum integer K and disjoint

vertex sets V{, V, ..., Vi such that each V; is a dominating set.
(3) Connected domination problem

(4) Total domination problem

We know of no parallel algorithms for domination problems on strongly chordal

graphs. Domination and other related problems are solved in Chapter 4.

6. The query implication problem (Q; — Q) on two queries O, and @, is to deter-
mine whether the data retrieved by the query Q; is always a subset of the data
retrieved by 0,. The query implication problem has applications in the areas of com-
putational geometry, distributed databases, and others. We study the general implica-
tion problem in which all six comparison operators: =, #, <, >, <, 2, as well as con-
junctions and disjunctions, are allowed. It is shown here that the general implication

problem is not even in NP and in fact complete in I’ ,. In the simple casec where the
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comparison operator is only ‘=’, we show that the implication problem is NP -
Complete. We define a class of queries called ‘acyclic queries’ and show the
existence of polynomial-time algorithms for the implication problems which are

shown to be NP -Complete.

We use the above results, to estimate the time-complexity of determining
whether two update transactions consisting of inserr and delete operations are
equivalent. Conjunctive queries arise in the area of query optimization in relational
data bases [68]. We show that the testing implication of two conjunctive queries with
inequalities is TI¥ o-Complete. The query implication problem is discussed in Chapter

5.

7. Given a set of functional dependencies X and a single dependency G, we show that
the algorithm to test whether X implies © is log-space complete in P. The functional
dependencies X are represented as a directed hypergraph Hy [8]. We first present a
parallel algorithm which solves the above implication problem using P processors on
an EREW-PRAM in O(e/P + n.logP) time and on a CRCW-PRAM in O(e/P +n)
time, where e and n are the number of arcs and nodes of the graph Hy. For graphs
Hy with fixed degree and diameter, we show that the closure Hy" can be computed in
NC. We present NC algorithms to obtain a non-redundant and an LR-Minimurﬁ cover
for the set of functional dependencies X. All our algorithms on a n-node directed
hypergraph with fixed degree and diameter can be implemented to run in O (log%)
time with M (n) processors on a CREW-PRAM model, where M (n) is the cost of

multiplying two binary matrices. The algorithms are efficient based on the transitive
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closure bottleneck phenomenon [56], that is, any improvement in the time and proces-
sor complexity of the transitive closure algorithm will result in an improvement by the
same amount for the algorithms presented here. Algorithms for directed hypergraph

or functional dependency manipulations are presented in Chapter 6.

8. We present a paraliel algorithm to obtain a set of points in a rectangular paral-
lelepiped (range-search) in O (logn) time, with only (2.log2n ~10.logn + 14), on ann
EREW-PRAM, where processors are allowed to communicate through messages. We
also present a non-trivial implementation technique on the hypercube parallel archi-
tecture with which the above time and processor bound can be achieved without any
communication overhead. A parallel algorithm for range searching is developed here
using the concept of distributed data structures. We use the range tree proposed by
Bentley as our data structure to be distributed. Our algorithm can easily be generalized
for the case of a d-dimensional range search. Range search has important applica-
tions in the areas of databases and computational geometry. The range searching

problem is discussed in chapter 7.

We conclude this thesis in Chapter 8. and mention some open problems.



Chapter Two

PARALLEL ALGORITHMS FOR RECOGNIZING A CLASS OF
CHORDAL GRAPHS

1. INTRODUCTION

The central theme of this chapter is to provide characterizations for strongly
chordal, ptolemaic, and block graphs in terms of the intersection graph of its maximal
cliques. Using the correspondence between the maximal cliques of the above graphs
and acyclic hypergraphs we develop characterization theorems for them. We first
show that the intersection graph of a strongly chordal graph is chordal. Now, since a
block graph is a ptolemaic graph which is a strongly chordal graph, the chordality pro-
perty of the intersection graph holds for these graphs also. It turns out that this neces-
sary condition is crucial for the purposes of recognition and computation on strongly
chordal graphs. In section 4, we present an O (10g2n) time parallel algorithm which
uses O (n +m) processors on a CRCW-PRAM to construct the intersection graph.
The above time and processor complexities are achieved by the use of an important
combinatorial lemma on chordal graphs by Fulkerson and Gross [42] who show that
the sum of the sizes of edge labels of the intersection graph of a chordal graph is at

most O (n +m).

There has been a number of parallel chordal graph recognition algorithms
[19,34,52,73]. The most efficient recognition algorithm in terms of the number of
processors was developed by Philip Klein [60]. In [60] a variety of problems includ-

ing PEO (Perfect Elimination Ordering), finding maximal cliques, and coloring was

18
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solved in NC? using a linear number of processors (linear in the number of vertices
and edges of the graph). Dahlhaus and Karpinski [28] were the first to obtain an NC?
algorithm to recognize and determine the strong vertex elimination ordering of
strongly chordal graphs. The algorithm of Dahlhaus and Karpinski for computing the
SPEO of a strongly chordal graph runs in O (logzn) time and uses O (»%) Processors.
We present an algorithm for computing the SPEO and it runs in O (log?z) time and
uses O ((n +m )*?/log?n) + M (n)) processors on a CRCW-PRAM. This algorithm is
presented in Section 5. The material contained in this chapter is a completely revised

and expanded version of Radhakrishnan and Iyengar [82, 79].

2. PRELIMINARIES -- NOTATIONS AND DEFINITIONS

We adopt terminologies and state theorems from [3] to give the relationships
between the chordality of a graph G and acyclicity of the hypergraph H. Duke [32]
gives a good survey of the various cycles in hypergraphs. We assume G to be a class
of simple, loopless, undirected graphs and H to be undirected, reduced, and conformal

hypergraphs. The number of vertices is » and the number of edges is m.

Definition 2.2.1 [Graph Chordality and Elimination Orderings]

A chordal graph [47] is a graph in which every cycle with at least four distinct
nodes has a chord. A vertex v is simplical if the graph induced by v and its neighbors
is a clique. An ordering of the vertices vy, vy, ..., v,, with v; simplical in the graph
induced by {v;, v; 1, ..., v, } for all { is called a perfect elimination scheme. A graph

is chordal iff it has a perfect elimination scheme (or ordering) (PEO) [47].
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A strongly chordal graph [37] is a chordal graph that in every even cycle with at least
six nodes contains a strong chord (i.e., a chord joining two nodes with an odd distance
in the cycle). A perfect elimination ordering < of the vertices v, ..., v, is a strong
perfect elimination ordering (SPEO) if and only if for any x, y, x', y', s.t. (x,y), (x
y'), (&, x') € Fandx < x', y < y', we have (;c', y') € E. Also, Farber showed that a
graph G is strongly chordal if and only if G has an SPEO.

A prolemaic graph G [53] is a strongly chordal graph and each 5-cycle of G has at
least three diagonals, or each cycle of G of length greater than or equal to 5 has a pair

of diagonals which cross one another.

A block graph is a ptolemaic graph in which each biconnected component is a com-

plete subgraph [50].

Figure 2.1 and Figure 2.2 give examples of chordal and strongly chordal graph with
PEO and SPEO numbering, respectively.
7

1

Figure 2.1: A chordal graph with PEO numbering of the vertices
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1
Figure 2.2: A strongly chordal graph with SPEO numbering of the vertices

Definition 2.2.2 [Intersection Graph]: Let H be the maximal cliques {S;, S5, ..., S, },
1<r <n, of a chordal graph G. We can treat H as a hypergraph by treating each
maximal clique in H as a hyperedge. The intersection graph I(H) of H is a graph
containing edges S; € H as nodes and edges (S;, ;) labeled /(S; N S i»ifS;NS; =

o.N

Figure 2.3 gives an example of the intersection graph of the graph in Figure 2.2.

Figure 2.3: The intersection graph of the maximal cliques of the graph in

Figure 2.2.
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Definition 2.2.3 [Hypergraph Acyclicity]:
The following definitions for hypergraph acyclicity are taken from [36].
A hypergraph H is Berge-acyclic if it does not contain the following sequence (S, x1,
S 25 Xy vers Sy Xy Sm+1) satisfying the following conditions:
@ xy,...,x, are distinct nodes of H ;
() Sy,...,S,, aredistinctedges of H,and S,,,; =S;;
(iif) m = 2, that is, there are at least 2 edges involved; and

(iV) Xx; is in S,' and S,‘+1 (1 <i SM).

Figure 2.4 gives an example of a block graph together with its intersection graph

formed by the maximal cliques (hyperedges) which is Berge-acyclic.
f

b

C

Figure 2.4: A block graph together with its intersection graph of the maximal cliques.

A hypergraph H is y-acyclic if it does not contain the following sequence (S, x;, S5,

X9y very Spys X » S 41) Satisfying the following conditions:

-
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(i) xy,...,x, aredistinct nodes of H;
(i) Sy,..,S,, aredistinctedges of H,and S,,,,; =S;
(iii) m = 3, that is, there are at least 3 edges involved;
(iv) x;isin S; and S;,; (1 i £m); and

(v) If1<i <m, thenx; is innoS; except S; and S;,;.

Figure 2.5 gives an example of a ptolemaic graph together with its intersection graph

formed by the maximal cliques (hyperedges) which is y-acyclic.

Figure 2.5: A ptolemaic graph together with its intersection graph of the maximal cliques.

A hypergraph H is B-acyclic if it does not contain the following sequence (S, x, S,

X9y ees S s X » S y1) Satisfying the following conditions:
@) xj, ..., X, aredistinct nodes of H;
@) Sy,..., S, aredistinctedges of H,and S,,,; =S;

(iii) m 23, that is, there are at least 3 edges involved; and
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(iv) x; isinS; and S;,, (1 i <m) and in no other S;. 1A
We will now state some theorems which gives the relationship between chordal-

ity of graphs and acyclicity and shows how the various forms of acyclicities are

related. The following theorem was proved in [3].

Theorem 2.2.1: A graph G is chordal, strongly chordal, ptolemaic, or block if and

only if the hypergraph H is a-, B-, v, or Berge-acyclic, respectively. M

Fagin [36] proved the following hierarchy of acyclicities.

Theorem 2.2.2: The following implication Berge-acyclicity = Y-acyclicity = J-

acyclicity = a-acyclicity and none of the reverse implication holds.®

The following result of Kiein [60] is a very useful one and used often in this

thesis.

Theorem 2.2.3: Recognition of a chordal graph, determining the PEO, maximal
cliques, maximum independent set, and coloring of a chordal graph can all be done in

O (log?n ) time using O (n + m ) processors on a CRCW-PRAM. &

3. CHARACTERIZATIONS OF ACYCLICITIES

In this section we provide certain characterizations of acyclicities based on the
intersection graph of the maximal cliques of the graph G. These characterizations are

used in deriving efficient recognition algorithms in section 4. First, we begin by
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proving the following necessary condition.

Lemma 2.3.1: The intersection graph I(H) for a set of maximal cliques H of the

graph G is chordal, if G is block, ptolemaic, or strongly chordal.

Proof: When graph G is strongly chordal we know from Theorem 2.2.1 that H is B-
acyclic. We will show by contradiction that I (H) is chordal. Let H be B-acyclic and
I (H) not chordal. Consider the sequence (Sy, x1, So, X9, S3, X3, S4, X4, S1) in I (H).
The nodes x4, x5, x3, and x4 are all distinct (otherwise there would be a chord con-
necting opposite vertices). The sequence is B-cycle, which means that H contains a
PB-cycle, which is a contradiction. Therefore, I (H ) is chordal when G is strongly chor-
dal. >From Theorem 2.2.2, we see that I (H) is chordal when G is ptolemaic or a

block.H
We will now, present a characterization for the recognition of Berge-acyclicity.

Theorem 2.3.2: Let I (H) be the intersection graph with labels |S; NS i | <2, for all
nodes S;, S; in I (H). The hypergraph H is Berge-acyclic if and only if I (H) is chor-
dal and every triangle (S;, S;, Sg) in I (H) satisfies the condition S; N S; =7, 5; N S,
=r,5% NS;=rand|r|=1.

Proof: (IF) Let us assume that H is Berge—acyélic. It is clear from Lemma 2.3.1 that
I(H)is chordal. Consider the triangle (S;, Sj,Sg)inI(H). WehaveS; NS; =r, and
I 1 = 1, for otherwise we have a Berge-cycle (S;, A, S;, r,S;) when §; N S; = Ar
(Definition 2.2.3). Thus, |r;| =1,i =1,2,3. £S; 0 S =r, S5 NS =79, S N S;

= r3, then, we clearly have a Berge-cycle. The case where S; N S i =rpSpNSg=ry,
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and Sy N S; = r, does not exists. Thus, every triangle in / (H) satisfies the condition

of the theorem.

(ONLY-IF) Let us assume that / (H ) is chordal and every triangle (S;, S s S, ) satisfies
the condition of the theorem. It is easy to see that the triangle (S;, S i» St ) is Berge-
acyclic. We have to show that any cycle of .length k > 3 is not a Berge-cycle. Con-
sider a sequence (Sy, 7y, So, g, S3, '3, Sy, 74, Sp) in I(H). Now, |r;| = 1,i =
1,2,3,4, ry =r,, and r3 = r, from the assumptions about each triangle in I (H )»and
chordality of I (H ). Therefore, the above sequence is not a Berge-cycle. In fact, is it
easy to see that S;, i=1, 2, 3, 4 in I (H) forms a complete sub-graph due to the follow-
ing. >From the assumptions: ry = r, and let S; N §3 = r; (chordality assumption).

Now, ry =ry =r3=r,, which implies, S, NS, " S3 NS, #D=r B

Corollary 2.3.3: Let I (H) be a complete graph. H is Berge-acyclic if and only if for
all§; and S; in/(H), $; NSj=r and |r| =1.

Proaf: See the proof of Theorem 2.3.2.18

>From the above characterization it can be seen that, testing coro. 2.3.3 on every max-
imal clique of 7 (H ) would be a sufficient test for the recognition of Berge-acyclicity.

We develop the following characterization for the recognition of y-acyclicity.

Theorem 2.3.4: The hypergraph H is y-acyclic if and only if 7 (/) is chordal and
every triangle (S;, S;, Sp) in I (H) satisfies the condition S, NS, =r;, S, NS, =ry,

ir>Vj>

Sy NS, =rpforsomep #q #rinli,j, k].
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Proof: (IF) Let us assume that H is y-acyclic. It is clear from Lemma 2.3.1 that I (H)
is chordal. Consider the triangle (S;, Siy S)inIH). IS, NS =r, S NS, =1y,
and S N S; = rj, then we have a y-cycle (S;, r;, Sj» r2, Sk, r3, S;), a contradiction to
the assumption. For the case, §; N S; =r, §; NS =r(, S N S; =ry,and [ry] =1,
H is Berge-acyclic (Theorem 2.3.2), which implies H is y-acyclic (Theorem 2.2.2).
Clearly, when |r;] > 1, there is no y-cycle. For the case, S; N Si=r, 8 NS =ry,
and S, N S; = r, the graph is still y-acyclic. Hence, every triangle satisfies the condi-

tion of the Theorem.

(ONLY-IF) Let us assume that / (H) is chordal and every triangle (S;, S s Sy ) satisfies
the condition of the theorem. We can easily show that there is no y-cycle of length
>3in I(H). Let (Sq, ry, SS9, 79, S3, 73, S4, rg, S1) be a sequence in I(H). The
sequence is not a y-cycle, since r{ N ry # @ and ro N r3 # @ from assumptions about
chordality of (H) and condition on each triangle. In fact, it can be shown that any

cycle of length k in I (H) is part of a complete sub-graph on & vertices. &

We will now derive some properties of B-acyclic hypergraphs.

Lemma 2.3.5: If H is B-acyclic, then, every triangle (S;, S i» i) in 1 (H ) satisfies the
condition §, NS, ©S, NS, andS, NS, =S5, NS, forsomep #q #rinli,j, k].

Proof:1etS; NS, =ry, S, NS, =1y, S, NS, =r3,and H be B-acyclic. If ryNry
N r3 =@, then, we have a B-cycle, a contradiction to the assumption. If r; N ry N7y

=x andx Cr;,i =1,2,3, then we have a B-cycle by Definition 2.4, a contradiction.

The case where, (r; = ry) N r3 = @ does not exist, and either r3 = r; or the contain-
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ment stated in the Lemma holds. &

Definition 2.3.1 [36]: A triangle (S,, S, S3) begins a B-cycle in I (H ), if it satisfies
the following condition:

LetX =S;NS;NS3,andletS; =S; -X,fori =1,2,3. LetT ={E ¢ I(H): (E =
SPor(E =S3)or(X cEandE NS,=0)}. LetT ={E ~X:E e T}. Now, (S,
S,, S3) begins a B-cycle in I (H) if and only if S '1 and § '3 are in the same component
of T". It should be clear that the operation to test whether a triangle begins a B-cycle

in I (H') is examining a complete subgraph of / (H ). &

Lemma 2.3.6: Let I (H ) be a complete graph satisfying the condition of Lemma 2.3.5.
The graph H is B-acyclic if and only if an arbitrary chosen triangle (S;, S j» S) in
I(H) does not begin a B-cycle.

Proof. (IF) Let us assume H to be B-acyclic. Clearly, every triangle in I (H ) satisfies
the condition of Lemma 2.3.5. Also, an earlier result of Fagin [36] tells us that no tri-
angle in I (H ) begins a B-cycle.

(ONLY-IF) Let I (H) satisfy the conditions of Lemma 2.3.5 and an arbitrarily triangle
in J(H) does not begin a B-cycle. Now, we have to show that no other triangle in
I(H) begins a B-cycle and hence H is B-acyclic. Let (S;, S, S3, S4) be the vertices
of the graph I(H). Let S{ NS, NS3NS4=x #@. Let our arbitrary triangle be (S,
S5, 83). The operation in Definition 2.3.1 to test if the triangle begins a B-cycle com-
pletely disconnects the graph 7 (H). Let (S, S3, S4) be another triangle and we will

show that it cannot begin a B-cycle. Note that, S; NS, N S3=x;2x,5,NS3NS,
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=X5 2 x, and x; N x, # @. Hence, the operation in Definition 2.3.1, when testing the
triangle (S5, S3, S4), would also completely disconnect the graph, justifying that it
does not begin a B-cycle. Thus, no triangle in I (H) begins a B-cycle, hence H is B-

acyclic. B

Theorem 2.3.7: Let I (H ) be the intersection graph and let I™ (H) = {I 1(H), I*(H), ...,
I"(H )}, 1<k <n, where g (H) is a maximal clique of I (H ). Now, H is B-acyclic if

and only if each I/ (H ) satisfies the condition of Lemma 2.3.6.

Proof: The proof follows from Lemma 2.3.6.8

4. ALGORITHMS AND COMPLEXITY

We present efficient recognition algorithms based on the characterizations

developed for various acyclicities in section 3. We now state a combinatorial lemma.

Lemma 2.4.1 (see [60]) : Let S, be the set of all maximal cliques of a chordal graph

containing vertexv, X, |S, | =0 (n +m).&

>From Lemma 2.4.1 we can see that the sum of the sizes of all edge labels of the
intersection graph /(H) for a set of maximal cliques H of a chordal graph is

O (n +m). We now present a method to construct the intersection graph efficiently.

Given a Chordal graph G with n vertices and m edges its maximal cliques H
can be determined in O (logzn) time with O (n + m) processors on a CRCW-PRAM

[60]. Let the maximal cliques be represented as a vertex-clique incidence lists M.
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Let M (i) correspond to the incidence list of vertex v;. The intersection graph I (H)
can be constructed as follows. Allocate processors P”; 1, P7; 1, ..., P"; 1312 tO the
incidence list of vertex v,. The processor P’; ; stores the following information: (a).
the vertex v,, (b). the clique number S;, (c). the adjacent clique number S; # S;. The
total number of processors is O (n +m), sinc¢ the sum of the sizes of all edge labels is
O(n +m). Arrange all the processors sorted first by the field (b) and then by the field
(c). Now, from the sorted order the edges and its labels from each clique S; can be
easily determined. The sorting can be done in O (logn) time with O (n + m ) proces-
sors using the sorting algorithm of Cole [24]. Thus, the intersection graph I (H) can

be constructed in O (logn ) time with O (n + m) processors.

Theorem 2.4.2: Given a clique-vertex incidence list M for a set of maximal cliques H
of G the intersection graph I (H ) with labeled edges can be determined in O (logn)

time using O (n + m) processors on a CRCW-PRAM model. &

The following Lemma by Fisher [41] establishes an upper bound on the number
of triangles of graph G with n vertices and m edges. This Lemma would be useful in

deriving the complexity estimates for the recognition algorithms.

Lemma 2.4.3: The upper bound on the number of triangles of a graph with n vertices

and m edges is O (m37?). 8

We will now present methods to recognize various hypergraph acyclicities.

>From Lemma 2.3.1, for a hypergraph to be Berge-, ¥-, or B-acyclic the intersection
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graph of the hyperedges must be chordal. We will assume that as a preprocessing
step, the intersection graph / (H ) has been tested for chordality, the nodes are assigned
PEO numbers, and the maximal cliques of /() have been determined in O (logzn)
time with O (n +m) processors on a CRCW-PRAM using the algorithm of Klein [60].

We have the following theorem for Berge-acyclicity recognition complexity.

Theorem 2.4.4: Let H be the maximal cliques of a chordal graph G with n vertices
and m edges and let /(H) be chordal. Berge-acyclicity of H can be recognized in

time O (logzn) with O (n + m) processors on a CRCW-PRAM model.

Proof. Check the condition of Coro. 2.3.3 on each maximal clique of I (H ). Since the
total number of edges is at most O (n +m) (Lemma 2.4.1), checking all the maximal

cliques can be done in constant time with O (n + m) processors on a CRCW-PRAM.B

For recognizing y-acyclicity we process each clique / J(H) of I(H) as follows.
Choose the edge label / ;in ] JI(H ) whose size is minimum. This can be done for all
maximal cliques in time O (logn) with 0 (n +m) processors. Remove edges from
g (H) whose label is l; (removal operation). This operation is clearly takes O (1)
time with O (n +m) processors from Lemma 2.4.1. We will now show that if the
degree of each node in 7 j (H) is less than two after the removal operation, then / J (H)
satisfies Theorem 2.3.4 and hence the hypergraph formed using the maximal cliques
H is y-acyclic. Let us assume that 1/ (H) satisfies Theorem 2.3.4 and after the remo-

val of edges which has the label /;, let S; be the node with degree two, i.c., with edges

¢S

s S, ) and (Sj, S¢)- Now, the edge labels of (S S,) and (S;, S,) should be the

same for otherwise we have a triangle (S;, S,, S;) which does not satisfy Theorem
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2.3.4, a contradiction. The degree of each node in I/ (H) after the removal operation
can be determined in O (1) time with O (n + m) processors, thus, y-acyclicity can be

recognized in O (logzn) time with O (n +m ) processors on a CRCW-PRAM.

Theorem 2.4.5: Let H be the maximal cliques of a chordal graph G with » vertices
and m edges and let I (H) be chordal. y-acyclicity can be recognized in O (log?n)

with O (n + m) processors on a CRCW-PRAM model. &

For recognizing B-acyclicities using the characterization in Lemma 2.3.5, we
have to necessarily process each triangle. Since the intersection graph has at most
O (n +m) edges the number of triangles is O ((n +m)*?) from Lemma 2.4.3. With
P =Min(|S;NS; |, |S;nSy |,185,NS; 1) the triangle (S;, S;, S ) can be checked to see
if it satisfies the condition of Lemma 2.3.5 in O (1) time by indexing into an array
storing edge labels. In fact, any set of ¢ triangles each of which contains at least one
edge whose label size is less than or equal to P, can be processed in O (1) time using
P .t processors. Now, P .t < O((n + m)3/2) from Lemma 2.4.1 and Lemma 2.4.3.
Now it can be easily seen that with O ((n +m )3’2) processors all triangles in 7 (H ) can
be processed. The condition of Lemma 2.3.6 is checked as follows. For each maxi-
mal clique / I(HYinIH), arbitrarily choose a triangle (S;, S;, S¢). Assume edge (S;,
S i) is contained (label is contained) in edges (Sj, Sy) and (S, S;). Now for all edges
S;, SJ-) which contains (S;, SJ-), remove node S; from 14 (H). All edges (S,, S;)
whose edge labels are contained in (S;, S j) are removed from I’ (H). Now, check to
see if S; and ), are connected in I/ (H ) using the connected components algorithm

[87]. If S; and S are connected then, triangle (S;, S;, Si) begins a B-cycle and H is
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B-cyclic. If the sum of the sizes of all edge labels in J J(H) is T, then all the above
operations can be done in O (logT ) time using O (T') processors. Hence, all the maxi-

mal cliques of 7 (H) can be processed in O (logn) time using O (n + m) processors.

Theorem 2.4.6: Let H be the maximal cliques of the chordal graph G with n vertices
and m edges and let I (H) be chordal. B-acyclicity can be recognized in O (log?n)

time with O ((n + m)*?/log?n ) processors on a CRCW-PRAM.

Proof. Follows from the discussion above. &

5. ALGORITHM FOR COMPUTING STRONGLY PERFECT VERTEX
ELIMINATION SCHEMES

We use the characterization of Dahlhaus and Karpinski [26] for strongly perfect
elimination schemes in terms of maximal cliques of the graph and develop a fast
parallel algorithm for computing such a scheme. Using the same characterization
Dahlhaus and Karpinski developed an NC? algorithm using 0 (n% processors. QOur
use of the intersection graph of the maximal cliques of a strongly chordal graph
reduces the processor bound by a great extent. We will now state some definitions

and present the characterization for strongly perfect elimination schemes.

Definition 2.5.1 [26): Choose a clique m and say x <m' y if and only if there is a
chain from x tom viay, such that the sequence xg =X, X, c., X; =Y, Xj 1 o0y X =M

with x;_; N x; and x; N x;,; are incomparable by inclusion. B
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Definition 2.5.2 [26]: For two cliques x and y we say x <mL y if and only if there

exists a clique z suchthat @#x Ny cy Nnz.B

Lemma 2.5.1 [26]: Let <, be the transitive closure of <,,” U <,,”. The ordering
satisfying <, is a strongly perfect elimination ordering of the maximal cliques of the

strongly chordal graph.&

We now present an algorithm for computing the strongly perfect elimination ord-

ering of the vertices of a strongly chordal graph.

Algorithm SPEO;
Input: A strongly chordal graph G with n -vertices and m -edges.
Output: An ordering of vertices of G satisfying strongly perfect elimination ordering.

Begin
1. Determine the maximal cliques H of G .
2. Construct the intersection graph I (H ).
3. Obtain a PEO numbering of the chordal intersection graph I (H ).
4. Determine the maximal cliques R of I (H ).
5. Order the maximal cliques in R as Ry, ..., R; such that R;
contains a vertex whose PEO number is less than all vertices in R j.fori < j<k.
6. For each clique R; of R Do-in-parallel

Begin ‘
7. For each triangle (x, y, z) in R; Do-in-parallel
Begin
8. Determine the ‘containment edge’, i.e., (x,y) suchthatx Ny cy Nz,

andx Ny cxnNz.
9. Add arcs (x, z) and (y, z) in the directed graph G (R;).
End;

10. Compute strong components of G (R;), arbitrarily order members of each
strong components and starting with a component with indegree zero construct a
directed path containing all vertices in G (R;).

End;
11. Merge all the paths computed in step 10 after deleting vertices H; in R;
if is in some R; with i < j. Call this <,,, the ordering of
cliques of G satisfying Lemma 2.5.1.

12. Remove vertices v from maximal cliques H ; of G if it is in some
H; with i < j in the ordering <,,.
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13. Order vertices of G in each clique H; based on the PEO numbers assigned

to them (lower to higher).
End.

We will now show that the above algorithm correctly computes the SPEO on vertices
of a graph G which is strongly chordal. >From Lemma 2.3.1 it is clear that the graph
I(H) of a strongly chordal graph is chordal. In Step 5 the ordering R, ..., R, of the
maximal cliques defines the < m' ordering as follows. We will assume that R; is the
union of all vertices in the maximal cliques of G contained in R;, since R; is a maxi-
mal clique of I(H). LetK; =R;_; —{R;_ 1 NR;},K; ;1 =R;yy —{Ri;1 "R} K; =
R; —{K; yUK;1}. Forl; ye K; {,l; € K;, ;.1 € K;,,clearly, ;,_; "l and [; N
l; 11 are incomparable by inclusion. Hence, using the ordering of the R;’s of I (H) the
<m' ordering of the maximal cliques of the graph G is determined. Now, we are to
order the vertices in each R; satisfying the <m1‘ ordering. Note that since G is
strongly chordal, every triangle in / (H) contains a ‘containment edge’. For a given
triangle (x, y, z) the ordering done in Steps 7-9 clearly satisfies the <mL ordering.

Steps 10-12 performs the transitive closure of the orderings < m' and <, .

The implementation of the algorithm SPEO is done as follows. We will first

state the following remark without proof.

REMARK 2.5.2: The following problem can be solved in O (logP ) time using P pro-
cessors on CRCW-PRAM. Let M be an array of size P containing 0’s and 1’s. At

the end of the execution of the algorithm an array element M; contains a 1 if and only
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if M; contained a 1 initially and all M;=0for1<j<i<P.

Steps 1-4 can be implemented in O (log?n ) time using O (n + m) processors on a
CRCW-PRAM. Step 5 is determined by finding the minimum vertex number in each
R; and sorting the R;’s based on the minimum vertex numbers. The operation can be
done in O (logn) time using O (n +m) processors. For sorting the parallel sorting

algorithm of Cole [24] can be used.

>From Lemma 2.3.7 for a graph with n-vertices and m-edges there are at most
O((n +m)*? triangles. Using an argument similar to the one given for the recogni-
tion complexity in Section 3, Steps 6-10 can be implemented in O (log?n) time with
o{(n+m )3/2/log2n.) processors. Step 10 can be implemented in O (logn) time using
M (n) processors [56]. Steps 11-12 can be implemented in O (logn) time with
O (n +m) processors from REMARK 2.5.2. Step 13 can be done in O (logn) time
with O (n) processors using integer sorting algorithm of Cole [24]. We now state the

following theorem.

Theorem 2.5.3: The strongly perfect elimination ordering of the vertices of a strongly
chordal graph G with n-vertices and m-edges can be determined in 0(log2n) time

with O ((n +m)*?/log?n + M (n)) processors on a CRCW-PRAM.H

6. MAXIMUM MATCHING IN STRONGLY CHORDAL GRAPHS

In this section we will present a result for finding the maximum matching in

strongly chordal graphs. A matching is a subset of edges in which no two edges are
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adjacent. A maximal matching is a matching to which no edge in the graph can be
added. A maximal matching with largest number of edges is called the maximum
matching. A matching is a perfect matching is all vertices are covered by the edges in
the matching. Determining a maximum matching in general graphs is in randomized
NC [57]. It was shown by Dahlhaus and Karpinski [26] that maximum matching in
chordal graphs is as hard as matching in bi—lﬁartite graphs which is as hard as general
graphs. Rabin and Vazirani [78] and Mulmuley et. al. [71] have shown that is a graph
has a unique perfect matching then the matching can be computed in O (log?n) time.
It is known that maximum matching is NC-reducible to perfect matching, hence max-
imum matching can be solved in O (log?n) time for strongly chordal graphs if it is
shown to have a unique prefect matching. It was shown by Dahlhaus and Karpinski

[26] that there is a unique perfect matching for strongly chordal graphs.

The actual algorithm for finding a matching involves determining edges in the
following manner. Let < be the strongly perfect elimination ordering of the vertices
of the strongly chordal graph. For every pair of edges (i, u,), (v1, V), with (#{, v;)
€ E (the edge set) and u| < v, and v < u, take (1, v{) and (#,, v,) into the match-
ing. The proof of the above method is presented in [26]. Since the computing of
strongly perfect elimination ordering is necessary for computing the maximum match-

ing we state the main result.

Theorem 2.6.1: The maximum matching of a strongly chordal graph G with n ver-
tices and m edges can be computed in O(og’z) time using

O((n +m )3’2/log2n + M (n}) processors on a CRCW-PRAM.
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7. CONCLUSION
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The recognition results obtained in this chapter are summarized in the following

table.
Previous recognition Our recognition
Graph G Hypergraph H, the complexity complexity
(n vertices, m edges) | maximal cliques of G
Time Processor Time Processor
m — e e
Chordal o-acyclicity Ologtn) 211 | O(n+m)[21] - -
Strongly Chordal B-acyclicity O (log?n) [8] 0 (n* [8] O (log?n) | O((n +m)*¥log®n)
Ptolemaic v-acyclicity - - 0O (log?n) On+m)
Block Berge-acyclicity - - O (log?n) O(n+m)

Table 1. - Time and processor complexity for recognition of the above graphs.




Chapter Three

PARALLEL ALGORITHMS FOR MINIMAL CONSTRUCTION OF A CLASS
OF CHORDAL GRAPHS

1. INTRODUCTION

This chapter presents parallel algorithms for the construction of strongly chordal
(B-acyclic hypergraph), ptolemaic (y-acyclic hypergraph), and block (Berge-acyclic
hypergraph) graphs given an arbitrary graph by adding a minimal set of edges. The
parallel algorithm of Dahlhaus and Karpinski [27] determines the minimal set of
edges needed to construct a chordal graph from an arbitrary n -vertex m -edge graph in
O (log>n) time with O (nm ) processors on a CRCW-PRAM. Construction of a chor-
dal graph from an arbitrary graph is also referred to as determining the minimal elimi-
nation ordering or minimal fill-in. It is well known that minimum fill-in is NP-
complete [92]. In this chapter we outline a method to obtain a minimal strong elimi-

nation ordering (MSEQO) given an arbitrary graph.

Determining the MSEO has several advantages. Clearly, problems which are
NP-complete (see Chapter 1) on chordal graphs can now be solved in polynomial time
on the minimally constructed strongly chordal graph. Also, determining the MSEQ is

equivalent to converting an arbitrary (0, 1)-matrix into a totally balanced matrix by

39
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using minimal fill-in’s [4]. In relational database theory it was shown that B-acyclic
schemes satisfied desirable properties which the a-acyclic schemes did not [11]. So
determining the MSEO can be thought of as designing f-acyclic relational databases
from cyclic ones by adding a minimal set of attributes in each schema. A new elimi-
nation ordering of vertices called a doubly perfect elimination ordering (DPEO) for a
ptolemaic graph or y-acyclic hypergraph is defined. Using DPEO we present a paral-
lel algorithm to find the minimal set of edges needed to make an arbitrary graph a

ptolemaic graph.

2. MINIMAL CONSTRUCTION OF STRONGLY PERFECT ELIMINATION
ORDERING (MSEO)

For the sake of completeness we present the following definitions again.

Definition 3.2.1 (Perfect Elimination Ordering): A vertex v is simplical if the graph
induced by v and its neighbors is a clique. An ordering of the vertices v, v, ..., V,
with v; simplical in the graph induced by {v;, v;,;, ..., v, } for all i is called a perfect

elimination scheme or ordering(PEO).&

Definition 3.2.2 (Strongly Perfect Elimination Ordering): A perfect elimination order-
ing (<) of the vertices vy, ..., v, is a strongly perfect elimination ordering (SPEO) if

and only if for anyx,y,x',y', such that (x,y), (x,y'), (x',y) € E andx <x',y <y'
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we have (x,y) € E. The edge (', y) is called the deficient edge. We say that the

edge (x,y) creates (x R y').l

Our method of constructing an MSEO will be to first construct an MEO using the
algorithm of Dahlhaus and Karpinski [27) and then each edge will be examined to
determine the "deficient edge" as defined in Definition 3.2.2. The following lemma
proves that given a strongly chordal graph G with PEO (<), the ordering < is not an

SPEO ordering.

Lemma 3.2.3: A PEO (<) of a strongly chordal graph need not be an SPEO.

Proof. Counterexample. See Figure 3.2.1.H

The above ordering of the vertices is not an SPEO ordering
since edge (1, 6) creates the edge (3, 7)

Figure 3.2.1: A strongly chordal graph with
PEO numbering which is not an SPEO.
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Algorithm Construct MSEOQO;
Input : A Graph G with n -vertices and m -edges.
Output : A strongly chordal graph G,,.

Begin
1. Obtain G, the chordal graph of G .

2. Check if G, is strongly chordal and if so output G ; Stop.

3. Obtain PEO (<) of the graph G,.

4.V <V E «E,.

5. Process each edge (x, y) of E, in parallel as follows

6. If(x',y)and (x,y')e E_ withx <x and y <y'then
7. ADD edge (x’,y) to E,,.

End.

Lemma 3.2.4: Let < be the PEO ordeﬁng of the graph G which is minimally con-

structed into an SPEO (G ). For each edge (x R y') in G'~G there exists an edge (x, y)

in G which defines (x', y') inG.

Proof: Let G be chordal and not strongly chordal. Let us assume that an edge «”, y")

e G—G creates (x', y'). We will show that there exists an edge (x, y) € G which

created (x', y’). Let (p, q) be the edge that creates (x", y"). This implies p < x, g <

y ,and (p,¥"), (g, x") € G'. Now, since G is chordal either (p,x )or(g,y ) e G .

Also from assumption y" < y' and x_ <x. This implies (x=p, y =y ') or (x=q,y=y ")

will create (x', y'), hence, the Lemma.

Figure 3.2.2 gives an example of a chordal graph with PEO numbering of the vertices

and the dotted lines correspond to the "deficient edges” determined the PEO ordering.
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Note that the graph in Figure 3.2.2 is a strongly chordal graph when the dotted edges

are included.

Figure 3.2.2: A chordal graph with minimal edges (dotted)
making it strongly chordal.

Theorem 3.2.5: Given an arbitrary graph G with n-vertices and m-edges algorithm

Construct_MSEO correctly determines the minimal set of edges needed to make G

strongly chordal.

Proof: Since every strongly chordal graph is also a chordal graph, Step 1. determines
the minimal set of edges needed to make an arbitrary graph chordal. In Lemma 3.2.3
it was shown that a PEO of a strongly chordal graph need not be an SPEO. In Step 2.
we check if the graph obtained at the end of Step 1. is strongly chordal and if so we
stop. If the graph obtained is not strongly chordal, then, we determine the a PEO qf

the graph and minimally transform the PEO into an SPEO by adding the deficient
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edges. This is done in Steps 5-7. From Lemma 3.2.4 it is clear that all the deficient

edges will be determined. Hence, the theorem.

Theorem 3.2.6: The complexity of the algorithm Construct_ MSEO which is to be

implemented on a CRCW-PRAM is listed as follows:

(@ O (log3n) time and O (nm) processors when the input graph is an arbitrary graph.

(b) 0(log2n) time and O ((n +‘m)3’2/10g2n) processors when the input graph is a
chordal graph.

© O (logzn) time and O (n + m) processors when the input graph is a chordal graph
and not a strongly chordal graph.

(d OQ) time and O (n + m) processors when the input graph is a chordal graph
with PEO and not a strongly chordal graph.

Proof: Step 1. can be executed using the algorithm of Dahlhaus and Karpinski [27] in

0(10g2n) time using O (nm) processors. Step 2. can be executed in 0(log2n) time

using O ((n +m)3’2llog2n) processors using the algorithm presented in Chapter 2.

Step 3. can be executed in O (logzn) time using the algorithm of Klein [60]. Steps 4-7

can be executed in O (1) time using O (n + m) processors. The complexities gi'ven in

(a)-(d) follows directly from above.H
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3. MINIMAL CONSTRUCTION DOUBLY PERFECT ELIMINATION ORD-
ERING (MDEO)

In this section we introduce a new elimination ordering of the vertices of the
ptolemaic graph. Using this elimination ordering we determine the minimal set of

edges needed to make an arbitrary graph a ptolemaic graph.

Definition 3.2.7: A strongly perfect elimination ordering (<) is called a doubly perfect
elimination ordering if and only if for each vertex p and edges (p, y'), @, x)e E,
and (x,y), (x,y), (x,y) € E withx <x,y <y, wehave (x,¥), (x,x), ¥, y) €

E.

Theorem 3.2.8: A graph G is ptolemaic if and only if it has a doubly perfect elimina-
tion ordering (DPEQO).

Proof: There are two parts to this proof.

(if-part): Let G be ptolemaic and we will show it has a DPEO. Since, G is ptolemaic
it has an SPEO. This implies for (x, y), (x, y'), (x', y)e E with x <x', y < x we
have (x', y') € E. Now, since G is chordal we have either (x', x) or (y, y') € E.
Assume we have (x’, x) € E and (y', y) ¢ E. There can exists a vertex p such that
@, x") and @, y') € E. The graph induced by vertices (x, x, y, y', p) is not ptole-

maic, contradicting our assumption. This completes the if-part.

(only-if): Let < be the DPEO of a graph G. We will show that the graph G is ptole-
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maic. Since a DPEO is also a SPEO, the graph G is strongly chordal. For each p
with (x, ), (¢, x), 0, »), & ¥), (0, ), (P, y) such that x <x and y <y’ the

graph induced by vertices (p, x,y,x, ) is ptolemaic. &

Algorithm Construct MDEO,;

Input : A Graph G with n-vertices and m -edges.
Output : A Ptolemaic graph G,.
Begin

1. Obtain G, the strongly chordal graph of G .

2. Check if G, is ptolemaic and if so output G, ; Stop.

3.V, « Vo E, « Eg.

4. Process each edge (x, y) of E,. in parallel as follows

5. If (x', y), (x, y'), (R ,x'), R, y') € E . withx <x and y < y'
for some R with R >x or'R‘ >yand(R,y),(R,x)¢ E, Then

6. ADDedges(x,x),(y,y)toEp.

End.

Figure 3.2.3 gives an example of a strongly chordal graph which is made a ptolemaic

graph by minimal addition of edges (dotted).

Figure 3.2.3: A strongly chordal graph with minimal edges (dotted)
making it a ptolemaic graph.
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Theorem 3.2.9: Given an arbitrary graph G with n-vertices and m -edges algorithm
Construct_MDEO correctly determines the minimal set of edges needed to make G
ptolemaic. The algorithm Construct MDEQC which runs in CRCW-PRAM has the

following complexity.

(@) O(log3n) time and O (nm) processors when the input graph is an arbitrary graph.

(b) O (logzn time and O((n + m )3’ 2llogzn + M (n)) processors when the input graph
is a strongly chordal graph.

(¢) O(1) time and O (n +m) processors when the input graph is strongly chordal

and its SPEQ is given.

Proof: The correctness of the algorithm is similar to the one presented for Theorem
3.2.5. Step 2. can be checked in O (log?n) time using O (n + m) processors using the
algorithm presented in Chapter 2. The SPEO of a strongly chordal graph can be
obtained in O (log? ) time using O ((n + m)>**/log?n + M (n)) processors (Chapter 2).

Steps 3-6 can be executed in O (1) time using O (n + m ) processors.H

4. MINIMAL CONSTRUCTION OF BLOCK GRAPHS

We have seen earlier that block graphs are biconnected components and each
block of the biconnected components is a completely connected subgraph. Tarjan and

Vishkin [91] present a parallel algorithm to determine all the blocks of a graph in
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O (logn) time using O (n + m) processors on a CRCW-PRAM model. Now, the con-

struction of block graphs can be easily done using the following simple algorithm.

Algorithm Construct_Block_Graph,;
Input : A Graph G with n-vertices and m -edges.
Output : A Block graph G,,.

Begin

1. Determine all the blocks of the graph G.

2. Completely connect the vertices in each block.
End.

Figure 3.2.3 gives an example of a graph whose biconnected components are com-

pletely connected making it a block graph.

Figure 3.2.3: A graph with minimal edges (dotted)
making it a block graph.

Theorem 3.2.10: Given an arbitrary graph G with n-vertices and m -edges algorithm

Construct_Block_Graph correctly determines the minimal set of edges needed to



49

make G a block graph. The algorithm Construct_Block_Graph which runs in
CRCW-PRAM has a time complexity of O (logn) time and uses O (n +m) proces-

SOrS.

Proof: The correctness of the algorithm can be easily verified. Step 1. of the above
algorithm takes O (logn) time and uses O (n +m) processors. Step 2. can be done

using pointer jumping techniques to create the adjacency list.l
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The results obtained in this chapter are summarized in the following table. All

algorithms are designed for a CRCW-PRAM.

~ Algorithmic
Input Graph G Output Graph complexity
(n vertices, m edges)
Time Processor
Arbitrary Chordal O (log’n) O (nm)
Arbitrary Strongly Chordal | O (log®n) O(nm)
Arbitrary Ptolemaic O (log’n) O (nm)
Arbitrary Block O (logn) O(n+m)
Chordal Strongly Chordal | O (log?n) O(n+m)
(not strongly chordal)
Chordal with Strongly Chordal o(1) O(mn+m)
PEO and not
strongly chordal
Chordal Strongly Chordal | O (log?n) O((n +m)*¥logn)
Strongly Chordal Ptolemaic o) O@n+m)
with SPEO
Strongly Chordal Ptolemaic O (log?n) | O((n +m)**log’n + M (n))




Chapter Four

EFFICIENT PARALLEL ALGORITHMS FOR DOMINATION PROBLEMS
ON STRONGLY CHORDAL GRAPHS

1. INTRODUCTION

The main goal of this chapter is to develop linear-time sequential and efficient
parallel algorithms for various domination problems on strongly chordal graphs. A
dominating set of a graph G = (V, E) is a set of vertices D such that for every vertex
x in V there exists some vertex y in D such that (x, y) is in E. A dominating set is
connected if the subgraph G [D] induced by D is connected, total if G [D ] has no iso-
lated vertex, and independent if vertices in D are pairwise non-adjacent in G. Given
a strongly chordal graph G with n vertices and m edges, we present sequential algo-
rithms with O (n +m) time complexity and fast parallel algorithms with 0(log2n)
time complexity using O (n +m) processors on a CRCW-PRAM model for the fol-

lowing problems:

(1) Dominating set
(2) Domatic number, i.e., determine the maximum integer K and disjoint vertex sets

V1, Vg, ..., Vg such that each V; is a dominating set

(3) Connected dominating set

51
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(4) Total dominating set

It has been shown earlier that directed-path graphs, ptolemaic graphs, block
graphs, interval graphs, and threshold graphs are also strongly chordal, hence, our

results extend to those graphs also.

The domination problem is used in facility location problems, where each vertex
represents a customer and a potential site for a facility. A feasible solution
corresponds to a set of facilities located at D < V such that every customer is adjacent

to some facility. An optimal solution is a minimum cardinality set of facilities with

this property.

The domination problem is NP-complete for undirected path graphs [63], split
graphs [62], bipartite graphs [62] and 2-CUBS [25]. Polynomial time algorithms for
the domination problem are available in trees [63], series-parallel graphs [63], permu-

tation graphs [25], interval graphs [59] and strongly chordal graphs [20].

Several variations of the domination problem have been studied in the past. A
k-dominating set of a graph G = (V, E) is a set of vertices D such that for every ver-
tex x in V there exists some vertex y in D satisfying d(x,y) < k. Usually, "domina-
tion" is used for 1-domination. A dominating set D of G is independent if the ver-

tices of D are pairwise non-adjacent, connected if the subgraph G [D] induced by D
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is connected, and toral if G [D ] has no isolated vertex.

Domination problems for a special class of graphs called the strongly chordal
graph [37] or sun-free chordal graph [20] are investigated here. An undirected graph
is chordal if every cycle of length at least four contains a chord, i.e., an edge between
two vertices that are not consecutive in the cycle. Chordal graphs are an important
subclass of perfect graphs [47]. A strongly chordal graph [37] is a chordal graph that
in every even cycle with at least six nodes contains a strong chord (i.e., a chord join-

ing two nodes with an odd distance in the cycle).

Chang [20] presented a linear time algorithms for the k -domination problems in
strongly chordal graph given the simple elimination ordering of its vertices. In [4] an
0 (n3 algorithm on an n vertex strongly chordal graph for obtaining the simple elimi-
nation ordering is presented. Farber [38] presented a linear time sequential algorithm
for the weighted 1-domination problem and weighted independent 1-domination prob-
lem given the strongly perfect elimination ordering of the vertices of the strongly

chordal graph.

Recently, He and Yesha [51] presented an efficient parallel algorithm for the
k-domination problem on trees. Bertossi and Moretti [16] developed parallel algo-

rithms for several weighted domination problems on circular-arc graphs. Parallel
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algorithms on chordal graphs have attracted some attention recently. Philip Klein [60]
presents efficient parallel algorithms on chordal graphs. Klein presents parallel algo-
rithms to determine the maximal cliques and maximum independent set of a chordal
graph in O (log?r) time using O (n +m) processors on a CRCW-PRAM model. We
use the results of Klein to obtain efficient parallel algorithms for the domination prob-

lems and its variants.

Our method of solving the domination problems involves determining the struc-
ture of the intersection graph of the maximal cliques of a strongly chordal graph. By
the use of an intersection graph we are able to obtain a dominating set which is con-

nected and hence a total dominating set.

It was shown by D’Atri and Moscarini [3] that a ptolemaic graph and a block
graph are also strongly chordal. It is also known that directed-path graphs, interval
graphs, and threshold graphs are also strongly chordal, hence our results extends to

those graphs also.

The model of computation used in our parallel algorithms is the parallel random
access machine or PRAM in which all processors have access to a common memory
and run synchronously. Both simultaneous reading as well as writing on common

memory locations are allowed. Furthermore, in the case of simultaneous writing, an
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arbitrary processor succeeds in writing [56].

The rest of the chapter is organized along the following lines. Section 2 presents
sequential and parallel algorithms for the construction of the intersection graph of the
maximal cliques of a chordal graph. We deﬁve several properties of the intersection
graph of a strongly chordal graph. In Section 3 we derive sequential and parallel algo-
rithms for the domination problems based on the properties derived in Section 2. We
summarize in Section 4. The results obtained in this chapter appear in [Radhakrish-

nan and Iyengar] [83].

2. THE INTERSECTION GRAPH OF A STRONGLY CHORDAL GRAPH

In this section, we will define the intersection graph I (H ) of the maximal cliques
H of a strongly chordal graph G and present a linear time sequential and efficient
parallel algorithm to construct the intersection graph. We next derive several proper-

ties of the intersection graph of the strongly chordal graph.

Definition 4.2.1 [Intersection Graph]: Let H be the maximal cliques {S;, S5, ..., S, },
1<r <n, of a chordal graph G. We can treat H as a hypergraph by treating each
maximal clique in H as a hyperedge. The intersection graph I(H) of H is a graph

containing edges S; € H as nodes and edges (S;, S;) labeled I(S; N S;),if §; N S; =
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@. The size of an edge label [;; =S; N S; is |S; N S;|.m
The following equivalence was proved by D’Atri and Moscarini [3].

Theorem 4.2.1: A graph G is chordal, strongly chordal, ptolemaic, or block if and
only if the hypergraph formed using the méximal cliques H of G is a-acyclic, B-

acyclic, y-acyclic, or Berge-acyclic, respectively.

Definition 4.2.2 [Hypergraph Acyclicity]:
A hypergraph H is B-acyclic [36] if it does not contain the following sequence

(S1: X1, 82, X9, ees Spis X » Siuy1) satisfying the following conditions:
@ xy,..,x, are distinct nodes of H;

@ii) S,...,S, aredistinctedgesof H,and S,,,;=S;;

(iii) m 2 3, that is, there are at least 3 edges involved; and

(iv) x; isin §; and S;y (1 <i <m) and in no other S;.H

Fagin [36] proved the following hierarchy of concepts (no reverse implication

holds)

Berge-acyclicity = y-acyclicity = B-acyclicity = a-acyclicity.

Gavril [45] provided a linear time sequential algorithm to determine the maximal

cliques of a chordal graph. Since a strongly chordal graph is a chordal graph, we can



[P

57

use the same algorithm to determine the maximal cliques of a strongly chordal graph
in linear time. Klein [60] presented a parallel algorithm to determine the maximal
cliques and a minimum clique cover of a chordal graph in O (log?n) time with
O (n + m) processors on a CRCW-PRAM. The following combinatorial lemma holds

for chordal graphs (see [60]).

Lemma 4.2.2: Let S, be the set of all maximal cliques of a chordal graph containing

vertexv. X, |S, | =0 (n +m).8

We now present a linear time algorithm for constructing the intersection graph

I (H) given the maximal cliques H represented as a vertex-clique incidence lists.
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Algorithm Construct_Intersection_Graph;
Input: Maximal cliques H represented as vertex-clique incidence list M.
M (i) is the list for clique S;.
Output: Intersection graph I (H ) represented as an incidence list L.
L (i) is the pairs (i, 1), ..., (g, lg), where [; =S; N S; # @.
Data structures:
(1) An n X n uninitialized matrix R with columns and rows labeled with clique numbers.
(2) R (i, j) points to a set which stores S; N S; = @.
(3) A ‘Flag’ field in each R (i, j) which is uninitialized.
(4) A multi-set P (i) for each clique S;. P (i).j means that the jth element of P (i), and
S,' M SP(‘)_’ # 0.

Begin
1. Fori :=1ton do
2. Forj:=1to |[M(i)| do

-3, Fork :=1to |M()| do
4, If (j k) then
Begin
5. Add vertex v; into the setin R (j, k);
6. Add the number & into the multi-set P (j);
7. Flag(j, k) :=0;

End;
8. Fori :=1 to Number_of_cliques do
9. Forj:=1to |P(i)| do
10.  IfFlag(i, P (i).j) = O then

Begin
11. Add the setin R(i, P (i).j) into L(i);
12. Flag(i,P(i).j)=1;

End;

End.

We will show that the above algorithm has a linear time complexity. First we make
the observation from Lemma 4.2.2 that the sum of the sizes of all edge labels of the

intersection graph I (H) is O (n +m). The number of times Step 5 would be executed
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is clearly 2.(n +m). Also the sum of the sizes of all P (i)’s is 2.(n + m). Thus, Step
10 would be executed at most 2.(n +m) times; hence, the time-complexity of the

algorithm Construct_Intersection_Graph is O (n +m).

Given a Chordal graph G with n vertices and m edges its maximal cliques H
can be determined in O (logzn) time with O (n + m) processors on a CRCW-PRAM
[60]. Let the maximal cliques be represented as a vertex-clique incidence lists M.
Let M (i) correspond to the incidence list of vertex v;. The intersection graph I (H )
can be constructed as follows. Allocate processors P"; 1, P"; , ..., P™; 414y2 tO the
incidence list of vertex v,. The processor P”; ; stores the following information: (a).
the vertex v,, (b). the clique number S;, (c). the adjacent clique number S; # S;. The
total number of processors is O (n + m ), since the sum of the sizes of all edge labels is
O (n +m). Arrange all the processors sorted first by the field (b) and then by the field
(c). Now, from the sorted order the edges and its labels from each clique S; can be
easily determined. The sorting can be done in O (logn) time with O (n + m) proces-
sors using the integer sorting algorithm of Reif [85]. Thus, the intersection graph

I (H ) can be constructed in O (logn ) time with O (n + m ) processors.

2.1. Properties of the intersection graph of a strongly chordal graph

We first derive two necessary conditions for strongly chordal graphs in terms of

the intersection graph of its maximal cliques.
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Theorem 4.2.3: The intersection graph I(H) for a set of maximal cliques H of the
graph G is chordal, if G is strongly chordal.

Proof: When graph G is strongly chordal we know from Theorem 4.2.1 that H is j3-
acyclic. We will show by contradiction that / (H ) is chordal. Let H be B-acyclic and
I(H) not chordal. Consider the sequence (S, X1, So, X9, S3, X3, S4> X4, S1) in I (H).
The nodes xy, x4, x3, and x4 are all distinct (otherwise there would be a chord con-
necting opposite vertices). The sequence is a B-cycle, which means that H contains a

B-cycle, a contradiction. Therefore, I (H ) is chordal when G strongly chordal. H

Theorem 4.2.4: If H is B-acyclic, then every triangle (S;, S;, S;) in I (H ) satisfies the
condition S, NS, <S8, NS, and S, NS, &S, NS, forsomep =q #r in[i, j, k].

Proof:LetS; NS, =ry, S, NS, =13, 8, NS, =r3,and H be B-acyclic. If ry N r,
N r3 =@, then we have a B-cycle, a contradiction to the assumption. If r{ " r, N ry
=x andx cr;,i =1, 2,3, then we have a B-cycle by Definition 4.2.2, a contradiction.
The case where (r, = r;) N r3 = @ does not exist, and either r3 = r; or the contain-

ment stated in the Theorem holds.

The other properties of the intersection graph are stated in the following propositions.

Proposition 4.2.5: Let H,-* be a maximal clique of 7 (H') of a strongly chordal graph.

Let /; be an edge label whose size is minimum among all edge labels in H;*. The
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label J; is contained in each vertex of H;*.
Proof: Since I; is the edge label whose size is minimum it is contained in every other
edge in H;" from Theorem 4.2.4. This implies [; is in every vertex of H; ¥ (ie., adja-

cent to all vertices of G in H; Y |

Proposition 4.2.6: Let H;* and H j* be two maximal cliques of I(H ) of a strongly
chordal graph with minimum edge labels /; and [;, respectively. We have [; N [; = @.
Proof: If I; N\ I; # @, then, every vertex in H j* is connected to every vertex in H,-*

(from Proposition 4.2.5) which implies H;* = H f *, a contradiction. B

Proposition 4.2.7: Let I(H) be a non-trivial intersection graph of a connected
strongly chordal graph. At least one vertex of each maximal clique H; * (the vertex in

H; * is a maximal clique of the graph G ) is in another maximal clique H f * of I(H).

Proaf. Since G is connected the above trivially holds. B

The following theorem shows that the set of vertices obtained from each
minimum edge label forms the dominating set. The dominating set thus obtained is a

connected one and hence a total dominating set.

Theorem 4.2.8: Let D = {a,, a,, ..., a;} be a vertex chosen from each of the

minimum edge labels I, I, ..., I; of each of the clique in the minimum clique cover (a
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minimum set of cliques which covers all vertices) of the intersection graph I (H) of a
strongly chordal graph G. Set D is a minimum dominating set for G which is also

connected if G is connected, hence a total dominating set.

Proof: Clearly, D is a dominating set for G from Proposition 4.2.5 and Proposition
4.2.6 and the fact that each clique in the minimum clique cover contains a unique ver-
tex. It is connected from Proposition 4.2.7. A dominating set which is connected

does not have any isolated vertices, hence it is a total dominating set. B8

It was shown by Farber [38] that the domatic number of a strongly chordal graph
is the minimum degree of a veriex of the graph plus one. The domatic number is
clearly, minimum(|1,}{, ..., |4 |), where [; is the minimum edge label of the maximal

clique H;" of I(H) of a strongly chordal graph.

3. DOMINATION PROBLEMS -- SEQUENTIAL A