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ABSTRACT 

The ultimate goal in drilling in oil and gas applications is to improve the rate of penetration 

(ROP) and one important factor that affects the ROP enhancement is Drill Bit. Today, PDC bit 

plays a significant role in drilling all types of formations. Besides the material development, bit 

design or a way of cutters arrangements on a bit is a regular challenge for bit designers to improve 

the bit performance. This concept has been experimentally studied in this work. 

Different sets of cutters arrangements containing three 13 − 𝑚𝑚 PDC cutters on a flat bit 

profile have been used to conduct a variety of experiments under atmospheric pressure on different 

rock samples including shale, sandstone and limestone. Different cutters arrangements including 

spiral and reverse spiral sets, and different spacing between the cutters are selected to investigate 

these bit design parameters. The measured forces for those two specific sets (spiral and reverse 

spiral) show the equal normal force but different forces on the bit plane. It is found that radial force 

on a cutter besides the cutter engagement area is also affected by changes in the cutting shape, or 

cutting area. The efficiency of one specific cutters layout can be recognized by MSE and lateral 

force, as a tool to indicate stability. A force model is proposed to predict the acting forces on one 

PDC cutter and then, to integrate it into a full PDC bit. The model can be used as a reliable tool to 

study the rock-cutter interactions during the cutting process to avoid cyclic loading and damage to 

the cutters and to enhance the bit life. The experimental results show that cutters arrangements on 

bit strongly affect the bit performance. In the scope of this work, lower MSE can be obtained by a 

reverse spiral set of cutters arrangement but regards to the lateral force and stability, arranging the 

cutters spirally can provide better results. 
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1 BACKGROUND 

1.1 Introduction 

For drilling engineers, fundamental understanding of the mechanics of rock cutting in 

downhole conditions is crucial to overcome the challenges of drilling for deep hydrocarbon 

resources, such as low rates of penetration and bit balling. Understanding the rock behavior while 

it is being cut by a drilling bit is beneficial to increase the drilling efficiency and decrease costs. 

The strength and stress-strain behavior of rocks under confining stresses are also important to 

understand the cutting process, rock failure and behavior of bits on different types of rocks and 

formations and to develop techniques for improving Rate of Penetration (ROP). The 

characterization and modeling of mechanical behavior of the rocks are necessary for the stability 

analysis of structures.   

Drill (or drilling) bit is responsible for shearing or crushing rock as it drills into the 

subsurface. They are critical components in entire drilling process; and therefore they have a 

significant impact over the entire project economics. This is an important role that must be 

evaluated through elements and parameters involved in bit rock interactions. In rotary drilling that 

relies on continuous circular motion of bit to break the rock at the bottom of the hole, most bits in 

use today can be broadly classified as either roller cone or fixed cutter bits. Since the introduction 

of PDC bits -which fail the rock in shear-, they have come to dominate market share over roller 

cones. In 2015, more than 90% of worldwide footage drilled in oil and gas applications were done 

by PDC bits [1]. A regular challenge for bit designers has continuously shifted between materials 

development and advancing bit design to expand the materials capabilities [2]. In addition, the 

arrangements and different layouts of the PDC cutters on bits play an important role in bit drilling 

efficiency and bit stability [3]. 
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Figure 1-1: rotary drilling bits (www.slb.com) 

Knowledge of PDC cutter and rock-cutter interaction is a necessity to improve drilling 

performance to increase ROP and reduce time and cost. To reach this goal, many researchers have 

studied effects of different parameters such as geometry, process, and field conditions on PDC 

cutters performance [4-6]. Obviously, any factor that imposes delay in drilling process should be 

investigated and then mitigated. For example, bit balling is one of the drilling operational issues 

that can cause several problems such as reduction in rate of penetration and surface torque and 

raising cutter temperature that might shorten bit life [6, 7]. It occurs when the drilled rock or 

cuttings accumulate and attach to the bit during the drilling process [8]. Some formations such as 

claystone and shale are prone to be balled up even in oil base mud (OBM) or inhibitive water base 

mud (WBM). Swollen clays can become plastic and stick to the cutters and the body of the drill 

bit. PDC bits, due to their shear cutting action and the mechanism of chip generation, are especially 

susceptible to bit balling [9]. Bit wear and failure due to the erosion by fluid or cutting abrasive 

formations is another factor to be considered. It is strongly desired to have a bit with longer life to 

save time, cost, and to increase the drilling efficiency. This objective is usually pursued by 

optimizing geometrical design of cutters placement. 



 

3 

 

Designing an optimized PDC bit, with higher efficiency and stability, is always a main 

objective for the development engineers. A full PDC bit consists of many cutters spatially arranged 

and brazed on body of the bit. In fact, with the help of the same PDC cutters, many different types 

of drill bits are designed to drill into various formations. Technically, optimization of bit design 

refers to better efficiency and life duration of the bits for the given formation properties. Drilling 

efficiency is evaluated by Mechanical Specific Energy (MSE) and the bit life refers to the duration 

that drilling can continue without the need to pull the bit out, due to reasons e.g. wear and erosion. 

Two sets of variables are usually being considered by bit designers, local and global 

variables. The former include cutter size, rake angles, chamfer size, etc. and, the latter encompass 

number of cutters, blades and way of distributing the cutters on a bit, etc. In single cutter models, 

only the local variables can be inputted. The bit-rock interactions model integrates single cutter 

models and incorporated the global variables [10]. It can be concluded from studying the design 

variables that the cutters layout on a PDC bit plays a significant role in optimizing the bit 

performance. Although, many researchers have worked on the PDC single cutter process, lack of 

insight on impact of multiple cutters on rock cutting process is strongly felt [6, 7, 11]. Therefore, 

providing accurate laboratory experiments with multiple cutters can provide valuable results 

assisting bit design. 

Numerical modeling can be used to better understanding on the cutting process. It often 

yields reliable results for a given set of conditions, and sometimes offers effective visualization of 

breakage processes, although it includes some important simplifications. Finite element methods 

(FEM) is found to be a reliable method for simulating the rock cutting process, due to its flexibility 

in handling material heterogeneity, nonlinearity and boundary conditions [12, 13]. Rock cutting 

process is a challenging problem from the modelling point of view, due to complexity of the 
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physics from cutter rock interaction to the fracture process and propagation. Thus, development of 

numerical tools (FEA) benefitting from analytical methods for more accurate analysis 

accompanied with experimental laboratory scales (single or triple cutter tests) could improve the 

understanding of major issues in subsurface drilling.  

Last, to propose an accurate model, it is essential to obtain the parameters of the rock 

through proper experiments including unconfined compression test. In this study, rock strength is 

obtained based on the experimental results of UCS test and measuring travel time through the rock 

samples. The obtained parameters based on the current samples are then used in rock cutting 

simulation and in force model development. 

1.2 Problem Statement 

The dream of the drillers all around the world is to drill as quickly as possible i.e. from 

casing shoe to the next casing point without compromising borehole quality and rig safety. The 

drill bit (which is also called bit or drilling bit) is central to achieving this goal because it must 

withstand variations in lithology, formation compressive strength and many other factors.  

Drilling efficiency as a measure to evaluate the drilling process plays a key role to 

determine the viability of potential hydrocarbon plays. It is highly dependent on the drilling tool 

performance owing to the fact that drill bits are responsible for shearing or crushing the rocks and 

drilling into the subsurface. They are critical components in the whole drilling process and have a 

paramount impact over the entire project economics.  

Therefore, the bit design becomes a substantial part of drilling process, which could be 

developed by accurate laboratory experiments of rock cutting process. Drilling into a formation 

requires rotation of a bit coupled with axial force applied to the cutting face of the bit. The rotation 
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causes torque on bit (TOB) which is responsible for shearing (dragging) job. The axial force is 

called weight on bit (WOB) and is distributed over the cutters on bit. As a bit rotates and penetrates 

into the formation, each PDC cutter involves with the formation exerts forces on the bit, which can 

be estimated from the kinematic laboratory models for that specific drilling condition and 

formation. If the forces acting on a bit become zero or minimum, it may avoid excessive vibrations, 

damaging the cutters, shortening the bit life, and reducing the drilling efficiency. It can be 

investigated through summations of linear and moment force vectors which highly depend on the 

cutting structure [14]. 

Bit imbalance forces are generally generated by the bit geometry and/or the formation 

anisotropy that impose non-symmetric moment and forces to the cutters. Potential sources of out-

of-balanced forces caused by bit geometry can be named as giving rise to the radial components 

at the cutters for non-flat bits, non-zero sum of circumferential cutting forces on the cutters, side 

rake angle of the cutters, and uneven mass distribution of the cutters density on a bit [15]. From 

another side, the main reason may cause the bit instability can be created through the transitional 

drilling i.e. drilling through the boundary of two formations. Simply, the forces on bit, make it 

oriented, push one side of the bit against the wellbore and create the frictional forces. Then, the 

torque on the bit may couple with the friction and pull the bit off the rotational geometric center 

toward the wellbore. This phenomenon would accelerate the wear, mitigate the penetrating rate, 

enlarge the borehole, and deviate the well [15]. Therefore, force-balancing techniques are valuable 

to reduce any downhole vibrations and deviation caused by the bit’s cutting action.  

Considering the importance of cutters layout and reliable force model, this study aims to 

provide a better knowledge of bit design to enhance drilling efficiency. The current work is built 

to investigate the cutting process by applying triple PDC cutters on different blades on a flat bit. 
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This method of experiment has been scarcely studied by scholars. We focus to investigate the 

impact of using multiple cutters on different aspects for the process including force equilibrium on 

bit plane, optimum cutters arrangement on a bit, reducing the possible vibrations on bit. A novel 

model is proposed to predict the forces acting on PDC cutters on a bit. The model is verified by 

conducting series of experiments on cutting the rock samples using tripe PDC cutter. Then, based 

on the suggested model, a desired application of arranging cutters on a ring of bit is implemented. 

The model can be assumed as the conditions of transitional drilling where the depth of cut is 

constantly changing due to changes in drilling formation from hard to soft or vice versa. Besides, 

the results of conducting several cutting tests on various rock samples provide a good measure on 

efficient cutters arrangement on different formations. 

Hence, the current work investigates the effect of applying different cutters arrangements 

on different sets (including spiral and reverse spiral sets of cutters) on the rock cutting process. 

The spacing between the cutters on some rock samples is another factor that is studied 

experimentally. A force model is proposed to predict the acting forces on the PDC cutters on a bit 

plane, which can be integrated into a full PDC bit. The proposed model develops a reliable and 

efficient method to study the rock-cutter interactions on a bit. It can significantly enhance the 

durability of the PDC cutters and consequently, increase the bit life.  

In chapter 1, the introduction and the problem is stated. In chapter 2, the current state of 

knowledge on modeling and experiments by PDC cutters and PDC bits is presented. In chapter 3, 

rock characterization is reported based on the tests and finite element method. In chapter 4, the 

experimental setup and methodology are described. Next chapter is the report of the experimental 

results. In chapter 6, the analysis of the results is presented in depth. Chapter 7 provides an 
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application of the model on PDC bit design. In chapter 8, the conclusion and summary are stated. 

Last, appendices and references are presented. 

2 CURRENT STATE OF KNOWLEDGE 

2.1 PDC Cutter  

One of the most significant impacts on the overall cost of drilling wells is the slow 

penetration rate problem. Many empirical, analytical and numerical models  have been proposed 

to estimate ROP in subsurface drilling [6, 16, 17]. To develop those models, it is highly desired to 

consider the interactions between cutters on a bit and confining stress, frictional forces, pore fluid 

and porous nature of rock. Understanding the major factors affect the penetration rate is an 

essential step to provide a robust model to study the issues mitigate the rate of drilling and to detect 

its solutions. Two major types of these factors are described; formation factors such as changes in 

pressure, temperature, permeability, and rock strength; and dysfunction phenomena e.g. bit, cutter 

or bottom-hole balling, and bit dullness. 

As The predominant method for researchers to study the influential factors in rock cutting 

process is applying Polycrystalline Diamond Compact (PDC) cutters. PDC cutters were first 

introduced with the concept of cutting rock by shearing action by General Electric in 1973. A 

specific commercial product for application in oil filed bits was introduced in 1976. With 

advantages of higher rates of penetration (ROP) and longer life, PDC bits have gained prominent 

use for drilling different formations [9]. The thin layer of synthetic diamond compact on the 

leading face of the cutter is called Polycrystalline Diamond Compact (PDC), which is inserted on 

tungsten carbide stud. The main duty of PDC cutter is to fail the rock.  
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Figure 2-1: Polycrystalline Diamond Compact (PDC) Cutter (13 mm dia.) 

At the cutting face, the interface force can be resolved in three directions: normal or axial 

force, side or radial force toward the center, and cutting or tangential force, which acts tangent to 

the groove path (Figure 2-2). In this study, we will use the same nomenclature as described. 

 

Figure 2-2: Forces on sharp single cutter cutting the rock sample 

2.1.1 Mechanical Specific Energy (MSE) 

Mechanical specific energy (MSE) is an important measurement to evaluate the drilling 

performance by quantifying a complex process of rock cutting. For the first time, this concept was 

introduced by Teale in 1965  as the amount of mechanical energy required to remove a unit volume 

of rock (Equation 2-1) [18]. He formulated this concept in rotary drilling based on the work done 
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by weight on bit (axial force) and torque on bit (rotational force) to drill a volume of rock. The 

general definition for mechanical specific energy is seen as Equation 2-2. 

𝑀𝑆𝐸 = 𝑊𝑂𝐵/𝐴𝑏  + 120. 𝜋. 𝑅𝑃𝑀. 𝑇/(𝐴𝑏 ∗ 𝑅𝑂𝑃)      (2-1) 

where WOB is weight on bit, 𝐴𝑏 is bit area, RPM is revolution per minute, T is torque on 

bit, and ROP is rate of penetration. 

𝑀𝑆𝐸 = (
𝑇𝑜𝑡𝑎𝑙 𝐸𝑛𝑒𝑟𝑔𝑦 𝐼𝑛𝑝𝑢𝑡

𝑅𝑒𝑚𝑜𝑣𝑒𝑑 𝑉𝑜𝑙𝑢𝑚𝑒
)=(

𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝐸𝑛𝑒𝑟𝑔𝑦 𝐼𝑛𝑝𝑢𝑡

𝑅𝑒𝑚𝑜𝑣𝑒𝑑 𝑉𝑜𝑙𝑢𝑚𝑒
) + (

𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝐸𝑛𝑒𝑟𝑔𝑦 𝐼𝑛𝑝𝑢𝑡

𝑅𝑒𝑚𝑜𝑣𝑒𝑑 𝑉𝑜𝑙𝑢𝑚𝑒
)  (2-2) 

2.2 Rock Cutting Experiments by PDC Cutters in Literature 

2.2.1 Single PDC Cutter Tests 

The purpose of single cutter experiments is to study different aspects of rock cutting 

process in laboratory scale for better insights into drill bit design in field scale drilling. 

Fundamental understanding of the mechanics of rock cutting in downhole conditions is crucial to 

overcome the challenges of drilling for deep hydrocarbon resources, such as low rates of 

penetration. Many scholars have studied experimentally various aspects of using single cutter in 

cutting process. One of the first important investigations on PDC cutters under atmospheric 

pressure was conducted by Glowka [7]. He found a relation between the cutting forces and depth 

of cut, regardless of cutter geometry. Zijsling in 1987 studied the effect of temperature on cutters 

and reported the advantages of using a thin diamond layer on them. It can improve heat conduction 

and reduce the maximal cutting-edge temperature. Zijsling proposed a method for a single cutter 

tester to study the cutting process with PDC cutters under simulated borehole conditions in shales 

drilling. He discussed the drilling characteristics of PDC bits in shales and bit/cutter design aspects 

in order to improve the bit performance by facilitating the bit cleaning [19]. Smith presented both 

laboratory and field data to illustrate the benefits of applying a mirror polished surface to the face 
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of PDC cutters in drilling stressed formations [6]. In 1998, Sinor et al. evaluated the effect of cutter 

density, back rake angle, size, and speed on the steady state wear rate and performance of PDC 

cutters[5]. The effects on the friction coefficient between the rock and the PDC cutter caused by 

the back rake angle was another interesting topic for researchers. Kuru and Wojtanowicz (1995) 

indicated that in comparison to the back rake angle, parameters such as normal force or the rock 

type would not be able to change the friction coefficient remarkably [20]. Richard (1999) explained 

that changing the back rake angle would alter the flow regime ahead of the cutter which leads to 

vary the friction angle [11]. The author studied and verified his claim later in 2010 in other work 

[21]. He studied the influence of cutting geometry on the cutting force acting on a sharp cutter 

tracing a groove on the surface of a rock sample and showed that the geometry of the groove being 

traced could strongly affect the intrinsic specific energy. Rafatian et al. (2010), conducted a series 

of experiments in atmospheric and pressurized conditions on single cutter to propose a theory to 

explain unexpected behavior that even at low pressures, significant increase in MSE was observed 

compared to atmospheric tests [22]. Rajabov et al. (2012) presented the results of 150 tests that 

showed the effect of both rake angles on MSE of PDC cutters [23]. In 2013, Akbari et al. 

experimentally investigated on effect of rock pore pressure on MSE. The corresponding author 

later in 2014, systematically tested the impacts of rake angles, cutter size, and cutter chamfer size 

on the MSE. The abovementioned studies and some others [24, 25] were all focused on the force 

models by single cutter. 

2.2.2 Double or Triple PDC Cutter Tests 

An important investigation on PDC cutting with multiple PDC cutters was done by Glowka 

[7]. He conducted various laboratory tests in atmospheric pressure with single PDC cutters and 

provided some relations between the forces on the cutters and rock type, cut depth, and cutter-wear 
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state. He identified two distinct modes of wear. He studied the effects of interaction among closely 

spaced cutters and then developed a model to account the impacts on the adjacent cutters. The 

effect of water jet assistance was also considered in his work. Glowka reported that in atmospheric 

pressure, interaction could be important if the cutters cut the grooves closely enough to have 

interconnection. Then, the cross-sectional area of rock removed by each cutter, therefore, would 

be the parameter that characterized cutter interaction and that controlled cutter forces. He found 

that in shallow depth of cut, PDC cutters did not cause much rock breakage outside the projected 

area of the cutter profile. He ran some linear parallel cuts at top surface of the rock sample to study 

the effects of interacting cuts. Cuts made with PDC cutters were assisted by the high-pressure 

water jets. Cutter wear-flats were measured. Two types of cut were used: interacting and non-

interacting. Figure 2-3 demonstrates the cut track whether has the interconnection with adjacent 

cutters or not. 

a) b)  

Figure 2-3: interacting and non-interacting cutting the rock sample after [7] 

By comparing the cuts, he concluded that the ratio of horizontal force to vertical force in a 

given rock is not heavily dependent on degree of interacting or depth of cut. Furthermore, he 

implied that larger cutters are more effective than small ones from MSE perspective. By 

conducting series of experiments on PDC cutters, he reported that similar to the sharp cutters where 

the vertical force is proportional to the cutter’s engaging area, the penetrating or vertical force 
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imposed on a worn PDC cutter at a given cut depth is nearly proportional to the wear-flat area in 

contact with the rock. Based on the results of the interacting tests, he then suggested a method to 

achieve a uniform state of the wear on the cutters. He recommended radially shifting the cutters 

and providing large number of the cutters in regions of excessive wear and low number of the 

cutters in regions of low wear. 

2.2.3 Full PDC Bits Experiments 

In 1988, Kerr [26] reviewed the development of PDC bits from their introduction in 1973 

in different aspects such as body material, cutter density, etc. and their effect on the bit 

performance. Feenstra [27] in the same year studied the characteristics, development, and outlook 

for PDC bits and treated applications of PDC bits, including suitable locations, types of hole, and 

uses. Knowlton and Kester [28] worked on enhanced thermal stability and a radius of curvature on 

the diamond table of PDC cutters on bits. Knowlton in 1990 developed a new concept in bit 

technology with applying larger diameter of cutters, curved cutters and placing critical spacing 

between the cutters [29]. Warren and Armagost [8] analyzed laboratory drilling performance and 

reported that at equal weight on bit, as cutter density of a PDC bit or the back rake angle of the 

cutters increased, ROP and the depth of cut decreased. Proper bit selection will highly affect the 

cleaning, ROP and durability. 

Appl and Wilson [30]  in 1993 presented a series of cutting experiments to better 

understand the effects of cutter temperatures and forces on PDC bit life. Andersen and Azar 

conducted laboratory tests at borehole conditions, investigating the effects of differential pressure 

on Polycrystalline Diamond Compact (PDC) drill bit performance; observing that differential 

pressure reduced PDC bit performance due to rock strengthening, chip hold down, and bit balling. 

Chip hold-down occurs when the pressure holds the cuttings down in a path of cut by the bit [31]. 
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Zijsling and Illerhaus (1993) proposed a new concept in PDC bits to comprise a hydraulic layout 

that would optimize bit cleaning and cuttings removal in soft and sticky formations [32]. Bit whirl 

occurs when the center of rotation moves about the bit face as the bit rotates. This phenomenon 

would break the cutters and accelerate wear for PDC bit. Weaver and Clayton in 1993, developed 

new whirl resistant PDC bits that in laboratory experiments showed validation with field results 

obtained from PDC bit performances in six different fields with variety of formation types [33]. 

They stated that positioning the PDC cutters in concentric rings with little or no overlap between 

cutters produced a bottom-hole profile with deep grooves. Those grooves acted as guide tracks for 

the PDC cutters and provided a restoring force to resist off-center rotation. Ersoy in 2003 evaluated 

the optimum performance of PDC based on maximum feed rate at minimum specific 

energy. Similarities between the rock strength and drilling specific energy were reported to 

provide a relationship between specific energy, drilling rate and the mechanical rock properties 

[34]. Hareland et al. (2009) introduced the specific volume factor to evaluate the cutting efficiency 

of PDC bits. This showed that the cutting efficiency was a function of the back rake angle, the 

depth of cut and the rock properties [35]. 

2.3 Rock Cutting Force Modelling  

2.3.1 Single Cutter Force Models 

The first analytical model to describe the cutting process was developed by Merchant in 

1945 [36] by considering the metal cutting. In next decades, many scholars have developed the 

models for rock cutting process, [7, 37-39]. One of the best method to study the influential factors 

is applying Polycrystalline Diamond Compact (PDC) cutters in the investigations. With 

advantages of higher rates of penetration (ROP) and longer life, PDC bits have gained prominent 

use for drilling different formations during last decades [9]. In 1979, Cheatham and Daniels [40] 
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may be the first researchers who performed a series of shale cutting tests using a set consisting of 

different shapes of PDC cutters, concluded that the cutting force was proportional to the cutting 

area and had no dependence on the shape of cutting area [40]. Following these pioneers in using 

PDC cutters, Zijsling and Glowka in two different works but both in 1987 also developed the force 

models for circular PDC cutters [7, 19]. [7] reported that ratio of horizontal force to vertical force 

(𝜇) is independent from whether the grooves are interconnected or not. Besides, regardless of the 

size or shape of the wear flat or diameter of the cutters, the relationship between the forces and 

depth of cut are followed as equations below.  

𝐹 =  𝐶𝛿𝑛 (2-3) 

𝐹/𝐴𝑤 =  𝐶𝛿𝑛 (2-4) 

where 𝐹 is normal force, 𝐴𝑤 is worn area, and  𝐶 & 𝑛 are rock-dependent constants and 𝛿 

is depth of cut. The relation between the cutting force and depth of cut (DOC) have been considered 

by many authors; while some propose a linear relation between these parameters [40-42], some 

have obtained a power law variation of the cutting force with DOC [41, 43]. It should be noted 

that the linear relation has mostly been seen for shallow depth of cut while by increasing DOC, a 

power law relation is observed.  

Fairhurst and Lacabanne (1957) [44] suggested two processes to characterize the rock 

cutter interaction. Based on their hypothesis, Detournay and Defourny in 1992 [39], developed a 

model (DD model) for both sharp and blunt cutters by dividing the rock cutter interaction for a 

single circular PDC cutter into pure cutting process and frictional contact [39, 44]. The cutting 

force is proportional to the cut area and the acting force on wear flat is independent of cut depth. 

They introduced some parameters such as intrinsic specific energy ε, the ratio of vertical to 
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horizontal forces acting on the cutting face ζ, and friction coefficient on the wear flat rock interface, 

μ. By combining the two processes, a model called E-S was presented which shows the relation 

between specific energy (E) and drilling strength (S). Later, the DD model was developed to 

rectangular cutters and to triangular cutters [21, 45]. They considered a cutter tracing a groove of 

constant cross sectional area on a horizontal rock surface via constant horizontal velocity and zero 

vertical velocity, therefore depth of cut is constant. 

 

Figure 2-4: Cutting configuration for sharp cutter 

Assuming a  sharp cutter cutting a slab, the only acting force on the rock can be 

decomposed into two components of vertical and horizontal which are proportional to the cross 

sectional area. For a blunt cutter, the frictional forces should be considered based on a friction 

coefficient. 

𝐹𝑡 = 𝜀𝐴 (2-6) 

 𝐹𝑛 = 𝜁𝜀𝐴 (2-7) 

where ζ=tanα characterizes the inclination α=𝜓+θ of the cutting force on the cutting face 

with respect to the direction of the cutter motion. It should be noted θ is the back rake angle of the 

cutter and 𝜓 is the interfacial angle between the failed rock and the cutting face. In their model, 
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they did not define a relationship for the radial force when the side rake angle is zero. In this work 

to predict the forces on a cutter, the same definition to the abovementioned model is used for the 

normal force and the tangential force. To obtain the radial force a new relation will be developed. 

In 1999, Richard [11] by studied the depth of cut and the cutting forces and proposed two 

relations proportional to the cut area based on the failure mode (ductile and brittle). The 

experiments were conducted under atmospheric pressure, using a rectangular cutter to scratch or 

scoop the rock by constant linear speed. He concluded that in the ductile mode and lower depth of 

cut, the rock fails ahead of cutter by shearing and crushing at the tip and cutting forces are 

proportional to cut area. In the brittle mode or larger depth of cut, propagation of cracks at the tip 

or chipping is the reason of rock failure and cutting forces are related to material toughness due to 

fracture propagation.  

 

Figure 2-5: : Two failure mechanism, ductile (left) and brittle (right) mode (after [11]) 

In 2006, Gerbaud et al. [46] presented a new cutter rock interaction model including several 

improvements based on the presence of a build-up edge of crushed materials on the cutting face 

[46]. Three years later, Hareland et al., [35] analyzed the cutting efficiency based on a force model 

for a single PDC cutter and reported that the efficiency directly related to the internal angle of 

friction of the rock being cut. Effect of confining pressure on rock cutting by using a single PDC 

cutter was studied based on the Smith’ experiments on shale cutting and an analytical force model 
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was described by Rahmani et al. [47]. They published a model built upon the metal cutting basics, 

assuming ductile failure for impermeable rocks such as shale under confining pressure by 

accounting the effects of the confined shear strength of the rock. It simply assumes for a sharp 

cuter, the failure in front of cutter face similar to deformation of stacks of card which sets constraint 

for different angles e.g. back rake (𝜃), internal friction (𝜓) and shear angle (𝛼) (equation 2-5). The 

model matches the experimental results after [6], including bit balling phenomena.  

2𝛼 + 𝜃 + 𝜓 = 𝜋/2 (2-5) 

2.3.2 Full PDC Bits Force Model 

The models presented so far are based on the prediction of the forces on a single cutter. 

Transition from single to full PDC bit in which tens of single cutters are arranged on the bit profile 

and engaged with a formation, requires more accurate integrated modeling in full scale. In 1985, 

Ziaja by conducting a series of single cutter tests and analyzing the results of forces along with 

cross section area of cut, proposed a model for PDC bit by simply treating all cutters as equal in 

cutting action and defining mean area and mean radius for them [48]. Later, in 1999  he developed 

an advanced model by considering the complexity of cutters pattern into a geometry of a given 

PDC bit design as well as the imbalance force resulting from non-symmetric distribution of drilling 

forces [15]. Warren and Sinor [49] presented their PDC bit model by taking precisely the geometry 

profile into account. They assumed the forces remain constant during drilling which decreases the 

accuracy of the loads and ROPs. Then, they developed their model based on the laboratory tests 

for evaluating the mechanical design of a particular bit. 

[39] modeled the drilling action of a PDC bit based on their single cutter model which they 

characterized interactions into cutting and frictional contacts [39]. To consider the influence of bit 

design, they defined parameters such as bit constant (𝛾) and density factor which relate to bit 
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profile and cutters quantity on the bit, respectively. In 2008, Detournay et al. [50] developed that 

model into a more complete model for drag bits by further investigations on previous version. 

They considered three phases for the response of ROP to WOB with constant RPM based on the 

depth of cut. In the first phase, the frictional force is dominant, then the depth of cut increases and 

the contact stress reaches a maximum limit and, in the final phase, at high depth of cut, due to 

cutting accumulation and increasing the contact forces, the efficiency drops.  Behavior in latter 

phase can be followed by two paths. Path A shows a kinematic controlled DOC (which is not seen 

realistically in the fields) and path B shows a typical response to increasing WOB that is generally 

controlled in field applications. 

 

Figure 2-6: Conceptual response of ROP to WOB (after [50]) 

2.4 Cutters Arrangements on Bit 

A full PDC bit consists of tens of cutters spatially arranged and brazed on body of the bit. 

The cutters are expected to engage the formation to shear the rock with a continuous scraping 

motion. For efficient drilling, the cutters are also required to maintain their geometrical properties; 

i.e. their shapes. Dull (wear) and broken cutters reduce the efficiency. The bit body is designed to 

hold the cutters in place and to convey mechanical and hydraulic power to cut the rock [2]. PDC 

bits are manufactured from steel or tungsten carbide powder infiltrated with a binder alloy (matrix). 



 

19 

 

The cutters are brazed on steel bulges called blades. Total axial or normal force on a bit is called 

weight on bit (WOB). Similarly, total torque on bit (TOB) is the torque applied in the direction of 

bit axis. 

 

Figure 2-7: PDC drill bits with 8 blades. (drillingcontractor.com) 

The PDC cutters are laid out on the bit face starting from the bit center toward the bit gauge, 

following a spiral direction either clockwise or counter-clockwise. Cutters may have different 

distances from the bit center. They could have relative exposure or different heights, which 

indicates how far the cutter face extends from the blade surface. If cutters are rotationally projected 

into a 2D plane passing through the bit axis, then, the impact of the adjacent cutters on the cutting 

geometry of the neighboring cutters are better illustrated. It is seen that heeding a cutter 

individually without the adjacent cutters does not provide a reliable understanding. In Figure 2-8 

different zones are presented. PDC cutters on a drill bit can be considered in different zones based 

on their locations. Generally, the first section is called cone zone where a few PDC cutters are 

dispersed and they are less involved with dragging action. In a regular 8 ½” drill bit, the cone zone 

can be recognized from the bit center to ~2” distance. The second zone, called nose zone, receives 

the most attention from the bit designers. Due to the fact that plenty of cutters engaging with the 

formation are compacted in this zone. It can start from ~2” to ~5” in that regular bit. The cutters 

in the shoulder zone are less engaged with the formation and slightly less compacted than the nose 



 

20 

 

cutters. The last area on the bit is called the gauge zone where the cutters are mostly involved with 

the wellbore. 

 

Figure 2-8: 2D overlay of a PCD-cutter layout on bit profile. (modified after [51]) 

Bit interaction with the formation affects the bit stability. Stability is defined based on the 

ability of the bit to resist the drilling vibrations. These vibrations negatively impact the PDC 

cutters and, thereby reduce the bit life by causing failure and damage to cutters and wearing the 

bit that ultimately reduces the drilling efficiency [14]. The vibrations encompass three types of 

axial, torsional and lateral movements (Figure 2-9). Axial vibration that is also called bit bounce, 

which occurs when the string moves up and down. Torsional vibration known as stick-slip or 

non-uniform bit rotation that takes place when the bit periodically stops rotating. Lateral 

vibration is bit whirl or eccentric rotation of the bit to high speed [14]. PDC bits can generate 

higher vibrations by larger cutter size, lower number of cutters or blades, or lower back rake 

angle. Changes in drilling conditions including number of revolution per minute or weight on bit 

can increase or decrease the torsional or lateral vibrations. It is found in field that ratio of RPM 

to WOB is a good criterion to control and treat the vibrations [52]. 
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Figure 2-9: different types of vibrations that cause instability (modified after slb.com) 

A ring of cutters on the bit profile can be assumed if those cutters are involved in removing 

a ring of rock. They could have the same relative exposure or height and engage with the formation 

at the same time. These cutters can be considered to study the force groups on them. In other words, 

instead of heeding a cutter individually, a ring of cutters as described is considered. If the total 

force on the plane on this ring of cutters is tended to zero or minimized, then the forces are in 

balanced or equilibrium. Forming the forces in a balanced state on a bit would be enhanced by 

laying out the cutters to minimize the lateral force. Therefore, it can be concluded that the cutters 

layout on a bit plays a major role in reducing the lateral force, which can be interpreted as the bit 

stability. Generally, in today’s PDC bits, two general principals are followed to lay out the cutters; 

single set and track set. If at least two cutters are placed at the same radial and axial positions on a 

bit but just on different blades, it is called track set. While having no cutter at the same axial and 

radial position after projecting them into a radial plane is called single set [53]. 

Figure 2-10 (a) depicts 9 PDC cutters with various distances to the center brazed on 4 

blades. If they are projected into a 2D plane passing the bit axis, it is shown how the adjacent 

cutters in a plane but on different blades can affect each other. A drill bit always rotates to the 

right. If the cutters (starting from bit center toward the bit gauge) traverse a spiral direction, similar 
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to the bit rotation, then it would be called spiral set of cutters (10-c). If they traverse spirally but 

in opposite direction of the bit rotation, then it is called reverse spiral set of cutters. The spiral set 

of  cutters arrangement is a traditional way of laying out the cutters on a bit profile that provides 

desired stability when all cutters are in engagement with a uniform formation [54]. 

 

a) b)  

c) d)  

Figure 2-10: (a) cutters on bit profile (b) cutters on 2D layout (c) spiral set (d) reverse spiral set 

Chen et al. [53] presented a new layout for PDC bit performance in transitional drilling 

where the formation lithology changes from soft to hard. For drilling into this type of formations, 

usually single set placement style of cutters causes misbalancing because the cutters around the 

nose may be subjected to more loading. Therefore, they developed a cutters arrangement to solve 

this issue. This style of cutters layout will be used in chapter 7 to compare the performance of the 

bits with different sets of cutters arrangements. 
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Chen and his colleagues in 2016 [55] proposed that the cutting forces are not only 

dependent on the cutting area but are also related to the shape of the cutting area, as well (Figure 

2-11). These cutting shapes mainly depend on the cutters arrangements on the bit. They proposed 

a new cutter force model as a function of shape of cutting area with consideration of crack 

trajectory, which makes the rock chips. The impact of the shape of the cutting area  

 

Figure 2-11: different shapes of cutting area (modified after [55]) 

A group of researchers [56] presented a study to correlate the laboratory results and field 

scale performance, which finally led to build and deploy a new laboratory machine to accelerate 

development of PDC cutter elements. In their work, they studied the cutter performance (WOB, 

TOB and MSE) on two types of bits. An important part of their job was designing a bit with 3 and 

6 cutters on a flat cutting profile as shown in Figure 2-12. They proposed that for better 

understanding the performance of one type of cutter individually, a model of 3 cutters on a ring of 

bit would give the best measurements on different aspects of a cutter such as resistance to wear. 

Thus, following their suggestion, in this study, a ring of 3 cutters with different radiuses are 

considered in a ring of cutters with different arrangements. 
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Figure 2-12: two cutter layouts (a) 3 cutters, type A. (b) 6 cutters (A & B). (modified after [56]) 

Apparently, most works have been dedicated to study the drilling bit behavior directly by 

running a bit in a field scale or indirectly by employing a single PDC cutter and integrating the 

model to a full PDC bit. The first one is desired but is not always available due to its cost and 

complexity and the second option may not cover all the essential parameters regarding a full bit. 

Due to difficult access to run a full PDC bit in a field scale to obtain comprehensive insight on 

cutter rock interactions compared to single cutter tests, another method is developed in this study.  

It is planned to investigate the rock cutting process by applying triple PDC cutters on different 

arrangements on a flat bit. This method has been scarcely studied by scholars; the work with the 

same concept was done by Glowka [7] who considered the effect of adjacent cutters and grooves. 

The main outcome of this way of cutters arrangement is to focus on the cutting area of every cutter 

and the effect of adjacent cutters on the cutting process. 
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3 ROCK CHARACTERIZATION 

In this chapter, rock characterization is studied to obtain the rock properties before cutting 

the sample with using the PDC cutters. Some parameters such as rock strength and friction 

coefficient are needed to build a force model on a cutter on a bit and integrate it to a full PDC bit. 

Rock strength as a significant factor in characterization, can be investigated through different 

methods including sonic test or travel time. Rock cutting process based on the obtained parameters 

is simulated to study the validity of a hypothesis regards to the possible impacts of the cutters 

arrangements on the cutting performance. Due to some limitations, in measuring the rock strength 

of the rock samples, only the travel time measurement has been applied to all the samples. UCS 

test has been adopted on only shale sample. Therefore, a correlation between the sonic test results 

and UCS test on shale sample is provided. Then, the best empirical relations reported by [57] is 

used to measure the rock strength of the samples. 

3.1 Introduction 

Rock mechanical properties are essential for accurate geomechanical evaluations and 

drilling problems analysis including wellbore stability analysis, drill bit design, bit selection, pipe 

sticking, and other applications. In general, best relationship between physical properties and rock 

strength could be developed based on the calibration on rock cores from the field through the 

laboratory tests [57]. Despite that, due to lack of access to core samples, the other reliable method 

for rock characterization is to use the empirical strength equations based on the measureable 

physical properties such as P-wave velocity (or interval transit time), Young’s modulus and 

Porosity. There are many empirical correlations in literature between these properties and UCS 

[57]. Rock mechanical properties which are typically required to build a geomechanical model, 

can be categorized into formation properties (e.g. compressive or tensile strength), elastic and 
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plastic properties. To study the rock properties, the behavior under different stress controlled tests 

is precisely investigated.  

3.1.1 Definitions  

Stress (𝜎) is defined as the internal force applied to a unit area of material, which could be 

either compressive, tensile, or shear stress. Strain (ɛ) is the deformation experienced by a material 

in response to an applied stress. Shear strength (𝑆𝑢) shows the strength of the material resistance 

against the structural failure when occurs due to shear (equations 3-1 to 3-4). Elastic response is 

when the material returns to its original shape and size once the stress is removed; while in 

plasticity, if the applied stress exceeds the material's elastic limit, the material experiences 

permanent deformation. If rupture takes place before significant plastic deformation occurs, the 

material is described as brittle; and if the material ruptures only after experiencing significant 

plastic deformation, it is considered ductile. Based on this definition, sedimentary rocks usually 

exhibit brittle behavior under atmospheric pressure. Under high pressure conditions, the failure 

mechanism could transfer from brittle to ductile [58]. 

ɛ =
∆𝐿

𝐿0
=

𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑖𝑛 𝑙𝑒𝑛𝑔𝑡ℎ

𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑙𝑒𝑛𝑔𝑡ℎ
   (3-1) 

𝜎 =
𝐹

𝐴
=

𝑓𝑜𝑟𝑐𝑒

𝑎𝑟𝑒𝑎
   (3-2) 

𝑈𝐶𝑆 =
𝑃

𝐴
=

(𝑓𝑎𝑖𝑙𝑢𝑟𝑒 𝑙𝑜𝑎𝑑)

(𝑎𝑟𝑒𝑎)
   (3-3) 

𝑆𝑢 =
1

2
𝑞𝑢(𝑜𝑟 𝜎1)   (3-4) 

Rock strength parameters are unconfined compressive strength (𝑈𝐶𝑆), and internal friction 

angle (𝜑) or coefficient of internal friction (𝜇 = 𝑡𝑎𝑛𝜑). Elastic moduli including two most 
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common constants, Poisson’s Ratio (𝜈) and Young’s modulus (𝐸). Poisson’s ratio shows the 

phenomenon in which a material tends to expand in directions perpendicular to the direction of 

compression. Young’s modulus is a mechanical property that demonstrates the stiffness of a solid 

material and measures the material’s ability to withstand changes in length under tension or 

compression [59]. Rock elastic moduli can be derived from well logs e.g. sonic log and density 

log; some other rock strength properties such as UCS can be obtained through specific laboratory 

tests on core samples e.g. triaxial compression test, uniaxial compression test, sonic test, scratch 

test, etc. 

3.2 Compressive Strength Test 

Triaxial compressive tests are typically conducted on identical samples for a range of 

confining pressures to establish a relationship between the axial load at failure and the confining 

pressure. By measuring axial and radial stresses and strains, the static Young’s modulus and 

Poisson’s ratio are obtained. In this test, stress is applied to a sample based on some prescribed 

conditions while stress along one axis is different from the stresses in perpendicular directions.  

Due to cost and time constraints, triaxial test cannot be available for all cases required in 

analysis. Therefore, the uniaxial or unconfined compressive strength test is commonly used to 

acquire the rock strength. In this test, zero confining pressure is applied to the rock sample. Then, 

the axial stress at failure is a direct measure of UCS. To present a constitutive model for the 

description of elastoplastic behavior of rocks, a simple method that could be accessible in most 

fields is presented. This method is based on the uniaxial compression test that is a well-known 

standard test for rocks. It is applied to some rock samples in this study. For some other rocks that 

have not been tested through UCS test, another reliable method is used to measure the travel time 

of a rock sample to obtain the rock strength. 



 

28 

 

3.2.1 Mohr-Coulomb Failure Criterion 

The Mohr–Coulomb (MC) failure criterion is a set of linear equations in principal stress 

space describing the conditions for which an isotropic material fails by neglecting effect of 

intermediate principal stress, 𝜎2. It can be written as a function of either major or minor principal 

stresses, (𝜎1 or 𝜎3), or normal stress 𝜎 and shear stress 𝜏 on the failure plane [59]. 

𝜏 = ± (𝐶 +  𝜎𝑛𝑡𝑎𝑛𝜑)    (3-5) 

where 𝜏 shear stress at failure, 𝐶 cohesive resistance, 𝜎𝑛 normal stress at failure, 𝜑 angle 

of internal friction. The angle of internal friction is a measure of dependency of rock strength on 

confining pressure such that a higher value of 𝜑 indicates a higher sensitivity of strength to 

confining pressure [57]. This equation in rock cutting process is based on the work of metal 

orthogonal cutting. It follows the assumptions of Mohr-Coulomb failure criteria on shear plane. In 

Mohr-Coulomb failure criterion, yielding or fracturing occurs when the shear stress exceeds the 

sum of the cohesive resistance of material and the frictional resistance of slip planes or fracture 

plane [60].  

The Mohr-Coulomb failure model is based on plotting Mohr's circles for states of stress at 

failure in the plane of the maximum and minimum principal stresses. The failure envelope is the 

best straight line that tangents the cycles. Then, friction angle and cohesion values for Mohr-

Coulomb (MC) failure envelope can be obtained by drawing a tangent line. The slope indicates 

the friction angle and the intercept presents the cohesion (Figure 3-1). 
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Figure 3-1: Mohr–Coulomb failure criterion, a linear envelope in the Mohr diagram 

3.2.2 Drucker-Prager Criterion 

Unlike metals, for soils and granular materials, a few yield criteria exist which are 

dependent on the hydrostatic stress component. Recognizing this, Drucker and Prager (1952) [61] 

extended the well-known von Mises yield condition to include the hydrostatic component of the 

stress tensor. 

The Drucker-Prager plasticity model is an isotropic elasto-plastic model that has been used 

in many studies in the literature to represent the behavior of granular materials such as soils and 

rocks. Three stress invariants are used in this model to provide a possibly noncircular yield surface 

in the deviatoric plane to match different yield values. The Dracker Prager yield criteria can be 

used to study the plastic behavior of a rock that the compressive yield strength is greater than 

tensile strength and exhibits pressure dependent yield. It means that the rock gets stronger as the 

pressure increases [62].  

The linear Drucker-Prager model given as follows:  

𝐹 = 𝑞 − 𝑝 × 𝑡𝑎𝑛𝛽 − 𝑑 = 0   (3-6) 

𝑞 = 𝜎0 − 𝜎3   (3-7) 

𝑝 = (2𝜎3 + 𝜎0)/3    (3-8) 
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where p is mean effective stress, 𝑞 is the Mises equivalent stress, 𝛽 is the slope of the linear 

yield surface in the p-q stress plane and is commonly referred to the friction angle of the material, 

d is the cohesion of the material, and 𝜎0 is yield stress at different confining pressures. For the 

linear Drucker-Prager (DP) model, the general finite element package requires the yield surface to 

be defined as the line plotted in Figure 3-2. The yield line of Drucker-Prager can be obtained from 

Mohr-Coulomb friction angle (𝜑) and cohesion 𝐶. From geometry, trigonometry and the 

relationships between p-q stresses and principal stresses the Mohr-Coulomb failure line is plotted 

in p-q space to represent a Drucker-Prager failure criterion. It is shown that the angle of the failure 

line in p-q stress space, β, and cohesion, d are determined from equations 3-9 to 3-11 [62]. 

𝜎0𝑐 = 𝑑/(1 −
1

3
𝑡𝑎𝑛𝛽)   (3-9) 

𝑡𝑎𝑛𝛽 =
6𝑠𝑖𝑛𝜑

(2−𝑠𝑖𝑛𝜑)
   (3-10) 

𝑑 =
6𝐶 𝑠𝑖𝑛𝜑

(3−𝑠𝑖𝑛𝜑)
   (3-11) 

where 𝜎0𝑐 is the yield stress and the confining stress is zero 𝜎2 = 𝜎3 = 0. 

 

Figure 3-2: Drucker Prager yield condition in p-q stress space 

3.2.3 Stress-Strain Profile 

As The compression test provides stress-strain history of a rock. By plotting the 

experimental results, a typical stress-strain curve in rock deformation is built. [63] has described a 
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typical stress-strain curve for a rock into five main stages. It is interpreted as (1) initial nonlinear 

stress change associated with crack and pore dilation and closure, (2) elastic stage (linear or 

nonlinear), (3) nonlinear strain hardening associated with the onset of brittle micro-cracking and 

plasticity, (4) continued hardening characterized by progressive crack coalescence in a fracture 

process zone; and finally, (5) ultimate failure, strain softening, and macroscopic crack propagation 

(Figure 3-3). Shortly, one can divide the stages of deformation into (1) crack/pore closure, (2) 

linear elasticity, (3) strain hardening and micro-cracking, (4) crack coalescence and formation of 

a process zone, and (5) macroscopic propagation. 

 

Figure 3-3: A typical stress strain curve (Modified after [63]) 

3.2.4 Results of UCS Test 

UCS test is conducted on sample of Catoosa shale; it is cored at the surface in Eastern 

Oklahoma. Unconfined compression test are carried out on the sample. The height of the 

cylindrical sample is almost double its diameter. In this test, a core sample is subjected only to an 

axially controlled load and the load increases until the material fails. The load cell measures the 
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load on the rock sample until material failure. The rate is set as the smallest possible to be able to 

assume the process is done in a constant vertical strain rate. 

a) b) c)  

Figure 3-4: (a) test equipment (b & c) major crack on sample after the compression test 

a) b)  

Figure 3-5: (a) Mohr-Coulomb failure envelope. (b) Schematic of loading on a sample 

Figure 3-5 demonstrates the components of Mohr-Coulomb failure envelope. The relation 

between 𝜃𝑓 (the angle shows the inclination of the failure plane) follows equation 3-12. It should 

be noted that this angle is equal to the angle between the normal to the failure plane and principal 
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stress axis. [64] reported that if 𝜎𝑡 is tensile strength, then UCS and tensile strength can be 

expressed in terms of the cohesion and friction angle following below equations. 

2𝜃𝑓 =
𝜋

2
+ 𝜑   (3-12) 

𝜎𝑐 =
2𝐶∗𝑐𝑜𝑠 𝜑

1−𝑠𝑖𝑛 𝜑
   (3-13) 

𝜎𝑡 =
𝐶∗𝑐𝑜𝑠 𝜑

2−𝑠𝑖𝑛 𝜑
   (3-14) 

𝜎𝑐

𝜎𝑡
=

2(2−𝑠𝑖𝑛 𝜑)

1−𝑠𝑖𝑛𝜑
   (3-15) 

𝐶 =
𝜎𝑐∗𝜎𝑡

2∗√𝜎𝑡(𝜎𝑐−3𝜎𝑡)
   (3-16) 

where 𝐶 is the cohesion, 𝜎1 or 𝜎𝑐 is the uniaxial compressive strength, and 𝜑 is the friction 

angle.Based on the test observation (Figure 3-4), the angle between the failure plane and the minor 

stress, is 60° which makes the friction angle equals to 30°. As the sample failed at 11620 𝑙𝑏 and 

surface area was 4.06 𝑖𝑛2, then 𝜎𝑐 = 2860 𝑝𝑠𝑖. Cohesion is 𝐶 = 825.6 𝑝𝑠𝑖 and shear strength 

or 𝑆𝑢 = 1430 𝑝𝑠𝑖. Therefore, the Mohr-Coulomb failure criteria can be written as: 

𝜏 = ± ( 𝜎𝑛𝑡𝑎𝑛𝜑 + 𝑐) = 0.5775 ∗ 𝜎𝑛 + 825.6  (3-17) 

The stress-strain profile for the unconfined compressive test for Catoosa shale at constant 

rate of 0.02 𝑖𝑛/𝑚𝑖𝑛 is illustrated in Figure 3-6. 

a) b)  

Figure 3-6: (a) Mohr-Coulomb failure envelope (b) stress-strain profile for UCS test for Catoosa 

shale 
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To convert parameters from Mohr-Coulomb criterion to Drucker-Prager criterion 

following equations are used to obtain the linear Drucker-Prager model. This model and the 

parameters are used in rock cutting simulation through finite element method in section 3-4. All 

units are in 𝑝𝑠𝑖. 

𝑡𝑎𝑛𝛽 =
6𝑠𝑖𝑛𝜑

(2−𝑠𝑖𝑛𝜑)
= 2    (3-18) 

𝑑 =
6𝑐 𝑠𝑖𝑛𝜑

(3−𝑠𝑖𝑛𝜑)
= 990    (3-19) 

𝜎0𝑐 =
𝑑

1−
1

3
𝑡𝑎𝑛𝛽

= 2972   (3-20) 

𝑝 =
2𝜎3+𝜎0

3
= 991   (3-21) 

𝑞 = 𝜎0 − 𝜎3 = 2972    (3-22) 

where 𝑝 is the mean stress, 𝑞 is the von Mises equivalent stress, 𝛽 is friction angle which 

defines as slope of linear yield surface, 𝑑 is material cohesion, and 𝜎0𝑐 is yield stress. 

3.3 Scratch Test 

A non-destructive strength test is called scratch test and developed in University of 

Minnesota in 1990’s. A single sharp cutter is employed to scratch the rock sample and measure 

the forces in vertical and horizontal directions [65]. This technique also provides rock strength 

properties e.g. uniaxial compressive strength. The test is controlled as the cutter has a constant 

velocity and horizontally cuts the rock surface with a fixed depth of cut. Depending on the depth 

of cut, two failure modes are described. Ductile mode in shallower depth of cut and brittle regime 

in deeper cut [11]. The work for cutting a unit volume of rock represents the intrinsic specific 

energy (𝜀). The term intrinsic emphasizes the fact that this energy characterizes the pure cutting 

action [39]. 

𝜀 =  𝐹𝐻𝑥/𝑤𝑑𝑥 = 𝐹𝐻/𝑤𝑑 = 𝐹𝐻/𝐴    (3-23) 
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where 𝜀 is intrinsic specific energy (with unit of stress), 𝑑 is depth of cut, 𝑤 is width of 

rectangular cutter, 𝐴 is area of cutter, and 𝐹𝐻 is horizontal force. 

3.3.1 Results of Scratch Test 

A series of scratch test experiments is conducted on three rock samples (Carthage marble, 

Pierre shale and Berea sandstone) by using single PDC cutter with 13 𝑚𝑚 diameter. The apparatus 

has two load cells and a linear actuator that provides horizontal linear momentum for the cutter to 

cruise at a constant velocity and depth of cut (DOC). The forces in horizontal and vertical 

directions are measured. The scratching process is done in shallow depth of cut range from 0.2 −

0.75 𝑚𝑚. By knowing the area of cut and cutting force in direction parallel to cut path, the scratch 

hardness or rock strength can be obtained. Figure 3-7a shows a sample of force measurement which 

is captured from a scratch test on a sample of Carthage Marble with a depth of cut equal 

to 0.42 𝑚𝑚. The results of several tests on Berea sandstone and Carthage marble is presented in 

Figure 3-7b. Following the equation 3-23, the slope of a best line fitted through different tests for 

a given rock gives the rock strength. Therefore, the strength for unsaturated rocks is 7250 𝑝𝑠𝑖 for 

sample of Carthage marble, for shale sample is 3150 𝑝𝑠𝑖 and 3800 𝑝𝑠𝑖 for Berea sandstone. 

a) b)  

Figure 3-7: (a) force measurement and PDC cutter of the scratch test on Carthage (b) obtained 

rock strengths for three rock samples 
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Figure E-3: limestone and sandstone cutting with water set 1  

 

Figure E-4: steady state drilling provides large path of cut 
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