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Abstract

The aim of this thesis is to advance the theory behind quantum information processing tasks, by
deriving fundamental limits on bipartite quantum interactions and dynamics. A bipartite quantum
interaction corresponds to an underlying Hamiltonian that governs the physical transformation of
a two-body open quantum system. Under such an interaction, the physical transformation of a
bipartite quantum system is considered in the presence of a bath, which may be inaccessible to
an observer. The goal is to determine entangling abilities of such arbitrary bipartite quantum
interactions. Doing so provides fundamental limitations on information processing tasks, including
entanglement distillation and secret key generation, over a repeaterless bipartite quantum network.
We also discuss limitations on the entropy change and its rate for dynamics of an open quantum
system weakly interacting with the bath. We introduce a measure of non-unitarity to characterize
the deviation of a doubly stochastic quantum process from a noiseless evolution.

Next, we introduce information processing tasks for secure read-out of digital information en-
coded in read-only memory devices against adversaries of varying capabilities. The task of reading
a memory device involves the identification of an interaction process between probe system, which
is in known state, and the memory device. Essentially, the information is stored in the choice of
channels, which are noisy quantum processes in general and are chosen from a publicly known set.
Hence, it becomes pertinent to securely read memory devices against scrutiny of an adversary. In
particular, for a secure read-out task called private reading when a reader is under surveillance of a
passive eavesdropper, we have determined upper bounds on its performance. We do so by leveraging
the fact that private reading of digital information stored in a memory device can be understood

as secret key agreement via a specific kind of bipartite quantum interaction.



Chapter 1 Exploring Informational Aspects of Quantum Interactions

1.1 Motivation

The beauty of nature is inexpressible. It is of fundamental interest to understand natural
phenomena. All physical systems and processes are governed by the laws of nature. In this thesis,
we limit our discussion to the domain in which the laws of nature are well described by quantum
theory. Note that the classical theory emerges from the quantum theory as an approximation; i.e.,
the laws of classical mechanics can be obtained from the laws of quantum mechanics by making
particular choices for a quantum process and the state of a quantum system [1,2].

A physical system that is described by the laws of quantum mechanics is called a quantum
system. The state of a quantum system has its complete physical description. A physical operation
is quantum when evolution of a quantum system is feasible under its action. In general, the physical
description contained in the state of a quantum system cannot be accounted for classical theory ! [2].
While quantum effects are dominating in microscopic regime, these effects are largely unnoticeable
(vanishing) in macroscopic regime.

With the inception of the idea that information is physical [10,11], there has been wide interest
in studying several physical phenomena and systems from an information-theoretic perspective.
Information is associated with a physical respresentation. The information content of a physical
system must be finite if the region of space and the energy is finite [11,12]. From these observations,
we can conclude that storage, processing, and transmission of information are all governed by
physical laws.

The primary goal of this thesis is to explore informational aspects of bipartite quantum inter-
actions and their capabilities to generate entanglement, an intriguing quantum phenomenon. A
physical transformation of the state of a bipartite quantum system is effected by an underlying
Hamiltonian. We are interested in the most general interaction such that a bipartite quantum

system may be in contact with a bath, which is inaccessible to an observer. Bipartite quantum in-

"Entanglement, superposition, uncertainty relations, contextuality, and indeterminsim [3-9] are
some of the interesting features of quantum theory.



teraction refers to an underlying Hamiltonian governing the physical evolution of an open bipartite
system. Such an interaction models a non-trivial, elementary interaction in a many-body quan-
tum system. This study is necessary also from the aspect of applications as a bipartite quantum
interaction depicts a non-trivial, elementary model of a quantum network involving two parties.

In this age of technology and intelligence, it is of pertinent interest to also inspect information
processing capabilities of quantum processes. In general, the laws of quantum theory allow us to
push the abilities of processing and computing information beyond the limitations imposed by the
classical information theory?. This provides us with ample opportunities to devise new information
processing, communication, and computation protocols, e.g., quantum key distribution [16, 17],
quantum teleportation [18,19], quantum sensing [20], quantum algorithms for computational speed-
up [21] etc.

Broadly speaking, quantum processes are variously referred to as quantum processes, quantum
gates, quantum channels, or quantum operations®. Evolution of the state of a spin in an Ising model
due to spin-spin interaction, a photon transmitted through an optical fiber, an electron interacting
with electromagnetic field, or a quantum system decohering due to interaction with surrounding—
all these quantum processes are also describable as quantum channels [21-23].

Note that a physical system itself can act as a quantum channel (process). This is because any
physical system is capable of transforming the state of a quantum system. For examples, beamsplit-
ter, spontaneous parametric down-conversion, optical fiber, etc. are physical systems that transform
the state of incident photons. When I point a laser beam on a screen during my presentation, the
state of incident photons would be different from that of the reflected ones. In this case, the screen
is a quantum channel with photons as input and output system. This process is noisy as some
photons may get absorbed by the screen and not all photons will be accessible to the audience who
are observers here. As we will see later, these observations are crucial in devising communication
protocols.

Let us now briefly discuss some of the key ideas — information content, quantum processes,

2There can be instances when there is no advantage provided by quantum theory over classical
one [13-15].

3Tt should be clarified that all quantum channels are quantum processes; however, the converse
is not true in general. Meaning and subtleties will be clear in Chapters 2 and 4.



entanglement, and information carriers — that led to this work. In the end, we provide an outline

of this thesis by briefly discussing contents of the following chapters.
1.2 What is information?

Does a learner gain any knowledge if something obvious is stated to her? The answer is no.
Obvious, isn’t it?

Knowledge requires information. Information is related to a meaningful piece of data that
can be of use to a learner. A piece of data is meaningful to the learner only if she is observant
enough. Information content is understood in reference to an observer; in other words, information is
observer-dependent. With gain in information, there is reduction in uncertainty about an associated
event. The less favorable the occurrence of an outcome of the event is, the more information is
learned upon its occurrence; the more favorable an outcome is, the less information is learned
upon its occurrence. As an instance, consider that I attempt to defend my thesis in front of PhD
committee members. Let us safely assume that the chance of my graduation is high given the trend.
My friends will be less surprised and learn less information when the PhD committee gives a passing
mark. Whereas, they will be more surprised and learn more information if I fail.

Claude E. Shannon was the first to give a qualitative description of what information is and
how it can be transmitted amid noise [24]. The abstract nature of the (classical) information theory
introduced by Shannon provided a unified framework to understand seemingly distinct modes of
communications and information processing over classical systems. The subject area dealing with
information associated to classical systems is called classical information theory. He introduced the
notion of a bit as a unit of information, whose physical representation is with a classical system.
Roughly speaking, a bit is a binary valued quantity in which values are orthogonal to each other,
meaning that they are distinguishable. Occurrence of one value excludes the possible occurrence of
the other. Conventionally, a bit is represented by a binary number that can be “0” or “1”.

Consider an event, which is an information source, described by a random variable X with
an associated discrete alphabet 2~ of finite size, where © € 2 is called a symbol. Each symbol
x corresponds to an outcome of the event. The given random variable X can be represented by

a classical register, and suppose that we only allow classical processes to occur. Let px(x) be a



probability distribution for describing the outcomes of the event. One measure of the surprise of

the symbol x € 2 is

i(r) = —log, px(z). (1.1)

The quantity i(z) is also called surprisal or information content of the symbol z. Formula (1.1) is
motivated by desirable properties that a quantifier of information content should have (see [23,25]).
An observer will be infinitely surprised on an outcome of a symbol with no chance of occurrence,
i.e., px(x) = 0. Consider an example of an event that corresponds to tossing of an unbiased coin
with two sides— heads and tails. Upon a toss, if either heads or tails shows up then an observer

learns one bit of information. The expected surprisal of an event is called its Shannon entropy:

S(X) = Ex{~log,px(X)} = = D p(x)log, p(z). (1.2)

Now suppose that information carriers are quantum systems. The state of a quantum system
has its complete description. Quantum information is information associated to a quantum state.
Analogous to the bit of classical information theory, a unit of quantum information is a qubit?.
A qubit is a two-level quantum system that can be in a superposition state of |0) and |1), where
{]0),]1)} form an orthonormal basis. A measure of the average information content of a quantum
system is its von Neumann entropy (2.46) [28]. The mathematical framework of quantum mechanics

from an information-theoretic perspective is discussed in the next chapter.
1.3 Quantum interactions and processes

Any physical process that operates on or transforms the state of a quantum system is called
a quantum process. There is an underlying Hamiltonian that gives rise to such a process. In
principle, the evolution of a closed quantum system A’ is always given by a unitary transformation
and underlying Hamiltonian acts just on A’. However, it is difficult to isolate a system from its
surrounding, which leads to an unavoidable interaction with the bath E’ (environment). It is often
required to deal with a many-body quantum system, which is a difficult task. A simpler case of a

many-body system is a two-body system. We call the Hamiltonian responsible for the interaction

‘Interested readers may refer to [21,23,26,27] for detailed discussions on quantum information.



between constituent quantum systems in a many-body system as multipartite quantum interaction.
Bipartite unitary evolution is the simplest physical transformation considered on a many-body
system.

Suppose that the system A’ is uncorrelated to the bath E’ before the action of Hamiltonian
H Arp. In general, H AR = H A+ H B+ I:[int, where H A and H  denote Hamiltonians acting on
individual systems A’ and E’, respectively, and H, denotes a Hamiltonian giving rise to a non-
trivial interaction between A" and E’. Even though the evolution of the composite system A"+ E’
is unitary, as A’ + E’ is closed, transformation of the state of A’ is noisy in general for an observer
with no access to the bath. It is possible that after the action of the Hamiltonian, the degrees of
freedom of the original system changes; i.e., an observer may have access to fewer or more degrees
of freedom than A’, even though the partial degrees of freedom of the bath system are inaccessible.
The total degrees of freedom of composite system remains the same, since it is closed. Such noisy
physical operations are also called quantum channels or (noisy) gates. A unitary operation is a
particular quantum channel. Quantum channels are often called quantum “gates” in the discussion
of quantum computation.

A Hamiltonian governing the evolution of an open two-body quantum system is called a bipartite
quantum interaction. These interactions give rise to quantum processes that may change correla-
tions between interacting systems if the interaction term present in the Hamiltonian is non-zero. As
discussed previously, there is a need to inspect noisy processes involving two-body systems due to
the unavoidable interaction between systems of interest and the bath. For an observer who has no
access to the degrees of freedom of the bath, evolution process is noisy, i.e., non-unitary in general,
and it is called a bipartite quantum channel. It should be noted that the degrees of freedom of the
initial and final systems may change after the action of a bipartite channel.

In an information processing task, if pairs of input and output systems, (A, A) and (B’, B)
belong to two separate observers then a bipartite channel N4 p/_, 4p is called a bidirectional channel.
A bidirectional channel Ny g, 45 provides the simplest form of a non-trivial network setting, as it
allows for an interaction between two parties. Note that a point-to-point communication protocol,
which is over a channel Ny _,p, is a special case of a communication protocol over a bidirectional

channel Ny p_,4ap. A bidirectional quantum channel is an elementary, non-trivial example of a



quantum network.
1.4 Entanglement

We can sometimes be more certain about the joint state of a two-body quantum system AB
than we can be about any one of its individual parts, A or B. These situations occur when a given
two-body quantum system is in an entangled state [29]. A particular kind of entangled state is a
“maximally entangled” state. As a system AB has two parts, A and B, measurements on its isolated
parts A and B are physically possible. Such measurements are referred to as local measurements or
operations. If AB is maximally entangled and we perform any local measurement of A or B, then
we gain no information about the preparation of the state; instead we merely generate a random
bit. A famous example of a maximally entangled state is the singlet state [30]. Entangled states are
known to be a useful resource for different information processing tasks, e.g., quantum teleportation,
unconditionally secure key distribution, randomness generation, etc.

Bipartite quantum interactions can generate correlations between two separated systems in such
a way that the physical description cannot be given by local realistic, hidden variable theories. Two
quantum systems need to be entangled for them to exhibit such non-local correlations. While
non-local correlations between two quantum systems implies that they are entangled, the converse
is not true in general. The state of a bipartite quantum system is said to be entangled when it
cannot be described as a convex combination of the uncorrelated states, i.e., product states of the
constituent systems. While entanglement can be uniquely defined in the case of bipartite systems,
it gets complicated for multipartite systems. This is related to the fact that there is no unique
way to describe non-local correlations among many-body quantum systems (see [7] and references
therein).

We need quantum interactions to generate quantum correlations between separated systems.
We can use these correlations to harvest information and perform computation or communication

tasks that may not be achieved with classical processes and systems.
1.5 Information carriers

There are multiple ways to communicate and store a given message. We may use print and

digital media for storage and communication of information. We may rely on our brain to store



information. Methods of information storage and transfer depend on the need and accessibility of
media among the users. There are continuous efforts to increase information processing abilities
of memory devices; we want to decrease the physical size of memory devices while increasing their
storage capacity. As we are making advancements in information technology, there is great concern
for privacy. At times, we need secure methods for processing or storage of information based on
the ability of adversarial scrutiny.

We have been making use of a variety of physical sources for communication and storage of
messages. For example, we can use light or sound signals to broadcast important messages to
commuters for traffic control. A light signal is better as a traffic signal, as it can be seen by
commuters at an appropriate place without getting disturbed by noise of vehicle horns. Sound
signals with loud volume are used to alert about the type of emergency vehicles passing through
roads amid a crowd. We can also use several distinguishable properties of a physical medium to
communicate in different ways. Consider a known and most used medium of communication —
sound. We pronounce words to communicate a message, change pitch or tone in order to indicate
the level of urgency, and whisper for privacy against an eavesdropper.

We can also use quantum processes as information carriers by encoding a message into a se-
quence of quantum processes. The efficacy of such method would depend on how well can we
distinguish between quantum processes that are usable for encoding. As an example, let us con-
sider memory devices. At a fundamental level, we can always understand the storage of messages in
memory devices to be in the form of quantum channels. The mechanism of reading of any memory
device involves the transmission of a probe system, which is in a known state, and inspecting the
transformation of its state after an interaction with the system used for encryption of a message.
In principle, any quantum processes can be used for information storage and communication. The
choice of quantum processes depends on the kind of quantum systems accessible by a reader. In
order to build up secure information processing, we need to come up with a strategy that hides
encoded messages in quantum processes against an adversary. While an authorized user can access
a hidden message, the probability of an adversary being able to access a hidden message should be
negligible.

Communication of messages over quantum processes, i.e., channels, is a topic of wide interest



[23,27]; quantum states are used to encode a message and then are transmitted over a physical
medium, which are modeled as some noisy quantum processes, e.g., bosonic Gaussian channels,
depolarizing channels, etc. The primary idea behind such communication protocols depends on the
discrimination of quantum states. These protocols allow for quick communication between distant
parties.

The choice of information carrier as quantum states or processes depends on the need and
interest of communicating parties. While mathematically there is a correspondence called the Choi—
Jamiotkowski isomorphism between quantum processes and states, there are distinct differences from
a physical perspective. If we want an information carrier to be robust against measurements and
also to be long-lived, then we cannot encode a message in terms of quantum state in general. This
is because quantum states are fragile against measurement and may decohere due to unavoidable
interaction with surrounding. In such situations, we may instead want robust physical systems that
can be described as quantum processes required for the task. Whereas, if we want our information
carrier to be securely transmitted between points over a distance, we would encrypt the message
in a quantum state and transmit it over a quantum channel. Subtle issues are discussed briefly in

latter chapters.
1.6 Overview of thesis

In this section, we briefly review the main results developed and discussed in this thesis. In
Chapter 2, we discuss the mathematical formulation of quantum mechanics, definitions of infor-
mation measures, and important lemmas required to derive the main results discussed in latter
chapters.

In Chapter 3, the main focus is on deriving fundamental limitations on entangling abilities
of bipartite quantum interactions [31]. These bounds also provide limitations on the information
processing abilities of a repeaterless bipartite quantum network. Entangling abilities of bipartite
quantum interactions are relevant in a number of different areas of quantum physics, reaching from
fundamental areas such as quantum thermodynamics and the theory of quantum measurements to
other applications such as quantum computation, quantum key distribution, and other information

processing protocols. A particular aspect of the study of bipartite interactions is concerned with



entanglement that can be created from such interactions. In this chapter, we discuss two basic
building blocks of bipartite quantum protocols, namely, the generation of maximally entangled states
and secret key via bipartite quantum interactions. In particular, we provide a non-trivial, efficiently
computable upper bound on the positive-partial-transpose-assisted (PPT-assisted) entanglement
distillation capacity of bidirectional quantum channel, thus addressing a question that has been
open since 2002. In addition, we provide an upper bound on the private capacity of bidirectional
quantum channels assisted by local operations and classical communication (LOCC).

In Chapter 4, we discuss limitations on quantum dynamics based on entropy change [32]. It
is well known in the realm of quantum mechanics and information theory that the entropy is
non-decreasing for the class of doubly stochastic physical processes, also called unital processes.
However, in general, the entropy does not exhibit monotonic behavior. This has restricted the use
of entropy change in characterizing evolution processes. Recently, a lower bound on the entropy
change was provided in [33]. We explore the limit that this bound places on the physical evolution
of a quantum system and discuss how these limits can be used as witnesses to characterize quantum
dynamics. In particular, we derive a lower limit on the rate of entropy change for memoryless
quantum dynamics, and we argue that it provides a witness of non-unitality; i.e., violation of the
bound would be possible only if the dynamics are non-unital. This limit on the rate of entropy
change leads to definitions of several witnesses for testing memory effects in quantum dynamics.
Furthermore, from the aforementioned lower bound on entropy change, we obtain a measure of
non-unitarity for unital evolutions.

In Chapter 5, we discuss a general protocol for quantum reading and discuss bounds on the
reading capacities [34]. Quantum reading refers to the task of reading out classical information
stored in a read-only memory device. In any such protocol, the transmitter and receiver are in
the same physical location, and the goal of such a protocol is to use these devices, coupled with
a quantum strategy, to read out as much information as possible from a memory device, such as
a CD or DVD. As a consequence of the physical setup of quantum reading, the most natural and
general definition for quantum reading capacity should allow for an adaptive operation after each
call to the channel, and this is how quantum reading capacity is defined in this chapter. We also

derive several bounds on quantum reading capacity, and we introduce an environment-parametrized
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memory cell, delivering second-order and strong converse bounds for its quantum reading capacity.
We calculate the quantum reading capacities for some exemplary memory cells, including a thermal
memory cell, a qudit erasure memory cell, and a qudit depolarizing memory cell. We finally discuss
an explicit example to illustrate the advantage of using an adaptive strategy in the context of
zero-error quantum reading capacity.

In Chapter 6, we introduce a protocol for the private reading of memory devices against an
eavesdropper [31]. We can use this protocol for secret key agreement between two authorized
parties where secret key is encoded in a memory device. The goal is to protect from the leakage of
the secret key to an eavesdropper who is spying on the reader. We notice that private reading can
be understood as a particular kind of secret-key-agreement protocol that employs a particular kind
of bipartite interaction. We make use of this observation to derive upper bounds on private reading
capacities of memory devices.

In Chapter 7, we introduce protocols for the secure retrieval of digital information stored in a
memory device under different adversarial situations. We refer to such protocols as secure reading.
Information in memory devices is encoded in terms of quantum channels selected from a particular
set called a memory cell. We allow the encoder and the intended reader to share secret keys prior to
the reading task is carried out. We also consider a toy model in which a message is encoded in unitary
gates and show the advantage of an authorized reader who has key against an unauthorized user with
no key. For more general secure reading protocol, we consider a passive adversary who has complete
access to the environment, and a semi-passive adversary who can access the memory device. To
illustrate these protocols, we discuss examples for the secure reading of memory devices encoded
with a binary memory cell consisting of amplitude damping channels or depolarizing channels. We
also briefly discuss application of a secure reading protocol for a threat level identification scheme,

which is inspired by IFF: identification, friend or foe.
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Chapter 2 Quantum Systems, Physical Processes, and Information Mea-
sures

In this chapter, we take an information-theoretic approach to review some of the basic concepts
of quantum mechanics. We start by introducing standard notations, definitions, and important
lemmas that are required for the derivation and discussions of results introduced in latter sections
and chapters. We discuss the mathematical representation of the state of a quantum system and
physical quantum processes, particular set of states, structure of physical processes obeying certain
symmetries, measures to quantify information content in a quantum system, and the notion of
bipartite entanglement measures. Finally, in Section 2.8.1!, we present results on the approximate
normalization of two different entanglement measures— entropy of entanglement [35] and squashed

entanglement [36].
2.1 Bounded operators and super-operators

In this review, the discussion is focused on finite-dimensional Hilbert spaces. See Section 4.1
for discussion on infinite-dimensional Hilbert spaces.

Let Z(H) denote the algebra of bounded operators acting on a Hilbert space H, with 14, € Z(H)
denoting the identity operator and id denoting the identity super-operator?. Let dim(#H) denote
the dimension of Hilbert space H ®. Z(H) also denotes the set of all trace-class operators acting
on the Hilbert space H, since H is finite-dimensional.

The Hilbert space of a system A is denoted by H 4 and the Hilbert space of a composite system
consisting of systems A and B is given by the tensor product Hsp = H ® Hp. The notation
A" = AjAy--- A, indicates a composite system consisting of n subsystems A, each of which is
isomorphic to the Hilbert space H 4; i.e., for all ¢ € [n], A; ~ A, where [n] .= {1,2,...,n} forn € N.
Let us denote the set of all orthonormal bases of the Hilbert space H as ONB(H).

The subset of B(#) containing all positive semi-definite operators is denoted by A, (H). We

!Section 2.8.1 is entirely based on an unpublished work done in collaboration with
Mark M. Wilde.

2A super-operator is a linear map that acts on an operator.

$Note that dim(H) is equal to +oo in the case that H is a separable, infinite-dimensional Hilbert
space.
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write C' > 0 to indicate that C' € Z,(H), and C > D indicates C — D € B, (H).
A super-operator M 4_,p denotes a linear map M : ZB(Ha) — HB(Hp) that maps elements in
PB(H 4) to elements in B(Hp). The adjoint M : B(Hp) — B(H4) of alinear map M : B(Ha) —

PB(Hp) is the unique linear map that satisfies

(Yp, M(X4)) = (M (Y), Xa), VXa€B(Ha),Ys < B(Hp) (2.1)

where (C, D) = Tr{CTD} is the Hilbert-Schmidt inner product. An isometry U : H — H' is a
linear map such that UTU = 14 and UUT = Il;,, where Il is a projection onto a subspace of the
Hilbert space H'.

A super-operator M 4,5 : B(Ha) — B(Hp) is called positive if it maps elements of A, (H4)
to elements of B, (Hp) and completely positive if idg @M 4, p is positive for a Hilbert space Hg
of any dimension, where idg is the identity super-operator acting on HB(Hg). A positive map
Maup : By(Ha) — B(Hp) is called trace non-increasing if Tr{M_,p(c4)} < Tr{o4} for all
oa € By(Ha), and it is called trace-preserving if Tr{M,_,p(c4)} = Tr{oa} for all 04 € B, (Ha).
When confusion does not arise, we omit identity operators in expressions involving multiple tensor
factors, so that, for example, M4, 5(pra) is understood to mean idg @M a_,5(pra).

A linear map My, : B(Ha) — PB(Hp) is called sub-unital if My .g(14) < 1p, unital if
M p(1a) = 1p, and super-unital if M4 _,5(14) > 1p. Note that it is possible for a linear map to
be neither unital, sub-unital, nor super-unital. A positive trace-preserving map can be sub-unital
only if the dimension of the output Hilbert space is greater than or equal to the dimension of the
input Hilbert space. A positive trace-preserving map can be super-unital only if the dimension of the
output Hilbert space is less than the dimension of the input Hilbert space. Positive trace-preserving
maps between two finite-dimensional Hilbert spaces of the same dimension that are sub-unital are

also unital.
2.2 Operator-valued functions and norms

Let A be a self-adjoint operator acting on a Hilbert space H. The support supp(A) of A is
the span of the eigenvectors of A corresponding to its non-zero eigenvalues, and the kernel of A

is the span of the eigenvectors of A corresponding to its zero eigenvalues. There exists a spectral
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decomposition of A:

A= A k)], (2.2)

where {\g} are the eigenvalues corresponding to an orthonormal basis of eigenvectors {|k) };, of A.

The projection II(A) onto supp(A) is then

M) = 3 (k). (2.3)

k:\p#£0

Let rank(A) denote the rank of A. If A is positive definite, i.e., A > 0, then rank(A) = dim(H),
II(A) = 13, and we say that the rank of A is full. If f is a real-valued function with domain
Dom(f), then f(A) is defined as

FA) = > fw) kXK. (2.4)

k:A\p€Dom(f)

The Schatten p-norm of an operator A € #(H) is defined as
2
[A[l, = (Tr {|A]})>, (2.5)
where |[A] = VATA and p € [1,00). If {0;(A)}; are the singular values of A, then

P

(2.6)

1Al = [Z ai(A)F

)

Al = lim, o [|A]l, is the largest singular value of A. Let %,(H) be the subset of %(H)
consisting of operators with finite Schatten p-norm. The Schatten p-norms are unitarily invariant

norms.

Lemma 2.1 (Holder’s inequality [37-39]) For all A € B,(H), B € B,(H), and p,q € [1, ]

such that % + % =1, it holds that

(A, B)| = |Tr {A'B} < [|All, | Bll,- (2.7)
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The following lemma can be found in [40, Corollary 5.2].

Lemma 2.2 Let M : B, (Ha) — B (Hg) be a linear, positive, and sub-unital map. Then, for all
o4 € By(Ha) it holds that
M p(log(oa)) < log(Ma-p(04))- (2.8)

2.2.1 Derivatives of operator-valued functions

Here we recall [39, Theorem V.3.3].
If f is a continuously differentiable function on an open neighbourhood of the spectrum of some
self-adjoint operator A, then its derivative Df(A) at A is a linear superoperator and its action on

an operator H is given by

Df(A)(H) = fUO ) Pa(N)HPa(n), (29)
A
where A = 37, AP4(]) is the spectral decomposition of A and fIll is the first divided difference
function.
If t — A(t) € B.(H) is a continuously differentiable function on an open interval in R, with

derivative A’ :== %, then

f(A()) = %f(fl(t)) = Df(A)A (1) = > FUN0) Pagy (N A (£) Pagy (n)- (2.10)

In particular, (2.10) implies the following:
% Tr{f(At)} = Tr{ f'(A(£))A'(1)}, (2.11)
Te{B(t) [ (A1)} = Te{B(t) ['(A(1))A'(1)}, (2.12)

where B(t) is assumed to commute with A(t).
2.3 Quantum states and channels
The state of a quantum system A is represented by a density operator p,, which is a positive

semi-definite operator with unit trace. Let Z(H,4) denote the set of density operators, i.e., all
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elements py € A, (Ha) such that Tr{pa} = 1. The density operator of a composite system AB
is defined as pap € Z(Hagp), and the partial trace over A gives the reduced density operator for
the system B, i.e., Tra{pap} = pp such that pg € Z(Hp). A pure state 14 of a system A is a
rank-one density operator in Z(H4), and we write it as 14 = [1))(¢| , for a unit vector |¢)4 € Ha.
A purification of a density operator p, is a pure state ¢ » such that Trg{¢¥z} = pa, where E is
called the purifying system. The maximally mixed state is denoted by w4 := 14/|A| € D (Ha).

It is known that there exists a Schmidt decomposition for any bipartite quantum system in a

pure state. It means that any pure state 45 € Z(Hap) can be expressed as
d—1
) ap = Z VPili)ali) B, (2.13)
i=0

such that {|i)4}; € ONB(H.), {|i)s}; € ONB(Hp), Z?;ol pi=1,and for all 7 : 0 <p; <1, where
d = min{|A|, |B|}.

Let U f, g b€ a unitary associated to a Hamiltonian H, which governs the underlying inter-
action between an input subsystem A’ and a bath E’, to produce an output subsystem A for the
observer and E for the bath. In general, the individual input systems A’ and E’ and the output
systems A and E can have different dimensions. At an initial time, in the absence of an interaction
Hamiltonian H , the bath is in a fixed state 7 and the system A’ has no correlation with the bath;
i.e., the state of the composite system A’E’ is of the form w4 ® 7p, where wy g is the joint state
of the systems A’ and E’. Under the action of the interaction Hamiltonian H, the state of the

composite system transforms as
par = U (wy @ 5) (U1, (2.14)

In the above interaction process, since the system F in (2.14) is inaccessible, the evolution of the
system of interest is noisy in general. The noisy evolution of the system A’ under the action of

the interaction Hamiltonian H is represented by a completely positive, trace-preserving (CPTP)
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map [41], called a quantum channel:
Mua(wa) = Trp{U" (wa @ 7)) (UTT, (2.15)

where system F represents inaccessible degrees of freedom. In particular, when the Hamiltonian
H is such that there is no interaction between the system A’ and the bath E’, and A’ ~ A, then
M corresponds to a unitary evolution, i.e., M(:) = U () = UE%A(-)(UE,_)A)T. The weakly

complementary channel M A g 18 given by
Mup(wa) = Trp{U (wa @ 7)) (U1} (2.16)

If we suppose that the state 75 of a bath system E’ is pure, then M A g is called the complementary
channel of M4/ 5.

A completely positive, trace non-increasing map is called a quantum sub-operation.

A CPTP map Napsap : Bo(Ha @ Hp) — B (Ha @ Hp) is called a bipartite channel. A
bipartite channel Ny p _ap is also called bidirectional channel in the setting of communication
protocols when pairs (A’ A) and (B’, B) of quantum systems are held by two spatially separated
parties.

A memory cell {M?*},c4 is defined to be a set of quantum channels M?, for all z € 2", where
A is an alphabet, and M : B, (Ha) = BL(Ha) for all z € Z.

A quantum instrument is a collection {M?%,_, 4 }zc2 of quantum sub-operations, such that the
sum map y_ M? is a quantum channel. The action of a quantum instrument on an input operator

pa can be described in terms of the following quantum channel:

par= Y M a(pa) @ )zl (2.17)
zeX

where {|z)x}., € ONB(Hx) and X denotes a (classical) register that stores the classical output of
the instrument.
The Choi-Jamiotkowski isomorphism represents a well known duality between channels and

states. Let M a/_,4 be a quantum channel, and let | T) . ,, denote the following maximally entangled
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vector:

1T poar = Z i) r|i) 4, (2.18)

where |R| = |A'|, and {|i)r}; € ONB(Hg) and {|i)a }; € ONB(H) are fixed orthonormal bases,
and R : A’ denotes a bipartite cut. Let us extend this notation to multiple parties with a given

bipartite cut as

V) rarparp = |T)r, a0 @ [T)Ry5r (2.19)
A maximally entangled state @4/ is defined for a bipartite system R : A" as
1
Prar = A TN far (2.20)
The Choi operator for a channel M 4/_, 4 is defined as
Jia = (idr@Marsa) (TN |ra) (2.21)
where idg denotes the identity map on R. For A’ ~ A the following identity holds

(Y|(pran @ JHE)| T arr = Marsalpraar), (2.22)

where A" ~ A. The above identity can be understood in terms of a post-selected variant [42] of the

quantum teleportation protocol [18]. Another identity that holds is

(Y(Qryr ®14)|T)roa = Trr{Qr,r}, (2.23)

for an operator Qr,r € B(Hr, @ Hr).
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2.3.1 Separable and PPT: states and channels

For a fixed basis {|i)p}ic.r € ONB(H ), the partial transpose T on the composite system AB

is the following map:

([da®Tp) (Qap) = Y (1a®@|i)(jls) Qus (1a® |1){j|5), (2.24)
i,jeS
where Qap € ZB(Ha ® Hp). Note that the partial transpose is self-adjoint, i.e., Tp = TTB and is
also involutory:

TBOTB:]lB- (225)

The following identity also holds:

Tr(ITXT ga) = Ta([TXY]ga): (2.26)

Let SEP(A: B) denote the set of all separable states o4 € Z(Ha ® Hp), which are states that

can be written as

OAB = Z px (v)w}h ® T, (2.27)
xeZ

where px(z) denotes a probability distribution corresponding to a random variable X associated
with an alphabet 27, w} € Z(Ha), and 75 € Z(Hp) for all x € 2. This set is closed under the
action of the partial transpose maps T4 and T'p [43,44]. Generalizing the set of separable states, we
can define the set PPT(A: B) of all bipartite states pap € Z2(Ha ® Hp) that remain positive after
the action of the partial transpose Tg. A state pap € PPT(A: B) is also called a PPT (positive
under partial transpose) state. If a state is not PPT then it is called NPT (non-positive under
partial transpose). We can define an even more general set of positive semi-definite operators [45]
as follows:

PPT(A:B) ={oap: oap > 0N ||Tp(oap)l, < 1}. (2.28)

We then have the containments SEP C PPT C PPT".
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Lemma 2.3 ([46]) For any oap € PPT'(A: B), the following inequality holds
1
TI'{CI)ABO'AB} S M, (229)

where 45 is a mazimally entangled state of Schmidt rank M, i.e., |A| = |B| = M.

A bipartite quantum channel P4/ g/, 45 is a PPT-preserving channel if the map Tg oPap 450
Tps is a quantum channel [46,47]. A bipartite quantum channel Py g, ap is PPT-preserving if and

P
only if its Choi state is a PPT state [47], i.e., %—E;ﬁ € PPT(RAA: BRg), where

P
SR\ Rp:AB

’RARBl = ,PA’B’HAB(Q)RAA’ X (I)B’RB)' (230)

A bipartite quantum channel Sa/p_,4p is a separable channel if and only if its Choi state is a

S
separable state [48], i.e, Jﬁg‘i‘j—g;f € SEP(R4A: BRg), where

S
‘]RARB:AB

|RARB’ :SA’B’—)AB<q)RAA’®@B/RB)' (231)

A 1TW-LOCC (one-way local operations and classical communication) channel is a separable

super-operator

wpoan = Eon® Fhp (2.32)
yey

where & is an alphabet, {£} , 4 },e is a set of CP maps such that the sum map 3 _, 4 , 4
is trace preserving, while {F3 , 5 }yer is a set of quantum channels. Whereas, an LOCC (local
communication and classical operations) channels L4545 takes the form in (2.32) such that
{4 4 tyew and {F} . p}yea are sets of completely positive (CP) maps such that Lap,ap is
trace preserving. Thus, the LOCC channels are also separable super-operators, but the converse is
not true. Note that any 1W-LOCC channel is also an LOCC channel and all LOCC channels are

PPT-preserving.
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2.4 Channels with symmetry

Consider a finite group ¢ of size |G|. For every g € ¢4, let ¢ — Ua(g) and g — Vp(g) be
projective unitary representations of g acting on the input space H 4 and the output space Hpg of
a quantum channel M 4_, g, respectively. A quantum channel M 4_.p is covariant with respect to

these representations if the following relation is satisfied [27,49]:

Voa € D(Ha) and Vg € 4, Mz (UA(g)pAUj,(g)) = Va(9)Masss(pa)Vii(g). (2.33)

Definition 2.1 (Covariant channel [27]) A quantum channel is covariant if it is covariant with
respect to a group ¢ which has a representation U(g), for all g € &, on Hy that is a unitary
one-design; i.e., the map ﬁzge% U(g)(-)U'(g) always outputs the mazimally mized state for all

mput states.

For an isometric channel U4, 5, extending the covariant channel M4, p defined above, there
exists a unitary representation Wg(g) acting on the environment Hilbert space Hg [27], such that

for all g € ¥,

Ut (Un(9)palUl(9)) = (Vilo) ® Wil9)) (Y 5e () (Vi9) @ Wh(9)) . (234)

We can restate this as the following lemma:

Lemma 2.4 ([27]) Suppose that a channel M a_,p is covariant with respect to a group . For an
isometric extension U g of Ma_p, there is a set of unitaries {Wg} ey such that the following

covariance holds for all g € G :
UI{X\/LBEUg = (VBg ® Wg) Uf/\\/LBE- (2.35)

Proof. For convenience, we discuss a proof of this lemma presented in [31, Appendix A].

Given is a group ¢ and a quantum channel M 4_,5 that is covariant in the following sense:

Masp(UspaUf) = VEMa5(pa)VE, (2.36)
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for a set of unitaries {U% },ev and {V3},ev.

Let a Kraus representation of M 4,5 be given as
Masp(pa) = Z LpaLl’t, (2.37)
J
We can rewrite (2.36) as

VIM AL (USpaUHVE = Mu_s(pa), (2.38)

which means that for all g, the following equality holds

Z LipaL’t = Z VI LU pa (VgTLj Ug)T : (2.39)

J J

Thus, the channel has two different Kraus representations {L7}; and {VZ L/U%};, and these are

necessarily related by a unitary with matrix elements w?, [23,26]:
VAU =Y wi L. (2.40)
k
A canonical isometric extension U4 5 of Ma_,p is given as

Uilipp = Z @ |j)e, (2.41)
J
where {|j)g}; is an orthonormal basis. Defining W}, as the following unitary
Welk)e =Y wili)e, (2.42)

J

where the states |k) g are chosen from {|j)z};, consider that

UM U =Y LU |j)p =Y VAVELU @ |j)p =) V3 ® |i)e

J J J

g Tk
E wjkL
k

Vg Z L*® Z wjg'k|j>E = Vzg Z *e W]%|k>E = (Vg ® WE%) UﬁiBE (2.43)
k j k
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This concludes the proof. m

Definition 2.2 (Teleportation-simulable [50,51]) A channel M a_,p is teleportation-simulable

with an associated resource state if for all pa € P (Ha) there exists a resource state wr,p €
9 (Hr,B) such that

Ma_p(pa) = Lr,ap—B (pa @ Wr,B), (2.44)

where Lr,ap—p 15 an LOCC channel acting on RaA: B. A particular example of an LOCC channel

could be a generalized teleportation protocol [52].

One can find the defining equation (2.44) explicitly stated as [51, Eq. (11)]. All covariant

channels, as given in Definition 2.1, are teleportation-simulable with respect to a resource state

M g(Pr,a) [53].

Definition 2.3 (PPT-simulable [54]) A channel Mg is PPT-simulable with an associated

resource state if for all pa € P (Ha) there exists a resource state wg,p € 9 (Hr,p) such that

Map (/)A) = ,PRAABHB (pA X wRAB) ) (2-45)

where Pr,,ap—p s a PPT-preserving channel acting on RaA: B, where the transposition map is

with respect to the system B.

Definition 2.4 (Jointly covariant memory cell [34]) A set My = {M?_ 3}eca of quantum
channels is jointly covariant if there exists a group ¢ such that for all x € Z°, the channel M?* is

a covariant channel with respect to the group 4 (cf., Definition 2.1).

Remark 2.1 ([34]) Any jointly covariant memory cell My = {M%_, g}zc o is jointly teleportation-

simulable with respect to the set {M*%_ 5(Pr,a)}eea of resource states.

2.5 Entropies and information

The von Neumann entropy of a density operator p4 is defined as [28]

S(A)p = 5(pa) = = Tr{palogy pa}. (2.46)

23



The conditional quantum entropy S(A|B), of a density operator pap of a composite system AB is
defined as
S(A|B), = S(AB), — S(B),. (2.47)

The coherent information I(A)B), of a density operator p4p is defined as [55]

[(A)B), = —S(A|B), = S(B), — S(AB),. (2.48)

The quantum relative entropy of two quantum states is a measure of their distinguishability. For

p € P(H)and o € B, (H), it is defined as [56]

Tr{pllog, p — log, o]}, su C supp(o
Dipllo) = {pllogy p —log, o]}, supp(p) < supp(o) (2.49)

400, otherwise.
The quantum relative entropy is non-increasing under the action of positive trace-preserving maps
[57], which is the statement that D(p||o) > D(M(p)||M(c)) for any two density operators p and
o and a positive trace-preserving map M (this inequality applies to quantum channels as well [58],
since every completely positive map is also a positive map by definition).
The quantum mutual information I(A; B), is a measure of correlation between quantum systems

A and B in the state psp. It is defined as

I(A;B), = aAeiOIJ}(fHA) D(pasllpa ® op) = S(A), + S(B), — S(AB),,. (2.50)

The conditional quantum mutual information I(A; B|C'), of a tripartite density operator papc is

defined as

I(A; B|C), := S(A|C), + S(B|C), — S(AB|C),. (2.51)

It is known that quantum entropy, quantum mutual information, and conditional quantum mutual
information are all non-negative quantities (see [59,60]).

The following AFW inequality gives uniform continuity bounds for conditional entropy:
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Lemma 2.5 ([61,62]) Let pap,oap € P(Hap). Suppose that %HpAB —oagll; < e, where € €
[0,1]. Then

IS(A|B), — S(A|B)s| < 2 log, dim(H) + (1 + €)hs (1 i 5> : (2.52)

where hy(g) denotes binary entropy function:
ho(e) = —elogye — (1 —e)logy(1 — ¢). (2.53)

If system B is a classical register X such that pxa and oxa are classical-quantum (cq) states of

the following form:

pPxA = pr o) (zlx @ ph,  oxa= ZCIX )|z) (x| x ® o, (2.54)

TEX reX

where {|x)x }zex € ONB(Hx) and Vo € X : p%,0% € D(Ha), then

[S(X]A), = S(X]A)s| < elogy dim(Hx) + g(e), (2.55)

IS(AIX), — S(AIX),| < elog, dim(H.) + g(e). (2.56)

2.6 Generalized divergences

A quantity is called a generalized divergence [63,64] if it satisfies the following monotonicity
(data-processing) inequality for all density operators p € Z(H') and o € Z(H') and quantum
channels M : . (H') — B (H):

D(p[lo) = D(M(p)[[ M(0)). (2.57)

As a direct consequence of the above inequality, any generalized divergence satisfies the following

two properties for an isometry U and a state 7 [65]:

D(pllo) = DUpU|UcUY), (2.58)

D(pllc) =D(p® 7ljo @ 7). (2.59)
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One can define a generalized mutual information for a quantum state psp as

In(A;B), = aBeiél(fHB) D(pagllpa ® o). (2.60)

The sandwiched Rényi relative entropy [65,66] is denoted as D, (p||o) and defined for p € 2(H),
o€ B (H), and Va € (0,1) U (1,00) as

= 1 1—a 1—a\ ¢
D.(pllo) := 1 log, Tr { (UW,OUW> } : (2.61)

but it is set to +oo for a € (1,00) if supp(p) € supp(o). The sandwiched Rényi relative entropy

obeys the following “monotonicity in a” inequality [66]:
Dau(pllo) < Ds(pllo) if o < B, for o, B € (0,1) U (1, 00). (2.62)

The following lemma states that the sandwiched Rényi relative entropy Dy (p||o) is a particular

generalized divergence for certain values of a.

Lemma 2.6 ([67,68]) Let Mar_, 4 be a quantum channel and let par € D(Ha) and oy € B (Hua).
Then,
Da(pllo) = Da(M(p)|M(0)), Yo € [1/2,1) U (1, 00). (2.63)

In the limit v — 1, the sandwiched Rényi relative entropy D, (p||lo) converges to the quantum
relative entropy [65,66]:
tim D (pll0) = Da(plo) = Dipllo). (2.64)

In the limit o — oo, the sandwiched Rényi relative entropy D, (pl|o) converges to the max-relative

entropy [66], which is defined as [69, 70]
Diax(pllo) = inf{\: p < 2%c}, (2.65)

and if supp(p) € supp(o) then Dy (pllo) = oo.
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The sandwiched Rényi mutual information ]Na(R; B), is defined as [68,71]
I.(R; B), = min Do (prillpr ® op). (2.66)
Another generalized divergence is the e-hypothesis-testing divergence [72,73], defined as
D; (pllo) == —log, iI{{f{Tr{Aa} c 0<ALSTIAT{Ap} >1—¢}, (2.67)

fore € [0,1], p€ Z(H), and 0 € B, (H).

The following lemma follows directly from the statement of [74, Theorem III.1].
Lemma 2.7 ([74]) Let pa € Z(Ha), and positive semidefinite operators o € HBi(Hp), 0 €
B (Ha), the following inequality holds for any positive trace-preserving map Ma_,p

Dinax(M(p)[|o) < Dinax(pllo”) + Dinax(M (") |0). (2.68)

Some other examples of generalized divergences are the trace distance and the fidelity. The trace
distance between two density operators p,o € Z(H) is equal to || p—o||1, where ||T|; = Te{~/TTT}.
The fidelity of 7,0 € B, (H), which is defined as F(r,0) = H\/F\/E]ﬁ [75], is also a generalized

divergence.

Lemma 2.8 (Uhlmann’s theorem [75]) The following two expressions for fidelity between two

states pa and o4 are equal:

F(pa,04) = max|(¢’|raUr & Lalp%)? = lvPavaalls, (2.69)

where Ug is a unitary operator and ¢4, denotes purification of any wa € D(Hpga).

The following well known lemma establishes relations between fidelity and trace distance.

Lemma 2.9 ([76]) For any two density operators p,o € P(H), the following bounds hold

V() < gllo—oll, < VI~ Fip.0). (2.70)
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Another well known lemma that establishes relation between the relative entropy and trace distance

is as follows.

Lemma 2.10 (Pinsker’s inequality [77]) For any two density operators p,o € 2(H), following
bounds hold

D(pllo) = 5= llp ol (2.71)

_212

where In denotes natural logarithm.

2.7 Private states and privacy test

Private states [78,79] are an essential notion in any discussion of secret key distillation in
quantum information, and we review their basics here.

A tripartite key state i, x,r contains log, || bits of secret key, shared between systems K 4
and K p and protected from an eavesdropper possessing system F, if there exists a state o € Z(Hg)

and a projective measurement channel M(-) = > |i)(i| (-) |i)(i|, where {|i)}; € ONB, such that

(M ® Micy) (iarca) = oz S 1ikilie,  [0)ili, 2.72)

The systems K4 and K g are maximally classically correlated, and the key value is uniformly random
and independent of the system FE.

A bipartite private state vs, x , k555 containing log, | K| bits of secret key has the following form:

YSAKAKpSp = UE‘AKAKBSB ((I)KAKB ® GRARB>(U};’AKAKBSB)T7 (273>

where @, , is a maximally entangled state of Schmidt rank | K|, U§, x, k5, 18 @ “twisting” unitary

of the form

U, kaKpSs = Z 9 (il g, @ |7)Ulg, ® UsAsBa (2.74)
,j=0

with each UgJA s, @ unitary, and 0g,s, is a state. The systems S4, Sp are called “ shield”systems
because they, along with the twisting unitary, can help to protect the key in systems K, and Kp

from any party possessing a purification of v,k , kx5S -

28



Bipartite private states and tripartite key states are equivalent [78,79]. That is, for vs,k,xz55
a bipartite private state and vs,k,rkz555 € Hs, @ Hr, ® Hi, ® Hs, ® £ some purification of it,
Yk K E 18 a tripartite key state. Conversely, for any tripartite key state vk , x, g and any purification
Vs kaKpSpE Of 1t vs, Kk, Kkps, 15 a bipartite private state.

A state pk,k,E 1S an e-approximate tripartite key state if there exists a tripartite key state

Vi 4K zE Such that
F(px,rpe, YrakpE) > 1 — €, (2.75)
where ¢ € [0,1]. Similarly, a state pg,x,kzs, IS an e-approximate bipartite private state if there

exists a bipartite private state vs,x , k55, such that

F(psykaKpspEs VSaKaKpspE) = 1 — €. (2.76)

If ps, Kk 4Kk ys; 15 an e-approximate bipartite key state with K key values, then Alice and Bob hold
an e-approximate tripartite key state with | K| key values, and the converse is true as well [78,79].
A privacy test corresponding to vs,x,kxzs; (& y-privacy test) is defined as the following di-

chotomic measurement [80]:

{HgAKAKBSB7 ]]‘SAKAKBSB - HgAKAKBSB}7 (277>

where

HgAKAKBSB = UEAKAKBSB((I)KAKB ® ESASB)(UéAKAKBsB)T7 (2-78)

ls,s5 € #B1(Hs,sy) is the identity operator, and U§, k, xns, 15 the twisting unitary discussed
earlier. Let € € [0,1] and ps,k,kxss, De an e-approximate bipartite private state. The probability

for ps,k.kpss, t0 pass the y-privacy test is never smaller than 1 — ¢ [80]:

Tr{ll§, k \kpSpPSaKaKpSa} = 1 — ¢ (2.79)

For a state 05,k k555 € SEP(SaKa:KpSg), the probability of passing any v-privacy test is never
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greater than ﬁ [79]:

1
Tr{Hg‘AKAKBSBUSAKAKBSB} < m> (2'80>

where | K| is the number of values that the secret key can take (i.e., |K| = dim(Hg,) = dim(Hg,)).
These two inequalities are foundational for some of the converse bounds established in this thesis,

as was the case in [79,80].
2.8 Entanglement measures

Let Ent(A; B), denote an entanglement measure [81] that is evaluated for a bipartite state pag.
The basic property of an entanglement measure is that it should be an LOCC monotone [81], i.e.,
non-increasing under the action of an LOCC channel.

Entanglement distillation from a bipartite state pap is the task of distilling a maximally en-
tangled state ®4p of Schmidt rank |[M| from (asymptotically) large number of independent and
identically distributed copies of pag, i.e., p5p for n — oo via standard LOCC distillation proto-
cols [82,83]. A state pap is entanglement distillable if Tr{®sppap} > Wll (82,83].

There are different entanglement measures based on characteristic properties of entangled states.
These properties are associated to the ability of how useful these entangled states are for specific
information processing tasks, such as entanglement and secret-key distillation. It is known that all
entangled states are useful for distilling secret key. However, there exists class of entangled states
called bound entangled states that are not entanglement distillable.

Given such an entanglement measure Ent(A; B),, one can define the entanglement Ent(M) of
a channel M 4, in terms of it by optimizing over all pure, bipartite states that can be input to

the channel:

Ent(M) = sup Ent(R; B),, (2.81)

RA
where wrp = Ma_,g(¥ra). Due to the properties of an entanglement measure and the well known
Schmidt decomposition theorem, it suffices to optimize over pure states g4 such that R ~ A (i.e.,
one does not achieve a higher value of Ent(M) by optimizing over mixed states with unbounded
reference system R). In an information-theoretic setting, the entanglement Ent(M) of a channel M
characterizes the amount of entanglement that a sender A and receiver B can generate by using the

channel if they do not share entanglement prior to its use.
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Alternatively, one can consider the amortized entanglement Ent 4(M), also called the entangling

power, of a channel M 4_, 5 as the following optimization [54,84] (see also [74,85-87]):

Enty(M) = sup [Ent(Ra; BRp). — Ent(RaA; Rp),|, (2.82)

PRAARp

where g, 5r;, = Maos(pProar,) a0d pr ar, € P(HRr,ar,). The supremum is with respect to
all states pr,ar, and the systems R4, Rp are finite-dimensional but could be arbitrarily large.
Thus, in general, Ent (M) need not be computable. The amortized entanglement quantifies the
net amount of entanglement that can be generated by using the channel M 4_, g, if the sender and
the receiver are allowed to begin with some initial entanglement in the form of the state pr,ar,-
That is, Ent(R4A; Rp), quantifies the entanglement of the initial state pr, ar,, and Ent(R4; BRp),
quantifies the entanglement of the final state produced after the action of the channel.

Recently, it was shown in [54], connected to related developments in [34,74,84-86], that the
amortized entanglement of a point-to-point channel M 4_, g serves as an upper bound on the entan-
glement of the final state, say wap, generated at the end of an LOCC- or PPT-assisted quantum

communication protocol that uses M 4_,g n times:
Ent(A4; B), < nEnts(M). (2.83)

Thus, the physical question of determining meaningful upper bounds on the LOCC- or PPT-assisted
capacities of point-to-point channel M is equivalent to the mathematical question of whether amor-
tization can enhance the entanglement of a given channel, i.e., whether the following equality holds

for a given entanglement measure Ent:
Ent4(M) = Ent(M). (2.84)
The Rains relative entropy of a state pap is defined as [45,47]

R(A;B), = min D(paglloag), (2.85)

o ApEPPT/(A:B)
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and it is monotone non-increasing under the action of a PPT-preserving quantum channel P g, 45,
ie.,

R(A; B'), > R(A; B)., (2.86)

where wap = Parpap(pap). The sandwiched Rains relative entropy of a state pap is defined as
follows [88]:

Ro(A;B), =  min  Dy(paslloas). (2.87)

cap€PPT/(A:B)

The max-Rains relative entropy of a state pap is defined as [89]

Rnax(A; B), = i Dinax . 2.88
( ) O'ABEPI)I%}%}/(A:B) (paslloan) ( )

The max-Rains information of a quantum channel M 4_,p is defined as [90]
Ripax(M) == max Rp.x(R; B).,, (2.89)
$RrRA

where wrp = Ma_g(¢ra) and ¢ra is a pure state, with dim(Hg) = dim(H4). The amortized
max-Rains information of a channel M 4_, 5, denoted as Ryax 4(M), is defined by replacing Ent in
(2.82) with the max-Rains relative entropy Rmax [91]. It was shown in [91] that amortization does

not enhance the max-Rains information of an arbitrary point-to-point channel, i.e.,
Rmax,A(M) = Rmax(M)- (290)

Recently, in [92, Eq. (8)] (see also [90]), the max-Rains relative entropy of a state pap was
expressed as

Ryax(A; B), = log, W(A; B),, (2.91)
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where W (A; B), is the solution to the following semi-definite program:

minimize Tr{Cxp + Dap}
subject to Cup, Dag > 0,

Tp(Cag — Dap) > pas. (2.92)

Similarly, in [90, Eq. (21)], the max-Rains information of a quantum channel M 4_, 5 was expressed
as

Rinax (M) = log I'(M), (2.93)
where I'(M) is the solution to the following semi-definite program (SDP):
minimize | Trp{Ves + Yrs}|

subject to Ygp, Vi > 0,

Ts(Ves — Yrp) > Jak. (2.94)
The sandwiched relative entropy of entanglement of a bipartite state pap is defined as [80]

E.(A:B), = i D ) 2.
«(4;B), CTABGISIlElll;l(A:B) a(paslloan) (2.95)

In the limit o — 1, E,(A; B) , converges to the relative entropy of entanglement [93], i.e.,

i E,(4: B), = B4 B), == min  Dlpanloas). (2.96)

The max-relative entropy of entanglement [69,70] is defined for a bipartite state pap as

E A:B), = 1 Diax ) 2.97
max(4; B), B (paBlloas) (2.97)

The max-relative entropy of entanglement E,,(M) of a channel M 4_, 5 is defined as in (2.81), by

replacing Ent with Ey.y [74]. It was shown in [74] that amortization does not increase max-relative
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entropy of entanglement of a channel M 4_,p, i.e.,
Emax,A(M) - EmaX(M)- (298)
The squashed entanglement of a state pap € Z(Hap) is defined as [36] (see also [94,95]):

1.
Esq(A; B)p = — mf {[(A, B|E)w . TIE{WABE} = PAB /\wABE € D (HABE)} . (299)

WABE

In general, the system F is finite-dimensional, but can be arbitrarily large. We can directly infer from
the above definition that Es(B; A), = Ex(A; B), for any pap € Z(Hap). We can similarly define
the squashed entanglement Ey (M) of a channel M4, 5 [96], and it is known that amortization

does not increase the squashed entanglement of a channel [96]:
Eqa(M) = Eg((M). (2.100)

2.8.1 Approximate normalization of entanglement measures

Now we briefly discuss normalization properties of some entanglement measures, namely, entropy

of entanglement [35] and squashed entanglement [36]*.

Squashed Entanglement

We know that squashed entanglement obeys the normalization property; i.e., it is equal to log, d
for a maximally entangled state ® 45 of Schmidt rank d [36]. Due to the continuity of squashed
entanglement [61], we even know that if the state psp is approximately close to a maximally
entangled state ®4p, then the squashed entanglement is near to log, d (see also [36, Remark 11]).

In particular,

1
5 lpan — ®asll <€ (2.101)

4This section is based on an unpublished work with Mark M. Wilde.
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implies that [61,62,97]

V2e
Eu (A:B) — Eu (A: B)y| < V2elog, d + (14 V2e)h , 2.102
qa(4;B), q(A;B)g| < god + ( )21+\/2_5 ( )
where d is Schmidt rank of ® 45 and hs(+) is defined in (2.53). From (2.102), we get
V2e
Ey (A;B), > (1 —+/2¢)log,d — (14 V/2e)h : 2.103
Our statement here is about the converse situation. We show that

Eoq (A; B)p > log, |A] (1 —¢) (2.104)

implies that the state psp is near to a maximally entangled state. More precisely, we prove the

following proposition.

Proposition 2.1 Suppose that pap € Z(Hap) and that

B (A4; B), > logy | A| (1 - <), (2.105)

for some € € (0,1). Then pap is close to Pap up to some local unitary Up:

1
5 HpAB - Uj_qcpABU;H1 < (2/zIn |A])/2. (2.106)
Proof. Let us consider
Euq (4 B), > log, |A] (1 - ). (2.107)
Then
1
5[ (A; B)p > By (A; B)p > log, |A| (1 —¢). (2.108)
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Let ¢ apg be a purification of pap. Then

2log, |A| (1 —¢) < I(A;B), (2.109)
= S(4), — S(A|B), (2.110)
=S(A), + S(A|E)y. (2.111)
From (2.111), we get

2elog, |A] > —S(A|E) + log, |A| + log, |A] — S(A) (2.112)
> D (Yapl|ma ® ¥p) (2.113)

1
> oo lar —ma @ ¥sll}, (2.114)

where m4 = ‘H is the maximally mixed state. We have

14]
[ag — ma ®@ Vel <2¢/eln|A|, (2.115)
which implies (see Lemma 2.9)

F(ap, ma®vp) > 1—2/cln[A]. (2.116)

Invoking Ulhmann’s theorem and then monotonicity of the fidelity under partial trace, we can

conclude that there exists some local unitary operator Ug such that

F(pag, Usp®apUly) > 1 —2y/cn|A]. (2.117)
Using (2.117) in Lemma 2.9, we get

HpAB—UABq)BU]gH1 <2y/2¢/cIn[A]. (2.118)
This completes the proof. m
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Entropy of Entanglement

Proposition 2.2 Suppose that ¥ 4p is a pure state and that
S(A)y = (1 —¢€)log, |A],
for some € € (0,1). Then there ezists a unitary operator Ug such that
%HUBWBU; — @[ < (2eIn A
Proof. Consider that our inequality is the same as
S (4), — (1—2)logy 4] > 0.
We find that

S(A)y = (1 —e)log, |A] = 5 (A),, — log, [A] + elog, | A]

= =D (@allma) + clog, |A]

By assuming (2.119), we find that

1 2
elogy |A] > D (Yallma) > I [Va — mally-

(2.119)

(2.120)

(2.121)

(2.122)

(2.123)

(2.124)

By an application of Uhlmann’s theorem and Lemma 2.9, we recover the statement of the theorem.
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Chapter 3 Fundamental Limits on Entangling Abilities of Bipartite
Quantum Interactions

A bipartite quantum interaction is an underlying Hamiltonian that governs the physical evolution
of an open bipartite quantum system. In general, any two-body quantum system of interest can
be in contact with a bath, and part of the composite system may be inaccessible to observers
possessing these systems. As contact with the surrounding (bath) is unavoidable, the study of
bipartite quantum interactions is pertinent. Depending on the kind of bipartite interaction and the
input states, entanglement can be created, destroyed, or changed between two quantum systems
[81,98]. As entanglement is one of the fundamental and intriguing quantum phenomena [29, 30],
determining the entangling abilities of bipartite quantum interactions is important. These bounds
imply fundamental limitations on information processing capabilities over a repeaterless bipartite
quantum network. Non-trivial bounds on the entangling abilities can also serve as the benchmarks
for the efficiency testing of bipartite quantum gates in Noisy Intermediate-Scale Quantum (NISQ)
processors [99] (cf. [100]).

It is known from quantum mechanics that a closed system evolves according to a unitary trans-
formation [1,2]. Let U f, BB —App D€ a unitary associated to an underlying Hamiltonian H, which
governs the physical evolution of the input subsystems A’ and B’ in the presence of a bath E’, to
produce output subsystems A and B for the observers and E for the bath. In general, the individual
input systems A’, B’, and E’ and the respective output systems A, B, and E can have different
dimensions. Initially, in the absence of an interaction Hamiltonian H, the bath is taken to be in
a pure state and the systems of interest have no correlation with the bath; i.e., the state of the
composite system A’B’'E’ is of the form wa g ® 7, for some fixed state 7z of the bath. Under the

action of the Hamiltonian H , the state of the composite system transforms as
PABE = UH(wA/B/ ®TE/)<UH)T~ (3.1)

Since the system F in (3.1) is inaccessible, the evolution of the systems of interest is noisy in general.

Most of this chapter is based on [31], a joint work with Stefan Bauml and Mark M. Wilde.
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The noisy evolution of the bipartite system A’B’ under the action of the interaction Hamiltonian
H is represented by a completely positive, trace-preserving (CPTP) map [41], called a bipartite
quantum channel:

NE L lwas) = Trp{U (warp @ 1) (U1, (3.2)

where system F represents inaccessible degrees of freedom. In particular, when the Hamiltonian
H is such that there is no interaction between the composite system A’B’ and the bath E’, and
A'B' ~ AB, then N corresponds to a bipartite unitary, i.e., N7(-) = U, (U5 .5)".

In the setting of an information processing task, when two spatially separated observers have
access to different pair of quantum systems, (A’ A) or (B’, B), then a bipartite channel N g, ap
is also called bidirectional channel.

In this chapter, we focus on two different information-processing tasks relevant for bipartite
quantum interactions, the first being entanglement distillation [46,101,102] and the second secret
key agreement [78,79,103,104]. Entanglement distillation is the task of generating a maximally
entangled state, such as the singlet state, when two separated quantum systems undergo a bipartite
interaction. Whereas, secret key agreement is the task of extracting maximal classical correlation
between two separated systems, such that it is independent of the state of the bath system, which
an eavesdropper could possess.

In an information-theoretic setting, a bipartite interaction between classical systems was first
considered in [105] in the context of communication; therein, a bipartite interaction was called a two-
way communication channel. In the quantum domain, bipartite unitaries have been widely consid-
ered in the context of their entangling ability, applications for interactive communication tasks, and
the simulation of bipartite Hamiltonians in distributed quantum computation [21,48,84,106-113]
(see also Section 3.1). These unitaries form the simplest model of non-trivial interactions in many-
body quantum systems and have been used as a model of scrambling in the context of quantum
chaotic systems [114-116], as well as for the internal dynamics of a black hole [117] in the context of
the information-loss paradox [118]. More generally, [119] developed the model of a bipartite interac-
tion or two-way quantum communication channel. Bounds on the rate of entanglement generation

in open quantum systems undergoing time evolution have also been discussed for particular classes
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of quantum dynamics [32,120].

The maximum rate at which a particular task can be accomplished by allowing the use of a
bipartite interaction a large number of times, is equal to the capacity of the interaction for the task.
The entanglement generating capacity quantifies the maximum rate of entanglement that can be
generated from a bipartite interaction. Various capacities of a general bipartite unitary evolution
were formalized in [84]. Later, various capacities of a general two-way channel were discussed
in [119]. The entanglement generating capacities or entangling power of bipartite unitaries for
different communication protocols have been widely discussed in the literature [84,85,107,121-123].
Also, prior to the work of [31], it was an open question to find a non-trivial, computationally efficient
upper bound on the entanglement generating capacity of a bipartite quantum interaction.

In this chapter, we determine bounds on the capacities of bipartite interactions for entanglement
generation and secret key agreement. The organization of this chapter is as follows. In Section 3.2,
we derive a strong converse upper bound on the rate at which entanglement can be distilled from a
bipartite quantum interaction. This bound is given by an information quantity introduced in [31,
Section 3.1], called the bidirectional max-Rains information R%’%(A) of a bidirectional channel
N. The bidirectional max-Rains information is the solution to a semi-definite program and is thus
efficiently computable. In Section 3.3, we derive a strong converse upper bound on the rate at
which a secret key can be distilled from a bipartite quantum interaction. This bound is given by

a related information quantity introduced in [31, Section 4.1], called the bidirectional max-relative

2—2
Emax

entropy of entanglement (NV) of a bidirectional channel A/. In Section 3.4, we derive upper
bounds on the entanglement generation and secret key agreement capacities of bidirectional PPT-
and teleportation-simulable channels, respectively. Our upper bounds on the capacities of such

channels depend only on the entanglement of the resource states with which these bidirectional

channels can be simulated.
3.1 Bipartite interactions and controlled unitaries

Let us consider a bipartite quantum interaction between systems X’ and B’, generated by a

Hamiltonian H g &, where F' is a bath system. Suppose that the Hamiltonian is time independent,
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having the following form:

}A[X’B’E' = Z |:L’> <x|X/ ® [:Ig/E/’ (33>

reX
where {|2)},ex € ONB(Hx/) and H%,,, is a Hamiltonian for the composite system B'E’. Then,

the evolution of the composite system X’'B’E’ is given by the following controlled unitary:

Uat) =Y o) o]y @ exp(— Hipt) (3.4)

zeX

where t denotes time. Suppose that the systems B’ and E’ are not correlated before the action of
Hamiltonian H%,,, for each z € X. Then, the evolution of the system B’ under the interaction
HE, ., is given by a quantum channel M%, _ , for all .

For some distributed quantum computing and information processing tasks where the controlling

system X and input system B’ are jointly accessible, the following bidirectional channel is relevant:

Nxpoxs() = Y la){elx © Mg (2] () 2)x) - (3:5)

zeX

In the above, X’ is a controlling system that determines which evolution from the set {M%},cx
takes place on input system B’. In particular, when X’ and B’ are spatially separated and the
input state for the system X’B’ are considered to be in a product state, the noisy evolution for such

constrained interaction is given by the following bidirectional channel:

Nxpoxp(ox @ pp) =Y (xlox |2) g |2) (2] @ M3, 5(ps). (3.6)

zeX

3.2 Entanglement distillation from bipartite quantum interactions

In this section, we define the bidirectional max-Rains information R22(A) of a bidirectional

max

channel A/ and show that it is not enhanced by amortization. We also prove that R%2(N) is
an upper bound on the amount of entanglement that can be distilled from a bidirectional channel
N. We do so by adapting to the bidirectional setting, the result from [54] and recent techniques

developed in [74,87,91] for point-to-point quantum communication protocols.
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Figure 3.1. A protocol for PPT-assisted bidirectional quantum communication that uses a bidirec-
tional quantum channel N n times. Every channel use is interleaved by a PPT-preserving (PPT-P)
channel. The goal of such a protocol is to produce an approximate maximally entangled state in
the systems M4 and Mpg, where Alice possesses system M, and Bob system Mp.

3.2.1 Bidirectional max-Rains information

The following definition generalizes the max-Rains information from (2.89), (2.93), and (2.94)

to the bidirectional setting:

Definition 3.1 (Bidirectional max-Rains information) The bidirectional maz-Rains informa-

tion of a bidirectional quantum channel Nyg_ap is defined as

R272(N) := log I 72(N), (3.7)

max

where T?7%(N) is the solution to the following semi-definite program:

minimize [|[Trap{Vi,aBry; + YiaaBrs o

subject to Vi, aBry, Yo, aBrs = 0,

Tory(Viaabry — Yiaanrs) = J1 ALy (3.8)

where JﬁABLB denotes the Choi operator of the bidirectional channel N, such that Ly ~ A, and

LB ~ B

Remark 3.1 By employing the Lagrange multiplier method, the bidirectional max-Rains informa-

tion of a bidirectional channel Nap_ap can also be expressed as

R272(N) = logT*%(N), (3.9)

max
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where T*72(N) is solution to the following semi-definite program (SDP):

maximize Tr{‘]ﬁABLBXLAABLB}
subject to X1 ,4BLy, Prars = 0,

Te{pr s} =1, —prirs @ Lap < Tpr,(Xp,a8Ls) < prirs @ Lag, (3.10)

such that Ly ~ A’, and Lp ~ B’'. Strong duality holds by employing Slater’s condition [26] (see also
[92]). Thus, as indicated above, the optimal values of the primal and dual semi-definite programs,

i.e., (3.10) and (3.8), respectively, are equal.

The following proposition constitutes one of our main technical results, and an immediate corol-
lary of it is that amortization does not enhance the bidirectional max-Rains information of a bidi-

rectional quantum channel.

Proposition 3.1 (Amortization ineq. for bidirectional max-Rains info.) Let py, ap1, be

an arbitrary state and let Nag_ap be a bidirectional channel. Then

Rmax(LAA; BLB)w S Rmax(LAAI; B/LB)p + R2H2(N)7 (311>

max

where wy,,apry = Napap(prapr,) and RE72(N) is the bidirectional maz-Rains information

of NA’B’—>AB-

Proof. We adapt the proof steps of [91, Proposition 1] to the bidirectional setting. By removing

logarithms and applying (2.91) and (3.7), the desired inequality is equivalent to the following
W(LaA; BLg), < W(LAA'; B'Lg), - T°7*(N), (3.12)
and so we aim to prove this one. Exploiting the identity in (2.92), we find that

W(LAA/; B/LB)p = minTr{CLAA’B/LB + DLAA’B’LB}7 (313)
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subject to the constraints

CLAA/B’LBa DLAA/B’LB Z 07 (314)

TB/LB (CLAA/B,LB - DLAA/B/LB) Z pLAA/B,LBa (315)
while the definition in (3.8) gives that
I*72(N) = min | Trap{ Ve, a8rs + Yraa8Rs Hiso, (3.16)

subject to the constraints

VeraaBRg: YRAABRs 2 0, (3.17)

Tary(VrRaaBRs — YRAABRE) = JJA%[AABRB- (3.18)
The identity in (2.92) implies that the left-hand side of (3.12) is equal to
W(LaA; BLg), = min Tr{EL ,aBr, + FL,ABLs } (3.19)
subject to the constraints

Er,aBrg, Fryapry 20, (3.20)

Nupap(praapry) < Tory,(Er,asr, — Fr,aBL,). (3.21)

Once we have these SDP formulations, we can now show that the inequality in (3.12) holds by
making appropriate choices for Er, ,apr,, Fr,ar,. Let Cp,ap 1, and Dy, ap 1, be optimal for
W (LaA'; B'Lg),, and let Vi, apr, and Y7, a1, be optimal for I*72(N). Let |T>RARB:A,B, be the

maximally entangled vector. Choose

Eraapry = (Ylp, rparp Coansig @ VRyabrs + Dojanin, @ Yo,aprs (Vg ppan (3:22)

Froapry = (Ylp, pyarn Craasiny @ Yraaprs + Dojapry © Veyars | Vg ppap - (3:23)
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The above choices can be thought of as bidirectional generalizations of those made in the proof
of [91, Proposition 1] (see also [90, Proposition 6]), and they can be understood roughly via (2.22)
as a post-selected teleportation of the optimal operators of W(L4A’; B'Lg), through the optimal
operators of I’*72(N), with the optimal operators of W (L4 A’; B'Lp), being in correspondence with

the Choi operator JJJ%/AABRB through (3.18). Then, we have, Er  apr,, Fr,apL, > 0, because

CraaBLg DoaaB iy, YRaABRE VRaABRy = 0. (3.24)
Also, consider that
ELAABLB - FLAABLB
= (Yp,rpap Cranpry — Dryaprg) ® (Vryanrs — YRaaBrs) | 1) ryrpoarn (3.25)

= Trp,anrs V)Y g, ppan (Craapry, — Doyapry) ® (VRyapr, — Yraasr,)}  (3.26)

Then, using the abbreviations £ :== FEp apr,, F' = Fr,apL;, C' = Cr,apry D' = Di,aprL,,
V"= Vg,aBrs, and Y' :== Ygr, aBr,, we have
Tpry(E = F') = Tpry [Trryamre UT{(Y g, pypap (C'— D) @ (V! = Y')}] (3.27)

= Thrs [ Trraa s re ()Y, ppa s (C'"—= D)@ (Tg, o Tr,) (V' — Y’)}] (3.28)

[
[
[
[

= Tary TRy r{ Ty |T)(Vlg, ppap (O — D) @ Tr, (V' = Y")}] (3.29)
=Ty [Trraa s 0Ty pparp Tor(C" = D) @ T, (V! = Y')}] (3.30)
= Trr, a5 R L)Ll g ryarp T (C = D) @ Tpr, (V! = Y7)} (3.31)
> <T|RARB:AB PLAA'B Ly @ JQ/AABRB |T>RARB:AB (3-32)
= NapaB(praapiLy)- (3.33)

In the above, we employed properties of the partial transpose reviewed in (2.24)—(2.26). Now,
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consider that

Te{EL apLy + FraBLp}

=Te{(Y|p,ppap (Craanry, + Doanry) ® Veyasrs + Yraasrs) | V) p ppapt  (3:34)

=Tr{(Cr apry +Droapry)Tas(Vasass +Yaass)} (3.35)
=Te{(Craapry + Dojasng) Tas (Trap{Vaaps + Yaaps )} (3.36)
< Te{(Craapiy +Dryapig) | Tap (Trap{Vaase + Yaase)}H (3.37)
=Te{(Croapry +Dryaig) WTrag{Vaass + Yaass } (3.38)
= W(LaA'; B'Lg), - T*7*(N). (3.39)

The inequality is a consequence of Holder’s inequality [39]. The final equality follows because the
spectrum of a positive semi-definite operator is invariant under the action of a full transpose (note,
in this case, T 4/p: is the full transpose as it acts on reduced positive semi-definite operators Vg
and Yarp).

Therefore, we can infer that our choices of Er, 451y, F1,aBL, are feasible for W (L, A; BLg),,.
Since W(LaA; BLp), involves a minimization over all Er,apL,, FL,aBL, satisfying (3.20) and

(3.21), this concludes our proof of (3.12). =

An immediate corollary of Proposition 3.1 is the following:

Corollary 3.1 Amortization does not enhance the bidirectional max-Rains information of a bidi-

rectional quantum channel Ny p_ap; i.e., the following inequality holds

R272 (N) < RZ2(N), (3.40)

max,A max

where R222 \(N) is a measure of the entangling power of a bidirectional channel N, i.e.,

RZ22\(N) = sup [Ruax(LaA; BLp)y — Ruax(LaA’; B'Lp),), (3.41)

max,A
PL aB'Lg€PML sarB/Ly)

and oy aBrLy = Napap(prapry), where La and Lp can be arbitrarily large.
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Proof. The inequality R27? ,(N) < R*2(N) is an immediate consequence of Proposition 3.1. Let

max,A max

pL,A'B L, denote an arbitrary input state. Then from Proposition 3.1

Rmax(LAA; BLB)w - Rmax(LAA/; B/LB)p S R2H2<N)7 (342>

max

where wr, ,apr, = Narpr—ap(pr,apLy). As the inequality holds for any state pp, ap1,, We con-
clude that R}2 ,(N) < RL2Z(N). =

See Appendix B for some examples where the bidirectional max-Rains information of some

channels are numerically evaluated.

3.2.2 Application to entanglement generation

In this section, we discuss the implication of Proposition 3.1 for PPT-assisted entanglement
generation from a bidirectional channel'. Suppose that two parties Alice and Bob are connected
by a bipartite quantum interaction. Suppose that the systems that Alice and Bob hold are A" and
B’, respectively. The bipartite quantum interaction between them is represented by a bidirectional
quantum channel N4 g, a5, where output systems A and B are in possession of Alice and Bob,

respectively. This kind of protocol was considered in [84] when there is LOCC assistance.

Protocol for PPT-assisted entanglement generation

We now discuss PPT-assisted entanglement generation protocols that make use of a bidirectional
quantum channel. We do so by generalizing the point-to-point communication protocol discussed
in [54] to the bidirectional setting.

In a PPT-assisted bidirectional protocol, as depicted in Figure 3.1, Alice and Bob are spa-
tially separated and they are allowed to undergo a bipartite quantum interaction Ny p/_ 45, where
for a fixed basis {|i)g|j)L,}ij, the partial transposition Tgy, is considered on systems associ-

ated to Bob. Alice holds systems labeled by A’, A whereas Bob holds B’, B. They begin by per-

Tt is an open question whether or not NPT (non-positive under partial transpose) bound entan-
gled states exist. However, it is known that all bipartite quantum states that are non-positive under
partial transpose are distillable via some PPT-preserving channels [124]. Therefore, in the standard
case, the free operations allowed for the task of entanglement distillation are LOCC channels.
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(1)

La, A\B| L, where

. . 1) .
forming a PPT-preserving channel P, La, A\ BLg," which leads to a PPT state p
Ly, Lp, are finite-dimensional systems of arbitrary size and A}, B] are input systems to the first

channel use. Alice and Bob send systems A} and Bj, respectively, through the first channel use,

which yields the output state U(LllelBngl = Na a8 (pgf)uAﬁBiLBl)' Alice and Bob then per-

, which leads to the state p(2) =

form the PPT-preserving channel 77222 L, AyByLs
2 2

1A131L31~>LA2A/235L52
(2) (1) ; I B!
La, Ay By L, > Loay AYBy L, (ULAlAlBlLBI)' Both parties then send systems A, B through the second

: . 2 2
channel use N, AL B, —AsBas which yields the state O'(L 22 AsBoLp, = N AL Bl Ay Bg(p(Li2 A, LBQ)‘ They
iterate this process such that the protocol makes use of the channel n times. In general, we have

the following states for the ith use, for i € {2,3,...,n}:

() — p() (i-1)
pLAiA;BZ/'LBi o PLAi71Ailez‘71LB¢71 —La,A}B{Lp, <ULAi_1Ailei*1LBi—1 )’ (343>
o® VO (o ) (3.44)

where 778 A is a PPT-preserving channel, with the partial transposition

i_1Ai—1Bi—1Lp, —La,A;B{Lp,

i )

acting on systems B;_1, Lp, , associated to Bob. In the final step of the protocol, a PPT-preserving

channel Pérfiin B. L —sMaMp 1S applied, that generates the final state:

. n+1 n
WMsMp = E/AnfannLBn—)MAMB(OLAnA’nB;LLBn)’ (3.45)
where M4 and Mp are held by Alice and Bob, respectively.
The goal of the protocol is for Alice and Bob to distill entanglement in the end; i.e., the final state
w M should be close to a maximally entangled state @7, ar,. For a fixed n, |[M| €N, ¢ € [0,1],
the original protocol is an (n,@Q,e) protocol if the channel is used n times as discussed above,

|Ma| = [Mp| = |M]|, Q := ; log, |M], and if

Fwnryntgs Prranag) = (Plag,ar, WMants [®) 4p (3.46)

>1—¢, (3.47)

where @)/, is the maximally entangled state. A rate () is said to be achievable for PPT-
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assisted entanglement generation if for all € € (0,1], 6 > 0, and sufficiently large n, there exists
an (n,Q — 0,¢) protocol. The PPT-assisted entanglement generation capacity of a bidirectional
channel N, denoted as Q32(N), is equal to the supremum of all achievable rates. Whereas, a rate
@ is a strong converse rate for PPT-assisted entanglement generation if for all € € [0,1), § > 0,
and sufficiently large n, there does not exist an (n,Q + d, ) protocol. The strong converse PPT-
assisted entanglement generation é%ﬁ%(/\/' ) is equal to the infimum of all strong converse rates. A
bidirectional channel N is said to obey the strong converse property for PPT-assisted entanglement
generation if QEp2(N) = Qg2 (N).

Note that every LOCC channel is a PPT-preserving channel. Given this, the well-known fact
that teleportation [18] is an LOCC channel, and PPT-preserving channels are allowed for free in the
above protocol, there is no difference between an (n, @, €) entanglement generation protocol and an
(n,Q, &) quantum communication protocol. Thus, all of the capacities for entanglement generation
are equal to those for quantum communication.

Also, we can consider the whole development discussed above for LOCC-assisted bidirectional
quantum communication instead of more general PPT-assisted bidirectional quantum communica-
tion. All the notions discussed above follow when we restrict the class of assisting PPT-preserving
channels allowed to be LOCC channels. It follows that the LOCC-assisted bidirectional quan-

22 2—2

tum capacity Q7géc(N) and the strong converse LOCC-assisted quantum capacity @LOCC(N ) are

bounded from above as

2326(N) < QERA(N), (3.48)
D2320(N) < QEEA(N). (3.49)

Also, the capacities of bidirectional quantum communication protocols without any assistance are
always less than or equal to the LOCC-assisted bidirectional quantum capacities.

The following lemma will be useful in deriving upper bounds on the bidirectional quantum
capacities in the forthcoming sections, and it represents a generalization of the amortization idea

to the bidirectional setting (see [84] in this context).

Lemma 3.1 Let Entppr(A; B), be a bipartite entanglement measure for an arbitrary bipartite state

49



pap. Suppose that Entppr(A; B), vanishes for all pap € PPT(A : B) and is monotone non-
increasing under PPT-preserving channels. Consider an (n, M, e) protocol for PPT-assisted entan-

glement generation over a bidirectional quantum channel Nap_ap, as described in Section 3.2.2.

Then, the following bound holds:
EIltppT(MA; MB)UJ S n EntppT,A(N), (350)
where Entppr 4(N) is the amortized entanglement of a bidirectional channel N, i.e.,

EntppT’A(N) = sup [EntppT(LAA; BLB)U — El’ltppT(LAA/; B/LB)p] s (351)

PLaa'B Ly €YML 4arB/Ly)
such that op,apL, = Napap(proapiLy).

Proof. From the discussion above, as Entppr is monotonically non-increasing under the action of

PPT-preserving channels, we get that

Entppr(Ma; Mp), < Entppr(La, An; BoLp, ) m (3.52)
= EntppT(LAnAn; BnLBn)a(”) — EntppT(LAlAll; BiLBl)p(l) (353)

= EntpPT(LAn An; BnLBn )a(")

+ Z Entppr(La, Af; BiLp,) ) — Entppr(La, Aj; BiLp,) )

=2
— EntppT(LA1 All, BiLBl)pu) (354)
< [Entppr(La,Ai; BiLp,) 0 — Entppr(La,Aj; BiLp,) 40 (3.55)
i=1
S n EntPPT,A(N>~ (356)

1)

The first equality follows because pp 4/ gy
17171 1

is a PPT state with vanishing Entppr. The second
equality follows trivially because we add and subtract the same terms. The second inequality follows

because EntppT(LAiAg; B;LBi)p(i) S EntPPT(LAi,lAi—l; Bi—lLBi,l) 1) for all i € {2, 3, c. ,n}, due

oli=

to monotonicity of Entppr with respect to PPT-preserving channels. The final inequality follows
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by applying the definition in (3.51) to each summand. =

Strong converse rate for PPT-assisted entanglement generation

We now establish the following upper bound on the entanglement generation rate ) (qubits per

channel use) of any (n, @,¢) PPT-assisted protocol:

Theorem 3.1 For a fitedn, |M| € N, ¢ € (0,1), the following bound holds for an (n,Q,e) protocol

for PPT-assisted entanglement generation over a bidirectional quantum channel N :

2—2 l 1
Q< R+ 1oy (1) (3.57)

such that Q = +log, |M].

Proof. From earlier discussion, we have that

Tr{@MAMBwMAMB} Z 1-— g, (358)

while [46, Lemma 2] implies that

1

VO-JMAJMB S PPT/(MA . MB>7 Tr{QMAMBO-MAMB} S W (359)

Under an “entanglement test”, which is a measurement with POVM { @, vy, Lasynig — Poranis

and applying the data processing inequality for the max-relative entropy, we find that
Ruax(Ma; Mp), > log,[(1 — )| M]]. (3.60)
Applying Lemma 3.1 and Proposition 3.1, we get that
Runax(Ma; M), < nR22Z(N). (3.61)

max

Combining (3.60) and (3.61), we get the desired inequality (3.57). =

51



Remark 3.2 The bound in (3.57) can also be rewritten as

2—2

1 — e < 2 MQ-BrZ(NV)], (3.62)

Thus, if the bidirectional communication rate Q) is strictly larger than the bidirectional maz-Rains

2—2

max

information R272(N), then the fidelity of the transmission (1 —¢) decays exponentially fast to zero

in the number n of channel uses.

An immediate corollary of the above remark is the following strong converse statement:
Corollary 3.2 The strong converse PPT-assisted bidirectional quantum capacity of a bidirectional
channel N is bounded from above by its bidirectional maz-Rains information:

D22(N) < RE22(N). (3.63)

max

3.3 Secret key distillation from bipartite quantum interactions

In this section, we define the bidirectional max-relative entropy of entanglement £%2(N'). The
main goal of this section is to derive an upper bound on the rate at which secret key can be distilled
from a bipartite quantum interaction. In deriving this bound, we consider private communication

protocols over bidirectional quantum channels, and we make use of recent techniques developed in

quantum information theory for point-to-point private communication protocols [54, 74,79, 80].

3.3.1 Bidirectional generalized divergence of entanglement

We define divergence based measures to quantify the ability of distilling secret key from a

bipartite quantum channel.

Definition 3.2 The generalized divergence of entanglement from a bidirectional channel Nap_ ap
1s defined as
E572(N) = sup E(L,A;BLg),, (3.64)

pESEP(LAA/:B/LB)
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where E(LsA; BLg),, is a generalized divergence of entanglement of the state

WL ABLp = NA’B’%AB(pLAA’B’LB); (3-65)
with L, and Lg being arbitrarily large,

E(A;B), = inf  D(rizllo4p). (3.66)

UABGSEP(A:B)

The following definition generalizes a channel’s max-relative entropy of entanglement from [74]
to the bidirectional setting, which we get after substituting generalized divergence D in (3.66) with

the max-relative entropy D .y:

Definition 3.3 (Bidirectional max-relative entropy of entanglement) The bidirectional maz-

relative entropy of entanglement of a bidirectional channel Nap _ap is defined as

E*2(N)=  max  FEuna(LaA; BLp).,, (3.67)

max
Y, a®PpIL

where wr, ,apLy = Napsap(Vr,a @ ¢piny), and ¥, a0 @ ¢pr, € SEP(L4A": B'Lg) is a pure

tensor-product state such that Ly ~ A’, and Lg ~ B’.

Remark 3.3 Note that we could define E22(N) to have an optimization over separable input
states pr apL, € SEP(LAA': B'Lg) with finite-dimensional, but arbitrarily large auxiliary systems
Ly and Lp. However, the quasi-convexity of the maz-relative entropy of entanglement [69, 70] and

the Schmidt decomposition theorem guarantee that it suffices to restrict the optimization to be as

stated in Definition 3.3.

Analogous to definition of the bidirectional max-relative entropy of entanglement aforemen-
tioned, definition of the bidirectional relative entropy of entanglement E%7%(A) of an arbitrary
bidirectional channel N is obtained by substituting generalized divergence in (3.66) with the rela-

tive entropy.
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Remark 3.4 The bidirectional max-relative entropy of entanglement and the bidirectional relative
entropy of entanglement of a bidirectional channel Nag_ap are both zero if and only if Nap_an

1s a separable channel.

Proposition 3.2 (Amortization ineq. for bidirectional max-relative entropy) Let pr, 451,

be an arbitrary state and let Ny g ap be a bidirectional channel. Then

Emax(LAA; BLB)w S Emax<LAA/; B/LB)p + EZHQ(N% (368)

max

where wr ,apLy = Napsap(praaprs) and EX2(N) is the bidirectional maz-relative entropy of

entanglement of Ny ap.

Proof. Let us consider states o7 yp, € SEP(LaA": B'Lp) and op,apr, € SEP(L4A: BLp),
where L4 and Lp are finite-dimensional, but arbitrarily large. With respect to the bipartite cut

LaA : BLg, the following inequality holds

Ernax(LaA; BLp)y < DyaxNarp s ap(praap i) on,aBLy)- (3.69)

Applying the data-processed triangle inequality [74, Theorem III.1], we find that

DaxNargr—ap(praapg)|on,apry)

< Duax(praasisllor,apry) + DmaxNars5a8(0 , aprp,)|0LaaBLS)- (3.70)

. , . .
Since 07, yrpi1,, and 01,41, are arbitrary separable states, we arrive at

Emax(LAA; BLB)w S Emax(LAA,; BILB)p + Emax(NA’B’%AB(UILAA/B/LB)), (371)

where wy 4Ly, = Napap(pryapr,). This implies the desired inequality after applying the

observation in Remark 3.3, given that 07, ;. € SEP(LAA":B'Lp). =

An immediate consequence of Proposition 3.2 is the following corollary:
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Corollary 3.3 Amortization does not enhance the bidirectional maz-relative entropy of entangle-
ment of a bidirectional quantum channel Ny _ap; and the following equality holds:

Ex72 (N) = E22(N), (3.72)

max,A max

where E272 ((N) is the amortized entanglement of a bidirectional channel N, i.e.,

E*2 (N) = sup [Eiax(LaA; BLp)y — Emax(LaA'; B'Lp),], (3.73)

max,A
PLaaB'Lg€PHL yarp/Ly)

and o, ,aprLy = Narp—ap(prapL,) where Ly and Lp can be arbitrary large.

Proof. The inequality F%2,(N) > E%2(N) always holds. The other inequality E%2,(N) <

max,A max max,A

E272(N) is an immediate consequence of Proposition 3.2 (the argument is similar to that given in

max

the proof of Corollary 3.1). =

3.3.2 Application to secret key generation
Protocol for LOCC-assisted secret key generation

We first discuss an LOCC-assisted secret key generation protocol that employs a bidirectional
quantum channel.

In an LOCC-assisted secret key generation protocol, Alice and Bob are spatially separated and
they are allowed to make use of a bipartite quantum interaction N p/_,4ap, where the bipartite
cut is considered between systems associated to Alice and Bob, L4A: LgB. Let UY 5, 455 be an

isometric channel extending N p/_,a5:

N N N T
Unpape() = Uspape(t) (UA’B’—>ABE) , (3.74)
where U}z, 4pp iS an isometric extension of Myp,ap. Let us assume that the eavesdropper
Eve has access to the system E, also referred to as the environment, as well as a coherent copy of
the classical communication exchanged between Alice and Bob. One could also consider a weaker

assumption, in which the eavesdropper has access to only part of £ = E'E".
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Alice and Bob begin by performing an LOCC channel Eé}z La ALB| Ly,
1 1
(1)

PLy A B Ly, € SEP(La, A} :B|Lg,), where Ly, Lg, are finite-dimensional systems of arbitrary size
1 1

which leads to a state

and A}, B! are input systems to the first channel use. Alice and Bob send systems A} and B, respec-

tively, through the first channel use, that outputs the state J(LllelBlLBI = NAQB{—>A181 (p(leilA/lBiLBl ).
They then perform the LOCC channel £ , which leads to the state p(2)

LAlAlBlLBlﬁLAQAIZBéLB2
(2) (1) ; I B
La, AvBi L, —La, AYBy L, (ULA1A131L51>' Both parties then send systems A, B through the second

. . 2 2 .
channel use N AL B} Ay By, Which yields the state U(LjQ AsBoLp, = N, AL Bl A2 By (p(Li2 AyBY L, ). They it-
erate the process such that the protocol uses the channel n times. In general, we have the following

states for the ¢th channel use, for i € [n]:

(%) — @ (i—1)
pLAiA;BgLBi T ELAi,lAiqBiqLBi,l—>LAZ~A’L-B{L31. <O’LAi_1Ailei—1LBi_1)’ (3'75>
o) — N us (o ) (3.76)

where ,C(Li?4 A

i_1Ai—1Bi—1Lp, —La,A;B{Lp,

i )

B;_1Lp, ,. In the final step of the protocol, an LOCC channel ,C(Ln:ljn B.Lp. KKy 1S applied, which
generates the final state:

. pln+l) n
WK Kp = ‘CLAnA’ B! LBn—>KAKB<0LAnA’nB;LLBn)7 (3.77)

n-—mn

where the key systems K4 and Kp are held by Alice and Bob, respectively.
The goal of the protocol is for Alice and Bob to distill a secret key state, such that the systems
K4 and Kp are maximally classical correlated and in tensor product with all of the systems that

Eve possesses (see Section 2.7 for a review of tripartite secret key states).

Purifying an LOCC-assisted secret key agreement protocol

As observed in [78,79] and reviewed in Section 2.7, any protocol of the above form can be purified

in the following sense.
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The initial state p(le A BLy € SEP(La, A :BjLp,) is of the following form:
1 1

(1)
PLa A Bl Lg, — Zle y1) TLA A ®gLBIB" (3.78)

Y1

The classical random variable Y] corresponds to a message exchanged between Alice and Bob to

establish this state. It can be purified in the following way:

|¢(1)>Y15A1LA1A/131L31531 " Z V le N |y1 ® |7_y Sa,La, AL ® |§ >SBlLBlB§’ (379)

where S4, and Sp, are local “shield” systems that in principle could be held by Alice and Bob,

respectively, |T7%)g A and [¢¥1) Sp, L, B, purify TL A and gL B , respectively, and Eve possesses
1 1

system Y7, which contains a coherent classical copy of the classical data exchanged between Alice and

Bob. Each LOCC channel E(LZL Ai1BioiLp, ,—La, A/BILp

i i

can be written in the following form [26],

for all i € {2,3,...,n}:

L

o— Yi Yi
Ai_lAileiflLB —)LA A’ B! LB T : :ELAi_lAifl—)LAiA; ®f B;_ 1LBz 1—>B£LBi7 (38())

1 k2 K2
Yi

where {5% AiLa A,}yz and {Fy Lo =B, LBi}yi are collections of completely positive, trace
non-increasing maps such that the map in (3.80) is trace preserving. Such an LOCC channel can

be purified to an isometry in the following way:

E(Z — EYi FYi
ULa, | AisBiosLp, YiSa La A\BLy Sp, = E Widy, ®UL, o issara,n OUb Ly BiLg S >
Yi

(3.81)

gvi Fui
where {U A4, La, A’}yz and {U B, \Lp,_,+BLp.Sp, }y: are collections of linear operators (each

Fyi
BiflLBi_l _)BZ(LBiSBi 00

of which is a contractlon, ie., < 1 for all ;) such

Y
(e o]

Ly, Ai—lﬁSAiLAiA;-

i—1

that the linear operator UX” in (3.81) is an isometry, the system Y; being held by Eve. The final

LOCC channel can be written similarly as

(n+1) ._§ : Yn+1 Yn
£LA"A{,LB»/,7,LB"*>KAKB T gLAnAnﬁKA F LB —Kp? (382)

Yn+1
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and it can be purified to an isometry similarly as

L£(n+1) L EYn+1 FYn+1
ULAnAanLBn—>Yn+1SAn+1KAKBSBn+1 = E |?/n+1>yn+1 ® ULAnAn—>SAn+1KA ® UKBSBn_H' (3.83)
Yn+1
Furthermore, each channel use N, ABsAB;, for all i € {1,2,...,n}, is purified by an isometry

U ﬁf B/ A,B,5,» Such that Eve possesses the environment system E;.
At the end of the purified protocol, Alice possesses the key system K, and the shield sys-

tems Sy = S4, 54, -S4 Bob possesses the key system Kp and the shield systems Sp =

n+17
SB,SB, "+ SB,,,, and Eve possesses the environment systems £" = E 1 E,--- E, as well as the co-
herent copies Y"! := Y Y,---Y,,; of the classical data exchanged between Alice and Bob. The
state at the end of the protocol is a pure state wyn+1s,x, K555

For a fixed n, |K| € N, ¢ € [0, 1], the original protocol is an (n, K, €) protocol if the channel is

used n times as discussed above, |K4| = |Kg| = | K|, and if

F(WSAKAKBSviySAKAKBSB) >1-— g, (384)

where vs, Kk, k555 1S @ bipartite private state. A rate P is said to be achievable for LOCC-assisted
secret key agreement if for all € € (0,1], 6 > 0, and sufficiently large n, there exists an (n, P — 4, ¢)
protocol. The LOCC-assisted secret-key-agreement capacity of a bidirectional channel NV, denoted
as PP5éc(N), is equal to the supremum of all achievable rates. Whereas, a rate R is a strong
converse rate for LOCC-assisted secret key agreement if for all ¢ € [0,1), 6 > 0, and sufficiently
large n, there does not exist an (n, R+4, ) protocol. The strong converse LOCC-assisted secret-key-
agreement capacity ﬁf&?c (NV) is equal to the infimum of all strong converse rates. A bidirectional
channel N is said to obey the strong converse property for LOCC-assisted secret key agreement if
PioécWN) = 1555}020(/\/’)

Note that the identity channel corresponding to no assistance is an LOCC channel. Therefore, we
can also consider the whole development discussed above for bidirectional private communication
without any assistance or feedback instead of LOCC-assisted communication. All the notions

discussed above follow when we exempt the employment of any non-trivial LOCC-assistance. It
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follows that, unassisted bidirectional private capacity P>7?(AN) and the strong converse unassisted

bidirectional private capacity ]Br?;”(./\f ) are bounded from above as

PrP(N) < Ploge(N), (3.85)

PEN) < PlodcW). (3.86)

The following lemma will be useful in deriving upper bounds on the bidirectional secret-key-
agreement capacity of a bidirectional channel. Its proof is very similar to the proof of Lemma 3.1,

and so we omit it.

Lemma 3.2 Let Entiocc(A; B), be a bipartite entanglement measure for an arbitrary bipartite
state pap. Suppose that Entiocc(A; B), vanishes for all pap € SEP(A : B) and is monotone
non-increasing under LOCC channels. Consider an (n, K, ) protocol for LOCC-assisted secret key
agreement over a bidirectional quantum channel Nyp_ap as described in Section 3.3.2. Then the
following bound holds:

Entrocce(SaKa; KpSp)w < nEntrocc,a(N), (3.87)

where Entrocc,a(N) is the amortized entanglement of a bidirectional channel N, i.e.,

EntLOCC,A(N> = sup [EntLocc(LAA; BLB)O’ — EntLocc<LAA/; B/LB)p] s (388)

PL A B Lg €YML yarB/Ly)
and o, ,apry = Narp—aB(PLoaBLy)-

Strong converse rate for LOCC-assisted secret key agreement

We now prove the following upper bound on the bidirectional secret key agreement rate P =
Llog, | K| (secret bits per channel use) of any (n, P, ¢) LOCC-assisted secret-key-agreement protocol

over a bidirectional channel N

Theorem 3.2 For a firedn, |K| € N, € € (0,1), the following bound holds for an (n, P, ) protocol
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for LOCC-assisted secret key agreement over a bidirectional quantum channel N :

max

1 1
- log, K < E272(N) + - 10g2( ) : (3.89)

1—¢
such that P = Llog, |K]|.

Proof. From Section 3.3.2, the following inequality holds for an (n, | K|, &) protocol:

F(MSAKAKBSB7’YSAKAKBSB) Z 1—- g, (390)

for some bipartite private state vs,x, ks, With key dimension |K|. From Section 2.7, ws, k, k555
passes a y-privacy test with probability at least 1—&, whereas any 7s, ks k555 € SEP(SaK4 : KpSg)
does not pass with probability greater than ﬁ [79]. Making use of the discussion in [74, Sections 111
& 1V] (i.e., from the monotonicity of the max-relative entropy of entanglement under the ~-privacy

test), it can be concluded that

1
10g2 ‘K‘ S Emax<SAKA; KBSB)w + log2 (1——8) . (391)
Applying Lemma 3.2 and Corollary 3.3, we get that

Emax(SAKA; KBSB)w < nE2H2(N) (392)

max

Combining (3.91) and (3.92), we get the desired inequality in (3.89). =

Remark 3.5 Note that Theorem 3.2 applies in the case that the bidirectional channel Nap_ap
s an infinite-dimensional bipartite channel, taking input density operators acting on a separable
Hilbert space to output density operators acting on a separable Hilbert space. We arrive at this

conclusion because the max-relative entropy is well defined for infinite-dimensional states.

Remark 3.6 The bound in (3.89) can also be rewritten as

1—e < 2P FaiV)], (3.93)
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Thus, if the bidirectional secret-key-agreement rate P is strictly larger than the bidirectional max-
relative entropy of entanglement E272(N), then the reliability and security of the transmission (1—¢)

max

decays exponentially fast to zero in the number n of channel uses.

An immediate corollary of the above remark is the following strong converse statement:

Corollary 3.4 The strong converse LOCC-assisted bidirectional secret-key-agreement capacity of
a bidirectional channel N is bounded from above by its bidirectional max-relative entropy of entan-
glement:

PloccW) < Epi(N). (3.94)

max

3.4 Entangling abilities of symmetric interactions

Interactions obeying particular symmetries have played an important role in several quantum
information processing tasks in the context of quantum communication protocols [49-51], quantum
computing and quantum metrology [125-127], and resource theories [128,129], etc.

In this section, we define bidirectional PPT- and teleportation-simulable channels by adapting
the definitions of point-to-point PPT- and LOCC-simulable channels [50,51,54] to the bidirectional
setting. Then, we derive upper bounds on the entanglement and secret-key-agreement capacities
for communication protocols that employ bidirectional PPT- and teleportation-simulable channels,
respectively. These bounds are generally tighter than those given in the previous section, because

they exploit the symmetry inherent in bidirectional PPT- and teleportation-simulable channels.

Definition 3.4 (Bidirectional PPT-simulable) A bidirectional channel Naipi_ap is PPT-simulable
with an associated resource state g ¢ € I (HSASB) if for all input states pap € P (Hap) the

following equality holds
Nupap (pap) = Ps, arprsssan (PA’B’ X GSASB) ; (3.95)

with Py, a1pig, s ap being a PPT-preserving channel acting on SAA':B'Sp, where the partial trans-

position acts on the composite system B'Sg.

The following definition was given in [130] for the special case of bipartite unitary channels:
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Definition 3.5 (Bidirectional teleportation-simulable) A bidirectional channel Nag_ap is
teleportation-simulable with associated resource state 0z, 6. € 9 (HgAgB) if for all input states

parp € P (Hap) the following equality holds
Nupsap (pan) =Ly, wpgyap (Pan @05,5,) (3.96)

where L, 11pig, sap 8 an LOCC channel acting on SuA: B'Sp.

Let ¥ and 4% be finite groups of sizes |G| and |H|, respectively. For g € ¢ and h € 2, let
g — Ua/(g) and h — Vp/(h) be unitary representations. Also, let (g,h) — Wa(g, h) and (g,h) —
Tg(g, h) be unitary representations. A bidirectional quantum channel Ny g/, 4p is bicovariant with
respect to these representations if the following relation holds for all input density operators pa:ps

and group elements g € ¢4 and h € J7:
Nap—ap(Un(g9) ® Vi (h) (parpr)) = Walg, h) @ Ts(g, b)) Nap—as(pas)), (3.97)

where U(g)() = Ulg)() (U(9)", V(R)() = V(W)(-) (V()T, T(g,h)() = T(g,h)(-) (T(g, 1)),
and W(g, h)(-) == W(g,h)(-) (W(g,h))" are unitary channels associated with respective unitary

operators.

Definition 3.6 (Bicovariant channel) A bidirectional channel is called bicovariant if it is bi-
covariant with respect to groups that have representations as unitary one-designs, i.e., for all

pa € D(Ha) and pp € D(Hp),
1 1
@ ZZ/{A/(g)(pA/) = TA and H Z VB’(h)(PB’) = T, (398)
9 h

where wa and mg are mazimally mized states.

An example of a bidirectional channel that is bicovariant is the controlled-NOT (CNOT) gate
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[106], for which we have the following covariances [131,132]:

CNOT(X ® 1) = (X ® X)CNOT, (3.99)
CNOT(Z ® 1) = (Z ® 1)CNOT, (3.100)
CNOT(Y ® 1) = (Y ® X)CNOT, (3.101)
CNOT(1 ® X) = (1 ® X)CNOT, (3.102)
CNOT(1 ® Z) = (Z ® Z)CNOT, (3.103)
CNOT(1®Y) = (Z ® Y)CNOT, (3.104)

where {1, XY, Z} is the Pauli group with the identity element 1. A more general example of a
bicovariant channel is one that applies a CNOT with some probability and, with the complementary
probability, replaces the input with the maximally mixed state.

In [132], the prominent idea of gate teleportation was developed, wherein one can generate
the Choi state for the CNOT gate by sending in shares of maximally entangled states and then
simulate the CNOT gate’s action on any input state by using teleportation through the Choi state
(see also [133] for earlier related developments). This idea generalized the notion of teleportation
simulation of channels [50, 51| from the single-sender single-receiver setting to the bidirectional
setting. After these developments, [48,134] generalized the idea of gate teleportation to bipartite
quantum channels that are not necessarily unitary channels.

The following result slightly generalizes the developments in [48,132,134]:

Proposition 3.3 If a bidirectional channel Nap_ap is bicovariant, Definition 3.6, then it is

teleportation-simulable with a resource state 0p,apr, = Nap (P, a0 @ Ppip,).

Proof. Let Ny p_, 45 be a bidirectional quantum channel. Given ¢ and % are groups with unitary

representations g — Ua/(g) and h — Vp/(h) and (g,h) — Wa(g, h) and (g,h) — Ts(g, h), such that

%' S U (9)(Xar) = Te{ Xy, (3.105)

,—;[, S Vi () (V) = Te{Y b, (3.106)
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N as(Ua(g) @ Ve () (pap)) = Walg, h) ® Te(g, h))(Na—as(pas)), (3.107)

where X € B(Har), Yp € B(Hp), and 7 denotes the maximally mixed state. Consider that
1
G o) baa) = a7 (5.105)
where ® denotes a maximally entangled state and A” is a system isomorphic to A’. Similarly,
1
— 1" h @ 1! ! = 1" !, 3-109
’H’;VB()( Br) =Tpr @Tp ( )

Note that in order for {U%} to satisfy (3.105), it is necessary that |A’|* < |G| [135]. Similarly, it is
necessary that |B'|* < |H|. Consider the POVM {E%,, },. with each element E%,, defined as
_ AT

EAZ//LA = WU‘Z”@A”L‘A (UZII)T . (3110)

It follows from the fact that |A’|* < |G| and (3.108) that {E%p, }g is a valid POVM. Similarly, let
us fine the POVM {F},, }, as
_ BT’

T
Fpy, = mVg,/ch,,LB (Vi)' (3.111)

The simulation of the channel N p/_, 45 via teleportation begins with a state p4»p» and a shared
resource 07, apr, = Narpsap(®r, 4 @ ®prp,). The desired outcome is for the receivers to receive
the state Napap(pap) and for the protocol to work independently of the input state pap. The
first step is for the senders to locally perform the measurement {£%,, ® F B, o and then send
the outcomes g and h to the receivers. Based on the outcomes g and h, the receivers then perform

Wz’h and Tg’h. The following analysis demonstrates that this protocol works, by simplifying the
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form of the post-measurement state:

G H| Trars s {(B%p, @ Fiup,)(parsr @ 01, a815)}
= AP B Tranprn ([ Par (U @ Vi@ s, (Vi) (parsr ® 014a510)} (3.112)

= |A B (®|arp, @ (lpriy, (U @ Vgﬂ)T (parpr ® 01, 481,) (U @ Vi) | @) arr, @ |®) prr,

(3.113)
= AP 1B (@l arny @ (@lpor, (U @ V) panse(U%, @ Vi)
QNupap(Pra @ Ppr,))|P)arn, ®|P)prL, (3.114)
= AP B (®lars, @ (Blpis, [(UF, @ VE) prans UL, @ V)]
Narpap(Prya @ Ppipy))| @) arp, @ |P)pry,. (3.115)

The first three equalities follow by substitution and some rewriting. The fourth equality follows
from the fact that

(PlaaMar = (P|araM (3.116)

for any operator M and where x denotes the complex conjugate, taken with respect to the basis in

which |®) 4r4 is defined. Continuing, we have that

(3.115) = [A||B Tre,a, { | (U8, @ VE,) prazalUf, @ VE)] Nabroan(@r,a @ ®sr,)) |
(3.117)

T
= 1B T any { Nvoan (0% V) o @ 2 V)] (@100 001, )|

(3.118)
= NupaB ([(Ug, ® V];;‘/)T pap Uy ® vg,ﬂ T) (3.119)
= Npsap ((Ug, @ VL) pam(US ® V]_Z;,)) (3.120)
— (Wg’h ® Tg’h>TNA/B/_>AB (par) (W9 @ TG (3.121)

The first equality follows because |A|(®|aa (Lar @ Mag) |P)ara = Tra{Myp} for any operator

Map. The second equality follows by applying the conjugate transpose of (3.116). The final
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equality follows from the covariance property of the channel.
Thus, if the receivers finally perform the unitaries Wj’h ® Tg’h upon receiving g and h via a
classical channel from the senders, then the output of the protocol is Napsap (parp), so that this

protocol simulates the action of the channel N on the state p. =

We now establish an upper bound on the entanglement generation rate of any (n, M,e) PPT-

assisted protocol that employs a bidirectional PPT-simulable channel.

Theorem 3.3 For a fized n, |M| € N, € € (0,1), the following strong converse bound holds for
an (n,Q,e) protocol for PPT-assisted entanglement generation over a bidirectional PPT-simulable

quantum channel N* with an associated resource state 05,5, Definition 3.4,

~ . a 1
< ; .
Va > 1, Q_RQ(SA,SB)(;—l—n(a_l) 10g2<1_5) (3.122)

such that Q = < log, |M|, where Ro(S4:Sp)g is the sandwiched Rains information (2.87) of the

state 0 6485

Proof. The first few steps are similar to those in the proof of Theorem 3.1. From Section 3.2.2, we
have that

Tr{@MAMBwMAMB} Z 1-— g, (3123)
while [46, Lemma 2] implies that

1

vO-JWAJWB c PPT/(MA:MB)u Tr{q)MAMBUMAMB} S W (3124)

Under an “entanglement test”, which is a measurement with POVM {® s, nrps Ly — Parynsg b
and applying the data processing inequality for the sandwiched Rényi relative entropy, we find that,

for all a > 1,

~ « 1
1 M| < My, M 1 — . 12
o8 M| < Ra(Mi M+ 2 oy (1 (3.125)

The sandwiched Rains relative entropy is monotonically non-increasing under the action of PPT-
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preserving channels and vanishing for a PPT state. Applying Lemma 3.1, we find that

Ro(Ma; M)y <n sup | Ra(LaA; BLp)n(y) — Ra(LaA'; B'Lp),| . (3.126)

PL4A’B'Lg

As stated in Definition 3.4, a PPT-simulable bidirectional channel Ny g, 45 with an associated

resource state g ¢ is such that, for any input state py 5/,

Naysap (Pap) = Ps,apssan (Pas ©05,5,) - (3.127)

: /
Then, for any input state wy , 4pip .

Ro(LAA; BLp)p(weo) — Ra(LaA'; B'Lp).y

S EQ(LASAA,; BISBLB)w/®9 — EQ(LAA,; B,LB)WI (3128)
< Ro(LaA': B'Lp)w + Ra(Sa: Sp)g — Ra(LaA"; B'Lp). (3.129)
= Ro(S4: S8)0. (3.130)

The first inequality follows from monotonicity of Ea with respect to PPT-preserving channels. The
second inequality follows because Ea is sub-additive with respect to tensor-product states.

Applying the bound in (3.130) to (3.126), we find that
Ro(My; Mp)., < nRo(S4: Sp)o. (3.131)

Combining (3.125) and (3.131), we get the desired inequality in (3.122). =

Now we establish an upper bound on the secret key rate of an (n, |K]|, ) secret-key-agreement

protocol that employs a bidirectional teleportation-simulable channel.

Theorem 3.4 For a fired n, |K| € N, ¢ € (0,1), the following strong converse bound holds for

an (n, P,e) protocol for secret key agreement over a bidirectional teleportation-simulable quantum
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channel N with an associated resource state 9§A 8"

~ A A « 1
Vao>1, P < E,(Sa;58)s+ nla—1) logQ( 6) (3.132)

such that P = Llog, |K|, where Eo(S4; Sp)e is the sandwiched relative entropy of entanglement

(2.95) of the state Ogg .

Proof. As stated in Definition 3.4, a bidirectional teleportation-simulable channel Ny g a5 is

such that, for any input state p'y g/,
NA’B’—)AB (p/A/B/) - LSAA’B’S’B%AB (plA/B/ ® GSASB) . (3133)
Then, for any input state W}, ypiy .,

EQ(LAA; BLB)E(w’@G) — EQ(LAAI; B/LB)W’

< Eo(LaS4A"; B'SgLp)wes — Ea(LaA; B'Lp). (3.134)
< Eo(LaA"; B'Lp)uy + FEa(Sa;Sp)s — Ea(LaA; B'Lp). (3.135)
= E,(S4: S8)o. (3.136)

The first inequality follows from monotonicity of E,, with respect to LOCC channels. The second
inequality follows because Ea is sub-additive.

From Section 3.3.2, the following inequality holds for an (n, P,¢) protocol:

F(MSAKAKBSEVSAKAKBSB) >1- g, (3'137)

for some bipartite private state Vs, x, ks, With key dimension |K|. From Section 2.7, wg, i, k555
passes a y-privacy test with probability at least 1—&, whereas any 7s, x sk 555 € SEP(SaK4 : KpSg)

does not pass with probability greater than ﬁ [79]. Making use of the results in [80, Section 5.2],
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we conclude that

_ |
log, | K| < En(SaKa; KpSp). + Ll log, (1—5) . (3.138)
a E— —

Now we can follow steps similar to those in the proof of Theorem 3.3 in order to arrive at (3.132).

We can also establish the following weak converse bounds, by combining the above approach

with that in [54, Section 3.5]:

Remark 3.7 The following weak converse bound holds for an (n,Q,e) PPT-assisted bidirectional
quantum communication protocol (Section 3.2.2) that employs a bidirectional PPT-simulable quan-

tum channel N with an associated resource state GSA Sn
N 1
(1= 2)Q < R(54 Sp)o + —ha(c) (3.139)

where R(Sa; Sp)e is defined in (2.85) and hy(e) = —elogye — (1 — ) logy(1 — ).

Remark 3.8 The following weak converse bound holds for an (n, P,e) LOCC-assisted bidirectional
secret key agreement protocol (see Section 3.3.2) that employs a bidirectional teleportation-simulable

quantum channel N ap_,ap with an associated resource state ‘9314 Sn
A oA 1
(1 — S)P < E(SA; SB>9 + —h2<€), (3.140)
n

where E(S4: Sg)e is defined in (2.96).

Since every LOCC channel Lg 1 pig. , 4p acting with respect to the bipartite cut SuA': B'Sp
is also a PPT-preserving channel with the partial transposition action on B’ S’B, it follows that
bidirectional teleportation-simulable channels are also bidirectional PPT-simulable channels. Based
on Proposition 3.3, Theorem 3.3, Theorem 3.4, and the limits n — oo and then @ — 1 (in this

order),? we can then conclude the following strong converse bounds:

2One could also set @ = 1+ 1/4/n and then take the limit n — oc.
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Corollary 3.5 If a bidirectional quantum channel N is bicovariant (Definition 3.6), then

QeR(N) < R(LaA; BLp)y, (3.141)
PEoGe(N) < E(LaA; BLp)o, (3.142)

where 01, ,aprLy = Narp—ap(Pp a0 @ Ppip,), and @%ﬁ%(/\/‘) and 153330(/\/) denote the strong con-
verse PPT-assisted bidirectional quantum capacity and strong converse LOCC-assisted bidirectional

secret-key-agreement capacity, respectively, of a bidirectional channel N .

3.5 Conclusion

In this chapter, we mainly focused on two different information processing tasks: entanglement
distillation and secret key distillation using bipartite quantum interactions or bidirectional channels.
We determined several bounds on the entanglement and secret-key-agreement capacities of bipartite
quantum interactions. In deriving these bounds, we described communication protocols in the
bidirectional setting, related to those discussed in [84] and which generalize related point-to-point
communication protocols. We defined an entanglement measure called the bidirectional max-Rains
information of a bidirectional channel and showed that it is a strong converse upper bound on
the PPT-assisted quantum capacity of the given bidirectional channel. We also defined a related
entanglement measure called the bidirectional max-relative entropy of entanglement and showed
that it is a strong converse bound on the LOCC-assisted secret-key-agreement capacity of a given
bidirectional channel. When the bidirectional channels are either teleportation- or PPT-simulable,
the upper bounds on the bidirectional quantum and bidirectional secret-key-agreement capacities
depend only on the entanglement of an underlying resource state. If a bidirectional channel is
bicovariant, then the underlying resource state can be taken to be the Choi state of the bidirectional

channel.
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Chapter 4 Fundamental Limits on Quantum Dynamics Based on En-
tropy Change

Entropy is a fundamental quantity that is of wide interest in physics and information theory
[24,28,136,137]. Many natural phenomena are described according to laws based on entropy, like
the second law of thermodynamics [138-140], entropic uncertainty relations in quantum mechanics
and information theory [9,141-144], and area laws in black holes and condensed matter physics
[35,145-147].

No quantum system can be perfectly isolated from its environment. The interaction of a system
with its environment generates correlations between the system and the environment. In realistic
situations, instead of isolated systems, we must deal with open quantum systems, that is, systems
whose environment is not under the control of the observer. The interaction between the system
and the environment can cause a loss of information as a result of decoherence, dissipation, or decay
phenomena [22,148,149]. The rate of entropy change quantifies the flow of information between the
system and its environment.

In this chapter, we focus on the von Neumann entropy, which is defined for a system in the
state p as S(p) = — Tr{plog p}!, and from here onwards we refer to it as the entropy. The entropy
is monotonically non-decreasing under doubly-stochastic, also called unital, physical evolutions
[150,151]. This has restricted the use of entropy change in the characterization of quantum dynamics
only to unital dynamics [152-155]. Recently, [33] gave a lower bound on the entropy change for
any positive trace-preserving map. Lower bounds on the entropy change have also been discussed
in [152,155-157] for certain classes of time evolution. Natural questions that arise are as follows:
what are the limits placed by the bound? on the entropy change on the dynamics of a system, and

can it be used to characterize evolution processes?

Most of this chapter is reproduced from [Siddhartha Das, Sumeet Khatri, George Siopsis, and
Mark M. Wilde. Journal of Mathematical Physics, 59(1):012205, (2018)], with the permission of
ATP Publishing (see Appendix D).

Tn this chapter, we particularly use natural logarithm in the definition of the entropy and the
relative entropy.

2Specifically, we consider the bound in [33, Theorem 1] as it holds for arbitrary evolution of both
finite- and infinite-dimensional systems.
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We delve into these questions, at first, by inspecting another pertinent question: at what rate
does the entropy of a quantum system change? Although the answer is known for Markovian
one-parameter semigroup dynamics of a finite-dimensional system with full-rank states [158], the
answer in full generality has not yet been given. In [159], the result of [158] was extended to
infinite-dimensional systems with full-rank states undergoing Markovian one-parameter semigroup
dynamics (cf., [160]). We now prove that the formula derived in [158] holds not only for finite-
dimensional quantum systems undergoing Markovian one-parameter semigroup dynamics, but also
for arbitrary dynamics of both finite- and infinite-dimensional systems with states of arbitrary rank.
We then derive a lower bound on the rate of entropy change for any memoryless quantum evolution,
also called a quantum Markov process. This lower bound is a witness of non-unitality in quantum
Markov processes. Interestingly, this lower bound also helps us to derive witnesses for the presence
of memory effects, i.e., non-Markovianity, in quantum dynamics. We compare one of our witnesses
to the well-known Breuer-Laine-Piilo (BLP) measure [161] of non-Markovianity for two common
examples. As it turns out, in one of the examples, our witness detects non-Markovianity even
when the BLP measure does not, while for the other example our measure agrees with the BLP
measure. We also provide bounds on the entropy change of a system. These bounds are witnesses
of how non-unitary an evolution process is. We use one of these witnesses to propose a measure of
non-unitarity for unital evolutions and discuss some of its properties.

The organization of the chapter is as follows. In Section 4.1, we introduce some definitions and
facts for continuous variable systems that are not covered in Chapter 2. In Section 4.2, we discuss
the explicit form (Theorem 4.1) for the rate of entropy change of a system in any state undergoing
arbitrary time evolution. In Section 4.3, we briefly review quantum Markov processes. We state
Theorem 4.2, which provides a lower limit on the rate of entropy change for quantum Markov
processes. We show that this lower limit provides a witness of non-unitality. We also discuss the
implications of the lower limit on the rate of entropy change in the context of bosonic Gaussian
dynamics (Section 4.3.1). In Section 4.4, based on the necessary conditions for the Markovianity of
quantum processes as stated in Theorem 4.2, we define some witnesses of non-Markovianity and also
a couple of measures of non-Markovianity based on these witnesses. We apply these witnesses to

two common examples of non-Markovian dynamics (Section 4.4.1 and Section 4.4.1) and illustrate
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that they can detect non-Markovianity. In Section 4.4.1, we consider an example of a non-unital
quantum non-Markov process whose non-Markovianity goes undetected by the BLP measure while
it is detected by our witness. In Section 4.5, we derive an upper bound on entropy change for unital
evolutions. We also show the monotonic behavior of the entropy for a wider class of operations than
previously known. In Section 4.6, we define a measure of non-unitarity for any unital evolution.

We also discuss properties of the measure of non-unitarity.
4.1 Preliminaries

In this section, we add few more standard notations, definitions, and facts to the discussion in
Chapter 2 because of subtleties that come when dealing with continuous variable systems, which
are associated to separable, infinite-dimensional Hilbert spaces.

The dimension dim(#) of the Hilbert space H is equal to +oo in the case that H is a separa-
ble, infinite-dimensional Hilbert space. The subset of %(H) containing all trace-class operators is
denoted by %, (H). Let Bf (H) = B (H) N Bi(H).

The adjoint M : B(Hp) — B(H4) of a linear map M : By (Ha) — %1(Hp) is the unique

linear map that satisfies
V Xa€ B (Ha), Y € B(Hp): (Y, N(X4)) = NT(Yp), X4), (4.1)

where (C, D) = Tr{CTD} is the Hilbert-Schmidt inner product.

The von Neumann entropy of a state p4 of a quantum system A is defined as

S(A), = S(pa) = = Tr{palog pa}, (4.2)

where log denotes the natural logarithm. In general, the state of an infinite-dimensional quantum
system need not have finite entropy [162]. For any finite-dimensional system A, the entropy is
upper-bounded by log |A|.
The quantum relative entropy of any two density operators p, o € Z(H) is defined as [56,163,164]
p(z)

Dipll) = 3 o iirios (2] (43)
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where p = >, p(i)[¢i) (¢i| and o = 3, q(j) ;) (¥;] are spectral decompositions of p and o,
respectively, with both {|@;)}4, {|1;)}; € ONB(#H) (cf. (2.49)). From the above definition, it is clear

that D(pllo) = +oo if supp(p)  supp(o).
For any two positive semi-definite operators p,o € % (H), D(p|llc) > 0 if Tr{p} > Tr{c},

D(pllo) = 0 if and only if p = o, and D(p||o) < 0 if p < ¢. The quantum relative entropy is non-
increasing under the action of positive trace-preserving maps [57], that is, D(p||o) > D(N(p)||N (o))
for any two density operators p,o € Z(H) and positive trace-preserving map N : BL(H) —
We now define entropy change, which is the main focus of this chapter.

Definition 4.1 (Entropy change) Let N : B (H) — B (H') be a positive trace-non-increasing
map. The entropy change AS(p,N') of a system in the state p € P(H) under the action of N is
defined as

AS(p,N) =S5 (N(p)) = S(p) (4.4)

whenever S(p) and S(N(p)) are finite.

It should be noted that N (p) is a sub-normalized state, i.e., Tr{N(p)} < 1, if N is a positive
trace-non-increasing map.

It is well known that the entropy change AS(p,N) of p is non-negative, i.e., the entropy is
non-decreasing, under the action of a positive, sub-unital, and trace-preserving map N [150, 151]
(see also [33, Section III], [165, Theorem 4.2.2]). Recently, a refined statement of this result was

made in [33], which is the following:

Lemma 4.1 (Lower bound on entropy change) Let N : % (H) — B (H') be a positive,

trace-preserving map. Then, for all p € D(H),
AS(p,N) = D(p|[NTo N (p)) . (4.5)
Proof. Using the definition (4.1) of the adjoint, we obtain

AS(p,N) = S(N(p)) — S(p) = Tr{plog p} — Tr{N(p) log N'(p)} (4.6)
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Then

AS(p,N') = Tr{plog p} — Tr {pNT (log N'(p)) }
> Tr{plog p} — Tr {plog [NT o N(p)] }

=D (p|[NToN(p)) . (4.7)

The inequality follows from Lemma 2.2 applied to N7, which is positive and sub-unital since N is
positive and trace non-increasing. m

Lemma 4.1 gives a tight lower bound on the entropy change. As an example of a map saturating
the inequality (4.5), let us take the partial trace Nap_.p = Tra, which is a quantum channel
that corresponds to discarding system A from the composite system AB. Its adjoint is NT(pp) =
14 ® pp. Then, one notices that S (N (pag)) — S (pas) = S(ps) — S(pap) = D (pap||la ® ps) =
D (pag [|[NTo N (pag)).
4.2 Quantum dynamics and the rate of entropy change

In general, physical systems are dynamical and undergo evolution processes with time. An
evolution process for an isolated and closed system is unitary. However, no quantum system can
remain isolated from its environment. There is always an interaction between a system and its
environment. The joint evolution of the system and environment is considered to be a unitary
operation whereas the local evolution of the system alone can be non-unitary. This non-unitarity
causes a flow of information between the system and the environment, which can change the entropy
of the system.

For any dynamical system with associated Hilbert space H, the state of the system depends on
time. The time evolution of the state p; of the system at an instant t is determined by d—d% when
it is well defined®. The state pr at some later time ¢ = T' is determined by the initial state pg, the

evolution process, and the time duration of the evolution. Since the time evolution is a physical

process, the following condition holds for all ¢:

Te {pr} =0, (4.8)

3By this, we mean that each matrix element of p, is differentiable with respect to t.
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where p; == %.
It is known from [158,166] that for any finite-dimensional system the following formula for the
rate of entropy change holds for any state p, whose kernel remains the same at all times and whose

support 1I; is differentiable:

d

ES(M) = —Tr{p;logp:} . (4.9)

The above formula has also been applied to infinite-dimensional systems for Gaussian states evolving
under a quantum diffusion semigroup [159, 160] whose kernels do not change in time.

Here, we derive the formula (4.9) for states p; having fewer restrictions, which generalizes the
statements from [158,166]. In particular, we show that the formula (4.9) can be applied to quantum
dynamical processes in which the kernel of the state changes with time, which can happen because

the state has time-dependent support.

Theorem 4.1 For any quantum dynamical process with dim(H) < +oo, the rate of entropy change
15 given by

d .
5 = = Tr{plogpe} (4.10)

whenever p; is well defined. The above formula also holds when dim(H) = +oo if pylog p; is trace-
class and the sum of the time derivative of the eigenvalues of p, is uniformly convergent* on some

netghborhood of t, however small.

Proof. Let Spec(p;) be the set of all eigenvalues of p; € Z(H), including those in its kernel. Let

=3 AOR®) (4.11)

A(t)€Spec(pt)

be a spectral decomposition of p;, where the sum of the projections Py(t) corresponding to A(t) is

> Bt =1y (4.12)

A(t)eSpec(pt)

The following assumptions suffice to arrive at the statement of the theorem when dim(#H) = +oco.

We assume that p; is well defined. We further assume that >_) ) cqpec() A(t) is uniformly con-

4Uniform convergence is defined as stated in [167, Definition 7.7].
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vergent on some neighborhood of ¢, and p;log p; is trace-class. Note that when dim(H) < +oo,

Z)\(t)ESpec( o) A(t) and p; log p; are always uniformly convergent and trace-class, respectively.

Now, let us define the function s : [0,00) X (—1,00) — (0, 00) by

st,h) =Tr{p ™"} = > A (4.13)

A(t)€Spec(pt)

Noting that %a‘"‘ =a"loga for all @ > 0 and = € R, we get

d
0 =i logpr (4.14)

Applying (2.11) in Section 2.2.1, we find that

Ls(t.h) = STk = () e, (4.15)
Cs(th) = TR} = el log ) (4.16)
Then the entropy is
S(p) = — zs(th)| == Telpdogpd = — 3 AD)logA(1), (4.17)
h=0

A(t)ESpec(pt)

where by definition 0log0 = 0.
Note that pf is an infinitely differentiable function of h, i.e., a smooth function of h, and a
differentiable function of ¢ for all ¢, h. Also, the trace is a continuous function. Since %%s(t, h)

exists and is continuous for all (¢, h) € [0, 00) x (—1, 00), the following exchange of derivatives holds

for all (t,h) € (0,00) x (=1, 00):

% {%s(t, h)] = % {%s(t h)] - (4.18)

This implies that

HJ (4.19)
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From (4.15), we notice that < s(¢, h) is a smooth function of h. Therefore, the Taylor series expansion

of this function in the neighborhood of h = 0 is

d d d [d
4 = —s(t.h — | —s(t,h h h?). 4.2
dts(t’h) dts(t’ >h:o+ h[dt5<’ )} h=0 o 420
From (4.13), we find:
d d d
sth)] = >t = > a[/\(t)”h} (4.21)
h=0 A(t)ESpec(pt) A(t)€Spec(pt) h=0
h=0
- ¥ [(1+h)A(t)hA(t) (4.22)
A(t)eSpec(pt) h=0
) (4.23)
()70

The second equality follows from [167, Theorem 7.17] due to the uniform convergence of 3 ) cspec(p) A1)
on some neighborhood of ¢. To obtain the last equality, we use the following fact: since A(t) > 0
for all ¢ and A(¢) is differentiable, if A(¢*) = 0 for some time ¢ = t* € (0, 00), then A(¢*) = 0. From

(4.15) and (4.23), we obtain

: : d d

Te{ILp} = > A(t) = T > A = 3 Trlp} =0, (4.24)
A(t)#0 A()#0

where II; is the projection onto the support of p;. The second equality holds because )\(t*) =0

whenever A(t*) = 0 for all A\(¢t*) € Spec(p+) and all t* € (0, 00).

Employing (2.12), we find that

i || = g [ DTl (4.25)
= Te{p} o} + (h+ 1) Tr { [pf log pi] pr } - (4.26)
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Therefore,

-5 = 3 || (4.27)
] 4w
= Tr{ILp: } + Tr {pI1; log ps } (4.29)
= Tr{p; log p:}, (4.30)

where to obtain the last equality we used (4.24) and the fact that log p; is defined on supp(p;). This

concludes the proof. m

As an immediate application of Theorem 4.1, consider a closed system consisting of a system of
interest A and a bath (environment) system E in a pure state ¢4, for which the time evolution
is given by a bipartite unitary Uag, a special case of bipartite quantum interactions (Chapter 3).
Under unitary evolution, the entropy of the composite system AFE does not change. Also, for
a pure state, the entropy of the composite system is zero, and S(pa) = S(pg), where ps and
pr are the reduced states of the systems A and FE, respectively. Now, it is often of interest to
determine the amount of entanglement in the reduced state ps of the system A. Several measures
of entanglement have been proposed [63], among which the entanglement of formation [50,168], the
distillable entanglement [50,102], and the relative entropy of entanglement [93,169] all reduce to the
entropy S(pa) of the system A in the case of a closed bipartite system [170]. Thus, in this case, the
rate of entropy change of the system A is equal to the rate of entanglement change (with respect to
the aforementioned entanglement measures) caused by unitary time evolution of the pure state of
the composite system, and Theorem 4.1 provides a general expression for this rate of entanglement
change.

In Appendix C, we discuss how (4.10) generalizes the development in [158,166]. We consider
examples of dynamical processes in which the support and/or the rank of the state change with

time, but the formula (4.10) is still applicable according to the above theorem.
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4.3 Open quantum system and Markovian dynamics

The dynamics of an open quantum system can be categorized into two broad classes, quantum
Markov processes and quantum non-Markov processes, based on whether the evolution process
exhibits memoryless behavior or has memory effects.

Here, we consider the dynamics of an open quantum system in the time interval [ = [t1,t2) C R
for t; < ty. We assume that the state p, € Z(H) of the system at time ¢ € I satisfies the following
differential master equation:

where L; is called the generator [171], or Liouvillian, of the dynamics and can in general be time-
dependent [172]. A state peq is called a fixed point, or invariant state of the dynamics, if peq = 0,

or

Li(peq) =0 Vitel. (4.32)
In general, the evolution of systems governed by the master equation (4.31) is given by the
two-parameter family {M; ;}+ser of maps M, s : B(H) — HB(H) defined by [22]

t
M, s =T exp {/ L, dT:| Vstel s<t, My =id Vtel, (4.33)

where 7 is the time-ordering operator, so that the state p; of the system at time ¢ is obtained from
the state of the system at time s < ¢ as py = My 4(ps). The maps {M; ;}i>s satisfy the following

composition law:

Vs<r<t: Mt,s = Mt,r o Mr,sa (434)

Vi € I: Mt,t == ld, (435)

and in terms of these maps the generator L, is given by

£, = lig Mrret =1

e—0t £

(4.36)

For the maps {M; s }+>s to represent physical evolution, they must be trace-preserving. This implies
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that for all p € Z(H) the generator £; has to satisfy
Te[Li(p)] =0 Viel (4.37)

When the intermediate maps M, and M, ; are positive and trace-preserving for all s <r <t¢,
the condition (4.34) is called P-divisibility. If the intermediate maps M, , and M, ; are CPTP (i.e.,
quantum channels) for all s < r <, the condition (4.34) is called CP-divisibility [173,174]. Based
on the notion of CP-divisibility, we consider the following definition of a quantum Markov process,

which was introduced in [175].

Definition 4.2 (Quantum Markov process) The dynamics of a system in a time interval I are
called a quantum Markov process when they are governed by (4.31) and they are CP-divisible (i.e.,

the intermediate maps in (4.34) are CPTP).

An important fact is that the dynamics governed by the master equation (4.31) are CP-divisible

(hence Markovian) if and only if the generator £; of the dynamics has the Lindblad form

o) = (0,61 + 3 20) [A0pal(0) - 3 {4l 0}, (4.38)

with H(t) a self-adjoint operator and ~;(t) > 0 for all ¢ and for all ¢ € I. The operators A;(t) are
called Lindblad operators. In the time-independent case, this result was independently obtained
by Gorini et al. [176] for finite-dimensional systems and by Lindblad [177] for infinite-dimensional
systems. For a proof of this result in the time-dependent scenario, see [22,154]. In finite dimensions,
necessary and sufficient conditions for £; to be written in Lindblad form have been given in [178].
It should be noted that in general, for some physical processes, ~;(t) can be temporarily negative
for some i and the overall evolution still CPTP [179,180].

Given the generator £, of the dynamics (4.31) and the corresponding positive trace-preserving
maps {M;}s1er, it holds that the adjoint maps {Ml’t}&te] are positive and unital. Furthermore,

the adjoint maps {Ml,t}s,te ; are generated by L], where £] is the adjoint of £,. The Lindblad form
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(4.38) of the generator L] is
LX) = o[H(t), X]+ ) 7(t) (Aj ()X A;(t) — % {X, Al (t)Ai(t)}) VX € B(H).  (4.39)

Now, let us consider the rate of entropy change %S’ (pt) of a system in state p; at time ¢ evolving

under dynamics with Liouvillian £;. Theorem 4.1 implies the following equality:
d

We now derive a limitation on the rate of entropy change of quantum Markov processes using

the lower bound in Lemma 4.1 on entropy change.

Theorem 4.2 (Lower limit on the rate of entropy change) The rate of entropy change of

any quantum Markov process (Definition 4.2) is lower bounded as

L) > - tim Ly {Ht ((Mtﬁ,t)T o Mt%,t(pt))} - Ty {Htﬁj(pt)} , (4.41)

dt e—»o+tde

where I1; is the projection onto the support of the state p, of a system. In general, (4.41) also holds

for dynamics that obey (4.31) and are P-divisible.

Proof. First, since the system is governed by (4.31), so prye = Miici(pe) for any € > 0. Also,
since My is CPTP (hence positive and trace-preserving), we can apply Lemma 4.1 to get the

following inequality

S(Miyer(pr)) — S(pr) > D (Pt H(Mt+e,t)T © Mt+e,t(ﬂt)) (4.42)
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Therefore, by definition of the derivative, we obtain

d o S(pire) — S(pr)
dtS(pt) - al—lgl*’ g
> lim 1D (p (Myser) o Mysey(p ))
= m - ¢ the,t t+e,t\ Ot
_S(Pt) —Tr {/)t log |:<Mt+€,t)T © Mt+s,t(/9t)] }
= lirn+ 5
e—0

= — lim di Tr {pt log |:<Mt+g,t)T o Mt+5,t<pt):| }

e—0t
= — lim Tr{ p, <10g [WH”) oMt+€’t<pt)D

e—0t de

d
= — lim d_ Tr {Ht (Mt-l’-gt) o Mt—i—a,t(pt)} )

e—0t

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

where we used the definition of the derivative to get (4.46) from (4.45). From Section 2.2.1, and

noting that lim,_. (MHW)T o Myic+(pt) = pr, we arrive at (4.48). Then, using the definition of the

adjoint and the master equation (4.31), we get

) d
— lim — T¥r {Ht (Mthg,t)T o Mt+z—:,t(pt)}

e—=0t de

d
= — lim 1z Tr {M e (IL) Mysci(pe)}

e—0t

, d
= — lim Tr {& (Mt+e,t(Ht)Mt+e,t(Pt))}

e—0t

d d
= — lim Tr { (&Mt—&-a,t(nt)) Mt+a,t(Pt) + Mt—l—a,t(Ht) (&Mtﬁ-a,t(pt)) } .

Employing (4.36) and the fact that M,, =id for all t € I, we get

L= tim MoeeZid oy d

e—0+ € e—0t de

Therefore,

d
— lim —— T {1l (Mee)' © Mosca(pr) | = = T {Le(TL)pr + TLLalpr)}

- T {Htﬁ (pt)}
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where we used the fact (4.24) that Tr{Il,L:(p;)} = Tr{Il;p:} =0. m

Quantum dynamics obeying (4.31) are unital in a time interval I if £;(1) = 0 for all ¢ € I,
which implies that Tr{IL,L{(p;)} = 0 for any initial state py and for all ¢ € I. The deviation of

Tr{HtEI(pt)} from zero is therefore a witness of non-unitality at time t.

Remark 4.1 When p; > 0, the rate of entropy change of any quantum Markov process is lower

bounded as

d . d
7o) = =l = T {(Mer)' 0 Meseelp) } = = Te{ £1(00) | (4.55)

€
Given a quantum Markov process and a state described by a density operator p; > 0 that is not
a fixed (invariant) state of the dynamics, we can make the following statements for ¢ € I and for

all € > 0 such that [t,t +¢) C I:

(i) If Myy., is strictly sub-unital, i.e., My (1) < 1, then its adjoint is trace non-increasing,
which means that Tr{L](p;)} < 0. This implies that the rate of entropy change is strictly

positive for strictly sub-unital Markovian dynamics.

(i) If Myjc, is unital, i.e., Myo; (1) = 1, then its adjoint is trace-preserving, which means
that Tr{L](p;)} = 0. This implies that the rate of entropy change is non-negative for unital

Markovian dynamics.

(ili) If Myy., is strictly super-unital, i.e., My, . (1) > 1, then its adjoint is trace-increasing, which
means that Tr{£](p;)} > 0. This implies that it is possible for the rate of entropy change to

be negative for strictly super-unital Markovian dynamics.

Using the Lindblad form of £] in (4.39), we find that

L] (p0} = 2ol (4. Al0)]) (4.56)

pt

where (A4), = Tr{Ap}. Using this expression, the lower bound on the rate of entropy change for

quantum Markov processes when the state p; > 0 is

pt

500 > S {[ato. a]), (457)
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The inequality (4.57) was first derived in [181] and recently discussed in [182].

When the generator £; = L is time-independent and I = [0, c0), it holds that the time evolution
from time s € I totime ¢ € I is determined merely by the time difference t—s, that is, M; , = M;_

for all t > s. The evolution of the system is then determined by a one-parameter semi-group. Let

M =M,y for all t > 0.

Remark 4.2 If the dynamics of a system are unital and can be represented by a one-parameter

semi-group { M, }i>o0 of quantum channels such that the generator L is self-adjoint, then for py > 0,

— Tr{polog par} < S(pr) < —Tr{patlogpo}. (4.58)

This follows from Lemma 2.2, (4.1), and the fact that MI = M;. In particular,

S(p:) = S(Mi(po)) = — Tr{M(po) log M (po)} < — Tr{M;(po) M (log po)} (4.59)
= — Tr{M] o M;(po)log po} (4.60)
= — Tr{pat log po}. (4.61)
Similarly,
S(pr) = S(Mi(po)) = — Tr{M(po) log My(po)} = — Tr{poM] (log My(po))} (4.62)
> —Tr{polog (MI o Mt(P0)>} (4.63)
= — Tr{po log par}. (4.64)

Remark 4.3 If the dynamics of a system are unital and can be represented by a one-parameter
semi-group { M, }i>0 of quantum channels such that the generator L is self-adjoint, then the entropy

change is lower bounded as

S(pe) = S(po) = Dpo || p2t) - (4.65)

This follows using Lemma 4.1. Under certain assumptions, when the dynamics of a system are

described by Davies maps [183], the same lower bound (4.65) holds for the entropy change [156].
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From the above remark, notice that the entropy change in a time interval [0, ¢] is lower bounded
by the relative entropy between the initial state pg and the evolved state pg; after time 2¢t. In the
context of information theory, the relative entropy has an operational meaning as the optimal type-
IT error exponent (in the asymptotic limit) in asymmetric quantum hypothesis testing [184, 185].
The entropy change in the time interval [0, ¢] is thus an upper bound on the optimal type-II error

exponent, where pg is the null hypothesis and po; is the alternate hypothesis.

Remark 4.4 Consider evolution of an open bipartite quantum system AB given by two-parameter
family {Mys}tser of maps My : B(H) — B(H), where H = Ha @ Hp, as defined in (4.33).
Furthermore, assume that the dynamics are CP-divisible, meaning that the intermediate maps M,
and M, s are CPTP for all s < r < t. In other words, we are assuming that the dynamics of the
gien bipartite system is a quantum Markov process. Note that entangling abilities of such bipartite
interactions are limited by the bounds derived in Chapters 3 (see also [186] in the context of an open

quantum system,).

4.3.1 Bosonic Gaussian dynamics

Here we consider Gaussian dynamics that can be represented by the one-parameter family
{G:}+>0 of phase-insensitive bosonic Gaussian channels G; (cf. [187]). It is known that all phase-
insensitive gauge-covariant single-mode bosonic Gaussian channels form a one-parameter semi-group

[188]. The Liouvillian for such Gaussian dynamics is time-independent and has the following form:

L= Ly +y-L, (4.66)
where
it g _ Lot
‘CJr(p) :apa—§{aa 7/0}7 (467)
1
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a is the field-mode annihilation operator of the system, and the following commutation relation
holds for bosonic systems:

[a,a'] = 1. (4.69)

The state p; of the system at time ¢ is

pr = Gilpo) = € (o). (4.70)

The thermal state pg,(/V) with mean photon number N is defined as

pal) = 2 3 () Ik (@)

TN 1 \Nt1

where N > 0 and {|n) }»>o is the orthonormal, photonic number-state basis. Using (4.56), we get

— L ()} = s ([aa)), — - ([aal]), (472

=7+ — - (4.73)

Therefore, by Remark 4.1, if p; > 0, then

d S(Gi(po))

> — 4.74
1z >y = (4.74)

The lower bound v, — v_ is a witness of non-unitality. It is positive for strictly sub-unital, zero
for unital, and negative for strictly super-unital dynamics. For example, when the dynamics are
represented by a family {A;};>¢ of noisy amplifier channels A; with thermal noise py,(NV), then
v+ = N + 1 and 7~ = N, which implies that the dynamics are strictly sub-unital. When the
dynamics are represented by a family {B;}:>¢ of lossy channels B; (i.e., beamsplitters) with thermal
noise pyn(N), then v, = N, v = N + 1, which implies that the dynamics are strictly super-unital.
When the dynamics are represented by a family {C;}:>o of additive Gaussian noise channels C;, then

v+ = 7v—, which implies that the dynamics are unital.
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4.4 Quantum non-Markovian processes

Dynamics of a quantum system that are not a quantum Markov process as stated in Definition 4.2
are called a quantum non-Markov process. Among these two classes of quantum dynamics, non-
Markov processes are not well understood and have attracted increased focus over the past decade.
Some examples of applications of quantum Markov processes are in the fields of quantum optics,
semiconductors in condensed matter physics, the quantum mechanical description of Brownian
motion, whereas some examples where quantum non-Markov processes have been applied are in the
study of a damped harmonic oscillator, or a damped driven two-level atom [22,148,149].

There can be several tests derived from the properties of quantum Markov processes, the sat-
isfaction of which gives witnesses of non-Markovianity. Based on Theorem 4.2, we mention here a
few tests that will always fail for a quantum Markov process. Passing of these tests guarantees that
the dynamics are non-Markovian.

An immediate consequence of Theorem 4.2 is that only a quantum non-Markov process can pass

any of the following tests:

(a)

%S(Pt) + Elif(f)g dig Tr {Ht ((Mws,t)T ° Mt+s,t(ﬂt>> } < 0. (4.75)

(b)
L5000 + T {10} <0 (4.76)

(c)
E1_i>I(1)fl+ % Tr {Ht <(-/\/lt+s,1t)T o Mt+s,t(Pt)> } # Tr {Htﬁi(PQ} : (4.77)

If the dynamics of the system satisfy any of the above tests, then the process is non-Markovian.
Based on the description of the dynamics and the state of the system, one can choose which test to
apply. In the case of unital dynamics, (4.75) and (4.76) reduce to £.5(p;) < 0. The observation that
the negativity of the rate of entropy change is a witness of non-Markovianity for random unitary
processes, which are a particular kind of unital processes, was made in [189].

Based on the above witnesses of non-Markovianity, we can introduce different measures of non-
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Markovianity for physical processes. Here, we define two measures of non-Markovianity that are

based on the channel and generator representation of the dynamics of the system:

1.
. dS(Pt)
Cu(L) == max I ‘T + Tr {Htﬁl(pt)}' . (4.78)
%+T&{t{ltci(pt)}<o

2.

Cu(M) 1= max Zﬁ ol (4.79)
t:f(t)<0
where
d d

£(8) = =S(p0) + tim —Tr {11, (Mese)' o Misealp) } (4.80)

In the case of unital dynamics, the above measures are equal. It should be noted that the above
measures of non-Markovianity are not faithful. This is due to the fact that the statements in
Theorem 4.2 do not provide sufficient conditions for the evolution to be a quantum Markov process.
In other words, if the measure Cy; (4.78) is non-zero, then the dynamics are non-Markovian, but if

it is equal to zero, then that does not in general imply that the dynamics are Markovian.

4.4.1 Examples

In this section, we consider two common examples of quantum non-Markov processes: pure
decoherence of a qubit system (Section 4.4.1) and a generalized amplitude damping channel (Section
4.4.1). In order to characterize quantum dynamics, several witnesses of non-Markovianity and
measures of non-Markovianity based on these witnesses have been proposed [161, 175,178, 180,
189-197]. Many of these measures are based on the fact that certain quantities are monotone
under Markovian dynamics, such as the trace distance between states [161], entanglement measures
[175,191,192], Fisher information and Bures distance [190,193,194], and the volume of states [195].
Among these measures, the one proposed in [175] based on the Choi representation of dynamics is
both necessary and sufficient. The measure proposed in [180] is also necessary and sufficient and is
based on the values of the decay rates 7;(t) appearing in the Lindblad form (4.38) of the Liouvillian

of the dynamics.
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Here, we compare our measures of non-Markovianity with the widely-considered Breuer-Laine-
Piilo (BLP) measure of non-Markovianity [161]. This is a measure of non-Markovianity defined using
the trace distance and is based on the fact that the trace distance is monotonically non-increasing
under quantum channels. Breuer et al. [161] in 2009 defined Markovianity using CP-divisibility.
BLP measure uses the trace distance and exploits the fact that it is monotonically non-increasing
under quantum channels. Violation of this monotonicity is thus an indication of non-Markovianity.
Specifically, for a given set {M;}ss>0 of completely positive and trace-preserving maps, their

measure is

N = max / Oa(t,pl(O),pg(O)) dt, (4.81)

p1(0),p2(0)
where a(t, p1(0), p2(0)) = 355 l01(t) — p2(t)[l; and pi(t) = My opi(0), pa(t) = M op2(0).
Our measure agrees with the BLP measure in the case of pure decoherence of a qubit. In the
case of the generalized amplitude damping channel, our witness is able to detect non-Markovianity

even when the BLP measure does not.

Pure decoherence of a qubit system

Consider a two-level system with ground state |—) and excited state |[+). This qubit system is
allowed to interact with a bosonic environment that is a reservoir of field modes. The time evolution

of the qubit system is given by

dp 1
d_tt = _[’[H(t)a pt] + V(t) 0-_pt0+ — §{U+U*7pt} ) (482)
where 0, = |[+) (=], o = |=)(+] and t > 0. If H(t) = 0, then the system undergoes pure

decoherence and the Liouvillian reduces to

t
Et(pt) = @ (UthUz - pt) ) (483)
where 0, = [0}, 0_]. The decoherence rate is given by (), and it can be determined by the spectral

density of the reservoir [161].

We can verify that Tr{IL,L](p;)} = 0 for all ¢ > 0 and any initial state py. This implies that the
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dynamics are unital for all ¢ > 0. In this case, for ¢ > 0, our witness (4.76) reduces to &.5(p;) < 0.
For qubit systems undergoing the given unital evolution, it holds that p, > 0 for all ¢ > 0, and thus
for t > 0 our measures (4.78) and (4.79) are equal and reduce to the measure in [196, Eq. (15)],
which was based on the fact that the rate of entropy change is non-negative for unital quantum
channels. As stated therein, these measures of non-Markovianity are positive and agree with those

obtained by the BLP measure [161, Eq. (11)].

Generalized amplitude damping channel

In this example, we consider non-unital dynamics that can be represented as a family of gen-
eralized amplitude damping channels {M;};>o on a two-level system [194]. These channels have

Kraus operators [198]

L 1 0
Mt:\/ﬁt
0 \/@
0 V1—mn
Mf:\/ﬁt
0 0
(4.84)
Ve 0
M =\1-p,
0 1
0 0

M;L:\/l_pt )
\/1—7]15 0

where p; = cos?(wt), w € R, and 7, = e~*. Then, for all t > 0, M;(p) = 2, Mip(M{)t. M, is
unital if and only if p, = % or n, = 1. When n, = 1, M; = id for all w.

It was shown in [194] that the BLP measure [161] does not capture the non-Markovianity of the
dynamics given by (4.84).

Let the initial state py be maximally mixed, that is, py = %]l. The evolution of this state under

M; is then

11+ W, 0
pr = Mi(po) = 3 7 (4.85)
0 1—-W;

where W, = (2p, — 1)(1 — ) = cos(2wt)(1 — e7*). Note that p, > 0 for all ¢ > 0. The evolution of
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these states for an € > 0 time interval is

11+ W+ nW, 0
Prre = Mc(pr) = B (4.86)
0 1—-W. —nW,

To check whether or not the given dynamics are non-Markovian, we apply the test in (4.75). First,

we evaluate

MEo M.(pr) = 5 , (4.87)

where

ay = pt(1 + We + nsWt> + (1 - pt)nt(l + We + 77€Wt) + (1 - pt)<1 - 77t)<1 - We + 77€Wt) (4'88>

by == pine(1 — We +nWe) + 0 (1 — ) (1 + We + 0 Wo) 4+ (1 — p) (1 — We + W), (4.89)
Then,
. d
Jim e Tr {MloM.(p)} = W (4.90)

We note that the deviation of W; from zero is a witness of non-unitality. For a unital process, for any
initial state pp and for all time ¢, we have lim,_,o+ % Tr {Ht,/\/ll o ,/\/la(pt)} = 0. For a non-unital pro-
cess, there will exist some initial state such that for some time ¢, lim._,o+ = Tr {IlMI o M.(p;) } #

0. Next, we evaluate the entropy of the state p; to be

S(pr) = —% {(1 + W) log (1 +2Wt) + (1= W) log (1 _QWt)} | (4.91)

This implies that the rate of entropy change is:

dS(p)  1dW,. [14+W,] 1dW:. [1—W,
__ldw 1dWe 1.92
at 5 dr 8| 2 | T2ar 8| 2 (4.92)
1AW, [1-W,
=27 © {1+WJ’ (4.93)
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Figure 4.1. Negative values of f, as given in (4.95), indicate non-Markovianity for w = 5.

where
d W,
dt

= —2wsin(2wt)(1 — e ") + cos(2wt)e . (4.94)

Therefore, the test in (4.75) reduces to

ft) =

1d W, 1+ W, 1d W, 1-W;
— lo - lo

T 5 T 5 }+Wt<o, (4.95)

where f is defined in (4.80). For values of w such that the dynamics are non-unital, we find that f

can be negative in several time intervals; for example, see Fig. 4.1 for the case w = 5.
4.5 Bounds on entropy change

In this section, we derive bounds on how much the entropy of a system can change as a function

of the initial state of the system and the evolution it undergoes.

Lemma 4.2 Let M : B (H) — B (H') be a positive, trace-non-increasing map. Then, for all
p € D(H) such that M(p) > 0,

AS(p, M) = D (p|[MToM(p)) . (4.96)
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Proof. Using the definition (4.1) of the adjoint, one obtains

AS(p, M) = S(M(p)) — S(p) = Tr{plog p} — Tr{M(p)log M(p)}
=Tr{plogp} — Tr {PMT (logj\/l(p))}
> Tr{plog p} — Tr {plog [M o M(p)]}

=D (p||MToM(p)) . (4.97)

The inequality follows from Lemma 2.2 applied to M, which is positive and sub-unital since M is

positive and trace non-increasing. m

Note that for a quantum channel M, AS(p, M) = 0 for all p if and only if p = M o M(p),
which is true if and only if M is a unitary operation [199, Theorem 2.1], [22, Theorem 3.4.1]. We
use this fact to provide a measure of non-unitarity in Section 4.6.

As an application of the lower bound in Lemma 4.1, let us suppose that a quantum channel

E4_,p can be simulated as follows

Vopa € P(Ha): Easp(pa) = Facop(pa®6c), (4.98)

for a fixed (interaction) channel Fac_,p and a fixed ancillary state c. By applying Lemma 4.1 to

F and the state p4 ® 6, we obtain

AS(pa, €) = S (F(pa®6c)) — S (pa) (4.99)
> S(pa®bc)— S (pa)+ D (pA ® o H}"T o F(pa® 90)) (4.100)
=5 (0c)+ D (pa®0c || F o Flpa®6c)) . (4.101)

Equality holds, i.e., AS(p,E) = S (0¢), if and only if the interaction channel F is a unitary in-
teraction. If F is a sub-unital channel, then AS(p,E) > S (6¢) because the relative entropy term
is non-negative. This result is of relevance in the context of quantum channels obeying certain

symmetries (see Section 2.4).
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Lemma 4.3 Let M : . (H) — B(H') be a sub-unital channel. Then, for all p € P(H) such
that p > 0,
AS(p, M) < Tr{[p— Mo M(p)]logp} . (4.102)

This also holds for any positive sub-unital map satisfying the above conditions.
Proof. By applying Lemma 2.2 to M, we get
AS(p, M) = Tr{plog p} — Tr {M(p)log M(p)}

< Tr{plog p} — Tr{M (p) M (log p)}

=Tr{[p— M'oM(p)]logp}. (4.103)

This concludes the proof. m

By applying Holder’s inequality (Lemma 2.1) to this upper bound, we obtain the following.

Corollary 4.1 Let M : B.(H) — B (H') be a sub-unital channel. Then, for all p € P(H) such
that p > 0,
AS(p, M) < [lo— M' o M(p)], [1og ... (4.104)

Now, assume M to be a sub-unital quantum sub-operation, then as a consequence of Lemma
4.1 and Corollary 4.1, we have, for all states p > 0 such that M(p) > 0 and the entropies S(p) and
S(M(p)) are finite,

D (p||MFoM(p)) < S(M(p)) = S(p) < |lp— Mo M(p)|, log o, - (4.105)
It is interesting to note that (4.105) implies

|p— MToM D (p||MT oM (p)) (4.106)

1
> -
Ol 2 fog i

for a sub-unital quantum sub-operation M and a state p > 0 such that M(p) > 0. This inequality

95



D241,

Figure 4.2. The measure ||Dy,|,, of non-unitarity for the qubit depolarizing channel D;, as a
function of the parameter ¢ € [0, %]

has the reverse form of Pinsker’s inequality [200], which in this case is

D (p|MtoM(p) = 5|lp— Mo M(p)|:. (4.107)

N —

In general, the relationship between relative entropy and different distance measures, including trace

distance, has been studied in [201-203].
4.6 Measure of non-unitarity

In this section, we introduce a measure of non-unitarity for any unital quantum channel that
is inspired by the discussion at the end of Section 4.5. A measure of unitarity for channels M :
D(Ha) = P(Ha), where H 4 is finite-dimensional, was defined in [204]. A related measure for non-
isometricity for sub-unital channels was introduced in [33]. A measure of non-unitarity for a unital
channel is a quantity that gives the distinguishability between a given unital channel with respect
to any unitary operation. It quantifies the deviation of a given unital evolution from a unitary
evolution. These measures are relevant in the context of cryptographic applications [205,206] and
randomized benchmarking [204].

It is known that any unitary evolution is reversible. The adjoint of a unitary operator is also a
unitary operator, and a unitary operator and its adjoint are the inverse of each other. These are the
distinct properties of any unitary operation. Let U4, g denote a unitary operator, where dim(H 4) =

dim(H ). Then a necessary condition for the unitarity of Uy, p is that (UA_”;)T Usg = 14. The
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unitary evolution Uy, 5 of a quantum state p4 is given by

U p(pa) = Uasp(pa) (Uasp)'. (4.108)

From the reversibility property of a unitary evolution, it holds that (U4, B)T olUp g =idy. It is
clear that (U4, B)Jr is also a unitary evolution, and (U4, B)Jr and U,_, g are the inverse of each other.

Contingent upon the above observation, it is to be noted that a measure of non-unitarity for a
unital channel M 4, p should quantify the deviation of (M4_, B)T o M, g from id4 and is desired
to be a non-negative quantity. We make use of the trace distance, which gives a distinguishability
measure between two positive semi-definite operators and appears in the upper bound® on entropy
change for a unital channel (Section 4.5), to define a measure of non-unitarity for a unital channel

called the diamond norm of non-unitarity.

Definition 4.3 (Diamond norm of non-unitarity) The diamond norm of non-unitarity of a
unital channel M 4_,p is a measure that quantifies the deviation of a given unital evolution from a

unitary evolution and is defined as

Mo = [[id=MTo M|, (4.109)
where the diamond norm ||-||, [207] of a Hermiticity-preserving map M is defined as
M|, = id @ M . 4.110
Ml = @M ora)l, (4110
In other words,
M|, = max |[[(id®@id—M"oM))(pra)l,- (4.111)

PRAEZ(HRA)

The diamond norm of non-unitarity of any unital channel M has the following properties:
1. |[M]g > 0.

2. [[M]lp = 0 if and only if MT o M =id, i.e., the unital channel M is unitary.

®Notice that the lower bound on the entropy change can also be used to arrive at the measure
in terms of trace distance by employing Pinsker’s inequality (4.107).
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3. In (4.111), it suffices to take pra to be rank one and to let dim(Hg) = dim(H ).
i M, <2

Noticing that MToM : D(H4) — 2(H4) is a quantum channel, properties 1, 3, and 4 are direct
consequences of the properties of the diamond norm [26]. For property 3, the reference system R
has to be comparable with the channel input system A, following from the Schmidt decomposition.
So Hpr should be countably infinite if H, is. Property 2 follows from [199, Theorem 2.1], [22,
Theorem 3.4.1].

The diamond norm has an operational interpretation in terms of channel discrimination [23,
26] (see also [208,209] for state discrimination). Specifically, the optimal success probability

Psuce (M1, Ms) of distinguishing between two channels M; and M is

1 1
Psuce(M1, My) = ) (1 + iHMl — M2H<>> . (4.112)

It follows that the optimal success probability of distinguishing between the identity channel and
Mo M is

Psuce(id, MT o M) = <1+%||id —MTOMHQ) (4.113)

N~ DN —

(1 i %HMH@) . (4.114)

Proposition 4.1 Let M : Z(H) — 2(H) be a unital channel. If there exists a unitary operator
U e B(H) such that
M =Ul, <4, (4.115)

whereU : D(H) — Z(H) is the unitary evolution (4.108) associated with U, then |M]|, < V20 +96.
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Proof. The following relations hold

lid=MTo M|, = [lid=Motd + MTotd — Mo M||, (4.116)
< |lid=Motd||, + [[MTo U - M), (4.117)
< |lid=Mou]|, +5. (4.118)

To obtain these inequalities, we have used the following properties of the diamond norm [26]:
1. Triangle inequality: ||M; + Msl|, < ||Ma], + [|Mz]|,.
2. Sub-multiplicativity: ||M; o Msl|, < [|Mi]|,[[M2]],.
3. For all channels M, | M]|, = 1.

In particular, to use the third fact, we notice that MT is a channel since M is unital. We have also
made use of an assumption that ||/ — M|, < 4.

Now, from the assumption ||/ — M|, < 4, it follows by unitary invariance of the diamond norm
that

[id —UT o M|| < 6. (4.119)

By the operational interpretation of the diamond distance, this means that the success probability
of distinguishing the channel U o M from the identity channel, using any scheme whatsoever,
cannot exceed pgec(id,UT 0o M) as defined in (4.112). In other words, the success probability cannot
exceed % (1 + %(5) One such scheme is to send in a bipartite state [¢), on a reference system R
and the system A on which the channel acts and perform the measurement defined by the positive
operator-valued measure (POVM) {|)¢| 54, Lra — |¥)¥|z4}- If the outcome of the measurement
is [¢)1|z,4, then one guesses that the channel is the identity channel, and if the outcome of the
measurement is 1 g4 —[¢))t)|, then one guesses that the channel is 4T o M. The success probability

of this scheme is
% [TT{WXMRA idRA(WXWRA)} + Tr{(1ra — W}Xw‘RA) [idR ®<UT © M)A} (WXWRA)H
1

=5 (2= (@lpa [idr @@ 0 M)a] (1)1 pa) [¥) pa] - (4.120)
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By employing the above, we get

1 1 1

3 (2= la [4r 0@ o M) (6X0100) )] < 5 (14 39) (1121)
1
& (Ylpa [idr@U" 0 M)a] ([9X0]5a) [¥)ga = 1= 56 (4.122)
By employing the definition of the channel adjoint, we find that
(Wl pa [idr @U" © M)A] ([0X0] ) [4) a
1

= (¥l [ ©OMT 02U) 4] (10Xl a) [¥)n 2 1= 56 (4.123)

This holds for all input states, so we can conclude that the following inequality holds:

i (6] [idn (M U] ()10 s > 1= 0. (4.124)

Now, by the definition (4.110) of the diamond norm, and the fact that it suffices to take the

maximization in the definition of the diamond norm over only pure states, we have
|id—MTots]| = max | [idr @(id =M o td)a] (|4) (W] 54)]],- (4.125)

By the Fuchs-van de Graaf inequality [76], we obtain

[[idr ®(id =M 0 U)a] (1) (@A), (4.126)
= [[[)W] g — [ldr @M o U) a] (JUXYI4) ] (4.127)
< 24/1— (W] lidg @M 0 U) 4] ([9X8] ) [9) s (4.128)
It follows that
lid=Moull, <2, /1 —min (6], fide @M o U)aT ()P a) [0) s (4.129)
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Using (4.124), we therefore obtain
lid-Moul| <2 %5:\/%. (4.130)

Finally, from (4.118) we arrive at
lid =Mt o M|, < V20 + 4, (4.131)

as required. m

We can also make qualitative argument for the converse statement to suggest that if the diamond
norm of non-unitarity ||M||, of a unital channel M is less than d, then M is close to some unitary
evolution (channel) for small § . Consider that |[id =M o M||_ < . Then, using tools of channel

discrimination in the same way as in the proof of Proposition 4.1, we obtain

Y [Whnat T (0Kl (idr @M 0 M)()0150)] 2 1 - 50, (4.132)

which implies that
1
Tr [(idr QM) ([)h| ga)?] > 1 — 30 (4.133)

We know that Tr{p?} = 1 for a density operator p if and only if it is a pure state, and any deviation
of Tr{p?} from unit shows how mixed the state is. Hence, the above inequality (4.133) implies that

less noise is introduced in the system A if the unital channel is close to some unitary process.

We now quantify the non-unitarity of the qudit depolarizing channel Dy, defined as [210]

1
Dag(p) = (L =a)p+azl Vpe I(Ha), (4.134)

where dim(H4) = d and ¢q € [0, dgd—i} The input state p remains invariant with probability

1— (1 — %) ¢q under the action of Dy

6A concrete proof of the converse statement of Proposition 4.1 has been derived in an unpublished
work with Sumeet Khatri, Mark M. Wilde, and Elton Y. Zhu.
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Proposition 4.2 For the depolarizing channel Dy 4, the diamond norm of non-unitarity is

IPaall, =212 =) (1- 5 ) (4.135)

Proof. The result follows directly from [211, Section V.A], but here we provide an alternative proof
argument that holds for more general classes of channels.

The depolarizing channel is self-adjoint, that is, DL’ g = Dag for all ¢, which means that D;rl’ 4 ©
Dyg = Diq = Dy oq—q2- Therefore,

1

Yaa —Ya ® P

, (4.136)

IDaally = l[id =D, |, = 24 — ¢*[ max
A’A 1

where a4 = |)¢| 4,4 18 & pure state and dim(H ) = dim(H4) = d.

The identity channel and the depolarizing channel are jointly teleportation-simulable [34, Defini-
tion 6] with respect to resource states, which in this case are the respective Choi states (because these
channels are also jointly covariant (Definition 2.4, also see [34, Definitions 7 & 12]). It is known that
the trace distance is monotonically non-increasing under the action of a quantum channel. There-
fore, we can conclude from the form [34, Eq. (3.2)] of the action of jointly teleportation-simulable
channels that the diamond norm between any two jointly teleportation-simulable channels is upper
bounded by the trace distance between the associated resource states.

Since dim(H 4) is finite, the maximally entangled state |®) ,, , = \/Lg S i) 4), where {]i)}4, €

ONB(#4), is an optimal state in (4.136). It is known that

I]' X X
R L (4.137)

1

where {0%® 440535 " € ONB(Haa) and {o*}¥ ! forms the Heisenberg-Weyl group (see Ap-
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pendix A). We denote the identity element in {o* ﬁi_ol by 0. Using this, we get

1 1
1Dagll, = (20 — ¢*)||Pas — 5 @ = (4.138)
d-d|,
_ 2 - i o i — T T
=Qe-)|(1- 5 ) Paa— 5 > ohPaach (4.139)
r=1 1
i 1\ &-1
= (20— ¢*) (1 — ﬁ> +— ] (4.140)

=2¢(2 —q) (1 - %) . (4.141)

Hence, we can conclude that [[Dygll,, = 2¢(2 — ¢) (1 — 5). See Fig. 4.2 for a plot of [|Dy ]|, as a

function of ¢. m
4.7 Conclusion

In this chapter, we discussed the rate of entropy change of a system undergoing time evolution
for arbitrary states and proved that the formula derived in [158] holds for both finite- and infinite-
dimensional systems undergoing arbitrary dynamics with states of arbitrary rank. We derived a
lower limit on the rate of entropy change for anarbitrary quantum Markov process. We discussed the
implications of this lower limit in the context of bosonic Gaussian dynamics. From this lower limit,
we also obtained several witnesses of non-Markovianity, which we used in two common examples
of non-Markovian dynamics. Interestingly, our witness turned out to be useful in detecting non-
Markovianity for given non-unital process, which could not be detected using BLP measure. We
generalized the class of operations for which the entropy exhibits monotonic behavior. We also
defined a measure of non-unitarity based on bounds on the entropy change, discussed its properties,

and evaluated it for the depolarizing channel.
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Chapter 5 Reading of Memory Devices: General Protocol and Bounds

One of the primary goals of quantum information theory is to identify limitations on information
processing when constrained by the laws of quantum mechanics. In general, quantum information
theory uses tools that are universally applicable to the processing of arbitrary quantum systems,
which include quantum optical systems, superconducting systems, trapped ions, etc. [21]. The
abstract approach to quantum information allows us to explore how to use the principles of quantum
mechanics for communication or computation tasks, some of which would not be possible without
quantum mechanics.

In [109], a communication protocol was introduced in which a classical message is encoded in
a set of unitary operations, and later on, one can read out the information stored in the unitary
operations by calling them. Over a decade after [109] was published, this communication model
was generalized and studied under the name “quantum reading” in [212], and it was applied to
the setting of an optical read-only memory device. An optical read-only memory device is one
of the prototypical examples of quantum reading, and for this reason, quantum reading had been
mainly considered in the context of optical realizations like CD-ROMs and DVDs [212-216]. In
this case, classical bits are encoded in the reflectivity and phase of memory cells, which can be
modeled as a collection of pure-loss bosonic channels. More generally and abstractly, a memory
cell is a collection of quantum channels, from which an encoder can select to form codewords for
the encoding of a classical message. Each quantum channel in a codeword, representing one part of
the stored information, is read only once. In subsequent works [213,217], the model was extended
to a memory cell consisting of arbitrary quantum channels. In a quantum reading strategy, one
exploits entangled states and collective measurements to help read out a classical message stored
in a read-only memory device. In many cases, one can achieve performance better than what can
be achieved when using a classical strategy [212].

Some early developments in quantum reading [212] were based on a direct application of devel-

opments in quantum channel discrimination [207,218-225]. However, the past few years have seen

This chapter is entirely based on [34], a joint work with Mark M. Wilde.
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some progress in quantum reading: there have been developments in defining protocols for quantum
reading (including limited definitions of reading capacity and zero-error reading capacity), giving
upper bounds on the rates for classical information readout, achievable rates for memory cells con-
sisting of a particular class of bosonic channels, and details of a quantum measurement that can
achieve non-trivial rates for memory cells consisting of a certain class of bosonic channels [212-217].
The information-theoretic study of quantum reading is based on considerations coming from quan-
tum Shannon theory, and the most abstract and general way to define the encoding of a classical
message in a quantum reading protocol is as mentioned above, a sequence of quantum channels
chosen from a given memory cell.

Hitherto, all prior works on quantum reading considered decoding protocols of the following
form: A reader possessing a transmitter system entangled with an idler system sends the transmitter
system through the coded sequence of quantum channels. Finally, the reader decodes the message
by performing a collective measurement on the joint state of the output system and the idler system.

However, the above approach neglects an important consideration: in a quantum reading proto-
col, the transmitter and receiver are in the same physical location. We can thus refer to both devices
as a single device called a transceiver. As a consequence of this physical setup, the most general
and natural definition for quantum reading capacity should allow for the transceiver to perform an
adaptive operation after each call to the memory, and this is how quantum reading capacity was
defined in [34].

In general, an adaptive strategy can have a significant advantage over a non-adaptive strategy
in the context of quantum channel discrimination [224]. Furthermore, a quantum channel discrim-
ination protocol employing a non-adaptive strategy is a special case of one that uses an adaptive
strategy. Since quantum reading bears close connections to quantum channel discrimination, we
suspect that adaptive operations could help to increase quantum reading capacity in some cases,
and this is one contribution of [34].

It is to be noted that the physical setup of quantum reading is rather different from that
considered in a typical communication problem, in which the sender and receiver are in different
physical locations. In this latter case, allowing for adaptive operations represents a different physical

model and is thus considered as a different kind of capacity, typically called a feedback-assisted
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capacity. However, as advocated above, the physical setup of quantum reading necessitates that
there should be no such distinction between capacities: the quantum reading capacity should be
defined as it is here, in such a way as to allow for adaptive operations.

Another point of concern with prior work on quantum reading is as follows: so far, all bounds
on the quantum reading rate have been derived in the usual setting of quantum Shannon theory,
in which the number of uses of the channels tends to infinity (also called the i.i.d. setting, where
i.i.d. stands for “independent and identically distributed”). However, it is important for practical
purposes to determine rates for quantum reading in the non-asymptotic scenario, i.e., for a finite
number of quantum channel uses and a given error probability for decoding. The information-
theoretic analysis in the non-asymptotic case is motivated by the fact that in practical scenarios,
we have only finite resources at our disposal [17,226,227].

The main focus of this chapter is to address some of the concerns mentioned above by giving the
most general and natural definition for a quantum reading protocol and quantum reading capacity.
We also establish bounds on the rates of quantum reading for wider classes of memory cells in
both the asymptotic and non-asymptotic cases. First, we define a quantum reading protocol and
quantum reading capacity in the most general setting possible by allowing for adaptive strategies.
We give weak-converse, single-letter bounds on the rates of quantum reading protocols that employ
either adaptive or non-adaptive strategies for arbitrary memory cells. We also introduce a particular
class of memory cell, which we call an environment-parametrized (see Section 5.1 for definitions), for
which stronger statements can be made for the rates and capacities in the non-asymptotic situation
of a finite number of uses of the channels. It should be noted that a particular kind of environment-
parametrized memory cell consists of a collection of channels that are jointly teleportation simulable.
Many channels of interest obey these symmetries: some examples are erasure, dephasing, thermal,
noisy amplifier, and Pauli channels [50, 80, 125, 126, 228-230]. Here we determine strong converse
and second-order bounds on the quantum reading capacities of environment-parametrized memory
cells. Based on an example from [224, Section 3], we show in Section 5.5 that there exists a memory
cell for which its zero-error reading capacity with adaptive operations is at least %, but its zero-
error reading capacity without adaptive operations is equal to zero. This example emphasizes how

reading capacity should be defined in such a way as to allow for adaptive operations, as stressed in
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this chapter.

The organization of this chapter is as follows. In Section 5.1, we briefly review the set up
of quantum reading protocol as a particular instance of communication protocol over bipartite
quantum interaction. We then introduce two of the aforementioned classes of memory cells. In
Section 5.2, we define a quantum reading protocol and quantum reading capacity in the most
general and natural way. Section 5.3 contains main results, which were briefly summarized in the
previous paragraph. In Section 5.4, we calculate quantum reading capacities for a thermal memory
cell and for a class of jointly covariant memory cells, including a qudit erasure memory cell and a
qudit depolarizing memory cell. In Section 5.5, we provide an example to illustrate the advantage
of adaptive operations over non-adaptive operations in the context of zero-error quantum reading
capacity. In the final section of the chapter, we conclude and shed some light on possible future

work.
5.1 Memory cells with symmetry

In this section, we first review controlled channels as a particular instance of bipartite quantum
interactions. This observation leads to the realization that a (quantum) reading protocol is a
particular instance of information processing or communication task that uses bipartite quantum
interactions of specific forms. Next, we define a broad class of memory cell called environment-
parametrized memory cell that is a set of quantum channels obeying certain symmetries.

Throughout this chapter, let 2" denote an alphabet of size | X|, where |X| is finite.

5.1.1 Bipartite interaction and quantum reading

Consider a bipartite quantum interaction between systems X’ and B’, generated by a Hamilto-
nian Hyx'pp, where E’ is a bath system, as given by (3.3).

For some distributed quantum computing and information processing tasks where the controlling
system (register) X and input system B’ are jointly accessible, the following bidirectional channel

is relevant:

Bxpoxs() =) lafalx @ Nip (2] () o) x).- (5.1)

zeX

In the above, X’ is a controlling system that determines which evolution from the set {N?®},co
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takes place on input system B’. In particular, when X’ and B’ are spatially separated and the
input states for the system X’B’ are considered to be in product state, the noisy evolution for such

constrained interactions is given by the following bidirectional channel:

Bxipxplox @ pp) =Y (x|ox )y |e)zly @ N§_p(pp). (5.2)
zed

This kind of bipartite interaction is in one-to-one correspondence with the notion of a memory
cell from the context of quantum reading [109,212]. There, a memory cell is a collection {N3, . g }rca
of quantum channels. One party chooses which channel is applied to another party’s input system
B’ by selecting a classical letter z € 2. Clearly, the description in (5.1) is a fully quantum
description of this process, and thus one notices that quantum reading can be understood as the

use of a particular kind of bipartite interaction.

5.1.2 Environment-parametrized memory cells

A collection of channels {5, z}.e2 is called environment-parametrized if there exists a set of
ancillary states {0%},c2, and Fp g5 a quantum channel, called an interaction channel, such that

&, p can be realized as follows:
Epp(Xp) = Fppp(Xp @ 0F), (5.3)

for all Xp € %, (Hp/). This notion is related to the notion of programmable channels, used in the

context of quantum computation [125] (see Section 2.4).

Remark 5.1 We notice from Definition 2.2 that a teleportation-simulable channel is a particular
kind of environment-parametrized channel in which a resource state wrp is the ancillary state and

LOCC channel Lrp p_p is the interaction channel.

We now define a broad class of sets of quantum channels that we call environment-parametrized
memory cells, and we discuss two classes of sets of quantum channels that are particular kinds of

environment-parametrized memory cells.
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Definition 5.1 (Environment-parametrized memory cell) A set &y = {NE , 5}leca of quan-
tum channels is an environment-parametrized memory cell if there exists a set {0%}.c 2 of ancillary

states and a fived interaction channel Fg g g such that for all input states pg: and Vx € Z

Ngp(pp) = Fapp(pp © 0%). (5.4)

Definition 5.2 (Jointly teleportation-simulable memory cell) A set Ty = {T5 _ z}lsca of
quantum channels is a jointly teleportation-simulable memory cell if there exists a set {whg}rea of

resource states and an LOCC channel L rp_ g such that, for all input states pg: and Vr € Z

g’aB(/)B’) = EB’RB%B(,OB’ & W%B), (5.5)

where the LOCC' channel input is with respect to the bipartition RB': B.

Definition 5.3 (Jointly covariant memory cell) A set Ty = {TE _ glecz of quantum chan-
nels is jointly covariant if there exists a group & such that for all x € 2, the channel T" is a

covariant channel with respect to the group ¢ (Definition 2.1).

Proposition 5.1 Any jointly covariant memory cell Ty = {T5 _ gteca is jointly teleportation-

simulable with respect to a set {T5 _ 5(Prp')}uca of resource states.

Proof. For a jointly covariant memory cell with respect to a group ¢, all the channels 75 _, 5 are
jointly teleportation-simulable with respect to the resource states 73 _, 5(®rp’), which are respective
Choi states, by using a fixed POVM {E%, }ev, similar to that defined in [80, Equation (A.4),

Appendix A]. See [80, Appendix A] for an explicit proof. m

Remark 5.2 Any jointly teleportation-simulable memory cell is environment-parametrized, an ob-
servation that is a direct consequence of definitions. This implies that all jointly covariant memory

cells are also environment-parametrized.

5.2 Quantum reading protocols and quantum reading capacity
In a quantum reading protocol, we consider an encoder and a reader (transceiver). An encoder

is one who encodes a message onto a physical memory device that is delivered to Bob, a receiver,
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Figure 5.1. The figure depicts a quantum reading protocol that calls a memory cell three times
to decode the message m as m. See the discussion in Section 5.2 for a detailed description of a
quantum reading protocol.

whose task it is to read the message. Bob is also referred to as the reader. The quantum reading
task comprises the estimation of a message encoded in the form of a sequence of quantum channels
chosen from a given set {N},_, }ze2 of quantum channels called a memory cell, where 2 is a finite
alphabet. In the most general setting considered here, the reader can use an adaptive strategy for
quantum reading.

Both the encoder and the reader agree upon a memory cell .75 = {N},_, 3 }zea before executing
the reading protocol. Consider a classical message set .# = {1,2,...,|M|}, and let M be an
associated system denoting a classical register for the message. The encoder encodes a message
m € .# using a sequence z"(m) = (x1(m),zo(m),...,z,(m)) of length n, where z;(m) € 2 for
all i € {1,2,...,n}. Each sequence identifies with a corresponding codeword formed from quantum

channels chosen from the memory cell .5 :

i%Bl

(Ve NN, (5.6)

Each quantum channel in a codeword, each of which represents one part of the stored information,
is only read once.

An adaptive decoding strategy J, makes n calls to the memory cell .#». It is specified in

n—1

. . . Z
terms of a transmitter state pg, p;, a set of adaptive, interleaved channels {Ay 5 5 Bgﬂ}i:l,

and a final quantum measurement {A} ; }me that outputs an estimate 1 of the message m.
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The strategy begins with Bob preparing the input state pg, p; and sending the Bj system into the

channel A/%(™)

BBy The channel outputs the system B, which is available to Bob. She adjoins the

system B to the system R; and applies the channel Aj , p,- The channel A 5, Rep Bl is
called adaptive because it can take an action conditioned on the information in the system B;,

which itself might contain partial information about the message m. Then, he sends the system B,

o (m)

into the second use of the channel By By’

which outputs a system Bs. The process of successively
using the channels interleaved by the adaptive channels continues n — 2 more times, which results
in the final output systems R,, and B, with Bob. Next, he performs a measurement {A% 5 }ies
on the output state pg, p,, and the measurement outputs an estimate m of the original message m.
See Figure 5.1 for a depiction of a quantum reading protocol.

It is apparent that a non-adaptive strategy is a special case of an adaptive strategy in which the
reader does not perform any adaptive channels and instead uses pyp» as the transmitter state with
each B/ system passing through the corresponding channel N; Jg;(—@h and R being an idler system.
The final step in such a non-adaptive strategy is to perform a decoding measurement on the joint
system RB".

As we argued previously, it is natural to consider the use of an adaptive strategy for a quantum

reading protocol because the channel input and output systems are in the same physical location.

In a quantum reading protocol, the reader assumes the role of both the transmitter and receiver.

Definition 5.4 (Quantum reading protocol) An (n, R,e) quantum reading protocol for a mem-
ory cell Sy is defined by an encoding map Eene : M — X" and an adaptive strateqy Jy, with
measurement {A%an Ymew- The protocol is such that the average success probability is at least 1 —¢,

where € € (0,1):

I—e<1—per=

1 m T (M n— 1 (m
|_M] Z Tr {ASRH)BH ( B;L(—U%n © Rnian,HRHB; ©-0 A}leﬁRng © Bi(—>321> (pRlBll)} . (5.7)

The rate R of a given (n, R,¢) quantum reading protocol is equal to the number of bits read per
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channel use:

1
R = - log, |M]|. (5.8)

To arrive at a definition of quantum reading capacity, we demand that there exists a sequence
of reading protocols, indexed by n, for which the error probability p., — 0 as n — oo at a fixed

rate R.

Definition 5.5 (Achievable rate) A rate R is called achievable if Ve € (0,1), 6 > 0, and suffi-

ciently large n, there exists an (n, R — d,¢) code.

Definition 5.6 (Quantum reading capacity) The quantum reading capacity C(-o°) of a mem-

ory cell Ly is defined as the supremum of all achievable rates R.

5.3 Fundamental limits on quantum reading capacities

In this section, we establish second-order and strong converse bounds for any environment-
parametrized memory cell. We also establish general weak converse (upper) bounds on various

reading capacities.

5.3.1 Converse bounds for environment-parametrized memory cells

In this section, we derive upper bounds on the performance of quantum reading of environment-
parametrized memory cells.

To begin with, let us consider an (n, R, €) quantum reading protocol of an environment-parametrized
memory cell &y = {N*},co (Definition 5.1). The structure of reading protocols involving adaptive
channels simplifies immensely for memory cells that are teleportation-simulable and more generally
environment-parametrized. This is a direct consequence of the symmetry obeyed by the channels
in the cell. For such memory cells, a quantum reading protocol can be simulated by one in which
every channel use is replaced by the encoder preparing the ancillary state eg‘(’”) from (5.4) and then
interacting the channel input with the interaction channel Fp/g_,g. Critically, each interaction

channel Fp/ p_ p is independent of the message m € .#. Let

O™ = Q) o™ (5.9)
=1
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Figure 5.2. The figure depicts how a quantum reading protocol of an environment-parametrized
memory cell can be rewritten as a protocol that tries to decode the message m from the ancillary
states Hffn(m). All of the operations inside the dashed lines can be understood as a measurement on

the states Qg;(m) )

denote the ancillary state needed for the simulation of all n of the channel uses in the quantum
reading protocol. This leads to the translation of a general quantum reading protocol to one in
which all of the rounds of adaptive channels can be delayed until the very end of the protocol, such
that the resulting protocol is a non-adaptive quantum reading protocol.

The following proposition, holding for any environment-parametrized memory cell, is a direct
consequence of observations made in [50, Section V], [51], [228, Theorem 14 & Remark 11], and [127].
We thus omit a detailed proof, but Figure 5.2 clarifies the main idea: any quantum reading protocol
of an environment-parametrized memory cell can be rewritten as in Figure 5.2. Inspecting the figure,
one can notice that the protocol can be understood as a non-adaptive decoding of the ancillary
states eg;(’”), with the decoding measurement constrained to contain the interaction channel Fgg_.p
interleaved between arbitrary adaptive channels. Thus, Proposition 5.2 establishes that an adaptive
strategy used for decoding an environment-parametrized memory cell can be reduced to a particular

non-adaptive decoding of the ancillary states Qg;(m).

Proposition 5.2 (Adaptive-to-non-adaptive reduction) Let &y = {NE , z}leca be an environment-
parametrized memory cell with an associated set of ancillary states {0%}zex and a fized interaction

channel Fg g, as given in Definition 5.1. Then any quantum reading protocol as stated in Defini-
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tion 5.4, which uses an adaptive strateqy Je, , can be simulated as a non-adaptive quantum reading

protocol, in the following sense:

™ T (M) n—1 1 x1(m)
Tr {AEan ( Bl,—B, ° AEn,an,laEnB;l 00 AElBlﬁEgBé °Np B (PElBi)

for some POVM {T'%. }iwe.wr that depends on Jg.,. .

Using the observation in Proposition 5.2, we now show how to arrive at upper bounds on the
performance of any reading protocol that uses an environment-parametrized memory cell.

Our proof strategy is to employ a generalized divergence to make a comparison between the states
involved in the actual reading protocol and one in which the memory cell is fixed as & = {Pp 5},
containing only a single channel with environment state éE and interaction channel Fg g_.g. The
latter reading protocol contains no information about the message m. Observe that the augmented
memory cell {&€,, &} is environment-parametrized.

One of the main steps that we use in our proof is as follows. Consider the following states:

1 R A/ A
Oait = D Ty ImNmlas © P () ol (5.11)
meM meMN
1 N
Tvir = Y (1] [m)Xmly, ® 7y, (5.12)
meH

where py, 17 (|m) is a distribution that results after the final decoding step of an (n, R, €) quantum
reading protocol, while 7, is a fixed state. By applying the comparator test {IL,,,;, 1,5 — Hasxts

defined by

My = ) [m)mly @ [m)}mly , (5.13)

m

and using definitions, we arrive at the following inequalities that hold for an arbitrary (n, R,¢)

quantum reading protocol:

1
Tr{HMMUMM} Z 1-— g, Tr{HMMTMM} = |—]\/[’ (5.14)
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Then by applying the definition of the e-hypothesis-testing divergence, we arrive at the following

bound, which is a critical first step to establish second-order and strong converse bounds:
Dy oy lTarm) = logy |M]. (5.15)

In the converse proof that follows, the main idea for arriving at an upper bound on performance
is to make a comparison between the case in which the message m is encoded in a sequence of

quantum channels and the case in which it is not.

Second-order asymptotics and strong converse

In this section, we derive second-order asymptotics and strong converse bounds for environment-
parametrized memory cells. We begin by deriving a relation between the quantum reading rate and

the hypothesis testing divergence.

Lemma 5.1 The following bound holds for an (n, R,€) reading protocol that uses an environment-

parametrized memory cell (Definition 5.1):

logy, |IM| =nR <

> pxe(a") |I"><x"lxn®éj?5"> . (5.16)

znen

sup inf D;( Z pxn (@) |2 N2 | o @ O

pxn 0 e n

Proof. Proof begins by applying the observation from Proposition 5.2, which allows reduction of
any adaptive protocol to a non-adaptive one. If the encoder chooses the message m uniformly at
random and places it in a system M, the output state in (5.11) after Bob’s decoding measurement

in the actual protocol is

1 5 ™ (m ~ A
Taast = 2 gy Iomlay @ T{TROE | (5.17)
where
En = E ’
i=1
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The success probability psuce := 1 — Perr is defined as

suce = Ta T re g6 3“ (m)} ’ 5.19

meA

The output state in (5.12) after Bob’s decoding measurement in a reading protocol that uses the

memory cell & is
m AN ANSA
E:’M’ m|M®§:Tr{FEn0 b il (5.20)

Then a generalized divergence can be bounded as follows:

D({Psuces 1 = psuce HI{1/| M|, 1 = 1/|M[})

< D(oyrlmarm)

< D(Z Lol @ 620

m

S mifm] @ HE) (5.21)

m

The first inequality follows from applying the comparator test in (5.13) to o,,,; and 7,5, The
second inequality follows from the data-processing inequality in (2.57) as the final measurement is

a quantum channel. Since the above bound holds for all éE, it can be concluded that

D({Psuce, 1 = psuce }[[{1/[M], 1 = 1/[M]}) <

1 n
inf D — e (m)

3 ﬁ im)ml,, @ égn) (5.22)

m

Now optimizing over all input distributions, we arrive at the following general bound:

D ({Psuce; 1 = psuce }H{1/IM],1 = 1/[M]}) <

supir;fD( Z pxn () 2" N2 | ® O

pxn 0 e

S b (@) [ Na" ®é%"> . (5.23)

znegn

where 2" 1= 129+ 1, and 0%, = ;. 07. Observe that the lower bound contains the relevant
performance parameters such as success probability and number of messages, while the upper bound

is an information quantity, depending exclusively on the memory cell &5 .
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Substituting the hypothesis testing divergence in the above and applying (5.15), we obtain the
following bound for an (n, R, ¢) reading protocol that uses an environment-parametrized memory

cell:

log, |[M| =nR <

> pxe(a) 2" N ”!Xn®9®") (5.24)

e

supir;fDZ( Z pxn (2) |2 N2"| o @ O

pxn 0 e

This concludes our proof. m

A direct consequence of Lemma 5.1 and [231, Theorem 4] is the following proposition:

Proposition 5.3 For an (n, R, ) quantum reading protocol for an environment-parametrized mem-

ory cell o = {N*},eo (Definition 5.1), the following inequality holds

V.(E 1
R < max I(X; B)p + 1| 22 g10y 4 0( Og”) , (5.25)
pPx n n
where
Oxp =Y px(@)|a)zl; @ 05, (5.26)
zeX

O~1(e) is the inverse of the cumulative distribution function', and

min eV (0xE|0x ®0E), e (0,1/2
V(E) = pxep(ésy) V (Oxpllfx © 0p) (0,1/2] | (5.28)

maxy,,ep(& (GXE”H)((X)HE) € € (1/2,1)

where V(pl|lo) denotes the variance between p,o € P(H) and P(Ey) denotes a set {px} of proba-

bility distributions that achieve the mazimum in max,, I(X; E)y.

Proposition 5.4 The success probability pswe. of any (n, R,€) quantum reading protocol for an

!The cumulative distribution function corresponding to the standard normal random variable is

defined as - .
= — ——2%) dx. 2
/_OO o exp( 5% ) T (5.27)

Its inverse is also useful for us and is defined as ®~!(a) := sup {a € R|®(a) < e}, which reduces to
the usual inverse for ¢ € (0,1).
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environment-parametrized memory cell &y (Definition 5.1) is bounded from above as

S 2= nsupa>1( )(R Ia(gf%”)) (529)

pSU.CC )

where

I(Ey) = max I,(X; E), (5.30)

pPx

for Oxg as defined in (5.26).

Proof. A proof follows by combining the bound in (5.23) with the main result of [65] (see also [232]

for arguments about extending the range of « from (1,2] to (1,00)). =

Theorem 5.1 The quantum reading capacity of any environment-parametrized memory cell &y =

{NE _ gteea (Definition 5.1) is bounded from above as

C(Ey) < max I(X; E)y, (5.31)

Px
where Ox g is defined in (5.26).

Proof. The statement follows from Proposition 5.3, by taking the limit n — oo. Alternatively,
the statement can also be concluded from Definition 5.6 and Proposition 5.4, by taking the limit

a—1. n

Direct consequences of the above theorems and Remark 5.2 are the following corollaries:

Corollary 5.1 For any (n, R,¢) quantum reading protocol and jointly teleportation-simulable mem-
ory cell Ty (Definition 2.2) with associated resource states {whp}zca , the reading rate R is bounded

from above as

n n

€ y — 1
R < max I(X: RB), + 1/ 27 g112) 4 0 ( Og”> , (5.32)
Px
where

WXRB — pr |m m|X ®wRB (533)
zed
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and

min 7,V (W wx ® WRB), e€(0,1/2
V(T = pxeP(7y) V (WxrB|lwx ® wrB) (0,1/2] | (5.34)
MaXyy cP( 7y ) V(wXRBHwX ®wRB), €€ (1/2,1)

In the above, P(Ty ) denotes a set {px} of probability distributions that are optimal for max,, I(X; RB),.

Corollary 5.2 The quantum reading capacity of any jointly teleportation-simulable memory cell

Ty =A{T5 _gleca associated with a set {w}p} of resource states is bounded from above as

C(Ty) <maxI(X;RB),, (5.35)
Px
where
WXRB = pr(x) lz) 7]y ® whp- (5.36)
zeX

The capacity bounds given above are tight for a wide variety of channels, as clarified in the

following remark:

Remark 5.3 The quantum reading capacity is achieved for a jointly teleportation-simulable mem-
ory cell Ty = {T5 _ gleca when, for all v € X', w}p is equal to the Choi state of the channel
TE . More finely, the upper bound in Corollary 5.1 is achieved in such a case by invoking [251,
Theorem /J.

5.3.2 Weak converse bound for a non-adaptive reading protocol

In this section, we establish a general weak converse when the strategy employed is non-adaptive.

Consider a state py;rpm of the form

1
PMRB'™ = W Z ‘m><m]M X PRB'™ - (537)
m_

Suppose that prpn is purified by the pure state ¥ rspn. Bob passes the transmitter state prpgm

through a codeword sequence V] ;Zfzgn =, ;ﬁTéi, where the choice m depends on the classical

: . 2™ (m) i (m) i (m)
value m € .# in the register M. Let Uﬁ{n_}BnEn = ®?:1 L{M_%B_E, where Z’IAC.—>B-E- denotes an
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isometric quantum channel extending Nt for all ¢ € [n]. After the isometric channel acts, the

—>B ’
overall state is as follows:

' (m)
OMRSBnE" — ‘M' Z |m m|M ® é//'n_>BnEn (@DRSBM) . (538)

Let o’ = Drpn_.x; (0rmren) be the output state at the end of protocol after the decoding mea-
M RBn— M

M

surement D is performed by Bob. Let EM 1y denote the maximally classically correlated state:

vt = e S mimly, @ miom (5.39)
| | me.H

Proposition 5.5 The non-adaptive reading capacity of any quantum memory cell Sy = {N*}x

18 upper bounded as

Cnon-adaptive(y%) S sup I(XRa B)Ta (540)
PX PRrB!
where
TXRB = ZPX )|zXx]y @ N 5(drE), (5.41)

and it suffices for ¢prp to be a pure state such that dim(Hg) = dim(H’).
Proof. For any (n, R, ) quantum reading protocol using a non-adaptive strategy, one has
1Parn —

lly = (5.42)

N | —
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Then consider the following chain of inequalities:

logy | M| = I(M; M)
< I(M; M)y + f(n,e)
< I(M;RSB"), + f(n,e)
= I(M:RS), + I(M; B"|RS), + f(n,e)
= I(M; B"|RS), + f(n,e)
= S(B"|RS), — S(B"|RSM), + f(n,e)

= S(B"|RS), + S(B"|E"M), + f(n,e)

(5.43)
(5.44)
(5.45)
(5.46)
(5.47)
(5.48)

(5.49)

The first inequality follows from the uniform continuity of conditional entropy [61,62], where f(n,¢)

is a function of n and the error probability ¢ such that lim._,olim, @ = 0. The second

inequality follows from data processing. The second equality follows from the chain rule for the

mutual information. The third equality follows because the reduced state of systems M and RS is

a product state. The fifth equality follows from the duality of the conditional entropy. Continuing,

it follows that

(5.49) < 2”: [S(Bi|RS)s + S(B;|E;M)s] + f(n,e)

= [S(BilRS)s — S(Bi|RSBj,j\ (s M)o] + f(n,€)
=1

= Z I(M By (iy; Bil RS)o + f(n,€)
=1

<> I(MBi,\ 1 RS; Bi)s + f(n€)

i=1
=nl(MR'; B|Q), + f(n,e¢)

<n sup I(XR;B).+ f(ne).

PXPrp

(5.50)

(5.51)

(5.52)

(5.53)

(5.54)

(5.55)

The first inequality follows from subadditivity of quantum entropy. The final inequality follows

because the average can never exceed the maximum. In the above, Bfn}\ (i) denotes the joint system
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BiB'y---B._B'iy1--- Bl such that system B! is excluded. Furthermore,
|M| n

OMQR'B = Z Z [m)m/|,, @ |iXi|, ® B/_”% (0rsBB, ), (5.56)

mlzl

where we have introduced an auxiliary classical register (), and R’ := RS B[’n]\i. Also,

TXRB = ZPX ) lz)zlx @ N (dgp)- (5.57)

Now we argue that it is sufficient to take ¢z, to be a pure state. Suppose that ¢pp, is a mixed

state and let R” be a purifying system for it. Then by the data-processing inequality, it follows that
I(XR; B), < I(XRR"; B),, (5.58)

where Ty ppi g 1 @ state of the form in (5.57). The statement in the theorem about the dimension of
the reference system follows from the Schmidt decomposition and the fact that the reference system

purifies the system B’ being input to the channel. m

5.3.3 Weak converse bound for a quantum reading protocol

Now we establish a general weak converse bound for the quantum reading capacity of an arbitrary

memory cell.

Theorem 5.2 The quantum reading capacity of a quantum memory cell Lo = {N?*} 4 is bounded

from above as

C(Ly) < sup [I(X;B|R), — I(X;B'|R),], (5.59)
PxRB’
where
WXRB = ZPX |ZL' :C’X ®NB’~>B<IORB’) (560)
PXRB = Z px(z) [x)7|x @ pRp, (5.61)
red

and dim(Hg) can be unbounded.
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Remark 5.4 It should be noted that the upper bound sup, . [I(X;B|R), — I(X; B'|R),| is non-
negative. A particular choice of the input state pxrp s pxre' = Y _4eq Px (@) |2)X2| ¢ ® prEr. Then

in this case,
[(X; B|R)., — I(X; B'|R), = I(X; RB), — I(X; RB'), = [(X; RB),, > 0, (5.62)
with wxrp = Y _,cq Px () |2X2| y @ NE_, 5(prE). Thus, we can conclude that
sup [I(X; B|R)., — I(X; B'|R),] > 0. (5.63)
PXRB!

Proof of Theorem 5.2. For any (n, R,¢) quantum reading protocol as stated in Definition 5.4,

we have
1,—
5 [®ars = Tyl < (5.64)
where @, is a maximally classically correlated state (5.39) and
Tvwt = Prop,—it (Ohir,5,) (5.65)

is the output state at the end of the protocol after Bob performs the final decoding measurement.

The input state before the ith call of the channel is denoted as

i i—1) zi—1(m)
PMR;B, = ‘M| Z m) m|M®A Ri_ 1BZ \—R; B! ONB’ =B, °
meM

r2(Mm 1 T
ONBZ(H;Q ° Agh)BHRgBI NB’laBl(pRlB 1), (5.66)

and the output state after the i*" call of the channel is denoted as

i i (m) ’L 1) z;—1(m)
WAR; B, — E , im)Xm|,, @ N, !B, Rz \Bi1—R;B. °VB_ 5B, 4 °
me./\/l
z2(m) (1) z1(m)
B§—>BQOAR131—>RQB§° B’—)Bl(pRlB/) (5.67)
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The initial part of our proof follows steps similar to those in the proof of Proposition 5.5.

log, |M| = I(M; M)z (5.68)
< I(M; M)y + f(n,e) (5.69)
< I(M; RyBp)on + f(n,€) (5.70)
= I(M; R,B,)yn — I(M; R\ B}) 1 + f(n,¢) (5.71)

— I(M; RyBy)un — I(M; RyB.) ju + I(M; RyBL) n — I(M; Ry_1 Bl 1) s

+ I(M; Ry 1B, )y — - — I(M; RyB}) 2

+ I(M; RyBY),» — I(M; Ry B}) 1 + f(n,¢) (5.72)
< I(M; RyBy)wn — I(M; Ry B),) n + I(M; Ry-1Bpy—1)n—1 — I(M; Ryy1Bj,_) pns

+ I(M; Ry_9Bp_o)yn—2 — -+ — I(M; RyB)) 2

+ I(M; R\ By)yr — I(M; R By) 0 + f(n,¢) (5.73)

The second equality follows because the state p' is product between systems M and R;Bj. The
third equality follows by adding and subtracting equal information quantities. The third inequality
follows from the data-processing inequality: mutual information is non-increasing under the local

action of quantum channels. Continuing, it follows that

n

(5.73) = Z [[(M; R;B;)i — I(M; RiB)) ] + f(n,e) (5.74)
= Z (M; Bi|R;) s — I(M; B|R;) 5] + f(n,e) (5.75)
=n[I(M; B|RQ)z — I(M; B'|[RQ)5] + f(n,¢) (5.76)
< npsup/ [I(X;B|R), — I(X; B'|R),| + f(n,¢), (5.77)

The second equality follows from the chain rule for conditional mutual information. The third
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equality follows by defining the following states:

n

_ 1o
WQMRB = E E |Z><Z|Q (9 WMR;B;» (578)
i=1

_ L. i
PQMRB = Z n |Z><Z|Q @ PrR;B- (5.79)

=1

The final inequality follows by defining the following states:

WXRB = ZPX |~£E x|X ®NB/_>B(,ORB/) (580)

PXRB' = ZPX ) |zXx| 5 ® PR, (5.81)

and realizing that the states gy rp and PoMRE are particular examples of the states wyrp and
pxRrB, respectively, with the identifications M — X and QR — R. Putting everything together,
we get

110g2 M| < sup [I(X; BIR), — I(X; B|R),] + %f(n,s) (5.82)

PXRB’!

Taking the limit as n — oo and then as ¢ — 0 concludes the proof. m

Now we develop a general upper bound on the energy-constrained quantum reading capacity
of a beamsplitter memory cell By = {B},ca, where x € 2 represents the transmissivity n and
phase ¢ of the beamsplitter B* [233, Eqns. (5)—(6)] (see Section 4.3.1). This bound has implications
for the reading protocols considered in [216].

Let O denote the familiar a’a number observable and let Ny € [0,00). The energy-constrained
reading capacity C(%ABy, 0, Ns) of a beamsplitter memory cell &4 is defined in the obvious way,
such that the average input to each call of the memory is bounded from above by Ng > 0. This
definition implies that the function to optimize in the capacity upper bound has the following

constraint: for any input ensemble {px(z), php },

1:{0 [pxlow | < s (5.83)

Since the energy of the output state of B* does not depend on the phase ¢, the dependence of x
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on ¢ is dropped and x = 7 is taken for the discussion. For a memory cell %4, the energy of the

output state is constrained as

Tr{szmz%x(p%/)é} = > pxle) Tr {B*(p)0} (5.84)
= > px(@n T {p3 0} (5.85)

where the second equality holds because the transmissivity of each B* is n € [0, 1].

Based on the above discussion, the following theorem can be stated.

Corollary 5.3 The energy-constrained reading capacity of a beamsplitter memory cell By = {B*}reca

1s bounded from above as

C(B4,0,Ns) < 2g(Ns), (5.87)
where ON5 is a thermal state (5.118) such that Tr{OONs} = Ng and g(y) = (y + 1)log,(y + 1) —
ylogy y-

Proof. From a straightforward extension of Theorem 5.2, which takes into account the energy

constraint, we find that

C(By,0,Ng) < sup I(X;B|R), — I(X; B'|R), (5.88)
{PX ($)7P%B/} : IEX {TY{OAP)é/ }}SNS

< sup I(X;B|R), (5.89)
{px (2).:0% 5} + Ex{Tr{Op%,}}<Ns

< sup 25(B), (5.90)
{px (2).0% 4} + Ex{Tr{Op%,}}<Ns

< 25(6M¢) (5.91)

= 2g(Ns). (5.92)

The first inequality follows from the extension of Theorem 5.2. The second inequality follows from
non-negativity of the conditional quantum mutual information. The third inequality follows from

a standard entropy bound for the conditional quantum mutual information. The fourth inequality
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follows because the thermal state of mean energy Ng has the maximum entropy under a fixed energy
constraint (see, e.g., [234]). The final equality follows because the observable O is the familiar a'a

number observable, for which the entropy of its thermal state of mean photon number Ng is given

by g(Ng). =

Remark 5.5 It follows that Cnon_adaptive(%gg-,é, Ng) < 2¢(Ng) because Cpon-adaptive (B2, O,NS) <
C(Ba, O,NS) by the definition of the energy-constrained quantum reading capacity of a memory
cell By .

5.4 Examples of environment-parametrized memory cells

In this section, we calculate the quantum reading capacities of several environment-parametrized
memory cells, including a thermal memory cell, and a jointly covariant memory cell formed from
a channel N and a group ¢ with respect to which N is covariant (Definition 5.3). Examples of
such a jointly covariant memory cell include qudit erasure and depolarizing memory cells formed

respectively from erasure and depolarizing channels.

5.4.1 Jointly covariant memory cell: /"

Now we show that the quantum reading capacity of a memory cell A" (see Definition 5.7
below) is equal to the entanglement-assisted classical capacity of the underlying channel N'. This
result makes use of the fact that the entanglement-assisted classical capacity of a covariant channel
T is equal to I(R; B)r@) [210,235]. Furthermore, we use this result to evaluate the quantum
reading capacity of a qudit erasure memory cell (Definition 5.8) and a qudit depolarizing memory

cell (Definition 5.9).

Definition 5.7 (A5°Y) Let N be a covariant channel (Definition 2.1) with respect to a group 9.

The memory cell NZ is defined as

Ng™ = {Np-poly} (5.93)

geY
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where UY, = Up/(9)(-) UL/ (g). It follows from (2.33) that
NB’—)B Oug/ :V% ONB/_>B, (594)

where V% = Vi(9)(-)Vi(g). It also follows that A% is a jointly covariant memory cell.

Theorem 5.3 The quantum reading capacity C(Ng ) of the jointly covariant memory cell N =

{Np_p OUJ%/}geg (Definition 5.7), is equal to the entanglement-assisted classical capacity of N :
CNG™) = I(R; B (5.95)

where N'(®) == Np_g(Prp) is the Choi state of the underlying channel N.

Proof. Proof here consists of two parts: the converse part and the achievability part. We first

show the converse part:

C (A5 < I(R; B)n(a).- (5.96)

From Remark 5.3, we can conclude that the quantum reading capacity of 4°" is as follows:

C (JVCOV) max [(G; RB)W, (5.97)
PG
where
WGRB = ZPG |g g|G ® UJRB, (5-98)
geY

such that {|g)},e¢ € ONB(H¢) and

Vge b : whp=NpopolUl)(Prp). (5.99)

128



Let us consider pg to be fixed. Then

I(G;RB),, = S(ZPG(Q)W%B> ZPG (Whp) (5.100)
geY geY
= (ZPG(Q)( o Np5)(Prp) ) ZPG Vi oNpp)(Prp))  (5.101)
= Z |—1’S<Zpg(g)(vg e} V% ONB’HB)(¢RB’)> — S(NB’HB(CI)RB’)) (5.102)
< (!G| Z pa(g)(V§ o V5, ONB/HB)((I)RB/)> — S(Np—(Prpr)) (5.103)
9,9'€¥
=9 <NB/_>B ( Gl ZL{ , (Zpg U, <I>RB/)>>) — SN p(®Prp)) (5.104)
qg'e¥d geY

S(NB/HB(T(R@?TB/)) _S(NB/%B((I)RB/)) (5105)
S (ﬂ'R) + S (NB/ﬁB(ﬂ'B)) (NB’HB((DRB’)> (5106)

— I(R; B)v(a)- (5.107)

The second equality follows from (5.94). The third equality follows because entropy is invariant
with respect to unitary or isometric channels. The first inequality follows from the concavity of
entropy. The fourth equality follows from (5.94). The fifth equality follows from Definition 2.1. The
sixth equality follows because entropy is additive for product states. Since the above upper bound

holds for any pg, it follows that
C(AN5*) = max I(G; RB)., < I(R; B)n(a)- (5.108)
y4e

To prove the achievability part, we take pg to be a uniform distribution, i.e., pg ~ \_C1¥I Putting

PG ~ ﬁ in (5.101), we obtain the following lower bound
C(Ag™) = I(G; RB)y, = I(R; B)y(@).- (5.109)

Thus, from (5.108) and (5.109), we conclude the statement of the theorem: C (L) = I(R; B)n(a)-
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Now we state two corollaries, which are direct consequences of the above theorem. These
corollaries establish the quantum reading capacities for jointly covariant memory cells formed from
the erasure channel and depolarizing channel with respect to the Heisenberg—Weyl group H, as

discussed below (see Appendix A for some basic notations and definitions related to qudit systems).

Definition 5.8 (Qudit erasure memory cell) The qudit erasure memory cell 2% = {Q%7 5} -,

where the size of 2 is | X| = d?, consists of the following qudit channels:
Q7 () = Q0" (-) (")), (5.110)
where Q7 is a qudit erasure channel [236]:

QUpp) = (1 —q)p+ qle)el (5.111)

such that q € [0,1], dim(Hp') = d, |e)e| is an erasure state orthogonal to the support of all possible
input states p, andVr € Z : 0® € H are the Heisenberg—Weyl operators as given in (A.7). Observe
that 2%, is jointly covariant with respect to the Heisenberg—Weyl group H because the qudit erasure

channel Q7 is covariant with respect to H.

Definition 5.9 (Qudit depolarizing memory cell) The qudit depolarizing memory cell 2% =

{DL . 5} ocas where 2 is of size |X| = d?, consists of qudit channels
Di(.) = Do (aﬂf(-) (UI)T) (5.112)
where DY is a qudit depolarizing channel:
D(p) = (1 —q)p+qm, (5.113)

where q € [O, df—il}, dim(Hp) = d and Vo € 2" : 0 € H are the Heisenberg—Weyl operators as
gwen in (A.7). Observe that 9% is jointly covariant with respect to the Heisenberg-Weyl group H

because the qudit depolarizing channel DI is covariant with respect to H.
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As a consequence of Theorem 5.3, one immediately finds the quantum reading capacities of the

above memory cells:

Corollary 5.4 The quantum reading capacity C(2%.) of the qudit erasure memory cell 2%, (Defi-

nition 5.8) is equal to the entanglement-assisted classical capacity of the erasure channel Q7 [210]:
C(2%) =2(1 — q)log, d. (5.114)

Corollary 5.5 The quantum reading capacity C(2%.) of the qudit depolarizing memory cell D%,
(Definition 5.9) is equal to the entanglement-assisted classical capacity of the depolarizing channel
D1 [210]:

C(2%) = 2logy d + (1 . %) log2<1 —q+ i) F(@-1nL 1og2(i> . (5.115)

5.4.2 A thermal memory cell

Now we discuss an example of a thermal memory cell é%ggm = {&""},, which is an environment-
parametrized memory cell consisting of thermal channels £%7 with known transmissivity parameter
n € [0, 1] and unknown excess noise z. Let a, 83, ¢, ¢’ be the respective field-mode annihilation opera-
tors for Bob’s input, Bob’s output, the environment’s input, and the environment’s output of these
channels. The interaction channel in this case is a fixed bipartite unitary Ug g, gg corresponding

to a beamsplitter interaction, defined from the following Heisenberg input-output relations:

b

Vi + /1= neé, (5.116)

¢ = —/T—ni+ /1¢. (5.117)

The environmental mode é of a thermal channel £ is prepared in a thermal state 6% := 0(Np = z)

of mean photon number Ng > 0:

O(Np) = N81+ 3 (Nivi 1) YA (5.118)
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where {|k) }ren is the orthonormal, photonic number-state basis. Parameter x is the excess noise of
the thermal channel £%"7. Note that for z = 0, §* reduces to a vacuum state and the channel £*"

is called the pure-loss channel (see Section 4.3.1).

Proposition 5.6 The quantum reading capacity C(@E"gn) of the thermal memory cell @E"gn = {&*"},

(as described above) is equal to

C(&y ) = max [5(5) — /d:c pX(x)S(QI)} : (5.119)

where px is a probability distribution for the parameter x and 6 = fda: px(z)0".

Proof. We begin by proving the achievability part, which corresponds to the inequality
C(Ey) = I(X; E)p, (5.120)

where Oy g = [ dz px(z) |z)x|, ®6%. The main idea for the achievability part builds on the results
of [230, Eqns. (38)—(48)].
The two-mode squeezed vacuum state is equivalent to a purification of the thermal state in

(5.118) and is defined as

o0

1 N
N = B ——
(NsDrw = JRe T kz:% [NS +1

o™ r k) rlK) 5. (5.121)

When sending the B’ system of this state through the channel £%", 5, the output state is as follows:

—B

Wik(Ns) = (idr @5, ) (rp (Ns)) (5.122)

= Trg {UB’E%BE’ (prp'(Ns) ® 0F) (UB’E%BE’)T} , (5.123)

and the average output state is as follows, when the channel £, 5 being applied is chosen with
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probability px(z):

Z pX( WRB NS Z pX Tl"E/ {UB’E—>BE’ (¢RB'(NS) ® 9%) (UB’E—>BE’)T} (5'124)
e X reX
= Trp {UB’E—>BE’ (¢RB/(NS) ® Z Dx ($)9E> (UB/E—>BE/)T} . (5.125)
el

Consider the following classical-quantum state:

W rp(NVs) : Z px () [z)z|x @ wig, (5.126)
zeXd
and
I(X;RB)urvg) = Y _ px(x <wgg(zvs> > px(x)wgg(zvs)> . (5.127)
€L el

The Wigner characteristic function covariance matrix [237] for w2 (Ng) in (5.122) is as follows:

a ¢ 0 0
c b 0 0
sz,n(Ns) - 5 (5128)
0 0 a -—c
0 0 —c b
where
1 1
CLZ??NS+(1—77)£L'+§, b:Ns+§, Cc = 77N5(NS+1)- (5.129)

Now consider the following symplectic transformation [230]:

— 0 0
SN = | , (5.130)
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where

1+ Ng nNs
_ T o s 5.131
T \/1+(1—77)Ns ) \/1+(1—77)Ns (5-131)

Action of the symplectic matrix S”(Ng) on the covariance matrix Vi =.n(yy) gives

a;, —c; 0 O
R T —cs by 0 O
Vien(ng) = ST (Ng)Vien(ng) (S"(Ng))™ = , (5.132)
0 0 as cg
0 0 cg by
where
Llio(d (5.133)
s =T + = — ], .
2 Ng
1 1
bs:(l—n)Ns—l—nx—l———l—(’)(—), (5.134)
2 Ng

¢ = iz +0 (]\%) | (5.135)

Thus, by applying this transformation to w™"(Ng) and tracing out the second mode, we are left
with a state that becomes indistinguishable from a thermal state of mean photon number z in the
limit as Ng — oo. Note that this occurs independent of the value of the transmissivity 7.

The symplectic transformation S"(Ng) can be realized by a two-mode squeezer, which corre-
sponds to a unitary transformation acting on the tensor-product Hilbert space. Letting the unitary
transformation be of the form Wgrp_, g, then sz,n( Ng) Tepresents the covariance matrix of the state
wgp(Ns).

We use the formula for fidelity between two thermal states [230, Equation 34] and the relation

between trace norm and fidelity [23, Theorem 9.3.1] to conclude that

Jim " (Ns) = 03], < lim /1= F (wp(Ns), 65) = 0. (5.136)

S o

134



From the convexity of trace norm, we obtain

> px(@)wh(Ns) = > px ()65

reZ X

<> px(@) |wp(Ns) = 0%, , (5.137)

1 ze€X

which in turn implies that

ZPX r)wg(Ng) — ZPX

ze€X reX

= 0. (5.138)

1

Invoking the result of [230, Equation 28] and the lower semi-continuity of relative entropy, one

gets

lim D (wRB Ng)

Ng—o0

> px(@)wis Ns>> =D (%

zeX

> px(m)9g> . (5.139)

zeX

Thus, from the above relations, we obtain the following result

lim I(X; RB)unvs) = [(X; E)g, (5.140)
N5~>oo
where
QXE— ZpX |X®9E7 (5141)
reX

for 07, defined in (5.123). This shows that I(X; E)y is an achievable rate for any px.

The converse part of the proof, which corresponds to the inequality

C(&xy) < max I(X; E)s, (5.142)

pPx

follows directly from Theorem 5.1. m
5.5 Zero-error quantum reading capacity

In an (n, R, €) quantum reading protocol (Definition 5.4) for a memory cell #y = {M%,_, gteca,
one can demand the error probability to vanish, i.e., € = 0. In this section, we define zero-error
quantum reading protocols and the zero-error quantum reading capacity for any memory cell. We
provide an explicit example of a memory cell for which a quantum reading protocol using an adaptive

strategy has a clear advantage over a quantum reading protocol that uses a non-adaptive strategy.
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Definition 5.10 (Zero-error quantum reading protocol) A zero-error quantum reading pro-

tocol of a memory cell Ly is a particular (n, R, &) quantum reading protocol for which ¢ = 0.

Definition 5.11 (Zero-error quantum reading capacity) The zero-error quantum reading ca-
pacity Z(L ) of a memory cell Ly is defined as the largest rate R such that there ezists a zero-error

reading protocol.

A zero-error non-adaptive quantum reading protocol of a memory cell is a special case of a
zero-error quantum reading protocol in which the reader uses a non-adaptive strategy to decode

the message.

5.5.1 Advantage of an adaptive strategy over a non-adaptive strategy

Now we employ the main example from [224] to illustrate the advantage of an adaptive zero-error
quantum reading protocol over a non-adaptive zero-error quantum reading protocol.
Let us consider a memory cell By = {M%_ gleca, £ = {1,2}, consisting of the following

quantum channels that map two qubits to a single qubit, acting as

M () = 25:/1;(-) (AN, vex, (5.143)
o
where
A= 10000, 45 =0)01, A= )0l A= ol Ab= )
AT = 00, A3 =101, A= D +] A= 0= | A= (- | (144

and the standard bases for the channel inputs and outputs are {|00),|01),|10), |11)} and {|0), |1)},
respectively.

It follows from [222,224] that it is possible to discriminate perfectly these two channels using an
adaptive strategy that makes two calls to the unknown channel M?. This implies that the encoder
can encode two classical messages (one bit) into two uses of the quantum channels from %4 such

that Bob can perfectly read the message, i.e., with zero error. Thus, it can be concluded that the
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zero-error quantum reading capacity of A4 is bounded from below by % (one bit per two channel
uses).

Closely following the arguments of [224, Section 4], we can show that non-adaptive strategies
can never realize perfect discrimination of the sequences M%,. . 5. and ./\/l?é;n _ pn, for any finite

number n of channel uses if ™ # y". Equivalently,
for 2™ # ¢ : | M gn — M%n_ gullo <2Vn € N (5.145)

where || - || is the diamond norm (4.110). Thus, the zero-error non-adaptive quantum reading
capacity of %4 is equal to zero.

To prove the above claim, we proceed with a proof by contradiction along the lines of that
given in [224, Section 4]. We need to show that: for any finite n € N, if ™ # y", then there does
not exist any state ogpn such that the two sequences M%,n_, . and Mgin _pgn can be perfectly

discriminated. Note that perfect discrimination is possible if and only if
Tr { (idp @M ) (Trpm) (idR ®MyB’iuBn> (aRBm)} — 0. (5.146)

Now assume that there exists a ogp» such that (5.146) holds. Convexity then implies that (5.146)
holds for some pure state ¥gp». Then, by carefully following the steps from [224, Section 4], (5.146)

implies that for any set of complex coefficients {aj}/ € C: 1<,k <5, z,y € 27}

<1/}|RBm ]]_R X Z oYL gfn (Blilll)'r B/f}zi R R (B/EJ:)T B/f}:;z |1/}>RB/" =0. (5147)

J1k1 Jnskn
1<4,k<5:4€[n]

Let us choose the coefficients {aj}/ € C: 1< j,k <5, v,y € 27} as follows:

. Yy __ Yy __ T,y __ Yy __ T,y __ 3 T,y __
forz £y oy =ay; = V2, g5 =ay3 =1, 0y = —21/2, otherwise oy =0, (5.148)

o Ty _ 5
for x = y: =0k

where, if j = k then §;, =1, else §;, = 0.
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For the above choice of the coefficients, it follows that

e > ol ol (AN AR e e (AN A = [pe PR @ @ PR

J1,k1 Jnskn
1<5,k<5:i€[n]

where

fori € [n]: P*¥ =
I >0, otherwise,

and P = [00)(00]401)01|+|11)11|+|1—)1—]|. Observe that the operator 1z ® P*' ¥ ®- .. @ P%¥n
is positive definite. This means that there cannot exist any state that satisfies (5.147), and as a
consequence (5.146), and this concludes the proof.

From the above discussion, we can conclude that the zero-error quantum reading capacity of
the memory cell Z4 is bounded from below by % whereas the zero-error non-adaptive quantum

reading capacity is equal to zero.
5.6 Conclusion

In this chapter, we have introduced the most general and natural definitions for quantum reading
protocols and quantum reading capacities. We have defined environment-parametrized memory
cells for quantum reading, which are sets of quantum channels obeying certain symmetries. We
have determined upper bounds on the quantum reading capacity and the non-adaptive quantum
reading capacity of an arbitrary memory cell. We have also derived strong converse and second-
order bounds on quantum reading capacities of environment-parametrized memory cells. We have
calculated quantum reading capacities for a thermal memory cell, a qudit erasure memory cell, and
a qudit depolarizing memory cell. Finally, we have shown the advantage of an adaptive strategy
over a non-adaptive strategy in the context of zero-error quantum reading capacity of a memory
cell.

We note that it is possible to use the methods developed here to obtain bounds on the quantum
reading capacities of memory cells based on amplifying bosonic channels, in the same spirit as the
results of a thermal memory cell (the argument follows from [230]).

A natural question following from the developments in this chapter is whether there exists a

memory cell for which the quantum reading capacity is larger than what we could achieve by using
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a non-adaptive strategy. As discussed above, we have found a positive answer to this question in
the setting of zero error. However, the question remains open for the case of Shannon-theoretic
capacity (i.e., with arbitrarily small error). We may suspect that this question will have a positive
answer, and we may strongly suspect it will be the case in the setting of non-asymptotic capacity,
our latter suspicion being due to the fact that feedback is known to help in non-asymptotic settings

for communication (see, e.g., [238]). We leave the investigation of this question for future work.
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Chapter 6 Private Reading of Memory Devices

Devising a communication or information processing protocol that is secure against an eaves-
dropper is an area of primary interest and concern in information science and technology. In this
chapter, we introduce the task of private reading of information stored in a memory device. A
secret message can either be encrypted in a computer program with circuit gates [109] or in a
physical storage device [212], such as a CD-ROM, DVD, etc. Here we limit the discussion to the
case in which these computer programs or physical storage devices are used for read-only tasks; for
simplicity, we refer to such media as memory devices.

In a reading protocol (see Chapter 5 for precise description), it is assumed that the reader has
a description of a memory cell, which is a set of quantum channels. The memory cell is used to
encode a classical message in a memory device. The memory device containing the encoded message
is then delivered to the interested reader, whose task is to read out the message stored in it. To
decode the message, the reader can transmit a quantum state to the memory device and perform a
quantum measurement on the output state. In general, since quantum channels are noisy, there is
a loss of information to the environment, and there is a limitation on how well information can be
read out from the memory device.

To motivate the task of private reading, consider that the computational and information pro-
cessing capability of an adversary is limited only by the laws of quantum theory. A memory device
is to be read using computer. There could be a circumstance in which an individual (reader) would
have to access a computer in a public library under the surveillance of a librarian or other adver-
sarial party, who supposedly is a passive eavesdropper, Eve. At a fundamental level, any reading
mechanism involves transmitting of a probe system through a sequence of quantum channels, which
are noisy in general. In such a situation, the reader would want information in a memory device not
to be leaked to Eve, who has complete access to the environment, for security and privacy reasons.
This naturally gives rise to the question of whether there exists a protocol for reading out a classical

message that is secure from a passive eavesdropper.

Most of this chapter is based on [31], a joint work with Stefan Bauml and Mark M. Wilde.
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In what follows, we introduce the details of private reading [31]: briefly, it is the task of reading
out a classical message (key) stored in a memory device, encoded with a memory cell, by the reader
such that the message is not leaked to Eve. We note here that private reading can be understood
as a particular kind of secret-key-agreement protocol that employs a particular kind of bipartite
interaction, and thus, there is a strong link between the developments in Section 3.3 and what
follows. In Section 6.1, we present formal description of a private reading protocol, whose goal
is to generate a secret key between an encoder and a reader. In Section 6.2, we present purified
(coherent) version of the private reading protocol. In both of the aforementioned sections, we derive
both lower and upper bounds on the private reading capacities. In Section 6.3, we discuss a protocol
whose goal is to generate entanglement between two parties who have coherent access to a memory

cell, and we derive a lower bound on the entanglement generation capacity in this setting.
6.1 Private reading protocol

In a private reading protocol, we consider an encoder and a reader (transceiver: receiver and
decoder). Alice, an encoder, is one who encodes a secret classical message onto a read-only memory
device that is delivered to Bob, a receiver, whose task is to read the message. Bob is also referred
as the reader. The private reading task comprises the estimation of the secret message encoded
in the form of a sequence of quantum wiretap channels chosen from a given set {M%,_ zp}eca of
quantum wiretap channels (called a wiretap memory cell), where 2 is an alphabet of finite size
| X|, such that there is negligible leakage of information to Eve, who has access to the system FE.
A special case of this is when each wiretap channel M7%, ., ;- is an isometric channel. In the most
natural and general setting, the reader can use an adaptive strategy when decoding, as considered
in the reading protocol described in Chapter 5.

Consider a set {M%, , gp}eea of wiretap quantum channels, where the size of B’, B, and E
are fixed and independent of z. The memory cell from the encoder Alice to the reader Bob is as

follows: My = {M%,_, 5}, where

Ve e 2 : M%’—)B(') = TrE{M%’aBE(')}v (61)

which may also be known to Eve, before executing the reading protocol. It is assumed that only
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the systems E are accessible to Eve for all channels M? in a memory cell. Thus, Eve is a passive

eavesdropper in the sense that all she can do is to access the output of the channels
Vl’ E % . MQ}/*}E(.) = TrB {MxB/%BE(')} . (62)

Consider a finite classical message set % of size |K|, and let K4 be an associated system
denoting a classical register for the secret message. In general, Alice encodes a message k € &
using a codeword z"(k) = x1(k)xa(k) - - - x,(k) of length n, where z;(k) € 2 for all i € [n]. Each
codeword identifies with a corresponding sequence of quantum channels chosen from the wiretap

memory cell M 4

(k) (k) n(k)
(Ma';li%BlEl’ MC;Z—)BQEé’ tee 7M%%%BnEn) N (63)

Each quantum channel in a codeword, each of which represents one part of the stored information,

is only read once.

By B Byl . ]B: By [ |8

IW&

A A A

Lg Lg Ls,

1 2

Figure 6.1. The figure depicts a private reading protocol that calls a memory cell three times to
decode the key k as k. See the discussion in Section 6.1 for a detailed description of a private
reading protocol.

An adaptive decoding strategy makes n calls to the memory cell, as depicted in Figure 6.1.
It is specified in terms of a transmitter state pr, p;, a set of adaptive, interleaved channels

{‘AiLBZ. BioLp, Bl 3= and a final quantum measurement {A(Lk;n 5, }; that outputs an estimate k of

the message k. The strategy begins with Bob preparing the input state pr, p; and sending the Bj

system into the channel M?;@Bl p,- The channel outputs the system B; for Bob. He adjoins the

system B to the system Lp, and applies the channel AILB Bi—Lp, By’ The channel AiLB Bi—Lp,, Bl
1 2 i1 i1+

is called adaptive because it can take an action conditioned on the information in the system B;,
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which itself might contain partial information about the message k. Then, he sends the system B}

z2(k)

into the channel M Bl By

which outputs systems By and FEs. The process of successively using
the channels interleaved by the adaptive channels continues n — 2 more times, which results in the
final output systems Lp, and B, with Bob. Next, he performs a measurement {A@n B, }i, on the
output state pr, p,, and the measurement outputs an estimate k of the original message k. It is
natural to assume that the outputs of the adaptive channels and their complementary channels are
inaccessible to Eve and are instead held securely by Bob.

It is apparent that a non-adaptive strategy is a special case of an adaptive strategy. In a non-

adaptive strategy, the reader does not perform any adaptive channels and instead uses pr,pn as

zi(k)

the transmitter state with each B! system passing through the corresponding channel M Bl—B,E,

and Lp being a reference system. The final step in such a non-adaptive strategy is to perform a
decoding measurement on the joint system LgB™.

As argued in the previous chapter, based on the physical setup of (quantum) reading, in which
the reader assumes the role of both a transmitter and receiver, it is natural to consider the use of

an adaptive strategy when defining the private reading capacity of a memory cell.

Definition 6.1 (Private reading protocol) An (n, P, ¢, §) private reading protocol for a wiretap
memory cell My is defined by an encoding map Kene — X®", an adaptive strategy with measure-

ment {A(Lk; B, }ie» Such that, the average success probability is at least 1 — & where € € (0,1):

k
1—e<1—por i= — T4 ZTr{ Lé Bnp(L; Bn} (6.4)

where

(k) _ (A qzn(®) -1 1K)
PLp, B E" — MB;I—>BnEn °ALp, Bu-1-Lp,B, ° " ° ALB Bi—Lp, B} ° MB/_>31E1 PLp, B, | -

(6.5)

Furthermore, the security condition is that

|K| Z 2 Hp
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where p(Ek,)L denotes the state accessible to the passive eavesdropper when message k is encoded. Also,
Tn is some fized state. The rate P = Llog, |K| of a given (n,|K|,e,0) private reading protocol is

equal to the number of secret bits read per channel use.

Based on the discussions in [80, Appendix B], there are connections between the notions of
private communication given in Section 3.3.2 and Definition 6.1, and we exploit these in what
follows.

To arrive at a definition of the private reading capacity, we demand that there exists a sequence
of private reading protocols, indexed by n, for which the error probability p., — 0 and security
parameter 6 — 0 as n — oo at a fixed rate P.

A rate P is called achievable if for all ;6 € (0,1], & > 0, and sufficiently large n, there exists
an (n, P — ¢, ¢, 6) private reading protocol. The private reading capacity P™*d(M4) of a wiretap
memory cell M 4 is defined as the supremum of all achievable rates P.

An (n, P, ¢, ) private reading protocol for a wiretap memory cell M 4 is a non-adaptive private
reading protocol when the reader abstains from employing any adaptive strategy for decoding. The
non-adaptive private reading capacity P™*!(M4) of a wiretap memory cell M 4 is defined as the
supremum of all achievable rates P for a private reading protocol that is limited to non-adaptive

strategies.

6.1.1 Non-adaptive private reading capacity

In what follows we restrict our attention to reading protocols that employ a non-adaptive strat-
egy, and we now derive a regularized expression for the non-adaptive private reading capacity of a

general wiretap memory cell.

Theorem 6.1 The non-adaptive private reading capacity of a wiretap memory cell My is given

by
P (My) =sup  max 1 [[(X™ LgB™), — I(X"; E™),], (6.7)
n PxXnOL g N
where
Txnpppren = Yy pxn (") [2")a" 0 ® M, gopn (0Ls5m), (6.8)

144



and it suffices for oy pm to be a pure state such that Lg ~ B'".

Proof. Let us begin by defining a cg-state corresponding to the task of private reading. Consider a
wiretap memory cell My = {M%, , 5 }res. The initial state pg 1, pn of a non-adaptive private

reading protocol takes the form

PRALRB" = T > 1k)El, ® prysm. (6.9)
k

Bob then passes the transmitter state pr,, g~ through a channel codeword sequence Mgﬁ,ﬁ’;’ Bnpn =

X, Mg,(jz B~ Lhen the resulting state is
1 " (k
PrALsB B = i S kN, © M3 g (PLasm) - (6.10)
K

Let pr,kp = DrLyer—ky (Pr, L) De the output state at the end of the protocol after the decoding

channel Dy, pn_,k, is performed by Bob. The privacy criterion (Definition 6.1) requires that

1

1 x"(k
m Z QHPEn( - 7'EnHl <9, (6'11>

ket

where pg;(k) = Trp,pn {./\/l“"‘"(k) pnpnpn (PLypm)} and T is some arbitrary constant state. Hence

I 1 o
0> = ==l = Tn 12
=z 22}; |K|HPE Ten 1 (6.12)
1
= §HPKAETL — T, @ Tn |1, (6.13)
where 7g, denotes maximally mixed state, i.e., g, = ﬁ >k [EXElg - We note that
I(Ka; E™), = S(Ka), — S(KalE™), (6.14)
= S(KA|En)7r®T - S<KA|En)p (615)
< dlog, [ K| + g(d), (6.16)

which follows from an application of Lemma 2.5.
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We are now ready to derive a weak converse bound on the private reading rate:

log, |K| = S(Ka), = I(Ka; Kg), + S(Ka|KB), (6.17)
< I(Ka; Kp), + elogy | K| + ha(e) (6.18)
< I(Ka; LpB"™), + clogy | K| + ha(e) (6.19)
< I(Ka;LpB"), — I(Ka; E"), + clogy | K| + ha(e) + dlog, | K| + g(9) (6.20)
< max [[(X" LgB"), — (X", E™).] + elog, | K| + ha(e) + dlog, | K| + g(9),

- pX"7O-LBB/"69(,HLBB/n)

(6.21)

where Txnp,,prgn is a state of the form in (6.8). The first inequality follows from Fano’s inequality
[239]. The second inequality follows from the monotonicity of mutual information under the action
of a local quantum channel by Bob (Holevo bound). The final inequality follows because the

maximization is over all possible probability distributions and input states. Then,

Pl g < max ppempes), - 1o, < IO g0

n Pxn,0p B/ n n

Now considering a sequence of non-adaptive (n, P, ,,, 9,,) protocols with lim,, =P, lim, . &, =

logy K
n
0, and lim,, ., 6,, = 0, the converse bound on non-adaptive private reading capacity of memory cell

My is given by

1
P <sup max —[[(X";LgB"),—I1(X";E"),], (6.23)

n PX"OLgpm N
which follows by taking the limit as n — oo.

It follows from the results of [103, 104] that right-hand side of (6.23) is also an achievable
rate in the limit n — oo. Indeed, the encoder and reader can induce the cq-wiretap channel
r — M%_ pp(on,p), to which the results of [103,104] apply. A regularized coding strategy then
gives the general achievability statement. Therefore, the non-adaptive private reading capacity is

given as stated in the theorem. m
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6.2 Purifying private reading protocols

As observed in [78,79] and reviewed in Section 2.7, any protocol of the above form (see Sec-
tion 6.1.1) can be purified in the following sense. In this section, we assume that each wiretap
memory cell consists of a set of isometric channels, written as {UL, 55 }re2-. Thus, Eve has access
to system E, which is the output of a particular isometric extension of the channel M%,_ 5, ie.,
M2, o (-) = Tep{UM 5p()}, for all z € 2. Such memory cell is to be referred as an isometric
wiretap memory cell.

We begin by considering non-adaptive private reading protocols. A non-adaptive purified secret-

key-agreement protocol that uses an isometric wiretap memory cell begins with Alice preparing a

purification of the maximally classically correlated state:

i 2 e Wi W (6:24

ke

where £ is a finite classical message set of size | K|, and K4, K , and C' are classical registers. Alice
coherently encodes the value of the register C' using the memory cell, the codebook {z"(k)}x, and
the isometric mapping |k), — |2"(k)) xn. Alice makes two coherent copies of the codeword z"(k)
and stores them safely in coherent classical registers X™ and X", At the same time, she acts on

Bob’s input state pp,p~ with the following isometry:

n @ U pngn @ 2™ 5u - (6.25)

>l

xn

For the task of reading, Bob inputs the state pr,pn» to the channel sequence M= ®) with the
goal of decoding k. In the purified setting, the resulting output state is ¢ yn Ly LpBrEn X which
includes all concerned coherent classical registers or quantum systems accessible by Alice, Bob and

Eve:

1 n a’ n
W>KAKX7LL;BLBBnEan = \/W _| Z ’k>KA k) & |2 (K)) xn Ugﬂ”aBnE” W>L33LBB/" 2" (k)) gn » (6.26)
k

where @Z)L% Lypm is a purification of pp,p= and the systems L5, Lp, and B"™ are held by Bob,
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whereas Eve has access only to E". The final global state is ¢ gz xn Ly KpEr X after Bob applies

the decoding channel Dy, gn_,k,, Where

|¢>KAKXTLL33L79KBETLXTL = ULDBB"—>L;§KB |¢>KAKXHL33LBBnEan J (6.27)

UP is an isometric extension of the decoding channel D, and L’} is part of the shield system of Bob.
At the end of the purified protocol, Alice possesses the key system K4 and the shield systems
KX"X " Bob possesses the key system Kp and the shield systems L3 L, and Eve possesses the
environment system E". The state ¢z xn Ly LK XnEn at the end of the protocol is a pure state.
For a fixed n, |K| € N, £ € [0,1], the original protocol is an (n, P,+/z,/¢) private reading
protocol if the memory cell is called n times as discussed above, where private reading rate P =
Llog, | K|, and if

F(¢KARXHL;BL;§KBX71’VSAKAKBSB) >1—e¢, (6.28)

where v is a private state such that S, = KX"X" Ki= K4, Kg= Kg, Sp = L'zL%. See [80,
Appendix B] for further details.
Similarly, it is possible to purify a general adaptive private reading protocol, but we omit the

details.

6.2.1 Converse bounds on private reading capacities

In this section, we derive different upper bounds on the private reading capacity of an isometric
wiretap memory cell. The first is a weak converse upper bound on the non-adaptive private reading
capacity in terms of the squashed entanglement. The second is a strong converse upper bound
on the (adaptive) private reading capacity in terms of the bidirectional max-relative entropy of
entanglement. Finally, we evaluate the private reading capacity for an example: a qudit erasure
memory cell.

We derive the first converse bound on non-adaptive private reading capacity by making the
following observation, related to the development in [80, Appendix B]: any non-adaptive (n, P, ¢, )
private reading protocol of an isometric wiretap memory cell M 4, for reading out a secret key,

can be realized by an (n, P,£'(2 — ¢’)) non-adaptive purified secret-key-agreement reading protocol,
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where ¢’ := ¢ + 20. As such, a converse bound for the latter protocol implies a converse bound for
the former.
First, we derive an upper bound on the non-adaptive private reading capacity in terms of the

squashed entanglement [36]:
Proposition 6.1 The non-adaptive private reading capacity Pr*Y(M ) of an isometric wiretap

memory cell My = {ULY, g Yee s is bounded from above as

Pé_e:d(mé’?f) S sup Esq<XLB; B)uJa (629>

px YL B!

where wxr,p = Trg{wxr,Br}, such that Y, p is a pure state and

Wxee = Vpx(@)|x)x @ UL pp ), b - (6.30)

zeX

Proof. For the discussed purified non-adaptive secret-key-agreement reading protocol, when (6.28)

holds, the dimension of the secret key system is upper bounded as [240, Theorem 2]:
logy | K| < Ey(KX"X"K4; KgLpL'h)y + f1(Ve, |K]), (6.31)

where

fi(e, |K|) == 2elogy | K|+ 2¢g(e). (6.32)

We can then proceed as follows:

log, |K| < Ew(KX"X"Ky; KpLipLip)y + f1(VE, |K|) (6.33)

— B (KX"X"K s B"LpL')y + f1(Ve, | K)). (6.34)

where the first equality is due to the invariance of Eg, under isometries.

For any five-partite pure state ¢p g, B, 5, E,, the following inequality holds [96, Theorem 7]:
Esq(B/; B1B2)¢ S Esq(B/BQEQ; B1)¢ + Esq(B/BlEl; Bg)¢. (635)
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This implies that

Eo(KX"X"K,; B"LLy),
< E(KX"X"K,LgLlyB" *E" Y. B,)y + Esy(KX"X"K B, E,; LgL'yB" ™), (6.36)

= B (KX"X"K,LgLyB" ' E" Y B,)y + Eu( KX"X" 'K ,B.: LpL'y B"™Y),. (6.37)
where the equality holds by considering an isometry with the following uncomputing action:

‘k>KA k) g 12" (K)) xn Ugﬂ:ﬁB"E” W})L’BLBB’" |2"(k)) %n

= 1k} g, 1B g 1™ (B)) s Ugins e g [¥) 11, 1 0

2" k) nis - (6.38)

Applying the inequality in (6.35) and uncomputing isometries like the above repeatedly to (6.37),
we get

Eo(KX"X"K4; B"LpLy)y <Y Eu(KX"X;K4LgLiyB" ' By), (6.39)

i=1

where the notation B™ "} indicates the composite system BiB,---B,_ Bl ,---B], ie. alln—1

i+l n
B'-labeled systems except B.. Each summand above is equal to the squashed entanglement of
some state of the following form: a bipartite state is prepared on some auxiliary system Z and
a control system X, a bipartite state is prepared on systems Lp and B’, a controlled isometry
S le)xly @ UL pp is performed from X to B’, and then F is traced out. By applying the
development in [123, Appendix A], we conclude that the auxiliary system Z is not necessary. Thus,
the state of systems X, Lg, B’, and E can be taken to have the form in (6.30). From (6.34) and

h(Ve K]

the above reasoning, since lim._,olim,, = 0, we can conclude that

Prd(My) < sup By (XL; B),, (6.40)

pXﬂZ}LBB/

where wxr,p = Trg{wxr,sE}, such that ¥, p is a pure state and

W xrpse = > Vpx(@)|2)x @ UL g [0}, b (6.41)

zeX
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This concludes the proof. m

We now bound the strong converse private reading capacity of an isometric wiretap memory cell

in terms of the bidirectional max-relative entropy (see Chapter 3).

Theorem 6.2 The strong converse private reading capacily ]Sread(ﬂgg) of an isometric wiretap
memory cell My = {ULY, 55 Yue s is bounded from above by the bidirectional maz-relative entropy

of entanglement E2;2(N%_ ) of the bidirectional channel NoiZ_ ¢, i.c.,

max

Ped(My) < BRA(NYE x), (6.42)
where
Vi T
NXB’—>XB( ) =Trg {U)/(MBE’K%XBE(') <U)/(MBE’K—>XBE> } ) (6.43)
such that
XB’HXBE‘ = Z [z)z]x @ UB’—>BE (6.44)
el

Proof. First we recall, as stated previously, that a (n, P,e,9) (adaptive) private reading proto-
col of a memory cell My, for reading out a secret key, can be realized by an (n, P,e'(2 — ¢))
purified secret-key-agreement reading protocol, where &' := ¢ + 20. Given that a purified secret-
key-agreement reading protocol can be understood as particular case of a bidirectional secret-key-
agreement protocol (as discussed in Section 3.3.2), we can conclude that the strong converse private

reading capacity is bounded from above by
Bt (M) < B2 (NRE xp): (6.45)

where the bidirectional channel is

M Vi T
M M
NXB’—>XB( ) TrE {UXB"%—»(BE(') <UXBS’Z—>XBE) } ) (6-46)
such that
U)/}/[B?f—)XBE = Z |lz) ] ® UB’—>BE (6.47)
e X
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The reading protocol is a particular instance of an LOCC-assisted bidirectional secret-key-agreement
protocol in which classical communication between Alice and Bob does not occur. The local opera-
tions of Bob in the bidirectional secret-key-agreement protocol are equivalent to adaptive operations
by Bob in reading. Therefore, applying Theorem 3.2, we find that (6.42) holds, where the strong
converse in this context means that € + 20 — 1 in the limit as n — oo if the reading rate exceeds

BN xp)! ™

max

Qudit erasure wiretap memory cell

The main goal of this section is to evaluate the private reading capacity of the qudit erasure

wiretap memory cell (cf. Definition 5.8).

Definition 6.2 (Qudit erasure wiretap memory cell) The qudit erasure wiretap memory cell

Q) = { QY 5r}ocy where X is of size | X| = d?, consists of the following qudit channels:
Qv (-) = Q0" (-) (o)1), (6.48)
where Q7 is an isometric channel extending the qudit erasure channel [2536]:

Q(pp) = Ulpp (U, (6.49)

UllY)pr = /1 —ql¥)Ble) s + ale)s|Y) (6.50)

such that q € [0,1], dim(Hp') = d, |e)e| is an erasure state orthogonal to the support of all possible
input states p, and Vr € 2 : 0% € H are the Heisenberg—Weyl operators as reviewed in (A.T).
Observe that Q7 is jointly covariant with respect to the Heisenberg—Weyl group H because the qudit

erasure channel 27 is covariant with respect to H.

Now we establish the private reading capacity of the qudit erasure wiretap memory cell.

ISuch a bound might be called a “pretty strong converse,” in the sense of [241]. However, we
could have alternatively defined a private reading protocol to have a single parameter characterizing
reliability and security, as in [80], and with such a definition, we would get a true strong converse.
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Proposition 6.2 The private reading capacity and strong converse private reading capacity of the

qudit erasure wiretap memory cell @2 are given by
Prd(Q%) = Pr(QY) = 2(1 — q) log, d. (6.51)

Proof. To prove the proposition, let us consider that N 9% as defined in (6.43) is bicovariant and
Q% . g is covariant. Thus, to get an upper bound on the strong converse private reading capacity,
it is sufficient to consider the action of a coherent use of the memory cell on a maximally entangled
state (see Corollary 3.5). We furthermore apply the development in [123, Appendix A] to restrict

to the following state:

OxLpBE = \/‘7 Z |z) x B’—>BE D),

X

1—
d|XqZZ|x © o libg i, )5+ 757 ZZu & Ie) i, © 0% i

(6.52)

Observe that Z S )y @ e) g i)y, ® o li)p and Z?;()l YT x ® T li)p i), le)y are

orthogonal. Also, since, |e) is orthogonal to the input Hilbert space, the only term contributing to

the relative entropy of entanglement is /T — g% S S )y @0 i) g i)y, Let

W) k1,5 = \/IY Z )y ® 0" |®) (6.53)
{0%|®) pp, teca € ONB(Hp @ Hy,,) (see Appendix A), so
d2 1
|¢>XLBB = [®) . ‘BLp = d Z [7)x ® |x>BLB ) (6.54)

and F(X;LB)e = 2log,d. Applying Corollary 3.5 and convexity of relative entropy of entangle-

ment, we can conclude that

Pd(Q%) < 2(1 — ¢)log, d. (6.55)
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From Theorem 6.1, the following bound holds

Pd(Qy) > B(QY) (6.56)
> I(X;LgB), — I(X; E),, (6.57)
where
1 d2-1
PXLpBE = o el QU pp(®xeryp). (6.58)
x=0

After a calculation, we find that I(X; E), = 0 and I(X;LgB), = 2(1 — ¢q)log, d. Therefore, from

(6.55) and the above, the statement of the theorem is concluded. m

From the above and Corollary 5.4, we can conclude that there is no difference between the

private reading capacity of the qudit erasure memory cell and its reading capacity.
6.3 Entanglement generation from a coherent memory cell

In this section, we consider an entanglement distillation task between two parties Alice and Bob
holding systems X and B, respectively. The set up is similar to purified secret key generation when
using a memory cell (see Section 6.2). The goal of the protocol is as follows: Alice and Bob, who are
spatially separated, try to generate a maximally entangled state between them by making coherent
use of an isometric wiretap memory cell My = {UpY, ppteca known to both parties. That is,

Alice and Bob have access to the following controlled isometry:

U)/}/[Bg/:XBE = Z )| @ Ul g, (6.59)
zed

such that X and E are inaccessible to Bob. Using techniques from [104], we can state an achievable

rate of entanglement generation by coherently using the memory cell.

Theorem 6.3 The following rate is achievable for entanglement generation when using the con-
trolled isometry in (6.59):
I(X)LgB),, (6.60)
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where I(X)LgB), is the coherent information of state wxr,p (2.48) such that

W) X1yBE = Z Vox(@)|z)x @ U, ppl) ypr. (6.61)

X

Proof. Let {z"(m, k)}m 1 denote a codebook for private reading, as discussed in Section 6.1.1, and
let 91,5 denote a pure state that can be fed in to each coherent use of the memory cell. The
codebook is such that for each m € .# and k € ', the codeword 2™(m, k) is unique. The rate of
private reading is given by

I(X;LpB), — I(X;E),, (6.62)

where

PXB'BE = ZPX |l’><l"X ®UB’—>BE(17DLBB/) (663)

Note that the following equality holds
I(X;LgB),—I(X;E),=1(X)LgB).,, (6.64)

where

XLBBE Z Vox(@)|z)x ® UB'—>BEW>LBB’ (6.65)

The code is such that there is a measurement ATéan for all m, k, for which
m,k T
Tr{ A7 M (U7 5)} > 1=, (6.66)

and

< 6. (6.67)
1

m k)
i S 68 -

From this private reading code, we construct a coherent reading code as follows. Alice begins
by preparing the state
(6.68)

1
WZ LAY
m,k
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Alice performs a unitary that implements the following mapping:
|m>MA|k>KA|O>Xn — |m>MA|k>KA|xn(m’ k»X"’ (669)
so that the state above becomes

1
K] > Ik iyl
m,k

Bob prepares the state [¢)5" Lops SO that the overall state is

"(m, k))xn

V) ins (6.71)

1
|T|K| Z LOBYRIATNE
m,k

Now Alice and Bob are allowed to access n instances of the controlled isometry

> lo)(elx @ U e (6.72)

and the state becomes

n ' (m,k)
S 1m)ary k) gl (0, k) xon Ut o | 0) 87 (6.73)

1
VIMI[K]

Bob now performs the isometry

Z \/ ATLn"I;kB" ® ‘m>M1|k>K17 (674)
m,k

and the resulting state is close to

/|M||K Z| MA|]€ KA|J; (m k))XnUB/nmg)nEn|"7Z)>LBB/|m>M1|]€>K1. <675)

At this point, Alice locally uncomputes the unitary from (6.69) and discards the X" register, leaving
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the following state:

/|M||K| ;| >MA|k>KAUB’"—>B"E"|w>LBB’|m>M1|k> (676)
Following the scheme of [104] for entanglement distillation, she then performs a Fourier transform

on the register K4 and measures it, obtaining an outcome k' € {0, ..., K — 1}, leaving the following

state:

1 Z 2mik'k/K
— (& 7” m n mn v k
|M||K| £ | B'™"—B"E |¢>LBB | >M1| >K1

(6.77)

She communicates the outcome to Bob, who can then perform a local unitary on system K;j to

bring the state to

M= ™ (m,k)

1
IR > Im) s Uk puon
m,k

|77Z)>LBB’|m>M1|k>K1' (678)

Now consider that, conditioned on a value m in register M, the local state of Eve’s register E™ is
given by
] ZMB,MEW . (6.79)

Thus, by invoking the security condition in (6.67) and Uhlmann’s theorem [75], there exists a

m
isometry VL" RN such that

m 2™ (m,k) ~ o
VL%B”K1—>§ |K Z UM B"E" LBB’ ’k> ~ ‘SO >E"§ (680)

Thus, Bob applies the controlled isometry

> Im)(mla, @ Vie Brky B (6.81)

and then the overall state is close to

N D 1m)ara@7) o lm)a,. (6.82)

m

Bob now discards the register B and Alice and Bob are left with a maximally entangled state that
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is locally equivalent to approximately n[l(X;LgB), — I(X; E),| = nI(X)LgB), ebits. =
6.4 Conclusion

In this chapter, we discussed a private communication task called private reading. This task
allows for secret key agreement between an encoder and a reader in the presence of a passive eaves-
dropper. Observing that access to an isometric wiretap memory cell by an encoder and the reader
is a particular kind of bipartite quantum interaction, we were able to leverage bounds derived on
the LOCC-assisted bidirectional secret-key-agreement capacity (Section 3.3.2) to determine bounds
on its private reading capacity. We also determined a regularized expression for the non-adaptive
private reading capacity of an arbitrary wiretap memory cell. For particular classes of memory cells
obeying certain symmetries, such that there is an adaptive-to-non-adaptive reduction in a reading
protocol (see Chapter 5), the private reading capacity and the non-adaptive private reading capac-
ity are equal. We derived a single-letter, weak converse upper bound on the non-adaptive private
reading capacity of an isometric wiretap memory cell in terms of the squashed entanglement. We
also proved a strong converse upper bound on the private reading capacity of an isometric wire-
tap memory cell in terms of the bidirectional max-relative entropy of entanglement. We applied
discussed results to show that the private reading capacity and the reading capacity of the qudit
erasure memory cell are equal. Finally, we determined an achievable rate at which entanglement
can be generated between two parties who have coherent access to a memory cell.

We note that there is a connection to private reading protocol and floodlight quantum key
distribution (FL-QKD) protocol [242,243]. In FL-QKD, Alice transmits system (signal) A’ in the
state pra to Bob through a channel A/ g and keeps idler system L with her. Bob performs some
unitary channel U% . 5, which is noiseless, based on a key (k) that he wants to communicate to
Alice. Next, Bob performs another transformation Bg_ . on the local output after the action of
U*. Now the system A’ in the state Bg_, 4 0 Z/lg_)B o Aap(pras) is transmitted to Alice over the
channel A4 _p. It is assumed that Eve has complete access to complementary flA/_>E of A. Bob
performs joint measurement on LB in the state As_,5 0o Bg_,a © U§_>B o Aap(pra) to decode
the key.

Now let us modify the above FL-QKD protocol in the following way. Let us assume A4/ _.g to be
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noiseless channel and constraining access of Eve only to losses due to noisy local operations Bold* for
all k, where encoding of key is such that the system (loss) accessible to Eve is independent of k. Then
the modified FL-QKD protocol effectively reduces to a private reading protocol. Hence, framework
to derive bounds on the private capacity here may provide some insight for deriving converse bounds

on the private capacity of FL-QKD. We leave this question open for future direction.
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Chapter 7 Hiding Digital Information in Quantum Processes for Secu-
rity

In this era of rapidly-advancing technologies, there is a pertinent need for protocols that allow
for secure reading of memory devices under adversarial scrutiny. Security requirements may vary
depending on the situation the reader is in; for example, a person reading a document in a library
(or internet café) wants to ensure that the librarian is not eavesdropping (cf. Chapter 6). Similarly,
a spy desires to read messages securely from his or her home organization when in the vicinity of a
rival organization, without arousing suspicion of the rival organization.

By exploiting the laws of quantum mechanics, the capabilities of information processing and
computing tasks can be pushed beyond the limitations imposed by classical information theory.
This also provides the opportunity to devise new information processing protocols, e.g., quantum
key distribution [16,17] and quantum teleportation [18,19]. The tasks of imaging, reading, sensing,
or spectroscopy of an (unknown) object of interest essentially involves the identification of an
interaction process between probe system, which is in known state, and the object of interest
20, 31, 109, 212, 244-246]. It is known that the most interaction processes that lead to physical
transformation of the state can be understood as a quantum channel. This makes it natural to
model any reading task as the read-out of classical bits of information encoded as a sequence of
quantum channels chosen from a particular set.

In this chapter, we discuss information processing and communication protocols for the secure
reading of digital information hidden in quantum processes. Here we consider two kinds of adver-
saries: a passive adversary who has access only to the environment and a semi-passive adversary
who has access to the memory device but cannot alter it. Before introducing secure reading proto-
cols in Section 7.2, we briefly discuss secure communication protocol with zero-error where message
is hidden in noiseless gates, i.e., unitary operations. Then we formally introduce secure reading pro-
tocols where message is encoded in noisy gates, i.e., quantum channels. In Section 7.3, we illustrate

the possibility of secure reading by providing examples where memory device is encoded using a bi-

Part of this chapter is based on an unpublished work done in collaboration with Sumeet Khatri
and Mark M. Wilde.
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nary memory cell consisting of amplitude damping channels [21,198] or depolarizing channels [210].
Finally, we briefly discuss the application of aforementioned protocols to threat level identification

(TLI), which is inspired by IFF: identification, friend or foe [247].
7.1 Secure communication using gate circuit

Let us assume a situation where two distant friends, Hardy and Ramanujan, share a computer
network. Assume that Hardy’s computer is also accessible to Littlewood. Ramanujan wants to
share a message on network intended only for Hardy. Message is not top secret and so Ramanujan
is fine with communicating message on network if chances of getting discovered by Littlewood is
low.

Consider that a bipartite computer network between Ramanujan and Hardy has five ports,
labeled as M, K, K', B', B. M is message register taking values m € .# and K, K' are key
registers taking values k € £, where K = K’, and B’, B corresponds to probing and reading
ports, respectively. It is publicly known that computer performs a unitary operation U%, , 5() =
U 5(-) (U, 5)T on input system B’ to yield B. Furthermore, we consider that {U%, , ;},es forms
a gate-set of unitary one-design. Ramanujan and Hardy share key k that is unknown to Littlewood.
Ramanujan has access to M, K, Hardy has access to K', B’, B, but Littlewood has access only to
B’, B. For simplicity, Ramanjuan and Hardy devise communication strategy such that |M| and | K|
are both equal to the size |G| of 4.

Now Ramanujan inputs message m and key k in his message and key registers, respectively, and

following computation is set on computer network:
x(m,k
[l @ k)| @ [k)E] o @ Up™ s (prm), (7.1)

where

z(m,k) = (m @ k) mod |G| (7.2)

and prp is a probe state inserted on demand by the reader, Hardy or Littlewood. L is an idler

system that is held by the reader!. Ramanujan can send message m with an apriori probability

'We know that two non-orthogonal quantum states cannot be perfectly distinguishable whenever
only a finite number of copies are available [248,249]. However, any two different unitary operations
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p(m) (see [109]). However, for now we consider a case when message and key are chosen uniformly
at random. Under such scenario, the resulting state of composite system M B is a product state

after the computation takes place,

x 1p
mm ,G‘Zu% puw) = Im)mly; © p1 ® 7, (7.3)

which holds for any input state ppp/. It is clear that M, B, and L are all uncorrelated in absence
of key, and any measurement by Littlewood on output system LB will give random value for m.
This is equivalent to success probability of Littlewood in guessing m with probability 1/|M]|.

Now we inspect the ability of Hardy to decode the message. Since Hardy possess key, situation
boils down to the discussion in [109]. There exists a scheme for Hardy where the correlation between
M and B are non-zero and may attain the maximum in presence of key [109]. One such case is when
the states L{B, n ") (pp') are pure and orthogonal for all z [109]. In general, it was shown in [250] that
a unitary operation secretly chosen from a gate-set can be determined with certainty by sequentially
applying only a finite amount of the unknown unitary operation. Once Hardy is able to identify

the given operation, he can use key to decode the message.
7.2 Secure identification protocols

Any secure reading protocol consists of two parties of interest, an encoder and a reader, and an
adversary. The encoder, Alice, encodes a secret classical message m from a set of messages .# onto
a read-only memory device. Consider that the size of .Z is |M|. It is assumed that the memory
device is delivered to the reader, Bob, whose task is to decode, i.e., read the message in a secure
way despite scrutiny of adversary.

We now define a secure reading protocol, which consists of an encoding scheme, a reading scheme

with reliability criterion, and a security criterion.

can always be perfectly distinguishable by taking a suitable entangled state as input and then ap-
plying only a finite number of runs of the unknown unitary operation [218,219]. Later, it was shown
that entangled input is not necessary for the perfect discrimination of unitary operations [250].
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Encoding scheme

The digital memory device is defined by a set My = {N& , ppleca of wiretap quantum
channels [31], where 2 is an alphabet and the size of B’, B, E' are fixed and independent of z. We
call outputs of channels N%, . 5 as ports, and output B is accessible in reading port and output F
is accessible in bath port. Both encoder and reader agree upon the memory cell. The memory cell

from Alice to Bob is then given by {M%,_ z}oca, where
Vee 2 My p() = Trp{Mp pp()}, (7.4)

which may also be known to adversary. The reader does not have access to bath port.

We also assume that Alice and Bob share a secret key taking values in a set £, where the size
of # is |K|. Then, for each message m € .# and key k € %, we define an encoding of strings
™ (m, k) = x1(m, k) - x,(m, k) € Z™ of blocklength n € N into codewords:

2 (m k) o (N ) (7.5)

Bi—)BlEl’ YV Bl —+BhEn

Each quantum channel in a codeword, each of which represents one part of the stored information

is only read once.

Reliability criterion for non-adaptive scheme

Reading of the memory device is defined by the channel

xn(mvk) . $1(m,k) In(me)
NB/"—)B"E" T Bi—}BlEl ® e ® B,—BnrFE,> (76)

an input state p; gr» and a positive operator-valued measure (POVM) {Ag%’f)} for each k, where

L is an arbitrary reference system belonging to the reader. Bob transmits the state p; p» through

(m;k)

the wiretap channel N @ (m.k) measures the output using the POVM {ALB" } , and uses the

B'n_spngn?’
measurement outcome to guess the message m.

For reliable reading of the message, the following reliability criterion should hold for each k € %
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and m € A,
m,k ™ (m,k
Te{ AL N0 (pgagn)} > 1= ¢, (7.7)

which states that Bob’s reading error probability p. is less than ¢ € (0, 1).

Let us consider following definitions.

z™(m,k ™ (m,k — 1 z"(m,k
O'LB(nE‘n) = NB/n(_)B)nEn (pLB’n>7 JrLBnEn — W Z ULB("En)7 (78)

meHM keX

and 1-norm? ||-||; of a Hermiticity preserving map Mp _,p is given as

M M. 7.10
pB,g%B,)H p-s(ps )l (7.10)

Security criterion for non-adaptive scheme

Figure 7.1. The scenario of secure reading along with the two types of adversaries being considered.
Oscar is an adversary who can have direct access to the memory device. Walter and Eve, on the
other hand, do not have direct access to the device. Furthermore, while both Alice and Bob possess
a key, neither of the three adversaries do.

The criterion for secure reading will depend on the adversarial situation in which the reader, Bob,

is. Here we consider three natural types of adversarial conditions, which correspond to three different

2The success probability of discriminating two channels Apg/_, 5 and Bg/_,5 when observer is not
allowed to use entangled states is

1

1
5 (]. -+ E”AB’—>B‘ - BB’—>B||1) ) (79)

where ||[Mp ||, for a Hemiticity preserving map Mp._,  is defined as (7.10).
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secure reading protocols. These security criteria are motivated by those presented in [31,251-254].

These adversarial conditions are illustrated in Fig. 7.1.

1. Incognito reading: the adversary, Oscar, can have access to the memory device. The goal of
Alice and Bob is to ensure that Oscar cannot figure out that the memory device contains any
useful information intended for Bob. Oscar has access to the reading port but has no access
to bath port. To this end, Alice and Bob share a prior secret key, which will give Bob the

required advantage over Oscar. Formally, we require that

—1 z"(m,k) 0 ®n

|| |M||K]| Z NB/"HB” - ( B/HB) < 0r, (7.11)
meM kex .

where 07 € (0,1) and || - ||, is the diamond norm (4.110). A memory device containing no

information is assumed to be encoded with the single-element memory cell {N%0,.}. We
call N3, 55 the innocent channel. This means that, if the reader does not possess the key,
the memory device cannot be distinguished from one containing no information. To achieve

this security criterion, we make stronger assumption

max D(ELBn”O'%Bn) S (5[, (712)

/n€@(H

PrLB LB'n)

where &; € (0,1) and 09 gn = Trpn{NZ", sp(p =)} Note that it suffices to take optimization

in (7.12) over pure states p; gr. such that L ~ B™.

2. Covert reading: the adversary, Walter, has access to the bath port only and no access to any
other ports of memory device, reading or transmitter. The goal of Alice and Bob is to ensure
that Walter cannot detect that any useful information is being read by Bob. In this case,
Bob has an advantage over Walter if the wiretap memory cell consists of degradable channels,
e, Ni o =Ni_ goNE_pforall € 2, where Ni_, 5 is a quantum channel. In general,

however, we assume that Alice and Bob share a prior secret key in order for Bob to have an
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advantage over Walter. Formally, we require that

1 ™ (m,k ®n
H |M||K| Z N, ’LE ) - ( g’—>E) < 6/07 (713)

meM ke

where 6 € (0,1) and |[|-||; of a Hermiticity preserving map is defined as (7.10). To achieve

this security criterion, we make stronger assumption

max D (G g || (o)) < dc, (7.14)

Pp'n

where dc € (0,1) and 0%, = Trppn{NG" sp(prpm)}-

. Confidential reading: the adversary, Eve, has complete access to the bath port but no direct
access to the reading port. The goal of Alice and Bob is to ensure that no information stored
in the device is leaked to Eve. In general, we assume that Alice and Bob share a prior secret

key in order for Bob to have an advantage over Eve. We demand that for all m € .#,

>N - ()

kex

|—1| < dp, (7.15)

I

1

where dp € (0,1).

It is to be noted that all the above security criteria for non-adaptive secure reading protocols

can be generalized straightforwardly to secure reading protocols, in which adaptive strategies are

employed as part of the reading protocols (see Chapter 5), in the same way as for private reading

protocols (see Chapter 6).

An (n, P, e,0) secure reading protocol is called incognito reading, covert reading, or confidential

reading when 6 = d;, 0 = d¢, or § = 0p, respectively, where P = %log2 |M|. The rate of an

(n, P,e,0) secure reading protocol is equal to %log2 |M|. To define the capacity of a secure reading

protocol, we demand that there exists a sequence of secure reading protocols indexed by n for which

e —0and 0 — 0 as n — oo at a fixed rate P. A rate P is called achievable if for all £,0 € (0, 1],

¢ > 0, and sufficiently large n, there exists an (n, P — £, ¢, ) secure reading protocol. The secure

reading capacity P%°"¢(M 4) of a wiretap memory cell is defined as the supremum of all achievable
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rates P.
It can be concluded that there exists a reduction from secure reading protocols to non-adaptive
secure reading protocols for jointly covariant memory cells, in the sense that the former can simu-

lated by the latter (see Chapter 5).
7.3 Illustration of secure reading

Here we provide examples of non-adaptive secure reading protocols for memory devices encoded
with a binary memory cell {N3,_ pp}taefoy consisting of depolarizing channels or generalized am-
plitude damping channels N3, _, 5 for the reader and complementary of these channels Nz, _p for
Walter. Goal of this section is to determine number of non-innocent symbols that can be securely

transmitted from Alice to Bob. The encoding of the message onto the memory device, e.g., a

P

~

Figure 7.2. The encoding of a message into a digital memory device. The message is encoded into
certain domains (indicated by the shaded squares) based on the key shared by the encoder and the
reader.

CD-ROM or a flash memory drive, corresponds to either the innocent channel N3, 5 or N3 5
at each of the sites (domains) of the underlying physical components comprising the device. We
assume that Alice uses N of these sites to encode the message. The length of the codewords is
thus N, which is spread over the entire reading space; see Figure 7.2. For secure reading, Alice
and Bob share a set of secret keys. The keys correspond to a particular choice of sites used to
encode the message. With probability ¢ < 1, Alice encodes each of these sites with N3, ., 5, and
with probability 1 — ¢ she encodes it with N3, , 5. The rest of N sites are left blank, i.e., encoded

with A3, 5. This implies Alice sending on average N¢ non-innocent channels that corresponds to
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meaningful secure signals.
Suppose that each N&,_,, = DY, | B, 1-€., the memory cell consists of a two-parameter family
of channels. For the sites on which Alice encodes her message, the effective channel is ¢D%, . Byt

(1 —q)D% 5, and for the empty sites the channel is D%, whereas the effective channels

ﬁB»nO ’

to adversary are qﬁeB/ ey T (1= q)ﬁ%, LB, and 13]03, LB Tespectively. We assume that any

reader who has access to the memory device (reading port) transmits a tensor product (&) of

N maximally entangled states ®7,5,. During useful reading, the reader’s output state is wpyvpgy =

DY De
(QW%B,m + (1 - Q)W%B,no)(gNa where W%BE,% = URE?aRBE(q)EB')(URELRBE)T- When the memory

device is blank, the output state is Wiy pr pv = (Whpp )@Y, where RY BN is accessible only at the

reading port for Bob or Oscar and E is accessible only to Walter.

The security criterion for non-adaptive incognito reading reduces to D; :== D(wgrpllw%g) < %,

d

and for non-adaptive covert reading it reduces to D¢ = D(wgl|lwy) < 5. For given strategies, it

turns out that Dy = D¢.

010)(0f + (1 = 0)[1)(1]

AY (p)

Figure 7.3. The generalized amplitude damping channel as an interaction of the input signal p
with a beamsplitter of transmissivity 7, followed by discarding the state of the environment. The
parameter 6 quantifies the noise of the reading environment.

Example 1. Consider a binary memory cell {A?n }aeco1y consisting of two generalized damping

channels, where A%, acts on qubits and is defined as A% 5, (1) = S Ei(-)E], where

—B,n:
6,mn € [0,1] and

1 0 0 1—n,
B =6 B —=0 L

0 s 0 0

: 0 0 0
Es=+v1-90 Vi , Ey=v1-0
0 1 vV1I—mn, 0
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Figure 7.4. Values of the relative entropy on the left-hand side of (7.12),(7.14) corresponding to the
security parameter d;, d¢ for incognito and covert reading, respectively, when the input is restricted
to the maximally entangled state. (a) Memory cell {A%, 5, 1}, with ¢ = 0.005, § = 0.5. (b)
Memory cell {D3, 5, }. with ¢ = 0.005 and d = 2.

The generalized amplitude damping channel can be viewed as an interaction of the input signal
with a qubit environment by means of a beamsplitter, followed by discarding the state of the
environment. The parameter 6 corresponds to the noise injected by the environment when the
memory is being read and may be intrinsic to the memory reading device.

If we let N = 1000, ng = 0.45, n; = 0.4, and § = 0.5, then we can send on average 5 non-
innocent channels corresponding to secure information can be encoded with security parameter
81,0 = 7 x 107%; see Fig. 7.4.

Example 2. Consider memory cell {D%, . B, Jee{0,1) consisting of two qudit depolarizing chan-
nels, where DdB,_>Bmw (p) =nep+ (1 — 773,)%, and 7, € [O, df—il] Parameter 1 — 7, depends on the
deviation of the channel Dg/_, g, from any unitary evolution [31, Proposition 11]. In this case, the

security criterion for non-adaptive incognito reading is

w

A Y )
1 2
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where {A’}; denotes the spectrum of the state p and

0 1-— 1
AV =m0+ dz%, AT = (am + (1= a)mo) + =5 (a1 —m) + (1 = )1 = 10)),
w 1 -7 w 1
N =, X = (gL =m) + (1= a)(1 = m)).

If we let d = 2, N = 1000, ¢ = 0.005, no = 0.8, and 17, = 0.7 or n; = 0.9, then we can send
on average 5 non-innocent channels corresponding to secure information with security parameter
d1,0c = 8.5 x 107%; see Fig. 7.4.

7.4 Threat level identification

Our protocol for non-adaptive incognito reading can be applied to threat level identification
(TLI), in which the messages m € .# = {1,2,...,|.#|} correspond to the threat level posed by an
adversary, Oscar. A friendly aircraft, to be used as a spy for stealthy surveillance, can be embedded
with a memory device and share a secret key with the friendly base. Since Oscar does not have
the key, it will not be able to identify the aircraft as being a spy. The aircraft can thus collect
information about Oscar’s base and report back to its headquarter with a message indicating the
threat level. Non-adaptive incognito reading protocols are natural in this context since the memory
device and the reader are at distant locations and scout situations, which are time sensitive, may

not allow enough time to execute adaptive protocols.
Open problems

For future work, it would be interesting to explore the task of secure reading when the memory
cell consists of channels acting on continuous variable systems [25,27]. Since reading protocols
are based on channel discrimination and there are connections between parmameter estimation in
metrology, process tomography, and channel discrimination, another future direction is to study
the possibility of some new secure parameter estimation protocols in the context of metrology and

sensing [20,255,256] (see also [257-259] for the literature on secure parameter estimation).
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Appendix A Qudit Systems and Heisenberg—Weyl Group
Here we introduce some basic notations and definitions related to qudit systems. A system

.....

be a computational orthonormal basis of Hp such that dim(Hp) = d. There exists a unitary

operator called cyclic shift operator X (k) that acts on the orthonormal states as follows:

Vj)er € Je o X(K)lj) = |k ®J), (A1)

where @ is a cyclic addition operator, i.e., k@ j := (k+j) mod d. There also exists another unitary

operator called the phase operator Z(l) that acts on the qudit computational basis states as

i € o s 2000) =exp (25 ) (A2)

.....

X(k)Z(l). The maximally entangled state ®r.p of qudit systems RB’ is given as

=
(b ;) = —= ] ] ’y A3
| >RB \/C_ijo |J>R|J>B ( )

and we define
|05 o= (1R @ o) | @) oy (A.4)

.....

<q)k17ll ’q)kz’lQ) - 57431,162611,127 (A5)
d—1
> PN (@M | pp = Lap. (A.6)
k=0

Let # be a discrete set of size |W| = d*. There exists one-to-one mapping {(k, )} e(0,a-1} <>

{w}yew. For example, we can use the following map: w =k +d-[ for # ={0,...,d*> — 1}. This
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allows us to define 0¥ := o(k,l) and @} = @gg,. Let the set of d? Heisenberg—Weyl operators be

denoted as

H := {0"“}wer = {X(F)Z() }req0,....a-1} (A7)

and we refer to H as the Heisenberg-Weyl group.
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Appendix B Bidirectional Max-Rains Information: Examples

This appendix contains unpublished work of Stefan Baiiml, Siddhartha Das, and Mark M. Wilde.

Here we restrict d = 2 in Appendix A to consider qubit systems.
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Figure B.1. Our bounds plotted versus channel parameter p. From top to bottom they belong to
(i) the qubit partial swap operation, (ii) the qubit partial swap operation followed by traceout of
Alice’s output and (iii) a qubit swap operation followed by collective dephasing with various phases

0.

As an example, we have numerically computed R% 2

for the qubit partial swap operation [260,
261], which is performed by application of the unitary U, = \/pl+ty/T — pS, where S = Zij lig) (7
is the swap operator. Such an operation, which can be followed by a traceout of Alice’s subsystem,

can be compared to a beamsplitter [262]. As a second example, we have computed R2'? for a

max
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qubit swap operator, followed by collective dephasing [263], which is a typical model for noise in a
quantum computer. In the qubit case, collective dephasing acts as [0) — |0), [1) — €*?|1) for some
phase ¢. Hence [00) — |00), |01) — €*|01), [10) — €?|10), and |11) — e*¢|11). The collective
dephasing occurs with probability 1 — p.

Our results are plotted in Figure B.1. For the partial swap, the top plot shows the expected
decline from two ebits to zero, as the channel tends towards total depolarization. For the partial
swap and traceout, the decline is from one ebit to zero. In the example of collective dephasing,
as expected, the performance is the worst at p = 1/2, where there is the most uncertainty about
whether the collective dephasing has taken place. For phase ¢ = 7, we can have a reduction of a
factor of 1/2. Let us remark that this bound can actually be achieved. To do so, Alice and Bob
both locally create two Bell states <I>Z’A 1 and @F, 1, After the swap operation and the collective
dephasing they end up in a state 304, ®@®F, +3P,, ®P5, . To find out the phase, Alice and
Bob can locally measure either A and Lg or L, and B in the X-basis, thus sacrificing one ebit. If

their results agree, they have ®*, and otherwise ®~, which can be locally rotated to ®*.
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Appendix C Rate of Entropy Change: Examples

Here, we review [32, Appendix B| to discuss the subtleties involved in determining the rate of
entropy change using the formula (4.10) (Theorem 4.1) by considering some examples of dynamical
processes.

Let us first consider a system in a pure state ¢, undergoing a unitary time evolution. In this
case, the entropy is zero for all time, and thus the rate of entropy change is also zero for all time.
Note that even though the rank of the state remains the same for all time, the support changes.
This implies that the kernel changes with time. However, ¢ is well defined. This allows us to
invoke Theorem 4.1, so the formula (4.10) is applicable.

Formula (4.10) is also applicable to states with higher rank whose kernel changes in time and
have non-zero entropy. For example, consider the density operator p, € D(H) with the following

time-dependence:

VE>0: p=Y MNOUMILO)U (), (C.1)

i€
where Z = {i : 1 <i <d, d < dim(H)}, ez Ni(t) = 1, \i(t) > 0 and the time-derivative \;(t)
of X\;(t) is well defined for all ¢ € Z. The operators U;(t) are time-dependent unitary operators
associated with the eigenvalues \;(t) such that the time-derivative U;(t) of U;(t) is well defined and
[U;(0),11;(0)] = 0 for all i« € Z. The operators II;(0) are projection operators associated with the

eigenvalues \;(0) such that the spectral decomposition of p; at ¢t = 0 is

po =Y \(0)I;(0), (C.2)

1€l
where 1 < rank(pg) < dim(H). The evolution of the system is such that rank(p;) = rank(pg) for
all £ > 0. It is clear from (C.1) and (C.2) that the projection II; onto the support of p; depends on

time:

I, = ) Ui(O)IL(0)U) (¢), (C.3)

€T

and the time-derivative II, of I, is well defined. The entropy of the system is zero if and only if the
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state is pure.
Let us consider a qubit system A undergoing a damping process such that its state p;, at any
time ¢t > 0 is as follows:

pe=(1—e")]0)XO0] + e~ [1)1], (C.4)

where {|0),[1)} € ONB(#H4). The entropy S(p;) of the system at time ¢ is

S(pr) =—(1—e"log(l—e") —e"log(e™), (C.5)

which is continuously differentiable for all ¢ > 0 and not differentiable at ¢ = 0. At ¢ = 0, [Ty = |1)(1]
and rank(pg) = 1. At ¢t = 0T, there is a jump in the rank from 1 to 2, and the rank and the support
remains the same for all £ € (0,00). In this case, the formula (4.10) agrees with the derivative of
(C.5).

Now, suppose that the system A undergoes an oscillatory process such that for any time ¢ > 0

the state p; of the system is given by

pr = cos?(mt) |0)0] + sin?(7t) [1)(1]. (C.6)

In this case, for all £ > 0, the entropy S(p;) is

S(p;) = — cos®(nt) log cos®(mt) — sin®(7t) log sin®(nt), (C.7)
and its derivative is
d
ES(pt) = 7sin(2rt) [log cos®(mt) — log sin®(7t)] (C.8)

which exists for all £ > 0. At ¢ = % for all n € Z* U {0}, there is a jump in the rank from 1 to 2 and
the support changes discontinuously at these instants. One can check that (4.10) and (C.8) are in

agreement for all £ > 0.
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