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“It is the glory of God to conceal a thing: but the honour of kings is to search
out a matter.” Proverbs 25:2
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Abstract

The matroid structure theory of Geelen, Gerards, and Whittle has led to a
hypothesis that a highly connected member of a minor-closed class of matroids
representable over a finite field is a mild modification (known as a perturbation)
of a frame matroid, the dual of a frame matroid, or a matroid representable over
a proper subfield. They introduced the notion of a template to describe these
perturbations in more detail. In this dissertation, we determine these templates
for various classes and use them to prove results about representability, extremal
functions, and excluded minors.

Chapter 1 gives a brief introduction to matroids and matroid structure theory.
Chapters 2 and 3 analyze this hypothesis of Geelen, Gerards, and Whittle and
propose some refined hypotheses. In Chapter 3, we define frame templates and
discuss various notions of template equivalence.

Chapter 4 gives some details on how templates relate to each other. We define
a preorder on the set of frame templates over a finite field, and we determine
the minimal nontrivial templates with respect to this preorder. We also study in
significant depth a specific type of template that is pertinent to many applications.
Chapters 5 and 6 apply the results of Chapters 3 and 4 to several subclasses of the
binary matroids and the quaternary matroids—those matroids representable over
the fields of two and four elements, respectively.

Two of the classes we study in Chapter 5 are the even-cycle matroids and the
even-cut matroids. Each of these classes has hundreds of excluded minors. We show
that, for highly connected matroids, two or three excluded minors suffice. We also
show that Seymour’s 1-Flowing Conjecture holds for sufficiently highly connected
matroids.

In Chapter 6, we completely characterize the highly connected members of the
class of golden-mean matroids and several other closely related classes of quater-
nary matroids. This leads to a determination of the extremal functions for these
classes, verifying a conjecture of Archer for matroids of sufficiently large rank.

viil



Chapter 1: Introduction

In 1935, Whitney [44] introduced the concept of a matroid to unify common ideas
of dependence in linear algebra and graph theory. Many fundamental mathemati-
cal structures, including error-correcting codes and constraints in an optimization
problem, can be modeled by matroids. Matroid theory gives a unique perspective
on these structures through the introduction of concepts such as connectivity and
minors, both of which generalize concepts from graph theory. In this dissertation,
we study problems regarding matroids that are very close to graphic matroids, in a
sense that will be made precise in Section 1.4. In particular, we determine all such
matroids that are contained in various interesting classes of matroids. Subject to a
hypothesis by Geelen, Gerards, and Whittle, this then determines all highly con-
nected matroids in such a class. This has consequences for the study of excluded
minors and of extremal functions of the class.

Section 1.1 is a brief introduction to matroid theory. However, notation and
terminology not explained in this dissertation generally follow Oxley [23]. (One
exception is that we denote the vector matroid of a matrix A by M(A) rather
than M[A].) Sections 1.2-1.4 give some additional information that goes beyond
the basics of matroid theory but is foundational to the rest of this dissertation. In
Section 1.5, we present an overview of our main results. The reader familiar with
the basics of matroid theory may choose to skip to Section 1.2.

1.1 Introduction to Matroids
This section gives a brief introduction to matroid theory.

Definition

There are several equivalent definitions for the notion of a matroid. The following
definition is the most common.

Definition 1.1.1. A matroid M is an ordered pair (E,Z) consisting of a finite
set F, called the ground set, and a collection Z of subsets of E, called independent
sets, having the following three properties:

e ).
elf/eZTand I’ C I, thenI' e T.

e If I and 5 are in Z and |I;| < |I5|, then there is an element e of Iy — I; such
that I; Ue € 7.

We will often denote E and Z by E(M) and Z(M), respectively. If a subset of
E is not a member of Z, it is a dependent set. If M = (E,Z) is a matroid, then M
is a matroid on E. A minimal dependent set of a matroid is called a circuit, and
a maximal independent set of a matroid is called a basis. The next two theorems,
whose proofs can be found in [23], show how a matroid can be defined in terms of
circuits and bases.



Theorem 1.1.2 ([23, Corollary 1.1.5]). Let C be a collection of subsets of a set
E. Then C is the collection of circuits of a matroid on E if and only if C has the
following properties:

el ¢cC.
o [f Cy and Cy are members of C and Cy C Cs, then C; = Cs.

o [f 'y and Cy are distinct members of C and e € Cy; N Cy, then there is a
member C3 of C such that C5 C (C; U Cy) — e.

Theorem 1.1.3 ([23, Corollary 1.2.5]). Let B be a collection of subsets of a set
E. Then B is the collection of bases of a matroid on E if and only if B has the
following properties:

o B#I.

o [f By and By are in B and x € By — By, then there is an element y of Bo — By
such that (B, — z) U {y} € B.

Examples of Matroids

As mentioned above, two areas of mathematics that have been fundamental
motivators for the study of matroid theory have been linear algebra and graph
theory. In linear algebra, a matrix over a field gives rise to a matroid.

Proposition 1.1.4 (23, Proposition 1.1.1]). Let A be an m X n matriz over a
field F, and label its columns 1,2,... ,n. Let E ={1,2,...,n}. Let T consist of the
subsets X of E such that the set of columns labeled by X is linearly independent
and such that no pair of elements of X label identical columns. Then (E,Z) is a
matroid.

The matroid described in Proposition 1.1.4 is called the vector matroid of A,
we will denote it by M(A). Two matroids M; and M, are isomorphic if there is
a bijection ¢ : E(M;) — E(Ms,) such that X € Z(M;) if and only if ¢(X) €
Z(Ms). A matroid M that is isomorphic to the vector matroid of a matrix A is
called a representable matroid. If A is a matrix over a field F, then M is called
F-representable or representable over F. Performing elementary row operations
on a matrix, scaling rows and columns of the matrix by a nonzero element of
F, removing or adding zero rows, and performing a field automorphism on the
matrix entrywise, all preserve the matrix’s vector matroid. Because of this, every
representable matroid M is isomorphic to the vector matroid of a matrix of the
form [I,|A], where I is the r x r identity matrix whose columns are labeled by the
elements of a basis for M.

In this dissertation, graphs are allowed to have loops and parallel edges. Every
graph gives rise to a matroid.

Proposition 1.1.5 ([23, Proposition 1.1.7]). Let E be the set of edges of a graph
G, and let C be the collection of edge sets of cycles of G. Then C is the set of
circuits of a matroid on E.



The matroid described in Proposition 1.1.5 is called the cycle matroid of G; we
will denote it by M(G). A matroid M that is isomorphic to the cycle matroid of
a graph is called a graphic matroid.

Duality

Let M be a matroid, with ground set E, whose set of bases is B. Let B* =
{E — B : B € B}. Then B* is the set of bases for a matroid M*, called the dual of
M. Let M = M([I,|A]) be an F-representable matroid for some field F, where A
is an r X n matrix. Then M* = M([—AT|I,]). Moreover, the vector space spanned
by the rows of [—AT|I,] is the orthogonal subspace of the vector space spanned by
the rows of [I,.|A].

Minors

If M = (E,Z) is a matroid, then M\e is the matroid obtained by deleting
e and is defined by M\e = (F —e,{I —e : I € Z}). The matroid obtained
from M by contracting e is denoted by M /e and is defined as (M*\e)*. If T C
E(M), then M\T and M/T are, respectively, the matroids obtained by deleting
and contracting every element in 7'. It can be shown that, if C' and D are subsets
of E(M), then (M/C)\D = (M\D)/C. Therefore, we denote this matroid by
M/C\D. Every matroid of this form is called a minor of M. The operations
of deletion and contraction and the notion of minors are generalizations of the
concepts of the same name in graph theory. The matroid M\ D can also be denoted
by M|(E — D) and is called the restriction of M to (E — D).

A class M of matroids is minor-closed if every minor of a matroid in the class
is also in the class. The classes of graphic matroids and F-representable matroids,
for each field ', are minor-closed. If N is not a member of M but every proper
minor of N is a minor of M, then N is an excluded minor for M.

Frame Matroids

Every graphic matroid is representable over every field. The signed incidence
matrix of a graph (where non-loop edges label columns whose two nonzero entries
are 1 and —1 and where loops label zero columns) has a vector matroid isomorphic
to the cycle matroid of the graph. More generally, a frame matriz is a matrix where
every column has at most two nonzero entries.

Even more generally, let M be a matroid with ground set £ and with a basis B
such that, for every element e € E — B, there is a subset B’ C B with |B’| < 2
such that B’U{e} is a circuit of M. Then M is a framed matroid. A frame matroid
is a restriction of a framed matroid. The vector matroid of a frame matrix is an
example of a frame matroid.



Connectivity

It can be shown that all bases of a matroid M have the same size. This number
is called the rank of the matroid and is denoted by r(M). If X C E(M), then the
rank of X, denoted by r,(X) (or r(X) if the matroid is known from the context),
is the size of the largest independent subset of X. Note that r(M) = ry (E(M)).
If X CE(M) and r(X) =r(M), then X is said to be spanning.

Let M be a matroid on ground set E. The connectivity of X is denoted by
Ay (X) or A(X) and is given by

A X)=r(X)+r(E—-X)—r(M).

This definition for matroid connectivity, also called Tutte connectivity, was first
given by Tutte [39], one of the pioneers in matroid theory, as a generalization of
graph connectivity. If A(X) < k£ and min{|X|,|E — X|} > k, then the partition
(X, E— X) is called a k-separation. If M has no k’-separations for &’ < k, then M
is k-connected.

There is a weaker notion of connectivity that we will also use in this dissertation.
A matroid M is vertically k-connected if, for every set X C E(M) with Ay (X) < k,
either X or F — X is spanning. If M is vertically k-connected, then its dual M* is
cyclically k-connected.

1.2 Matroid Structure Theory

Robertson and Seymour profoundly transformed graph theory with their Graph
Minor Theorem [32]. Geelen, Gerards, and Whittle are on track to do the same for
matroid theory with their Matroid Structure Theory for matroids representable
over a finite field (see, e.g. [8]). The theorem they intend to prove is the following:

Conjecture 1.2.1 (Matroid Structure Theorem, rough idea). Let F be a finite
field, and let M be a proper minor-closed class of F-representable matroids. If
M e M is sufficiently large and has sufficiently high branch-width, then M has a
tree-decomposition, the parts of which correspond to mild modifications of matroids
representable over a proper subfield of F, or to mild modifications of frame matroids
and their duals.

The words “tree-decomposition”, “parts”, “correspond to” and “mild modifi-
cations” need (a lot of) elaboration, and hide almost 20 years of very hard work.
Whittle [41] described the proof of Rota’s Conjecture, which has the Matroid Struc-
ture Theorem as a major ingredient, as follows: “It’s a little bit like discovering
a new mountain—we’ve crossed many hurdles to reach a new destination and we
have returned scratched, bloodied and bruised from the arduous journey—we now
need to create a pathway so others can reach it.”

This dissertation will only focus on the last part of Conjecture 1.2.1. Geelen,
Gerards, and Whittle announced a theorem about that part [7, Theorem 3.1] that
we will repeat in Chapter 2 as Conjecture 2.0.1. A represented matroid can be



thought of as a particular matrix for a representable matroid. A rank-(< t) per-
turbation of a represented matroid M (A) is obtained by adding a matrix of rank
at most ¢ to the matrix A. In Section 1.4, we will discuss represented matroids
and perturbations in more detail, but these descriptions are sufficient to state the
hypothesis on which much of this dissertation is based.

Hypothesis 1.2.2. Let F be a finite field, and let M be a proper minor-closed
class of F-represented matroids. There exist constants k,t € Z, such that each k-
connected member of M is a rank-(< t) perturbation of an F-represented matroid
N, such that either

1. N is a represented frame matroid,

2. N* is a represented frame matroid, or

3. N 1s confined to a proper subfield of F.
1.3 Additional Preliminaries

The extremal function (also called growth rate function) for a minor-closed class
M, denoted by h(r), is the function whose value at an integer r > 0 is given by
the maximum number of elements in a simple represented matroid in M of rank at
most r. For a matroid M, we denote |si(M)| by e(M); that is, (M) is the number
of rank-1 flats of M. We will make use of several results in the literature. The first
of these is the Growth Rate Theorem of Geelen, Kung, and Whittle [10, Theorem
1.1].

Theorem 1.3.1 (Growth Rate Theorem). If M is a nonempty minor-closed class
of matroids, then there exists ¢ € R such that either:

(1) hp(r) < er for allr,

(2) ("1 < ha(r) < er? for all v and M contains all graphic matroids,

(3) there is a prime power q such that (1(;__—11 < hpm(r) < eq” for all v and M

contains all GF(q)-representable matroids, or
(4) M contains all simple rank-2 matroids.

If (2) of the previous theorem holds for M, then M is quadratically dense. If
M is a simple rank-r matroid in M such that e(M) = h(r), then we call M an
extremal matroid of M.

The proof of the Growth Rate Theorem was based on work in [13] and [9].
Specifically, [13] contains the following result.

Theorem 1.3.2 ([13, Theorem 1.1]). For any finite field F and graph G, there
exists an integer ¢ such that, if M is an F-represented matroid with no M(G)-
minor, then e(M) < cr(M).



We now clarify some notation and terminology that will be helpful specifically
for this dissertation. For a field ' of characteristic p # 0, we denote the prime
subfield of F by F,. We denote an empty matrix by [()]. We denote a group of one
element by {0} or {1}, if it is an additive or multiplicative group, respectively. If
S’ is a subset of a set S and G is a subgroup of the additive group of the vector
space S, we denote by G|S’ the projection of G onto FS'. Similarly, if 7 € G,
we denote the projection of Z onto F¥" by Z|S’. Let A be an m x n matrix. If
A’ is an m x n’ submatrix of A, with n’ < n, then A’ is a column submatriz of
A. Similarly, if A" is an m’ x n submatrix of A, with m’ < m, then A’ is a row
submatrixz of A. Let A and A’ be matrices with the same dimensions, and suppose
the entry in the i-th row and j-th column of A is nonzero if and only if the entry
in the i-th row and j-th column of A’ is nonzero. Then A and A’ have the same
(zero-nonzero) pattern. The n x (g) matrix where every column contains exactly
two nonzero entries, the first a 1 and the second a —1, is denoted by D,,. Note
that D,, is the signed incidence matrix of the complete graph K,,. If U C F¥ and
XCE thenU|X ={u|X:ueU}. If ' CF, then I'U = {yu|y € I',u € U}.

We use the following notation and terminology, following [22]. The weight of a
vector is its number of nonzero entries. If F is a field and AN B = (), then we
identify the vector space F4 x FB with FAYE. If U and W are additive subgroups
of FE, then U and and W are skew if U N W = {0}.

1.4 Represented Matroids and Perturbations

In some respects, this dissertation is about matrices rather than matroids. How-
ever, we use these results about matrices to obtain results about their vector ma-
troids. Because a matroid can have inequivalent representations, it will be useful
to have a more formal notion of matroid representations.

Let F be a field. An F-represented matroid (or simply represented matroid if the
field is understood from the context) is a pair M = (E,U), where U is a subspace
of FE. The dual of M is M* = (E,U"), where U~ is the subspace consisting
of all vectors orthogonal to every vector in U. A representation of M = (E,U)
is a matrix A whose row space is U. We write M = M(A). We consider two
represented matroids to be equal if they have representation matrices that are
row equivalent up to column scaling. We denote the vector matroid (in the usual
sense) of a representation A of M by M or M(A) and call it the abstract matroid
associated with M. Basic matroid notions such as ground sets, independent sets,
bases, circuits, rank, closure, connectivity, etc. are freely carried over from abstract
matroids to represented matroids. A represented frame matroid is a represented
matroid with a representation matrix A that has at most two nonzero entries per
column.

The notions of restriction, deletion, contraction, and minors of matroids carry
over to represented matroids also. If M = (E,U) and X C E, then we define
M|X = (E—U,U|X). We define M\X = M|(E — X) and M/X = (M*\X)*.



Definition 1.4.1. Let M; and M, be F-represented matroids on a common ground
set. Then Ms is a rank-(< t) perturbation of My if there exist matrices A; and P
such that M(A;) = My, the rank of P is at most ¢, and M(A; + P) = M.

Definition 1.4.2. Let M; and M, be F-represented matroids on ground set E. If
there is some F-represented matroid M on ground set EU{e} such that M; = M\e
and My = M/e, then M is an elementary lift of My, and My is an elementary
projection of Mj.

Note that an elementary lift of a represented matroid M (A) can be obtained by
appending a row to A.

Definition 1.4.3. Let M, and M, be F-represented matroids on a common ground
set. We denote the minimum number of elementary lifts and elementary projections
needed to transform M; into My by dist(M;, Ms), and we denote the smallest
integer ¢ such that M, is a rank-(< t) perturbation of M; by pert(M;, Ms).

The following observation will be quite useful; in particular, we use it to prove
Lemma 1.4.5 below.

Remark 1.4.4. Suppose that M; = M(A;) is a rank-(< ¢) perturbation of M, =
M(A;y). Let P be the matrix of rank at most ¢ such that A; + P = As. Let
{v1,v9,..., v} be a basis for the row space of P. Note that neither Ay, P, nor
A; + P need have full row rank. If r = r(M;), then we may assume that P has
r+t rows. If a;; € F for all 4, j, let a;1v1 + a;2v2 + ... + a; vy be the i-th row
of P. Then M; can be obtained by contracting C' from the represented matroid
obtained from the following matrix.

C
U1
—1I
Ut
a1 . Qyt
Ay
Qritl ooo Qpgpg

Lemma 1.4.5 appears in [7] as Lemma 2.1; however, no proof was given in [7].

Lemma 1.4.5 ([7, Lemma 2.1)). If My and My are F-represented matroids on the
same ground set, then

pert(Ml, Mg) S diSt(Ml, Mg) S 2pert(M1, Mg)

Proof. A rank-(< t) perturbation of a represented matroid M; can be obtained
by successively adding ¢ rank-1 matrices to some matrix A; with M(A;) = M;.
Therefore, we can prove this result inductively by considering the behavior of ele-
mentary lifts, elementary projections, and rank-1 perturbations. An elementary lift
v

of M; can be obtained by adding the rank-1 matrix [ 0

} , for some vector



Ay

of a represented matroid is also a rank-1 perturbation of the represented matroid.
Now, since M is a rank-(< t) perturbation of M if and only if M, is a rank-(< t)
perturbation of M; and since M, is an elementary lift of M, if and only if M, is
an elementary projection of M;, we also have that every elementary projection of
a represented matroid is a rank-1 perturbation of the represented matroid. The
converse of these statements is not true in general; however, we will now show that
every rank-1 perturbation of a represented matroid can be obtained by performing
an elementary lift followed by an elementary projection.

Suppose that M, is a rank-1 perturbation of M;. By Remark 1.4.4, there are
vectors v and w and a matrix A; with M(A;) = M; such that M, is obtained

: 0 : .
v, to the matrix { }, which represents M;. Thus, every elementary lift

. -1 .
from the matrix A = [ Z ” } by contracting the element represented by
1
the last column. The represented matroid obtained from A’ = +} is an
1

elementary lift of M;. Since Ms is obtained from M (A) by contracting the element
represented by the last column, My is an elementary projection of M(A’).

The fact that an elementary lift or projection can be obtained by a rank-1
perturbation implies that pert(M;, M) < dist(M;, Ms). The fact that a rank-
1 perturbation can be obtained by at most two elementary lifts and projections
implies that dist(M;, Ms) < 2pert(M;, Ms). |

In order to prove some results in Chapter 2, we will need some lemmas regarding
duality. The first lemma is an easy corollary of Lemma 1.4.5. In fact, the following
lemma still holds if 2¢ is replaced by ¢, but that best possible result is not necessary
for our purposes.

Lemma 1.4.6. Suppose that My is a rank-(< t) perturbation of My. Then My is
a rank-(< 2t) perturbation of M.

Proof. By Lemma 1.4.5 and duality of elementary lifts and elementary projections,
we have

pert(M;], My) < dist(M;, M) = dist(M;, Ms) < 2 pert(M;, My) < 2t.
|

The next lemma, proved by Nelson and Walsh [22], gives a bound on (M),
when M is the dual of a represented frame matroid. We use this and Lemma 1.4.8
to prove Lemma 1.4.9 below.

Lemma 1.4.7 ([22, Lemma 6.2]). If M* is a represented frame matroid, then
e(M) < 3r(M).

Lemma 1.4.8. If M is a rank-(< t) perturbation of a GF(q)-represented matroid
N, then e(M) < ¢*e(N) + 31— ¢'.



Proof. We proceed by induction on t. If £ = 0, then M = N, and the result is
clear. Now suppose the result holds for rank-(< ¢') perturbations for all ¢’ < ¢.
Since M is a rank-(< t) perturbation of N there is some represented matroid
M’ such that M’ is a rank-(< ¢ — 1) perturbation of N and M is a rank-(< 1)
perturbation of AM’. Thus, there are matrices A and P such that M’ = M(A),
the rank of P is 1, and M = M(A + P). We will show that the nonloop elements
in a rank-1 flat of M’ become members of at most ¢ distinct rank-1 flats in M.
Let {a1,aq,...,a,-1,a,} be the elements of GF(q), with a, = 0, and let v be a
nonzero column in A indexed by an element in a rank-1 flat ' of M’. Then the
nonloop elements of I’ are each represented by a column a;v for some ¢ such that
1 <1 < g — 1. Similarly, let w be a nonzero column of P. Then every column of
P is represented by a column a;w for some ¢ such that 1 < i < ¢. Thus, every
element in F' that is not a loop in M’ becomes represented in A + P by a column
of the form a;v + a;w = a;(v —l—ai_lajw), where 1 <i<g¢g—1and 1< j <gq. There
are ¢ distinct possible values for a; laj; therefore, the elements of F' that are not
loops in M’ are in at most ¢ distinct rank-1 flats in M. Moreover, after P is added
to A, loops in M’ become represented by columns of the form a;w. This accounts
for one additional rank-1 flat in M. Thus, (M) < ¢e(M') + 1. By the induction
hypothesis, we have (M) < q(¢""e(N) + 3122 ¢°) + 1 = ¢*e(N) + S2'2} ¢/, which
proves the result. [ |

Lemma 1.4.9. Let t be a positive integer, and let F = GF(q). Then there are
finitely many integers r such that the complete graphic matroid M(K,11) is a
rank-(< t) perturbation of the dual of an F-represented frame matroid.

Proof. Suppose M is a rank-(< t) perturbation of an F-represented matroid N, and
let r = r(M). Combining the previous two lemmas, we have ¢(M) < ¢'(3r(N)) +
Sl gl Since M is a rank-(< t) perturbation of N, we have r(M) < r(N) +t.
Therefore, e(M) < 3¢'(r —t) + Zz;é q¢'. Since q and t are constant, this expression
is less than ("}') = (M (K,41)) for all sufficiently large r. |

Notation 1.4.10. Let g(q,t) be the least value n such that for all n’ > n, the
complete graphic represented matroid M (K, ) is not equal to any represented

matroid that is a rank-(< ¢) perturbation of the dual of a represented frame matroid
over GF(q).

Lemma 1.4.9 can be restated as saying that g(q, t) is finite for every prime power
q and positive integer t.

1.5 This Dissertation

In Chapter 2, we construct a family of matroids that are arbitrarily high rank
perturbations of graphic and of cographic matroids. The matroids in this family
are vertically k-connected, but not k-connected. This shows that the connectivity
condition in Hypothesis 1.2.2 cannot be weakened arbitrarily.



In Chapter 3, we introduce frame templates, our main objects of study. A tem-
plate gives some specifics about what certain perturbations look like. The repre-
sented matroids constructed in this way are said to conform to the template. We
give the definition of a frame template, as found in [7]. We also define certain
types of frame templates and show how different frame templates are equivalent in
various senses. Templates are used to study highly connected matroids. Therefore,
if every matroid conforming to a template has a k’-separation for some k" < k,
where k is a fixed positive integer, then that template need not be considered in
any applications. We make this idea precise with the notion of refined templates.

Chapter 4 delves deeper into the study of templates. We define a notion of minors
on the template level. Based on this minor relationship, we define a preorder on
the set of templates over a fixed finite field and determine the set of minimal
nontrivial templates with respect to this preorder. We also study, in significant
depth, a specific type of template called a Y-template. These Y-templates are
simpler than frame templates in general and are used often in the later chapters
of the dissertation. We also show in Chapter 4 how templates can be used to
determine the extremal functions of many classes of matroids.

The results in Chapters 5 and 6 are based on more detailed versions of Hypothesis
1.2.2. Chapter 5 applies the results of Chapters 3 and 4 to certain classes of binary
matroids—those matroids representable over the field of two elements. A significant
portion of Chapter 5 is devoted to the study of even-cycle and even-cut matroids.
Both of these classes have hundreds of excluded minors, but we show that, in the
case of highly connected matroids, three and two matroids suffice for the classes
of even-cycle and even-cut matroids, respectively. We prove the following results,
where PG(3,2)\e, L9, L11, and Hjs are defined in Chapter 5.

Theorem 1.5.1. Suppose Hypothesis 3.2.2 holds. Then there exists k € Z. such
that a k-connected binary matroid with at least 2k elements is an even-cycle matroid
if and only if it contains no minor isomorphic to PG(3,2)\e, Lig, or L1;.

Theorem 1.5.2. Suppose Hypothesis 3.2.2 holds. Then there exists k € Z, such
that a k-connected binary matroid with at least 2k elements is an even-cut matroid
if and only if it is contains no minor isomorphic to M(Kg) or Hj,.

In Chapter 5, we also give the extremal function for the class of binary matroids
of sufficiently large rank that have no minor isomorphic to PG(3,2). Moreover, we
answer the question of which classes of binary matroids have the same extremal
function as the class of graphic matroids. One of these classes is the class of 1-
flowing matroids, which generalizes the max-flow min-cut property of graphs. We
show that a conjecture that Seymour made in 1981 holds for highly connected
matroids.

In Chapter 6, we study certain classes of quaternary matroids—those matroids
representable over the field of four elements. In particular, we study the class of
golden-mean matroids and some other classes closely related to it. Let AC4 denote
the class of quaternary matroids representable over some field of each characteristic.
Let AF, denote the class of matroids representable over all fields of size at least
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4, and let S£, denote the class of quaternary matroids M for which there exists
a prime power ¢’ such that M is representable over all fields of size at least ¢’. We
show that the extremal function for the class of golden-mean matroids, as well as
for AC4, for AF 4, and for SLy, is (rf’) —5. This verifies, for matroids of sufficiently
large rank, a conjecture of Archer [1]. Moreover, we show the following, where GM
denotes the class of golden-mean matroids.

Theorem 1.5.3. Suppose Hypothesis 3.2.2 holds. There exists k € Z, such that
every k-connected member of AC4 with at least 2k elements is contained in exactly
one of AFy, GM — AFy4, and SL — AF 4 and such that every k-connected member

of SL4 with at least 2k elements is representable over all fields of size at least 7.
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Chapter 2: A Problematic Family of Dyadic Matroids

Geelen, Gerards, and Whittle did not introduce Hypothesis 1.2.2 as we stated
it. They announced (without proof) the following conjecture as a theorem.

Conjecture 2.0.1 ([7, Theorem 3.1]). Let F be a finite field and let M be a
proper minor-closed class of F-represented matroids. Then there exist k,t € Z,
such that each vertically k-connected member of M is a rank-(< t) perturbation of
an F-represented matroid N, such that either

(i) N is a represented frame matroid,
(i) N* is a represented frame matroid, or
(iii) N is confined to a proper subfield of F.

The difference between Hypothesis 1.2.2 and Conjecture 2.0.1 lies in the notion of
connectivity that was used. Unfortunately, vertical k-connectivity is insufficient for
the conclusion to hold, which we will demonstrate in this chapter. Our examples
arise only in very specific situations. For this reason, the proof of the Matroid
Structure Theorem itself is not jeopardized. The reader whose main interest is in
the later chapters can safely skip to Section 2.3, where we give two hypotheses, in
addition to Hypothesis 1.2.2, that can serve as replacements for Conjecture 2.0.1.

2.1 Background

The matroids we will be working with in this chapter are dyadic. The following
characterization of the dyadic matroids was shown by Whittle in [43].

Theorem 2.1.1. A matroid is dyadic if and only if it is representable over both
GF(3) and GF(5).

A matroid is ternary if it is GF(3)-representable. In this chapter, since ternary
matroids are uniquely GF(3)-representable [4], we will not make any distinction
between matroids and represented matroids. We also extend this convention to bi-
nary matroids, particularly complete graphic matroids, since every binary matroid
that is representable over some field F is uniquely F-representable.

In particular, we build a family of dyadic matroids that are vertically k-connected
for any desired k, and not a bounded-rank perturbation of either a represented
frame matroid or the dual of a represented frame matroid. The construction starts
with a cyclically k-connected graph G, modifies it at a number of vertices that
grows with |V (G)[, and dualizes the resulting matroid.

Since our construction makes use of highly cyclically connected graphs, the next
two results allow us to specify some additional details about these graphs. The
following lemma seems to be fairly well-known; however, we were unable to find
an explicit proof in the literature. For the sake of completeness, we state the result
and provide a proof, obtained by combining some older results.
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Lemma 2.1.2. For every positive integer k, there is a cyclically k-connected cubic
graph.

Proof. There is a cubic Cayley graph of girth g > k. (See, for example, Biggs [3] or
Jajcay and Siran [16, Theorem 2.1]. In particular, [16] contains a nice summary of
various related results.) Since Cayley graphs are vertex-transitive, a result of Nedela
and Skoviera [21, Theorem 17] states that such a graph has cyclic connectivity
g. [

Thomassen [38, Corollary 3.2] showed the following.
Theorem 2.1.3. There is a function & such that a graph G with minimum degree
at least 3 and girth at least (n) has a minor isomorphic to K,.

2.2 The Construction

Our construction involves repeated use of the generalized parallel connection of a
matroid with copies of M (K35) over a copy of M (K4) represented in a specific way.
The next two results specify that representation. Both results are easily checked,
so we state them without proof.

Lemma 2.2.1. The following matriz represents M(Ks) over all fields of charac-
teristic other than 2:

110 0 1 10101
A -11 1 1 0 00110
0o 0 -11-1100T11
0O 0 0 00 01T1T171

Lemma 2.2.2. The signed graph shown in Figure 2.1, with negative edges printed
in bold, represents M(Ky).

FIGURE 2.1. A Signed-Graphic Representation of M (Ky)

This representation of M (Ky) has been encountered before, for example in [46,
14, 37].

Definition 2.2.3. Let GG be a cubic graph, and R C V(G). For each vertex v; of R,
perform the operation of altering the graph on the left in Figure 2.2 to become the
signed graph on the right, with negative edges printed in bold. Let G’ be the signed
graph that results from performing this operation on every vertex in R. Note that
G’ contains |R| copies of the signed-graphic representation of M (Ky) described

13
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x Yy x Yy

FIGURE 2.2. Changing G to G’

in Lemma 2.2.2. Let Xy, Xy, ..., X|p be the edge sets of these representations of
M (Ky). For each X;, take the generalized parallel connection' of M (G’) with a copy
of M(K5) over X;. Delete the X;, and call the resulting matroid the ornamentation
of (G, R), denoted by Or(G, R).

Lemma 2.2.4. For any cubic graph G, with R C V(G), the ornamentation
Or(G, R) is dyadic and has M(G) as a minor.

Proof. 1t is well-known that signed-graphic matroids are dyadic (see, for example,
[45, Lemma 8A.3]). The construction of Or(G, R) involves generalized parallel
connections of a signed graph with copies of M (K5) over a common representation
of M(K4). Thus, a result of Mayhew, Whittle, and Van Zwam [20, Theorem 3.1]
implies that Or(G, R) is dyadic.

Note that Or(G, R) is the result of taking |R| copies of the submatrix [*——]
of the signed incidence matrix of G, with columns indexed by the set {1;,2;,3;},
and altering each of them to become a copy of the following matrix:

L 2 3 di e fi g
m 1 0 0 0O 1 0 17
0 1 0 0O 1 1 0
0 0 1 0O 0 1 1
-1 0 O 0 0 0 0]
O -1 0 0 0 0 O
0 O -1 0 0 0 O
| 0 0 0 1 1 1 14

One can check that in the vector matroid of the above submatrix, deleting g; and

contracting {d;, e;, fi} results in the vector matroid of [*—1]. Therefore, M(G)

is a minor of Or(G, R). [

Definition 2.2.5. In the matrix given in the proof of the previous lemma, let
F, = {d;, e;, fi,9:;}. We will call each F; a gadget.

We are now ready to prove the main result of this chapter.

1Each X; is a modular flat of M (K3), which is uniquely representable over any field. Therefore, these generalized
parallel connections are well-defined.
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Theorem 2.2.6. For every k,t € Z., there exists a vertically k-connected dyadic
matroid that is not a rank-(< t) perturbation of either a frame matroid or the dual
of a frame matroid.

Proof. Let g and & be the functions given in Notation 1.4.10 and Theorem 2.1.3,
respectively. We must define several constants that will be used throughout this
proof. First, let d > 3(2l°s2(®+1 — 1) and let ¢ > 2t + 20(3'%"). We define

m = max{c(3? +3) + 7,9(3,2t)}.

Finally, let
h = max{k + 1,{(m)}.

Let G be a cyclically h-connected cubic graph. Such a graph exists by Lemma
2.1.2. This implies that G has girth at least o > &(m). By Theorem 2.1.3, G
has a minor H isomorphic to K,,. Let C' and D be the sets of edges such that
G/C\D = H. Each vertex of H is obtained by contracting all edges in a subtree
of G\D. Thus, there is a function ¢ : V(G) — V(H) such that ¢(w) = v if w is a

vertex in the subtree of G\ D that is contracted to result in v.

Claim 2.2.6.1. There is a set R = {v,v,...,v.} C V(G) of size ¢ and ¢ + 1
pairwise disjoint sets {ag, by, co},{a1,b1,c1},. . {ac, beycct € V(H) that are also
disjoint from ¢(R) such that

1. the members of R are pairwise a distance of at least d from each other in G,
and

2. for each integer i with 1 < i < ¢, if T; is the subtree of G\ D that is contracted
to obtain ¢(v;), then there is a set of vertices {aj, b, c,} C V(T;) (possibly
some or all of a}, b, and ¢, are equal to v;) and three internally disjoint
subpaths of T; from v; to a;, b;, and ¢, such that a;, b;, and ¢, are neighbors
in G\D of some vertex in ¢~ *(a;), o~ (b;), and ¢~ *(c;), respectively.

Proof. Suppose {vi,a1,b1,c1}, ..., {vk_1,ax_1,bx_1,cx_1} and {ag, by, co} were cho-
sen to satisfy (1) and (2), with & maximal. Also suppose, for a contradiction,
that £ — 1 < c. Since G is cubic, there are at most Z?:_g 3t < 3% vertices in G
whose distance form some v; is less than d. Thus, after choosing {vy,...v5_1} C
V(G) and {ao, bo, Co},{al, bl, Cl}, ceey {ak_l, bk—l; Ck—l} - V(H), there are at least
m—(k—1)(32+3)—3>m—c(37+3) — 3 > 4 vertices w in V(H) — ({ag, by, co } U
{p(v1),a1,b1,c1} U...U{d(v1),a1,by,c1}) such that every vertex in ¢~ *(w) is at
a distance of at least d from each member of {vy,...,vx_1}. (In the expression
m — (k—1)(3¢ + 3) — 3, the +3 comes from the sets {a;, b;,c;} for i > 0, and the
—3 comes from {ag, by, co}.) Choose one of these vertices w to be ¢(vg), and let
three of the others be {ag, by, cx }.

Since each of ay, by, and ¢ is a neighbor of ¢(vy) in H, there must be vertices
{a}, b}, c.} € V(T}) that are neighbors in G\ D of some vertex in ¢~ (ay), ¢~ (by),
and ¢~ '(c), respectively. If @}, = b}, = ¢, then let v, = a}, = b}, = ¢}.. If two of
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{a},, b}, c,.} are equal, say aj = b, then let vy = aj, = b),. Since T} is a tree, there
must be a path in T}, that joins vy to ¢.. Now suppose a), # b, # ¢}, Since T}, is a
tree, there must be a path P in T}, from aj, to bj,.. Similarly, there must be a path P’
that joins ¢}, to some vertex in P. Let vy, be the vertex where these two paths meet.
In each of these cases, we have three subpaths of T} that satisfy (2). Moreover,

R = {vy,...,ux} also satisfies (1) since every vertex in T} is at a distance of at
least d from each member of {vy,...,vx_1}. This contradicts the maximality of k
and proves the claim. 0

Claim 2.2.6.2. Every circuit of Or(G, R) contains either the edge set of a cycle
of G or the edge set of a path in G between two vertices in R.

Proof. Suppose for a contradiction that C' is a circuit of Or(G, R) that contains
neither the edge set of a cycle of G nor the edge set of a path in GG joining vertices
in R. Then C'N E(G) must consist of the edge sets of vertex-disjoint subtrees
S1,59,...,8, of G such that no S; contains more than one vertex in R. Thus,
C C (U Fy) U (U, E(S;)). However, we will show by induction on | U, E(S;)],
that (U5_,F;) U (U, E(S;)) is an independent set. Since no pair of gadgets is
represented by submatrices whose sets of rows intersect, U;_, F; is an independent
set in Or(G, R). Thus, the result holds when | U, E(S;)] = 0. Now, consider
(U F;) U (U, E(S;)) where | U™, E(S;)| = k > 0 and the result holds for | U™,
E(S;)] < k. Delete a pendant edge e in some S;. By the induction hypothesis,
(U F)U(U E(S;)) —{e} is an independent set in Or(G, R). Since e is a pendant
edge in some S;, it must be a coloop in (Or(G, R))|((US_, F;) U (Ur, E(S;))). Thus,
(US_, F;) U (U, E(S;) is an independent set in Or(G, R). By contradiction, this
proves the claim. O

Let M be the dual matroid of Or(G, R), and let A\y; and A be the connectivity
functions of M and M(G), respectively. Then, by duality, Ao,c,r) = Aum-

Claim 2.2.6.3. The matroid Or(G, R) is cyclically k-connected.

Proof. Suppose for a contradiction that (X, Y) is a cyclic k’-separation of Or(G, R),
where k' < k. Let AUB = E(G), with A C X and B C Y. Since M(G) has cyclic
connectivity k > k', it has no cyclic k’-separation. Therefore, one of A or B, say
A, has no cycles. However, since (X,Y) is a cyclic k’-separation, X and Y each
contain a circuit of Or(G, R). Since A, and therefore X, contain no edge set of a
cycle of GG, we see from Claim 2.2.6.2 that X, and therefore A, contain the edge
set of a path in G joining vertices in R. By Claim 2.2.6.1, this path has length at
least d. This path must be contained in some component of G[A] with edge set
A;. If a cubic graph either is disconnected or has a cut vertex, then both sides
of the separation must contain cycles. Therefore, G is a connected graph with no
cut vertices. Let By = E(G) — Ay, and let Ay = A — A;. Suppose G[B] is not
connected. Then, since G[A,] is a tree, there is a unique path in G[A;] from one
component of G[Bj] to another. This implies that G has a cut vertex. Thus, we
deduce that G[Bj] is connected.
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Let rg be the rank function of M(G). Since Bj is the disjoint union of B and
Ay, we have r¢(By) < rg(B) + rg(Asz). Moreover, since G[A;] is a component of
G[A], we have r¢(A1) = rg(A) — rg(As). Therefore, A\g(A1) < r¢(A) — ra(As) +
ra(B) + ra(As) — ra(E(G)) = Ag(A). Let W be the set of vertices of the vertex
boundary between A; and By. We have A\g(A1) = r¢(A41) +ra(B1) —ra(E(G)) =
\V(G[A])| =1+ |V(G[By])| —1—=(]V(G)| —1) = |W|—1. Thus, we have |[W|—1 =
Ac(A1) < Ag(A) < Ay (X) < K. Therefore, |W| < k' + 1.

Note that, since G is cubic and G[A;] contains no cycle, G[A;] is a cubic tree
whose set of leaves is W. We now claim that no vertex of G[A;] is at a distance
greater than |log,(k’)| + 1 from W. Suppose for a contradiction that v is such a
vertex. Therefore, there are 3(2U0s2(F)1+1) > 3(2loe:(K)) = 3 vertices at distance
|log, (k)| +2 from v in G[A,]. This implies that |W| > 3k’ contradicting the facts
that |W| < k' 4+ 1 and k' is a positive integer.

Therefore, each vertex of G[A;] is a distance of at most [log,(k')| + 1 from W.
Thus, since G is cubic, an upper bound for |A, | is 3(32 182 2i) — 3(gllesa())+1 _
1) < 3(2Mee2)]+1 _ 1) < d, contradicting the fact that G[A;] must have a path
of length at least d. Thus, Or(G, R) has no cyclic k’-separation for k' < k and is
therefore cyclically k-connected. 0

For each v; € R, let L; consist of the three edges in H that join ¢(v;) to the
vertices in {a;, b;, ¢; }. Let D’ consist of all the edges in H incident with a vertex in
¢(R) other than the edges in some L;.

1 0 1
Claim 2.2.6.4. Consider ¢ copies of the submatrix |—1 1 0 | of the signed
0 -1 -1
incidence matriz of K,,_., where each of these submatrices has rows indexed by
some {a;,b;,¢;}. Then Or(G, R) has a minor N that is the vector matroid of the
matriz obtained from the signed incidence matrix of K,,_. by altering each of these
submatrices to become the following matrix, where the bottom row is a new row
added to the original matriz. Here, F; = {d;, e;, f;, g;} is a gadget.

di e [fi 9

a; T1 0 1 0O 1 0 1
b; |-1 1 0 0O 1 1 0
¢ |0 -1 -1 0 0 1 1
0 0 0 1 1 1 1

Proof. Recall that C and D are the sets of edges such that G/C\D = H = K,,.
Then N = (Or(G,R))/C\(DUD'")/US_, L;. Informally, N is the result of “gluing”
each F; onto the set {a;, b;, ¢;} of vertices in K, .. O

Call the resulting matrix J so that N = M(J). Note that J has m rows and
r(N) =m — 1. Let NT be a rank-(< 2t) perturbation of N.
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Claim 2.2.6.5. For some s < 2t, there are vectors wy, ..., w” and a submatriz J'
of J such that N has a minor isomorphic to the vector matroid of

1/
wy

and such that J' contains at least 20(3'%") copies of the submatriz

di e fi 9
a; TO 1 0 1
b, 10 1 1 0
c |0 0 1 1
1 1 1 1

that represents a gadget.

Proof. By Remark 1.4.4, N is the result of contracting C’ from the vector matroid
of the matrix below, where A is some arbitrary ternary matrix.

C/
w1
: -1
Wat
J
A
0

Let VA be the set of row indices of a basis for the rowspace of A. Delete from
N all elements represented by columns with nonzero entries in Va, along with all
gadgets containing such an element. This is equivalent to deleting vertices from
the complete graph K, . that was used to construct N, as well as any gadgets
glued onto these vertices. Thus, we are still left with a complete graph with gad-
gets glued onto it. Moreover, since |Va| < 2¢, we have at least ¢ — 2t > 20(3'%)
gadgets remaining. Since V) is a basis for the rowspace of A, we may perform row
operations to obtain the following matrix, where J’ is a submatrix of J, where each
w; is a coordinate projection of w;, and where A’ = A[Vx, C].
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C/

w)
: —1
wét
J’' 0
0 A

For each element of V, we contract one element of C’, pivoting on an entry in
the row of A’. We obtain the following matrix.

C//
wj
: Q
wy,
J' 0
By contracting C”, we obtain the desired matrix, with s = 2t — |C"|. O

Claim 2.2.6.6. The matriz J' has a submatriz J”, with the same number of rows
as J', such that M(J") is represented by Figure 2.3, where each shaded triangle

represents a gadget F; with vertices a;, b;, and c; positioned at the top, left, and
bottom respectively.

Fi 538 Fiq ag Fyasnyn Fysse sesst
@
‘ . ‘ bo ‘ ‘
. Co
@ @ @ @ @

F275(38t)

[
FIGURE 2.3. M(J")
Proof. Partition the set of gadgets into 4(3%) subsets F7, . . . , Fa(sst), each of size at
least 5(3%). This is possible since 20(3'%") = (5)(3%)(4)(3%). Let the j-th gadget in

Fibe F,j ={d;;,eij, fij, ¢i;}, and let it be glued onto the vertices {a; ;, b; j,¢; ;}.
Consider the subtree of K,, . shown in Figure 2.4, as well as the two isomorphic
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%)

I a4(33t)y1
2.2 Qy4(38t),2

a1’5(38t) a275(3st) o a4(38t)’5(38t)

FIGURE 24. T,

subtrees where the a; ; are replaced by b;; and ¢; j, respectively. Call these trees
T,, Ty, and T, respectively.

Consider the submatrix J” of J' consisting of the columns indexed by the union
of E(T,), E(T}), and E(T,) with the union F' of all of the gadgets. One can see
that M(J") can be represented by Figure 2.3. O

Claim 2.2.6.7. There are ternary matrices U and J" such that M(J") can be
represented by Figure 2.5 and such that Nt has a minor N’ represented by the
following matrix.

B Fy
0JU]U]---|U
J///
Fy
F1 e F5 FG F7 F8

o @ L 4 L ®
F

([

FIGURE 2.5. M (J")
w

Proof. Let W = : . Since E(T,)U E(T,) U E(T,) is an independent set

w//

S
in M (J"), we may perform row operations so that the portion of W with columns

indexed by E(T,) U E(T,) U E(T.) becomes the zero matrix. Thus, we have the
following matrix.
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E(T.) E(T,) E(T) F
0 | W’

The portion of W’ whose columns are indexed by the elements of a gadget is an
s X 4 ternary matrix; therefore, there are 3*° < 3% possible such matrices. Since
each F; contains at least 5(3%) gadgets, the pigeonhole principle implies that each
F; contains five gadgets whose corresponding submatrices of W’ are equal. Again
by the pigeonhole principle, since there are 4(3%) sets JF;, there is a set of four
F; such that each contains at least five gadgets such that all 20 of the gadgets
correspond to equal submatrices of W',

Delete all of the other ¢ — 2t — 20 gadgets. All of the remaining gadgets come
from four JF; which we can relabel as Fi, F», F3, and F4. In addition, delete all
but one gadget from each of F,, F3, and Fy, cosimplify the resulting matroid, and
contract the remaining edges incident with either ag, by, or c¢o. In the resulting
matroid, there are eight remaining gadgets which we relabel as I, Fs, ..., Fg. The
elements of each F; we relabel as {d;, e;, fi, g:}, and we relabel the vertices onto
which F; is glued as a;, b;, and ¢;. This matroid is the desired matroid N’. In Figure
2.5, again each shaded triangle represents a gadget F; with vertices a;, b;, and ¢;
positioned at the top, left, and bottom respectively. O]

Claim 2.2.6.8. Regardless of U, the matroid N’ is not a frame matroid.

Proof. Let P consist of all edges joining a gadget F; to a gadget Fjq, for4 <i <7,
and for 1 <1 < 3, let oy, B;, and ~; be the edges that join a;, b;, and ¢; to a4, by,
and ¢y, respectively. Now let N” be the simplification of

N'/P[{a, B2, s}/ (UiZi{es fir 9i}) /{ds, €6, f7, 9s}-

In the case where U is the zero matrix, N” is the generalized parallel connection
of M(K3) with the ternary Dowling geometry of rank 3; that is, N” is the vector
matroid of the following matrix, where the last six columns come from the gadgets
Fs, ... Fs.

di dy d3 dy es fi ga

1 0 0 0 1 0 1 1 1 0 0 1 1
o 1 o o0 1 1 O -1 1 1 1 0 O
O 0 1 0 0 1 1 o 0 -1 1 -1 1
o 0 o 1 1 1 1 O 0 0 0 0 O

In Secion A.1, we show how the mathematics software system SageMath was used
to show that, regardless of U, the matroid N”, and therefore N’, are not signed-
graphic matroids. The computations were carried out in Version 8.0 of SageMath
[34], in particular making use of the matroids component [28]. We used the CoCalc
(formerly SageMathCloud) online interface.
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Indeed, since U has four columns, its rank is at most 4. Therefore, we may
assume that U has at most four rows. For M (U), there are 16 possible bases—
one of size 0, four of size 1, six of size 2, four of size 3, and one of size 4. For
each of these bases, we checked all possible matrices U where the basis indexed
an identity matrix, unless the resulting matroid M (U) contained a basis that was
already checked. In each case, N” was found not to be signed-graphic. A ternary
matroid is a frame matroid if and only if it is a signed-graphic matroid. Therefore,
N' is not a frame matroid. O

Recall that M* = Or(G, R).

Claim 2.2.6.9. The matroid M is not a rank-(< t) perturbation of the dual of a
frame matroid.

Proof. Suppose otherwise. Then by Lemma 1.4.6, Or(G, R) is a rank-(< 2t) pertur-
bation of a frame matroid. The class of matroids that are rank-(< 2t) perturbations
of a frame matroid is minor-closed. Therefore, by Claim 2.2.6.4, N is a rank-(< 2t)
perturbation of a frame matroid. However, by Claims 2.2.6.7 and 2.2.6.8, this is
impossible. [l

Claim 2.2.6.10. The matroid M is not a rank-(< t) perturbation of a frame
matroid.

Proof. Suppose otherwise. Then by Lemma 1.4.6, Or(G, R) is a rank-(< 2t) per-
turbation of the dual of a frame matroid. Recall that, by Theorem 2.1.3, G contains
a minor isomorphic to K,,. Therefore, by Lemma 2.2.4, Or(G, R) has a minor iso-
morphic to M(K,,). But, since m > ¢(3,2t), Lemma 1.4.9 implies that M (K,,),
and therefore Or(G, R), are not rank-(< 2t) perturbations of the dual of a frame
matroid. 0

By Lemma 2.2.4, Or(G, R), is dyadic. Since the class of dyadic matroids is closed
under duality, M is dyadic also. By Claim 2.2.6.3 and duality, M is vertically k-
connected. Claims 2.2.6.9 and 2.2.6.10 show that M is not a rank-(< t) perturba-
tion of either a frame matroid or the dual of a frame matroid. This completes the
proof of the theorem. [ |

Corollary 2.2.7. The family of matroids given in Theorem 2.2.6 is a counterex-
ample to Congecture 2.0.1.

Proof. By Theorem 2.2.6, for every k,t € Z,, there exists a vertically k-connected
dyadic matroid that is not a rank-(< t¢) perturbation of either a frame matroid
or the dual of a frame matroid. Thus, neither (i) nor (ii) of Conjecture 2.0.1 is
satisfied. Moreover, since the matroids given by Theorem 2.2.6 are dyadic, they are
representable over GF(3) which has no proper subfield. Therefore, if F = GF(3) (or
any prime field of odd order, for that matter), then the matroids given by Theorem
2.2.6 do not satisfy (iii) of Conjecture 2.0.1 either. |
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Remark 2.2.8. Our construction relies heavily on a non-standard frame matroid
representation of M(K,), and involves a notion of 4-sums. Each gadget is 4-
separating in our construction. The following result by Zaslavsky [46] shows that
5-sums and higher cannot be encountered in an analogous way.

Theorem 2.2.9 ([46, Proposition 5A|). Let 2 be a biased graph such that the
frame matroid of Q0 is isomorphic to M(K,,) for m > 5. Then Q is isomorphic
to either (K, 0) or ® ., where the latter is the biased graph obtained by adding

an edge e in parallel with an edge of K,,, taking the unbalanced cycles to be the
collection of cycles through e, and contracting e in the resulting biased graph.

This makes us cautiously optimistic that our construction cannot be generalized
to have “gadgets” with arbitrary connectivity.

We believe that the subfield case, as stated by Geelen, Gerards, and Whittle [7],
remains true.

2.3 Updated Conjectures

We offer several updated conjectures to replace Conjecture 2.0.1. We will state
them as hypotheses. First, we restate Hypothesis 1.2.2, which replaces the require-
ment of vertical connectivity with the stronger requirement of Tutte connectivity.

Hypothesis 2.3.1. Let F be a finite field, and let M be a proper minor-closed
class of F-represented matroids. There exist constants k,t € Z such that each k-

connected member of M is a rank-(< t) perturbation of an F-represented matroid
N, such that either

1. N is a represented frame matroid,
2. N* is a represented frame matroid, or

3. N 1s confined to a proper subfield of F.

Taken together, the next two hypotheses revise Conjecture 2.0.1 by pairing the
condition of vertical connectivity with its natural match of having a large clique
minor and by pairing the dual condition of cyclic connectivity with the property
of having a large coclique minor.

Hypothesis 2.3.2. Let F be a finite field, and let M be a proper minor-closed
class of F-represented matroids. There exist constants k,t,n € Z, such that each
vertically k-connected member of M containing a minor isomorphic to M(K,) is
a rank-(< t) perturbation of an F-represented matroid N, such that either

1. N is a represented frame matroid or

2. N is confined to a proper subfield of .

Hypothesis 2.3.3. Let F be a finite field, and let M be a proper minor-closed
class of F-represented matroids. There exist constants k,t,n € Z, such that each
cyclically k-connected member of M containing a minor isomorphic to M*(K,,) is
a rank-(< t) perturbation of an F-represented matroid N, such that either
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1. N* is a represented frame matroid or

2. N 1s confined to a proper subfield of F.
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Chapter 3: Frame Templates

Conjecture 2.0.1 was actually a simplified version of a much more detailed con-
jecture (which was also stated in [7] as a theorem without proof). In order to state
this more detailed conjecture, Geelen, Gerards, and Whittle introduced the notions
of subfield templates and frame templates in [7]. A template is a concise description
of certain perturbations of represented matroids. As we will see in Chapters 5 and
6, the study of templates will lead to many applications in the study of the highly
connected members of minor-closed classes of representable matroids.

In Section 3.1, we will recall several definitions concerning frame templates which
can essentially be found in [7] as well as [15] and [22]. In Section 3.2, we give more
detailed versions of Hypotheses 2.3.1-2.3.3 in the language of frame templates. In
Section 3.3, we introduce various notions of template equivalence and show that,
for all practical purposes of frame templates, it suffices to consider only templates
of a certain type—called refined templates.

3.1 Definitions

Let F* denote the multiplicative group of F, and let I be a subgroup of F*. A
[-frame matrix is a frame matrix A such that:

e Each column of A with a nonzero entry contains a 1.

e [f a column of A has a second nonzero entry, then that entry is —v for some
vel.

If I' = {1}, then the vector matroid of a I'-frame matrix is a graphic matroid. For

this reason, we will call the columns of a {1}-frame matrix graphic columns.
A frame template over F is a tuple & = (I', C, X, Yy, Y7, A1, A, A) such that the
following hold!:

(i) T is a subgroup of F*.

)
(i) C, X, Yy and Y are disjoint finite sets.
(111) Al c FXx CuYoqu)

) A

is a subgroup of the additive group of F¥X and is closed under scaling by
elements of I'.

(iv

(v) A is a subgroup of the additive group of FEYYo“Y1 and is closed under scaling
by elements of T'.

Let & = (I',C, X, Yy, Y1, A1, A, A) be a frame template. Let B and E be finite
sets, and let A’ € FB*XE We say that A’ respects ® if the following hold:

I The authors of [7] divided our set X into two separate sets which they called X and D. Their set X can be
absorbed into Yy, therefore we omit it.
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(i) X C Band C,Y,,Y;, C E.
(i) A[X,CUYyUY]] = A;.

(iii) There exists a set Z C E— (CUY,UY]) such that A'[X, Z] = 0, each column
of A'[B — X, Z] is a unit vector, and A'[B— X, E - (CUY,UY, UZ)]is a
I-frame matrix.

(iv) Each column of A'[X,E — (CUYyUY; U Z)] is contained in A.
(v) Each row of A'[B — X,C UY,UY]] is contained in A.

The structure of A’ is shown below.

Z Yo i C
X | columns from A 0 Ay

[-frame matrix | unit columns | rows from A

Now, suppose that A’ respects ® and that A € FBXF gatisfies the following
conditions:

(i) A[B,E — Z] = A[B,E — Z]

(ii) For each ¢ € Z there exists j € Y] such that the i-th column of A is the sum
of the i-th and the j-th columns of A’.

We say that such a matrix A conforms to ®.

Let M be an F-represented matroid. We say that M conforms to @ if there is a
matrix A conforming to ® such that M is isomorphic to M(A)/C\Y;. We denote
by M(®) the set of F-represented matroids that conform to ®.

Although the term coconform does not appear in [7], we define it in the following
obvious way.

Definition 3.1.1. A represented matroid M coconforms to a template ® if its
dual M* conforms to ®. We denote by M*(P) the set of represented matroids that
coconform to .

To simplify the proofs in this dissertation, it will be helpful to expand the concept
of conforming slightly.

Definition 3.1.2. Let A’ be a matrix that respects ®, as defined above, except that
we allow columns of A'[B — X, Z] to be either unit columns or zero columns. Let A
be a matrix that is constructed from A’ as described above. Thus, A[B,E — Z] =
A'|B,E — Z], and for each i € Z there exists j € Y; such that the i-th column
of A is the sum of the i-th and the j-th columns of A’. Let M be isomorphic to
M(A)/C\Y;. We say that A and M wvirtually conform to ® and that A" virtually
respects ®. If M* virtually conforms to ®, we say that M virtually coconforms to
o.
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We will denote the set of F-represented matroids that virtually conform to ®
by M, (®) and the set of F-represented matroids that virtually coconform to ® by
ME(D).

v

3.2 Updated Conjectures

The “template version” of Conjecture 2.0.1 follows as Conjecture 3.2.1. Since a
template gives a description of certain types of perturbations, Conjecture 3.2.1 is
false, just as Conjecture 2.0.1.

Conjecture 3.2.1 ([7, Theorem 4.2]). Let F be a finite field, let m be a positive
integer, and let M be a minor-closed class of F-represented matroids. Then there
exist k € Z, and frame templates ®1,..., P, Uy, ... VU, such that

o M contains each of the classes M(®y), ..., M(Dy),

o M contains the duals of the represented matroids in each of the classes

M(Wy), ..., M(¥,), and

o if M is a simple vertically k-connected member of M and M has no PG(m—
1,F,)-minor, then either M is a member of at least one of the classes M(®1),
ooy M(Dy), or M* is a member of at least one of the classes M(¥y), ..
M(Wy).

°)

To replace Conjecture 3.2.1, we now give “template versions” of the hypotheses
given in Section 2.3. The template version of Hypothesis 2.3.1 follows.

Hypothesis 3.2.2. Let F be a finite field, let m be a positive integer, and let M
be a minor-closed class of F-represented matroids. Then there exist k € Z, and
frame templates @4, ..., P, Wy, ..., U, such that

1. M contains each of the classes M(®y), ..., M(D,),

2. M contains the duals of the represented matroids in each of the classes

M(Wy), ..., M(¥,), and

3. if M s a simple k-connected member of M with at least 2k elements and
M has no PG(m — 1,F,)-minor, then either M is a member of at least one
of the classes M(®y), ..., M(Ps), or M* is a member of at least one of the
classes M(WUy), ..., M(Uy).

Now we give the template version of Hypotheses 2.3.2 and 2.3.3.

Hypothesis 3.2.3. Let F be a finite field, let m be a positive integer, and let M
be a minor-closed class of F-represented matroids. Then there exist k,n € Z, and
frame templates @4, ..., Py, Wy, ..., U, such that

1. M contains each of the classes M(®y), ..., M(Dy),
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2. M contains the duals of the represented matroids in each of the classes

M(Wy), ..., M(Ty),

3. if M is a simple vertically k-connected member of M with an M(K,)-minor
but no PG(m — 1,F,)-minor, then M is a member of at least one of the

classes M(®q),..., M(®y), and

4. if M is a cosimple cyclically k-connected member of M with an M*(K,)-
minor but no PG(m — 1,F,)-minor, then M* is a member of at least one of
the classes M(¥q), ..., M(¥y).

3.3 Template Equivalence and Refinement

Since a template is a rich structure, it may happen that M(®) = M(P’) even
though ® and @’ look very different. In this section, we build some tools to deal
with such situations.

Definition 3.3.1. Let ® and &' be frame templates over the fields F and F’,
respectively. The pair @, &’ are strongly equivalent if F = F" and if M(®) = M(P’).
The pair &, ®" are minor equivalent if F = " and if the closures of M(®) and
M(®’) under the taking of minors are equal. If there is a one-to-one correspondence
between F-represented matroids M € M(®) and F'-represented matroids N €

M(P') with M = N, then ® and @' are algebraically equivalent.

What we call strong equivalence, Nelson and Walsh [22] simply call equivalence.
We will reserve the term equivalent for a different notion that we will introduce in
the next chapter. Nelson and Walsh gave Definitions 3.3.2 and 3.3.3 and proved
Lemmas 3.3.4 and 3.3.5 below.

Definition 3.3.2. A frame template & = (I',C, X, Yo, Y1, A1, A, A) is reduced if
there is a partition (Xo, X;) of X such that

o A =T(F§ x A') for some additive subgroup A’ of F*"1,

o FYo C AJX, while A|X; = {0} and A;[X;,C] =0, and

e the rows of A;[X;,C U Yy U Y]] form a basis for a subspace whose additive
group is skew to A.

We will refer to the partition X = XyUX; given in Definition 3.3.2 as the reduction
partition of ®.

Definition 3.3.3. A frame template & = (I', C, X, Yp, Y1, A1, A, A) over F is Y-
reduced if A|C' = T'(FS) and A|(YoUY;) = {0}, and there is a partition (Xo, X1) of
X for which F,° € A| X, and A|X; = {0}. We will call the partition X = X, U X,
the reduction partition of ®.

Lemma 3.3.4 ([22, Lemma 5.6]). Every frame template is strongly equivalent to
a reduced frame template.
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Lemma 3.3.5 ([22, Lemma 5.5]). Every frame template is strongly equivalent to
a 'Y -reduced frame template.

We introduce the following definition.

Definition 3.3.6. A frame template ® = (I, C, X, Yy, Y7, A1, A, A) is refined if it
is reduced, with reduction partition X = Xy U Xy, and if Y; spans the matroid

There is also a template form called standard form that we will introduce in the
next chapter.

In the remainder of this section, we prove a result that will be useful for later
chapters of this dissertation and will also be of interest for future work. We wish
to show that, for the purposes of using the Hypotheses given in Sections 2.3 and
3.2, only refined frame templates must be considered.

Lemma 3.3.7. Let ® = (I, C, X, Yy, Y1, A1, A, A) be a reduced frame template that
is not refined. If M € M(®), then E(M) — Y, is not spanning in M.

Proof. Let A be the matrix conforming to ® such that M = M(A)/C\Y;. Since ®
is not refined, Y7 does not span M (A[Yy U Y]]). Therefore, Y contains a cocircuit
in M(A[Yp UY1]). In fact, since the definition of reduced implies that A[X;, E —
(Yo UY; U Z)] is the zero matrix, and since every column of A[X;, Z] is a copy of
a column of A[X, Y]], we see that Y, contains a cocircuit in M(A). This implies
that Y, also contains a cocircuit in M = M(A)/C\Y;. Thus, E(M) — Yj is not
spanning in M. [

Theorem 3.3.8. If Hypothesis 3.2.2 holds for a class M, then the constant k and
the templates @4, ..., P, Vq,..., VU, can be chosen so that the templates are refined.
Moreover, if Hypothesis 3.2.3 holds for a class M, then the constants k,n, and the
templates @1, ..., D, Uy, ..., VU can be chosen so that the templates are refined.

Proof. Suppose that Hypothesis 3.2.2 holds, and let ® € {®y,..., &g, Uy, ..., VU, }.
By Lemma 3.3.4, we may assume that ¢ is reduced with reduction partition X =
XoUXj;. Suppose for a contradiction that ® is not refined. Choose k > |Yy|. If M is
a k-connected represented matroid conforming to ®, then Lemma 3.3.7 implies that
A (Yo) < rar(Yo) < |Yo|. Therefore, by k-connectivity, we must have |E(M)—Yp| <
|Yo|. Thus, since 2k > 2|Yp|, we obtain a contradiction and conclude that the
constant k£ and the templates ®q,..., P, can be chosen so that the templates
are refined. Moreover, since k-connectivity is closed under duality, the templates
Uy, ..., ¥, can be chosen to be refined as well.

Now suppose Hypothesis 3.2.3 holds, and choose k > |Yy|. Let M be a simple,
vertically k-connected member of some minor-closed class M, and let M have an
M (K,,)-minor but no PG(m — 1,FF,)-minor for some positive integer m. Part (3)
of Hypothesis 3.2.3 implies that M conforms to a template ® € {®4,...,d,}. By
Lemma 3.3.4, we may assume that ® is reduced with reduction partition X =
Xo U X;i. Suppose for a contradiction that & is not refined. By Lemma 3.3.7,
E(M) — Y, is not spanning in M. This also implies that Ay (Yy) < rar(Yo) < [Yol.
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By vertical k-connectivity, Yy is spanning in M. Thus, M is an F-represented
. . . Yol —
matroid of rank 7,(Yy) < |Yyl|. Since M is simple, we must have |E(M)| < %—0_11;

therefore, we set n sufficiently large so that |E(K,)| = (3) > “F'l]‘FTO_‘l_l. Thus, we see

that the constants k,n, and the templates @4, ..., ®, can be chosen so that those
templates are refined.

In the case where M is a cosimple, cyclically k-connected member of M with an
M (K,,)-minor but no PG(m — 1, F,)-minor for some positive integer m, we dualize
the argument in the previous paragraph to conclude that the constants k,n, and
the templates ¥y, ..., ¥, can be chosen so that those templates are refined. [ |
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Chapter 4: Working with Templates

In many ways, this chapter is the heart of this dissertation. We will give many
results that relate frame templates to each other and simplify their use. Chapters 5
and 6 demonstrate the power of templates through applications to various minor-
closed classes of matroids. In this chapter, the term matroid will mean represented
matroid, unless otherwise specified as an abstract matroid.

In Section 4.1, we introduce a minor relation on the set of frame templates over
a field. Many problems involving templates can be reduced to problems involving
templates where the groups I', A, and A are all trivial and where C' = ). We
call these simpler templates Y -templates. Sections 4.2 and 4.3 give several results
about Y-templates that will be used in Chapters 5 and 6. Section 4.4 introduces
a preorder on the set of frame templates over a field and determines the set of
minimal nontrivial templates with respect to this preorder. Finally, Section 4.5
shows how, subject to Hypothesis 3.2.3, frame templates can be used to determine
the extremal functions of quadratically dense classes of representable matroids.

4.1 Reducing a Template

In this section, we will introduce reductions and show that every template re-
duces to one of several basic templates.

Since templates are used to study minor-closed classes of matroids, a natural
question to ask is whether the set of matroids conforming to a particular template
is minor-closed. The answer is no, in general. For example, if |Yy| = 1, then a
matroid conforms to the following binary frame template if and only if it is a
graphic matroid with a loop:

({1},0.0,Y5,0,[0], {0}, {0}).

Clearly, this is not a minor-closed class.

Another question to ask is whether there might be some sort of minor relation-
ship between a pair of templates, where every matroid conforming to one template
is a minor of a matroid conforming to the other. These questions motivate the
following discussion.

Definition 4.1.1. A reduction is an operation on a frame template ® that produces
a frame template @' such that M(®’) C M(D).

Proposition 4.1.2. The following operations are reductions on a frame template
o

(1) Replace T with a proper subgroup.

(2) Replace A with a proper subgroup closed under multiplication by elements
from T".

The content of Sections 4.1 and 4.4 generalize results that were published in Kevin Grace and Stefan H.M. van
Zwam, Templates for binary matroids, SIAM Journal on Discrete Mathematics 31 (2017), 254-282. Copyright ©
by SIAM. Unauthorized reproduction of this article is prohibited.
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(3) Replace A with a proper subgroup closed under multiplication by elements
from T.

(4) Remove an element y from Yi. (More precisely, replace Ay with A1[X, Yy U
(Y1 —y) U C] and replace A with A|(YoU (Y1 —y)UC).)

(5) For all matrices A" respecting ®, perform an elementary row operation on
A'[X, E]. (Note that this alters the matriz Ay and performs a change of basis
on A.)

(6) If there is some element x € X such that, for every matriz A" respecting @,
we have that A'[{z}, E] is a zero row vector, remove x from X. (This simply
has the effect of removing a zero row from every matriz conforming to ®.)

(7) Let ¢ € C be such that A1[X,{c}] is a vector of weight one whose nonzero
entry is in the row indexed by x € X, and let either A\, = 0 for each A € A
or 6. = 0 for each 6 € A. We contract ¢ from every matroid conforming to
® as follows. Let A’ be the result of adding —.A[{x}, Yo UY1 UC] to each
element 0 € A. Replace A with A’, and then remove ¢ from C and x from
X. (More precisely, replace Ay with A;[X —x, Yo UY, U (C — ¢)], replace A
with A|(X — x), and replace A with A’'|(YoUY; U (C —¢)).)

(8) Let c € C be such that A1[X,{c}] is a zero column and 6. = 0 for all 6 € A.
Then remove ¢ from C. (More precisely, replace Ay with A;[X,YoUYU(C —
c)], and replace A with A|(YoUY; U (C —¢)).)

Proof. Let @ be the template that results from performing one of operations (1)-
(8) on ®.

For (1)-(3), every matrix A’ respecting @’ also respects ®.

For (4), let A’ be a matrix respecting ®’, and let M be the matroid M (A)/C\Y7,
where A is a matrix conforming to ®’ that has been constructed from A’ respecting
@’ as described in Section 1.3. Since Y] is deleted to produce M, the only effect of
Y] on M is that for each ¢ € Z there exists j € Y7 such that the i-th column of A
is the sum of the i-th and the j-th columns of A’. But each j € Y] in the template
@’ is also contained in Y] in the template ®. Therefore, A conforms to ®, as does
M.

For (5) and (6), elementary row operations and removing zero rows produce
isomorphic matroids.

Operations (7) and (8) have the effect of contracting ¢ from M (A)\Y; for every
matrix A conforming to ®. Since all of C' is contracted to produce a matroid M
conforming to ®, the matroids we produce by performing either of these operations
still conform to ®. [ ]

Since we always have Yy C FE(M) for every matroid M conforming to ®, oper-
ations (10)-(12) listed in the definition below are not reductions as defined above,
but we continue the numbering from Proposition 4.1.2 for ease of reference.
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Definition 4.1.3. A template @' is a template minor of ® if &' is obtained from
® by repeatedly performing the following operations:

(9) Performing a reduction of type 1-8 on ®.

(10) Removing an element y from Yj, replacing A; with A;[X, (Yo —y)UY, U],
and replacing A with A[((Yy —y) UY; U C). (This has the effect of deleting
y from every matroid conforming to .)

(11) Let z € X with A\, = 0 for every A € A, and let y € Y, be such that
(A1)zy # 0. Then contract y from every matroid conforming to ®. (More
precisely, perform row operations on A; so that A;[X, {y}] is a unit column
with (A;),, = 1. Then replace every element § € A with the row vector
—0,A1[{x},Yo UY; UC]+ 6. This induces a group homomorphism A — A/,
where A’ is also a subgroup of the additive group of FCVYoUY1 and is closed
under scaling by elements of I". Finally, replace A; with A;[X —z, (Y —y)U
Y1 U O], project A into FX=* and project A’ into Fo~#)W1UC The resulting
groups play the roles of A and A, respectively in ®'.)

(12) Let y € Y, with 6, = 0 for every 6 € A. Then contract y from every matroid
conforming to ®. (More precisely, if A;[X,{y}] is a zero vector, this is the
same as simply removing y from Y;. Otherwise, choose some x € X such
that (A1), # 0. Then for every matrix A’ that respects ®, perform row
operations so that A;[X, {y}] is a unit column with (A4;),, = 1. This induces
a group isomorphism A — A’ where A’ is also a subgroup of the additive
group of FX and is closed under scaling by elements of I'. Finally, replace A;
with A;[X —z, (Yy — y) UY; UC], project A’ into FX~%, and project A into
F(o-y)WUC  The resulting groups play the roles of A and A, respectively in
')

Recall the definitions of virtual respecting and conforming from Definition 3.1.2.
Let @' be a template minor of ®, and let A’ be a matrix that virtually respects
®’. Let A be a matrix that virtually conforms to ®’, and let M be a matroid
that virtually conforms to ®'. We say that A" weakly respects ® and that A and
M weakly conform to ®. Let M,,(®) denote the set of represented matroids that
weakly conform to @, and let M (®) denote the set of represented matroids whose

duals weakly conform to ®. If M € M (P), we say that M weakly coconforms to
.

Lemma 4.1.4. If a matroid M weakly conforms to a template ®, then M 1is a
minor of a matroid that conforms to ®.

Proof. Let ® be a template minor of ®. As we can see from Definition 4.1.3, every
matroid M weakly conforming to @’ is a minor of a matroid virtually conforming
to ®. It remains to analyze the case where M virtually conforms to ®; so M
is isomorphic to M(K)/C\Y;, where K is built from a matrix K’ that virtually
respects ®. Consider the following matrix A’ obtained from K’ by adding a row r
and a column c.
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c Z Yo i C

X | 0| columns from A 0 Ay
0 | [-frame matrix 0 unit columns rows
from A
r|1 0 1---1 0 0

From A’, we can obtain a matrix A conforming to ® such that M is isomorphic
to M(A)/C\Y1/c. So M is a minor of a matroid conforming to . |

An easy consequence of Lemma 4.1.4 is that Hypotheses 3.2.2 and 3.2.3, which
deal with minor-closed classes, can be restated in terms of weak conforming.

Corollary 4.1.5. Suppose Hypothesis 3.2.2 holds. Let F be a finite field, let m be
a positive integer, and let M be a minor-closed class of F-represented matroids.
Then there exist k € Z, and refined frame templates ®q, ..., Py, Wy, ..., ¥, such
that

1. M contains each of the classes My,(P1), ..., My(Ps),

2. M contains the duals of the represented matroids in each of the classes

My (Vq),... My (W), and

3. if M is a simple k-connected member of M with at least 2k elements and M
has no PG(m — 1,F,)-minor, then either M is a member of at least one of
the classes My (P1), ..., My(Ps), or M* is a member of at least one of the
classes My, (W1), ..., My (Wy).

Proof. Let ®q,..., P, Wy, ..., U, be the templates whose existence is implied by
Hypothesis 3.2.2. By Theorem 3.3.8, the constant k£ and the templates can be
chosen so that the templates are refined. For & € {®;,...,d,}, Lemma 4.1.4
implies that every matroid M € M,,(®) is a minor of a matroid N € M(®P). Since
M contains M(®) and is minor-closed, M contains M,,(®) as well. Similarly,
M contains the duals of the matroids in each of the classes M., (¥1), ..., My, (V).
The third condition above holds since every matroid conforming to a template also
weakly conforms to it. [ |

The proof of the next corollary is omitted since it is similar to the previous proof.

Corollary 4.1.6. Suppose Hypothesis 3.2.3 holds. Let F be a finite field, let m be
a positive integer, and let M be a minor-closed class of F-represented matroids.
Then there exist k,n € Z and refined frame templates @1, ..., Py, Wy, ..., U, such
that

1. M contains each of the classes My,(P1), ..., My (Ps),
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2. M contains the duals of the represented matroids in each of the classes

My (U)o, My, (9y),

3. if M is a simple vertically k-connected member of M with an M (K,)-minor
but no PG(m — 1,F,)-minor, then M is a member of at least one of the
classes My (1), ..., My (Ps), and

4. if M is a cosimple cyclically k-connected member of M with an M*(K,)-
minor but no PG(m — 1,F,)-minor, then M* is a member of at least one of
the classes My, (W1),. .., My (Wy).

If My, (P) = M, (9'), we say that ® is equivalent to &' and write & ~ ®'. It is
clear that ~ is indeed an equivalence relation.

4.2 Y-Templates

Many of the applications of frame templates in the upcoming chapters reduce
to cases involving templates where the set C' = () and where the groups I', A, and
A are trivial. These simpler templates are the topic of this section.

Definition 4.2.1. A Y -template over a field F is a refined template with all groups
trivial (so C' = Xy = 00). We do not require F to be finite.

Suppose ® = ({1},0, X, Yo, Y7, A1,{0},{0}) is a Y-template. Since ® is refined,
Y1 spans M(A;). Therefore, by elementary row operations, we may assume that
Ay is of the following form:

Yy Yo
x| 2| B |

Definition 4.2.2. If A; has the form above, then YT (P, P;) is defined to be the
Y-template ({1},0, X, Yo, Y1, A1, {0}, {0}).

Recall from Section 1.3 that D,, denotes the n x (72‘) matrix where every column
contains exactly two nonzero entries, the first a 1 and the second a —1. Note
that every simple matroid virtually conforming to YT (Fp, P;) is a restriction of a
matroid of the following form.

0 Io || Ix | P || B | P | B
1.1 1.1
D, x| 010

1---1 1---1

Definition 4.2.3. The matroid with the representation matrix given above is the
rank-r universal matroid for YT (P, Py).

Note that the rank-r universal matroid of YT(Fy, P;) need not be simple. For
example, columns in [/|P;|FP] can be scalar multiples of each other. If a pair of
Y-templates have isomorphic universal matroids, one might expect for them to
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be strongly equivalent. (Recall from Definition 3.3.1 that ® and ¢’ are strongly
equivalent if M(®) = M(P').) However, if a matroid M conforms to a template
(I, C, X, Yo, Yy, A1, Ay A), then we always have Yy C E(M). Thus, some elements
of the common universal matroid might be contained in Yy when thought of as
conforming to one template but not in the other template. The next definition is
motivated by this technicality.

Definition 4.2.4. Let & = YT (P, P,) and &' = YT (P, P{) be Y-templates over a
field F. Let X and X’ be the sets of row indices for [Fy| P;] and [P§|P], respectively.
If, for every r > max{|X]|,|X’|}, the rank-r universal matroids of ® and ¢’ are
isomorphic, then ® and & are semi-strongly equivalent.

Note that, since every matroid conforming to a Y-template is a restriction of a
universal matroid for the template, semi-strong equivalence implies minor equiva-
lence.

Definition 4.2.5. A refined template ® with reduction partition X = Xy U X,
with A;[Xy,Y1] a zero matrix, and with A;[X7, Y]] an identity matrix is a lifted
template.

Remark 4.2.6. A lifted Y-template is of the form YT (Fy, [0]).

Remark 4.2.7. The next lemma will mainly be used in the situation where ® is a
Y-template. Keeping that special case in mind may perhaps help to give the reader
some intuition of the result. However, we prove the more general result since it may
be of interest for future work. In the special case of Y-templates, the next lemma
—P | P
says that the Y-template YT (P, P;) is equivalent to YT ({ 7 ! 00 } , [@])
Lemma 4.2.8. Let ® = (I, C, X, Yy, Y1, A1, A, A) be a refined frame template with
reduction partition X = XoqU X1. Then ® is equivalent to a lifted template ®'.

Proof. Recall that in a reduced template, A;[X;, C] is a zero matrix and that in a
refined template, Y1 spans M (A;[X1, YoUY1]). Therefore, by performing elementary
row operations, we may assume that A; is of the following form, with Y; = RUV
and with each P; and each @); an arbitrary matrix.

C R V Y,
Xo| Q2|0 | Q1| Qo
X, 0 I | P | F

We now construct ®’. Let A} be of the following form, where S, T, and U are
pairwise disjoint sets each also disjoint from R, where Y{ = RUS, where Y = TUU,
and where X' = Xy U X; U X,.

C R S T U
Xo | Q2] 00| —=0Q1] Qo
Xi] 0|10 -~ | R
Xo| 0101 I 0
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Let A’ be a subgroup of the additive group of FCYY1Y¥s that is isomorphic to A with

C R V Y, c R S T U
the isomorphism that maps (60 02 03 64 WO [6, G2 O —65 64 , and let A/

be a subgroup of the additive group of FX’ that is isomorphic to A with the isomor-
X() )\1

Xo | M X |A
phism that maps X, |)\,| to <! |72
X5 LO

Then & = (', C, X', Y[, Y{, A\, A, ') is

a reduced template with reduction partition X’ = X,U(X;UX3). Figure 4.1 shows

A C R S T U
Xo | columns from A|X, 0 Q2100 —-Q1]| Qo
X 0 0 0O | 1|10|-P|F
X5 0 0 0101 1 0
I'-frame matrix unit or zero columns rows
from A’

FIGURE 4.1. A Matrix Virtually Respecting &’

the structure of a matrix virtually respecting ®’. We claim that ® ~ ®’. Since the
reduction partition for & is X' = X, U (X; U X5), the set X, will still play the
role of X in @', and X; U X5 will play the role of X; in &’. Since A}[Xo, Y]] is a
zero matrix, and since A}[X; U X5, Y{] is an identity matrix, ¢’ is a lifted template.
Thus, the lemma follows from the claim that & ~ &',

First, note that M,,(®) € M, (®") because if M conforms to ®’, then by con-
tracting T (pivoting on the nonzero entries in A;[X5,T]) we obtain a matroid
conforming to ®. In other words, we repeatedly perform operation (12) on ¢ to
obtain ®. To see that M, (®') C M, (P), we will show that M(P') C M(P).
Recall that, in a matrix conforming to a template, the column indexed by an ele-
ment z € Z is constructed by adding a column indexed by an element of Y7 to the
column indexed by z in a matrix respecting the template. If M conforms to ®’, let
ZrUZs = Z C E(M), where Zg consists of the elements of Z indexing columns
constructed by adding a column indexed by an element of R, and where Zg consists
of the elements of Z indexing columns constructed by adding a column indexed
by an element of S. Note that the set of elements of M represented by columns
with nonzero entries in rows indexed by X, consists of Zg UT. Scale the columns
indexed by T and the rows indexed by X, by —1. To see that M € M(®), note
that the columns indexed by elements of 7' can now be constructed as columns
indexed by elements of Z in a matrix conforming to ®, and the columns indexed
by elements of Zg can now be constructed as graphic columns (defined in Section
3.1) indexed by elements of F — (C'U Z U Yy UY)) in a matrix conforming to ®.
Moreover, columns indexed by elements of £ — (C'UZ UY,UYjU), or Zg, or C, or
U in @' can be constructed as columns indexed by elements of £ —(CUZUYyUY7),
or Z, or C, or Yy, respectively in ®. [ |
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Recall that in a Y-template YT (Fy, Py), the rows of Fy and P, are indexed by a
set X.

Definition 4.2.9. A Y-template YT(Fy, P,) is complete if Py contains D|x| as a
submatrix.

Recall from Definition 3.3.1 the definition of minor equivalence.

Lemma 4.2.10. Fvery Y -template s minor equivalent to a complete template.
Proof. This follows immediately from the following construction. |

Lemma 4.2.11. Let ® = YT(PRy, P1), and let By be the result of removing from
Py all graphic columns of weight 2. The template ® is minor equivalent to ®" =
YT([Fy [ Dyx)s Pr)-

Proof. 1t suffices to show that every matroid conforming to ® is a minor of a
matroid conforming to ®’, and vice-versa. By appending to Fy the columns of D)x
not already contained in F, one easily sees that every matroid conforming to ® is
a minor of a matroid conforming to ®’.

We now must show that every matroid conforming to @’ is a minor of a matroid
conforming to ®. Note that every matroid conforming to ®’ is a restriction of a
matroid M’ with a representation matrix of the following form:

columns
from [I|P]
unit

I, | D, 0

columns

Fy | Dix

Note that the following matrix conforms to ®:

7 Zs Zx|
columns
I, | D 0 0 0 unit 0
" " columns
1---1
0] 0 L 0 0
1..-1

Let M be the matroid represented by this matrix. Contract the i-th element of
each Z;, pivoting on the bottom nonzero entry in each case. The resulting matroid
can be obtained by adding elements in parallel to existing elements of M’. Thus,
M’ is a minor of the resulting matroid, and every matroid conforming to ®’ is a
minor of a matroid conforming to ®. |
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Lemma 4.2.12. Fvery Y-template ® = YT(Py, P) is semi-strongly equivalent to
a Y-template ® = YT(P], P{) where the sum of the rows of P| is [1,...,1] and
the sum of the rows of P} is the zero vector. If ® is complete, so is @'.

Proof. This follows immediately from the following construction. [ |

Lemma 4.2.13. Let x1,xo,... be the rows of Py, let yi,ys, ... be the rows of Py,
and let y, = [1,...,1] — Xy;. Let P| = [ i } and let

Ys

P/ _ [ | Pl | PO
) =
Then ® = YT(Fy, Py) is semi-strongly equivalent to ® = YT (P, P|).
Proof. Every matroid virtually conforming to ® is a restriction of a rank-r universal
matroid for & with a representation matrix as follows, with rows and columns

indexed by B and FE, respectively. Here x € B — X. (If r = | X], then append a
zero row with index x.) We denote a zero vector by 0 and a vector of all 1s as 1.

X[0]0] O 0 [I|P|I[P |- |T|P]I|P]|P
z[1]0] 0 |1 |1]1]/0/0]...]0/0]|0[0]0
11
0| I|Djxa|-I|0]0 N 0[o0]o0

1)1

Choose some element x € B — X. (If » = |X|, then append a zero row with
index x.) From the row indexed by z, subtract all rows indexed by elements of X
and, to the row indexed by z, add all rows indexed by elements in B — (X U z).
The result is the following (after scaling the fourth “block” of columns from —1I to

0.

X10]0 0 oI |~ | |PRA I\ P | I P Fy
x| 11 0 O[O0 |we O] wyuf ... |0y |—1|—-2y | —2x;
1|1
O/ I | Dyx—1 |L]0] 0 . 0 0 0

11

Rearranging the columns, we obtain the following, which is a representation
matrix for the rank-r universal matroid for &'

XUz |0 0 O |I|P|I|P|---|I|P|I|P|PF
1|1
I'ND_jx}=1 | 1|00 . 0} 0] 0
1|1
. . I .
Note that if ® is a complete template, then the presence of -1 | o F,
implies that ®’ is complete also. [
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Definition 4.2.14. The Y-template YT([Py|D|x], [0]) is the complete, lifted tem-
plate determined by Fy and is denoted by ®p,.

Note that a matroid virtually conforming to ®p, is a restriction of a matroid
with a representation matrix of the following form:

unit
0 Py | D
columns 0 X
unit or zero
I,! D
" " columns 0

By scaling appropriately, we may assume that the bottom submatrix of unit
columns actually consists of the negatives of unit columns. Thus a rank-r ma-
troid conforming to ®p, is a restriction of a matroid with a representation matrix
of the following form.

0
0

I | Dy

The matroid represented by this matrix is the rank-r universal matroid of ®p,.

Lemma 4.2.15. The following are true.

(i) Every complete, lifted Y -template is semi-strongly equivalent to a complete,
lifted Y -template determined by a matriz the sum of whose rows is the zero
vector.

(i1) Conversely, let ® be the complete, lifted Y -template determined by a matriz
Py the sum of whose rows s the zero vector. Choose any one row of Py. Then
® is semi-strongly equivalent to the complete, lifted Y -template determined
by the matriz obtained from Py by removing that row.

Proof. This follows directly from Lemma 4.2.13. |

Lemma 4.2.16. Let (1 and Q3 be matrices over a field F, each with m rows. Let

%1 } and Py is of the form

vy, Vg, ..., U, € F™ be column vectors. If P, = {

)

’l]l...’l)1|’l)2...’l)2|...|vn.../l)n QZ H
unit or zero columns 0

where H is a column submatriz of D|x|, then M,(YT(Py, P1)) € M (YT(Fy, P))),
where Py = [Q2]|D\x|] and P{ = [Q1] — v1| — vo| -+ - | — vy,).

Proof. Let ® = YT(Fy, P1), and let ® = YT(P], Pj). Every matroid virtually
conforming to ® is represented by a column submatrix of a matrix of the following
form, where V' = [vq|vy| - -|v,] and where X = X; U X,.
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A B C D F G J

unit columns columns
X3 0 or zero 0 from from Q-
columns 1 %4 Dx
X, 0 0 unit or zero 0 unit or zero 0
columns columns
D,_ x| unit or zero columns 0

Every matroid virtually conforming to @’ is represented by a column submatrix of
a matrix of the following form.

A B’ C’ D F
0 unit or zero columns | columns from P | @y | Dx,
D,_ x| unit or zero columns 0

Let J; be the subset of J indexing columns both of whose nonzero entries occur
in rows indexed by Xi; let J; be the subset of J indexing columns both of whose
nonzero entries occur in rows indexed by Xs; and let J3 be the subset of .J indexing
columns that have one nonzero entry in each of the sets of rows indexed by X; and
X5. To prove the result, it suffices to show that every matroid virtually conforming
to @ is a restriction of a matroid virtually conforming to ®'. To do this, scale each
of the rows indexed by X, and each of the columns indexed by C'U F'U J; by —1.
Then we can choose A’ = AUC U Jy, and B = BU J3, and ¢/ = DU F, and
D'=G,and F' = J;. [ |

4.3 Algebraic Equivalence of Y-Templates

Let F and F’ be fields, and let & = YT (F, P;) be a Y-template over F. This
section is motivated by the following question: When is the class of abstract ma-
troids associated with members of M(®) contained in the class of (abstract) [F'-
representable matroids?

If a matrix Py has a zero column or a pair of columns that are scalar multiples of
each other, then no matroid conforming to YT (P, P;) is simple. Since we use tem-
plates to study highly connected (and therefore simple) matroids, we will assume
in this section that no matrix Fy (or F;) has a zero column or a pair of columns
that are scalar multiples of each other. In fact, the results in this section still hold
in the general case, but a bit more care must be taken in order to prove the them.

Definition 4.3.1. Let P, P}, P;, and P| be matrices with the same number of
rows such that Fy and P have the same zero-nonzero pattern, such that P, and
P/ have the same zero-nonzero pattern, such that Py and P; have entries from a

field IF, and such that B and P| have entries from a field F'. Let ® = YT(Fy, P,)
and ® = YT(F}, P)). Then ® and &' are pattern-compatible templates.

Definition 4.3.2. Let ® = YT(Fy, P,) and &' = YT (P}, P|) be pattern-compatible
templates, and let M, and M, be the rank-r universal matroids of ® and &', re-
spectively. Let r be the smallest integer such that M, # M/, if such an r exists.
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Let S C E(M,) = E(M]) be a set of minimum size such that S is a circuit in M,
but independent in M/ (or vice-versa). Then S is called a distinguishing set for ®
and ®’. We call M, and M, the critical matroids for the pair (&, d’).

Lemma 4.3.3. Let & = YT (Fy, P1) and ® = YT(F, P]) be pattern-compatible
templates, with critical matroids M, and M. A distinguishing set S for ® and ¥’
contains none of the elements of E(M,) — (CUY,UY; U Z).

Remark 4.3.4. The elements of F(M,)— (CUYyUY;UZ) are the elements indexing
the graphic columns of [1,_|x||D,_|x|] usually written close to the bottom left of a
matrix virtually conforming to ®.

Proof of Lemma 4.3.3. Suppose otherwise, so e € SN(E(M,) — (CUY,UY,UZ)).
Without loss of generality, let S be a circuit in M, and independent in M. Note
that S — e is a circuit in M, /e and independent in M]/e. Thus, Mr/e # M{/e.
On the other hand, from the structure of M, and M, we can see that M, /e
and M/ /e have the exact same parallel classes. Note that M, ; = M/, if and
only if M, /e = M;]/e. By the assumption that M, and M] are critical matroids,
M, »Je =M, M ! /e, a contradiction. [ |

Lemma 4.3.5. Let & = YT(Py, P1) and ®" = YT(F;, P{) be pattern-compatible
templates, with critical matroids M, and M/, with representation matrices A, and
Al respectively. Let S be a distinguishing set for ® and @', and let Ag and Al be
the column submatrices of A, and A.., respectively, whose columns are indexed by
S. Each nonzero row of Ag and Ay has at least two nonzero entries.

Proof. Suppose otherwise. Then the restrictions of M, and M to S each contain
a coloop, which is impossible since S is a circuit in either M, or M. [

Lemma 4.3.6. Let & = YT(Py, P1) and ®" = YT(P;, P]) be pattern-compatible
templates, with critical matroids M, and M. Let 7 be a column of [I|Py]. A dis-
tinguishing set S contains at most one of the elements represented by the columns
of the following column submatriz of the representation matrix of M,:

0

Proof. Without loss of generality, let S be a circuit in M, and independent in
M. Suppose for a contradiction that S contains two of the elements indexing the
columns of the submatrix given in the claim. Call these elements e and f. Note
that e and f form a triangle with some element g € E(M,) — (CUYyUY; U Z).
By circuit elimination, M, contains a circuit C; C (S —e) U g. On the other hand,
the triangle {e, f, g} must be the only circuit of M/ contained in SUg. Thus, C is
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independent in M. By minimality of S, we must have C; = (S —e) U g. Therefore,
(] is a distinguishing set. The fact that g € C contradicts Lemma 4.3.3. [ |

Recall the definition of algebraic equivalence (Definition 3.3.1).

Lemma 4.3.7. Let & = YT (P, P1) and " = YT(P], P|) be Y -templates over the
fields F and F', respectively. Let Py and P be ¢ x d matrices. Then ® and @' are
algebraically equivalent if and only if the (abstract) vector matroids of the following

matrices are equal (not just isomorphic), where the bottom submatrices each have
|24 rows.

I I P || 1 P [P R
1---111---1
0 . 0|0
11 |1--1
IT I P 1 Pl PP
11|11
0 0|0
1---111---1

Proof. Suppose ® and @' are algebraically equivalent. Let M, and M, be the
universal matroids of rank r for ® and @', respectively, for r = |X| + [<}¢]. Then
the abstract vector matroids of the matrices given in the result are restrictions of
M, = M!. By deleting all other elements from M, and M/, we see that the given
matrices have equal abstract vector matroids.

Conversely, suppose the given matrices have equal abstract vector matroids. It
suffices to show that, for every positive integer r > | X|, we have M, = M. We will
show this by induction on r. For r = |X|, note that by deleting the same subset
of the ground sets of the matroids represented by the given matrices, we obtain
M([I|P\|Ry]) = M([I|P{|Fj]). Moreover, the fact that M ([I|P,|Py)) = M([|P]|F])
implies that ® and ®’ are pattern-compatible.

For the inductive step, let r > | X|. If M, # M, then there are critical matroids
M, and M/, for some r’ < r. By the induction hypothesis, " = r. Let S be the
distinguishing set for (®, ®"). Without loss of generality, we assume that S is a
circuit in M, and is independent in M. Let Ag be the column submatrix of the
representation matrix of M, with columns indexed by S.

By Lemma 4.3.6, |[SNZ| < ¢+d. By Lemma 4.3.3, the only columns indexed by
elements of S that have nonzero entries in the rows indexed by elements of B — X
are those in Z. By Lemma 4.3.5, each row of Ag has at least two nonzero entries.
This implies that the number of rows of Ag indexed by elements of B — X that
have nonzero entries is at most L%J The result follows. |

Lemma 4.3.8. Let ® and ®' be complete, lifted Y -templates over the fields F and
F’, respectively, determined by the matrices Py and Pj, respectively. Then ® and '
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are algebraically equivalent if and only if ]\A/[/([I\PO\DW]) and M([I[Pé]Dm]) are
equal (not just isomorphic).

Proof. Suppose ® and &’ are algebraically equivalent. The matroids represented
by the matrices given in the lemma are the extremal matroids of rank |X| for @
and @' and are therefore equal.

Conversely, suppose the given matrices have equal abstract vector matroids.
Suppose for a contradiction that ® and &’ are not algebraically equivalent. Then,
for some rank r, the pair (®, ®’) has critical matroids M, and M/ and distinguishing
set S C E(M,) = E(M]) such that, after swapping ® and @’ if necessary, S is a
circuit in M, and independent in M. Suppose S contains some element e indexing
a column with a nonzero entry in a position other than the first | X| entries. Then
S — e is a circuit in M, /e and independent in M!/e. Thus, M,/e # M'/e. The
parallel classes of M, /e and M/ /e are exactly the same, and their simplifications
are M,_; and M/_,, implying that ]T/[;,l =+ ]/\\/[/;71. On the other hand, since M,
and M, are critical matroids, M, = ]\7;_1, a contradiction.

Therefore, a distinguishing set must be contained in the elements indexing
[I|Py|Dyx|] and [I|FP;|Dyx|], but the abstract vector matroids of these matrices
are equal. Thus, by contradiction, ® and @’ are algebraically equivalent. [

Definition 4.3.9. Let ®; be the frame template over a field F with all groups
trivial and all sets empty. We call this template the trivial template. Note that
®o = YT([0], [0))-

Lemma 4.3.10. Let ® = YT([Fy|D|x|], ) be a complete Y -template over a field
F such that, for each M € M(®), the abstract matroid M s representable over a
field F'. Then there is a complete Y -template ® = YT([Fy|D|x|], P{) over F' that

is algebraically equivalent to ®. Moreover, ®' can be chosen so that the following
statements hold.

1. The templates ® and O’ are pattern-compatible.

2. If an entry of Py is a 1, then the corresponding entry in P| is also a 1.

Proof. Recall that the rows of Py are indexed by the elements of X. If X = (), then
® is the trivial template over F. In this case, we take ®’ to be the trivial template
over [F’. Since a matroid conforms to the trivial template if and only if it is graphic,
it is clear that ® and ®’ are algebraically equivalent.

Thus, we may assume that X # (). Let | X| = ¢ > 0. If P; is a ¢ X d matrix, let
r be the greater of c+ 2 and c+ LC’LTdJ We consider the largest simple matroid M
of rank r virtually conforming to ®. This matroid is represented by a matrix A of
the following form.

0 I, P I. P P | B | D,
1---11---1
D, _. . 01010

I,
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If M is representable over [, then M can be represented by a matrix A" = [I,.|*]
over I’ with the same zero-nonzero pattern as A. For an integer n, we will use
D! to denote some matrix with the same zero-nonzero pattern as D,, such that
the first nonzero entry of each column is a 1. A well-known result (see Oxley [23,
Theorem 6.4.7]) implies that we may scale the rows and columns of A’ so that it is
of the following form, where the stars represent arbitrary matrices not necessarily
equal to each other.

0 0 A * * x| x| D
I 1 110 O(1---1]1---1
r 0[]0 0
— / )
Iy Dr—c—l 1---11(11---1
Now, let [x1, 22, ..., 2.7 be a column of A;[X, Y]] in ®. Thus, [z1, 2o, ..., 27 is

either a unit column or a column of P;. Note that, since r > ¢+ 2, the following is
a linearly dependent column submatrix of A, where the first column corresponds
to one of the columns of A’ used for the negative identity matrix.

0 r1 I
0 z. =z,
1 1 0
-1 0 1
0 0 0
0 0 0]

Let the following matrix be the corresponding submatrix of A’. If the element
represented by the first column is contracted, then the elements represented by the
other two columns form a parallel pair.

[ 0 x1,1 $1,2_
0 mc,l xc,Z
1 1 0

-1 0 1
0 0 0
[0 0 0|
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Thus, x;1 = x;2 for all 7 with 1 <7 < ¢. Similarly, the following is a linearly
dependent column submatrix of A.

0 1 T
0 z. =z,
11 0
0 0 0
0 0 0]
Contracting the element representing the first column shows that, in the corre-
sponding submatrix of A’ given below, [z11,...,7.;]7 must be a scalar multiple of
[33'172,...,176,2]7—’. ) )
0 T11 T12
0 Te1 Tep2
1 1 0
0 0 0
0 0 0

Therefore, there are matrices P and Pj, with the same zero-nonzero patterns as
Py and Py, respectively, such that A’ is the following matrix.

0 0 1. Pl | 1L Pl [P [P D

1 - 110 - 0l1---111--1

01010

—_— / ’
r—c—1 Drfcfl 1---111---1

Since ¢ > 1 and since r > ¢ + 1, for each column of D, ., and D., there is
some x € F' and a column submatrix of A’ that, restricted to its nonzero rows, is
0 11

1 1 0|, up to permuting rows and columns. This matrix is linearly dependent
r 0 1

if and only if x = —1. Since this is the case for the corresponding submatrix of A,
it is also the case for A’. Thus, D, = D.and D! . | = D,_._;.

Let & = YT([P}|D.], P}). Since M(A) = M(A’) and since r > c+ | <¢], Lemma
4.3.7 implies that ® and &’ are algebraically equivalent. By construction, ® and
®’ are pattern-compatible, so statement (1) of the result holds. We now prove
statement (2). Suppose a column of P, has a 1 as one of its entries. Without loss of
generality, we may assume that this column is of the form [1,x,...,2:,0,...,0]7,
with each z; # 0. Let [o},25,...,2},0,...,0]T be the corresponding column of

46



P|. Note that the following column submatrices of A and A’, respectively, each
represent the same circuit of M.

0--0]1 1 001 7
0 ) 0 .17/2
Ly |0 Ii :
0 0
0 0 0 0
0 0 0 0 0 0
1 1 1 1
0 0 0 0
0 0 0 0

By contracting the elements that index the columns of the identity submatrix, we
see that the remaining two columns must represent a parallel pair. Thus, we must
have 2} = 1, and (2) holds. [

4.4 Minimal Nontrivial Templates

We define a preorder < on the set of frame templates over a field F as follows.

Definition 4.4.1. We say ® < @' if M,,(®) € M,,(®’). This is indeed a preorder
since reflexivity and transitivity follow from the subset relation. We may obtain a
partial order by considering equivalence classes of templates, with equivalence as
defined at the end of Section 4.1. However, the templates themselves, rather than
equivalence classes, are the objects we work with in this dissertation.

Recall from Definition 4.3.9 that ®, is the frame template with all groups trivial
and all sets empty. In general, we say that a template ® is trivial if & < &y. It is
easy to see that for any template ®, we have &y < ®. Therefore, if & < P, then
actually ® ~ ®(. In this section, we find a collection of nontrivial templates that
are minimal with respect to the preorder < given in Definition 4.4.1.

Definition 4.4.2. We define the following templates for a finite field F = GF(p™).
o If F| >3 and k € (F — {0, 1}), let @y, (k) be the Y-template YT([0], [K]).
e If F has characteristic 2, let ®y, be the Y-template YT([0], [1, 1]7).

o Let & be the template over F with all groups trivial and all sets empty
except that |C| =1 and A =2 Z/pZ.

e Let ®x be the template over ' with all groups trivial and all sets empty
except that | X| =1 and A =2 Z/pZ.
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o Let @y, be the template over F with all groups trivial and all sets empty
except that |Yy| =1 and A =2 Z/pZ.

e For each k € (F — {0}), let ®oyy be the template with Yy = Y] = ), with
|IC| = |X| =1, with A =2 A = Z/pZ, with I trivial, and with A; = [k]. We
abbreviate ®-x; to ®ox.

e If n is a prime dividing p™ — 1, let ®,, be the template with all sets empty
and all groups trivial except that I' is the cyclic subgroup of F* of order n.

Note that each of the templates given in Definition 4.4.2 is refined (often in a
trivial or vacuous way). If F has odd characteristic, it is not too difficult to see that
U 4 virtually conforms to each ®cxy, each ®,,, each ®y, (k) and each of ¢, P,
and Py, . Similarly, if F has characteristic 2, it is not difficult to see that the Fano
matroid F7 virtually conforms to each ®cxy, as well as to each of @, Ox, Dy,
and @y, and that U, 4 virtually conforms to each ®,, and to each @y, (k). Therefore,
these templates are nontrivial.

Lemma 4.4.3. Let F be a field, and let ky,ky € (F — {0,1}). The Y -templates
Dy, (k1) and Py, (ka) over F are algebraically equivalent.

Proof. Lemma 4.3.7 implies that it suffices to show that the vector matroids of

1 (6%} 1 (6%} 1 (6%)] 1 (6%)
lo 0 1 1]and[o 0 1 1
both ground sets with {1,2,3,4} from left to right, then the circuits of both ma-
troids are {1, 2}, {1, 3,4}, and {2,3,4}.) |

are equal. This is clearly true. (If we index

Our goal in defining reductions and weak conforming is essentially to perform
operations on matrices while leaving the I'-frame submatrix intact. The following
lemma does not contribute to that goal, so we will only make occasional use of it.

Lemma 4.4.4.
(1) For fields F with odd characteristic, if k € (F, —{0,1}), then @y, (k) < Ox.

(2) For fields F with odd characteristic, we have ®y,(—1) < $c.
(8) For fields F of characteristic 2, we have ®y, < $x.

(4) For fields F of characteristic 2, we have ®y, < Pc.

(5) For every field F, we have ®y, < Oc.

(6) For every field F and k € (F — {0}), we have ®c = Poxy.

(7) For every field F and k € (F — {0}), we have ®x < Poxy.

Proof. For (1), let A be a matrix conforming to ®y, (k). Then A[B — X, E] is a
{1}-frame matrix, and every entry of the row indexed by X is either 0,1, or k,
each of which is contained in F,. Therefore, A conforms to ®x.

For (2), every matroid M conforming to ®y,(—1) is a restriction of the matroid
obtained from the vector matroid of the following matrix by contracting c:
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c

. 1[—1--—1] 0---0 |1

ol 0.0 |-1.-—1]1

{1}-frame matrix | 0 I 1 0

Removing ¢ from this matrix, we obtain a {1}-frame matrix. Therefore, M con-
forms to ®..

For (3), note that a simple matroid M of rank r virtually conforming to ®y, is
a restriction of the vector matroid of a binary matrix A of the following form:

1 1
0 0 1

Ol—= O

{1}-frame matrix

If we label the sets of rows and columns of A as B and E respectively, and
the first row as z, then we see that A[B — z, E] is a {1}-frame matrix. If we let
X = {x}, then we see that M conforms to ®x.

For (4), consider the matrix shown above for (3). Note that it is obtained by
contracting ¢ in the following binary matrix:

c

0O 1{0--0[0--0(1---171]1

0 1 0 0j1---1]0---0]0---011

1 0[0---0[1--1/0---0]1

{1}-frame matrix 0 I I I 0

Removing ¢ from this matrix, we obtain a {1}-frame matrix. Therefore, M con-
forms to ®..

For (5), a matroid M conforming to ®y, is the vector matroid of a matrix of the
following form, where v is a column vector all of whose entries are contained in [F):

{1}-frame matrix | ©

Let A be the matrix below. Label its sets of rows and columns as B and F
respectively, and let ¢ be the last column, with C' = {c}.

0 1] 1

{1}-frame matrix | 0 | —0

Note that M is isomorphic to M (A)/C'. Since A[B, E—C] is a {1}-frame matrix,
we see that M conforms to ®¢.

For (6), let A be a matrix conforming to ®¢ and let M = M(A)/C be the
corresponding matroid conforming to ®. If the column of A indexed by C is a
zero column, then construct the matrix A by appending a row that is a vector of
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weight one, indexed by X, whose only nonzero entry is k in the column indexed by
C. One readily sees that A conforms to ®¢x; and that the corresponding matroid
M(A)/C is equal to M. Otherwise, if the column of A indexed by C has a nonzero
entry, then scale this column so that one of the entries is k. All other nonzero
entries in that row are either 1 or —1, which are both contained in IF,; therefore,
the resulting matrix conforms to ®¢xx by considering that row to be indexed by
X.

For (7), every matroid M conforming to ®x is the vector matroid of a matrix
of the following form, where v is a row vector all of whose entries are contained in

IE‘ .

p-

I-frame matrix

Consider the following matrix A, whose last column is indexed by {c} = C:
v k
0 1

[-frame matrix | 0

The matroid M is isomorphic to M (A)/ec, which conforms to ®¢xy. |

Lemma 4.4.5. Let ® be a template with y € Y,. Let ®' be the template obtained
from ® by removing y from Y, and placing it in Yy. Then &' < ®.

Proof. Every matrix respecting ®' virtually respects ® since a matrix virtually
respecting ® can have zero columns in Z. Thus, every matroid conforming to &’
virtually conforms to ®. [

We call the operation described in Lemma 4.4.5 a y-shift.

Definition 4.4.6. Let & = (I', C, X, Yy, Y1, A1, A, A) be a frame template over a
finite field IF. We say that ® is in standard form if there are disjoint sets Cy, C1, X,
and X; such that C' = Cy U C1, such that X = Xy U X3, such that A;[X,, Co| is
an identity matrix, and such that A;[X, C] is a zero matrix.

Figure 4.2, with the stars representing arbitrary matrices, shows a matrix that
virtually respects a template in standard form. Note that if ® is in standard form,
|Co| = | Xo|. Also note that any of Cy, C1, Xo, or X; may be empty.

Lemma 4.4.7. Every frame template ® = (I, C, X, Yy, Y1, A1, A, A) is equivalent
to a frame template in standard form.

Proof. Choose a basis Cy for M(A;[X,C]), and let C; = C — Cy. Repeatedly
perform operation (5) to obtain a template ® where A;[X,Cy] consists of an
identity matrix on top of a zero matrix. Each use of operation (5) results in an
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Z Yo i Gy Gy

Xo | columns from A|X, 0 . I | x
X; | columns from A|X; 0 0
I-frame matrix unit or zero columns rows
from A

FIGURE 4.2. Standard Form

equivalent template; therefore, ® ~ ®’. Let Xy C X index the rows of the identity
matrix, and let X; C X index the rows of the zero matrix. Since Cj is a basis for
M(A1]X, C]), the matrix A;[X, ] must be a zero matrix as well. Thus, ¢’ is in
standard form. |

Throughout the rest of this section, we will implicitly use Lemma 4.4.7 to assume
that all templates are in standard form. Also, the operations (1)-(12) to which we
will refer throughout the rest of this dissertation are the operations (1)-(8) from
Proposition 4.1.2 and (9)-(12) from Definition 4.1.3.

Lemma 4.4.8. Let & = (I',C, X, Yy, Y1, A1, A A) be a frame template over F =
GF(p™) for some prime p. If T is nontrivial, then ®,, < ® for some prime n
dividing p™ — 1.

Proof. Perform operations (2) and (3) on ® to obtain the following template:
(F) Oa X7 }/0) }/17 Al’ {0}7 {0})

On this template, repeatedly perform operation (7), then (8), then (4), and then
(11) to obtain the following template:

(T, 0, X1,0,0,[0], {0}, {0}).

Now, on this template, repeatedly perform operation (6) to obtain the following
template:

o = (I,0,0,0,0,[0], {0}, {0}).

Since I is a subgroup of the multiplicative group of a field, it is a cyclic group. If
IT'| is a prime n, then & = ®,, and we are finished. Otherwise, let n be a prime
dividing |T'| and let « be a generator for I'. Then the subgroup I' generated by
o'/ has order n. Perform operation (1) on ®’ to obtain the template

(I,0,0,0,0,[0], {0}, {0}),
which is ®,,. [}

Lemma 4.4.9. If & = (I',C, X, Yy, Y1, A1, A A) is a frame template over F =
GF(p™) for some prime p with A| Xy nontrivial, then ®x < ®.
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Proof. Perform operations (1), (2), and (3) on ® to obtain the following template,
where A is an element of A with A\, # 0 for some x € Xi:

({1}, C, X, Y5, Y, Ay, {0}, (A)).

On this template, repeatedly perform operation (7), then (8), then (4), and then
(10) until the following template is obtained:

({1}, 0, X1,0,0,[0], {0}, (\)).

On this template, repeatedly perform operation (5) to obtain a template that is
identical to the previous one except that the support of A contains only one element
of X7. On this template, repeatedly perform operation (6) to obtain the following
template, where x € Xj:

({1},0,{=},0,0. (0], {0}, Z/pZ).
This template is ®x. [ |

Lemma 4.4.10. If ® = (I',C, X, Yy, Y1, A1, A A) is a frame template over F =
GF(p™) for some prime p, then either ®c = ® or ¢ is equivalent to a template

Proof. Suppose there is an element § € A|C that is not in the row space of
A;[X, C]. Repeatedly perform operations (4) and (10) on ¢ until the following
template is obtained:

({1},C, X, 0,0, A1[X, C], A|C, A).
On this template, perform operations (2) and (3) to obtain the following template:
({1}7 C? Xa ®7 ®7 Al[X7 C]? <5>7 {0})

Every matrix virtually respecting this template is row equivalent to a matrix vir-
tually respecting a template that is identical to the previous template except that
there is the additional condition that 6|Cj is a zero vector. Note that §|C} is nonzero
since, in the previous template, 0 was not in the row space of A;[X,C]. Now, on
the current template, repeatedly perform operation (7) and then operation (6) to
obtain the following template:

o = ({1},C1,0,0,0,[0], (3]C1), {0}).

Now, every matroid M conforming to ®’ is obtained by contracting C from
M(A), where A is a matrix conforming to ®’. By contracting any single element
c € (', where ¢, # 0, we turn the rest of the elements of C into loops. So C} — ¢
is deleted to obtain M. Thus, M conforms to the template

({1}, {c},0,0,0,10], 2/pz,{0}),
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which is ®¢. Similarly, the converse is true that any matroid conforming to &
conforms to ®'. Thus, & ~ ¢’ < P.

Now suppose that every element of A|C is in the row space of A;[X,C]. Thus,
contraction of Cj turns the elements of C; into loops, and contraction of C] is the
same as deletion of (. By deleting C; from every matrix virtually conforming to
®. we see that @ is equivalent to a template with C; = (). [ |

Lemma 4.4.11. If & = (I',C, X, Yy, Y1, A1, A, A) is a frame template over F =2
GF(p™), then one of the follwing is true:

[ ] (I)C j P
o & is equivalent to a template with A| X, nontrivial and ®x < &

o & is equivalent to a template with A|Xo nontrivial and ®cxy <X © for some
keF—{0}

o ® is equivalent to a template with A trivial and C = ().

Proof. By Lemmas 4.4.9 and 4.4.10, we may assume that A|X; is trivial and that
C1 = 0. Perform operation (1) to obtain the following template:

({l}a Ca X)%a}/i,Al, A,A)

First, suppose there exist elements § € A|Cy and A € A| X, such that > 6\ =
k=1 # 0. Thus, A|Xj is nontrivial. Repeatedly perform operations (4) and (10) on
® until the following template is obtained:

({1}? 007 Xa wv (Z), Al[X7 C()], A|Co, A)

On this template, repeatedly perform operation (6) to obtain the following tem-
plate:
CI), = ({1}7 COa XO» Q)u @, AI[X07 C10]7 A|C(()7 A|X@)

Perform operations (2) and (3) on @ to obtain the following template:
({1}7 CO; X07 @7 (Dv Al[XOa CO]’ <5>7 <>\>>

A matroid conforming to this template is obtained by contracting Cy. Let a,b € [F,,.
If ad is in the row labeled by r and bA is in the column labeled by ¢, then when
Cp is contracted, —abk is added to the entry of the I'-frame matrix in row r and
column c¢. We see then that this template is equivalent to ®¢xx, where b is used
to replace bA and a is used to replace ad .

Thus, we may assume that for every element 6 € A|Cy and A € A|X,, we
have ) §;\; = 0. This implies that contraction of C' has no effect on the I'-frame
matrix. So @ is equivalent to a template with A|X, trivial. Therefore, since A|X;
is trivial, we see that A is trivial. Note that operation (7) is a reduction that
produces an equivalent template, since C' must be contracted to produce a matroid
that conforms to a template. By repeatedly performing operation (7), we obtain a
template equivalent to ® with C' = (). [ |
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Lemma 4.4.12. If & = (I',C, X, Yy, Y1, A1, A A) is a frame template over F =
GF(p™) with A trivial and with C = (), then either ®y, < ® or ® is equivalent to
a template with A trivial.

Proof. First, perform operation (1) to obtain the following template:
({1}7 C(7 Xa YE)v Y17 Alv A? {O})

Now, we first consider the case where there is an element 6 € A that is not
in the row space of A; = A;[Xy, (Yo U Y1)]. Recall that a y-shift is the operation
described in Lemma 4.4.5. Repeatedly perform y-shifts to obtain the following
template, where Y = Yy U Y7:

({1}7 @7 Xv Yo,> 07 A17 Aa {O})
On this template, perform operation (3) to obtain the following template:
({1}7 ®7 Xa Y()la Q)7 Al? <5>7 {0})

Choose a basis B’ for M (A;). By performing elementary row operations on every
matrix virtually respecting ®, we may assume that A;[X, B’| consists of an identity
matrix with zero rows below it and that §|B’ is the zero vector. By assumption,
there is some element y € (Y;—B’) such that d, is nonzero. Thus, we can repeatedly
perform operation (11) to obtain the following template:

({1}, 0, X, B"U{y}, 0, Au[X, B'U{y}], (0(B"U{y}), {0}).

Now, we can repeatedly perform operation (6) and then operation (12) to obtain
the following template, which is ®y;:

({1},0,0,{y},0, 0], F,, {0}).

Now suppose that every element § € A is in the row space of 41 = A;[X, (Yp U
Y1)]. Since A is trivial, by performing elementary row operations on every matrix
virtually respecting ®, we obtain a template equivalent to ® with A trivial. [ |

Lemma 4.4.13. If ® is a frame template over F = GF(p™) with A trivial, then
O is equivalent to a template ® where A1[X,Y1] is a matriz with every column

nonzero and where no column is a copy of another. Moreover, if F = GF(2), then
M(A[X,Y1]) is simple.

Proof. Let A be a matrix that virtually conforms to ®. Since A is trivial, the
columns of A indexed by elements of Z are formed by placing a column of A;[X Y]]
on top of a unit column or a zero column. These columns can be made using any
copy of the same column of A;[X, Y], so only one copy is needed. If any column
of A1[X,Y1] is a zero column, then any column indexed by an element of Z that is
made with this zero column can also be made as a column indexed by an element

o4



of E— (ZUY,UY;UC) and choosing for the element of A the zero vector. Thus,
no zero columns of A;[X,Y;] are needed.

In the binary case, M(A;[X,Y;]) has no parallel elements because any such
elements index copies of the same column. Also, M (A;[X, Y1]) has no loops because
every column of A;[X,Y7] is nonzero. Therefore, M(A;[X,Y1]) is simple. [ |

Lemma 4.4.14. Let & = (I',C, X, Yy, Y1, A1, A, A) be a frame template over a
finite field F with A and A trivial. If M(A;[Xy, (Yo U Y1)]) has a circuit Y with
Y NY1| > 3, then either ®y, <X ® or Oy, (k) 2 for some k € (F —{0,1}).

Proof. A matroid conforming to ® is obtained by contracting C. Since A and A
are trivial, we may assume that C' = X, = () and therefore that X = X;. Perform
operation (1), and then repeatedly perform operations (4) and (10) on ® to obtain
the following template:

({1),0, X, Yo N Y, YiNY', A [X, Y], {0}, {0}).

Choose a 3-element subset Y” of Y’ N Y;. Repeatedly perform y-shifts to obtain
the following template:

({130, X,Y' — YY", A [X, Y], {0}, {0}).

On this template, repeatedly perform operation (12) to obtain the following tem-
plate:
({1}7 (Da Xla wa YH7 Al[X,7 YH]? {0}7 {0})7

where X' is the subset of X that remains after Y’ —Y” is contracted. On this tem-
plate, repeatedly perform operations (5) and (6) to obtain the following template,
where X" is a 2-element subset of X’ and where v and 3 are nonzero:

(XSRS RON O]

First, we consider the case where « = § = 1. If F has characteristic 2, then
this template is ®y,, and we are done. If F has odd characteristic, then perform a

y-shift on the last column of [é (1) ﬂ Perform operation (12) to contract that
column. The result is ®y, (—1).

Thus, we may assume that o and 3 are not both 1. Without loss of generality,

a # 1. Perform a y-shift on the second column of [(1) (1) g

(12) to contract that column. The result is Py, («). ]

]. Perform operation

Lemma 4.4.15. Let ® be a refined frame template over a finite field F = GF(p™).
Then one of the following is true:

(i) " X for some ' € {Px, P, Py} U {Poxr: ke F—{0}} U {P,:nisa
prime dividing p™ — 1}
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(ii) ® is a Y -template.

Proof. Suppose (i) does not hold. By Lemma 4.4.8, we may assume that I is trivial.
By Lemma 4.4.11, we may assume that A is trivial and C' = (). By Lemma 4.4.12,
we may assume that A is trivial. By Definition 4.2.1, these facts, combined with
the assumption that @ is refined, imply that ® is a Y-template. [ |

Theorem 4.4.16. Let ® be a refined frame template over a finite field F = GF (p™).
Then at least one of the following is true:

(ii)) ® <X for some ' € {Px,Pc, Py, Py, } U {Pexi i k€F—{0}} U{D,:n
is a prime dividing p™ — 1} U {®y, (k) : k € (F —{0,1})}.

Proof. Suppose that (ii) does not hold. By Lemma 4.4.15, ® is a Y-template. Thus,
® = YT(Fy, P,) for some matrices Py and Py over F. Therefore, the matrix A; is
of the form

i Y
AR

By Lemma 4.4.14, every circuit of M (A;) = M(A;[X1, (Yo UY7)]) has an inter-
section with Y] of size at most 2. Thus, each column of P; has at most one nonzero
entry, and each column of F has at most two nonzero entries. By Lemma 4.4.13,
every column of P, must have exactly one nonzero entry o # 1. If such a column
exists, repeatedly perform operations (4), (10), and (6) to obtain the Y-template
YT([0], [@]), which is @y, (a). Thus, we may assume that P; is an empty matrix.
By column scaling, we may assume that each nonzero column of P contains a 1 as
an entry. Suppose that a column of P, contains a second nonzero entry a # —1 (or

a # 1 in characteristic 2). By appropriate use of y-shifts and operation (12), we

1 0]«
may reduce the matrix [/|Fp] to the matrix | 1 1] , with the first two columns

labeled by elements of Y] and the last column labeled by an element of Y. By per-
forming operation (12), we obtain the Y-template YT([(}], [—«]), which is ®y, (—a),
contradicting the assumption that (ii) does not hold. Thus, every nonzero column
of Py contains a 1, and if a column contains a second nonzero entry, that entry
must be —1. Therefore, Fy is a {1}-frame matrix.

Therefore, a simple matroid of rank r virtually conforming to ® is a restriction
of a matrix of the form

unit
0 D x
columns X
unit or zero
I x| | Droyx 0
columns
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By scaling appropriately, we may assume that the bottom submatrix of unit
columns actually consists of the negatives of unit columns. Thus a rank-r ma-
troid conforming to @ is a restriction of a matroid with a representation matrix of
the form [I,.|D,]. Thus, every matroid conforming to ® is graphic, implying that
(i) holds. [

4.5 Extremal Functions

A significant portion of the next two chapters (as well as the work of Nelson
and Walsh [22]) involves the use of the structure theory of Geelen, Gerards, and
Whittle to obtain results about the extremal functions (also called growth rate
functions) of classes of represented matroids. We will prove that these results are
true subject to Hypothesis 3.2.3. Recall from Section 1.3 that the extremal function
for a minor-closed class M, denoted by ha(7), is the function whose value at an
integer r > 0 is given by the maximum number of elements in a simple represented
matroid in M of rank at most r. Also recall from Theorem 1.3.1 and the discussion
following it that a minor-closed class M is quadratically dense if, for some ¢ € R,
we have (T;rl) < hap(r) < er? for all r. Moreover, a quadratically dense class
contains the class of graphic matroids.

Geelen and Nelson proved the next result. (In fact, their result is a bit more
detailed, but the following result follows from theirs.) Recall that (M) = [si(M)];
that is, e(M) is the number of rank-1 flats of M.

Theorem 4.5.1 ([11, Theorem 6.1]). Let M be a quadratically dense minor-closed
class of matroids and let p(x) be a real quadratic polynomial with positive leading
coefficient. If ha((n) > p(n) for infinitely many n € Z*, then for all integers r,s >
1 there exists a vertically s-connected matroid M € M satisfying e(M) > p(r(M))
and r(M) > r.

The next result is from Nelson and Walsh [22].

Lemma 4.5.2 ([22, Lemma 2.2]). Let F be a finite field, let f(x) be a real quadratic
polynomial with positive leading coefficient, and let k € Ny. If M is a restriction-
closed class of F-represented matroids and if, for all sufficiently large n, the ex-
tremal function of M at n is given by f(n), then for all sufficiently large r, every
rank-r matroid M € M with e(M) = f(r) is vertically k-connected.

The next lemma is an easy observation.

Lemma 4.5.3. Every frame template is strongly equivalent to a Y -reduced frame
template such that no column of A1[X,Y1] is contained in A.

Proof. By Lemma 3.3.5, every template is strongly equivalent to some Y -reduced
template ® = (I',C, X, Yy, Y1, A1, A, A). Every element of Z indexes a column
constructed by placing a column of A;[X, Y3] on top of an identity column. If such
a column is made from a column of A;[X, Y] that is a copy of an element of A,
then the column can also be obtained in £ — (Z U C U Yy UY7) by choosing an
identity column for the portion of the column coming from the I'-frame matrix.
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Thus, that element of Y] is unnecessary, and a template strongly equivalent to ®
can be obtained from ® by removing that element of Y;. |

We will now show that, for all sufficiently large ranks, the extremal function
for the set of matroids conforming to a frame template is given by a quadratic
polynomial. We will call a largest simple matroid of a given rank that conforms to
a template an extremal matroid of the template.

Lemma 4.5.4. Let ® = (I',C, X, Yy, Y1, A1, A, A) be a Y-reduced frame template,
with reduction partition X = XoUX7, such that no column of A1[X, Y1] is contained
in A. Let |Yo| denote the number of columns of Ai[X,Y,] that are not contained
in A. Let |//§| denote the mazimum number of nonzero elements of A that pairwise
are not scalar multiples of each other. And let t denote the difference between | X |
and the rank of the matriz A1[X,,CUYoUY:]. If r > 2|C| + | X| —t + 2, then the
size of a rank-r extremal matroid of ® is ar® + br + ¢, where

1
a =3Il

1
b= SITIAIEIC] + 2 = 21X[ = 1) + |A[ + Y4,

and
1 —~ .
c= §(IC| +t — [ XDITIAI(C] +t = [X] = 1) + 2[A[ + 2[Y1 ] + [A] + [Yo].

Proof. An extremal matroid M of ® is obtained by contracting C' and deleting Y;
from the vector matroid of some matrix A that conforms to ®. Let ro = 74 (C).
Then r(M(A)\Y1) = r + r¢, and the number of rows of A is r + r¢ + t. We wish
to calculate the largest possible size of a simple matroid of the form M(A)\Y,
where A conforms to ® and where r(M(A)\Y1/C) = r. Since A has r +r¢ +t
rows, the number of rows of the I'-frame submatrix of A is r +r¢ +t — | X|, which
we abbreviate as n. Let n > 1. Thus, A has at least | X|+ 1 rows and rank at least
| X|—t+1,and r > | X|—rc —t+ 1.

In E— (ZUCUY,UY)), there are |T||A[(}) distinct possible columns where
the I-frame matrix has two nonzero entries per column. There are |A|n distinct
possible columns where the I'-frame matrix has one nonzero entry per column.
And there are |A| distinct possible nonzero columns where the I'-frame matrix is
a zero column because including all of the elements of A would result in a matroid
that is not simple.

The size of Z is at most |Y;|n since there are that many possible distinct possible
columns.

The entire sets C' and Y| are always contained in M (A), but if any columns of
A1[X,Yp] are contained in A, then the corresponding element of £E—(ZUCUY,UY7)
must be deleted in order for the matroid to be simple. Therefore, adding together
the elements of £ — (Z U C' UYyUY)), the elements of Z, and the elements of
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C UY,, we see that
n ~ ~
MANY) = [T11AI () + [Aln-+ 8]+ Vil + ]+ [Tl

If C =0, then M(A)\Y; = M(A)\Y1/C. Keeping in mind that n =r+rc+t —
| X|, some arithmetic shows that this proves the result in the case where C' = ().
Thus, we now assume C' # ().

One can see that e(M(A)\Y]) increases as r¢ increases, since n = r+ro+t—|X|.
Thus, to achieve maximum density, we should take C' to be independent, if possible.
This can easily be achieved since A|C' = ['(FS) in a Y-reduced template. Thus, we
take ro to be equal to |C| and n =7+ |C| +t — | X]|. In fact, let A[B — X, C] be
equal to

This implies that n > 3|C| + 2 and, therefore, r = n — |C| + | X| —t > 2|C| +
| X|—t+2.

Claim 4.5.4.1. For every pair {e, f} C E— (CUY)), the set C' U {e, f} is inde-
pendent in M(A).

Proof. Note that every column of A[B — X, E'— (C'UY})] has at most two nonzero
entries. So the columns of A[B — X, E— (C'UY))] labeled by e and f have nonzero
entries in at most four rows. We proceed by induction on |C|. Suppose |C| =
1. Since the single column of A[B — X,C] has five nonzero entries, there is a
unit row in A[B — X,C U {e, f}] whose nonzero entry is in C. This implies that
r(CU{e, f}) =r({e, f}) + 1. Since e and f are not parallel elements, C' U {e, f}
must be independent.

Now suppose |C| > 1. Then there are at least 3|C| > 6 unit rows in A[B— X, C].
Since e and f have nonzero entries in at most four rows, this implies that there is
a unit row in A[B — X,C U {e, f}] with its nonzero entry in a column labeled by
some element ¢ € C. Thus r(C'U{e, f}) = r((C —c)U{e, f})+ 1. By the induction
hypothesis, (C'— ¢) U {e, f} is independent. Therefore, C' U {e, f} is independent
also. O

Claim 4.5.4.1 implies that, when C' is contracted, the resulting matroid is still
simple. Thus, e(M) = e(M(A)\Y1) — |C| =

n ~ ~
P11 (5) + A+ R+ Vil + 15
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Some arithmetic, recalling that n = r + |C| +t — |X|, shows that this implies the
result. n

Although Lemma 4.5.4 is about Y-reduced templates, the fact that every frame
template is strongly equivalent to a Y-reduced template implies that, for every
frame template ®, the size of a rank-r extremal matroid of ® is given by a quadratic
polynomial in 7.

Lemma 4.5.5. Suppose Hypothesis 3.2.3 holds, and let F be a finite field. Let
M be a quadratically dense minor-closed class of F-represented matroids, and let
{Py,...,Ps,Vy,..., U} be the set of templates given by Hypothesis 3.2.3. For all
sufficiently large r, the extremal matroids of M are the extremal matroids of the
templates in some subset of {®q,...,Ps}. Moreover, {®4,..., D} can be chosen
so that it consists entirely of refined templates.

Proof. Let p be the characteristic of F. Since M is a quadratically dense minor-
closed class and since ¢(PG(r—1,F,)) = ’%, for all sufficiently large r, no member
of M contains PG(r — 1,F,) as a minor. By Hypothesis 3.2.3 , there are a pair
of integers k,n such that every simple vertically k-connected member of M with
an M (K,)-minor is a member of at least one of the classes M(®q),..., M(®D,).
Moreover, by Theorem 3.3.8, the integers k£ and n and templates ®q,..., ®, can
be chosen so that the templates are refined.

By Lemmas 4.5.3 and 4.5.4, for every frame template ® and for all sufficiently
large r, the size of a rank-r extremal matroid of ® is given by a quadratic poly-
nomial in r. Thus, for all sufficiently large r, the size of the largest simple rank-r
matroid that conforms to some template in {®q,...,P,} is given by a quadratic
polynomial Ay (r).

By definition, ha(r) > Ry (). We wish to show that equality holds for all suf-
ficiently large r. Suppose otherwise. Then, for infinitely many r, we have h(r) >
h'\((r). Theorem 4.5.1, with h/,(r) playing the role of p(n) and with k playing the
role of s, implies that, for infinitely many r, there is a vertically k-connected rank-r
matroid M, € M with e(M,) > h/(r). Thus, these M, do not conform to any
template in {®q,...,P;}. By Hypothesis 3.2.3, these M, contain no M (K,) mi-
nor. However, by Theorem 1.3.2, there is an integer ¢ such that e(M,) < em. This
contradicts the fact that e(M,) > h/\,(r) for all r. By contradiction, we determine
that ha(r) = R\ (r), for all sufficiently large r.

Therefore, we know that, for all sufficiently large r, the extremal function h(7)
is given by a quadratic polynomial. Now, Lemma 4.5.2 implies that, for all suf-
ficiently large r, the rank-r extremal matroids of M are vertically k-connected.
Thus, by Hypothesis 3.2.3, it suffices to show that, for all sufficiently large r, the
largest simple matroids of rank r contain M (K,) as a minor. Suppose otherwise.
Then, for infinitely many r, the largest simple matroids in M of rank r have no
M (K,)-minor. By Theorem 1.3.2, for infinitely many r, the largest simple ma-
troids in M of rank r have size at most cr, for some integer c¢. This contradicts
the quadratic density of M. [ |
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The next lemma deals with a technicality involving virtual conforming. Note
that there are templates such that the largest simple matroid of rank r conforming
to the template is also the largest simple matroid of rank r virtually conforming
to the template. The most obvious such templates are those with Y; = (). For
another set of examples, let ® be a template with Y7 = {y1,92...,y,} and let
Y'={vy},9,...,y,} C Yy such that, for each i < n, we have A [X,y;| = A1[X, )]
and for each § € A, we have 0, = 0.

Lemma 4.5.6. Suppose Hypothesis 3.2.3 holds, and let F be a finite field. Let
M be a quadratically dense minor-closed class of F-represented matroids, and let
{®y,..., P, Vy,..., U, } be the set of templates given by Hypothesis 3.2.3. For all
sufficiently large r, the extremal matroids of M are the largest simple matroids
that virtually conform to the templates in some subset of {®1,..., Ps}.

Proof. By Lemma 4.5.5, we know that for all sufficiently large r, the extremal
matroids of M are the largest simple matroids that conform to to the templates in
some subset ' C {®y,...,D,}. By Lemma 4.1.4, a matroid that virtually conforms
to a template in this set is a minor of some matroid that conforms to it. Since every
matroid conforming to the template is in the minor-closed class M, every matroid
virtually conforming to the template is also in M. The size of the largest simple
matroid that virtually conforms to a template is at least the size of the largest
simple matroid that conforms to the template. Thus, 7" must consist of templates
where the largest simple matroids conforming to the template are the same as the
largest simple matroids virtually conforming to the template. |

Consider the example given immediately before the previous lemma. The largest
simple matroid (virtually) conforming to ® is the same as the largest simple ma-
troid virtually conforming to the template obtained from ® by deleting Y from Y.
In practice, when using templates to determine the extremal function of a minor-
closed class, we will usually consider this other template, rather than & itself.
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Chapter 5: Applications to Binary Matroids

In this chapter, we give some applications of the previous two chapters to
the class of binary matroids. Every binary matroid is uniquely representable over
GF(2), as well as over all other fields over which it is representable. Therefore,
for simplicity of terminology, we make no distinction between abstract matroids
and represented matroids in the binary case. Sections 5.1-5.6 deal with the classes
of even-cycle and even-cut matroids. We show that only a few excluded minors
suffice to characterize the highly connected members of these classes (subject to
Hypothesis 3.2.2). Subject to Hypothesis 3.2.3, Section 5.7 answers the following
question: What minor-closed classes of binary matroids have the same extremal
function as the class of graphic matroids? Finally, Section 5.8 gives applications to
the class of 1-flowing matroids, which are binary matroids with a certain property
that generalizes the max-flow min-cut property of graphs.

5.1 Even-Cycle and Even-Cut Matroids

The complete lists of excluded minors for the classes of even-cycle matroids and
even-cut matroids are currently unknown. Irene Pivotto and Gordon Royle [30]
have found nearly 400 different excluded minors for the class of even-cycle matroids.
We will show that, subject to Hypothesis 3.2.2, a highly connected binary matroid
M of sufficient size is an even-cycle matroid if and only if it contains no minor
isomorphic to one of three matroids. Similarly, subject to that same hypothesis, a
highly connected binary matroid M of sufficient size is an even-cut matroid if and
only if it contains no minor isomorphic to one of two matroids.

An even-cycle matroid is a binary matroid of the form M = M (g), where
D € GF(2)V*¥ is the vertex-edge incidence matrix of a graph G = (V, E) and
w € GF(2)¥ is the characteristic vector of a set W C E. The pair (G, W) is an
even-cycle representation of M. The edges in W are called odd edges, and the
other edges are even edges. Resigning at a vertex u of GG occurs when all the edges
incident with u are changed from even to odd and vice-versa. This corresponds to
adding the row of the matrix corresponding to u to the characteristic vector of W.
Therefore, resigning at a vertex does not change an even-cycle matroid. A pair of
vertices u,v of G is a blocking pair of (G,W) if (G, W) can be resigned so that
every odd edge is incident with w or v. We will say that an even-cycle matroid has
a blocking pair if it has an even-cycle representation with a blocking pair.

In her PhD thesis [29], Pivotto gives several descriptions of even-cut matroids,
each of which can serve as a definition. The most practical definition for our pur-
poses follows. An even-cut matroid is a matroid M that can be represented by
a binary matrix with a row whose removal results in a matrix representing a co-
graphic matroid. One can also think of an even-cut matroid as arising from a graft,

The content of Sections 5.7 and 5.8, as well as a portion of Section 5.4, were published in Kevin Grace
and Stefan H.M. van Zwam, Templates for binary matroids, STAM Journal on Discrete Mathematics 31 (2017),
254-282. Copyright (© by SIAM. Unauthorized reproduction of this article is prohibited.
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which is a pair (G,T), where G is a graph and T is a subset of V(G) of even
cardinality whose members are called terminals. The collection of inclusion-wise
minimal edge cuts 6(U), where U C V(G) and |U NT| is even is the collection of
circuits for an even-cut matroid. The graft (G,T') is an even-cut representation of
that matroid.

In order to state our results on even-cycle and even-cut matroids, we need a
few more definitions. If {Fy, Fy, ..., F,} is a collection of matroids, denote by
EX(F, Fy, ..., F,) the class of binary matroids with no minor contained in the
set {F1, Fa, ..., F,}. We denote by PG(3,2)\e, or PG(3,2)_2, or PG(3,2)\L, re-
spectively, the matroid obtained by deleting from PG(3,2) one element, or two
elements, or the three points of a line. Note that PG(3,2)\ L is the vector matroid
of the following matrix and, therefore, is the even-cycle matroid represented by the
graph in Figure 5.1, with odd edges printed in bold.

0000O0OO0O1T11T1T171
100110100110
010101010101
0010110O01O0T171

FIGURE 5.1. Even-Cycle Representation of PG(3,2)\L

We define L9 to be the dual of the cycle matroid of the graph obtained from
K7 by deleting two adjacent edges, and we define L;; to be the vector matroid of
the following matrix.

10000O01O01O01
01 00001O0O0T11
001000O01T1T10Q0
000100O01T1TQO0T71
000010O01O0T1T1
|00 00010O0T1T11]

Finally, let Hi5 be the matroid with the even-cycle representation given in Figure
5.2. Again, odd edges are printed in bold.
We will prove the following theorems in Section 5.4.

Theorem 5.1.1. Suppose Hypothesis 3.2.2 holds. Then there exists k € Z, such
that a k-connected binary matroid with at least 2k elements is an even-cycle matroid
if and only if it is contained in EX(PG(3,2)\e, L1g, L11).
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FIGURE 5.2. Even-Cycle Representation of His

Theorem 5.1.2. Suppose Hypothesis 3.2.2 holds. Then there exists k € 7. such
that a k-connected binary matroid with at least 2k elements is an even-cycle matroid
with a blocking pair if and only if it is contained in EX(PG(3,2)\L, M*(Ky)).

We will prove the following theorem in Section 5.6.

Theorem 5.1.3. Suppose Hypothesis 3.2.2 holds. Then there exists k € Z, such
that a k-connected binary matroid with at least 2k elements is an even-cut matroid
if and only if it is contained in EX (M (Ks), Hi,).

Pivotto [29, Section 2.4.2] showed that the class of even-cycle matroids with a
blocking pair consists of the duals of the members of the class of matroids with
an even-cut representation with at most four terminals. Moreover, it is well-known
that, for every positive integer k, a matroid M is k-connected if and only if M* is
k-connected. Therefore, Theorem 5.1.2 immediately implies the following result.

Corollary 5.1.4. Suppose Hypothesis 3.2.2 holds. Then there exists k € Z.
such that a k-connected binary matroid with at least 2k elements has an even-

cut representation with at most four terminals if and only if it is contained in

In Section 5.2, we prove that PG(3,2)\e, L9, L11, PG(3,2)\L, M(Ks), and Hf,
are indeed excluded minors for the respective classes given in the theorems above.
The next several sections of the chapter are devoted to the converse statements.
Much of the work required to prove these statements involves analysis of specific
templates, showing that either one of these excluded minors can be constructed
using the template or that the template is highly structured—to the point that
only even-cycle matroids (or even-cycle matroids with a blocking pair, or even-cut
matroids) can be constructed using the template. The finite case checks involved
in this process are by and large carried out using the SageMath software system
[34]. The technical lemmas proved by the computations will be given in Sections
5.3 and 5.5. In Section 5.4, we prove Theorems 5.1.1 and 5.1.2, and we also give
the extremal function of EX(PG(3,2)), subject to Hypothesis 3.2.3. In Section 5.6,
we prove Theorem 5.1.3.

The results listed in this section and the techniques used to prove them give
no indication of how large the value for £ must be. The sets of matroids in our
theorems are not unique, and their members do not necessarily need to be excluded
minors for the classes we study. For example, L9 and M*(Kjg) can be replaced with
M*(K,,) for n > 6, and M (Ks) can be replaced with M (K,) for n > 6. We chose
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the small matroids that we did because they are actually excluded minors for the
various classes. Presumably, this comes at the cost of a larger value for k.

5.2 Excluded Minors

In this section, we will establish that the matroids given in Section 5.1 are indeed
excluded minors for the various classes of matroids. Section A.2 in the Appendix
gives the SageMath code for the functions is_even cycle and is_even_cut, which
test whether a binary matroid is even-cycle or even-cut, respectively. The code is
based on the fact that an even-cycle matroid M can be represented by a binary ma-
trix with a row whose removal results in a matrix representing a graphic matroid.
Thus, there is some binary extension N of M on ground set E(M)U {e} such that
N/e is graphic. Therefore, to check if a binary matroid M is even-cycle, it suffices
to check if N/e is graphic for some binary extension N of M. If this is false for all
such N, then M is not even-cycle. The even-cut case is analogous. Section A.2 also
gives the SageMath code for the functions is_even_cycle_excluded minor and
is_even _cut_excluded minor, which test whether a binary matroid is an excluded
minor for the class of even-cycle matroids and even-cut matroids, respectively.

Theorem 5.2.1. Each of the matroids PG(3,2)\e, Lig, and Ly is an excluded
manor for the class of even-cycle matroids.

Proof. The largest even-cycle matroid of rank r has a representation obtained
by putting an odd edge in parallel with every even edge of K,, and by adding
an odd loop. Therefore, the size of the largest even-cycle matroid of rank r is
2(5) +1 =r*—r+1. Therefore, the matroid PG(3,2)\e, which has rank 4 and size
14 is too large to be even-cycle. Deletion of any element from PG(3,2)\e results
in the unique matroid (up to isomorphism) obtained from PG(3,2) by deleting
two elements. This is exactly the largest simple even-cycle matroid of rank 4, as
described above. Thus, deletion of any element from PG(3,2)\e results in an even-
cycle matroid. To see that contraction of any element from PG(3,2)\e results in
an even-cycle matroid, note that every binary matroid of rank 3 is even-cycle since
removal of any row results in a matrix that obviously has at most two nonzero
entries per column.

The fact that L9 and L1, are excluded minors for the class of even-cycle matroids
was verified using SageMath. Section A.2 gives the code used to define L9 and
Lqq, as well as the code used to check that they are excluded minors. The code
returned True in both cases. [ |

Theorem 5.2.2. The matroids M (Ks) and H;, are excluded minors for the class
of even-cut matroids.

Proof. This was verified using SageMath. The code for the computations can be
found in Section A.2. [ |

In order to prove that PG(3,2)\L and M*(Kg) are excluded minors for the class
of even-cycle matroids with a blocking pair, we need a few more lemmas. Recall the
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definition of the Y-template ®y, from Definition 4.4.2. Also, recall the definition
of the rank-r universal matroid for a Y-template, found in Definition.4.2.3.

Definition 5.2.3. Let X, be the rank-r universal matroid for ®y,.

Note that X, is the largest simple matroid of rank r that virtually conforms to
Dy, , since Yy = () in Dy,.

Lemma 5.2.4. The class M, (®y,) is the class of even-cycle matroids with a block-
ing pair. This class is minor-closed.

Proof. Every simple matroid M virtually conforming to ®y, is a restriction of X,
for some .

Label the rows of A, as 1,...,r. Add to the matrix row r + 1, which is the
sum of rows 2,...,r. This does not change the matroid X,. We see that X, is an
even-cycle matroid (G, W), where row 1 is the characteristic vector of W and rows
2,...,r+1 form the incidence matrix of G. Moreover, every edge in W is incident
with the vertex corresponding to either row 2 or row r 4+ 1. Thus, every matroid
virtually conforming to ®y, has an even-cycle representation with a blocking pair.
Conversely, every matroid that has an even-cycle representation with a blocking
pair {u, v} virtually conforms to ®y,, by making u correspond to the second row
and making v correspond to row r + 1, which can be removed without changing
the matroid.

By resigning whenever we wish to contract an element represented by an odd
edge, it is not difficult to see that the class of matroids having an even-cycle
representation with a blocking pair is minor-closed. [ |

Lemma 5.2.5. A matroid is an even-cycle matroid with a blocking pair if and only
if its cosimplification also is.

Proof. The class of even-cycle matroids with a blocking pair is minor-closed; there-
fore the cosimplification of an even-cycle matroid with a blocking pair will be such
a matroid as well.

For the converse, let M be even-cycle with a blocking pair, and consider an even-
cycle representation of M with a blocking pair. It suffices to consider coextensions
N of M, with E(N) = E(M) U e and such that either {e, f} is a series pair of N
or e is a coloop of N. First, we consider the case where {e, f} is a series pair. If f
is represented by an even edge in the even-cycle representation of M, then e and f
in N are represented by edges obtained by subdividing f in M. This has no effect
on the blocking pair. If f is represented by an odd edge other than a loop, we
resign at a vertex in the blocking pair that is incident with f. This maintains the
blocking pair, but now f is represented by an even edge as above. Now consider the
case where f is represented by an odd loop. Since M is even-cycle with a blocking
pair, Lemma 5.2.4 and Definition 5.2.3 imply that M is a restriction of a matroid
represented by a matrix of the following form:
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O |

0

—_ =

Ol — O

{1}-frame matrix

Since N contains {e, f} as a series pair, N is a restriction of a matroid N’ repre-
sented by a matrix of the following form:

e f

0 0 T 0o 1(1---1(0---01---1
0 o1 1/0---01---1|1---1
0 | {1}-frame matrix 0 I I I
T 0--rvienenns 011 0 0l0---0l0---0[0---0

By Lemma 5.2.4, N’ is even-cycle with a blocking pair. Therefore, so is N.
Lastly, we consider the case where e is a coloop of N. Then N can be represented
by a graph obtained from the graph representing M by adding a new vertex and
joining it to any other vertex with an even edge. The blocking pair is maintained.
|

Theorem 5.2.6. The matroids PG(3,2)\L and M*(Ks) are excluded minors for
the class of even-cycle matroids with a blocking pair.

Proof. Note that X, is the matroid obtained from PG(3,2) by deleting an inde-
pendent set of size 3. Therefore, PG(3,2)\L is not a restriction of X,. By Lemma
5.2.4, PG(3,2)\L is not an even-cycle matroid with a blocking pair. However, since
X3 = PG(2,2) = F7, all binary matroids of rank at most 3 are even-cycle matroids
with blocking pairs. Therefore, PG(3,2)\ L/e is even-cycle with a blocking pair for
each element e of PG(3,2)\ L. Moreover, by deleting any element from PG(3,2)\L,
we obtain a restriction of X4. Therefore, PG(3,2)\L is an excluded minor for the
class of even-cycle matroids with a blocking pair.

By Theorem 5.2.2, M(Kg) is not an even-cut matroid. Recall from Section 5.1
that the dual of an even-cycle matroid with a blocking pair is an even cut matroid.
Therefore, M*(Kjg) is not an even-cycle matroid with a blocking pair. It remains to
show that M*(Kg\e) and M*(Kg/e) are even-cycle with a blocking pair. By Lemma
5.2.5, M*(Kg/e) has an even-cycle representation with a blocking pair if and only
if M*(K5) does. Even-cycle representations of M*(Kj5) and M*(Kg\e), with odd
edges printed in bold, are given in Figure 5.3. Each of these representations have
blocking pairs. [ |

5.3 Some Technical Lemmas Proved with SageMath: Even-Cycle Ma-
troids

In this section, we list several technical lemmas that we need to prove Theorems
5.1.1 and 5.1.2. The reader may prefer to move on to Section 5.4, referring to
Section 5.3 as necessary. Recall from Definition 4.2.14 that the complete, lifted
Y-template YT ([D,x||Po], [0]) determined by a matrix F is denoted by ®p,.
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M*(Ks) M*(Ks\e)

FIGURE 5.3. Even-Cycle Representations of M*(Kj5) and M*(Kg\e)

Lemma 5.3.1. If Py is a binary matriz that contains a column with five or more
nonzero entries, then M(®p,) € EX(PG(3,2)\e).

Proof. The function complete Y template matrix, the SageMath code for which
is found in A.3, builds the matrix [I,|D,|P], where n is the number of rows
of an input matrix P_0. We use this function to build [[,|D,|F], where Py =
[1,1,1,1,1]7. We then test if M contains PG(3,2)\e as a minor by looking for a
subset S of the ground set of M such that r(M/S) = 4 and [si(M/S)| > 14. If
this subset exists, then M must contain PG(3,2)\e as a minor. The code for this
computation is below; it returned {15}. In the Python programming language,
on which SageMath is based, a set of size n has elements labeled 0,1,... ,n — 1.
Therefore, {15} means that the sixteenth element should be contracted to obtain
PG(3,2)\e.

PO = Matrix(GF(2), [[1],

[1],

[1],

(11,

(111D
= complete_Y_template_matrix(PO)
Matroid(field=GF(2), matrix=A)

= =
o

# This tests for a (PG(3,2)\e)-minor.
for S in Subsets(M.groundset(), M.rank() - 4):
if len((M / S).simplify()) >= 14 and (M / S).rank() == 4:
print S

Lemma 5.3.2. If Py contains the submatriz

10

O OO = =
N s = R )
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then M(®p,) € EX(PG(3,2)\e).

Proof. The proof is similar to that of Lemma 5.3.1. The code returned {21, 22}.

Lemma 5.3.3. If Py contains the submatriz

then M(®p,) € EX(PG(3,2)_2) and M(Pp,) € EX(L11).

Proof. The following SageMath code was used to check for L;; as a minor of
M = M([[Is|Dg| Po]]). The code also checks for PG(3,2)_» as a minor of M. We
test if M contains PG(3,2)_5 as a minor by looking for a subset S of the ground
set of M such that r(M/S) =4 and [si(M/S)| > 13, rather than 14.

PO = Matrix(GF(2), [[1,1,0],
[1,1,0],
[1,0,1],
[1,0,1],
[0,1,1],
[0,1,111)

A=complete_Y_template_matrix(PO)
M=Matroid(field=GF(2), matrix=A)

M.has_minor(L11)

# This tests for a (PG(3,2)_{-2})-minor.
for S in Subsets(M.groundset(), M.rank() - 4):
if len((M / S).simplify()) >= 13 and (M / S).rank() == 4:

print S
break

The code returned True and {0, 21}.

OO~ = =

— O O~

0
1
1
1
1

0

Lemma 5.3.4. If Py contains the submatriz

then M(®p,) € EX(PG(3,2)\e).

OO~ = =

— —_ O O~
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Proof. The proof is similar to that of Lemma 5.3.1. The code returned {0,22}. W

Lemma 5.3.5. If Py contains the submatriz

OO O~
O R R OO
RO R, O, O R

then M(®p,) ¢ EX(PG(3,2)\e).

Proof. The proof is similar to that of Lemma 5.3.1. The code returned {0,30,23}.
|

Lemma 5.3.6. If Py contains the submatriz

— = =0 O =

OO~ = =
O — O = =

then M(®p,) € EX(PG(3,2)\e).
Proof. The proof is similar to that of Lemma 5.3.1. The code returned {0,23}. W

Lemma 5.3.7. If Py contains the submatriz

OO~ = =
_ =0 O

then M(®p,) € EX(PG(3,2)_2).

Proof. The proof is similar to that of Lemma 5.3.1, except that we look for a
subset S of the ground set of M = M([Is|Ds|Fp]) such that r(M/S) = 4 and
|si(M/S)| > 13, rather than 14. The code returned {0,21}. |
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Lemma 5.3.8. If Py contains the submatriz

O~ = =
_ O V) = =
—_ = O = =

then M(®p,) & EX(PG(3,2)_s).

Proof. The proof is similar to that of Lemma 5.3.1, except that we look for a
subset S of the ground set of M = M([I5|D5|Fy]) such that r(M/S) = 4 and
|si(M/S)| > 13, rather than 14. The code returned {0}. |

5.4 Even-Cycle Matroids

Before we can prove the results listed in Section 5.1, we need some information
about EX(PG(3,2)).

Lemma 5.4.1.
(1) The set of matroids conforming to M(®x) is contained in EX(PG(3,2)).

(i1) Let @ be a refined frame template such that M,,(®) C EX(PG(3,2)). Then
either ® ~ ®x or ® is a Y-template.

Proof. The class of matroids conforming to ®x is exactly the class of even-cycle
matroids. This class is minor-closed. The largest simple, even-cycle matroid of
rank r has an even-cycle representation obtained from the graph K, by adding
to each even edge an odd edge in parallel as well as adding one odd loop to the
graph. Therefore, the class of even-cycle matroids has an extremal function of
2(r) +1 =172 —r + 1. Thus, the largest simple, even-cycle matroid of rank 4 has

2
size 13. Since PG(3,2) has size 15, we have M(Px) C EX(PG(3,2)). This proves

(1).
To prove (ii), let
¢ = ({1}707 X7Y[)7}/17*417A7A)

be a refined binary frame template such that M, (®) C EX(PG(3,2)). Consider
the graft matroid M (Kg, V(Ks)). A straightforward computation shows that, by
contracting the nongraphic element, we obtain PG(3,2). Therefore, ®y, £ ©. By
Lemma 4.4.4, we also have $o ﬁ ® and dox ﬁ .

Recall the definition of standard form from Definition 4.4.6. Lemma 4.4.7 implies
that we may assume @ is in standard form. Since ®¢ £ @, by Lemma 4.4.10 we
may assume that C} = (). Also, by Lemma 4.4.11, since ®cx £ ® and &¢ £ P,
either A| X7 is nontrivial and ®x < ® or A is trivial and C = ().

First, suppose that A is trivial and C' = (. Since @y, A @, Lemma 4.4.12
implies that ® is equivalent to a template with A trivial. In the binary case, I' is
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always trivial, so @ is a refined template with all groups trivial. Therefore, ® is a
Y-template. This is one of the possible conclusions of (ii).
Thus, we may assume that A|X; is nontrivial and &y < ®. Suppose |A|X1‘ > 2.
On the template
& = ({1}, Co. Yo Y, A1, A, A),

perform operation (3) and then repeatedly perform operations (4) and (10) to
obtain the template

({1}, Co, X, 0,0, A; [X, Col, {0}, A).
Then repeatedly perform operations (5) and (7) to obtain
({1},0,X,,0,0,[0], {0}, Al Xy).

Since A|X; has size greater than 2, it contains a subgroup A’ isomorphic to
(Z/2Z) x (Z/2Z). Perform operation (2) to obtain the template

({1}3 wa le ®7 ®7 [0]7 {0}7 A,)a
then repeatedly perform operations (5) and (6) to obtain
({1},0,X7,0,0,[0], {0}, A"),

where | X’| = 2 and A” is the additive group generated by [1,0]7 and [0, 1]7. One
readily sees that PG(3,2) conforms to this template. Therefore, |A| = 2. We may
perform row operations so that A is generated by [1,0...,0]7. Let ¥ be the element
of X such that A|[{X} is nonzero.

Now, suppose there is an element £ € A that is not in the row space of A;.
Perform operations (2) and (3) on ® to obtain

({1}, Co, X, Yo, Y1, A1, {0, 2}, {0}).

Now, by a similar argument to the one used in the proof of Lemma 4.4.12, we have
dy, X . Since we already know this is not the case, we deduce that every element
of A is in the row space of Aj.

Let € A|Cy and § € A be such that there are an odd number of natural
numbers ¢ such that z; = y; = 1. Then we call the ordered pair (zZ,y) a pair of
odd type. Otherwise, (Z,y) is a pair of even type. Suppose (Z, %) is a pair of odd
type with §|X; a zero vector. By performing operations (2) and (3) and repeatedly
performing operations (4) and (10), we obtain

<{1}v O@,X, ®7®7A1[X7 C]? {Ovj:}v {ng})7

which is equivalent to ®cx. We already know this is not the case. Therefore, for
every pair (z,%) of odd type, | X; = [1,0,...,0]T.
Suppose T € A|C and §,72 € A are such that 7| X; = 9| X; = [1,0,...,0]7,

such that (Z, ;) is a pair of odd type, and such that (z,7s) is a pair of even type.
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Then (g1 +92)| X1 is the zero vector, and (Z, y1 +72) is a pair of odd type. Therefore,
either all pairs (Z,y) € A|C x A are of even type, in which case ® is equivalent to a
template with A| X, trivial and C' = (), or if (Z, %) is a pair of odd type, then (z, 2)
is of odd type for every z € A with Z|X; nonzero. In this case, consider any matrix
virtually conforming to ®. After contracting C', we can restore the I'-frame matrix
by adding ¥ to each row where the I'-frame matrix has been altered. Therefore, ®
is equivalent to a template with A| X, trivial and C' = .
So we now have that

¢ = ({1}7 Q)aX?}/Oa}/laAla A7A>)

with A generated by [1,0...,0]7 and with every element of A in the row space of
A;. We will now show that, in fact, ® is equivalent to a template with A trivial.
On @, perform y-shifts to obtain the following template, where Y = Y, U Y;:

(I)I = ({1}7 (Z)aX?}/O/a (DvAla A7A)

By repeatedly performing operation (5) and then operation (6) on this template,
we may assume that A; has the following form, with the star representing an
arbitrary binary matrix and v representing an arbitrary row vector:

0---0|7o

[|X‘,1 * )
Also, since A|(X —{X}) is trivial, we may perform row operations on every matrix
conforming to @’ to obtain a template

q)” = ({1}a ®a X7 }/E)/a ®7 Ala AH? A)7

so that every element of A” has 0 for its first | X| — 1 entries. Since every element
of A was in the row space of Aj, the only possible nonzero element of A” is the
row vector with 0 for its first | X| — 1 entries and whose last |Y;| — | X| + 1 entries
form the row vector v. Note that operations (5) and (6) and the row operations
we performed on every matrix conforming to ® each changes a template to an
equivalent template. Thus, we may assume that v is nonzero and that A” = {0,0}
because otherwise, ® is equivalent to a template with A trivial. So, for some y € Y},
we have 7, = 1. On the template ®”, repeatedly perform operation (11) and then
operation (10) to obtain the following template:

" = ({1}’ 0, {2}7 {y}’ 0, [1]’ Z/ZZ’ Z/QZ),

which is @ x. Since we already know that ®cx A @, we have shown that ® must be
equivalent to a template with A trivial. So we may assume that ® is the following
template, with A generated by [1,0,...,0] .

o = ({1}, @;Xyl/oa}/laAla {O}7A)

Now, let us consider the structure of the matrix A;. By repeated use of operation
(5), we may assume that A; is of the following form, with the top row indexed by
Y, with * representing an arbitrary row vector, and with each L; representing an
arbitrary binary matrix:
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Vi Yo
0---0l0---0]1---1] %
I Ly Ly Loy

Suppose either Ly or Ly has a column with two or more nonzero entries. Let y
be the element of Y; that indexes that column, and let Y’ be the union of {y} with
the subset of Y; that indexes the columns of the identity submatrix of A;[X,Y)].
Repeatedly perform operations (4) and (10) on ¢ to obtain

({1}1,0,X,0,Y", Ay, {0}, A),

On this template, repeatedly perform y-shifts, operation (11), and operation (6)
to obtain

0 0 «
({11,0,X,0,Y", (1 0 1|,{0},A),
01 1

where x = i if y indexes a column of L; and where X’ and Y” index the set of rows

0 0
and columns, respectively, of the matrix |1 0
0 1

— =8

The following matrix conforms to this template. By contracting the columns
printed in bold, we obtain PG(3,2).

00000OO0O0O0O0O0OO0OO0O1T1T11|00 2z =
00000O0O0O0OO0OO0OO0OO0OO0OO0OO0O|1T 011
00000O0OO0OO0OO0OO0O0OO0O0O0O0T1TT11
1000111000O0O0O01}]00T12O0
0601001001 1O0O0O0O01T|0001
0010010101 1010}|1 000
000100101 10110{010 0]

This shows that Ly and L; consist entirely of unit and zero columns. Thus, by
Lemma 4.4.13, Ly is an empty matrix and L; consists entirely of distinct unit
columns. Therefore, A; is of the following form:

Y Yo
i 0 I O
0 I 0 | Q,

with each @); representing an arbitrary binary matrix.
Let @ be the submatrix of A; consisting of ()7 and ()5. Suppose that () has a
column ¢, indexed by the element y € Y, with three or more nonzero entries.
Repeatedly perform operation (10) on ® to obtain the template

"= ({1},0, X, {y}, Y1, Ai[X, Y1 U {y}], {0}, A).
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Let ¢ = {%}, with ¢; a column of ()7 and ¢y a column of (). Consider the
2

following cases:
Case 1. The vector ¢; has three nonzero entries.
Case 2. The vector ¢; has two nonzero entries, and ¢y has one nonzero entry.
Case 3. The vector ¢; has one nonzero entry, and ¢, has two nonzero entries.
Case 4. The vector ¢y has three nonzero entries.
In Case i, repeatedly perform y-shifts and operation (11) to obtain the template

(I);/ = ({1}7 (Z)v X/? {y}v YY? Al,iu {0}7 A);

where A;; is the matrix defined below with rows indexed by X’ and columns
indexed by Y/ U {y}. In each case, the last column is indexed by y, and it turns
out that the value of x does not matter.

0001 11|z 0001 1]|x
4 1 00[10O0f1], 1001 01
MTlo1ojoroft T lo1o0]0 1|1
00 1[0 0 1|1 00 1|0 0]1
000|1]= 000z
10011 1 00]1
As=1o 1 olo|1 M= o1 01
00 1]|0]1 00 11

In Case i, the matrix below virtually conforms to ®7. By contracting the columns
printed in bold, we obtain PG(3,2).

Case 1:
11 0/{000111000T1T1T1|=
0001 0O0O1O0O0O1O0O0OT1O0O0]|1
00001 OO1O0OO0ODT1TO0OO0O0T1IO0]|1
000l0OO1T O0OO0O1O0OO0OT1TO0UO0T1]|1
101|111 111000O0O0O0|O0
Case 2:

1 0001 11/0001100T11|la]
0000OO0OO|1 0OO1O01O01O0](1
0000OO0OO0OO0OB(01TO0OO0OT1TO0OT1TO0T11
00O00O0OOOO|0OO01TO0O0OO0OO0OTQO0OTGO1
010110111 1110O0WO0OTVO0](O0

| 001 1011{0000O01111]0 ]
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Case 3:

0001 1(000O0O0OO0OT1O0OO0ODO0ODO0O®O|=
O 00O0Of1 OO1TO0OO0OT1TO0OO0ODI1TO0OO0O12
000O0O0O(0O1O0O0OD1O0O0O1O0O0OT1O0|1
0O00O0O0O(0OO1TO0OO0OT1TO0OO0OD1TO0OQO0OT112
101101 110O0O0O0O0O0O0O0O0]O0
0110100011 11O0O0O0O0OO0]|O0
0000100000001 T1O0O0O0]0 |
Case 4:
1 011 1|/00000O0O0O0O0O0O0O0]|x]
0O00O0OO0O(1 OO1TO0OO0T1TO0OO0OD1IO0OQO01
0O 00O0OO0O(0O1TO0OO0O1O0O0T1O0O0O0OT1TTGQ0|12
00 0O0OO0O(0OO1TO0OO0OT1TO0OO0OD1TO0OO0OT11
00100111 0O0O0O0O0O0O0ODO0ODO0Y|(O0
000010001 110O0O0O0O0O0]|O0
0101 1/000000111O000]|0 |

Therefore, every column of () has at most two nonzero entries. This implies ® < &
because every matrix conforming to ® has a row that results in a {1}-frame matrix
if removed. Since we already have ®x < &, we have & ~ O [ |

Since we have some information about EX(PG(3,2)), let us compute its extremal
function, subject to Hypothesis 3.2.3.

Theorem 5.4.2. Suppose Hypothesis 3.2.3 holds. For all sufficiently large r, the
extremal function of EX(PG(3,2)) is 1> —r+1, and the extremal matroids of rank
r are the extremal matroids of rank r for the class of even-cycle matroids.

Proof. Since EX(PG(3,2)) contains all graphic matroids but not all binary ma-
troids, it is a quadratically dense class, by Theorem 1.3.1. Therefore, by Lemma
4.5.5, the extremal matroids of EX' (PG(3,2)) are the extremal matroids of the tem-
plates in some subset of the templates {®q, ..., D}, where {®q, ..., Oy, Uy, ..., U}
is the set of templates given by Hypothesis 3.2.3 for EX(PG(3,2)).

By Lemma 4.5.4, the size of a rank-r extremal matroid of a template & =
(T,C, X, Yy, Y1, A1, A, A) is 3|T||A[r? + br + ¢ for some constants b and c. In the
binary case |I'| = 1 always. By Lemma 5.4.1, if ® is a template such that M(®) C
EX(PG(3,2)), either & ~ dy, in which case |A] = 2, or ¢ is a Y-template, in
which case |A| = 1. Therefore, for sufficiently large r, the extremal matroid of
rank r for EX(PG(3,2)) is the rank-r extremal matroid for ®y. This matroid is
the extremal matroid of rank r for the class of even-cycle matroids and has size
r? —r + 1, as explained in the proof of Lemma 5.4.1. [ |

We now prove Theorem 5.1.1.
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Proof of Theorem 5.1.1. Let M = EX(PG(3,2)\e, Lig, L11). The class of even-
cycle matroids is contained in M since PG(3,2)\e, Lig, and Lq; are excluded
minors for the class of even-cycle matroids. We need to prove that there exists a
positive integer k such that the reverse inclusion holds for k-connected matroids
on at least 2k elements.

Let T = {®y,... D5, Vy,...,V;} be the set of refined templates and k the
positive integer given by Corollary 4.1.5 for the class M. Consider a template
U e {¥y,..., U, }. Recall that every matroid coconforming to ¥ must be contained
in the minor-closed class M. Every cographic matroid is a minor of a matroid that
coconforms to W. Therefore, ¥ does not exist since M does not contain Lig, which
is cographic. Thus, ¢t = 0 and T = {®y,... ®,}. Because PG(3,2)\e, L9, and L1,
are simple matroids, it suffices to consider the simple matroids conforming to these
templates.

Every matroid containing PG(3, 2) as a minor of course also contains PG(3,2)\e
as a minor. Therefore, Lemma 5.4.1 implies that, for any template ® € {®,... D},
either & ~ &y or ¢ is a Y-template. We will show that in fact ® < ®x. In this
case, we will be able to assume that 7 = {®x}, since M(®x) is the class of
even-cycle matroids and is therefore minor-closed.

Since M is minor-closed, it suffices to consider a set of templates {®},... DL}
such that @, is minor equivalent to ®;. Therefore, by Remark 4.2.7 and Lemma
4.2.10, we may assume that each Y-template ® € T is the complete, lifted Y-
template ®p, determined by some matrix Fy. By Lemma 4.2.15, we may assume
that every column of F, has entries whose sum is 0. Therefore, every column has
an even number of nonzero entries. Lemma 5.3.1 implies that no column of F, has
five nonzero entries. Therefore, every column of P has exactly four nonzero entries
(since graphic columns with two nonzero entries are already assumed in a complete
Y-template).

Suppose two columns of F have supports whose intersection is empty or has size
1. Then, F, contains the submatrix forbidden by Lemma 5.3.2. Therefore, every
pair of columns vy, vy in Py have supports whose intersection has size at least 2. We
wish to show that the intersection of the supports of all of the columns of Fy must
have size 2. Suppose otherwise. Then F, contains one of the following submatrices.

'110"111'11(1)'111'
LLof [trof |, |tto
O O Y e I A
VR I A P R P
001 1 ot o 011
0 1 1] Jo 1) 5] o0

These submatrices are forbidden by Lemmas 5.3.3-5.3.6, respectively.
Therefore, there are two rows of P, that consist entirely of 1s. By Lemma 4.2.15,
® is equivalent to the complete, lifted Y-template determined by a matrix of the
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following form, which is obtained by removing one of those two rows.

two nonzeros per column

Every matroid conforming to this template is even-cycle because removing the top
row of any matrix conforming to the template results in a matrix representing a
graphic matroid. This completes the proof. [ |

Now, we prove Theorem 5.1.2.

Proof of Theorem 5.1.2. Let M = EX(PG(3,2)\L, M*(Ks)). The class of even-
cycle matroids with a blocking pair is contained in M since PG(3,2)\L and
M*(Kg) are excluded minors for the class of even-cycle matroids with a block-
ing pair. We need to prove that there exists a positive integer k£ such that the
reverse inclusion holds for k-connected matroids on at least 2k elements.

Let T = {®y,... 95, VUq,..., U} be the set of refined templates and k the positive
integer given by Corollary 4.1.5 for the class M. Similarly to the last proof, since
M*(Kg) is cographic, T = {®y,... P}

Since M C EX(PG(3,2)), Lemma 5.4.1 implies that, for every template & € T,
either & ~ &y or ¢ is a Y-template. Since M(Px) is the class of even-cycle
matroids, which contains PG(3,2)\L, every template in 7 is a Y-template. Since
M is minor-closed, it suffices to consider a set of templates {®), ... ®.} such that
®! is minor equivalent to ®;. Therefore, by Remark 4.2.7 and Lemma 4.2.10, we
may assume that each Y-template ® € T is the complete, lifted Y-template ®p,
determined by some matrix F.

The matroid PG(3,2)\L is a restriction of PG(3,2)_s. Therefore, any matroid
containing PG(3,2)_5 contains PG(3, 2)\ L also. The proof of Theorem 5.1.1, along
with the fact that Lemma 5.3.3 excludes a template from EX(PG(3,2)_s) in ad-
dition to £X(Lq1), implies that every pair of columns of Py must have supports
whose intersection has size at least 2. Moreover, Lemma 5.3.7 implies that every
pair of columns of Fy must have supports whose intersection has size at least 3.
We wish to show that the intersection of the supports of all of the columns of Fy
must have size 3. Suppose otherwise. Then F, contains the following submatrix.

1

— = = =
—_ O = =
_ = O =

0

This submatrix is forbidden by Lemma 5.3.8. Therefore, there are three rows of
Py that consist entirely of 1s. By Lemma 4.2.15, ® is equivalent to the complete,
lifted Y-template determined by a matrix of the following form, which is obtained
by removing one of those three rows.

unit columns
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By Lemma 4.2.16, every matroid weakly conforming to this template also weakly
conforms to ®y, and is therefore an even-cycle matroid with a blocking pair, by
Lemma 5.2.4. This completes the proof. [

The next two theorems are proved in essentially the same way as Theorems 5.1.1
and 5.1.2, respectively. We omit the proofs.

Theorem 5.4.3. Suppose Hypothesis 3.2.3 holds. Then there exist k,n € Z such
that a vertically k-connected binary matroid with an M (K, )-minor is contained in
EX(PG(3,2)\e, L1g, L11) if and only if it is an even-cycle matroid.

Theorem 5.4.4. Suppose Hypothesis 3.2.3 holds. Then there exist k,n € Z such
that a vertically k-connected binary matroid with an M (K, )-minor is contained in
EX(PG(3,2)\L, M*(Ks)) if and only if it is an even-cycle matroid with a blocking
pair.

5.5 Some Technical Lemmas Proved with SageMath: Even-Cut Ma-
troids

In this section, we will list several technical lemmas that we will need to prove
Theorem 5.1.3. As was the case with Section 5.3, the computations use the Sage-
Math software system. The reader may prefer to move on to Section 5.6, referring
to Section 5.5 as necessary. In Lemmas 5.5.1-5.5.10, V¥ is a template with C' = (),
with A trivial, and with A = {0,z} for some row vector . Moreover, there are
partitions Y3 =Y/ UY U Y, and Yy = Yy U Yy, such that z, = 1 if and only if
y € Y11 UY), and such that A, is of the following form:

Yi Yio Yii Yoo You
L1 [ Ay [ By [ 4w | By |

Section A.4 in the Appendix gives code for a function matrix from template, to
be used in SageMath, which builds the largest possible matrix A conforming to such
a template whose vector matroid is a simple matroid of rank r + | X|. The variable
B_Jrows specifies the number of row indices b € B for which A[b, Y, U Y)] = .
As an example, we will give the code used to prove Lemma 5.5.1. The proofs of
Lemmas 5.5.2, 5.5.3, and 5.5.5-5.5.10 are similar (verified directly from SageMath)
and are omitted. Recall that Hy, was defined in Section 5.1.

Lemma 5.5.1. If By, contains the submatriz [1,0], then M, (V) € EX(H2).

Proof. Below is the code necessary to prove this result.

Y1I = identity_matrix(GF(2),1)

Y1A = Matrix(GF(2), [J1)

Y1B = Matrix(GF(2), [[1,0]1])

YOA = Matrix(GF(2), [1)

YOB = Matrix(GF(2), [1)

A = matrix_from_template(4, Y1I, Y1A, Y1B, YOA, YOB, 3)
M = Matroid(A)
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M.has_minor (H12)
This code returned the following.

Template with C empty, Lambda trivial,Yl consisting
of matrices I, Y1A, Y1B, with 3 all-one

rows below B and then all-zero rows, YO consisting
of matrices A, B with 3 all-one rows

below B and then all-zero rows.

True
[ |

Lemma 5.5.2. If [Ay,|By,] contains either of the following submatrices, with the
column to the left of the vertical line contained in Ay,, and the column to the right
of the vertical line contained in By,, then M, (V) € EX(Hz).

111 110 111

(1’1107} 1/(0
Lemma 5.5.3. If Ay, contains either of the following submatrices, then M,,(¥) ¢
EX(His).

Lemma 5.5.4. If Ay contains either of the following matrices, with the column
on the left indexed by an element of Y1 and the column on the right is indexed by
an element of Yy, then M, (V) € EX(Hys).

111 110 Lo 111 1o

110 110
111 111 ol1 111 111
o1 (' 10]1 (" 0l1 110 |7 111
01 01 0l1 01 111

Proof. 1f the column on the left is contained in Ay, and the column on the right
is contained in Ay, then these matrices are forbidden because contraction of the
element indexing this column of Ay, produces a new Ay,, containing a column
originally in the identity matrix, that contains one of the submatrices listed in
Lemma 5.5.3. Since we may choose the zero vector for every element of A, we
also have M, (V) & EX(His) if these submatrices are contained in [Ay,|By,], in
[BYI‘BYOL or in [BYI‘AYO]' L
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Lemma 5.5.5. If [Ay,|By,| contains either of the following submatrices, with the
column to the left of the vertical line contained in Ay,, and the column to the right
of the vertical line contained in By, then M, (V) € EX(Hs).

HIEHBRHN

Lemma 5.5.6. If [By,|Ay,| contains either of the following submatrices, with the
column to the left of the vertical line contained in By,, and the column to the right
of the vertical line contained in Ay,, then M, (V) € EX(Hs).

o O O
—_ = =
S O =
—_ = =
O = =
—_ = =
—_ = =
—_ = =

Lemma 5.5.7. If [By,|By,] contains any of the following submatrices, with the
column to the left of the vertical line contained in By,, and the column to the right
of the vertical line contained in By, then M, (V) € EX(Hz).

0|1 110 110
o1 |710{1 |10
Lemma 5.5.8. If Ay, contains the following submatriz, then M.,,(¥) € EX(Hsz).

[ J S Gy Gy Y
— = = = O
— = = O
O R Rk =) OO

Lemma 5.5.9. If By, contains the following submatriz, then M,,(V) € EX (His).
1100
1 010

Lemma 5.5.10. If Ay, contains the following submatriz, then M, (V) € EX(Hz).

=
OO =
O R O R
_ O O =

5.6 Even-Cut Matroids

In this section, we prove Theorem 5.1.3. Recall that we use the following defi-
nition: An even-cut matroid is a matroid M that can be represented by a binary
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matrix with a row whose removal results in a matrix representing a cographic ma-
troid. Thus, there is some binary extension N of M on ground set E(M) U {e}
such that N/e is cographic. Thus, to check if a binary matroid M is even-cut, it
suffices to check if N/e is cographic for some binary extension N of M. It will be
useful to consider the dual situation. Therefore, it suffices to check if there is a
binary coextension N* of M* such that N*\e is graphic. If this is the case, then
M* € M(®¢). We see then that M*(P) is exactly the class of even-cut matroids.
Recall from Lemma 4.4.4 that ®y, < ®. This property reflects the fact, first ob-
served by Pivotto [29], that even-cycle matroids with a blocking pair are duals of
even-cut matroids.

Recall that H; is the matroid with the even-cycle representation given in Figure
5.2. Thus, His is the vector matroid of the binary matrix below. In that matrix,
the top row is the sign row.

101010101O010
000011110000
000011O0O01T1O00
1'10000O0O0CO0O0CTT1
0011001100171

Lemma 5.2.2 shows that the class of even-cut matroids is contained in the class
EX(M(Ks), H{y). Theorem 5.1.3 is the claim that for sufficiently highly connected
matroids, the reverse inclusion holds. We will prove Theorem 5.1.3 after giving a
definition and proving some lemmas.

Definition 5.6.1. Let |C| = 2 and let A be the subgroup of GF(2)¢ generated by
[1,0] and [0, 1]. The template ®Z is given by

oz = ({1},C,0,0,0,[0], A, {0}).
Recall the definition of standard form from Definition 4.4.6.

Lemma 5.6.2. For a template ® in standard form, either ®% <X ® or ® is equiv-
alent to a template with |Cy| < 1, where Cy is as in Figure 4.2.

Proof. There are three cases to consider.

Case 1: Every element of A|C'is in the row space of A;[ Xy, C]. Then contraction
of Cy turns the elements of C] into loops, and contraction of C; is the same as
deletion of C. By deleting C from every matrix virtually conforming to ®, we see
that ® is equivalent to a template with C; = (.

Case 2: There is exactly one element 7 € A|C that is not in the row space of
A1[Xo, C]. Then contraction of Cy turns the elements of C into parallel elements.
Thus, contraction of some element ¢ € C; turns the elements of C; — {c} into
loops, and contraction of Cy — {c} is the same as deletion of C| — {c}. By deleting
Cy — {c} from every matrix virtually conforming to ®, we see that ® is equivalent
to a template with |C}| = 1.

Case 3: There are distinct elements Z and g in A|C that are not in the row space
of A1[Xy, C]. Index the elements of Cy by {1,2,...,n} and the elements of X, by
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{d1,ds,...,d,}. Let S, and S, be the supports of Z|Cy and y|Cp, respectively.
Then the support of (Z + 3)|Cp is the symmetric difference S, AS,. First, suppose
that for every pair of elements Z and y in A|C' that are not in the row space of
Ay[Xo, C], we have that Z + ¢ is in the row space of A;[X,C]. Since the rows of
A1[Xy, C] are linearly independent, it must be that the zero vector is equal to

Y Al{dy.Cl+z+y=> Al{d}.Cl+z+ > A[{di},Cl+7

i€S, NSy €S, i€S,

and therefore, since we are working in characteristic 2,

Z Al[{dl}> C] +I= Z Al[{dz}a C] +y.

i€S, i€Sy

Thus, contraction of Cy projects Z and ¢ onto the same element of GF(2)“*. More-
over, this is true for every pair of elements of A|C' that are not in the row space of
A1 Xy, C]. Therefore, the same argument used for Case 2 shows that ® is equivalent
to a template with |C| = 1.

Therefore, we may assume that there are elements z and 7 in A|C' that are not
in the row space of A;[Xy,C] and such that z + g is also not in the row space of
A1 Xy, C]. Repeatedly perform operations (4) and (10) on ¢ until the following
template is obtained:

({1}, C, X, 0,0, A1 [X, C], A|C, A).
On this template, perform operations (2) and (3) to obtain the following template:
({1} C, X, 0,0, A X, CT, (z, ), {0}).

By performing elementary row operations, we see that every matrix virtually re-
specting this template is row equivalent to a matrix virtually respecting the fol-
lowing template, where 7’'|Cy and 3'|Cy are zero vectors:

' = ({1},C, X, 0,0, A, [X,C), (@, 7), {0}).

Note that ¥ |Cy, ¥'|Cy, and (¥’ +7')|C; are nonzero since Z, g, and T+ § were not in
the row space of A;[Xy, C] in the original template ®. Also, we must have z’ # ¢/
because otherwise, 7’ + ¢ = 0, contradicting the assumption that Z + ¢ was not
in the row space of A;[Xo, C] in ®. Now, on &', repeatedly perform operation (7)
and then operation (6) to obtain the following template:

" = ({1},Cy1,0,0,0,[0], (F'|Cy,7|Cy), {0}).

Now, every matroid M conforming to ®” is obtained by contracting C from
M(A), where A is a matrix conforming to ®”. Thus, if there are any elements of
(' that are parallel elements in M (A), contracting one of these elements turns the
rest of the parallel class into loops. So these elements are deleted to obtain M.
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Thus, ®” is equivalent to a template where these elements have been deleted from
C'. There are two cases to consider. First, if it is the case that either the supports
of Z’ and ¢/ are disjoint or that one support is contained in the other, then in the
resulting template, |C| = 2 and A = ([1,0],[0,1]). So this resulting template is
@2, In the other case, 7’ and ' have intersecting supports but neither is contained
in the other. In this case, ®” is equivalent to the following template with |C}| = 3:

" = ({1},C1,0,0,0,10], ([1,1,0],[1,0,1]), {0}).

However, by contracting any element of C, the other two become parallel. Thus,
by contracting a second element, the third becomes a loop. Therefore, the third
element is deleted to obtain a matroid conforming to ®”. Thus, % ~ ®” <. W

Lemma 5.6.3. If ® is a template in standard form, with |Cy| = 1 and with A|X;
trivial, then ®cx <X ® or ® is equivalent to a template with C' = (.

Proof. We consider two cases, depending on whether A|C' contains an element that
is not in the row space of A;[Xy, C].

Case 1: Every element of A|C is in the row space of A;[Xy,C]. Let A be a
matrix that conforms to ®. When Cj is contracted from M (A), each element of
C} becomes a loop and can therefore be deleted rather than contracted. Thus, ®
is equivalent to a template ® with C; = (). Suppose there exist elements z € A|Cj
and y € A|Xy such that there are an odd number of natural numbers ¢ with
Z; = §; = 1. Repeatedly perform operations (4), (10), and (6) on @’ to obtain the
following template:

({1}7 007 X07 Q)a ®7 AI[X(b 00]7 A|CY07 A)
Then perform operations (2) and (3) to obtain the following template:
({1}7 OOa XO; ®a ®7 Al[X07 00]7 {07 .f}, {07 g})

Any matroid conforming to this template is obtained by contracting Cy from M (A),
where A is a matrix conforming to ®. Recall that A[B — X, E — Cy] is a frame
matrix. If Z is in the row labeled by r and ¢ is in the column labeled by ¢, then
when C is contracted, 1 is added to the entry of the frame matrix in row r and
column c. Otherwise, the entry remains unchanged when C' is contracted. We see
then that this template is equivalent to ®-yx, where 1s are used to replace z and
7.

Thus, we may assume that for every element z € A|Cy and gy € A| X, there are
an even number of natural numbers ¢ such that z; = ¢; = 1. This implies that
contraction of C' has no effect on the frame matrix. So ®’, and therefore ® are
equivalent to a template with A| X, trivial. In this case, we see that repeated use
of operation (7) produces a template equivalent to ® with C' = 0.

Case 2: There is an element 6 € A|C that is not in the row space of A;[Xy, C|.
Since |Cy| = 1, every element of A|C not in the row space of A;[Xy, C] becomes a
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1 after Cy is contracted, and every element that is in the row space becomes a 0.
Therefore, we may assume that the column vector A;[X, ] is a zero vector and
that an element of A|C has a 0 as its final entry if it is in the row space and a 1
otherwise.

If z € A|C and y € A|X, are such that there are an odd number of natural
numbers ¢ such that z; = y; = 1, then we call the ordered pair (Z,y) a pair of
odd type. Otherwise, (Z,y) is a pair of even type. Consider a matrix A virtually
conforming to ® and contract C' from M (A). The effect on the elements of A is a
change of basis followed by a projection into a lower dimension. Therefore, a group
structure is maintained. Let us call the resulting group A’. There are two subcases
to check.

Subcase a: Suppose there exists a pair (Z,y) of odd type. If Z is in the row space
of A1[Xo, C], or if Z is not in the row space of A;[Xo, C] but (4, %) is a pair of even
type, then we will show that ®cx < ®. On P, repeatedly perform operations (4),
(10), and (6) as needed to obtain the following template:

({1}, C, X0, 0,0, A, [Xo, C], A|C, A).
Then perform operations (2) and (3) to obtain the following template:
P = ({1},C, X0,0,0, A1[Xo, C], (7, 6),{0,7}).
Consider the following matrix conforming to ®¢x:

0---0 | 1---1 11
1

frame | frame | 1
matrix | matrix | 0

0

The matrix below conforms to ® and results in the same matroid when C is
contracted:

Cy C
0
0 gy | 1|
0
0---0{0---0 )
x
frame | frame T
matrix | matrix
0
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Therefore, we may assume that an element ¢’ € A|C is in the row space of
A1 Xy, C] if and only if (&', g) is a pair of even type. Moreover, this is true for every
nonzero element of A|Xy. Thus, if y; and y» are nonzero elements of A| Xy, then both
(0,91) and (4, 7o) are pairs of odd type, since 4 is not in the row space of A;[Xy, C].
This implies that (0,91 + ¥2) is a pair of even type. But we have just shown that
this implies that ¢; + 7 is the zero vector. Thus y; = y» and A| X, = {0,7} in
the original template ®. By a similar argument, Z = ¢ and A|C' = {0,0} in the
original template ®. Therefore, ® is equivalent to a template with |Cy| = | Xo| = 1,
with AI[X07CO} = [].], with Al[Xo,Cl] = [O], with A|X0 = {[0], [1]}, and with
A|C = {[0,0],[1, 1]}. We may now assume that the original template ® was of this
form and will study this template ® in this form but before any operations have
been performed on it.

We will show that ® is equivalent to the following template ®', with C' = 0,
obtained by adjoining an element y to Y7 and letting A;[X;, y| be the zero vector.
We will define A” below.

(I), = ({1}7®aX1aYE)aYi U y,Al[Xl,Yo U Yi U yLAH, {O})

Recall that A’ is the group obtained from A after C' is contracted. Let A” be the
subgroup of GF(2)Y*“Y1Y% consisting of all the row vectors obtained by adjoining
to any element of A’ either a zero or a 1. So |A”| = 2|A/|. Let A be a matrix
that virtually conforms to ®. Recall that columns indexed by elements of Z are
formed by adding a column indexed by Y; to a column indexed by Z in a matrix
that respects ®. If A[B — X, (] is the zero matrix, then M(A)/C conforms to @’
because we may simply choose never to use y to build a column indexed by Z.
Otherwise, choose an element r of B — X such that A[r,C] = [1,1]. Let S be
the subset of B — (X Ur) such that s € S if and only if Als,C] = [1,1]. Let
T =B — (XUSUr). The effect on the frame matrix of contracting C' from M (A)
is to remove r and to add a 1 to each entry A, . of the frame matrix where s € §
and where ¢ is an element of E—(CUY,UY,UZ) with A, . = 1. Let A be the matrix
that results from A by contracting C'. Recall that every column of the frame matrix
AB—-X,E—(CUY,UY;UZ)| contains at most two nonzero entries. Thus, for a
column ¢ with A, . = 1, the column A[B — (X Ur), ¢] must be either a unit column

or a zero column. Therefore, there are several possibilities for A[B — (X Ur),¢].
Either A[S,c] = [1,...,1]7 and A[T,¢] = [0,...,0]", or A[S,c] = [1,...,1]" and
A[T, (] is an identity column, or A[S,¢] is the complement of an identity column
and A[T,c] = [0,...,0]”. This exact same situation can be obtained with &' using
the new column y. Thus, ® is equivalent to @', a template with C' = ().

Subcase b: Therefore, we may assume that every pair of elements (z,7y) € A X
(A|Xp) is a pair of even type. Thus, contraction of Cy has no effect on the frame
matrix. This implies that ® is equivalent to a template with A trivial. By repeated
use of operation (7), we obtain a template equivalent to ® with Cy = (), with
|Cy| = 1, and with A|C' = {[0], [1]}. Using an argument similar to the one used
at the end of Subcase a, we see that ® is equivalent to a template with C' = () by

adjoining an element to Y. [
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Lemma 5.6.4. Let ® = ({1},C, X, Yo, Y1, A1, A, A) be a template. If
q), = ({1})0/7X7 ®7®)A17A7A)7

where C' = Yo UY; UC, then every matroid conforming to ® is a minor of a
matroid conforming to ®.

Proof. Let ®" = ({1},C, X, Yy, 0, A1, A, A), where Yy = Yy UY;. By Lemma 4.4.5,
®” < ®. Any matroid conforming to ®’ is obtained from a matroid conforming to
®” by contracting Y. [ |

We now prove Theorem 5.1.3.

Proof of Theorem 5.1.3. Let M = EX(M(Ks), Hi,), and let T = {®y, ..., Dy,
Uy,..., U} be the set of refined templates given by Corollary 4.1.5 for M. Consider
a template ® € {Pq,...,P,}. Recall that every matroid conforming to ® must be
contained in the minor-closed class M. By Lemma 4.4.7, we may assume that
each of these templates is in standard form. Every graphic matroid is a minor of
a matroid that conforms to ®. Since M does not contain M (Kg), it must be the
case that ® does not exist. Thus, s = 0 and T = {V¥y,...,¥;}. Therefore, we
will study the highly connected matroids in M by considering their dual matroids
which virtually conform to some template ¥ € {¥y,..., ¥, }. Because M (Kj), and
H7, are cosimple matroids, it suffices to consider cosimple matroids in M. Thus,
it suffices to consider simple matroids that are duals of matroids in M. Therefore,
we only consider simple matroids conforming to W.

Let U = ({1},C, X, Y, Y1, A1, A, A) be a template in 7. We know that M*(®¢)
is the class of even-cut matroids. Therefore, we may assume that & € {Wy, ..., ¥},
and if any template ¥ < ®¢, we may discard ¥ form the set {Wy,...,¥;}. Since
Hys is an even-cycle matroid, His conforms to ®y. Thus, we have ®x ﬁ V. By
Lemma 4.4.9, A|X; is trivial. Moreover, by Lemma 4.4.4, we have ®cx £ .

The following matrix conforms to ®Z, with C' indexing the last two columns:

000110O0O0O0O0OO0O0O|1L O
0000O0OO0OO0OO0OO0ODOO0OTI|01
0o0o1010101O01O0|01
0000O0O1T1TO0O0O0O0OO0O|1 O
0000O0OO0OO0O1T1TO0O0O0O|1 O
10000O0O0O0OO0OT1TT1TQO0(0T1
| 0101 01010100]0 1]

By contracting C', we obtain the following matrix A with M(A) conforming to ®%:

001010101O0T171
0001111000¢O00O0
A=10001 10011000
10000O0O0O0OO0T1TT1T71
01 010101O0T1O01
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By adding the first and third rows to the fifth row, we see that this matrix repre-
sents Hia. Therefore, 2 A ¥ and by Lemma 5.6.2, we may assume that |C;] < 1.
Since ®cx A ¥, Lemma 5.6.3 implies that W is equivalent to a template with
C = (). Hence we will assume from now on that C' = ().
Since Cy = ), we have Xy = (). Also, we have seen that A| X} is trivial. Therefore,
A is trivial. By performing elementary row operations on every matrix respecting
U, we may assume that A; is of the following form, with Y; = Y] U Y}":

Y'I/ }/1// Yb
(T [A[R]

Also, by elementary row operations, we may assume that A|Y] is trivial.

We will now show that |A| < 2. Suppose otherwise. Then A contains a subgroup
A" isomorphic to (Z/27) x (Z/2Z). Repeatedly perform y-shifts and operation (12)
and then perform operation (3) to obtain the following template:

({1},0,0,Y UV, 0,[0], A", {0}).

By Lemma 5.6.4, if C" = Y{" UV}, then every matroid conforming to the following
template is a minor of a matroid conforming to W:

({1},C",0,0,0,[0], A7, {0})

The latter template is equivalent to ®Z since A’ = ([1,0], [0, 1]). By contradiction,
we deduce that |A| < 2. Therefore, there is at most one nonzero element = € A.
Let Y7 ; consist of the elements y € Y{" such that z, = 4. Similarly, let Y, consist
of the elements y € Y, such that z, = . Thus, A, is of the following form, where
Y1 =Y/ UY;,UY;; and where Yy = Y50 U Yp 1

Y/ Yio Yi1 Yoo You
| ! |AY1|BY1|AY0|BYO|'

By Lemma 5.5.1, each row of By, consists either entirely of Os or entirely of 1s.
Any duplicate columns in either [I|Ay,] or By, produce the same columns in a
matrix virtually conforming to ¥. Therefore, we may assume that |Y; ;| < 1, that
every column of Ay, contains at least two nonzero entries, and that no column of
Ay, is a copy of another. Since we are only considering templates to which simple
matroids conform, we may assume that no column of Ay, is a copy of another and
also that no column of By, is a copy of another. By Lemma 5.5.2, either Y7 or
Y11 is empty. If |Yi 0] > 2, then Ay, contains one of the submatrices below, all of
which are forbidden by Lemma 5.5.3. Therefore, |Y; o] < 1.

0
L,
1

O = =

[ :
1],]1 .
1 0 |

O O = =

By Lemma 5.5.5, if |Y; 9| = 1, then Yy, = 0. By Lemma 5.5.6, if |Y7 1] = 1, then
each column of Ay, contains at most two nonzero entries.

88



Recall that a binary matroid M conforms to ® if there is some binary coexten-
sion N of M on ground set E(M) U {e} such that N\e is graphic. Thus, checking
if a binary matroid conforms to ®¢ amounts to checking if some row can be added
to the matrix to make the resulting matroid graphic. There are four cases to check:

Case I |Yio| =1

Case II: Y14 =1

Case III: Yip=Y11 =Yo1 =10

Case IV: Yig=Y11 =0 and Y1 # 0

In the diagrams of matrices below, we will use the abbreviations n.p.c. and z.p.c.
to stand for “nonzero entries per column” and “zeros per column,” respectively.

Case I: Since Y| = 1, the arguments above imply that Y7, = Y, = (0. We
study the matrix Ay,. Let X = RU.S, where R is the set of rows where Ay, has its
nonzero entries. We will show that ¥ < &~ by appending to every matrix virtually
conforming to ¥ a row indexed by d so that the resulting matroid is graphic. The
row indexed by d also has a 1 in the column indexed by Y;(, and we will add
this row to every row in R. After the row indexed by d has been added to every
row in R, the entire resulting matrix (with rows indexed by B U d and columns
indexed by E) will have at most two nonzero entries per column and will therefore
represent a graphic matroid. The form of Ay, itself (without the row indexed by
d) is determined by Lemma 5.5.4.

First, we study Ay, when |R| = 2.

d 0 0 1---1
R 0 1 n.p.c. 2 n.p.c.
S| <2npec | <lnpc|<1np.c.
Next, we study Ay, when |R| = 3.
d 0 0 0 1---1
R 0 ln.p.c |2np.c | 3np.c.
S| <2npc | <1np.c 0 <1n.p.c

Next, we study Ay, when |R| > 4. Here, J denotes a matrix where every entry
is a 1.

d 0 0 0 1---1 1---1
R 0 lnp.ec | 2npec |1zp.ec J
S| <2npc | <1lnpc 0 0 <1ln.p.c

Case II: Since |Y; 1| = 1, the arguments above imply that |Y; o] = 0 and that
each column of Ay, has at most two nonzero entries. We study the matrix By,. By
Lemma 5.5.7, the submatrices below, with the column to the left of the vertical
line contained in By,, and the column to the right of the vertical line contained in

By,, are forbidden.
01 110 110
O(1 (' 10{1][1/0

This fact, along with Lemma 5.5.4, determines the form of By;,.
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Let X = RU S, where R is the set of rows where By, has its nonzero entries.
We will show that ¥ < & by appending to every matrix virtually conforming to
U a row indexed by d so that the resulting matroid is graphic. The row indexed
by d also has a 1 in the column indexed by Y; o, and we are adding this row to
every row in R, as well as to every row indexed by an element of B — X where the
nonzero element T of A is used.

First, we study the case when R = 0.

Yoa Yo,

) )

dl 1---1 0---0
S| <1lnpc | Ay (£2np.c.)

Now we study the case when R # (). Here J denotes a matrix where every entry
is a 1.

Yoa Yoo
dl 1---1 1---1 0---0
R |1zp.c. J Ay,
S 0 <1ln.p.c. | (£2np.c)

Case III: Since Y19 = Y11 = Yo1 = 0, we have Y7 = Y/ and Yy = Yo,. The
submatrices below are forbidden from Ay, because by deleting the rest of Y, and
contracting the elements of Y indexing the two given columns, we produce one of
the submatrices forbidden by Lemma 5.5.3.

11 10 1 0 1 0
1 0 1 0
L1 10 1 0 1 0
Q=11 0|Q=1]11|Qs= Q4 =
01 1 1
1 0 0 1
0 1 0 1 01 1 1
_01_ _1 1_

If every column of Ay, has at most two nonzero entries, then ¥ ~ ¢5 < ¢~ and
can be discarded. Thus, we may assume that there is a column of Ay, with at least
three nonzero entries. Let H be the submatrix of Ay, consisting of all the columns
with at most two nonzero entries.

Let y be an element of Y such that Ay, [X, {y}] has a maximum number of
nonzero entries among all elements of ¥;. Let X = RU S, where (Ay,),, = 1 for
each r € R and (Ay,)s, = 0 for each s € S. We will prove the following.

Claim 5.6.4.1. Let v be a column of Ay, such that v|R has at least two zeros.
Then either v has at most two nonzero entries, or v|R has exactly two zeros and
v|S is a zero vector.

Proof. If there is a column v of Ay, such that v|R has exactly two zeros, then
if |R| = 3, the fact that Q)2 is forbidden implies that v has at most two nonzero
entries. If |R| > 3, then the fact that @); is forbidden implies that v|S is a zero
vector. Now, if there is a column v of Ay, such that v|R has at least three zeros,
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then since @4 is forbidden, v|R has at most two nonzero entries. Since @i, @2,
and Q3 are forbidden (corresponding to when v|R has two, one, or zero nonzero
entries), v has at most two nonzero entries. U

Suppose there are two elements other than y that index columns v; and v, of
Ay, with |R| nonzero entries. Since @)y is forbidden, v1|R and vy|R each have at
most one zero. Since we are only considering simple matroids conforming to ¥, we
have that v1|R and vs|R each have exactly one zero. If v1|R and ve|R have their
zeros in different rows, then again since ()5 is forbidden, the nonzero entries in
v1|S and ]S must be in the same row. Thus, we may divide this case into three
subcases:

1. There is at least one column other than the one indexed by y with | R| nonzero
entries, and all such columns have a zero in the same row r of R.

2. There are at least two columns other than the one indexed by y with |R)
nonzero entries, and all such columns have a nonzero entry in the same row

sof S.

3. No column other than the one indexed by y has | R| nonzero entries.

In subcase (1), we need to determine the structure of the columns v such that
v|R has at least two zeros. In fact, by Claim 5.6.4.1, either v is a column of H or
v|R has exactly two zeros and v|S is a zero vector. If v is not a column of H but
is such that v|R has exactly two zeros, then we must have |R| > 5. Since @ is
forbidden, v has a zero in the row indexed by r. Therefore, Ay, [X, Yy — y] has the
following form, where J denotes a matrix where every entry is a 1:

R—r J 1 z.p.c.
r 0---0 0---0 | H
S| <1lnp.c. 0

Below, we append the row d to the matrix, where d also has a 1 in the entry in the
column of y. By adding d to every row in R — r, we see that the resulting matroid
is graphic. Thus, in this subcase, ¥ <X ®.

d 1---1 1---110---0
R—r J 1 z.p.c.

r 0---0 0---0 H

S| <1np.c. 0

We now consider subcase (2). Suppose there is some column v of Ay, such that
v|R has two zeros. If v has more than two nonzero entries, then Claim 5.6.4.1
implies that v|S is a zero vector. By Lemma 5.5.8, along with the facts that Q)
is forbidden and that we are only considering templates to which simple matroids
conform, no such column v can exist. Therefore, Ay, [X, Y, — y] has the following
form:
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R | 1zp.c.
s| 1---1 | H
S—s 0

Below, we append the row d to the matrix, where d also has a 1 in the entry in
the column of y. By adding d to every row in R U {s}, we see that the resulting
matroid is graphic. Thus, in this subcase, ¥ <X ®.

dlr1---1T70---0

R | 1zp.c.

s| 1---1 H
S—s 0

We now consider subcase (3). First, suppose that there is a column w of Ay,
such that w|R has at least two zeros and at least three nonzero entries (so |R| > 5).
By Claim 5.6.4.1, w|R has exactly two zeros and w|S is a zero vector. Since @) is
forbidden, every pair of such columns must have zero entries in a common row. By
Lemma 5.5.10, all such columns must have a zero in the same row r of R. Since
@1 is forbidden, a column v such that v|R has exactly one zero must also have its
zero in row r. Since we are only considering simple matroids, there is at most one
such column v. Therefore, Ay,[X,Yy — y| has the following form, with or without
v

v
1
R—r|:|1lzpc
1
r{0]0---0 H
0
S| 0
0

We append the row d to the matrix, where d also has a 1 in the entry in the
column of y. By adding d to every row in R — r, we see that the resulting matroid
is graphic.

d{1{1---1]0---0
1
R—r|:|1lzpc
1
r{0|0---0 H
0
S 0
0
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Therefore, we may assume that no column w of Ay, exists such that w|R has
two zeros and at least three nonzero entries. Thus, Claim 5.6.4.1 implies that
Ay, [X, Yy — y] is of the following form:

R | 1zp.c.
S 0

We append the row d to the matrix, where d also has a 1 in the entry in the column
of y. By adding d to every row in R, we see that the resulting matroid is graphic.
Thus, in this subcase, ¥ < ®.

dlM 1---17T0---0
R | 1zp.c.
S 0 H

H

Case IV: If any column of Ay, has three nonzero entries, then by contracting
that element of Yj o we make a column of the identity matrix into a column of Ay,
with two nonzero entries. Since Y{; is nonempty, this is forbidden by Lemma 5.5.5.
Therefore, each column of Ay, contains at most two nonzero entries.

The matrices (5 and Qg below are forbidden from By, because by contracting
one of the corresponding elements of Y, we obtain, using a column of the identity
matrix, a submatrix forbidden by Lemma 5.5.7. The matrix ()7 below is forbidden
by Lemma 5.5.9.

01 10
1100
01 01

Let y be an element of Yy such that By,[X,{y}] has a maximum number of
nonzero entries among all elements of Yj;. Let X = RU S, where (By,),, = 1 for
each r € R and (By,)s, = 0 for each s € S. If |R| is 0 or 1, then we append to
each matrix A virtually conforming to ¥ a row which is the characteristic vector
of Yp1. If we add this row to each row of A where Z has been used as the element
of A, we see that the resulting matroid is graphic. Therefore, we may assume that
|R| > 2.

Since @5 is forbidden, each column of By, [R,Y( ]| contains at most two zeros.
Since Qg is forbidden, every column w such that w|R has two zeros must be such
that w|S is a zero vector.

Suppose there are two columns vy, vy of By, in addition to the column indexed
by y, with |R| nonzero entries. Since Qg is forbidden, v;|R and vs| R each have at
most one zero. Since we are only considering simple matroids conforming to W,
v1|R and v,| R each have exactly one zero. If v1|R and wvy|R have their zeros in
different rows, then again since Qg is forbidden, the nonzero entries in v1]S and
v9]S must be in the same row. Thus, we have the same three subcases as we did
in Case III. In each subcase, we will determine the structure of By,[X, Y1 — y].
Since we are only considering simple matroids conforming to ¥, we may assume
that no column of By, is a copy of another.
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Let us consider subcase (1). If there is a column v of By,[R, Yy 1] with two zeros,
then since Qg is forbidden one of the zeros of v must be in row r. Therefore,
By,[X,Yo1 — y] is of the following form, where J denotes a matrix where every
entry is a 1:

R—r|1zp.c. J
rl 0---0 0---0
S 0 <1n.p.c.

Append to every matrix A conforming to ¥ an additional row that is the charac-
teristic vector of Y ;. By adding this characteristic vector to each row of A where
Z has been used as the element of A as well as to each row of R — r, we see that
the resulting matroid is graphic. Therefore, ¥ < ®.

Now, we consider subcase (2). Then there are columns v; and ve of By, other
than the column indexed by y, with |R| nonzero entries. Suppose w is a column
of By, such that w|R has two zeros. Since ()¢ is forbidden, w must have a zero
in each of the rows where v; and vy have their zeros. But then By, contains (7.
Therefore, no column of By,[R, Y| has two zeros. Therefore, recalling that each
column of By,[R, Yy 1] has at most two zeros, we have that By,[X, Yy1 — y] is of
the following form:

R | 1zp.c.
s| 1---1
S—s 0

Append to every matrix A conforming to ¥ an additional row that is the charac-
teristic vector of Yj ;. By adding this characteristic vector to each row of A where
7 has been used as the element of A as well as to each row of RU {s}, we see that
the resulting matroid is graphic. Therefore, ¥ < ®.

Now, we consider subcase (3). If | R| = 2, then since ()7 is forbidden By, (includ-
ing the column indexed by y) is a submatrix, obtained by deleting columns or any
rows but the first two, of one of the following matrices :

110 (110
100 10 1
7= 000 |p_|000
(00 0| (0 0 0|

Append to every matrix A conforming to ¥ an additional row that is the charac-
teristic vector of Y{ ;. If By, is a submatrix of 7}, then add this characteristic vector
to the first ¢ rows of A as well as to every row of A where T has been used as the
element of A. We see that the resulting matroid is graphic. Therefore, ¥ < &¢.
Thus, we may assume that |R| > 2.

Recall that each column of By,[R,Y( ;] has at most two zeros. Suppose there
is a column w of By, such that w|R has exactly two zeros. Since Q¢ and (), are
forbidden, all columns of By,[X,Yy1 — y] must have a zero in the same row r of
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R. Since we are only considering simple matroids, there is at most one column v
where v|R has exactly one zero. Therefore, By, [ X, Yy1 — y] has the following form,
with or without v:

v
1
R—r|:|1lzpc
1
r{0]0---0
0
Sl 0
0

Append to every matrix A conforming to W an additional row that is the charac-
teristic vector of Y;; and add this characteristic vector to every row of R —r as
well as to every row of A where Z has been used as the element of A. We see that
the resulting matroid is graphic.

Therefore, we may assume that every column of By, [R, Y1 — y] has exactly one
zero. Thus, By, [X, Yy1 — y] is of the following form:

R | 1zp.c.
S 0

Append to every matrix A conforming to ¥ an additional row that is the charac-
teristic vector of Y ;. By adding this characteristic vector to each row of A where
Z has been used as the element of A as well as to each row of R, we see that the
resulting matroid is graphic. Therefore, ¥ < ®». This completes the proof. |

The next theorem is proved in essentially the same way as Theorem 5.1.3. We
omit the proof.

Theorem 5.6.5. Suppose Hypothesis 3.2.3 holds. Then there exist k,n € Z such
that a cyclically k-connected binary matroid with an M*(K,)-minor is contained
in EX(M(Ks), Hy,) if and only if it is an even-cut matroid.

Recall from Section 5.1 that the class of even-cycle matroids with a blocking
pair consists of the duals of the members of the class of matroids with an even-
cut representation with at most four terminals. Therefore, the following corollary
follows immediately from dualizing Theorem 5.4.4.

Corollary 5.6.6. Suppose Hypothesis 3.2.3 holds. Then there ezists k,n € Z, such
that a cyclically k-connected binary matroid with an M*(K,)-minor is contained
in EX((PG(3,2)\L)*, M(Ks)) if and only if it has an even-cut representation with
at most four terminals.
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5.7 Classes with the Same Extremal Function as the Graphic Matroids

Since the extremal function for the class of graphic matroids is (T'QH), the Growth

Rate Theorem (Theorem 1.3.1) implies that, if F' is a nongraphic binary matroid,

r+1

Kung, Mayhew, Pivotto, and Royle [17] pose the following question: For which
nongraphic binary matroids F' of rank 4 does equality hold above for all but finitely
many 7?7 Geelen and Nelson answer this question in [11]. Let Ni2 be the matroid
formed by deleting a three-element independent set from PG(3, 2). The nongraphic
binary matroids F of rank 4 for which hex(p)(r) = (T;I) are exactly the nongraphic
restrictions of Nj5. We present here an alternate proof. Both proofs allow us to
answer the question when F'is a matroid of any rank, not just rank 4.

If f and g are real-valued functions of a real variable, then we write f(x) =~ g(x)
to denote that f(z) = g(z) for all x sufficiently large, and we say that f and g are
eventually equal. We will prove the following theorem after proving several lemmas.

Theorem 5.7.1. Suppose Hypothesis 3.2.3 holds. Let M be a minor-closed class
of binary matroids. Then ha(r) =~ (T;rl) if and only if M contains all graphic
matroids but does not contain M, (Py,).

For r > 2, let A, be the following binary matrix, where we choose for the I'-
frame matrix the matrix representation of M (K, _1), so that the identity matrices
are (r — 2) x (r — 2) matrices.

[r72 Dr72 0 [7“72 Ir72 Ir72

Note that M(A,) is the largest simple matroid of rank r that virtually conforms
to q)yl .
Recall from Definition 5.2.3 that X, is the rank-r universal matroid for ®y,.

Lemma 5.7.2. Every simple, rank-r matroid M that is a minor of a matroid
wirtually conforming to ®y, is a restriction of X,.

Proof. By Lemma 5.2.4, M is a restriction of some X, . So M has an even-cycle
representation (G,W) with a blocking pair {u,v}. Let w be the characteristic
vector of W. There are v’ — r rows in the matrix A, [(V Uw) — v, E(M)] whose
deletion does not alter the matroid M. After these rows are deleted, the resulting
matrix is a submatrix of A,. [ |

Lemma 5.7.3. Every matroid virtually conforming to ®y, is a minor of a matroid
conforming to Py, .

Proof. By Lemma 4.4.4, we have &y, <X ®». Every matroid conforming to ®¢ is
obtained by contracting an element from a matroid conforming to ®y;. [
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Proof of Theorem 5.7.1. First, suppose hp(r) = (r;’l). By the Growth Rate The-
orem, M contains all graphic matroids. For r > 1, we have | X,| = (Tgl) +3r —3,
which for r > 2 is greater than ("}'). Thus, M does not contain M, (®y; ).

Now, let M be a minor-closed class of binary matroids that contains all graphic
matroids but does not contain M, (®Py,). Hypothesis 3.2.3 gives for M a set
{®y,..., P, ¥y, ..., U} of binary frame templates. By Theorem 3.3.8, these tem-
plates can be chosen so that they are refined. By Lemma 4.5.5, hp(r) is equal to
the size of the largest simple matroid of rank r that conforms to some template
in {®q,...,P,}. Since M contains the class of graphic matroids, hn(r) > (7"'2”).
Suppose for a contradiction that hp(r) > (’"'ZH). Then there is a nontrivial tem-
plate ® € {®y,..., d.}. Combining Theorem 4.4.16 with Lemma 4.4.4, we see that
either @y, < ® or ®y; < . Since M does not contain M, (Py,), we must have
dy, = ®. However, by Lemma 5.7.3, this implies M, (®y,) € M. Therefore, by
contradiction, we conclude that hp(r) & (“2“1), completing the proof. [ |

Corollary 5.7.4. Suppose Hypothesis 3.2.3 holds. Let F' be a simple, binary ma-
troid of rank r. Then hexry(r) = (T;rl) iof and only if F' 1s a nongraphic restriction
of X,.

Proof. By Theorem 5.7.1, hex(ry(r) =~ ("5') if and only if EX(F) contains all
graphic matroids but does not contain M, (®y,). The condition that EX(F) con-
tains all graphic matroids is equivalent to the condition that F'is nongraphic. By
Lemma 5.7.2, the condition that EX(F') does not contain M, (Py,) is equivalent
to the condition that F' is a restriction of X,. |

Note that X, = Nyy; so this answers the question posed in [17].
5.8 1-flowing Matroids

The 1-flowing property is a generalization of the max-flow min-cut property of
graphs; in this section, we characterize the highly connected 1-flowing matroids,
subject to Hypotheses 3.2.2 and 3.2.3. See Seymour [33] or Mayhew [18] for more
of the background and motivation concerning 1-flowing matroids. We follow the
notation and exposition of [18].

Definition 5.8.1. Let e be an element of a matroid M. Let ¢, be a non-negative
integral capacity assigned to each element x € F(M) —e. A flow is a function f
that assigns to each circuit C' containing e a non-negative real number fo with
the constraint that for each z € E' — e, the sum of fo over all circuits containing
both e and x is at most c,. We say that M is e-flowing if, for every assignment of
capacities, there is a flow whose sum over all circuits containing e is equal to the

minimum of
D G

zeC*—e

among cocircuits C* containing e. If M is e-flowing for each e € E(M), then M is
1-flowing.

97



Since the 1-flowing property is a generalization of a property of graphs, graphic
matroids are 1-flowing. In fact, cographic matroids are also 1-flowing, as shown by
Seymour [33].

Proposition 5.8.2. All graphic and cographic matroids are 1-flowing.

The matroid 777 is the even-cycle matroid obtained from K5 by adding a loop and
making every edge odd, including the loop. In [33], Seymour showed the following.

Proposition 5.8.3. The class of 1-flowing matroids is minor-closed. Moreover,
AG(3,2), Uyy, Ti1, and T}, are excluded minors for the class of 1-flowing matroids.

Seymour [33] conjectured that these are the only excluded minors.

Conjecture 5.8.4 (Seymour’s 1-flowing Conjecture). The set of excluded minors
for the class of 1-flowing matroids consists of AG(3,2), Uy, Th1, and T};.

Since Usy is an excluded minor for the class of 1-flowing matroids, all such
matroids are binary.

Theorem 5.8.5. Suppose Hypothesis 3.2.2 holds. Then there exists k € Z, such
that every k-connected, 1-flowing matroid with at least 2k elements is either graphic
or cographic.

Proof. Recall the minimal nontrivial templates with respect to the preorder =<, as
described in Definition 4.4.2 and Theorem 4.4.16. Also, recall that we abbreviate
Pox1 to Pex.

The matroid AG(3,2) conforms to ®y, since it is a restriction of Njs. Indeed,
consider the matrix representing Njo that virtually conforms to ®y,. Add the
rows labeled by X in this matrix to one of the other rows. Then we can see the
matrix representation [I4|Jy — I4] of AG(3,2) as a restriction of Nj,. Also, it is not
difficult to see that AG(3,2) can be obtained from a matroid conforming to ®y,
by contracting Yy. Thus, EX(AG(3,2)) contains neither M(®Py, ) nor M(Py, ).

Let @ be a refined template such that M(®) C EX(AG(3,2)). Thus, M(P)
contains neither M(®y,) nor M(®y,). By Lemma 4.4.4, M(®) does not contain
M(Pe), M(Px), or M(Pex) either. In the binary case, @y, (k), ®,,, and Py for
k # 1 do not exist. Therefore, by Theorem 4.4.16, ® is trivial. Since AG(3,2) is
self-dual, every template ¥ such that M*(V) C EX(AG(3,2)) is also trivial. By
Corollary 4.1.5, there is a positive integer k such that, if M is a simple, k-connected,
1-flowing matroid of size at least 2k, then either M or M* weakly conforms to the
trivial template. A matroid conforms to the trivial template if and only if it is
graphic. The result follows from the fact that a matroid is graphic if and only if
its simplification also is graphic. |

The next theorem has a similar proof to that of Theorem 5.8.5. We omit the
details except to note that Corollary 4.1.6 is used instead of Corollary 4.1.5.

Theorem 5.8.6. Suppose Hypothesis 3.2.3 holds. Then there exist k,n € Z,
such that every vertically k-connected, 1-flowing matroid with an M (K,)-minor
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is graphic and every cyclically k-connected, 1-flowing matroid with an M*(K,)-
minor s cographic.

It follows from Theorems 5.8.5 and 5.8.6 that Seymour’s 1-flowing Conjecture
holds for highly connected matroids, subject to Hypotheses 3.2.2 and 3.2.3, respec-
tively. We make this precise in the following corollary. Recall that EX (Fy, Fa, ..., Fy,)
denotes the class of binary matroids with no minor contained in {Fy, Fs, ..., F,}.
Since every matroid in EX(F, Fy, ..., F,) is binary, there is no need to include
Us,,4 as one of the F;.

Corollary 5.8.7. Suppose Hypothesis 3.2.2 holds. Then there exists k € Z, such
that a k-connected matrovd M with at least 2k elements is 1-flowing if and only if
M € EX(AG(3,2),T11,T})-

Proof. Let k be the value given by Theorem 5.8.5. By Proposition 5.8.3, the class
of 1-flowing matroids is contained in EX'(AG(3,2), 111, 1};). For the converse, note
that EX(AG(3,2),T11,T7;) € EX(AG(3,2)). The proof of Theorem 5.8.5 shows
that the k-connected members of EX(AG(3,2)) with at least 2k elements are either
graphic or cographic and therefore 1-flowing, by Proposition 5.8.2. |

The proofs of the next two corollaries are similar to that of Corollary 5.8.7 and
are omitted.

Corollary 5.8.8. Suppose Hypothesis 3.2.3 holds. Then there exist k,n € Z, such
that a vertically k-connected matroid M with an M (K,)-minor is 1-flowing if and
only if M € EX(AG(3,2),T1,T}).

Corollary 5.8.9. Suppose Hypothesis 3.2.3 holds. Then there exist k,n € Z such
that a cyclically k-connected matroid M with an M*(K,)-minor is 1-flowing if and
only if M € EX(AG(3,2),T11,T7,).
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Chapter 6: Applications to Golden-Mean Matroids and
Other Classes of Quaternary Matroids

A matroid is quaternary if it is representable over the field GF(4). In this chap-
ter, we apply the results of Chapters 3 and 4 to certain subclasses of the quater-
nary matroids—particularly the golden-mean matroids, which consists of matroids
representable over both GF(4) and GF(5). We denote the class of golden-mean
matroids by GM.

Let P be the set of prime numbers, and let AC, denote the class of quaternary
matroids whose characteristic set (defined in Section 6.1) is P U {0}. Let AF, be
the class of matroids representable over all fields of size at least 4, and let SL4
denote the class of quaternary matroids M for which there exists a prime power ¢’
such that M is representable over all fields of size at least ¢’. We show that, subject
to Hypothesis 3.2.3, the extremal function for the class of golden-mean matroids,
as well as for AC,, for AF,, and for SL, is (Tf’) — 5, verifying a conjecture of
Archer [1] for matroids of sufficiently large rank.

We also completely characterize the highly connected matroids in these classes,
subject to Hypothesis 3.2.2. We prove the following.

Theorem 6.0.1. Suppose Hypothesis 3.2.2 holds. There exists k € Z such that
every k-connected member of AC4 with at least 2k elements is contained in exactly
one of AF4, GM — AF,4, and SL — AF, and such that every k-connected member
of SL4 with at least 2k elements is representable over all fields of size at least 7.

As in some previous chapters, the use of the word matroid in this chapter will
refer to represented matroids, unless abstract matroids are explicitly mentioned.
However, when we say that a matroid has some property, we mean that the rep-
resented matroid we are referring to has an associated abstract matroid with that
property. In particular, when we say that a matroid is representable over a field
F’, we mean that the F-represented matroid (usually F = GF(4) in this chapter)
has an associated abstract matroid that is representable over . In this chapter,
if A is a matrix with rows and columns labeled by sets B and E, respectively,
and if {ay,as,...,a,} C E, then [aj,as,...,a,| denotes the column submatrix

A[B,{a1,a9,...,a,}] of A.
6.1 Characteristic Sets

The characteristic set of a matroid M is the set (M) = {k : M is representable
over some field of characteristic k}. Let P denote the set of prime numbers. We
will denote by AC, the class of GF(g)-represented matroids with characteristic set
P U{0}. (The notation AC stands for “all characteristics.”) Combining results of
Rado [31, Theorem 6] and Vamos [40] gives the following.

Theorem 6.1.1. If M is a matroid, then either 0 € K(M) and P—IC(M) is finite,
or 0 ¢ IK(M) and KK(M) is finite.
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For an abstract matroid M, we construct a system of polynomial equations that
has a solution over a field F if and only if M is F-representable. We start with
four observations. First, for any r x | E(M )| representation matrix A of the rank-r
matroid M, an r X r submatrix D has det(D) # 0 if and only if the set of column
labels is a basis of M. Second, given a basis B of M, we can perform row operations
such that the submatrix of A corresponding to B is an identity matrix. Third, the
fundamental circuits of M with respect to B determine exactly which entries of A
are zero (see Oxley [23, Proposition 6.4.1]). Fourth, we can choose some entries of
the remaining matrix arbitrarily. These entries correspond to a maximal forest of
the fundamental graph of M with respect to B (see [23, Theorem 6.4.7]). We will
set all these entries to 1.

Introduce variables x1, ..., x,, one for each matrix entry not determined by the
above observations, and variables vy, ..., 1, one for each basis of M. Fill a matrix
A" over Z[zy, ..., x5, y1, ..., y] with zeroes, ones, and the z; as described. Let S be

a system of polynomials, one for each r-subset X C E(M), given by

det(D) if X is not a basis of M
det(D)y; — 1 if X is the i*® basis of M,

where D is the r x r submatrix of A’ corresponding to X. From the construction
we have the following:

Theorem 6.1.2. We can assign elements of F to the variables x1,..., %y, Y1, ..., Ys
such that all polynomials in S evaluate to 0 if and only if M has a representation
over IF.

We can deduce information about the representability of M by studying the
ideal generated by S. Baines and Vamos developed an algorithm [2, Theorem 3.5]
to determine the set of characteristics of the fields over which such a system has
a solution. This algorithm involves the Grobner basis of the ideal generated by S.
The author implemented this algorithm in SageMath. The code can be found in
Section A.5 and is essentially identical to code written by Dillon Mayhew [19].

It is well-known that the Fano matroid F; is F-representable if and only F
has characteristic 2. (See, for example, Oxley [23, Proposition 6.4.8].) It is also
well-known that, for each e € E(Fy), the matroids Fr/e and Fr\e are graphic
and therefore regular. Therefore, since representability over a field is preserved by
duality, F7 and F; are both excluded minors for ACj.

We introduce here six additional excluded minors for AC4, none of which are
binary. Three of them have characteristic set {2}, and three have characteristic
set (P — {3}) U {0}. In order to show that these matroids are indeed excluded
minors, we use the function CharacteristicSet (found in Section A.5). Let a be
a solution to the equation z? + x + 1 = 0 over GF(4). Then the other solution is

=a+1=a%
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Definition 6.1.3. We define Vi, V5, V3, P;, P», and P3 to be the vector matroids
of the following quaternary matrices.

1 2 3 4 5 6 7 8 9
1 0 01 0 1 1 1 1
Vi :M< [O 1 01 1 o> o® «o 0] )
001 01 1 o 1 «
1 2 3 4 5 6 7 8
1 0 0 0 1 1 1 0
Vo=M 01 00 &> a a1
001 0 a o a 1
000 1 o a®> a «
1 2 3 4 5 6 7 8 9
1 0 0 01 0 1 1 1
Vo=M 01 00 a1l o o*> 1
001 0al a 1 a
0O 0 0 1 0 1 1 0O 0
1 2 3 4 5 6 7 8 9
o1 1 1 1 1 0 0 O
Pr=M ( [O 1 « 0 0 0 1 1 1] )
1 00 1 a o> 1 a o
1 2 3 4 5 6 7 8
1 0 00 1 0 1 1
P=M 01 00 o 1 1 1
O 01 01 1 0 1
0001 a®> 1 a2 0
1 2 3 4 5 6 7 8 9
0o 1 1 1 1 1 1 0 O
P3:M< [O 1l a &> 0 0 0 1 1] )
1 00 0 1 a o> 1 «

Geometric representations of Vi and V5, essentially the work of James Oxley
[24], are given in Figures 6.1 and 6.2. Note that P; is the result of deleting from
the rank-3 Dowling geometry Q3(GF(4)*) two joints and an additional point in
the closure of the two joints, and that P is the result of deleting from Q3(GF(4)*)
two joints and a point (other than the third joint) not in the closure of the two
joints.
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FIGURE 6.1. A Geometric Representation of V;

Theorem 6.1.4. The matroids Vi, Vs, and V3 each have {2} as their characteristic
set. The matroids Py, Py, and P3 each have (P —{3})U{0} as their characteristic
set. All siz of these matroids are excluded minors for the class ACy.

Proof. As shown in Section A.5, the author ran the function CharacteristicSet
on each of these six matroids and obtained the characteristic sets claimed. For each
of the six matroids, the author also ran the following code, where V1 is replaced
by V2, V3, P1, P2, and P3.

for e in V1.groundset():
if CharacteristicSet(V1i\e)!= [0]:
print e
print ‘done’

In each case, we found that the characteristic set of M\e is P U {0} for every
matroid M € {V;, V3, Vs, P1, Py, P3} and every element e € E(M).

Since Vi, P;, and P3 each have rank 3, we see that the characteristic set of M /e is
P U{0} for every matroid M € {V;, P;, P;} and every element e € E(M), since ev-
ery rank-2 matroid is representable over all sufficiently large fields. Using the Sage-
Math code V2.is_isomorphic(V2.dual()) and P2.is_isomorphic(P2.dual()),
we see that Vo and P, are self-dual. Since every single-element deletion of these
matroids has characteristic set P U {0}, every single-element contraction of these
matroids has the same characteristic set.

It remains to check the single-element contractions of V3. The following code
establishes that every single-element contraction of V3 has characteristic set PU{0}.

for e in V3.groundset():
if CharacteristicSet(V3/e)!= [0]:
print e
print ‘done’
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N
FIGURE 6.2. A Geometric Representation of V5

This completes the proof that Vi, V5, V3, P, P, and P; are excluded minors for
the class ACjy. [ ]

6.2 Golden-Mean Matroids

Let 7 = %ﬁ be the golden mean, the positive solution to the equation 22 — z —

1 =0 over R. A golden-mean matroid is a matroid that can be represented by a
matrix over R where every nonzero subdeterminant is +7¢ for some i € Z. We will
denote the class of golden-mean matroids by GM. The following characterization
of golden-mean matroids was originally an unpublished result of Dirk Vertigan.
Pendavingh and Van Zwam [26, Theorem 4.9] published a proof later.

Theorem 6.2.1. The following are equivalent for a matroid M :

e M is golden-mean.
o M is representable over GF(4) and GF(5).

o M is representable over GF(5), over GF(p?) for all primes p, and over GF(p)
for all primes p such that p = +1 (mod 5).

This characterization of the golden-mean matroids is analogous to characteriza-
tions of several other classes of matroids, including regular matroids, near-regular
matroids, dyadic matroids, and v/1-matroids. This characterization also immedi-
ately leads to the following result that will be fundamental to the rest of this
chapter.

Corollary 6.2.2. Every golden-mean matroid is contained in ACy.

In GF(5), the unique solution to the equation 2 —z — 1 = 0 is 3. In fields of
characteristic 2, the equation 2> — x — 1 = 0 is the same as 22 + 2 + 1 = 0, which
we have already seen has a and o? as solutions in GF(4).
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Recall from Section 1.3 that the extremal function for a class M of matroids
is denoted by ha(r) and is the function whose value at an integer r > 0 is given
by the maximum number of elements in a simple matroid in M of rank at most
r. Archer [1] and Welsh [42] have studied the extremal function of GM. Archer
conjectured that the extremal function for GM is

) =5 i 3
th(r):{glz) z; :i?)

Archer showed that indeed hga(3) = 11 and that the unique maximum-sized
golden-mean matroid of rank 3 is the Betsy Ross matroid By (see figure 6.3). He

FIGURE 6.3. A Geometric Representation of the Betsy Ross Matroid

further conjectured that there are three families of matroids that are the maximum-
sized golden-mean matroids for rank r # 3. Welsh denoted these three conjectured
maximum-sized golden-mean matroids of rank r # 3 by T2, G,, and HP,. Welsh
also gave the matrix representations over GF(4) for T?, G,, and HP, given in
Definition 6.2.3.

Definition 6.2.3. The matroids 772, G, and H P, are the vector matroids of the
following matrices over GF(4).

0---0[1-1|a-a|a?- o
2 __
TT =M ( ]T Dr—l [r—l I'r—l I'r—l
o---01---1}0---0|v-+-x| 0---0 1 1 1
G =M||L|0---0{0---0[1---1]0--0]a-a|l a o
Dr—2 Ir—? Ir—2 [r—2 Ir—? 0

105



0---0la--al0---0la-ala? - --a*1 1 1
HP. =M || |{0---0]0---0|1---1] - v 1---1 1 a o
D’I‘—2 ]7‘—2 I’I"—Q ]r—2 ]r—2 0

We will discuss partial fields in Section 6.5; however, to the reader familiar with
partial fields, we note that Welsh [42] intended to define T2, G,, and HP, as
matroids over the golden-mean partial field, rather than over GF(4). But this was
done incorrectly because the matrices given in [42, Figure 2.1] for G, and H P, are
not actually golden-mean matrices. It suffices for our purposes to define T2, G,,
and H P, as matrices over GF(4), as we have done in Definition 6.2.3 and as Welsh
did in [42, Figure 2.5].

In the representation of HP, given above, scale the top row by «a?, the first
column by «, and the last three columns by «. Then rearrange the last three
columns to obtain the following.

DT—2 Ir—2 [r—2 I'r—2 Ir—2

1
1

1 1
a o
0

Thus, for r > 2, the GF(4)-represented matroids corresponding to T2, G,, and
HP, are, respectively, the largest simple matroids of rank r virtually conforming
to the Y-template YT (P, P,) over GF(4), where

Py = [0] Py = [, 0],
1 1 1 0
Fo = [1 «Q ozz} P = {((j)é a]’
and
nel] o omelad]

(This last Py only needs one column because, with virtual conforming and scaling,
[1,c,0,...,0]T and [1,a2,0,...,0]7 can be thought of as elements of Z, rather
than Y;.) We will call these templates ®(77?), ®(G,.), and ®(H P,), respectively.

Proposition 6.2.4. The matroids T?, G,, and HP, are golden-mean matroids.

Proof. By Definition 6.2.3, T?, G,, and HP, are representable over GF(4). By
Theorem 6.2.1, it suffices to show that they are representable over GF(5). Since
these matroids are respectively the largest simple matroids of rank r that virtually
conform to complete Y-templates, it suffices to find complete Y-templates over
GF(5) that are abstractly equivalent to these templates.

We claim that ®(7T7?) is abstractly equivalent to the template YT([0], [3,4]) over

GF(5). By Lemma 4.3.7, it suffices to show that the M(A) = M(A’), where A =

ll 1aa2]andA,:{1 1 3 4

01 1 1 01 1 1]. Both of these matroids are U, 4, with the
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collection of circuits consisting of all sets of size 3. Therefore, the abstract matroids
are equal.
We claim that ®(G,) is abstractly equivalent to the template

1 11 30
I CERR)
over GF(5) and that ®(H P,) is abstractly equivalent to the template

R

over GF(5). Note that 4 = —1 in GF(5), so these are complete templates. By
Lemma 4.3.7 (and simplification), it suffices to show that the vector matroids of

1 010 a 010 a 011 1
01010 aa 010 ala a?
00111 100UO0OTO0ODO0O0OTO
000O0OOOT1TT1T1T10W00O0
and
1010301030111
0101030103423
00111100O0O0O0DO0O0
0000O0OO0OT1ITT1T1T1O0O0FPO0
are equal and that the vector matroids of
1 01 al1l01 a1l 01 ol
0l a1 01l a1 01 11
000O0OT111100W0TG0OFDO0
000 O0O0OO0OOOBDI1II1TI1TT10O0
and
1013101310131
0131013101314
0000111 10O0O0O0T0
0000O0OO0OOOTI1IT1T1T1FPO
are equal.
This is easily verified with SageMath (see Section A.6). [ |

Recall that F7, F7¥, Vi, Vo, V3, Py, P, and Ps are excluded minors for AC,. This
fact will be used in the next several proofs.

Lemma 6.2.5. If & = (I',C, X, Yy, Y1, A1, A, A) is a refined quaternary template
such that M(®) C ACy, then ® is a Y -template.
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Proof. We will prove this result using Lemma 4.4.15. Consider the following repre-
1001101

sentation of F7: [0 1 0 1 0 1 1|. Choose one of these rows and let X = {z}
0010111

be the set indexing it. The remaining two rows form a {1}-frame matrix. Thus,

F; conforms to ®x. Taking the same representation, if we index the last column

by Y, the rest of the columns form a {1}-frame matrix. Thus, F; conforms to

®y,. Therefore, @x A @, and Py, £ ®. Moreover, by Lemma 4.4.4, & £ ®, and

Poxy, £ @ for each k € GF(4) — {0}.

The multiplicative group of GF(4) has size 3. Therefore, the only possible prime
divisor of |I'| is 3. The class M (®3) is exactly the class of quaternary matroids with
representation matrices such that every column has at most two nonzero entries.
The matroids Py and P; are such matroids; therefore @3 A ®. Therefore, by Lemma
4.4.15, ¢ is a Y-template. [ |

6.3 Extremal Functions

If an extremal matroid for a minor-closed class virtually conforms to a template,
then we call that template an extremal template for the class. Let ® be a template
such that M(®) C ACs. By Lemma 6.2.5, ® is a Y-template YT(F, P;). By
Lemma 4.4.13, we may assume that every column of P; is nonzero and that no
column of [/|x||P] is a copy of another column. If P, is a ¢ x d matrix and if
e(M([Iix||P|P))) = V|, then the largest simple matroid M of rank r > |X| = ¢

virtually conforming to ® has  — ¢+ (";°) elements in E(M) — (YoUY; UZ) and

(¢4 d)(r — ¢) + |Y| elements in Z U Yy. Thus,

r—c

5(M):r—c+< 5

>+(c+d)(r—c)+y?y.

Some arithmetic shows

1, 2d+1  AE+c+2de—2]Y|
—-r° + r— .
2 2 2

Thus, for all sufficiently large ranks, to find the extremal templates for ACy4, we
must find P, with as many (distinct) columns as possible. We now analyze the
structure of P, when M(®) C AC,.

Recall that applying an automorphism of a field F to every entry in a matrix A
over [F results in a matrix whose vector matroid is equal to that of A. The only
nontrivial automorphism of GF(4) maps « to a? and a? to « (while leaving 0 and
1 fixed). In the rest of this chapter, when we say “up to a field automorphism,”
this is the automorphism we refer to.

Lemma 6.3.1. Suppose ® = YT (P, P1) is a template such that M(®) C AC,.
Then none of the matrices listed in Table 6.1 are submatrices of Py,. Moreover,
none of the matrices obtained from those in Table 6.1 by replacing o with o and
vice-versa are submatrices of P;.

e(M) =
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TABLE 6.1. Forbidden Matrices

Matrix Rank | Excluded Matrix Rank | Excluded
Minor Minor
1 1
A= L} 3 I B= |« 4 Vs
o
Q Q
C= |« 4 Fr D= |« 4 Vs
Q a?
a 0 a 0
E=]la 0 5 Fr F=la 0 5 Fr
0 « 0 a?
G = Lo 3 E H= 1 02 4 Fx
o o a o
2
I= ; al 4 P, J = Z g‘ 4 P,
|1 a® 0
K = |: 2:| 3 F7 L= a 0 5) P2
o o
0 «
2 p)
M = Z O(‘) 0?2 3 jat N = 0(‘) (g 0(32 4 P,

Proof. 1f one of the matrices listed in Table 6.1 is a submatrix of P;, then we can
perform deletion (operation (4) of Proposition 4.1.2) and y-shifts (Lemma 4.4.5)
followed by contraction (operation (11) of Definition 4.1.3) on elements of Y; to
obtain a template where the matrix from Table 6.1 is itself P; (rather than just a
submatrix).

Now we show that, if Py is one of the matrices in Table 6.1, then M(®) ¢ AC,.
We verify this with SageMath, using the functions Y_template matrix (the same
function found in Section A.6 and used in Section 6.3) and MinorCheck, which
is found in Section A.7. The rank listed in the table is the rank of the matroid
virtually conforming to the template which contained the excluded minor given in
the table. For example, the following code was used for matrix E.

AYO = Matrix(GF4, []1)
AY1 = Matrix(GF4, [[a,0],

[a,0],

[0,a]l)
A = Y_template_matrix(5, AYO, AY1)
A
M=Matroid(field=GF4, matrix=A)
MinorCheck (M)
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It returned ‘Fano dual’. The last statement of the lemma follows from the fact
that field isomorphisms preserve (abstract) representable matroids. [ |

The next lemma involves larger matrices where the technique used in the previ-
ous lemma is significantly more time-consuming.

Lemma 6.3.2. Suppose ® = YT(Fy, P,) is a template such that M(®) C AC,.

a 0 0 a 0 0
Then P, contains neither [0 « 0| nor |0 o 0| as a submatrix.
0 0 « 0 0 a?

Proof. Rather than testing for each of the excluded minors for which the function
MinorCheck tests, we instead check only for the minor P,. In fact, we contract an
element first and simplify.

AYO = Matrix(GF4, [1)

AY1 = Matrix(GF4, [[a,0,0],
[0,a,0],
[0,0,a]])

A = Y_template_matrix(6, AYO, AY1)

A

M=Matroid(field=GF4, matrix=A)
((M/29) .simplify()) .has_minor (P2)

Now, this SageMath computation shows that the first matrix listed in the result
is forbidden from the matrix P;. If we call this matrix A, then scaling the last row
of [I3]A] by a? and rearranging the columns results in the template corresponding
to the second matrix listed in the result. |

Lemma 6.3.3. Suppose ® = YT (P, Py) is a template such that M(®) C AC,.
Then ® is equivalent to a template YT (P}, P)), where P| is, after its zero rows are
removed, a submatriz of one of the following matrices, up to field automorphism.

1 « 1 a] [a? o? ol « )
9 o’ o«
a o, |la af, |la 0], |a 0], 9
9 a
a 0 a 1 0 « 0 «

Proof. In this proof, the letters A, B, ..., N will refer to the matrices in Table 6.1.

Combining Lemma 4.2.12 with the fact that A, B, C', and D cannot be subma-
trices of P, we may assume that every column of P; is, up to field automorphism
and permuting of rows, either [1,a, ,0,...,0]T or [o,a?,0,...,0]".

We now analyze the possible forms P; can take if it contains exactly two columns.
Tables 6.2-6.5 list matrices that are candidates for being submatrices of P;. If such
a matrix cannot occur as a submatrix of P;, the second column of the table indicates

the presence of a submatrix forbidden by Lemma 6.3.1. Table 6.2 considers the case

where one column is of the type [1,a,,0,...,0]T and the other column is of the
type [a,a?,0,...,0]7. Up to a field automorphism, this is the same as the case
where one column is of the type [1, a2, a?,0,...,0]" and the other column is of the
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TABLE 6.2. Candid

ate Matrices—Case 1

Candidate Matrix | Forbidden Matrix || Candidate Matrix | Forbidden Matrix
10 [1 0]
a 0 0
a 0 E @ G
0 o a «
2
0 o _0 a” |
1 0 1 «
a 0 a 0
a o? H a 0 F
0 « 0 o?
p)
1 06 (1 o
@ FE a a? None
a 0 a0 0
0 o L -
1 ao? 1 0
o o J a H
a 0 a a?

TABLE 6.3. Candid

ate Matrices—Case 2

Candidate Matrix | Forbidden Matrix || Candidate Matrix | Forbidden Matrix

L0 (1 1]
a 0
a 0 @ 0

E a 0 E
0 1

0 «

0 a 0 «
0 o - -
1 0 10
a 0 a 0
a J a 1 E
0 « 0 «
0 1 0 «
1 1 1 «
a a o«
a 0 J a 0 J
0 « 0 1
; 2 (1«

G a o« None
a « 0 1
0 1 - -

type [a, a?,0,...,0]T. Table 6.3 considers the case where both columns are of the
type [1,,a,0,...,0]7. Up to a field automorphism, this is the same as the case
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TABLE 6.4. Candidate Matrices—Case 3

Candidate Matrix Forbidden Matrix
1
F
F
H

F (up to field automorphism)

H (up to field automorphism)

O O RlOD O ROD O HRODOD O RlOOD O RlOOD O RODOD O RlooO DO O
—R_I= R R olmoRRIR ol IR, oo|—mR R oo|RRocoorR_,mocoo

where both columns are of the type [1,a?,a?,0,...,0]T. Table 6.4 considers the
case where one column is of the type [1, o, @, 0,...,0]T and the other column is of
the type [1, a2, a%0,...,0]T. Table 6.5 considers the case where both columns are
of the type [a,a?,0,...,0]T.
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TABLE 6.5. Candidate Matrices—Case 4

Candidate Matrix | Forbidden Matrix || Candidate Matrix | Forbidden Matrix
a? 0 - 5 A
0 a” o
o L a 0 None
0 a 0 o
0 o? s -
o o [0? «
a 0 None 2 None
a «
0 « L :

We see from Tables 6.2-6.5 that the only matrices of two columns that are allowed
to be contained in P; are the ones claimed in the result. Up to field automorphism
and permuting of rows and columns, the only matrices with three columns such
that every pair of columns consists of one of the permissible matrices are the
following.

2

ot
a 0
0

[\
[\

1l «
o
a 0

Q@ o
0], |«
o2

0

The first two of these matrices contain, respectively, the forbidden matrices M
and N. The last two matrices contain, respectively, the matrices forbidden by
Lemma 6.3.2. This completes the proof of the lemma. [ |

Recall from Section 5.7 that if f and g are real-valued functions of a real variable,
then we write f(z) =~ g(x) to denote that f(x) = g(z) for all z sufficiently large,
and we say that f and g are eventually equal.

Theorem 6.3.4. Suppose Hypothesis 3.2.3 holds. For all sufficiently large r, the
extremal matroids of ACy and GM are T?, G,, and HP,. Thus, we have

r+3
hAC4(7”)%th(T>%( 9 >—5.

Proof. Since graphic matroids are regular, AC, and GM each contain the class of
graphic matroids. Also note that there is no finite field F = GF(p*) such that AC,
is contained in the class of F-representable matroids. Therefore, by Theorem 1.3.1,
both AC, and GM are quadratically dense.

By Lemma, 4.5.6, the extremal matroids of AC, are the largest simple matroids
that virtually conform to some template in the set {®q,..., ®,} whose existence
is implied by Hypothesis 3.2.3. By Lemma 6.2.5, these are Y-templates.

Let ® = YT(P,, P1) be an extremal template for AC4. We know from the discus-
sion at the beginning of this section that the extremal templates for AC4 are those
templates where P, has the most columns. By Lemma 6.3.3, P, has two columns.
Recall from Definition 4.2.4 that semi-strongly equivalent templates have the same
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universal matroids. Also recall from Section 4.5 that the largest simple matroid of
a given rank that conforms to a template is an extremal matroid of the template.
Since the extremal matroids of a template are obtained by simplifying the univer-
sal matroids, Lemma 4.2.12 implies that we may assume that each column of F,
has entries that sum to 0 and that each column of P; has entries that sum to 1.

Claim 6.3.4.1. If ® = YT(Py, P,) is an extremal template for ACy, then Py and
Py can be chosen so that P; has no zero rows. That is, P; can be chosen so that it
1s exactly one of the matrices given in Lemma 6.3.5.

Proof. Let v and w be the columns of the matrix that results when the zero rows
of P, are removed. Suppose F, contains a column with a nonzero entry in one
of the rows corresponding to a zero row of P;. By scaling, we may assume that
that entry is 1. Then P, and P; (with columns indexed by Y, and Y;) contain the
following submatrix.

i Y
v iw|u
001

Since the matrix A;[X,Y)] contains an identity matrix in addition to P;, by
contracting this element of Yy, we obtain the following submatrix in A;[X, Y7].

Yy
Since P; can have at most two columns, either u is a unit column or u is equal to
V Or W.
Thus, Py must be of the following form, where T is an arbitrary matrix the sum
of whose rows is the zero vector.

V...V | W... W | unit columns | T
unit columns 0

In fact, since ® is an extremal template, Py must be the following for some
positive integer n.

V..V|W... W T
I I D 0

The rank-r universal matroid of this template is isomorphic to the rank-r uni-
versal matroid of YT([D,,|T], [v|w]), where m is the number of rows in [v|w].

Thus, these two templates are semi-strongly equivalent, and we may choose ® =
YT ([Dy]*], [vW]). |

Thus, by Claim 6.3.4.1, it suffices to show that when P; is one of the matrices
listed in Lemma 6.3.3, then the largest possible matroids virtually conforming to
any of the corresponding templates are T?, G, and HP,. By Lemma 4.2.12, we
may assume that the sum of the rows of F is the zero vector. We see then that if
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P is one of the matrices with three rows listed in Lemma 6.3.3, then the largest
possible matroids are obtained when Fj is

L. —

1 1
A3: (67 21
2 0

10
0 1
o 1 1

Q

2
Similarly, if P, = {(2 52] , then the largest possible matroids are obtained when

FPyis Ay = . Before we can analyze what happens when P is one of the matrices

1
1

listed in Lemma 6.3.3, we need two more claims.

Claim 6.3.4.2. The extremal matroids for & = YT <E ;2} , B g]) are 1so-
morphic to those of ®(G,).

Proof. The rank-r extremal matroid of ®(G,) (obtained by simplifying the univer-
sal matroid) has the following representation matrix.

0---0l0---0]1---1]0--0la-—-alO---0]1
o---0lo0---0l0---0/1---110---0la---alo0

Loix| | Droix) | Loix) | Doix) | Lr—ix) | e x| 0

01 1 1
1 1 a o

To the first row of this matrix, add all other rows. Then scale the first row by «a.
The result is the following.

a-—al0---0]0---0l0---0l1--1T1-- 17«
0---0l0---0/0---0[1---1]0---0] ---ax |0

Lox) | Droixy | Lrogxy | Lo | Loy | Lo

2

a 0 1 «o
1 1 a o
0

Scale the last five columns so that their first nonzero entries are 1 and reorder
the columns of the entire matrix to obtain the following, which is a representation
matrix of the rank-r extremal matroid of ®.

0---0l0---0]1---1]0---0l1--1la-al1 0 1 1 1
0---0/l0---0l0---0|l1---1la--al0---0l0 1 1 a a2
Boix) | Dr—ix) | x| | D—x) | Dr—jx) | Ir—ix] 0

0

Claim 6.3.4.3. The extremal matroids for & = YT b 12 , @ 02 are
1 o « 0 «

isomorphic to those of ®(G,).

Proof. Consider the representation matrix for the rank-r extremal matroid of
®(G,) given at the beginning of the proof of Claim 6.3.4.2. Scaling the second
row by a?, we obtain the following.

o---0l0---0l1---11T 0---0 Jaa---ax]O---0]1 0 1 1 1
0---0l0---010---0]a?---a?2|0---01---110 a2 a2 1 «
Lopx) | Droix) | L—ix) | Ir—ix) | Lr—x) | L—ix 0
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Scale the fourth from last column to once again make it [0,1,0,...,0]” and reorder
the columns to obtain the following, which is the rank-r extremal matroid for ®.

o---0/l0---01--v1]0---0|la--a] O0---0 |1 0 1 1 1
0---0l0---010---0]1---110---01la%2---a210 1 1 a ao?
Lox| | Droix) | x| Ir—ix) | L—ix) | L—jxy 0

O

We are now ready to analyze what happens when P; is one of the matrices listed
in Lemma 6.3.3.

1 «
Claim 6.3.4.4. If P, = |a o?|, then the rank-r extremal matroid for YT (As, Pp)
a 0
is Gy for all r > 3.
Proof. By Lemma 4.2.13 <I>:YT([1 L 1} F a}) is semi-strongly equiv-
’ 1 a o’ |a 0
alent to
10 1 a1 1 1 1 «
=YT||1 1 a®> a0 ® al,|a o®|],
01 aa 01 a o a 0

with the middle row playing the role of the bottom row in Lemma 4.2.13. Therefore,
their universal matroids are isomorphic. By simplifying these universal matroids,
we obtain the extremal matroids for ® and ®’. By scaling and reordering columns,
we see that the extremal matroids for @' are isomorphic to those of YT (A, P).
By simplifying the universal matroids for ®, we also see that the extremal ma-

troids for ® are isomorphic to those of YT (E 012} , Li ((ﬂ ), which are G, by
Claim 6.3.4.2.

1 «
Claim 6.3.4.5. [f P, = |a «f, then the rank-r extremal matroid for YT(As, Py)
a 1

is HP, for allr > 3.

Proof. By Lemma 4.2.13, ® =YT ([1 014 12} , {1 a}) is semi-strongly equiv-

1 o a 1
alent to
10 1 o1 1 1 1 «o
=YT||1 1 a®> a®> 0 &® af,|a o],
01l a 1 1 a o a 1

with the middle row playing the role of the bottom row in Lemma 4.2.13. Therefore,
their universal matroids are isomorphic. By simplifying these universal matroids,
we obtain the extremal matroids for ® and ®’. By scaling and reordering columns,
we see that the extremal matroids for @' are isomorphic to those of YT(Aj3, P).
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By simplifying the universal matroids for ®, we also see that the extremal ma-

troids for ® are isomorphic to those of YT <{ﬂ , Ll( ﬂ ), which is ®(HP,). O

062

2
a
Claim 6.3.4.6. If P, = | o 0 |, then the rank-r extremal matroid for YT (As, P;)
0 «

1s G for all r > 3.

1 1 1 a 0 . .
Proof. By Lemma 4.2.13, ®(G,) = YT ([1 N &2] , {O a]) is semi-strongly

equivalent to

11 a a0 a® « o? a?
O =YT|(|1 0a 01 1 1|,[a O ,
010 al a ao? 0 «

with the top row playing the role of the bottom row in Lemma 4.2.13. Therefore,
their universal matroids are isomorphic. By simplifying these universal matroids,
we obtain the extremal matroids for ®(G,) and ®'. By scaling and reordering
columns and simplifying the universal matroids for ®’, we see that the extremal
matroids for ' are isomorphic to those of YT(A3, P1). Since the extremal matroids

for ®(G,) are G, this proves the claim. O
a? o
Claim 6.3.4.7. If P, = | a 0 |, then the rank-r extremal matroid for YT (As, Py)
0 o?
is G, for all r > 3.
Proof. By L 1213, 0=y (|2 1 LY O is semi-strongly equi
roof. By Lemma 4.2.13, ® = L a o2l lo o2| ) 1ssemi-strongly equiv-
alent to
11 a a0 a® « a? «
=yT||l10a 01 1 1|, la 0],
010 a2 1 a o 0 o

with the top row playing the role of the bottom row in Lemma 4.2.13. Therefore,
their universal matroids are isomorphic. By simplifying these universal matroids,
we obtain the extremal matroids for ® and ®’. By scaling and reordering columns,
we see that the extremal matroids for @’ are isomorphic to those of YT (A3, P).
By Claim 6.3.4.3, the extremal matroids of ® are isomorphic to those of ®(G,),
which are G,. O

2
Claim 6.3.4.8. If P, = {O(; 32} , then the rank-r extremal matroid for YT (As, Py)

is T? for all r > 2.
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Proof. By Lemma 4.2.13, ®(T?2) = YT ([0], [« a?]) is semi-strongly equivalent to

;. 1 a o o «
QDYT(L a a2]’[a ol )’

with the top row playing the role of the bottom row in Lemma 4.2.13. Therefore,
their universal matroids are isomorphic. By simplifying these universal matroids,
we obtain the extremal matroids for ®(7?) and ®'. By scaling and reordering
columns, we see that the extremal matroids for ® are isomorphic to those of
YT(Az, P). Since the extremal matroids for ®(7?) are T, this proves the claim.

O

Combining Claim 6.3.4.1 with Claims 6.3.4.4-6.3.4.8, we see that the extremal
matroids for AC4 are T?, G,, and HP,. Since GM C AC4, we have hgr(r) <
hc,(r). By Proposition 6.2.4, T?, G,, and HP, are all golden-mean matroids.
Thus, we have hga(r) & hc,(r). It is easily verified (see also [42]) that &(T?) =
e(G,) =e(HP,) = ("}?) — 5. This completes the proof of the theorem. |

6.4 Maximal Templates

In this section and Section 6.7, we will determine a collection 7 of Y-templates
over GF(4) such that, for each template ® € T, we have M(®) C AC4 and
such that, for every refined template " with M(®') C ACy, there is a template
® € T such that & < ®. Our motivation is to use Hypotheses 3.2.2 and 3.2.3
and Corollaries 4.1.5 and 4.1.6 to study AC4 and GM; however we will not refer
to these hypotheses and corollaries again until later in Section 6.7. This will allow
the next several results to be free from some of the inherent technicalities in those
hypotheses and corollaries, and it will also illustrate that the results in this section
are independent of the hypotheses.

In the next definition, let e; be a unit column whose nonzero entry is in the *®
row.

Definition 6.4.1. Let vy, v, ..., v,, be column vectors with the same number m
of entries. Let A be a matrix whose columns can be scaled so that the matrix is
of the following form, where * represents an arbitrary matrix and where each v;
appears at least once.

Vl.--vl V2-.-V2 ... Vn...vn *
unit columns 0
We say that all of the columns of the matrix of the form v;+ex, wherei € {1,...,n}

and k > m, are semi-parallel to each other. If v is an additional column not
contained in A, and if v can be scaled so that it is of the form v; + e;, where
j€{l,...,n} and £ > m, then we say that v is also semi-parallel to the existing
columns of A of the form v; + e;, where i € {1,...,n} and k > m. Moreover, we
call v a semi-parallel extension of A.
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Definition 6.4.2. Let Q' = [%} , where no column of () is a zero column or the

negative of a unit column (which, of course, is a unit column itself in characteristic
2), where no row of @) is a zero row, and where no column of )’ is a semi-parallel
extension of the matrix resulting from @’ by removing that column. We call any
matrix that can be obtained from ()’ by permuting rows, permuting columns, and
scaling columns a contractible matrix.

Lemma 6.4.3. Let ® = YT (P, P1) be such that M(®) C AC,. Suppose Py con-
tains a contractible submatriz QQ', as given in Definition 6.4.2. Then QQ must be a
submatriz of one of the matrices listed in Lemma 6.3.3 (up to permutations and
field isomorphism). In particular, Q and Q" have at most two columns.

Proof. From @, elements of Y; can be deleted (operation (10) of Definition 4.1.3)
and elements of Y; can be y-shifted (see Lemma 4.4.5) and contracted (operation
(12) of Definition 4.1.3) to obtain YT(Q’, [0]). Then the remaining elements of Yj
can be contracted (operation (12) of Definition 4.1.3) to obtain YT([0],Q). By
Lemma 6.3.3, the result holds. [

Note that in the previous lemma, the requirement in 6.4.2 about semi-parallel
extensions is necessary because, otherwise, contracting the semi-parallel columns
results in equal columns of P;. Whenever columns of P; are equal, all but one
of them can be discarded to produce a new template strongly equivalent to the
original template.

Definition 6.4.4. We define the following matrices.
a o 1 a 0

1 1 o « 1 a o a «
a a a a o2 « a o2 0 a o> 1 o a?
I =|laal 1 1 1|1l =|a 0 & IIl =]la 0 o> 1 0
1 01 0 0 O 1 0 « 1 0 1 0 1
01 01 0 O 0 1 1 O 1 0 0 O
bl @ 9 e 1 o a o 1 o> 1 a o
a a o2 o2 o2 « 5 5
W=laa 1 0 0 1|v=]®2 O @y_|oaa L0
a 1 «o 1 a 1 o a «
100 100 1 0 1 1 1 0 1 1 1
O 1 0 0 1 0
1 a o> a 0 1 1 a o 1 o 1 0
a o> a 0 a? a o a o a o o o
VII = a 1 0 o « VIIT = a o> 1 1 X = a 1 o «
1 0 1 1 1 1 1 1 1 1 0 1 1
a a a o2 « a a o o?
a®> 0 o2 0 0 > 0 0 «
X=|0 &> 1 a | XI=|0 o> a 0
1 0 0 0 1 1 0 0 1
o 1 0 1 0 O 1 1 0
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a a a o> a « a a a a o

a2 0 a2 a a2 0 a2 0 a® a2 0
XIT=10 o> 1 1 0 | XIIIT=|0 o> 1 0 «

1 0 0 0 0 1 1 0 0 0 O

O 1 0 0 1 0 O 1 0 1 1

(a0 a a a o2 « 9 9

> 0 a® & a 0 a2 O; aa
XIV=10 a2 1 0 0 0| XV= Oi 06 (f ‘8‘

1 0 0 0 0 o 01 0 1

0 1 0 1 1 1

[0 o2 0 « 1 a? a?

o> a o 0 a o 0
XVI= 1 0 a o? XVII= a 1 «

|0 1 1 1 1 0 1

Lemma 6.4.5. Let ® be a refined frame template over GF(4) such that M(P) C
ACy4. Then there is a complete, lifted Y -template ®' that is determined by a column
submatriz of one of matrices [-X VI listed in Definition 6.4.4 (up to permutations
and field isomorphism) such that every matroid conforming to ® is a minor of a
matroid conforming to d’.

Note that, in the statement of Lemma 6.4.5, we do not claim that M(®’) C
AC,. This is indeed true but will not be proved until Section 6.7. Also, note that
seventeen matrices are listed in Definition 6.4.4, but Lemma 6.4.5 only deals with
the first sixteen of them. We will not see matrix XV II again until Section 6.7.
Recall the definition of a template minor from Definition 4.1.3. If a template ¢’
is obtained from a Y-template ®” = YT(F,, P;) by removing columns from P,
then @' is a template minor of ®”. If & < &', then ® < ®”. Throughout the proof
of Lemma 6.4.5, whenever we permute the rows of Py we automatically scale the
columns so that the last nonzero entry in each column is 1.

Proof of Lemma 6.4.5. Recall from Lemma 6.2.5 that, if ® is a template such that
M(P) C ACy, then & is a Y-template. Combining Remark 4.2.7 and Lemma
4.2.10, we see that every Y-template is minor equivalent to a complete, lifted Y-
template ®p, determined by some matrix Fy. Moreover, by Lemma 4.2.15, we may
assume that the sum of the rows of P is the zero vector. By Lemma 6.4.3, [1, 1, 1]7,
and [a,a,a? 1]7, and [1, o, a?,1]T are all forbidden from Fy. Thus, up to column
scaling, permuting rows, and field isomorphism, each column of Py, must be of
the form [a, a?,1,0,...,0]7 or [1,a,,1,0,...,0]T. (Graphic columns are already
assumed in a complete template.)

Recall that the weight of a vector is its number of nonzero entries. There are
five cases to check.

1. The matrix P, contains a contractible submatrix with two columns each of
which have weight 4.
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2. Case 1 does not hold, but F, contains a contractible submatrix with one
column of weight 4 and another column of weight 3.

3. Neither Case 1 nor Case 2 holds, but P contains a column of weight 4.

4. Every column of P, has weight 3; there are weight-3 columns of P, with
supports whose intersection has size exactly 1.

5. Every column of Py has weight 3, and there are no pairs of columns with
supports whose intersection has size 1.

We analyze these five cases in Claims 6.4.5.1-6.4.5.5 as follows.
Claim 6.4.5.1. The result holds in Case 1.

Proof. In Case 1, Py contains a contractible submatrix with two columns each of
which have weight 4. By Lemmas 6.4.3 and 6.3.3, this contractible submatrix can

a
be chosen to be |a 1. Moreover, if a column of F, with four nonzero entries
10

has a nonzero entry outside of the first five rows, then this column must be semi-
parallel to one of the two known weight-4 columns. If a weight-3 column has a
nonzero entry outside of the first five rows, scale the column so that this entry is a
1. Then the fact that Py contains [1, a, , 1,0, ..., 0] implies that the first entry in
the weight-3 column must be o and that the third entry must be o? or 0. But the
fact that Py contains [a, , 1,0,1,0, ..., 0]7 implies that the third entry must be a,
a contradiction. Thus, Py must be a column submatrix of the following matrix for
some positive integer m. This column submatrix contains columns 1 and 2 because
we are in Case 1.

1 2
1l o« 1 all---1|a -«
a a o o|a---afa---a columns
a 1 o 1|la--a|l---1 of
1 0 0 1[0---0]0---0 | weight 3
o 1 1 0[0---0]0---0

0 I, 1, 0

Now suppose that one of the weight-3 columns has a nonzero entry in the fourth
or fifth row. By symmetry, we may assume that it is the fifth row. Scale this weight-
3 column so that the entry in the fifth row is a 1. Because of column 1, Lemma 6.4.3
implies that either the first entry or the fourth entry of the weight-3 column must
be . If the fourth entry is «, then a? must be either the second or third entry of
the column. In this case, the weight-3 column forms a contractible submatrix with
column 2 that results in a forbidden matrix when contracted. (These forbidden
matrices are, respectively, matrix J and the matrix that results from matrix H
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after a field isomorphism, where matrices J and H are from Table 6.1. Recall that
a matrix is contractible if its rows and columns can be permuted and its columns
can be scaled to be of the form given in Definition 6.4.2. Permuting and scaling
is necessary here and in several other places in the proof.) Thus, the first entry of
the weight-3 column is «. Either the second or third entry must be o?. Thus, P
contains one of the following submatrices.

1 o « 1 o «
a a o a o 0
a1l 0f,|la 1 o?
1 0 0 1 0 0
0 1 1 0 1 1

If Pj is either of these matrices, we find an excluded minor in the vector ma-
troid of [I5|D5|Fj]. We do this using SageMath, particularly the function called
complete Y template matrix, which is found in Section A.3 and was already used
in Section 5.3. Since each column of F has entries whose sum is zero, Lemma 4.2.15
implies that we may consider the template determined by the matrix obtained by
removing one row from Fy. We accomplish this by contracting the element repre-
senting the first column in the identity matrix I5 and simplifying. In the Python
programming language, on which SageMath is based, this first column is labeled
as 0. For example, for the first matrix listed above, we used the following code.

GF4 = GF(4, ’a’)
a=GF4.gens () [0]

PO = Matrix(GF4, [[1,a,a],
[a,a,a"2],
[a,1,0],
[1,0,0],
[0,1,111)
A=complete_Y_template_matrix(PO)
M=Matroid(field=GF4, matrix=A)
MinorCheck ((M/0) .simplify())

This code returned ‘V2’. Running the same code but for the second matrix
above also returns ‘V2’.

Thus, Fy is a column submatrix of the following matrix for some positive integer
m. Columns 1 and 2 are included in Fy, while columns 3 and 4 may not be.

1 2 3 4

1l a1 all---1|la-a|l a o

a a a ala-ala-ald o«

a 1l o 1|la-al|l---1 1 1

1 0 0 1{0---0{0---0|1 0 O

o 1 1 0]0---0|0---010 0
0 I, I, 0
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Regardless of the value of m and regardless of whether columns 3 and 4 are
included in P, Lemma 4.2.16 implies that ®p, < &' where

a o> 110 1 «
=YT||a®? o 1 0 1|, |a «
1 1 011 a 1

Then Remark 4.2.7 implies that &’ is equivalent to a template minor of the com-
plete, lifted Y-template determined by matrix [ listed in Definition 6.4.4. O

Claim 6.4.5.2. The result holds in Case 2.
Proof. In Case 2, Case 1 does not hold, but F, contains a contractible submatrix

with one column of weight 4 and another column of weight 3. By Lemmas 6.4.3
and 6.3.3, this contractible submatrix can be chosen to be

O = QO 0O = KM
— ool 2w

Recall from the discussion immediately preceding Section 6.1 that this matrix can
be denoted by [1, 2]. Suppose P, contains an additional column v, that is not a semi-
parallel extension of the matrix [1, 2], with a nonzero entry in a row other than the
first five rows. Since Case 1 does not hold, v cannot have weight 4 and therefore has
weight 3. By Lemmas 6.4.3 and 6.3.3, the intersection of the supports of columns
1 and v must have size 2. Therefore, v has at most one nonzero entry in a row
other than the first four rows. By column scaling, let v = [a,b,c,d,0,1,0...0]7,
where two members of {a, b, ¢, d} are 0. If d = 0, then since v is not a semi-parallel
extension of [1,2], we obtain a contractible submatrix with three columns, which
is forbidden. Therefore, d # 0. We must also have ¢ # 0 because otherwise, we
obtain a contractible submatrix with three columns. But then columns 2 and v
have disjoint supports, which contradicts the combination of Lemmas 6.4.3 and
6.3.3.

Therefore, we deduce that every column of F, either is semi-parallel to 1 or 2
or has all of its nonzero entries in the first five rows. First we will analyze the
structure of the columns that have all of their nonzero entries in the first five rows.
Let ) be the matrix obtained by restricting Fy to the first five rows and to the
columns whose nonzero entries are all in the first five rows.

Now, let v be a column of () of weight 4 that is not semi-parallel to column 1.
Since we are not in Case 1, Lemmas 6.4.3 and 6.3.3 imply that the supports of
columns v and 1 must be equal. Scale v so that its last nonzero entry is a 1. One
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other entry is a 1, and the other two nonzero entries are either both o or both a?.
Therefore, v is one of the columns of the following matrix.

3
> 1 a a o
1 o> 1 a o
a?> o2 a1 1
1 1 1 1 1
0 0O 0 0 O

By Lemmas 6.4.3 and 6.3.3, each of these columns, other than the one labeled by
3, forms a forbidden contractible submatrix with column 2.

Now, let v be a column of ) of weight 3 whose support is contained in the
support of column 1. Scale v so that its last nonzero entry is a 1. One of its other
nonzero entries is «, and the remaining nonzero entry is o®. Thus, v is one of the
columns of the following matrix.

4 5 6 7 a b ¢ d
a o> a o> a o> 0 0
> a o> a 0 0 a a
1 1 0 0 o a o «
0 0 1 1 1 1 1 1
0 O 0 0 0 0 0 0

For each column v € {a,b, ¢, d}, we use SageMath to test for excluded minors in
the rank-5 universal matroid conforming to the template determined by the matrix
[1,2,v]. We use the functions complete Y template matrix and MinorCheck, as
we did in the proof of Claim 6.4.5.1. Running this code with columns a, b, ¢, and
d, returns the excluded minors F;, P, F7, and Ps, respectively.

Now, let v be a column, other than column 2, of weight 3 whose support is not
contained in the support of column 1. Scale v so that its last entry is 1. By Lemmas
6.4.3 and 6.3.3, the supports of columns 1 and v must have an intersection of size
2. Moreover, either the first or fourth entry of v must be « and either the second or
third entry of v must be a?. Thus, v is one of the columns of the following matrix.

8 e f
0 0 «
0 o2 0
o> 0 o
a o 0
1 1 1

Again, we use SageMath to test for excluded minors contained in the rank-5 uni-
versal matroid conforming to the template determined by the matrix [1, 2, v], when
v is either e or f. In both cases, we found that F7 is an excluded minor.
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We see then that, if Py has at most five rows, then it must be a column submatrix
of the following matrix, where column 9 is included because columns semi-parallel
to column 1 have not yet been ruled out.

1 2 3 4 5 6 7 8 9
1 a o2 a o> a o> 0 1
a o> 1 o> a o> a 0 «
a 0 o2 1 1 0 0 o «af
1 0 1 0 0 1 1 o 0
o 1 O O o o0 o0 1 1

Now, call this matrix R. Then [I5|Ds|R] has 5+ (3) + 9 = 24 columns, which
are labeled as 0, ..., 23 in SageMath. Therefore, columns 3,...,9 of R are labeled
as 17,...,23 in SageMath. If we enter R into SageMath, then the following code
gives pairs of columns {v,w} of R such that Py = [1,2,v,w] is forbidden.

R=Matrix(GF4, [

[1,a, a"2,a, a"2,a, a~2,0, 17,
[a,a"2,1, a"2,a, a"2,a, 0, a],
[a,0, a"2,1, 1, 0, 0, a°2,al,
(1,0, 1, o0, O, 1 1, a, 0],
(0,1, o, o0, 0O, O, O, 1, 11D
A=complete_Y_template_matrix(R)
M=Matroid(field=GF4, matrix=A)

~2,

U=Set (range(17,24))
F=[]
for S in Subsets(U,2):
if not MinorCheck(
(M/0\(U.difference(S))) .simplify())==‘None found’:
F.append(S)
print F

The forbidden pairs obtained are {3,5}, {3,7}, {3,8}, {3,9}, {4,8}, {5,7},
{5,8}, {6,8}, {7,8}, {7,9}, and {8,9}. Therefore, if Py contains column 8, it must
be a submatrix of [1,2,8], which is matrix II from Definition 6.4.4, and if Py
contains column 3, it must be a submatrix of [1, 2, 3,4, 6], which is matrix /1.

Now, consider the matrix [1, 2, 7]. Swap the first and second row, swap the third
and fourth row, and scale. The result is the following.

1 o «
o> a o
a2 0 1

1 0 O

0O 1 0
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After a field isomorphism, this is [1,2, 5]. Thus, if column 7 is contained in @, we
can obtain a template, equivalent up to field isomorphism, determined by a matrix
including column 5 instead. Since {5, 7} is a forbidden pair, we need not consider
any matrices containing column 7. Therefore, if () contains neither column 3 nor
column 8, then @ can be chosen to be a submatrix of [1,2,4, 5,6, 9], which is matrix
IV (up to permuting of columns).

Therefore, Fy is a column submatrix of a matrix of the following form, where )
is either I1, I11, or IV.

V W
1---1] -«
a..a &2.. aQ

Qla--al| 0---0
0---01 0---0
0---01 0---0

0 1 1

If () is matrix II, then both V and W must be empty because otherwise a
forbidden (by Lemmas 6.4.3 and 6.3.3) contractible matrix with two columns is
formed with column 8. If () contains column 3 and is therefore matrix 71, then
the presence of column 3 implies that V' = (). Thus, if P} and P; are, respectively,
the following matrices, then Lemma 4.2.16 implies that ®p, < @', where ¢’ =
YT((RDil, P).

1 o2 a « «
a 1 o o a?
a o> 1 0]710
1 1 0 1 0

By Remark 4.2.7, ®" is equivalent to a template minor of the complete, lifted
Y-template determined by matrix I11.

Finally, if @ is matrix IV, let P} and P; be, respectively, the following matrices.
By Lemma 4.2.16, ®p, < ', where ® = YT([F}|Ds], P;)

2

o« 1 «
o> al,|la o
1 1 a 0

By Remark 4.2.7, ® is equivalent to a template minor of the complete, lifted Y-
template determined by matrix V. This completes Case 2. 0

Claim 6.4.5.3. The result holds in Case 3.

Proof. In Case 3, neither Case 1 nor Case 2 holds, but F, contains a column of
weight 4. By Lemmas 6.4.3 and 6.3.3, this column can be chosen to be [1, «, a,
1, 0, ..., 0]7. Label this column 10. Since neither Case 1 nor Case 2 holds, all
other columns must either be semi-parallel to column 10 or must have a support
contained in the support of column 10. Let us consider columns v whose supports
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are contained in the support of column 10. If v has weight 4, then scale so that
the last nonzero entry is a 1. One of the other nonzero entries must be a 1, and
the other two nonzero entries are either both a or both 2. If v has weight 3, then
scale so that the last nonzero entry is a 1. Then one of the other nonzero entries is
a, and the other nonzero entry is o. Therefore, when restricted to the rows in the
support of column 10, v must be one of columns 11 — 23 in the matrix below. We
choose these labels because they match the labels that will be used in SageMath
below.

10 11 12 13 14 15 16 17 18 19 20 21 22 23
1 1 a o a o> a o> a o> a o> 0 0
a o 1 1 a o> &> a o2 a 0 0 o o
a o2 a o 1 1 1 1 0 0 &> a o «
1 1 1 1 1 1 O O 1 1 1 1 1 1

If Py contains a column semi-parallel to column 10, then since neither Case 1 nor
Case 2 holds, Py must be a column submatrix of a matrix of the following form.
1---1 | a o
a-—alad? a

a---a| 1 1

1 0
a o 1
If = |a* «a|,and P| = |a|, then by Lemma 4.2.16 ®p, < &', where &' =
1 1 «

YT([P|Ds], P{). By Remark 4.2.7, ®' is equivalent to a template minor of the
complete, lifted Y-template determined by the following matrix.

2

— 9 O =
OHQMQ
oo R

This is a submatrix of matrix 1.

Therefore, we may assume that no column of F, is semi-parallel to column
10. Thus, we may assume that Py has exactly four rows. We used SageMath to
look for subsets S = {vy, va,...,v,} of {11,...,23} such that the complete, lifted
Y-template determined by the matrix [10,v1,vs,...,v,] is forbidden from P, by
Lemmas 6.4.3 and 6.3.3. Then we found maximal subsets of {11,...,23} that con-
tain no such set S. The code for these computations is found in Section A.8. These
computations returned a collection of 40 sets that we list as follows: {17, 20,21},
{18,11,13,22}, {17,14,22,15}, {18,11,21}, {18,19,22}, {19,20, 14,15}, {17, 11,
12,21}, {13,22,23}, {11,19,20}, {18,12, 21,13}, {16, 17,12}, {17,18, 11, 15}, {11,
14,15}, {16,17,18}, {14, 11,21, 22}, {19, 14,22}, {16, 18,19}, {12, 21,23}, {15, 11,
20,23}, {17, 20,15}, {20,21, 14}, {11,12,13}, {16, 11,23}, {16, 18, 13}, {16, 19, 20,
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23}, {20,21, 13}, {17, 11,22}, {16,11,20, 13}, {21, 22,23}, {19, 22,23}, {18, 19, 12},
{16,17,20}, {16,12,13,23}, {16,11,19,14}, {11,19,12,23}, {17,18,21,22}, {15,
22,23}, {16,17,14}, {20, 21,23}, {18,19,15}. However, we show now that several
of the corresponding matrices determine equivalent templates and therefore, some
of these sets can be discarded.

Note that in the matrix [10,11,...,23] above, swapping the second and third
rows and scaling the columns so that the last nonzero entry of each column is 1, we
obtain the matrix [10, 11,14, 15,12,13,17,16, 20, 21, 18,19, 23, 22]. Therefore, for
example, since {17,20,21} is one of the sets, we may discard the set {16, 18,19}.
Table 6.6 reduces the number of sets from 40 to 20.

TABLE 6.6. Discarding Twenty Redundant Sets

Set to Set to Set to Set to
Keep Discard Keep Discard
{17,20,21} | {16,18,19} || {18,11,13,22} | {15, 11,20, 23}
{(17,14,22, 15} | {16,12,13,23} || {18, 11,21} {11,19,20}
{18, 19, 22} {20, 21, 23} {19,20, 14,15} | {18,21,12,13}
{17,11,12,21} | {16,11,19,14} || {13,22,23} {15, 22,23}
{16,17,12} | {16,17,14} || {17,18,11,15} | {16,11,20, 13}
(11,14,15} | {11,12,13} {16,17,18} | {16, 17,20}
{14,11, 21,22} | {11,19,12,23} {19, 14, 22} {12, 21,23}
{17,20, 15} {16, 18, 13} (20,21, 14} {18,19, 12}
{16,11,23} | {17,11,22} | {16,19,20,23} | {17,18,21, 22}
{20,21,13} | {18,19,15} {21,22,23} | {19,22,23}
Similarly, if we reverse the order of the rows of [10, ..., 23], then we obtain the

matrix [10, 11, 13, 12, 15, 14, 23, 22, 21, 20, 19, 18, 17, 16]. Table 6.7 reduces the
number of sets from 20 to 14.

TABLE 6.7. Discarding Six Redundant Sets

Set to Set to Set to Set to
Keep Discard Keep Discard
{17,20, 21} {18,19, 22} {17,14,22,15} none
{17,11,12,21} | {18,11,13,22} {16,17,12} {23,22,13}
{11, 14,15} none {14,11, 21,22} | {17,18,11, 15}
{17,20, 15} {19, 14, 22} {16, 11,23} none
{20, 21,13} none {18,11,21} none
{19,20, 14, 15} none {16, 17,18} {21, 22,23}
{20, 21, 14} none {16, 19, 20,23} none

There are 14 sets left, and now we show that each of them is contained in one of
the matrices listed in the statement of the result. Recall that each of the sets listed
above gives a set of columns contained in P, in addition to column 10. Recall that
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whenever the rows of Py are permuted, we will automatically scale the columns of
the matrix so that the last nonzero entry of each column is 1.

For [10,17,21,21], put the rows in order 3,1,4,2. The result is [11,21,17,16].
Then a field isomorphism results in [10, 18,16, 17], which is a submatrix of matrix
V.

For [10,17,14,22,15], put the rows in order 2,4,3,1. The resulting matrix is
[12,21,11,17,10], which is matrix VI, up to permuting columns.

Matrix VT is [10,17, 11,12, 21].

For [10,16,17,12], swap rows 2 and 3. The result is [10,17, 16, 14], which is a
submatrix of matrix 1.

Matrix VIIT is [10,11, 14, 15].

For [10,14,11,21,22], put the rows in order 4,2,3,1. The resulting matrix is
[10, 13,11, 20, 16]. A field isomorphism results in [11, 12, 10,21, 17|, which is matrix
VI, up to permuting columns.

Matrix V' is [10, 17, 20, 15].

Matrix X is [10, 16, 11, 23].

For [10, 20, 21, 13|, put the rows in order 4, 1,3, 2. The result is [15,16,17,11]. A
field isomorphism results in [14,17, 16, 10], which is a submatrix of matrix I.

For [10, 18,11, 21], put the rows in order 2, 1,4, 3. The result is [11,17,10,22]. A
field isomorphism results in [10, 16, 11, 23], which is matrix 7X.

For [10,19,20, 14, 15], put the rows in order 4,2, 1,3. The resulting matrix is
(13,16, 20, 10, 11]. A field isomorphism results in [14, 17,21, 11, 10], which is matrix
VI, up to permuting columns.

The matrix [10, 16,17, 18] is a submatrix of matrix I'V.

For [10, 20, 21, 14], put the rows in order 3,4, 1,2. The result is [11,17,16,15]. A
field isomorphism results in [10, 16,17, 14], which is a submatrix of matrix I.

Matrix V11 is [10, 16, 19, 20, 23].

This completes Case 3. O

Claim 6.4.5.4. The result holds in Case 4.

Proof. In Case 4, every column of Py has weight 3, and there are weight-3 columns
of Py with supports whose intersection has size exactly 1. By column scaling and
permuting the rows of ), we may assume that the two weight-3 columns, restricted
to their nonzero rows, are

1 2
a o«
o> 0
0 o
1 0
0 1

Suppose P, has another column v with a nonzero entry outside of the first five
rows, such that v is not a semi-parallel extension of the matrix [1,2]. Without loss
of generality, we may assume that this nonzero entry is in the sixth row, and that
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for some values a, b, ¢, d, e, the column is scaled to be v = [a,b,¢,d,e,1,0...,0]".
By Lemmas 6.4.3 and 6.3.3, F, has no contractible submatrix with three columns.
Therefore, d # 0 or e # 0. Without loss of generality, say e # 0. Therefore, only
one member of {a, b, ¢, d} is nonzero. One can then easily check that all possibilities
for v result either in [1,2, v] being a contractible submatrix with three columns or
in v having support disjoint from that of either column 1 or column 2. Both of
these outcomes are forbidden by Lemmas 6.4.3 and 6.3.3.

Now, suppose that there is a column that is a semi-parallel extension of [1, 2]
with a nonzero entry outside of the first five rows. Therefore Py is a submatrix of
a matrix of the following form for some positive integer m and with either A # ()
or B # (). The submatrix contains columns 1 and 2, but it may not contain one or
both of columns 3 and 4.

1 2 3 4 A B C
a a a ol aa | a-a
> 0 a®> 0 |a?---a®| 0---0 | weight-3
0 o> 0 a*| 0---0 |a?---a® | columns
1 0 0 1 0---0 0---0
0 1 1 0 0---0 0---0

0 I, 1, 0

Without loss of generality, let B # 0, so u = [«,0,a2,0,0,1,0,...,0]7 is a
column of B. Then let v = [a,b,c,d,e,0,...,0]7 be a column of C. Since v has
weight 3, exactly two of {a,b,¢,d,e} are 0. lfa=b=0,ora=d=0,0rb=c=0,
orb=d =0 (with v # 2), or ¢ = d = 0, then [1,u,v] is a contractible matrix
with three columns. If a = ¢ = 0, then columns v and v have disjoint supports.
By Lemmas 6.4.3 and 6.3.3, all of those outcomes are forbidden. If a = e = 0,
then scale v so that d = 1. If (b, ¢) = (o, @?), then the function MinorCheck shows
that M([Is|Dg|Py]) contains Fi. If (b,c) = (a? «), then MinorCheck shows that
M ([Is| Dg|Py]) contains P,. Thus, we have that a # 0 and e = 0.

Suppose that either Py contains column 3 or that A # (), as well as B # (). Then
Py contains either column 3 or some vector ¢ = [a, ?,0,0,...,0,1,0...,0]T. If v
is either [0?, ,0,1,0,...,0]T or [a?,0,a,1,0,...,0]7, then [2,3,v] or [2,t,0] is a
contractible matrix with three columns. Therefore, F, is a submatrix of either @)
or S below.

1 2 4 B
a o al| aa | a o o o
a2 0 0| 0--0 |2 a a 0
Q= 0 o a?|a®--a®>|1 1 0 «
1 0 1 0---0 0 O 1 1
0 1 0 0---0 0O 0 0 O
0 I, 0
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1 2 3 4 A B x Yy
a a o o a---« oo a o
a2 0 o® 0 |a®--a? 0---0 o> «
S= 0 o> 0 a®>| 0---0 |a®---a?| 1 1
1 0 0 1 0---0 0---0 0 O
0O 1 1 0 0---0 0---0 0 0

0 I, I, 0

We show that, in both cases, we may assume that P, has at most five rows.
Suppose Py is a submatrix of Q). Then by Lemma 4.2.16, ®p, = YT([P}|D4], Py),
where P} is obtained from ) by deleting the columns indexed by {2} U B and
by restricting to the first four rows and where P| = [«,0,a? 0]”. By Remark
4.2.7, YT([P;|D4], P|) is equivalent to a template minor of the complete, lifted
Y-template determined by a matrix with five rows, and each column of this matrix
has exactly three nonzero entries.

Now suppose Fy is a submatrix of S. Then by Lemma 4.2.16, we have ®p, =<
YT([Fy| D3], P{), where P} is obtained from S by restricting to the first three rows

a o«
and columns z and y, and where P{ = [a? 0 |.By Remark 4.2.7, YT([F}| D3], P})
0 o?

is equivalent to a template minor of the complete, lifted Y-template determined by
a matrix with five rows, and each column of this matrix has exactly three nonzero
entries.

Therefore, we may assume that Fy has at most five rows. Thus, if we scale the
columns of Py so that the last nonzero entry of each column is 1, then F, contains
columns 15 and 16 in the matrix below, and every column of Fj is one of the
columns in the two matrices below.

15 16 17 18 19 20 21 22 23 24
a a a o> o a o2 a o o
a2 0 o> a a o2 a 0 0 0
0 2 1 1 0 0 0 o a «
1 O 0 O 1 0 0 1 1 0
0 1 O 0 O 1 1 0 0 1
25 26 27 28029 30 31 32 33 34
a o> 0 0 0 0 0 0 0 O
0 0 a o> a o> a a®> 0 0
0 0 o> a o> a 0 0 a o
o> a 1 1 0 0 o a o «
1 1 0 0 1 1 1 1 1 1

We used SageMath to look for subsets S = {vy,va,...,v,} of {17,...,34} such
that the complete, lifted Y-template determined by the matrix [15, 16, vy, v, . . . , Uy]
is forbidden from Fy. Then we found maximal subsets of {17,...,34} that contain
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no such set S. The code for these computations is found in Section A.8. These com-
putations returned a collection of 13 sets that we list as follows: {18,26,22,23},
{17,18,20,22}, {24, 17,22}, {17,20, 21,25}, {25, 19,22}, {24,17,20}, {18,19,22},
{24, 26,22}, {25,26,20,22}, {25,19,20}, {18,19,20}, {24, 26,20}, {24,19}.

Note that in the matrix [15,16,17, ..., 34] above, swapping the second and third
rows, swapping the fourth and fifth rows, and scaling the columns so that the last
nonzero entry of each column is 1, we obtain the matrix [16, 15, 18, 17, 24, 22, 23,
20, 21, 19, 26, 25, 30, 29, 28, 27, 34, 33, 32, 31].

Therefore, for example, since {17,20,21,25} is one of the sets, we may discard
the set {18,26,22,23}. Table 6.8 reduces the number of sets from 13 to 8.

TABLE 6.8. Discarding Five Redundant Sets

Set to Set to Set to Set to
Keep Discard Keep Discard
{17,20, 21,25} | {18,26,22,23} || {17,18,20,22} None
{24,17,22} {18,19,20} {25,19, 22} {24, 26,20}
{24,17,20} {18, 19,22} {24,26,22} {25,19,20}
{25, 26, 20,22} None {24,19} None

There are 8 sets left, and now we show that each of them is contained in one of
the matrices listed in the statement of the result. Up to permuting of columns, the
matrices X—X TV are, respectively, the matrices [15,16,24,17,22], [15, 16,24, 19],
[15, 16,17, 18,20, 22], [15, 16, 24,17, 20], and [15, 16, 17, 20, 21, 25).

For [15,16,25.19,22], put the rows in order 1,5,4,3,2. The resulting matrix is
24,19, 18,16, 23]. Then a field isomorphism results in [16, 15,17, 24, 22], which is
matrix X/, up to permuting columns.

For [15, 16,24, 26,22], put the rows in order 1,4,5,3,2. The resulting matrix is
(19,24, 16, 18,21]. Then a field isomorphism results in [15, 16,24, 17, 20], which is
matrix X, up to permuting columns.

For [15, 16, 25, 26, 20, 22], put the rows in order 1,5,4, 2, 3. The resulting matrix
is [23,21,18,17,19,24]. Then a field isomorphism results in [22,20,17, 18,15, 16],
which is matrix X1, up to permuting columns. This completes Case 4. 0

Claim 6.4.5.5. The result holds in Case 5.

Proof. In Case 5, every column of P has weight 3, and there are no pairs of columns
with supports whose intersection has size 1. If the intersection of the supports of
all of the columns of P, consists of the same two rows, then F, is a submatrix of
a matrix of the following form, for some positive integer m.
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2
Then, by Lemma 4.2.16, ®p, < & = YT(D,, P|), where P = L(j; O;} . By
Remark 4.2.7, &' is equivalent to a template minor of the complete, lifted Y-
template determined by matrix XV.
Therefore, we may assume that Py has three columns such that the intersections
of the supports of each pair of columns has size 2, but such that the three intersec-

tions are distinct. By permuting rows, we may assume without loss of generality

a a
2

that two of the columns are Oi 8 , where {a,b} = {a,a?}. The third column
0 1

must have a nonzero entry in exactly one of the first two rows and both of the
third and fourth rows. If there is a column v with a nonzero entry outside of the
first four rows, then one of the first three columns will have a support whose inter-
section with the support of v has size 1, contradicting Case 5. Therefore, we may
assume that Py has exactly four rows. Therefore, the three given columns are of
the following form, where {a,b,c,d} C {a, a?}.

a a c
a2 b 0
1 0 d
0 1 1

We now show that (a,b) can be taken to be (a2, a). Suppose otherwise; then
(a,b,c,d) = (a,a? a?,a) or (a,b,c,d) = (o, a?, o, ). If (a, b, ¢, d) = (o, a?, ?, a),

then putting the rows in order 1,4, 3,2 and scaling, we obtain

o> o2 «a

0 a o

a 0 11|
1 1 0

whose columns can be permuted to be in the desired form. Now suppose that
(a,b,c,d) = (a, &%, a, @?). Putting the rows in order 1, 3, 4, 2 and scaling, we obtain

a? o «a

a 0 a?

0 o 1]’
1 1 0

whose columns can be permuted to be in the desired form.
Therefore, Py is a submatrix of the following matrix that includes columns 10

and 11.
10 11 12 13 14 15 16 17

a o> o> a a o> 0 0

o> o a o> 0 0 a o
1 0 1 0 & a o «
0 1 0 1 1 1 1 1
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We used SageMath to look for subsets S = {vy,va,...,v,} of {12,...,17} such
that the complete, lifted Y-template determined by the matrix [10, 11, vy, v, .. ., v,]
is forbidden from P,. Then we found maximal subsets of {12,...,17} that contain
no such set S. The code for these computations is found in Section A.8. These com-
putations returned a collection of 12 sets that we list as follows: {13, 15}, {17, 13},
(17,12}, {12,15}, {17, 14}, {12,13}, {16,12}, {16, 13}, {12, 14}, {13, 14}, {14, 15},
{16,17}.

From the discussion above, we may assume that P, contains [c, 0, d, 1]7, where
{c.d} = {a,a?}. Therefore, we may assume that Py contains column 14 or 15.
Thus, we need only consider the following sets: {13, 15}, {12, 15}, {17, 14}, {12, 14},
(13,14}, {14,15}.

For [10, 11, 13,15], put the rows in order 1,2,4,3. The result is [13,12,10, 14].
This is a submatrix of matrix X//. (The submatrix is contained in the first four
rows of matrix X/11.)

For [10, 11,12, 15], a field isomorphism results in [12,13, 10, 14|, which is a sub-
matrix of matrix X7/, up to permuting columns. (The submatrix is contained in
the first four rows of matrix X71.)

Matrix XV is [10,11, 17, 14].

The matrix [10,11,13,14] is a submatrix of matrix X7V, up to permuting
columns. (The submatrix is contained in the first three rows and the last row
of matrix XIV.)

For [10,11,12,14], put the rows in order 1,2,4,3. The result is [13,12,11,15].
Then a field isomorphism results in [11, 10, 13, 14], which we just saw is a submatrix
of matrix X1V, up to permuting columns.

For [10, 11, 14,15], put the rows in order 1,2,4,3. The result is [13,12,10, 14],
which we have seen is a submatrix of matrix X1V, up to permuting columns. This
completes Case 5. O

Lemma 6.4.5 follows from Claims 6.4.5.1-6.4.5.5. [ |
6.5 Partial Fields: Definition and Examples

Although Lemma 6.4.5 says much about the matrices /-XVII and how they
relate to the class AC4, we have yet to show that, if P is one of matrices I-XVI1,
then M(®p,) C AC4. In order to do this, we will use the theory of partial fields.
Partial fields were introduced by Semple and Whittle [36] to study classes M of
matroids such that a matroid M € M if and only if M is representable by a matrix
over a field such that every nonzero subdeterminant of that matrix is an element
of some multiplicative subgroup of the field. The class of golden-mean matroids is
such a class. Other examples include the regular matroids, near-regular matroids,
dyadic matroids, and J/1-matroids.

For the next several definitions, we follow Pendavingh and Van Zwam [27].

Definition 6.5.1. A partial field is a pair P = (R, G), where R is a commutative
ring with identity and G is a subgroup of the multiplicative group R* of R such
that —1 € G. When P is referred to as a set, then it is the set G U {0}.
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A partial field P behaves very much like a field, except that, for p,q € P, the
sum p + ¢ need not be an element of P. Note that, if F is a field, then (F,F*) is a
partial field.

Definition 6.5.2. A matrix A with entries in P is a P-matriz if det(A’) € P for
every square submatrix A’ of A. If M is a matroid of rank r on ground set £ and
there exists an r x F P-matrix A such that M = M(A), then we say that M is
representable over P or, more briefly, P-representable.

Definition 6.5.3. Let P; and P, be partial fields. A function ¢ : P; — Ps is a
partial-field homomorphism if

e o(1)=1;
® ©(pq) = ¢(p)p(q) for all p, q € Py; and
e o(p+q) = p(p) + p(q) for all p,q € P; such that p+ ¢ € P;.

We will call a partial field homomorphism Py — Py trivial if Py is the trivial
partial field ({0},{0}). For a function f : P; — P, and a matrix A over Py, we
denote by f(A) the matrix obtained by applying f to each entry of A. The proof
of the next theorem is found in [36, Corollary 5.3] as well as [27, Corollary 2.9].

Theorem 6.5.4. Let Py and Py be partial fields and let ¢ : Py — Py be a nontrivial
homomorphism. If A is a Py-matriz, then ¢(A) is a Py-matriz and M(p(A)) =
M(A).

If G is a group and g1, 92,...,9, € G, then we denote by (g1,92,...,9n) the
subgroup of G generated by {g1,92,...,9,}. We now give several examples of
partial fields that will be used later in this dissertation.

Example 6.5.5. The 2-reqular partial field is

Uy = (Q(ou, a2), (=1, 09, a2,1 — L, ag — 1,1 — ),

where «; and ay are indeterminates. This partial field has also been called the
2-uniform partial field.

Example 6.5.6. The 2-cyclotomic partial field is Ky = (Q(«), (—1, a, a—1, a+1)),
where « is an indeterminate.

Example 6.5.7. Let 7 be the positive root of 22 —x — 1 over R. The golden-mean
partial field is G = (Z[r], (—1,7)). Note that {7+ 1,7—1} C G because 7+1 = 72
and 7 —1=7"1

The previous examples of partial fields have been studied before (for example
in [36], [26], and [27]). However, the next definition introduces a partial field that
has not previously appeared in the literature, as far as the author can tell.

Definition 6.5.8. The Pappus partial field is
Ppap = (Q(a), (~1, 0,0+ 1,0 = 1,a + 2,20 + 1)),

where « is an indeterminate.
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Lemma 6.5.9. There is a homomorphism from Pp,, to every field F such that
F=GF(4) or |F| > 7.

Proof. 1t P; = (Ry,G1) and Py = (Ry, Go) are partial fields and ¢ : Ry — Ry is
a ring homomorphism such that ¢(G1) C G, then the restriction of ¢ to Gy is a
partial field homomorphism.

Let Py = (Ry,Gy), where Ry = Z [oz i1 1 1 1 } and where G| =
(—lL,o,a+1,aa—1,a+2,2a+1). Let ¢y : Ppy, — Py be the partial field homo-
morphism given by the identity map on the set Pp,p,.

The composition of partial field homomorphisms is a again a partial field ho-
momrphism. Therefore, to construct a partial field homomrphism from Pp,, to
a field FF, it suffices to construct a ring homomorphism ¢y : Ry — F defined by
po(a) = z, for some x € F such that z, x + 1, z — 1, z + 2, and 2z + 1 are all
nonzero. Then ¢y 0 ¢y : Pp,, — I is a partial field homomorphism.

If F is a field other than a prime field (so |F| =4 or |F| > 7) and F, is its prime
subfield, let x € F — [F,,. If F is a prime field of size 7 or larger, let z = 2. [

The next two lemmas have proofs similar to that of Lemma 6.5.9. Alternatively,
see the proofs of [35, Proposition 3.1] and [26, Lemma 4.14], respectively.

Lemma 6.5.10. There is a homomorphism from the 2-regular partial field Uy to
every field F such that |F| > 4.

Lemma 6.5.11. There is a homomorphism from the 2-cyclotomic partial field Ky
to every field F such that |F| > 4.

The next theorem is [26, Theorem 4.9].

Theorem 6.5.12. There is a homomorphism from the golden-mean partial field
G to GF(5), to GF(p?) for every prime p, and to GF(p) for every prime p such
that p = +1(mod 5).

Recall that we denote the set of prime numbers by P. Moreover, we denote by
AC, the class of quaternary matroids with characteristic set PU{0}, and we denote
by GM the class of golden-mean matroids.

Corollary 6.5.13. The following are true.

(1) If a matroid M is representable over P € {Uqg, Ky}, then it is representable
over all fields of size at least 4.

(1) If a matroid M is representable over P € {Pp,,, Uy, Ko}, then it is repre-
sentable over GF(4) and all fields of size at least 7.

(111) If a matroid M is representable over P € {Uy, Ky, G}, then M € GM.
(i) If a matroid M is representable over P € {Pp,,, Us, Ky, G}, then M € ACj.

Proof. By Theorem 6.5.4, to prove that M is representable over some field F, it
suffices to prove that M is representable over a partial field P such that there is a
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homomorphism from P to F. By Lemmas 6.5.10 and 6.5.11, if P € {U,, Ky}, there
is a homomorphism from P to every field of size at least 4. Thus, (i) holds. Lemma
6.5.9, combined with (i), implies (ii). To prove (iii), let M be representable over
P € {U,, Ky, G}. By Theorem 6.2.1, it suffices to show that M is representable
over GF(4) and GF(5). This follows from (i) and Theorem 6.5.12. Finally, (ii) and
(iii) imply (iv). |

6.6 Partial Fields and Templates

The next lemma is important for understanding the relationship between partial
fields and Y-templates. Recall from Definition 4.2.14 that the complete, lifted Y-
template determined by a matrix Py is denoted by ®p,.

Lemma 6.6.1. Let Py be a matriz with m rows over some field F. Suppose M =
M([1,,|Di| Po)) is representable over a partial field P. Then every matroid in
M(®p,) is P-representable.

Proof. We note, without proof, that Lemma 4.3.8 can be generalized to partial
fields'.

Since M([I,|D,|Py]) is P-representable, there is a matrix A = [I,,,| * | P}] over
P that represents M. Here P has the same zero-nonzero pattern as Py, and the
1.--1 | 0---0
—Im | D;n—l }
has nonzero entries in the same locations as D,,_; and is scaled so that the first
nonzero entry in each column is a 1. It is not hard to see that, in order to have
the circuits of M, the matrix D! | must indeed be D,,_1. Thus A = [1,,| D, | P
for some matrix P} over . By Lemma 4.3.8, every matroid in M(®p,) can be
represented by a column submatrix of a matrix over PP of the following form.

matrix can be scaled so that x is of the form { where D!

7
0

I. | D,

Therefore, if I is one of the matrices I-XVII given in Definition 6.4.4, we will

show that M = M ([I.|D,|F]) is representable over Uy, Ky, G, or Pp,,. To do this,
we use a series of functions implemented in SageMath. The code for these functions
can be found in the Appendix in Section A.9. If A is a matrix whose entries are
contained in a ring R, then we say that R is the base ring of A.
Lemma 6.6.2. Let Py be a matriz that contains a submatriz of the form [1, o, T
(up to field isomorphism and permuting rows). If M(®p,) is algebraically equivalent
to a template M(®p, ) over a field F, then the corresponding submatriz of Py must
be [—1,—z,2,1]T for some z € F — {0,1}.

1This is based on the fact that partial field representability is closed under generalized parallel connections
(see [20, Theorem 3.1]).
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Proof. Consider the following submatrix of [I4|D4|Fp).

100011
01 000 «
00100 «
000111

If the elements represented by the second and third columns are contracted, we
see that the elements represented by the last two columns become a parallel pair.
In the corresponding submatrix of P, the nonzero entries of the fifth column are
1 and —1. Therefore, the entries of P} corresponding to the 1s of the last column
above, must be a 1 and a —1 also. [ |

The function complete_template representation takes as input a matrix PO
over GF(4). It returns a pair of matrices A4 and Avar. The matrix A4 is the
matrix [,|D,|FPy] over GF(4), where each column of ) has been scaled so that
the last nonzero entry is 1. The matrix Avar has entries from a polynomial ring
Z|zo, 21, . . ., zy) for some n, and it is of the form [I,|D,|P;] for some matrix P} with
the same zero-nonzero pattern as Fy. The symbols zg, 21, . . ., 2z, are indeterminates.
In order for Avar to be a representation of M, there will be certain relationships
between the indeterminates. The columns of P} are scaled so that the last nonzero
entry is a 1. If there is a second 1 in a column of Py, then the corresponding entry
of P} is —1, by Lemma 6.6.2.

The function zero_determinant_ideal takes as input a matroid M and a matrix
A, over a ring R, of the form A = [I.|A’], where r = r(M) and where the rows and
columns of I, are indexed by a set B. For each column, indexed by ¢, and row,
indexed by b, of A’ the entry Aj . is nonzero if and only if the basis element with
nonzero entry in row b is in the B-fundamental circuit of ¢. For each size-r subset
of the ground set of M that is not a basis, we compute the determinant of the
corresponding square submatrix of Avar. (We call these size-r sets nonbases.) In
order for Avar to represent M, these determinants should be 0. To do this, we need
the quotient ring of R modulo the ideal generated by all of these determinants.
The function returns a Grobner basis for this ideal.

The function check partial field takes as input a matroid M, a matrix A, and
an ordering E of the elements of M, as in the function zero_determinant_ideal.
It also takes as an argument a list of generators of a multiplicative group G where
P = (R, G) is some partial field. These generators should be elements of the fraction
field of the base ring of A. The function determines if A is a P-matrix that represents
M.

6.7 The Highly Connected Matroids in AC,

We begin this section with seventeen lemmas—one for each of the matrices /-
XVII listed in Definition 6.4.4. For the first two lemmas, we will give the details
of the SageMath code used to obtain the results. For the rest of the lemmas, we
will only give the sketch of the proof, making statements that implicitly refer to
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SageMath. The proofs of all of the lemmas follow the basic pattern explained in
Section 6.6.

Lemma 6.7.1. Let Py be matriz I listed in Definition 6.4.4. Then the abstract
matroid M = M ([I5|Ds|Py]) is G-representable. Moreover, M is only representable
over a field if it contains a solution to the equation x> —x — 1 = 0.

Proof. The following code was used to determine the relations that must be sat-
isfied between the nonzero entries of a matrix representing M. Besides 1 and —1,
these entries are called zg, 21, . . . , 211, as explained in Section 6.6. (The entries in the
leftmost columns are assigned the variables first. Within a column, the uppermost
entry is assigned a variable first.)

PO = Matrix(GF4, [[1,1,a,a,a,a"2],
[a,a,a,a,a"2,a],
[a,a,1,1,1,1],
(1,0,1,0,0,0],
[0,1,0,1,0,011)

(A4, Avar)=complete_template_representation(P0)

M = Matroid(A4)

E = M.groundset_list()

I = zero_determinant_ideal (M, Avar)
I

Avar.base_ring() .inject_variables()
Avar.change_ring(Avar.base_ring() .fraction_field())

The function zero_determinant_ideal returned the ideal with the Grobner
basis {2’%1 + 211 — 1, 20+ 211, 21 — 211, 22 + 211, 23 — 211, 24 — 211, 25+ 211, 26 — 211,
27+ 211, 28 + 211, 29 — 211 + 1, 210 + 211 + 1}. Take the quotient ring of the fraction
field of the base ring of Avar modulo this ideal. The fact that 27, + 2;; — 1 and
2y + 211 are in the ideal implies that, in the quotient ring, 23 — zp — 1 = 0. Thus,
2 is a solution to the equation 22> — x — 1 = 0 in the quotient ring. Thus, any
field over which M has a representation must contain a solution to this equation.
Moreover, 2z, + 1 = 22 and 2z, — 1 = z; . In fact, we also have 22 — 2z, = 2, .
Therefore, although the only generators for the golden-mean partial field are —1
and 2o, the ideal allows us to include 29+ 1, 20 — 1, and z% — 225 as generators. The
following code returns True and therefore confirms that Avar is a G-matrix after
we pass from its base ring to the quotient ring.

Avar2 = Avar(z0=z2,z1=-22,z3=-22,z4=-22,25=22,26=-22,27=22,
28=22,29=-22-1,210=2z2-1,2z11=-22)

check_partial_field(M, Avar2, M.groundset_list(),
[-1,z2,2z2+1,z2-1,2z2"2 - 2z2],1[])

Lemma 6.7.2. Let Py be matriz 11 listed in Definition 6.4.4. Then the abstract
matroid M = M([I5|Ds| Pp)) is Ky-representable.
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Proof. The following code was used to determine the relations that must be sat-
isfied between the nonzero entries of a matrix representing M. Besides 1 and —1,
these entries are called zg, 21, . . ., 25, as explained in Section 6.6. (The entries in the
leftmost columns are assigned the variables first. Within a column, the uppermost
entry is assigned a variable first.)

PO = Matrix(GF4, [[1,a ,0],

[a,a"2,0],
[a,0 ,a"2],
(1,0 ,al,
(0,1 ,111
(A4, Avar)=complete_template_representation(P0)
M = Matroid(A4)
E = M.groundset_list()
I = zero_determinant_ideal (M, Avar)
I

Avar.base_ring() .inject_variables()
Avar.change_ring(Avar.base_ring() .fraction_field())

The function zero_determinant_ideal returned the ideal with the Grdébner
basis {z125 + 25+ 1, 20+ 21, 22 — 25, 23+ 25+ 1, 24+ 25 + 1}. Take the quotient ring
of the fraction field of the base ring of Avar modulo this ideal. If zy, zg + 1, and
2o — 1 are generators of a multiplicative group, then 1/zp, 1/(20+1), and 1/(2p—1)
are in the group and can also be added to the list of generators. The following code
returns True and therefore confirms that Avar is a Ky-matrix after we pass from
its base ring to the quotient ring.

Avar2 = Avar(z1=-z0,z2=1/(z0-1),z3=-z0/(z0-1) ,z4=-z_0/(z_0-1),
z_5=1/(z_0-1))

check_partial_field(M, Avar2, M.groundset_list(),
[-1,2_0,z_0-1,z_0+1,1/2_0,1/(z_0+1) ,1/(z_0-1)1, [1)

Lemma 6.7.3. Let Py be matriz I11 listed in Definition 6.4.4. Then the abstract
matroid M = M([I5|Ds| Pp)) is Ky-representable.

Proof. The ideal is generated by {z125 — 1, 2129 + 21 + 20, 2520 + 29 + 1, 20 + 21,
2o+ 29+ 1, 23 — 29, 24 + 25, 26 + 20 + 1, 27 — 29, 25 + 29 + 1}. We solve for the
variables in terms of zy and obtain z; = —zg, 20 = 1/(20 — 1), 23 = —20/(20 — 1),
2y = 1/20, 25 = —1/20, 26 = 1/(20 — 1), 27 = —20/(20 — 1), 28 = 1/(29 — 1), and
29 = —20/(20 —1). We check that the matrix is a Ko-matrix by checking the partial
field generated by {—1, 2o, 20 + 1, 20 — 1, 1/20, 1/(20 + 1), 1/(20 — 1)} |

Lemma 6.7.4. Let By be matriz IV listed in Definition 6.4.4. Then the abstract
matroid M = M([I5|Ds| P)) is Ky-representable.
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Proof. The ideal is generated by {2329+ 23+ 29, 23211+ 23— 1, 29211 +229+ 1, 20+ 23,
21— 23, 29+ 23, Z4+29+1, Z5 — %9, Z6+Zg+1, Z7 — X9, 28+Zg+1, 210+211+1}. We
solve for the variables in terms of z1; and obtain 29 = —1/(211+1), 21 = 1/(211+1),
Z9 = —1/(211 + 1), z3 = 1/(211 + 1), Z4 = —<211 + 1)/(211 + 2), 25 = —1/(211 + 2),
26 — —(211 + 1)/(2’11 + 2), Z7r = —1/(2’11 + 2), zZ8 = —(211 + 1)/(211 + 2), Z9 =
—1/(z11 + 2), and 210 = —2z1; — 1. We check that the matrix is a Ky-matrix by
checking the partial field generated by {—1, 211, 211 + 1, 211 + 2, 1/211, 1 /(211 + 1),
1/(z11 + 2)}. (Here, 217 + 1 is plays the role of a in Example 6.5.6.) |

Lemma 6.7.5. Let By be matriz V' listed in Definition 6.4.4. Then the abstract
matroid M = M ([14]D4|Pp)) is Ky-representable.

Proof. The ideal is generated by {z125 + 21 — 25, 2127 + 1, 2527 + 25 + 1, 20 + 21,
29— 27, 23+ 27+ 1, 24+ 25 + 1, 26 + 2z7}. We solve for the variables in terms of z3
and obtain zg = —1/(23+ 1), 21 = 1/(23+ 1), 20 = —(23+ 1), 24 = — (23 + 1)/ 23,
z5 = 1/z3, 26 = 23+ 1, and z; = —(z3+1). We check that the matrix is a Ko-matrix
by checking the partial field generated by {—1, 23, 23 + 1, 23 + 2, 1 /23, 1 /(23 + 1),
1/(z3 + 2)}. (Here, z3 + 1 is plays the role of o in Example 6.5.6.) [

Lemma 6.7.6. Let Iy be matriz VI listed in Definition 6.4.4. Then the abstract
matroid M = M ([14|D4|Ry]) is G-representable. Moreover, M is only representable
over a field if it contains a solution to the equation x°> —x — 1 = 0.

Proof. The ideal is generated by {zg —29—1, 20+ 29, 21— 29, 29+ 29— 1, 23— 29+ 2,
zg+ 29— 1, 25 — 29+ 1, 26 + 29, 27 — 29, 28 + 29 + 1}. We solve for the variables in

terms of zg and obtain zg = —z9, 21 = 29, 20 = —29+ 1, 23 = 29 — 2, 24 = —29 + 1,
25 = 29 — 1, 26 = —29, 27 = 29, and 23 = —2z9 — 1. Since 23 — zg — 1 is in the
ideal, we have zg +1 = 22, 29 — 1 = 1/29, 29 — 2 = —25%, =22 +2 = —2, ', and

—22 4229 + 1 = z9. Therefore, we check that the matrix is a G-matrix by checking
the partial field generated by {—1, 29, 29+ 1, 29 — 1, 29 — 2, —28 +2, —23 + 229+ 1}.

The fact that 22 — 29 — 1 is in the ideal implies that M is only representable over
fields that contain a solution to the equation 22 — 2 — 1 = 0. [

Lemma 6.7.7. Let Py be matriz V11 listed in Definition 6.4.4. Then the abstract
matroid M = M ([14|D4|Ry]) is G-representable. Moreover, M is only representable
over a field if it contains a solution to the equation x> —x — 1 = 0.

Proof. The ideal is generated by {zg — 29— 1, 20+ 29, 21— 29, 20— 29+ 2, 23+ 29— 1,
24— 29+ 1, 25+ 29, 26 — 29, 27+ 29 + 1, 25 + 29 + 1}. We solve for the variables in

terms of zg and obtain zyg = —z9, 21 = 29, 20 = 29 — 2, 23 = —29 + 1, 24 = 29 — 1,
Z5 = —2Z9, 26 = 29, 21 = —29 — 1, 23 = —2z9 — 1. Since zg — zg — 1 is in the ideal, we
have zg+1 =22, 20— 1 =1/29, 29 —2 = —2y 2, —22+2 = —z5 ", 222 — 229 — 1 = 1,

229 + 1 = zg, and —zg + 2z9 + 1 = z9. Therefore, we check that the matrix is a
G-matrix by checking the partial field generated by {—1, zg, 29 + 1, 29 — 1, 29 — 2,
—22 42,222 — 229 — 1,229+ 1, —22 + 229 + 1}.

The fact that 22 — 29 — 1 is in the ideal implies that M is only representable over
fields that contain a solution to the equation 22 — 2z — 1 = 0. [ |
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Lemma 6.7.8. Let Py be matriz VIII listed in Definition 6.4.4. Then the abstract
matroid M = M ([14]D4|Pp)) is Ky-representable.

Proof. The ideal is generated by {zs27 — 1, 20 — 25, 21 + 25, 220 — 27, 23 + 27,
z4 + 25, 26 + 27}. We solve for the variables in terms of z7 and obtain zg = 1/z7,
2= —1/z7, 29 = 27, 23 = —27, 24 = —1/2z7, 25 = 1/z7, z6 = —2z7. Note that
—23 + 22+ 2; — 1 = —(27 — 1)*(27 + 1). Therefore, we check that the matrix is a
Ks-matrix by checking the partial field generated by {—1, z7, 27 + 1, 27 — 1, 1/27,
/(27 +1), 1/(z7 — 1), —22 + 22 + 2, — 1}. [

Lemma 6.7.9. Let Py be matriz IX listed in Definition 6.4.4. Then the abstract
matroid M = M([14|D4|Fp)) is Ppay,-representable.

Proof. The ideal is generated by {z3z7 + 23 + 27, 20 + 27, 21 — 27, 20 + 23 + 1,
zg+ 27+ 1, 25 — 20 — 1, 26 + 27 + 1}. We solve for the variables in terms of z; and
obtain zy = —z7, 21 = 27, 20 = —1/(27+ 1), 23 = —27/(z7 + 1), 24 = —27 — 1,
25 = 27 + 1, and 2z = —27 — 1. We check that the matrix is a Pp,, matrix by
checking the partial field generated by {—1, z7, 27+ 1, 27 — 1, 27 + 2, 227+ 1, 1/ 27,
1/(z7+1),1/(2r = 1), 1/(27 + 2)}. |

Lemma 6.7.10. Let Iy be matriz X listed in Definition 6.4.4. Then the abstract
matroid M = M([I5|Ds| Pp)) is Ky-representable.

Proof. The ideal is generated by {2729 — 1, 20+ 29 + 1, 21 — 29, 22+ 20 + 1, 23 — 2o,
24+ 20+ 1, 25 — 29, 26 + 27+ 1, 28 + 29 + 1}. We solve for the variables in terms

of zg and obtain 2y = —z9 — 1, 21 = 29, 20 = —29 — 1, 23 = 29, 24 = —29 — 1,
25 = 29, 26 = —(29 + 1) /29, 27 = 1/29, 28 = —29 — 1. We check that the matrix is a
Ko-matrix by checking the partial field generated by {—1, zq, 29 + 1, 29 — 1, 1/ 20,
1/(z0 + 1), 1/(29 — 1)}. [ |

Lemma 6.7.11. Let Py be matriz X1 listed in Definition 6.4.4. Then the abstract
matroid M = M([I5|Ds| Pp)) is Ky-representable.

Proof. The ideal is generated by {z3z7 — 1, 20 + 23 + 1, 21 — 23, 20 + 23 + 1,
zy+ 27+ 1, 25— 27, 26+ 27+ 1}. We solve for the variables in terms of z7 and obtain
20 = —(z741) /27,21 = 1/ 27,20 = —(27+1) /27,23 = 1/ 27, 24 = —27—1, 25 = 27, and
26 = —z7— 1. There is an optional argument for the function check partial field
called extra determinants that allows us to enter a list of polynomials that are
known to be products of the generators of the partial field but that we do not
wish to include as a generator in order to reduce the running time of the function.
We know that 2z — 222 + 1 = (27 + 1)?(2;y — 1)%. Therefore, we check that the
matrix is a Ky-matrix by checking the partial field generated by {—1, 27, 27 + 1,
27 —1,1/27,1/(27+ 1), 1/(27 — 1)}, with the list of extra determinants consisting
of (22 =222 +1)/22 and (—27 + 222 — 1)/22. |

Lemma 6.7.12. Let Py be matriz XI1I listed in Definition 6.4.4. Then the abstract
matroid M = M([I5|Ds| Pp)) is Ky-representable.
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Proof. The ideal is generated by {z7z11 — 1, 20 + 211 + 1, 21 — 211, 20 + 211 + 1,
23— 211, Za+ e+ 1, 25 — 2, 26+ 2r + 1, zs + 20 + 1, 29 — 211, 210+ 201 + 1)
We solve for the variables in terms of z1; and obtain zg = —z11 — 1, 21 = 211,
29 = —z11 — 1, z3 =211,z = —211 — 1, 25 = 211, 26 = —(211 + 1)/211, 27 = 1/211,
zg = —z11 — 1, 29 = 211, and z19 = —z11 — 1. We check that the matrix is a Ko-
matrix by checking the partial field generated by {—1, 211, 211 + 1, 211 — 1, 1/211,
1/(z11 +1), 1/(z11 — D} n

Lemma 6.7.13. Let Py be matriz X111 listed in Definition 6.4.4. Then the ab-
stract matroid M = M ([I5|Ds| Pp)) is Ky-representable.

Proof. The ideal is generated by {z729 — 1, 20+ 27+ 1, 21 — 27, 20+ 27 + 1, 25 — 27,
zg+ 2+ 1, 25 — 27, 26 + 27+ 1, 25 + 29 + 1}. We solve for the variables in terms of
zzrand obtain zg = —2; — 1, 21 = 27, 20 = —27 — 1, 23 = 27, 24 = —27 — 1, 25 = 27,
26 = —27— 1, 28 = —(2r +1)/27, and z9 = 1/z;. We check that the matrix is a Ks-
matrix by checking the partial field generated by {—1, 27, 27+ 1, 27— 1,1/27, 1 /(27 +
1),1/(zr —1)}. [ |

Lemma 6.7.14. Let Py be matriz X1V listed in Definition 6.4.4. Then the abstract
matroid M = M([I5|Ds| P)) is Ky-representable.

Proof. The ideal is generated by {z%, + 29, 20+ 211 + 1, 21 — 211, 22+ 211+ 1, 23— 211,
24+ 21141, 25— 211, 26+ 211+ 1, 27— 211, 28 F 20+ 1, 210+ 211 + 1}. We solve for the

variables in terms of z1; and obtain zg = —z11—1, 21 = 211, 22 = —211 — 1, 23 = 211,
29 =—211— 1,25 = 211, 26 = —211 — 1, 27 = 211, 28 = (211 + 1)(211 - 1)7 29 = _Z%p
and 219 = —z11 — 1. We check that the matrix is a Ky-matrix by checking the
partial field generated by {—1, z11, 211 + 1, 211 — 1}. [ |

Lemma 6.7.15. Let Py be matriz XV listed in Definition 6.4.4. Then the abstract
matroid M = M ([14|D4|Pp)) is Ug-representable.

Proof. The ideal is generated by {zo + 23 + 1, 21 — 23, 220 + 23 + 1, 24 + 27 + 1,
25 — 27, 26 + 27 + 1}. We solve for the variables in terms of z3 and z; and obtain
Z0=—2z3— 1,21 =23, 20 = —23—1, 24 = —27 — 1, 25 = 27, and zg = —2z7 — 1.
We check that the matrix is a Us-matrix by checking the partial field generated by
{—1, 23, 27, 23+ 1, 2z + 1, z; — z3}. (Here, z3 + 1 and z7; + 1 play the roles of a4
and a9 in Example 6.5.5.) [ |

Lemma 6.7.16. Let Py be matriz XV'I listed in Definition 6.4.4. Then the abstract
matroid M = M([14]D4|P)) is Uy-representable.

Proof. The ideal is generated by {z125+ 23+ 25+ 1, 2325 — 2327 — 2527 — 27, 2127+ 23,
20+ 21+ 1, 2o+ 23+ 1, 24+ 25 + 1, z6 + 27 + 1}. We solve for the variables in
terms of z; and 23 and obtain zg = —21 — 1, 20 = —23 — 1, 2y = (23 — 21) /(21 + 1),
25 = —(2z3+ 1)/(z21+ 1), 26 = (23 — 21)/21, and 27 = —z3/21. We check that the
matrix is a Uy-matrix by checking the partial field generated by {—1, z1, 23, 21 + 1,
z3+1, 23— 21, 1/21, 1/(21 +1)}. (Here, z; + 1 and 23 + 1 play the roles of a; and
as in Example 6.5.5.) [ |
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Lemma 6.7.17. Let Py be matriz XV II listed in Definition 6.4.4. Then the ab-
stract matroid M = M ([14]D4|Po)) is Ky-representable.

Proof. The ideal is generated by {z325+25—1, 20+ 25, 21 — 25, 20+ 23+1, 24+ 25+1}.
We solve for the variables in terms of z5 and obtain zg = —z5, 21 = 25, 20 = —1/25,
23 = —(2z5 — 1)/25, and z4 = —z5 — 1. We check that the matrix is a Ko-matrix
by checking the partial field generated by {—1, z5, 25 + 1, 25 — 1, 1/25, 1/(25 + 1),
1/(zs — 1)} [ |

The proofs of the next two theorems are essentially identical to each other. We
give the proof of Theorem 6.7.18 but omit the proof of Theorem 6.7.19.

Theorem 6.7.18. Suppose Hypothesis 3.2.2 holds. Then there exists k € Z such
that, for every k-connected member M of AC4 with at least 2k elements, either M
or M* is a minor of the vector matroid of a matriz of the form below, where Py is
one of matrices [-XV'I listed in Definition 6.4.4, up to a field isomorphism.

Py

I, | D, 0

Theorem 6.7.19. Suppose Hypothesis 3.2.3 holds. Then there exist k,n € Z. such
that every simple vertically k-connected member of ACy4 with an M(K,)-minor is
a minor of the vector matroid of a matriz of the form above, and every cosimple
cyclically k-connected member of AC4 with an M*(K,,)-minor is a minor of the dual

of the vector matroid of a matrix of the form above, where Py is one of matrices
1-XVI listed in Definition 6.4.4, up to a field isomorphism.

Proof of Theorem 6.7.18. Recall the definition of weak conforming from Defini-
tion 4.1.3. Also recall that M, (®) is the set of matroids weakly conforming to
a template ®. By Corollary 4.1.5 (with m = 3, since the characteristic set of
PG(2,2) = Fr is {2}), there is a set of refined templates ®q,..., &g, Uy, ..., ¥,
such that

1. AC, contains each of the classes M, (®1), ..., My, (P,),

2. AC, contains the duals of the represented matroids in each of the classes

M, (Uy),... .My, (¥,), and

3. if M is a simple k-connected member of AC4 with at least 2k elements, then
either M is a member of at least one of the classes M, (®1), ..., M, (Py), or
M* is a member of at least one of the classes M, (Vy), ..., M, (¥,).

Lemma 6.4.5 (and the fact that ACy is closed under duality) implies that these
templates can be chosen so that each of them is the complete, lifted Y-template
determined by a submatrix of one of matrices I-XV'I. Now, consider the complete,
lifted Y-templates determined by a matrix F,, where P, is one of matrices [-XV'I
themselves (rather than a submatrix). Let m be the number of rows of F,. By

Lemmas 6.7.1-6.7.16, M = M([Im]Dm\Po]) is representable over G, Ky, Us,, or
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Ppap. Therefore, by Corollary 6.5.13, M € AC,. Lemma 6.6.1 then implies that
M(Pp,) C ACy.

Therefore, we may take {®q,..., P} and {¥y,..., ¥,;} both to consist of the
complete, lifted Y-templates determined by matrices I-XV'I. Again, let P, be one
of these matrices. The rank-r universal matroids conforming to ®p, (of which every
matroid conforming to ®p, is a restriction) are represented by matrices of the form
given in the statement of the theorem. |

6.8 The Highly Connected Golden-Mean Matroids

In this section, we characterize the highly connected golden-mean matroids,
subject to Hypotheses 3.2.2 and 3.2.3. To do this, we need some information about
the Pappus matroid, which has the geometric representation given in Figure 6.4.

1 3 4

FIGURE 6.4. A Geometric Representation of the Pappus Matroid

Lemma 6.8.1.

1) The Pappus matroid is a minor of a matroid conforming to ®p , where Py is
( ) pp g 07 0
matrixz IX.

(i) The Pappus matroid is representable over a field F if and only if F = GF(4)
or |F| > 7.

(iii) If Py is any proper column submatriz of matriz I X, then it is also a submatriz
of matriz VI or VII (up to field isomorphism and permuting of rows and
columns).

Proof. To prove (i), let Py be matrix I X. Note that the vector matroid of [I,| D4| P]
virtually conforms to ®p, and is therefore a minor of a matroid conforming to ®p,.
Contract the element represented by the first column and simplify. The result is

2 2042

Q

1
0
0

O = O

0110
0101
1 011

— 9 Q9

a
a2 «
1 1

O =
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Delete the element represented by the fourth column, and the result is

1 2 3 45 6 7 8 9

1 001 0 a o a® o
01 001 a 1 o af
0O 01 1.1 1 O 1 1

which represents the Pappus matroid with the column indices corresponding to
the labels in Figure 6.4.

The result in (ii) is stated without proof in Oxley [23, Appendix|. Alternatively,
(i), combined with Lemma 6.7.9 implies that the Pappus matroid is representable
over GF(4) and all fields of size at least 7. Since it contains a Uss-minor, it is
not representable over GF(2) or GF(3). The fact that it is not representable over
GF(5) was verified using SageMath.

To prove (iii), label the columns of matrix /X from left to right as a, b, ¢, and d
and the rows as 1, 2, 3, 4. The matrix [a, b, ¢], after a field isomorphism, is contained
in matrix V' I. The matrix [a, b, d] is contained in matrix VII. If we put the rows of
la,c,d] in order 4,3,2,1 and perform a field isomorphism, the resulting matrix is
contained in matrix VI. If we put the rows of [b, ¢, d| in order 1, 3,2,4 and perform
a field isomorphism, the resulting matrix is contained in matrix VII. [ |

The proofs of the next two theorems are essentially identical to each other. We
give the proof of Theorem 6.8.2 but omit the proof of Theorem 6.8.3.

Theorem 6.8.2. Suppose Hypothesis 3.2.2 holds. Then there exists k € Z. such
that, for every k-connected golden-mean matroid M with at least 2k elements,
either M or M* is a minor of the vector matroid of a matriz of the form below,
where Py is one of matrices -V III or X — X VI listed in Definition 6.4.4, up to
a field isomorphism.

I

I. | D, 0

Theorem 6.8.3. Suppose Hypothesis 3.2.3 holds. Then there exist k,n € Z,
such that simple every vertically k-connected golden-mean matroid with an M (K,,)-
minor is a minor of the vector matroid of a matriz of the form above, and every
cosimple cyclically k-connected golden-mean matroid with an M*(K,)-minor is a
minor of the dual of the vector matroid of a matriz of the form above, where P,
is one of matrices I-VIII or X-XVI listed in Definition 6.4.4, up to a field
1somorphism.

Proof of Theorem 6.8.2. We wish to find the templates ®4,...,®,, ¥y, ... ¥, for
gM whose existence are implied by Corollary 4.1.5. Since GM C ACy, it fol-
lows from combining Lemma 6.4.5 and Theorem 6.7.18 that we may take each of
bq,..., P, Uy, ..., ¥, to be the complete, lifted Y-template determined by some
column submatrix P, of one of matrices I-XV1I.
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Consider the complete, lifted Y-templates determined by a matrix F,, where
Py is one of matrices I-VIII or X — XVI. Let m be the number of rows of
Py. By Lemmas 6.7.1-6.7.8 and Lemmas 6.7.10-6.7.16, M = M([I,,|D|Fo]) is
representable over G, Ky, or U,. Therefore, by Corollary 6.5.13, M € GM. Lemma
6.6.1 then implies that M(®p,) C GM.

By Lemma 6.8.1, Py cannot be matrix /X (because every golden-mean matroid
is GF(5)-representable). Lemma 6.8.1 also states that if P, is a proper column
submatrix of matrix /X, then it must also be a submatrix of matrix VI or matrix
VII; therefore, in that case, Py has already been analyzed above.

Therefore, we may take {®1,...,®,} and {¥y,..., U;} both to consist of the
complete, lifted Y-templates determined by matrices I-VIII and X — XV I. Simi-
larly to the proof of Theorem 6.7.18, we see that every simple k-connected member
of GM with at least 2k elements is a minor of a matroid represented by a matrix
of the form given in the statement of the theorem. [

6.9 The Quaternary Matroids Representable over All Sufficiently Large
Fields

If ¢ is a prime power, let AF, be the class of matroids representable over all
fields of size at least ¢, and let SL, denote the class of GF(g)-representable ma-
troids M for which there exists a prime power ¢’ such that M is representable over
all fields of size at least ¢’. The abbreviations AF and SL stand for “all fields” and
“sufficiently large,” respectively. Clearly, AF, C SL, C AC,. In this section, first
we characterize the highly connected members of AF, and SL4, subject to Hy-
potheses 3.2.2 and 3.2.3. Then we determine the extremal functions and extremal
matroids for these classes. To do this, we will need a few additional lemmas to
differentiate between AC, and SL,.

Lemma 6.9.1. There are infinitely many fields that do not contain a solution to
the equation x> —x — 1= 0.

Proof. Let p be a prime other than 2 or 5. Solving 2> —z — 1 = 0 in GF(p), we
obtain x = (1+ )27, where o® = 5 in GF(p). Thus, 22 —z — 1 = 0 has a solution
in GF(p) if and only if there is a solution to z2 =5 (mod p). A well-known result
in number theory, known as quadratic reciprocity and first proved by Gauss [6],
implies that > = 5 (mod p) has a solution if and only if 2> = p (mod 5) has a
solution. This is the case precisely when p = +1 (mod 5). Therefore, to prove the
result, it suffices to show that there are infinitely many primes p such that p = 2
(mod 5) or p = 3 (mod 5). This follows from another well-known number theoretic
result known as Dirichlet’s theorem on arithmetic progressions [5], which implies
that if @ and b are coprime integers, then there are infinitely many primes p such
that p = a (mod b). |

Lemma 6.9.2. Let Py be a column submatrixz of either matrixz I, matriz VI, or
matrix VII, and let m be the number of rows of Py. Fither Py is a submatrix of
one of matrices I1-V or VIII-XVII (up to field isomorphism and permuting of
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rows and columns), or ]\A/[/([Im|Dm]P0]) is only representable over fields that contain
a solution to the equation x> —x —1 = 0.

Proof. To show that M ([I,,|Dy|Py]) is only representable over fields that con-
tain a solution to the equation 2?2 — x — 1 = 0, the argument is similar to the
proofs of Lemmas 6.7.1, 6.7.6, and 6.7.7 and uses the same functions, which
are complete_template representation and zero determinant_ideal, found in
Section A.9. Therefore, for each column submatrix P, of matrices I, VI, and V11,
we either go through this process, or we show that F, is a column submatrix of
one of matrices [1-V or VIII-XVII. As in Section 6.4, whenever we permute the
rows of Py, we automatically scale each column so that the last nonzero entry is 1.

First, we consider matrix I. Label the columns of matrix I from left to right
as a,b,c,d, e, f and the rows from top to bottom as 1,2,3,4,5. If Py is a column
submatrix of matrix I that contains neither ¢ nor d, then F, is a submatrix of
matrix I'V. Also, if we swap the last two rows of [a, b, ¢, e, f], we obtain [b, a, d, e, f].
Therefore, we may assume that P, contains d. Consider Py = [a,d]. We use the
following code.

PO = Matrix(GF4, [[1,a],

(a,a],
[a,1],
[1,0],
[0,111)
(A4, Avar)=complete_template_representation(P0)
M = Matroid(A4)
E = M.groundset_list()
I = zero_determinant_ideal (M, Avar)
I

The ideal includes 22 — z3 — 1, meaning that in any representation of the matroid
M = Matroid(A4) over a field [F, the entry corresponding to z3 must be a solution
to the equation 22 —x —1 = 0 in F. Now, by swapping the last two rows of [b, ¢], we
obtain [a, d]. Therefore, we may assume that Py does not contain [b, ¢]. Thus, Fy
is a column submatrix of either [b,d, e, f] or [¢,d, e, f]. For [c,d, e, f], put the rows
in order 3,2, 1,4, 5; the result is a submatrix of matrix V. Thus, to complete the
analysis of matrix I, it suffices to consider submatrices of [b,d, e, f]. For [b,d, f],
the ideal contains z2 + z5 — 1. Therefore, (25 ')? — 25 ' — 1 = 0. For [b,d, €], put the
rows in order 3,2, 1,4, 5. The result is [d, b, f], which we just analyzed. The matrix
b, e, f] is a submatrix of matrix IV. For [d, e, f], put the rows in order 3,2,1,4,5.
The result is [b, f, e], which we just analyzed.

Now we consider matrix V' I. Label the columns of matrix VI from left to right
as a,b,c,d,e and the rows as 1,2,3,4. If we reorder the rows as 3,4,1,2, then
the columns a,b,c,d,e become c,e,a,d,b. Therefore, we may discard sets that
contain column ¢ but not column a. For the matrix [a, b, ¢, d], the ideal includes

22 — 2; — 1. For [a, b, c, e], the ideal contains z2 — z; — 1. For [a, b, d, €], the ideal
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contains 22 — z; — 1. For [a, ¢, d, €], the ideal contains 22 — z; — 1. Thus, every column
submatrix of matrix V' I with four columns corresponds to a template to which only
conform matroids that are only representable over fields that contain a solution
to the equation 22 — x — 1 = 0. We now consider column submatrices of matrix
VI with three columns. The matrix [a,b, ¢| is a submatrix of matrix IX (after a
field isomorphism). After swapping rows 2 and 3, [a, b, d] is a submatrix of matrix
I, which has already been analyzed. Matrix XV'II is [a, b, e]. After swapping rows
2 and 3, [a, ¢, d] is a submatrix of matrix VIII. After putting the rows of [a, ¢, €]
in order 2,1,4,3 and performing a field isomorphism, the resulting matrix is a
submatrix of matrix IX. For [a, d, €], put the row in order 4, 3,2, 1. The resulting
matrix is a submatrix of matrix I7/. We saw above that we need not consider
submatrices that contain ¢ but not a. Thus, the only remaining submatrix with
three columns to check is [b,d, e]. Put the rows of [b,d,e] in order 2,1,3,4. The
result is a submatrix of matrix 7.X.

Now we consider matrix VII. Label the columns of matrix VII from left to
right as a, b, ¢, d, e and the rows as 1.2.3.4. For [a, b, ¢, d], the ideal contains 22 + 2;
and z5 * 27 + 25 + z7. Combining these, we see that z§ + z5 — 1 = 0. Therefore,
()% — 2" — 1 = 0. For [a,b,c,e], the ideal contains 22 — z; — 1. For [a, b, d, €],
the ideal contains 22 — 2; — 1. For [a, ¢, d, €], the ideal contains z5 * 27 — 25 + 27
and 22 + z5. Combining these, we see that 22 — z; — 1. The matrix [b,c,d, €] is
matrix XV I, up to reordering the columns. Therefore, we now need only check
submatrices that contain a and contain a total of three columns. For [a, b, ¢|, swap
rows 2 and 3. The result is matrix XV I, up to reordering columns. For [a, b, d],
swap rows 2 and 3. The result is a submatrix of matrix IV. The matrix [a, b, €] is a
submatrix of matrix I X. By putting the rows of [a, ¢, d] in order 2, 1, 4, 3, we obtain
a submatrix of matrix IX. By putting the rows of [a,c,e] in order 2,1,4,3 and
performing a field isomorphism, we obtain the matrix XV II. By putting the rows
of [a,d, e] in order 4,2, 3, 1, we obtain matrix XV II. This completes the proof. W

We now characterize the highly connected members of SL4, subject to Hypothe-
ses 3.2.2 and 3.2.3. The proofs of the next two theorems are essentially identical
to each other. We give the proof of Theorem 6.9.3 but omit the proof of Theorem
6.9.4.

Theorem 6.9.3. Suppose Hypothesis 3.2.2 holds. Then there exists k € Z, such
that, for every k-connected member M of SL4 with at least 2k elements, either M
or M* is a minor of the vector matroid of a matrixz of the form below, where P,
1s one of matrices II1-V or VIII-XVII listed in Definition 6.4.4, up to a field
isomorphism.

I
0

I | D,

Theorem 6.9.4. Suppose Hypothesis 3.2.3 holds. Then there exist k,n € Z, such
that every simple vertically k-connected member of SLy with an M(K,)-minor is
a minor of the vector matroid of a matrix of the form above, and every cosimple
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cyclically k-connected member of SL4 with an M*(K,,)-minor is a minor of the dual
of the vector matroid of a matrix of the form above, where Py is one of matrices
11V or VIII-XVII listed in Definition 6.4.4, up to a field isomorphism.

Proof of Theorem 6.9.3. We wish to find the templates ®4,...,®,, Uy, ... ¥, for
SL4 whose existence is implied by Corollary 4.1.5. Since SL; C ACy, it fol-
lows from combining Lemma 6.4.5 and Theorem 6.7.18 that we may take each of
by, ..., P, Uy, ..., U, to be the complete, lifted Y-template determined by some
column submatrix P, of one of matrices I-XVI.

Consider the complete, lifted Y-templates determined by a matrix Fy, where P,
is one of matrices I1-V or VIII-XVII. Let m be the number of rows of . By
Lemmas 6.7.2-6.7.5, 6.7.8-6.7.17, M = M([I,,| D,,| o)) is representable over Ko,
Uy, or Pp,,. Therefore, by Corollary 6.5.13, M € SL£4. Lemma 6.6.1 then implies
that M((I)po) g S£4

However, if Py is matrix I, VI, or VII, Lemma 6.7.1, 6.7.6, or 6.7.7, respectively,
combined with Lemma 6.9.1, implies that there are infinitely many fields F such
that M(®p,) is not contained in the class of F-representable matroids. Therefore,
M(®p,) is not contained in SL4. Moreover, if Py is any column submatrix of matrix
I, VI, or VII, then Lemma 6.9.2 and 6.9.1 imply that Fy must be a submatrix of
one of matrices II-V or IX-XVII.

Therefore, we may take {®q,..., P} and {¥y,..., ¥U;} both to consist of the
complete, lifted Y-templates determined by matrices I1-V and VIII-XVII. Sim-
ilarly to the proof of Theorem 6.7.18, we see that every simple k-connected member
of SL, with at least 2k elements is a minor of a matroid represented by a matrix
of the form given in the statement of the theorem. [ |

Now we characterize the highly connected members of AF 4, subject to Hypothe-
ses 3.2.2 and 3.2.3. The proofs of the next two theorems are essentially identical
to each other. We give the proof of Theorem 6.9.5 but omit the proof of Theorem
6.9.6.

Theorem 6.9.5. Suppose Hypothesis 3.2.2 holds. Then there exists k € Z, such
that, for every k-connected member M of AF, with at least 2k elements, either M
or M* 1s a minor of the vector matroid of a matriz of the form below, where Py is
one of the proper column submatrices of matriz IX that contains three columns,
or Py is one of matrices I1-V, VIII, or X-XVII listed in Definition 6.4.4, up
to a field isomorphism.

Py

[7“ D?" 0

Theorem 6.9.6. Suppose Hypothesis 3.2.3 holds. Then there exist k,n € Z such
that every simple vertically k-connected member of AF4 with an M(K,)-minor is
a minor of the vector matroid of a matrix of the form above, and every cosimple
cyclically k-connected member of AF4 with an M*(K,)-minor is a minor of the
dual of the vector matroid of a matriz of the form above, where Py is one of the
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proper column submatrices of matriz I1X that contains three columns, or Py is
one of matrices [1-V, VIII, or X-XVII listed in Definition 6.4.4, up to a field
1somorphism.

Proof of Theorem 6.9.5. We wish to find the templates ®¢,...,®,, ¥y,..., ¥, for
AF 4 whose existence is implied by Corollary 4.1.5. Since AF,; C SLy4, it follows
from Theorem 6.9.3 that we may take each of ®,..., P, ¥y,..., ¥, to be the
complete, lifted Y-template determined by some column submatrix F, of one of
matrices [[-V or VIII-XVII.

Consider the complete, lifted Y-templates determined by a matrix F,, where
Py is one of matrices I1-V, VIII, or X-XVII. Let m be the number of rows
of Fy. By Lemmas 6.7.2-6.7.5, 6.7.8, and 6.7.10-6.7.17, M = M([I,,|D|P)) is
representable over Ky or Us. Therefore, by Corollary 6.5.13, M € AF,. Lemma
6.6.1 then implies that M(®p,) C AF,.

However, if Py is matrix /X, Lemma 6.8.1 implies that M(®p,) is not contained
in the class of GF(5)-representable matroids. Therefore, M(®p,) is not contained
in AF,. However, if P is any column submatrix of matrix /X, then P, must be
a submatrix of either matrix VI or matrix VII, by Lemma 6.8.1. Thus, Theorem
6.8.2 and the fact that golden-mean matroids are representable over GF(5) imply
that M(®p,) is contained in the class of GF(5)-representable matroids. The fact
that P is a submatrix of matrix /X implies that the members of M(®p,) are
representable over all fields of size at least 7. Thus, they are representable over all
fields of size at least 4, and M(®p,) C AF,.

Therefore, we may take {®q,..., P} and {¥y,..., ¥,;} both to consist of the
complete, lifted Y-templates determined by the column submatrices of matrix
I X with three columns and those determined by matrices I/-V and VIII, and
X-XVII. Similarly to the proof of Theorem 6.7.18, we see that every simple
k-connected member of AF, with at least 2k elements is a minor of a matroid
represented by a matrix of the form given in the statement of the theorem. [ |

Before leaving this section, we determine the extremal functions and extremal
matroids of SL; and AF,. Recall the definitions of the matroids T2, G,, and
HP, from Definition 6.2.3. Also recall, from the discussion following Definition
6.2.3, that the T2, G, and HP, are the largest simple matroids of rank r virtually
conforming to the templates ®(T7?), ®(G,), and ®(H P,), respectively.

Theorem 6.9.7. Suppose Hypothesis 3.2.3 holds. For all sufficiently large r, the
extremal matroids of SLy and AF, are T? and G,. Thus, we have

r+3
hse,(r) = har,(r) = ( 9 ) — 9.
Proof. Recall from Theorem 6.3.4 that the extremal matroids for AC4 are T?, G,,
and HP,, each of which have size (T;B) — 5. Since AF, C 8L, C ACy, it suffices
to show that for all r, we have T? € AF, and G, € AF, and that for some r, we
have HP, ¢ SL,.
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Combining Remark 4.2.7, Lemma 4.2.11, and Lemma 4.2.15, we see that ®(T?),
®(G,), and ®(HP,) are, respectively, minor equivalent to the complete, lifted Y-
templates determined by the following matrices.

2 o a? o o « a
0 ol a 0 1 1 1 «
1 ol 0 a a o*|,|a 1
01 1 0 0 O 1 0

0O 1 0 0 0 1

For the first of these matrices, swap the first two rows and the result is a sub-
matrix of matrix XV I. Combining Lemma 6.7.16 with Lemma 6.6.1, we see that
T? € AF, for every r. For the second of the above matrices, scale each column so
that its last nonzero entry is 1. Then perform a field isomorphism. The result is a
submatrix of matrix X /1. Combining Lemma 6.7.12 with Lemma 6.6.1, we see that
G, € AF, for every r. For the third matrix, swap the first two rows, and call the
resulting matrix Py. We saw in the proof of Lemma 6.9.2 that M = M([I5|Ds|Fp))
is only representable over fields that contain a solution to > — 2 — 1 = 0. The
minor equivalence of ®p, and ®(H P,) implies that HP, ¢ SL, for some 7. |

6.10 Summary

We end this chapter by proving Theorem 6.0.1 and making a few additional
observations.

Proof of Theorem 6.0.1. Let ki, ko, k3, and k4 be the values for k£ given by The-
orems 6.7.18, 6.8.2, 6.9.3, and 6.9.5, and let k = max{ky, ko, k3, ks}. If M is a
minor-closed class of matroids, let M(k) denote the set of k-connected members
of M with at least 2k elements.

Combining Theorems 6.7.18, 6.8.2, and 6.9.3, we see that AC4(k) = GM (k) U
SL4(k). Combining Theorem 6.9.3 with the lemmas in Section 6.7, we see that the
members of SL4(k) are representable over all fields of size at least 7. Therefore, a
member of SL4(k) is a member of AF,(k) if and only if it is representable over
GF(5), implying that it is a member of GM (k). Thus, AC4(k) is the disjoint union
AF (k) U (GM(k) — AF4(k))U(SLy(k) — AF4(k)). This completes the proof. W

By Theorem 6.0.1, if M is a large, highly connected member of AC,4, then the
set of fields of size at least 4 over which M is representable is one of exactly three
sets. This is in contrast to the general case where there are infinitely many such
sets. This is shown (for example) as follows. Oxley, Vertigan, and Whittle [25]
showed that, for all r, the rank-r free spike is representable over all finite fields of
non-prime order. Therefore, the rank-r free spike is a member of AC,. However,
Geelen, Oxley, Vertigan, and Whittle [12] showed that the rank-r free spike is not
representable over GF(p) for all primes p < r + 1.

Recall the definition of semi-strong equivalence found in Definition 4.2.4. It fol-
lows easily that semi-strongly equivalent Y-templates are minor equivalent. There-
fore, in Theorems 6.7.18, 6.7.19, 6.8.2, 6.8.3, 6.9.3, 6.9.4, 6.9.5, and 6.9.6, we may
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replace each of the templates ®4,...,®,, Vy,..., ¥, with a template that is semi-
strongly equivalent to it. Lemma 4.2.15 states that a complete, lifted Y-template
determined by a matrix Fy, the sum of whose rows is the zero vector, is semi-
strongly equivalent to the template determined by the matrix obtained by F, by
removing a row. Therefore, if I’ II’,..., XV II' are the matrices obtained from
I,I1,...,XVII by removing the first row, then the following results are imme-
diate; the conciseness of having matrices with fewer rows is perhaps preferable in
many situations.

Corollary 6.10.1. Suppose Hypothesis 3.2.2 holds. Then there exists k € Z such
that, for every k-connected member M of AC, with at least 2k elements, either M
or M* 1s a minor of the vector matroid of a matriz of the form below, where Py is
one of matrices I'-XV'I', up to a field isomorphism.

Py

I. | D, 0

Corollary 6.10.2. Suppose Hypothesis 3.2.3 holds. Then there exist k,n € Z,
such that every simple vertically k-connected member of AC4 with an M(K,)-
manor s a minor of the vector matroid of a matrix of the form given in Corollary
6.10.1, and every cosimple cyclically k-connected member of AC4 with an M*(K,,)-
minor is a minor of the dual of the vector matroid of a matriz of the form given in
Corollary 6.10.1, where Py is one of matrices I'-XVI', up to a field isomorphism.

Corollary 6.10.3. Suppose Hypothesis 3.2.2 holds. Then there exists k € Z such
that, for every k-connected golden-mean matroid M with at least 2k elements,
either M or M* is a minor of the vector matroid of a matrixz of the form given in
Corollary 6.10.1, where Py is one of matrices I'-VIII" or X'-XVI', up to a field
1somorphism.

Corollary 6.10.4. Suppose Hypothesis 3.2.3 holds. Then there exist k,n € Z,
such that every simple vertically k-connected golden-mean matroid with an M (K,,)-
minor is a minor of the vector matroid of a matrix of the form given in Corollary
6.10.1, and every cosimple cyclically k-connected golden-mean matroid with an
M*(K,)-minor is a minor of the dual of the vector matroid of a matrixz of the form
given in Corollary 6.10.1, where Py is one of matrices I'-VIII' or X'-XVI', up
to a field isomorphism.

Corollary 6.10.5. Suppose Hypothesis 3.2.2 holds. Then there exists k € Z.
such that, for every k-connected member M of SLy with at least 2k elements,
either M or M* is a minor of the vector matroid of a matrixz of the form given
in Corollary 6.10.1, where Py is one of matrices I1'-V' or VIII'-XVII', up to a
field isomorphism.

Corollary 6.10.6. Suppose Hypothesis 3.2.3 holds. Then there exist k,n € Z,
such that every simple vertically k-connected member of SLy with an M(K,)-
minor is a minor of the vector matroid of a matrixz of the form given in Corollary
6.10.1, and every cosimple cyclically k-connected member of SLy with an M*(K,,)-
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minor is a minor of the dual of the vector matroid of a matriz of the form given
in Corollary 6.10.1, where Py is one of matrices [I'-V' or VIII'-XVII', up to a
field isomorphism.

Corollary 6.10.7. Suppose Hypothesis 3.2.2 holds. Then there exists k € Z.
such that, for every k-connected member M of AF, with at least 2k elements,
either M or M* is a minor of the vector matroid of a matrixz of the form given in
Corollary 6.10.1, where Py is one of the proper column submatrices of matriz IX’
that contains three columns, or Py is one of matrices [I'-V', VIII', or X'-XVII,
up to a field isomorphism.

Corollary 6.10.8. Suppose Hypothesis 3.2.3 holds. Then there exist k,n € Z,
such that every simple vertically k-connected member of AF, with an M(K,)-
minor is a minor of the vector matroid of a matriz of the form given in Corollary
6.10.1, and every cosimple cyclically k-connected member of AF 4 with an M*(K,,)-
minor is a minor of the dual of the vector matroid of a matrixz of the form given in
Corollary 6.10.1, where Py is one of the proper column submatrices of matrix 1.X
that contains three columns, or Py is one of matrices [I'-V', VIII', or X'-XVII,
up to a field isomorphism.

The results in this chapter lead to excluded-minor results of a similar nature to
those of Theorems 5.1.1, 5.1.2, and 5.1.3. Two of these results follow easily from
the fact that there was a fairly small number of excluded minors for AC4 used to
establish the results in this chapter (recall Definition 6.1.3). We also need to recall
the fact that V5 and P, are self-dual.

Theorem 6.10.9. Suppose Hypothesis 3.2.2 holds. There exists k € Z, such that
a k-connected quaternary matroid with at least 2k elements is contained in ACy if

and only if it contains none of the following matroids as minors: Fr, Fr, Vi, V¥,
‘/27 ‘/37 ‘/3*7 Pl; P1*7 PQ; P3; P:;,k

Theorem 6.10.10. Suppose Hypothesis 3.2.2 holds. There exists k € Z such that
a k-connected quaternary matroid with at least 2k elements is golden-mean if and
only if it contains none of the following matroids as minors: Fr, Fr, Vi, V', Vs,
Vs, Vi, P, Py, Py, Py, P{, the Pappus matroid, the dual of the Pappus matroid.

Analogous results for AF, and SL4 should be fairly straightforward but require
additional case analysis that has not yet been done.

As a final remark, we note that the words “up to a field isomorphism” in the
corollaries in this section (and the theorems in the previous sections on which they
are based) can be dropped if we are content to deal with abstract matroids rather
than represented matroids.

154



References

1]

2]

Steve Kyle Archer, Almost Varieties and FExtremal Matroids. PhD Thesis,
Victoria University of Wellington, 2005.

Rosemary Baines and Peter Vamos, An algorithm to compute the set of char-
acteristics of a system of polynomial equations over the integers, Journal of
Symbolic Computation 35 (2003), 269-279.

N.L. Biggs, Cubic graphs with large girth, in Combinatorial Mathematics:
Proceedings of the Third International Conference, Annals of the New York
Academy of Sciences 555 (1989), 56-62.

Thomas H. Brylawski and T.D. Lucas, Uniquely representable combinatorial
geometries, in Teorie combinatorie (Proc. 1973 Internat. Colloq.), Academia
Nazionale dei Lincei (1976), Rome pp. 83-104.

Peter Gustav Lejeune Dirichlet, Beweis des Satzes, dass jede unbegrenzte
arithmetische Progression, deren erstes Glied und Differenz ganze Zahlen
ohne gemeinschaftlichen Factor sind, unendlich viele Primzahlen enthélt,
Abhandlungen der Kdniglichen Preuf$ischen Akademie der Wissenschaften
zu Berlin 48 (1837), 45-71. (translation by Ralf Stephan available at
arxiv.org/abs/0808.1408)

Carl Friedrich Gauss, Disquisitiones Arithmeticae, translated by Arthur A.
Clarke, Yale University Press, New Haven, 1966.

Jim Geelen, Bert Gerards, and Geoff Whittle, The highly connected matroids
in minor-closed classes, Annals of Combinatorics 19 (2015), 107-123.

Jim Geelen, Bert Gerards, and Geoff Whittle, Towards a matroid-minor struc-
ture theory, in Combinatorics, Complexity, and Chance, Oxford University
Press (2007), pp. 72-82.

Jim Geelen and Kasper Kabell, Projective geometries in dense matroids, Jour-
nal of Combinatorial Theory, Series B 99 (2009), 1-8.

Jim Geelen, Joseph P.S. Kung, and Geoff Whittle, Growth rates of minor-
closed classes of matroids, Journal of Combinatorial Theory, Series B 99
(2009), 420-427.

Jim Geelen and Peter Nelson, Matroids denser than a clique, Journal of Com-
binatorial Theory, Series B 114 (2015), 51-69.

Jim Geelen, James Oxley, Dirk Vertigan, and Geoff Whittle, Totally free ex-
pansions of matroids, Journal of Combinatorial Theory, Series B 84 (2002),
130-179.

155



[13]

[14]

[15]

[16]

[22]

[23]

[24]

[25]

[26]

[27]

Jim Geelen and Geoff Whittle, Cliques in dense GF(q)-representable matroids,
Journal of Combinatorial Theory, Series B 87 (2003), 264-269.

A.M.H. Gerards, Graphs and Polyhedra. Binary Spaces and Cutting Planes,
CWI Tract 73, Stichting Mathematisch Centrum Centrum voor Wiskunde en
Informatica, 1990.

Kevin Grace and Stefan H.M. van Zwam, Templates for binary matroids,
SIAM Journal on Discrete Mathematics 31 (2017), 254-282.

Robert Jajcay and Jozef Sirai, Small vertex-transitive graphs of given degree
and girth, Ars Mathematica Contemporanea 4 (2011), 375-384.

Joseph P. S. Kung, Dillon Mayhew, Irene Pivotto, and Gordon F. Royle,
Maximum size binary matroids with no AG(3,2)-minor Are graphic, STAM
Journal on Discrete Mathematics 28 (2014), 1559-1577.

Dillon Mayhew, Seymour’s 1-Flowing Conjecture III, The Matroid Union,
http://matroidunion.org/.

Dillon Mayhew, personal communication, 2016.

Dillon Mayhew, Geoff Whittle, and Stefan H.M. van Zwam, An obstacle to a
decomposition theorem for near-regular matroids, SIAM Journal on Discrete
Mathematics 25 (2011), 271-279.

Roman Nedela and Martin Skoviera, Atoms of cyclic connectivity in cubic
graphs, Mathematica Slovaca 45 (1995), 481-499.

Peter Nelson and Zachary Walsh, The extremal function for geometry minors
of matroids over prime fields, arXiv:1703.03755 [math.CO].

James Oxley, Matroid Theory, Second Edition, Oxford University Press, New
York, 2011.

James Oxley, personal communication, 2017.

James Oxley, Dirk Vertigan, and Geoff Whittle, On inequivalent representa-
tions of matroids over finite fields, Journal of Combinatorial Theory, Series
B 67 (1996), 325-343.

Rudi Pendavingh and Stefan H.M. van Zwam, Lifts of matroid representations
over partial fields, Journal of Combinatorial Theory, Series B 100 (2010), 36—
67.

Rudi Pendavingh and Stefan H.M. van Zwam, Confinement of matroid repre-
sentations to subsets of partial fields, Journal of Combinatorial Theory, Series
B 100 (2010), 510-545.

156



28]

[29]

[30]

[31]

[32]

[33]

[36]

[37]

[38]

[42]

Rudi Pendavingh, Stefan van Zwam, et al. Sage Matroids Component, in-
cluded in Sage Mathematics Software 5.12. The Sage Development Team,
2013. http://www.sagemath.org/doc/reference/matroids/index.html.

Irene Pivotto, Fven cycle and even cut matroids. PhD Thesis, University of
Waterloo, 2011.

Irene Pivotto and Gordon Royle, personal communication, 2016.

R. Rado, Note on independence functions, Proceedings of the London Mathe-
matical Society (3) 7 (1957), 300-320.

Neil Robertson and P.D. Seymour, Graph minors. XX. Wagner’s conjecture,
Journal of Combinatorial Theory, Series B 92 (2004), 325-357.

P.D. Seymour, Matroids and Multicommodity Flows. European Journal of
Combinatorics 2 (1981), 257-290.

SageMath, the Sage Mathematics Software System (Version 8.0), The Sage
Developers, 2016, http://www.sagemath.org.

Charles Semple, k-regular matroids, in Combinatorics, Complexity and Logic
(eds. D.S. Bridges et al.), Discrete Mathematics and Theoretical Computer
Science Series, Springer-Verlag (1996), Singapore pp. 376-386.

Charles Semple and Geoftf Whittle, Partial fields and matroid representation,
Advances in Applied Mathematics 17 (1996), 184-208.

Daniel C. Slilaty and Hongxun Qin, Decompositions of signed-graphic ma-
troids, Discrete Mathematics 307 (2007), 2187-2199.

Carsten Thomassen, Girth in graphs, Journal of Combinatorial Theory, Series
B 35 (1983), 129-141.

W. T. Tutte, Connectivity in matroids, Canadian Journal of Mathematics 18
(1966), 1301-1324.

Peter Vamos, Linearity of matroids over division rings (notes by G. Roulet), in
Mébius algebras (Proc. Conf. Univ. Waterloo), University of Waterloo (1971),
Waterloo pp. 174-178.

Victoria University of Wellington, School of mathematics and Statis-
tics. Researcher solves 40 year old problem. On-line press release.
See http://sms.victoria.ac.nz/Main/Researchersolves40yearoldproblem, Au-
gust 2013.

Michael Welsh, On Maximum-Sized Golden-Mean Matroids. PhD Thesis, Vic-
toria University of Wellington, 2014.

157



[43] Geoftf Whittle, On matroids representable over GF(3) and other fields, Trans-
actions of the American Mathematical Society 349 (1997), 579-603.

[44] Hassler Whitney, On the abstract properties of linear dependence, American
Journal of Mathematics 57 (1935), 509-533.

[45] Thomas Zaslavsky, Signed graphs, Discrete Applied Mathematics 4 (1982),
A7-74.

[46] Thomas Zaslavsky, Biased graphs whose matroids are special binary matroids,
Graphs and Combinatorics 6 (1990), 77-93.

158



Appendix A: SageMath Code

A.1 Code for Section 2.2

from itertools import combinations
from sage.matroids.advanced import *
from itertools import product

# The complete ternary Dowling geometry:

def

def

def

def

DowlingGeometry(r) :
A = Matrix(GF(3), r, r*r)
i=20
for j in range(r):
Alj,i] =1
i+=1

for j in range(r-1):
for k in range(j+1,r):

ALj,il = -1
Alk,i] =1
i+=1
AL,i] = -1
Alk,i] = -1
i+=1

return Matroid(A)

vname (path, ray, index):

return path + str(ray) + ’_’ + str(index)
ename (path, ray, index):
return path + str(ray) + ’_’ + str(index)

perturbed_gadget_matroid(perturb_matrix, gadgets_per_ray,
num_rays=1):

nnn

Create the matrix representing '"rays" of gadgets joined by graph

edges. In the case where perturb_matrix=[0 O 0 0], num_rays = 4,

and gadgets_per_ray=[5,2,2,2], the result is M(J’’’) from

Figure 5.

Edges are encoded <path><ray>_<position>. So element ’p2_1’ is the
second edge on path ’p’ from the third ray (counts start at 0).
The other paths are q and r.

gadgets_per_ray is a vector if num_rays > 1
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The gadget elements are labeled <label><ray>_<position>. The
labels are d,e,f,g. The ‘‘root’’ gadget is ‘d0_0, e0_0, £0_0,
g0_0’. In Figure 5, the root gadget is labeled F4.
gadget_block = Matrix(GF(3), [[0,1,0,1],
[0,1,1,01,
[0,0,1,1],
[1,1,1,1]1]) # matrix from Lemma
# 2.2.1 with the first
# six columns removed
if num_rays ==
gadgets_per_ray = [gadgets_per_ray]
num_rows = perturb_matrix.nrows() +
sum(4 * g for g in gadgets_per_ray) -
4 *x (num_rays - 1) # Count root gadget only once.
num_cols = sum(7 * (g - 1) for g in gadgets_per_ray) + 4
# Each gadget other than the root gadget accounts for
# seven elements -- the four elements of the gadget
# and the three edges joining the gadget to the next
# gadget. The root gadget gives four additional
# elements.
A = Matrix(GF(3), num_rows, num_cols)
groundset = []
vtx = {’p0_0’: 0, ’q0_0’: 1, ’r0_0’: 2} # Maps path vertices to
# matrix rows
imax = 3 # first unused row
for ray in range(num_rays):

vtx[vname(’p’,ray,0)] = vtx[’p0_0’]
vtx [vname(’q’,ray,0)] = vtx[’q0_0"]
vtx [vname(’r’,ray,0)] = vtx[’r0_0’]

for i in range(1l, gadgets_per_raylray]):
vtx[vname(’p’,ray,i)] = imax
vtx[vname(’q’,ray,i)] = imax + 1
vtx [vname(’r’ ,ray,i)] imax + 2
imax += 3
j =0 # first unfilled column
# Create the paths
for ray in range(num_rays):
for i in range(gadgets_per_rayl[ray] - 1):
# first path
Alvtx[vname(’p’,ray,i)],jl = -1
Alvtx[vname(’p’,ray,i+1)],j] = 1
j 4= 1
groundset . append (ename(’p’ ,ray,i))
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def

# second path
Alvtx[vname(’q’,ray,i)],j]l = -1
Alvtx[vname(’q’,ray,i+1)],j] = 1
g1
groundset .append (ename(’q’ ,ray,i))
# third path

Alvtx[vname(’r’,ray,i)],j]l = -1
Alvtx[vname(’r’,ray,i+1)],j]l = 1
j+=1

groundset . append (ename(’r’ ,ray,i))
first_gadget = 0 # "root" gadget only gets added once
for ray in range(num_rays):
for k in range(first_gadget, gadgets_per_rayl[rayl):

first_gadget = 1 # "root" gadget only gets added once

# glue on the gadgets
elts = ’defg’
for 1 in range(4):

Alvtx[vname(’p’,ray,k)], j + 1] = gadget_block[0, 1]
gadget_block[1, 1]
gadget_block[2, 1]

Alvtx[vname(’q’,ray,k)], j + 1]
Alvtx[vname(’r’,ray,k)], j + 1]
Alimax, j + 1] = gadget_block[3, 1]
groundset .extend( [ename(e,ray,k) for e in elts])
imax += 1
# put in the perturbation
A.set_block(num_rows - perturb_matrix.nrows(), j,
perturb_matrix)

j +=4
return A, groundset

check_perturbation(P):

# Now we add a perturbation:

A, gs = perturbed_gadget_matroid(P, [5,2,2,2], 4)
M = Matroid(gs, A)

contract_set = []

# create negative loops on vertices of root gadget:

contract_set.extend([’el_1’, ’f1_1’, gl 1’, ’e2_1’, ’£f2_17,
g2 17, ’e3_17, *£3_17, ’g3_1’, ’p1_0’,

’q2_0’, ’r3_0’])

# contract one element from each gadget on the main ray, except

# the last:

contract_set.extend([’d0_1’, ’e0_2’, ’f0_3’, ’g0_4’]1)

# contract the edges of the main ray:
contract_set.extend([ename(’p’,0,i) for i in range(4)])
contract_set.extend([ename(’q’,0,i) for i in range(4)])
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contract_set.extend([ename(’r’,0,i) for i in range(4)])

N = (M / contract_set).simplify()

return DowlingGeometry(N.rank()).has_minor(N) # We check if N is
# signed-graphic.

# We need to construct a list of all possible perturbations.
# We begin the list with the rank-0 perturbation.
perturbation_list=[Matrix(GF(3), [[0,0,0,0]]1)]

# Now we add all possible rank-1 perturbations.
bases_already_checked=[]
X=set([0,1,2,3])
for B in Subsets(X,1):
nonB=X.difference(B)
for T in product(range(3), repeat=3): # There are 3 entries
# outside the identity
# matrix.
A=Matrix(GF(3), 1, 4)
i=0
for b in B: # We make an identity matrix with columns
# labeled by the basis B.
Ali,p]l=1
i=i+1
A[0,1ist(nonB) [0]]1=T[0]
A[0,list(nonB) [1]]=T[1]
A[0,list(nonB) [2]]1=T[2]
if all((A.matrix_from_columns(S)).det()==0 for S in
bases_already_checked) :
# We only need to add a matrix to the list of
# perturbations if it contains no basis for which we
# already found all possible perturbations. This is
# because row operations allow us to transform the
# submatrix indexed by that basis into an identity matrix.
perturbation_list.append(A)
bases_already_checked.append(B)

# Now we add all possible rank-2 perturbations.
bases_already_checked=[]
X=set ([0,1,2,3])
for B in Subsets(X,2):
nonB=X.difference(B)
for T in product(range(3), repeat=4): # There are 4 entries
# outside the identity
# matrix.
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A=Matrix(GF(3), 2, 4)
i=0
for b in B: # We make an identity matrix with columns
# labeled by the basis B.
Ali,pl=1
i=i+1
A[0,list(nonB) [0]]1=T[0]
A[1,1ist(nonB) [0]]1=T[1]
A[0,list(nonB) [1]]=T[2]
A[1,list(nonB) [1]]=T[3]
if all((A.matrix_from_columns(S)).det()==0 for S in
bases_already_checked) :
# We only need to add a matrix to the list of
# perturbations if it contains no basis for which we
# already found all possible perturbations. This is
# because row operations allow us to transform the
# submatrix indexed by that basis into an identity matrix.
perturbation_list.append(A)
bases_already_checked.append(B)

# Now we add all possible rank-3 perturbations.
bases_already_checked=[]
X=set([0,1,2,3])
for B in Subsets(X,3):
nonB=X.difference(B)
for T in product(range(3), repeat=3): # There are 3 entries
# outside the identity
# matrix.
A=Matrix(GF(3), 3, 4)
i=0
for b in B: # We make an identity matrix with columns
# labeled by the basis B.
Ali,p]l=1
i=i+1
A[0,list(nonB) [0]]=T[0]
A[1,list(nonB) [0]]=T[1]
A[2,1ist(nonB) [0]1=T[2]
if all((A.matrix_from_columns(S)).det()==0 for S in
bases_already_checked) :
# We only need to add a matrix to the list of
# perturbations if it contains no basis for which we
# already found all possible perturbations. This is
# because row operations allow us to transform the
# submatrix indexed by that basis into an identity matrix.
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perturbation_list.append(A)
bases_already_checked.append(B)

# Now we add the only possible rank-4 perturbation.
perturbation_list.append(matrix.identity(GF(3),4))

# We check all possible perturbations to see if any are
# signed-graphic matroids.
if any(check_perturbation(perturbation_list[t]) != False
for t in range(len(perturbation_list))):
print "signed-graphic matroid"
else:
print "No perturbation is signed-graphic."

The CoCalc online interface returned the following:

No perturbation is signed-graphic.
A.2 Code for Section 5.2

The following functions, respectively, test whether a binary matroid is even-
cycle, even-cut, an excluded minor for even-cycle matroids, or an excluded minor
for even-cut matroids.

from sage.matroids.advanced import *
def is_even_cycle(M, certificate=False):
Check if matroid M is an even-cycle matroid. If certificate=True,
also return the matroid N such that M = N \ e, and N / e is
graphic.
if not isinstance(M, BinaryMatroid):
raise TypeError("This function only works on binary matroids")
e = newlabel (M.groundset())
for N in M.linear_extensions(e):
if (N / e).is_graphic():
if certificate:
return (True, N, e)
else:
return True
return False

def is_even_cut(M, certificate=False):
non

Check if matroid M is an even-cut matroid. If certificate=True,
also return the matroid N such that M = N \ e, and N / e is
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def

def

cographic.
nnn
if not isinstance(M, BinaryMatroid):
raise TypeError("This function only works on binary matroids")
e = newlabel (M.groundset())
for N in M.linear_extensions(e):
if (N / e).dual().is_graphic():
if certificate:
return (True, N, e)
else:
return True
return False

is_even_cycle_excluded_minor (M) :
Wi
Check whether M is an excluded minor for the class of even-cycle
matroids.
nmn
if is_even_cycle(M):
return False
for e in M.groundset():
if not is_even_cycle(M \ e) or not is_even_cycle(M / e):
# not minimal
return False
return True

is_even_cut_excluded_minor (M) :
nmnon
Check whether M is an excluded minor for the class of even-cycle
matroids.
non
if is_even_cut(M):
return False
for e in M.groundset():
if not is_even_cut(M \ e) or not is_even_cut(M / e):
# not minimal
return False
return True

The following code defines the matroids Lqg, L11, M*(Kg), and Hya, It also shows
that L9 and Ly, are excluded minors for the class of even-cycle matroids and that
M*(Ks), and Hj, are excluded minors for the class of even-cut matroids. Each of
these tests returned True.

A =

Matrix(GF(2), [[1,0,0,0,0,0,0,0,0,0,0,0,0,1,1,0,0,0,0],
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(o,1,0,0,0,0,0,0,0,0,0,0,0,1,0,1,0,0,0],

[O,O,1’0,0301050303070,030,170,031,0201 b

[0,0’O,1,0,0’0,0,0’0,0,0,0,1,0,0,0,1,0] b

o,o0,0,0,1,0,0,0,0,0,0,0,0,1,0,0,0,0,1],

(0,0,0,0,0,1,0,0,0,0,0,0,0,0,1,1,0,0,0],

o,o0,0,0,0,0,1,0,0,0,0,0,0,0,1,0,1,0,0],

(0,0,0,0,0,0,0,1,0,0,0,0,0,0,1,0,0,1,0],

[0,0,0,0,0,0’0,0,1,0’0,0,0,0,1,0,0,0,1] b

o,o0,0,0,0,0,0,0,0,1,0,0,0,0,0,1,1,0,0],

(0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,1,0,1,0],

o,o0,0,0,0,0,0,0,0,0,0,1,0,0,0,1,0,0,1],

o,o0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,1,1,011)

)

ycle_excluded_minor(L19)

Matroid(field=GF(2), matrix

L19=
is_even_c

(f1,0,0,0,0,0,1,0,1,0,1],

A = Matrix(GF(2),

0,1,0,0,0,0,1,0,0,1,1],

[03021’0,03010,1,1’170] b

[0301051301030,1,11051] b

(0,0,0,0,1,0,0,1,0,1,17,

(0,0,0,0,0,1,0,0,1,1,111)

A)

ycle_excluded_minor(L11)

GF(2), matrix

L1i1=Matroid(field

is_even_c

(f1,0,0,0,0,1,1,1,1,0,0,0,0,0,0],

A = Matrix(GF(2),

(0,1,0,0,0,1,0,0,0,1,1,1,0,0,0],

(0,0,1,0,0,0,1,0,0,1,0,0,1,1,0],

o,o0,0,1,0,0,0,1,0,0,1,0,1,0,1],

(0,0,0,0,1,0,0,0,1,0,0,1,0,1,1]])

=A)

Matroid(field=GF(2), matrix

MK6=

_ (MK6)

is_even_cut_excluded_minor

(f1,0,1,0,1,0,1,0,1,0,1,0],

A = Matrix(GF(2),

[030’030,1,1’1,1,O’O’O,O] 3

[O:O’O,O,1:130’0,1’1:0,01 >

(1,1,0,0,0,0,0,0,0,0,1,1],

(0,0,1,1,0,0,1,1,0,0,1,111)

=4)
(H12.dual())

=GF(2), matrix
is_even_cut_excluded_minor

Matroid(field

H12=

A.3 Code for Section 5.3

PO.nrows ()

def complete_Y_template_matrix(PO):
k
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num_elts=k+k*(k-1)/2+P0.ncols()
F=P0.base_ring()

A = Matrix(F, k, num_elts)
i=0

# identity in front

for j in range(k):

Alj,j31 =1

i=k

# all pairs

for S in Subsets(range(k),2):
A[s[o0],il=1
A[S[1],i]=-1

i=1+1
# Columns from YO
for 1 in range(P0O.ncols()):
for j in range(k):
Alj, il = PO[j, 1]
i=i+1
return A

A = Matrix(GF(2), [[1,0,0,0,0,0,1,0,1,0,11,
(0,1,0,0,0,0,1,0,0,1,1],
[0,0,1,0,0,0,0,1,1,1,0],
(0,0,0,1,0,0,0,1,1,0,1],
(0,0,0,0,1,0,0,1,0,1,11,
[0,0,0,0,0,1,0,0,1,1,111)

L11=Matroid(field=GF(2), matrix=A)

A.4 Code for Section 5.5

def matrix_from_template(r, Y1I, Y1A, Y1B, YOA, YOB, B_Jrows):
# Each of Y1A, Y1B, YOA, and YOB either must have the same
# number of rows as Y1I or must be an empty matrix."
print "Template with C empty, Lambda trivial,Yl consisting"
print "of matrices I, Y1A, Y1B, with " , B_Jrows, " all-one"
print "rows below B and then all-zero rows, YO consisting"
print "of matrices A, B with ", B_Jrows, " all-one rows"
print "below B and then all-zero rows."
¢ = YiI.nrows()
A = Matrix(GF(2), r + ¢, binomial(r+1,2)+(r+1)*Y1I.ncols()+
(r+1)*Y1A.ncols O+ (r+1)*Y1B.ncols () +YOA.ncols ()+YOB.ncols())
i=0
for j in range(c,r+c):
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Alj,i] =1
i=1+1
for j in range(c, r-1 + c):
for k in range(j+1,r+c):
Alj,i]l =1
Alk,i] =1
i=1i+1
for j in range(Y1I.ncols()):
for k in range(c):
Alk,i] = Y1I[k,j]
i=1+1
for 1 in range(r):
for k in range(c):
Alk,i] = Y1I[k,j]
Afc+l, i] =1
i=1+1
for j in range(Y1A.ncols()):
for k in range(c):
Alk,i] = Y1A[k,j]
i=1+1
for 1 in range(r):
for k in range(c):
Alk,i] = Y1A[k,j]
Afc+l, i] =1
i=1+1
for j in range(Y1B.ncols()):
for k in range(c):
Alk,i] = Y1B[k, j]
for k in range(B_Jrows):
Alc+k,i] = Alc+k,i] + 1
i=1+1
for 1 in range(r):
for k in range(c):
Alk,i] = Y1B[k,j]
Afc+1, i] =1
for k in range(B_Jrows):
Alc+k,i] = Aflc+k,i] + 1
i=1+1
for j in range(YOA.ncols()):
for k in range(c):
Alk,i] = YOA[k,j]
i=1+1
for j in range(YOB.ncols()):
for k in range(c):
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Alk,i] = YOB[k, j]
for k in range(c, c+B_Jrows):
Alk,i] =1
i=1i+1
return A

Below, we give an example of the use of this function.

def print_matrix(A):
g = nn
for i in range(A.nrows()):
s += "["
for j in range(A.ncols()):
s += str(Ali,jl)

s += "]J\n"
print s

Y1I = identity_matrix(GF(2),3)

Y1A = Matrix(GF(2), [[1,1],
(1,11,
[0,111)

Y1B = Matrix(GF(2), [[1,1],
[0,0],
[0,111)

YOA = Matrix(GF(2), [[1,1,1,1],
[0,1,0,1],
[1,0,0,111)

YOB = Matrix(GF(2), [[1,1,1,0],
[0,1,0,1],
[1,0,0,111)

A=matrix_from_template(4, Y1I, Y1A, Y1B, YOA, YOB, 2)
print_matrix(A)

The code above returned the following.

Template with C empty, Lambda trivial,Yl consisting

of matrices I, Y1A, Y1B, with 2 all-one

rows below B and then all-zero rows, YO consisting

of matrices A, B with 2 all-one rows

below B and then all-zero rows.
[00000000001111100000000001111111111111111111111111110]
[000000000000000111110000011111111110000000000010101011]
[000000000000000000001111100000111110000011111100110011]
[10001110000100001000010000100001000101111011100001111]
[01001001100010000100001000010000100110111101100001111]
[00100101010001000010000100001000010000100001000000000]
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[00010010110000100001000010000100001000010000100000000]
A.5 Code for Section 6.1

By Theorem 6.1.1, if (M) is the characteristic set of a matroid M, then either
0€ K(M) and P — K(M) is finite, or 0 ¢ K (M) and (M) is finite. The function
CharacteristicSet below takes a matroid M as input. If 0 ¢ (M) and K(M) =
{p1,p2-..,pn}, then the output is [py,pa,...,ps).- f 0 € K(M) and P — K(M) =
{p1,p2--.,pn}, then the output is [0, —p1, —po, ..., —pp]. Thus, if M € AC,, then
CharacteristicSet (M) is [0].

def CharacteristicSet(M, InputBasis = []):
if len(InputBasis)==0:
InputBasis=list(M.basis())
Basis=set (InputBasis)
CoBasis=M.groundset () .difference(Basis)
CB=1ist(CoBasis)
B=1list(Basis)
r=M.rank()
cr=M. corank()
FundCircs=[]
numedges=0
for i in range(cr):
Circ=M.fundamental_circuit(Basis,CB[i])
FundCircs.append(Circ)
numedges=numedges+len(Circ)-1
This is determining the number of edges in the fundamental
graph of M. Each vertex v representing an element
e in the cobasis is incident with each vertex representing
an element in the basis and also in thefundamental
circuit of e. Thus, the number of edges incident with v
# is the size of the fundamental circuit minus 1.
numvars=numedges- (r+cr-len(M. components()))
# M.components() returns an iterable containing the components
# of the matroid. A component is an inclusionwise maximal
# connected subset of the matroid. A subset is connected if the
# matroid resulting from deleting the complement of that subset
#
#
#
#

H OH O H OH H

is connected. Oxley (Theorem 6.4.7) shows that
r+cr-len(M.components()) is the number of nonzero entries in
the cobasis that can be scaled to be 1. The other nonzero
entries require variables.

Vars=[]

for i in range(numvars):

Vars.append (’x’+str(i))
# Vars is [x0,x1,x2,...]
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R=PolynomialRing(ZZ,Vars,order=’degrevlex’)
D=matrix.zero(R,r,cr)
# D will be the matrix such that [I|D] is a partial representation
# of M.
for i in range(r):
for j in range(cr):
if B[i] in FundCircs[j]:
D[i,jl=1
G=BipartiteGraph(D)
# G is the fundamental graph of M associated with Basis.
T=[]
for C in G.connected_components_subgraphs() :
T.extend(C.random_spanning_tree())
# The random_spanning tree function only works for connected
# graphs, so it needs to be run for each component.
# Next, we assign variables (from Vars) to nonzero entries in
# the matrix (other than the ones corresponding to edges in the
# spanning trees.)
varcount=0
for i in range(r):
for j in range(cr):
if D[i,jl==1:
if not ((j,it+cr) in T or (i+cr,j) in T):
D[i,jl=Vars[varcount]
varcount=varcount+1
Zero=[]
NonZero=1ist(R.gens())
# Next, find all square submatrices.
for numrows in range(2,min(r,cr)+1):
for RowSet in Subsets(range(r) ,numrows):
for ColSet in Subsets(range(cr) ,numrows):
Candidate=Basis
# For each submatrix, we will append the basis columns
# with nonzero entries in the other rows.
for x in RowSet:
Candidate=Candidate.difference({B[x]})
# We don’t need the other basis columns.
for y in ColSet:
Candidate=Candidate.union({CB[y]})
# We need to append the cobasis columns of
# the submatrix.
Det=D[1list (RowSet),list(ColSet)].determinant ()
if M.rank(Candidate)==r: # Candidate is a basis of M.
if Det!=1 and Det!=-1:
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# If a subdeterminant is 1 or -1, that’s what
# it will be regardless of what field the matrix
# is viewed over. There’s no need to consider
# them.
if not Det in NonZero:
if not -Det in NonZero:
NonZero .append (Det)
else: # Candidate is not a basis of M.
if not Det in Zero:
if not -Det in Zero:
Zero.append (Det)
for i in range(len(NonZero)):

Vars.append(’y’+str(i))
S=PolynomialRing(ZZ,Vars,order=’degrevlex’)

Dummies=[]
for i in range(len(Vars)):

if i>=numvars:

Dummies.append(S.gen(i)) # Dummies consists of [yO,y1,...].
NewPolys=Zero
for i in range(len(NonZero)):

NewPolys.append (NonZero [i] #*Dummies[i]-1)

# yO, yl1, etc. are inverses of the nonzero polynomials.
Grobl=S.ideal (NewPolys) .groebner_basis(’macaulay2:gb’)
if 1 in Grobl:

Characteristic=[] # One direction of Oxley 6.8.10.
else: # The rest is based on Theorem 3.5 of Baines and Vs.

k=0

for g in Grobl:

if g.degree()==0:
k=g.constant_coefficient ()
if k>0:
Characteristic=k.prime_divisors()
else:
LCs=[]
for g in Grobil:
LCs.append(g.1c())
gamma=1cm(LCs)
if gamma==1:
Characteristic=[0]
else:
NewGenerators=[]
for g in Grobl:
NewGenerators.append(g)
NewGenerators.append (gamma)
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Grob2=S.ideal (NewGenerators) .groebner_basis(’macaulay2:gb’)
k=0
for g in Grob2:
if g.degree()==0:
k=g.constant_coefficient ()
if k==1:
Characteristic=[0]
for p in gamma.prime_divisors():
Characteristic.append(-p)
elif k==gamma:
Characteristic=[0]
else:
Characteristic=[0]
for p in gamma.prime_divisors():
if not p.divides(k):
Characteristic.append(-p)
return Characteristic

To determine the characteristic sets of V;, V5, and V3, we ran the following code.

GF4 = GF(4, ’a’)
a = GF4.gens() [0]

A Matrix(GF4, [[1,0,1,1,1,1],
[1,1,a+1,a+1,a,0],
[0,1,1,a,1,a]])

Vi=Matroid(field=GF4, reduced_matrix=A)

A = Matrix(GF4, [[1,1,1,0],
l[a+1l,a,a,1],
[a,a+1,a,1],
[a+1,a+1,a,a]])

V2=Matroid(field=GF4, reduced_matrix=A)

A = Matrix(GF4, [[1,0,1,1,1],
[a,1,a+1,a+1,1],
[a,1,a,1,a+1],
[(0,1,1,0,011)

V3=Matroid(field=GF4, reduced_matrix=A)

CharacteristicSet (V1)
CharacteristicSet (V2)
CharacteristicSet (V3)

This code returned [2] for each of these three matroids.
To determine the characteristic sets of Py, P, and P3, we ran the following code.
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GF4 = GF(4, ’a’)
a = GF4.gens() [0]

A = Matrix(GF4, [[0,1,1,1,1,1,0,0,0],
[0,1,a,0,0,0,1,1,1]
[1,0,0,1,a,a+1,1,a,a+1]1])

P1=Matroid(field=GF4, matrix=A)

3

A = Matrix(GF4, [[1,0,1,1],
[a,1,1,1],
[1,1,0,1],
[a+1,1,a+1,0]])
P2=Matroid(field=GF4, reduced_matrix=A)

A = Matrix(GF4, [[0,1,1,1,1,1,1,0,0],
[0,1,a,a+1,0,0,0,1,1],
[1,0,0,0,1,a,a+1,1,a]])

P3=Matroid(field=GF4, matrix=A)

CharacteristicSet (P1)
CharacteristicSet (P2)
CharacteristicSet (P3)

This code returned [0,-3] for each of these three matroids.
A.6 Code for Section 6.2

The next function builds the largest matrix of rank r virtually conforming to
the Y-template YT(AY 0, AY'1).

def Y_template_matrix(r, AYO, AY1):
Generate the largest matrix of rank r conforming to the
relevant template.
non
if AYO.base_ring()==AY1.base_ring():
F=AY0.base_ring()
else:
raise ValueError("AYO and AY1 must be matrices over "
"the same field.")
if AY1.nrows()!=0:
k=AY1.nrows ()
if AY1.nrows()!=AYO.nrows():
if AYO.nrows()==0:
pass
else:
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raise ValueError("AYO and AY1 must have the "
"same number of rows or one "
"of them must be empty.")
if AY1.nrows()==0:
k=AYO.nrows ()
n=r-k
num_elts=n*(n+1)/2+(n+1) *k+(n+1)*AY1.ncols()+AY0.ncols()
A = Matrix(F, r, num_elts)
i=0
# identity in front
for j in range(n):

Alj+k,j] = 1

i=n

# all pairs

for S in Subsets(range(k,r),2):
A[S[0],i] =1

A[s[1],i] = -1
i=1+1
# Identity columns from Y1 all-zero below it
for j in range(k):
Alj,i]l=1
i=i+1
# Identity columns in Y1 with identity columns below
for j in range (k):
for m in range(k,r):
Alj,i]=1
Alm,i]l=1
i=i+1
# Rest of Y1
for 1 in range(AY1l.ncols()):
for j in range(k):
Alj,i] = AY1[j,1]
i=1+1
for m in range(n):
Alk+m, i] =1
for j in range(k):
Alj,1i] = AY1[j,1]
i=1+1

# Columns from YO
for 1 in range(AY0O.ncols()):
for j in range(k):
Alj, il = AYO[j, 1]
i=i+1
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return A

The following code was used to show that the relevant templates discussed in
Section 6.2 are indeed abstractly equivalent and therefore that G, is a golden-mean
matroid, for each r.

AYO = Matrix(GF4, [[1,1,1],
[1,a,a+1]])

AY1 = Matrix(GF4, [[a,0],
[0,a]])

A=Y _template_matrix(4, AYO, AY1)

A

M=Matroid(field=GF4, matrix=A)

AYO = Matrix(GF(5), [[1,1,1],
[4,2,311)
AY1 = Matrix(GF(5), [[3,0],
[0,311)
A=Y_template_matrix(4, AYO, AY1)
A

N=Matroid(field=GF(5), matrix=A)

M.equals(N)

The previous code returned True. Similarly, the following code was used to show
that H P, is a golden-mean matroid, for each r.

AYO = Matrix(GF4, [[1],
(111
AY1 = Matrix(GF4, [[1,a],
[a,1]1])
A=Y_template_matrix(4, AYO, AY1)
A

M=Matroid(field=GF4, matrix=A)

AYO = Matrix(GF(5), [[11,
[411)
AY1 = Matrix(GF(5), [[1,3],
[3,111)
A=Y _template_matrix(4, AYO, AY1)
A

N=Matroid(field=GF(5), matrix=A)

M.equals(N)

This code also returned True.
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A.7 Code for Section 6.3

The next function checks for excluded minors for AC4. To reduce the amount
of contractions necessary, it checks for excluded minors of rank 4 before those of

rank 3.

matroids.named_matroids.Fano ()
(F1) .dual()

F1
F2

def MinorCheck(M):
if M.has_minor(F2):
return ’Fano dual’
else:
if M.has_minor(V2):
return V2’
else:
if M.has_minor(P2):
return ’P2’
else:
if M.has_minor(F1):
return ’Fano’
else:
if M.has_minor(V1):
return ’V1’
else:
if M.has_minor(P1):
return ’P1’
else:
if M.has_minor(V3):
return ’V3’
else:
if M.has_minor(P3):
return ’P3’
else:return ’None found’

A.8 Code for Section 6.4

The following code was used in the proof of Claim 6.4.5.3. First, we build the
matrix containing all possible columns of weight 4.

R=Matrix(GF4, [

[1,1, a,a"2,a,a"2,a, a"2,a, a"2,a, a~2,0, 0],
[a,a"2,1,1, a,a"2,a"2,a, a“2,a, 0, 0, a, a"2],
[a,a"2,a,a"2,1,1, 1, 1, 0O, O, a“2,a, a~2,al,
+,12, 1,1, 1,14, o, o, 1, 1, 1, 1, 1, 111)

A=complete_Y_template_matrix(R)
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M=Matroid(field=GF4, matrix=A)
Then we find the forbidden sets of columns.

U=Set (range(11,24))
F=[]
# We find forbidden sets of size 1.
for S in Subsets(U,1):
if not MinorCheck(
(M/0\(U.difference(S))).simplify())=="None found’:
F.append(S)
# We find forbidden sets of size 2.
# We only consider sets not containing smaller forbidden sets.
for S in Subsets(U,2):
if not any(T.issubset(S) for T in F):
if not MinorCheck(
(M/0\ (U.difference(8))) .simplify())=="None found’:
F.append(S)
# We find forbidden sets of size 3.
# We only consider sets not containing smaller forbidden sets.
for S in Subsets(U,3):
if not any(T.issubset(S) for T in F):
if not MinorCheck(
(M/0\(U.difference(S))) .simplify())=="None found’:
F.append(S)
# We find forbidden sets of size 4.
# We only consider sets not containing smaller forbidden sets.
for S in Subsets(U,4):
if not any(T.issubset(S) for T in F):
if not MinorCheck(
(M/0\(U.difference(S))).simplify())=="None found’:
F.append(S)

Then we find the maximal subsets containing no forbidden subsets.

Max=set ([])
working list=[U]
while len(working list) > O:
T=working_list.pop()
if all(S.issubset(T) is false for S in F):
# If T contains no forbidden subsets, then it may be one of
# the maximal subsets we seek.
Max.add(frozenset(T))
else:
for S in F:
if S.issubset(T):
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If T contains a forbidden set S, then we replace T
with the subsets obtained by deleting from T each
element of S. Therefore, none of these sets
contain S. These resulting sets are appended to
working list.
for t in S:

working_list.append(T.difference({t}))
break # Now, we repeat the process with
# another set T.

H OH H O H =

nonmax=set ([])
for Q in Max:
if any(Q.issubset(R) for R in Max.difference({Q})):
nonmax.add(Q)
Max=Max.difference (nonmax)
Max

The following code was used in the proof of Claim 6.4.5.4. First, we build the
matrix containing all possible columns of weight 3.

R=Matrix(GF4, [

[a ,a ,a ,a"2,a"2,a ,a"2,a ,a"2,a"2,
a ,a”2,0 ,0 ,0 ,0 ,0 ,0 ,0 ,01,
[a"2,0 ,a"2,a ,a ,a"2,a ,0 ,0 ,0 |,
0O ,0 ,a ,a"2,a ,a"2,a ,a"2,0 ,0],
[0 ,a~2,1 ,1 ,0 ,0 ,0 ,a"2,a ,a ,
0O ,0 ,a"2,a ,a"2,a ,0 ,0 ,a ,a"2],
(1 ,0 ,0 ,0 ,0 ,0 ,0 ,1 ,1 ,0 |,
a~2,a ,1 ,1 ,0 , ,a”2,a ,a"2,al,
(o ,2+ ,0 ,0 ,0 ,1 ,1 ,0 ,0 ,1 ,
i ,1 ,0 ,0 ,1 ,1 ,1 ,1 ,1 11D

A=complete_Y_template_matrix(R)
M=Matroid(field=GF4, matrix=A)

Then we find the forbidden sets of columns.

U=Set (range(17,35))
F=[]
# We find forbidden sets of size 1.
for S in Subsets(U,1):
if not MinorCheck(
(M/0\(U.difference(S))) .simplify())=="None found’:
F.append(S)
# We find forbidden sets of size 2.
# We only consider sets not containing smaller forbidden sets.
for S in Subsets(U,2):
if not any(T.issubset(S) for T in F):

179



if not MinorCheck(
(M/O\(U.difference(S))) .simplify())=="None found’:
F.append(S)
# We find forbidden sets of size 3.
# We only consider sets not containing smaller forbidden sets.
for S in Subsets(U,3):
if not any(T.issubset(S) for T in F):
if not MinorCheck(
(M/0\ (U.difference(S))).simplify())=="None found’:
F.append(S)

Then we find the maximal subsets containing no forbidden subsets.

Max=set ([])
working_ list=[U]
while len(working list) > O:
T=working_list.pop()
if all(S.issubset(T) is false for S in F):
# If T contains no forbidden subsets, then it may be one of
# the maximal subsets we seek.
Max.add(frozenset(T))
else:
for S in F:
if S.issubset(T):
If T contains a forbidden set S, then we replace T
with the subsets obtained by deleting from T each
element of S. Therefore, none of these sets
contain S. These resulting sets are appended to
working_list.
for t in S:
working list.append(T.difference({t}))
break # Now, we repeat the process with
# another set T.
# It is possible that some sets in Max are subsets of other sets in
# Max. The following code removes those subsets from Max.
nonmax=set ([])
for Q in Max:
if any(Q.issubset(R) for R in Max.difference({Q})):
nonmax.add(Q)
Max=Max.difference (nonmax)
Max

H OH H H H

The following code was used in the proof of Claim 6.4.5.5. First, we build the
matrix containing all possible columns.

R=Matrix(GF4, [
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[a ,a"2,a"2,a ,a ,a"2,0 ,0 1,
[272,a2a ,a ,a"2,0 ,0 ,a ,a"2],
[t ,0 ,1 ,0 ,a"2,a ,a"2,a 1],
o ,1 ,0 ,1 ,1 ,1 ,1 ,1 1D
A=complete_Y_template_matrix(R)
M=Matroid(field=GF4, matrix=A)

Then we find the forbidden sets of columns.

U=Set (range(12,18))
F=[]
# We find forbidden sets of size 1.
for S in Subsets(U,1):
if not MinorCheck(
(M/0\(U.difference(S))).simplify())=="None found’:
F.append(S)
# We find forbidden sets of size 2.
# We only consider sets not containing smaller forbidden sets.
for S in Subsets(U,2):
if not any(T.issubset(S) for T in F):
if not MinorCheck(
(M/0\ (U.difference(8))) .simplify())=="None found’:
F.append(S)
# We find forbidden sets of size 3.
# We only consider sets not containing smaller forbidden sets.
for S in Subsets(U,3):
if not any(T.issubset(S) for T in F):
if not MinorCheck(
(M/0\(U.difference(S))) .simplify())=="None found’:
F.append(S)

Then we find the maximal subsets containing no forbidden subsets.

Max=set ([])
working_list=[U]
while len(working_list) > O:
T=working_list.pop()
if all(S.issubset(T) is false for S in F):
# If T contains no forbidden subsets, then it may be one of
# the maximal subsets we seek.
Max.add(frozenset(T))
else:
for S in F:
if S.issubset(T):
# If T contains a forbidden set S, then we replace T
# with the subsets obtained by deleting from T each
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# element of S. Therefore, none of these sets
# contain S. These resulting sets are appended to
# working list.
for t in S:
working list.append(T.difference({t}))
break # Now, we repeat the process with
# another set T.
# It is possible that some sets in Max are subsets of other sets in
# Max. The following code removes those subsets from Max.
nonmax=set ([])
for Q in Max:
if any(Q.issubset(R) for R in Max.difference({Q})):
nonmax.add(Q)
Max=Max.difference(nonmax)
Max

A.9 Code for Section 6.6

The following functions are explained in Section 6.6 and used repeatedly in
Section 6.7

from itertools import product
from functools import reduce
import operator

GF4 = GF(4, ’a’)
a=GF4.gens () [0]

def complete_template_representation(PO, vars_prefix=’z’):
nnn
Return a pair of matrices, one over GF(4) and one over a
polynomial ring over ‘‘ZZ’’ such that the first is a matrix
conforming to the appropriate template, and there are maps
from the second to every actual representation.

We assume that the input matrix is over GF(4). Adapting
this code for a general finite field would essentially

consist of removing the code that maps 1s to -1s.

nnn

(r, c0) = PO.dimensions()

# Create a rescaled copy of PO with the last nonzero in
# each column equal to 1.

POscaled = copy(P0)

lastnonzero = [-1]*cO

for ccount in range(cO):
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rcount = PO.nrows() - 1
while PO[rcount, ccount] ==
rcount -=1
lastnonzero[ccount] = rcount
POscaled.rescale_col(ccount, PO[rcount,ccount]~(-1))
# Determine the entries and their locations in the matrix
# over the polynomial ring.
unknowns = {}
num_unknowns = 0
# We have 0 -> 0, last 1 in column -> 1, and (in
# characteristic 2) every other 1 -> -1.
for j in range(c0):
for i in range(r):
if (i < lastnonzero[j]) and (POscaledl[i, j]
= 0) and (POscaled[i,j] '= 1):
unknowns[(i,j)] = num_unknowns
num_unknowns += 1
vars = [vars_prefix + str(i) for i in range(num_unknowns) ]
outring = PolynomialRing(ZZ, vars, order=’degrevlex’)
# Size of output:
c=(r+1)*r/2+c0
A4 = Matrix(GF4, r, c)
Avar = Matrix(outring, r, c)
# For entries in PO, the map between the known entries (other
# than the last nonzero entry in each column) is as follows.
FourToZZ = {GF4(0): 0, GF4(1): -1}
# Create the output matrices.
j =0 # column index
# Start with the identity.
for i in range(r):
A4[i,i]=1
Avar([i,il=1
#Next, non-identity graphic columns
j=r
for S in Subsets(range(r),2):
A4[s([o],j] =1
A4[s[1],jl=-1
Avar[S[0],jl=1
Avar[S[1],jl=-1
j=1
# Finally, we copy over PO
for k in range(c0):
for i in range(r):
A4[i,j] = POscaled[i,k]
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if (i,k) in unknowns:
Avar[i,j] = vars[unknowns[(i,k)]]
elif i == lastnonzerol[k]:
Avar[i,j] =1
else:
Avar([i,j] = FourToZZ[POscaled[i,k]]
j =1
return A4, Avar

def zero_determinant_ideal(M, A, E=None, include_inverses=False,
single_var_inverses=False, basis_vars_prefix=’Bi’,
gb_method="macaulay2:gb"):
Compute the ideal generated by determinants of A that must be
zero in order for M=M(A).

This ideal differs from the Baines and Vs ideal by not
including information about bases being invertible.
¢ 5

The optional argument include_inverses’’ will include this
information as well.

INPUT:
- “‘M’’ -- a matroid
- ‘A’ -- a matrix over a polynomial ring such that, if every

nonzero entry of the matrix is replaced by 1, the result is a
partial representation of M. This is the case if

(A4,Avar) == complete_template_representation(P0), M == M(A4),
and A == Avar.

- ‘‘E’’ (default: ‘‘None’’) -- an ordering of the set of
elements of ‘‘M’’, defaults to ‘‘M.groundset_list()’’ if that
method exists.

- ‘‘include_inverses’’ (default: ‘‘False’’) -- whether to
include relations indicating that determinants of bases must

be units.

- ‘‘single_var_inverses’’ (default: ‘‘False’’) -- if true, only

one variable gets added which symbolizes the inverse of the
product of all determinants of bases.

- ‘‘basis_vars_prefix’’ (default: ¢ ’Bi’ ’’) -- The name of
these inverse variables equals this followed by a number.
- ‘‘gb_method’’ (default: ‘‘"macaulay2:gb"’’) -- the Grbner

basis algorithm to be used.

# Map subsets to column indices.
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col_

index_map = {}

if E is None:

for

R:
rels
# Co
for

E = M.groundset_list()

i in range(len(E)):

col_index_map[E[i]] = i

A .base_ring()

=[]

mpute determinants of A that correspond to nonbases of M.

B in M.nonbases():

determ = A[:,[col_index_map[e] for e in B]].determinant()

# Make sure nonbases have zero determinant.

if determ != 0: # Only nontrivial relations need to be added.
rels.append(determ)

print "nonbasis computation complete"

if 1

else

Grob

nclude_inverses:
b_rels = []
num_bases = 0
print "basis computation commences"
for B in M.bases():
determ = A[:, [col_index_mapl[e] for e in B]].determinant()
if determ != 1 and determ != -1: # already units, so we
# cut down on variables
b_rels.append(determ)
num_bases += 1
print "basis computation complete"
if single_var_inverses:
R2 = ZZ[tuple([basis_vars_prefix]) + R.gens()]
print R2
# Product of all nonzero determinants is invertible.
rels.append(R2(reduce (operator.mul, b_rels, 1))
*R2(basis_vars_prefix) - R2(1))
else:
R2 = ZZ[tuple(basis_vars_prefix + str(i) for i in
range (num_bases)) + R.gens()]
rels = [R2(x) for x in rels]
for i in range(num_bases):
rels.append(R2(b_rels[i]) * R2(
basis_vars_prefix + str(i)) - R2(1))
print "ideal construction complete"
: # no inverses
R2 = R
1 = R2.ideal(rels) .groebner_basis(gb_method)

print "Grbner basis computed"
return Grobl
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def check_partial_field(M, A, E=None, generators=[-1],
extra_determinants=[], max_power=None) :

Check if, for all bases X of M, det(A[X]) is a product of the
generators of total degree at most max_power (default: rank of
matrix), or in the set extra_determinants.

The set extra_determinants typically contains elements of the

form ‘gt+p’, where

‘g’ is a product of the generators and ‘p’ a

member of the zero determinant ideal.

We assume that the first generator of the partial field is -1.

Note that, if this function is used in isolation of the
previous two functions, there is no guarantee that the
submatrices of A corresponding to the nonbases of M have
zero determinants.

if generators[0] != -1:

raise ValueError("The first generator should be -1.")

col_index_map = {}
if E is None:

E = M.groundset_list()

for i in range(len(E)):

col_index_map[E[i]] = i

if max_power is None:

#

max_power = A.nrows()
Generate list of candidate determinants.

candidate_determinants = []

#
#
#
#
#
#
#

The exponent on -1 can be taken to be either 0 or 1. The
exponents on the other generators each can be taken to be

less than ‘max_power’. (If some generator of the partial field
appears as a factor of a determinant of A more than ‘max_power’
times, then we can include that determinant in
extra_determinants after it causes the function to return
‘False’.)

exponents = [[0,1]] + [range(max_power)]*(len(generators)-1)
for exponents_vector in product (*exponents) :

# We only check candidate determinants where the sum of the
# exponents on the generators (other than -1) is at most

# ‘max_power’. (Again, more determinants can be added to the
# list of extra determinants if necessary.)

if sum(exponents_vector) <= max_power + exponents_vector[0]:
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x=1
for i in range(len(generators)):
x *= generators[i] “exponents_vector[i]
candidate_determinants.append (x)
candidate_determinants.extend(extra_determinants)
# Check if determinants corresponding to bases appear in the
# list of candidate determinants.
for B in M.bases():
determ = A[:, [col_index_map[e] for e in B]].determinant()
if determ not in candidate_determinants:
return (False, B, determ)
return True
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