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ABSTRACT 

 

Many devices use heat pipes for cooling. They can be of different cross-sectional shapes 

and can range from 15 m long to 10 mm. In this work, the heat and mass transfer in a cylindrical 

heat pipe is modelled. The heat pipe is lined with a wick next to the wall. The wick consists of 

straight capillaries that run the whole length of the pipe and radially aligned capillaries that span 

the width of the wick. The capillaries are filled with a partially wetting liquid, and the center of 

the pipe is filled with its vapor. The radial capillaries are connected to the axial capillaries and 

are opened to the vapor region at the wick surface. The pipe is initially charged with an amount 

of liquid such that the liquid-vapor interface at the radial capillary openings is flat. When one end 

of the pipe is heated, the liquid evaporates and increases the vapor pressure. Hence, the vapor is 

driven to the cold end where it condenses and releases latent heat. The condensate moves back to 

the hot end through the capillaries in the wick. Steady-flow problem is solved in this work 

assuming a small imposed temperature difference between the two ends making the temperature 

profile skew-symmetric. So, we only need to focus on the heated half. Also, since the pipe is 

slender, the axial flow gradients are much smaller than the cross-stream gradients. Therefore, 

evaporative flow in a cross-sectional plane can be treated as two-dimensional. Evaporation rate 

in each pore is solved in the limit the evaporation number E to find that the liquid evaporates 

mainly in a boundary layer at the contact line. An analytical solution is obtained for the leading 

order evaporation rate. Therefore, we find the analytic solutions for the temperature profile and 

pressure distributions along the pipe. Two dimensionless numbers emerge from the momentum 

and energy equations: the heat pipe number, H, which is the ratio of heat transfer by vapor flow 

to conductive heat transfer in the liquid and wall, and the evaporation exponent, S, which controls 
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the evaporation gradient along the pipe. Conduction in the liquid and wall dominates in the limit 

0H and 0S . When H and S , vapor-flow heat transfer dominates and a thermal 

boundary layer appears at the hot end whose thickness scales as S-1L, where L is the half length 

of the pipe. A similar boundary layer exists at the cold end. The regions outside the boundary 

layer is uniform. These regions correspond to the evaporating, adiabatic and the condensing 

regions commonly observed in heat pipes. For fixed cross-sectional pipe configuration, we find 

an optimal pipe length for evaporative heat transfer. For fixed pipe length, we also find an optimal 

wick thickness for evaporative heat transfer. These optimal pipe length and wick thickness can 

help to improve the design of a heat pipe and are found for the first time.  
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CHAPTER 1. INTRODUCTION 

 

A heat pipe consists of a sealed container lined with a wicking material (Peterson 1994). A 

liquid fills the porous lining whereas its vapor fills the rest. As one end of a heat pipe is heated, 

the liquid evaporates and increases the vapor pressure, which drives a vapor flow towards the 

cold end. There, the vapor condenses and releases the latent heat. The liquid then flows along the 

capillaries in the wick back to the hot end, and completes a cycle. The length of the heat pipe is 

divided into three sections: evaporator, adiabatic (transport) and condenser (Faghri 1995). The 

advantage of using a heat pipe over other conventional methods is that large quantities of heat 

can be transported through a small cross-sectional area over a considerable distance with no 

additional power input to the system (Faghri 1995). The heat transfer capacity of a heat pipe is 

several orders of magnitude (approximately 103) greater than even the best solid conductors. Also, 

heat pipes are simple to design and manufacture. Furthermore, heat pipes have the unique ability 

to control and transport high heat rates at various temperature (Peterson 1994, Faghri 1995). Only 

with few limitations on the manner of use, heat pipes can be regarded as synergistic engineering 

structure. This is a structure which is equivalent to a material having a thermal conductivity which 

greatly exceeds the thermal conductivity of any known metal.  

All developed countries are involved in the research, development and commercialization of 

the heat pipes because of its high use and benefits (Faghri 2014). Heat pipes research and 

applications were started in many countries from 1960s (Andrews 1996). Theoretical and 

Experimental studies on evaporation heat transfer characteristics of goove heat pipe have been 

conducted by Toyokawa, et al. as well as Iwasa, et al. in Japan (Toyokawa 1993) (Iwasa 1994). 

Similarly, Lin (Lin 1992) studied the effects of fluid properties and axial conduction through the 
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pipe wall on thermal performance. His results showed that the ratio of conduction and convection 

inside a heat pipe is an important factor, in addition to the ratio of liquid-wick matrix radial 

conduction and wall axial conduction. Similarly, variable conductance heat pipe (VCHP) has 

been studied by Lu (Lu 1995), where he studied three kinds of VCHPs: a flat heat pipe without 

gas reservoir, and a circular heat pipe with non-wicked gas reservoir, both using water and 

methanol as working fluid and nitrogen as gas; and thirdly a heat pipe using a two-component 

working fluid at different concentration ratios, Water and methanol mixture was used as the 

working fluid.   

Heat pipes are used in the following areas: aerospace, heat exchangers, electrical and 

electronic equipment cooling, ovens and furnaces, production tools, medicine and human body 

temperature control, transportation systems and deicing, engines and automotive industry, 

permafrost stabilization and manufacturing (Faghri 1995). Akbarzadeh (Akbarzadeh 1995) 

conducted research to use heat pipe for power generation. Similarly, experiments carried out by 

Xiao (Xiao 1995) show that the heat pipe heat exchangers can be advantageous for replacing 

conventional reheat coils in air conditioning systems. Also, heat pipe system to cool electronic 

equipment in a totally sealed cabinet has been developed. (Bandopadhayay 1992). Heat pipes 

have also been developed for extracting geothermal energy (Mochizuki 1994) as well as cooling 

of electric power cables (Mochizuki 1994). Similarly, heat pipes has been used to absorb the 

exhaust heat of an automobile engine (Kanesashi 1996).  

The cylindrical heat pipe with porous material lining the inner wall is a type of capillary-

driven heat pipe. The purpose of pores and capillaries is to provide a capillary-driven pump for 

returning the condensate to the evaporator section. There should be enough fluid placed in the 

heat pipe to saturate the pores with the liquid. If the amount of liquid is low, the heat pipe may 
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fail. The basic working principle for the capillary-driven heat pipe is the same as a conventional 

heat pipe (Reay 2014). The capillaries help the condensate flow from the cold end to the hot end. 

Due to the two-phase nature of the capillary heat pipe, it is ideal for transferring heat over long 

distance with a very small temperature drop, and for creating a nearly isothermal surface for 

temperature stabilization (Faghri, 1995).The most common limitation for this type of heat pipe is 

the capillary limit which occurs when the capillaries cannot return enough liquid to the evaporator 

section which results in sudden and continuous rise in the evaporator wall temperature. There are 

other constraints, such as sonic and vapor pressure limits (Faghri 2012).  

Previously, heat pipes have been studied starting from the difference in pressure between the 

liquid and the vapor side of the interface. While doing so, the capillary pressure is calculated 

assuming constant interfacial curvature at all the pores which depend on the radius of the pore for 

cylindrical case. The liquid pressure drop was successfully calculated in previous models (Chi 

1976). However, there were difficulties in evaluating the vapor pressure gradient (Chi 1976). This 

was because the kinetics of vapor evaporation and condensation were not considered in the 

previous models (Dunn 1982).  

This paper has resolved the above-mentioned issues. Starting from the study of evaporation 

in the pore, we successfully computed the vapor pressure along the pipe, as shown in Section 8. 

In addition, using the vapor pressure and the liquid pressure along the axial direction of the pipe, 

we were able to predict the interfacial curvature that varies along the pipe (Section 10). Also, 

comparing with the previous work done, our approach does not require heat flux to calculate the 

heat transfer in a heat pipe. The prescribed wall temperature is sufficient. This is a more 

convenient approach as it is easier to measure the temperature then knowing the heat flux. 
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CHAPTER 2. A MODEL HEAT PIPE 

 

Figures 1(a) and (b) show cross sections of the circular cylindrical heat pipe of outer wall 

radius Ro and length 2L. The vapor moves along the center of the pipe in a circular channel of 

radius Rg. The wick occupies the region between the vapor and the inner pipe wall at radius Ri, 

and is made of a solid material with liquid-filled circular capillaries that run from one end of the 

pipe to the other. These capillaries have the same radius Rp. There are Nr and Nθ capillaries evenly 

spaced in the radial and circumferential directions, respectively, as shown in Figure 1(a). There 

are also liquid-filled capillaries that run radially from the vapor region to the inner pipe wall 

(Figure 1(b)). These capillaries are open to the vapor region and closed at the pipe surface, and 

are connected to the axially aligned capillaries. There are Nθ radially running capillaries arranged 

on an axial cross-sectional plane, and there are 2Nz evenly spaced planes in the axial direction. 

Hence, there are totally 2NθNz radial capillaries that connect the axial capillaries to the vapor 

region. 

 
Figure 1 (a). An axial cross section showing the circular vapor region at the center surrounded 

by  the  wick  with  liquid-filled  capillaries,  all fitted inside the pipe wall. There are Nr and Nθ 

capillaries evenly spaced in the radial and circumferential directions, respectively. For the pipe 

shown, Nr = 2 and Nθ = 8. 
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Figure 1. (b) A longitudinal cross section along the mid plane of the pipe. It shows the liquid-

filled  radial  capillaries  connecting  the  axial  capillaries.  A  cylindrical coordinate system is 

defined at the hot end. There are  Nθ  radial  capillaries  on  a  cross-sectional plane at constant 

z,  and  2Nz  evenly  spaced  planes  along  the  length  of  the  pipe. For the pipe shown, Nz=3. 

 

Initially, the temperature of the pipe is maintained at T0. The axial and radial capillaries are 

filled with a liquid and the center circular channel is filled with its vapor. The amount of liquid 

charged is controlled to give a planar liquid-vapor interface at the pores. The liquid is assumed to 

partially wet the wick material so that the interface is pinned at the pore edge for small deflections 

of the interface. The liquid is at temperature T0, and the vapor is at the corresponding equilibrium 

pressure P0. One end of the pipe is then heated to T0+ΔT, and the other end is cooled to T0-ΔT. 

These end temperatures are maintained and the heat pipe reaches a steady state. The outer surface 

of the heat pipe is insulated. The equilibrium vapor pressure at the higher-temperature end is 

greater than the equilibrium vapor pressure at the lower-temperature end. This results in a vapor 

pressure gradient that drives the vapor from the hot end towards the cold end. After the vapor 

moves away from the hot end, the vapor pressure at the hot end drops below the local equilibrium 

vapor pressure which induces continuous evaporation. As a result, the interface curves towards 
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the liquid side. At the cold end, the incoming vapor flow increases the vapor pressure to be higher 

than the local equilibrium vapor pressure. This results in continuous condensation at the cold end 

that increases the liquid volume and raises the interface. The difference in interfacial curvature 

between the hot and cold ends generates a liquid pressure gradient that drives the liquid from the 

cold end back to the hot end along the porous lining. In the next section, we study the evaporation 

kinetics to determine the local evaporative mass flux at the interface. 
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CHAPTER 3. EVAPORATION IN A PORE 

 

The temperature distribution along the pipe will be skew symmetric owing to the small 

temperature difference across the pipe. Thus, we will focus on the heated half of the pipe. 

Furthermore, the axial pore spacing is assumed small compared with the length of the heat pipe. 

Thus, the temperature and pressure variations along the pipe occur over length scales that are 

much larger than the pore spacing. Hence, locally at a pore, the pipe temperature and vapor 

pressure can be taken as constant. The mass evaporation rate at a pore will be analyzed in this 

section.  

3.1 Governing Equations for Evaporation 

Figure 2 shows a typical radially aligned capillary and its opening to the vapor region. 

The local pipe wall temperature surrounding the channel is Tp, and the equilibrium vapor pressure 

corresponding to this temperature is pe. As vapor flows away from the heated half of the pipe, the 

vapor pressure pg above the pore drops below pe. This induces continuous evaporation at the 

liquid-vapor interface.  

 
Figure 2.   A  cross  section of  a  liquid-filled  circular  pore  of  radius  Rp.  The  liquid-vapor 

interface   is   planar   with   a   coordinate  system  (rp, zp)  defined   at   the   center.   A  local  

coordinate system (X,Y) is defined at the contact line to resolve the  inner  temperature  profile. 
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The evaporative mass flux at a point on the interface is proportional to the difference 

between the equilibrium vapor pressure and pg: 

)( gi ppcm  ;  
psTR

c




2
 ,    (3.1) 

where pi is the equilibrium vapor pressure corresponding to the local interface temperature Ti, α 

is the accommodation coefficient, Rs is the specific gas constant, and the parameter c is inversely 

proportional to the speed of sound in vapor. The local evaporative mass flux m is positive for 

evaporation and negative for condensation. This equation is derived from a kinetic theory and it 

conserves momentum and energy at the interface whereas some other commonly used forms do 

not (Barrett, 1992). Since pi = pi(Ti) and the change in pressure from pg to pi is small, we can 

expand pi about pg as 

.......)(  gi

i

i

gi TT
dT

dp
pp ,    (3.2) 

where Tg is the saturation temperature at pressure pg. Also, since the function pi = pi (Ti) relates 

the saturation pressure to temperature, the gradient dpi/dTi can be evaluated using the Clapeyron 

equation (Kenneth 1988) as 

p

fge

i

i

T

h

dT

dp 
 ,      (3.3) 

where ρe is the equilibrium vapor density, and hfg is the latent heat of vaporization of the working 

fluid, both evaluated at temperature Tp. Although the gradient should be evaluated at temperature 

Tg, we use Tp because it is a boundary condition and |Tp – Tg| << Tp. The evaporative mass flux 

then becomes 

p

gifge

T

TThc
m

)( 



     (3.4) 



9 
 

Therefore, the interfacial evaporative mass flux m = m(Ti), which will serve as a boundary 

condition for the liquid temperature. 

Owing to the small size of the pore, convective heat transfer in the liquid is negligible, 

and the liquid temperature obeys 

02  T ,      (3.5) 

where 2  is the axisymmetric Laplacian operator because the capillary is circular and the liquid 

temperature inside is axisymmetric. This governing equation is subject to the following boundary 

conditions. At the liquid-vapor interface zp=0, an energy balance gives that the evaporative heat 

flux is supplied by the conductive heat flux in the liquid 

p

ffg
dz

dT
kmh       (3.5a) 

Here, kf is the liquid thermal conductivity, and a local cylindrical coordinate system (rp,zp) is 

defined as shown in Figure 2. The interface is taken to be planar because of the assumption that 

the system deviates infinitesimally from the initial equilibrium configuration. At the capillary 

wall rp=Rp, the liquid temperature is the same as the local pipe temperature 

 T = Tp .      (3.5b) 

Since the capillary radius Rp is small compared with the pipe radius Ro, the liquid temperature T 

inside the capillary will asymptote to the wall temperature Tp within a distance zp ~ Rp << Ri. 

Hence, we can take the radial channel length to be infinity for the liquid temperature calculation, 

and as pz , 

T    Tp.      (3.5b) 

Thus, the liquid temperature T inside the pore can be solved. Solution of  (3.5) yields the interface 

temperature Ti=Ti(rp). This allows the mass evaporation rate at a pore to be calculated as 
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
pR

ppp mdrrM
0

2 .      (3.6)  

The purpose of this section is to find Mp. 

3.2 Non-dimensionalization 

We define a set of dimensionless variables: 

p

p

p
R

r
r 

*
,  

p

p

p
R

z
z 

*
,   

gp

g

TT

TT
T




*

,   
pgpfgep

p

p
TTThcR

M
M

/)(2 2

*





 (3.7 a, b, c, d) 

The governing equation (3.5a) becomes 

0*2*  T       (3.8) 

At the interface, zp
*=0, 

*

*
1*

pdz

dT
ET  ,     (3.9) 

where                    
pf

fgep

Tk

hcR
E

2
          (3.10) 

is the Evaporation number that measures the ratio of the evaporative heat flux at the interface to 

the conductive heat flux in the liquid, assuming that both are driven by the same temperature 

difference. For common liquids and pore size Rp>1 μm, E >> 1, as shown in Table 2. At the 

channel wall, rp
*=1, 

T*=1      (3.11) 

The channel length is taken to be infinity so that as *

pz  , 

1* T      (3.12a) 

From the solution T*=T*(rp
*,zp

*), the non-dimensionalized mass evaporation rate at a pore is 

found as 
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

1

0

***** )0,(2 pppp drrrTM      (3.12b) 

3.3 Asymptotic Solution 

The non-dimensionalized liquid temperature is solved in the limit E . In this limit, 

the boundary condition at the interface zp
* = 0 becomes T* = 0. Thus, the leading order solution 

gives zero mass evaporation rate according to (3.12b), and is presented in Appendix B. The 

leading order solution creates a singularity at the contact line as T* goes from 1 at the wall to 0 at 

the interface. This singularity arises because the gradient term in (3.12b) is dropped in the limit

E , suggesting the existence of a boundary layer. To resolve the temperature profile in the 

boundary layer, the variables are re-scaled to retain the gradient term in the boundary condition: 

    X=E(1-rp
*),   Y=Ezp

*,  ),(* YXT ,   (3.13) 

Where the coordinates (X,Y) originate from the contact line, as shown in Figure 2. The governing 

equation (3.8) becomes 

0
1

2

2

2

2


















YXXEX


     (3.14) 

In the limit E , the governing equation reduces to 

0
2

2

2

2











YX


.     (3.15) 

At the interface Y=0, 

Y





 .             (3.16a) 

At the pore wall X = 0, 

1 .              (3.16b) 
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Thus, the system reduces to the two-dimensional Cartesian case solved by Zhang, Watson, and 

Wong (Zhang, 2007), and the solution is 










Y

Y d
X

e
Xe

Y

X







22

1 2
)(tan

2
1 ,   (3.17) 

At the interface Y=0, 


 




0

22

2







d
X

e
X      (3.18) 

The dimensionless mass evaporation rate per pore is 



E

p dX
E

M
0

* 2



     (3.19a) 

The coordinates are scaled back and   in (3.18) is substituted in (3.19a) to give 

 









0

1

0

*

2*22

*

*

)1(

1
4 



 ddr
rE

r
eM p

p

p

p     (3.19b) 

Solving (3.19b) and ignoring higher order terms,  

E
E

M p ln
2*        (3.20) 
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CHAPTER 4. HEAT AND MASS TRANSFER ALONG THE PIPE 

 

The heat pipe is studied under small temperature differences. This makes the flow fields and 

temperature distribution along the pipe skew-symmetric about the mid-point of the pipe. Thus, 

only the heated half of the heat pipe is studied. 

The vapor pressure pg varies along the pipe and is related to the local volume flow rate Vg, 

assuming laminar flow, by 

4

8

g

ggg

R

V

dz

dp




 ,     (4.1) 

where
g is the viscosity of the vapor and z is the axial coordinate shown in Figure 1(b). The vapor 

volume flow rate Vg varies along the pipe owing to evaporation. A local mass balance is 

performed on a section of the vapor domain, as shown in Figure 3. The section has length 

zNLz   and includes at the middle Nθ radially pointing capillaries. The rate of vapor mass 

leaving the section is equal to that entering the section plus the mass evaporated at Nθ pores: 

   pggo MNzVzzV   )]()([             (4.2a) 

Applying Taylor’s expansion (Struik 1969) and substituting Δz lead to 

0



L

MNN

dz

dV pzg
 ,     (4.2b) 

where Mp=Mp(z) is the mass evaporation rate per pore, and 0  is the equilibrium vapor density 

at T0. Differentiating (4.1) and substituting Vg from (4.2) gives 

][
8

42

2

o

pz

g

gg

L

MNN

Rdz

pd



 
      (4.3) 

This equation shows how the vapor pressure is related to the mass evaporation rate. 
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Figure  3.  Control  volumes  for  derivation  of  vapor  mass  conservation,  and  thermal energy 

balance. Both  control  volumes  have  length  zNLz  ,  which  is  the  length  of  a  unit cell 

in  the  axial  direction.  There  are  Nθ  radial  capillaries  at  the  center  of  thecontrol volumes. 

The  mass  conservation  control  volume  encloses  only  the  vapor  region,  whereas  the energy  

balance  control  volume  excludes  the  vapor  region. 

Heat is transferred along the pipe from the hot to the cold end by vapor flow and by 

conduction in the wick and the pipe wall. Conduction in the vapor is neglected owing to its low 

thermal conductivity as compared to the liquid, wick and pipe wall materials. We take heat 

transfer to be one dimensional along the length of the pipe because of the high aspect ratio. Also, 

at each point along the pipe, the liquid, the wick, and the pipe wall are to be at the same 

temperature (Tp). The outer wall of the pipe is assumed to be insulated.  

An energy balance on a section of the pipe shown in Figure 3 equates the rate of 

conductive heat energy entering the system to that leaving the system plus the rate of evaporative 

heat loss: 
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)],()()[( z
z

T
zz

z

T
AkAkAkhNM wwssfffgp









    (4.4a) 

where k is the thermal conductivity and A is the cross-sectional area with the subscript indicating 

liquid (f), wick solid (s), or wall (w). Expansion by Taylor’s series and substitution of 
zNLz 

gives 

0)(
2

2


L

hNNM

dz

Td
AkAkAk

fgzpp

wwssff


    (4.4b) 

The liquid, solid, and wall areas can be calculated using the radii of the capillary, the wick, and 

the pipe as shown in Figure 1: 

2

prf RNNA         (4.5a) 

)( 222

prgis RNNRRA       (4.5b) 

)( 22

iow RRA        (4.5c) 

The energy balance can be integrated once after Mp in (4.2) has been substituted: 

qVh
dz

dT
AkAkAk gfg

p

wwssff  0)(  ,    (4.6) 

where the integration constant q is recognized as the total heat rate along the pipe from the hot 

towards the cold end and is a constant because the pipe is insulated. It is the sum of the conduction 

heat rate (first term) and the vapor flow heat rate (second term). This equation shows the heat 

transfer physics in a cylindrical heat pipe. 

There are two dependent variables: Tp and pg. Each satisfies a second-order ordinary 

differential equation as shown in (4.3) and (4.4b), because Mp varies linearly with Tp and pg as 

explained in the next section. Therefore, the coupled system of equations requires four boundary 

conditions. At the hot end of the pipe z=0, 

Tp = T0 + ΔT,       (4.7) 
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and Vg=0 because there is no vapor flow. Thus, (4.1) gives 

0
dz

dpg
       (4.8) 

At the mid-point of the pipe z=L, 

Tp = To,                    (4.9) 

and 

pg = P0.              (4.10) 

Instead of solving the coupled system of equations for pg and Tp, we find it simpler to solve 

for the evaporation rate Mp. 
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CHAPTER 5. EVAPORATION ALONG THE PIPE 

 

The mass evaporation rate Mp at a pore was made dimensionless by (3.7d) into Mp
* and then 

solved in section 3.3 to yield the solution (3.20). Thus,  

p

gp

ppfgep
T

TT
EMRhcM

)(
)(2 *2


  ,    (5.1) 

where Tg is the saturation temperature at pressure pg, and is expanded about the initial temperature 

T0 as 

...)( 00  Pp
dp

dT
TT g

g

p

g
    (5.2) 

and 

fgg

g

h

T

dp

dT

0

0


       (5.3) 

by the Clapeyron equation (Bejan 1997). Thus, 

)]())[((2 0

0

0

0

*2 Pp
T

h
TTEMRcM g

fg

pppp 


 ,  (5.4) 

where P0 is the saturation pressure at To, 

osTR
c





2
 ,      (5.5) 

of

fgop

Tk

hcR
E

2
 ,     (5.6) 

where only the reference parameters To and ρo are left in Mp, c, and E because 
0TTp  . Thus, Mp 

varies linearly with Tp and pg.  

The mass evaporation rate Mp in (5.4) is differentiated twice to give 
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p

g

g

wwssff

fgpzp
M

RAkAkAkT

hT
EM

L

cRNN

dz

Md
]

8

)(
)[(

2

0

4

0

2

0*

2

2

2



 



 ,  (5.7) 

where d2pg/dz2 in (4.3) and d2Tp/dz2 in (4.4b) have been substituted. Thus, the differential 

equation for M is decoupled from pg and Tp. 

5.1 Non-dimensionalization 

We define a set of dimensionless variables: 

L

z
z *

,  
T

TT
T

p

p





0* ,  
00

0*

TTh

Pp
p

fg

g

g






,  
0

*

0

*

)( TTEMRhc

M
M

ppfg

p





  (5.8 a, b, c, d) 

The pressure scale 
00 TThfg  = (dpe/dTp)ΔT is the equilibrium vapor pressure difference 

between the hot end and the mid-point of the pipe. Equation (5.7) becomes 

*2

2*

*2

MS
dz

Md
 ,     (5.9) 

where, 

L
RTAkAkAk

h
ENcMNRS

g

g

wwssff

fg

pp
2

1

0

4

0

2

0*2 ]}
8

)(
)[(2{




  


 ,  (5.10) 

is the dimensionless exponent that controls the evaporation gradient along the pipe and N = Nz/L 

is the number density of pores per unit pipe length. 

5.2 Boundary Conditions 

The boundary conditions for Tp and pg in Section 4 are converted into boundary conditions 

for M. Equation (5.4) is made dimensionless as 

***

gp pTM  .     (5.11) 

At the middle of the pipe z*=1, 

0

0

*

*





g

p

p

T
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Thus, 

M*=0.       (5.12) 

This gives one boundary condition for M*. At the hot end z*=0, 

.0

,1

*

*

*





dz

dp

T

g

p

      (5.12a) 

To convert these conditions, we need the energy equation (4.6), which after Vg is substituted, 

becomes 

c

gp

q

q

dz

dp
H

dz

dT


*

*

*

*

,     (5.13) 

)(8 0

422

0

wwssffg

gfg

AkAkAkT

Rh
H







    (5.14) 

L

TAkAkAk
q

wwssff

c




)(
    (5.15) 

where H is the dimensionless heat pipe number that measures the ratio of evaporative heat transfer 

to conductive heat transfer, and qc is the conduction heat rate in the pipe in the absence of vapor 

flow. The above equation is integrated once: 

)1( *** z
q

q
HpT

c

gp  ,    (5.16) 

where the boundary conditions 0* pT and 0* gp at z*=1 have been imposed. At z*=0, 1* pT , 

and pg
* is eliminated using (5.11) to give 

Hq

q
M

c

1
)1(1*  .     (5.17) 

Since q is unknown, another boundary condition is needed. Differentiating (5.11) once yields 
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*

*

*

*

*

*

dz

dp

dz

dT

dz

dM gp
 .     (5.18) 

At z*=0, 0** dzdpg  and the above equation together with (5.13) gives 

c

p

q

q

dz

dT

dz

dM


*

*

*

*

.     (5.19) 

Thus, q/qc is substituted into (5.17) to give 

1)1( *

*

*

 HM
dz

dM
.    (5.20) 

This is the second boundary condition for M*. 

5.3 Solution 

Second order non-dimensional mass evaporation rate is solved using the boundary 

conditions to give 

SSHS

zSH
M

cosh)tanh(

)]1(sinh[)1( *
*




      (5.21) 

The solution is plotted in figure 4 and figure 5 for S=1 and S=100 respectively. When S=1, 

evaporation occurs almost linearly along the heated half of the pipe because in the limit 0S , 

...)1( **  zM . When S=100, all the evaporation occurs in a boundary layer near the hot end. 

This follows from the solution in the limit S , 

...
)(

)1( ** 



 Sze

HS

H
M .    (5.22) 

At z*=0, SHM /)1(*   if H<<S and 1* M if H>>S. 
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Figure 4. Dimensionless evaporation rate along the pipe for various H and S=1 

 

Figure 5. Dimensionless evaporation rate along the pipe for various H and S=100 
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CHAPTER 6. NUSSELT NUMBER 

 

The Nusselt number Nu, defined as the ratio of the total heat rate to the conduction heat rate, 

is obtained from (4.15) after substituting the solution for M* in (4.18): 

SSH

H

q

q
Nu

c /)(tanh1

1




      (6.1) 

The solution is plotted in figure 6. 

 

Figure 6. Nusselt Number versus H for various S 
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CHAPTER 7. PIPE TEMPERATURE 

 

The vapor pressure 
*

gp is eliminated from (5.11) and (5.19) to give the pipe temperature
*

pT : 

}
cosh

)]1(sinh[
)1{(

tanh

*
**

SS

zSH
z

SHS

S
Tp





    (7.1) 

The solution is plotted in figure 7 and figure 8 for S=1 and 100 respectively. When S=1, 

conduction heat transfer dominates and an almost linear temperature profile is obtained for all 

values of H.  

 

Figure 7. Dimensionless temperature along the pipe for various H and S=1 

This is because in the limit 0S , Eqn 7.1 gives T*
p (1-z*)+…, independent of H. The 

pipe temperature for S=100 is plotted in Figure 8.  
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Figure 8. Dimensionless temperature along the pipe for various H and S=100 

When H=0.1, there is little heat transfer by vapor flow, and conduction dominates, 

resulting in a linear temperature profile. At high H, vapor-flow heat transfer dominates and 

removes a large amount of thermal energy from the hot end. This decreases the temperature 

rapidly in a boundary layer near the hot end. Outside the boundary layer there is little evaporation 

and heat is transferred mainly by conduction, resulting in a linear temperature profile. This is 

shown by the solution in the limit, S  

...])1[(
*** 


 Sz

p e
S

H
z

HS

S
T     (7.2) 

For H<<S, 

)./(1 ** SHOzTp       (7.3) 

For H>>S, 

...)1( ** *

  z
H

S
eT Sz

p
     (7.4) 
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This shows a thermal boundary layer near z*=0, and a linear profile away from the boundary layer. 

The thickness of the boundary layer is scaled by S-1. The boundary layer is the evaporating region 

of the heat pipe. Outside the boundary layer, T*
p = O(S/H) << 1 along the pipe. This is the 

adiabatic region. Since the temperature profile is skew-symmetric about the mid-point of the pipe, 

a similar boundary layer exists at the cold end (the condensing region). 
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CHAPTER 8. VAPOR PRESSURE AND VOLUME FLOW RATE ALONG THE PIPE 

 

Substituting M* in (5.22) and T*
p in (7.1) into (5.11) gives the vapor pressure p*

g as 

}.
cosh

)]1(sinh[
)1{(

tanh

*
**

SS

zS
z

SHS

S
pg





    (8.1) 

The solution is plotted in Figure 9 and 10 for S=1 and S=100, respectively. They show that the 

pressure gradient decreases as H increases for a constant S. 

 

Figure 9. Dimensionless vapor pressure along the pipe for various H and S=1 

S=1 
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Figure 10. Dimensionless vapor pressure along the pipe for various H and S=100 

The vapor volume flow rate Vg is made dimensionless using the scale

0

* /))((  TLdTdpEMcRV peig  obtained from (3.2): ggg VVV *
. Thus (3.2) becomes: 

*

*

*

M
dz

dVg
      (8.2) 

This equation is integrated once subject to the boundary condition V*
g = 0 at z* = 0: 

}
cosh

)]1(cosh[
1{

)tanh(

)1( *
*

S

zS

SHSS

H
Vg







    (8.3) 

The solution is plotted in Figure 11 and 12 for S=1 and 100, respectively. As 0S , 8.3 gives 

...)
2

1(
*

** 
z

zVg      (8.4) 

S=100 
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Figure 11. Dimensionless vapor volume flow rate along the pipe for various H and S=1 

 

Figure 12. Dimensionless vapor volume flow rate along the pipe for various H and S=100 

 

S=1 

S=100 
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This explains the parabolic growth in Figure 11. As S , 

...)1(
)(

)1( ** 



 Sz

g e
HSS

H
V      (8.5) 

Thus, V*
g increases from 0 to a constant level within the thermal boundary layer. The constant 

level approaches (1+H)/S2 for H<<S, and 1/S for H>>S. These asymptotic results explain the 

behavior of V*
g in Figure 14. 

The vapor volume flow rate V*
g is closely related to the vapor pressure p*

g. When V*
g is 

constant along the pipe in Fig. 12, the pressure gradient is constant as shown in Fig. 10. When 

V*
g is increasing along the pipe in Figure 14, the pressure gradient must also increase (Fig. 9). 

Although V*
g increases with H for a given S, p*

g decreases with H. This is because p*
g is made 

dimensionless by the equilibrium vapor pressure drop )( pe dTdpT . As V*
g increases, the 

equilibrium vapor pressure drop cannot be sustained, and Δpg across the pipe must decrease 

compared with )( pe dTdpT . 

Equation 4.1 is made dimensionless to yield 

*

*

*

g

g
RV

dz

dp
       (8.6) 

Here, 

)1(

2

H

S
R


       (8.7) 

represents the dimensionless viscous resistance to vapor flow. As 0S , V*
g becomes 

independent of S and H to leading order, as shown in 8.4. Thus, ** dzdpg  for fixed S(<<1) 
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decreases as H increases as shown in Fig. 11. As S , V*
g is constant along most part of the 

pipe (Fig. 14). For H<<S, the constant level approaches (1+H)/S2, so that, 1** dzdpg as 

observed in Fig. 10 for H=0.1 and 1. For H>>S, the constant level approaches 1/S, so that 

HSdzdpg **
, as seen in Figure 10 for H=103 and 104. 
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CHAPTER 9. LIQUID FLOW ALONG THE PIPE 

 

Since the heat pipe is a close system, the vapor mass flow rate at each point along the pipe 

must be equal to and opposite of the liquid mass flow rate: 

ffgg VV        (9.1) 

The negative sign is needed because both Vg and Vf are defined positive in the z direction (Figure 

1(b)). The liquid flow is assumed to divide evenly among the NrNθ circular channels along the 

pipe. Since the channels are small, the liquid flow is laminar and the liquid pressure gradient 

varies linearly with the volume flow rate: 

][
8

4






NN

V

R
g

dz

dp

r

f

p

f

zf

f
     (9.2) 

Where, gz is the acceleration due to gravity along the z-direction. Since Vf varies linearly with 

Vg, which in turn varies linearly with the vapor pressure gradient as shown in (4.1), 

dz

dp

R

R

NN
g

dz

dp g

p

g

gf

fg

r

zf

f 4)(
1








     (9.3) 

At the mid-point of the pipe z=L, the vapor pressure is equal to the liquid pressure 

ogf Ppp        (9.4) 

Integrating (9.2) and applying the condition (9.4), the liquid pressure can be calculated as 

ogo

p

g

gf

fg

r

zff PpP
R

R

NN
Lzgp  ][)(

1
)( 4








    (9.5) 

Thus, the liquid pressure varies linearly with vapor pressure along the pipe. 
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CHAPTER 10. INTERFACIAL CURVATURE VARIATION ALONG THE PIPE 

 

The interfacial curvature at a pore can be determined using the Young-Laplace equation 

(Wong 1992) as: 

 fg pp       (10.1) 

Here,   is the curvature and   is the surface tension (Wong 1992). Therefore, the curvature can 

be found in terms of the vapor pressure as 

]1)(
1

[
)()(

40








p

g

gf

fg

r

gzf

R

R

NN

PpzLg












  (10.2) 

The curvature depends on the vapor pressure and there is no curvature at the middle of the pipe 

since z=L and pg=Po.  

The curvature can provide an estimate for the dry-out temperature difference ΔTD. The 

radius of the curvature (rc) of the liquid-vapor interface is related to the curvature by 

cr

2
       (10.3)  

Dry out starts in the pore when the radius of the curvature of the interface is equal to the radius 

of the pore (rc=Rp). Hence, using this condition, the imposed temperature difference ΔTD at which 

there will be dry-out can be calculated. The non-dimensional form of pg in (5.8c) is substituted 

into (10.2) to give 

pp

g

gf

fg

r

gDfgzf

RR

R

NNT

pThzLg 2
]1)(

1
[

)()(
4

0

*

0





















  (10.4) 

Here ΔTD is used in place of ΔT since rc is assumed to be equal to Rp. Next, pg
* in (8.1) is 

substituted. During this substitution, z* is set to zero as dry-out starts first at the end of the pipe. 

Substituting pg
* and rearranging terms will give 
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1)(
1

)
tanh
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)(1)((2

4

0

0 









p

g
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fg

r
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SHSLRg
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











   (10.5) 

This is the normalized temperature difference that will induce dry out at the hot end. For our 

model to be valid, we need ΔT << ΔTD.  
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CHAPTER 11. OPTIMUM PIPE LENGTH 

 

The evaporative heat rate should peak at a particular pipe length for a given pipe cross-

sectional shape and size, working fluid, and operating temperature. Therefore, finding this 

optimal pipe length for evaporative heat transfer will help design the most efficient heat pipe (Rao 

2015).  

The evaporative heat rate is 

ccv qNuqqq )1(       (11.1) 

Both Nu and qc depend on pipe length L; Nu=Nu(H,S) according to (6.1), where H defined in 

(5.14) is independent of L, and S defined in (5.10) can be written as zLS  in which 

2
1

0

4

0

2

0* ]}
8

)(
)[({










 

g

g

ffssww

fg

pdz
RTkAkAkA

h
EcMRNNz    (11.2) 

is a dimensional length scale independent of L. The conductive heat rate qc is defined in (5.9) and 

depends on L. However, we define cq


as: 

 
z

TkAkAkA
q

ffssww

c





)(
     (11.3) 

which is independent of L and is used to make qv dimensionless: 

)tanh(

)tanh(*

SHSS

SSH

q

q
q

c

v

v



  ,     (11.4) 

where zLS   can be viewed as L made dimensionless by δz. q*
v is plotted as a function of S 

for various H. It shows that q*
v peaks at S=Sm that depends on H. The point Sm is found to obey  

(11.5) 0)sectanh))1()tanh( 2222  mmmmm ShSSHSS
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This equation can be solved numerically using bisection method (Kaw 2003).  In the limit of 

mS , (11.5) is expanded and solved to give 

...)1(1 21  HSm
     (11.6) 

Figure (13) shows that the numerical and asymptotic solutions agree with each other. 

 

Figure 13. Optimum pipe length Sm versus H 

The physical significance of the dimensionless optimum pipe length Sm can be understood 

through Fig 14. It shows that the normalized evaporative heat rate q*
v approaches zero as 0S

and S . For short pipes ( 0S ), conduction dominates because 1Nu  as 0S . Thus, 

0* vq . For long pipes ( S ), the evaporation rate M*0 in (5.22), and thus .0* vq  
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Figure 14. Dimensionless vapor flow heat rate versus S for various H 
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CHAPTER 12. OPTIMUM WICK THICKNESS  

 

 For fixed pipe length and ΔT, there should be an optimum wick thickness for maximum 

evaporative heat transfer. To find the optimum wick thickness, we define the ratio of wick radius 

to the inner wall radius, Rg
*=Rg/Ri. Hence, the optimization starts by non-dimensionalizing the 

evaporative heat rate qv in equation (11.1). However, the heat-rate scales qc and cq


 depend on Rg. 

Therefore, we define a new scale:  

L

T
Akq www


 ,     (12.1) 

which is not affected by the wick radius. Therefore, 
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w
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 )1( .    (12.2) 

This non-dimensional evaporation heat rate can be plotted against the radius ratio Rg
* to get the 

optimum radius. Equation (12.2) is expanded to show the relation between vq and Rg
*: 
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Here, Ro
*=Ro/Ri, kf

*=kf/kw, ks
*=ks/kw, and N*=NRp. Similarly, H and S can also be written in terms 

of Rg
* and other dimensionless terms as 
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Here, L*=L/Ri, 
wg

ifg

w
kT

Rh
H

0

222

0




 , and 

c

R

g

i



0Re  . Therefore, vq is shown to depend on Rg
*, once 

the dimensionless groups in (12.3) and (12.5) have been specified. In Figures 15, 16 and 17 H, 

S, and vq are plotted as a function of Rg
* for different Hw and for Ro

*=1.2, kf
*=0.1, ks

*=1, 

N*=0.1, L*=20, Re=104, Mp
*(E)=0.01. It shows that vq reaches a maximum at a particular value 

of Rg
*. 

 

Figure 15. Heat Pipe number versus Rg
* for various Hw 
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Figure 16. Evaporation Exponent versus Rg
* for various Hw 

 

Figure 17. Dimensionless vapor flow heat rate versus Rg
* for various Hw 
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Similarly, Figures 18, and 19 shows S and vq  plotted against Rg
* for various L*, with others 

parameters same as before and Hw=107. H does not change with L*, so it will be the same as 

Figure 15 for Hw=107 case.  

 

Figure 18. Evaporation Exponent versus Rg
* for various L* 
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Figure 19. Dimensionless vapor flow heat rate versus Rg
* for various L* 

Finally, in Figures 20, 21, and 22 H, S and vq  are plotted against Rg
* for various N*, fixing other 

parameters to the values same as above. The variation in the value of H with N* is very small 

and cannot be observed in Figure 20. 
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Figure 20. Heat Pipe number versus Rg
* for various N* 

 

Figure 21. Evaporation Exponent versus Rg
* for various N* 
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Figure 22. Dimensionless vapor flow heat rate versus Rg
* for various N* 
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CHAPTER 13. APPLICATION TO A POROUS MEDIUM 

 

The wick of the modeled heat pipe contains liquid-filled circular capillaries in the axial and 

radial directions. This idealized wick structure allows an analytic solution for the evaporation rate 

at a pore which leads to analytic solution for fluid flow and heat transfer. However, common heat 

pipes use porous media as the wick. A porous medium is characterized by the porosity φ and 

permeability . Here, we show a way to relate the modeled wick parameters (Nr, Nθ, Nz, and Rp) 

to φ and  . 

According to Darcy’s law (Whitaker, 1986), the volume flow rate Q through a porous media 

is related to the pressure gradient dp/dz by 

dz

dpKA
Q


       (13.1) 

where A is the cross-sectional area of the medium,   is the fluid viscosity, K is the permeability, 

and z points in the flow direction. 

 In our modeled wick, the liquid volume flow rate Qs in a single circular capillary is related 

to the pressure gradient by 

)(
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4
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     (13.2) 

For the entire heat pipe, the total liquid volume flow rate is 
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By comparing (12.1) and (12.3), we find 
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where we have substituted A=  (Ro
2 – Ri

2) for the modeled wick. Further, porosity is defined 

as the ratio of volume of the pores to the total volume of the wick. The total pore volume 

consists of the axial and radial capillaries, so that  

LRR

RRRNNLRNN

gi

gipzpr

)(

)(

22

22




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





    (13.5) 

For a porous medium, the number of pores per unit length in the axial direction should 

be the same as that in the circumferential direction and in the radial direction: 
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)(

 ,    (13.6) 

where N is the number density. Thus, (12.4) and (12.5) can be written as 

22

8
NRK p


 ,      (13.7) 

222 NRp  .      (13.8) 

 From these equations, we find 



K
Rp

162  ,      (13.9a) 

and 

K
N





32

2
2  .      (13.9b) 

Thus, once   and K are specified, we can find Rp and N, and (12.6) then yields Nr, Nθ, and Nz. 
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CHAPTER 14. COMPARISON WITH EXPERIMENTS 

 

Several experiments have been conducted to study the behavior of heat pipes. Kemme 

investigated a sodium heat pipe to test the limitations imposed by sonic vapor flow (Kemme 

1969). The dimensions used are shown in Table 1. Stainless steel wall and mesh were used to 

construct the heat pipe. The mesh was compressed using copper tube which was later dissolved 

away.  Enough liquid was added to fill the annulus and to saturate the porous tube. Similarly, 

Tournier and El-Genk analyzed two dimensional water heat pipe with copper as the porous 

material and the wall (Tournier 1993).  

In experiment K, the average radius of the pore, length of the evaporator and the condenser 

region, inner and outer radius of the pipe, the thickness of the porous material and the mesh size 

of the screen is given. From the mesh size, Nz. From (13.6), Nθ and Nz are calculated. The length 

of the entire heat pipe is taken and L is used as the half length of the pipe. Similarly, for 

experiment TE, the porosity, permeability, the radius of the pore, inner and outer radius of the 

pipe wall, the thickness of the porous material, and the length of the evaporator section, adiabatic 

section and the condenser section are provided. Using equations (13.6) and (13.9b), the values for 

Nθ and Nz are calculated. For both the experiments, the fluid properties like viscosity (μ), density 

(ρ), latent heat of vaporization (hfg) and thermal conductivity (k) are based on the material. The 

density and thermal conductivity is taken at the initial temperature T0. The thermal conductivities 

were taken from the reference data by Ramires (Ramires 1995). The densities of water were taken 

from the handbook by Speight (Speight 2005). The densities of sodium were taken from the work 

by Fink (Fink 1995). Using these fluid properties, dimensions and the imposed conditions on the 

heat pipe, the evaporation number (E), evaporation exponent (S) and the heat pipe number (H) 
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were calculated Finally, Nusselt number was calculated using equation (6.1) and compared with 

the experimental Nusselt number calculated from power in the experiments. All of these values 

are presented in Table 1. 

PARAMETER K TE 

Ro ( x 10-2 m) 1.38 1.91 

Ri ( x 10-2 m) 1.20 1.79 

Rg ( x 10-2 m) 1.18 1.66 

L ( x 10-2 m) 1.28 44.5 

Rp ( x 10-6 m) 9.5 54 

Nr 8 4 

Nθ  360 675 

Nz  6089 209 

ρo (kg/m3) 0.294 0.396 

ρf (kg/m3) 968 966 

μ ( x 10-4 Pa.s) 2.27 0.119 

hfg ( x 103 J/kg) 4240 2250 

kw (W/mK) 45 400 

ks (W/mK) 45 400 

kf (W/mK) 60 0.58 

To
 (K) 823 296.2 

  1 0.1 

c ( x 10-4 s/m) 6.47 1.08 

E 2166 858 



48 
 

S 21856 1354 

H ( x 106) 8.8 79.8 

NU (experiment) 28149 1088 

NU (Eqn 6.1) 21856 1354 

Table 1. Properties of Heat Pipe used in experiment K by Kemme and TE by Tournier and 

El-Genk 

 In experiment K, the Nusselt number was within 22 % of the theoretical value. 

Similarly, in experiment TE, it was within 20 %.  
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CHAPTER 15. DISCUSSION 

 

It is interesting that the two-dimensionless parameter H and S are independent of surface 

tension. This is because the capillary pressure, which depends on surface tension, plays a passive 

role in cylindrical heat pipes. It serves only to satisfy a mass balance by transporting liquid from 

the cold end to the hot end. Furthermore, the two dimensionless numbers are independent of the 

temperature difference between the two ends of the pipe. Thus, driving the pipe at larger 

temperature difference will not increase Nu. 

In addition, by calculating the curvature at the interface, the upper bound of the temperature 

difference can be calculated. This can be done by assuming the curvature  <<1 in (10.2). 

Heat transfer and fluid flow along the pipe are assumed to be one-dimensional. This is valid 

if the axial variation of temperature, pressure, evaporation rate, and volume flow rate occurs in a 

length scale that is large compared with Rp. Thus, it is necessary that the boundary layer thickness 

S-1L>>Rp or S<<L/Rp. This fixes an upper bound on S for our boundary-layer results to be valid. 

It can also be observed that for high H and S, and H>>S, the Nusselt number approaches the 

values of S. 

Finally, the comparison with the experimental values were pretty close. There were small 

errors due to some assumptions in the analysis of the heat pipe. While calculating the porosity, 

the bi-pyramid section that occurs between the capillaries and the pores were counted twice. This 

is a very small volume compared to the overall volume of the channels, hence, it was ignored.  

Also, the experiments have an entire region, evaporator region for heat supplied and 

condenser region for heat removed. However, our model assumes the heat addition and heat 

removal at the edge of the heat pipe in a cross sectional plane. The temperature is increased in the 
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hot end and decreased in the cold end, instead of supplying heat through a section of the pipe. It 

is observed that this modification does not affect the result much. 
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CHAPTER 16. CONCLUSIONS 

 

Heat and mass transfer has been studied for a cylindrical heat pipe with idealized porous 

lining. Our model incorporates evaporation and condensation kinetics, which allows calculation 

of liquid and vapor pressures throughout the pipe. We find that the heat transfer performance of 

the heat pipe depends on two dimensionless parameters: the heat pipe number H, and the 

evaporation exponent S. This is the first time that these dimensionless parameters have been 

derived for heat pipes. Analytic solutions have been obtained for the pipe temperature Tp
*, vapor 

pressure pg
*, evaporation rate M*, and other variables. We systematically investigated the effects 

of H and S on these variables. We can optimize the vapor heat transfer in the heat pipe for the 

first time because our model captures the essential physics. For fixed pipe cross-sectional 

dimensions, we find an optimal pipe length, and for fixed pipe length, we find an optimal wick 

thickness. We compute the Nusselt number for the published experiments and found good 

agreement without any adjustable parameters.  
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APPENDIX 

 

Table A. Evaporation Number 

Table A. below shows the evaporation number for water at different temperature for the 

Radius of pore of 1 μm. 

Temperature (Tp) 

(K) 

Density (ρe) 

(kg/m3) 

Thermal Conductivity (kf) 

(W/mK) 

c 

(s/m) 

Evaporation 

Number (E) 

273 916.2 .56 1.12*10-3 33980 

303 995.7 .61 1.07*10-3 29180 

323 988 .64 1.03*10-3 24920 

343 978 .65 1.00*10-3 22210 

363 965 .66 9.75*10-4 19880 

Table A. Evaporation number for water at different temperatures and Rp = 1 μm 

The latent heat of vaporization is taken to be 2250 KJ/kg, the specific gas constant is 461.5 

J/(kg.K), and the accommodation coefficient is 1. The values of thermal conductivity are taken 

from the experimental results by Ramires, Maria L. V (Ramires 1995). 
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APPENDIX A. LEADING ORDER OUTER SOLUTION 

 

The outer region temperature can be expanded as 

...
1

10  t
E

tT        (A.1) 

The zero-order outer solution 0t  is governed by the following equation 
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At the center of the pore rp
*=0,  

0
*

0 




pr
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       (A.3a) 

At the wall of the pore rp
*=1, 

10 t        (A.3b) 

At the interface zp
*=0, 

00 t        (A.3c) 

Finally, as zp
*   , 

10 t        (A.3d) 

For simpler calculation purposes we define 00 1 tt   and change the boundary 

conditions accordingly and solve for t0. The solution for t0 is 
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Here n  are the roots of zero order Bessel function of the first kind (J0) and n  satisfy the 

following equation 
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Using the orthogonal property of Bessel functions in equation (A.5), n  can be calculated as 
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Here, J1 is the first order Bessel function of the first kind. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



58 
 

APPENDIX B. MATLAB CODES 

 

B.1. Dimensionless evaporation rate along the pipe for various H and S=1 

clc 

close all; 

clear all; 

S=1;        %S=1 

H=0.01; 

figure();  

y=0; 

n=0.0001; 

while H<=10^2 

   a=0; 

   y=y+1; 

   for x = 1:(1/n)+1 

       Z(x)=a; 

       M(x,y)=(((1+H)*sinh((S*(1-Z(x)))))/((S+H*tanh(S))*cosh(S))); 

       a=a+n; 

   end 

   H=H*10;  

    

end 

plot(Z,M); 

axis([0,1,0,1]); 

xlabel('z^{*}') 

ylabel('M^{*}') 

legend('H=.01','H=.1','H=1','H=10','H=10^{2}, H=10^{3}') 

title('S=1') 
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B.2. Dimensionless evaporation rate along the pipe for various H and S=100 

clc 

close all; 

clear all; 

S=100;        %S=100 

H=0.1; 

figure();  

y=0; 

n=0.0001; 

while H<=10^4 

   a=0; 

   y=y+1; 

   for x = 1:(1/n)+1 

       Z(x)=a; 

       M(x,y)=(((1+H)*sinh((S*(1-Z(x)))))/((S+H*tanh(S))*cosh(S))); 

       a=a+n; 

   end 

   H=H*10;  

    

end 

plot(Z,M); 

axis([0,.1,0,1]); 

xlabel('z^{*}') 

ylabel('M^{*}') 

legend('H=.1','H=1','H=10','H=10^{2}','H=10^{3}','10^{4},10^{5}') 

title('S=100') 
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B.3. Nusselt Number versus H for various S 

Ss=.1; 

yy=0; 

n=.02; 

while Ss<=10^3 

    aa=1; 

    yy=yy+1; 

    Hh=10^-2; 

    while Hh<=10^6 

        Nu(aa,yy)=(1+Hh)/(1+(Hh*(tanh(Ss)))/Ss); 

        HHH(aa)=Hh; 

        aa=aa+1;   

        Hh=Hh*2;       

    end 

    Hh=10^6; 

    Nu(aa,yy)=(1+Hh)/(1+(Hh*(tanh(Ss)))/Ss); 

    HHH(aa)=Hh; 

    Ss=Ss*10; 

end 

figure; 

loglog(HHH,Nu) 

xlabel('H') 

ylabel('Nu') 

legend('S=1','S=10','S=10^{2}','S=10^{3}') 
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B.4. Dimensionless temperature along the pipe for various H and S=1 

clc 

close all; 

clear all; 

S=1;        %S=1 

H=0.01; 

figure();  

y=0; 

n=0.0001; 

while H<=10^2 

   a=0; 

   y=y+1; 

   for x = 1:(1/n)+1 

       Z(x)=a; 

       T(x,y)=(S/(S+H*tanh(S)))*((1-Z(x))+(((H*sinh(S ... 

  *(1- Z(x))))/(S*cosh(S)))));    

    a=a+n; 

   end 

   H=H*10;  

    

end 

plot(Z,M); 

xlabel('z^{*}') 

ylabel('M^{*}') 

legend('H=.01','H=.1','H=1','H=10','H=10^{2}, H=10^{3}') 

title('S=1') 
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B.5. Dimensionless temperature along the pipe for various H and S=100 

clc 

close all; 

clear all; 

S=100;        %S=100 

H=0.1; 

figure();  

y=0; 

n=0.0001; 

while H<=10^4 

   a=0; 

   y=y+1; 

   for x = 1:(1/n)+1 

       Z(x)=a; 

       T(x,y)=(S/(S+H*tanh(S)))*((1-Z(x))+(((H*sinh(S ... 

       *(1-Z(x))))/(S*cosh(S))))); 

       a=a+n; 

   end 

   H=H*10;  

    

end 

plot(Z,T); 

%axis([0,.1,0,1]); 

xlabel('z^{*}') 

ylabel('T^{*}_{p}') 

legend('H=.1','H=1','H=10','H=10^{2}','H=10^{3}','10^{4},10^{5}') 

title('S=100') 
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B.6. Dimensionless vapor pressure along the pipe for various H and S=1 

clc 

close all; 

clear all; 

S=1;        %S=1 

H=0.01; 

y=0; 

n=0.0001; 

while H<=10^3 

   a=0; 

   y=y+1; 

   for x = 1:(1/n)+1 

       Z(x)=a; 

       P(x,y)=(S/(S+H*tanh(S)))*((1-Z(x))-(sinh(S*((1-Z(x)))))/(S*cosh(S))); 

       a=a+n; 

   end 

   H=H*10;  

    

end 

figure; 

plot(Z,P); 

axis([0,1,0,.25]); 

xlabel('z^{*}') 

ylabel('P_{g}^{*}') 

legend('H=.01','H=.1','H=1','H=10','H=10^{2}','10^{3}') 

title('S=1') 
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B.7. Dimensionless vapor pressure along the pipe for various H and S=100 

clc 

close all; 

clear all; 

S=100;        %S=100 

H=0.1; 

figure();  

y=0; 

n=0.0001; 

while H<=10^4 

   a=0; 

   y=y+1; 

   for x = 1:(1/n)+1 

      Z(x)=a; 

      P(x,y)=(S/(S+H*tanh(S)))*((1-Z(x))-(sinh(S*((1-Z(x)))))/(S*cosh(S))); 

      a=a+n; 

   end 

   H=H*10;  

    

end 

plot(Z,P); 

axis([0,1,0,1]); 

xlabel('z^{*}') 

ylabel('P_{g}^{*}') 

legend('H=.1','H=1','H=10','H=10^{2}','H=10^{3}','10^{4}') 

title('S=100') 
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B.8. Dimensionless vapor volume flow rate along the pipe for various H and S=1 

clc 

close all; 

clear all; 

S=1;        %S=1 

H=0.01; 

y=0; 

n=0.0001; 

while H<=10^2 

   a=0; 

   y=y+1; 

   for x = 1:(1/n)+1 

       Z(x)=a; 

        V(x,y)=((1+H)/(S*(S+H*tanh(S))))*(1-(cosh(S*((1-Z(x))))/(cosh(S)))); 

       a=a+n; 

   end 

   H=H*10;  

    

end 

figure; 

plot(Z,V); 

axis([0,1,0,.6]); 

xlabel('z^{*}') 

ylabel('V_{g}^{*}') 

title('S=1') 
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B.9. Dimensionless vapor volume flow rate along the pipe for various H and S=100 

clc 

close all; 

clear all; 

S=100;        %S=100 

H=0.1; 

figure();  

y=0; 

n=0.0001; 

while H<=10^5 

   a=0; 

   y=y+1; 

   for x = 1:(1/n)+1 

      Z(x)=a; 

      V(x,y)=(1+H)/(S*(S+H*tanh(S))))*((1-((cosh(S*((1-Z(x))))/(cosh(S))))); 

      a=a+n; 

   end 

   H=H*10;  

end 

plot(Z,V); 

axis([0,.1,0,.02]); 

xlabel('z^{*}') 

ylabel('V_{g}^{*}') 

title('S=100') 
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B.10. Optimum pipe length Sm versus H 

clc 

close all 

clear all 

d=10^-4; 

for i=1:11 

a=0; 

b=2000; 

tol=1e-5; 

fa=(a-tanh(a))^2-(1+d)*((tanh(a)^2)-a^2*(sech(a)^2)); 

fb=(b-tanh(b))^2-(1+d)*((tanh(b)^2)-b^2*(sech(b)^2)); 

while abs(b-a)>tol 

    c=(a+b)/2; 

    fc=(c-tanh(c))^2-(1+d)*((tanh(c)^2)-c^2*(sech(c)^2)); 

    if fa*fc<0 

        b=c; 

        fb=fc; 

    elseif fb*fc<0 

        a=c; 

        fa=fc; 

    else 

        b=c; 

    end 

end 

H(i)=d; 

S(i)=c; 

d=d*10; 

end 

loglog(H,S); 

axis([10^-4 10^6 10^0 1.5*10^3]); 

hold on 

d=10^-4; 

for i=1:6 

    Sa(i)=1+(1+d)^(1/2); 

    Ha(i)=d; 

    d=d*100; 

end 

loglog(Ha,Sa,'*'); 

legend('Numerical','Asymptotic'); 

xlabel('H'); 

ylabel('S_{m}'); 

 

 



68 
 

B.11. Dimensionless vapor flow heat rate versus S for various H 

clc 

close all 

clear all 

H=0.1; 

v=-2:2:10; 

for i=1:8 

    m=-4;  

    for j=1:800 

        S(j)=10^m; 

        q(j)=(H*(S(j)-tanh(S(j))))/(S(j)*(S(j)+H*tanh(S(j)))); 

        m=m+2/100; 

    end 

    semilogx(S,q) 

    axis([10^-3,10^10,0,1]); 

    xlabel('S') 

    ylabel('q_{v}^{*}') 

    set(gca, 'XTick', 10.^v) 

    hold on 

    H=H*10; 

end 

legend('H=.1','H=1','H=10','H=10^{2}','H=10^{3}',... 

        'H=10^{4}','H=10^{5}','H=10^{6}') 
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B.12. H, S and vq  versus Rg
* for various Hw 

clc 

close all 

clear 

Rp=0.0001; 

Ro=1.2; 

Hw=10; 

kf=0.1; 

ks=1; 

N=0.1; 

L=20; 

Mp=0.01; 

Re=10^4; 

qv=zeros(100,8); 

S=zeros(100,8); 

H=zeros(100,8); 

SkA=zeros(100,8); 

rg=zeros(100,8); 

for b=1:8 

    a=1; 

    for x=0.01:0.01:1 

        rg(a,b)=x; 

        SkA(a,b)=(kf*N^2*(1-rg(a,b)^2)+ks*(1-rg(a,b)^2)*(1-pi*N^2)+(Ro^2-1)); 

        H(a,b)=1/8*(Hw*rg(a,b)^4)/(SkA(a,b)); 

        S(a,b)=((16*pi*N^2/Rp*(1+rg(a,b))*Mp/(Re*rg(a,b)^4))*(H(a,b)+1))^(1/2)*L; 

        qv(a,b)=(((1+H(a,b))/(1+H(a,b)*tanh(S(a,b))/S(a,b)))-1)*(SkA(a,b)/((Ro^2-1))); 

        a=a+1; 

    end 

    Hw=Hw*10; 

end 

plot(rg,qv); 

ylabel('q_{v}^{*}') 

xlabel('R_{g}^{*}') 

figure; 

plot(rg,S); 

ylabel('S') 

xlabel('R_{g}^{*}') 

figure; 

plot(rg,H); 

ylabel('H') 

xlabel('R_{g}^{*}') 
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B.13. S and vq  versus Rg
* for various N* 

clc 

close all 

clear 

Rp=0.0001; 

Ro=1.2; 

Hw=10^7; 

kf=0.1; 

ks=1; 

N=0.1; 

L=10; 

Mp=0.01; 

Re=10^4; 

qv=zeros(100,3); 

S=zeros(100,3); 

H=zeros(100,3); 

SkA=zeros(100,3); 

rg=zeros(100,3); 

for b=1:3 

    a=1; 

    for x=0.01:0.01:1 

        rg(a,b)=x; 

        SkA(a,b)=(kf*N^2*(1-rg(a,b)^2)+ks*(1-rg(a,b)^2)*(1-pi*N^2)+(Ro^2-1)); 

        H(a,b)=1/8*(Hw*rg(a,b)^4)/(SkA(a,b)); 

        S(a,b)=((16*pi*N^2/Rp*(1+rg(a,b))*Mp/(Re*rg(a,b)^4))*(H(a,b)+1))^(1/2)*L; 

        qv(a,b)=(((1+H(a,b))/(1+H(a,b)*tanh(S(a,b))/S(a,b)))-1)*(SkA(a,b)/((Ro^2-1))); 

        a=a+1; 

    end 

    L=L*10; 

end 

plot(rg,qv); 

ylabel('q_{v}^{*}') 

xlabel('R_{g}^{*}') 

figure; 

plot(rg,S); 

ylabel('S') 

xlabel('R_{g}^{*}') 
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B.14. H, S and vq  versus Rg
* for various N* 

clc 

close all 

clear 

Rp=0.0001; 

Ro=1.2; 

Hw=10^7; 

kf=0.1; 

ks=1; 

N=0.01; 

L=20; 

Mp=0.01; 

Re=10^4; 

qv=zeros(100,4); 

S=zeros(100,4); 

H=zeros(100,4); 

SkA=zeros(100,4); 

rg=zeros(100,4); 

for b=1:4 

    a=1; 

    for x=0.01:0.01:1 

        rg(a,b)=x; 

        SkA(a,b)=(kf*N^2*(1-rg(a,b)^2)+ks*(1-rg(a,b)^2)*(1-pi*N^2)+(Ro^2-1)); 

        H(a,b)=1/8*(Hw*rg(a,b)^4)/(SkA(a,b)); 

        S(a,b)=((16*pi*N^2/Rp*(1+rg(a,b))*Mp/(Re*rg(a,b)^4))*(H(a,b)+1))^(1/2)*L; 

        qv(a,b)=(((1+H(a,b))/(1+H(a,b)*tanh(S(a,b))/S(a,b)))-1)*(SkA(a,b)/((Ro^2-1))); 

        a=a+1; 

    end 

    N=N*2.5; 

end 

plot(rg,qv); 

ylabel('q_{v}^{*}') 

xlabel('R_{g}^{*}') 

figure; 

plot(rg,S); 

ylabel('S') 

xlabel('R_{g}^{*}') 

figure; 

plot(rg,H); 

ylabel('H') 

xlabel('R_{g}^{*}') 
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