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Abstract

A rooted graph is a pair (G, R), where G is a graph and R C V(G). There are
two research topics in this thesis. One is about unavoidable substructures in suffi-
ciently large rooted graphs. The other is about characterizations of rooted graphs
excluding specific large graphs.

The first topic of this thesis is motivated by Ramsey Theorem, which states that
K, and K, are unavoidable induced subgraphs in every sufficiently large graph.
It is also motivated by a classical result of Oporowski, Oxley, and Thomas, which
determines unavoidable large 3-connected minors. We first determine unavoidable
induced subgraphs, and unavoidable subgraphs in connected graphs with suffi-
ciently many roots. We also extend this result to generalized rooted connected
graphs. Secondly, we extend these results to rooted graphs of higher connectivity.
In particular, we determine unavoidable subgraphs of sufficiently large rooted 2-
connected graphs. Again, this result is extended to generalized rooted 2-connected
graphs.

The second topic of this dissertation is motivated by two results of Robertson and
Seymour, let’s only talk about path and star. In the first result they established that
graphs without a long path subgraph are precisely those that can be constructed
using a specific operation within a bounded number of iterations, starting from the
trivial graph. In the second result they showed that graphs without a large star
minor are those that are subdivisions of graphs with bounded number vertices.
We consider similar problems for path, star and comb. We have some theorems
on characterizations of rooted connected graphs excluding a heavy path, a large
(nicely) confined comb, a large (nicely) confined star, which are similar to those of

Robertson and Seymour. Moreover, our results strengthen their related results.
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1 Introduction

This dissertation is about structures of large rooted graphs. Before stating our
main results, we need some necessary definitions. In this chapter, we begin with
a brief summary of basic definitions on graph minor. Then we introduce basic
lemmas which are used in the proof of later theorems in this thesis. Finally we
list some related results on unavoidable substructures in large graphs, and on
characterizations of excluding certain large graphs. An outline of this dissertation

will be given in section 1.6.

1.1 Preliminaries
In this section, we provide some basic definitions and lemmas in graph theory,
which are used in the thesis. Undefined terminology can be found in [2].

Let N denote the set of positive integers. We will use symbols §,U,N, €, C, \, +
for set operations in the usual sense. We also remark that A U {v} is abbreviated
to A+ v.

A graph G consists of an ordered pair (V, E) of disjoint finite sets, where V' is
not empty, and an incidence relation such that each member of F is incident with
one or two members of V. Members of E and V are called edges and vertices,
respectively. The number of vertices of G is its order, and is denoted by |G|, which
is exactly |V|. If e is an edge of G or v is a vertex of G, instead of writing e € F
or v € V we may simply write e € G or v € G. If an edge e is incident with a
vertex x, then x is called an end of e. If two distinct vertices x, y are incident with
a common edge, or if two distinct edges x,y are incident with a common vertex,
then we say that =,y are adjacent. An edge with only one end is a loop. If two
non-loop edges have the same ends, then they are parallel and each is a parallel

edge in G.



A graph G is simple if it has neither loops nor parallel edges. A graph with only
one vertex is called trivial. All graphs considered in this thesis are simple, except
where otherwise noted. For a simple graph G = (V| E), each edge e € E consists of
two distinct ends x and y, and is denoted by e = xy. For a vertex v € V', a neighbor
of v is a vertex adjacent with v. The set of neighbors of v is denoted by Ng(v). We
also remark that Ng(v) is abbreviated to N(v) when the dependence on G is clear.
The number of edges incident with v is called the degree of v, and is denoted by
dc(v), which is exactly | Ng(v)|. The maximal degree of all vertices in G is denoted
by A(G). When X C V, we denote by N¢(X) the set of vertices outside X that
are adjacent to at least one vertex in X. That is to say, Ng(X) = ,cx Na(v)\X.
The complement G of G is the graph on V such that two distinct vertices of G are
adjacent if and only if they are not adjacent in G.

Let G = (V, E) be a graph. Deleting an edge e from G means deleting e from
E, and is denoted by G\e. Deleting a vertex v from G means deleting v from V
and deleting all edges incident with v from FE, and is denoted by G\v. For any
two distinct e, f € F, it is clear that G\e\f = G\ f\e. Thus we can define the
deletion of a set of edges. For any X C E, deleting X from G means deleting every
edge of X from G, and is denoted by G\ X. Similarly, for any two distinct vertices
xz,y € V, we also have G\z\y = G\y\z. Naturally, for any X C V, deleting X
from G means deleting every vertex of X from G, and is denoted by G\X. For
non-adjacent vertices z,y € V, let G + zy = (V, EU {zy}).

A subgraph of a graph G = (V, E) is a graph obtained from G by deleting a
vertex set and an edge set. If G’ = (V' E’) is a subgraph of G and G’ contains all
the edges xy € E with z,y € V', then G’ = G\(V\V’) and G’ is called an induced
subgraph of G. We write G' = G[V'].



Let G; = (Vi, Ey) and Gy = (Va, Ey) be two graphs. We call G} and Gy iso-
morphic, and write Gy ~ (o, if there exists a bijection ¢ : V; — V5 with
xy € By < ¢(x)p(y) € Ey for all x,y € V3. Such a map ¢ is called an iso-
morphism. We do not normally distinguish between isomorphic graphs. Thus we
usually write G; = G9 rather than G ~ Go. We set G1 NGy = (Vi N Va, By N Es)
and G1 UGy = (ViU Vy, By U Ey). We set G1\Go = G1[ViI\Vo]. If V1 NV, = ), then
we call Gy and Gy disjoint.

If all the vertices of a graph GG are pairwise adjacent, then G is called a complete
graph. A complete graph with n vertices is denoted by K,. A complete subgraph
of a graph is called a clique. Let G1, Gy be disjoint graphs and let £ > 0 be an
integer. For i = 1,2, let S; be a clique of G; with V(S;) = {v},vi,---  vi}. Let
a graph G be obtained from the union of G; and G5 by identifying v} with v?
(1 < i < k), identifying vjvj with v7vi (1 <4 < j < k), and deleting a (possibly
empty) set of identified edges. Then we call G a k-sum of G; and Gs, and we write
G = G1 ®; Gy by which we mean that G is one of many k-sums of G; and Go,
since GG1 @y G2 does not produce a unique outcome.

Let G be a graph. We call G a bipartite graph if V(G) admits a partition into
two sets X, Y such that each edge has its ends in different set. That is, vertices in
the same partition set must not be adjacent. We call G' a complete bipartite graph
if every vertex of X is adjacent to every vertex of Y. If | X| = m and |Y'| = n, then
this complete bipartite graph is denoted by K,, .

A pathis a graph P = (V, E') such that V' = {vg, vy, -+ ,v,} and E = {wgvy, - -+,
Un—1U, }. We call vertices v, v, ends of P and each vertex in V\vy\v, an interior
vertex of P. To specify the path we often write P = wvgvy - - - v,,. The number of
edges of P is called the length of P. A path of length n is denoted by P,. Two or

more paths are independent if any common vertex of any two of these paths must



be their ends. Let G be a graph. For any two vertices  and y of GG, an zy-path of
(G is a subgraph of G that is a path with ends z,y. In general, for any two subsets
X and Y of V(G), an XY -path of G is an xzy-path such that V(P)NX = {z} and
V(P)NY ={y}.

A cycleis a graph C = (V, F) such that V' = {vg, vy, -+ ,v,} and E = {vovy, v1v9,

© , Un—1Up, Vo }. The number of vertices of C'is called the length of C. A triangle
is a cycle of length 3. A cycle of length n is denoted by C,.

A graph G is connected if G contains an xy-path for every pair of vertices x,y of
G. A graph G is k-connected if |G| > k and G\ X is connected for any X C V(G)
with |X| < k. Note that every graph G can be expressed as the union of disjoint
connected subgraphs, which we call components of G. With this terminology, we
may say that G is the disjoint union of its components.

A forest is a graph without cycles. A tree is a connected forest. Vertices of degree
one in a tree are its leaves. A spanning tree T of a graph G is a subgraph of G such
that 7" is a tree and 7' contains all the vertices of G.

A star is a complete bipartite graph K ,,, for n > 3. The size of this star is n.
The unique non-leaf vertex of a star is called its center vertex.

The following lemma is a well known result in graph theory, which is the fre-
quency used application of Theorem 1.5.1 of [2]. It shows the existence of spanning

trees in every connected graph.

Lemma 1.1.1. Every connected graph has at least one spanning tree.

A separation of a graph G is an unordered edge-disjoint pair (G7,Gs) of sub-
graphs of G such that G1UGs = G. If |G1NGs| = k, then k is called the order of the
separation and the separation is called a k-separation. If a k-separation (G, G2)

satisfies either |G1| = k or |Gs| = k, then (G1, G3) is called a trivial k-separation.



Let (G1,Gs2) be a separation of a graph G and let V; C V(G;) for ¢ = 1,2. Then
we say that (G, Gs) separates V; from V5.

The following theorem is one of the pillars of graph theory, which is Theorem
3.3.1 of [2]. It characterizes the obstruction for having many disjoint paths between

two vertex sets in a graph.

Theorem 1.1.2 (Menger, 1927). Let G = (V, E) be a graph and X,Y C V. Then
G does not have k disjoint XY -paths if and only if G has a K'-separation separating

X fromY with k' < k.

A connected graph G with at least one edge is non-separable if G does not have
a nontrivial 1-separation. Equivalently, either G is 2-connected or GG has only one
edge. Let G be a connected graph. A vertex v of GG is called a cut vertex if it is the
common vertex of the two parts of a nontrivial 1-separation of GG. A block of G is
a maximal non-separable subgraph of G. Let A be the set of cut vertices of GG, and
B be the set of all blocks of G. Notice that B # () as long as F(G) # 0. The block
graph of GG is the graph on A U B formed by the edges aB with a € B.

The following lemma, which can be found in Proposition 3.1.1 of [2], characterizes

the structure of the block graph of any nontrivial connected graph.
Lemma 1.1.3. The block graph of a nontrivial connected graph is a tree.

Let G be a connected graph and H be a subgraph of G. By an H-bridge we
mean a connected subgraph B of G\ E(H) that satisfies either one of the following
two conditions:

(i) |[E(B)|=1and V(B) CV(H);

(ii) there exists a connected component C' of G\ H such that F(B) consists of all
edges incident with at least one vertex of C.

Vertices belong to both B and H are called feet of B.



Let X C V(G). By an X-bridge we mean that H = (X, (), an X-bridge is one

such H-bridge.

1.2 Minor and Topological Minor

Many results in this thesis will be about minors and topological minors. In this
section, we define these terms and provide some lemmas on the relationship be-
tween them. We remark that, in this section, we allow loops and parallel edges in
a graph.

Let e = xy be an edge of a graph G = (V, E). Contracting e means identifying
x with y in G\e, and is denoted by G/e. For any two distinct edges e, f € E, it is
clear that G/e/f = G/ f/e. Hence we can define the contraction of any X C E as
contracting every edge in X (in any order), and denote the result by G/ X.

A graph H is a minor of a graph G if H is obtained from G by a sequence
of vertex deletions, edge deletions, and edge contractions (where the order of the
operations could be arbitrary). If H is a minor of G, then we write H <,,, G. A
graph G is called H-free, where H is a graph, if no minor of GG is isomorphic to H.

The following lemma is on the transitivity of the minor relation.

Lemma 1.2.1. Let G, Gy, Gz be graphs. Then Gy <,,, G5 and Gy <, G3 imply

Gl Sm G3'

Proof. We know that (G5 is obtained from G3 by a sequence of vertex deletions,
edge deletions, and edge contractions, and (; is obtained from G5 by a sequence of
vertex deletions, edge deletions, and edge contractions. Hence (G; can be obtained
from G5 by a sequence of vertex deletions, edge deletions, and edge contractions.

That is to say, G1 <,, Gs. O



Instead of defining a minor by local operations, we can also define it by a global
structure. The key idea is, vertices in a minor can be traced back to connected

subgraphs of the original graph.

Lemma 1.2.2. A graph H is a minor of a graph G if and only if G has a set
{G, :v e V(H)} of disjoint connected subgraphs and a set F' = {f.:e € E(H)} of
edges such that F is disjoint from every E(G,), and for every edge e = uv € E(H),

the two ends of f. are in G, and G,, respectively.

Proof. First we claim that for any connected graph L = (V,E), L/E = K;. It
is obvious that L/e is connected for any edge e € E, otherwise, there are at least
two components of L/e, which means that there are at least two components of
L, which contradicts the assumption that L is connected. It follows that L/FE is
connected. Since there is no edge in L/E, then L/FE is a single vertex graph K7, we
are done with this claim. Next we start proving the lemma using the above claim.

The backward implication easily follows from the above claim and the definition
of a minor. Next we consider the forward implication.

By the definition of a minor, we know that H is obtained from a subgraph of G
by contracting edges. Then there exists Z C V(G) and disjoint X,Y C E(G\Z)
such that H = (G\Z)\X/Y. Take G’ = G\Z\X. Then H = G'/Y, which means
that H is a minor of G'. Now we prove that there exist ' C F(G’) and a set of
subgraphs {G, : v € V(H)} of G’ that satisfy the description in the lemma. Since
G’ is a subgraph of G, it follows that F' is a subset of E(G) and each G, is a
subgraph of G, which would prove the lemma.

Since H = G'/Y, then (Y, E(H)) is a partition of E(G"). Let G" = G'\E(H) =
(V(G"),Y). Note that there is no edge in G”/Y. By the above claim, there exists

a one-to-one correspondence between vertices of G”/Y and components of G”.



On the other hand, G"/Y = G'\E(H)/Y = (G'/Y)\E(H) = H\E(H), which
implies that there exists a one-to-one correspondence between vertices of H and
components of G”. Let components of G” be G, for v € V(H), and let F' = E(H).

If e = ww, then ends of e belong to G, and GG, before contracting Y, as required. [J

The pair ({G,},{fe}) from the last theorem is called a model of the minor H of
G.

Let ¢ = xy be an edge of a graph G. Subdividing e means deleting e from G
and then adding a new vertex z and two new edges zz, zy, this operation is also
called edge subdivision. A subdivision of a graph G is a graph obtained from G by
subdividing edges repeatedly.

If a graph GG has a subgraph that is a subdivision of a graph H, then H is called
a topological minor of G and we write H <; G. If two edges e, f € E(G) have a
common end v € V(G) and they are the only edges incident with v, then e, f are in
series and each of them is a series edge in G. A series contraction is the operation
of contracting a series edge. Clearly, a series contraction is the reverse operation

of subdividing an edge. This observation implies the next lemma immediately.

Lemma 1.2.3. Let H and G be graphs. Then H <, G if and only if H is obtained

from a subgraph of G by series contractions.

The following lemma, which is a corollary of Lemma 1.2.2; is on the relationship

between topological minor and minor.

Lemma 1.2.4. Let G be a graph.

(1) Every topological minor of G is also a minor of G,

(2) if H is a minor of G and the mazximum degree of H is at most 3, then H 1is

a topological minor of G.



Proof. (1) Since every series contraction is a contraction, this result follows from
Lemma 1.2.3.

(2) By Lemma 1.2.2, G has a set {G, : v € V(H)} of disjoint connected sub-
graphs and a set F' = {f. : e € E(H)} of edges satisfying Lemma 1.2.2. Let U be
the set of vertices that are incident with at least one edge in F'. If for each GG, there
exists a vertex w in G, such that G, has independent paths from w to each vertex
in V(G,)NU, then H can be obtained from G by deleting vertices and edges not
in those independent paths and then contracting series edges in those independent
paths, which implies H <; G. Next we prove the existence of w in each G,. Since
the maximal degree of H is at most 3, |V (G,)NU| < 3. Suppose |V (G,)NU| < 1,
we can choose w to be any vertex in G,. Suppose V(G,) NU = {a, b}, then there
exists a path between a,b in G,, we may choose any vertex in such path as w.
Suppose V(G,) N U = {a,b,c}. In this case, G, has a path P between a,b and

another path @) between ¢ and P. Then the common vertex of P and @) is w. [

1.3 Unavoidable large graphs

In this section, we introduce some results on large substructures that are necessarily
presented in every large enough graph. We will say that these substructures are
unavoidable in a sufficiently large graph. Historically, the first result on unavoidable
graphs was established by Ramsey in 1930 [5]. The following is the most common

formulation of this result, which can be found in Theorem 9.1.1 of [2].

Theorem 1.3.1 (Ramsey 1930). There exists a function fi31(n) such that every
graph of order at least fi31(n) contains either K, or its complement K, as an

induced subgraph.

Other than choosing a better function f; 31(n), Theorem 1.3.1 is already the best

possible. However, if the input graph is known to be connected, then it is possible



to improve the theorem by replacing the disconnected K, in the output with some
connected large graphs. This result is the content of the following theorem and its

proof is provided later as Lemma 1.5.2.

Theorem 1.3.2. There exists a function fi32(n) such that every connected graph

of order at least fi32(n) has an induced subgraph isomorphic to P, Ky, or K,.

Naturally, one may try to extend Theorem 1.3.2 to graphs of higher connectivity.
In the next four theorems, we state the corresponding results for k-connected
graphs when k = 2, 3,4,5. The problem is open for connectivity exceeding five.

In the following theorem, we will not determine the unavoidable induced sub-
graphs, like what we did in the previous two theorems, since these graphs do not
admit a simple and explicit description. Instead, we will determine the unavoidable
minors or topological minors.

The next is the result for 2-connected graphs, which is Proposition 9.4.2 in [2].

Theorem 1.3.3. There exists a function fi133(n) such that every 2-connected

graph of order at least fi33(n) contains C,, or Ky, as a topological minor.

For any integers h > 1 and n > 3, let W (h,n) denote the graph obtained from
the disjoint union of C, and K; by adding all possible edges between them. In
particular, W(1,n) is known as a wheel and W (2,n) is known as a double-wheel.
Oporowski, Oxley and Thomas determined the unavoidable large 3-connected mi-

nors [4].

Theorem 1.3.4. There ezists a function fi34(n) such that every 3-connected

graph of order at least fi34(n) contains W(1,n) or Ks,, as a minor.

In the same paper [4], Oporowski, Oxley and Thomas also determined all the
unavoidable large 4-connected minors. For any integer n > 5, let C? denote the

graph obtained from C,, by joining vertices whose distance is two in C,.

10



Theorem 1.3.5. There ezists a function fi35(n) such that every 4-connected

graph of order at least f135(n) contains W (2,n), C*

n’

or K4, as a minor.

Shantanam [9] identified thirty (families of) graphs Hy(n),--- , Hso(n) and he
proved that these are all the unavoidable large 5-connected minors. Since we do

not use this result, we will not explicitly define these thirty graphs.

Theorem 1.3.6. There exists a function fi3¢(n) such that every 5-connected

graph of order at least f136(n) contains Hi(n),--- , or Hsy(n) as a minor.

In this dissertation, we consider similar problems for rooted graphs, which we
formally introduce in Chapter 2 and Chapter 3. We will study rooted connected
and 2-connected graphs and those of generalized rooted graphs. In particular, we

will extend Theorem 1.3.2.

1.4 Excluding large graphs

In this section we explain what we mean by excluding a large graph. We will also
present a few well known results of this type. In the following discussion we talk
about the subgraph relation, but the same idea applies to other graphs containment
relations like induced subgraph and minor.

Let H be a class of graphs. We consider the problem of characterizing classes G of
graphs such that G 2 H. In general, since members of H could be totally unrelated,
there are no effective ways to characterize G. However, suppose Hy, Hy, -+ is a
sequence of graphs such that H; is a subgraph of H;,q, for all integers ¢ > 1.
Suppose H is the class of graphs H such that H is a subgraph of some H;. Then
the problem of characterizing classes G 2 H is more tractable.

Since H is closed under taking subgraphs, that is, subgraphs of members of H

remain members of H, it is reasonable to assume that G is also closed under taking

11



subgraphs (otherwise the problem would still be hard). Then it is clear that the

following statements are equivalent

(i) G 2 H;
(ii) G & H; for at least one i;

(iii) G C H; for at least one i, where H; is the set of all graphs that do not contain

H; as a subgraph;

(iv) G C H,; for a sufficiently large i .

Therefore, characterizing classes G 2 H is the same, in a sense, as characterizing
graphs that do not contain an H; subgraph for a sufficiently large ¢. This problem
is often called loosely the problem of characterizing graphs without a large H;
subgraph. In this sense, we can talk about excluding large graphs.

The following example illustrates how we use this language. Let P = { Py, Py, - - }
be the set of all paths. Then the problem of characterizing closed classes G 2 P is
the problem of characterizing graphs that do not have a long path. Roberston and

Seymour [7] solved this problem by proving the following theorem.

Theorem 1.4.1. The following are equivalent for any class G of graphs.

(1) There exists n € N such that no graph in G has a path of length n;

(2) there exists h € N such that every graph in G can be constructed from trivial
graphs within h iterations by the following construction: from any graphs
G1,Ga,--- , Gy, a new graph is obtained from their disjoint union by adding

a new vertex x and joining x to other vertices arbitrarily.

Now we see how this result solves the above problem. Let P; be the class of
graphs that do not contain a P; subgraph; let Q; be the class of graphs that can

be constructed within at most ¢ iterations using the operation described in (2),

12



starting from trivial graphs. Then the above theorem implies that the following

are equivalent, for any class G of graphs that is closed under taking subgraphs:

i) G 2P;
(ii) G C P; for at least one i;

(iii) G C Q; for at least one i.

This equivalence is often loosely state as: graphs that do not contain a long path
are precisely those that can be constructed using the operation from (2) within
a bounded number of iterations, starting from the trivial graph. In this sense, we
consider Theorem 1.4.1 as a characterization of graphs that do not contain a long
path.

There are many results of the same type on minors. In the following, we discuss
some of them.

When we say that G is minor-closed, it means that H <,, G € G implies H € §G.
Let § = {Ki1, K12, -} be the set of all subdivisions of stars. The problem of
characterizing minor-closed classes G 2 S is the problem of characterizing graphs
that do not have a large star as a minor. The following theorem solves this problem.
Loosely speaking, it says that graphs without a large star minor are those that are

subdivisions of graphs with bounded number vertices.

Theorem 1.4.2. The following are equivalent for any class G of connected graphs.

(1) There exists n € N such that no graph in G has a star of size n as a minor;

(2) there exists h € N such that every graph in G can be constructed from graph

with at most h vertices by a sequence of edge subdivisions.

Let F be the set of all forests. Robertson and Seymour [6] characterized minor-

closed classes G 2 F in 1983. They proved that excluding a forest from a graph
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amounts to bounding its path-width. Let G be a graph. A path-decomposition of
G is a sequence (G; :i=1,2,---  m) of subgraphs of G such that:
(i) GyUGLU--- UG, =G;

(ii) if z € V(G; N G,) and i < j then z belongs to every Gy in between (i.e.
x € V(Gy) for all k with i < k < j).
The width of this decomposition is max;|G;| — 1. The path-width of G, denoted

pw(G), is the minimum width over all its path decompositions.

Theorem 1.4.3. The following are equivalent for any class G of graphs.

(1) There exists a forest F' such that no member of G contains F as a minor;
(2) there exists w € N such that pw(G) < w for all graphs G € G.

A graph is planarif it can be drawn on the plane so that no two edges cross each
other. Let ‘H be the class of all planar graphs. The problem of characterizing minor-
closed classes G 2 H is the problem of characterizing graphs excluding a general
planar graph as a minor. Robertson and Seymour [8] in 1986, proved that graphs of
bounded tree-width are precisely graphs that do not contain a large planar graph.
In other words, a graph without a fixed planar minor can be constructed from
bounded size graphs by sticking them together in a tree-like structure.

To describe graphs that do not a certain large fixed graph minor, we need to
introduce tree-width. Let G be a graph. A tree decomposition of G is a pair (T, {G, :
t € V(T)}), where T is a tree and each Gy is a subgraph of G such that

(1) UGt = G, and

(ii) for every vertex x of G, if v € V(Gy N Gy) then x € V(G,) for all ¢ in the
unique t't"-path of T.
The width of this decomposition is max;|G;| — 1. The tree-width of G is the

minimum width over all tree decompositions of G. We denote it tw(G).
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Theorem 1.4.4. The following are equivalent for any class G of graphs.
(1) There exists a planar graph H such that no member of G contains H as a

minor;
(2) there exists w € N such that tw(G) < w for all graphs G € G.

In this thesis, we consider similar problems for rooted graphs. In particular, we

will generalize Theorem 1.4.1 and Theorem 1.4.2.

1.5 Basic lemmas
We introduced some basic results on unavoidable large graphs in various families in
the previous section. In this section, we provide some basic lemmas on unavoidable
large graphs which we use in the rest of this thesis.

We begin with a simple but useful lemma, which says that every large connected

graph has either a vertex of high degree or a long induced path.

Lemma 1.5.1. If G is a connected graph with |G| > 1+d+d(d—1)+- - -+d(d—1)""1,
then either A(G) > d or G has an induced path of length | + 1 starting from any

vertex.

Proof. Suppose A(G) < d. Let v € V and let ny be the number of vertices of
distance k away from v. Then ny = 1, ny = dg(v), and ny < ng_1(d — 1) for all
k > 2. Tt follows that |G| > ng+mni+---+mn; and thus n;y; # 0, which means that

there is a vertex of distance [ + 1 away from v. O

From this lemma, we can obtain a similar result on unavoidable large connected

induced subgraphs.

Lemma 1.5.2. There exists a function fi52(n) such that every connected graph

of order at least f152(n) contains K,,, Ki,, or P, as an induced subgraph.
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Proof. Let fi52(n) = 1+1+d+d(d—1)+---+d(d—1)""2 where d = f13:(n). We
prove that fi52(n) satisfies the requirement of the Lemma. Let G be a connected
graph of order at least fi52(n). If G has an induced path of length n, then we are
done. So we assume that there is no induced path of length n in G. By Lemma
1.5.1, A(G) > d. Let v be a vertex with the maximal degree in G. By Theorem
1.3.1, Ng(v) contains a subset X such that G[X] is either K,, or K,,. In the first
case, GG contains an induced K, and in the second case GG contains an induced

G[X + v], which is K. O

A comb is a tree with maximum degree three and such that all its degree three
vertices are contained in a path (see Figure 1.1). The length of a comb is its number
of leaves. A comb of length n is denoted by Z,. The minimal path containing all
degree three vertices in a comb is called the shaft of a comb. For each leaf v of a
comb, there is a unique path from v to its shaft; we call such path a tooth of a

comb. The next lemma determines unavoidable trees with many leaves.

FIGURE 1.1. A comb

Lemma 1.5.3. If T is a tree with at least d* leaves, where d,t > 2 are integers,

then T' contains either Ky 4 or Z; as a subgraph.

Proof. Since contracting series edges do not change the problem, suppose that T’
has no vertex of degree two. Since d* > 4, T has a vertex v of degree greater than
two. If T has a path of length ¢ starting from v, then Z; subgraph be obtained by

extending this path. So we assume that there is no such a path. Since 1+d+d(d—
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D+ +dld—1)"?<l4+d+d+---+d ' <d, for d > 2, we deduce from

Lemma 1.5.1, that A(T") > d, which means T" contains K; 4 as a subgraph. O

Let P and @ be two paths. We say that P and () are comparable if one is a
subgraph of the other; we say that they are overlapping if they are not comparable
but E(PNQ) # (). The following result identifies the unavoidable patterns of many

subpaths from a path.

Lemma 1.5.4. Let Q1,Qs, - , Qum be non-trivial subpaths of a path Q. If m > n?,
then there are n of these subgraphs such that they are either pairwise disjoint, or

pairwise comparable, or pairwise overlapping.

This lemma can be proved using Ramsey theorem. But for a better bound, we
choose to use the following Dilworth theorem, which is Corollary 2.3.2 of [2]. Let
(X, <) be a partially ordered set (poset). A subset C' of X is a chain if for any
e, f € Ceither e < f or f < e holds. A subset A of X is an antichain if for any

two distinct e, f € A neither e < f nor f < e holds.

Lemma 1.5.5 (Dilworth theorem). In every finite partially ordered set (X, <),
the minimum number of chains covering X is equal to the mazimum cardinality of

an antichain in X.

Proof of Lemma 1.5.4. In this proof we will use the following obvious corollary
of Dilworth theorem.

Claim. Let ¢,d € N. If (X, <) is a poset of cd + 1 elements, then it has a chain
of ¢ + 1 elements or an antichain of d + 1 elements.

Let z,y be two vertices of (). We define @),, to be the unique subpath of @
between x and y. Let the ends of @) be a,b and let the ends of ); be a;, b;, where

1 <i < m. Let us define a poset ({Q1,Q2, -+ ,Qn}, <) such that Q; < Q; if

we assume without loss of generality that |Qgq, . Then @Q; = Q. for
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and only if either Q; = @Q; or |Qup,

< |Qaq, |- In other words, Q; < Q; means
Q; and @); are disjoint and @); is more close to a than @);. It is straightforward
to verify that < satisfies subgraph transitivity and thus it defines a poset. If this
poset has a chain of n + 1 elements, then elements in this chain, when considered
as non-trivial subpaths of (), are pairwise disjoint. So suppose there is no such
a chain in this poset. By the above Claim, this poset has an antichain of n? + 1
elements. Without loss of generality, let this antichain consist of Q1, Q2,- -+ , Qn241.
Let us define a new poset ({Q1,Q2, - ,Qn211}, <') such that Q; <" Q; if and
only if @; < @;. Again, it is straightforward to verify that <’ defines a poset. If
this new poset has a chain of n + 1 elements, then elements in this chain, when
considered as non-trivial subpaths of @), are pairwise comparable. Else, by Claim,
this new poset has an antichain A of n + 1 elements. Without loss of generality,

let A = {Q17Q27'“ 7Qn+1} and |Qaa1| < ‘Qaaz’ < - < ’Qaan+1‘- Since A is

an antichain of the first poset, |Qaq,,,| < |Qab, |- Moreover, since A is also an
antichain of the second poset, |Qup,| < [Qan,| < -++ < |Qap,,, |- If there exist i
and j with ¢ < j such that |Quq,| = [Qaq,| then Q; < Q;. It contradicts the
fact that A is an antichain of the second poset. Hence we obtain that [Que,| <
Qaay| < - < |Qaapir| < 1Qan| < |[Qaby| < -+ < |Qap,, |, which implies that

|Qaay| < [Qaas| < <+ < |Qaan| < [Qaby| < [Qaby| < -+ < |Qap, |- So in this case we

can obtain n pairwise overlapping subpaths @1, Qs, - , @, of Q. O

The following lemma identifies the unavoidable subgraphs of a large graph that

is not a subdivision of any other graph.
Lemma 1.5.6. Suppose G is a connected simple graph such that G is not a sub-

division of any other simple graph. If |G| > 10t, then G has a spanning tree with

at least t leaves.
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Proof. By Lemma 1.1.1, there exists at least one spanning tree of G. Let T be a
spanning tree of G with maximal number of leaves, and let the number of leaves
of T be [. Let n3 be the number of vertices with degree larger than two in 7" and
let ny be the number of vertices with degree two in T. Then |T'| =1 + ng + ng.

Claim 1. n3 + 2 </[.

Since T is a tree, we know |E(T)| = |T| — 1. Hence 2(|T| — 1) = 2|E(T)| =

> dr(v) > 1+ 2ny + 3ng. Since |T| = | + ny + ng, we get the inequality
ge(}/f)ng +n3 — 1) > 1+ 2ny + 3n3. Then we can get n3 + 2 < [. So the claim is
proved.

Since T has ny degree two vertices, we can obtain a tree 7" such that T is a
subdivision is 7" and |T"| = |T| — ny = | + ng. By Claim 1, |7"| < 2l. If every
edge e of T" is subdivided at most four times in obtaining 7', then we can obtain
10t < |T| < 4(|T'| — 1)+ |T'"| = 5|T"| — 5 < 10l — 5, which implies that ¢ < [, we
are done since G satisfies the lemma. Suppose there exists an edge e of 7" that is
subdivided at least five time in obtaining 7. In the following we prove that no such
an e exists and this would prove the lemma. Let P = zox; - - - 241 be the path of
T obtained by subdividing e. It follows that £ > 5 and the degree of each interior
vertex of P is two in 7.

Claim 2. dg(x3) > 2.

Suppose dg(x3) = 2. Then G is a subdivision of G/xexs. Since G is not a
subdivision of any simple graph, G/zox3 must have parallel edges, which implies
that zox4 € E(G). Note that xq, x4 are non-leaf vertices of T but x3 is a leaf of
(T + zox4)\x2x3. It follows that (T + xewy)\zoz3 has more leaves than T, which
contradicts the assumption that T has the maximal number of leaves.

By Claim 2, G has an edge z3y with y # x9,x4. Let C be the unique cycle of

T+z3y. Then xox3 or z3x4 belongs to C'. Without loss of generality, let xox3 belong
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to C. If y is a non-leaf vertex of T', then (T + z3y)\z2x3 has more leaves than T
(since x5 is a leaf now), which contradicts the assumption that 7" has the maximal
number of leaves. If y is a leaf of T', then y # x1, which implies that z;2, belongs
to C. Now (T + x3y)\z1x2 has more leaves than T', which again contradicts the
assumption that 7" has the maximal number of leaves.

Therefore it is impossible that there exits an edge of GG that is subdivided by at

least five times, which implies that [ > ¢ as required. O
The following lemma [7] is a characterization of large connected K ,-free graphs.

Lemma 1.5.7. There exists a function fi57(n) such that every connected simple
K ,,-free graph is a subdivision of a connected simple graphs on fewer than fi57(n)

vertices.

Proof. We prove that f;57(n) = 10n satisfies the requirement of the lemma.
Let G be a connected simple K ,,-free graph. Then G is a subdivision of a simple
graph H which is not a subdivision of a connected simple graph. Next we prove
that |[H| < fi57(n). Suppose |H| > 10n. By Lemma 1.5.6, H has a spanning tree
with at least n vertices, which implies that [ contains K, as a minor. By Lemma
1.2.1, G contains K, as a minor, which contradicts the assumption that G is a

K, ,-free graph. ]

1.6 Rooted graphs
In this section, we provide some basic definitions of a rooted graph, and give a
brief summary of our main results in the latter chapters.

A rooted graph is a pair (G, R), where G is a graph and R C V(G). Vertices of
R are called roots of G. For X C V(G), we call (G[X], X N R) an induced subgraph
of (G, R). A rooted graph (F,S) is called a subgraph of (G, R) if (F, S) satisfies the

following conditions:
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(i) F' is a subgraph of G;

(i) S C R.

A rooted graph (G, R) is called connected if G is connected. A rooted graph
(G, R) is 2-connected if G is 2-connected. Every rooted graph (G, R) can be de-
composed into rooted connected graphs, which we call components of (G, R). We
also say that (G, R) is the disjoint union of these components. A block of a rooted
graph (G, R) is a maximal non-separable induced subgraph of (G, R). We call
(G1,Gs) a k-separation of a rooted graph (G, R) if (G1,G5) is a k-separation of G
and R C V(Gy).

Recall Lemma 1.2.2 that a graph H is a minor of a graph G if and only if G
has a set {G, : v € V(H)} of disjoint connected subgraphs and a set F' = {f, :
e € E(H)} of edges such that F' is disjoint from every E(G,), and for every edge
e =uv € E(H), the two ends of f. are in G, and G,, respectively.

A rooted graph (H, Q) is a rooted minor of a rooted graph (G, R) if H is a minor
of G and let ({G,}, {f.}) be amodel of the minor H of G such that if v € V(H)NQ,
then V(G,)NR # 0; if v € V(H)\Q, then V(G,)NR = 0.

Next, we define a generalized rooted graph (G, X'). Let G = (V| E) be a graph and
X = {X1, Xy, -+, X,,} be a set of mutually disjoint nonempty subsets of V. We
assume that there is no edge between any two vertices from each X;, for 1 <i < n.
Then (G, X) is called a generalized rooted graph.

A generalized rooted graph (G, X) is connected if the graph obtained by identi-
fying vertices of each member of X is connected.

An induced subgraph of (G, X)) is obtained by the following operations:

(i) (G\X;, X\{X;}) for any X; € X

(i) (G\v,X)if v ¢ X; for any X; € X.
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We call (H,)Y) a subgraph of (G, X) if (H,)) satisfies the following conditions:

(i) H is a subgraph of G;

(ii)) X and ) can be enumerated as X = { X, Xo,--- , X, } and Y = {V¥}, Y5, -,
Y.} such that n > m and Y; = X; NV(H) for all ¢ € {1,2--- ,m}, and

X]mv<H):@f0rany]:m+1’m+2’ , M.

Remark 1.6.1. Notice that (H,Y) is equivalent to be obtained by the following
operations.

(i) (G\e, X) for some e € E(G);

(i) (G\v, (X\{X,}) U{X;\v}), for any v € X; € X; note that if X; = {v}, then
(G\v, X\{Xi})

(iii) (G\v,X) if v & X for any X € X.

Given a generalized rooted connected graph (G, X), let G* be the graph obtained
from G by adding all edges of the form x;x; where z; # x; and z;,z; € X for
some X € X. A generalized rooted graph (G, X) is called 2-connected if G is
2-connected.

In this thesis, there are some results on structures of large rooted graphs. There
are two research topics in this thesis. The first one is about determining unavoidable
substructures in sufficiently large rooted graphs. Chapter 2 and Chapter 3 belong to
my first research topic. The second one is about characterizations on rooted graphs
excluding certain large graphs. Chapters 4, 5, 6 belong to my second research topic.

In Chapter 2, we identify five families of rooted graphs and prove Theorem
2.1.1 that these are all the unavoidable large connected induced subgraphs of a
sufficiently large rooted connected graph. Besides, we identify three families of
rooted graphs and prove Theorem 2.1.4 that these are all the unavoidable large

connected subgraphs of a sufficiently large rooted connected graph. Further, we
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extend these results to generalized rooted connected graphs, we identify seven
families of generalized rooted graphs and then prove Theorem 2.2.1 that these are
all the unavoidable large generalized connected induced subgraphs; we also identify
five families of generalized rooted graphs and provide Theorem 2.2.2 that these are
all the unavoidable large generalized connected subgraphs.

In Chapter 3, we try to extend these results from Chapter 2 to rooted graphs of
higher connectivity. In particular, we identify four families of rooted 2-connected
graphs and then provide the edge version of unavoidable large subgraphs of a suf-
ficiently large rooted 2-connected graph, which is Theorem 3.1.1. We also provide
the vertex version of unavoidable large subgraphs of a sufficiently large rooted 2-
connected graph, which is Theorem 3.1.5. Furthermore, we generalize these results
to generalized rooted 2-connected graphs. We identify eleven families of general-
ized rooted graphs, and provide Theorem 3.2.1 that these are all the unavoidable
large subgraphs of a sufficiently large generalized 2-connected graph.

In Chapter 4, we have some results about characterizing rooted connected graphs
excluding a large comb. There are two distinct families of the comb with roots.
We say a comb is confined if all leaves of it are roots, and we say a comb is
nicely confined if all roots are precisely its leaves. Theorem 4.1.1 says that rooted
graphs without a large nicely confined comb subgraph can be constructed from
bounded clique-summing graphs without roots to a graph which contains all roots,
the graph is obtained by deleting its all roots is connected, and such graph does not
contain a long path. Theorem 4.2.1 states that rooted connected graphs without
a large confined comb subgraph can be constructed using the operation ® within
a bounded number of iterations, starting from rooted connected graphs (G, R)
such that G = @5(Go; Gy, - -, Gy), where R C V(Gy) and (Gp, R) is a path with

roots; such family of rooted connected graphs can also be constructed from clique-
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summing graphs without roots to a graph which contains all roots and it can be
obtained by a bounded number of ®, starting from a class of paths with roots.

In Chapter 5, we have some results about characterizing rooted connected graphs
excluding a heavy path. There are two parts of this chapter. One part describes a
characterization of rooted connected graphs without a heavy path subgraph. The
other part describes a characterization of rooted connected graphs without a heavy
path rooted minor. In particular, we define a new operation ¥, and we provide
Theorem 5.2.1, which states that rooted connected graphs without a heavy path
subgraph can be constructed using the operation ¥ within a bounded number of
iterations, starting from rooted connected graphs (G, R) with |R| < 1. Besides, we
prove Theorem 5.3.1 which says that rooted connected graphs without a heavy path
rooted minor can be constructed using the operation ¥ within a bounded number
of iterations, starting from connected graphs; such family of rooted connected
graphs can also be constructed from clique-summing graphs without roots to a
graph which contains all roots and does not contain a heavy path.

In Chapter 6, we prove some theorems on rooted connected graphs excluding
a large star. There are three parts in this chapter. The first part is Conjecture
6.1.1, which says that rooted connected graphs without a subdivision of a large
nicely confined star subgraph can be constructed from bounded clique-summing
graphs to a graph which contains all roots and the degree of its non-root vertex is
bounded. The second part provides some base cases of such conjecture. One case
is Theorem 6.2.1, which states that rooted connected graphs without a subdivision
of a nicely confined K4 subgraph can be constructed from 3-summing graphs to
a graph which contains all roots and the degree of its non-root vertex is no more
than 3. The other case is Theorem 6.3.1, which says that rooted graphs without a

subdivision of a nicely confined K 5 subgraph can be constructed from 15-summing
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graphs to a graph which contains all roots and the degree of non-root vertex in it
is no more than 15. The last part of this chapter is a characterization on rooted
graphs without a large confined star rooted minor. Theorem 6.4.1 describes rooted
connected graphs without a large confined star rooted minor can be constructed
from clique-summing graphs to any subdivision of a graph with a bounded number

of vertices, whose subdivision contains all roots.
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2 Unavoidable Large Rooted Connected Graphs

Recall Theorem 1.3.2 that every sufficiently large connected graph must contain
an unavoidable large induced subgraph isomorphic to P,, K;,, or K,. In this
section, our goal is to determine all the unavoidable large induced subgraphs in a
sufficiently large (generalized) rooted connected graph.
2.1 Large rooted graphs
Let (G, R) be a rooted graph and let T' be a subtree of G. We will say that T is
confined if all leaves of T" are in R. Note that a non-leaf vertex of a confined tree is
allowed to be a root. Moreover, T is nicely confined if V(T')N R consists of precisely
leaves of T

By growing a root in a rooted graph (G, R) we mean the operation of adding
a new vertex x and joining it to exactly one y € R and then replacing R with
(R+ x)\y.

The following theorem says that every sufficiently large rooted connected graph
has one of the following five explicitly defined rooted graphs as an induced subgraph

(see Figures 2.1 through 2.5).

Theorem 2.1.1. There exists a function fy11(n) with the following property. For
every rooted connected graph (G, R) with |R| > fo1.1(n), there exists X C V(QG)
such that one of the following holds. In figures below, large vertices are the ones
that belong to R.

(1) G[X] is a path and | X N R| = n;

FIGURE 2.1. A path with n roots

(2) G[X] is a subdivision of a confined star of size n and its degree two vertices

are not in R;
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FIGURE 2.2. The center vertex may be a root or may not be a root

(8) G[X] is a nicely confined comb of length n;

FIGURE 2.3. A nicely confined comb of length n

(4) G[X] is the union of K,,, where V(K,) = {x1, ...,z }, and disjoint z;y;-paths

(1 =1,...,n), where x; = y; is allowed. In addition, X N R ={y1,...,yn};

FIGURE 2.4. An example with n =5
(5) G[X] is the union of disjoint x;y;-paths (i = 1,...,2n + 1) and triangles

Yi1ZiTitn (1 =2,...,n+ 1), where x; = y; is allowed fori=n+2,...,2n+ 1.

In addition, XNR= {%1, Yn+1, -'-7y2n+1}-
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FIGURE 2.5. The last unavoidable induced subgraph

To simplify the proof of Theorem 2.1.1, we first prove the following two lemmas.

The first lemma is on how to find an induced path in a connected graph.

Lemma 2.1.2. Any shortest path between any two vertices in a connected graph

must be an induced path.

Proof. Let G be a connected graph and let P, , be a shortest path between
any two vertices ag,a, in G. Let V (P, )={ao, a1, -+ ,a,}, forn > 1. Iif n = 1,
then we are done. If n > 2, then we assume that P, , is not an induced path,
which implies that there exists an edge a;a; between two non-adjacent vertices
a;,a; € V(Pya,) in G. Hence we can find a shorter path between ¢ and a,, in G,
which is (Puga, + @i@;)\Pa,a,, Where Py, is a subgraph of P,,, with ends a;, a;.
It contradicts the assumption that P,,, is the shortest path between ay and a,, in

G. ]

The second lemma is about determining minimal connected induced subgraphs

that contain three specified vertices.

Lemma 2.1.3. Let z,y,z be distinct vertices of a connected graph G. Then G
contains one of these following as an induced subgraph:

(1) the union of three independent paths Py, Py, Pow;
(2) the union of a triangle wvow and three disjoint paths Py, Pyy, Piy.

Proof. Let H be a minimal subgraph of G such that H contains x, y, z. We prove

that H satisfies either (1) or (2). Since H is connected, it has a path between y
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and z. Let us choose a shortest such path, which we denote by P,.. For the same
reason H also has a path between x and P,.. Let P,,, be a shortest such path. By
Lemma 2.1.2, they are induced paths and V(P,, N P,,,) = {w}. If P, U P, = H,
then H satisfies (1). So we assume P,, U Py, # H. By the minimality of H, we
must have V(H) = V(P,, U P,,). It follows that H has an edge uwv ¢ P, U P,,,.
Since P, and P,,, are induced paths, none of them contains both u and v. Without
loss of generality, assume u € P,,, and v € Py, where P, is the unique subpath
of P,, between y and w. If P,, contains a vertex ¢ between u and w, then H\¢t is
connected and contains x, ¥y, z, which contradicts the minimality of H. So u must
be the neighbor of w in P,,,. Similarly, vw must be an edge of P,,,. Since uv was
chosen arbitrarily, if H has another edge e ¢ P,, U P,,, then one end of e must
be u and the other end of e must be the second neighbor of w in P,.. In this case,
H\w is connected and contains x,y, z, which contradicts the minimality of H, so

H satisfies (2). O

Proof of Theorem 2.1.1. Let fo11(n) = ((n — 1)f152(2n))%"*8. We prove
that fy11(n) satisfies the requirement of the theorem. Let (G, R) be a rooted
connected graph with |R| > fy11(n). We create a new rooted connected graph
(G', R'") by growing all roots in (G, R). Since deleting all the leaves which are non-
root vertices in G’ such that every non-root vertex in G’ is a cut vertex do not
change the problem, suppose that every root is a leaf and every non-root vertex is
a cut vertex in G'.

First we observe that for Y C V(G’), if L is the set of leaves of G'[Y], then
G'[Y\L] = G[Y'\L] and the set of roots in G[Y'\L] is the set of neighbors of L in

G'[Y]. Next we start proving the theorem using the above observation.
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By Lemma 1.1.3, there exists a block tree Ter = V(G) U B of G', which is a
graph V(G) U B formed by the edges sB with s € B, where V(G) is the set of cut
vertices of G’ and B is the set of all blocks of G’. Since every leaf v of G’ is not
only a root but also an end of a pendant edge, and the unique neighbor vertex of
v is a cut vertex, then every pendent edge in G’ is a block and such block is a leaf
of T¢r. Hence the number of leaves in T¢y is |R'| = |R| > fo1.1(n).

By Lemma 1.5.3, if T is a tree with at least ((n—1) f1.52(2n))¥"® leaves, where
(n—1)f152(2n),8n + 8 > 2 are integers, then either A(T¢r) > (n — 1) f152(2n) or
T contains a comb of length 8n + 8 as a subgraph.

Firstly, we consider A(T¢/) > max{n—1,(n—1)f152(2n)} = (n—1) f152(2n) >
(n — 1), since n > 2. Then there are two cases on the vertex with the maximal
degree in Tgr.

Case 1.1. There exists a cut vertex v in Tg such that dr, (v) > n — 1.

There are at least m components Hi, Hy,--- , H, of G'\v such that each H;
contains at least one root 7;, for 1 < ¢ < m. Let us choose the shortest path P*
between v and r; in G'[V(H;) + v]. The length of each P’ is at least one. By
Lemma 2.1.2, P’ is an induced path in G'[V(H;) 4+ v]. Let Y = V(P'U---U P")
and L = {ry,r9, -+ ,rp}. By the observation, there exists X = Y\ L such that
G[X] satisfies (2).

Case 1.2. There is no cut vertex v in T such that dr, (v) > n — 1, which means
there exists a block point b in T¢ such that dr, (b) > (n — 1) fi5.2(2n).

Let B be the corresponding block of b in G'. By our assumption, every non-root
vertex is a cut vertex in B. Hence V(B) > f152(2n). By Theorem 1.5.2, B contains
K, Ki 9, or Py, as an induced subgraph.

Suppose B contains Ks, as an induced subgraph. Then B must contain K, as

an induced subgraph. Let V(K,,) = {v1,- -+ ,v,}. There are at least 2 components
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H;1,H; 5 of G"\v; such that H;; contains K, \v; as an induced subgraph and H; o
does not contain K, \v; as an induced subgraph, for 1 < i < n. By the construction
of (G, R'), each H; 5 has at least one root r; 5. Let us choose the shortest path P’
between v; and r; o in G'[V(H; ) + v;]. The length of each P* is at least one. By
Lemma 2.1.2, P’ is an induced path between v; and ri2 in G'. Let Y = V(P1 U
---UP") and L = {ry 2,729, -+ ,Tn2}. By the observation, there exists X =Y \L
such that G[X] satisfies (4).

Suppose B contains K 9, as an induced subgraph. Then B must contain K,
as an induced subgraph. Let V(K,) = {uo,u1,--- ,u,}, where dg, , (ug) # 1.
Similar to the above situation, there are n 4+ 1 mutually disjoint induced paths
PY P',-..  P" in G’ such that P’ is the shortest path between u; and r;, for
0 < j < n. The length of each P7 is at least one. Let Y = V(P°U .- U P")
and L = {rg, -+ ,r,}. By the observation, there exists X = Y\ L such that G[X]
satisfies (2).

Suppose B contains P, as an induced subgraph. Let P, = agay - - - ag,. Similar
to the above situation, there exist 2n mutually disjoint induced paths P!, P2, .- |
P?™ in G’ such that each such P! is from a; to one root r, in G’, and the length
of P! is at least one, for 1 < t < 2n. There are either n such paths P!, ... P"
of length one or n such paths P"*! ... P?" of length at least two. Let Y =
V(P'U---UP") UV (Py,),and L = {ry,r9,- -+ , 7, }. By the observation, there exists
X = Y\ L such that G[X] satisfies (1). Let Y = V/(P""'U- ..U P*) UV (Py,), and
L = {rps1, -+ ,7m2,}. By the observation, there exists X = Y\ L such that G[X]
satisfies (3).

Secondly, we consider that T contains a comb of length 8n + 8 as an induced

subgraph. There are two cases on the vertex with the degree three in such comb.
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Case 2.1. There exists a comb Zs,.5 in Ty such that every vertex with de-
gree three in Zs,,o is a cut vertex as an induced subgraph in 7Ty, including
S1, 82, , Son. Similar to the above situation, there exist at least 2n + 2 mutu-
ally disjoint induced paths in G’ such that P* is from s; to one root r; in G, and
the length of P! is at least one, for 1 < t < 2n and a path P = (J";" P%,
where P! is the shortest path from s; to 5,1 in G’. There are either n such paths
P!, ... P" of length one or n such paths P"*! ... P of length at least two. Let
Y =V(PPUP'U---UP") and L = {ry,--- ,r,}. By the observation, there exists
X = Y\L such that G[X] satisfies (1). Let Y = V(P°U P*** U --- U P?"), and
L = {rp+1, -+ ,7m2n}. By the observation, there exists X = Y\ L such that G[X]
satisfies (3).

Case 2.2. There exists a comb Z},., in T such that every vertex with the
degree three of 7}, ., is a block point as an induced subgraph in 77, including
bo, b1, -+, bans1. Let P be the shaft of 7}, , in Tiw and let ¢; 1, ¢; 2, ¢; 3 be neighbors
of b; in Tey. Without loss of generality, let ¢; 1, ¢;2 € V(P) for 1 < i < 4n. Let B; be
the corresponding block of b; in G'. There are three distinct vertices ¢; 1, ¢;2,¢; 3 in
B;. Similar to the above situation, there are at least 4n mutually disjoint induced
path P’ between ¢;3 and a root 7; in G, and one induced path P° = [J", P%,
where P is the shortest path between ¢ip and ¢;111 in G, for 1 < i < 4n. Note
that ¢;» maybe ;411 in G’. The length of P’ is at least one. By Lemma 2.1.3, there
are two subcases on B; in G'.

Subcase 2.2.1. Z}, ., contains a comb Z3, ., as an induced subgraph, without
loss of generality, by, by, - - - , ba, are vertices with the degree three in Z, 4o, Which
satisfies that each B; contains an induced subgraph J*, which is the union of
three independent paths, including ¢; w;-path, ¢; sw;-path and ¢; sw;-path, for 1 <

1 < 2n, and the length of such independent path is at least one. Since w; maybe
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ci1 or ¢;o in B;. Without loss of generality, we assume that wj1; = c41,1 and
Wo; = Cgj19,for 0 < j<n—1.Let Y =V(PUP*---UP™HuV(JtUJU
U UV(PY) and L = {ry,r3-+ , 79, 1}. By the observation, there exists
X =Y\L such that G[X] satisfies (3).

Subcase 2.2.2. Z}, ., contains a comb Z2,, as an induced subgraph, without
loss of generality, ba, 11, ban12,- - ,b3, are vertices with the degree three in Z?2 25
which satisfies that each B; has an induced subgraph I, which is the union of a
triangle w;u;v; and three independent paths, including c¢; ;w;-path, ¢;v;-path and
c;jauj-path, for 2n +1 < 7 < 3n. The length of such independent path is at least
one. Let Y = V(P> yp2y...u Py uv(I*ty.-.-urm) uv(P) and
L = {rons1, -+ ,r3n}. By the observation, there exists X = Y\ L such that G[X]

satisfies (5). O

From this theorem, we can obtain a similar result on unavoidable large subgraphs

of every sufficiently large rooted connected graph.

Theorem 2.1.4. There exists a function fy1.4(n) with the following property. For
every rooted connected graph (G, R) with |R| > fo1.4(n), there exists a subgraph H
such that H is a path containing n roots, or a nicely confined comb of length n, or

a subdivision of a confined star of size n.

Proof. Let fo1.4(n) = f21.1(2n). We prove that fs1.4(n) satisfies the requirement
of the theorem.

By Theorem 2.1.1, there exists X C V(G) such that G[X] is one of five explic-
itly defined induced subgraphs of (G, R). Since an induced subgraph of a rooted
connected graph is a subgraph of it, then H' = G[X] such that H' is a path
containing 2n roots if Theorem 2.1.1 (1) holds. Similarly, H" = G[X] is a subdi-

vision of a confined star of size 2n if Theorem 2.1.1 (2) holds, and H" = G[X]
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is a nicely confined comb of length 2n if Theorem 2.1.1 (3) holds. We can obtain
H' = G[X|\m1x2n\{ziz; : 1 < 1,5 <2n,and |i—j| > 2} if Theorem 2.1.1 (4) holds.
There exists a subgraph H of H’ such that H is either a nicely confined comb of
length n or a path with n roots. We can obtain H' = G[X|\{z;z;1, : 2 <i < n}
as a nicely confined comb of length 2n if Theorem 2.1.1 (5) holds.

Let H be a subgraph of H'. By the definition of a subgraph of a rooted graph, it
is obvious to obtain a subgraph H of G such that H is a path containing n roots,
or a nicely confined comb of length n, or a subdivision of a confined star of size

n. O

2.2 Large generalized rooted graphs
In this section, our goal is to obtain a generalized rooted connected graph version
of unavoidable large induced subgraphs and that of unavoidable large subgraphs.

Next, we identify seven special generalized rooted connected graphs (see Fig-
ures 2.6 through 2.12), which are unavoidable subgraphs of a sufficiently large
generalized rooted connected graph.

Let I'1(n) = (G, X) be a generalized rooted connected graph (see Figure 2.6) in
which X = {X3,---, X,,}, V(G) = X;UuXoU---UX,UY;UY,U---UY, 1 and
E(G)=FE,UEyU---UE,_, where Y; and E; are defined as follows:

If Y; = (), then E; is a non-empty set of edges between X; and X, ;.

If Y; # (0, then Y; is a set of vertices of a path P; with ends u;,v; (u; could
be equal to v;). In this case, E; is the union of E(P;), a set of at least one edge

between X; and u;, and a set of at least one edge between X, ,; and v;.

G666 0

FIGURE 2.6. T'1(n
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Let I's(n) = (G, X) be a generalized rooted connected graph (see Figure 2.7) in
which X = {X1,-, X}, V(G) = X, UXoU---UX,UY,UY,U---UY, and
E(G)=EUEy,U---UE,, where v, Y; and E; are defined as follows:

Let v =Y NYo,N---NY,, let Y; be a set of vertices of a path P; with ends u;, v
(u; could be equal to v), and let F; consist of F(F;) and a set of at least one edge

between X; and u,.

FIGURE 2.7. Ty(n)

Let I'3(n) = (G, X) be a generalized rooted connected graph (see Figure 2.8) in
which X = {Xo, X1, -+, X,}, and V(G) = X, UX, U---UX,UY;U---UY, and
E(G)=E UFEyU---UE, where Y; and F; are defined as follows.

Let Y; be a set of vertices of a path P; with ends w;, v; (u; could be equal to v;)
such that any v; € Xo, for any 1 <i# j <n, ¥;NY; = 0. Let E; be the union of
E(P;), a set of at least one edge between X; and u; and a set of at least one edge

between Xy and v; for 1 < i < n.

FIGURE 2.8. T'3(n)
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Let I'y(n) = (G, X) be a generalized rooted connected graph (see Figure 2.9) in
which X = {Xo, Xy,---, X,,}, and V(G) = XoUXjU---UX,UY;U---UY, and
E(G)=E UEyU---UE, where v, Y; and E; are defined as follows.

Let v =Y NYoN---NY, € Xy, and let Y; be a set of vertices of a path P; with
ends u;, v (u; could be equal to v). Let E; be the union of F(F;), a set of at least

one edge between X; and u;, and a set of at least one edge between X, and v;, for

1< <n.

FIGURE 2.9. T4(n)

Let I's(n) = (G, X) be a generalized rooted connected graph (see Figure 2.10)
in which X ={Xy,---, X,,},and V(G) = X; U---UX,UY, U---UY,, UZ, where
YinY;=0forl1 <i#j<n,and E(G) = EgUE,U---UE,, where Y; and E; are
defined as follows.

Let Y; be a set of vertices of a path P; with ends w;, v; (u; could be equal to v;)
and let Z, be a set of vertices of a path P with any v; € V(P) and v; # v; for
1 <i# j<n.Let Ey be E(P) and let E; be the union of E(P;) and a set of at

least one edge between u; and X;.

FIGURE 2.10. T'5(n)
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Let T'¢(n) = (G, X) be a generalized rooted connected graph (see FIGURE
2.11) in which X = {X;,---, X, }, and V(G) = X; U---U X, UY;---UY, and
EFE=FEyUFE U---UE,, where Y; and F; are defined as follows.

Let Y; be a set of vertices of a path P; with ends u;, v; (u; could be equal to v;).
Let Ey be a set of K,,, where V(K,,) = {v1, -+ ,v,}, and either E; is a set of at
least one edge between X; and V(K,,) —v; if Y; = (), or E; consists of E(P;) and a

set of at least one edge between X; and w; if Y; # ().

FIGURE 2.11. T'g(n)

Let T'7(n) = (G, X) be a generalized rooted connected graph (see Figure 2.12)
in which X = {Xy,---, X, }, and V(G) = X; U---UX,UY;---UY,UZ; and
E(G)=EyUE;U---UE,, where Y; and F; are defined as follows.

Let Y; be a set of vertices of a path P; with ends w;, v; (u; could be equal to v;)
and w; is the neighbor of v; in P; and let Z; be a set of vertices of a path P with
any v; € V(P) and v; # v; for 1 < i # j <n. Let E; be a nonempty set of a path
E(P), and let either E; consist of F(P;) and a set of at least one edge between u;
and X;, and a set of at least one edge between w; and ¢;, where ¢; is the neighbor
vertex of v; in P if |Y;| > 2, or E; consist of a set of at least one edge between u;

and X;, and a set of at least one edge between ¢; and X if |V;| = 1.
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FIGURE 2.12. T'7(n)

Let (G, X) be a generalized rooted connected graph, where X = { X7, X5, -+ |, X, }.
By shrinking (G, X) we end up with a rooted graph (H,Y’), where a simple graph
H is obtained by identifying all vertices from each X;, and Y is the set of identified
vertices {y1,- -,y }. Observe that for any induced subgraph (H',Y") of (H,Y),
(G, X) has an induced subgraph (G’, X”) such that (H',Y”) is the result of shrink-
ing (G’, X’). In the following proof, we will repeatedly use this observation.

The following theorem says that every sufficiently large generalized rooted con-
nected graph has one of the following seven explicitly defined generalized rooted

connected graphs as an induced subgraph (see Figures 2.6 through 2.12).

Theorem 2.2.1. There exists a function fos1(n) such that every generalized
rooted connected graph (G, X) with |X| > fa21(n) must contain some T';(n) (i =

1,2,3,4,5,6,7) as an induced subgraph.

Proof. Let foo1(n) = fo11(n?). We prove that foo1(n) satisfies the requirement
of the theorem. By shrinking (G, X), we can obtain a rooted connected graph
(H,Y) and Y| > fo1.1(n?). By Theorem 2.1.1, there exists X C V(H) such that
H[X] is one of induced subgraphs described in Theorem 2.1.1.

Suppose H[X] is a path and |X NY| = n, there exists an induced subgraph
(G', X") of (G, X) such that (H[X], X NY) is obtained by shrinking (G’, X’). Let
Ii(n) = (G, X").
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Suppose H[X] is a subdivision of a confined star of size n?. If the center vertex
of H[X] is not a root, then there exists an induced subgraph (G’, X’) of (G, X)
such that (H[X], X NY') is obtained by shrinking (G’, X”). Let I'y(n) = (G', X’). If
the center vertex of H[X] is a root, then there exists an induced subgraph (G’, X”)
of (G, X) such that (H[X], X NY) is obtained by shrinking (G’, X’). Then (G, X")
is either I's(n) or ['y(n).

Suppose H[X] is a nicely confined comb of length n, then there exists an induced
subgraph (G', X") of (G, X) such that (H[X],X NY) is obtained by shrinking
(G, X"). Let T'5(n) = (G", X).

Suppose H[X] is the union of K,,, where V(K,,) = {z1, ..., z, }, and disjoint z;y;-
paths (i = 1,...,n), where x; = y; is allowed. In addition, X NY = {y1,...,yn},
then there exists an induced subgraph (G, X’) of (G, X) such that (H[X], X NY)
is obtained by shrinking (G’, &”). Let I's(n) = (G', &”).

Suppose H[X] is the union of disjoint z;y;-paths (i = 1,...,2n + 1) and triangles
Yi1TiTiyn (1 = 2,...,n+ 1), where x; = y; is allowed for i = n+2,....2n+ 1. In
addition, X N R = {1, Yns1, -, Yons1}, there exists an induced subgraph (G’, X”)
of (G, X) such that (H[X], X NY) is obtained by shrinking (G’, X”). Let I'z(n) =
(G, X"). O

We define four families of generalized rooted connected graphs I'j(n), T'y(n),
Iy(n), I't(n) as below, for any positive integer n, which play an important role
on determining unavoidable subgraphs of a sufficiently large generalized rooted
connected graph.

Let I} (n) = (G, X) be a special case of I'1(n) (see FIGURE 2.13) if every E;

consists of E(F;), one edge between X; and w; and one edge between X1 and v;.
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FIGURE 2.13. T, (n)

Let I'y(n) = (G, X) be a special case of I'y(n) (see Figure 2.14) if F; consists of

E(P;) and a set of one edge between X; and w;.

FIGURE 2.14. T'y(n)

Let I'y(n) = (G, X) be a special case of I'5(n) (see Figure 2.15) if F; consists of

E(P;) and a set of unique one edge between each X; and each u;.

FIGURE 2.15. T(n)

Let I)(n) = (G, X) be a special case of I'y(n) (see Figure 2.16) if E; consists of

E(P;) and a set of unique one edge between each X; and each u;.

FIGURE 2.16. I'(n)
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Let I'.(n) = (G, X) be a special case of I's(n) (see Figure 2.17) if F; consists of

E(P;) and a set of unique one edge between each u; and each Xj.

FIGURE 2.17. T4 (n)

The following theorem is the result on determining unavoidable subgraphs of a

sufficiently large generalized rooted connected graph.

Theorem 2.2.2. There exists a function fo22(n) such that every generalized rooted
connected graph (G,X) with |X| > fa22(n) must contain one of I'}(n),I(n),

['(n), T'y(n) and T'i(n) as a subgraph.

Proof. Let foo2(n) = fo1.4(n*). We prove that fos(n) satisfies the requirement
of the theorem. Let (H,Y) be a rooted connected graph by shrinking (G, X).
By Theorem 2.1.4, there exists a subgraph (H',V(H')NY) of (H,Y’) such that
(H',V(H')NY) is a path containing n roots, or a nicely confined comb of length
n, or a subdivision of a confined star of size n?.

Suppose (H',V(H')NY) is a path containing n roots, then there exists a sub-
graph I'}(n) such that (H',V(H')NY) is obtained by shrinking I} (n).

Suppose (H',V(H')NY) is a subdivision of a confined star of size n?, then there
exists either a subdivision of a confined star (H{,V(H]) NY), (H,,V(H) NY)
of size n whose center vertex is a root or a subdivision of a nicely confined star
(H5, V(HS) NY) of size n as a subgraph of (H,Y’). Hence there exists either a
I'h(n), a I's(n) or a I)(n) as a subgraph of (G, X) such that (H],V(H;)NY) is
obtained by shrinking I'y(n), (Hj, V(H}) NY) is obtained by shrinking I';(n), or

(Hi, V(H;)NY) is obtained by shrinking I'y(n).
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Suppose (H',V(H')NY) is a confined comb of length n, then there exists a
I't(n) as a subgraph of (G, X) such that (H',V(H')NY) is obtained by shrinking

I't(n). O
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3 Unavoidable Large Rooted 2-connected Graphs

In the last chapter, we determined unavoidable large (induced) subgraphs in a
sufficiently large (generalized) rooted connected graph. In this chapter, we will
extend these results to 2-connected cases. Recall Theorem 1.3.3 that every suffi-
ciently large 2-connected graph must contain either a long cycle or a subdivision of

a large K> ,. We strengthen this result to (generalized) rooted 2-connected graphs.

3.1 Large rooted graphs

In this section, we provide a theorem on the edge version of unavoidable large
subgraphs of a sufficiently large rooted 2-connected graph, and also provide a
theorem on the vertex version of unavoidable large subgraphs of a sufficiently
large rooted 2-connected graph. We remark that, in this section, we allow parallel
edges in a graph. In addition, we consider a graph that consists of two or more
parallel edges as 2-connected.

Let n > 2 be an integer. We first define the following three graphs.

A fan F is obtained from a path P by adding a vertex z and joining paths
between x and P such that these paths are mutually disjoint except for x (see
Figure 3.1). We call x the center of F'. We call paths between x and P ribs of F'.
The number of ribs of F' is called the length of F'. A fan of length n is denoted by

F,.

FIGURE 3.1. A fan
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A theta 0 is a graph with independent paths between two vertices (see Figure
3.2). We call each of these paths a branch of 6. The number of branches of 6 is
called the size of 6. A 6 of size n is denoted by 6,,. If all branches of 6,, are edges,

then we call it trivial theta, which is denoted by 6°.

FIGURE 3.2. A theta

A ladder L' is a graph with two disjoint paths Py, ., , Ppr ., and mutually disjoint
paths Py, Prary o 5 Pryar, for some 1 <@ < n (see Figure 3.3). We call each P, ./
a rung of L'. We call Py, Ppor rails of L. The number of rungs of L is called

the length of L'. A ladder of length n is denoted by L/, .

FIGURE 3.3. A ladder

The next theorem is the edge version of determining unavoidable large subgraphs

of a sufficiently large rooted 2-connected graph.

Theorem 3.1.1. There exists a function f31.1(n) with the following property. For
every 2-connected loopless graph G = (V, E) and every E' C E, if |E'| > f31.1(n),
then G contains a subgraph H such that

1) H is a cycle containing at least n edges from E', or
(1) y g g ,

(2) H is a theta of size n in which each branch contains at least one edge from

E', or
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(3) H is a fan of length n in which each rib contains at least one edge from E’

while the rim contains no edge from E', or

(4) H is a ladder of length n in which each rung contains at least one edge from

E’ while the rails contains no edge from E.

To simplify the proof of Theorem 3.1.1, we first need to prove the following three
lemmas. The first lemma is to say that any large enough 2-connected graph can

be contracted or deleted one edge into a smaller 2-connected graph.

Lemma 3.1.2. If e is an edge of a 2-connected loopless graph G with |E| > 3,

then at least one of G\e and G /e is 2-connected.

Proof. Let e = xy. Since G is 2-connected, there exists a 2-separation (G, Gs)
of G such that V(G; N Gy) = {z,y}. Hence there are two independent paths
Py, Py from any vertex a € V(G4) to z,y in Gy, and there are two independent
paths Py, Py, from any vertex b € V(Gs3) to z,y in Go. If G//e is 2-connected,
then we are done. If G/e is not 2-connected, then there exists a cycle which is the
union of P, Py, P, Py, containing x and y in G'\e. Next we need to prove that
G\e is 2-connected. Otherwise, there is a 1-separation (Hi, Hy) of G\e. Suppose
either z,y € V(H;) or x,y € V(H,), which contradicts the assumption that G is
2-connected. Suppose x € V(H;\Hz) and y € V(Hy\H;), which contradicts the

assumption that there is a cycle containing z,y in G\e. O

The second lemma is on unavoidable minors of a sufficiently large 2-connected

graph.

Lemma 3.1.3. There exists a function fs13(n) such that every 2-connected loop-

less graph with at least f313(n) edges contains either a cycle C,, or 92 as a minor.
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Proof. Let fs313(n) = n(f1'3'2‘°’(")). We want to prove that f313(n) satisfies the
requirement of the lemma. Let G be a 2-connected loopless graph with at least
f3.1.3(n) edges. There are two cases on the number of vertices of G.

Case 1. G has at least f133(n) vertices. By Lemma 1.3.3, it contains either C,
or Ky, as a minor, where 92 is a minor of Ky ,. By Lemma 1.2.1, either 92 or C,,
is a minor of G.

Case 2. G has at most f133(n) — 1 vertices. There are at least n parallel edges

between any two vertices in G, we can find §° as a subgraph of G, which implies

there exists a 6° of G as a minor. O

We use above two lemmas to prove the following lemma, which plays an impor-
tant role on proving Theorem 3.1.1. It says that any sufficiently large 2-connected
graph with specified edges must contain either a large cycle or a trivial theta with

specified edges as a minor.

Lemma 3.1.4. There exists a function fs314(n) such that for every 2-connected
G = (V,E) and for every E' C E, if |E'| > f31.4(n), then G must contain either a

cycle C,, or a trivial theta 0° as a minor in which all edges of the minor are in E'.

Proof. Let f314(n) = f3.1.3(n). Proof by the induction on |E\F’|.

For |E\E'| = 0, the assertion is true, by Lemma 3.1.3.

Now let |E\E’| > 0, and assume that the assertion holds for every 2-connected
G = (V, E) and for every £’ C E such that |[E\E'| < k — 1.

Suppose |E\E'| = k. Let e € E\E'. Let H be one of G\e and G/e. By Lemma
3.1.2, H is a 2-connected graph. Then |E(H)\E'| = k—1. By induction, H contains
either C, or 0° satisfying all edges in £’ as a minor of G. By Lemma 1.2.1, G must

contain either C, or #° as a minor in which all edges of the minor are in E/. [
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Proof of Theorem 3.1.1. Let a = fo1.4(n) * fo1.4(f21.4(n)), and let f511(n) =
fs1.4(a). We want to prove that f311(n) satisfies the requirement of the theorem.
Let G = (V,E) be a 2-connected loopless graph and every E' C FE such that
|E'| > fs1.4(n).

By Lemma 3.1.4, G has a cycle C, or a trivial theta § as a minor in which all
edges of the minor are in E’, where a > n.

Suppose G has C, as a minor in which there are at least a edges from E’. In
this case, there exists a cycle C,, which has n edges from E’ is a minor of C, since
a > n. By Lemma 1.2.1, G has a minor C,, which has at least n edges from E’. By
Lemma 1.2.4 (2), G has such cycle as a topological minor. By Lemma 1.2.3, there
exists a cycle H with at least n edges from E’ as a subgraph of G. We are done
with (1).

Suppose G has a trivial theta #° as a minor in which there are at least a edges
from F’, take V(6°) = {u,v}. By Lemma 1.2.2, G has a set {G,,G,} of disjoint
connected subgraphs and a set F' = {f. : ¢ € E(6°)} of edges such that F is
disjoint from F(G,) and E(G,), and for every edge e = uv € E(H), the two ends
of f. are in G, and G, separately. There are at least a edges between G, and G,,.
There are two cases on the number of incident such edges of vertices in G,,.

Case 1. There exists one vertex v in (G, such that v is incident with at least
fo1.4(n) edges in F.

Let the set of ends of such fo14(n) edges in G, be R. By Theorem 2.1.4, (G,, R)
contains a subgraph H such that H is a path containing n roots, or a nicely
confined comb of length n, or a subdivision of a confined star of size n. If H is a
path containing n roots, then the union of H and a set of edges in F' such that its
one end is v and its other end is a root in H. We are done with (3). If H is a nicely

confined comb of length n, then the union of H and a set of edges in F' such that
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its one end is v and its other end is a root in H. We are done with (3). If H is a
subdivision of a confined star of size n, then the union of H and a set of edges in
F such that its one end is v and its other end is a root in H. We are done with
(2).

Case 2. There is no vertex in G, such that it is incident with at least fo4(n)
edges in F.

That means that there are at least fo1.4(f2.1.4(n)) vertices in G,, such that every
vertex is incident with one such edge from F'. Let the set of these vertices be U
and then the set of edges from F' and incident with vertices in U be Fj. Let us
consider a rooted connected graph (G, U Fy,U). By Theorem 2.1.4, (G, U F},U)
contains a subgraph H' such that H’ is either a nicely confined comb of length
fa1.4(n), or a subdivision of a confined star of size fy1.4(n).

If H' is a nicely confined comb of f;14(n) roots, let the set of those roots be R;.
Then we consider a rooted connected graph (G, R1). By Theorem 2.1.4, (G,, R;)
contains a subgraph H” such that H” is a path containing n roots, or a nicely
confined comb of length n, or a subdivision of a confined star of size n. If H” is a
path containing n roots, then the union of H” U H' and edges in F' such that each
edge with one end in H” and the other is a root in H”. We are done with (4). If
H" is a nicely confined comb of length n, then the union of H” U H" and edges in
F such that each edge with one end in H” and the other is a root in H”. We are
done with (4). If H” is a subdivision of a confined star of size n, then the union of
H"” U H'" and edges in F such that each edge with one end in H” and the other is
a root in H”. We are done with (3).

If H' is a subdivision of a confined star of size fy1.4(n), let the set of those roots
be R,. Then we consider a rooted connected graph (G, Rs). By Theorem 2.1.4,

(G4, R2) contains a subgraph H” such that H" is a path containing n roots, or
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a nicely confined comb of length n, or a subdivision of a confined star of size n.
Similarly, if H"” is a path containing n roots, then we are done with (3); if H"” is a
nicely confined comb of length n, then we are done with (3); if H"” is a subdivision

of a confined star of size n, then we are done with (2). O

Let G = (V, E) be a graph and X C V. We call a set E' C E an edge cover of
X if every vertex of X is incident with at least one edge in E'.
The following theorem is the vertex version of determining unavoidable large

subgraphs of every sufficiently large rooted 2-connected graph.

Theorem 3.1.5. There exists a function f31.5(n) with the following property. For
every 2-connected graph G = (V, E) and every X CV, if |X| > f315(n), then G
contains a subgraph H such that

(1) H is a cycle containing at least n vertices from X, or

(2) H is a theta of size n in which the interior of each branch contains at least

one vertex from X, or

(3) H is a fan of length n in which the interior of each rib contains at least one

vertex from X while the rim contains no vertex from X, or

(4) H is a ladder of length n in which each rung contains at least one vertex

from X while the rails contain no vertex from X.

Proof. Let f315(n) = 2f31.1(2n). We prove that f515(n) satisfies the requirement
of the theorem. Let £/ C F be the minimal edge cover of X. By the definition of an
edge cover, |E'| > |X|/2. By Theorem 3.1.1, every 2-connected graph G = (V, E)
satisfying £/ C F and |E'| > f31.1(2n) must contain one of subgraphs described
in Theorem 3.1.1.

Suppose a cycle C' containing at least 2n edges from E’ as a subgraph of G can

cover at least 2n > n vertices in X. Let H = C, we are done with (1).
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Suppose a 6y, in which each branch contains at least one edge from E’. Let
independent paths P!, P?,--- , P?" be branches of 0s,. There is at least one edge
from E’ in each P?, for 1 < i < 2n. Then there exists a 0,5 in which has at least
one vertex from X as the interior of each branch. Otherwise, it contradicts the
assumption that the minimality of £ covering X. Let H = 6,,, we are done with
(2).

Suppose a F5, in which each rib contains at least one edge from E’. Let inde-
pendent paths Pooui, Prozss - 5 Prozs, D€ Tibs of Fy,, where n > 2. Let P,,,, =
PriyyUPu, U---UP,, ., betherim of Fy,. By the minimality of E’, there
exists at most one blade such that one edge from E’ covering xy. There exist at
most n — 1 ribs of Fy, such that the edge from E’ just covers x;. Otherwise, we
can find a cycle which is the union of P, ., Pryay,, Prozs, and it contains at least
n vertices from X. Let H = F,,, we are done with (3).

Suppose a L}, in which each rung contains at least one edge from E’ while the
rail of L}, contains no edge from E’. Let two disjoint paths P,

Pg;/lmén be

1T2n

rails of Ly,. Let 2n mutually disjoint paths Py, , P be rungs of L), . By

1'2"x,2n
Theorem 3.1.1, each thx; has at least one edge from E’, for 1 < ¢t < 2n. Then
there are at most n rungs containing one edge from E’ to cover x; or x}, without

loss of generality, Py, 1, Pryey, - 5 Pryar,. Otherwise, we can find a cycle which is

E

the union of Py, ., , Py

P, P. . such that there are at least n vertices in
175, T 1zl L zonxsy,,

X. Let P! be a subgraph of P,,,, with ends z1,z,, and let P? be a subgraph of
Pyay with ends 2,2, Let H = P'UP?*UP, 5 UP,,; U---UP, 4, we are done

with (4). O
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3.2 Large generalized rooted graphs

In the last section, we determine unavoidable subgraphs of a sufficiently large
rooted 2-connected graph. In this section, we extend Theorem 3.1.5 to any suffi-
ciently large generalized rooted 2-connected graph.

Let (G, X) be a generalized rooted connected graph. Suppose vertices of G can
be enumerated as vy, vq, - -+, v; such that (see Figure 3.4) vy, vy are outside every
X € X, every edge of GG is between two consecutive vertices, and every X € X
consists of either only one vertex or two consecutive vertices. Then we call (G, X)
a rooted path between vy, v,. We also call |X| the length of this path. Note that a
rooted path of length zero is an ordinary path.

FIGURE 3.4. A rooted path

In the following we describe the unavoidable graphs (see Figures 3.5 through
3.15), (in figures below, each line represent a rooted path of length > 0).

(1) (G, X) is a rooted cycle if it is connected and its vertices can be cyclically

ordered such that every edge is between two consecutive vertices and every

X € X consists of either a single vertex or two consecutive vertices. Again,

the length of this cycle is |X|.

FIGURE 3.5. A rooted cycle
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(2) (G, X) is a rooted theta graph of size n if it is obtained from 6,, by replaying

each branch with a rooted path of length > 1.

FIGURE 3.6. A rooted theta

(3) (G,X) is a type-1I rooted theta of size n if there exists Xo = {xo,2(} € X
such that (G, X') is obtained from X, by adding rooted paths of length > 1

between g, z(,, where the paths are disjoint except for xg, zJ,.

FIGURE 3.7. A type-II rooted theta

(4) (G,X) is a rooted fan of length n if it is obtained from F,, by replacing each

rib with a rooted paths of length > 1.

FIGURE 3.8. A rooted fan
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(5) (G, X) is a type-11 rooted fan of length n if there exist Xo = {z1,-- ,2,} € X
ad o € V(G)\Xo such that (G, X) is obtained from zy and Xy by adding
rooted paths of length > 1 between zy and x; for ¢ = 1,--- ,n, where the

paths are disjoint except for xg.

Y e e e e

FIGURE 3.9. A type-II rooted fan

(6) (G, X)isa type-111 rooted fan of length n if there exist Xog = {xg, 1, ,2n} €
X such that (G, X) is obtained from X, by adding rooted paths of length
> 1 between xy and x; (i = 1,--- ,n), where the paths are disjoint except

for z.

® % % e e e

FIGURE 3.10. A type-III rooted fan

(7) (G, X) is a rooted ladder of length n if it is obtained from L, by replacing

each rung with a rooted paths of length > 1.

199 ¢

FIGURE 3.11. A rooted ladder
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(8) (G,X) is a type-II rooted ladder of length n if it is obtained from X =
{z1, - ,z,} € X and a path P as follows. Let {y1, -+ ,y,} C V(P), which
contains both ends of P. Then (G, X) is obtained from X and P by adding

disjoint rooted paths of length > 1 between z; and y; (¢ =1,--- ,n).

FIGURE 3.12. A type-II rooted ladder

(9) (G, X)1is a type-III rooted ladder of length n if it is obtained from {z; 1, -+ ,z;n} €
X (i = 1,2) by adding disjoint rooted paths of length > 1 between z; ; and

1’27]‘ (]: 1, ,n).

FIGURE 3.13. A type-III rooted ladder

(10) (G, X)is a type-IV rooted ladder of length n if it is obtained from X, - |, X, €
A as follows. Let each X; be the union of two subsets {x; 1, z; 2} and {y;1,vi2},
where z; 1 # x; 2 and y;1 # Y2, but {21, i 2}N{yi1, yi2} could be nonempty.
Then (G, X) is obtained from X7, -, X,, by adding rooted paths of length
> 0 between z; ; and y;41,; (¢ =1,--- ,n—1 and j = 1,2), where the paths

are disjoint except for their ends.
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@ @ @

FIGURE 3.14. A type-1V rooted ladder

(11) (G, X)is a rooted flower of size n if there exists Xog = {xy,- -+, x9,} € X such
that (G, X) is obtained from X, by adding disjoint rooted paths of length

> 1 between x9; 1 and xo; (i =1,--- ,n).

FIGURE 3.15. A rooted flower

The following theorem is determining unavoidable large subgraphs of any suffi-

ciently large generalized rooted 2-connected graph.

Theorem 3.2.1. There exists a function f521(n) such that every generalized rooted
2-connected graph (G, X) with |X| > fs21(n) must contain one of generalized

rooted graphs (1)-(11) as a subgraph.

We first prove the following lemma which determines unavoidable subgraphs in

every sufficiently large loopless graph before proving Theorem 3.2.1.

Lemma 3.2.2. There ezists a function fsa2(n) such that every loopless graph
G = (V,E) with |E| > f32.2(n) must contain n edges parallel to each other, or n

edges that are mutually disjoint, or n edges sharing the unique vertex.

Proof. Let f3zo2(n) = 2(n —1)3+ 1. We prove that fs35(n) satisfies the require-
ment of the lemma. If there are n edges parallel to each other in GG, we are done.

If not, then it means any pair of vertices in V' has at most n — 1 parallel edges.
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Since we can delete all parallel edges to obtain a simple graph H = (V, E’) where
|E'| > |E|/(n — 1). If there exists a vertex with degree at least n in H, we are
done. If not, then it means any vertex in V' has at most n — 1 degree. If there are
n mutually disjoint edges in H, we are done. If not, then there are at most n — 1
mutually disjoint edges in H, which means there are at most 2(n—1)? edges, which

contradicts the assumption that |E| > 2(n —1)3 + 1. O

Proof of Theorem 3.2.1. Let f321(n) = g(n)h(n) , where g(n) = f315(f3.2.2(n))
and h(n) = 1+ f322(n) + f322(n)(f322(n) = 1)+ -+ fz22(n)(f22(n) —1)*". We
prove that f341(n) satisfies the requirement of the theorem. Let X = { X1, Xy, - -,
X}, for t > f321(n).

Let (H,Y) be a rooted graph which is obtained by shrinking (G, X). Let Y =
{y1,- - ,y:}. By the definition of generalized rooted 2-connected graph and shrink-
ing, since (G, X) is 2-connected, then (H,Y") is connected. By Lemma 1.1.1, H has
a block tree Ty. There are two cases on the number of roots in each block.

Case 1. Every block has no more than g(n) roots in (H,Y).

For this case, since |X| > g(n)h(n), then |Ty| > h(n). By Lemma 1.5.1, there
exists either A(Ty) > f302(n) or Ty has an induced path of length 2n + 1 starting
from any vertex. There are two subcases.

Subcase 1.1. There exists a long sequence of blocks By, By, -+, B,.1 of (H,Y),
y; = V(B;)) N V(By1) for 1 < i < n. Let (G, &;) be an induced subgraph of
(G, X) such that (B;,Y;) is the result of shrinking (G;, &;). To be more precise,
(G, &;) is obtained from (G, X) by deleting vertices of G that belong to H\B;
and deleting X; for which y; is not a vertex of B;. Let G} be obtained from G; by
identifying vertices from each X, where X; € &; and j # 4,7 —1. Since (G, X) is 2-

connected and B; is a block of H, G’ has no separation of order < 2 that separates
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X; from X; 1. So G} has two disjoint paths between X; and X;_;. Since there are
two disjoint paths between X; and X,, which is the union of two disjoint paths in
every G} and X; satisfies the description in (10). Hence we can find type-IV rooted
ladder of length n as a subgraph of (G, X).

Subcase 1.2. A(Ty) > fso22(n) and the vertex with the maximal degree in Ty
is a cut vertex 1

Then the corresponding of yo is Xo € X in (G, X). Let neighbors of yo be
bi,ba,++ ;b5 ,(m) in Tx. Their corresponding blocks are By, -+, By, ,,n) in H.
We assume that every block B; meeting ¥, also contains another root 1;. Then
such a block contains a rooted path of length > 1 with both ends in X,. We create
anew graph D = (V, E) where V = X, and E' = {ej, €2, -, €f,,,(n) } such that e
in B; for 1 <i < f392(n). Hence |E| > f322(n). By Lemma 3.2.2, we can obtain
either a type-III rooted fan of length n, or type-II rooted theta of size n, or a
rooted flower of size n as a subgraph of (G, X'). Then (3), (6), or (11) holds.

If the vertex with the maximal degree in Ty is a block vertex by, then there
exists at least f322(n) roots in By, which is similar to Case 2.

Case 2. There exists a block By with at least g(n) roots in (H,Y’). By Theorem
3.1.5, we have four subcases.

Subcase 2.1. Suppose there exists a cycle containing at least f322(n) > n vertices
from Y in By. Then it is obvious to obtain a rooted cycle of length n in (G, X),
which means that (1) holds.

Subcase 2.2. Suppose there exists a theta of size f322(n) in which the interior
of each branch contains at least one vertex from Y in By. Let ends of such theta
be yo, y5- If yo, ¥, are not roots, then we can obtain a rooted theta graph of size n
as a subgraph of (G, X). If at least one of yo, 3 is a root, then we consider a graph

Dy = (Va, Ey), where V, = YUY, and Es is a set such that every element replaces

27



each branch in By. Hence |Ey| > f322(n). By Lemma 3.2.2, we can obtain either a
rooted theta of size n, or a type-II rooted fan of length n, or type-III rooted ladder
of length n. Then (2), (5), or (9) holds.

Subcase 2.3. Suppose there exists a fan of length fszs9(n) > n? in which the
interior of each rib contains at least one vertex from Y while the rim contains no
vertex from Y in By. If the center vertex of such fan is not a root, then we can
obtain a rooted fan of length n as a subgraph of (G,X). If the center vertex of
such fan is a root gy, its corresponding root Xy, then we can obtain either a rooted
fan of length n or a type-1I rooted ladder of length n. Then (4), or (8) holds.

Subcase 2.4. Suppose there exists a ladder of length f552(n) in which each rung
contains at least one vertex from Y while the rails contain no vertex from Y.
Because the definition of shrinking a generalized rooted graph, it is obvious to

obtain a rooted ladder of length n as a subgraph of (G, X). Then (7) holds. [
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4 Excluding a Large Comb

In the first three chapters, we have seen several results involving large combs. In
particular, Lemma 1.5.3 says that a large comb is one of the unavoidable subgraphs
in a tree with many leaves. Also, Theorem 2.1.1 says that a large nicely confined
comb is one of the unavoidable induced subgraphs in a sufficiently large rooted
graph. Besides, Theorem 2.1.4 says that a large nicely confined comb is one of
the unavoidable subgraphs in a sufficiently large rooted graph. In this chapter,
we characterize large rooted graphs that do not contain a large (nicely) confined
comb. We remark that, in this chapter, when we say that a rooted graph contains
a (nicely) confined comb we mean that a rooted graph contains a (nicely) confined

comb as a subgraph.

4.1 Excluding a nicely confined comb

For any series of mutually disjoint graphs G, G1,- -+ , Gy, where t > 0, let @ (Go;
G1, -+ ,Gy) be a graph obtained by k;-summing G; (i = 1,2,--- ,t) to G, where
k; < k. The following is a characterization of rooted graphs that do not contain a

large nicely confined comb.

Theorem 4.1.1. Let G be a class of rooted graphs. Then the following are equiv-
alent.
(1) there exists an integer n > 3 such that no member of G contains a nicely

confined comb of length n;

(2) there exist p, s € N such that every (G, R) € G can be expressed as Gs(Go; G,
Go, -+, Gy), fort >0, where Gy contains R, Go\R is connected, and Go\R

has no path of length p.
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To simplify the proof of Theorem 4.1.1, we first need to prove the following two

lemmas. The first lemma proves the base case of the theorem.

Lemma 4.1.2. A rooted graph (G, R) does not contain a nicely confined comb of
length three if and only if G = @(Go; Gy, -+ -, Gy), where V(Gy) = R and t > 0.

Proof. The backward implication easily follows from the definition of a nicely
confined comb and @5. Next we consider the forward implication.

Let H = G[R]. We need to show that every H-bridge has at most two feet.
Otherwise, there exists a H-bridge B with at least three feet. By the definition of
H-bridges, there exists a connected component C' of G\ H such that E(B) consists
of all edges incident with at least one vertex of C'. Since B has at least three feet,
so |BNH|>3.Let V(BNH) = {ly,la, -+ ,1;}. Then i > 3. Since C' is connected,
and B is the union of C' and all edges with exactly one end in C, so B is connected
and dp(l;) = 1 for 1 < j < i. Since B is connected, so there exists a path P!
between [; and I, in B, and then there exists a path P? between P'\l;\l, and I3 in
B. Then P' U P? is a nicely confined comb of three, since (P! U P?)\l;\lx\/3 is a
shaft of P' U P2, and [y, [, I3 are leaves of P! U P?. It contradicts the assumption
that (G, R) does not contain a nicely confined comb of length three. So it means
that every H-bridge has at most two feet. Let Gy = H, and let H-bridges of
G\H be G1,Gy, -+ ,Gy. By the definition of @, G = ®5(Go; Gy, - -+, Gy), where

V(Go) = Rand t > 0. O

In the next lemma, we show that any two maximum nicely confined combs must

meet in a rooted graph (G, R) for which G\ R is connected.

Lemma 4.1.3. Let (G, R) be a rooted graph such that G\ R is connected. If (G1, Ry),
(Ga, Ry) are nicely confined combs of length n and there is no nicely confined comb

of length n + 1, where n > 3, then V(G1 N Gy) # 0.
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Proof. Suppose V(G N Gy) = 0. Since G\ R is connected, there exists a path P
between G1\R; and G5\ Ry. Let P» P42 ... P be all the teeth of Gy, listed in
the order that they appear in Gj, let the shaft of G; be S;, and P;,,, N S; = x;m
for i =1,2 and 2 < m < n — 1. We denote S;[z;;, z;m| as a path of 5; with ends
Tip, T for 2 <1 <m < n —1. Let ends of P be p;,p,. We define G, 1, G; 2 which
are the subgraphs of G; and satisfy the following conditions:

(i) GiaUG;2 =G

(ii) If p; € P*™, for some m and 2 < m < n — 1. We define G;; as the union of
Pl Pt PR ST 9, T me1) and Gyo as the union of Ph™ Pimtl L.
P Si%im-1, Tin_1], Or
if p; € P4 or P*". We define G, ; as G; and G, 5 as G, or
if p; € Si[wig, wiu4q] for 2 < 1 < n — 2. We define G;; as the union of
Pt PYHL S 1, 2041) and G as the union of PH=L ... pin
Si [%,l, xi,nfl]'

By the construction of G; 1, G2, the length of G;; U G, 2 are larger than the
length of G;. Without loss of generality, we set G;; as a comb with larger length
between G;; and G;o. Then (G113 UGy U P, V(G111 UGo1) N Ry N Ry) is a nicely
confined comb, whose shaft is Sy[z1 1, 1 p, |US2[221, T2,,]UP and the set of teeth is
(PY, o PY PR S [y, g a], PP, - PP PR Sylay ) w041}
for | 5] <11,ly < n—1. Therefore the length of it is larger than n, which contradicts

the assumption that there is no a nicely confined comb of length n+1in (G, R). O

We provide a counterexample of the above lemma to show that it is false for
n < 3. The counterexample of the above lemma for n = 2, let G be a path and

G, Gy be two subgraphs of GG such that G, Gy are both nicely confined comb of
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length two, and V(G1NG3) = 0. There is no a nicely confined comb of length three
in G, however, V(G N Gg) = 0.

Proof of Theorem 4.1.1. From (2) to (1). Let n=(p+2)(p+ 1+ s) + 1.

Suppose (G, R) contains a nicely confined comb of length n. Let P be the shaft
of such comb, then P is contained in G\R. Path P is divided into subgraphs by
V(P NG)p). There are two cases on such subgraphs. Case 1. Unique one end of each
such subgraph is in V(P N Gy). Case 2. Unique both ends of each such subgraph
are in V(PN Gy). It is easy to see there are at most two such subgraphs in Case 1.
Each of these subpaths is contained in some G; for 1 < i < ¢. Firstly, we need to
prove that |[PNGy| < p+ 1, which means the number of subpaths is at most p + 2.
Otherwise there exists a path P’ with length at least p + 1 in G\ R, since every
such subpath of P can be replaced by an edge in Go\R such that they share the
common ends, which contradicts the assumption that G\ R has no path of length p.
Hence the definition of n implies that one of these paths (call it @) contains at least
p+ 1+ s cubic vertices of such comb.Then there exists some G; for ¢ > 0 contains
@. By the above proof, we know that |P N Gy| < p+ 1, thus the case Q C Gy can
be eliminated. Let X; be the common clique of G; and Gy. Since |V (X;) N R| < s,
which means there is a separation (Hy, Hs) separating () to R such that @ is a
subgraph of H; and R C V(H,), where |H; N Hy| < s. By Menger’s Theorem,
there are at most s mutually disjoint paths between ) and R, which implies that
there are at most s cubic vertices in (). It contradicts the assumption that () has
at least p + 1 + s cubic vertices.

From (1) to (2), let p = g(n) = (n —3)*/3 + (n — 3)*/2+ (n — 3)/6 + 1,
s = f(n) = (n—-3)3/3+(n—3)?2/2+ (n—3)/6 + 2. For any (G, R) does not

contain a nicely confined comb of length n, we prove that G admits an expression
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as described in (2). Without loss of generality, assume that G is connected. We
proceed by induction on n.

For n = 3, we can obtain that f(3) = 2,¢(3) = 1. By Lemma 4.1.2, it means the
assertion is true. Now let n > 3, and assume the assertion holds for rooted graphs
that do not contain a nicely confined comb of length less than n.

Let H be a nicely confined comb of maximum length in (G, R). If the length of H
is less than n—1, then by induction (G, R) can be expressed as @4 (Go; Gy, - -+ , Gy),
where s’ = f(n — 1), R C V(Gy) and Go\R has no path of length p’, where
P = g(n —1). Since f(n—1) < f(n) and g(n — 1) < g(n) for n > 3, s0 s’ < s
and p’ < p. By the definition of @y, it is obviously to obtain &y (Go; Gy, -+, Gy) =
®s(Go; G1,- -+ ,Gy). Since G\ R has no path of length p', so Gp\R has no path
of length p, since p’ < p. That is to say, the assertion holds for the length of H
with less than n — 1. So we assume that the length of H is n — 1 in (G, R). Let
HNR=R,.

Let R, = R\Ry. If G has at least (n — 1)? + 1 disjoint paths between R; and H,
then there exists at least one tooth T of H, which has at least n — 1 disjoint paths
between T" and R;. The union of such n — 1 disjoint paths, the shaft of H and one
another tooth in H is a nicely confined comb of length n, which contradicts the
assumption that (G, R) does not contain a nicely confined comb of length n. By
Menger’s Theorem, G has a separation (J;, Jo) of order no more than (n —1)? such
that Ry C V(J3) and H is a subgraph of J;. Suppose (J2\J1, R1) contains a nicely
confined comb H' of length n—1, which means H' is a subgraph of (J5\Ji, R;). Since
H is a subgraph of (J;, RNV (J;)), so V(HNH') =, which contracts that any two
maximum nicely confined combs must meet, by Lemma 4.1.3. So (J>\Ji, R1) does

not contain a nicely confined comb of length n — 1. By the induction hypothesis,

therefore (J5\Ji, Ry1) can be expressed as @y (G; G, -+ -, G}), where s’ = f(n—1),
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Ry C V(G}) and G\ R; has no path of length p’, where p’ = g(n — 1). Let S! be
the common clique of G} and G, for 1 < ¢ <t

We add missing edges between vertices in V' (J; N Jy) U (V(H) N R) to obtain
a clique My with V(My) = V(Ji N Jy) U (V(H) N R). We add edges between
vertices of V(J; N Jy) and vertices of V(S!) to obtain a clique M; with V(M;) =
V(JiNJy) UV (S)).

We create G as G[V(GyU(J1NJo)U(V(H)NR))|UMyUMU- - -UMy. We create
Gi = GV(G,U (JiNJy))] for 1 <i <t and create Gy = G[V(J1)]. Let s =
max{s'+|J;NJ|,|Ji1NJo|+n—1} and p = 27°+1p/. Since Ry C V(G)) C V(Gp) and
V(H)NR C V(M) CV(Gy),s0 R= R UV (Ho)NR) C V(Gy). So GIRUV (Jp)] =
®s(Go; G1, - -+, Gy). Therefore G can be expressed as ©4(Go; Gy, -+ , Gy, Gyyq).

Let p = 27°+1p'. We show by induction on |J; N .J| that Go\R has no path of
length p. If |3 N Jo| = 1, then p = 4p’ > 2p’ + 2. Suppose |J; N Jy| > 1, and
assume that Go\R has no path of length 20*=V*+1p/ if |.J; N J,| = n® — 1. Suppose
|Jy N J5| = n?, we show that Go\R has no path of length 2"°*1p/. By the structure
of Go, Go\R has no path of length 27°+1p/ > 2(20»=D*+p/) 4 2. That is to say
p =27+ which means that g(n) = 2"**'g(n—1). The recursive formula implies
that g(n) = (n—3)*/3+ (n —3)?/2+ (n —3)/6 + 1.

By the definition of s, we obtain f(n) = f(n — 1) + n%. The recursive formula
implies that f(n) = (n—3)*/34+ (n —3)?/2+ (n —3)/6 + 2. O
4.2 Excluding a confined comb
In the previous section, we prove Theorem 4.1.1, which solved the problem of a
characterization on rooted connected graphs that do not contain a large nicely
confined comb. In this section, our goal is to provide a characterization on rooted

connected graphs that do not a large confined comb.

Firstly, we state with the definition of a construction of ®.
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Let Hy, Hy, - -+ , H, (k > 1) be mutually disjoint rooted connected graphs, where
H; = (G, R;), for 1 < i < k. We define ®(H,, Hy,--- , Hi) to be a rooted graph
(G, R) constructed as below:

(i) G is obtained from the disjoint union of Gy, G, -+ ,Gy by adding a new

vertex v and linking v to at least one vertex from each of G, Gs, - -+, Gy;

(ii) either R=RiURyU---URy,or R={v}UR URyU---URy.

Let G be a class of rooted graphs. Let ®°(G) = G and inductively, let ®¢(G) =
OYG)U{®(Hy, -+ ,Hy) : Hy,- -+, H;, € ®71(G) and k > 1} for each t > 1. Let
P be the class of rooted graphs (G, R) such that G is a path.

We remark that ®=1(G) C ®(G).

Theorem 4.2.1. The following are equivalent for any class G of rooted connected
graphs.
(1) there exists an integer n > 3 such that no member of G contains a confined

comb of length n;

(2) there exists k € N such that G C ®%(Gy), where Gy consists of rooted con-
nected graphs (G, R) such that G=®(Go; Gy, -+ ,Gy), where R C V(G))
and (Go, R) € P;

(3) there exists m € N such that for every (G,R) € G, G=B(Go; Gy, ,Gy),
for some t € N, where R C V(Gp) and (Go, R) € D" (P).

To simplify the proof of Theorem 4.2.1, we first need to prove the following three

lemmas. The first lemma proves that two operations ® and ¢ commute.

Lemma 4.2.2. Fori=1,--- k, let H; = (G;, R;) and G; = &(GY; G}, --- | GY),
where t; > 0 and R; C V(GY). Suppose (G,R) = ®(Hy,--- ,Hy). Then there
exist graphs G,---  G™ such that G = ®(G% G, - - G™), where (G°,R) =
CI)<<G(1)7 Rl)? T (va Rk))
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Proof. Let v be a new vertex in ®(Hy, - -+ , Hy). Let (Go, R) be one of ®((GY, Ry),
-+ (G% Ry)). Let G' be a graph such that V(G!) = V(G? Uv) and E(G') =
E(Gf) UE] UE] for1<1<m,1<s<k and 1< j<t;. There are two cases
on v. Case 1. If there exists at least one edge between v and V(G?) in G, then E7 is
an edge set of edges between v and all vertices in the common clique of G and G
in Gg, and Eg2 is an edge set of edges between v and V(Gf) Case 2. Else, Egl and
Eg'2 are both empty edge sets. Next, we want to prove that G = &(G% G, --- |, G™),
where E(G°NGY = BE(G[V(GINGY) Uv)).

Firstly, we want to prove V(G) = V(&(G% G, - -+ | G™)). Since V(G) = V(®(H,,
Hy, -+ Hy)) =V(GiU---UGLUv) = V(GIUGIU-- - UG UGYU- - - UG Uv) =
VIRUGIU---UGLUG'UG?U---UG™)) = V(p(G% G-+ G™)).

Next, we want to prove that E(G) = E(®(G%; G, -+ ,G™)), since E(H(P(GYU
UGG GM)) = BE(GYUGIU - UG UEGIUG?U - UG UG U
S UGRU-- U GRU-UGH)UEL UEL U UE UE] UEY U---UE2 U

ti
ey EZ’; U E,i’; = U LB, UEG, UGy U---UGy). By the construction of &,
j=1

Finally, we want to prove that ®(G% G, -+ ,G™) and ®(H,, - - - , H}) have same

degrees of each vertex. By the construction and @, the assertion is true.

So G can be obtained from &(G% G, --- ,G™), where G* = ®(GY,--- ,GY). O

The following lemma shows the base case of the above theorem is correct.

Lemma 4.2.3. A rooted connected graph (G, R) does not contain a confined comb
of length three if and only if G=®(Go; G1,- - ,Gy), where Gy is a path or a cycle

and it contains R.

Proof. For the forward implication, there are two cases on the number of R if

(G, R) does not contain a confined comb of length three.
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Case 1. |R| < 2. If |R| = 2, then let G be a path P with ends as roots, and let G;
be the component of G\ P. Hence G = @9(Gy; Gy, -+, Gy), Since G is connected,
there exists a path between any two vertices from G. If |R| = 1, then let Gy be a
root, and let G; be the component of G\Gy. Hence G = @o(Go; Gy, -+ , Gy).

Case 2. |R| > 3. Let H = GR)]. Let us consider H-bridge.

Claim 1. Any H-bridge has at most two feet. Otherwise there exists a H-bridge
with at least three feet. By the definition of H-bridge, there exists a subgraph B
of G\E(H) that satisfies there exists a connected component C' of G'\\ R such that
E(B) consists of all edges incident with at least one vertex of C'. Since H-bridge
has at least three feet, so |BN H| > 3. Let V(BN R) = {ly,la,--- ,l;} for t > 3.
Since C'is connected, and B is the union of C' and all edges incident with unique
one vertex of C, so B is connected and dg(l;) = 1 for 1 < i < 3. Since B is
connected, so there exists a path P! between [; and I, in B, and then there exists
a path P? between P! and I3 in B. Then P! U P? is a confined comb of length
three, which contradicts the assumption that (G, R) does not contain a confined
comb of length three.

Let V(Gy) = R and E(Gy) = {zy : = and y are the two different feet of one
R-bridge}.

Claim 2. The maximal degree of G is two. Otherwise there exists a vertex v of
Go with at least three degree, and let neighbor vertices of v be {uy,--- ,ux}, for
k > 3. By Claim 1, every edge in GGy belongs to one unique R-bridge. Then there
exists a vu;-path between v and each u; in G, where vu,-path, vus-path, vuz-path
are mutually disjoint paths except v, we can find a confined comb which is a union
of vui-path, vus-path, vus-path. It implies there exists a confined comb of length
three, which contradicts the assumption that there is no a confined comb of length

three. Hence the maximal degree of Gy is two.
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By Claim 2, hence Gy is a cycle or a path. Let GG; be H-bridge of G. By Claim
1, G =®(Go; Gy, -+ ,Gy), for t > 1.

The forward implication was shown above. Consequently, for any vertex v in
G = ®2(Go; Gy, -+ ,Gy), where Gy is a path or a cycle and it contains R. There
are two cases on v.

Case 1. v € V(G;\Gy), for some i, where 1 < i < t. Let V(G; N Gy) be a cut
vertex set to separate v to R. By the construction of G, we know that |G;NGy| < 2.

Case 2. v € V(Gy). Let the neighbor vertices 71,75 of v in Gy be a cut vertex set
to separate v to the rest of R.

By Menger’s Theorem, there are at most two mutually disjoint paths from v to

R, that’s why G does not contain a confined comb of length three. O

We remark that for any (G, R) € G satisfies that G is constructed from a cycle
with 2-summing connected graphs and R is the subset of the vertex set of cycle
must belong to ®((Gy, Ry)), where G; is constructed from a path with 2-sum
connected graphs and R, is the subset of the vertex set of path. That’s why we say
that (G, R) € ®(P), if G is constructed from a cycle with 2-sum connected graphs
and R is the subset of the vertex set of cycle.

In the next lemma, we show that any two maximum confined combs must meet

in a rooted connected graph.

Lemma 4.2.4. Let (G, R) be a rooted connected graph. If (G1, Ry), (G2, Ry) are
confined combs of length n and there is no confined comb of length n + 1, where

n >3, then V(G N Gs) # (.

Proof. Suppose V(G1 N Gs) = (). Since G is connected, there exists a path P
between G and Gy. Let P»!, P42 ... P be all the teeth of G;, listed in the

order that they appear in Gj, let the shaft of G; be S;, and P;,,, N'S; = w;,, for
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i =1,2and 2 < m < n— 1. We denote S;[z;;,%;n] as a path of S; with ends
Tip, Ty for 2 <1 <m < n —1. Let ends of P be p;,p,. We define G, 1, G; 2 which
are the subgraphs of GG; and satisfy the following conditions:

(i) Gi1 UG = Gy;

(ii) If p; € P*™, for some m and 2 < m < n — 1. We define G;; as the union of
Pol P2 P ST 9, T me1) and Gyo as the union of Ph™ Pimtl L.
P Si%im—1, Tin_1], Or
if p; € P! or P*". We define Giy as G; and G, as G, or
if p; € Si[wig, wigqa] for 2 < 1 < n — 2. We define G;; as the union of
Pt PHEL S 1, 2041) and G as the union of PH=L ... pin
Si [l’i,l, xi,nfl]'

By the construction of G; 1, G2, the length of G;; U G, 2 are larger than the
length of G;. Without loss of generality, we set GG;;1 as a comb with larger length
between G;; and G;5. Then (G113 UGoy U P, V(G113 UGy1) N RN Ry) is a con-
fined comb, whose shaft is S1[x11, 21, U Sa]x21, Ta,,] U P and the set of teeth is
(PYL ... P P S 2y, 21y 4], PP -, PRl P2 Sylng ) w0}
for L%J < 1,1y < n—1. Therefore the length of it is larger than n, which contradicts

the assumption that there is no a confined comb of length n + 1 in (G, R). O

We provide a counterexample of the above lemma to show that it is false for
n < 3. The counterexample of the above lemma for n = 2, let G be a path and G,
(G5 are two subgraphs of GG such that G1, G5 are both confined combs of length two,
and V(G1 N Gy) = 0. There is no a confined comb of length three in G, however,
V(GiNGy) =0.

Proof of Theorem 4.2.1. From (2) to (3), let m = k. Proof by induction

on k. For k = 0, we can obtain m = 0. For any (G,R) € G C ®°(Gy) = Gy,
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G = ®9(Go; Gy, -+ ,Gy) where R C V(Gy) and (G, R) € P = ®°(P). It means
that the assertion is true. Now let k£ > 0, and assume that the assertion holds for
rooted connected graphs belong to ®*~1(Gy).

We want to prove that any (G, R) € ®(®*71(Gy)) admits an expression as de-
scribed in (3). Let (G,R) = ®(Hy,---,H;) such that H; € ®*1(Gy) for 1 <
i < t. By induction, each H; = @®(H{; Hj, -, H}) where R; C V(H{) and
(Hi, R;) € ®*Y(P). By Lemma 4.2.2, G = &(G% G, -+ | G') where (G°, R) =
O((Hy, Ry), -+, (H§, Ry)) = ®F(P) and G' = H} for 1 < j < t;.

From (3) to (1), let n = g(m) = 2m*2.

Proof by induction on m. For m = 0, we obtain g(0) = 4. There is no confined
comb of length four in P. It means that the assertion is true. Now let m > 0,
and assume that assertion holds for every (G, R) € G, G = ®(Go; Gy, ,Gy),
for some ¢t € N, where R C V(Gy) and (Gy,R) € ®™(P). There exists one
vertex v € V(Gy) such that each component of (Go\v, R\v) € ®"~!(P). Then
each component of (G'\v, R\v) can be expressed ®(GY; G}, - ,G;i) where GY is
one component of Go\v. and G; is one component of G;\v for 1 <i <tandj > 1,
since every two components of Go\v do not share a clique to be clique-sum one
component of G;\v. By induction, there is no confined comb of length g(m — 1)
in each component of (G\v, R\v). By the construction of ® and the definition of
a confined comb, it is easy to obtain 2(g(m — 1) — 1) +1 = g(m) — 1. We can get
n = 2mt2,

From (1) to (2), let k = f(n) = n*/3 4+ n?/2 4+ n/6. For any (G, R) does not
contain a confined comb of length n, we prove that (G, R) admits an expression as
described in (2).

For n = 3, we can obtain that f(3) = 14. By Lemma 4.2.3, 0 < k = 14. Since

Go = ®°(Gy) C D'(Gy). It means that the assertion is true. Now let n > 3, and

70



assume that the assertion holds for rooted graphs that do not contain a confined
comb of length less than n.

Let H be a confined comb of maximum length in (G, R). In addition, we choose
H among all the maximum confined combs such that |R;| = |R N H| is minimum.
If the length of H is less than n — 1, then the result follows from induction, so we
assume the length of H is n — 1. Let Ry = R\R;. If G has at least (n — 3)? + 1
disjoint paths between Ry and H. There exists at least one tooth T of H such that
there are at least n disjoint paths between T and Ry, (T, Ry) is a confined comb
of length n in (G, R), which contradicts the assumption that there is no confined
comb of length n in (G, R).

By Menger’s Theorem, (G, R) has a separation (Ji,J2) such that |J; N Jy| <
(n — 3)% + 1 where H is a subgraph of J; and Ry C V(J,). Let r € R; and
S ={r}UV(JiNJy). We only need to show that (G\S, R\S) does not contain a
confined comb of length n — 1, because by induction we will have (G, R) € G C
O*(Gy) where (n—3)n+1)+((n—4)(n—1)+1)+---+1 <n?/3+n?/24+n/6 =k
such that G C @k(gl), where G; is a class of rooted connected graphs does not
contain a confined comb of length three. Hence k = n3/3 + n?/2 + n/6 such that
G C Dk (Gy).

To prove that (G\S, R\S) does not contain a confined comb of length n — 1.
We assume that (G\S, R\S) contains a confined comb A of length n — 1. If A is
contained in Ji\S, since J;\S does not contain roots rather than R;, A has at
most |R;| —1 roots. It contradicts the assumption that the minimality of |R;|. Else
A is contained Jo\S. Since Jy N (Jo\J1) = 0, V(A) C V(J\S) C V(J3) and H
is a subgraph of Ji, so V(AN H) = (. It contradicts Lemma 4.2.4 that any two

maximum confined combs must meet.
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Finally, we prove that (G, R) can be constructed |S| steps of ® from (G\S, R\S5).

O

Let R = V(G), we can apply Theorem 4.2.1 to obtain Corollary 4.2.5.

Corollary 4.2.5. The following are equivalent for any class G of connected graphs.

(1) there exists an integer n > 3 such that no member of G has a comb of length
n;

(2) there exists an integer k > 0 such that G C ®*(P), where P is the class of

all paths.
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5 Excluding a Heavy Path

In front chapters, we have seen several results involving heavy paths. In particu-
lar, Theorem 1.4.1 says that a characterization on excluding a heavy path. Also,
Theorem 1.5.1 says that a heavy path is one of the unavoidable subgraphs in
a sufficiently large connected graph. Besides, Theorem 1.5.2 says that a heavy
path is one of the unavoidable induced subgraphs in a sufficiently large connected
graph. Furthermore, Theorem 2.1.1 says that a path with many roots is one of
the unavoidable induced subgraphs in a sufficiently large rooted connected graph.
Further, Theorem 2.1.4 says that a path containing many roots is one of the un-
avoidable subgraphs in a sufficiently large rooted connected graph. In this chapter,
we characterize that large rooted graphs do not contain a path containing many
roots. We remark that, in this chapter, when we say that a rooted graph contains
a path with many roots, we mean that a rooted graph contains a path with many

roots as a subgraph.

5.1 Packing ABA-paths
If T is a path, then we call |V(T') N R| the weight of T.

For a directed graph G = (V, E) whose edges are labelled by the elements of a
group I'and A C V', Chudnovsky, Geelen, Gerards, Goddyn, Lohman and Seymour
[1] define an A-path as a path with both ends in A in the underlying graph of G,
as well as define the weight of a path P in G is the sum of the group values on
forward oriented arcs minus the sum of the backward oriented arcs in P.

Let G be a graph and A, B C V(G). An ABA-path of G is a path with two ends

from A and at least one vertex from B.
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For the definition of an A-path [1], an A-path may have more than two vertices
from A. However, we want to use the definition of an AB A-path which only contains

two vertices from A in my thesis.

Remark 5.1.1. There ezist k vertex-disjoint A-paths [1] if and only if there exist

k vertex-disjoint ABA-paths in my thesis.

The backward implication follows that an ABA-path from our paper is a special
A-path [1], and the forward implication follows that we can choose a subpath of

an A-path [1], which only contains two vertices from A as ends.

Theorem 5.1.2. Let A, B be disjoint vertex sets of a graph G. For any k € N, if G
does not have k disjoint ABA-paths then V (G) admits a partition (X, Yy, Y1, ..., Yy,),
where n > 0, such that

(1) |1X] <2k -2,
(2) ACXUYy and BNYy =0, and
(8) fori=1,...n, Ng(YV;) C X UYy and |Ng(Y;) N Y| < 1.

To simplify the proof of Theorem 5.1.2, we first need to prove the following two

lemmas.

Lemma 5.1.3 ([1]). Let I' be a group, let G = (V, E) be an oriented graph with
edge-labels from I, and let A C V. Then, for any k € N, either there are k vertex-
disjoint A-paths each of non-zero weight, or there is a set of at most 2k — 2 vertices

that meets each non-zero A-path.

Lemma 5.1.4. Let G = (V, E) be a graph with two specified disjoint vertex sets A,
B. Then G either has k vertex disjoint ABA-paths, or has a set of at most 2k — 2

vertices meeting all such paths.
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Proof. We assume that an arbitrary orientation of G. We assign labels 7. to
edges e whose at least one end in Y and assign labels 0 to all other edges. Let I’
be a free group generated by {7.: V(e)NY #0}. Let A=X C V.

Claim. An A-path is an ABA-path if and only if it is non-zero weight.

Firstly, we consider the forward implication. By the definition of an A-path in
our paper, there are two cases on an A-path. Case 1. A path with just both ends
in A. By the labels for E, the weight of such path is zero. Case 2. A path with just
both ends in A and containing a vertex in B, which is an ABA-path. Similarly,
the weight of such path is non-zero.

Next, we consider the backward implication. By the definition of an A-path in
our paper and A = A, an A-path is a path with only both ends in A. By the
definition of free group, if the weight of an A-path is non-zero, then there exist
some edges in such path and meet B.

By Lemma 5.1.3, an arbitrary orientation of G either has k vertex-disjoint A-
paths each of non-zero weight, or has a set of at most 2k — 2 vertices meeting all
such paths.

By Claim, G either has k vertex-disjoint ABA-paths, or has a set of at most

2k — 2 vertices meeting all such paths. O]

Proof of Theorem 5.1.2. By Lemma 5.1.3, it is easy to get (1). Since G\ X has
no ABA-paths, we can know that A = () or G\ X=®,(Go; Gy, - ,G,) such that
A CV(Gy) and BNV (Gy) =0, by Lemma 5.1.4. Let V(Gy) = Yy, V(G;) = Y;, we

are done. O

Let Go, Gy, - , G be mutually vertex disjoint graphs. A @®1(Go; Gy, -+, Gy) is

a graph obtained from UF_, Gy @1 G;.
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Lemma 5.1.5. Let G = (V, E) be a graph with two specified disjoint vertex sets A,
B. If G does not contain ABA-path, then either A = () or G=31(Go; G1,Ga, -+, G})
such that A C V(Gy) and BNV (Go) = 0.

Proof. There are three cases on the ABA-path.

Case 1. A= 0.

Case 2. B =1). Let Gy = G and G; = () such that A C V(Gy) and BNV (Gy) =
DNV(Gy) = 0.

Case 3. A # () and B # (). For any vertex b € B, there exists exactly one path
from b to A in G, since GG does not contain ABA-path. By Menger’s Theorem, there
is a separation (Hy, Hy) such that A € V(H;) and b € V(Hy) and V(H,)NV (H;) =
{c}.

By induction, H; = @&1(Go; Gy, -+ ,Gr_1). A CV(Gp) and BNV (Gy) = 0. Let
H, = Gy, such that b € V(Gy). There are three cases on c.

Case 1. ¢ is not in V(Gy), then ¢ € G, for some 1 < s < k — 1. Hence there
exists G U Hy containing b and V(G) N V(Gy) is a cut vertex to separate A to b,
we are done.

Case 2. ¢ € V(Gy) NV(Gy), for some 1 < s < k — 1, then there exists G; U Hy
containing b and c is a cut vertex to separate A to b, we are done.

Case 3. cisin V(Gy) and ¢ € G1,Gy, -+ ,Gi_1, then G = ®1(Go; Gy, - -+, Gy),

where BNV (Gy) = 0, we are done. O

5.2 Excluding a heavy path

In front chapter, we prove Theorem 4.1.1, which solved the problem of a char-
acterization on rooted graphs that do not contain a large nicely confined comb.
Alse, Theorem 4.2.1 solved the problem of a characterization on rooted connected

graphs that do not contain a large confined comb. In this section, our goal is to
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provide a characterization on rooted connoted graphs that do not contain a path
with many roots.

Firstly, we state with the definition of a construction of W.

Let Hy, Hy,--- , H; be mutually vertex disjoint rooted connected graphs, where
H; = (G, R;), for 0 < i < k. We define W(Hy; Hy,- -+, Hy) to be a rooted graph
(G, R) constructed as below:

(i) G is obtained from the disjoint union of Gy, Gy, -, Gy by first choosing

(not necessarily distinct) vertices vy, vg, -+ ,v; from Gy and then, for each

1=1,2,--- ,k, adding at least one edge from v; to G;;

(i) R=RyUR U-- U Ry.

Let G be a class of rooted connected graphs. Let \IJO(Q) = G and inductively,
V(G) = {V(Hy; Hy, -+ ,Hy) Hy € G and Hy,--- ,H, € U71(G) and t > 1} for
each k > 1.

We remark that U=1(G) C ¥'(G).

We denote Pla,b] as a subgraph of P with ends a, b.

Theorem 5.2.1. The following are equivalent for any class G of rooted connected
graphs.
(1) there exists an integer n > 0 such that no member of G contains a path with

n 1roots;

(2) there exists an integer k > 0 such that every member of G can be constructed
within k steps, starting from rooted connected graphs (G, R) with |R| <1, by

operation V.

To simplify the proof of Theorem 5.2.1, we first need to prove the following one
lemma. It proves that any two path containing maximum number roots must meet

in a rooted 2-connected graph (G, R).
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Lemma 5.2.2. Let (G, R) be a rooted 2-connected graph. If P, P? are paths with

n roots and there is no path with n + 1 roots, then V(P N P?) # ().

Proof. Assume that V(PN P?) = (). Since (G, R) is a rooted 2-connected graph,
so there are at least two paths L', L? between P! and P2. Let ends of P be a;, b;,
and let ends of L’ be v;,u; for i = 1,2,

There are two cases on n.

Case 1. n is an odd number. Without loss of generality, we set P[a;,v;] with
larger number of roots than P[u;,b;]. So the number of roots of rooted path
Pllay, u1|UP?[ay, up] UL? is at least (n+1)/2+(n+1)/2 = n+1, which contradicts
that there is no path with n + 1 roots.

Case 2. n is an even number.

Claim 1. P[a;, v;], P'[u;, b;] both have n/2 roots.

Otherwise, without loss of generality, we set P![a;, v;] has at most n/2—1 roots.
Then there exists a path with at least n+ 1, which is P'[vy, by] U L' U P?[vg, by]. Tt
contradicts the assumption that there is no path with n + 1 roots in (G, R).

Let ;1 be a root in P?[a;, v;] such that there is no another root in P*[r; 1, v;]. Let
7i2 be aroot in P'[u;, b;] such that there is no another root in P*[u;, r; »]. We choose
the minimal length among P*[ry 1, v1], P [u1, r1 2], P?[ra1, v2] and P?[rg ., us]. With-
out loss of generality, the length of P?[ry s, us] is minimum. And subject to that,
we assume that the length of P?[ryg,us] is as small as possible. Since (G, R) is
a rooted 2-connected graph, there exists one path L3 connecting P%[us, bo]\us to
P U (P*ag, us)\ug) U L' U (L*\uy). Let ends of L? be ty,ty, where t; € P2 There
are cases on the position of ;.

Case 1. t; € V(P?[rgz, us]). Then there are three cases on the position of .

Subcase 1.1. ty € V(P?).
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Without loss of generality, we set P1[ay, t5] as larger number roots than P1[ty, by].
By Claim 1, the number of roots of the path Pl[ay,t5] U L? U P?[t1, by] is at least
n/2+n/2+1=mn+ 1, which contradicts that there is no path with n + 1 roots.

Subcase 1.2. ty € V(L) or V/(L?).

Without loss of generality, t, € V(L'). We replace L' with L'[vy,t,] U L3, the
length of P?[rq1,t;] is longer than that of P?[rg;,vs], which contradicts the as-
sumption that the length of PQ[T2717 o] is minimum between one end L' and T12.

Subcase 1.3. ty € V(P?). We replace L? with L? U P?[uy,t;]. Since the length
of P%[ty,192] is smaller than that of P?[ug, 7], which contradicts the assumption
that the length of P? [ug, T22] is minimum between one end L? and r2.2.

Case 2. t; € V(P? [72,9, b2]\72,2. Then there are four cases on the position of t,.

Subcase 2.1. t, € V(P').

By Claim 1, t; € P'[r11,712)\r1.1\71.2. Then the number of roots of the path
Pllay, t5] U L3 U P?[ay, t1] is at least n + 1, which contradicts the assumption that
there is no path with n + 1 roots in (G, R).

Subcase 2.2. ty € V(L') or V(L?).

Then there exists one path P'lay,vi] U L'vy, o] U L? U P?[ag, t1] with at least
n + 1 roots, which contradicts the assumption that there is no path with n + 1
roots in (G, R).

Subcase 2.3. ty € V(P?[ag, us)).

Then there exists one path P'lay,v,] U L' U P?[vy, to] U L2 U L3 U P?[t;, uy] with
at least n 4+ 1 roots, which contradicts that there is no path with n + 1 roots in
(G, R).

Subcase 2.4. ty € V(P?[ug,r22]).
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We replace L? with L?U P?[ug, t5]. Then the length of P?[ty, 79 5] is smaller than
that of P?[ug, r9 2], which contradicts the assumption that the length of P?[ug, 73]

is minimum between one end L? and 7y . O

Proof of Theorem 5.2.1. From (1) to (2), let k = f(n) = (n—1) + (n —
1)(1/4xn*(n+1)*=9+ ((n—2)(n+3))/2. For any (G, R) € G does not contain a
path with n roots. We prove that (G, R) admits an expression as described in (2).

Firstly, we consider a rooted 2-connected graph (G, R) € G. Proof by induction.
For n = 2, we can obtain that 0 < f(2) = 1. Since G = ¥°(G) C ¥!(G). It means
that the assertion is true. Now let n > 2, and assume that the assertion holds for
rooted graphs that do not contain a path with n — 1 roots.

By Lemma 5.2.2; we notice that any two paths with maximum number of roots
must meet in a rooted 2-connected graph (G, R). Let P be a path with maximum
number of roots in (G, R), and then P has at most n — 1 roots. If P has less than
n — 1 roots, then the result follows from induction. So we assume that P has n —1
roots. Let A =V(P) and let B = R\V (P). Consider that ABA-paths, notice that
each ABA-path contains at least one root.

Claim 1. There are at most n?® vertex-disjoint ABA-paths in G.

By Lemma 1.5.4, if there are at least n® + 1 vertex-disjoint ABA-paths, then
there n of them such that they are either pairwise disjoint, or pairwise comparable,
or pairwise overlapping.

Suppose that there are n pairwise disjoint ABA-paths, let such pairwise disjoint
ABA-paths be Pt P12 ... PLn Tet ends of each P be py iy, p1s, for 1 <i < n.
Then P\U;_, P[p1,p1.,] is a path with at least n roots, which contradicts that

P is the path with maximum number of roots in (G, R).
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Suppose that there are n pairwise comparable ABA-paths. Let such pairwise
comparable ABA-paths be P!, P?2 ...  P%" Let ends of each P?" be pa;,,pa,-
Without loss of generality, P[ps,,p2,,] is a subgraph of P[ps; ,p2j,] for 1 <
j < i < n. Then there exists a path in P\P[pan,,P2n,], which is ., P?" U
Plpan—1,:D2.n-2,] U PlP2.n—2,, P2an—3,] U -+ U Plpaa,,p21,]. Such path has at least
n roots in (G, R), which contradicts the assumption that P is the path with the
maximal number of roots in (G, R).

Suppose that there are n pairwise overlapping ABA-paths Let such pairwise
overlapping ABA-paths be P31 P32 ... ' P3" TLet ends of each P? be ps;,,ps.,-
Then P\P[psn,,Ps1,] is the same as P\P[pa,,, Pan,]|. Similarly, there exists one
path with at least n roots in (G, R), which contradicts the assumption that P is
the path with maximum number of roots in (G, R).

By Claim 1, any rooted 2-connected graph (G, R) which does not contain a path
with n roots has at most n® vertex-disjoint ABA-paths.

By Theorem 5.1.2, V(@) admits a partition (X, Yy, Yy, -+ | Y;) where t > 0, such
that X of at most 2(n® + 1) — 2 vertices meeting all ABA-paths; A C X UY; and
BNYy=0,and for i =1,--- ,t, N(Y;) C X UYp and |N(Y;) N Y| < 1. There are
components C',C? --- of G\X\(V(P)N R). Every such component is the union
of one component of Yp\ R and some Y, for 1 < j <t¢. By Lemma 5.2.2, there is no
path with n —1 roots in such component. Let a; € V(P)N R be H{* such that a; is
adjacent with C'*,C'2 ... in G. Then Gla; UV (C'* UC'"2U--+)] is obtained from
U(H}; O, C - ) where O CP2 -0 € W/=D(G) by induction hypothesis.
After adding all vertices in V(P) N R to such components, let one vertex b; in
X be H{' such that G[b, UG' U ---] is obtained from W(HZ:G',---), where
Gl oo € W=D HO=1(G) Then |X|+n — 14 f(n —1) = f(n). The recursive

formula implies that f(n) =1/4 x n?(n+1)2 =9+ ((n — 2)(n + 3))/2.
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Secondly, we consider a rooted connected graph (G, R) € G. By Lemma 1.1.3,
there is a block tree T of G. For any two neighbor blocks without roots in Tg,
we can consider such two blocks as one block in T. Hence we create a new block
tree T¢, of G, we choose any block by of T¢,. Then every path from b, to a leave

in T¢, with at most n — 1 by,--- ,b,—1 and at most n — 1 b},--- ,b),_;, where the

n—1
corresponding block B; of b; which has no root, and the corresponding block B} of
b; which has at least one root, and V(B;) NV (B]) = ¢;. It is easy to show by = b; or
by = b}. Let us choose any one vertex ¢y in By, there exists a coci-path between cq
and ¢; in By. There must exist cjc;i-path passing at least one root in B, where
1 <j<n-—1and jis an odd number. Let us choose one root r; of B}. Then
there are two disjoint paths c;r;-path, c;;17;-path except r; to ¢;, cj41 separately.
Otherwise, it contradicts that any block is 2-connected graph. By the above proof,
we know if B} does not contain a path with n roots, then B. can be constructed
within f(n) steps, starting from a connected rooted graph with less than 1 root,
by operation W. For every rooted connected graph which has no path with n roots,
it can be constructed within k =n — 1+ (n — 1) f(n) steps V.

From (2) to (1), let n = g(k) = 2L Proof by induction. For k& = 0, we
can obtain ¢g(0) = 2. Since (G, R) € G satisfying |R| < 1, then (G, R) does not
contain a path with 2 roots. It means the assertion is true. Now, let £ > 0, and
assume that the assertion holds for rooted graphs that are constructed by k£ — 1
steps W. By induction hypothesis, any rooted connected graph in ¥*~1(G) does not
contain a path with g(k — 1) roots, where G is a class of rooted connected graphs

with at most one root. By the construction of the operation ¥, we can get that

2(g(k — 1) — 1) + 1 = g(k) — 1. The recursive formula implies that n = 281, [
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Let R = V(G), we can apply Theorem 5.2.1 to obtain Corollary 5.2.3. By the
definition of ¥(G), every member of G can be constructed within k steps, starting

from K5, by operation ¥ = & if R =V (G).

Corollary 5.2.3. The following are equivalent for any class G of connected graphs.
(1) there exists an integer n > 0 such that no member of G has a path of length

n as a subgraph;

(2) there exists an integer k > 0 such that G C ®*({K,});

5.3 Excluding a heavy path rooted minor
In this section, our goal is to provide a characterization on rooted connected graphs

that do not contain a path with many roots as a rooted minor.

Theorem 5.3.1. The following are equivalent for any class G of rooted connected
graphs.
(1) there ezists an integer n > 0 such that no member of G has a path with n

roots as a rooted minor;

(2) there exists an integer s > 0 such that G C ®%(Gy), where Gy = {(G,0) : G

is connected};

(3) there exists an integer h > 0 such that for every (G, R) € G, G = &(Gy; Gy,

-+ Gy), for some k € N where R C V(Gg) and Gy has no path of length h.

To simplify the proof Theorem 5.3.1, we first need to prove the following lemma.
It proves that any rooted graph contains a heavy path as a rooted minor if and

only if it contains either a heavy path or a large confined comb as a subgraph.

Lemma 5.3.2. Let (G, R) be a rooted graph. For any integer n > 0.
(1) If (G, R) contains a path with 2n roots as a rooted minor, then (G, R) contains

either a path with n roots or a confined comb of length n as a subgraph;
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(2) if (G, R) contains either a path with n roots or a confined comb of length n

as a subgraph, then (G, R) contains a path with n roots as a rooted minor.

Proof. (2) If (G, R) contains a path with n roots as a subgraph, then such path
is a rooted minor of (G, R); if (G, R) contains a confined comb of length n, then
such confined comb after contracting series edges in all its teeth is a path with n
roots, which is a rooted minor of (G, R).

(1) If (G, R) contains a path P with 2n roots as a rooted minor. Suppose that
(G, R) contains neither a path with n roots nor a confined comb of length n as a
subgraph.

Let (P, V(P)) be arooted minor of (G, R). There are at least n disjoint connected
subgraphs G, , Gy,, - ,G,,, such that each G,, contains at least one root. Let
V(Gy,NP) be {u;,v;}, and let r; be one root of G,,. Since G, is connected, so there
exists one w;v;-path in Gy,. If r; is in w;v;-path, then there are at most n—1 disjoint
connected subgraphs in G such that every u;v;-path containing r;. Without loss of
generality, such connected subgraphs G, G.,, -+ ,G,_1. If r; is not in the w;v;-
path, then there exists another path L! between r; and u,;v;-path in G,,. Therefore,

there are at least n such disjoint connected subgraphs G, ,G

vnias s Gy, In G
There exists a confined comb Z in (G, R) such that the shaft of Z is Ufin vjuj-path
and teeth set of Z is {L', L? --- L™} which contradicts the assumption that

(G, R) does not contain a confined comb of length n. O

Proof of Theorem 5.3.1. From (1) to (2), by Lemma 5.3.2 (2), if any (G, R) €
G does not contain a path with n roots as a rooted minor, then (G, R) does neither
contain a path with n roots nor contain a confined comb of length n as a subgraph.
By Theorem 4.2.1, if no member of G contains a confined comb of length n, then

there exists k& € N such that for every G C ®*(Gy), where Gy consists of rooted
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connected graphs (G, R) such that G = @9(Go; Gy, - -+ , Gy), where R C V(Gy) and
(Go,R) € P, for t > 0. For every member in G does not contain a path with n
roots as a subgraph , it means that (Go, R) € P contains a path with less than
n — 1 roots. By the construction of the operation ®, every (Go, R) € ®"1(Gy)
and then every G C ®*~1(Gy), where Gy is a class of connected graphs. Since
2(k+n—-1)—1>n, then s=n— 1.

From (2) to (3), for every (G, R) € ®%(Gy), where Gy = {(G,0) : G is connected},
let mutually disjoint subgraphs Hy,--- , H; of G such that H; € Gy. Let the neigh-
bor vertex set of H; in G be A;. We add missing edges between vertices in A; to
obtain a clique M;. Let G; be G[V (H;) U A;]UM,;. Let Gy = GUUL1 M;\ U§:1 H;.
By the definition of @, G = ®(Go; Gy, -, Gy). By the definition of operation &,
R C V(Gy), and Gy has no path with 2s roots, which means h = 2s.

From (3) to (1), let n = 2f491(f523(h)). By Lemma 5.3.2 (1), we prove that
(G, R) neither contains a path with fy21(f5.23(h)) roots nor contains a confined
comb of length f121(f523(h)) as a subgraph. Firstly, we prove that (G, R) does
not contain a path with fy21(f523(h)) roots as a subgraph. Since R C V(Gy)
and G does not contain a path of length h < fy21(f523(h)). By Corollary 5.2.3,
Go € ®23M () and then (G, V(Gy)) € ®/523(K|) where K| is a root. Since
(Go, R) € ®f523(1)(P). By Theorem 4.2.1, (G, R) does not contain a confined comb

of length fy21(f5.23(h)). -

Let R = V(G), we apply Theorem 5.3.1 to obtain Corollary 5.3.3.

Corollary 5.3.3. The following are equivalent for any class G of connected graphs.
(1) there exists an integer n > 0 such that no member of G has a path of length

n as a minor;

(2) there exists an integer s > 0 such that G C ®*({K;});
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(3) there exists an integer h > 0 such that for every G € G has a spanning

normal tree of height at most h.
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6 Excluding a Large Star

In previous chapters, we have seen several results involving large stars. In particu-
lar, Theorem 1.4.2 says that a characterization on excluding a large star as a minor.
Also, Theorem 1.5.2 says that a large star is one of the unavoidable induced sub-
graphs in a sufficiently large connected graph. Besides, Theorem 1.5.3 says that a
large star is one of the unavoidable subgraphs in a tree with many leaves. Further,
Theorem 2.1.1 says that a large confined star is one of the unavoidable induced
subgraphs in a sufficiently large rooted connected graph. In this chapter, we keep
on trying to find a characterization of rooted connected graphs excluding a subdi-
vision of a large nicely confined star as a subgraph. Unfortunately, we just provide
one conjecture on such characterization. Yet we provide the characterizations of
rooted connected graphs excluding a subdivision of a large nicely confined K 4,
K, 5 as a subgraph. Also, we state the characterization of rooted connected graphs

excluding a large confined star as a rooted minor.

6.1 One conjecture
We provide Conjecture 6.1.1, which characterizes rooted connected graphs that do

not have a subdivision of a large nicely confined star as a subgraph.

Conjecture 6.1.1. The following are equivalent for any class G of rooted connected
graphs.
(1) there ezists an integer n > 2 such that no member of G contains a subdivision

of a nicely confined K, as a subgraph;

(2) there exist integers d,s > 0 such that, for every (G,R) € G, G can be ex-
pressed as ©s(Go; Gy, - -+, Gy), where Gy contains R and dg,(x) < d for every
verter © of Go\R.
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For n = 3, a characterization of rooted connected graphs excluding a subdivision
of a large nicely confined K3 as a subgraph is Lemma 4.1.2. Let s = 2 and
d = 1, for every (G,R) € G, G = @®5(Go; Gy, ,Gy), where R C V(Gy) and
dg,(x) = 0 < 1 for every vertex z € V(Go\R). It means that Conjecture 6.1.1 is
true for n = 3.

In the following sections, we provide characterizations of rooted connected graphs
excluding a subdivision of a nicely confined K, as a subgraph, and we provide
the structure of rooted connected graphs without a subdivision of a nicely confined

K, 5 subgraph.

6.2 Excluding a nicely confined K, 4
In this section, our goal is to provide a characterization on rooted connected graphs
that do not contain a subdivision of a nicely confined K 4 as a subgraph.

Let (G, R) be a rooted connected graph. We call k-separation (G, Gs) of (G, R)
rich if dg,(z) > 2 for every x € V(G N Gq). Let V(G N Gs) = {1, 29, -+ , 21},

we denote G = G, Uf# x;x;, for an integer £ > 0 and 7 = 1, 2.

Theorem 6.2.1. The following are equivalent for any class G of rooted connected
graphs.

(1) no member of G contains a subdivision of a nicely confined K1 4 as a subgraph;

(2) for every (G,R) € G, G can be expressed as B3(Go; G, -+, Gy), where R C

V(Go) and dg,(z) < 3 for every vertex x in Go\R.

To simplify the proof of Theorem 6.2.1, we first prove the following lemmas. The
first lemma proves that for any rich 3-separation (G, G) of a rooted 3-connected
graph (G, R) excluding a subdivision of a nicely confined K4 as a subgraph,

(G3, R) does not contain a subdivision of a nicely confined K7 4 as a subgraph.
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Lemma 6.2.2. Let (G, R) be a rooted 3-connected graph. If (G, R) does not contain
a subdivision of a nicely confined K, as a subgraph, then for any rich 3-separation
(G, Gs) of (G, R), (G3, R) does not contain a subdivision of a nicely confined K

as a subgraph, fort > 4.

Proof. Assume that (G5, R) contains a subdivision of a nicely confined K, as a
subgraph. Let the center vertex of such nicely confined star be v and v ¢ R. Since
(G ®G3, R) does not contain a subdivision of a nicely confined K ;, which means
there exists at least one another independent path from v to R in G . Hence there
are at most two such independent paths and each path has one edge of xy,yz, xz
in G . There are two cases on the number of such independent paths.

Case 1. There exists unique one such independent path P! from v to R in
G5 . Without loss of generality, P! contains an edge xy. Since (G, R) is a rooted
connected graph, so there exists one path P? between z,y in G;. Hence there exists
an independent path P! U P?\xy from v to R in G} U G, which contradicts that
there is no a subdivision of a nicely confined K, in (G, R).

Case 2. There exist two such independent paths P', P from v to R in G3.
Without lost of generality, P’* has an edge xy and P’ has an edge yz. By the
definition of the independent path, y = v. Since (G, R) is a rooted connected
graph, so there exist two paths P’®, P"* between z,v, v, z in G;.

Claim. P and P™ are independent paths from v to z, z in Gj.

Otherwise, [P N P"| > 2. Let {v,u} C V(P® N V™). Let P! be a subgraph
of P with ends v,u, and P! be a subgraph of P* with ends v, u. If |P"3!| > 3
or |P"™| > 3, without loss of generality, let w € V(P"!) and w # v,u, then we
can separate w from R by deleting v,u in (G, R), which contradicts that (G, R)

is a rooted 3-connected graph. Hence |P"3!| = |P"™!| = 2. Since (G, R) is a simple
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rooted connected graph, so P"3! = P! = yu. Then dg, (v) = 1, which contradicts
that (G1,G>) is a rich separation of (G, R).

By Claim, P, P are two independent paths from ¥ to z, z in G4, respectively.
Similar to Case 1, there exist two independent paths P' U P"3\xy, P? U P"*\yz
from v to R in G1 UG5, which contradicts that there is no a subdivision of a nicely

confined K;; in (G, R). O

The second lemma is about determining non-rich 3-separation of a rooted 3-

connected graph.

Lemma 6.2.3. Let (G, R) be a rooted 3-connected graph. If there is no rich 3-

separation (G1,Gs) of (G, R), then G1 must be one of these following graphs:

FIGURE 6.1. G1,1,G1,2,G1,3

Proof. Let neighbors of x,y, 2z in G; be 2,1/, 2’. Since any 3-separation (G1, Gs)
is not rich, so there exists at least one vertex of V(G N Gy) such that its degree is
one in G. Without loss of generality, we assume that dg, (r) = 1.

Claim. dg, (') = dg, (') = dg, (Z') = 3.

Suppose that there exists at least one vertex of 2/, v/, 2z’ whose degree is not three
in Gy, without loss of generality, let dg, (z') # 3.

Suppose dg, (') < 2, which means there are at most two independents paths
from 2’ to R in (G, R), which contradicts that (G, R) is rooted 3-connected graph.

Suppose dg, (') > 4.

If there exists another vertex v rather than x,y, z,2’, vy, 2’ in G1, there are three
cases on the degree of y, z in Gj.

Case 1.1. dg, (y) > 2 and dg, (2) > 2.
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There exists a rich 3-separation (G1\zz', Gy + x2') to separate v from R, which
contradicts that there is no rich 3-separation in (G, R).

Case 1.2. dg,(y) =1 and dg, (2) > 2.

Then dg, (y') > 3, there exists a rich 3-separation (G \zz'\yy', G2 +z2'+yy') to
separate v from R, which contradicts that there is no rich 3-separation in (G, R).

Case 1.3. dg, (y) = 1 and dg, (2) = 1.

Then dg, (y') > 3 and dg, (2') > 3, we can find a rich 3-separation (G \zz"\yy'\ 27/,
Go+xx’ +yy' + 22') to separate v from R, which contradicts with the assumption
that there is no rich 3-separation in (G, R).

If there exists no vertex v rather than xz,y, 2, 2’,1y/, 2/ in Gy, then there are two
cases on neighbor vertices of ' in Gy.

Case 2.1. The neighbor vertex set of 2’ in Gy is {x,y, z,¢'}.

Then dg, (y) > 2 and dg, (z) > 2, there exits a rich 3-separation (G7\zz', Gy +
xa') to separate y' to R in (G, R), which contradicts that there is no rich 3-
separation in (G, R).

Case 2.2. The neighbor vertex set of 2’ in Gy is {x,y, v/, 2'}.

Then dg, (y) > 2 and dg, (2') > 2, there exists a rich 3-separation (G1\zz'\z2', Go+
xx’ + z2') to separate y' to R in (G, R), which contradicts that there is no rich
3-separation in (G, R). We are done with Claim.

By Claim, there are three cases on the degree of z,y, z in Gy, since (G, G3) is
a non-rich 3-separation of (G, R).

Case 1. dg, (z) = dg,(y) = dg, () = 1. By Claim, we can get the graph G; = G1;
described in the lemma.

Case 2. dg, () = dg,(y) = 1. By Claim, we can get the graph G = G5 described

in the lemma.
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Case 3. dg, (x) = 1. By Claim, we can get the graph G; = G13 described in the

lemma. O

The third lemma is about determining the degree of non-root vertex in a rooted
3-connected graph, which excludes a subdivision of a nicely confined K4 as a

subgraph, and does not contain a rich 3-separation.

Lemma 6.2.4. Let (G, R) be a rooted 3-connected graph. If there is no rich 3-

separation of (G, R), then dg(v) =3 for all v & R.

Proof. Since (G, R) is a rooted 3-connected graph, so dg(v) < 3 for all v ¢ R.

By Lemma 6.2.3, dg, (v) = 3. O

Proof of Theorem 6.2.1. From (1) to (2), for any (G, R) does not contain a
subdivision of a nicely confined K74 as a subgraph, we prove that (G, R) admits
an expression as described in (2).

Claim 1. If any 1-separation (G1,Gs) of (G, R) does not contain a subdivision of
a nicely confined K;; as a subgraph, then (G2, R) does not contain a subdivision
of a nicely confined K, as a subgraph, for ¢t > 4.

By Menger’s Theorem, if there exists at most one path from v ¢ R to R in G,
then there exits 1-separation (G, G3) to separate v from R, where R C V(Gy).

By Claim 1, we can separate all these kind of v from R successively, includ-
ing Gy11,G12, -+ ,G1y4,, to obtain (G, R) such that there is no 1-separation of
(G%, R) to separate non-root vertex from R in (Gj, R), for t; > 1. Then G =
©1(G1;G11,Gr, - Gy, ), where R C V(GY) and dg:(x) < 3 for every vertex
x € V(GT\R), for 1 <i <t;.

Claim 2. If any 2-separation (G, G3) of (G}, R) does not contain a subdivision of
a nicely confined K7 ; as a subgraph, then (G5, R) does not contain a subdivision

of a nicely confined K, as a subgraph, for ¢t > 4.
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Assume that (G5, R) contains a subdivision of a nicely confined K, as a sub-
graph. Let the center vertex of such subdivision of a nicely confined K;; be v
and v € R. Since (G7, R) does not contain a subdivision of a nicely confined Kj 4,
which means there exists another independent path P from v to R in G5 . There
exists one edge zy of P! such that zy in G5 . Since (G}, R) is a rooted connected
graph, so there exists one path P? between x and y in G;. Hence there exists an
independent path P' U P?\zy from v to R in (G}, R), which contradicts that P*
is another independent path from v to R in G than in (G%, R).

By Claim 2, we can separate all non-root vertices in (G;*, R) which has at most
two independent paths from it to R successively, including Gy, G3,,- -+ , G5, to
obtain (G3", R) such that there is no 2-separation of (G3*, R) to separate any non-
root vertex to R in (G5, R), for t, > 1. Then G} = @2(G5:G3,,G3,, -+ ,G3,,),
where R C V(G3") and dg+ () < 3 for every vertex x € V(G3"\R), for 1 <4 < 1.

By Lemma 6.2.2, (G5, R) does not contain a subdivision of a nicely confined
K14 as a subgraph, which means that every non-root vertex in (G3",R) has
at most three independent paths to R in G5*. We can separate all non-root
vertices in (G3*, R) to R successively, including G§,,G3,, -+ ,G5,,, to obtain
(G5T, R) such that there is no rich 3-separation in (G45*, R), for t3 > 1. Then
G5 = @3(G57, G, G, -, Gy ,).

By Lemma 6.2.4, dg.+(x) = 3 for every z € V(G3\R). Let Gy = G3". Then
G =®3(Go; G111, G114y, Go1y -+ ,Gaty, Gsa,y -+, G4,) where R C V(Gy), and
dg,(v) < 3 for every v € V(Go\R).

From (2) to (1), since dg,(v) < 3 for all v ¢ R, which implies (G, R) does not
contain a subdivision of a nicely confined K, 4 as a subgraph. Next we prove that

(G, R) does not contain a subdivision of a nicely confined K; 4 as a subgraph.
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Suppose that (G, R) contains a subdivision of a nicely confined K4 as a sub-
graph, let the center vertex of it be v, which means there exists at least another
independent path from v to R in G\Gq than Gy. There are three cases on k-sums
of connected graph and Gy to obtain G having another independent path from v
to R.

Case 1. There exists one 1-sum of G; and Gy such that GG; contains another
independent path P from v to R. It is impossible to find P, since v and R are both
in Gy, which contradicts that dg,(v) = 3.

Case 2. There exists one 2-sum of G5 and Gy such that Gy ©y G contains
another independent path P’ from v to R, where P = G5V (P')]. Let V(G5 N
Go) = {v1,u1}, so v;,u; € V(P"). Hence there exists another independent path
P\ P + vjuy from v to R in Gy, which contradicts that dg,(v) = 3.

Case 3. There exists one 3-sum of G3 and G such that G3U G| contains another
independent path P” from v to R, where P"' = G3[V(P")]. Let V(G5 N Gy) =
{vg, ug, t2}, so there are at least two of {vg,us,to} in P"'. If P"' exactly passes
two vertices, without loss of generality, such as wvs, us. Then there exists another
independent path P”\P"* + vouy from v to R in Gy, which contradicts there is
another independent path from v to R in Gg. If P” passes three vertices v, us, ta,
without loss of generality, P"' + vyts is a cycle in G5 U Gy, then there exists one
other independent path P”\P"' + vyty in Gy, which contradicts the assumption
that dg,(v) = 3.

Hence G = @3(Go; G1,Ga, -+, Gy) does not contain a subdivision of a nicely
confined K4 as a subgraph, where R C V(Gy) and dg,(x) < 3 for every = €
V(Go\R) if (Go, R) does not contain a subdivision of a nicely confined K4 as a

subgraph. O]
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6.3 Excluding a nicely confined star K5
In the last section, we prove Theorem 6.2.1, which solved the problem of a charac-
terization on rooted connected graphs that do not contain a subdivision of a nicely
confined K4 as a subgraph. In this section, our goal is to provide the structure
of rooted connected graphs that do not contain a subdivision of a nicely confined
K, 5 as a subgraph.

We say that two separations (G, G2) and (Hi, Hy) of G cross each other if
V(Gi N H;)\Vy # 0 for all 4, j, where Vo = V(G NGy N Hy N Hy).

Let (G, R) be a rooted connected graph, and let R C V(G) with |R| > 5 and let
Vig = {v € V(G)\R : dg(v) > 16}. We assume that Vig # 0.

A carving is a set C of 4-separations (G, Gz) of G with R C V(G5). We call
C complete if for every v € Vig, there exists (G1,Gy) € C with v € V(G;) and
[Na(w\V(G1)| < 2.

For n =5, we can get the following theorem.

Theorem 6.3.1. Let any class G of rooted connected graphs, no member of G
contains a subdivision of a nicely confined K 5 as a subgraph. Then for (G, R) € G,
G can be expressed as @15(Go; Gy, - -+, Gy), where R C V(Gy) and dg,(x) < 15 for

every vertexr x of Go\R.

Proof. By Claim 1 from Theorem 6.2.1, there exist Gi1,---,G1s, such that
G = &1(G};G11,G19, -+ ,G14) such that G does not contain any subdivision
of a nicely confined K5 as a subgraph and R C (7 . By Claim 2 from Theo-
rem 6.2.1, there exist G3,,--- , G5, such that G} = ®2(G5"; G35, G54, ,GT,)

such that G3" does not contain a subdivision of a nicely confined K5 as a

subgraph and R C G3. By Lemma 6.2.3, there exist G3,,---,Gy,, such that
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G5" = @3(G57; Gy, Gy, - -+, Gy ,,) such that G5 does not contain any subdivi-
sion of a nicely confined K 5 as a subgraph.

Suppose there is no v € Vi such that G5 has five independent paths from v to
R. Then there exists a complete carving C. Let us choose C such that:

(i) |C| is minimized;

(ii) subject to (i), the sum of |G1| over all (G, G2) € C is minimized.
For any two distinct members (G1, Gs), (Hy, Hy) of C, their relative positions

must be the following:

b
a o e
d R

FIGURE 6.2. two distinct (G1,G2), (H1,Hs) € C

Let [V(G1 N Gy)| = a+c+ e and |[V(H; N Hy)| = b+ ¢+ d, where R C
V(Ge N Hy). Since (G1,Gs), (Hy, Hy) are 4-separations of (G, R), which means
a+c+e=b+c+d=4.

By (i), for any distinct (G1, Gs), (H1, Hy) € C, there exists one separation (G U
H,y,Gs N Hy) has order at least 5, which implies ¢ +d+e >5and a + b+ ¢ < 3.
Otherwise, we can replace (G, G2), (Hy, Hy) with (G; U Hy, Go N Hy) to separate
any member of V5 from R, which contradicts that |C| is minimized.

Without loss of generality, we assume that a > b. There are five cases on a, b, ¢

Case 1. a # b. It means b+c+e < 3,since b+c+e=4—a+band a > b. By

the above proof, we know that a +b+c¢ < 3 and b+ ¢+ e < 3. By Lemma 6.2.2,
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Case 1 does not happen since the horizontal cut does not separate any vertex of
Vig from R.

Case 2. a =b =0 and ¢ < 2. Case 2 does not happen since the two separations
do not cross.

Case 3. a =b =1 and ¢ = 0. We can replace the vertical cut to improve (ii).

Case 4. a = b =1 and ¢ = 1. We can replace either the vertical cut or the
horizontal cut to improve (ii).

Case 5. a = b =0 and ¢ = 3. Then these two separations cross. So modulo these
3-separations C is cross-free. So we created a new C’ such that if there exist three
members of the cut of every separation (Gy,Gsy) € C is the cut of 3-separation
(G11,G21) of (G, R), then we create a new separation (Gy + G11,G2 + G11) se-
quently. By Lemma 6.2.2, any separation in C’ has order at most 4 + 3 x 4 = 16.

Claim 1. C’ is cross-free.

There are two cases on the relationship between two distinct (Gy, Ga), (Hy, Hy) €
C.

Case 1. (G1,Gs) and (Hy, Hs) are crossing. By Case 5, we know that the relative
positions of them are a = 0,0 =0,¢c = 3.

If any 4-separation (Gy,Gs) of (G, R) satisfying a = 0,b = 0,c = 3, and we can
obtain a new separation (G; U G11,G3 U Gy4) if there exists three members of
G1 N Gy satisfying those are the cut of 3-separation (Gy1,G21) of (G, R).

We can obtain a new separation (G, G) such that G} = G1+G11+G12+-- -+
G, Gy = Go UG UG U -+ UGy, if there exists three numbers of Gp N Gs
satisfying those are the cut of 3-separation (Gt Gat) of (G, R), for t < 4. By
Lemma 6.2.2, |G} N G| is at most 4 + 3 x 4 = 16.

Similarly, we can obtain a new separation (H{, H)) from (H;, Hs).
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Then (G, G%) and (Hj, H}) are uncrossing. By Lemma 6.2.2, the new horizontal
cut and the new vertical cut do not separate any vertex of Vi5 from R, since the
degree of any vertex in new horizontal cut or vertical cut is at most 2 x (3 + 3 —
1)+4=14.

Case 2. (G1,Gs) and (Hj, H}) are uncrossing. Similarly to Case 1.

By Claim 1, we can separate any vertex of Vi5 from R by any member of C’, we

are done. O

6.4 Excluding a large confined star rooted minor

In the last chapter, Theorem 5.3.1 says that a characterization of rooted connected
graphs that do not contain a heavy path as a rooted minor. In this section, our goal
is to provide a characterization on rooted connected graphs that do not contain a

large confined star as a rooted minor.

Theorem 6.4.1. The following are equivalent for any class G of rooted connected
graphs.
(1) there exists an integer n > 2 such that every (G, R) € G does not contain a

confined K, as a rooted minor;

(2) there exists an integer k > 0 such that every (G, R) € G can be constructed
from a graph Gy on at most k edges by subdividing some edges to obtain

G1, and then clique-summing graphs to G1 to obtain G and finally setting
R CV(Gy).

Proof. From (1) to (2), let kK = fi.42(n). Let H be the graph with V/(H) = R and
E(H) = {uwv: if there exists a R-bridge containing u,v in G}. By the connectivity
of G, H is connected. By Lemma 1.1.1, there exists a spanning tree 17" of H.

Claim 1. T has at most n — 1 leaves.
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Otherwise, there are at least n leaves in T', let the leaves set be {x1,z9, -+ , 2},
for ¢ > n. Hence there exists a rooted minor (F, Q) of (G, R), where F' is the union
of R-bridges of all edges from T and @ = {x1, s, -+, x;}. Since the connectivity
of tree, it is obviously to know that F' is connected and |@| > n. Since (F, @) has
(K14, @) as a rooted minor. By Lemma 1.2.1, K, is a minor of G and (K4, Q)
is a rooted minor of (G, R), which contradicts the assumption that there is no a
confined K, as a rooted minor of (G, R).

Claim 2. H is a connected simple K ,-free graph.

By Claim 1, there is no n leaves in any spanning tree of H and H is a simple
graph, since GG is a simple graph.

By Theorem 1.4.2 and Claim 2, there exists a function f42(n) such that H
is a subdivision of a connected simple graph Gy on fewer than f;42(n) vertices.
And Gy = H, and G = &(G1; Hy,- -+, H;) where each H; is an H-bridge and
R=V(Gy).

From (2) to (1), let n = g(k) = k* + 1. Since every connected simple graph with
k vertices has no more than k(k —1)/2 edges. G is obtained by subdividing edges
of Gy, G is obtained by clique-summing graphs to G;. Let T be a tree in G and
L be the set of leaves of Tz such that L C R. Let x;y;-path in G by subdividing
each edge x;y; of Gj.

Claim 3. There are at most 2 leaves of T¢; on each path z;r; 1752 - - 7;4,y; rather
than x;,y; in G.

Suppose that there are at least 3 leaves r,, 1y, 7. of T on some path xyri7rs - - - 71
in G, where 1 < a < b < ¢ <t. Since G is obtained by clique-summing G4, - - , G,
to G, then G\r,\r. is splitted G into two disjoint subgraphs Hy, Hy, H; is a path
Tat1Tas2 " Te1 by clique-summing graphs Gy, -- -, and Hy = G\ H;\r,\r.. Since

any tree deleting leaves is connected, so Tg\r,\7. is a subgraph of H;. By the
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construction of Hy, Hy\r, is not connected. If T\, \rp\r. is a subgraph of one of
disjoint subgraphs Hj 1, Hy o of Hi\ry, which implies that T¢ is the subgraph of
G[V(Hy1) Ur, Ump), then 7. is not a leaf of Ti;. It contradicts that r. is a leaf of
Te.

There are at most k(k — 1)/2 edges and k vertices in Gy, by Claim 3, any tree
in G with at most k(k — 1) + k leaves in R. If n = k* + 1, then (G, R) does not

contain a confined K , as a rooted minor. O
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