














Figure 3 (con’t)

The second graph shows that the line is very close to a horizontal line for moderate values of x.
However, only the first and the third graph are good representations in the sense that they contain

enough detail to be able to reconstruct the algebraic form of the line.

Example 4: For every thousand feet above sea level, the temperature drops 3.6°F (Cook). If the

temperature at sea level is 80°F, answer the following questions.

(a) Write a function rule to describe the situation.

(b) Create a function table, using integers, with the rule to show the temperatures at five other

heights above sea level (the change in temperature is different for below sea level).

(c) Graph the function on a coordinate plane.

(d) What is the height above sea level at freezing?

(e) What is the temperature at 33,000 feet above sea level (the average altitude of a traveling
plane)?
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Solutions:

(@) f(x)=80-3.6x D =0, 40] and R = [-64, 80].

The beginning of the domain is 0 (in thousand feet) because the temperature change when you go
below sea level is a different function compared to above sea level We assume that an
appropriate domain value may go up to is 40,000 feet (most transatlantic flights travel between
30,000 and 40,000 feet above sea level at their maximum elevation). If the domain is at its
maximum value, the range would be at -64°F while if the domain is at its minimum value, the
range would be 80°F. Above 40,000 feet, the temperature function may not behave the same
anymore and the rule may differ from the one above that holds when one is close to the Earth’s
sea level. In this context one may discuss with the students that the rule is certainly not true for
values of x above 150,000 feet because then, according to the rule 80-3.6x, the temperature
would be below 460° Fahrenheit. This, however, is an impossible temperature since it is below

absolute zero which is at 0 Kelvin, -459.67° Fahrenheit, and -273.15° Celsius.

Table 2
(b) Height Temperature
f(x) = 80 — 3.6x
(in thousands of feet) (in °F)
0 80 — 3.6(0) 80
0.25 80 —3.6(0.25) 79.1
1.5 80 — 3.6(1.5) 74.6
6 80 — 3.6(6) 58.4
10 80 — 3.6(10) 44

29



(C) 100

n -
2 =4

0
(in tHopearidd df e\a

1>
n

degrees Fahrenhelt

N
th

-
]

Figure 4

(d) The temperature at freezing is 32° Fahrenheit. In order to find the corresponding height,

we have to solve the linear equation 32 = 80 — 3.6x. This gives us that it is at
X = 13% thousand feet

where we will find freezing temperatures. That is, if it is 80°F at sea level, then it will be freezing

when the height above sea level is above 13% thousand feet.
(e) f(33) =80 — 3.6(33)=-38.8°F

Thus, according to the rule, if the temperature at sea level is 80°F, then at 33,000 feet above sea
level, the temperature is a negative 38.8 degrees Fahrenheit. This is the height about which a

plane on a transatlantic flight travels.
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Exercise 1

Directions: Give a numerical, verbal, and visual description for each of the following functions

using the domain or domain subset values of {-2, -1, 0, 1, 2}.

1. f(x)=3x-2
2. fX)=%x+4

3. f(x)=-2x+1

Directions: Translate each linear function written into the explicit form y = mx +b form and give
a numerical, verbal, and visual description. Describe the domain and the range space for each

function.

4. 3x—2y=-16
5. x—3y=6

6. 6x+5y=15

Students should be able to determine if certain points satisfy the equation defining a line given

by Ax + By = C or y = mx +b. This is known as verifying the solution.

Exercise 2

Directions: Find at least two pairs of integers (X, y) that satisfy 2x + 4 y = 10.

Exercise 3

Directions: (a) Verify if the point (-1, 5) is on the line -4x + y = 1.

(b) Find two additional points that do lie on the line and one point that does not.
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(c) Graph the line on a coordinate plane.
Exercise 4

You are looking for integer solutions of the equations (i) 3x —y =0 and (ii) 3x —y = 1. Find the

domains and range spaces of the resulting functions.

Since a linear function f(x) = mx +b is defined uniquely by the two unknowns m and b, one
needs two equations to determine these two unknowns. These two equations can be found if two

points are given that lie on the line defined by the linear function f.
Exercise 5

If you are given the points (1, 2) and (3, 5) then the line L that connects these two points is given

by f(X) = mx + b. Find m and b.

Solution: Since (1, 2) and (3, 5) are points on the line, it follows that2=m + b and 5=3m + b.

Subtracting the first equation from the second yields 3 =2morm = % Substituting m = % into the

first (or second) equation, yields b = % Thus the line that connects the two points is given by the

function f(x) = 1.5 x + 0.5.

Let P; = (X1, Y1) and P, = (X2, ¥») be points on a line, y = mx +b. This leads to the system of

linear equations with unknowns of m and b.

yi=mx;+Db

yo=mx; + b

Subtracting the second equation from the first gives

32



Yo — Y1 = MXp — mMXy = m(X2 — Xyp),

Y2— V1
Xp—Xq

or m==-——m

Substituting this into the first (or second equation), the results are

y1= (Lyi) X1 + b,

X2— X

— )1
xl) X

or b= yl(

This gives the formula of the line as

Y=
y= (x_x)X+y ( ) = (X X1) + Y1,
or Y—Y1‘ (X xy), or I =22" 1 (two point form).

X— X1 X2—

3.3 Rates of Change

The rate of change of a linear function is the slope, or tilt, of the line — a ratio of a line’s
rise to its run. More precisely, let (X1, y1) and (X2, y2) be two points on a line y = mx + b. Then

the quantity y, — y; is called the rise of the line, the quantity x, — X; is called the run of the line,

and the slope of the line is defined as

rise _ Y2-y; _ (mxy+b)— (mx1+ b)

slope =
run Xo— X1 X2— X1
— mxz;—mxq, _ m(xz— X1)
X2— X1 X2— X1
= m.
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The fact that the ratio % is always the same for any two points on a line L can also be seen

from the facts we know about similar triangles. Triangles can be drawn between any points on
the graph and they are similar. As students can recall, similar triangles are proportional, meaning

their corresponding sides all have the same ratio.

Example 5: If you are given the points (1, 2) and (3, 5), we have to find the slope of the line that

connects the two points.

rise -
slope = — = 22-21

run Xo2— X1

/

3 slope:
i risefrun = 3/2

r_

Figure 5

First, we determine the coordinates (X1, y1) and (xz, y») of the given points. The first point is given

as (1, 2). Thus, we have that x; = 1 and y; = 2. For the second point, (3, 5), X, =3 and y, = 5.

Next, using the slope formula, and inputting the numbers from the coordinates gives,

_ rise 5-2 3
slope=—= —= =
run  3-1 2

A slope of % means the line that passes through the two points, (1, 2) and (3, 5), rises 3 units for

every 2 units it runs.
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To see it with similar triangles:

slope: 9/6

/

If one triangle, with hypotenuse endpoints of (1, 2) and (3, 5) has a slope of % and another, with

Figure 6

hypotenuse endpoints (X1, y1) and (X2, y2) has a slope of % = 3:2'—“ then this ratio will

27— X1

reduce to % making the two slopes equivalent.

14& ¥z)

-----------

Y2-yq
Ian Xo— X1
Ase/run = 3/2

+

Figure 7
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Now that we know y = Zx + b, we can find b. Since (1, 2) lies on the line, we can replace x with
1 and y with 2 to solve for b. Thus, the equation for the line y = %x + b leads to the equation 2 =

%(1) +bor % = b. We now have the slope, m = % and b = % to write the equation of the line as
=303

As we have seen in the example above, given a line in the explicit form,
y=mx +b,

the meaning of the constant, m, is the “slope.” That is m = 3:2_—21, for any two points (X1, Y1), (X2,
27 A1

y2) on the line y = mx + b. But what is the meaning of b? Clearly, if x =0, theny =m(0) +b =
b. That is, the point (0, b) is on the line y = mx + b and defines the point where the line crosses
the y-axis. For this reason, the constant b is called the y-intercept and the equationy =mx + b is

called the slope-intercept form of a line.

In general, given two points (X, y1) and (X2, y») that lie on the line defined by y = mx + b,

then

m = slope = yz‘_yl’

Xo— X1
— (Y2-y
ory= (Fxll) X+ b.

Then, in order to find b, we plug the coordinates (X1, y1) into y = mx + b to find b. This yields

yZ—yl

y1=( ) X1+ Db,

X2— X1
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orb=vy; - (2 yl)

By substituting the above formula into y = (i’z'—fcl) X+b, wegety= (i’z‘—?) X+ VY- i’z‘—? ,ory
27 A1 27 A1 27 A1

yZ y1
o (X—X1) +y1,0r

y=m(X—Xp) +Vy1
Thus, given a point (X;, y1) that is on a line and the slope m of a line, then the “point-slope” form
of aline is givenas y =m(x — X1) + y1.

A line can have a positive, negative, zero, or undefined slope. The slope between points
on a linear function will always be the same, no matter which two points you choose, it should

always reduce to the same slope.

Example 6:

positive slope slope-intercept form:

2
y=-x+3
P, =(-3, 1) ~ 3
" oint-slope form:
P2 - (3a 5) Slope: 213 p p
- 2
=-(x+3)-1
m = g b=3 y=3 )
two-point form:
y-1 5-1
x—(-3)  3—(-3)

standard form:
2x -3y =-9

Figure 8
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negative slope

P1=(-1,5)
P,=(0, 2)
m=-3,b=2

zero slope (horizontal line)

P1=(-5, 3)
P2: (-2, 3)
m=0,b=3

undefined slope (vertical line)

P1=(-3, -2)

Pz = (-3, 4)

3 Slope: -3

\

\

Figure 9

Slope: 0

Figure 10

two-point form:

y-3 _ 3-3
x—(=5) —2—(-5)

standard form:

y=3

standard form:

X =-6

i Slopg undefine

d

Figure 11
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Example 7:  What is the slope of the line defined by the equation 2x + 3y = 15?

There are two ways to find an answer. The first one is to find two points on the line, like the y-

intercept, P; = (0, 5) and P, = (3, 3). Thenm = i’z‘_yl = _?2 and therefore y =—2x—5. The

2= X1 3

second way is to solve for y; that is
3y =-2x + 15, or y:_?x+5.
This also yields that m = _?2 and b =5.
In the equation, 2x + 3y = 15, it takes solving the equation for y to be able to find the slope.

2x+3y =15

Example 8: If we study the graph below, we can see that it has a negative slope and it appears
that the points (19, —16), (=7, —10) are on the line. We can use the two points to write the two-

point form of a line:

Figure 12

To determine the slope, we can find the difference in the y-values (rise) and divide it by the

-10-(-16) 6 _ 3

difference in the x-values (run) and obtain m= = :
-7-19 26 13

39



Using the point-slope form of a line, we gety = — 13—3 (x-19)-16o0ry= —%x + %— 16 = —13—3x

o3y 112 Thus, the y-intercept is at (0, -113).
13 13 13 13
Exercise 6

Give examples in which it is more convenient to use the following line types:

a. two-point form of a line

b. point-slope form of a line

o

slope-intercept form of a line

d. standard form of a line

Example 9: Students can plot the y-intercept of a line then use the slope to find the next point to

be able to create a line.
Draw a line that has a y-intercept of 3 and a slope of -2.

Start with the y-intercept of 3. Plot it on the y-axis. From (0, 3), move down two units on the y-
axis and right 1 unit. Place another point on the graph. From this point, you can continue

moving down two units and one unit right to place more points. Connect the points to create a

\

\ v-intercept =3

\

\

Figure 13

line.
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Example 10: Graph a line that is written as x + 5y = -15.

One way to do this is to find two points on the line, like the intercept (0, -3) and the point (5, -4)

and to connect them with a ruler. A quicker way is to translate the standard form into slope-

intercept form: x+5y=-15
oy =-x-15
y=-— 2X-3

5

y-intercept = -3, slope = _g

(0, -3) 5. 4)

Figure 14

This tells how to graph the line. Start at (0, -3) and now go five to the right and down one.

Clearly we could have chosen the first point to be (1, —%) and the second point would be (7,

- %), but then plotting these points (and the line) would have been not the easiest task being the

y-values are not integers.

The easiest way to plot a line, if given in standard form, is to find the x- and y- intercepts. For

example, if x + 5y = -15 then,
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P; = (-15, 0) is on the line (x-intercept) and
P, = (0, -3) is on the line (y-intercept).

Now this line can be obtained by connecting the two points with a ruler.

(0,31

X+y=-1 Figure 15

When lines have the same slope, they are considered to be parallel. For example, the lines y = 3x
+ 4 and 6x -2y = -8 are parallel because the slope of both lines is 3. Also, %x — %y = %and 3X

+ 3y =9 are parallel because they both have the slope of -1.
3.4 Models, Technology, and Graphing Calculators

Below are some online graphing calculators for use on classroom interactive white
boards. Some are better than others; some allow for changing of the scales of the window, some

allow for plotting only points while others allow linear or trigonometric equations.

http://itools.subhashbose.com/grapher/

http://www.shodor.org/interactivate/activities/Graphit/
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http://www.fooplot.com/#W3sidHIwZS16MCwiZXEiOiJ4XjliLCJjb2xvcil6liMwMD
AWMDAIfSx7InR5cGUIOJEWMDB9XQ--
http://go.hrw.com/math/midma/gradecontent/manipulatives/GraphCalc/graphCalc.ht
ml

http://illuminations.nctm.org/ActivityDetail.aspx?1D=82

Classroom teachers should be able to make their own decision on calculator use in their
classroom. Students should begin the graphing of linear functions by hand on a coordinate plane
as to learn the how-to and why things look the way they do. After students grasp the concepts
involved in graphing, they can then move on to learning and using a graphing calculator. Also,
learning how to manipulate the graph of a line on a calculator, students know how to adjust the
scales on the axes to see a proper graph, zoom-in/out, trace the graph to find out exact
coordinates, and many other features. Eighth grade students should be comfortable enough with
a scientific calculator to use it properly but a graphing calculator will take some teaching and
practice to become proficient with it and feel comfortable in completing assigned tasks on their

own.

Each online graphing calculator works differently, allowing for many different final

representations. The graph below is what one online graphing calculator shows as the graph of y

= x—i3 if the x-window is set to be [-6,6] and the y-window as [-4,4].

We need to remember that these
scales are not the domain and the
~range. The domain of this graph
=1 cannotinclude 3. At the same
' time, the range cannot include 0.

Figure 16
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In fact, with the restriction that the x-values are between -6 and 6 and the y-values are between -
4 and 4 (i.e., the range space is [-4, 4]), the domain of the function is the union of the interval
[-6, 2.75] and the interval [3.25, 6]. By simply adjusting the setting for the scale of the x- and y-

axis, it can look like you are seeing different graph.

This shows that calculators
are great tools for
discussion and to deepen
students understanding of
the concept of domain and
range by just adjusting the
scales of the axes.

[N]
w
S

TN

3.5 Nonlinear Functions

Figure 17

Nonlinear functions are functions whose graphs are not a subset of a straight line. Equally, a
function y = f(x) is not linear if it cannot be written in the form Ax + By = C. Below are
examples of some nonlinear functions. We graph these function using tables and either a

graphing calculator or online graphing calculator. Draw a sketch of the graph.

44



Example 11: y=3x°+1

Figure 18

Exercise 7

Directions: Look at the table and use what you know to determine if it is a linear function. Be

sure to explain your answer.
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Table 3

X |1y
1 3
2 5
3 9

Example 12: Look at the function y = 2x. Use the input of 2 first. For the second input, take the
output from the input of 2. Continue this pattern. Is the graph a linear function? Draw a

function table to complete the first five inputs and outputs.

X |Y

2 |4 »
4 |8

8 |16

16 | 32

32 | 64 /

Figure 19

Solution: The graph is a linear function although the numbers 2, 4, 8, 16, 32, 64... grow
exponentially. In contrast, let us do the same for the nonlinear function y = 2*. Again we use the
input of 2 first. For the second input, we take the output from the input of 2 and continue this

pattern. Then we get the numbers 2,4,16, 2'°= 65,536, and then 2°°°%® > 1019728 which is a
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pretty large number with more than 19,729 decimal digits (see Figure 1.5.c below). As one can

see, linear functions can grow fast, but exponential functions can grow much faster.

Figure 20

The Tangent Line - The word tangent is derived from a Latin word meaning “touching.” That is
exactly what a tangent line does; it touches the graph of a smooth curve at a point on the curve.
But is a parabola, really a curve and not a line? This seems to be a silly question, but if we take a
closer look, locally, functions like y=x* appear to be straight although this is a nonlinear function
(because x has a power higher than one). At any point on the parabola, you can draw a straight
line touching the graph at that point - the tangent line. The curved parabola, when looked at
close enough, will begin to resemble this straight line and will look just like the tangent line.

The graphs are zoomed-in on x=1 to show the gradual straightening of the graph of the curve,

along with the tangent line, passing though (1, 1).
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Example 15: Below is an example of how the parabola can almost appear (and at one point is) to
be a straight line, similar to the linear function of the tangent line passing through (1, 1). Shown
are the settings changed on the x- and y-axis to be able to see how the line can appear to be a

straight line, like the tangent line. y=x?andy =2x—1

-24

Settings: x-axis: -12 to 12, y-axis:-24 to 24

Settings: x-axis: -3 to 3, y-axis:-2t0 6

1

Settings: x-axis: -2 to 2, y-axis:-2 to 3

Settings: x-axis: -0.5 to 2, y-axis: -1 to 2
Figure 21

48



Settings: x-axis: -0.5 to 2, y-axis: -0.5t0 1.5

Settings: x-axis: 0.5 to 1.5, y-axis: 0.5t0 1.5

=

/

Settings: x-axis: 0.9 to 1.1, y-axis: 0.8 to 1.25

Figure 21(con’t)

3.6 Arc Length

An arc is a part of the curve of a circle or, more general, any piece of a graph of smooth
nonlinear functions such as higher order parabolas. As in the picture below, we can use the
lengths of the line segments close to the curve to approximate the value of pi, which is the ratio

of a circles circumference to its diameter or the arc length of a semicircle of radius 1.
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In the first figure, we bisected the two right angles formed to create four 45-45-90
triangles. Each leg of the new triangles is denoted by “a.” The bisector line, denoted by the
dashed line, has a length of one. To find the length of “a”, we use the Pythagorean Theorem to

solve.

Figure 22

We can use the length of “a” to approximate the length of the semicircle, or arc. The
process of approximating the arc length using lines is called linear approximation. If we take the
length of “a”, multiply if by 4, we get an approximation of 2v/2 or about 2.83. It is clear from
the picture that this is not a good approximation of pi, but, at least we know now that pi is
between 2.83 and 4 (that is, the arc length is clearly less than 4 which is the distance traveled

going from (1,0) to (1,1) to (-1,1) to (-1,0)).
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Figure 23

We can approximate it even closer by making more and more lines that are closer and

closer to the actual curve. If we create a line connecting the midpoint of the part of the

semicircle in located in just quadrant I to (1, 0), we can find the length of the line created, or the

new hypotenuse, “b”.
a2 + b2 = 2
V2

(D + -2 = b

0.765367.....=b

|

8]

(112) V172)
] b
b LW
Jak2) J(2)
i N(12) JARY e

Figure 24

Thus, the approximate length of the semicircle arc is 4b = 3.06147..., which is already much

closer to what we know as the standard approximation of pi, namely 3.14159.....
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To get an even closer linear approximation of the arc length of a unit semicircle, we can divide

the original two 90° angles into each three 30°-60°-90° triangles (a total of 6 triangles).

Figure 25

In this 30°-60°-90° triangle, the length of the hypotenuse is 1 which makes the leg across the 30°
angle to be % To approximate the length of the arc, multiply% by 6 to get a length of 3. Thisisa

smaller approximation as before but we can create an even smaller triangle to be able to help

with approximating the length of the arc.

In the figure below, we create a smaller triangle. By using the Pythagorean Theorem, we find

the length of “d” as v 2 — /3 or about 0.517638..... When we use this estimate to approximate

the length of the semicircle arc, we get a value of about 3.10583.... .
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1+ 3) 12

Figure 26

At the middle school level, estimating the value of pi more accurately using angles is
challenging because students do not know yet how to find the sin and cos of arbitrary angles.
However, students know already the Pythagorean theorem and, therefore, they know that all

points (X, y) on the unit circle satisfy the equation
x2+y?=1.

To get a better estimate we consider the following points on the upper quarter circle

o0 (L 47) E27) 24 (£ o

Computing the length of the line segment between (0,1) and G%\/ﬁ) gives

\/L+ (1- %m)z =0.201018...... .

25

Computing the length of the line segment between (é%\/ﬁ) and @%\/ﬁ) gives

1 1 1 z -
\/E +(3V24-1V2) = 209772.....
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Computing the length of the line segment between (é%\/ﬁ) and (gg) gives

Jl + G\/H—g)z = 231464.... .

25

Computing the length of the line segment between (zg) and (gz) gives

1
SV2=0282843..,

And finally, computing the length of the line segment between GS) and (1, 0) gives

1
g\/E = 0.632456......

Thus, the arc length of the upper right quarter circle can be approximated by the sum s of
the lengths of these line segments which is s = 1.55755..... Thus pi, the arc length of the

semicircle, can be approximated by 2s =3.11511..... .

More generally, a nice project for advanced students is to derive the following. If one
divides the interval [0, 1] in n pieces of equal length then one obtains the points i/n where |

ranges from 0 to n. This yields the n+1 points

on the upper right quarter circle for i between 0 and n. Computing the sum s of the distances

between these points leads to the formula that s is the sum of the expressions
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F

\/1—;—22—\/1—71—12(1“)2]2,

where i ranges between 0 and n-1. Thus 2s approximates pi — and the following are the results

for different vales of n:

Table 4
n 4 5 6 7 8 9 10 11 12
2s | 3.1045 | 3.11511 | 3.12147 | 3.12564 | 3.12854 | 3.13066 | 3.13226 | 3.13351 | 3.1345
Table 5
n 33 50 100 120 150 200 300 500 1000
2s | 3.14004 | 3.14076 | 3.1413 | 3.14137 | 3.14143 | 3.14149 | 3.14157 | 3.14157 | 3.14158

Similarly, if we take y = x?, we can find the approximate length of the arc of the parabola

fromx=0tox =4.

Figure 27
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We can start by taking the distance from the starting point (0, 0) and the ending point (4,

16). The distance is V162 + 42 or about 16.5. But, if we break it down smaller, using the

integer points we know, we can get a more accurate measure.

(4,18)

10 3

4 -

2] (1

Figure 28

Starting with (0, 0) and (1, 1), we can find the distance to be v2 or about 1.4. From (1, 1)
to (2, 4), we find the distance to be +/10 or about 3.2. From (2, 4) to (3, 9) we can find the
distance to be v/26 or about 5.1 and the distance from (3, 9) to (4, 16) to be +/50 or about 7.1.
The approximate length of the arc of the parabola from (0, 0) to (4, 16) is then

approximatelyy/2 + V10 + 26 + /50 , which is about 16.7466.... .

As above, the estimate can be improved if we divide the interval [0,4] in n pieces of length 1/n
and consider the n+1 points

4i 16i%?
n’ n?

that lie on the parabola for i between 0 and n. Then the distance between one point and the next
IS

2 —_
n2 nz) +

16(1+0)? 162 16
( - n2
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If one computes the sum s of these distances for i between 0 and n-1 one obtains the following

table approximating the arc length of the parabola for x between 0 and 4:

Table 6

n 4 5 8 16 32 64 128 256 512

s |16.7466 | 16.7691 | 16.7981 | 16.8135 | 16.8173 | 16.8183 | 16.8186 | 16.8186 | 16.8186

3.7 Inverse Functions

In calculus an inverse function is defined as “Let f be a one-to-one function

Table 7

with domain A and range B. Then its inverse function f * has domain B and range
0 3

A and is defined by f(y) = x &f(x) = y.” (Stewart 65) For a middle school
1 4

student, this is a pretty confusing definition of what an inverse function is. So to
2 5

simplify it for middle school, we define the inverse of a linear function f as the
3 8

function g that is obtained by reading a table for f from right to left.
4 7

As an example consider the function f(x) = x+3 and its function table.

Then the inverse rule g going from right to left is g(x) = x-3. That is, if we take a number x
and apply the rule f then we get a new number, namely y = x+3. Now if we take this number and
plug into the rule g then we must subtract 3 from y, and thus we end up with x, the number we
started with. That is, if we start with a number and first apply f and then g then we end up where

we started.

In the graph below (Figure 1.6.a), what do you notice about the two graphs of the linesy = x + 3

and its inverse y = x - 3, in relation to y = x (the dashed line)? The students will notice that the
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lines,y =x + 3and y = x — 3, are parallel lines that are equidistant from y = x, meaning that y =

x is a line of reflection fory=x+3and y = x — 3.

Figure 29

Exercise 8

Directions: (a) Using f(x) = %x + 2, create a function table. (b) Create a second function table,

switching the x- and y-values. (c) Write a function rule for the second table. (d) Graph the two

function tables on a coordinate plane. (e) Graph the line y = x and explain its significance.

After completing the above tables and graphs, there is another way to find an inverse
function that may be a bit simpler. This time, we are going to take the same function used in the
above example, y = x + 3. In this function, switch the x and y in the function and rewrite it as x
=y + 3. When you solve the equation for y, you are left with y = x — 3. In this instance, you get

the same result without making the chart, drawing the graphs, and writing the function rule. If

we take the same function rule as in the exercise above, y = %x + 2, and switch the x- and y-
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values, we are left with x = %y + 2. If we are to solve for y, we get y = 2x — 4. If we create a

graph to represent this inverse function, it looks like this:
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Figure 30

Example 13: The original function isy = 3x + 4. To find its inverse function, we rewrite the

function as x = 3y + 4. We need to be able to graph this function, so it needs to be written in a

form that makes it able to be easily graphed, y = (’63;4) ory= % X —%, with a y-intercept of % and a

slope of % Both the original and inverse functions are graphed on the same graph below. Notice

that the point of intersection of both graphs is (-2, -2), which is on the line y = x. If you follow
the line of y = x, each of the graphed functions are the same distance away from it, meaning that

the line of y = x is a line of reflection for the function and its inverse.
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Figure 31
3.8 Optimization

In order to do optimization in eighth grade, the terms maximum and minimum must be
discussed first. One way to do this is to create a parabola by graphing a quadratic equation, like
y = 2x? + 8. Students can graph this equation by making a table of points and graphing to get the

visual representation of the graph.

X |Y 1 )
-2 |16
-1]10
0|8
1 |10
2 |16
Figure 32
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Looking at the graph above, we say that the minimum of the above graph is at the point (0, 8)
and that the minimum y-value is 8. In the example of y = 2x* + 3, the parabola has a minimum
y-value of 3 at x = 0 because the y-value will never be less than 3 since the term 2x?is always
positive. The range values of this equation are y > 3, meaning the y-values of this particular

equation will never be less than 3.

y=2x"+3

Figure 33

In the example of y = -1/2 x* — 4, the parabola opens facing down and has a maximum y-value
of -4 at x = 0 because the y-value will never be greater than -4 since the term -1/2 x is always
negative. The range values of this equation are y < -4 because the y-value will never be greater

than -4.

adaliadaalag

y=-12x*-4

Figure 34
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Exercise 9

Directions: Determine if each equation has a maximum or minimum value then state what the

maximum or minimum value is. Also, state the range of the functions.

1. y=3x
2. y=-2x*+4
3.y =3x+2 with domain [-2, 6].

4. y=3x+2 with domain x >= -2

Optimization involves finding the optimal values to achieve certain tasks, be it the best
way to maximize profits or minimize costs, or to maximizing area with a given perimeter or
minimizing perimeter with a given area. In calculus, the process of optimization is done by
finding maxima or minima using the first (or second) derivative test and/or looking at graphs on
graphing calculators. In middle school math, students can solve optimization problems by
utilizing the skills they know. Students should be familiar enough with being able to create a
table to solve these problems. In optimization, student can easily take a problem and get started

by creating a table of values to get a sense what the optimal value might be.

Example 14: A farmer has 1,200 ft of fencing and wants to fence off a rectangular field that
borders a straight river. He does not need a fence along the river. What are the dimensions of
the field that has the largest area, assuming that length and width are measured in whole feet

only?

For students to successfully solve this problem, they first need to be sure they know

exactly what is being asked by the problem. The best way to get a clear picture of this is to draw
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a picture of what the problem is saying (it doesn’t have to be perfect, just a sketch). Label what

you know from the problem then create a table to fill in with values.

length

width

River

Figure 35

In this problem, start with some number that could represent the length. Subtract that number
from the perimeter. Divide the resulting number by two to represent the two sides that are
considered the width. Fill in the chart for the length and width. Find the perimeter (it should be
1,200 ft — we got that value from the problem). Find the area. Continue finding values that
could represent the length and width. You will find that the areas will go up, and then go back

down. You are looking for the largest area possible.

Table 8
Perimeter Area
Length Width
(length + 2(width)) | (length e width)

1000 ft 100 ft 1,200 ft 100,000 ft*
900 ft 150 ft 1,200 ft 135,000 ft°
800 ft 200 ft 1,200 ft 160,000 ft*
700 ft 250 ft 1,200 ft 175,000 ft°
650 ft 275 ft 1,200 ft 178,750 ft?
625 ft 287.5 ft 1,200 ft 179,687.5 ft’
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Table 8 (con’t)

Perimeter
Area
Length Width (length +
(length e width)

2(width))
600 ft 300 ft 1200 ft 180,000 ft*
575 ft 315 ft 1200 ft 179,687.5 ft*
550 ft 325 ft 1200 ft 178,750 ft°
500 ft 350 ft 1200 ft 175,000 ft°
400 ft 400 ft 1200 ft 160,000 ft°

In this problem, it seems that the largest area is 180,000 ft* and it seems that the optimal
rectangle has a length of 600 ft and a width of 300 ft. Now one can explain students how to
translate the problem into algebra: we have to find the maximum of A = lw given that | + 2w =
1200 and that | and w are positive numbers. Since | = 1200 - 2w we find that (a) w can be at most
600 since | cannot be negative and (b) that A = (1200 - 2w)w = 2(600 - w)w for values of w
between 0 and 600. By graphing the parabola A for w between 0 and 600, students see that A has

a maximum when w = 300 and | = 1200 - 2(300) = 600.

At this point, in order to adhere to the Mathematical Practices, students should be guided through
a discussion about the problem. One way to get started is to ask the students to look at the
numbers: for the given perimeter p = 1200, the optimal length was | = 600 and w = 300. Is it an

accident that the optimal length is half of the perimeter? To find out, students are then asked to
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repeat the problem with a new perimeter, let us say p = 100. Again, after doing the work as
above, students will find that in this case the optimal length is | = 50 (and then w = 25). At this
point students can then be asked to discuss the general case. That is, they have to find the
maximum of A = Iw given that | + 2w = p, where p is a given perimeter and where the length |
and the width w are positive numbers. Since | = p - 2w we find that (a) w can be at most p/2

since | cannot be negative and (b) that

2
A=(p-2w)w= —2w? + pw = —2 (W —2) + p?/8.

2
Since the term —2 (w - 2) is always negative, the maximum area is A = p2/8 and is attained

when the with is w = p/4 and the length is | = p — 2(p/4) = p/2. Here the important learning
objective is for students to see that calculators are helpful to get a feeling for a problem, but that

at the end one has to do algebra in order to get the final result.

Again, following the Principles of Mathematical Practice, one can ask the students to critically
examine the result and ask if there are other possible solutions to the problem. After all, why
does it have to be a rectangular field that the farmer wants to fence in? For example, if the farmer
would fence in a semicircular field with its base at the river, then the circumference (perimeter)

of the field is p= 1200 = m r or r =1200/x. This gives the farmer a fenced area of A = 7wr? =

2 2
T (@) = 1220 = 458,599 square feet, more than double the area that he can fence in when

A

sticking to the rectangular design! In general, given a perimeter p, the rectangular design leads to

an optimal area of A = p?/8 whereas the semicircular design leads to an optimal area of
A = p?/m which is % = 2.54 ... times larger than the rectangular one. This can now lead to an

open-ended discussion/project on finding the shape with the maximal area attached to a straight
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line with a given perimeter p. To get started, students can study triangular fence designs with one
side at the river (or one edge away from the river), then rectangular designs (two edges away
from the river — this is what we began to cover above), and then other straight lines designs with

3,4,5,..... edges away from the river.

Other problems to be discussed in this context are optimal area problems with a given perimeter
p without any design restrictions (like one side having to be along a straight river) or with even
more complicated design restrictions (like the river not being a straight line). These are all open

ended problems that are ideal for extended projects (like middle school science fair projects).

Another problem along these lines is to find a rectangle of area A = lw = 100 with the smallest
perimeter p = 21 + 2w = 2(I + w). If we allow only integer side lengths, this can be restated as

follows. Find two positive integers | and w whose product is 100 and whose sum is a minimum.

As allows, a grade appropriate simple approach is via a table like the one below, where a student

has to make sure to include all possible cases.

Solution:

Table 9
Factor Factor Product Sum
1 100 100 101
2 50 100 52
4 25 100 29
5 20 100 25
10 10 100 20
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The two positive integers whose product is 100 and has a minimum sum is 10 and 10 because it

has a sum of only 20.

Now we do the same problem again, this time with the given area to be 90.

Table 10
Factor Factor Product Sum
1 90 90 91
2 45 90 47
3 30 90 33
5 18 90 23
6 15 90 21
9 10 90 19

The two positive integers whose product is 90 and has a minimum sumis =9 and w =10 (or | =

10 and w = 9) because they have a sum of only 19.

A mathematically more inclined eighth grader might think of the following. Given that A = lw is

given, it follows that we have to find an integer w > 0 such that

p=l+w=—+w

is at a minimum. For a given value of A this can be done with a graphing calculator by just

graphing the function f(x) = A/x + x for x > 0. In doing so for different values of A the guess
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would be that the optimal solutions | and w are always factors of A that are “closest to” VA.

Unfortunately, without calculus or without a clever algebra formula that is equivalent to % +w
and shows that % + w is at a minimum if = /A4 , this problem cannot be solved on an eighth
grade level.

3.9 Area

In previous years, formulas for perimeter, area, surface area, and volume were learned
and explored. We can take what we learned about perimeter and area and apply it to the
coordinate plane. Using the coordinate plane, we can find the area of a figured created by lines

or line segments..

For example, we can graph y = m X + b on the coordinate plane. We want to find the area A(x)

under the line we graphed from 0 to x.

Graph the equation.

Figure 36

Now look at just quadrant one
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Figure 37
Let’s focus on just the graph from 0 to x. Can you divide the area between the line you

graphed between 0 and x into two different figures?

Find the area of the triangle.

Figure 38
The height of the triangle is mx and the base is x. The area is mez units®.

Find the area of the rectangle.

The length is x and the height is m. The area is mx units®.

What is the area A(x) under the graphed line from 0 to x? The answer is as follows:
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Table 11

f(X) AX)
b + mx b + 2 52
2

Let’s look at another equation, X + 3y = 12. Graph the equation on the coordinate plane.

InSNE

Figure 39

This time, we want to find the area under the line we graphed but between x= 3 and x =

6.

Divide the figure into a triangle and a rectangle and find their areas.

Figure 40

The triangle has a height of 1 and a base of 3. The area is 1.5 units®. The rectangle has a length
of 3 and a height of 2. The area is 6 units?. The area under the graphed line between x = 3 and x

=6 is 7.5 units?.

Another way to solve this is to observe thaty = 4 - g Thus the area function for this line

2
is A(X) = 4x- x?. Moreover, the area under the curve between 3 and 6 is the same as the area
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under the line from 0 to 6 minus the area under the line from 0 to 3. That is, the area is A = A(6)

~A@3)=18- (12-3/2) =7.5.

3.10 Arithmetic Sequences and Series

Beginning in kindergarten, students are taught sequences starting with colored bears (or
similar), starting with number patterns and pattern recognition first. Progression of sequences
moves from patterns to more concrete numerical data throughout middle school. Students will
begin to understand that sequences and series involve carrying out a process (virtually) forever.
There are two kinds of sequences that middle school students study, geometric sequences and
arithmetic sequences. In a geometric sequence, a common ratio is multiplied to a term to get the
next term. In an arithmetic sequence, a common difference is added to a term to get the next
term. When using calculus concepts to incorporating sequences into middle school math, we
will focus on arithmetic sequences only. Arithmetic sequences form a linear pattern when
graphed on the coordinate plane; in fact an arithmetic sequence is nothing but the range of a

linear function defined on the natural numbers 0, 1, 2, 3, ....... .

To summarize, if f(x) = dx + b is a linear function, then the chain of numbers a,, = f(n) for n

=0,1,2,3,.....,n0,...... is given by

b,d+Db,2d+b,3d+Db,,,,,,dn+b, ...........

and is called an arithmetic sequence with common difference d and starting value a, = b.

Students should be able to easily recognize a common difference in an arithmetic sequence as
a slope in a linear relation. We start with a term then add a fixed amount (or common difference)

to get the next term. If we take the sequence 1, 4, 7, 10, 13, 16, 19, ..., to find the common
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difference, we subtract two consecutive terms, 4 —1 = 3. The number 3 is the common
difference d and the number 1 is the starting value. Thus, the explicit formula for this sequence

is generated by f(x) = 3x + 1 and we have that
an=ap + dn = 1+3n,

where ay is the first term of the sequence, d is the common difference, and n is the number of the
term of the sequence we have to find. Using the formula, if we know that a sequence begins
with 12, it has a common difference of -4, and we are looking for the 10™ term in the sequence,

we can find it by substituting what we know into the formula:
an=ap+dn=12 —4n
a0 =12 - 4(10) =-28
One of the important facts about arithmetic sequences is that their terms can be easily added.
To see this let us assume that we have to find the sum S,, of the first n+1 terms a,, = b + dn
Sp=ap+a;+a,+ - .oeo..ay =b+(btd) + (b+2d) + ..... (b+nd).
After rearranging and collecting like terms we see that
Sp=Mm+Db+A+2+3+--+n)d.
To find the sum S=1+2+ 3+ .... + n, one uses the wonderful trick that
S=14+2++n-1DD+nandS=n+Mn-1)+--+2+1

so that when the two equations are written below each other and added term by term one obtains

2S=n+1D)+(n+D+ -+ M+ +(nn+1).

72



This shows that 2S = n(n+1) or

n(n+1)
—

S =
This shows that the sum S,, of the arithmetic sequence is given by

nn+1 n+1
S, =n+1b+(1+2+4+3+-+n)d=m+1)b+ (2 )dz( > )

[b+ b+ nd]

- n+1)(ao+ an)

or S, >

where S is the sum of n+1 terms ay + a; + - + a,,. In this summation formula, a, can be
found by using the previous formula, a, = ag + nd. To incorporate the two formulas, the series

formula could be rewritten as:

- (n+1) [ag+ (ag + nd)]

Sh >

Let’s take the formula above to find the sum of the first 10 terms in a sequence that begins with
a, = 7 and has a common difference of 4. That is we have to find ay + a; + -+ ag =7+ 11+

15+19+ 23+ 27 + 31 + 35 + 39 + 43. By the previous formula

S, = 10[7+(27+(9)4)] _ 10[72+43] _ 10 ;50) — 250,

Using this formula is certainly easier than using a calculator, especially if one has to add up the

first 100 terms in the arithmetic sequence which is

1000 [ 7 + (7 + (99)4
Soo =7+ 11+ .+ (7+99 % 4) = [ (2 ( ))]zzo,soo,

or the 1000 terms in the arithmetic sequence which is
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1000 [ 7+(7+(999)4)]

Sooo =7 + 11+ -+ oo+ (7 + 999 + 4) = :

= 2,050,000.

Here we could ask students if they see a pattern developing. But this is an entirely new story.
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Chapter 4: Reflections

Throughout this thesis journey, I have become more aware of what | need to be
reinforcing with my students. | have learned the importance of using and understanding correct
mathematical vocabulary and the correct definitions — not just taking what the textbook says. |
do plan to take this into my classroom and implement what I can in the time allotted. The
importance of having my students ready for high school weighs more heavily on me now more
than ever. Students need to be prepared for high school. The rigor, focus, and deeper
understanding of mathematical concepts that | teach to them have to be there for them to
succeed. If it is not I teaching this to them, then who will? | have to be the one that stresses to
my students the importance of being the best math students they can be now, while it is still the
“easy” math. It only will get more difficult after this. At least, I know that I can help make the
transition into calculus a little less painful by introducing some concepts to them using in a way

they can understand.
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