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Abstract

We study distributed output feedback control of a heterogeneous multi-agent system
(MAS), consisting of N different continuous-time linear dynamical systems. For achieving
output consensus, a virtual reference model is assumed to generate the desired trajectory
for which the MAS is required to track and synchronize. A full information (FI) protocol is
assumed for consensus control. This protocol includes information exchange with the feed-
forward signals. In this dissertation we study two different kinds of consensus problems.
First, we study the consensus control over the topology involving time delays and prove
that consensus is independent of delay lengths. Second, we study the consensus under
communication constraints. In contrast to the existing work, the reference trajectory is
transmitted to only one or a few agents and no local reference models are employed in
the feedback controllers thereby eliminating synchronization of the local reference models.
Both significantly lower the communication overhead. In addition, our study is focused on
the case when the available output measurements contain only relative information from
the neighboring agents and reference signal. Conditions are derived for the existence of
distributed output feedback control protocols, and solutions are proposed to synthesize the
stabilizing and consensus control protocol over a given connected digraph. It is shown that
the H.. loop shaping and LQG/LTR techniques from robust control can be directly applied
to design the consensus output feedback control protocol. The results in this dissertation
complement the existing ones, and are illustrated by a numerical example.

The MAS approach developed in this dissertation is then applied to the development of
autonomous aircraft traffic control system. The development of such systems have already
started to replace the current clearance-based operations to trajectory based operations.
Such systems will help to reduce human errors, increase efficiency, provide safe flight path,

and improve the performance of the future flight.
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Chapter 1
Introduction

1.1 Motivation

The consensus control is a research topic which has attracted great attention from
many research communities, ever since the theoretical framework of the consensus problem
for multi-agent systems (MASs) was proposed and analyzed by Olfati-Saber and Murray
in [62]. It leads to the research field of consensus control.

The main objective of the consensus control is to develop algorithms for MASs such
that the group of dynamic agents reaches an agreement regarding a certain quantity of in-
terest by communicating information with neighboring agents and itself. The MASs differs
from traditional control systems because it requires the convergence of control theory and
communications. The challenges to MASs lie in the design of control systems that achieve
robust cooperation, despite disconnections of some agents, inherent to most distributed
environments. Had no notion of cooperative control evolved, each agent would be running
separately, utilizing more resources and increasing the cost. It would not be able to uti-
lize the availability of several agents in a distributed environment. It is the need for the
cooperation which reveals many problems which otherwise would have been undiscovered.

Most of the existing consensus study is for homogeneous MASs. But in real world,
most systems are heterogeneous in nature. In fact for practical systems, the agents coupled
with each other have different dynamics because of various restrictions or depending on the
common goal which they are trying to achieve together. For truly heterogeneous MASs,
the state consensus may not be meaningful due to possible difference in their dynamics
and state dimensions. Hence it makes more sense to consider output consensus. It should
be pointed out that even if all the agent systems are made by the same manufacturer, the
system dynamics may change due to aging and working environments. Therefore there is

a need to study the more complex consensus problem of heterogeneous MASs for example;



heterogeneous MASs with delays, heterogeneous MASs under directed graphs/switching
topologies/random networks, discrete heterogeneous MASs etc. Parameters like friction,
changing masses, damping coefficients, material properties, and the like can not be ignored

in real-life.

1.2 Applications of Consensus Control

Consensus control has received a lot of attention in the literature due to its nu-
merous applications in various areas, e.g. unmanned aerial vehicles [12; 13, 82], mobile
robots [84, 85|, satellites [14, 16, 71], formation control [25, 43], distributed sensor net-
works [59, 60], flocking [57], automated highway systems [7, 69] and synchronization of

complex networks [45, 68, 73|, to name only a few.

1.3 Early Work in Consensus Control

The consensus problem is a fundamental research topic in the field of distributed com-
puting [42]. The problem of cooperative control of networked MASs [25] is important
because in real-life networked systems have limitations such as restricted network band-
width, limited sensing capabilities of agents or packet loss during communication. This
makes the area of cooperative control interesting, where the agents may have limited infor-
mation about their environment and the state of the other agents while they should also
adjust themselves to the changing environment according to their system dynamics.

Formation control is one of the important applications of cooperative MASs. Exist-
ing approaches to solve this type of problem are classified as leader-follower method and
virtual-leader method. The leader-follower approach has a leader which defines a reference
trajectory for others to follow. Although the method is simple to implement, it requires
each follower to have information about its leader. This dependence on a leader during
formation may be undesirable and can lead to a bottleneck situation. Additionally, this
approach is known to have poor disturbance rejection properties. Such situations can be
tackled by having decentralized control where each agent may look for information from

its neighbors, thereby reducing the complexity of information exchange between agents.



Another approach is based on creation of a virtual-leader. A fictitious leader is created
to replace the real leader and all other agents are considered as followers. This approach
simplifies analysis and requires fewer sensors for control law implementation. Such an ap-
proach is also capable of overcoming the problems associated with disturbance rejection.
Although the advantage is achieved at the expense of high communication and computa-
tion capabilities which are essential to identify the virtual leader and then to communicate
its position in real-time to the other followers.

Early work in the field of cooperative MASs includes [35] where the agents’ dynamics
are modeled as a switched linear system, and [52, 62] where agents consist of a scalar
integrator. In [41] the agents are modeled as double integrators. Also in [74] the authors
investigate the motion of vehicles modeled as double integrators. The objective for them
is to achieve a common velocity while avoiding collision between vehicles. The results for
integrator chains more than two has been discussed in [79].

Some of the recent work concerned with homogeneous MASs [45, 48, 87] have state-
space representation. They are more general and include integrator dynamics as a special
case. The results in aforementioned papers and others solve the problems of designing
distributed and local control protocols for state feedback and state estimation. As the
problem can be decomposed into two parts, the solutions to cooperative control based on
output feedback are also available.

The survey paper [61] by Olfati-Saber and Murray, and references therein, provide a
good overview of system-theoretic framework for expression and analysis of consensus algo-
rithms in both continuous-time and discrete-time of MASs along with results, applications
and challenges in this area. The common feature between these approaches is the assump-
tion about the communication topology which allows us to use a particular cooperative
formation control methodology. Communication topologies in networked systems can be
fixed. They can also be dynamic or be a switching network [62, 64] either due to node

and link failures/creations, formation reconfigurations [58] or due to flocking [57, 63]. The



network with switching topology is interesting as the graph is changing i.e, a node is being
removed or added which could affect the consensus between the agents. The information
flow between graphs could be directed or undirected, with or without time-delays. The
strategy to form a communication topology should satisfy stability and meet performance
requirements, and should be robust to any changes in the communication topology. A
directed graph (digraph) can be strongly connected or connected. It is called strongly con-
nected if there is a path from each node in the graph to every other node [Figure 1.1(a)],
whereas it is called connected if between any two nodes there is a path from one to another

[Figure 1.1(b) - Node 6 is a connected node].

»

Figure 1.1: a) Left: Strongly Connected Graph. b) Right: Connected Graph.

1.4 An Overview on Consensus Control in Homoge-
neous MASs

In systems theory to achieve a desired behavior from a complicated system it is usually
preferred to design an interconnection of simpler subsystems whose dynamics are similar
to the complex system. Luc Moreau puts forward the stability properties for a class of
linear time-varying systems in [52, 53, 54]. Moreau considers each individual system in the
network to be a scalar integrator. He provided a condition for convergence to a consensus

value for minimal connectivity of the graph which allowed the communication from one



system to another to be indirect, assuming that a system need not communicate directly
with all other systems in the network at any given time. A linear time-varying system is

described as

() = A(t)z(t). (1.1)

We assume that A(t) is piecewise continuous and bounded. In addition, A(t) satisfies

N
Z aik(t>7 J=1
k=1

—a(t), J#i.

A(t) = (1.2)

If there exists a T > 0 such that for all ¢

4T
/t A(r)dr, (1.3)

represents a connected graph, then the system equilibrium sets of the consensus states is
uniformly exponentially stable. Each component of z(¢) in the MAS described by (1.1)
represents an agent.

The communication between the set of interconnected systems is encoded through
a time-varying weighted directed graph (digraph) specified by G(t) = (V,E(t)), where
VY = {vi}i]\il is the set of nodes and £(t) C V x V is the set of edges or arcs, where an
edge starting at node i and ending at node j is denoted by (v;,v;) € £(t). The node index
set is denoted by N = {1,---, N}. The neighborhood of node i at time ¢ is denoted by
the set N;(t) = {j | (vj,v;) € E(t)}. A path on the digraph is an ordered set of distinct
nodes {v;,,- -, v, } such that (v;,_,,v;,) € E(t). Let A(t) = [ a;;(t) ] € RV*N be weighted
adjacency matrix. The value of a;;(t) > 0 represents the coupling strength of edge (v;, v;)
at time ¢. Self edges are not allowed, i.e., a;(t) = 0V i € N for all t. Denote the degree
matrix for A(t) by D(t) = diag {deg,(t), - ,degy(t)} with deg;(t) = > a;;(t) and the

JEN;
Laplacian matrix as £(t) = D(t) — A(t) which is equivalent to



N
Z aik(t)a J=1
k=1

—a;(t), J#i.

Lij(t) = (1.4)

If v; = v; V j € N, then v; is called a connected node of G(t). The digraph is called
connected if there exists a connected node. The graph G(t) is uniformly connected if there
exists a time horizon 7' > 0 and a node v; such that v; — v; ¥V j € N across [t, ¢+ T.

Notice that A(t) as defined by Moreau may be interpreted as —L(t) due to the prop-

erties of the Laplacian matrix. As a result,
(t) = —L(t)x(t). (1.5)

Scardovi and Sepulchre [68] provide an extension to the work done by Moreau. Consider
N agents exchanging information about their state vectors z;, for ¢ = 1,..., N, according

to a communication graph G(t). They describe the consensus protocol as

N
=Y ey —w), =1 N, (16)
j=1

Using the definition of Laplacian matrix we can rewrite the above equation as

where £,(t) = L(t) ® I,.
A more general MAS is the one in which each agent is a dynamic system. An instance

is the N identical linear state-space models described by
ii(t) = Az;(t) + Bui(t), yi(t) = Cay(t), (1.8)

where x;(t) € R" is the state vector, u;(t) € R™ is the control input, and y;(t) € RP is



the output vector for k = 1,..., N. The authors in [68] consider a special case where B
and C are n X n nonsingular matrices and all the eigenvalues of A are on the imaginary
axis. Under the assumption that the communication graph G(t) is uniformly connected
and the corresponding Laplacian matrix £(¢) be piecewise continuous and bounded. Then

the control law is given by

N
ui:B_lc’_lZaij(t)(yj—yi), Z: 1,...,N, (19)
7=1

uniformly exponentially synchronizes all the solutions of linear systems to a solution of the
system & = Ax. This discussion may not be true as B and C are not invertible in general.
Hence, we are unlikely to obtain an equation similar to (1.7).

The above assumption of square nonsingular matrices B and C' is removed by consid-
ering the condition which only requires stabilizability of the pair (A, B), detectability of

the pair (C, A) and by employing dynamic couplings. Then the control law is given by

N

j=1
T = Ad; + Bu; + H(§; — vi),

where K is the an arbitrary stabilizing feedback matrix, H is the observer matrix and
Ur = CZy, solves the synchronization problem. The result can be stated under the condition
that the communication graph G(t) is uniformly connected and the Laplacian matrix £(t)
is piecewise continuous and bounded. The eigenvalues of A are on the closed left half
complex plane. If pairs (A, B) is stabilizable and (A, C') is detectable then we can choose
K and H such that A+ BK and A + HC' are Hurwitz, then the solution of the linear
system with dynamic couplings will uniformly exponentially synchronize to a solution of

the system = = Ax.



It would be of interest to identify other classes of systems beyond the simple integrators
considered by Moreau. Consensus control for such systems would require us to design dis-
tributed state and output feedback controllers. Next we discuss the work done by Li, Duan,
Chen and Huang in [45] in the field of consensus control. The authors present a unified
way to achieve consensus in MAS and synchronization of complex networks. They propose
distributed observer-type consensus protocol based on relative output measurements for
the agents whose dynamics are extended to be in a general linear form (1.8). The static
consensus protocol is given by the relative measurements of other agents with respect to

agent ¢

N
j=1

A distributed observer type consensus protocol is proposed

N
0; = (A+BK)vi+F[cZaijC’(vi—vj) — Gl u; = K, (1.12)
j=1
where F' and K are feedback gain matrices. This observer based protocol solves the consen-
sus problem for a directed network of agents having a spanning tree if and only if (A+ BK)
and (A+c\FC), fori=2,... N, are Hurwitz. This allows the use of separation principle
for a multi-agent setting and converts the consensus problem into stability problem for a
set of matrices with the same dimension as a single agent.

Based on leader-follower approach another paper which discusses agent dynamics for
the identical general linear form is by Zhang, Lewis and Das [87]. A leader node is used to
generate the desired tracking trajectory. An optimal design for synchronization of cooper-
ative systems is proposed including full state feedback control, observer design, and output

feedback control.



1.5 An Overview on Consensus Control in Heteroge-
neous MASs

The recent development in the area of consensus problem has motivated the researchers
to now think about the more difficult situation and extend it to the case of heterogeneous
MASs. There are some results which are reported in the literature [27, 39, 47, 75, 78|,
dealing with the complex problem of heterogeneous MASs. It is important for us to know
the requirement for consensusability for such agents. The problem could be to design a
controller such that the output of the closed loop system asymptotically tracks a reference
signal [26] or as a special case of output regulation [10], regardless of external disturbance
and the initial state.

The well know internal model principle for the classical regulator problem for linear,
time-invariant, finite dimensional systems is introduced by Francis and Wonham [26]. They
embed an internal model of the disturbance and reference signals in the open loop system.
The purpose of introducing this internal model is to supply closed loop transmission zeros
which will cancel the unstable poles for the disturbance or reference signals.

Wieland and Allgéwer introduced the internal model principle to the area of consensus
control [77]. They show that each agent with its controller requires an internal model of
the consensus dynamics for it to have a solution to the consensus problem. They provide
a necessary condition for existence of a solution to the consensus problem which applies to
both output and state consensus over a constant communication graph. Later the authors
extended their work in [78] to put forward a more generalized version and provide necessary
and sufficient requirements for output synchronization in case of time-varying connected
graphs based on the results provided by Moreau [52, 53, 54] and Scardovi and Sepulchre [68]
by employing dynamic couplings to the system model. They solve the heterogeneous syn-
chronization problem for N linear systems by finding a distributed control law, dependent

on the relative information only over the uniformly connected communication graph G(t),



of which the outputs of the closed loop system asymptotically synchronize to a common
trajectory.

Consider N heterogeneous agents with the dynamics of the ith agent described by

where z;(t) € R™ is the state, u;(t) € R™ is the input, and y;(t) € R? is the measurement
output of the ith dynamic agent. It follows that A; € R™*™ B, € R™ ™ and C; €
RP*™ . Thus the ith agent admits transfer matrix P;(s) = C;(sl,, — A;)"'B; with I, the
n X n identity matrix. Note that the state dimension n; can be different from each other.
However, all agents have the same number of inputs and outputs. The global system of

(1.13) is described by

#(t) = Az(t) + Bu(t), y(t) = Cx(t), (1.14)

where A = diag(Ay, ..., An), B = diag(By,...,By), C = diag(C},...,Cy), and

l’l(t)
x(t) = vec{x1(t),...,xn(t)} = : ,

ZL‘N(t)

u(t) = vec{uy(t),...,un(t)}, y(t) = vec{yi(t),...,yn(t)}. For heterogenecous MASs, the

consensus problem is concerned with the agents’ outputs and requires that

lim [y:(t) — y;(t)] = 0, Vi j eN. (1.15)

t—o00

The necessary condition extended from the results of [77] to solve the heterogeneous
synchronization problem is stated as follows. Consider N linear state space models coupled

through dynamic controllers. Assume that the closed loop system has no asymptotically

10



stable equilibrium set on which outputs vanish. Then there exists a number m € N,
matrices S € R™*" and R € R?™, where the eigenvalues of S are on the closed right-half
complex plane and (S, R) is observable, and matrices II; € R™*™ and I'; € RPi*™ for
1=1,..., N satisfying

AL + BT, = 11,5,

Cill; = R, (1.16)

for i =1,..., N, which is necessary for synchronizability of heterogeneous network.
The authors propose the following dynamic couplings to achieve synchronization of

heterogeneous networks

N
G=05G+ Z a; (1) (G — G,
j=1
i’z‘ = A% + Biu, + Hi(9: — vi),
w; = Ki(2; — ILG) + I, (1.17)

with controller states (; € R™ and x; € R™ for « = 1,..., N. Comparing the controller
equation, u; of (1.17) with (1.10) we see that two new terms II;¢; and I';(; are added, these
are needed for synchronization of heterogeneous networks.

The sufficient condition to achieve synchronization of heterogeneous networks is the
main result of [78] and is stated as follows. Consider N heterogeneous linear state-space
models with (A;, B;) stabilizable and (A;, C;) detectable for i = 1,..., N. Let Laplacian
matrix £(t) be piecewise continuous and bounded for a uniformly connected communication
graph G(t). Gain matrices K; and H; can be chosen such that A; + B;K; and A; + H;C; are
Hurwitz for : = 1,... N, then a solution to heterogeneous problem exists which uniformly
exponentially synchronizes if and only if there exists a number m € N, matrices S € R™*",
R e R™*™ I, € R™"*™ and I'; € RP*™ for ¢ = 1,..., N satisfies the necessary conditions

and has eigenvalues of S on the imaginary axis.

11



Under the assumption that (A;, B;) stabilizable and (A;, C;) detectable fori =1,..., N
the proposed dynamic couplings achieve synchronization by assigning each individual sys-

tem a reference generator in the form
. N
G=5G+_ay(t)(G = G). (1.18)
j=1

All the individual systems then asymptotically track their reference generators to achieve
synchronization.

Output synchronization for heterogeneous networks of non-introspective agents was
proposed by Grip, Yang, Saberi and Stoorvogel in [27]. Most of the design methods for
output synchronization of heterogeneous agents rely on self-knowledge, or in other words
they may be required to know their state, their output or their own state/output relative
to that of reference trajectory, which is different from the information transmitted via the
network. As pointed out by the authors there may be situations when this self-knowledge
is unavailable. The authors refer to agents which possess self-knowledge as introspective
agents, while non-introspective agents are those which possess no self-knowledge except
for what is received via the network. A multi-input/multi-output (MIMO) network of N
non-introspective agents is described by linear state-space model. The only knowledge the
agent receives is from a constant communication network (in this case a weighted digraph

G) is in the form of linear combination of its own output relative to that of the other agents

N
Cli = Zaij(yi —Y5), (1.19)
j=1

where a;; = 0 and a; = 0. Using the definition of Laplacian matrix the above equation is

equivalent to

N
G = Z lijy;. (1.20)
j=1

Apart from the information which agents receives from output relative to other agents,

12



they are also assumed to exchange relative information about the internal estimates via

the network and that is given by
N N
G=Y ay(m—n) =Y L, (1.21)
j=1 j=1

where n; € RP is produced internally by the controller for agent j.

Certain assumptions about the network topology and the agents are made. A directed
spanning tree which is considered here is a directed tree that contains all the nodes of G.
The digraph G has a directed spanning tree with root agent W € {1,..., N}, such that for
each i € {1,..., N} \WW, has the following properties

1) (4;, B;) is stabilizable

2) (A;, C;) is observable

3) (A;, B;, C;, D;) is right-invertible

4) (A;, B;, C;, D;) has no invariant zeros in the closed right-half complex plane that
coincide with the eigenvalues of Ay .

Let Ly = [lij]i jzw be defined from £ by removing the row and column corresponding to
the root agent W.

A 3-step design procedure of the decentralized controllers which can achieve output
synchronization is provided in [27], we discuss it briefly here. The control output and the
internal estimate of the root agent is set to 0. The goal is to set the dynamics of the

synchronization error variable, e; := y; — yy to 0. The dynamics of e; is governed by

== + Uy,
- z;
. Tw
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The system defined above in general is not stabilizable. To achieve the goal of making
e; = 0 a standard output regulation method is used with the only available information to
agent ¢ being (; and @ First step reduces the dimension of the model to z; by performing
state transformation. This removes the redundant modes which have no effect on e; so even

though the original model may be unobservable, the reduced model is always observable.

. — _ Az AilQ Bz
x; = Ali’z + BZUZ = _ Z; + U;,
0 Ai22 0

Second step designs a state feedback controller as a function of Z; to regulate e; to 0.
Consider the following regulator equations with unknowns II; € R, «,, and I'; € R, «,,
where r; = nw — ¢;. The null space dimension of the observability matrix corresponding
to the system is defined as ¢;. Based on II; and T, find matrix F; = [ F, T, — FII, ],
where F; is chosen such that A; + B;F; is Hurwitz. This controller cannot be directly
implemented as Z; is not available to agent 7. Third step, construct an observer that makes
an estimate of x; available to agent i. This observer is based on the information (; and é’z
received via the network. A second state transformation is performed as the network in
heterogeneous in nature, in order to obtain a dynamical model which is similar to other
agents. In conclusion we can state that by implementing the observer estimates for each
agent along with the state feedback controller output synchronization is achieved.

Kim, Shim and Sio studied output synchronization for uncertain linear MASs with
single-input /single-output (SISO), minimum phase systems in [39]. The block diagram in
Figure 1.2 shows how they achieve synchronization by embedding an identical generator in

each agent, the output of which is tracked by the actual agent output.
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O Generator O Observer
_I_

Figure 1.2: Block diagram of the proposed scheme in [39].

Consider a group of heterogeneous uncertain N agents given by

where x; € R™ is the state, u; € R* the control input, y; € R the output of the ith agent,
and the uncertain vector y; ranges over a compact subset M; of R,,, for all s =1,...  N.
A weighted, directed and fixed network topology is considered here.

The output feedback controller is written as

éi = FG + Gryi — Gy Z lijy;,
JEN

u; = HiG + Jiyi — Jos Z lijys, i=1,...,N, (1.25)
JEN
where (; € RPi. Recall the consensus problem which implies that a certain signal ¢(t) exists

such that for all ¢

Jim {yi(t) = o(t)} =0 (1.26)

Consider a group of auxiliary linear systems which are termed as generators and are of
the form

w = Sw, ¢ = Rw, (1.27)
where w € RY, Re{);(S)} =0 for j =1,...,¢ and (S, R) is observable. The generator

15



produces signals which is an outcome of online consensus among the agents. The fact

which motivates to embed the dynamics w = Sw into the controller is the presence of all

eigenvalues of S for all y; € M; and @ = 1,..., N in the closed loop system matrix given
by
- Ai(ps) + Bi(pi) JuiCi(pi) - Bi(p) H;
Ai(ps) = , (1.28)
G1Ci(pi) F,

so that the solution of the closed loop system satisfies the consensus condition given by
lim {y;(t) — Re®'w, } = 0. (1.29)
t—o0

Synchronization of heterogeneous agents with arbitrary linear dynamics given by (1.14)
based on internal reference model requires the agents to have a common intersection so
that they become synchronizable is proposed by Lunze in [47]. The agents are said to be
synchronized if the following statements are satisfied

1) Agents have a common intersection, i.e. for specific initial states all outputs y;(t)
follow a common trajectory ys(t).

2) For all initial states, the agents asymptotically approach the same trajectory y,(t).
It is assumed that the communication between the agents is restricted to transfer of its
outputs. If the agents are synchronized then agents generate a synchronous trajectory
ys(t) without interactions such that the error vanishes. This synchronous trajectory is
generated by an exosystem. The overall system has a plant model and an exosystem with

a communication graph which is fixed, directed spanning tree.

1.6 Organization of the Dissertation

We introduce consensus control for the heterogeneous MAS in Chapter 1, consisting of
N different continuous-time dynamical systems. The motivation for studying heterogeneous
MASSs is discussed in this chapter along with the numerous application areas. Before we

go into the detail of our work we provide an overview of how this area has evolved both
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in terms of homogeneous MASs and heterogeneous MASs. In Chapter 2 and Appendix A
we provide the preliminaries required to proceed with our work which includes topics like
internal model principle, graph theory etc. Our main results for heterogeneous MASs are
provided in Chapters 3 to 5. Two different kinds of consensus problems are presented in
this dissertation. In Chapter 3 we consider consensus control when time delays exist in
the communication topology. In Chapter 4 we consider consensus under communication
constraints where the reference trajectory is transmitted to only one or few agents. We
also consider the problem of designing the feedback control law in order to achieve tracking
for typical test signals in MAS environment. In Chapter 5 we consider the consensus
control of aircrafts in an attempt to build autonomous aircraft traffic control systems. The
dissertation is concluded in Chapter 6, which also lists some ideas about possible future

research topics.
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Chapter 2
Preliminaries

2.1 Internal Model Principle

As mentioned in the earlier section, Francis and Wonham [26] put forward the internal
model principle for the classical regulator problem. Disturbance or reference signals have
a known structure and is being generated by an exosystem or reference model. The aim
of the controller is to provide disturbance rejection and reference tracking by embodying
the model of disturbance or reference signal within itself. In this section, we give a brief
overview of internal model principle method from [30].

Consider the state space model described by
&(t) = Az(t) + Bu(t), y(t) = Cx(t), (2.1)

where z(t) € R" is the state, u(t) € R™ is the input, and y(¢) € R? is the measured output

with p = m. The exosystem or reference model is described by
F(t) = Apr(t), yr(t) = Cor (1), (2.2)
where 7(t) € R". The condition for tracking requires

lim e(t) = lim [y(t) — y.(t)]

= lim [y(1) — Cor(1)]. (2.3)

The static state feedback controller can be modeled as

u(t) = Kyx(t) + K,r(t) (2.4)
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where K, € R™" and K, € R"™*"™ are constant matrices. The closed loop system can

then be written as

where A. = (A+ BK,), B.= BK, , C. = (C+ DK,) and D. = DK,.

Lemma 1 The linear output regulation problem can be solved by using the control law of
the form (2.4) under the following assumptions
1) A, has no eigenvalues with negative real parts. 2) (A, B) is stabilizable.
3) Closed loop system in (2.5) is Hurwitz.
The closed loop system is said to have output requlation property if it follows

lim e(t) = Jim [Cexe(t) + Der(t)] = 0.

t—o00

Then there exists a unique matriz X, that satisfies the following matrixz equations
XA, =AX. + B, 0=C.X,.+ D.. (2.6)

The following steps can be followed to synthesize a desired static state feedback con-

troller.

Step 1: Find a feedback gain K, such that (A 4+ BK,) is stable.

Step 2: Solve for both X, and K, from the set of linear equations given by
XA, =(A+ BK,)X.+ BK,, 0=(C+ DK,)X.+ DK,. (2.7)
This approach has a drawback wherein X, and K, depend on K,. This dependency requires

a recomputation of X, and K, each time K, is redesigned. To overcome this issue a better
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approach is obtained by making the following linear transformation

X [n On><m XC
U Kx Im K?"

in Equation (2.7). After the transformation we get the following set of linear matrix

equations in unknown matrices X and U given by

XA, = AX + BU, 0=CX + DU. (2.8)

Theorem 1 Under the assumptions in Lemma 1, let the feedback gain K, be computed
such that (A + BK,) is exponentially stable. Then the linear output regulation problem is

solvable by a static state feedback control of the form

u=K,x+ K,r

if and only if there exists two matrices X and U that satisfy (2.8), with the feedforward
gain K, given by
K,=U—-K,x.

Theorem 2 FEquations in (2.8) admit a solution pair (X,U), if and only if

A—-sl B
rank = # rows Vs = \;(4,).
C D

The regulator equations in (2.8) can be written as

-[n O A B OnXTLT
XA, — X = : X =

0 0 ¢ D —Cy U
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Denote z = vec (X) that packs columns of X into a single vector column in order. Then

the above equation is equivalent to Mz = b with

I, 0 A B Onxn,
M=A ® -1, ® b = vec

1o oo C D _Cy

Hence using the above synthesis procedure we can track a reference input by using a static

state feedback controller of the form (2.4).

2.2 Positive Real Property

Positive real (PR) transfer function matrices have been studied extensively in network
theory [4] and for stability analysis in control theory [22]. Consider a continuous linear
time-invariant system described by (2.1). Let T'(s) = C(sI — A)~'B be a square transfer
function matrix of a complex variable s = jw. Then T'(s) is termed PR [4, 5] if the following
conditions are satisfied

1) All the elements of T'(s) are analytic in Re[s] > 0.

2) T'(s) is real for real positive s.

3) T*(s) + T'(s) > 0 for Re[s] > 0 where superscript * denotes complex conjugate

transpose.

2.3 Greshgorin Circle Theorem

There are many areas in engineering and physics, where eigenvalues and eigenvectors
play important roles. In linear algebra eigenvalues are defined for a square matrix A. An
eigenvalue for the matrix A is a scalar A such that there is a non-zero vector x which satisfies
the equation Az = Az. In linear algebra the eigenvalues are also roots of the characteristic
polynomial det(A — AI). Unfortunately, it is often difficult to find the eigenvalues of A as it
requires solving a degree n polynomial equation. Another way of estimating the eigenvalues
is to find the trace of the matrix, tr(A) = il |as;|. The trace of a matrix is the sum of the

eigenvalues but it does not give us any range for the eigenvalues.
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In order to bound the eigenvalues in the complex plane the Greshgorin circle theorem

is used. The theorem can be stated as follows [32]. Let A = [ a;; | be a n x n matrix, let

d; = > |aij|. Then the set D; = {z € C: |z — A;| < d,} is called the ith Greshgorin disc
iZ
of a matrix A. The eigenvalues of A are the union of Greshgorin discs

G(A)=|J{zeC:|z— Ayl < di}. (2.9)
i=1
Furthermore, if the union of k of the n discs that comprise G(A) forms a set Gi(A) that

is disjoint from the remaining n — k discs, then G (A) contains exactly k eigenvalues of A,

counted according to their algebraic multiplicities.

2.4 Dominant and M-matrices

Denote R as the N-dimensional real space. Let A = [ a;; | be a matrix with a;; the
(i, 7)th entry. The real square matrix A is called row dominant if |a;| = 3 |a;|, column
dominant if [a;;| > > [a;], and doubly dominant if it is both row and cojlilmn dominant.
If the inequalities aIl':Jstrict then one calls such matrices strictly row or column or doubly
dominant.

A certain class of matrices which is extensively studied for stability analysis in control
theory is M-matrices [1, 18, 65, 66]. A square matrix M is called an M-matrix (resp. semi
M-matrix), if all its off-diagonal elements are either negative or zero, and all its principal
minors are positive (resp. nonnegative).

The following properties of M-matrices are useful [81]. Suppose that all the off-diagonal
elements of the square matrix M are either negative or zero. Then the following are
equivalent

1) M is an M-matrix; 2) —M is Hurwitz;

3) The leading principal minors of M are all positive;

4) There exists a diagonal matrix D = diag{dy,...,dy} > 0 such that MD (resp.

DM) is strictly row (resp. column) dominant.
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Chapter 3
Output Consensus Control with Time
Delays

The design of distributed and local control protocols to achieve not only feedback stabil-
ity but also output consensus in tracking reference trajectories remains a major challenge.
In this chapter we develop a more accessible method for consensus control and derive a
consensusability condition for heterogeneous MASs and also consider the issue of time de-
lays over communication topology. It will be shown that similar results to the ones found
in [45, 48, 87| for homogeneous MASs are available for heterogeneous MASs. The exist-
ing design methods, such as linear quadratic Gaussian (LQG) and loop transfer recovery
(LTR) [4], and H loop shaping [51], developed for MIMO feedback control systems can
be employed to synthesize consensus controllers for heterogeneous MASs. Since the con-
troller gains are computed based on either H, loop shaping or LQG/LTR methods, each
controlled agent is robust to perturbations in the form of coprime factor uncertainties or

gain/phase uncertainties, respectively.

3.1 Problem Formulation

We consider N heterogeneous agents with the dynamics of ith agent described by (1.13).
In studying output consensus, tracking performance is often taken into account [87]. In
particular, the N outputs of the MAS are required to track the output of some exosystem

or reference model described by

fo(t) = Agzo(t), yo(t) = Coao(t), (3.1)

with zero steady-state error. This is a virtual reference generator, and all eigenvalues of
Ap are restricted to lie on the imaginary axis. A real-time reference trajectory may not be

actually from this exosystem, but consists of piece-wise step, ramp, sinusoidal signals, etc.
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whose poles coincide with eigenvalues of Ay. Following [87], we call these agents controlled

agents. The consensus control requires that
tllrgo[yi(t) —yo(t)] =0VieN. (3.2)

Such a consensus problem has more control flavor, and deserves attention from the control
community.

Assume that the realizations of N agents are all stabilizable and detectable. We will
study under what condition for the feedback graph, there exist distributed stabilizing con-
trollers and consensus control protocols such that the outputs of N agents satisfy (3.2).
Moreover we will study how to synthesize the required distributed and local controllers in
order to achieve output consensus, taking performance into account.

For consensus control of the MAS involving time delays under our study, two useful

facts are stated next. The first is purely algebraic.

Fact 1 If two square matrices My, € CV*N and M, € CN*N satisfy
Ml—i-MikZO, M2+M2*>0,

then det(I + MlMQ) 7é 0.

The next fact is concerned with positive realness (PR) of the dynamic system under

state feedback control [4].

Fact 2 Suppose (A, B) is stabilizable for system
T =Ax + Bu,

and F = B'X is the stabilizing feedback control gain, where X > 0 is the stabilizing solution
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to the algebraic Riccati equation (ARE)

AX+XA-XBBX+Q=0

with QQ > 0, then the closed-loop transfer matriz

Tr(s) = F(sI — A+ BF)'B

is PR, i.e., Tp(s) + Tr(s)* > 0V Re[s] > 0.

An interesting algebraic property for the digraph is derived and referred to as funda-
mental lemma in [2] in studying the consensus control for heterogeneous MASs. Here we
provide a more complete version with a simpler proof for this lemma.
¢ A Fundamental Lemma

Let e;r € RY be a vector with 1 in the izth entry and zeros elsewhere. We state the

following lemma that is instrumental to the main results.

Lemma 2 Suppose that L is the Laplacian matrixz associated with the digraph G. The

following statements are equivalent:

(i) There exists an index ip € N such that

rank {£ + e; ¢} } = N; (3.3)

(ii) There exist diagonal matrices D >0 and G > 0 (with rank 1) such that

M+ M >0, M=DL+G, (3.4)

(iii) The digraph G is connected.
Proof: Let = stand for “implies”. We will show that (iii) = (i) = (ii) = (iii) in order

to establish the equivalence of the three statements. For (iii) = (i), assume that G is
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connected. Then there exists a reachable node v;, € V for some index i € N'. We can
construct an augmented graph G by adding a node vy, and adding an edge from v;,, to
vy with weight 1. The augmented graph is again connected with vy as the only reachable

node. It follows that the Laplacian matrix associated with the augmented graph G is given

by

0 )

/
—eip L+ eize,

Since the augmented graph is connected, the Laplacian matrix £ has only one zero eigen-
value, implying the rank condition (3.3), and thus (i) is true.

For (i) = (ii), assume that the rank condition (3.3) is true. Then L + e;gel, is an
M-matrix, because it is not only a semi M-matrix but also has all its eigenvalues on strict
right half plane, in light of the Gershgorin circle theorem. Properties of M-matrices from

Section 2.4 can then be applied to conclude the existence of a diagonal matrix D such that
M = D(L +eie;,) = DLA G, (3.5)

is strictly column dominant where G = De;,¢e; . is diagonal and has rank 1. Since M is
row dominant, although not strictly, M + M’ is both strictly row and column dominant,
thereby concluding (ii).

For (ii) = (iii), assume that (3.4) is true. Then M is an M-matrix, by the fact that

all its eigenvalues lie on strict right half plane. Hence there holds

N = rank{D~'M} = rank{L + ge; e} }

<rank{L} +1,
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by the rank inequality and rank{ge;,e; } = 1, where DG = ge; e for some scalar g > 0
and some index i € N. The above implies that rank{L} > N — 1. It follows that the
Laplacian matrix £ has only one zero eigenvalue, concluding that the graph G is connected,
and thus (iii) is true. The proof is now complete. O

Although Lemma 2 considers only the directed graph, the result holds for the undirected
graph with a similar and much simpler proof. The requirement that a digraph is strongly
connected has been reported in several papers to ensure consensusability [15, 35|, whereas

the condition (3.3) with the addition of the connected condition is new and crucial to our

main results. In practice N is large, and hence condition (3.3) holds generically for some

ieN.

Remark 1 (a) Lemma 2 is an improved version of the fundamental lemma in [2] with a
much simpler proof. More important the rank condition (3.3) in Lemma 2 is true for an

arbitrary node v;,,, provided that it is a reachable node. In addition the Gershgorin circle

/
iR

theorem can be used to conclude that all eigenvalues of £ + e;,e;  lie on strict right half

plane, and thus it is an M-matrix. As pointed out in [2], (ii) implies

M+ M =(DL+G)+ (DL +G) > 2k, (3.6)

for some k > 0; In fact kK = 1 can be taken with no loss of generality. Efficient algorithms
for linear matrix inequality (LMI) can be used to search for D and G. In fact G = ge;e;
with g > 0 for those i satisfying (3.3) can be taken. Hence computation of the required
D and G in Lemma 2 is not an issue.

(b) For MIMO agents with m-input/p-output, a commonly adopted graph has the

weighted adjacency matrix in form of A = {a;;1,} with ¢ = m or ¢ = p. Thus

D = diag(dily,---,dn1,),

G = diag(g1]q7 T 7gN]q)7
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with only one nonzero g > 0. In this case Lemma 2 holds true, and (3.3) is extended to
rank { £ + (e;, ® I,) (¢}, ® I,)} = Ng. (3.8)

Basically the state-space system consists of ¢ decoupled identical scalar systems to which

the result of Lemma 2 is applicable.

3.2 Full Information Distributed Protocol

We consider a full information (FI) protocol, assuming that all {z;(t)}}¥, are available
for consensus control. Let F; be a stabilizing state feedback gain in the sense that (A;—B; F;)
is a Hurwitz matrix and r;(t) = Fp;xo(t) with Fy; the feed-forward gain. The distributed

control protocol over the topology is given by

u;(t) = gi[ri(t) — Fivi(t)] + d; Z%‘ [(ri(t) — Fiwi(t)) — (ry(t) — Fya;(t))], (3.9)

fori,7 € N and 1 < i < N. Recall that d; > 0 for all 7 and g; > 0 for only one i with
the rest zero. This protocol includes information exchange with the feed-forward signals

{r:(t)}. The collective control protocol (3.9) can now be written as

u(t) = (DL+ G)[r(t) — Fx(t)]. (3.10)
Applying the Laplace transform to the above control input yields

U(s) = (DL+ G)[R(s) — FX(s)] (3.11)

where U(s), R(s), and X(s) are Laplace transform of u(t), r(t), and z(t), respectively.

Substituting the control protocol in (3.10) into the state equation (1.14) yields
&(t) = (A — BMF)x(t) + BMr(t). (3.12)
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Now consider the collective output
y(t) = Cz(t), C =diag(Cy,---,Chy). (3.13)

Let Y(s) = L{y(t)} and R(s) = L{r(t)} be the Laplace transforms of y(¢) and r(¢)

respectively. The Laplace transform of (3.12) with the output equation (3.13) is given by

Y(s) =C(s] — A+ BMF) " BMR(s). (3.14)

3.3 FI Distributed Protocol with Time Delays

While consensus of heterogeneous MASs has been studied in [27, 78], the issue of time
delays is not considered, which is the focus of this chapter. Recall the diagonal matrices
D = diag(dy,--- ,dy) and G = diag(gi,---,gn) in (ii) of Lemma 2. We begin with
the FI protocol, assuming that all {z;(t)}Y, are available for consensus control over the
topology involving time delays. Let F; be a stabilizing state feedback gain in the sense that
(A; — B;F;) is a Hurwitz matrix and r;(t) = Fyxo(t — ;) with Fy,; the feed-forward gain

and 7; > 0 for 1 <3 < N. Denote
ei(t) = ri(t) — Fizi(t), eult;m) =1(t) — Fia;(t — 75, (3.15)

for 7,7 € N. The distributed control protocol over the topology involving time delays is

proposed as

u;(t) = gies(t) — d; Zaw ei(t) —ej(t; 1), (3.16)

for 1 <i < N. Recall that d; > 0 for all s and g; > 0 for only one ¢ with the rest zero. The
above protocol is modified by adding delay parameters 7, > 0 and 7;; > 0, and by adding

the information exchange for the feed-forward signals {r;(¢)}. In this initial study, 7;; = 0

29



for all i € NV is assumed. That is, there is no time delay for each agent’s controller to
receive its own agent’s output measurement. We will prove an interesting result that the
consensus goal as required in (3.2) can be achieved by using the delayed control protocol
in (3.16) independent of the delay lengths.

Define delay operator ¢! via ¢-'s(t) = s(t — 7). The graph topology involving time
delays introduces the Laplacian matrix £, involving delay operators. Specifically the (7, j)th

entry of £,, denoted as Tas

i » is specified by

N e .
L Qs if j =1,
0 = S (3.17)

—aijqf_ijl, if j #i.

Let F' = diag(Fy,- -+, Fy) and r(t) = vec{ri(t),--- ,rn(t)}. The collective control protocol

(3.16) can now be rewritten as
u(t) = (DL, + Q) [r(t) — Fx(t)]. (3.18)
Applying Laplace transform to the above control input yields
U(s) = (DL(s) + G) [R(s) — FX(s)], (3.19)

where U(s), R(s), and X(s) are Laplace transform of u(t), r(¢), and x(t), respectively, and

L(s) is the Laplacian in s-domain with ¢;;(s) as its (¢, 7)th element given by

> i i, if j =1,
0i(s) = pet ik B (3.20)

—aije_””, lfj 7é 7.

For convenience define
M, =DL,+G, M(s):=DL(s)+G. (3.21)
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Upon substituting the control protocol in (3.18) into the state equation in (1.14) yields

#(t) = (A — BM,F)z(t) + BM,r(t). (3.22)

Distributed stabilization is aimed at synthesizing the collective state feedback gain F' =

diag(F7, ..., Fy) such that the characteristic polynomial

A(s) :=det[s] — A+ BM(s)F] # 0V Re[s] > 0. (3.23)

The following result is instrumental to the synthesis of the stabilizing state feedback gains

{F;} later.

Lemma 3 Let L(s) be the Laplacian matrixz associated with the delayed feedback graph with
its (i, 7)th element defined in (3.20), and M(s) = DL(s) + G. The following statements

are equivalent:

(a) There ezists diagonal matrices D > 0 and G > 0 (with rank 1) such that

M(0) + M'(0) > 0;

(b) There exist diagonal matrices D >0 and G > 0 with rank 1 such that

M(s) + M*(s) > 0V Re[s] > 0;

(¢) The corresponding graph is connected.

Proof: Since M := M(0) and L := L(0) correspond to the delay-free case, the equivalence
of (a) and (c) is true in light of Lemma 2. We need only to prove the equivalence of (a)
and (b) in order to to establish the equivalence of the three statements. Now suppose (a)
is true. Then M = M(0) is an M-matrix, and it is strictly column dominant in addition

to be row dominant. Let p;; be the (4, j)th element of M. The fact that M + M’ being
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both strictly row and column dominant implies that

N
25 > Y (gl + |usl) Vi € N.
J=Lj#1
By an abuse of notation, denote f;;(s) as the (i, j)th element of M(s). Then there holds
i ()] < |mij| V Re[s] > 0 and for all j # 4 in light of the off-diagonal elements of £ and

M. Tt follows that
N
2 > Y (lmig(s)] + |m(s))) Vi € N

J=Lj#
and for all Re[s] > 0, thereby proving that (b) holds true. If (b) is true, then (a) holds as
well by simply taking s = 0 that concludes the proof. a
Lemma 3 shows that M(s) is strictly PR regardless of the delay lengths. In addition

there exists k > 0 such that
M(s) = DL(s) + G(s) = k[Z(s) + I], (3.24)

where Z(s) + Z(s)* > 0 for all Re[s] > 0, i.e., Z(s) is strictly PR as well. Furthermore
rk = 1 can be taken without loss of generality. Hence we can obtain the following main

result in this section.

Theorem 3 Suppose that (A;, B;) is stabilizable Vi € N for the MAS described in (1.13),
and the feedback digraph G is connected. Then there exist distributed stabilizing state feed-

back control protocols in the form of (3.16) for the underlying MAS over the delayed feedback

topology.

Proof: The closed-loop stability of the heterogeneous MAS is hinged on the inequality
(3.23). By (3.24),
Z(s) =Kk TM(s) — I,

is strictly PR as well for some x > 0. We set k = 1 that has no loss of generality. As a
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result the characteristic equation A(s) in (3.23) can be written as

A(s) = det[s] — A+ BF + BZ(s)F]. (3.25)

Hence the inequality (3.23) is equivalent to

det[I + (sI — A+ BF) ™" BZ(s)F] # 0V Rels] > 0

that is in turn equivalent to

det[I + F(sI — A+ BF)'BZ(s)] # 0V Re[s] > 0. (3.26)

The stabilizability of (A;, B;) for all i € A/ implies the existence of F; such that

Ty (s) = Fy(sI — A; + BiF;) ™' B;,

K3

is PR in light of Fact 2. It follows that

Tr(s) = F(sI — A+ BF)™'B = diag[Tx,(s), ..., Try (5)], (3.27)

is PR as well. Consequently the inequality (3.26) can be made true by those state feedback
gains rendering Tr(s) PR, in light of Fact 1 by setting M; = Tr(s) and My = Z(s) at each
s with Re[s] > 0. Therefore there indeed exist state feedback gains {F;} that stabilize the
heterogeneous MAS asymptotically. a

If the states of the MAS are not available for feedback, then a distributed observer can
be designed to estimate the states of the agent, and used in the control protocol (3.18).
We consider neighborhood observers [87], assuming that only relative outputs are available

from and to the neighboring agents. Let #;(t) and g;(t) = C;Z;(t) be the estimated state
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and output of the ith agent, respectively, and denote

ea;(t) = 2:(t) = (1), ey (t) = wi(t) — 0(t), (3.28)

for 0 < ¢ < N. The state of the reference model z((t) may require estimation as well at
the ith agent based on the received noisy feed-forward signal Fy;xzo(t). The observer for the

heterogeneous MAS over the feedback topology involving time delays is given by

N
+ dsz Z Clij [eyi (t) — €y]( T”)] Vi€ N
j=1

where L; is a stabilizing state estimation gain, i.e., (4; — L;C;) is a Hurwitz matrix for each

i. Taking difference between the state equation of (1.13) and (3.29) for 1 < i < N leads to

N
€2, (t) = Aseq,(t) — giLi [Cieq, (t) — Coeg, (t — 7) Z i[Ciew, (t) — Cieg, (t — 737)].
Denote e, (t) = vec{ey,(t — 71), -+, ey (t — 7v)}. The collective error dynamics can be
written as

e(t) = [A — LM Cle,(t) + GLe, (t), L =diag(Ls,...,Ly).

It follows that the above and (3.18) with z(¢) replacing by 2(¢) lead to the following overall

MAS system
x(t) A—-BM,F  BM,F x(t) BM,r(t)
= + . (3.30)
éx(t) 0 A—LM,C ex(t) GLe,,(t)

The separation principle holds true for neighborhood observers as shown in the above
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collective dynamics. We have the following result for output feedback for which the proof

is omitted.

Theorem 4 Suppose that (A;, B;, C;) is both stabilizable and detectable for all i € N, and
the feedback graph is connected. Then there exist distributed output feedback stabilizing

controllers for the underlying heterogeneous MAS over the delayed feedback topology.

3.4 Consensus Tracking of Reference Inputs

We consider the problem of designing a FI control protocol in which both states of the
plant model and reference model are available without time delays in the communication
topology. We focus on the SISO agents, but our consensus results are applicable to MIMO

systems. The next lemma is useful.

Lemma 4 For each distinct eigenvalue of Ag, denoted as s, with Re[s,] > 0 and multi-
plicity u, > 1, assume that s, is also a pole of Pi(s) = Ci(sI — A;)™'B; with the same
multiplicity p, for 1 < i < N. Let both det[s] — A+ BMF| and det[s] — A+ LMC] be
Hurwitz. Denote

TMF(S) = C[SI — A + BMF]ilBM,

and A(s) = Tvmr(s) — Tr(s) with
Tr(s) = F(sI — A+ BF)™'B. (3.31)
Then there holds

— 0. (3.32)
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Proof: Denote P(s) = C(sI — A)™'B and Pp(s) = F(sI — A)~'B. The hypotheses imply

A(s)=C[s] — A+ BMF|"'BM —~C(sl — A+ BF)™'B
= P(8)[I + MPg(s)]'"M — P(s)[I + Pr(s)] "
= P(8)Pp(s) I + M Pp(s) 1]t — P(s)Pp(s) ' [I + Pp(s) '] "

= P(s)Pp(s) " {{IT + M Pp(s) "7 = [I + Pp(s)""]7'}.

Since P(s) and Pp(s) are diagonal transfer matrices and each of their diagonal entry has
s, as pole with multiplicity g, Pr(s)™* — 0, [(s — s.)** ' Pr(s)]™' — 0, and P(s)Pr(s)™*

approaches a finite diagonal matrix as s — s,. Moreover

[[+ Pe(s) |7t =1 — Pp(s)™ +o({Pr(s)"'}?

[+ M Pe(s) 7t =1 M'Pe(s)™ + o({Pr(s)"'}?

with o ([Pr(s)7']?) indicating that each of its terms approaches zero in the order of [Pr(s)™!]?

as s — s,. Consequently there holds

A(s) — P(s)Pp(s)™" {] — J\/l_l} Pr(s)™t + o([Pr(s)']?),

as s — s,. Substituting the above into the left hand side of (3.32) yields

i B0 P(s)Pe(s) " {T = M7 Pe(s) ™ +o([Pr(s) 1) _
S—Sk (3 — 3’{)#5*1 o (8 _ S,ﬁ)“ﬁfl -
that concludes the proof. O

Lemma 4 indicates that Thr(s)R(s) — Tr(s)R(s) = A(s)R(s) has no pole at s,. Oth-
erwise its partial fraction in computing the term with pole at s, would contradict the
limit in (3.32). Since s, is an arbitrary eigenvalue of Aj, no eigenvalue of Ay is a pole

of A(s)R(s). This is ensured by taking all eigenvalues of Ay to be poles of P;(s) for all
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i € N. That is, each eigenvalue of Ay needs to be eigenvalue of {A4;}Y,. This has no loss
of generality, as weighting functions W;(s) can be used to augment the agent dynamics
so that P, (s) = Pi(s)W;(s) satisfies the hypothesis of Lemma 4 for all i € A. Such a
technique is used often in engineering practice. Hence s, cannot be transmission zero of
P(s) and Tr(s), and {Fpy;} can thus be designed by solving
(Ai = BiF)IL+ BiFy; = 1L Ag,
(3.33)
(C; — D;F;)lI+Cyp = 0,

for each i where D; = 0 is assumed. In light of the internal model principle [30, 40], each
output of Tr(s) tracks yo(t) with zero steady state error. More importantly the following

result is true.

Theorem 5 Under the same hypotheses as those of Lemma 4, there exist solutions {Fy;}
to (3.33), and the tracking performance (3.2) is satisfied with feed-forward signals r;(t) =
FOZ'(L'()('[Z) ) S N

Proof: It is straightforward to see that the tracking error in the s-domain is given by

E(s) = Tmr(s)R(s) = Yo(s) = A(s)R(s) + [Tr(s) R(s) — Yo(s)],

where Y(s) and R(s) are the Laplace transform of y (t) = vec{Cozo(t), - - -, Cozo(t)}, and
r(t) = vec{ri(t), - ,rn(t)}, respectively. The existence of Fy = diag(Foi,- -, Fon) to
achieve the zero tracking error for E(s) := Tr(s)R(s) — Y (s) is well known by the form
of Tp(s) in (3.31). On the other hand A(s) is stable and A(s)R(s) has no pole at each
distinct eigenvalue of Ag by Lemma 4, implying that the tracking error indeed approaches

zero based on the final value theorem. O

37



3.5 Output Consensus with Time Delays
For heterogeneous MASs, the consensus problem is concerned with the agents’ outputs
and requires that (3.2) be satisfied. We consider the problem of designing a FI control

protocol in order to achieve the tracking performance in (3.2) that is modified to
Jim [l (6) = o(t = )| ¥ i €N, (3:34)

due to the existence of time delays {7;}. Indeed if the overall closed-loop MAS is internally
stable, and Ay — LoCy is a Hurwitz matrix, then e, (t) — 0 and e, (t) - 0 as t — co. As a
result the estimated output g(¢) under output feedback control approaches y(t) under FI
control. For this reason it is adequate to consider FI control protocol. We focus on the
SISO agents, but our consensus results are applicable to MIMO systems. The next lemma

is useful.

Lemma 5 For each distinct eigenvalue of Ay, denoted as s, with Re[s,] > 0 and multi-
plicity .. > 1, assume that s, is also a pole of Pi(s) = Ci(sI — A;)"'B; with the same
multiplicity p,, for 1 <i < N. Let both det[s] — A+ BM(s)F| and det[s] — A+ LM(s)C]

be Hurwitz. Denote
Twmr(s) = ClsI — A+ BM(s)F]"'BM(s),

and A(s) = Tymr(s) — Tr(s) with Tr(s) the same as in (3.27). Then there holds

A
lim &) _y (3.35)
S5k (5 — SN)anl
Proof: The proof is similar to Lemma 4 and is omitted here. a
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Theorem 6 Under the same hypotheses as those of Lemma 5, there exist solutions {Fo;}
to (3.33), and the tracking performance (3.34) is satisfied with feed-forward signals r;(t) =
F()il’o(t - Tl‘) Vie N

Proof: The proof is similar to Theorem 5 and is omitted here. a

It is worth pointing out that the tracking performance as required in (3.34) does not
imply that in (3.2) unless the reference signals are step functions, or all delays {7;} (from
the reference model to the N agents) are the same. Hence there is an incentive to estimate
7; at each local agent ¢ in order to adjust the transmission delay from the reference model

locally, if the track performance in (3.2) is required.

3.6 Simulation Setup and Results
Following [44], consider a system of N point masses moving in one spatial dimension.

Dynamics are governed by

, 1
Ti = —Uyj, Yi = T,
fort=1,2,...,¢ and
1; = Ay + By, yi = Cizy,
fori=¢+1,...,N, where
0 1 0
Az = ) B; = )
0 —fa o

and C; = [1 0]. The first set of dynamics represents agents whose velocity is directly
controlled, while the second set represents agents that experience drag forces and whose
acceleration is directly controlled. The output signal corresponds to the position of the

point mass. Figure 3.1 shows the interconnection graph for a network of 4 agents. Agents
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1 and 2 consist of scalar dynamics, while 3 and 4 of second order dynamics. We assume
that the communication graph has 7;; = 1s if a;; = 1 and 7;; = 0 if a;; = 0. On the other
hand 7;; = 0 for all i« € A as we have mentioned earlier that there is no time delay for each

agent’s controller to receive its own agent’s output measurement.

Figure 3.1: Graph for N = 4 point masses.

The parameters of the agent dynamic models are specified by {mi}?zl ={0.5,2,2.5,3},
and {fdi}?zl = {0,0,0.5,0.9}. Our goal is output consensus with the position as the
controlled output. Figure 3.2 shows each agent’s position for the closed loop MAS. It
needs to be pointed out that the feedback graph is strongly connected, and that ¢, = 0.5
with the rest g; = 0. In addition the rank condition (3.3) is satisfied by taking D =
diag (0.1608, 0.4348,0.5683,0.7168), and x = 0.1. For simplicity, the control protocol in
(3.16) is used with the state feedback gain designed using the LQR control for each agent.
If the output feedback is required, then the tracking error will involve estimation errors.

The tracking of the ramp reference input is shown in Figure 3.3 over the same feedback
graph in Figure 3.1. In order to satisfy the assumption that each eigenvalue of Ay is also
an eigenvalue of {A;}Y,, a weighting functions W;(s) = % is used to augment the agent

dynamics so that P,;(s) = Pi(s)W;(s) for all i € A/. Tt can be seen that the tracking is

achieved for the ramp input in the presence of time delays.
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Figure 3.2: Position of each agent under step reference input
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Figure 3.3: Position of each agent under ramp reference input.
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Chapter 4
Output Consensus Control with
Communication Constraints

In this chapter we study output consensus of heterogeneous MASs with communication
constraints. A major distinction of our work compared to other investigations is that we
provide a solution to the consensus problem for the case when not all agents have access
to the reference trajectory. In fact, if the communication graph is connected (or contains
a spanning tree) and the Laplacian matrix of the graph satisfies a rank condition, then it
is sufficient for one agent to have access to the reference input for the heterogeneous MAS
to achieve consensus. Moreover our proposed design method does not require duplication
of the reference model in each of the local controllers thereby eliminating synchronization
of the local reference models commonly adopted in the existing work. Both features lower
significantly the communication overhead between agents by avoiding the need to commu-
nicate the reference trajectory to all agents and by removing additional synchronization
between local reference models. Furthermore we focus on non-introspective agents as in
[27] and use only relative information for both state feedback and state estimation.

We consider N heterogeneous agents with the dynamics of ith agent described by (1.13).
The consensus problem is concerned with agents’ output and should satisfy (1.15). The N
outputs of the MAS are required to track the output of the reference model described by
(3.1) with zero steady-state error. To reduce the communication overhead, the reference
signal is often transmitted to only one or a few of the N agents. The realizations of
N agents are all stabilizable and detectable. We will study under what condition for
the feedback graph, there exist distributed stabilizing controllers and consensus control
protocols such that the outputs of N agents satisfy not only (1.15) but also y;(t) — yo(t) =
r(t) V i asymptotically. We will study how to synthesize the required distributed and local

controllers in order to achieve output consensus, taking performance into account.
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The following two facts are useful for our work.

Fact 3 If two square matrices M; and M, satisfy

My + M, >0, M+ M,>0,

with ’ transpose, then det(I + M;Ms) # 0. Note that

My =T+ R) ™I —-Ry)), My=(I+Ry) I —Ry),

for some (Ry, Ry) satisfying o(R;) < 1 and o(Rs) < 1.

Fact 4 Let X, > 0 be the stabilizing solution to the following algebraic Riccati equation
(ARE)

Al X, + XoAy — XoBoR'B. X, +Q, =0, (4.1)

where @, > 0 and R, > 0. Then with F, = R;'B!/X,, (A, — B,F,) is Hurwitz, and the

transfer matrix

Tr,(s) = RuFu(sI — Ay + B.F,) ' B, (4.2)

is PR [4] (page 106). That is, Tx,(s)* + Tp,(s) > 0V Re[s] > 0 with superscript * denoting
conjugate transpose. Specifically, let Ap, = A, — B.F, and s = %a + jw, 0 > 0. The ARE

(4.1) can be written as

(sI — Ap)* Xo+ Xa(sI — Ap) = Qu + F'RyFy + 0X, > 0.

Multiplying the above equation by B.(sI — Ap,)*~! from left, by (sI — Ag,) !B, from
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right, and using the relation R,F, = B! X, leads to Tg,(s)* + Tr,(s) > 0V Re[s] > 0,

concluding the PR property.

Finally we recall a normal form for a p x p plant model P(s) = C(sI,— A)~' B satisfying
det(CB) # 0 and n > p. Without loss of generality, its realization can be assumed to be

of the normal form [34]

A A 0
a= | g T Cz[o f,,],
Ag Ago I,

where Asy € RP*P. It can be easily shown that transmission zeros of P(s) are eigenvalues

of Ajq, thus termed as zero dynamics.

4.1 Distributed Stabilization

This section is focused on the distributed control protocol over the connected graph
G, represented by its Laplacian matrix £. Distributed stabilization will be studied and
stabilizability condition will be derived for both the case of state feedback and output
feedback.

4.1.1 State Feedback

Consider the control protocol for the ith agent given by (recall r(t) = Coxo(t) and that

only one g; # 0)

N
wit) = g:(r — Fywy) — di Yy ayj(Fa — Fyy), (4.3)

J=1

with d; > 0, g; > 0, and F; the state feedback gain for the state vector of agent ¢ where
1 <4 < N. Basically the control signal for the ith agent consists of relative information,
i.e., its error signals with respect to the neighboring agents, plus its tracking error with
respect to the reference signal. Such a control protocol is different from (3.9) where the

agents had FI. We propose (4.3) in order to minimize the communication overhead, only one
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of {g;}_, being nonzero is required, that is why condition (3.3) in Lemma 2 becomes useful.
However, there is a trade off between stability /consensus robustness and communication
overhead. If more than one g; # 0, then the single point of failure scenario is avoided, if
the rank condition (3.3) is enforced for each ¢ such that g; # 0. This way the closed loop
system is more robust in the presence of broken communication links.

Substituting (4.3) into (1.13) yields

N
&; = Ajwy — Bid; Z aij(Fiv; — Fia;) — Bigi(Fixi — ).

j=1

Let D and G be in (3.7) with ¢ = m, and L be the corresponding Laplacian matrix
as in (b) of Remark 1. By denoting z(t) as the collective state, i.e., the stacked vector of

{z;(t)}Y,, the collective closed loop dynamics are now described by
i =[A—B(DL+G)Flz+ BG[ly ®1], (4.4)

where A = diag(Ay, -, Ax), B = diag(By, -+, By), and F' = diag(F}, -, Fy). Recall
M in (3.5). Since L(Iy ® 1) =0V r € R™, (4.4) is equivalent to

i =[A—BMF|z+BM[ly®7]. (4.5)

The following result is concerned with stabilization for the underlying MAS under state

feedback.

Theorem 7 Suppose that (A;, B;) is stabilizable ¥V i € N'. There exists a stabilizing state
feedback control protocol (4.3) for the underlying MAS over the directed graph G, if G is

connected, and the condition (3.8) holds for ¢ = m.

Proof: If G is connected and (3.8) holds for ¢ = m, then Lemma 2 and Remark 1 imply

the existence of a diagonal G > 0 with only one of {g;}}¥; nonzero and a diagonal D > 0
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such that the inequality (3.4) holds. In fact (3.6) holds for some x > 0. Thus Z + Z" > 0
by taking Z = (DL + G)/k — I, ie., (DL + G) = r(Z + I). Feedback stability of the

underlying MAS requires that

det[sI — A+ B(DL+ G)F]#0 VY Re{s} > 0. (4.6)

Recall that x = 1 can be taken with no loss of generality. Substituting (DL+G) = (Z+1)

into the above inequality yields

det (sI — A+ BF +BZF)#0 V¥V Re{s} > 0.

Simple manipulation shows the equivalence of the above inequality to

det [I +Tr(s)Z] #0V Re{s} >0 (4.7)

where Tr(s) = F(sI — A+ BF)™'B. Stabilizability of (A;, B;) assures the existence of a

stabilizing state feedback control gain F; such that for each 1 € N,

k3

is PR. Recall Fact 4 in Section 3.1 with R, = I > 0. As a result,

TF(S) = diag {TFI (5>7 T 7TFN<S)} )

is PR as well. That is,
Tr(s)+Th(s) >0V Re{s} > 0.

It follows that the inequality (4.7) holds by (Z + Z’) > 0 and in light of Fact 3. O
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Theorem 7 provides a sufficient condition for stabilizability under the distributed state
feedback control. This sufficient condition becomes necessary for two special cases as shown

next.

Corollary 1 Consider state feedback control for the MAS over the directed graph G. If
feedback stability holds for the MAS consisting of either (i) homogeneous multi-input unsta-
ble agents or (ii) heterogeneous single input unstable agents with {A;}Y., having a common

unstable eigenvalue, then the directed graph G is connected and the rank condition in either

(3.3) or (3.8) holds.

Proof: For case (i), the homogeneous hypothesis implies
F(sI —A)™'B=1Iy®F,(sI — A,) 'B,,

where (A;, B;, F;) = (Aa, Ba, Fu)V i@ € N. Using the same procedure as in [45, 62], the

feedback stability condition in (4.6) can be shown to be equivalent to
det[I + Fy(sI — A,) " B.X\i(M)] # 0V Re[s] > 0.

Since A, has unstable eigenvalues by the hypothesis, the above inequality implies \;(M) #
0 for all 4, concluding that the graph G is connected and the rank condition (3.8) for
M = (DL + G) holds for some diagonal D > 0 and G > 0 with rank of G equal to 1. For
case (ii), feedback stability implies stability of (A — BMF") for some F'. Thus

rank{[sjn_A BM }}:nVRe[s]zo

where n = n; + --- + ny. Recall A; has dimension n; x n;. For single input agents,

BM has N columns. Taking s to be the common unstable eigenvalue of {4;}Y, implies
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that (sI, — A) has rank (n — N), and thus BM has rank N, leading to the conclusion of
nonsingular M = (DL 4 G) again that concludes the proof. O

We now consider a time-varying graph G(t) = (V,£(t)) where the edge set E(t) is
time-varying. This results in a time-varying adjacency matrix A(¢) and Laplacian £(t). A
concept of uniformly connected graph has been proposed in [52, 70, 78]. Because its formal

definition is rather lengthy and abstract, we adopt the following slightly modified notion.

Definition 1 A time-varying graph G(¢) with Laplacian £(t) is uniformly connected with

time interval h > 0, if

Talt) = % /t L(7) dr, (4.9)

is a Laplacian matrix corresponding to some connected graph at all time ¢.

The above notion is essentially the same as that in [52, 68, 78] and is motivated by
practical considerations. Roughly speaking the time-varying graph should be more often
connected, in some uniform sense, in the time interval A > 0 and at all time ¢. The next
result extends Theorem 7 to the case of time-varying graphs.

Corollary 2 Let (A;, B;) be stabilizable Vi € N'. There exists a stabilizing state feedback
control protocol
N
uit) = g:(r — Fyy) — di Y ai(t)(Fyw; — Fyay) (4.10)

J=1

for the underlying MAS over the directed graph G(t), if G(t) is uniformly connected with

sufficiently small time interval h > 0, and
rank { L4 (t) + €ipwy€in ) = N (4.11)

for at least one index ig(t) € NV t.
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Proof: Since L} (t) corresponds to a connected graph and condition (4.11) holds at all ¢,
there exists diagonal D(t) > 0 and G(t) > 0 in the form of (3.7) with only one g;(t) > 0
such that M(t) = D(t)Ly(t) + G(t) satisfies

Z)+Z(t) >0, Z({t)=M(t) 1.

Note that (4.4), with r(¢) = 0, is equivalent to the closed loop system in Figure 4.1, where
Tr(s) is block diagonal with the ith block T, (s) defined in (4.8) and Z(t) = M(t) — I with
M(t) = D(t)L(t) + G(1).

Let G(s) = [I+Tp(s)] " [I —Tp(s)] and R(t) = [I+ Z(t)] " [I — Z(t)]. Then the
closed loop in Figure 4.1 is equivalent to the one in Figure 4.2 with d (t) = 2(t) + w(t) and
d_(t) = z(t) — w(t).

TF(S)

—Z()

Figure 4.1: Closed loop system

dy d_

Figure 4.2: Equivalent closed loop system
Since Tr(s) is PR, G(s) is bounded real [4], i.e.,
|G|y, = sup o[G(s)] < 1. (4.12)
Re[s]>0
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It follows that for each pair of input/output signals, there holds ||d_||s < ||dy||2 with || - [

the £9 norm defined via

ld|2 = / " dwyd() dt

o0

On the other hand d, (t) = —R(t)d_(t) by Figure 4.2 and

<w,z> = /00 w(t) z(t) dt

o0

1

= / Z w(t) [Z(t) + Z(t)] w(t) dt,

by Figure 4.1. Denote fi(t) = f(kh +t). Then

<wz>———Z/wk V[ Zk(t) + Zi(t) Jwi(t) dt.

k=—00

Now choosing D(t) and G(t) piecewise constant over each time interval [kh, (k+1)h) leads

to

Z/ [Z3,(t) + Zi(t Zth )+ Z1(0)] .

k=—o00 k=—00
Note that Z,(0) + Zx(0)" > 0 for all k. Since Tr(s) is PR, its output w(t) is a smooth
function, which is approximately constant over [kh, (k+ 1)h) for each k by the hypothesis

that h is adequately small. Consequently < w, z > is strictly negative. It follows that

el = 2113 + lwllz + 2 < w, 2 >

< l2ll2 + w3 — 2 <w, 2 > = [ld_]|I3.

That is, £, induced norm for the block with gain —R(t) in Figure 4.2 is strictly less than
1. By the small gain theorem, the closed loop system in Figure 4.2 is stable, implying the
stability of the closed loop system in Figure 4.1. a

Corollary 2 is weaker than the results in [78] due to the stronger condition on the

adequately small time interval h. However this condition does not sacrifice much in practice
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by noting that h consists of hog and hgy,, the time intervals over which the graph losses its
connectivity, and keeps its connectivity, respectively. We would expect that in practice a
graph will be more often connected, so as long as h.g is adequately small, h can be taken
adequately small too. It is important to observe that large h,g can cause divergence of the

output signal inducing system breakdown if the agents are unstable.

4.1.2 Output Feedback

When the states of the MAS are not available for feedback, a distributed observer can
be designed to estimate the state of each agent, which can then be used for feedback control.
See [45, 87] for homogeneous MASs. We will modify some of the distributed observers in
[87] for design of distributed output feedback controllers in the case of heterogeneous MASs.

Our first distributed observer has the local form

for each i. Notice that there is no communication graph for the output estimation part.

Since &; = A;x; + B;u;, taking the difference of the two leads to
éiﬂz‘ = (AZ - LzCz>€a:“ €x, = Tj — Z%i,

where i € N'. By packing {e,,}¥, into a single vector e,, we obtain ¢, = (A — LC)e, with
L = diag(Ly, -+ , Ly).

Using the estimated states {Z;} for the control input in (4.3) leads to

N
u(t) = gi(r — Fig;) — d; Z aij(Fit; — F2;). (4.14)

J=1
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Recall M = DL + G. Substituting the above into & = Az 4+ Bu for 1 <1i < N yields
t=[A—BMF|z+ BMFe, + BM(1y®r). (4.15)

Thus the overall MAS satisfies the state space equation

iy A—-BMF BMF x BM
= + (Iv®r). (4.16)
s 0 A—-LC €x 0
It follows that the internal stability holds, if and only if (A — BMF) and (A — LC) are
both Hurwitz.

A drawback for the local form in (4.13) and also for the results reported in [39, 78]
lies in the use of {y;(t)}. For applications to vehicle formation, y;(t) often represents the
absolute position of the ith agent and requires a GPS signal which may not be available
to all agents for feedback except the one with g; # 0. Instead the relative positions are
available from and to the neighboring vehicles, which motivates the second observer, termed

neighborhood observer [87]. We propose the following modified observer for heterogeneous

MASSs

T; = A + By + il Li(9; — vi) — Lo(90 — vo)] (4.17)

N
+diLi Y ayl(@i—9;) — (i —y)]VieN
j=1

where ; = C;z; for 0 < ¢ < N. Notice that in this observer there is a communication graph
for the output estimation part. The above observer employs the error signals with respect
to neighbors of the ¢th agent plus the reference signal, and thus can be more preferred in
some applications, such as vehicle formation.

In fact the state of the reference model z((t) also requires estimation at the ith agent

whenever g; # 0 due to possible corrupting noise in the received reference signal r(t) =
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Coxo(t). Taking difference between &; = A;x; + Byu; and (4.17) leads to

N
€y, = Ajey, — diL; Z a;;(Cieg, — Cjexj) — giL;Ciey, + giLoCoey,,

Jj=1

which results in the collective error dynamics
é,=[A—L(DL+G)Cley+ (In @ Lo)M (1n ® Coey,) ,

with M = (DL + G) and e, (t) = zo(t) — Zo(t). Denote L, = Iy ® Ly. In connection with

(4.15), the overall MAS has the state space equation

& A—BMF  BMF x BM (1y ® Coio)
= + : (4.18)
és 0 A—LMC €x LM (1y ® Coeq)
For both local and neighborhood observers, the separation principle for stabilization holds

true as manifested in the collective dynamics (4.16) and (4.18). Hence we have the following

result for which we omit the proof.

Theorem 8 Suppose that (A;, B;, C;) is both stabilizable and detectable for alli € N'. Then
there exist distributed output feedback stabilizing controllers for the underlying heterogeneous
MAS, if the feedback graph is connected and (3.8) holds for both ¢ = p and ¢ = m. For
the MAS over the time-varying graph, the distributed output stabilization requires that the
graph be uniformly connected with adequately small h > 0 and (4.11) holds for both ¢ = p

and g = m.

In light of Corollary 1, the sufficient condition in Theorem 8 for distributed output
stabilizability condition can be made necessary for SISO heterogeneous MASs when all
agents share some common unstable poles. In synthesizing the distributed output protocol

controllers, the state estimation gain L; is required not only to be stabilizing but also satisfy
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the PR property for the resulting

which is dual to the state feedback case. Consequently e,(t) — 0 as ¢ — oo. Hence
the observer-based control results in the same closed-loop transfer matrix in steady-state.
We also point out that Theorem 8 assumes the same communication graph at both input
and output. In practice they can be different from each other which can give more design
freedom. In case that the graphs differ, then both need to be connected and satisfy the rank
condition (3.8) or (4.11). Moreover each agent may have different measurement output
from the consensus output. For simplicity, our paper considers only the case when the
measurement output is the same as the consensus output; however our design method can
be easily adapted to fit to the case when they differ. For this case, the current matrix, C;, in
the state estimator needs to be replaced by a different C; corresponding to the measurement

output.

Remark 2 Many known output feedback controllers are observer based and satisfy the
required PR property, including the controllers designed using H. loop shaping and
LQG/LTR methods. Indeed for H, loop shaping based on a right coprime factoriza-
tion (a dual result is presented in [51], page 69-72), F; = B/X; and L; = Y;,,C] with X; > 0

the stabilizing solution to the control ARE

and Y., > 0 the stabilizing solution to the filtering ARE

where A; = (72 — 1)(I + Yieo X;) B; Bi(I + X,Yiso). Since ; > Viopt = \/1 + Anax (XiY7) > 1,
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A; > 0 is true. In light of Fact 4, both TF,(s) defined in (4.8) and T7,(s) defined in (4.19)
are PR.

For LQG/LTR, F; = B/X; with X; > 0 the stabilizing solution to the ARE (4.20), and
L; = Y,C! with Y; > 0 the stabilizing solution to the ARE

AY; + VAL = Y,CIC)Y; + ¢2Q; = 0,

for some design parameter ¢; > 0 sufficiently large. The matrix Q; = B;B!if P(s) = Ci(sI—
A;)71B; is minimum phase. Otherwise QZ = BinB.,, where Pi(s) = Py,(s)Bia(s) with
Pyu(s) = Ci(sI — A;) "' By, being the minimum phase part of P;(s) and B;,(s) satisfying
Bia(—$)'Bis(s) = I and containing all unstable zeros of P;(s) [86]. Hence both T (s)
defined in (4.8) and 77, (s) defined in (4.19) are again PR in light of Fact 4. O

The next result is concerned with the existence of static output stabilizing control law

for heterogeneous MASs.

Corollary 3 Suppose that (A;, B;, C;) is both stabilizable and detectable satisfying det(C;B;) #
0 and (A;, By, C;) is strictly minimum phase for all i € N'. Then there exist distributed
static output stabilizing controllers for the underlying heterogeneous MAS, if the feedback

graph is connected and (3.8) holds for ¢ = m.

Proof: It is shown in [28] that under the hypotheses for (A4;, B;, C;), there exists K; such
that

is an LQR control law for the system #; = A;xz; + B;u; with R = I. Since this is true for
each i € N, the result for distributed state feedback control can be applied. Specifically
Tr(s) in the proof of Theorem 7 with F; = K;C; for each i can be made PR. The corollary

is thus true. .
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4.1.3 Robust Analysis

It is well known that both H, loop shaping and the LQG/LTR methods provide robust-
ness for the designed feedback control system. For instance a feedback controller designed
using LQG/LTR has good gain margin (GM), while one designed using H, loop shaping
is optimally robust against model uncertainty described by normalized coprime factors.
However the distributed controllers with distributed observer may obscure the robustness
of these two different controllers. This subsection presents a preliminary analysis.

Consider first the LQG/LTR design method. Suppose that the ith plant is described
by

Pi(s)(I 4+ A;) = Ci(sI — A) 7 Bi(I + A),

where A; is diagonal with its kth diagonal element in the range of (o, fix) satisfying

0<a;r <1<k <oo.

The overall gain margin for the MAS can be defined as

N m 6
GM = 201log, (H 11 a’j’“
i=1 k=1 0k

>dB

that is the largest possible subject to feedback stability for all A; in the interval. For
convenience, denote A = diag(Aq, -+, Ax). We'll focus on the control protocol based on
neighborhood observers in form of (4.17). Since the reference input does not change the

gain margin, r(t) = 0 is taken for (4.14). It results in

t=Ax — B(I + A)YMFz, y=Cuz,

i =(A— BMF — LMC)i — LMy.

The feedback system described above is depicted in the following block diagram Figure 4.3.
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sz(s)

Figure 4.3: Gain margin analysis

Denote P(s) = diag[Pi(s),---, Pn(s)] and

K(s) = F(sI — A+ BF + LO)™'L, (4.22)

with F = MF and L = LM. The transfer matrix T;,(s) can be obtained as

Tin(s) = —K(s)[I - P(s)K (s)] P(s).

Although P(s) is diagonal, K (s) is not due to the presence of M = DL + G in F and L.

It can be verified that

Ty(s) = F(sI — A+ BF)™'LC(sI — A+ LC)™'B.

Hence in general the gain margin calculation is a p-analysis problem that can be difficult,
especially for the case when N is large.

In the case of H., loop shaping, A; is a stable transfer matrix, representing the modeling
uncertainty of the system, different from the previous real diagonal A. Moreover the
expression of the equivalent Ty, (s) is more complex. Let Pi(s) = N;(s)M;(s)™! be the
normalized right coprime factorization of P;(s). The true unknown model for the ith agent

is assumed to be

[Ni(s) + Ain(s)][Mi(s) + Aina ()]~
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and A;(s) = [ Ain(s) A (s) ] satisfying [|Agl|3.. < & [51] with || - ||, the Hoo-norm
defined in (4.12). Let K(s) be as in (4.22). An equivalent T, (s) in the sense of the same

Hoo-norm as that for Ty,(s) is given by

Since the derivation is similar, it is skipped. The stability margin can be obtained via
computing

O = (I el )

implying that feedback stability holds as long as §; < Omax for all ¢ € N. Again, the
computation of d,,., can be very demanding.

Before concluding this section, we would like to point out that while both H., loop
shaping and LQG/LTR methods produce robust controllers, the robustness measures such
as GM and 0. of the feedback MAS can be very different from the case in absence of
M=DL+(G.

4.2 Qutput Consensus

Several results exist regarding the condition for heterogeneous MASs to achieve output
consensus, including [27, 39, 78]. Our results differ from the existing work due to the
absence of a local reference model at each agent and in the explicit conditions for the
consensusability in terms of the connected graph and the rank condition in Lemma 2.
Hence synchronization of the local reference models can be avoided and consensus control
can be achieved directly using local and distributed feedback control protocols. More
importantly the existing well-developed design methods such as H, loop shaping [51] and
LQG/LTR [4] can be used to synthesize the output consensus control law.

Prior to study of output consensus, we introduce a known result from [30].
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Lemma 6 Let the plant model be described by

Ta(t) = Aa(t) + Baua(t), ya(t) = Caza(t),

where A, € R"*" B, € R"™*™M gnd C, € RP>*" and the reference model be described
in (3.1) with Ay € R"™*™ Cy = I,, and p = p,. Assume that (A,, B,) is stabilizable and
consider the control law u,(t) = —Fax,(t)+ Foar(t). Then for each stabilizing state feedback

gain F, € R™M2*"0 there exists a reference feed-forward gain Fy, € R™*P such that

lim [ya(t) — r(t)] = 0, (4.23)

t—o00

i.e., the output of the plant model tracks the reference input with zero steady-state error, if

and only if

M — A, B,
rank =n-+p, (4.24)

at X\ = N(Ag) for £ =1,--- ng.

The above lemma implicitly assumes p < m. That is, the plant model P,(s) = Ca(sI —
A,)'B, is a wide or square transfer matrix. Thus the feed-forward gain Fy, is a tall or
square matrix. It follows that the closed-loop transfer matrix from the reference input r(t)

to output y,(t) is square and given by

Tu(s) = Cu(sI — Ay + B.F,) ' BaFpa. (4.25)

Computation of Fy,, given a stabilizing F,, requires first computing the solution (W, U,)
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to the equation

L. 0| W, A, B. | | W, 0
Ay — = : (4.26)

0 0 Ua Ca 0 U, Co

and then setting Fy, = U, — F,W, [30] (page 7-9). Generally Fp, has full rank, and in fact,
the full rank condition can be assured if the synthesis of the stabilizing state feedback F,
admits design degrees of freedom.

It is important to observe that the tracking condition in (4.23) does not require that
the plant model include the modes {\;(Ap)} due to the existence of the feed-forward gain
Fya. In practice, though, the inclusion of the modes {A;(Ap)} in the plant dynamics help
to improve performance of both tracking and disturbance rejection. For this reason we

assume the following:

Assumption 1 Each distinct eigenvalue of {\,(A4g)} is a pole of P;(s) and satisfies

rank{ lim [s — )\g(AO)]B(s)} = full V i,

SA))\K(A())

If Assumption 1 does not hold, then dynamic weighting functions {W;(s)} (having poles
at the missing modes of {A\;(A4;)}) can be employed so that the weighted plant Py, (s) =
Pi(s)W;(s) satisfies Assumption 1V i. In fact adding weighted dynamics such as integra-
tors and lead/lag compensators to obtain a desired frequency shape has been a standard
procedure in LQG/LTR and H loop shaping design methods [4, 51]. Controller design
can then proceed for Py, (s) and implementation of the controller needs to take W;(s) as
part of the controller. Assumption 1 then results in no loss of generality, since it can al-
ways be made true. The next result provides the output consensusability condition for

heterogeneous MASs in the case p = m.
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Theorem 9 Consider the heterogeneous MAS with equal number of inputs and outputs,
and agent model Pi(s) = Ci(sl,, — A;)"'B; having stabilizable and detectable realization
for all i. Let the reference model be described in (3.1) with Cy = I,. Under Assumption
1, the given MAS over the feedback graph G is output consensusable, if G is connected, the

condition (3.8) holds for ¢ = p =m, and (4.24) is true for alla=1i € N.

Proof: The connected graph G and rank condition (3.8) imply the existence of observer-
based controllers with feedback gains {F;} and {L;} which achieve distributed local stabi-
lization. In fact stabilizing state feedback and state estimation gains can be synthesized
such that {TF(s)} in (4.8) and {77%,(s)} in (4.19) are not only stable but also PR using
either LQG/LTR or H loop shaping design method. It follows from condition (4.24) with
a = ¢ and Lemma 6 that the feed forward gain Fy; € R™*™ exists such that the fictitious

closed-loop system with transfer matrix
Tc,(s) = Ci(sI — A; + B;F;) "' B; Fy,,

achieves tracking with zero steady-state error. Note that Fj; can be made nonsingular
by choosing a suitable stabilizing state feedback gain due to the many design degrees of
freedom in both LQG/LTR and H., loop shaping design methods. For output consensus

control, the control input in (4.14) is modified by setting u;(t) = Fyu;(t) and

~ ~

N
j=1

where {Z;(t)} are estimated states based on either local observers (4.13) or neighborhood

observers (4.17), and

The above leads to replacement of B; by Z§Z = B, Fy; and F; by }?’Z = Fo_ilFl-. Thus B;F; =
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EZ-E, leading to

for each i € N. The control input u;(t) = Fp;u;(t) with @;(t) in (4.27) shows that the

collective state equation in (4.15) is now replaced by
i =[A— BMF)z + BMFe, + BM(1y @), (4.30)

where /\7 - DL + G and

ﬁ:diag(ﬁla'”aﬁN)7 é:diag(@h'”aélv)a
Ezdiag(gly'”aB\N)v F\:dlag(ﬁhvﬁ]\f)

Recall (4.28). Denoting Ry = diag(Ro1, - - - , Ron) yields
M=R;'M, M=DL+G.

The connectedness of G and the rank condition (3.8) imply that M+ M’ > 0 for some diag-
onal D > 0 and G > 0 in (3.7) with only one nonzero g; > 0. Let Fy = diag(Fou,- -+ , Fon).

Then RoM + M'Ry = M + M’ > 0 that is equivalent to (recall that k = 1 can be taken)
FMES + (FoMEyY > T = M+ M > 1 (4.31)

with M = FyMFy . 1t is claimed that (A — BMZF) is Hurwitz, provided that (A; — B;F})
is for all - € NV. Indeed

det(s] — A+ BMF) = det(s] — A+ BMF),

where M = F()/T/I\FO_1 by B=BFyand F = Fy'F. Hence a similar argument in the proof
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of Theorem 7 can be used to conclude the claim.

Now consider the collective output

Let Y(s) = L{y(t)}, R(s) = LA{r(t)}, and E,(s) = L {e,(t)} be the Laplace transforms of
y(t), r(t), and e, (t), respectively. The Laplace transform of (4.30) with the output equation
(4.32) is given by

Y(s) = C(sI — A+ BMF)'2(0)
+C(sI — A+ BMF) '\BMFE,(s)

+C(sI — A+ BMF) ' BM(1y ® R(s)), (4.33)

taking the modification in (4.27) into account. Because (A — BMF ) is Hurwitz, the term
associated with x(0) approaches zero as t — co. In addition the estimation error e, (t) also
approaches zero as t — oo regardless of local or neighborhood observers being used. Hence

the steady-state response of y(t) is determined by
~ PO R
To(s) = C (s[ A+ BMF) BM, (4.34)

that is the transfer matrix from 1y ® r(t) to y(¢). Recall that P(s) = C(s] — A)™'B =
diag(Py,- -, Py). Denote

P(s) = P(s)Fy = C(sI — A)™'B.
In light of the hypotheses that p = m and Assumption 1, there holds

lim P(s)™'= lim P(s)"' =0.
s—Ae(Ao) s—=Xe(Ao)

63



Hence for a simple eigenvalue A\y(Ag) = sy, there holds

lim Te(s) = lim C(sI — A+ BMF)"'BM

S—Sy S—Sy
S~ AN AN _1 —~
— lim [MF(SI - A)’lBP(s)*l} M
S—Sy
e an 17!
= sh_glZ [F(Sl — A)""BP(s) }

= lim C(sI — A+ BF)™'B

S—Syp

= lim [T(s)],

S— Sy

with T (s) = diag{Tc,(s), -+, Ty (8)} and Tg,(s) in (4.29). Since T, (s) achieves tracking
with zero steady-state error for each i, the output consensus for the heterogeneous MAS is
also achieved in the case of simple eigenvalue A\;(Ag) = s,. In the case of multiple eigenvalue

Ae(Ap) = 0 with multiplicity p > 1, perfect tracking requires that

Since the limit of T\C(s) is the same as the limit of Tx(s) at A(Ag), the above equality
is true, implying the output consensus at A;(Ag) = 0. The proof for nonzero repeated
eigenvalues is similar so it is skipped. a

Theorem 9 does not consider the issue of p # m, i.e., the number of inputs does
not equal to the number of outputs for each agent. A simple way to bypass the issue of
p < m is to append additional (m — p) linearly independent rows to C; for all i before
synthesizing the output consensus. The augmented agents are square and thus Theorem 9
can be applied to synthesize the output consensus controllers. Note that the added (m —p)
outputs are fictitious for which the tracking performance can be ignored in design of the
output consensus control protocol. The issue of p > m is more complex, because it is not
possible for p outputs to track m reference inputs with zero steady-state error in general.

A convenient way is to consider consensus control for the first m outputs. However instead
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of deleting the last (p — m) rows of C;, we can consider appending (p — m) zero columns
to B;, and then apply the design procedure from the proof of Theorem 9. Although the
invertibility of the augmented P;(s) does not hold, the first m x m block is invertible, and
thus tracking of the first m outputs to m reference inputs can be assured.

In practice, we have a virtual reference model that does not exist physically. What is
available to the MAS is the reference input r(¢) that is piecewise step, ramp, sinusoidal,
ete, i.e., r(t) = Co(t)zo(t) with Cy(t) piecewise constant in time to pick up the step or ramp
or sinusoidal signal generated by #(t) = Agx(t) with different initial condition. For this
reason, ng > m and Cy(t) # I in general. However for each fixed reference input, it can
be generated by a reference model with much smaller dimension. Thus Cy = I assumed in
Theorem 9 has no loss of generality.

Finally it needs to be reminded that the tracking performance is influenced by the
eigenvalues of the Laplacian matrix £. How to take L into consideration for design of
high performance feedback controllers remains a challenging issue. For some ideas in this
direction, see [3, 15, 76], where the issue of how the topology of the graph influences the
dynamics of the agents is discussed. While time-varying graphs are not considered in
Theorem 9, the output consensusability condition can be easily extended to the uniformly

connected graph with adequately small A > 0 and the rank condition in (4.11).

4.3 Simulation Setup and Results

Consider the simulation setup as described in Section 3.6 without time delays in the
communication graph. We want to asymptotically regulate the position such that the final
positions are 10, 4, 6, and 8 for agent 1, 2, 3, and 4, respectively. In order to achieve this,

we add an offset value v; to each agent as shown below

N
ui(t) = gi(r — Fix;) — d; Z aij(Fixi — Fyxg) + ¢4,

Jj=1

N
¢ = gibi — di Y aii(th; — ).
j=1
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Note that ¢; is a fixed value for each ¢ which can be computed and stored locally beforehand.

In this manner, the closed loop collective dynamics are given by

&t =[A—BMF|lx+BM[Y+1y®7].

where 1 is a vector with its ¢th element containing the offset value ;. Figure 4.4 shows
each agent’s position in closed loop using the state feedback control signal (4.3) and the

local observer based control signal (4.14) with offset term.

10

Figure 4.4: Evolution of the output signals under state feedback (solid), local observer-
based feedback with LQG (dotted), local observer-based feedback with LTR (dashed), and
H oo loop shaping (dash-dot). Signals are communicated through the graph in Figure 3.1

It is important to note that for all cases, the network graph is connected and that
g; # 0 only for ¢ = 1, i.e., only agent 1 has direct access to r(¢). In addition, the rank
condition (3.3) is satisfied with i« = 1. With respect to (3.6), k = 0.1, g1 = 0.5, and
D = diag (0.1608,0.4348,0.5683,0.7168). Notice that the 4th agent is the best one at

following the trajectory of the 1st agent while the 2nd agent is the worst one. This may be
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explained by the graph interconnection since the 2nd agent is the last in the communication

chain.
4.4 Consensus Tracking

We consider the problem of designing a feedback control law in order to achieve tracking
of reference inputs in control systems focusing on unit step and ramp functions. The
tracking is a complicated problem for MASs. In addition to design of each stabilizing state
feedback F; we also need to design a feed-forward gain Fj; such that steady-state error

ess = lim e(t) = lim [y(¢t) — r(¢)] = 0. (4.35)

S§—00 S§—00

The final-value theorem can be employed to obtain the condition for output consensus
given by

lims[Y(s) — 1y ® R(s)] = 0. (4.36)

s—0

We consider two different methods to achieve tracking of unit step and ramp functions.

4.4.1 Offset Method

In this method, we assume that P(s) has exactly one pole at the origin. The steady-

state response of y(t) is determined by (4.34). The following derivation shows that

A~

~ o~ -1 —
Te(s) = C(sI — A)"'B [1 + MF(sI — A)—IB} M

-1 _—

= [P(s)" + MPe(s)P(s) | M,
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in light of the assumption that P;(s) has a pole at the origin where P(s) = C(sI — A)"'B

and Pr(s) = F(sI — A)"*B. We also note that

To(s) = O(sI — A+ BF)'B = C(sI — A)' B[+ F(sI — 4B B
— [P(s)™" + Pr(s)P(s)""] "

By the assumption that P;(s) has a pole at the origin,

lim To(s) = lim P(s)Pp(s) ™" = lim To(s). (4.37)

s—0 s—0 s—0

We begin with tracking of step input.
e Tracking a Step Input
Output consensus for step input requires

lim s [ws) 1 ® ﬂ 0. (4.38)

s—0

Consider the LHS of (4.38) where Y'(s) is given by (4.33) we get

lim s [Y(s) — 1y ® 1} = lims |:C(SI—A+§M\ﬁ)_1§M\ <1N® 1) -1y ® l}
s s s

s—0 s—0

= lim [C(s[ — A+ Eﬂﬁ)*léﬂ— I] Iy

s—0

— lim [0(51 — A+ BF)'B - 1} 1y,

s—0

in light of (4.37). The following result is thus true.

Lemma 7 Under the assumption that P;(s) has a pole at the origin for each i, tracking of
step input with zero steady-state error for the MAS is achievable, if and only if (A;, B;) is

stabilizable for all i.
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Proof: Since s = 0 is a pole of P;(s), it cannot be a zero for P;(s). That is,

A; B; A; — BiF; B;
rank = rank =n; +1,
C; 0 C 0
for each i, and any state feedback gain Fj. If (A;, B;) is stabilizable for all i, then stabilizing

F; exists for each 7, and thus the above rank condition implies that
lim Cy(sI — Ai + B;F;))'B; #0 VY.
The above shows that Fp; exists such that
151_1% Ci(sI — A; + BiF;) 'B;Fy; = 1,
by setting that Fy; = [Ci(—A; + B;F;) ™' B;] 7. Tt follows that

lim [C(sf —A+BF)'B-1|1y =0,

s—0

and thus the zero steady-state error is achieved for the step input. Conversely the zero
steady-state error implies that fc(s) and T (s) are all stable implying that (A; — B;F;) is
a stability matrix, and this (A;, B;) is stabilizable for all 1. O
e Tracking a Ramp Input

Here we consider the output consensus condition for tracking a ramp with an offset
term ¢; added. For output consensus control, the control input in (4.27) is modified and

written as

N
j=1
N N N
¢i = Gihy — D; Z aij (Vi — ;). (4.40)
j=1
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Subsequently the collective state equation in (4.30) can now be replaced by
& =[A— BMF)x + BMFe, + BM(i) + 1y @ ). (4.41)

Note that ¢; is a fixed value for each ¢ which can be computed and stored locally beforehand.
As the estimation error e, (t) approaches zero, the closed loop collective dynamics can be

written as
= [A—E/\//\lﬁ]m+§/\7[z/}+1]v®r], (4.42)

where 1) is a vector with its ith element containing the offset value ;.

Output consensus for ramp input with offset method requires

lim s {Y@) e 81—2} 0. (4.43)

s—0

Consider the collective output (4.32). The Laplace transform of (4.41) with the output

equation (4.32) is given by

Y(s) = C(sI — A+ BMF) '(0)
+C(sI — A+ E/T/l\ﬁ)’léﬁ/l\ﬁEx(s)

+C(sI — A+ BMF)'BM {% +1ly® R(s)] : (4.44)

taking the modification in (4.39) into account. Because (A — BMF ) is Hurwitz, the same

arguments as earlier concludes that steady-state output ys,(t) reduces to
Yeo(s) = C(sI — A+ BMF)"'BM [9 +1y® R(s)] . (4.45)
s

The steady-state response of y(t) is again determined by fg(s) in (4.34). Consider the LHS

70



of (4.43) where Y (s) is given by (4.45) we get

| 1 o a e (Y
£1_1}(1)5 [Y(s) -1y ® ?] = Ll_x%s {C’(s[—A—l—BMF) 'BM (; + 1N®R(s)> — 1N®R(s)]
. C(sI — A+ BMF)'BMy

S

s—0

= lim s [(C(SI — A+ Eﬂﬁ)_lﬁﬂ— I> Iy ® R(s)

(C(Sl — A + Eﬂﬁ)ilﬁﬂ— I) 1N N C(SI o A + Eﬂﬁ)iléﬂ@b

=lims

s—0 32 S
[(esr—as BMPYUBM-1) W] [o(st— A+ BRAF) B RAG
=lims 5 + lim s
s—0 S s—0 S
(C(sf — A+ BMFE)"'BM — I) 1y
= lim + 1.
s—0 S

Recall that C'(—A + BMF )_lﬁﬁ/l\ = [ in the earlier case of step input where we design

Foi = (Cy(—A; + B;F;)"'B;)~! such that lir% fc(s) = J. Define
s—

C(sI — A+ BMF) 'BM — 1|1y
Q =lim .

s—0 S

The limit is of the form % and the L’Hospital’s rule can be applied. Using the result

obtained from tracking of step input where Fj is designed such that (A; + B;F;) is Hurwitz
for all 7, applying L’Hospital’s rule yields

Q = lim —C(sI — A+ BME) 2 BMly
s—

= —C(—A+ BMF)2BMly.
The consensus condition reduces to

—C(=A+ BMF)2BMly + ¢ =0. (4.46)
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Using (4.46) we can calculate ¢ that is given by
¢ =C(—A+ BMF) *BMly. (4.47)

Figure 4.5 shows each agent’s position as they track the ramp input with an offset term

(4.39).
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Figure 4.5: Evolution of the output signals tracking a ramp function. Signals are commu-
nicated through the graph in Figure 3.1.

Although consensus is achieved the method proposed is not a local and distributed
approach to MASs, because of the use of M matrix in computing the offset vector v. To

overcome this weakness we propose another method in the following section.

4.4.2 Tracking a Ramp Input - Local and Distributed Approach
This approach assumes that s = 0 is a double pole of P;(s) for all i. We thus have a

similar lemma to Lemma 7.

Lemma 8 Under the assumption that s = 0 is a double pole of Pi(s) for all i, tracking

of the ramp input with zero steady-state error for the MAS is achievable, if and only if
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(A;, B;) is stabilizable for all i.

Instead of proving this lemma, we will provide derivation of the consensus result as-
suming the stabilizability of (A;, B;) for all i. Consider the following MAS output under

ramp reference plus the offset

Y(s) = Te(s)R(s) = C(s] — A+ BMF)"'BM [% +iy® é] .

The error of the system is defined by

1
:C(SI—A-i-BMF) BM —+1N®—2 — 1N®—2
S S S

[C(s] — A+ BMF) 'BMly — 1y] L Ol - A+ BMF)~' BMy

4.48
= . (4.48)

In light of the final value theorem, the steady-state error is given by

[—A+BMF)'BMly —1 S
lim sE(s) = lim Cls * BME)” BMIn = Ix |y, C(sI — A+ BMF) ' BMy
5—0 5—0 S 5—0
Next we consider the following error function in s-domain:
sA(s) = C(sI — A+ BMF)'BM — C(sI — A+ BF)™'B.

By noting that Ez = B, Fy; and ]/5Z = Fo’ilFZ- for each i, there holds

sA(s) = P(s)Fy[I + MF; Pp(s)Fy) ' M — P(s)[I + Pr(s)] ' F

= P(s)[I + Fo MEF; ' Pp(s)] " Fo M — P(s)[I + Pp(s)] "' Fy.
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Denote My = Fo./T/l\FO’l. Then

sA(s) = P(s)[I + MoPr(s)] *MoFy — P(s)[I + Pr(s)] ' Fy
= P(s)Pp(s) I + Mg Pp(s) ' Fy — P(s)Pr(s) I + Pp(s) ' Fy

= P(s)Pp(s) " {[I + My ' Pp(s)"'| " = [T+ Pp(s)”'] 7'} F.

We assume that P(s)™' — 0 and [sP(s)]"! — 0 as s — 0 which is equivalent to P(s)

having double pole at the origin. Hence there holds

sA(s) = P(s)Pr(s) " {[I = Mg " Pr(s) '] = [I = Pp(s) ']} Fo + o([Pp(s)"']")

= P(s)Pr(s)" {T — Mg'} Pr(s) " Fy + o([Pr(s) ),

where o ([Pr(s)7!]?) indicates that the term approaches zero in the order of [Pr(s)71]?, i.e.,

0(s?), as s — 0. This is ensured by the double zero eigenvalue of the A matrix. It follows

that

lim A(s) = P(s)Pp(s) ™ {1 — Mg'} [sPr(s)] 7" Fo + o([Pr(s)~"]) = 0.

5—0
The above shows that so long as the plant has a double pole at the origin, there holds

o Ol = A+ BMF)*BM —C(sI — A+ BF)'B
1m

s—0 S

= 0. (4.49)

The equality (4.49) yields the steady state error

C(sI — A+ BF)"'Bly — 1
lim sE(s) = lim (s + BF) N

+1im C(sI — A+ BMF)™"'BMy
S—r

s—0 s—0 S
C(sl — A+ BF) 'BFyly — 1
= lim (s + BF) 0N N4 lim C(s] — A+ BF)™' BFyt), (4.50)
s— S s—
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by B= BF,. Hence we can design Fj such that

s—0

or

limC(sI — A+ BF)'BFy = = F, = (C(—~A+ BF)"'B)™'

s—0

that is ensured by the nonzero DC gain for each P;(s). Substituting Fp in (4.50) the tracking

condition becomes

[— A+ BF)'BFyly—1
lin(1)C<S B BRv—v
s— S

w — lim 1N — C(S[—A—FBF)ilBF[)lN

s—0 S

(4.51)
The limit is of the form %, applying L’Hospital’s rule to calculate the limit, we get
Y =C(—A+ BF) ?BFyly

or
v; = lim

s—0 S

for i = 1,2,--- ,N. Then the MAS achieves the zero steady-state error to unit ramp
reference, if ¢; = —; fori =1,2,--- | N.

The proposed method is local and distributed in nature as the design of each agent is
decoupled and does not depend on M. This is crucial as the MAS has the advantage of
being scalable. That is, the consensus is achievable even if some agents are removed while
new ones are added in. In such situations, M changes all the time, and thus the local and

distributed results for consensus are preferred.
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4.4.3 Tracking a Sinusoid Input

The reference model which is required for tracking a sinusoid input is described as

where
0 w
Ay = ’
—Wwp 0
Taking Laplace transform of (4.52)
SX()(S) - X()(O) = AQXO(S). (453)
Rearranging (4.53) as
(sI — Ag)Xo(s) = Xo(0). (4.54)

The initial conditions for the states can be chosen to be

a
Xo(0) =
g
Substituting the initial conditions in (4.54)
e 1 5 —w a 1 as + Bw
Xo(s) = (s — Ag)~" S ’ - 0
s2 +w, s2 + w?
5 01wy s B 0| Bs— awp
(4.55)
Consider a = 0 and 8 = 1, we can then write (4.55) as
1 Wo
D¢ = 4.56
=i (4.56)
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Taking inverse Laplace transform of (4.56) we get

sin wot
zo(t) =
cos wyt

To track the reference signal we need to design the feedback Fj = [ a b } . The reference

signal can be written as
r(t) = Foxo(t) = asinwgt + bcoswpt. (4.57)

Taking Laplace transform of (4.57) we get

awp bs

4.58
s2 4+ w? + s2 + w? ( )

R(s) =

Lemma 9 Under the assumption that s = +jw is a pair of complex conjugate poles on the

imaginary axis of Pi(s) for all i, tracking of sinusoid input with zero steady state error for

the MAS is achievable, if and only if (A;, B;) is stabilizable for all i.

For tracking of a sinusoid input in a MAS environment we consider the feedforward
gain, Fy; = I. By using the design procedure as discussed in the earlier section Ry = I,
which in turn yields M = M. Here it is required that we calculate Fy = [ a; b; } for
each agent beforehand. To calculate a; and b; we follow the method explained below. The

output equation can be written as

5 . _ _1 a;wWo biS
Y(s)=Tc(s)R(s) =C(s] — A+ BMF) "BM [32 3 Ty w%]

:O(SI—A)_lB [I‘*’MF(S[—A)_lB}ilM |: a;Wo b;s :|

24+ w2 24w

7



Define

K = lim C(sI — A)'B[I + MF(sI — A)"'B] ™' M

s—jwo

= lim P(s)[I + MPp(s)] "' M.

s—jwo

We assume that P(jwy)™' — 0 which is equivalent to Py(s) having double complex pole at
the origin. Hence we define P(s) = Pi(s)Py(s) and Pr(s) = Pri(s)Py(s). Further we can

rewrite

K = lim Py(s)Py(s) [I + MPpi(s)Py(s)] " M

s—+jwo

-1

= lim Pi(s) [Po(s)™" + MPpi(s)Po(s)Po(s)™"] M

s—+jwo

— SE%O Pi(s) [Po(s) ™" + Pri(s) ]
— lim P(s)[I+ Pp(s)] " = lim C(sI — A)"'B[I+ F(sI — A)~"'B]™"

s—rjwo S$—Jjwo

= lim C(sI — A+ BF)'B= lim Tr(s).

s—jwo s—jwo

From above we can conclude that the design of each agent is decoupled and does not depend

on M. Then the output equation can be written as

a;wWo b;s
24+ ws 24w

Yi(s) = Ci(sI — A; + B;F;) ' B;

K, K
(s —jwo)  (s5+ jwo)
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Steady state solution is given by Yi(t) = 2| K| cos(wot + £K;). Calculating the partial

fractions and taking the limits we can write

2K, = lim 2T} (s) { @it J%o }
S—jwo (

s+ jwg) (4 jwo)
Cli.w() 4 blij‘|

2jwo  2jwo

a; + jbz}

= 2T, (jwo) {

= TF, (jwo) {
For tracking coswyt, we set ZK; =0
LK; = LTg,(jwo) + £ [a; + jb;] — 90 = 0.
The angle can be calculated to be equal to
Za; + jbi] = 90 — LT, (jwo) = g — ZTF,(jwo), (4.59)

and the magnitude is equal to

1

K| = |Tr,(jwo)| /a2 + 02 =1 = \/a? + 12 = ———.
= o) |TF, (jwo)l

(4.60)

Equations (4.59) and (4.60) implies Yis(t) = cos wpt.

Hence we can track a sinusoid input by locally generating the sinusoid and cosine
functions for each agent. As these functions are generated locally for each agent we will
have to provide corresponding reference signals to each of the agents to achieve consensus.
Therefore all the agents must receive the reference signal in order to achieve consensus
unlike the cases of step and ramp input discussed earlier in this chapter where only one
agent was required to receive the reference signal. For simplicity, we have considered N = 2
agents whose dynamics are described by second set of agents in Section 3.6. The dynamics

of the agents do not have a pair of complex conjugate poles on the imaginary axis, hence
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the plant model needs to be augumented with a weighting function equal to W;(s) = SQJF#MZ
0

We assume that wg = 7, and the graph is strongly connected. The rank condition (3.3) is

satisfied by taking D = diag (—0.0019,0.4981), x = 0.1 and g; = 0.5 with the rest g; = 0.

Figure 4.6 shows each agent’s position as they track a sinusoid input.

1.5F

T

0.5

-1.5

Figure 4.6: Evolution of the output signals tracking a sinusoid function for N = 2.

80



Chapter 5
Application: Aircraft Traffic Control

5.1 Introduction

Today’s air traffic capacity has doubled compared to the last decade and faces many
challenges of managing an ever-growing amount of air traffic. Hence it has become a need
to update the design of airspace continuously to meet the demands and provide the best,
safest and the shortest routes for the increasing number of flights. Currently air traffic
control (ATC) provides this service with the help of ground-based controllers who direct
the aircraft safely based on traffic separation rules. The rules help the ATC operator to
direct the aircraft on the ground and in controlled airspace, and also provide advisory
services when it is in the uncontrolled airspace by maintaining a minimum amount of no-
fly space around it at all times. This is known as Air Traffic Management (ATM). The
aviation industry today has to find a transformational ATM solution which will help to do
away with outdated infrastructure and operating techniques. In an attempt to optimize
and enhance the efficiency in the aviation industry, advances have been made based on
trajectory-based operations for replacing the current clearance-based operations in many
parts of the airspace thereby reducing the human interaction in the operations. This
shift in technique gives rise to a number of issues for distributed coordination in future
ATM systems, as safe separation between aircrafts can only be achieved by coordinated
management of the aircraft.

The flight dynamics of an aircraft are nonlinear in nature and can be described by a set
of simultaneous second-order differential equations. The mathematical model of an aircraft
provides us a way to simulate the aircraft conditions on a computer, which otherwise, would
involve high costs if a real aircraft had to be built and tested upon. The detailed derivation
of the mathematical model can be found in any aircraft or flight control design textbook

[9, 23, 19, 56].
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In mathematics, a nonlinear system is the one that does not satisfy the superposition
principle. It refers to a set of nonlinear equations used to describe a physical system that
cannot be written as a linear combination of the inputs. The theory of nonlinear systems
have evolved with time and today is used to describe a great variety of scientific and
engineering phenomena. For linear systems, the design of controller for output feedback is
a two step process comprising of state feedback and state estimation. Separation principle
can be applied for controller design and the two steps can be carried out independently for
assigning the closed-loop eigenvalues. The design methods based on separation principle are
fundamental and widely used as many techniques are developed based on this principle for
the design of linear systems. For the general nonlinear systems, unlike the linear systems,
the problem of output feedback control is much more difficult and less understood.

The study of nonlinear problem is important because most of the physical systems
are inherently nonlinear in nature. The complexity of nonlinear systems poses a major
challenge to the control community and requires design procedures which could meet control
objectives for the desired specifications. These real-world control problems can be solved
by using the nonlinear design tools presented in [36]. These useful methods include Lie
algebra and differential geometry [34], sliding mode control, a Lyapunov redesign - which
uses a Lypunov function of a nominal system to design a control component which is
robust, backstepping - a recursive process [38] and passivity-based control. Most of these
design tools require state feedback although a situation may arise when the control designer
chooses not to measure the state variables due to technical or economical reasons. This may
create a need to extend design techniques to output feedback. One of the methods used
in practice by researchers is the introduction of high-gain observers for a class of nonlinear
systems using separation principle [24, 37, 49, 50, 72]. Also certain control problems have
an abstract mathematical model which make it difficult to find a property that could
correspond to physical energy. These physical systems could be an electrical network or

a mechanical machine. The notion of stored energy, passivity and dissipativity are widely
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appreciated in the study of such physical systems as these provide a useful tool for the
analysis of system behavior [11, 31, 80].

Despite the success of the nonlinear control design methods, the linearization methods
are still widely used due to its simplicity and the availability of the many linear design
tools. The process involves design by linearizing the system about the desired equilibrium
point and then design a stabilizing linear feedback control for the linearized model but this
can only guarantee asymptotic stability locally. Various other linearization techniques used
are discussed in [36]. Techniques such as gain-scheduling can be used to extend the region

of validity of linearization.

5.2 Linearized Aircraft Model

The stability of an aircraft is studied under two different categories i.e. static and
dynamic stability. Static stability can be defined as the initial tendency of the aircraft
to return to its equilibrium state after a disturbance while dynamic stability is related
to actual time history of the systems state as ¢ — oo. It is important to mention here
that static stability does not always imply dynamic stability. However, dynamically stable
systems are statically stable. Our focus will be on dynamic stability as it affects the actual
motion of the aircraft when a control input is provided or a disturbance is injected. An
aircraft is considered as a rigid body with movable surfaces like rudder, elevator and ailerons
designed to control it. Usually in the study of flight control systems the equations of motion
for an aircraft are derived as a rigid body with three components of translation and three
components of rotation, which means that it has six degrees of freedom. For the sake of
convenience, reference axis fixed with respect to the earth is considered.

The mathematical basis for the analysis of an aircraft quickened after the first manned
flight was made possible by Wright brothers. This caused development in the area of aero-
nautics to suddenly gain momentum in the early 1900. Many scientists and mathematicians
got involved in studying the stability and control problems faced by these early flights. The

works of G. H. Bryan (1911) and Frederick Lanchester (1908) are recognized to have laid
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the foundations for the subject. Lanchester conducted experiments with hand-launched
gliders and was able to identify and describe certain mathematical dynamic characteristics
of an aircraft. On the other hand Bryan was the first to develop the general equations of
motion for the dynamic stability analysis which are still in use with some modifications.
These equations of motion of an aircraft are the foundation on which the entire frame-
work of flight dynamics is constructed. He also recognized that the equations of motion
could be separated into symmetric longitudinal motion and an unsymmetric lateral mo-
tion. Bryan’s mathematical theory was complex and lacked information about the various
stability derivatives. In order to determine these stability derivatives experimental studies
were carried out on scaled aircraft models inside the wind-tunnel by L. Bairstow and B.
M. Jones at the National Physical Laboratory in England. They also showed that under
certain assumptions the equations of motion can have two independent solutions, i.e., one
longitudinal and one lateral. Around the same time Jerome Hunsaker at Massachusetts
Institute of Technology conducted more wind-tunnel studies on scaled models of several
flying aircrafts and added valuable information about them and their dynamic stability.
The rigid body equations of motion can be derived by applying Newton’s second law.
To find the solution for these equations of motion perturbation theory is applied. According
to linear theory it is possible to write states as a sum of nominal value and a perturbation.
We consider that the aircraft motion consists of small deviations from the equilibrium
flight conditions. Perturbation theory is used to linearize the equations and the results
thus obtained are decoupled state-space models for longitudinal and lateral motions which
have sufficient accuracy for practical engineering purposes. The assumptions made are
reasonable provided the aircraft is not undergoing a large amplitude or very rapid maneuver.
The kinematic and dynamic equations for an aircraft are summarized in the Table 5.1
where u, v and w are the components of velocity along the z, y and z axes respectively.
The angular velocities are denoted by p, ¢ and r and the Euler’s angles are denoted by v, 6

and ¢. The mass moments of inertia of the body about the z, y and 2 axes are represented
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Table 5.1: Kinematic and dynamic equations for an aircraft.

m (i + quw —rv) = X —mgsind

m (04 ru — pw) =Y + mgcosfsin ¢
m (W + pv — qu) = Z + mg cos b cos ¢
L= xacp + qT(Izz - Iyy)

Moment Equations | M = I,,¢ + pr(ly, — L..)

0 =qcos¢p—rsing

Attitude Dynamics | ¢ = p + tan 0(qsin ¢ + r cos @)

1 = secf(gsin ¢ + rcos @)

Force Equations

by the terms I, I,, and 1., respectively. To linearize each of the kinematic and dynamic

equations we need to replace the variables by a nominal value plus a perturbation

u=uy+ Au v =1y + Av w = wy + Aw
p=po+Ap q=qo+ Aq r=ro+ Ar
X =Xp+ AX Y=Y+ AY Z=27Zy+AZ
M = My+ AM N = Ny + AN L=Ly+ AL
de = 0 + A, O = 0p + Ady,.

For convenience the equilibrium flight condition is assumed to be symmetric and with no
angular velocity. This implies that vy = py = qo = 19 = ¢ = o = 0. Also the z-axis is
set along the direction of aircraft’s velocity vector and hence wy = 0. The aircraft is flying
with the speed u = uy and 6y is the reference angle of climb. In our discussion we restrict
ourselves only to finding the longitudinal equations. The X-force, Z-force and pitching
moment form the longitudinal equations whereas the Y-force, yawing and rolling moment
form the lateral equations. The perturbed linearized longitudinal equations of motion are

as follows
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— ZuAu + {(1 _zd

o Zw} Aw — {(uo + Zq)i — gsin 90} A0 = Zs, Ao + Zs, Ady

dt
e d
M) Aw+ (S -, 2
* w) w+(dt2 “dt

d

—M,Au— My~

> AG = Ms, A8, + M;,AS,.

(5.1)

e Longitudinal Aircraft Dynamics
The perturbed linearized longitudinal equations are simple, ordinary linear differential
equations with constant coefficients. These equations can be written in state-space form

and represented mathematically as
& = Ax + Bn (5.2)
where z is a state vector and 7 is the control vector defined as follows:

T Ad,
rT=Au Aw Aqg A0 and n=
Ad,

The control or actuator inputs d. and d; are the change in elevator angle and thrust,
respectively. The coefficients of system matrix A are the aerodynamic stability derivatives
and the coefficient of input matrix B are the control derivatives of the aircraft. The

linearized longitudinal set of equations in (5.1) can be rewritten as

Al = X, Au+ XAy + X5, Ade + X5,A0; — (g cosy) Al
Aw = Z,Au+ ZyAw + ZyAw + Z,Aq + Z5, Ade + Zs, Ady + ugAq — (g sin 6y) A
Ag = M,A, + MyAw + M,Au + MyA,, + My, Ad. + Ms, Ad,

Af = Aq (5.3)

where X () = %685—)5), Zy = %% and M) = ﬁgs—%. Putting the equations in state-space

form we obtain
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and

Xu X 0
A Zu Zw U
Mu + MwZu Mw + Mwa Mq + Mu',UO

0 0 1

Xs, Xs,

Zs, Zs,

B —
Ms, + MyZs, Ms, + MyZs,
0 0

—gcos b

—gsin

(5.4)

In our discussion we consider the perturbation equations of longitudinal motion for
the Boeing 747 transport aircraft in level flight at an altitude of 40,000 ft and velocity of
774 ft/sec (Mach number = 0.8) [29]. For convenience the effect of wind is ignored. The

state-space model is given by

Aa | [ —0003 0.039 0 —032|[au] [ oo 1]
A —0.065 —0.319 7.74 0 Aw —0.18 —0.04 A6,
Ag | 0020 —0101 —0420 0 Aq ! ~1.16 0.598 A6,
] Af | L o 0 1 U I AV e 0 |

where the units are ft, sec and crad. The outputs of interest are aircraft speed Au and

climb rate Ah. The output equation can be written as

Au 1 0 0 O

Ah 0 —1 0 7.74

The above state-space model of an aircraft is used in our work for all simulations.
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5.3 MAS Approach for Aircraft Traffic Control

We propose to use the above aircraft model to provide a solution based on the MAS
approach for local and distributed coordination using the concept of free flight. Free flight is
being developed to replace the current ATMs as it transfers the responsibility to the aircraft
pilots who will now have the ability to change the trajectory in mid-flight independently.
This allows the airspace to be reserved dynamically and automatically in a distributed
manner using computer communication to ensure the required safety separation between
aircrafts. Each aircraft will coordinate with the neighboring aircraft in achieving free flight
as much as possible. Although conflicts may arise in determining the aircraft trajectories
which can in turn lead to more new conflicts with the other aircrafts in the space and hence
simple changes of flight path may not help and this will increase the chances of potential
accidents and also increase flight delays and fuel consumption. To overcome these issues
the MAS approach is proposed for ATM using a two-level architecture [20]. In the first
level trajectory predictions are made based on the information available about the density
of the given airspace. The second level ATM assumes full information about the airspace
guarantees trajectory clearance and assures separation in order to avoid any collision. Our
objective is to develop design tools that can apply the known results from consensus and
develop practical design tools which will help to improve the performance of future flight.

The aircraft model is a MIMO system. Hence we need to satisfy the rank condition
in (3.8). The FI distributed protocol in (3.9) is used for the simulation. We can achieve
consensus because each aircraft will have access to its own reference along with the infor-
mation from its neighbors. This will also make the closed loop system more robust in case

of communication failure or broken links.

5.4 Simulation Results
We consider two aircrafts for our simulation which are heading towards each other and
may collide. The Federal Aviation Administration (FAA) regulations require a vertical

separation of 1000 ft between the two aircrafts to maintain safe separation. Each aircraft
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acts as an agent in the airspace. The simulation model is set up as shown in the Figure 5.1
where the collective dynamics of the MAS are described by (3.12) and (3.13). Note that we
have only two aircrafts for our simulation and hence the graph is strongly connected. Next
we establish a rule for the flight path taken by the aircrafts. As soon as the two aircrafts
enter in a zone of minimum horizontal separation the developed consensus protocol takes
over and change the course of the flight. The aircrafts are cruising at a height of 40000 ft.
To change the course of flight we ascend the height of one of the aircrafts by 500 ft while
the height of the other aircraft descends by 500 ft. Such a rule will help avoid head-on
collision and maintain the FAA regulation of 1000 ft vertical separation. Once they have
crossed each other we can bring the aircrafts to their initial height. A step input is given to
the collective dynamics of the two aircrafts which causes a change in the flight path. The

simulated flight paths in two different views are shown in Figure 5.2 and Figure 5.3.

Nominal value of position| u(t-t0)

Step signal for x-position fracking
du
T L] -
5

Step Integrator Position x(t)
X' = Ax+Bu
y = Cx+Du

Aircraft Model

| 1 1]
dh_dotL_>_]dn
Step1 Integrator1 Height h(t)

Step signal for height tracking

h0 |Nominal value of height

Figure 5.1: Block diagram of the simulation model.

89



z-axis: height (in miles)

Flight path of 2 Aircrafts - Far View
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Figure 5.2: Flight path of 2 aircrafts: Far View.
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Figure 5.3: Simulation of flight phases in 3D-airspace.
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Chapter 6
Conclusion and Future Work

We have studied output consensus control for heterogeneous MASs with FI protocol
as it makes more sense to have all the states available for consensus control and provide
each of them with reference signals. Such an arrangement can provide a more reliable con-
trol between communicating agents. We also introduce time delays in the communication
topology and show that consensus is independent of the delay lengths. We have shown
that under some mild rank condition involving a connected digraph, there exist distributed
stabilizing controllers and consensus control protocols for heterogeneous MASs for both sys-
tems with or without time delays. The consensus control under communication constraints
is also studied here. In order to achieve consensus to a reference trajectory, it is sufficient
for one agent to have access to the reference signal, which lowers the communication over-
head for the MAS. In addition it is not necessary to duplicate the reference model in each
of the N local and distributed feedback controllers, thereby eliminating synchronization of
the local reference models commonly required in the existing work for consensus control.
Thus the communication cost can be lowered further. Although our work has focused on a
fixed topology of feedback graph, we have also studied the switching topology and we have
presented a similar result to that in [78]. The controller synthesis is based on H., loop
shaping and LQG/LTR methods, and therefore can accommodate performance and robust-
ness requirements. We have also studied consensus tracking for various reference inputs.
Our results show that each agent dynamics need to have modes of the reference model as
internal modes in order to achieve the tracking performance and output consensus.

This dissertation also includes application to aircraft traffic control. The air traffic
is expected to double in the next decade and this would require advanced ATMs. Today
aircraft’s are heavily dependent on the ground based air traffic controllers which require

humans to operate. The human intervention could become an issue when traffic increases
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and there is a need to cooperate between many aircraft’s. The next generation ATMs will
be trajectory-based and will replace today’s clearance based methods. These ATMs would
perform majority of operations automatically though humans would still be responsible for
handing noncritical operations. This shift in technology would give rise to a number of
issues in distributed coordination in ATMs, as separation assurance can be achieved only
by coordinated management of aircraft. In order to address the issues of coordination, we
proposed an MAS approach. The goal is to allow cooperation between aircraft’s to achieve
as much free flight as possible subject to safety constraints. The local and distributed coor-
dination methods which were developed for MASs are used to achieve minimum separation
between aircrafts.

In the following we would like to provide our view for the future work on MAS.

Time-varying Graphs:

We discussed about consensus of MASs over time-varying graphs in our work. Our result
though is under the assumption that graph is more often connected. Such an assumption
is too strong. There can be more work done to improve upon it and provide a weaker

condition as in [53, 67, 68, 78].

Non-cooperative Consensus Control for Aircrafts:

To provide conflict detection and resolution we would like to extend our results to non-
cooperative consensus control of aircrafts. As we have considered FI protocol and provided
reference signal to each agent we need to modify our current protocol such that it can
provide an offset based on the output measurements. Such a modification can allow many
aircrafts to fly in the airspace in any direction with required safety separation between

them and keeping the distance to destination minimum.

92



Consensus Control for Discrete-time Heterogeneous MASs:

The distributed output feedback of a heterogeneous MASs, consisting of IV different continuous-
time linear dynamical systems which satisfies the positive real condition was studied in
this dissertation. There is a need to study and provide an approach for output feedback
of discrete-time heterogeneous systems. Our method based on positive real condition is
difficult to be extended to discrete-time MASs. This is because a strictly proper transfer
function cannot be positive real. Although there has been significant work in the past for
studying the positive real condition for discrete-time systems [33, 83] but none of them
have considered a strictly proper transfer function. It will be interesting to derive results
similar to the case of continuous-time systems from the dissertation where the reference
input 7(¢) which is to be tracked is piecewise step, ramp, sinusoidal etc and the MASs are
connected with an underlying graph could have either fixed or switching topology. The
discrete-time dynamic agents can be networked over the communication topology repre-
sented by an undirected graph or directed graph. The aim would be to achieve consensus

which can accommodate performance and robustness requirements.

Consensus under Communication Constraints:

The communication topology considered in our work is under the assumption that there
are no packet drops. But in reality due to network congestion, fading and faulty network
hardware or drivers there will be packet losses, considering that the MASs are network
centric and digital data are often employed for transmitting and receiving signals. It will
be interesting to extend our discussion on consensus under communication constraints in

future by addressing the issues due quantization error and packet drops.

Nonlinear Multi-agent Systems:
Most of the physical systems are nonlinear in nature and hence there is a need to study

nonlinear MASs. Nonlinear systems are complex and require design procedures to meet

93



the control objectives. To study nonlinear MASs it will be advantageous to identify a
class of nonlinear systems to which the separation principle can be applied. In past re-
searchers have achieved separation by using various techniques such as the use of high-gain
observers, bilinear approach, backstepping methods, etc. The known approaches to achieve
synchronization behavior for nonlinear MASs are based on the concepts of dissipativity and
passivity. The future work should relax these assumptions and meet the specified perfor-
mance objectives by developing more practical design methods for consensus control of

nonlinear systems.

MASSs involving Uncertainty:
The discussion on robust analysis in Section 4.1.3 showed that the distributed controllers
with distributed observers may obscure the robustness for the controllers designed by both

Hoo loop shaping and the LQG/LTR methods. The stability margin given by

~ —1
5max = <||sz||Hoo>

can be arbitrarily small. Our calculations indicate that for the example with N = 4
considered in this dissertation there is a 90% reduction in robustness. The concern here
is that for a very large N this can be diminishing to zero. Robust consensus control is a

challenge and should be studied in the future.
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Appendix A
Algebraic Graph Theory

Consider the graph G description in Section 1.4. The graph can be defined as time-
varying or time-invariant (fixed). In this section we provide the terminologies used in
graphs and selected properties of graph theory. There are many references available to
study graph theory, we use the following for our discussion [6, 8, 21, 46], along with some

online resources cited later in the section.

A.1 Terminologies

A. Undirected Graph: An undirected graph G = (V, €) is a finite set of V nodes and a set
& of unordered pairs (v;, v;) where v;,v; € V : v; # v;. By definition, mathematical sets are
unordered. This means the set {a, b} is the same as the set {b,a}, and so the edges have
no direction. See Figure A.1.

B. Directed Graph or Digraph: Contrary to a undirected graph, a graph in which the edges
have a direction is called a directed graph. The set of edges £ is a set of ordered pairs of

elements V; we write an ordered pair as (u,v) which is different from (v,u). See Figure

Al

Figure A.1: a) Left: Undirected Graph: V = {1,2,3,4}, £ = {(1 (1,
b) Right: Directed Graph: V = {1,2,3,4}, £ ={(1,3),(2,1),(1,4),(2,4)}.
C. In-degree and Out-degree of Directed Graphs: In a directed graph, number of edges
directed into a vertex is called the in-degree of the vertex, and the number of edges directed
out is called the out-degree.

D. Incident: If v; and vy are vertices and (vy,ve) where (v; # vg) is an arc then this arc is
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said to be incident on v; and vs.

E. Adjacent: The vertices of the graph v; and vy are said to be adjacent if they are joined
by an edge.

F. Weighted Graph: A weighted graph G is one where each arc (v;,v;) € € has associated
with its weight w;;.

G. Subgraph: A graph G’ = (V, ) is a subgraph of the graph G = (V,€) if G’ is a graph,
V' CVand & CE.

H. Walk: A walk is like a path except that there is no restriction on the number of times a
node can be visited. A walk of length r in a digraph is a sequence of nodes {vg, v1,...,v,},
where a node may appear more than once. A path is a kind of walk with no repeated nodes.
A walk with no repeated edges (but not necessarily all the vertices) is called a tour/trail.
The terms directed walk and directed path have the expected meanings. Also if vg = v,

then the walk is closed. See Figure A.2.

® ; 2

Figure A.2: a) Left: Example of Walk of length » = 6 in an graph. 1 -2 -3 >4 —5 —
6. b) Right: Example of Trail: Walk of 2 -6 — 6 — 5 — 3 — 4 — 5. Since the vertices
{6,5} both occur twice. c¢) Right: Example of Path: Walk of 2 -3 — 4 — 5 — 6.

I. Connected Graph: Connected graph as defined earlier exists if v; — v; V j € N, then v; is
called a connected node in G. The digraph G is called connected if there exists a connected

node in G. Refer Figure 1.1. For an undirected graph, a connected graph is defined as a
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graph where for any two nodes v; and v; we can find a walk which begins at v; and ends
at vj.

J. Strongly Connected Graph: The digraph is called strongly connected if v; — v; and
v; = v; Vi,j € N. A digraph with at least two nodes is strongly connected if and only if
each node is globally reachable. It is weakly connected if there exists an undirected path
between any two distinct nodes of G. See Figure 1.1.

K. Bipartite Graphs: A graph G is bipartite if the vertex set of G can be partitioned into
at most 2 independent sets.

L. Reachable Node: If there is a path in G from node v; to node v;, then v; is said to be
reachable from v;, denoted as v; — v;, else v; is not reachable from v;, denoted as v; = v;.
M. Globally Reachable Node: If a node v; is reachable from every other node in the digraph

then it is called globally reachable node. See Figure A.3.

A
[\
@
A
@

Figure A.3: Examples of Globally Reachable Node Sets. a) Left: {1,2,6}. b) Right: {6}.

N. Trees: A graph which does not contain a cycle is called acyclic, or a forest. A connected
acyclic graph is called a tree. The edges of the tree are called branches. A graph is a tree
if and only if there is exactly one path between every pair of its vertices. If removal of
anyone of the edges from the graph disconnects it then such a graph is called minimally

connected. A graph is a tree if and only if it is minimally connected. A directed tree is a
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digraph where except the root node every other node has exactly one parent.

O. Spanning Tree: A spanning tree of a connected graph is a subtree which includes all the
vertices of the graph. Alternatively, a spanning tree for a directed graph can be defined
as a directed tree formed by graph edges that connect all the vertices of the graph. See

Figure A.4. Every connected graph has at least one spanning tree.

©

@ O— @ @—

Figure A.4: a) Left: Example of Spanning Tree for Undirected graph. b) Example of
Spanning Tree for digraph which is equivalent to the case that there exists a node having
a directed path to all other nodes. Node 1 has a directed path to all other nodes.

A.2 DMatrices Associated with Graphs

A stochastic matrix is used to describe a Markov chain. Therefore they are also called
as Markov matrices. All entries are nonnegative real numbers. There are several types of
stochastic matrices. A nonnegative square matrix consisting of real numbers is called row
stochastic matrix, if all row sums are equal to one. A nonnegative square matrix consisting
of real numbers is called column stochastic matrix, if all column sums are equal to one.
A doubly stochastic matrix is a square matrix of nonnegative real numbers with each row
and column summing to one.

Laplacian matrix £ was earlier defined in Section 1.4. The properties of Laplacian

matrices can be found in [17, 55, 58]. Some of them are discussed here.

Example 1 Consider the digraph in Figure A.3a as an example with weights associated

with each edge equal to 1. Then we can write the adjacency matrix A, degree matrixz D and
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the Laplacian matrixz L as follows

010000 1 0000O0
001001 020000
0001O0O0 0010O0O0

A - bl D - )
000010 000100
001001 000020
1 0000O0 000O0O0T1

-1 0 0 0 0 1

The eigenvalues of £ are 2 +14,1,1,0, 2.

It is clear that £15 = 0 and thus it has at least one zero eigenvalue. It is also known
that Re{\;(£)} > 0V i. In fact the only eigenvalues of the Laplacian matrix on the imag-
inary axis are zero in light of the Gershgorin circle theorem. In addition zero is a simple

eigenvalue of L, if G is a connected digraph. Also the Laplacian matrix is a semi M-matrix.

Perron-Frobenius Theorem:

A non-negative matrix square A is called primitive if there is a k£ such that all the
entries of A are positive. It is called irreducible if for any i, j there is a k = k(4, j) such
that (A¥);; > 0. Let A be a n x n matrix which has all its entries nonnegative (4 > 0) and
is irreducible, that is, the digraph of matrix A is strongly connected. Then the following
statements hold true for A [70]

1) p(A) > 0;
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2) A has a positive eigenvector x > 0 corresponding to p(A);

3) p(A) is a simple eigenvalue of A.

Lemma 10 If G s strongly connected, then the degree matriz, D, is invertible.

Proof: If G is strongly connected, then v; must have at least one edge ending at v;, therefore

deg; > 0V i. Recall that D = diag {deg,, - ,degy}, therefore D is invertible.

Lemma 11 If A is nonnegative and row stochastic, then p(A) = max |\;(A)| = 1.

1<i<n
Proof: Consider Ar = Ax with A nonnegative and row stochastic. Notice that each

component of Az is of the form

(Az), = a;121 + Qo + -+ - + Ay

n
with > a;; =1Viand a;; >0V i,j. Set Tmax = max |x;], then, for all i,
j=1 1<i<n

[(Az)i)| < lanzi| + [anzs| + - + |ainn|
S i1 Tmax + ;2L max + -+ AinLmax

= Tmax
since A is row stochastic. Now suppose that |[A| > 1 exists, then for some ¢
‘)\le = |/\| Tmax - Tmax-

Since

Az = \x = |(Ax),| = |Az;| Vi,

we have the contradiction that |(Az);| < Zmax and |Az;| > Zpax for some i. Therefore

|A| < 1. Now we just have to show that A = 1 is and eigenvalue of A to conclude that
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p(A) = 1. Indeed

so x = 1,, A =1 1is an eigenpair. Therefore p (A4) = 1.

Lemma 12 [f G s strongly connected, then 0 is a simple eigenvalue of L.

Proof: By Lemma 10 we know that D! exists. Define £ = D~ 'L = I — A, where
A
g

D 'A. Since a;; = %gaij, A has the same zero and non-zero entries as A and so
1

(ﬁ, £ ) is also strongly connected. Furthermore, A is row stochastic since

By Lemma 11, p <A> = 1 and by the Perron-Frobenius theorem, p (jl) is a simple eigen-

value. Since £ =1 — A, 0 is a simple eigenvalue of £ and also of £ since £ = DL.

Theorem 10 G is connected if and only if 0 is a simple eigenvalue of L.

Proof for sufficiency: We use the contrapositive argument to show that if G is not connected
then 0 is not a simple eigenvalue of L. Since G is not connected, we can renumber the nodes

to obtain the following form for £,

L1 0 0
L= 0 EQQ 0
£31 £32 £33

By the properties of Laplacians, 0 is an eigenvalue of both £;; and Ly, therefore 0 is not
a simple eigenvalue of L.
Proof for necessity: Assume G is connected. Set V' as the set containing all connected

nodes. Since G is connected, V' contains either all N nodes or r, 1 < r < N, nodes. If
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V' =V, then G is strongly connected and by property 4, 0 is a simple eigenvalue of L.
If V' contains r nodes, then u — v and v 4 u for u € V', v € V\V'. If necessary, renumber

the nodes of G so that V' = {1,2,...,r}. Therefore D, A, and £ have the block partition

form

with the (1, 1) block of each matrix of size r x r. If r = 1, then £; = D; = A; = 0. In this

case define
1 ifr=1 1 ifr=1
Dsl = y Asl - )
D, ifl<r<n A ifl<r<n
Dsl O -/451 O
and L = — . Notice that £ has not changed since for r =1, £; =0

0 Ds Ay As

still holds. Since £y corresponds to a strongly connected set of nodes, by Lemma 12, 0 is
a simple eigenvalue of £;. Now we just need to show that 0 is not an eigenvalue of L3 to
conclude that 0 is a simple eigenvalue of L. Recall that A,; is strongly connected therefore

D is invertible. Likewise, u — v for u € V', v € V\V' so Dj is invertible. Therefore

Dy 0
D, = is invertible. Consider

0 Dy

~ A sl 0 As 1 0
A ~ ~
AQ Ag AQ A3

and £ = D;'L = I — A. Notice that each row of A, must have at least one positive
entry. Since A is row stochastic, the maximum row sum of A3 must be less than one. This
implies p (.Zlg) < 1. Therefore, £3 = I — Aj is invertible and so is £3. Therefore 0 is not

an eigenvalue of L3 and so 0 is a simple eigenvalue of L.
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