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Abstract

In this dissertation, a new method is developed to study BVPs of the modified
Helmholtz and Helmholtz equations in a semi-infinite strip subject to the Poincare
type, impedance and higher order boundary conditions. The main machinery used
here is the theory of Riemann-Hilbert problems, the residue theory of complex
variables and the theory of integral transforms. A special kind of interconnected
Laplace transforms are introduced whose parameters are related through branch
of a multi-valued function. In the chapter 1 a brief review of the unified transform
method used to solve BVPs of linear and non-linear integrable PDEs in convex
polygons is given. Then unified transform method is applied to the BVP of the
modified Helmholtz equation in a semi-infinite strip subject to the Poincare type
and impedance boundary conditions. In the case of BVP of the modified Helmholtz
equation in a semi-infinite strip subject to the impedance boundary conditions, two
scalar RHPs are derived, then the closed form solutions of the given BVP are de-
rived. The difficulty in application of the unified transform method to BVP of the
Helmholtz equation in a semi infinite strip is discussed later on. The chapter 2
contains application of the finite integral transform (FIT) method to study the
BVP for the Helmholtz equation in a semi-infinite strip subject to the Poincare
type and impedance boundary conditions. In the case of the impedance boundary
conditions, a series representation of the solution of the BVP for the Helmholtz
equation in a semi-infinite strip is derived. The Burniston-Siewert method to find
integral representations of a certain transcendental equation is presented. The roots
of this equation are required for both methods, the FIT method and the RHP based

method. To implement the Burniston-Siewert method, we solve a scalar RHP on

vi



several segments of the real axis.

In chapter 3, we have applied the new method to study the Poincare type and
impedance BVPs for the Helmholtz equation in a semi-infinite strip. In the case
of the Poincare type boundary conditions an order two vector RHP is derived.
In general, it is not possible to find closed form solution of an order two vector
RHP. In the case of the impedance boundary conditions two scalar RHPs are
derived whose closed form solutions are found. Then the series representation for
solution of the BVP of the Helmholtz equation in a semi-infinite strip subject
to the impedance boundary conditions, is recovered using the inverse transform
operator and the residue theory of complex variables. The numerical results are
presented for various values of the parameters involved. It is observed that the FIT
method and the new method generate exactly the same solution of the BVP of
the Helmholtz equation in a semi-infinite strip subject to the impedance boundary
conditions. In chapter 4, we have applied the new method to study the acoustic
scattering from a semi-infinite strip subject to higher order boundary conditions.
Two scalar RHPs are derived whose closed form solutions are found. A unique

solution of the problem is obtained.

vii



Chapter 1

Introduction

1.1 Historical Back Ground

D’Alembert and Euler discovered a general approach for solving a large class of
two dimensional partial differential equations (PDEs). This approach includes sep-
aration of variables, and superimposing solutions of resulting ordinary differential
equations. The method of separation of variables is actually the solution of a PDE
by a transform pair. Examples of such pairs are Fourier transform and a variation
of it are the Laplace transform, Mellin transform, sine transform, cosine transform
and their discrete analogues. The transform method depends on the given PDE,
domain, and the boundary conditions. Consider the general evolution equation
(& + St ga;(—iZ))) qlz,t) =0, —co <z < oo, t>0, q(z,0) =qz)ec
S(R), where o; € R, S(R) is the space of Schwartz functions, ¢(z,t) and its
derivatives decay as | © |— oo, uniformly in ¢. This initial value problem can be
solved by the Fourier transform:

2 [ .
C](x,t) _ _/ €ka_w(k)t(jo(k’)dk,

™ o0
oo

w(k) = Enzoajkj, Go(k) :/ e_ikxqo(x)da:.

o0

Consider the 2nd order initial boundary value problem:

0q 0%
"ot T o2

q(,0) = qo(x), q(0,t) = folt), qlx) € S(RT), fot) € C",

=0, O<zx<oo, t>0,

qo(x), fo(t) are compatible at & = ¢ = 0. This initial boundary value problem can

be solved by the sine transform:



q(z,t) = 2 /000 sin(ka)[e" ™"ty (1) + ik‘/o e~ (t — 1) fo(r)dr)dk,

go(k) = /Ooo sin(kz)qo(x)dx.

The transform method is used to solve a wide variety of initial boundary value
problems, but for complicated problems, the classical transform method fails. For
example, there does not exist classical transforms to solve even a 2nd order el-
liptic PDE in simple domains. The main difficulty with the classical transform
method is the identification of a proper transform pair to be used. Some other
available methods are the Wiener-Hopf factorization method and Sommerfield’s
integral representation method. The Wiener-Hopf technique is extensively used
to solve many classical problems in acoustics, diffraction, electromagnetism, fluid
mechanics etc. The unified transform method was introduced by A.S. Fokas, to
solve boundary and initial value problems for two dimensional linear and non lin-
ear integrable PDEs [16]. This method was further developed in [15], [17], [18].
The unified transform method for boundary value problems (BVPS) for PDEs in

convex polygons consists of three steps:

(a) Given a PDE, construct two compatible eigen value equations, which in ac-
cordance with the theory of non linear integrable PDEs, are called as Lax

pair.

(b) Perform simultaneous spectral analysis of the Lax pair. This will generate an
integral representation of ¢(xy, z5) in terms of a function ¢(k), which is called
as spectral function, and an integral representation of §(k). The integral
representation of (k) involves values of ¢(z1, z5) and of its derivatives on the

boundary of the domain. The implementation of this step for some simple



evolution equations, and for the Laplace equation in some simple domains,
is explained in [16] and [15]. Implementation of this step for the Laplace

equation in convex polygons is explored in [19].

(c) For the given appropriate boundary conditions, analyze the global relation
satisfied by the boundary values of ¢(z1,x2) and of its derivatives. This step
is necessary because (k) involves some unknown boundary data. This step is
discussed in detail for some simple domains in [16] and [15]. This step for the
Laplace equation in convex polygons is discussed in [19], and expressions for
G(k) in terms of the given boundary data are given. To carry out this step,
some specified domains are required, because for arbitrary domains this step

becomes prohibitively complicated.

In the following section some terminology is defined.

1.2 Terminology
Definition 1.2.1. To define Schwartz space of functions S(R™), let a = (ay, g,

’ ,Oén), ﬁ - (ﬁlaﬁ%' e ;671) with Oéj,ﬁj > 0. Deﬁne

o 0™ on
9 _ .
¢ =atwy? - xhn.

Such multi-indices are denoted by o, B > 0. Note that |a| = oy +as+az+---+a,
denotes length of the multi-index . A function ¢(x) € S(R™) if ¢(x) is a smooth

function on R™ and

sup |279%¢(x)| < oo,
zeR™

holds for all multi-indices «, 5 > 0. The space S(R™) is a topological vector space.



For every pair of multi-indices «, 5 > 0 and ¢(z) € S(R"), a norm on S(R") is

defined as

16 lla.s= sup [270%¢(x)].

z€R™

A sequence of functions {¢,,n € N}, where ¢,(x) € S(R"™), converges to ¢(x) €
S(R™) if

| on(x) = (@) lag —>0asn — oo
Note 1.2.1. Definition 1.2.1 reveals that the Schwartz space of functions S(R™)
consists of all smooth functions whose all the derivatives, and the functions them-
selves decay at infinity faster than reciprocal of any polynomial. S(R™) is also

referred as a space of rapidly decreasing functions.

Example 1.2.1. Let f: R"™ — R" is defined by
f(w) = e

Then f(x) € S(R™) because f(x) is infinitely differentiable (f(x) € C*(R™)) and
decays at infinity faster than reciprocal of any polynomial. If p(z) is any polynomial

then q(x) = p(x)e™ also belongs to S(R™).

Example 1.2.2. Let ¢ : R® — R" be a smooth function with support in a compact
set. Then sup,cpn |0%¢(x)| < oo for any multi-index o > 0 because a continuous

function on a compact set is bounded. The linear space of all such functions is

denoted by C§°(R™). If the support of ¢ € B(0,r), then

sup |29 (x)| < Pl sup |0°¢(x)| < oo,
TER™ TER™

holds for all multi-indices «, 5 > 0. Hence C§°(R™) C S(R™).

Example 1.2.3. Let f: R — R be defined by

2 2

f(z) =e " sin(e”™).



Then f(x) ¢ S(R) because f'(x) is not decaying as |z| — oo.

Example 1.2.4. Let f : R — R be defined by f(x) = HE where n is a non

1
(14|
negative integer. The f(z) ¢ S(R) because |z|*" f(z) is not decaying as |x| — oo.
1.2.1 Lax pair for linear PDEs

Proposition 1.2.1. [17] Suppose q(x,y) satisfies the PDE with constant coeffi-

cients

L(0y, 0y)q(x,y) =0, (1.1)

where L(0,,0,) is a linear operator of 0, and 0, with constant coefficients. The

PDE (1.1) possesses the Laz pair

Ox,u(x,y, k) - Zkfﬂ(ﬂf,y, k) = Q(x,y), ke C> (12)

L(0x, 0y)p(x,y) = 0, (1.3)

where p(z,y, k) is a scalar function. Note that if q(x,y) satisfies

L(0y,0y)q(x,y) = 0, then the equations (1.2) and (1.3) are compatible.
Proof. Apply the operator L(0,,0,) on equation (1.2) to get
L(0y,0y)(0y —ik)p(z,y, k) = L(0,,0y)q(x,y), keC. (1.4)
Operators L(0,,0,) and 0, — ik commute, so
(0p — ik)L(0y, Oy)pu(x, y, k) = L(0y, 0y)q(z,y). (1.5)

Use the compatibility condition of equations (1.2) and (1.3) in equation (1.5) to

get the given PDE L(0,,d,)q(z,y) = 0. ]

Example 1.2.5. Consider the linearized nonlinear Schrodinger equation

10iq(z,t) + Oppq(z,t) =0, 0<z<o0, t>0. (1.6)



A Lazx pair associated with the PDE (1.6) is

po(z,t k) —iku(x,t, k) = q(x,t), keC,

pe(, b, k) + ik (e, t k) = i0,q(x,t) — kq(a, t).
Proof. Using proposition 1.2.1, a Lax pair associated with PDE (1.6) is

Oppi(z,t, k) — ikp(x, t, k) = q(z,t), keC, (1.7)

0z, t, k) + Opupe(z, t, k) = 0. (1.8)

To eliminate O,,u(x,t, k) from equation (1.8), apply the operator 0, on equation
(1.7), and simplify to get
Opapi(z, t, k) = tkOpp(z, t, k) + 0pq(z, t).
Use equation (1.7), to find the value of 0,u(x,t, k) and insert that value in
the above equation to get,
Opupt(x,t, k) = ikiku(x, t, k) + q(x, t)] + 0q(x, 1),

(1.9)
Insert the value of 0,.u(z,t, k) in equation (1.8) and simplify to get
Oy, k) = (k) ule, £, k) + iba(a, 1) + pa(, 1)), o
1.10
O, b, k) + ik, t, k) = i0pq(w,t) — kq(a, t).
O]

Remark 1.2.1. Another Lax pair associated with the linearized nonlinear Schrodinger
equation (1.6) is
Oz, t, k) —ikp(x,t, k) = q(x,t), keC, (1.11)

Opatt(, 1, k) + kp(z, t, k) = —ig(w, ). (1.12)



Example 1.2.6. Consider the linearized Korteweg-de Vries equation
0q(x,t) + Opzaq(x,t) = 0. (1.13)
A Lazx pair of PDE (1.13) is

po(, k) —ikp(z,t k) = q(z,t) keC

pe(,t k) — ik u(x, t, k) = —0pq(w,t) — ikOpq(z,t) + Kq(z, ).
Proof. Using proposition 1.2.1, a Lax pair associated with PDE (1.13) is

Opplx, t, k) —ikp(x,t, k) = q(z,t), keC, (1.14)
Ope(z,t, k) + Opgupi(x, t, k) = 0. (1.15)
To eliminate O, pi(z, t, k) from equation (1.15), apply the operator 9, on equation
(1.14), and simplify to get
Opapt(z,t, k) = ikOppu(x, t, k) + Opq(x,t).
Use equation (1.14) to the find value of 0,u(x,t, k) and insert that value in the
above equation to get,
Opapt(x,t, k) = ik(ikp(z, t, k) + q(z,t)) + 0.q(z, 1),

(1.16)
Apply the operator d, on the above equation and simplify to get
Ousapt(w, t, k) = (ik)’pu(, ¢ k) + (ik)*q(, t) + ikOoq(, t) + Dpuq (2, 1).

Insert the value of 0,,.p(x,t, k) in equation (1.15) and simplify to get 117
Oppu(z,t, k) = —[(ik)*u(x, t, k) + (ik)*q(z,t) + ikOpq(x,t) + Opaq(x, 1)), |
Oz, t, k) —ik*u(z, t, k) = —0,2q(x, ) — ikOyq(z,t) + k?q(x,t).

[



Example 1.2.7. Suppose q(x,t) satisfies the evolution equation
no '
(O + Zozj(—z'@x)J)q(:E,t) =0, —oco<z<oo, t>0, nyeZ. (1.18)
=0
where o, 0 < j < ng, are constants. A Lax pair associated with PDE (1.18) is

po(z, t, k) —iku(x,t, k) = q(x,t), keC,

no
pe(x,t, k) + Zajkju(a:, t, k) = —q"(x,t), where,
=0

¢ (z,t) = a;[(—i0, )" + k(—i0,) 2 + k*(—i0, )~

J=1

+ B g (2, t).

Remark 1.2.2. Another Lax pair associated with the linear PDE (1.18) is

O, t, k) — ikp(z,t, k) = q(z,t), ke€C, (1.19)
Lu(z,t, k) =0, where, (1.20)
L=0,+) aj(—id,). (1.21)

j=0

Example 1.2.8. Consider the elliptic PDE
(07 + 05 + 4a)q(z,y) = 0, (1.22)

where « is a constant. For a = 0,—32 3%, B € R equation (1.22) is the Laplace
equation, the modified Helmholtz equation and the Helmholtz equation, respectively.

A Lazx pair for equation (1.22) is

) Q 1 . e’
pa(z,y, k) —i(k + E)M(xa y. k) = §(qx($,y) —igy(z,y)) — ?q(%y) keC,

(1.23)

b k) + (6 = Do ) = S (0,) + (09) — Faloy) (120



Let z = x + iy, Z = x — iy, then we have the operators 0, = %(Ox —i0,) and
0 = %(81; +140y). The elliptic PDE (1.22), and corresponding Lazx pair defined by

equations (1.23) and (1.24) become

G.2(2,2) + aq(z,2) =0, (1.25)
oz, 2, k) —ikp(z, 2, k) = q.(2,2), keC, (1.26)
pz(z,z, k) — i%,u(z,z, k) = —%q(z,f). (1.27)

1.2.2 Simultaneous spectral analysis

Consider the generic case of a Lax pair i.e., it is assumed that while writing the
Lax pair in a matrix form, a matrix is obtained that can be diagonalized. So,
Lq(z,y) = 0 can be written as a compatibility condition of the two linear 1st order

equations:

oz, y, k) —ifi(k)p(z,y, k) = g1 (x, y, k), (1.28)

py(2,y, k) —ifa(k)u(z, y, k) = q2(2,y, k). (1.29)
Note 1.2.2. fi(k), fo(k) are given analytic functions of k € C, and ¢;(x,y, k) and
@2z, y, k) are analytic functions of k € C depending on q(x,y) and its derivatives.
To carry out the spectral analysis of equations (1.28) and (1.29), construction of
a sectionally analytic function pu(x,y,k) in the complex k-plane i.e., u(x,y, k) =
pi(w,y,k) fork € Dj, Ui Dj = C and each p;(w,y,k) is analytic in Dy, is

required.
Write equations (1.28) and (1.29) in the form
(elu(xa Y, k))x = €qi, (elu(xa Y, k))y = €q2,

where e = Exp|—ifi(k)x —if2(k)y]. A particular solution of equations (1.28) and

(1.29) is

C ; / ; /
p(z,y, k) = / i) @e=a )t h W= g (2! k)da' + ga(2, o/, K)dy).
¢j



J é denotes the line integral from the fixed point ¢; to an arbitrary point ( =
x + iy. The function p;(x,y, k) is a solution of the equations (1.28) and (1.29),
even if the line integral is replaced by any smooth curve from ¢; to ¢, and it is
independent of choice of this curve. The compatibility of equations (1.28) and
(1.29), and application of the Green’s theorem imply that for any smooth closed

curve

feql (z,y, k)dz + eqa(2,y, k)dy = //[(eqz(ﬂs, Y, k))z — (eqi(z, y, k))y)dzdy = 0.
It is shown in [18] that if ¢;, j = 1,2,3,...... ,n are the corners of a polygon then
pj(w,y, k) is holomorphic in Sj, and U7_, S; = C. Let L;; be a curve in intersection

of S;, and S;, i # j. Then
iz, y, k) — py(z,y, k) = enWeri®p, (), (1.30)

G 4
pij(k) = / e MR g (2, y, k)dx + ga(w, y, k)dy]. (1.31)
Gi

Using the Sokhotski-Plemelj formulae, it is possible to reconstruct the unique solu-
tion of this scalar Riemann Hilbert problem (RHP). Hence the required sectionally

analytic function is

ol (K )z +ifa (K )yplj(k )dk;’ 1.32
w(z,y, k QMZ/ ok (1.32)

Equation (1.32) expresses pu(z,y, k) in terms of the spectral function ¢(k), where
G(k) = pi (k). The spectral function ¢(k) involves ¢(x,y) and its derivatives along

the boundary of the polygon. Let L = U',_,L;;, then either equation (1.28) or

i,7=1
(1.29) generates g(x,y) in terms of the spectral function ¢(k) along the curve L.
If the Lax pair is expressed in (z, z) coordinates, then equations (1.28) and (1.29)

become

pa(z, 2, k) —ifi(k)u(z, 2, k) = q1(z, 2, k), (1.33)

pz(z, 2, k) —ifa(k)u(z, 2, k) = qa(2, 2, k). (1.34)

10



Now the particular solution

Hj(z’z’ k‘) _ / 6z‘f1(k)(z—z')-i-z‘fg(k)(z—z’)(ql (Z/, Z/)dz/ + QQ(Z, El)dfl), (135)
Zj

is also well defined. This is obvious from the complex form of Green’s theorem.

Hence corresponding to equations (1.31) and (1.32)
pi(k) = / e =R (g (2,2, k) dz + a2, 7, k) dz), (1.36)

P Nz+i ’zp% k
(2,2, k 27”2/ if1(K)z+i fa (k') klﬂ( k)dk/ (1.37)

1.2.3 Analysis of the global relation

The formulae representing the solution ¢(z, y) of a given BVP depend on the given
PDE and domain, these are valid for any boundary conditions, provided these
boundary conditions generate a well posed BVP. A basic limitation of these for-
mulae is that, these are derived under a priori assumption of existence of solutions.
Also, for a given BVP, the spectral function (k) contains some unknown bound-
ary data. The part of §(k) involving unknown boundary data in terms of the given

boundary conditions, can be expressed by the following three steps[18]:

(a) For convex closed polygons, the global relation is X7_;p; 1 5(k) = 0, k € C,
and for unbounded convex polygons the global relation is Z;‘:—ll pit+1,(k) =0,
k € S;NS,, where S; and 5,, are sectors in complex k-plane. The definition
of (k) is used to express it in terms of the given boundary conditions and
some unknown functions denoted by (k). Insert these expressions in the

global relation to obtain an equation for the unknown functions ;(k).

(b) Use certain invariant transformations in the complex k-plane to construct a

set of additional equations from the equation obtained in step (a).

(c) [6] shows that (k) can be obtained either through a system of algebraic

equations or through the solution of a RHP which is obtained in step (b). For
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implementation of step (c), it is observed that for general BVPs for elliptic
equations, the functions (k) satisfy a RHP. This RHP can be obtained as

follows:

1. Determine the domains in the complex k-plane, where each unknown function

is bounded and analytic. These domains are separated by certain curves.

2. For each of these curves, use the equations obtained in step (b) to compute

the jumps of these functions.

Theorem 1.2.1. [17] Let Q be a convex closed polygon in the complex z-plane,
2z = x + iy, with corners zy,2s,-++ ,2,, a part of ) is shown in figure 1.1. Let

q(z,y) be a real valued function satisfying the 2nd order PDE
(02 482 + 4a)q(x,y) =0, (x,y) € Q. (1.38)

Suppose that appropriate boundary conditions are prescribed on the boundary of
Q such that there exists a solution q(x,y) which is sufficiently smooth up to the

boundary of Q. Then q(x,y) can be expressed as follows:

Zj41

Zj

FIGURE 1.1. A part of a convex closed polygon ).
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[js1

Pj+2 j+1
Pj+1 j+2
-1

FIGURE 1.2. Contours and spectral functions for the Laplace equation in a convex closed
polygon €.

1. For the Laplace equation i.e. equation (1.38) with o =0

0.q(z, 2) Z/ “pit1;(k)dEk, (1.39)

zj 4
pi+1,(k) :/ e kz q.(2,2)dz, Zpy1 = Zn. (1.40)

Zj+1

l; are rays in complex k-plane oriented from zero to oo, and defined by
lj={keC:arg(k) =—arg(z; — zj11)}, j=1,2,3,--- ,n (1.41)

Contours and spectral functions for Laplace equation in a convex closed poly-

gon are shown in figure 1.2.

2. For the modified Helmholtz equation i.e. equation (1.88) with o = —3*

dk
o(=2) QMZ [ s (1.4

2

pi+1,;(k) = / e~ikz (i) “(q:(z,2)dz + i%q(z, Z)dZ), znt1 = 2n.  (1.43)

Zj+1

l; are the same as in case of Laplace equation, and are defined by equation
(1.41), and improper integrals are assumed where needed. Contours and spec-

tral functions for the modified Helmholtz equation in the convex closed polygon

13



Q are the same as for the Laplace equation in the convex closed polygon )

shown in figure 1.2.

3. For the Helmholtz equation i.e. equation (1.38) with o = (3*

I R ikz+(22)z dk & e (822 (7)1 R
q(z,2) = ﬁ[;/@e F pj—i—l,j(k)?"*’; Lje FEpY (k)]?,

(1.44)

zj ] 82 2
pit1,4(k) = / e_mz_(z%)z(qz(z, z)dz — i%q(z, 2)dZ), Zns1 = Zn- (1.45)

Zj+1
Define l}, L;, PV (k) as: l;- s union of two rays, originating from origin, given

by

l~j ={keC:larg(k) = —arg(z; — zj11), |k| > pJU

larg(k) = m — arg(z; = z11), [k] < 5]}

Note that L; are circular arcs formed by intersection of the ray l} with the

Pjs2 j+1

FIGURE 1.3. Contours and spectral functions for the Helmholtz equation in a convex
closed polygon ().

circle |k| = B; if pj+1,bi,p; are points of intersection of the circle |k| = /3
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with the rays {41, k| < B}, {I;,|k| > B}, {I;, |k| < B}, where b; is between
pj+1 and p;, then ) on L; = (bi,a;) is pij+1. The spectral functions satisfy
the global relation

> pik) =0, kecC. (1.46)
j=1

If Q is open, the following modifications are made. The corners z; and
zn are moved to oo, and assume that q(x,y) has sufficient decay as z —
0o. The spectral function py, (k) is zero, hence the summation in equations
(1.39),(1.42) and (1.44) is only up to (n — 1). The spectral functions pa (k)
and pnn-1(k) are not defined for all k € C but for k in Sy and S, respec-
tively. Sy and S, are defined as: for the Laplace and modified Helmholtz equa-

tions S1 and S,, are the half planes defined by

S1={keC,arg(k) € [—arg(ze — z1),m — arg(z2 — z1)]}, (1.47)

S, =4k € C,arg(k) € [—arg(zn—1 — zn), ™ — arg(zn—1 — zn)|}.  (1.48)

For the Helmholtz equation, Sy, S, are defined by equations (1.47) and (1.48)
with k replaced by \. Then Si and S, are domains in complex k-plane ob-
tained from the map X\ = (1 — %)k of the sectors Si and S, respectively.

The global relation is

n—1
> piylk) =0, ke SiNS,. (1.49)
j=1

1.3 Modified Helmholtz equation in a semi-infinite strip {2

In this section we give a summary of the results obtained in [3] for a BVP of the

modified Helmholtz equation in a semi-infinite strip subject to the Poincare type

boundary conditions. Consider the modified Helmholtz equation

(07 + 02 —46%)q(x,y) =0, BER, (x,y) €, (1.50)
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where () is a semi-infinite strip with Poincare type boundary conditions shown in

figure 1.4, with corners z; = 00, 20 =0, 23 = 1a, 24 = 00 + ia, a > 0.

€3
. Zi=+4+o0+/a
Zz=0+ia Bs 4
.
B> '
€
=
2=0 B4 Zi=+ o0

€4

FIGURE 1.4. Semi-infinite strip with Poincare type boundary conditions.

The Poincare type boundary conditions are
9q
Em § + %4 = 9j, (1.51)

where % = v/q - ¢; is the directional derivative in the direction e; specified by

€j
constant 3; (0 < f; < m), 7; is a real non negative constant, and g; is a real
valued function with appropriate smoothness and decay. The boundary conditions

in equation (1.51) can be written as:

sidel : cos f1q; —sin f1gy + g =g1(z), 0<z <oo, y=0, (1.52)
side2 : cos Baqy — sin fagy + 7124 = g2(y), =0, 0<y<a, (1.53)
side3 : cos f3q, + sin f3q, + 3¢ = g3(z), 0<x <00, y=a. (1.54)

The functions gi(x) , gs3(z) vanish at the points = 0 and x = oo, sin §; # 0, j =

1,2,3. Let z = z + 4y and Z = x — iy, then 9, = (9, — i9,), 0: = 3(9, + i9,).
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Equation (1.50) becomes

(afaz — 6%)q(z,2) = 0. (1.55)

In example 1.2.8, a Lax pair related to equation (1.55) is given by equations (1.26)
and (1.27) with a = —32. Simultaneous spectral analysis of the Lax pair in Q

yields a sectionally holomorphic function:

zkz+l /zp1]<k)dk, 1.56
w(z, z, k) 27”2/ A (1.56)

2,7=1

J 52
pii(k) = / oike it F2(q.(2,2)dz + z?q(z z)dz), i =j+ 1. (1.57)

L; ; are curves formed by intersection of sectors S; and SNJ- defined by equations

Sj={r € C,arg() € [-arg(zj—1 — 2j),m — arg(zj41 — 2)}, 2<j <n,
S, = {Ne C,arg(\) € [—arg(zi1 — z),m —arg(zi1 — 2z1)} ,2<j <n, (1.58)
t=7+1
For the modified Helmholtz equation in semi-infinite strip €2, gl and Sn are the

half planes, obtained by using equations (1.47) and (1.48) and replacing k by .

Si={A€C,arg(\) € [~arg(z2 — 1), m — arg(zs — 1)}

={\eC,arg()\) € [-7,0]}

Sp={X € C,arg(N) € [~arg(za1 — 20), 7 — arg(zn—1 — 2)]}
S, = {AeC,arg(\) € [—arg(zs — z4), ™ — arg(z3 — z4)|}
={AeC,arg()\) € [-7,0]}
Now S; is found by the map A = (1 + %)k‘ from S~j — §j. It is observed that S;

coincide with S;. Hence curves L; ; are just the curves I; defined by equation (1.41).

Now for the modified Helmholtz equation the sectionally holomorphic function in

17



complex k-plane becomes

ikzti ,zp7f] )dk? 1
pe2, QMZ/ (1.59)

2

pit1,;(k) = / e~iketi% “(q.(z,2)dz + @%q(z z)dz), j=1,2,3. (1.60)

Zj+1

P32

Pa3 P21 4

FIGURE 1.5. Contours and spectral functions for the modified Helmholtz equation in
semi-infinite strip €.

In figure 1.5, contours and spectral functions for the modified Helmholtz equation

in semi-infinite strip 2, are obtained by using equation (1.41).
li={keC:arg(k)=—arg(z1 — 20)} = {k € C: arg(k) = 0}

lo={keC:arg(k) =—arg(zs— 23)} ={k € C:arg(k) = g}
Is={keC:arg(k)=—arg(zz — z1)} ={k € C: arg(k) = -7}

For the modified Helmholtz equation, S~j coincides with S;, so, S; and S, are:
S1={A e C,arg(k) € [-m, 0]},

Sn={X € C,arg(k) € [—m,0]}.
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Note that S; and 5, represent the lower half complex k-plane, thus their inter-
section is the lower half complex k-plane denoted by S. Using theorem 1.2.1 the

global relation becomes
n—1
> pjak) =0, j=1,23 VkeSiNS == (1.61)
j=1

Now a relationship between the global relation and a closed 1-form W (x,y, k), k €
C, is defined. A closed 1-form related to an arbitrary linear partial differential
equation with constant coefficients is given in [20]. A closed 1-form for the modified
Helmholtz equation (1.55) is

2

Wiz, z,k)= e_ikZJriﬁTg(qz(z, Z)dz + i%q(z, z)dz), keC.

Apply the differential operator

2 2 . . 2 —
dW = (e_ikz“%zqz(z, Z))zdz N dz + (i%e‘mzﬂﬁkzq(z, Z)).dz Ndz
2 2

_ 6_ikz+i%2[(q,z2(z, 2) + @'%qz(z, z))dz A dz + (i%qz(27 zZ) + fq(z,2))

dz N\ dz],
dz N dz = —dz A dz use this relation to get,
dW = e_"k”i%z(ng(z, z) — 3%q(z, 2))dz N dz.
So, W(z,z,k), k € Cis closed if and only if ¢(z, Z) satisfies equation (1.55). If the

integrable PDE satisfied by ¢(z, z) is valid in a closed simply connected domain D

with boundary 0D, then dW = 0 is equivalent to

Wi(z,z,k)=0, keC. (1.62)
oD

Hence equation (1.62) becomes global relation of the unified transform method for
an integrable PDE in a closed polygon, the term coined in [16], [17] and [18]. In the

given BVP of the modified Helmholtz equation in a semi-infinite strip {2, equation
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(1.62) with I'm(k) < 0 becomes the global relation defined by equation (1.61).
Now, it is evident that for the BVP of the modified Helmholtz in a semi-infinite
strip €2, both the global relation and definition of spectral function {p; 1, (k)}/—]

are a direct consequence of the closed 1-form W(z, z, k).

1.3.1 Derivation of order two vector Riemann-Hilbert problem
It is shown in [18] that the generalized direct and inverse Fourier transform pair

associated with modified Helmholtz equation (1.55) is
2

pi(k) = / LR (g (2, Z)dz+i%9(z,2)dz),
(1.63)

i=j+1, Im(k) <0, for j=1,3 and k € C for j = 2,

3
> 1 i1kz 82 z dk
q(z,z) = > > /l e ) Pj+1,j(/f)?- (1.64)
]:1 J

Rays [; are defined by equation (1.41). Use 0,q = %(&Cq — 10,q), z = x along

side(1), z = iy along side(2) and z = x + ia along side(3). Equation (1.63) yields

o] ] 2 1 Z 2
paal) = [ Ga— 20,0 Do) 0)de, Im() <0, (165)
0
[ g2, 1 7 i3?
p32(k) = —z/ ekt )?J(Eaxq - §ayq - %Q)(Oy?/)dya ke C, (1.66)
0
2 00 ) 2 1 ; 2
pas(k) = —e(]”ﬂk)“/ e(’Hljk)x(ﬁazq—%@yq—f—kq)(x,a)dx, Im(k) <0. (1.67)
0

From equations (1.122), (1.123) and (1.124), find g,(z,0), ¢.(0,v), ¢,(z,a) as fol-

lows:
qy(z,0) = ) [—g1(x) + cos B1¢.(x,0) + y1q(x, 0)], (1.68)
¢:(0,y) = — 5 [=92(y) + cos Baq,(0,y) + 724(0, )], (1.69)
qy(x,a) = sirllﬂg [g3(z) — cos B3q.(x,a) — y3q(x, a)l. (1.70)

From equation (1.68), use value of ¢,(z, 0) in equation (1.65) and integrate by parts
to get
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67;51 d()
2sin 3,

where hy(k) = —J1(ik) U1 (—ik) + G1(—ik) + arg(k) =0,  (1.72)

i+ Zem 4 gt

k 1.
1 o 52
— (k+5 )z < 1.74
Gik) = g [ e Erau(ade. Re(h) <0, (1.74)
do = q(0,0). (1.75)
Y1 (k) is the unknown function defined by
¢mm__/)e%+iﬂquym, Re(k) < 0. (1.76)
0

From equation (1.69), use value of ¢, (0, y) in equation (1.66) and integrate by parts

to get
, E(k)d; — dy
k) = i[—Jo(k) Vo (k k) - ————], k 1.
p32(k) = i[=Ja(k)Pa(k) + Ga(k) — — =5 S g, cC, (1.77)
_ B2iBy _ fo—ibe
Yo — e e
pummy 1.
Jo (k) Y : (1.78)
1 ¢ 52
_ (k+5-)y 1
Gah) = 5o [ < Py, ke, (1.79)
2
E(k) = e®t+T)e, (1.80)
d; = q(0,a). (1.81)
Note that ¥9(k) is the unknown function defined by
a 2
walh) = [ Dm0, )dy. ke (182)
0

From equation (1.70), use value of g, (z, a) in equation (1.67) and integrate by parts

to get
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€_i53d1

where h3(k) = E(k)[—J3(ik)V3(—ik) + Gs(—ik) + Y |, arg(k)=m,
3
(1.84)
B2 oifs ~ifs
V3 + e + ke
k) = 1.
J3(k) S5 : (1.85)
1 o 2
Gs) = 5o | ST mde, Relh) <o (1.86)
3(k) is the unknown function defined by
o0 2
bs(k) = / ekt g(z, a)dx, Re(k) < 0. (1.87)
0

Application of the abelian theorem to integrals defining v, (k) and v5(k) implies
that ¢ (k) and 13(k) decay as k — 0 or k — oo. Use values of pa;1(k), p32(k) and
pa3(k) from equations (1.71), (1.77) and (1.83) respectively, in the global relation

defined by equation (1.61), and simplify to get

J1(th) 1 (—ik) + Jo (k)2 (k) + E(k)J3(ik)vs(—ik) = G(k),  Im(k) <0, where,

(1.88)
7;61 _iﬁQ
G(k) = Gi(—ik) + Go(k) + E(k)Gs(—ik) + %Sien o+ < - %

e~ P2 e~ B3
X

sin By sinfBy’

Take complex conjugate of equation (1.88) and replace k by k to get
T (k) (k) + To(k)in(k) + B(k)F(=ik)s(ik) = G(k),  Tm(k) = 0. (1.90)

From equation (1.90), find ¢9(k) in terms of ¢ (ik) and 13(ik). Using the resulting
value of ¥,(k) in (1.88), and making use of equation (1.77), the result obtained is

p32(k) = tha(k). Note that

ho(k) = {Q(k) [J1(—ik) Wy (ik) + E(k)J3(—ik)Ws(ik) — G(k)] + Ga(k)
Ja(k) (1.91)
E(k)dl - dg ™
 2eiPasin By arg(k) = 2
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Both equations (1.88) and (1.90) are valid for & € R (contour of RHP), ¢, (ik), 13 (ik)
are holomorphic functions for Im(k) > 0, and ;(—ik), ¥3(—ik) are holomorphic

functions for Im(k) < 0. Now 1,(k) is eliminated from equations (1.88) and (1.90)

to get
T(—ik) I Tyt Bk
(k) U (ik) — AD) Ui(—tk) + E(k)| (7) V3(ik) — () v3(—ik)] =
G(k)  G(k)
72<k) Tk’ ke R.
(1.92)
Replace k by —k in equation (1.92) to get
Ji(ik) Ji(—ik) ; Js(ik) J3(—1ik) .
(i) = T ik) + B (k) — A (b))
G(=k) G(=k)
AET e
(1.93)
Write equations (1.92) and (1.93) in matrix form
T(k) v1(ik) — J(k) SR I L kER,  (1.94)
a(ih) usik) || k)
B BB At
J(k) = ,J(k) = . (1.95)
G BCRR |y BRI
(1.96)
_ Gk G(k)
T =T ™ By (1-97)

Equation (1.94) is the order two vector RHP which is equivalent to the BVP for
the modified Helmholtz equation in a semi-infinite strip 2 subject to the Poincare
type boundary conditions. Note that v (ik), ¥3(ik) are unknown holomorphic func-

tions in the upper half complex k-plane, and ¢ (—ik), ¥3(—ik) are the unknown
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holomorphic functions in the lower half complex k-plane. It is already observed

that
P1(k) =0o(1), ws(k) =o(1) as k — 0 or k — 0. (1.98)

To obtain the standard form of the order two vector RHP, multiply equation (1.94)

with [J(k)]7! to get

1 (ik) U1 (—ik) p (k)
= H(k) + , kER, (1.99)
Y3 (ik) Y3(—ik) p3(k)
Hu(k) Hiz(k) p1(k) f(k)
8 = 2775 , = (k)
H21<k) sz(k) ,u3(]f) _f<_k)
(1.100)
Note that
_ D(ik) J3(—ik) J1(ik) J5(—ik)
Hyy (k) = AGIAED E(—k) — mE(k), (1.101)
_ Jalik) Js(—ik)  Ts(ik)Js(—ik)
His(k) ORGSR (1.102)
(k)L (=tk)  Ji(ik)Ji(—ik)
Halh) = =3 ) * Jo()Jo(—k) (1109
Hoy(k) = Jl(_ik)‘]?’(m)E(k)+ME(—@. (1.104)

Generally, it is not possible to find closed form solution of the order two vector
RHP. The Closed form solution of the order two vector RHP is possible in some
special cases like scalar and triangular [3].

Remark 1.3.1. If ¢(z,0) = O(z%), —1 <y <0, i.e. g(x,0) has a power sin-

gularity at x = 0 then integrals psq(k) and pss(k) defined by equations (1.65) and
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(1.66 ) respectively, are understood in regularized sense, and dy = 0. Correspond-
ingly, if q(z,a) = O(x°) asx — 0 and —1 < & < 0, then d; = 0, and p32(k)

defined by equation (1.67) is understood in regularized sense[3)].

1.3.2 Scalar cases

Let
J;(ik) Jo(k)

SR TETINA T

j=1,3. (1.105)

Using relation (1.105), rewrite relation (1.94) as follows:

D) = a0y (i) + X ) — =i =
G(k) G(k)
ARG
(1.106)
il((i]% Jio(—FK) Y1 (1K) — ?112((—_2/]3] E<;2k<>_Jz§Zk) Jao(—FK)[Y3(ik) — Iﬁi:g
G(=k) G(=k)
h(k) Tk FER
(1.107)
Let
Jpp(k)Jj2(—=k) =1, j=1,3. (1.108)

Using this relation in equations (1.106) and (1.107), ¢y (ik) — Jia(k)Y1 (—ik) and

Uy (ik) — Jia(k)Yr (—ik) are obtained as follows:

¢1(Zl€) = Jlg(k)¢1(—lk> -+ wl(k;), k < R, (1109)

Equations (1.109) and (1.110) define two scalar RHPs, ¢, (ik), and ¢3(ik) are

the holomorphic functions in upper half complex k-plane, where as 1;(—ik) and
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13(—ik) are holomorphic functions in the lower half complex k-plane. Note that

o) = ~PEC 1) + (6 - G0
wa(k) = [E(—k:)Js(—zk) B E(k)Jl(—ik)jg(—ik)]_lx
G( sz)(_k)é( k) Jl(;ifw;()_k) (k) (1.111)
{JQ(—]{:) N jz(—k) - jl(—;k)t]g(—k) [G(k) - Jz(k‘)G(k)]}’

wi (k) =o(l) as k — £oo, or k — 0 and w3(k) = o(1) as k — +oc.

Conditions for the scalar RHPs are defined by equation (1.108). Simplification of

these conditions in terms of 3; and ; results in the following relations:

§=1:etPH5) — 1 (282 — 42)sin28; — (26° — 72)sin 26, = 0, (1.112)

j=3:eMP) =1 (28% — 42)sin 203 — (28% — 42) sin 203 = 0. (1.113)
Since ; € (0,7) and v; > 0, (j = 1,2, 3), the above relations generate

. mm m

X mm m
j=3:8—fy = (1)"(28° =) +26° —5) =0, m=—1,0,1. (L115)

Hence conditions of the scalar RHPs given by equation (1.108) are simplified in
terms of the parameters involved in the given BVP of the modified Helmholtz
equation in a semi-infinite strip Q i.e. §; € (0,7) and v; > 0,(j = 1,2, 3), in the

following cases:
Loy =73 = /4682 —13,0 <v; <2[B[, 81 = 7 — Ba, B3 = Ba;
2. M= VAP =3 1 =7,0<y <28l B =7 B B3 = Lot 5;

3.7 =2, = VA2 —135,0 <v; <2B[,fr =7 — B £ §, B3 = P
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4 1=r=7,0=5—F,03=5+ 52,0 < By <7F;
5. m=m=mb=%5—00=0—55<B<m.

Boundary conditions (1.109) and (1.110) imply that the functions ;(—ik) and

13(—ik) can be analytically continued into C* through the following relations:

wl (Zk) — W1 (k)

Uy (—ik) = PO keCT, (1.116)
o Ys(ik) — ws(k)
Ys(—ik) = Tl keCT. (1.117)

Use values of ¢ (ik) and 3(ik) in equation (1.90), and simplify to get the function
o (k) as

G(k)
Jo(k)’

Ji(—ik)
Jo(k)

J3( k)
Ja(k)

Now p21(k), ps2(k) and py3(k) given by equations (1.71), (1.77) and (1.83) re-

(1.118)

(k) = — i (ik) — E(k) s (ik) +

spectively, are expressed in terms of ¢4 (ik) and 13(ik), by using equations (1.116),

(1.117), and (1.118). Then the inverse transformation equation (1.64) generates

9(z,2) =+ L+ I+ Is. (1.119)
Note that
2mlo = /Om[%wl(m +Gy(—ik) + %]eik3+§2%+
/0 - j—zE:;GUf) + Ga(k) — Zi’jﬁld—;m;?] ikt 02 —dkk
- /_ZO[G:a(—z'k) + ;_Sifg;]E(k)e’k”ﬁ dkk o
I = —% _Ooo %m(/{w(memﬁ dk’“
I3 = % . W@g(ikﬂ?(/{)emﬁ ‘d:
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Here Lt = {(ico0,0)U(0,00)} and L™ = {(—00,0) U (0,i00)} denote the bound-
aries of the first and second quadrant of the complex k-plane, drawn anti-clockwise.
Note that the integrals Iy and I, are expressed in terms of given boundary condi-
tions, where as the integrals I; and I3 involve the unknown functions t;(ik) and
3(ik) which are analytic in C*. The closed form solutions of the scalar RHPs
(1.109) and (1.110) and hence the solution of given BVP of modified Helmholtz
equation in a semi-infinite strip €2 subject to the Poincare type boundary condi-

tions, are derived in [3].

1.3.3 Triangular cases
Let the relation defined by equation (1.108) is valid for j = 1, but is not valid for

7 =3, le.
Jio(k)Jia(=k) =1,  Jsa(k)Jsa(—k) # 1. (1.121)

The first equation in relation (1.121) reveals that

(a) M1 =+/4B* =3, Pi=7—fyor
b)) n=7, bh=r—0FR=*3.

Using the above defined conditions (a) or (b) in the order two vector RHP (1.99),
a triangular order two vector RHP is obtained [3]. The closed form solution of
the triangular order two vector RHP, and hence the solution of given BVP of the
modified Helmholtz equation in a semi-infinite strip {2 subject to the Poincare type

boundary conditions, are derived in [3].

1.4 Impedance boundary conditions

This case is not explicitly discussed in [3]. Now we discuss this case here. Insert

B1 = P2 = B3 = 7 in equations (1.122), (1.123) and (1.124). Then the impedance

28



boundary conditions are:

sidel : —qy + Mg =q1(z), 0<z<oo, y=0, (1.122)
side2 : —q, +72q = g2(y), =0, 0<y<a, (1.123)
side3 : g, + 739 = g3(x), 0<z<oo, y=a. (1.124)
€3
23=0+fa 24=+oo+fa
-
€
S
-
22=0 Z1 =+ o0
€4

FIGURE 1.6. Impedance boundary condtions along the sides of €.

Figure 1.6 shows a semi-infinite strip €2 subject to the impedance boundary con-
ditions. To find the corresponding scalar RHP in this case, consider the following

results from equations (1.100), (1.101), (1.102), (1.103) and (1.104):

Hiu(k) His(k)
1
Hk) = detJ (k) !
Hgl(k) HQQ(I{?)
J3(—ik)J1 (=ik) E(=k) — Ji(=ik)J3(—ik) E(k)
Jo(—k) Jo (k)

(1.125)

detJ(k) = (1.126)

Y
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Hyi (k) To(h) Ja( ) E(—k) — 06 Ta(h) E(k), (1.127)
(k) Js(—ik)  Js(ik)Js(—ik)
B AR S AR A 22)
_ (k) J(—ik) | Ji(ik)Ji(—ik)
Hy (k) = — o) o (=) + ACIAEER (1.129)
_ Di(=ik) Ja(ik) Ji(=ik) Ty(ik)
Hay (k) = — Tk a(—F) E(k) + S ACRAES E(—k), (1.130)
,ul(k) f(k?)
= [J(k)] ! : (1.131)
p12(k) —f(=k)
From equation (1.95)
Js(—ik)E(=k)  —Ts(=ik)E(k)
1 Ja(—k) 2(k
k] = Gt (1.132)
—J1(—ik) J1(—ik)
J2(—k) Ja(k
Gk Gk)
fk) = SACRACE (1.133)

Note that G(k) is given by substituting 8, = 2 = 83 = 7 in equation (1.89)
G(k) = Gi(—ik) + Ga(k) + G5(—ik). (1.134)

G1(—tk),Ga(k), E(k) and G5(—ik) are given below. To find Hyy(k), Hi2(k), Ho (k)
and Hay(k) substitute 3; = 8, = 83 = 7 in equations (1.72), (1.84), (1.91),(1.73),

(1.74), (1.78), (1.79), (1.85), (1.86) to get the following:

ha(k) = —Ju(ik)n (—ik) + Ga(—ik) + % arg(k) =0, (1.135)
19 _ :n2
Ji(k) = Bk = (1.136)
2%
G (k) = % / BT (1)dx, Re(k) <0, (1.137)
0
do = 4(0,0), (1.138)
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ha(k) = D) [T (—ik)i(ik) + E(k) J3(—ik)s(ik) — G(k)] + Ga(k)
AOLZD gy =T
ik? + ok — i3?
T2 (k) 2k
Ga(k) = %/0 " gy (y)dy, keC

o() = BOR)— (iR (~ik) + Go(~ik) + ], arg(h) = .

_ —ik? 4 sk 4152
N 2k ’
1

Gy (k) = 5/0 e+ (Ve Re(k) < 0.

(1.139)

(1.140)
(1.141)

(1.142)

(1.143)

(1.144)
(1.145)

(1.146)

Since Jo[—k] = Ja(k), Jo(k)Jo(—k) = Jo(k)J2(—k), J3(ik) J5(—ik) = Js(ik)J5(~ik),

and J, (ik)J,(—ik) = Ji(ik)J1(—ik), equations (1.127), (1.128), (1.129), (1.130)

and (1.132) become

DR Js(—ik) E(—k) — To(ik) Ta(—ik) E(k)
Hll(k) - ( );]2< ) !
Hio(k) = 2R (”j)‘] i(z %J?’( ") _ o,

—J1(ik) Jy (—ik) + J1(ik) Ty (—ik)

Haa (k) = Ta(R) (=) -

= Ji(—ik) J5(ik) E(k) 4 Ji(—ik)Js(ik)E(—k)
el = TR F) ’
Tk = 1 J3(—ik)E(—k) —J3(—ik)E(k)

—Ji(—ik) J1(—ik)
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(1.150)

(1.151)



Note that detJ(k) is given by equation (1.126). Use value of J[k]~! from equation

(1.151) in equation (1.131) to get

(k) , -
B 1 J3(—ik)E(=k) f(k) + J3(—ik)E(k) f(—Fk)

 Jo(—k)det J (k) —Ji(—ik) f(k) — Ty (—ik) f(—k)

p3(k)
(1.152)

Use the value of f(k) from equation (1.133) in equation (1.152) to get

gy = BEMECEREG - Sm) + BCWEOIGES -~ Sen)
Hi(k) = Jo(—k)detJ (k) -
Gk Gy gy Gk Gk
. —h(=ik5,5 — et — RS — aee ) (1.154)
s To(—k)detJ (k) | |

Note that E(k) and G(k) are given by equations (1.142) and (1.134). From equa-
tions (1.136), (1.140), (1.145), (1.142) and (1.126) use the values of Ji(k), Jo(k)
and Js3(k), E(k) and detJ(k) respectively, in equations (1.126), (1.147), (1.148),
(1.149), (1.150), (1.153) and (1.154) to get

Hy (k) k2 + 3% — k) (k? — B% + ikv2)

_(
detJ(k) — (k2 + B2+ ky) (k2 — B2 — ko)’ (1.155)
Hoy (k)
detI k) = 0, (1.156)
Ho (k)
i)~ 0, (1.157)
Hy(k) (K = B 4 ikyo) (K + B 4 kv3) (1.158)
detJ(k) — (k% — B2 — ikyo) (K2 + 8% — k)’ '
e (k2 4 B2 ) G(—k) G(=h)
k) = Q) L
je ) (k2 4 52— b)) Gk)
Q(k) k2 — B2 —ikys  K?— B2+ ik
(R 4 B2 k) [(K? — B2 — ko) G(—k) + (K2 — B + ikya) G(—k)]
pa(k) = *

QR)[K* + Bt + k(=252 +13)]
(K2 + 8% + ky)[(—ik? + B2 + k)G (k) — i(k? — B° — iky2)G (k)]
QR)[K* + B + k(=202 +73)] '

(1.160)
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Note that

Q(k) = J2(—k)detJ (k)

2 1.161
_ i(k% 4 B2 + k) (k% + 5% — kys)e™ a(k+2- )( 14+ e?a(k+%)) ( )

2k(k* — B* + ik72)

From equations (1.155), (1.156), (1.157) and (1.158) use the values of Hy,(k), Hi2(k),

Hoyi(k), Hyo(k) in equation (1.125) to get

H(k) = k) 0  where (1.162)
0 ps(k)
(l{?Q —f- 62 ]{3’71)(]52 ﬁz + Zk’)/g)
nk) = G T ) 2 = B — i)’ (1.163)
(k% — B2 4+ ikyo) (k? + B% + ks)
ps(k) = (F = 57— ik 2 4 57— )’ (1.164)

From equation (1.162) use the value of H (k) in equation (1.99), then the order two

vector RHP becomes

U1 (ik) _ pi(k) 0 U1 (—ik) n pa (k) C keR. (1.165)
V3(ik) 0 ps(k) V3(—ik) p3(k)
p1(k), us(k), p1(k), and ps(k) are given by equations (1.159), (1.160), (1.163), (1.164).

Equation (1.165) is equivalent to the following scalar RHPs:
Da(ik) = pr (K)da (—ik) + pu(k), k€ R (1.166)
V3(ik) = ps(k)s(—ik) + ps(k), k€ R. (1.167)

Note that equations (1.166) and (1.167) indicate that the functions (k) and

13(ik) can be analytically continued into C* through the following relations.

pa(k

Y1 (—ik) pl(k)wl( k) — ) keCt, (1.168)
—i — :u3(k:) +
Y3 (—ik) p3(l€)¢3( k) — ak)’ keCh. (1.169)
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Substitute pj11,;(k) =ih;(k),j = 1,2,3 in equation (1.64) to get

3
= 1 ikz ﬁ z dk
j=1 "l

Now, to find an expression for the solution ¢(z, z), consider

1 ikz+(@—2)2 dk
o l hl (k)@ k i

from equation (1.135) insert value of hy(k) in the above equation to get

= - [ AR ) + Gk + 5

dk
2 ] lkZJr(%) AR m’g(k) = 07
m

k

use the value of 11 (—ik) from equation (1.168) in the above equation

= — —J1 (R ——v(Gk) — —=} + G1(—ik) + —]¢* ZHik)Z—,
arg(k) = 0,1, (ik) is analytic in C*

1 & X /Ll(]{?> Zd() ik ﬁ —dl{?

— Jy(ik G1(—ik) + —]eth=t ()72

=5 [1(2)p1(k)+ 1(=k) + e TR+

1 1 ) 82, . dk
- = Ji(ik jk)ethet ()7

2 Jyen TRy IR

(1.171)

Note that L1 = {(ico,0) U (0,00)} denotes anticlockwise boundary of first quad-

rant of the complex k-plane. Now consider

1 g (825 dE
ho(k ikz+(55 )2
2m 2(Re ' k

from equation (1.139) insert the value of hyo(k) in the above equation to get

———[b(ﬁﬁ<mwmm+Em£emwmm—ém}

, Jo(k)
+ Go(k) + Z'W]eikﬁ(fi)f%7 arg(k) = g’
1 [P Jo(k) = E(k‘)d1 do, 1 dk
= — G(k)+ Gy(k) +i————]¢ (G2t
o | a0 + Gatr) 41 H L= e

T (=) (k) + E (k) Ty (—ik) by (i) |+ )2

or o La(k) k-

(1.172)
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Since 1 (ik) and v3(ik) are analytic functions in C*, and the integrand in the 2nd
integral in equation (1.172) has zeroes only in C~, integrand in the second integral
is analytic in C*. Hence the application of Cauchy’s theorem and Jordan’s lemma
implies that the value of 2nd integral in equation(1.172) is zero. Hence, equation

(1.172) becomes

1 ikz—i—(’B,—Q)Edk
or ]’LQ([C)@ k i
1 L (k) E(k)d d dk (1.173)
_ 2 7 : 1— %o ikz+(@—2)2
= — G Go(k _— ik
2 J, - Jo (k) (k) + Ga(k) + ¢ 2e'2 le ' k
Now consider
1 ikz+(@—2)2%
2m ha(k)e ' k

from equation(1.144) insert the value of h3(k) in the above equation to get
1 iy 2 b

“% ) B (k) (= Js(ik)bs(—ik) + Gs(—ik) — =] o argh) =,

from equation (1.169) insert the value of 13(—ik) in the above equation to get

= — [ E(k)][—Js(ik ik) — + G3(—ik) — ihz+ (3 ,
s, BRI vs(ih) = D20y + Gafik) = e s
arg(k) =7, 13(ik) is analytic in C.
(1.174)
Equation (1.174) can be written as
1 ik +(f£)—dk ]. e Zdl ik +(ﬂ7)—dk‘
R Rz RIF . — E 1kz zY
5 hs(k)e z i or /. (k)[Gs(—ik) — 5 —Je A +
L[ o H3(R) iy o2)dk
— E(k)J3(ik) =< e Gg)= =2
o R
1 1 dk
— —E(k)J3(ik kyei=+(Ez
7 | Bk s iR)e 7
1 Zkz+(£) dk — 1 ’ Zdl zkz+(/3f) dk
s |, ke G = [ Bk - e
1 0 o H(K) 22z dk
S E(k k ket ()7 22
A L
1 1 82 dk
— E(k)J3(ik k)etket () —
|, B R) ik R
(1.175)
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Note that L™~ = {(ico,0) U (0, —00)} denotes the clockwise drawn boundary of
the 2nd quadrant of the complex k-plane, and L~ = {(—00,0) U (0,i00)} denotes
the anticlockwise drawn boundary of 2nd quadrant of the complex k-plane. Use
the values of the integral expressions from equations (1.171), (1.173), (1.175) in

equation (1.170) to get

q(z,2) = Iy + I + Iy + I3, where (1.176)
1~ (k) o idy, st dk
Iy = — k —ik) + —]etkt(F)IZ 2
0 o o [Jl(z >p1<k) +G1( ? )+ 92 ]6 k L
1 ioo Jg(kﬁ) = E(k?)dl do k B _dk
— 2V Gk + Golk — izt ()2 1.177
21 Jo | Jo(k) (k) + Gia(k) + 2e'2 ] k ( )
e i oyt dk
o ) Ek)[Gs(~ik) — =] B
1 1 4 52, dk
I =—— Jy (k) ———y (k) e (w2 1.178
1P o Hs(k) 82y dk
I =—— Ek k)R ikt ()2 2 1.1
2= =g | BRI R (1.179)
1 1 - 82, dk
I; = — E(k)J5(ik ket (Gp)E 2 1.180
3 2T L ( ) 3(2 )pg(k) w3<2 )6 k L ( )

Now to find the solution ¢(z, z) from equation (1.176), Iy, I1, I, and I3 are required
to be evaluated. Note that I, and I are independent of the unkknown analytic
functions 4 (ik) and ¥3(ik), where as I; and I3 contain the unknown functions
Y1 (k) and 1)3(ik) which are analytic in C*. So, we will first evaluate I; and I3, to
check whether we can avoid the solution of scalar RHPs (1.166) and (1.167). Use
the values of Jy(ik), J3(ik), p1(k), ps(k) from equations (1.136), (1.145), (1.163) and

(1.164) in equations (1.178) and (1.180), and simplify to get

1 (K + 82+ k) (B = 8% —ikv2) o ey (85
I =— ke )2 1.181
V7 un L+ k2(k% — 5% + ik~ys) Valik)e ' , ( )
1 2 2 2 2 ‘ 5

TAr J K2(kZ — B2 + ika)
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Equations (1.181) and (1.182) can be expressed as

1 (K2 + 82 + k) (B2 = B2 —ikva) | g (s
I — ihkz+(55 )2 1.1
ey 2SR Yn (ik)e FdEk, (1.183)
2 a2 2 2 ‘ -
=L [ W) B 5 =) g et O%an, (1.184)

T - k28 (k)
Note that S(k) = k?+iky,— 32, and LT = {(icc,0)U(0,0)}, L=+ = {(—o0,0)U
(0,i00) } denote the positively oriented boundaries of the first and second quadrants
of the complex k-plane. To find the values of I; and I3, zeroes of S(k) = k*+ik~y, —

(32 are needed.

o Case-(a): If 75 = 2|8, then the zeroes of S(k) are kyy = —i%, 72 > 0.

B

e Case-(b): If 5 > 2|8], then the zeroes of S(k) are ki = i(2 £ %), 72 > 0,

p=";—45° >0

o Case-(c): If 7, < 2|f], then the zeroes of S(k) are ki = —i% + @, Y2 >0,

p1:4ﬁ2—’}/§>0

To find the value of I; in case-(a), it is observed that in this case the zeroes of S(k)
i.e. k1o € C. Note that ¢4 (ik) is analytic and bounded in C*, so, it is analytic and
bounded in the region defined by = > 0, y > 0, k%eik”%zf is analytic and bounded
in the region defined by x > 0, y > 0. Also, the second degree polynomials in the
numerator of the integrand are analytic and bounded in the region x > 0, y > 0.
This implies that the integrand in /; is analytic and bounded in the region defined
x >0, y > 0. Hence application of Cauchy’s theorem and Jordan’s lemma to Iy

defined by equation (1.183), gives the following result.
I, =0.

To find the value of I in case-(b) and case-(c), it is observed that in these cases, the

only possibility for the zeroes of S(k) is k12 € C~. Then using the same reasoning
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as in case-(a), the result is

I =0.

To find the value of I3 in case-(a), note that in this case the zeroes of S(k)
i.e. k1o € C . It is observed that t3(ik) is analytic and bounded in C*, so, it is
analytic and bounded in the region defined by z < 0, y > 0, k%E(k:)eikZ*%f =
%e(“%)a”"’ﬁgz is analytic and bounded in the region defined by x < 0, y > 0.
Also, the second degree polynomials in the numerator of the integrand are analytic
and bounded in the region x < 0, y > 0. This implies that the integrand in I3 is
analytic and bounded in the region defined by x < 0, y > 0. Hence application of
Cauchy’s theorem and Jordans lemma to I3 defined by equation (1.184), gives the

following result:
I3 - 0
To find the value of I3 in case-(b) and case-(c), it is observed that in these cases, the

only possibility for the zeroes of S(k) is k12 € C~. Then using the same reasoning

as in case-(a), the result is

I3 =0.

Note that Iy and I are independent of ¢, (ik) and v5(ik), and I; and I3 which
involve v (ik) and 13(ik) have values equal to zero. Hence, in the case of impedance
boundary conditions, there is no need to solve the scalar RHPs given by equations

(1.166) and (1.167). Use the values of I; and I3 in equation (1.176) to get
q(z,2) = Io + I, (1.185)
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where Iy and I, are given by equations (1.177) and (1.179) shown below.

1 [~ (k) . 1oy a8z dk
[h= — — — —le* Z+(i )z
0= 5o i [Jl(zk)pl(k) + G1(—ik) + i le 3 .
1 k) = E(k)d; — dy. . 2 dk
+— | - &l )G(k) + Go(k) + i#]emﬂ%v—
27 J, Jo(k) 2¢'z (1.186)
I , iy g 82y:dk '
— % . E(k)[Gg(—Z/{?) — 7]6 ik ?,

1P o Hs(k) o2y dk
Iy= —— E(k k thz+ ()2 22
2 o] (k)Js(i )p3(k,))€ R

Ji(k), Jo(k), J3(k) and E(k) are defined by equations (1.136), (1.140), (1.145)
and (1.142). Equations (1.137), (1.141), (1.146), (1.159) and (1.160) give expres-
sions for G1(k), Ga(k), Gs(k), p1(k) and ps(k) respectively. Equation (1.185) gives
the solution of the modified Helmholtz equation in a semi-infinite strip {2 subject
to the impedance boundary conditions. The constants involved in I and I, are
obtained in the following way. Substitute x = 0,y = 0 in equation (1.64) to get
dy = ¢(0,0), and x = 0,y = a in equation (1.64) to get d; = q(0,a). Expressions

defining dy and d; are given by

3 3
1 dk 1 52 dk
dy = — hi(k)—., dy = — ket Tap (k) =—.
=g W =g 3 [

Note that hi(k), ha(k), hs(k) are given by equations (1.135), (1.139) and (1.144).
1.5 Helmholtz equation in a semi-infinite strip (2
In this section we use the results developed by A. S. Fokas in [16], [17] and [18].

Consider the Helmholtz equation
(0% + 05 +48%)q(z,y) = g(a,y), BER, (v,y) €, (1.187)

where €) is a semi-infinite strip subject to the Poincare type boundary conditions
shown in figure 1.4, with corners z; = 00, 20 =0, 23 = 1a, 24 = 00 +ia, a > 0. A

Lax pair related to equation (1.187) is given in example 1.2.8 by equations (1.26)
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and (1.27) with a = . Simultaneous spectral analysis of the Lax pair yields the

following sectionally holomorphic function in complex k-plane.

’

3
1 B p (k)
w(z, z, k) = 5 E /L Exp[ikz—l—i%i]p,’J( )dk: (1.188)

k—k

ij—=1
Zj 52 62
pi () = / Brpl-ik —i-2)(q-(2 2)dz — iq(z 2)dz), i = j+1 (1189)

L;; are the curves formed by intersection of the sectors S; and S_j defined by the

equations
S;={NeC,arg(\) € [—arg(zj_1 — 2),m — arg(zj1 — 2;)}, 2<j <n, (1.190)

Si={A € C,arg(\) € [—arg(zi1 — ), m —arg(zip — 2)},2<j<n
(1.191)
i=7+1,
For the Helmholtz equation in a semi-infinite strip Q, S; and S, are the half planes,

obtained by using equations (1.47) and (1.48) and replacing k by A.

S ={\eC,arg(\) € [—arg(z — z), 7 — arg(z, — z1)]}

={X e C,arg()\) € [-m,0]}

S, = {AeC,arg(\) € [—arg(zn—1 — zn),m — arg(zn—1 — 2n)|}
S, = {Ne C,arg(N) € [—arg(zs — z4),m — arg(zz — z4)|}

={\eC,arg()\) € [-7,0]}

Contours and spectral functions for the Helmholtz equation in a semi-infinite

strip 2 are shown in figure 1.7. The contours in figure 1.7 are calculated as follows:

lj=1{k € C: [arg(k) = —arg(2; = z11), [k| > BJU

larg(k) = m —arg(z; — z1), [k| < B},
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FIGURE 1.7. Contours and spectral functions for the Helmholtz equation in a semi-in-
finite strip 2.

I, ={k € C:arg(k) = —arg(z; — z), |k| > BlU
larg(k) = — arg(z1 — 22), |k < B}
={k € C:larg(k) =0,|k| > B]U[arg(k) = =, [k| < B]},
Iy ={k € C: [arg(k) = —arg(z — z), |k| > AU
larg(k) = m — arg(z — z3), |k < B}
= (k€ C: farg(h) = . Ikl > 6] Ufarg(k) = o K] < 61},
Is ={k e C:larg(k) = —arg(zs — z1), |k| > B]U
larg(k) = m — arg(zs — z4), |k] < B]}

={keC:larg(k) = —m,|k| > 8] U[arg(k) =0, |k| < 5]}

Note that L; are the circular arcs formed by the intersection of ray I; with the circle
|k| = B; if a;+1, b;, «; are the points of intersection of the circle |k| = 8 with the
rays {1, 11, k| < B}, {li,|k| > B}, {I;,|k| < B} where b; is between a;;; and ;.
Then p¥) on L; = (b;, ;) is p;j+1. Now S; is found by the map A = (1 — %)k

from SNJ- — S;. To carry out analysis of the global relation, S; and S, are required.
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These are obtained through the map A = (1 — %)k . S =S S, — S,
Sy ={k € C: {arg(k) € [—arg(z — z),m — arg(z — z)], |k| > BIU
{arg(k) € [r — arg(z — z1), 21 — arg(z — z1)], |k| < 8}}
= {k € C: {arg(k) € [-7,0], |k| > B}U
{arg(k) € [0,7], k| < B}},
Sp = {k € C: {arg(k) € [-m,0], |k| > B}U

{arg(k) € [0,7], [k < B}}.

FIGURE 1.8. Domain of global relation for the Helmholtz equation in a semi-infinite
strip

Note that S; = 5, hence S = 57 NS, which is shown in figure 1.8. The global

relation in this case becomes
n—1
ij-i-l,j(k)zoa j:152737 v k'GS,
j=1

p2,1(k) + p3a(k) + pas(k) = 0.

Note that contour L is dividing the complex k-plane into the regions S = Dy U Dy

and S = D3 U Dy which are shown in figure 1.9. Following the unified transform
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FIGURE 1.9. Contour and domain of analiticity of RHP for the Helmholtz equation in
a semi-infinite strip.

method, to find the unknown boundary data, we need to form a RHP on the
contour L, which should yield a function which is holomorphic in S and S. In the
literature, we do not have a method to deal with such type of a vector RHP.

1.6 Statement of problem and motivation

1.6.1 Statement of problem
We want to devise a method which can be used to find the solution of both the
Helmholtz and modified Helmholtz equation in a semi-infinite strip not only subject

to the Poincare type but the higher order boundary conditions also.

1.6.2 Motivation

Since introduction of the unified transform method in 1997, this method has been
successfully applied to solve the Laplace and modified Helmholtz equations in some
closed and open polygonal domains. Some of the applications of this method are
discussed below. The unified transform method is used to discuss solution of the
modified Helmholtz equation in a wedge [2]. This solution is used to find the ex-
plicit steady state of the diffusion-coalescence, on the half line, with trap source at
the origin. The unified transform method is used to find solution of the modified

Helmholtz equation in a triangular domain 0 < x < a — y < a, subject to mixed
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boundary conditions [1]. This solution is applied to the problem of diffusion-limited
coalescence, in the segment (—3,5) with traps at the edges. The solution of the
Laplace equation in a semi-infinite strip, the upper half complex plane, the first
quadrant of the complex plane and a wedge, under different types of boundary con-
ditions and classes of solutions, are discussed in [19]. The unified transform method
is used to investigate in detail the solution of the modified Helmholtz and Laplace
equations in a semi-infinite strip subject to the Poincare type and the Dirichlet
boundary conditions [3]. In the case of the modified Helmholtz equation in a semi-
infinite strip, it is exhibited that solution of the RHP formed along the real axis
can be avoided in some cases. Such cases are referred as algebraic cases. It is shown
that when solving the modified Helmholtz equation in a semi-infinite strip with
the Poincare type boundary conditions, the problem is transformed to an order
two vector RHP. Generally, it is not possible to find the closed form solution of an
order two vector RHP. Also, it is shown that when the parameters involved in the
boundary conditions satisfy certain algebraic relations, then the order two vector
RHP is equivalent to two scalar RHPs or an order two triangular vector RHP. If
closed form (integral representation) solutions of the scalar RHPs and order two
triangular vector RHP are found, then the solution of the BVP of the modified
Helmholtz equation in a semi-infinite strip €2 in the scalar and triangular cases, is
found in closed form. The unified transform method is applied to find the solution
of basic elliptic equations (Laplace, modified Helmholtz and Helmholtz equations)
in an equilateral triangular domain subject to the Dirichlet boundary conditions,
the oblique Robin boundary conditions and the Poincare type boundary conditions

[13].
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Recently, Antipov [4] used the Laplace transform with respect to two variables
to solve a system of two Helmholtz equations coupled by impedance boundary
conditions. That system models diffraction of an electromagnetic plane wave by a
right-angled wedge. The main feature of the method [4] is that the parameter of
the second Laplace transform is a function {(n), where 7 is the parameter of the
first Laplace transform. The function ( is a root of the characteristic polynomial
of the ordinary differential operator that is the Laplace image of the Helmholtz
operator. Here, we want to further develop this method which can be used to find
the solution of both the Helmholtz and modified Helmholtz equations in a semi-

infinite strip with the impedance boundary conditions and their generalizations.

There is a lot of literature related to applications of the Helmholtz equation
in a semi-infinite strip subject to higher order boundary conditions in acoustics,
fluid mechanics, marine technology and arctic engineering [36]. Solution of the
Helmholtz equation in a semi-infinite strip subject to higher order boundary con-
ditions is discussed in [26]. The problem under discussion arises in determination
of the acoustic field generated by a point source in a plane semi-infinite wave guide
with thin elastic walls, and also inside an infinite acoustic wave guide with thin
elastic baffle. In this problem, the higher order boundary conditions exists due to
the structure of the wave guide. It shows a good attempt to solve the problem
but the derived solution depends on ansatz. Some applications of the Helmholtz
equation in a semi-infinite strip subject to higher order boundary conditions are
discussed in [27], [7]. There are a lot of physical situations that can be modeled
in terms of propagation and scattering of acoustic waves in a wave guide with
higher order boundary conditions [29]. Often such problems comprise of pipes or

ducts with abrupt changes of material property or geometry, for example, in car
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silencer designs, where there is a sudden change in cross sectional area, or when the
bounding wall is lagged. The paper [29] investigates a class of problems in which
the boundary conditions at the duct walls are not of the Dirichlet, Neumann or of
impedance type, but these contain second or higher order derivative of the depen-
dent variable. These type of boundary conditions are commonly found in models
of fluid structural interactions, for example, membrane or plate boundaries, and
in electromagnetic wave propagation. To use the mode matching technique, ex-
tra edge conditions imposed at points of discontinuity must be included because
for these type of models eigen functions are not orthogonal. A new orthogonality
relation is presented, for eigen functions involved for the general class of prob-
lems containing a scalar wave equation and higher order boundary conditions. The
paper [29] also, sheds light on the process for taking into account the necessary
edge conditions. By taking two specific examples from structural acoustics, which
possess exact solution obtainable from other techniques, it is exhibited that the
orthogonality relation permits mode matching to follow the same way as for sim-
pler boundary conditions. Some techniques which are used to solve the problems in
the field of fluid structure interactions involving a second order partial differential
equation with higher order boundary conditions, are discussed in [31]. In particu-
lar, it considers the Laplace equation with higher boundary conditions in case of
a semi-infinite strip 0 < z < oo, and 0 < y < h. Mode coupling relations are de-
rived by utilizing the Fourier integral theorem and the expansion for the velocity
potential in terms of corresponding eigen functions of the BVP. The symmetric
wave potential, or the so called Green’s function of the BVP of fluxural gravity
wave maker is derived by utilizing expansion of the velocity potential. Then the
expansion formulae for velocity potential are recovered by using integral form of

the wave source potential indicating completeness of the eigen functions involved.
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Oblique wave scattering due to cracks in a floating ice sheet in case of infinite

depth is analyzed.

A boundary value problem for the Helmholtz equation which originates from
context of the wave diffraction theory is investigated in [9]. In this paper, the
Helmholtz equation in a strip €2 subject to higher order imperfect boundary condi-
tions is studied by the view point of operator theory. Using the operator theoretical
machinery, the physical problem is transformed in the language of operator theory,
to study properties of certain types of operators. It involves Wiener Hopf and con-
volution type operators on finite intervals with semi-almost periodic Fourier symbol
matrices. These operators are considered in Lebesgue and also Sobolev space be-
cause the original problem is considered in terms of Bessel potential spaces. In this
work algebraic, operator and function theoretic features of operator theory are used
in a constructive way. To formulate the problem some definitions and notations
are given. S(R™) denotes Schwartz space of rapidly decreasing functions, S (R™) de-
notes the dual space of tempered distributions on R”. The Bessel potential space

is denoted by H*(R"), s € R and is defined as:
HYR") = {$ € SR : [@llwsan) = | F (1 + €)% - Fo|lraany < +00},

where F' = F,_,¢ is Fourier transformation in R", and is defined as:

n

(PO = [ c“*ola)do, ¢ R
Let D € R" is a Lipschitz domain, H*(ID) denotes the closed subspace of H*(R").
The elements of H*(D) have support in D and H*(D) is the space of generalized
functions which have extensions into R™ that belongs to H*(IR™). Subspace topology
is induced on H*(ID), and norm of the quotient space % is introduced on H*(D).

5)
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Note that

1 = {I = (371,1‘2,{1’}3, ..... ,[L‘n_l,ﬂfn) c Rn, Ztﬂfn Z O}

Now the boundary transmission problem is formulated in the language of oper-
ator theory. For n € Ny, Ny denotes the set of non negative integers, properties
of an element u € H'(Q) for some € > 0, satisfying the Helmholtz equation, are

analyzed. Consider the Helmholtz equation in a strip €2
(A + EHu(z,y) =0, (2,9) € Q, (1.192)
subject to the boundary conditions:

ut,, —iptul = h* On X, where ¥ denotes boundary of €,

Upyq —ip u, =h" On X,

The wave number & € C and the impedance parameter p* € C are given. Note
that h* € H~27"*¢(%) are arbitrary given elements and u¥ := (gz,—;‘)ly:io denote
traces of u(x,y) on the top and bottom of 3, respectively. For n = 0 and n = 1, u>
are the traditional Dirichlet and Neumann traces. The relations between the oper-
ators of the problem and new Wiener Hopf operators are established. Then these
operator relations are used to investigate invertibility and the Fredholm properties
of the operators related to the given problem. A problem of wave diffraction by
a strip subject to higher order reactance boundary conditions by view point of
integral equations is analyzed in [10]. The problem is formulated as a boundary
transmission problem of the Helmholtz equation in a strip in the Bessel potential
space H*(R"™), s € R. By using integral equations and operator theoretical meth-
ods, many convolution type equations are constructed and related to the given
problem. Solvability of the problem is discussed for a range of regularity orders

of Bessel potential spaces. A problem of wave diffraction by a union of infinite
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strips subject to higher order boundary conditions from the operator theory view
point, is analyzed in [11]. Tt is investigated, under which conditions the operators
associated with the problem possess the Fredholm property. To achieve the target,
several operator extension methods are constructed between used convolution type
operators.The Bessel potential space H*(R"), s € R is used to formulate the prob-
lem and the operators, hence the Fredholm property is found for a set of regularity

indices of H*(R").

1.7 Order of dissertation

The rest of dissertation is ordered as follows:

e In chapter 2, a finite integral transformation and the Sturm Liouville prob-
lem method is used, to analyze the Helmholtz equation in a semi-infinite
strip subject to the Poincare type boundary conditions. Then the Helmholtz
equation in a semi-infinite strip subject to the impedance boundary condi-
tions is analyzed. Later on, the Burniston-Siewert method to find zeroes of a
transcendental equation in a complex plane is presented. This method gives
us numerical as well as exact expressions for the zeroes of a transcendental

equation.

e In chapter 3, using a special kind of interconnected Laplace transforms, and
theory of RHPs, we have developed a new method to find solutions of both
the Helmholtz and modified Helmholtz equations in a semi-infinite strip sub-
ject to the Poincare type boundary conditions and impedance boundary con-
ditions. Some examples are solved by the new method and their results are
compared by the finite integral transformation and the Sturm Liouville prob-
lem method introduced in chapter 2. This gives us verification of the new

method. This newly developed method is quite efficient to solve both the
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Helmholtz and modified Helmholtz equations in a semi-infinite strip subject

to higher boundary conditions also.

e In chapter 4, an application of the new method to a physical model which
generates a BVP of the Helmholtz equation in a semi-infinite strip subject
to higher order boundary conditions is considered. Some properties of the

solution are investigated.
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Chapter 2

Finite integral transform method and

Burniston-Siewert method

2.1 Finite integral transform method: Poincare type boundary

conditions

Consider the Helmholtz equation
(2 + 05 + k)g(z,y) = g(z,y), Im(k) >0, (z,y)€Q, (2.1)

where €) is a semi-infinite strip shown in figure 3.1, with corners z; = oo, 2 = 0,
23 = ta, z4 = 00 + ta, a > 0. Figure 2.1 shows the Poincare type boundary

conditions along three sides of 2.

€4
. Zi=+o0+/a
Zz3=0+ia /Af 4
|
»
Bo '
€
Z=0 Zi=+ o0

FIGURE 2.1. The Poincare type boundary conditions along the sides of €.

The Poincare type boundary conditions are

dq
-4 = q. 2.2
ov|, T (22)
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for 7 =0,1,2, % = \/q - ¢; is the directional derivative in direction e; specified

€5
by constant 3;,j = 0,1,2, where (0 < 8, < 7,5 < B2 < 35,7 < By < 2m), p;
is a real non negative constant, and g, is a real valued function with appropriate

smoothness and decay. The boundary conditions in equation (3.9) can be written

as:

sidel : cos Boqy + sin Sogy + pog = go(z), 0<z <oo, y=0, (2.3)
side2 : cos Paqy + sin fogqy + pog = 92(y), =0, 0<y<a, (2.4)
side3 : cos f1qy +sin figy + g = g1(z), 0<z <oo, y=a. (2.5)

The functions go(z) and g(z) vanish at the points x = 0 and x = oo, sinf3; #
0,7 =0,1,2. To solve the given BVP of the Helmholtz equation in a semi-infinite
strip €2 subject to the Poincare type boundary conditions by finite integral trans-
form (FIT) method, we need to apply the finite integral transform to given BVP
of the Helmholtz equation in a semi-infinite strip. This step generates a Sturm
Liouville (SL) problem. Then we solve the SL problem to find related eigen values,
and the kernel of the finite integral transform. So, to check validity of this method
to the given BVP of Helmholtz equation in a semi-infinite strip, multiply equation
(2.4) by the kernel K, (y) of the finite integral transform, and integrate from 0 to a

to get

/ 92(y) K (y)dy = / cos Baqy(z, y) Kx(y)dy + / sin faq. (2, y) Ka(y)dy+
0 0 0
/ p2q(7,y) Kx(y)dy, 0<y<a, x=0.
0
Use definition of the finite integral transform in the above equation to get

a . o

g = cos e [ ayfe, ) Ka(wdy -+ sin By an(@) + pan(o), 0 <y <o, x=0
0

(2.6)
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Now evaluate [ q,(z,y) K (y)dy.

4ﬂm&wxxw@=Axwwawﬁz—AZ@wﬁ%@wy (2.7)

Note that [ ¢(x, y)g—;(y)dy # qx(z) because the finite integral transform is defined
for the kernel K,(y) not for %K A(y). Hence we cannot apply FIT method in
the case of Helmholtz equation in a semi-infinte strip subject to Poincare type

boundary conditions.

2.2 Impedance boundary conditions
To find solution of the Helmholtz equation in a semi-infinite strip subject to the
_ 37

impedance boundary conditions, substitute 8, = 5,82 = 7, 5y = = in equations

(2.3), (2.4) and (2.5). Consider the Helmholtz equation
@+ 02+ Bl y) = gwy), Tm(k) >0, () €0 (28)

where 2 is a semi-infinite strip shown in figure 2.2, with the corners z; = oo,

29 =0, 23 =1a, z4 = 00 +ia, a > 0. The impedance boundary conditions are

sidel : —qy(x,y) + pog(z,y) = go(z), 0<2z <00, y=0, (2.9)
side2 1 —qu(7,y) + p2q(@,y) = g2(y), =0, 0<y<aq, (2.10)
side3 : qy(z,y) + gz, y) = q1(z), 0<z<o0, y=na. (2.11)

Figure 2.2 shows the impedance boundary conditions for Helmholtz equation in
the semi-infinite strip €2, along the sides of semi-infinte strip (2. Note that pu;,j =
0,1,2, is a real non negative constant, and g;,j = 0, 1,2, is a real valued function

with appropriate smoothness and decay. Let

q(z,y) = " (2,y) + q.(v,y), (2.12)

¢ (x,y) = (A1y + As)go(x) + (Bry + B2)gi(z). (2.13)
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€1

23=0+;‘a Zy=twtia
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€
-
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Z2h =

2 0 2, =+
1

€

FIGURE 2.2. Impedance boundary condtions along sides of (2.
Since ¢(z,y) is a solution of the given BVP of the Helmholtz equation in a semi-
infinite strip subject to the impedance boundary conditions, equation (2.12) indi-
cates that the sum ¢.(z,y) + ¢*(x,y) is also a solution of the given BVP. Hence

boundary conditions defined by equations (2.9) and (2.11) become

4.

sidel : —a—z(x,y) + g« (z,y) = go(x), 0<zx<o00, y=0, (2.14)
4.

side3 : a—q(a:,y) + g (z,y) = g1(x), 0<zx<oo, y=na. (2.15)
)

Substitute the value of g.(z,y) from equation (2.13) in equations (2.14) and (2.15)

to get

—(A1go(7) + Bigi(z)) + po(A2g0(x) + Bagi(z)) = go(z),

(Argo(z) + Bigi(x)) + m[(Ara + Az)go(x) + (Bra + B2)gi(z)] = g1(x).
Simplify the above equations to get

(= A1+ poA2)go(z) + (=Bi + poBa)g1 () = go(w), (2.16)

[A1 4 pa(ady + Az)]go(x) + [Br + p(Bla + By)]gi(x)) = g1(x). (2.17)
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Solve equations (2.16) and (2.17) to get

It aw

=
I

‘ |
kS

&
|

s
I

|

&
I

|

1
5 0 = o + 1 + apopr.

(2.18)

From equation (2.12), use q(z,y) = ¢"(x,y) + ¢.(z,y) in the BVP defined by
equations (2.8), (2.9), (2.10) and (2.11), then the BVP of Helmholtz equation in a

semi-infinite strip subject to the impedance boundary conditions becomes
(02 +0; + K)q*(x,9) = g"(z,y), Im(k) >0, (z,y) €, (2.19)

where () is the semi-infinite strip shown in figure 2.2, with the corners z; = oo,

29 =0, z3 =1a, z4 = 00 +1a, a > 0. The impedance boundary conditions are

sidel : —aaqy (x,y) + tog" (z,y) =0, 0<zx<oo, y=0, (2.20)
a *
side2 : — 3(; (x,y) + 12" (x,y) = g5(y), =0, 0<y<a, (2.21)
sided : %z/ (x,y) + g (z,y) =0, 0<z<oo, y=a. (2.22)
Note that
95(y) = 92(y) = [=5- (@, 9) + 120 (@, Y)lo=o = g2(y) + (Ary + As)

z (2.23)

(96(0) — 11290(0)) 4+ (B1y + B2)(g1(0) — 1290(0)),
9" (z,y) = g9(x,y) — (Ary + A2)gy(z) — (Biy + Ba)gi (v) (224

— k*(Ary + As)gor — k*(Bry + Ba)gi(z).

2.2.1 Kernel of the finite integral transform
We apply the finite integral transform to the BVP defined by equations (2.19),
(2.20), (2.21) and (2.22), to obtain a SL problem. Then we solve that SL problem

to find related eigen values, and the kernel of the finite integral transform. So,
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multiply equation (2.19) by the kernel K, (y) and integrate from 0 to a to get

2 %

8
g(z) = /f2+— / Ki(y xydy+/ Kx(y aqz (z,y)dy, (2.25)

/ K x(y)g*(z,y)dy, ¢"(x,y) is given by equation (2.24). (2.26)

Now evaluate [ K)(y (x y)dy as follows.
‘ ¢ g “oq d
K\(y)—=— dy = K Vo — —K)\(y)d
| B G ety = K Gl — [ Gk
0 y=a . d Y d?
= K\(y) By y—0 — q @Kx(y) Y0 +/O q (x,y)d—ysz(y)dy-
(2.27)
Let
d? 9
ﬁKA( y) = -NK\y), 0<y<a. (2.28)

The boundary conditions defined by equations (2.20) and (2.22) can be expressed

as

Oq*

Ogx
a—(“;(x, y) = —gx(r,y), y=a. (2.30)

Use equations (2.29), (2.30) to find

Kx(y)%qy* =0 — q*d%KA(y)I% [—Kx(y) g (2, y) — d%KA(y)q*(af,y)]y_a
— [K\W)poq" (. y) — d%KA(y)q*(x,y)]y:o-
(2.31)
Let
roKa(y) = %Kx(y), y =0, (2.32)
—mEK\(y) = %Kx(y), y=a. (2.33)
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Substitute the values of poK,(y) and pu K\(y) in equation (2.31), then use the
resultant value, and the value of %K A(y) from equation (2.28) in equation (2.27)

to get

[ 555wty = -3 [ arta sty = Vo). 230

Let the kernel of the finite integral transform K, (y) solves the following SL problem

which is obtained from equations (2.28), (2.32) and (2.33). The SL problem is

d> 9
<d_y2 +A)K\(y) =0, 0<y<a, (2.35)
d
d
d_yKA(y) +mEi(y) =0, y=a. (2.37)

Now to find the transformed Helmholtz equation, substitute the value of

82(]*

Iy Ki(y) 55 (2, y)dy from equation (2.34), in equation (2.25), and simplify to get

Lt = W) = oa(a), 0< <o
r A (2.38)
e~ @) = @), 0<z < oo,

where g)(z) is the finite integral transform of ¢*(z,y) and is given by equation
(2.26). We fix a branch of the multi-valued function ¢ = vA2 — k2 by Re(C) > 0.
Note that +k are the branch points of the multi-valued funtion é , and its branch

cut is shown in figure 2.3.

To transform the boundary condition along side 2 of the semi-infinite strip 2,

multiply equation (2.10) by the kernel K (y) and integrate from 0 to a to get

d
- %CJA(%) + pagr(z) = gon, =0, 0<y<a, qg(+o0)=0, (2.39)

o= [ 0Ky, g3(0) i siven by equation (223 (2.40)
0
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FIGURE 2.3. A branch cut of multi-valued function é

If K (y) solves the SL problem defined by equations (2.35), (2.36) and (2.37) then
the transformed Helmholtz equation, and the boundary condition along side 2 of
the semi-infinite strip €2, are defined by equations (2.38) and (2.39), respectively.
To find the solution of this SL problem, we need the solution of the 2nd order

ordinary linear differential equation (2.35), and it is

K (y) = C} cos Ay + Cysin \y. (2.41)

The Sturm Liouville theory for the boundary value problems implies that the eigen
values A, of the given SL problem are non negative real numbers. It is verified that
A, = 0 is not an eigen value of the given SL problem. We find eigen values when

An > 0. Equation (2.41) gives

K)\(0) =C4, Ky(a)=Cicosha+ Cysinda, K,(0) = Co), (2.42)

K{(a) = —\C} sin Aa + C\ cos Aa. (2.43)
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Substitute values of K3(0), K,(0), K{(a) and Ky(a) from equations (2.42) and

(2.43) in the boundary conditions defined by equations (2.36) and (2.37) to get

AC.

0= )\02 — /JJ()Cl, Cl = —2, (244)
Ho

0 = C1(—Asin Aa + pq cos Aa) + Ca (A cos Aa + py sin Aa). (2.45)

Substitute the value of C from equation (2.44) in equation (2.45), and simplify to

get

Co[A(=Asin Aa + 11 cos Aa) + puo(A cos Aa + g sin Aa)| = 0. (2.46)

For a non trivial solution Cy # 0, so, equation (2.46) becomes
[A(=Asin Aa + py cos Aa) + po(A cos Aa + pug sin Aa)] = 0. (2.47)

Simplify equation (2.47) to get

tan \a = )
A — Hop

2.2.2 1-dimensional boundary value problem

We will find roots of the transcendental equation (2.48) using the Burniston-Siewert
method which will be explained in section 2.3. Let positive roots of the transcen-
dental equation (2.48) are denoted by A,. Note that A,. are the eigen values of
the SL problem defined by equations (2.35), (2.36) and (2.37). The corresponding

eigen functions of the given SL problem are K (y), and are defined by
K, (y) = Cycos \yy + Cysin A\, y. (2.49)
From equation (2.44), use C} = ’\Z—OCQ in equation (2.49), and simplify to get

An :
K, (y) = Cy|— cos \yy + sin A\, y). (2.50)
Ho
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To make {K),}22, an orthonormal system. Let || K, (y) ||= 1. Use definition of

norm, and simplify to get

“An :
C3 / [<= cos A,y + sin A\ y]2dy = 1
0o Mo

1
Cio2 =1, Cy= p where

\// — €0 Ay + sin A\py]2dy

————[2\n (20 sin® daX, + a® A2 + apd) + (A2 — p3) sin 2a),].

(2.51)

On =

2\/ nHo

From equation (2.51) use the value of Cy in equation (2.50) to get corresponding

eigen functions of the SL problem defined by equations (2.35), (2.36) and (2.37).

1 .\, .
K, (y) = a_[% cos Ay +sin A\pyl, || Ky, ||= 1. (2.52)

For the given BVP of the Helmholtz equation in a semi-infinite strip {2, the kernel
of the finite integral transform K, (y) is given by equation (2.52). Hence corre-
sponding to the eigen values A, and kernel K (y), the transformed Helmholtz

equation and the boundary condition along side 2 of the semi-infinite strip €2 are

d2

[d 5 ¢, ]qAn( ) =g, (z), 0<z< oo, where (2.53)

g)\n / K)\n x y)dy7 (2-54)
d
——, (2) + gy, (2) = gor,, =0, 0<y<a, q,(+00)=0, (2.55)

dx
Gor, = / 5 (y) K, (y)dy. (2.56)
0

Note that ¢, = /A2 — k2 is a multi-valued function. We fix a branch of it by

Re(() >0, qu,(2) = [y Ko, (y)q* (2, y)dy is the direct finite integral transform of
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q*(z,y). The inverse finite integral transform of g, (z) is recovered as

Z Ch( ), multiply by K  (y) and integrate from 0 to a

/ ¢ () Ko )y = 3 Cu(X) | B

0

/ q (z,y) Ky, (y)dy = ZénmC’m(x), Onm, 1s Kroneckor’s delta,
C

() = / (2, 9) K, (1)dy = g, ().
(2.57)

To solve the 1-dimensional BVP defined by equations (2.53) and (2.55), we define

GolF(@)] = (~ 1+ 1) F(@)lamo,  F(+00) =0 (2.5%)

where Uy is the functional of the boundary condition along the sidex = 0,0 <y < a

of the semi-infinite strip 2. The Green’s function of the 1-dimensional BVP is

G(x,8) = ¢(x, &) — Uolo(, §)]¢(x), (2.59)

where ¢(z, £) is the fundamental function of differential the operator L = de Cn ,

and is defined by ¢(x,&) = —fe‘cﬂf"_g'. Note that ¢(x) is the basis function

n

satisfying the following properties:
1. 9(z) solves the 2nd order ordinary linear differential equation L[y (z)] = 0.
2. U(a)] = [ () + (o)) = 1.
3. Y(+00) = 0.

To find the basis function ¥ (z), general solution of the 2nd order ordinary linear

differential equation L[i)(x)] = 0 is given by

U(z) = Coes® + Cre=<e. (2.60)
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The condition 1 (z) — 0 as © — oo is only satisfied when Cy = 0. Hence, equation

(2.60) becomes (z) = Che=$*. To find value of C; use the condition

Uolt)(2)]a=0 = 1
Apply the functional U, and simplify to get

[~ () + ()] = 1
— (—C;LCl) + ugCl =1.

Simplify equation (2.62) to get

1
C) = —.
M2+Cn

From equation (2.63) use the value of C} in (2.60) to get ().

1 ~
U(x) = —e~6n®
H2 + Cn
Now consider
1 ~
J— _Cn|x_§|
Z, = ——=€ .
o(x, &) 2

Apply the operator a% to equation (2.65), and simplify to get

1 -~
0.0(r,€) = e dsgn( — &)
We find the value of Up|¢p(x, )| as follows:

ol6(, )] = [(~-3- + Ha)o(, oy
1

= ) + 1200, )

Now equation (2.67) becomes

1 - e—CAné
alola, €)) = 5o~ = =
_ én — M2 €,C;§
2¢,
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Substitute the values of ¢(x, &), ¥ (x) and Uy[p(x,§)] from equations (2.65), (2.64)

and (2.68) in equation (2.59) to get Green’s function of the 1-dimensional BVP.

1 e (CAn - ,u2) -G
G(z,8) = —— Cnle—¢l _ _>n Cn(2+€) 2.69
9= "5 2Un(Cot o) (269

Solution of the 1-dimensional BVP is

oo (@) = / " G, €)ga (E)dE + () g, (2.70)

Substitute the values of ¢(x) and G(z, ) from equations (2.64) and (2.69) respec-
tively, in equation (2.70) to get

OO L e (CAn - M2) —Cn(z4€) 1 -6
O, () _/ [——e el 2 T e men g, (€)dE + < € " gor,
0 2Cn 2Cn<Cn + :LL2> Gn + H2

(2.71)
where an = \/W, forn = 0,1,2,3,4,.... To find the solution of the BVP
defined by equations (2.19), (2.20), (2.21) and (2.22), suppose that ¢*(z,y) satisfies
the SL problem given by equations (2.35), (2.36) and (2.37) for the eigen values A,
and ¢*(x,y) € C*(0,a) as a function of y, then the inverse finite integral transform

given by relation (2.57) becomes

¢ (z,y) = Z Cn(x)Ky,(y), where (2.72)
Cote) = [0 Ko () = o, ). (273)

From equation (2.71) use the value of g,,(z) in equation (2.73) to get

R T (Co—12) ¢ I
C.(z) = e nle—gl S Cn(2+8) d _ Cn '
(@) /0 | 2Cne 2Cn (G + 112) ‘ lon. (€)de -+ Co + u2€ 9220

(2.74)
Note that in this case, ¢*(z,y) defined by equation (2.72) is uniformly convergent

on (0,a).
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2.2.3 Solution of the BVP of Helmholtz equation in a semi-infinite

strip (2: analysis; numerical results
Solution of the BVP of Helmholtz equation in a semi-infinite strip subject to the
impedance boundary conditions, defined by equations (2.19), (2.20), (2.21) and
(2.22), is found by substituting values of C,(z) and K, (y) from equations (2.74)

and (2.52) respectively, in equation (2.72). The required solution is given by

) [e’s) 1 e’} oo CAn — _E
¢ (z,y) = Z[——A/ (eGltl 4 = 12) G0 ()ae s
—" 2¢, Jo (Gn + p2) (2.75)
1 . 1
_ 6_4”5592)\”] X —[ﬁ COS )\ny + sin )‘ny]v
Cn + 2 In Ho

where o, is given by relation (2.51). Now solution of the given BVP of the Helmholtz
equation in a semi infinite strip Q defined by equations (2.8), (2.9), (2.10) and
(2.11), is obtained by substituting values of ¢.(z,y) and ¢*(z,y) from equations

(2.13) and (2.75) in equation (2.12). The required solution is

o

— _L > *§;|$*§|+(CA”_—M2) —Cn(z+€) d¢ + 1 —lnz
o) =l / (e e G (e + e g

1 A\, .
X U_[M_ cos Ay +sin \y| + (Ary + A2)go(x) + (Bry + Ba)gi (),
n 0

(2.76)

where o, is given by relation (2.51). The constants Ay, As, By, By are given by
relation (2.18). To discuss numerical results, we need to find the zeroes of the
transcendental equation (2.47). In the next section, we give the Burniston-Siewert
method, used to find all roots of a certain transcendental equation in a complex
plane.

2.3 Burniston-Siewert method for solving certain transcendental

equations
An elegant method to solve a certain type of transcendental equations is introduced

in [8]. This method gives roots of a transcendental equation in closed form, which
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is not possible by using any numerical technique. This method for finding roots of
a transcendental equation is based on complex analysis, and ultimately requires a
canonical solution of a RHP. The crux of this method is to establish a suitable RHP,
and using several elementary properties of the resulting solution to deduce roots
of the given transcendental equation. To explain this method, some terminology,

and theorems are given below.

Definition 2.3.1. Let f be a complex valued function defined on a closed set
S C C. We say that f satisfies Holder’s condition for a point zog € D if there exists
constants p,v > 0 such that |f(2) — f(z0)| < plz — 20|” for all z € D sufficiently
close to zy. The constant v s called exponent of Holder’s condition. If f satisfies the
above inequality for all z € D, then f is said to satisfy uniform Holder’s condition
on D. For 0 <~ <1, all functions which satisfy the inequality (??) on D belong

to Lipschitz class of order ~v denoted by Lipy.

Note 2.3.1. Any function belonging to Lipy is uniformly continuous on D but
converse is not true. In example 2.5.2 given below, ¢(x) is uniformly continuous

on0<z< % but does not satisfy Hoder’s condition for 0 < x < % and 0 < v < 1.

Example 2.3.1. Let f(x) = \/x. It is evident that f(x) satisfies the Hélder’s

condition for the exponent v = %
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Example 2.3.2. Let ¢(x) = ﬁ, for0 <z < % and ¢(0) = 0. Note that ¢(x) is

continuous for 0 < x < 1 but|¢(z)—¢(0)| = 7 > Az because lim, o7 Inz =0

T |lnz|

for any v > 0, and any values of A and \. Hence ¢(x) does not belong to class

Lipy for0 <y < 1.

Definition 2.3.2. Let L be a smooth, closed, and positively oriented contour in the
plane of complex variables z. We denote the domain within contour L by DT, and
is called interior domain. The domain complement to DT+ L, is called exterior do-
main denoted by D~. If f(z) is an analytic function for all z € DT and continuous

on DV + L, then by Cauchy’s formula in the theory of complex variables,

.

Y ‘D+7
) o f(z), z¢€
2 J T — 2

0, ze D™,

\

If f(2) is analytic in D~ and continuous on D~ + L, then

(

1 ) f(o0), ze€ DT,

2 J T — 2

dr =

—f(z2)+ f(o0), z€ D™,

\

Definition 2.3.3. Let L be a smooth, closed or open positively oriented contour.

If L is closed then Dt and D~ are the interior and exterior domains as defined in
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definition 2.3.2. If L is open then D% is on left side of L and D~ on right side of

L, as one walks around the contour L. If 7 € L denotes complex coordinates of a

point on L, and ¢(T) is a continuous function of T on L then the integral

by L [ 20

2m J T — 2

dr, z€C\L (2.77)

is called a Cauchy integral. The function ¢(7) is called the density ,and - is

T—Z

called the kernel of ®(z).

Definition 2.3.4. Let L be a smooth closed contour, and G(t) be a continuous
function on L such that G(t) # 0 ¥t € L. Index of the function G(t) w.r.t the
counter L is defined as the change in argument of G(t) divided by 2w when t
traverses one round of L. If [argG(t)]r denotes change in argument of G(t) when

t traverses one round of L, then
1
X = IndG(t) = %[argG(t)]L. (2.78)

Since InG(t) = In|G(t)|+iargG(t), and after having traversed the counter L, |G(t)]
returns to its original value hence [argG(t)], = [InG(t)]L. So, equation (2.78) can

be written as x = IndG(t) = 5=[InG(t)],. Hence the index x can be represented
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by the following integral

= 1ndG(t) = o [ dargGio) = - [ ) (2.79)

T !
The integral in equation (2.79) is understood in Stieljes sense. For non vanishing

continuous functions F(t) and G(t), we have the following observations:

1. The indices of F(t) and G(t) on a closed contour L are always integers.
2. Ind[G(t)F(t)] = IndG(t) + IndF(t).

3. Ind[gd] = IndG(t) — IndF(t).

4. Let G(t) be the boundary value of a function G(z) which is analytic inside or
outside the closed contour L. Then its index is equal to the number of zeroes
(counting multiplicities) of the function inside or outside the closed contour

L, with negative sign.

5. Let G(z) be a meromorphic function inside or outside a closed contour L. If
Z denotes the number of zeroes of G(z) inside the closed contour L, and P

denotes number of poles inside the closed contour L, then

x =IndG(t)=Z — P.
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Theorem 2.3.1. [23] Let L be a common smooth boundary of two domains Dy and D,

fi(2) and Fy(z) be two analytic functions in domains Dy and Do respectively. Sup-

pose that for any point t € L, fi(t) = lim,; fi(z), z € Dy and f5(t) =

lim,,; f2(2), =z € Da, are continuous and f{(t) = f5(t) ¥Vt & L. Then the func-

tions f1(z) and fo(z) are regarded as the analytic continuation of each other.

Theorem 2.3.2. [23] Let a function f(z) be analytic in entire complex plane,

except at the points ay = oo, ar(k = 1,2,3,....,n), where the function f(z) has

poles. Suppose that in vicinities of the poles z = ag = co and z = ay, the principal

parts of the expansions of f(z) have forms

Go(2) = C2+ C2 + CY2% + ........... +C 2,
1 CY Ch cr
G( =—1+ 2 _ 4o + ——,
z—ay z—ap (z—a)? (z — ag)™

respectively. Then the function f(z) is representable as a rational function f(z) =
C+Gol2)+ >0, Gk(ﬁ) In the case, when f(z) has only a pole of order m at
oo then f(z) has the form f(z) = Cy+ C1z + ......... + Cz™.

Definition 2.3.5. To define a RHP or a Privalov problem, let L be a positively

oriented smooth contour (open or closed) dividing the plane of complex variables
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z into DV and D~ as in definition 2.5.3. Define G(t) and g(t) two continuous
functions of position on the contour L which satisfy Holder’s condition on L. Also,
G(t) and g(t) are non zero functions for every point on the contour L. We want

to find a sectionally analytic function

(

ot(z2), ze€ Dt

O (2), z€ D U{oo}

\

which satisfies the following condition on the contour L
Ot (t)=Gt)® (t) V t€ L (homogeneous problem) or (2.80)
OT(t) =G(t)P (t) +g(t) V t€ L (non homogeneous problem,). (2.81)
Note that

Ot (1) =lim®(z), ze D', tel,

z—t

O (t) =lim®P(z), ze D, tel.

z—t
Lemma 2.3.1. [2}] If index of G(t) is zero, then the general solution of the RHP
defined by equation (2.80) is ®(z) = CPy(z), where C is an arbitrary constant
and ®o(z) = '@, I(z) = ;L [} @dt. Note that L is a smooth closed contour

2mi t

dividing the complex plane into D and D~ as in definition 2.5.2.
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Theorem 2.3.3. [2/] Let " be a smooth closed positively oriented contour enclosing

origin O. Suppose that G(t) be a non vanishing function on I" which belongs to Lipy

for some 0 < v < 1. If the index x of G(t) is non negative, then the general solution

of homogeneous RHP defined by equation (2.80) is given by

p(2)®1(2), z€ Dt

27"y (2), z€ D™

\

where, p(z) is a polynomial of degree < n, and

By(2) = M), () = —— / loglt "G(t)] ), (2.82)

271 t— =z

If n < 0, the only solution of homogeneous RHP defined by equation (2.80) is a

trivial solution.

Theorem 2.3.4. [2]] Let " be the contour as defined in theorem 2.3.3. Suppose
that G(t) and g(t) are non vanishing Holder continuous functions on I' for 0 <

v < 1. If the indezx x of G(t) is a non negative integer, then the general solution
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of non homogeneous RHP defined by equation 2.81 is given by

(

[p(2) + k(2)]e®)] ze€ Dt

27[p(2) + k(2)]eh®), 2z e D~

\

where, p(z) is a polynomial of degree < n, and

By(z) = i), 1y(z) = —— / loglt"G(D)] 4, (2.83)

2mi t—z
Note that k(z) is defined as k(z) = 5= [ Malt, k(z) = O(z"), as z — oc.

21 t—z

If x = —1, then the problem defined by equation (2.81) has precisely one solution. If

X < —1, then the non homogeneous RHP defined by equation (2.81) has a solution
only if g(t) satisfies
/thg(t)e—’m)dt =0, h=0,1,2,3,4, ...  —n — 2, where (2.84)
r
If(t)=14(z2) as z—t (t €T is an interior point of T,z € DT) (2.85)
In either case, the solution of non homogeneous RHP defined by equation (2.81)
(if it exists) is given by

2"k (2) — ki (0)]eh®) 2z € D

[k1(2) — K1(0)])elr®), ze D™
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Fa(2) = % /F #{j@_}z)dt, By (2) = B(=)[k(2)] . (2.86)

Theorem 2.3.5. [2/] Let T : t = (1), < 7 < [ be a smooth open contour, and
G(t) be a non vanishing function of position on I' satisfying Holder’s condition on

['. The totality of solutions of homogeneous RHP (2.80) are given by

By (2) = 5(2)Bo(2), where By(z) = e, 1(z) = ZLM /F lig?(zt)dt. (2.87)

Note that s(z) is any analytic function with isolated singularities at the end points

to and ty of ', and having at most a pole at oc.

Lemma 2.3.2. [23] Let ' is a smooth positively oriented open contour with end
points a and b. Suppose that ¢(t) satisfies Holder’s condition ¥Vt € T' including the
end points a and b. The Cauchy integral ®(z) = 5= [, O dr, 2 e C\T has the

2mi T—2

following behaviour near the end points a and b of contour T'.

1. When z € C\T and z — a, then ®(z) = —29in(z — a) + B4 (2).

27

2. When z € C\T and z — b, then ®(z) = %ln(z —b) + Oy(2).

Note that ®,(z) and ®y(z) are bounded functions in vicinities of the respective end

points, and tend to a definite value as z — a or b respectively, where z € C\ T.
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So, the Cauchy type integral possess singularities of logarithmic type at end points

of the contour which are determined by the values of ®,(a) and Py(b).

Definition 2.3.6. Let ' : t = t(7),a < 7 < 3, be a simple contour such that
t'(t) € Lipy and t'(1) # OV7 € [o,B] and 0 < v < 1. Let ®(t) be a function

defined on 1" satisfying the following properties.

i. ®(2) is an analytic function Vz € C\ T.

ii. ®(2) has at most a pole at co.

iii. ®(z) is not required to be meromorphic at the end points ty = t(a) and t; =
t(B) of contour I'. It is only required to be analytic at these end points. The
behaviour of ®(z) at the end points ty and t1 should be pole like i.e. there exist
real numbers 6, € and ju such that , if |z —t;| is sufficiently small, z € C\ T,

then plz —t;|° < |®(2)] < plz =], j=0,1.

iv. ®T(t) =lim,,, ®(2), t €T is an interior point of T, 2z € DT,
O (t) = lim,,; ®(z), t €T is an interior point of ', z¢€ D,

exist and are non zero.
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v. Define a(t) = ii%? Vit € T, where limy 4, a(t) and  lim , a(t). Note
that loga(t) (a branch of the multi-valued function Loga(t)) is definedV t €

T, such that loga(t) € Lipy for 0 <y < 1.

Theorem 2.3.6. [2/] Let ®(z) be a function satisfying the hypothesis given in

definition 2.3.6. Then ®(2) satisfies the following properties.
a. The function ®(z) has finitely many zeroes.

b. A polynomial whose zeroes are exactly the zeroes of ®(z), can be constructed
rationally in terms of finitely many of the Laurent coefficients of ®(z) at oo,
and finitely many of the quantities my, = ﬁ s tkloga(t)dt, k=0,1,2,3,....

Note that loga(t) denotes any continuous logarithm of a(t).

Proof. Since ®(z) satisfies the conditions (i), (ii), (iv) and (v) given in definition

2.3.6, so, ®(z) is a solution of the homogeneous RHP
Ot (t) =a(t)® (t) V terl, (2.88)

where a(t) is a non vanishing Holder continuous function on I'. Application of

theorem 2.3.5 indicates that a special solution of the RHP defined by equation
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(2.88) is given by ®o(z) = ¢9*), where g(z) is the Cauchy integral

1 loga(t)
= — dt. 2.89

9(2) 211 /F t—=z ( )
Also, theorem 2.3.5 asserts that every solution of the RHP defined by equation

(2.88), is of the form

P (2) = s(2)Po(2) (2.90)
where the function s(z) has isolated singularities (at most) at the points ¢y, t; and oo.
Conditions (ii) and (iii) in definition 2.3.6 imply that the singularities of s(z) at
these points are at most poles, and thus s(z) in equation (2.90) is a rational func-
tion. Since ®¢(z) # 0,2z € C\ I, equation (2.90) indicates that zeroes of ®(z)
are those of s(z). Now identification of s(z) is required. From above use value

®y(2) = e9*) in equation (2.90), and simplify to get
5(2) = B(z)e 9, (2.91)

Using equation (2.91) Laurent’s series of s(z) at oo can be calculated because the

Laurent’s series of ®(z) is assumed to be known

d(z) = Z anz"", where [ is the order of pole of ®(z) at oco. (2.92)

n=-—I|
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From equation (2.89) consider

_g(z) = — /F logalt) ., (2.93)

T 2w Jp 11
t t 2
1— ) =144+ —+ =+ .. 2.94
=) =14+ 5+ 5+ (2.94)
1(1 t)—1—1+t+t2+ (2.95)
. B e e .

Use value of (1 — £)~! from equation (2.95) in equation(2.93) to get

—glz) = = /F logalt)dt]~ + 5 + i—z +o] (2.96)

o

Let m,, = ﬁ J-t"loga(t)dt, n=0,1,2,3,4,.... Then equation (2.96) becomes

oo

my
—g(2) =) o (2.97)
n=0
Hence, the Laurent’s series of e 9(%) is
e =3 "ha" (2.98)
n=0

The coefficients b, in equation (2.98) can be computed by comparing coefficients

in the identity

d —g(z , —g(z
E(—e 9( )) =qg(z)e 9(2) (2.99)

Use values of ¢/(2),g(z) and e™9¢) from equations (2.97) and (2.98) in equation

2.99) to get ¢ mbn — ¢ MMa—1 N0 b Thic equation vields the recur-
g n=1 zn+ n=1 zn+ ]—0 zJ y
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rence relation by = 1, nb, = nm,_1by + (n — 1)my_oby + -+ - + L.mgb,—1, n =
1,2,3,4,.... Note that equations (2.92) and (2.98) give Laurent series expansion for
®(z) and e 9*) at co. Then using series representations of ®(z) and e=9%) from
equations (2.92) and (2.98) respectively, in equation (2.91), and forming a Cauchy
product, as many Laurent coefficients s,, can be constructed in the following ex-

pansion as one likes.

s(z) = Z Spz " (2.100)

n=-—1

Note that knowing finitely many coefficients in the expansion defined by equation
(2.100) is not sufficient, however, to identify s(z), even if s(z) be a rational function.
If, on the other hand, a bound for the order of poles of s(z) were known, then
identification can be made. Suppose that the order of the poles of s(z) at ¢; be at
most r;, j = 0,1. Since a rational function is the sum of its principal parts, so,

s(z) must be of the form

l 70

s(z) = Z s 2" (8o + principal part at oo) + Z

n=0 n=1

Qon

m(pﬂncipal part at o)

r

Z (zcil—;)n( principal part at ¢;).

n=1

[y

_|_

(2.101)
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The coefficients a; ,, in equation (2.101) are yet, unknown. However, one can expand

the principal parts in equation (2.101) into their Laurent series at oo using the

following formula.

~+

! ~=2""(1- %)_" = z_"z (n)p<

o0 R (2.102)

z

Using expansion of ﬁ from equation (2.102) in equation (2.101), it is evident
that the coefficients of 2™ in the Laurent series of s(z) at oo can be expressed as a
linear combination of a;, for all £ < n. Now equating these expressions to s, for
1 <n <ry+ry, asystem of linear equations for 7o+, unknowns a;,, is obtained.
This system of linear equations is used to determine the unknowns a; ,,, and hence
s(z). To complete the construction of s(z), it is necessary to find bounds r; for the
order of poles of s(z) at ¢;, j = 0,1. Condition (iii) in definition 2.3.6 controls
the behaviour of ®(z) at these points. To study the behaviour of ®;'(z) = e¢=9()
near the end points £y and t1, of I', lemma 2.3.2 is used. Application of lemma 2.3.2

gives the following result.

1 [ t 1
g(z) = —/ oga( )dt behaves like — —loga(to)log(z — to). (2.103)
r t—=z 271
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Use the above relation to find behavior of e9%) as z — t,. Note that

for z = ty, z€C\T, e 9*) ~ constant (z — to)ﬁlog“(m). (2.104)

1

Similarly, for z — ¢, z€ C\T, e 9% ~ constant (z — tl)*mbga(tl)‘

(2.105)

Note that Condition (iii), equation (2.91), relation (2.104), and condition (iii),

equation (2.91), relation (2.105) gives following results.

|s(z)| < constant |z — td“Reﬁloga(tO) as z — o (2.106)
|s(2)| < constant |z — tl\E’RSﬁloga(tl) as z — t (2.107)

Relations (2.106) and (2.107) indicate that the bounds for the order of poles at ¢,
and ¢; are given by ro = —[e + Rez=loga(ty)], 1 = —[e — Reg=loga(t;)]. Note
that Burniston-Siewert method also holds for a finite collection of non intersecting

smooth arcs. W

2.4 Zeroes of the transcendental equation occurring in the solution of
BVP of Helmholtz equation in a semi-infinite strip using FIT
method

We apply the Burniston-Siewert method to find the zeroes of the following tran-

scendental equation:

Apo +
tan Aa = M fi0, 11 > 0. (2.108)

— HoH1
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While solving the BVP of the Helmholtz equation in a semi-infinite strip using
FIT method, equation (2.108) occurs in chapter 2 subsection 2.2.1 page 59.

Let ( = —iAa, divide by 7a to get A = % Then equation (2.108) becomes

tani( = ZC('le +m) , simplify to get tani( = M.
a(—% — pop) —(* — popra

Use trigonometric and hyperbolic identities to get

ag (ko + )
C? + popna®’

e —1 _ af(po+m)

tanh( = — = — .
‘ eX+1 ¢4 popma’

definition of tanh( gives

Cross multiply and simplify to get

(€ = 1)(C+?) = =bC(e* +1), ¢=ay/pom >0, b=aluo+p) >0,

(P HbC+ )= b+ P 2<—C2_b<+02

ISR
1. C—b+E
= ~Log>—5TC 4 nik.

CEtaT et

(2.109)
Using equation(2.109), we define the function f(() as follows:
1. =+ .
=—-Log——7"—— —C. 2.11

10) = yLog'sperag + ik = (2.110)

Let ag = app > 0,01 = apg > 0 and oy > . Then equation (2.110) becomes

(€ —ap)(C — o)
(€ + )¢+ au)

1
F(Q) = 5Log fwik—C, k=0,+1,42 43 44, ... (2.111)

Note that Log% is a multi-valued function with branch points aq, aq, —ayg
and —aq. The individual factor Log({—ayp) has the branch points ay and oo, similar
is true for the other factors Log(¢ — au), Log(¢ + ) and Log(¢ + a1). We fix a

branch of f({) by drawing branch cuts in the complex plane as shown in figure

2.4.
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FIGURE 2.4. A branch cut for the multi-valued function f(()

We denote a single branch of Log% by log%. For this single

branch we have
Arg(C —oy) =0, —m<6 <=
Arg((+aj) =07, —m<0; <m

For the single branch logm%, equation (2.111) becomes

IS (€ —ao)(€ — ) ik B

F0) = 300 (¢ aa(CFan) TR TG K= OB
L (a0 (C—an) i |
_2l ‘( ¢+ ag)(¢ +a1)‘+ [ 9(¢ 0) +arg(¢ 1) (2.112)

arg(C + ap) —arg(( 4+ ay)] +wik — ¢, k=0,£1,42,£3, ...

Equation (2.112) can be expressed as
F(Q) = Q)+ slarg(¢ — a0) + arg(¢ — an) — arg(¢ +ap) — arg(C +an)]

+ ik — ¢, fi(Q) = 1 g’gglzzggg;zﬁ;’

(2.113)
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For ( = (; +1i0, —oo < (; < ay, we have 0F =0 =0, =07 = +r. (2.114)
Now equation (2.113) becomes f((; £1i0) = f.((1) + mik — (. (2.115)
For ( = (; £1i0, —a; < < —ag, we have 0 =0 =0, = £m, 0, =0.

(2.116)
Now equation (2.113) becomes f(¢, £ i0) = f.(¢1) £ g@ ik — ¢, (2.117)
For ¢ = (; 140, —ap < (; < ap, we have 0] =0 = +7,0, =0, =0. (2.118)

Now equation (2.113) becomes f((; £1i0) = fo((1) £ mi + wik — ¢ (2.119)

For ¢ = ¢; +1i0, ap < (; < oy, we have 0] = +7,05 =0, =60, =0. (2.120)
Now equation (2.113) becomes f({; £1i0) = f.((1) + gz +mik — (. (2.121)
For ¢ = (; +1i0, oy < ¢; < 0o, we have 0f =0 =0, =07 =0. (2.122)

Now equation (2.113) becomes f(¢; +10) = fi(¢1) + wik — (1. (2.123)

We denote the values of f({) on the upper and lower edges of the contour I' = 'y U
[y by f7(t) and f~(t) respectively, these values are determined by using equations
(2.115), (2.117), (2.119), (2.121) and (2.123). So, the values of fT(t) and f~(t) are

(
Wl(k—f—%), oy < |t| <o =1I4

frt) = o(t) + (2.124)
k7'("l(l<3—|—1), ’t| <C(0:F0

.

7T’l(l€ — %), o < ’t| <oy = Fl

() =o(t) + (2.125)
k7rz'(l<: 1), [t|<ap=T,.

1 (= ao)(C—a)

Note that ¢(t) = f.(t) =t = =lo —t. 2.126
016) = 1.0~ = glogl T N EEY (2.120)
It is observed that ¢(t) — —oo, ast — g or t — vy, (2.127)
o(t) = 400, ast — —ag or t — —ay. (2.128)

83



Now we define

+

) et) + itk +3) I
a’(t) - f7<t) - gb(t)—i—’ﬂ'l(k—%)’ terl _[ 1, O]U[ 05 1]7 (2129)
L e +milk+ 1) e

Note that f(¢) defined by equation (2.113) satisfies the five hypothesis given in
definition 2.3.6.

Case-1. For k = 0, equations (2.129) and (2.130) give

+
!

loga(t) = long, tel =[—ay, —ap] U [ap, aq], (2.131)
o(t) = 5
t) + mi
loga(t) = log%, tely=[—ap, a. (2.132)
Consider the segment [—aq, —ap], using equation (2.131), we find that |a(t)| = 1,
and
X i . .
Arga(t) = Arg(o(t) + 5) —arg(o(t) — 5) using equation (2.128) to get

—0—0=0.
(2.133)

Using above results, loga(t) = log|a(t)| + iarga(t) = 0, ast — —a; + 0 or t —

—ap — 0. Now consider the segment [ag, 1], using equation (2.131), we find that

la(t)| =1, and
Arga(t) = arg(o(t) + %T) —arg(o(t) — %T) using equation (2.127) to get
=m—(-7)
= 2.

(2.134)
Using above results, loga(t) = log |a(t)| + iArga(t) = 2mi, ast — ag+ 0 or t —
ag — 0. Similarly, we can find behavoir of log a(t) at the end points of the segment

[—ap, ap].
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TABLE 2.1. Values of log a(t)

—a1+0

—Oé()—o

—CL’0+0

Oéo—o

CL’0+0

041—0

log a(t)

0

0

0

2

271

2

Table 2.1 shows values for loga(t) for different values of ¢ in the contours I'y and T'y.

Case-II. For k = 1, equations (2.129) and (2.130) give

3mi
loga(t) = logq;((%——:_%, tel =[—ay, —ap] U [ap, aq], (2.135)
loga(t) = ZOQM tely=[—ap, ). (2.136)

ot)

Table 2.2 shows values for loga(t) for different values of ¢ in the contours I'y and I'y.

TABLE 2.2. Values of log a(t)
—op+0

—a1+0 —ao—O Oéo—O —(Xo—i‘() a1—0

log a(t) 0 0 0 0 0 0

Case-III. For k = —1, equations (2.129) and (2.130) give the same Table 2.2.
Case-IV. For k > 1 or k < —1, equations (2.129) and (2.130) give the same
Table 2.2.

Riemann Hilbert problem is:

ff) =at)f~(t), teT =ToUT,. (2.137)

Application of theorem 2.3.5 indicates that a special solution of the RHP defined

given by

by equation (2.137) is given by f3(¢) = €9, where g(¢) is the Cauchy integral
[ t
loga(t) 4,

_ 1/
S 2mi Jp t—C

The Burniston-Siewert method given by theorem 2.3.6 shows that our solution is

9(¢) (2.138)

of the following form.

(2.139)
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Note that s(¢) is a rational function that may have poles at +ap, £ay, and oo,
also, fo(¢) # 0. Equation (2.139) indicates that zeroes of f(¢) and s(() are same.

Equation (2.139) can be expressed as

s(Q) = f(¢)e . (2.140)
Analysis of the Cauchy integral (2.138) indicates that
—g(C) ~ —ﬁloga(al)log(g —ay), as ( — aj. (2.141)
Now we consider the following cases:
a. k=0
Vi el =(—a,—ap) U(ag,aq) (2.142)

loga(t) = log

Using relations defined by (2.127), (2.128) and (2.142), we notice that loga(t) ~

2mi, as t — «y, hence relation (2.141) simplifies to

—9(¢) ~ —log(C — 1), as ¢ — au. (2.143)

Relations (2.140) and (2.143) give the following result.

s(¢) ~ constant , as ( = a. (2.144)

Since loga(t) = 0 for t — +ap, —a, using lemma 2.3.2 and equation (2.140),
it is observed that s({) has removable singularities at the points +ag, and —
aq. Note that f(¢) ~ —( as ( — oo, this implies that s(¢) ~ —( as ( — oc.

(because f(() and s(¢) have same behavior as ( — oo.) Hence, application
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of generalized Liouville’s theorem 2.3.2 gives the following result.

s(C) = —§+C_Ca1 +c
s rc%) o (2.145)
Q= i L ey |
s(c):—¢+§+cl+0(§), as ¢ — 0.
Equation (2.145) can be written as
S(C) ~ —C+ S+ e, as ¢ — oo (2.146)

¢

Now, we judge the behavior of f(() at oo, for k = 0 equation (2.113) can be

expressed as

1 a-m)a-w)
f(c>_§l0g(1+a<>(1+o¢1 )_C
1 Qg o QY Qay
F(Q) = 5 llog(1 — ?) +log(1 — f> —log(1+ ?) —log(1+ ?)] —¢
2 3 1
log(1 + %) = % - ;_COZ + % - f_& + ... use this relation to get
1l a0 o af ar o b
f(C)—5[(—?—2—52—3—@—-~)+(—?—2—52—3—<ﬁ—-~)—
ay Al ar o al
(? 2C2—|—3—C3—"‘)—(?—2—C2+3—C3—...)]—C, as ( — o0.
(2.147)
Equation (2.147) can be expressed as
f(¢) = é( ao—al)—l—O(CZ) ¢, as ( — oo. (2.148)
From equation (2.138), the Cauchy integral becomes
1 loga(t) B
(2.149)

1 n
—g(¢) = 2§m./509a() )ldt = chﬂ /loga t"dt.
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Equation (2.149) can be expressed as

o0

my, N
—g(¢) = Z ST, My = /loga(t)t dt
n=0 C r
e 99 can be expressed in series representation as
em90) = Xm0 gaft _ T (2.150)
mo 4 Mo m2 oy )2
WO _q Mo T ma fera+a
e _1+C+<2+C3+ ...... + 5] + ...
2
o) —q Mo T T g L
e 90 =1+ c + 2 +2C2+O(C3), as ( — 00.

Substitute the values of e=9¢) and f(¢) from equations (2.150) and (2.148)

in equation (2.140), to get

1 1 mo  my  md 1
=[=(—ay — O(=)—-dl+ —+ =+ —= +0(=
S(C) [C( Qo a1)+ (CQ) CH + < + C2 +2C2 + (<3)]7
as ¢ — oo. Simplification gives (2.151)
1 m;  mi 1
— [ —ag— o) — C—mg — 22 Mo 4 o=
5(0) = [¢(~a0 = 1) = ¢~ mo = T = L4 O()] a5 ¢ > o0
Compare the expressions for s(¢) from equations (2.145) and (2.151) to get
c=—op— Q1 —Mmy — ng, ¢ = —my. Hence relation (2.146) becomes
c m2
S(C)Z—CJrE—mo, ¢=—ag—ag—m — 5 (2.152)

Note that s(¢) = 0 < (?+mg( — c = 0. Solve this equation to get two zeroes

of the transcendental equation (2.108).

 k#0.

Without loss of generality, suppose that k£ > 0. Consider ¢ € 'y, then

loga(t) = log|a(t)| + iArg a(t), use equation (2.129) to get
ot o(t) + ik + 1) (2.153)
(

+ ik + 1) |
ot o(t) +mi(k — 3)°

+ mi(k — 1)

log a(t) = log | | +iArg|

)
)
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Equation (2.153) can be simplified to

1 PR3 (1) + G(t)mi + m(k — )
s ol) = 5 Bl g AT G -
1 @)k g)? o(t)m
loga(t) = §log[¢(t)2 Ty %>2] + zarctan[¢(t)2 (e = }l)]

(2.154)
From relation (2.128), ¢(t) — 400, as t — —ag or t — —ay. Hence equation
(2.154) indicates that loga(t) — 0 when ¢(t) — 400, ast — —ag or t —
—a1. Now using the relations defined by (2.127) and (2.154), we have log a(t) —
0 when ¢(t) — —o0, as t — g or t — «ay. Similarly, we can show that, when
t € Ty, and ¢ — +ap, or + ay, where ¢ € C\ T, then loga(t) — 0. Table
2.2 shows the similar results. Equation (2.111) can be expressed as

1

fQ)= —C—l—m’k—l—O(C

), as ¢ — oo. (2.155)

Equation (2.155) indicates that f(¢) has a pole at {( = oo. So, we concude
that s(¢) has a pole at co. (f(¢) and s(¢) have same behaviour as ( — o0.)
We have already shown that loga(¢) — 0, as ( — +ag, or £y, where ¢ €

C\T.

Since g(¢) = — / logal™) 1o ceC\T, T=TouUly  (2.156)
r

T 2mi T—C(
Equation (2.156) indicates that g(¢) is vanishing at the end points +ay, +ay.
Hence, [fo(¢)]™" = e79© is bounded at the end points +ag, +a;. So, from
equation (2.140) s(¢) = f(¢)e 99, we conclude that s(¢) is bounded at the
points tag, ;. (This means that s(¢) has removable singularities at the
points g, +a;.) Since s(¢) has a pole at 0o, and is bounded at the points

+ap, £aq. So, application of the generalized Liouville’s theorem 2.3.2 gives

s(¢) = al +b. (2.157)
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From equation (2.150), e79() can be expressed as

1

_ mo
e g(¢) :1+_+O(§2

: ). (2.158)

From equations (2.158) and (2.155) use values of 9% and f(¢) in equation
(2.140) to get

1
¢)
s(¢) = =( + mik —mg + O(%)

)

n+2 4 0=
¢ (2.159)

s(¢) = [=¢C + mik + O( c

Compare equations (2.157) and (2.159) to get a = —1, b = mik—m,. Hence
equation (2.157) becomes
1

s(¢) = —C + mik —mg, mo = 9 loga(t)dt,
T Jr (2.160)

m[):mo(k), k:1,2,3,"'

Using the Burniston-Siewert method, we have calculated the zeroes of the tran-
scendental equation (2.108) for ug = 2,417 = 3,a = 5. These are shown in the

tables 2.3 and 2.4.

TABLE 2.3: Zeroes of transcendental equation (2.108) when

k> 0.

k A

0 0.5399633576
1 1.087479972
2 1.646783217
3 2.801213276
4 3.392922352
) 3.991706387
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Continuation of Table 2.3

k A

6 4.595979567
7 5.204505695
8 5.816345
9 6.430788563
10 7.047300816
11 7.665474543
12 8.284997332
13 8.905627065
14 9.527174117
15 10.14948842
16 10.77245001
17 11.39596204
18 12.01994564
19 12.64433599
20 13.26907944
21 13.89413119
22 14.5194536
23 15.14501483
24 15.77078779
25 16.39674927
26 17.02287932
27 17.64916065
28 18.27557826
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Continuation of Table 2.3

k A

29 18.90211903
30 19.52877147
31 20.15552546
32 20.78237206
33 21.40930335
34 22.03631226
35 22.6633925
36 23.29053843
37 23.91774498
38 24.54500761
39 25.17232219
40 25.799685

41 26.42709267
42 27.05454211
43 27.68203054
44 28.3095554
45 28.93711435
46 29.56470525
47 30.19232613
48 30.81997518
49 31.44765074
50 32.07535127
51 32.70307534

92




Continuation of Table 2.3
k A

52 33.33082164
53 33.95858895
54 34.58637613
55 35.21418214
56 35.84200598
57 36.46984676
58 37.09770361
59 37.72557574
60 38.35346241

TABLE 2.4: Zeroes of transcendental equation (2.108) when
k<0.

k A

0 -0.5399633576
-1 -1.087479972
-2 -1.646783217
-3 -2.801213276
-4 -3.392922352
-5 -3.991706387
-6 -4.595979567
-7 -5.204505695
-8 -5.816345
-9 -6.430788563
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Continuation of Table 2.4

k A
-10 -7.047300816
-11 -7.665474543
-12 -8.284997332
-13 -8.905627065
-14 -9.527174117
-15 -10.14948842
-16 -10.77245001
-17 -11.39596204
-18 -12.01994564
-19 -12.64433599
-20 -13.26907944
-21 -13.89413119
-22 -14.5194536
-23 -15.14501483
-24 -15.77078779
-25 -16.39674927
-26 -17.02287932
-27 -17.64916065
-28 -18.27557826
-29 -18.90211903
-30 -19.52877147
-31 -20.15552546
-32 -20.78237206
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Continuation of Table 2.4

k A

-33 -21.40930335
-34 -22.03631226
-35 -22.6633925
-36 -23.29053843
-37 -23.91774498
-38 -24.54500761
-39 -25.17232219
-40 -25.799685

-41 -26.42709267
-42 -27.05454211
-43 -27.68203054
-44 -28.3095554
-45 -28.93711435
-46 -29.56470525
-47 -30.19232613
-48 -30.81997518
-49 -31.44765074
-50 -32.07535127
-01 -32.70307534
-52 -33.33082164
-93 -33.95858895
-54 -34.58637613
-95 -35.21418214
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Continuation of Table 2.4
k A

-56 -35.84200598

-57 -36.46984676

-58 -37.09770361

-59 -37.72557574

-60 -38.35346241

Mathematica programming is used to find the zeroes of the transcendental equa-
tion (2.108). These values are verified by applying the fixed point iteration method
to the transcendental equation (2.108), and using matlab programming. Burniston-
Siewert method gives numerical values for zeroes of the transcendental equation
(2.108) along with closed form expressions for zeroes of the transcendental equa-
tion (2.108). It is not possible to get closed form expressions for zeroes of the

transcendental equation (2.108) by applying any numerical technique.
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Chapter 3

Riemann-Hilbert problem approach for
Helmholtz equation in a semi-infinite
strip

3.1 Preliminaries

Definition 3.1.1. Let L, denotes the Laplace transform operator w.r.t. z € (0, 00).
If u(,y) € LY(R"), then the Laplace transform of u(z,y) w.r.t x € (0,00) is
denoted by i(n, y) and is defined by i(n, y) = Lo[u(x,y)] = [ u(z, y)e™dz,y € C.
Note that (n,y) — 0 asn — oo. If the inverse Laplace transform operator is
denoted by L', and u(z,y) is continuous w.r.t. x on each finite interval (0, A),

0 < A < 00, then the inverse Laplace transform of u(n,y), is defined by

o) = L ) = - [t g)e

Definition 3.1.2. Let L, denotes the Laplace transform operator w.r.t. y € (0,a),a >
0. If u(xz,.) € LY0,a), and u(x,y) = 0,Yy > a, then the Laplace transform
of u(z,y) wrty € (0,a) is denoted by u(z,i\) and is defined by u(x,i\) =

Lyu(z,y)] = [ u(z,y)e dy, X € C. Note that i(z,i\) — 0 as X — oo. If the
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inverse Laplace transform operator is denoted by L , and u(z,y) is continuous
w.r.t. y on each finite interval (0, A), 0 < A < oo, then the inverse Laplace trans-
form of u(x,iN), is defined by u(w,y) = L, Ha(z,iN)] = 2m Sz, iN) eMd\. Note
that T' = (c — ioco, ¢ + i00), where ¢ = Re()\) and u(z,.) € LY(0,a), and satisfies
[ e |u(x,y)|dy < oo. T is referred to as the Bromwich contour, and c is taken

to the right of all the singularities in order to satisfy the above condition.

Definition 3.1.3. Let L be a smooth closed or open contour in the complex plane.
If L is a positively oriented closed contour then L divides the complex plane in
two parts namely DT and D~. If L is an open contour then positive orientation
of L means that if a person is walking on the contour L then DY is always on
his left hand side while D~ is on his right hand side. Let G(t) = (G;;)i; be
a non singular matriz on L and G;; € H(L)( Holder continuous on L) and
g(t) = (gij)ij, gij € H(L). By the term vector RHP, we mean to find two vec-
tors ®T(z) and ®(2) analytic in D and D~ respectively, such that their limiting

values satisfy the boundary condition

O(t) = G(t)® (t) + g(t), Vte L.
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Theorem 3.1.1. [23] Let L be smooth positively oriented contour(open or closed),

and ¢(7) a function of position for all T € L which satisfies Holder’s condition on

L. If L is closed, then DY denotes domain interior to L, and D~ is complement

to DT + L. If L is open, then D™ is on the left side of L and D~ is on the right

side of L as one walks along the contour L. Then the Cauchy type integral given

by definition 2.3.3

B(2) = L/L ) gy e\ (3.1)

211 T—2Z

has limiting values ®*(t) and ®~(t) where

Ot (t) =lim®(z), ze D' te L, andt is not an end point of L, (3.2)

z—t

¢~ (t) =lim®P(z), ze€ D ,te€ L, andt is not an end point of L. (3.3)

z—t

®H(t) and ®(t) are related to the singular integral 5= [, %dﬂ t € L, and the

density ¢(t) of the singular integral through following relations:

(1) = (1) + QLM [ %dﬁ tel, (3.4)
(1) = —50(t) + % i f(_T)th, tel. (3.5)
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These are called the Sokhotski Plemelj formulae. By adding and subtracting equa-

tions (3.4) and (3.5), we get another form of the Sokhotski Plemelj formulas:

o L[ o)
(I)+(t)+q) (t)—E L:d’r, tEL,

3.2 Helmholtz equation in a semi-infinite strip subject to the

Poincare type boundary conditions

Consider the Helmholtz equation

(02 + 05 + K)q(x,y) = g(z.y), Im(k) >0, (x,y) €,

(3.8)

where () is a semi-infinite strip shown in figure 3.1 , with corners z; = 00, 2o =0,

23 = 1a, 24 = 00 +1a, a > 0. Figure 3.1 shows Poincare type boundary conditions

along three sides of €2 .

€4
. Zi=+co+ia
Z3=0+ia /’4 4
|
Bo '
€
Z3=0 Zy1=+ o0

FIGURE 3.1. Poincare boundary conditions along sides of (2.
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The Poincare type boundary conditions are

dq

ov

+ 19 = g;, (3.9)

€j

where, for j = 0,1, 2 9q

, 5¢| = Wq - ej is the directional derivative in direction e;

€j

specified by constant 3;, j = 0,1,2 where, (0 < 1 <m, F < <3}, 7<
Bo < 2m), pj is a real non negative constant, and g; is a real valued function with
appropriate smoothness and decay. The boundary conditions in equation (3.9) can

be written as:

stdel : cos Boqy + sin fogy + pog = go(z), 0<z <00, y=0, (3.10)
side2 : cos faqy + sin foqy + poqg = g2(y), =0, 0<y<a, (3.11)
side3 : cos f1qy +sin fr1gy + g =g1(z), 0<z <oo, y=a. (3.12)

The functions g1(x), g3(z) vanish at the points x = 0 and 2 = oo, sin5; # 0, j =

0,1,2. Apply the the operator L, from definition 3.1.1 to equation (3.8), to get

/ 02q(w, y)e™ du+0, / q(z,y)e do+k? / q(z,y)e" do = / g(z,y)e"da.
0 0 0 0

(3.13)
Evaluate [~ 02q(z,y)e dx.
| Fateperds v ogmlz, - [ ot per s,
0 0
q(z,y) € CHQ) N C*Q) and ¢(2, Y)|r—oo = 02q(2,Y) |00 = 0, o1
3.14

= —0.4(0,y) — Z'77/ 0.q(z,y)e"* dx integrate by parts
0
0

Use the property g(x,y) € C*Y(Q) N C%(Q) and ¢(z,Y)|s—co = 02¢(T,Y)|e—00 = 0

and definition 3.1.1 in equation (3.14), to get

/ 92q(x,y)e™dx = —0,q(0,y) + ing(0,y) —772/ q(z, y)e™dx. (3.15)
0 0
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Insert the value of [° 02¢(x,y)e™”dx in equation (3.8), and simplify to get

(45 = i) = 5eal0.) — ina(0.9) + 3. 3.16)

Note that ( = \/n? — k? is a multi-valued function. We fix a branch of it by
Re(¢) > 0, and %k are the branch points of this multi-valued function. The branch

cut of this multi-valued function is shown in figure 3.2. Write equation (3.16) as

<j—y2 ~ ity = f), F) = Bua(0.) — ina(0,y) + G0n.y).  (3.17)

From definition 3.1.1 apply the the operator L, to equation (3.10) to get

(@) > - d [~ |
/ gD(fL’)e“?Idﬂj' = COS 60 / 6xCI(x, y)elﬂxdx + sin BOd_y / Q(l', y)elnxd.ﬁlf—F
0 0 0

,uo/ q(z,y)e™dr, 0<x<oo, y=0.
0
(3.18)

Integrate by parts and use definition 3.1.1
9o(n) = cos fola(, y)e™ |32, — /0 " (e, ) (ine)da] + sin Bod%d(n, y)+
toq(n,y), 0<z<oo, y=0.
Use the property g(z,y) € C'(Q) N C*(Q) and q(2, Y)|s—cc = 024(2,Y)|s=00 = 0,

and simplify to get

sin Bod%d(n, 0) + (sto — i cos fo)d(n, 0) = Go(n) + 4(0, 0) cos By.
(3.19)
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From definition 3.1.1 apply the the operator L, to equation (3.12) to get

/000 g1(z)e™dx = cos By /000 0rq(, y)e™ dx + sin 51% /000 q(z,y)e™ do+
L1 /OO q(z,y)e™dr, 0<x<oo, y=a.
0
Integrate by parts and use definition 3.1.1
1) = cos laCe. e 2o — [ alo9)e™ inde] + sin Bl 0)+
pid(n,y), 0<zx<oo, y=a.
Use the property g(z,y) € C'(Q) N C*(Q) and ¢(z, ) s=co = 024(2,Y)|s=oc = 0,
and simplify to get

sin mdiqun, @) + (1 — incos B1)i(n, a) = 1) + g(0, a) cos Br.
(3.20)

Now we define the functionals of the boundary conditions W, and W as follows:

d . ,
WolF ()] = 5 Fly=osin flo + Fly=o(po = in c0s fy),

p (3.21)
WALF@)] = - Flymasin i + Fly-a(i — incos )

Consider the homogeneous system of the Laplace transformed equations obtained

FIGURE 3.2. A branch cut for the multi-valued function ¢
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from the above steps.

(s~ i) =0 3.2
sin By C; 7(n,0) + (po — incos Bo)d(n,0) =0 (3.23)
Sinﬁl%@(na a) + (p1 —incos B1)q(n,a) =0 (3.24)

Green’s function of the system defined by equations (3.22), (3.23) and (3.24) is

G(y,§) = ZW (Y, )1Y;(v), (3.25)

where 9(y, ) is the fundamental function of the second order linear differential

the operator L = j—;z — (2, and is defined by

1

V(0. = —gee (3.26)

Note that 1y(y) and v (y) are the basis functions of the the operator L and satisfies

the following properties: ({10(y), 11 (y)} forms a basis of the solution space of the

the operator L.)
L(¢j) =0, j=0,1and Wj[?ﬂ[] =04 7,0=0,1. (3.27)
Yo(y), ¥1(y) and their derivative are given below

Yo(y) = coo cosh (y + cor sinh Cy,  ¥y(y) = Ccoosinh Cy + (e cosh Cy,  (3.28)

U1(y) = ciocoshCy + e sinh Cy, ¥ (y) = (erosinh (y + Cenncosh (y. (3.29)

Let ago = sin By, 1 = po — incos By,  ¢(0,0) = qo, (3.30)
g =sin By, oy = pg — incos P, (J(O,@) ={q1- (3-31)

Hence equations (3.19) and (3.20) become

d _ - -

Oéood—qu; 0) + a014(n, 0) = Go(n) + qo cos Po, (3.32)
d _ - -

alod—yQ(n, a) + a114(n, a) = §i(n) + q1 cos fi. (3.33)
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Apply the functionals of boundary condition Wy and W; to ¢y (y).
d
Woltbo(y)] = Oéood—y%(y)’y:o + a01¥o(y)ly=o (3.34)
Use equations (3.27) and (3.28 in the above equation to get
1= OéooCC()l -+ Qp1Co0- (335)

Waltho(y)) = awdi;qpow)ry:a + anto()lyes (3.36)

Use equations (3.27) and (3.28 in the above equation to get
0= (Calo sinh C(l + a1 cosh CCL)COO + (Cal(] cosh CCL + a1 sinh gCL)COl. (337)

Solve equations (3.35) and (3.37) to find values of ¢y and ¢y

(av1pC cosh Ca + g sinh Ca)

o = — _ ’ (3.38)
cot — av1p( sin Ca:l‘ 11 COS CCL’ (3.39)
d= (<204000é1o — agrap) sinh (a + (Cagoarn — 1) cosh Ca. (3.40)

Similarly, apply the functionals of boundary condition Wy and W; on ¢ (y), to get
0= Oé()()gCH + ap1Cig (341)

1= (COélo cosh CCL + aqq sinh CCL)CH + (COélO sinh C(l + a1 cosh CCL)ClO (342)
Solve equations (3.41) and (3.42) to find the values of ¢19 and ¢1;

(% Q
C11 = —%, Cio = ?C (343)

Insert the values of cgo, o1, c10 and ;7 in equations (3.28) and (3.29) to get ¥ (y)
and 11 (y) given by

voly) = _ 106 coshf(a — y)(];— aq; sinh[(a — y)(]’ (3.44)

_ aoo§ cosh[Cy] — a1 sinh[Cy]

U1(y) y : (3.45)
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Now we find Wy[¢](€) and Wi [](€).

%M@ZM%WMMoHWM@MO (3.46)

Use equation (3.26) to find

0 1
8_y¢(y7 §)ly=0 = _ie—CIy—E\(_OSgn(y —&)ly=o

0 1
a—y¢(y,§)’y:0 = 53_455971(—@, 0<&<a

(3.47)
aﬁy¢(y>€)’y=0 = _%eﬁf
1
(Y, €)ly=0 = —ie*@.
Insert the values of a%@b(y,fﬂyzo and ¢ (y, &)|,—o in equation (3.46) to get
—¢¢€
Wo[y(€) = —eT(Oéoo + %). (3.48)
Now consider
0
Wl [1/)] (5) - @108—y¢(y7 §)|y:a + 0411¢(y7 §)|y=a- (349)
Use equation (3.26) to find
0 1
8_y¢(y’ €)|y:a - _ie_cly_gl(_g)sgn(y - €)|y:a
(5, lgea = 3¢ Sgn(a &), 0<E<a
oy 2
9 | oo (3.50)
%w(yaf)’yzo == 56
w(yag)’yZa = _ieig(aig)
Insert the values of a%@/}(y,f)b:a and ¢ (y, &)|y=a in equation (3.49) to get
—¢(a—¢)
Wi](€) = ‘ 5 (a1p — %) (3.51)

Take the values of ¥(y. ), do(y). ¢1(y), Wol¢](€), and Wi[](€) from equations
(3.26), (3.44), (3.45), (3.48) and (3.49) respectively, and insert in equation (3.25),
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_e—Cly—El gt

G(y,§) = 3¢ 2dC (00¢ + ao1) (1€ cosh[(a — y)(] + aqy sinh[(a — y)(])

(a10¢ — an1)(agoC cosh[Cy] — agy sinh[Cy]).

(3.52)

Now consider the following non homogeneous BVP consisting of equations (3.16),

(3.32) and (3.33):

e, ) . ~
(d—y2 —¢)an,y) = %q(O,y) —1i1q(0,y) + g(n,y),
d . . .
Oéood—yQ(Th 0) + anq(n,0) = go(n) + qo cos o, (3.53)

d 5 )
alod—yQ(n, a) + a114(n,a) = gi(n) + qi cos fi.

Solution of the non homogeneous BVP defined by equations labeled by (3.53) is

i(00) = [ G0 FOdE + [l + ancos flsn) + 31 (0) + 0 cos il (o).
(3.54)
Insert y = 0 in equation (3.54), then from equations (3.52), (3.17), (3.44), and
(3.45), find the values of G(0,€), F(€),o(0) and v (0), respectively, and insert

these values in resulting equation to get

G(n,0) = /Oa G(0,8)f(€)dE + [go(n) + o cos Bolto(0) + [91(n) + g1 cos B1]11(0)

q(n,0) = /Oa[—%e@ — €_C£(0402()<€1—|- “01) (a0¢ coshlaC] + ay; sinh[a(])

B e~ ago(aio¢ — aiy)
2d

[90(17) + qo cos Bo(

% [2(0,€) ~ ing(0.6) + g, €))de-+

a10¢ cosh[al] 4+ a1 sinha(] )
—d

Cano
d )

+ [91(n) + g1 cos Bu)(
(3.55)
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Consider

a —¢¢
/ [_2_26—@ = iz (nC + a0 (oG coshlad] + any sinbac])
0

< 19(0,) — ina(0.)de

1 (ooC + ap1) (o€ coshlal] + a1 sinhla(]
= _i[l + 7 ]

a0
o€ < i
X /0 [e™¢5-a(0,€) — inq(0, €))dg

1 (¢ + ap1)(a0€ coshla] + aqq sinhla(]
= _i[l + 7 ]

« ( % i) / e'19%4(0, €)d€ use definition 3.1.2
0

= A (G = i)(0,iC), where

ox
Ai(¢n) = _%[1 + (o€ + 1) (o€ co;h[a(] + aq1 Sinh[aq]'

Now consider

a  g=((a—6) 0
/0 _ 0500<0410C — 0411) X [—Q(O,é) - ZT]Q(()?f)]df

2d ox
= o amlan — an) (o i) [ S5a(0,de
= 2d Qoo 10 11 or m ; e>q\y,
e

0 @
5d aoo(OéloC - 0411)(% - in)/o 61(710561(075)515-

Use definition (3.1.2) in equation (3.58) to get

0 oC )
/ — 0600(@10C — 0611) X [a_Q(07 é) - ZT]Q(()? 5)]d€
0 s

= Mo Cn) (- — in)q(0, ~iC), where

e
Al?(C?”) = - 2d

Oéoo(OéloC - 0411)-

(3.56)

(3.57)

(3.58)

(3.59)

Use the integrals defined by equations (3.56) and (3.59) in equation (3.55), to get

0 0
01,0) = A (€,m)5-0(0,1€) — i (¢ m)a(0;i€) + AralC,m) 5 -d(0, =iC)
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Note that

a —ce
ho(C,n) = /0 [_ie—cs - (a;()éccl+ o) (a10¢ cosh[a(] + iy sinh[a(])

B e~ o (ay0¢ — a11)]§(n’ €)dE + [g1(n) + q1 cos B](

2d
+ [io(n) -+ an cos ) (2208 <0Me6) + o sinblac]

— Au(Gn) / 3, €)dE + Mio(C, 1) / €5i(n, €)de

Capo
7 )

+ [g1(n) + q1 cos Bi( CZOO) — [Go(n) + qo cos Bo] x

(@10€ cosh[a(] + aqy sinha(])
d
= A€ m§,9C) + Ara(Cmi(m, —iC) + 3 (1) + a cos ) (22

d
(a10¢ coshla] + oy sinh[a(]
y :

— [go(n) + qo cos B

(3.61)

Replace 1 by —n in equation (3.60) to get

0 0
(j(_% 0) = All((? _n)a_ij(Ov ZC) + inAH(Cu _7]>QA(07 ZC) + Al?(Cu _7]>%QA(O7 _ZC)
+ inA12(C, =1)4(0, —i¢) + ho(C, —n).

(3.62)

Now insert y = a in equation (3.54), then from equations (3.52), (3.17), (3.44),
and (3.45), find the values of G(0, &), f(£),10(0) and 1 (0), respectively, and insert

these values in the resulting equation to get

q(n,a) = /Oa G(a, &) f(§)dE + [go(n) + qo cos Boltho(a) + [g1(n) + q1 cos 1] (a)
@ 1

—¢(a—8)
q(n,a) = / [—ie—C(a—ﬁ) € 20 (a10¢ — a11)(agoC coshlal] — g sinh[a(])
0
—¢¢
- GQ—dOéw(COéoo + 0401)] X [%CI(Oa f) - iUQ(Oaf) + §(n,£)]d€

(Cago cosh[Ca] — apy sinh[Ca])
y .

— [3o(n) + 0 o8 56] 2+ [3a() + 1 cos 3]
(3.63)
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Consider
a e—Cf 0
/0 —2—da10(COéoo + ag1) X [%9(075) —inq(0, )]dg

= Ax (¢, n)((% —in) /0 e'19€4(0, €)d¢ use definition 3.1.2

= (G} — m)a(0, 1) (369

0
= A21(€, 1) 5-4(0,4C) — i A21(C, m)¢(0,¢), where

1
Aoy (C,m) = _ZZOQO(CO‘OO + o).

Now consider

a 1 —C( _5) e—C(a_f) .
/0 [—ie ) — (c10¢ — a11) (o€ coshlac] — apy sinhla(])]

2d¢
0
% [5,a(0,€) —inq(0, §)]d¢
= AQQ(C,U)(% - @n)/ e (Z19%4(0, £)d€ use definition3.1.2
0

; (3.65)
= A22(C7 77)(% - “7)@(07 _ZC)
0
= A2 (€, ) 5-4(0, —iC) — inhA22(C, n)q(0, —iC)
Ao (C,m) = —%e_ca[l + M(am(wsh[ad — apy sinhla(])].
Use the integrals defined by equations (3.64) and (3.65) in equation (3.63), to get
0 0
q~(777 a’) = A21<<7 n)a_x(j((x ZC) - Z.771\21 (Cv 77)@(07 ZC) + A22<<7 n)a_x(j(ov _ZC)
(3.66)
— i A22(¢,m)q(0, —iC) + hi(C,m).

Note that
“ —((a—¢)
ha(Com) = /0 o0 - ?
—¢¢
_ 62_da10(caoo + ao)] x g(n,€)]d¢ — [go(n) + o cos Bol(
CO[OO cosh[(a] — Q1 sinh[(a] )
d

h (C? 77) = A21(<7 n)§<n7 ZC) + A22(C’ 77)&(77: _ZC> - [90(77) + qo cos BO}al_OC

d
(cvpoC cosh|al] — apy sinh[a(])
y )

(a10¢ — an1)(aoC cosh[al] — apy sinh[a(])

a10€
d )

+ [91(n) + q1 cos Bi](

+[91(n) + q1 cos B1]

(3.67)
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Replace 1 by —n in equation (3.66) to get

0 0
(j(_na a) = A21(<a —77)_@(07 ZC) + Z-77AA21 (Cv —77)(}(07 ZC) + AQZ(C) —U)—@(Oa

ox ox

—i()

(3.68)

Equations (3.60), (3.62), (3.66) and (3.68) define a system of four equations for

four unknowns described as:

401,0) — ho(C,m) = Ana(C, ) 5-4(0,1€) — imAna (€, M0, i)+
Mua(Co )50, =i€) = iz (€, a0, ~iC),
8-1,0) ~ ho(, =) = A (¢, ~n) 2-d(0,7C) + inus (G, ~m)a(0,iC)+
Mua(C )50, =iC) + iz (€, =)0, ~iC),
400,0) — PG m) = Aon(Cm)£(0,€) — imAas (G, m)a(0,C)+
Aaa(Co )50, =i€) = i (€, )0, ~iC),
8-1,0) = ha(G, =) = Asa(G )50, 8€) + imhon (G, ~m)a(0,iC)+

Aon(C, =) 2-4(0, =€) + inAsa(C, =) (0, —iC).

Ox
Note that
An(Co) = _%[1 N (cooC + 1) (a10€ codsh[aC] + an sinh[ag‘]]’
Maa(Gm) = =5 onofnog — o),
Rax(G,1) = =5 en0(Gaoo + awn),
) = — e+ 2 oo coshfag] — s sifac]),

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

d= d(<7 77) = (CQCYO()CVlO — 04010611) sinh[a(] + (COKOQCYH — 0401C0410) COSh[CLC], (377)

Qoo = sinfy a1 = g —incos By, g = sin By, ay = py — incos Py,
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(G, m) = Aua(Cm0n, 7€) + Asa(Cmn, ~iC) + 191 (n) + a cos ] 22)

(a10¢ coshla] + oy sinh[a(]
d )
ha(C.n) = Aar(Cm)3(.7€) + Aaa(C. ) (n. ~i¢) — [Go(n) + go cos fo] =

(cvgoC coshla] — apy sinh[a(])
y )

To find the unknowns 8%@(0, +i¢) and ¢(0, +i(), write the system defined by equa-

— [go(n) + qo cos Bo]

+ [91(n) + g1 cos 1]

tions (3.69), (3.70), (3.71) and (3.72) in the matrix form shown below.

2.4(0,4¢) G(1,0) — ho(C,m)
A(C, 17) Lj(O, ZC) _ 67(—777 O) - hO(Ca _77> e R, where (380)
£24(0, —i¢) tildeq(n, a) — hy(¢,m)
qA<Oa _ZC) i i QN(_T/? CL) - hl (C> _77) i

Ai(Cn)  —imA(Cn)  Aa(Cn)  —inA(¢,n

) )
A (¢ —n) A (C—n) Aa(C—n) inAia (¢, —n)
) )
) )

A(¢n) = (3.81)

Aar(Cm)  —inAai(Cm)  Ana(Cn)  —inAxa((n
| Aaa(C=n) mhan(C—n) Aoa(C—n) inAa2(C—n) |
Note that A11(C,7), A12(C, 1), Aa1(C, 1), Aa2(C,m), d; ho(C,m) and hi(C,n) are given
by equations (3.73), (3.74), (3.75), (3.76), (3.77) and (3.79). Solving the system de-

fined by equation (3.80), the values of -2 §(0,4(), 4(0, (), 24(0, —i¢) and §(0, —i()

are:
2 o _sinﬁo(—ul + incos B1 + (sin fy)
axQ(Oa ZC) - d(pl + p2) Qap+
[d + (=1 + incos By + (sin By)(¢ cosh a sin By — (po — in cos By) sinh a()]qop
d¢(p1 + p2)

_sin fy(—p — incos fi + (sin Br)
di(p3 + pa)
[dy + (—p1 — incos B1 + (sin B1)(¢ cosh al sin By — (g + i cos [y) sinh aC)]qOm
d1C(ps + pa)

Gamt

(3.82)
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—i sin Bo(—pq + incos By + ¢ sin fBy)

(0.i¢) = | i
Ui d(p1 + p2)
[d 4 (—p1 + incos By 4+ sin fy)(C cosh ad sin By — (1o — in cos fy) sinh a)]qo,
d¢(p1 + p2)

_sin fo(—p1 —incos i + (sin fy)
di(p3 + pa)
[dy + (—p1 — incos B1 + ¢ sin B1)(C cosh al sin By — (o + i1 cos By) sinh al)]qgom
d1C(p3 + pa) 7

Gam+

: . , (3.83)
%@(0, —i¢) = e*[— sin (31 (1o —Olzzlcj—soi())—l- ( sin 50)q0p+
[d + (po — incos By + ¢ sin By) (¢ cosh a( sin By + (11 — i cos 1) sinh aq)]qay
dC(pl +p2)

_ sin By (po + incos By + ¢ sin By)
di(p3 + pa)
[dy + (o + incos By + ¢ sin By)(C cosh al sin By + (p1 + in cos B1) sinh al)]qam
di((ps + pa) 7

QOm+

(3.84)

. _ —i 08 By (g — incos By + ¢ sin fy)
0,—1() = — %
q(0, —1¢) ; [ Ao+ 1) Gop

[d + (o — in cos By + ¢ sin By) (¢ cosh af sin By + (p1 — in cos 1) sinh a()]
d¢(p1 + p2) fov

_sin Bi(po + incos By + (sin fy)
d1(ps + pa)

qom +

[d1 + (po + in cos By + sin By) (¢ cosh af sin 51 + (u1 + in cos 51) sinh a()]
di¢(ps + pa)

Qam]-
(3.85)

Note that P1,D2, D3, P4, QOpa dom Qap and dam are:

py = ol s+ Cin ) s oy + s+ G (g5
Dy = —[d+ (—p1 + incos By + (sin B1)(C coshlal] sin By — (g — in cos Fy) sinh[a(])]
d¢?

X [d + (po — incos B + ¢ sin By) (¢ coshlac] sin By + (11 — in cos f1) sinhlac])],
(3.87)
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_ sin By (po + i cos By + ¢ sin By) sin 1 (—py — i cos By + ¢ sin fBy)

D3 e . (3.88)
= —ldy 4+ (—p1 — incos By + (sin By)(¢ coshlaC] sin By — (po + in cos fy) sinh[a(])]
dy¢?
X [di + (po + in cos By + ¢ sin By) (¢ coshlac] sin 81 + (p1 + i cos B1) sinh[a(]), |
(3.89)
Gop = q~(777 O) - hO(Ca 77)7 Jom = 6.7(—777 0) - hO(Ca _77)7 (390)
Gap = (1(77» a’) - hl (C: 77)7 dam = (j(_% CL) - hl (C? —77) (391)

Now apply the the operator L, to the boundary condition along side 2 of semi-

infinite strip {2 defined by equation (3.11), to get

a 3 a9 y a9 y
/ 92(y) eV dy = cos By / —q(z,y)e'™dy + sin B, / —q(z,y)e“Ydy
0 o Ox o Oy

+ Mz/ Q(x,y)e"(“)dy, r=0, 0<y<a, integrate by parts
0

ox

—/ q(fﬂ,y)ei(iC)y(—C)dy]+ua/ gz, y)e' v dy.
0 0

8 ¢ i(1 . (% a
= COSs 52 / Q(ZE, y)€2(zé)ydy + sin 52 [6 ( C)yq(‘fl‘,7 y)|y=0
0

Use definition 3.1.2 in equation (3.92) to get

§2(i¢) = cos ﬁgag(j(o, i¢) + sin Bre%q(0, a) — sin B2q(0, 0)
@ (3.93)
+ sin £2¢4(0,i¢) + 1124(0, iC).

Let ¢(0,0) = qo ¢(0,a) = ¢;. Then equation (3.93) becomes
€05 B -a(0,1€) + (12 + Csin Bd(0,1C) = 3o(iC) + (a0 — ") sin . (394)
Replace ¢ by —( in equation (3.94) to get
€08 By (0, ~i€) + (12 — Csin )i (0, ~iC) = Ga(~iC) + (a0 — 1) sin . (3.95)

Now we have a system of two equations for four unknowns (S‘?—IQ(O, +i¢) and ¢(0, +i(C)

defined by equations (3.94) and (3.95). From equations (3.82), (3.83), (3.84), and
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(3.85), use the values of unkowns in equations (3.94) and (3.95) to get

[cos Baknn + (p2 + Csin fa)kan (1, 0) 4 [cos Bakis + (p2 + ¢ sin ) kas]q(n, a) =

— [cos Bakiz + (p2 + Csin B2)kao]q(—n, 0) — [cos Bokia + (p2 + Csin B2)kaalq(—n, a)
+ [cos Bokiy + (p2 + Csin Bo) ko] ho(n) + [cos Bakia + (12 + ¢ sin B )kaa] ho(—n)

+ [cos Bakiz + (k2 + ¢ sin B2)kas]hi(n) + [cos Baka + (12 + (sin B2 ) ko] hi(—n)

+ G2(i¢) + (g0 — e**q1) sin Ba.
(3.96)

Simplify equation (3.96) to get

a11G4(n, 0) + a124(n, a) = b11G(—n,0) + bi12G(—n, a) + a11ho(n) — bi1ho(—n) (3.97)

+ ay2h1 () — biahi(—n) + §2(i¢) + (qo — e *q1) sin Ba.

[cos Baksy + (2 — ¢sin B2)ka]q(n, 0) + [cos Bakss + (p2 — Csin B)kas)q(n, a) =
— [cos Baksz + (2 — Csin fa)ka2]G(—n, 0) — [cos Bakas + (p2 — Csin f2)kaa]q(—n, a)
+ [cos Baks1 + (2 — Csin fa)ka]ho(n) + [cos faksz + (2 — ¢sin B2)kaz]ho(—n)
+ [cos Pakas + (2 — Csin Ba)kaslha (1) + [cos Baksy + (p2 — ¢ sin B2)kaalha (—n)

+ 92(—iC) + (go — €*“q1) sin Bs.
(3.98)

Simplify equation (3.98) to get

a214(n, 0) + axq(n, a) = b21G(—n, 0) + boag(—n, a) + az1ho(n) — barho(—n) (3.99)

+ asshi () — baohi (=) + G2(—iC) + (g0 — €*“q1) sin Ba.
The coefficients aq1, a1, as1, ass, b1, b12, ba1, bag are defined below.

it Csing)
H d¢n(pr + p2)

(¢ coshla¢] sin By + (—po + i cos Bo) sinh[a(])]
cos Py
d¢(p1 + p2)

(¢ coshla¢] sin By + (—po + i cos fy) sinhac])]

[d+ (—pq + incos By + (sin B) x

(3.100)
[d + (—py + imcos By + € sin fy) x
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cos [ sin fo(—pq + incos By + (sin fy)
d(p1 + p2)
isin Bo(—pu + incos By + Csin B1) (2 + Csin )
dn(p1 + p2)
e%[cos Ba (g — im cos By + ¢ sin By) sin 3]
d(p1 + p2)
 [ie (pto — imcos iy + Csin By) sin i (12 — Csin By)]

Q12 = —

a21 = —

dn(pr + p2)
B ie% (g — Csin By)
Agg =
d¢n(pr + p2)

(¢ coshla(] sin B1 + (g — incos By ) sinh[a(])]
e cos By
d¢(p1 + po2)

(¢ coshla(] sin By + (1 — in cos By ) sinh[a(])]

i(p2 + ¢ sin 3y)
d1¢n(ps + pa)

(¢ coshla¢] sin By — (4o + in cos By) sinh[a(])]
B cos [y
d1¢(ps + pa)

(¢ coshla(] sin By — (po + in cos fy) sinh[a(])]

cos By sin Bo(—pu1 — incos By + (sin )

[d + (o — incos By + ¢ sin Fy) x

[d + (1o — incos o + ¢ sin fo) X

by = [dy + (—p1 — incos By + Csin ) x

[dy + (=1 — incos By + (sin 1) x

b = di(p3 + pa)
_isin Bo(—p1 — incos Bi + ¢sin B1)(p2 + ¢sin B)
din(ps + ps)
€% cos (2o + 1 cos By + ¢ sin fBy) sin By
ba1 = 0
1(p3 + pa)
e (o + in cos By + ¢ sin By) sin B (g — (sin B)
din(p3 + pa)
byy = = (2 — Csin By) [d1 + (10 + in cos By + (sin fFy) X

di¢n(ps + pa)
(¢ coshla(] sin 81 + (ug + in cos 1) sinh[a(])]

_ e cos By
di1¢(p3 + pa)

(Ccoshla(]sin By + (1 + in cos By ) sinh[a(])].

[dy + (po + in cos By + ¢ sin By) X
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Write the system of two equations defined by (3.97) and (3.99) in matrix form to

get
aip G2 Cj(ﬁao) B bii bio d(—n,O) i a1 a2 ho(ﬁ)
Qo1  a22 @(n,a) ba1  bao é(—n,a) Q21 A22 hl(ﬁ)
bir bia ho(—n) 32(iC) + (qo — € ““q1) sin B
— + , neR
bar b2 hi(—=n) 92(—1C) + (go — €“q1) sin Sy
] (3.108)
Equation (3.108)can be written as
7(n,0 7(—n, 0 h ho(—
) q(n,0) 5 q(—n,0) A o(n) 3 o(—1)
G(n,a) q(—n,a) ha(n) hi(—n)
G2(i¢) + (qo — e7““qy) sin S
, where
92(—1¢) + (g0 — €““q1) sin By
(3.109)
ajl Q12 bll b12
A= , B= . (3.110)
21 Q929 b21 b22

Note that aii, 12, d21, a22, bu, blg, b21, bgg are giVGH by equations (3100), (3101),
(3.102), (3.103), (3.104), (3.105), (3.106) and (3.107), respectively. Now multiply

equation (3.109) from left side by A~ to get

q G(— h ho(—
qn,0) | _ ) q(—n,0) N om | ) o(=n)
q(n,a) q(—n,a) ha(n) hi(—n)
(3.111)
e G2(iC) + (qo — e=“%qy) sin S JeR
92(—iC) + (qo — €““q1) sin Bs
Equation (3.111) can be expressed as
¢ () =Gme¢ (n) + F(n), neR, where (3.112)
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5 () = 1 () =4d(n,0) o) = ¢1 (n) = q(=n,0)  3a3)
| &2 (1) = d(=n,a)

ho ho(— _ 0o (1 0_€7Ca 1) sin By
F(n)[ (n)]G(n){ (n)]+A1 n(iC) + (a0 — =) 5]7

ha(n) hi(=n) | G2(=iC) + (90 — e““qy) sin fy
(3.114)
Gy =a'p=| " (3.115)
921 Gg22

Note that gi1, g12, go1 and goo are given as follows.

gi1 = S1 + S2

_ sin Bo(po + in cos By + ¢ sin fy) sin By
ddy (—p2 + incos By + (sin B2)(p3 + pa)

{ncos B +i(pn — Csinfy)}

S1 =

{—ncos By + i(pz2 — Csin Ba) } x

o {dy + (1 +incos 1 — (sin f;)(—C coshla] sin Sy + (o + i1 cos fy) sinh[al])}
? dd1G?(pi2 — incos Bo + Csin B2)(ps + pa)

x {id + ¢ cosh[a(](n cos By + i(pg + ¢ sin By)) sin By + (ipg + 1 cos )

X (po — incos By + ¢ sin fy) sinh[a(]} x {i(ug + ¢sin fy) — ncos o}
(3.116)
gi12 = S3 + 84

sin By(—p1 — incos By + ¢ sin )

" = QdiC(uz — incos By + Csin o) (pa + pr) tncos Py =il +Csin )}
x {id + ¢ cosh[a(](n cos By + i(uo + ¢ sin fy)) sin By + (ipg + 1 cos 5y)
X (po — in cos By + ¢ sin fy) sinh[aC] }
o — {dy + (o + in cos By + ¢ sin By) (¢ cosh|a(] sin By + (1 + in cos fy) sinh[a(])}

ddy((—pg + incos By + (sin f2)(p3 + pa)

x sin fo{i(pz — Csin o) —ncos fo} x {ncos B +i(pu — CsinBr)}
(3.117)
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go1 = S5 + S

B isin By (po + i cos By + ¢ sin o)
 ddy¢(—pg + incos By + ¢ sin By) (ps + pa)

x {d + ¢ cosh[a(] sin Bo(—p1 + incos By + (sin By) + (o — incos Fy)
X (p1 —incos B — (sin By) sinh[a(]}

o {d1 + (1 +incos B; — ¢ sin fBy)(—C coshlaC] sin By + (o + in cos fBy) sinh[a]) }
‘ ddy((pia — i cos By + (sin B2)(p3 + pa)

x {isin (1 (g — incos By + ¢ sin o H{i( o + ¢ sin fa) — ncos fa}

53 {=ncos By +i(pa — Csin fa) }

(3.118)
Gg22 = S7 + Sg

_asin fy(po — in cos By + ¢ sin fy) sin

S7 = ddy (pg — incos By + ¢ sin B) (p3 + pa) {ncos By —i(pe + ¢sinf2) } x (3.119)
{—p — incos By + (sin B}
Sg = {di + (po + in cos By + ¢ sin By)(¢ coshac] sin 1 + (p1 + in cos By ) sinh[ac]) }

ddy (%(— 2 + i1 cos By + ¢ sin f2)(ps + pa)

x {d + ¢ cosh[a(] sin Bo(—po + in cos f1 + ¢ sin By) + (g — in cos Bo)

x (11 — incos o) (ju — incos By — Csin By) sinhlac]} {2 — Csin By — incos fa}
(3.120)

Note that equation (3.112) describes an order two vector RHP. Generally, in the
literature, we do not have a method to solve an order two vector RHP in closed
form. But we can find the closed form solution of an order two vector RHP in some
special cases i.e. scalar and triangular cases. In the next section, we will discuss a
scalar case, in which the directional derivatives are normal to the boundary of the

semi-infinite strip.

3.3 Impedance boundary conditions
We seek the solution of the Helmholtz equation in a semi-infinite strip subject to

the impedance boundary conditions. Substitute 8y = 3%, 51 = § and 3 = 7 in the

equations (3.8), (3.10), (3.11) and (3.12). Then the BVP of the Helmholtz equation
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in a semi-infinite strip subject to the impedance boundary conditions becomes

(0% + 8; +EHq(z,y) = g(x,y), Im(k) >0, (x,9) €, (3.121)

where € is a semi-infinite strip shown in figure 4.1 with the corners z; = o0, 25 = 0,
23 =1a, 24 = 00 +1a, a > 0. Figure 4.1 shows the impedance boundary conditions

along three sides of 2. The impedance boundary conditions are

sidel : —qy(z,y) + poq(z,y) = go(z), 0<z <00, y=0, (3.122)
side2 : —q(x,y) + paq(x,y) = ¢g2(y), =0, 0<y<a, (3.123)
side3 : qy(z,y) + gz, y) = q1(z), 0<z<o0, y=oa. (3.124)

pi,j =0,1,2 is a real non negative constant. The functions go(x) , ¢1(x) are real
valued, and vanish at the points x = 0 and = = oo, sinf3; # 0, j = 0,1,2.

Application of the Laplace transform the operator L, from definition 3.1.1 to the

€1
z, =0+ia Zy=twtia
-
€
-
o
Z2h =
2 0 Z1=+oo
€

FIGURE 3.3. Impedance boundary condtions along sides of (2.
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Helmholtz equation (3.121) gives

(d—2 —q(n,y) = fly), 0<y<a, where (3.125)

f(y) = 0.q(0,y) —ing(0,y) +3(n,y), 0<y<a. (3.126)

Note that = /n? — k? is a multi-valued function. We fix a branch of it by Re(¢) >
0. The branch cut of this multi-valued function is shown in figure 3.2. Application of
the Laplace transform operator L, to the boundary conditions defined by equations

(3.122) and (3.124), and ¢(z,¥Y)|scce = 029(T,Y)|s=c = 0, gives the following

results:
d . . N
—d—yq(n, 0) + 104(n,0) = go(n), (3.127)
d—yd(m a) + uq(n,a) = gi(n). (3.128)

Now we define the functionals of the boundary conditions W, and W; as follows:
d
WolF(y)] = —d—yFIy:o + (o F ly=o, (3.129)
d
WilF(y)] = d—yF|y:a + 11 Fly=a- (3.130)

Equations (3.125), (3.127) and (3.128) are used to describe a homogeneous system

of Laplace transformed equations written as

d2
(——C)( y)=0, 0<y<a, (3.131)
d
d
d—yd(n, a) + pu1g(n, a) = 0. (3.133)

Now Green’s function of the homogeneous system of the Laplace transformed equa-

tions (3.131), (3.132) and (3.133) is

1
G(y,&) = ) = > Wiy, Ol (v), (3.134)
7=0
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where, ©(y, &) is the fundamental function of the second order linear differential

the operator L = f—; — (2, and is defined by

by, &) = —%e‘cy‘g'. (3.135)

Note that 1y(y) and 1 (y) are the basis functions of the the operator L. These are
found by using boundary functionals W}, j = 0,1 defined by equations (3.129) and

(3.130) , and properties of the basis functions which are
L(¥;) =0, j=0,1and Wj[th] =65 j,1=0,1. (3.136)

Expressions for 1y(y), 11 (y) are

_ Ceosh|(a — y)¢] + yu sinh{(a — y)¢]

Yo(y) A : (3.137)
bry) = ¢ cosh[Cy] Z Ho sinh[CyL where (3.138)
A = (po + p1)¢ coshlaC] + (pop1 + ¢?) sinh[a(]. (3.139)

To find the Green’s function of the homogeneous BVP defined by equations (3.125),
(3.127) and (3.128), use equation (3.134), follow the procedure given in section 3.2

pages 104, 105, 105 and 107. The Green’s function is

e—C\y—ﬂ ,uo _ C _ce .
Gy, &) = — 5 + NG e *>(¢ cosh[(a — y)C] + 1 sinh[(a — y)¢])
L (3.140)
+ (;A—g)e*(“*f)(g cosh|[Cy| + po sinh[Cy]).

Solution of the non homogeneous BVP defined by equations (3.125), (3.127) and
(3.128) is
a 1
i) = [ G ORdE+ Y 5nw0) (3.141)
0 =

Insert y = 0 in equation (3.141)to get

i(n.0) = / CG0.OF(E)dE + on)o(0) + i (min(0)  (3.142)
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From equations (3.140), (3.126), (3.137) and (3.138), find values of G(0,¢), f(£),

1o(0) and 11(0), respectively, and insert these values in equation (3.142)to get

q(n,0) = /;[—62—25 + MST_CCe_CE(C cosh[a(] + pq sinh[a(]) + (MQ—;C)G—C(a—ﬁ)]X

(¢ coshla(] + p sinh[a(])
A i

[%q(O,f) —mq(0,€) + g(n, §)]dE + Go(n)

g1 (W)%
(3.143)

Using equation (3.143), and procedure in section 3.2 pages 107 and 109, we find

that

70.0) = M) 24(0,i0) — inAn(Q0.0) + Aia(C) (0, ~iC)
t v (3.144)

— 1M A12(¢)¢(0, —iC) + ho(n).
Note that

(¢ coshlag] + ju sinh[a))

ho(n) = An(C)g(n,4¢) + Aa(C,m)g(n, —iC) + Go(n)

A
+ §1(n)§7
(3.145)
_ 1o (=9 :
A (Q) = QC[ 1+ A (¢ coshlaC] + pq sinh[a(])], (3.146)
—Ca
Aia(¢) = G5 (m =€), (3.147)
A = (po + p1)¢ coshlac] + (pops + ¢*) sinh[a(]. (3.148)
Replace 1 by —n in equation (3.144) to get
7-1.0) = A Q) q(0.i€) + imAu(OF(0.iC) + Ara(O) (0, ~ic)

(3.149)

+ imA12(¢)G(0, —iC) + ho(—n).

Insert y = a in equation (3.141), then from equations (3.140), (3.126), (3.137), and

(3.138), find values of G(a, &), f(§),%o(a) and 9 (a), respectively, and insert these
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values in resulting equation to get

e—C(‘l—ﬁ)

q(n,a) = /0 a[— 2t (u 21 A_ Coe_q“_g)({cosh[ad—i—uo sinh[a(])

(3.150)

B[~

* (MOQ—;OGQ] x [(%Q(O, &) —ing(0,€) + §(n, )]d& + go(n)
+ i) (¢ cosh[¢al Z posinh[¢al)

Using equation (3.150), and procedure in section 3.2 pages 109 and 110, we find
that

1.0) = Aar () 2-4(0,1€) — inAar(O)a(0.1C) + Aan(C) (0, ~iC)
v t (3.151)

—inN22(€)q(0, —i¢) + hy(n), where

(¢ coshlac] + uo sinhla(])
A

hn(n) = Aar(Q)g(n,4C) + Aaa(C,m)g(n, —iC) + G1(n)

Y

[~

+ go(n)
(3.152)

po — € e
2A ) A22(g) — 2(

Ao (Q) = (¢ cosh|a(] + po sinhla(]). (3.153)

Note that A is given by equation (3.148). Now replace n by —7 in equation (3.151)
to get

) o o 9 s0. —i
G(=n,a) = D21 (Q)5-4(0,iC) + inAa1 (()(0,7C) + A2 (€) 5-4(0, iC) (3.154)

+ i1A22(¢)G(0, —=iC) + hi(=n).

Equations (3.143), (3.149), (3.150) and (3.154) describe the following system of

four equations for four unknowns:

01,0) = ho(n) = An(€) 5-0(0,i€) — A ((0,i€) + Aua(O)5-(0, ~iC)

— inA12(€)4(0, —i(),
(3.155)
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-1,0) = ho(=1) = An(€)5-4(0,10) + imus (Q)d(0,1€) + Asz(€) 2 (0, ~iC)

+ 1A12(¢)q(0, —iC),

i0,) ~ () = A (€) 5-0(0,i€) — A ()A(0,i€) + Aaa(O) 540, ~iC)

—inAa2(¢,1)q(0, —i(),

-1,0) = () = Ana(€) £-(0,1€) + imn ()A(0,i€) + Aaa(O) 50, ~iC)

+ i1822(¢)4(0, —i).
(3.156)

To find the unknowns 6%@(0, +i¢) and ¢(0, +i(), write the system defined by equa-

tions labeled by (3.155) and (3.156) in the matrix form shown below

| 24(0,i0) i,0) — hof)
) q(0,1¢) _ q(—=n,0) — ho(—n) neR (3.157)
%4(07 _ZC) (j(T/a CL) - (77)
i qA(Ou _ZC) i i 5(—7%@) - hl(_n) i
(3.158)
An(o —i77A11(C) A12(¢)  —1mAi2(C)
A(C) = Au(Q)  inAn(Q)  Aa(Q)  inAia(C (3.159)
A21(C) —i77A21(C) Azz(o —i77A22(<)
i Aoi(€) A (C)  Aga(C)  inAa2(C)

Note that ho(n), h1(n), A11(C), A12(C), A21(C), Axe(C) are given by equations (3.145),

(3.152), (3.146), (3.147) and (3.153). Solving the system defined by equation (3.157),
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the values of %Q(O,i(),(j((),i(), 6%(}(0, —i¢) and (0, —iC) are

2@(0 i) = — —(gam + gap) (€ = p11) + (gom + Gop) (€ + f10) coshla]
Jx ™ 2(cosh[a(] + sinh[a(])
(gom + qop) (€ + f10) sinh[a(]
2(cosh[a(] + sinh[a(])
_ Z‘{(_qam + qap)(g - ,ul) + (QOm - %p)(( + NO) COSh[ad}

4(0,1¢) = 2n/(coshla(] + sinh[a(]) (3.160)
i(gom — qop) (€ + o) sinhla] '
21(cosh[a(] + sinh[a(])
%Cj(o, _ZC) _ Z{(QOm + QOp) (C - ,U/O) ;;GC(Qam + Qap) (C + ,ul)}
00y = HCtm  00)(€ = ) + €l = )+ )}
) 277 .
Note that qop;> 9om; Qap;s am Are:
qop = q(n,0) = ho(n),  gom = G(=1,0) — ho(—n), (3.161)
Qap = Cj<7]7 a) - h’l (7]>7 dam = (j(_'fh CL) - hl(_n) (3162)

Now application of the the operator L, to the boundary condition along side 2 of
semi-infinite strip 2, defined by equation (3.123), and use of definition 3.1.2 gives

the following result.

0
—%@(0, i¢) + 1124(0,iC) = go(i¢) (3.163)
Replace ¢ by —( to get
0
= 50(0, =iC) + 1124 (0, —iC) = g2 (). (3.164)

From equations labeled by (3.160), use values of 6%@(0, +i() and ¢(0, +i¢) in equa-
tions (3.163) and (3.164) to get the following system of two equations:
a11G(n, 0) + a12G(n, a) = b11G(—n,0) + b12G(—n, a) + ar1ho(n) — birho(—n)

+ ai2hi(n) — bizhi(—=n) + Ga(i(),
(3.165)
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a214(n, 0) + axq(n, a) = b21G(—n, 0) + boeg(—n, a) + asiho(n) — barho(—n)

+ aghi(n) — bazhi(—=n) + g2(—i().

(3.166)
Note that
. (¢ + po)(n — iug) coshlal] + (¢ + o) (n — ipe) sinh|a(]
= 2n/(cosh[aC] + sinh[a(]) ’
Gy — (¢ — p1)(n —ipsa)
2n(coshla(] + sinh[a(])’ (3.167)
o (=G ) (€ — pro)eo
21 = 2 ’
e (¢ pr) — e (¢ + ) o
Q22 = 9 ’
n
p o (S p0)(n+ ips) coshlac] + (C+ p10) (1 + iptp) sinh[ac]
n= 21(cosh[a(] + sinh[a(]) ’
by — — (€ — p)(n + ipe)
2n)(cosh|a(] jLSinh[aC])’ (3.168)
. n(—C + po) + i(—C + o) o
21 = 2n ’
. ne® (¢ + pr) + e (¢ + 1) pia
22 = 2n ’

Write the system of two equations (3.165) and (3.166) in matrix form to get

) q(n,0) 5 G(—n,0) A ho(n) e ho(—n)
q(n,a) G(—n,a) hi(n) hi(=n)

92(i¢)
+ , where
92(—1iC) (3.169)
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Note that a1, ais, asy, ass, b1, bi2, bo1 and byy are given by equations labeled by

3.167) and (3.168). Now multiply equation (3.169) from left side by A~! to get
( ply eq y g

(1, q(—n, ho ho(—
q(n,0) _ o) q(—=n,0) . m | ) (—n)
q(n,a) G(—n,a) hi(n) hi(—=n)

(3.170)
Ga (7
+ A 82(i) , where n € R.
G2(—iC)
Equation (3.170) can be expressed by
¢ (n) =Gm)é~(n)+ F(n), n€R, where (3.171)

po+(n) = G(n,a) pa—(n) = 4(—n, a)

ho(—1) } . Al{ 0(i0) ] s

() = d(n,0 \—(n) = d(~n,0
wm{“(m ity )} MWV () = (= >] sam)

—G(n)
hi(=n) g2(—1i¢)

3 1 e"n(¢ + p1)G2(iC) e (¢ — p1)ga(—iC)
A 1 — m X . X . (3174)
(¢ — 10)g2(iC) (¢ + o) g2(—iC)
_nim
G(n)=A"'B= K : (3.175)
0 —ntie
n—iuz

A is given from equation (3.148). Hence equation (3.173) can be expressed as

ho(n) | | -2 0 ho(=1)
ha(n) 0 =2 h(-n)

L {6“<n(é+u1)§2(i0 nea<<<u1>g2<i<>] [ 52(i0) ]

F(n) =

A=) | e = u)ai) n(C+ po)da(—iC) g2(=iC)

(3.176)
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Equation (3.176) shows the components of F(n) are

77_’_1#2 Ui a A (s
— ho(—n) + m[e (¢ + 1) g2(i€)

+ (¢ — p)e™ " ga(—iC)],

n+ ip2 n o
Fy(n) = ha(n) + — ha(=mn) + m[(( — 110)32(iC)

+ (¢ + p0)g2(—i¢)].

Insert the value of G(n) from equation (3.175) in equation (3.171), to obtain the

Fi(n) = ho(n) +

(3.177)

following two scalar RHPs:

o) =~ )+ B, neR j=12 (3179
GE) = dEn.0), 6 () = d(=n.0). (3179)

Note that ¢7(n), ¢35 (1) are analytic functions in the upper half 7- complex plane,
where as ¢ (1), ¢5 (1) are analytic functions in the lower half n-complex plane.

These functions satisfy the following symmetry conditions:

o) =¢;(-n) ¥V neC j=12, (3.180)

o7 () =¢;(-n) ¥V neC. (3.181)

Due to this symmetry property, the scalar RHP defined by equation (3.171) is

called a symmetric order two vector RHP. Now consider
R )
n—ipz N+ ip

Iy Bl —
o(—n) = W, A=) (3.182)
=Nty =) U
hi(=n)  _i(n)
n—ipz N +ip
Equation (3.182) indicates that ¢(n) is an odd function in the variable n. Also note

[(C f1)e” % ga(—i¢) + €% (¢ + 1) §2(i¢)] and W[(C—M0)§2(i<)+

¢+ Mo) ( i¢)] are odd functions in 7. Hence equations labeled by (3.177) imply

=12

o(—=n) = —( ) = —d(n).

that
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that f;(n) = ﬁgz)g, j = 1,2 are odd functions in 7. Now consider the Cauchy type

integral of f;.
0o £ 0 ) o r
f](T) d’T — f](T) dT+ f](T) dT
—0 T =1 —0 T =1 o T—1
In first integral replace n by —n

0 T =17 o T—1

use the property that f;(7) is odd, and simplify

D, [T,
o TN o T—1N
= /oo 2;‘]‘}(73 dr.
o T°—1M
Since o :_?—F—TQ—UQ —i—?
1 1 2
=—-——+ T—, therefore

2 772 ?72 n2 (7-2 _ 772)
> fi(r) 1 /°° 1/°° 3 fi(7)
——dr = —— 27 f;(T)dT + = 277 S——=dr.
/_oo -1 n? Jo () n? Jo T2 — 2
TFy(7)

Observe that 7f;(7) € Ly(0,00) i.e.

/OO 27f;(T)dT < 00 & f;(1) € L1(0,00), hence
0

MdT = O(F)’ as 1 — oo.

0 T 1
Using the Sokhotski Plemelj formulae given in theorem 3.1.1 to the function f;(n) =

Fj(n)

Tring s e have
 Fi(m) .
fi(n) = e V() =5 (n), (3.184)

where ¢j(n) and ¥, (n) are the analytic functions in upper and lower half -

complex planes, respectively, and 1;(n) is the Cauchy type integral defined by

1 < 1
Yi(n) = —/ fi(r)dr, ¥ne C\R, use equation (3.183)
21 J_ oo T — 1
] © o (3.185)

= — — f:(7)dT.
2mi J, 7'2—7]2][](7—) g
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Use the value of f;(7) from equation (3.184) in equation (3.185), and simplify to

get
oy LT )
z/}j(n)—m/o i (3.186)
Yi(n) = ¥i(—n).
Let
vy (n) = lim¢b(n), 2 € DY, and ¢y (n) = lime;(n), ze D™  (3.187)

So, equation (3.186) satisfies the following realtions.

Vi) =4 (=), ¥ neC’ (3.188)

Vi () = (-n), VvV neC” (3.189)

Divide the scalar RHP defined by equation (3.178) by n+ius, and insert the value

of M from equation (3.184) in the resulting equation to get

77+w
¢ m) o5 (n)

. by (n) = =i —¢;(m), vV nek (3.190)

+
Since 22 ¢ (n) and —

v — 15 (n) are analytic functions in the upper and

1/12

lower half n-complex planes, respectively, and satisfy ( 90), hence the theorem

S () :
on analytic continuation 2.3.1 1mphes ; +zu2 -5 (n) = L — Y5 (n) is analytic

everywhere in the n-complex plane, and we notice that it is Vanishing at co. Hence

by generalized Liouville’s theorem 2.3.2, we have

) N () I
m v (n) = 1 — itz ¥; (n) = 0. (3.191)
Equate each term to zero, and simplify to get
1
o5 () = (n+ip); (n) = 0(5) as 1) — 00, (3.192)
1
o5 (n) = —(n—ip2); (1) = 0(5) as 1 — 0o. (3.193)
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It is observed that
¢; (=n) = —(=n —ip2); (=n) = (n +ip2)p; (—n), use equation (3.188) to get
o5 (—=n) = (n +ip2)¥; (n)

o5 (—=n) =7 (n) YneCr, j=1,2.
(3.194)

Similarly
¢;r(_n) =(-n+ i/tz)@/};r(—n) = —(n —ip2); (=), use equation (3.189) to get
o5 (=n) = —(n —ip2)P; ()

¢ (—n)=¢;(n) YneC, j=1,2.
(3.195)

Equations (3.194) and (3.195) describe the symmetry condition for the order two

vector RHP defined by equation (3.171).

3.3.1 Formulae for reconstruction of solution of BVP of Helmholtz

equation in a semi-infinite strip
We can reconstruct the solution of the given BVP of the Helmholtz equation in a
semi-infinite strip subject to the impedance boundary conditions, on the bound-
aries of the semi-infinite strip by using the inverse Laplace transforms given in
definitions 3.1.1 and 3.1.2. To derive the relation for ¢(z,0), we consider the fol-

lowing inverse Laplace transform given in definition 3.1.1:

1

q(x,y;) = %/ q(n,y))e ™ dn, j=0,1, 3y =0, y=a, a>0. (3.196)

For yo = 0, equation (3.196) gives the following result:

q(z,0) = 1 /_ h G(n,0)e"""dn. (3.197)

2r ) _ o

The scalar RHPs defined by equation (3.178) gives

- N+ iy
am,0) = = — WEQ(—U, 0)+ Fi(n), neR (3.198)
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Insert the value of ¢(7,0) from equation (3.198) in equation (3.197) to get

1 > N+ iy —inx
0.0 = 5 [ 0) 4 By,
L (™ n+ips » 1 /°° ~

-~/ — 0, 0)e" M dn + — [ Fy(n)e""dn.
o | n—ZMQ( n, 0)e™"dn + o » 1(n)e”""dn

Since %Lj(—n, 0)e~" is an analytic function in the lower half n-complex plane

(3.199)

C~ and = > 0, so, draw a closed contour (R, —R) U C}, as shown in the figure 3.5.

Application of the Cauchy’s theorem gives the following result:

R . )
/ I g 0)e dn + / SR G 0)emmdn = 0. (3.200)
; o —ip

1 — ik cq
The integrand nﬂ—J“:’f(j(—n, 0)e~* in the second integral satisfies all the axioms of

Jordan’s lemma, so

/ 0 e G(—n,0)e " dn =0, as R — oo. (3.201)
crp T2
When R — oo equations (3.200) and (3.201) imply
o tip -
/ — ——=G4(—n,0)e"""dn =0 as R — oo or
R N H2 (3.202)
/ — TR G, 0)e e dn = 0.
—oo T 2
Now equations (3.199) and (3.202) give the following result:
1 [ By
q(z,0) = %/ Fi(n)e™""™dn. (3.203)

Now to derive the relation for ¢(z, a), insert y; = a, in equation (3.196) to get

1 OO ~ —inx
q(z,a) = %/ q(n,a)e”""dn. (3.204)

o0

The scalar RHPs defined by equation (3.178) gives
(3.205)

_ URIC
q(n,a) = ————q(-n,a) + Fx(n), neR.
n— 1t
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FIGURE 3.4. Contour to evaluate the integrals defining ¢(x,0) and ¢(z,a).

Insert the value of (7, a) from equation (3.205) in equation (3.204) to get

L[ m+ips . ~
- — _ - 2 ine
q(z,a) 27r/oo[ 77_Wcl( n,a) + Fa(n)]e™"dn

1 °°_77+Z',u2~<

L e (3.206)
= — — *imﬁd _ F finmd )
) a)e"dn + /_oo 2(n)e™""dn

Since %cj(—n, a)e”™ is an anlytic function in the lower half n-complex plane

C~ and = > 0, so, we draw a closed contour (R, —R) U Cj as shown in the figure

3.5. Application of the Cauchy’s theorem gives the following result:

R . .
/ N ey + / N s a)e ity = 0. (3.207)
R0 — i S —

The integrand P’:“ch(—n, a)e™™" in the second integral satisfies all the axioms of
n—iuz

ordan-'s iemima, SO
Jordan’s 1 . 50,

/ _nr Z.MQ G(—n,a)e”dn =0, as R — oo. (3.208)
cyp T2

When R — oo equations (3.207) and (3.208) imply

R .
/ Nt e G(—n,a)e " dn =0 as R — oo or
R

- UUJ:Z.ZLQ | (3.209)
/ — : 2@(—77, a)e”"dn = 0.
—00 n— 1l
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Now equations (3.206) and (3.209) give the following result:

q(z,a) i/OO Fy(n)e " dn. (3.210)

T o e
Note 3.3.1. To evaluate the contour integrals defined by equations (3.203) and
(3.210), the residue theory of complex variables is used. To apply this theory to
evaluate these contour integrals, the integrands Fy(n)e ™ and Fy(n)e " should
be meromorphic functions of n. Since n is related to the multi-valued function C
through the relation ¢ = \/n? — k2, the integrands Fy(n)e™™ and Fy(n)e="" should
be even functions w.r.t (, to cancel out the effect of the branch cut in the n-complex

plane, and make the integrands meromorphic functions of n in the n-complex plane.

To find the solution along the side x = 0,0 < y < a, of the semi-infinite strip €2,
use the inverse Laplace transform the operator L, L given in definition 3.1.2. Using

definition 3.1.2, consider

1 S
00.9) = 5= [0, 0<y<a (3211)

where ¢(0,¢) is given by equation (3.160). To apply the residue theory of com-
plex variables to evaluate the integral defined by equation (3.211), the integrand
4(0,i¢)e%¥ should be a meromorphic function of ¢. Since ¢ is a multi-valued func-
tion in the n-complex plane, and is related to n through the relation ¢ = \/m .
So, we need the integrand §(0,i¢)eY to be an even function w.r.t 7, to cancel out
the effect of branch cut in the n-complex plane, and make the integrand a mero-

morphic function of ¢ in the n-complex plane.
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To find solution of the BVP of the Helmholtz equation inside a semi-infinite
strip €, we use the inverse Laplace transform operator L, ! given in definition

3.1.1. Consider

d(w,y) = = / i y)e . (3.212)

2r J_ o

The residue theory of complex variables is used to evaluate the integral defined by
equation (3.212). To solve this integral, we need ¢(n, y) which is given by equation
(3.141). To apply the residue theory of complex variables, to evaluate the integral
defined by equation (3.212), the integrand ¢(n, y)e "™ in equation (3.212) should
satisfy note 3.3.1. In the next section, we have considered a particular case to
elaborate the procedure for re-construction of solution on the boundaries of semi-

infinite strip €2, of the given BVP of Helmholtz equation in a semi-infinite strip.

3.3.2 Solution of the BVP of Helmholtz equation in a semi-infinite
strip (2 along the vertical boundary: ¢(0,y)

Case study

Example 3.3.1. For the BVP defined by equations (3.121), (3.122), (3.123) and
(3.124), let go(z) = g1(z) = 0,92(y) = A (constant ),g(x,y) = 0. In this case
equations (3.145) and (3.152) after simplification become ho(n) = hy(n) = 0. Insert

these values in equations labeled by (3.177) to get

_ 2An(Csinhlac] + 24 sinh?[%])

Fi(n) = i) A : (3.213)
_ 2An(¢sinh[ac] + 240 sinh?[%])

Fy(n) = (= i) A , where (3.214)

A = (po + p1)¢ coshlaC] + (pops + ¢*) sinh[ad]. (3.215)
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To find the solution along the side v = 0,0 < y < a of the semi-infinite strip €,

use definition 3.1.2, to get

1
q(0,y) = T/q(o,z'g)e@d(, I' = (—ioco,i00), where (3.216)
i Jr

G(0,1C) is given by equation (3.160).

2o om . UG+ po) coshlad](ho(—n) — ho(n) + G(n,0) — 4(=n,0))
a(0,1¢) = 2n(cosh[a(] + sinh[a(])

i + po) sinhlac](ho(=n) = ho(n) +4(n,0) = 4(=n,0)) . (3.217)
2n(cosh[a(] + sinh[a(])

(¢ = p)(ha(=n) — ha(n) + 4(n, a) — 4(=n, a))
2n(cosh[a(] + sinh[a(]) '

Insert ho(n) = hi(n) = 0 in equation (3.217), and simplify to get

—il(¢ + 10)(d(1,0) = 4(=n,0) = (¢ = p)(d(n, @) = G(=n, a))e”*]

a(0,i¢) = 2n

(q~(77= a) — Q<_7]’ a))e—aC
2n

(Q(nu O) — 5(—7% 0))
2n '

= Z(C - ,Uq) B Z(C =+ ,UO)

(3.218)

Note that W 1s an even function of n in the n-complex plane because on

upper side of the cut shown in the figure 3.2, we have

@(77, 0) — qv(_rh 0) _ q<77+7 O) B Cj("?+7 0)
T - T (3.219)
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nt is the value of n on the upper side of the cut. On the lower side of the cut shown

in figure 3.2, we have

(?(77» 0) B q~(_777 0) _ q~(77+7 0) — Cj<_77+7 O)
2n 2n*

. (3.220)

FEquations (3.219) and (3.220) prove the assertion that %g(_"’o) is an even

function w.r.t to n. So, this function is continuous through the cut in n-complex

6(7770)_6(_7770)

o 15 continuous through the cut in the n- complex plane, and

plane. Since
it is analytic everywhere in the n-complex plane except at a finite number of poles
w.r.t (, hence it is a meromorphic function w.r.t (. We can continue analytically

G(—n,0) and G(—n, a) into the plane Im(n) > 0 by using the boundary condition

of the RHP defined by equation (3.178), and is given as

IR :
o () =~ = wzaﬁj (m+F(m), neR, j=1.2 (3.221)

Ezxpress the above equation in component form, and simplify to get

~ __n- Lt _

q(—n,0) = —— [4(n,0) — Fi(n)], (3.222)
G(— a:—n_i'@~ a) — F . .
q(—n,a) . [G(n, a) — F>(n)] (3.223)
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Hence, equations (3.216), (3.218), (3.222) and (3.223) give the following result:

00.9) = 5= [-C+po 4n.0) _n = ipz Fi(n),

2 e 1, 2
_ q(m,a)  m—ips Fa(n)., .
Le (¢ — L — - eYd
€ M1)<77+w2 N+ ipe 27 e
1 —(C+ - — —al ~
q(0,y) = g/[%qmﬂ) + %—Sje “G(n,a)+
r ? 2 (3.225)

(n —ipo) Fi(n)  _ac,r \m—ipe Fa(n), .
(77+1M2)(C+ 0) 277 € (< 1)7]+Z~M2 2,'7 ]6 ydC

Using the values of F1(n) and Fy(n) from equations (3.213) and (3.214), consider

the following expressions:

n=ipe ) (o 0= i 2An(Csinhlac] + 2, sinh?[ %))

N+ o 2n 2n n 4 i (n —ip2)CA
_ (C+m)A : . 9:aC
= A0 L in) (¢ sinh[a(] + 2441 sinh?[ 5 1),
10— il (- )€_a¢F2('fz) _C(=m - iuze_ag[QAn(Csinh[aC] + 2410 sinh®[ %))
n+ i ! 2n 2n 1N+ i (n — ip2)CA
(=)Ao S
= At im)e (¢ sinh[aC] + 20 sinh?| 5 D).
(3.226)
Using equations labeled by (3.226), consider the following expressions:
+ N —1 F: + - A
= L 0y 4 T ¢y g ) = KO0 4 2
nT i Nt n nT i (3.227)
ag

(¢sinhfa] + 2 Sinh2[7])]
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e (¢ _'ul)cj(n, a) — e (¢ — ) n —ipg Fa(n) _ (- :ul)e—aC

, - q(n,a)—
M+ o n+ipe 2n 1+ 2 40, a)

A 2
A_C X (¢ sinh[aC] 4 20 sinh?| C])]

(3.228)
Use expressions labeled by (3.227) and (3.228) in equation (3.225), and simplify

to get

q(0,y) = Li(y) + I2(y), where (3.229)

1) = 5 [ S 0,0) + S snbfad) + 2 sind? 5,

(3.230)

ny) = 5 [ S B eogly, ) - S sinbiag) + 2p0 s [ DG, (3231)

To evaluate the integrals I1(y) and I(y), we need the zeroes of

A = (po + p11)¢ coshfaC] + (pop1 + ¢*) sinh[a(]. (3.232)

Now equation (3.230) can be expressed as

_ <C+M0) Y~ (¢ + o) Y i )
Li(y) = — 27r/ P eSvq(n, )dC+ /77+@M2 e XAC(Csmh[aQ]

+ 2411 sinhQ[%C])dC.
(3.233)
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i S

i s,

FIGURE 3.5. Contour to evaluate the integral I;(y) defining ¢(0, y).

Note that I' = (—ioo,i00). Consider the contour Sy constructed by removing

the line segments r; from a line segment R. Since y > 0, we enclose the contour

(—i51,1S1) by drawing semi circular arcs each of radius r; such that each singular-

ity of the integrand in I1(y) is to be on the right side of (—1S1,1S1) , then we draw a

semi-circle Cg, of radius Sy, to the left side of (—iS1,151). In this way, all singular-

ities of the integrand in I, (y) are outside the closed contour Cg, U (—iS1,451)U~1,

as shown in figure 3.5. Note that v, is the union of all small semi circles C,, of

radii r; as shown in figure 3.5. We observe that ¢(n,0) is an analytic function in

C*, so, it is analytic in the region bounded by Cs, U(—1iSy,1S1)U~;, which is in C*.

By using the boundary condition of the scalar RHP defined by equation (3.178),
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G(n,0) can be analytically continued to C~, and hence it is analytic in the region in

C~ which is enclosed in contour Cs, U(—iS1,1S1)Uv. Hence, §(n,0) is an analytic

function in the region bounded by the closed contour Cs, U (—iSy,iS1) U~v. Using

Cauchy’s theorem we have

S
[ g onic+ [t g, 000
—is N 2 cs, N M2 (3'234)
" 77"’”‘
Simplify the above expression to get
S
[ oic+ [t g, 000
—isy T U2 Co N it
! (3.235)
+Z Cxm0) g, 0)ac = 0

i

Note that the integrand in the second integral in equation (3.235) satisfies all ax-
toms of Jordan’s lemma, so, for S — oo the second integral is vanishing. Also, for
each r;, the third integral in equation (3.235) is vanishing because the integrand is
analytic in each small semi circle C,,. When S; — oo and r; — 0 for each 1, then

equation (3.235) gives the following result.

o (€ + po) oSV d¢c =
/ioo 1+ i (n, 0)d¢ = 0. (3.236)
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Use value of the integral from equation (3.236) in equation (3.230) to get

L(y) = 27r/ (751—;;02) CyAC(Csmh[aC] + 24y sinh?| C])d(’. (3.237)

On pages 140 and 142, we have used a procedure to evaluate fijooo (sj_rli 02) e¥q(n,0)d¢.

Now, wusing that procedure on pages 140 and 142, for I(y) given by equation

(3.237), we have

/Z& 906, ")dg+/ Mdu/@dg:o
Cs, ™

—iS 2 2T "

1S
() 9(¢,m) _ (3.238)
/—iSl 2m d<+/c,sl =0.
9(C.m) = %e“&(c sinhlac] + 2 sinh?[)).

)

Since the integrand =5 9En) iy the 2nd integral in equation (3.238), satisfies all axioms

- dC—>0a331—>oo When s1 — oo, and r; — 0

)
of Jordan’s lemma, hence szl o

for each i then equation (3.238) becomes

1 oo
Li(y) = —g(—m)[Zl[Residue\czd’n:i&:ién + Residuelczg,n:ié:i(n]g({, n)),
~ ((+ o) o ag
9(¢,n) = P AC(CSIHh[CLC] + 2411 sinh?*[— 5 ).

(3.239)
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Equation (3.239) can be written as

Li(y) = %Z R,.,, where (3.240)
n=1
R,, = [Reszdue|<:@m:i¢:i@ + Reszdue\C:Qm:iéz@]g(g,77). (3.241)

To find R,,, we need the residue of g(n,() at simple poles (I and (., for that

purpose, let

_ A(C+”0) Cy : : 2 CLC
91(n,¢) = Ctim)© [C sinh[ac] + 2p sinh™[ ], (3.242)
92(¢) = A = (po + )¢ coshlac] + (popr + ¢?) sinhlag]. (3.243)
We evaluate g1(n,() and d%gg((’) at simple poles ¢F = i\, and {; = —i)\, as
follows.
o A(lAn + MO) iIAny : s 2 a’)\”
gl (777 C)‘C=Cf{=i>\n7n=i@f:i5n - me [)\'n, Sln[a)\n] + 2,LL1 S1n [T]]

A(ihy — 10) i . RO
GOl o e =€ [Agsinfad,] 4 2 sin”[—=]]
! C=r=—idan=iGi=i6 (4 ) ! 2
dg dg
Ag = _dg (Olemci=in, = _dg? (Olemez=—in, = (B0 + 1 + apopn — al) cos[al,]

— ApsinfaN,|(apo + apy + 2).
(3.244)
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Note that

d
92( )!4 Gr=idn

A ,
_ A1) iy sinfar,] + 240 SmQ[azﬁH

AO(C\TL + M?))\n

e O) = 9100 Ol - irmmicy =i,
(=G =—iAnn=iCn =iCn 7 M dgz( Olemem——s

Residue|C:G:an:i<i:ic;g(777 ()=

Residue|

= A<ZA/\" ~ o) e MY\, sinfa\,] + 2 sinZ[%]]

Now equations labeled by (3.241) and (3.245) give the following result:

A(Ay sinfad,] + 241 sin®[ %= . .
Rnl - ( sm[a ] ! M1 SN [ 2 ]) [(_)\n + iluo)ez)\ny + (_)\n _ i/“l’o)e_l)\ny]'
0)‘n<Cn + M2>

(3.246)

Use the value of R, from equation (3.246) in equation (3.240) to get

00 )\ 2 adn ) .
Z asinfada] + 2 sin*[* D[(—)\n—l—iuo)eM"y—l—(—/\n—wo)e_my].

=1 2800 (o + 112)
(3.247)
To evaluate I5(y), write equation (3.231) as follows.
- A
Dby) = o / C=m) eV~ 9G(n, a)d¢ — / Cmm) yac A
T Jr N+ i 2 Jp n+ips A¢ (3.248)

(¢ sinh[aC] + 20 sinhQ[%C])dC

145



Note that T' = (—ioco,i00). Consider the contour Ry constructed by removing the
line segments r; from a line segment R. Since 0 < y < a, so, y —a < 0. So,
we enclose the contour (—iRy,iRy) by drawing semi circular arcs each of radius r;
such that each singularity of the integrand in I5(y) is to the left side of (—iRy,iRy),
then we draw a semi-circle Cr, of radius Ry, to the right side of (—iRy,iRy). In
this way, all singularities of the integrand in Is(y) are outside the closed contour
Cgr, U (—=iRy,iRy) U7, as shown in the figure 3.6. Note that v is the union of all
small semi circles C,., of radii r;. We observe that §(n,a) is an analytic function
in C*, so, it is analytic in the region bounded by Cr, U (—iRy,iRy) U~ which is in
C*. By using boundary condition of the scalar RHP defined by equation (3.178),
G(n,a) can be analytically continued to C, and hence it is analytic in the region in
C~ which is enclosed in contour Cr, U(—iRy,iRy)U~y. Hence, 4(n,a) is an analytic
function in the region bounded by the closed contour Cr, U (—iRy,iRy) U~y. Using

Cauchy’s theorem we have

/iRl Me(y_“)gcj(n,a)dCﬂL/ M@(y—a)é“(](%a)d(

i +1 +1
R 7 2 Cr, " 2 (3.249)

+/—f;@ige(y”)%(n,a)dg =0.
v
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Equation (3.249) becomes

iRy _ —
| St ac+ [ S g, aic
—iRy T U2 Cny 117 Tz

(3.250)

(€ — '“1 ey—a)¢ _
+Z 77+ZM2 i(n,a)d¢ = 0.

iR

-iR;
FIGURE 3.6. Contour to evalute the integral I»(y) defining ¢(0,y).

Note that the integrand in the second integral in equation (3.250) satisfies all
axioms of Jordan’s lemma, so, for Ry — oo the second integral is vanishing. Also,
for each r;, the third integral in equation (3.250) is vanishing because the integrand
is analytic in each small semi circle, C,,. When Ry — oo and r; — 0 for each 1,

then equation (3.250) becomes

o (C—M) e—a)¢
/ioo 0+ i 4(n,a)d¢ = 0. (3.251)
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Use the value of the integral from equation (3.251) in equation (3.248) to get

b(y) = —5- / (75 +:¢12> - “)CA%(C sinh[a¢] + 240 sinhﬁ%g])dg. (3.252)

On the page (147), we have used a procedure to evaluate fiiooo %e(y_a)cd(n, a)dc.

Now, using that procedure on page (147), for Is(y) given by equation (3.252), we

have

=0,

/le h
—iR1 CR1

/le h¢,m dC+/C dCJrz/ dg_o (3.253)

hC ) = f;i‘:jje@ S Csinbla] + 20 sind?[ )

Since the integran

of Jordan’s lemma, hence fc h, ")dc — 0 as Ry = oo. When Ry — oo, and

ri — 0 for each i then equation (3.253) becomes

L X™p
L(y) = %(m Zl[Reszalue|€:C+ _icr—e, T Reszalue\C er777:Z,<;7:i<;1]h(§“,77)),

(C - N1> e(yfa

h(¢,n) = m——

IS Aic(g sinh[a(] + 24 sinh2[(12—c])-

(3.254)
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From equation (3.254) I>(y) can be written as

L(y) = %Z R,,, where (3.255)
n=1
R, = [Reszdue|<:@m:i&:i(n + Reszdue\(zg’n:iézm]h(C,77)). (3.256)

To find R,,, we need the residue of h(n, () at the simple poles (' and (, , for that

purpose, let

hi(n,¢) = %e@—m (¢ sinh[a¢] 4 20 sinhQ[%C]], (3.257)
ho(¢) = A = (po + 11)C coshlaC] + (pop + ¢*) sinhla(]. (3.258)

We evaluate hi(n,¢) and d%hg(C) at the simple poles ¢t =i\, and (, = —i), as

follows.

o,

AN, — 1) i(y—a
_ ( 1)€(y )An[ 5 1l

A _ . )
hl(UJ C) ‘C:@jr:l-/\nj,n:ic;;:i{n (C’;L + M2))\n )\n Sln[a)\n] + 2”0 Sin [

_ACA A 1) oy 5 AN\
(1, C)|<:<;:—i/\n,n:id:i¢; - me [An sinfaX,] + 2p0 sin [TH
dh dg
Bo = d_g(mc“:@f —idn T d_g(g)‘gzcg:—i,\n = (fo + pu1 + apiopin — aXZ) cos[al,]

— Apsinfad,](apo + apy + 2)
(3.259)
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Note that

hy (777 C) | C=Cr=irn ,n:ig‘:‘f =iCn

Residue|Czcgzun,n:i&:i(n (n,€) = %(C Me=ci=in,
_ A(i?\” — 1) ciI—a)n [\, sin[ad,] + 20 sin2[a_>‘n]],
Ao(Cn + p2)An ’
ReSidue‘C:G:%AM:@:@ 0.0) = g1(n, gg(zg,[:_m,n::c; —iéy
d¢ (=Cn =—iAn
A(iA, + 1)

) A
_ —i(y—a)n [)\ : [ A ] +2 3 2[a_n]]
- e nsinfa),] + 20 sin .

ANo(G + p2) A 2
(3.260)

Use the values of expressions in equations labeled by (3.260) in equation (3.256)

to get
A\, sinfa\,] + 2u0 sin?[ %z . .
Rn2 _ ( 1 [ ] i Ho [ 2 ])[(2)\” _ ul)el(y—a)An +e—l(y—a)An(i)\n +M1)]
AO)‘n(Cn + ,U2)
(3.261)
q(0,y)
0.24+
0.22+
0.20F
0.18}
1 2 3 4 5 7

FIGURE 3.7. Solution along the boundary z = 0,0 < y < a of semi-infinite strip €.
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Use the value of R,, from equation (3.261) in equation (3.255), and simplify to

get

i (A sinfad,] + 240 sin®[232])

[(—Aa—ipn )W ge =M () iy ).
n=1 2A0 (Cn _'_ /"62)

(3.262)
Use the values of I1(y) and I3(y) from equations (3.247) and (3.262), and insert
in equation (3.229) to get

q(0,y) = Z[A(An si;ELOAn] + 24 sin®[22])

{(=\n + iuo)e“‘"y + (= — zpo)e_”‘"y}

n=1 )\n({n + ///2)
A(A, sin[a),] 4 20 sin®[242 . ,
( Sln[a ] A Lo S111 [ 2 ]) [(_)\n . iul)ez(yfa))\n + efz(yfa))\n(_)\n + 7/,“1)]
A
q(0,y) = Zd_o [dy d1162>\"y+d126 z/\ny) +d2(d2161(y DA 4 Jope W= a)/\n)]
n=1
(3.263)
Note that
dii = =M, + o, dig = _()\n + iMO)y dyy = _(/\n + iul)a (3‘264)
dyy = =X +ipn,  do=2X0(Co + p12) Ao, (3.265)
. . 9 aXp . .2 at,
dy = A\psinfad,] + 24 sin [7], d2 = A, sinfaX,] + 2pp sin [T]’ (3.266)

Ao = (o + p1 + apropry — aX2) coslad,] — A, sin[ad,](apo + apy +2).  (3.267)
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Now consider a particular case, in which A = 1, ug = 2,41 = 3,2 = 2,a =
5,k = 2i. In this case the simple poles are ( = i\,,( = —i\,, and correspondingly
we have n = Z'C;f = Z'C;j = zfn = z\/m Note that A, are given in Table 2.3
on page 90. Figure 3.7 shows the solution of the BVP of the Helmholtz equation
in the semi-infinite strip subject to the impedance boundary conditions, along the

sidex = 0,0 <y < a.

3.3.3 Solution of BVP of the Helmholtz equation in a semi-infinite

strip, along the horizontal boundaries: ¢(z,0), ¢(z,a)

Equation (3.203) gives the solution q(x,0)

q(z,0) = L /00 Fy(n)e " dn. (3.268)

21 J_ o
Fi(n) is given by equation (3.213), and observe that Fi(n) can be written as
Fi(n,(). Equation (3.213) shows that Fy(n,() = Fi1(n, —(). So, Fi(n) = Fi(n,() is
an even function w.r.t. . We know that n is related to the multi-valued function ¢
through the relation ( = \/m Since Fy(n) = Fi(n, () is an even function w.r.t
¢, so, it cancels out effect of the branch cut on values of Fy(n) = Fi(n,() in the n-
complex plane, so, that Fy(n) = Fi(n,() is continuous through the cut in n-complex

plane. Hence Fi(n) is a meromorphic function of n in n-complez plane. To evalu-
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ate the integral given by equation (3.268), we note that x > 0, so, we enclose the
contour (—R, R) by drawing a semi- circle Cp in the lower half n-complex plane.
The poles of integrand Fy(n)e=" are found by solving the following transcendental

equation:

A = (o + )¢ coshla¢] + (op + %) sinhla]. (3.269)

By substituting ( = —i)\, in equation (3.269), zeroes of the resulting equation

are found by ”Burniston-Siewert method for solving certain transcendental equa-

tions” in section 2.4. Notice that the poles of the integrand Fy(n)e ™" inside
the closed contour (—R,R) U Cg, are ( = —i)\, andn = —iC,, where (, =
\/W, Re(CAn) > 0. Note that X\, are given in table 2.3 on page 90 Now ap-
—inx

ply Cauchy’s residue theorem to the integrand Fi(n)e in the region enclosed by

the contour (R, —R) U C§, to get

—R oo
/ Fi(n)e™ ™ dn + / Fy(n)e™ "™ dn = 2mi Z Residue  S(n,Q)|e—_in, n=—ic,-

R Cr n=1

(3.270)
The integrand Fy(n)e™ in the first integral in equation (3.270)is satisfying all

axiom’s of Jordan’s lemma, so, fc* Fi(n)e™™dn — 0 as R — oco. So, application
R

153



of the limit R — oo and Jordan’s lemma to equation (3.270) results in the following

equation.
/_Z Fi(n)e™™dn = —2mi g Residue S(n, O’Cz—z‘/\n,n:—igﬁl (3.271)
s, = ZACHMEL B IEDCT g
Equations (3.268) and (3.271) give the following result:
= — Z Residue S(n,() |C——z/\n =il (3.273)
To find Residue S(n,()|C:_an:_i@, let
$1(1.0) = 2An(¢ sinh[aC] 4 21 Sinh[%g]Q)e_iW’ (3.274)

(n —ip2)C

S5(¢) = A = (o 4 p11)¢ coshac] + (popr + ¢2) sinh[ac], ¢ = /n? — k2, Re(¢) > 0.

(3.275)
Use equation (3.274) to calculate
S1(n,¢) |<:_i,\n,n:_z‘(n
2A(—iC,) (—idasinhfa(=id,)] + 2 sinh[*FP)e T g o0

(=iCo = p2) (=iMn)
—2iAC, (Ansinfad,] + 2p, sin[“’\T”]z)e*CA”x
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Use equation (3.275) to calculate

dSs _dSyd(
d—nk:mn,n:ﬂ-g = d_g“d_nsz“’“”:*i@
= [(1o + p1) coslar,] + a(=A2 + pop) coslad,] — 2X, sinfa),] (3.277)
. G
= aA(pto + pa) sinfad,]] 3=
Equation (3.277) can be expressed as
dSQ CAnAO h
d—nlcz_i/\nm:_i{n = —n, wnere
Ao = (po + 1) cos[ad,] + a(=A2 + popr) cosjad,] — 2, sinfa),] (3.278)
— aX,(po + p1) sinfa),].
Now Residue  S(1,C)|c—_in, 4=—ic, i found as follows.
) S1(n, Q)| =—idn n=—iCn
Residue  S(1, )l e—_in, ne—ic, = 55 ¢ Y : ¢
dn [(==iAnn==in (3.279)
_ —2iA(\, sin[a,] + 24 sin["’)‘T"P)e*{”x
A()(Cn + M2)

From equation (5.279) use value of Residue S(n,()|co_in, y=—ic, N equation

(8.273), and simplify to get
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q(x, 0)

0.15

0.10

0.05-

' ' : =X
2 4 6 8 10

FIGURE 3.8. Solution along the boundary 0 < x < oo,y = 0, of semi-infinite strip €.

= —q Z Residue S(n,() |C*—Mn =il

i —2A(A, sinfad,] + 2py sin[%?)e‘éﬂ

- , where
n=1 O(Cn + ,u2) (3.280)

Ao = (o + 1) cos[ad,] + a(—=A2 + pop1) cosfar,] — 2\, sin[a,]
— aX,(po + p1) sinfad,].
In the particular case, in which A = 1, g = 2,41 = 3,10 = 2,a = 5,k = 24,
simple poles of the integrand Fy(n)e™™" are { = —i\,, and correspondingly we have
n = —ifn = —im. Note that N\, are given in Table 2.3 on page 90. Figure
3.8 shows the solution of the BVP of the Helmholtz equation in a semi-infinite strip

subject to the impedance boundary conditions, along the side 0 < x < oo,y =0 of
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the semi-infinite strip. Equation (3.210) gives the solution q(x,a)

q(z,a) = L /OO Fy(n)e " dn. (3.281)

Fy(n) is given by equation (3.214), and observe that Fy(n) can be written as
Fy(n,C). Equation (3.214) shows that F»(n, () = Fa(n, —(). So, F»(n) = Fy(n,() is
an even function w.r.t. (. We know that n is related to the multi-valued function
¢ through the relation ( = \/m Since Fy(n) = Fy(n,() is an even function
w.r.t ¢, so, it cancels out effect of the branch cut on values of Fy(n) = Fy(n,()
in the n-complex plane, so, that Fy(n) = F»(n,() is continuous through the cut in
n-complex plane. Hence Fy(n) is a meromorphic function of n in n-complez plane.
To evaluate the integral given by equation (3.281), we note that x > 0, so, we
enclose the contour (R, —R) by drawing a semi-circle Cy in lower half n-complex
plane as shown in figure 3.4. In equation (3.281), the simple poles of integrand
Fy(n)e=™* inside the contour (R, —R)UCj, are found as we did on page 153, and
these are ¢ = —i)\, and n = —iC,, where (, = \/W, Re(fn) > 0. Now apply

Cauchy’s residue theorem to integrand Fy(n)e™ """ in the region enclosed by contour
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(R,—R)UCpg, to get

-R
/ Fy(n)e mmd??—k/_ Fy(n)e "dn = 27mZReszdueP(77 Olem—iryme—ic>

R n=1

(3.282)

2An(¢ sinhlaC] + 2u0 Sinh[%c]Q)e*im“
A(n —ip2)C

P(n,¢) = Fy(n)e™ ™ = (3.283)

The integrand Fy(n)e™™* in first integral given by equation (3.282) is satisfying all

axiom’s of Jordan’s lemma, so, fc_ Fy(n)e=™*dn — 0 as R — oo. So, application
R

of limit R — oo and Jordan’s lemma to equation (3.282) results in the following

equation.

/ Fy(n)e™ ™ dn = —QWZZRGSZdUﬁ P, Oleeing m=—ic, (3.284)

n=1

Use the value of the integral from equation (3.284)in equation (3.281) to get

= —zZReszdue UNG|N— (3.285)

To find Residue  p(n,)le—_in, ne—ic, let

2An(¢ sinh[aC] + 240 sinh[%]2)e=®

(1= ip)C | (3.286)

Pl(na C) =

Py(¢) = A = (o + p1)¢ coshlac] + (pop + ¢*) sinhlac], ¢ = /12 — k2, Re((

(3.287)
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Use equation (3.286) to calculate

Pi(n,¢) |g:—z‘>\n,n:—i(n

2A(—iC,) (—id, sinhfa(—i\,)] + 2o sinh[4=2n)|2) e—i(-iCn)a

_ ! (3.288)
(i — ) (—ih)
_ —2iAC, (An sin[ad,] + 240 sin[%52]2 Je=Cne
Use equation (3.287) to calculate
dP, dSy d¢
dn |C7_7/>\n n=—iCn dc dn|<*_M” n=—iCn
dP.
2l innmi, = [l ) coslads] + (=32 + popu) coslo
— 2\, sinfa),] — aX,(po + 1) sin[a)\n]]c—"
" (3.289)
dP; Gl
an ’C—%An il = —n, where
Ag = (1o + 1) cos[ar,] + a(—=A2 + popr) cos[ar,] — 2, sin[al,)]
— aXp (o + 1) sinfad,].
Now Residue  P(1,C)|c—_in, 4=, i found as follows.
. Pi(n, )| =—idn,=—iCn
Residue  P(n, C)’C:—i)\n,n:—i(n - dp2| e
(== (3.290)

—2iA(\, sinfa\,] 4+ 210 sin[%?)e*é’lz
Ao (Gn + p12)
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q(x, d)

0.15}

0.10F

0.05} |

' ' : X
2 4 6 8 10

FIGURE 3.9. Solution along the boundary 0 < x < 00,y = a, of the semi-infinite strip
Q.

Use the value of Residue  P(n,C)|c__;y, = _ic, from equation (3.290) in equation

(3.285) to get

= —1 Z Residue P(n,() |<7_Mn n=—iC,

f: —2A(A, sinfa),] + 2p0 sin[%]Q)e_C;“”
n=1 0(571 + M2)

, where
(3.291)

Ao = (o + 1) cos[aN,] + a(=A2 + popr) cosar,] — 2, sinfa,]
— an(po + p1) sinfa,,].
In the particular case, in which A = 1,9 = 2,41 = 3,00 = 2,a = 5,k = 24,
simple poles of the integrand Fy(n)e™™" are { = —i)\,, and correspondingly we have
n = —iCAn = —i\/W. Note that N\, are given in Table 2.3 on page 90. Figure

3.9 shows the solution of the BVP of the Helmholtz equation in a semi-infinite strip
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subject to the impedance boundary conditions, along the side 0 < x < 00,y = a of

the semi-infinite strip.

Observation 3.3.1. In the present case when go(xz) = 0,g1(x) = 0, go(y) =
A (constant), g(x,y) = 0, FIT method and the new method give the same solution
on boundaries of the semi-infinite strip ). This gives a verification for the new

method.

3.3.4 Interior solution of BVP of Helmholtz equation in a

semi-infinite strip Q: ¢(z,y)
We know that the inverse transform defined by equation (3.212) can be used to
find the solution ¢(x,y) inside the semi infinite strip 2. The residue theory of
complex variables is used to evaluate ¢(x,y) from equation (3.212), and the final
expression for ¢(x,y) contains a double series, that representation makes it harder
for computational purposes. So, in the present case go(x) = 0,¢91(x) = 0,92(y) =
A (constant), g(z,y) = 0, we want to develop a formula to calculate ¢(z,y) which
is computationally more effective than the double series representation obtained by
application of inverse transform defined by equation (3.212). In the present case,
using FIT method (chapter 2), solution of the BVP of the Helmholtz equation

inside a semi-infinite strip €2 is

= Ae—Cne
q(z,y) = = [0 (1 — cos[a,]) + A, sin[a),]] x

[An cos[Any] + po sin[A,y]].
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The solution ¢(0, y) along the side z = 0,0 < y < a of the semi-infinite strip €2 is

[Mo(l — cos[ad,]) + A, sinfad,]] x
(2 + Cn) (3.293)

Mg

[>‘n cosP\ny] + Ko Slnp‘ny]] :
In the case when go(x) =0, g1(z) = 0, g2(y) = A (constant), g(z,y) = 0, equations

(3.292) and (3.293) reveal a relationship between ¢(z,y) and ¢(0,y). We observe
that the nth term of the series solution of ¢(z,y) defined by equation (3.292)
can be obtained by multiplying nth term of the series solution of ¢(0,y) given
by equation (3.293) by e~ Note that Cy = \/W, where ), are the eigen
values corresponding to the eigen vector K, (y) ( The kernel of the finite integral
transform in FIT method). Using the observation 3.3.1, we can exploit this property
to find ¢(z,y) by the new method. In the case when go(z) = 0, ¢g1(z) = 0, 92(y) =
A (constant), g(z,y) = 0, using the new method, equation (3.263) gives solution

along the side z = 0,0 < y < a of semi-infinite strip 2 as follows:

q(0,y) = i;[dl(dl €Y 4 dype™ YY) 4 dy (dy V"V - dype im0
n=1
(3.294)
Note that
din = —An +ipg, dio=—(Ay+ipg), dog =—(Np +ip), (3.295)
dyy = =M +ip1,  do =22 (G + p12) A, (3.296)
di = A\, sinfa),] + 24 SinQ[%], d2 = A, sinfa\,] + 2uo sinQ[aT)\n], (3.297)

Ao = (o + p1 + apropry — aX2) coslad,] — A, sin[ad,](apo + apq +2).  (3.298)

Hence, in the case go(z) = 0,¢91(z) = 0,92(y) = A (constant), g(z,y) = 0, using

the new method, the solution inside the semi-infinite € is

Aebm i\ —a)An
Z dl dlle Any + dige™" "y) + dz(dzle An + dyge™" (y )]

(3.299)
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In the given case, theoretically, the formula (3.299) to find the solution inside
the semi-infinite {2 can be derived from the double series representation of ¢(z,y)
obtained from inverse transform defined by equation (3.212). In particular case,
in which A = 1,40 = 2,1 = 3,u0 = 2,a = 5,k = 2i, the simple poles of the
integrand in the integral defining ¢(z,y) given by equation (3.212), are { = —i\,,
and correspondingly we have n = —z'CAn = —im. Note that A\, are given in
Table 2.3 on page 90. Figure 3.10 shows the solution ¢(x,y) of the BVP of the
Helmholtz equation inside a semi-infinite strip subject to the impedance boundary

conditions.

FIGURE 3.10. Solution of the BVP of the Helmholtz equation inside a semi-infinite strip

Q) subject to the impedance boundary conditions.

Example 3.3.2. Consider a particular case of the above example 3.3.1 for which

A= 1o =201 =3, = 2,a =5,k =3+ 2i. In this case the solution for the
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BVP of the Helmholtz along the boundaries of ) and inside 2 are shown in the

figures 3.11, 3.12, 3.13 and 3.14.

: Re(q(0. ¥))
0.16/\————— —
0.14]
Im(g(0, y))
0.12}
0.10}
0.08/
1 2 3 4 5 Y

FIGURE 3.11. Solution along the boundary z = 0,0 < y < a, of the semi-infinite strip
Q.

q(x, 0)
0.15}

0.10

0.05-

e : : — X
\/2 4 6 8 10

FIGURE 3.12. Solution along the boundary 0 < z < oo,y = 0, of the semi-infinite strip
Q.
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q(x, d)

0.10

0.05+

\ 2 4 6 8 10"

FIGURE 3.13. Solution along the boundary 0 < x < 0o,y = a, of the semi-infinite strip
Q.

FIGURE 3.14. Solution of BVP of Helmholtz equation inside a semi-infinite strip €2

subject to impedance boundary conditions.

Example 3.3.3. Consider a particular case of the above example 3.3.1 for which

A=1u9=2,pu1 =3, 2 =2,a =5k = 4. In this case the solution for the BVP
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of the Helmholtz along the boundaries of ) and inside ) are shown in the figures

3.15, 3.16, 3.17 and 3.18.

Re (g (0, )

0.16

0.14+

0.12

0.10F

0.08+

Q.

0.15¢

] /\VAVA N
<\ VVATIN

-0.10¢

FIGURE 3.16. Solution along the boundary 0 < x < oo,y = 0, of the semi-infinite strip
Q.
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Refq (x, 9)]
0.15}

0.10

e
BRRATAVAN

FIGURE 3.17. Solution along the boundary 0 < x < 0o,y = a, of the semi-infinite strip
Q.

FIGURE 3.18. Solution of the BVP of the Helmholtz equation inside a semi-infinite strip

() subject to the impedance boundary conditions.
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Chapter 4

Boundary value problems of Helmholtz
equation and higher order boundary

conditions

In this chapter we have applied the new method to solve the BVP of the Helmholtz

equation in a semi-infinite strip subject to the higher order boundary conditions.

4.1 Higher order boundary conditions

Consider the Helmholtz equation
02+ 02+ )q(z,y) = g(wy), Im(k) >0, (z,y)€Q  (41)

where € is a semi-infinite strip shown in figure 4.1 with the corners z; = oo, 2o = 0,
23 = ia, z4 = oo +1ia, a > 0. Assume that along the sides S; and S, the impedance
boundary conditions are imposed. The side Sy is an infinite membrane clamped at
the point (0,0) to the vertical side Sy. The higher order boundary condition along

the side Sy is derived from [28]. The boundary conditions along the three sides of

Q) are:
Sy : (02, + kg)ayq(x, Y) + pogq(z,y) = go(x), 0<zx <00, y=0, (4.2)
Sl Qy(‘ray>+M1Q(xvy) :g1<$>, 0<z< 00, Yy = a. (43)
Sy 1 =qu(7,y) + p2q(7,y) = 92(y), =0, 0<y<a, (4.4)

The functions go(z) , g1(z) are real valued, and vanish at the points z = 0 and
x=o00,snp; #0,5=0,1,2.
Since the side Sy is an infinite membrane, fixed at the point (0,0), so, there is

no deflection (vertical displacement) at the point (0,0). This phenomena generates
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€1

23=0+ra Z4=+oo+.‘a
-
S
€
Sy
-
Sy i -
Z2=0 Z1=+00
€

FIGURE 4.1. Impedance and higher order boundary condtions along the sides of 2.

the following edge condition to get the unique solution of the given BVP.

(%q(:z:, 0) =0, asz— 0" (4.5)

For this particular problem, to discuss the scattering of sound waves by the semi-
infinite strip {2, the parameters are selected in the following way. Note that ky =
w\/? ,m is the mass per unit area, and 7' is the surface tension, so, ko = ko1 +ikoa,
ko1, ko2 > 0. Now k = ¢ is the wave number, c is the sound speed in the fluid,

and w = w; + iwy, w1, ws > 0 is the frequency. Hence & = ¢ indicates that k =

k1 +iko, k1, ke > 0. Since g = 2 %“2, po is the mean fluid density, this indicates that
Lo = fo1 + ilo2, Mo1, toz > 0. Due to the impedance boundary conditions along the
sides S7 and Ss, 1, pe > 0.

Application of the Laplace transform the operator L, from definition 3.1.1 to

the Helmholtz equation (4.1) gives

d2
(d_y2 —¢*)q(n,y) = fly), 0<y<a, where (4.6)

fy) = 0.4(0,y) —ing(0,y) + g(n,y), 0<y<a. (4.7)
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Note that ( = /n? — k? is a multi-valued function. We fix a branch of it by
Re(¢) > 0. The branch cut of this multi-valued function is shown in figure 3.2.
From definition 3.1.1 apply the the operator L, to the boundary condition defined

by equation (4.2) to get
| @+ ot e + (o) = o) (4.9
Consider the following integral
/ myq z,y)e™dr = emm82yq(x Y)| / amyq z,y)ine ™ dx. (4.9)

Use property that g(z,y) € C2(2) N CHQ) N C3(Sy) and ¢(x,y)|r=00 = O,

0:q(2,Y)|e=00 = 0, 02,4(x,y)|z=cc = 0, and integrate by parts to get

/ Orryt(,y)e dzw = —07,q(0,0) — inle™ dyq(, y)| / dyq(z,y)ine" dx)

—32yq(0 0) +indyq(0,0) / (z,y)e™dx.
(4.10)
Use the edge condition (4.5) and 88 q(0,0) = Cy in equation (4.10) to get
ma: 2 d ~
Use value of the integral from equation (4.11) in equation (4.8), to get
d d N .
— Co — 0" —4(n, 0) + kg ——d(n,0) + pod(n, 0) = Go(1)
dy 0 dy
d (4.12)
(=17 + kg) g 4(n. 0) + 110(1. 0) = Go() + Co-
Simplify the above equation (4.12) to get
d . .
(—@ + [10)4(n,0) = po(n), where (4.13)
N Ho N go(n) + Co
= = 4.14
Ho 772 — kga /00(77> 172 IR kg ( )
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From definition 3.1.1 apply the the operator L, to the boundary condition defined

by equation (4.3), and simplify to get

d

(3, T )i, a) = gi(n). (4.15)

Now equations (4.6), (4.13) and (4.15) describe the following non homogeneous

system of Laplace transformed equations

<dd—;2 ity = fly), 0<y<a (4.16)
<—% T i0)i(1,0) = fo(n). (4.17)
(% + 1)q(n, a) = gi(n), (4.18)

where f(y), fip and po(n) are given by equations (4.7) and (4.14). Now compare
the non homogeneous system of Laplace transformed equations (4.16), (4.17) and
(4.18) with the non homogeneous system of Laplace transformed equations (3.125),
(3.127) and (3.128), then the Green’s function of the system defined by equations
(4.16), (4.17) and (4.18) is given by replacing po with fip in equation (3.140), and

is expressed as follows

=Cly=¢l g —
Gly,) = ~ 5 + Fp e (G eoshi(a — y)¢] + p sinhl(a ~ y)C) o
+ (150G coshicy] + nsinh(Gy]).
Note that
fio = n“fk A = (fig + p1)¢ coshlac] + (fiop + ¢*) sinh[a¢].  (4.20)
0

Then solution of the non homogeneous system of equations (4.16), (4.17) and (4.18)

is obtained by replacing go(n) with po(n) in equation (3.141)

in.y) = / "Gy, ) F(O)E + folmoly) + G1 () (y): (421)
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Insert y = 0 in equation (4.21) to get

i(n,0) = / " G0, F(E)dE + olmo(0) + () (0). (4.22)

From equations (4.19), (4.7), (3.137) and (3.138), find the values of G(0,¢), f(£),

1(0) and 11 (0), respectively, and insert these values in equation (4.22) to get

a6 g B
q(n,0) = /0 [—€2—§ + “;Tfe‘“ (¢ coshla¢] + pq sinh[ac]) + (’“2_A<)e—¢<a—s>] «
[(%C.I(O,f) —mq(0,&) + g(n, §)]dE + po(n) (¢ coshlac] 2“1 Smh[ad))Jr

¢
(4.23)
Using equation (4.23), and the procedure in section 3.2 pages 107 and 109, we find

that

01.0) = An(O)-(0.1C) — inus (Q)a(0,40) + Mua(C) (0, ~ic)
2 x (4.24)

—inA12(¢)q(0, —iC) + ho(n).
Note that

ho(n) = A1(Q)g(m,i¢) + Aa(C,m)g(n, —iC) + po(n) (¢ cosh[a¢] + pq sinh[a(])

A
Faig
A (Q) = %[_1 L (=) Cosh[ZC] + 1 sinh[ag])]
e

A = (fip + p1)¢ coshla¢] + (fiops + ¢*) sinh[a(].
(4.25)

Replace n by —n in equation (4.24) to get

2-1,0) = Aun(Q)2(0,4€) + inur (Q)(0,1C) + Ara() (0, ~iC)
z z (4.26)

+1nA12(€)4(0, =iC) + ho(—n).
Now insert y = a in equation (4.21), from equations (4.19), (4.7), (3.137) and

(3.138), find the values of G(a,§), f(&), 10(0) and ;(0), respectively, then insert
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these values in the resultant equation, and simplify to get the following:

1.0) = Aar(O)-2-(0,1) — imAn((0.10) + Aan(C) (0. ~iC)
v v (4.27)

— inA22(¢)q(0, —i¢) + hi(n), where

. . (¢ cosh[a(] + fig sinh[a(])

hi(n) = A1 (Q)g(n,iC) + Axa(C,m)g(n, —iC) + G1(n) A
+ 5007)%7
flo — ¢ G .
A (C) = TN A (C) = 2 (¢ cosh[a] + fig sinh[a(]).

(4.28)
Note that po(n) and A are given by equations (4.14) and (4.20), respectively. Now
replace 1 by —n in equation (4.27) to get

(-1,0) = Aar(€) (0, 1€) + iman (C)a(0.€) + Aan(C) (0, ~ic)
t v (4.29)

+ 1 A22(¢)4(0, —iC) + ha(—n).
Equations (4.24), (4.26), (4.27) and (4.29) describe the following system of four

equations for four unknowns:

0.0) ~ ho(n) = A (€) 5 -0(0,1€) — inas ()a(0,i€) + Ara(O) 50, ~iC)

— inA12(¢)¢(0, —i(),

-1,0) = ho(=1) = An(€)5-4(0,10) + imus (Q)d(0,1€) + Asz(€) 2 a0, ~iC)

+ 1mA12(¢)q(0, —iC),

1,@) = (1) = Aar(Q) 5400, 1C) — imar (Q)q(0,0) + Aga(C)5-(0, i)

- iTIA22<C7 77)@(07 _iC)a
-1,@) — () = A (€) 2 -00,1) + imn ()a(0,1€) + Aga() 5 -0, ~iC)
+ inA22(¢)q(0, —iC).

(4.30)
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Write the above system in matrix form, then solution of this system in terms of

the unknowns 8%@(0, (), q(0,1iC), a%d(O, —i¢) and (0, —i() is
(

2@(0 i) = — —(Gam + Qap)(C — p11) + (qom + QOp)(C + flg) coshla(]
or " 2(cosh[a(] + sinh[a(]) (431)
_ (gom + qop) (€ + fio) sinh[ac] .
2(cosh[al] + sinh[aC]) '
ooy (= Gam + 4ap) (€ — p11) + (qom — qop) (€ + fo) coshlac]}
4(0,1¢) = 2n(coshla(] + sinh[a(])
i(qom — qop) (€ + fio) sinhla(]
2n(coshla] + sinh[a¢])
9 0 iy — Ml + )=o)~ + a4}
oxr ™ 2n ’
400, —i¢) = Htom + a0p) (€ = fio) + € (Gam — Gap) (€ + p1)}
; 2 .
Note that qop, Gom, Gaps Gam are:
qop = Q(nv O) - hO(n)> qom = 6(_na 0) - hO(_n)7 (433)
Qap = 5(777 a) — (77)7 dam = (j<_777 a) - h1(—77)- (4'34)

Now application of the operator L, to the boundary condition along the side Sy
of the semi-infinite strip €2, defined by equation (4.4), and use of definition 3.1.2

gives the following result:

0
= (0,10) + 124(0,€) = Ga(iC). (4:35)
Replace ¢ by —( to get
240, =€) + 120, =€) = ga(—iC). (4.36)

Ox
From equations labeled by (4.31) and (4.32), use the values of -2¢(0,+i¢) and
G(0,£i¢) in equations (4.35) and (4.36) to get the following system of two equa-

tions:

a114(n,0) + a12G(n, a) = b11G(—n, 0) + b12G(—n, a) + ai1ho(n) — biiho(—n) (437)

+ arghi (1) — bizhi(—n) + 42(i(),
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a214(n, 0) + axq(n, a) = b21G(—n, 0) + boag(—n, a) + az1ho(n) — barho(—n) (438)

+ aghi(n) — baghi(—n) + g2(—i().

Note that CL11,CL12,CL21,agg,bn,blg,bgl and b22 are giVGIl by replacing o with ﬂo
in equations labeleled by (3.167) and (3.168). Write the system of two equations

(4.37) and (4.38) in matrix form to get

q(n,0) 5 G(—n,0) A ho(n) e ho(—n)
q(n,a) G(—=n,a) hi(n) hi(=n)

2(iC)
+ , where
[ (~i0) ] (1.39)

a11 a2 bi1 bio
A= ., B= .
Q21 A22 ba1 Do

Now multiply equation (4.39) from left side by A™! to get

A

i(n,0 i(—n,0 ho ho(—
q(n,0) _cm) q(—n,0) . (n) e (—=n)
q(n,a) 4(=n,a) hi(n) hi(=n)
(4.40)
+ A7! 82(i0) , where n € R.
92(—1¢)
Equation (4.40) can be expressed by
¢ (n)=Gn)¢ (n)+F(n), neR, where (4.41)
1 =qn,0 1—(m) =q(—n,0
) = ¢1+(n) = 4(n, 0) () = ¢1—(n) = G(=n,0) )
¢a+(n) = G(n, a) ¢a—(n) = G(—n, a)

Fly) = ho(n) G ho(—n) e 92(i¢) 7 (1.43)
ha(n) ha(—n) 92(—1¢)
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1 e“n(C 4 p1)G2(i¢)  ne™* (¢ — p1)ga(—iC)

Al= ———— : (4.44)
A=) = i)aali) ¢ fio)da(—iC)
— i 0
Gn)=A"'B= K : (4.45)
A is given from equation (4.20). Hence equation (4.43) can be expressed as
Fi) = ho(n) || =45k 0A ho(—n)
ha(n) 0 =R hi(-n)
N 1 e®n(C + p1)g2(iC)  ne=*(C — pu1)ga(—ic) 92(1€)
BT | ¢ = oinli€) i+ )i(—i¢) | | (-i0)
(4.46)
Equation (4.46) shows that the components of F'(n) are
_ ntipe, n ac .
Fin) = (o) + 200 () + s (G i)
+ (¢ — p)e”* ga(—iQ)],
(4.47)

URID
n — ijs
+ (€ + f10) g2(—iC)].

Insert the value of G(n) from equation (4.45) in equation (4.41) to obtain the

7 (=) + ———[(C = fi0)da(iC)

Fy(n) = hi(n) + A(n —ipsg)

following two scalar RHPs:

+1 _ .
Sfn) = — o)+ Fi(n), neR, j=12 (4.48)
61 (n) = q(£n,0), 5 (n) = q(£n, a). (4.49)

Note that ¢ (n) and ¢5 (n) are analytic functions in the upper half n-complex
plane, where as ¢; (1), and ¢, (1) are analytic functions in the lower half n-complex

plane. These functions satisfy the following symmetry conditions

ofm) =¢;(-n) ¥V neC*, ¢;(n)=9¢/(-n) ¥ neC . (4.50)
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Due to this symmetry property, the scalar RHP defined by equation (3.171) is

called a symmetric order two vector RHP. Now consider

hi(=n) ()

n—ipz N +ip
hi(n hi(—n

o) = oWy W (451)
—n —ips =N+ i

Y ] G/ 1 ) N
o( m—-<n_um+n+“m> o(n).

¢(77) = , 1=12

Equation (4.51) indicates that ¢(n) is an odd function in the variable 7. Also note

that Wf’m[(( — p1)e” % o (—iC) + e (C + 1) G2(iC)] and WTJ:]@[(C — f10)G2(iC) +

(¢ + f10)g2(—i¢)] are odd functions in 7. Hence equations labeled by (4.47) imply

that f;(n) = :erZ)Q ,7 = 1,2 are odd functions in 7. Using the procedure on pages

130, 131 and 132, following are proved.

1. The Cauchy type integral of f; satisfies

: %m _ 0(%), as = o0, j—1,2. (4.52)

2.
010 = O+ i)y () = O as = o0, =12 (453)
07 (1) = ~n = i)V (1) = O(5) as = o (4.54)

Note that ¢;(z) is the Cauchy type integral

zpj(z)—i/oo L ()i, V:eC\R j=1,2 (4.55)

2mi f_ oo T — 2

3. 67(—m) = éf(n), Wi € CF, ¢F(—m) = ¢ (n), ¥y € C, these are
the symmetry conditions for the order two vector RHP defined by equation

(4.41).
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4.1.1 Solution of the BVP of the Helmholtz equation in a
semi-infinite strip () subject to higher order boundary

conditions, along the side Sy of semi-infinite strip: ¢(0,y)

Case study

Example 4.1.1. For the BVP defined by equations (4.1), (4.2), (4.4) and (4.3),
let go(x) = g1(x) = 0,92(y) = A (constant ), g(x,y) = 0. In this case equations

(4.25) and (4.28) after simplification become

Co¢
(n* = kg)A

_ Cy(¢ coshlac] + p1 sinh[a(])

ho(n) = (2 — k2)A , ha(n) =

(4.56)

From equation (4.56) use values of ho(n) and hy(n) in equations labeled by (4.47),
and simplify to get

_ 2An(n* — kg)(Csinhlac] + 2 sinh*[%]) 4 2nCy (¢ coshla] + i sinh[a(])¢

Fi(n) (2 — K2)(1 — ip2) AC |
(4.57)
2An(¢ sinh[aC](n? — k2) + 2u0 SinhQ[%C]) +2¢*nCy
Fy(n) = (1 — i) (2 — k%)(A ) (4.58)
a _ U OF = K)m)Ccoshlac) + (o + (1 — K)C) simbla] 0

n* — kg
To find solution along the side Sy of semi-infinite strip (), use the expression given

by equation (3.211)

1
q(0,y) = Tm/rd(o,iﬁ)ecydé, [' = (—ioo,i00), where (4.60)
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G(0,14C) is given by equation (4.31).

o im . —UC+ fio) coshlac](ho(=n) — ho(n) + G(n,0) — 4(=n,0))
4(0,1¢) = 2n(cosh[a(] + sinh[a(])

(¢ + fio) sinh{ac](ho(—1) — ho(n) +d(n,0) = 4(=n.0)) (4.61)
2n/(cosh[aC] + sinh[a(])

(¢ = p)(ha(=n) + ha(n) + 4(n, a) — §(=n, a))
2n(coshla(] + sinh[a(]) '

ho(=m)—ho(n) _ hi(=m)—ha(n) _
2n 21

Since 0, equation 4.61 simplifies to

i(n,a) — q(—n,a))e 5 —a(—
0(0,10) = (¢ — ) L qz(n maNET (¢ 1 gy A0 2nq( n.0)

(4.62)
It is proved on page 138 that %Z(_"’O) and %Z(_w are analytic functions
of ¢ except at a finite number of poles in the n-complex plane. Hence these are
meromorphic functions w.r.t. (. So, equation (4.61) indicates that §(0,iC) is a
meromorphic function of (. Note that we can continue analytically G(—n,0) and
G(—n, a) in the plane Im(n) > 0 by using boundary condition of the RHP defined by
equation (4.48), and is given as ¢; (1) = —Zf—;’jz@_(n) +F;(n), neR, j=0,1.

FEzxpress the above equation in component form, and simplify to get

~ _ . n- (. _

q(—n,0) = —— [G(n,0) — Fi(n)], (4.63)
G(— a:_ﬂ—iﬂ2~ a) — F5 . )
q(—n, a) nﬂm[q(m ) — Fa(n)] (4.64)
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Hence, equations (4.60), (4.62), (4.63) and (4.64) give the following result.

1 —(C + fio) - C— 11 _gew
0.79) = — > M p-ad
q(0,y) o /F[ " q(n,0)+n+w26 q(n,a)+

(4.65)

(n—iuz)(c ~0)F1_(77)_€_a¢(c_ 1>n—iu2FQ(n)

Cy
: ————1]eVd(
(0 + ipz) 27 M i 2n ]

Using values of F1(n) and Fy(n) from equations (4.57) and (4.58), consider follow-
ing erpressions

(<+/:LO> ~< 7())_i_77_i/112(<_i_~0>F11<T]> . (§+ﬂ0)[_d(n>0)+

N+ 1+ i 2 Nt
A(n? — k3)(Csinh[a¢] + 24 sinh?[%]) + Cy (¢ coshlal] + sinh[a(’])C]
AC(n* — k3) ’
e (¢ — ) - e o= () (C— ) gers _
ErTTre q(n,a) —e *(C ,Ul)n i 20 st [4(n, a)
A(¢(n? — k2) sinh[aC] + 2u0 sinh2[%<]) + COCQ]
A(n? — k§)C '
(4.66)
Use expressions labeled by (4.66) in equation (4.65), and simplify to get
Q(Oa y) = Il (y) + ]2(y)7 where (467>
_ L [ 0) ey b a2
h) = 5 [ SO 00,0) + g AR - )

(¢ sinh[al] + 2py sinhQ[%C]) + Co(¢ cosh[a(] + p1 sinh[a(])( }dC,

(4.68)
o 1 (C _:ul) y—a)( [~ 1 2 PAR
L(y) = 7 /F me( [q(n,a) — A(n?——k:g)({A(C(n — kg) sinh[a¢]+
2110 Sinhz[%] + Co¢?}dC.
(4.69)
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To evaluate the integrals I1(y) and I(y), we need the zeroes of

A = (jig + )¢ cosh[ac] + (fiopn + ¢?) sinhfac],  fig = — (4.70)

n”? — kg

Now, use the procedure on pages 140, 142 and 144 to get

_ 1 (€ + fig)e 2 _ .2 : 210G
1) = 5- | S gl A = )(Csinblac] + 2 sinh? )+

Co(¢ cosh[a] 4 pq sinh[a(])(]dC,

(4.71)
1 . , .
]1(y> - _%(_Tm)[ZI[RQS/LCZUG&—CI,W—%' ;T:l(n + ReSZdue|<:CEm:iC;;:i{n]g(Cu 77))7
(€ + fug)e™” 2 2 . P
) = : A(n® —k sinh|a(| 4+ 2u1 sinh*[—1])+
Co(C cosh[a(] 4 pq sinh[a(])(].
(4.72)
Equation (4.72) can be written as
L(y) = %ZR"” where (4.73)
n=1
R, = [Resz'duek:cﬁm:i&:m + Residue\Czcg’n:i&:m]g(g, n). (4.74)
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To find R,,,, we need the residue of g(n, () at the simple poles (7 and (;, for that

purpose, let

LG e e 4o sinntf
MO = G i — g A R e

Co(¢ coshlac] + i sinh[a¢])C],  fio = <o,
[/ ko

92(¢) = A = (fio + p11)¢ coshlac] + (fiopr + ¢?) sinhlag]. (4.76)
We evaluate g1(n,¢) and d%gg(g) at the simple poles (F = i\, and (, = —i\,,
then we get
91, Ol iy i mic
- _ C=Cn =1An,N=1Cpn =iCn
Residuel _c i, eicr=ic, 901 C) = dgz

d¢ (OlC:Ci{:i/\n

o An (_ik(g))‘n - Z@%)‘n + o)

A [CoA? cos[a,]

~ )\n ~ )
= 2A(KS + G )y sin?[5) = Au(A(KS + G*) = Copar) sinfad, )],

N, g(n,¢) = g, ?&CE—%’MMZ@TZ’Q
T BOlii=,

Residuel|

_ i (K820 + iC2 N\, + fio)

A [—Co A2 cosla),]

~ /\n - .
424k + ) sin?[ <22 + A (A(KS + &) = Copmn) sinfada]],

A, = 2)\72#0(6}1 + p2) (A, coshlaN,] + p sinfad,]).
(4.77)
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Now equations labeled by (4.74) and (4.77) give

e i(1 + eXWA)ERN,, +i(1 + €2 ) 2N, + pro(1 — e¥)]
R, = A X

[~ CoA2 cos[ads] +2A(K + ¢, ) sinQ[aT)\n] + Ma(A(RZ +6) = Copr) sinfad,]].

(4.78)
Use the value of R,, from equation (4.78) in equation (4.73) to get
L e WA (1 4 2R, + (14 22N, 4 g (—1 + 2]
[1( ) = nz:l 2An X

[—CoA2 coslad,] + 2A(K2 + () sin2[“—;"] + M(A(k2 + ) = Copn) sinfa,]).

(4.79)
To evaluate I5(y), use the procedure on pages 146, 147, 149 and 150 to get
C /~01 —a) 2 2\ ot
{A(C(n” — kg) sinhlac]+
2pg sinh? 2 ﬁ + CoCPYdC
1 - .
L(y) = 27T —i Zl Reszdue|< chamicr=ic, T Reszduek:g’n:i@:@]h((,n),
(g —_ Ml)e(yia)c 9 9 .
h(¢,n) = : A — k7)) sinh|a(]+
ag 2
2419 sinh?[—= 5 | 4+ CoC*}.
(4.81)
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We find that

[CoX2

i ez a—y)A k2 + C2)[(1 + €2i(—a+y)>\n>/\n + Z(—]. 4 e2i(—a+y))\n)lu1]
2\,

n=1

+ Apo(1 — cosla),]) — A(ks + Cf)kn sin[a\,])].
(4.82)

i_ewn (L RN + (Lt P)EN + o1+ )]
2/, "

6i(a—y)kndn[(1 + e2i(—a+y)/\n))\n +i(—1+ €2i(—a+y)kn)m]

20, dan-

_|_

(4.83)

Note that

din = —Co)2 cosla),] + 2Ad, sin2[a2ﬁ] + A (Ad, — Cop) sinfar,],  (4.84)
don = [CoM2 + Apo(1 — cos[a,]) — Ad, )\, sinfa),])], (4.85)

A, = 2/\3“u0(§n + p2)(An cos[a,] + pysinfaN,]), d, = k:g + C;f. (4.86)

4.1.2 Solution of the BVP of the Helmholtz equation in a
semi-infinite strip () subject to higher order boundary
conditions, along the sides Sy and S; of semi-infinite strip, and

inside the semi-infinite strip: ¢(z,0),¢(z,a) and q(z,y)

Equation (3.203) gives solution q(x,0)

@0 =5 [~ Ay (4.87)

oo
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Fi(n) is given by equation (4.57), and note that Fy(n) can be written as Fy(n, ().
Equation (4.57) shows that Fy(n,() = Fi(n,—(). So, Fi(n) = Fi(n,() is an even
function w.r.t. (. We know that n is related to the multi-valued function ¢ through
the relation ( = \/m Since Fi(n) = Fi(n, ) is an even function w.r.t ¢, so,
it cancels out effect of the branch cut on values of Fy(n) = Fi(n,() in the n-complex
plane, so, that Fy(n) = F1(n,() is continuous through the cut in n-complez plane.
Hence Fy(n) is a meromorphic function of n in n-complezx plane. To evaluate the

integral given by equation (4.87), we follow the procedure on pages 153 and 154, to

get
= —ZZ Residue  S(n,Q)|e—_i\, p=—ic,» where (4.88)
S(1.¢) = [p(¢ sinhfa¢] + 24 sinh?[%]) + 2nCo(¢ cosh[a¢] + pu sinhac]) (e
! AP =K — ipz)C |

p=2An(n* — k3).

To find ResidueS(n, () let

| C=—idn,n=—iCn’

[p(¢ sinh[a¢] + 2u4 sinh®[%]) + 27Co( cosh[al] + gy sinh[al])¢Je~=
(1 = ko) (n — ipi2)¢

(ko + pa(n* — k3))¢ coshlac] + (pop + ¢ (n° — k7)) sinhac]
n — ko .

S1<777 C) =

52(C) = Al + ko) =

Now ResidueS(n, )| iy, 4=—ic, is found as follows.
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. S1(n,¢) |(:—i/\ =—i(,
ResidueS(n, C)‘C:_'»\nﬂ']:_ién — oy il :
dn (=—iAn,n=—%Cn (489)

| 22’6*:’”5"]71,1

=—iAn=—iCn 7~ N A

‘ . (Cn + p2) Aoy

From equation (4.89) use value of ResidueS(n, )|\ i, in equation (4.88),

ResidueS(n, C)

and simplify to get

o] 9 *ICAn .
g(z,00=y P (4.90)

An )
Pin = —Co )2 cos[ar,] + 2Ad, i sin2[a7] + M(Ad,, — Copy) sinfa),], where
Aon = (pto — dnptr + a(dp N, + popr)) coslad,]+

An(—apo + (2 + apl)dy,) sinfa),],  dn, = (2 + k2.

Note that to find the solution q(x,0) we need zeroes of So = A(n + ko). Simple
poles of the integrand Fi(n)e™™* are ( = —i\,, and correspondingly we have n =
—iCy = —i/A2 — k2. To find the solution q(x,a) along third side of semi-infinite
strip Q, equation (3.210) gives

q(z,a) = L /_00 Fy(n)e™™dn. (4.91)

2 J_
Fy(n) is given by equation (4.58), and note that Fy(n) can be written as Fy(n, ().

Equation (4.58) shows that Fy(n, () = Fy(n,—C). So, Fy(n) = F3(n,() is an even
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function w.r.t. (. We know that n is related to the multi-valued function ¢ through

the relation ¢ = \/n? — k2. Since Fy(n) = F»(n, () is an even function w.r.t ¢, so,

it cancels out effect of the branch cut on values of F»(n) = Fy(n, () in the n-complex

plane. So, Fy(n) = Fy(n, () is continuous through the cut in n-complex plane. Hence

Fy(n) is a meromorphic function of n in n-complex plane. To evaluate the integral

given by equation (4.91), we follow the above procedure used to evaluate q(z,0), to

get
q(z,a) = —i Z Residue  H(n, ()| s\, p=—ic,» where
n=1
[2A(¢ sinh[ac] (17* — k3) + 20 sinh®[F]) + 2¢°Cole™ "™
H(n,¢) =

(1 —ip2) (n? — k§)CA ’

A _ (o + (7 = K§)pm)C coshlac] + (pop + (i — K5)¢?) sinha]
n* — kg '

To find ResidueH (n,C)|,_ let

—iAn N=—iCn’

[2An(¢ sinh[a)(n* — k§) + 2410 sinh®[%5]) + 2¢*nCole ™"

Hy(n,¢) = (n—iuz)(n — ko)C ’

Hy(¢) = A(n + ko)

HQ(C) =

(1o + i (n* = kg))C coshlac] + (pop + C*(n* — kg)) sinhlac]

n — ko
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Now ResidueH(n,C)]CZ%)\”’”:%Q is found as follows.

H 0, Oleminy i
= irnm=—icy, = 13|
<_

ResidueH (n, ()

—iAn n—*lcn (497)

| 2ie=%np,,

ReszdueH(Tl, O |g:—z‘>mm:—i(n - m
n 2 On

From equation (4.97) use value of ResidueH (1, () in equation (4.92),

P —

and simplify to get

f: 2e” xcnpz

n=1 Cn + MZ)AOn

Pon = —CoX2 — Apg(1 — coslaN,]) + Ad, A, sinfa),],
(4.98)

Aoy = (o — dp1 + a(dp N2 + pop)) cosfad,]+

An(—apo + (2 + apl)d,) sinfad,], dn, = (2 + k2.

In chapter 3 we have verified that in the particular case go(z) = 0, ¢g:1(z) = 0,
g2(y) = A (constant), and g(z,y) = 0, using new method the series representation
for the solution ¢(z,y) can be obtained by multiplying the nth term of the series
representation of the solution ¢(0,y) by e~ From equation (4.83), the nth term

of series representation of ¢(0,y) is

T RN+ (1 AN + ipig(—1 + €2 )]
2An 1in
ei(afy)/\ndn[(l + 62i(fa+y))\n))\n + Z(—l + €2i(fa+y)>\n),u1] p
QA 2n]7

Ay —

(4.99)
_l’_

where dy,, day, d,, and A,, are given by equations (4.84), (4.85) and (4.86). Hence

the formula to find the solution ¢(z,y) of given BVP of the Helmholtz equation in
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a semi-infinite strip €2 subject to higher order boundary conditions is

2, e @t A [(1 4 2 VKN, + (1 4 €29) (2N, + ipi(—1 + €2i92n)]
e e n e A i e
glz,y) = | °
n=1

2/,
—(@Cntily=a)An) g [(] 4 2i(-atv M)\ 4 j(—] + e2i(-atv)rn
e n e nt1 e
X dln + [( 2A ) ( >Iu1]d2n].
(4.100)

4.1.3 Determination of the unknown constant C
To find the unknown constant Cy use the Laplace transformed boundary condition

along the side Sy, given by

<—% T in)i(n,0) = oln). (4.101)

go(n) + Cy
ki

- Mo -
— = 4.102
Ho 7]2 k(Q) ) p0(77) ( )

For the given case study, go(z) = ¢i1(z) = 0,g9(x,y) = 0,92(y) = A(constant),

equation (4.102) gives jig = n;‘fkg and po(n) = nffokg Apply the inverse Laplace

transform to equation (4.101) to get

d 1 /LO n 1
_ - —inz — sinh 4.1
dyq(as,O) 27r/_ qu(n, 0)e™"™dn + e sinh[kox]. (4.103)

Apply lim, o+ to equation (4.103), and simplify to get
/ qmohi_o (4.104)

Since G(n,0) = ¢ (n) (solution of RHP (4.48)), so equation (4.104) becomes

< o ()
dn = 0. 4.105
To evaluate the integral given by equation (4.105) we construct the closed contour
[' = [-R, R]UC};, where C}; is a semi circle in the upper half 7-complex plane,

and [—R, R] is a line segment. Usmg Cauchy’s residue theorem we get

¢+ ¢+ o1 (n)
k2 12 dn = Residue|,—g, o

/cbf dH/ ¢1+ 1) gy 91 (F)
R — kG ch n* — kg 2ko

189

(4.106)




o1 (n)

n?—kg

+
Since the integrand 27 — O(55) as 1 — 00, $0, limp_ye0 [t dn = 0. Apply
R

n?—k? n
limp o, to equation (4.106), use the previous result, and the value of integral
defined by equation (4.105), to get ¢ (ko) = 0. Use this result in equation (4.53)
to get

1 (ko) = 0. (4.107)

Substitute z = ko in equation (4.55) to get

(ko) = = /oo ! fi(r)dr, ko€ C\R. (4.108)

2w J_ oo T — ko
Use the value of ¢ (ko) in equation (4.108), and simplify to get

LG (4.109)
—o0 T — k’o

Using equation (4.57) we find

_ Fi(n)  2An(¢sinhla] + 2p SinhQ[%])
h) = e = (n* + 13) AC ! (4.110)
2nCy (¢ cosh[al] + py sinhla(])

(n? — k§)(n? + 13)A

Equation (4.59) gives the following expression for A

(1o + (n* — k§)p1)¢ coshlac] + (pop + (n* — k§)¢?) sinh[a]

A:
= k§

S (4111)

To find the unknown constant Cy we need to solve equation (4.109), for that
purpose zeroes of A are found by solving transcendental equation (4.111). Use the

value of fi(7) from equation (4.110) in equation (4.109) to get

L [ At (¢ sinh[al] 4 211 sinhQ[%C])

A /_oo k)P AL T (4.112)
[ 7(¢cosh[a] + pu sinh[ad])

h= /_oo (T — ko) (72 — K2) (7% + @)Adr (4.113)

To find the value of integral I;, we construct the closed contour I' = [R, —R|UC},

where [R,—R] is the line segment, and Cj is the semi circle in the lower half
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n-complex plane. Apply Cauchy’s residue theorem to the integrand in the closed

contour I' to get
R 00
/ H(r)dr + | H(r)dr =2mi )  Residue|.__,, .__ . H(T).  (4.114)
R Cr n=1

AT (¢ sinh[a¢] 421 sinh?[%])

Note that H(T) = (T—ko)(TQ‘Hl%)AC

= O(), as 7 — oo. Hence,
limp_ oo fc,; H(7)dr = 0. Now apply limg_,.,, to equation (4.114), to get

L = / H(r)dr = —2mi Z Residue|__;, . . H(T). (4.115)

n=0

To find Residue|__,, __  H(7), let

_ Ar(¢sinh[aC] + 2 SiHhQ[%C])

Hi(r) = S e e (= VPR (4.116)
H(r) = A = (o + (7% — k§)p1)¢ coshac] + (pops + (7% — k§)¢?) sinh|ad]
2 — k2 ’
(4.117)
d, = C2+ k2. (4.118)

We calculate

A(ko — iC,) 201 sin?[22] + A, sin[a),
R€Sidue|<:,i,\m7:,ignH(T) _ (ko —1iGy)] (%128111 [Z)QA] sinfa H’ (4.119)
n /’[’2 On

Aon = [pto — dppir + a(N2d,, + pop1)] cos[ad,] + Au[—apo + (2 + aps)d,] sinfa),).

(4.120)
Now equation (4.115) becomes
I - i —2m A(iko + Cn)[?ul sirj[%] + A, sin[a)\n]]’ (4.121)
n=1 (C72L - H2>A0n

where A, is given by equation (4.120). Now using the above procedure to find the

integral Iy, we get

o0

I Z 27\ [ A coslaN,] + i sinfa),]]
2 = : —
o (Siko + GG — p3) Aoy

: (4.122)

191



where Ay, is given by equation (4.120). To find the unknown constant Cj, substi-
tute the values of I; and I, in equation (4.112). Insert the value of Cj in equation
(4.100), that gives solution of the given BVP of the Helmholtz equation in the

semi-infinite strip {2 subject to higher order boundary conditions.
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