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Abstract

This dissertation is divided into two parts. In the first part we consider the problem
of feedback stabilization of nonlinear systems described by state-space models. This ap-
proach is inherited from the methodology of sector bounded or passive nonlinearities, and
influenced by the concept of absolute and quadratic stability. It aims not only to regionally
stabilize the nonlinear dynamics asymptotically but also to maximize the estimated region
of quadratic attraction and to ensure nominal performance at each equilibrium. In close
connection to gain scheduling and switching control, a path of equilibria is programmed
based on the assumption of centered-e-cover which leads to a sequence of linear controllers
that regionally stabilize the desired equilibrium asymptotically.

In the second part we tackle the problem of control for fluid flows described by the
incompressible Navier-Stokes equation. We are particularly interested in film cooling for gas
turbine engines which we model with the jet in cross-flow problem setup. In order to obtain
a model amenable to the controller design presented in the first part, the well-known Proper
Orthogonal Decomposition (POD)/Galerkin projection is employed to obtain a nonlinear
state-space system called the reduced order model (ROM). We are able to stabilize the
ROM to an equilibrium point via our design method and we also present direct numerical

simulation (DNS) results for the system under state feedback control.

1X



Chapter 1
Introduction

1.1 Motivation and Historical Perspective

Modern science and engineering are model-based. Many of these models are mathe-
matically described by nonlinear differential equations. The majority of engineering appli-
cations depend on these models which is especially true for control system. Consequently
there has been much focus on developing mathematical models and control strategies for
nonlinear systems. While modeling is important, this dissertation assumes the existence
of system models that are derived from either physical principles or experimental data.
We focus on the control aspect of nonlinear systems. The first part of this dissertation
describes the development of a linearization-based control system for nonlinear systems
using state-space models (Chapters 2 and 3). The second part deals with a flow control
application, the controlled “jet in cross-flow” (Chapter 4).

Nonlinear control theory has had a rich and successful history that includes Lie alge-
bra and differential geometry [Isi89], singular perturbation [KK99], backstepping [KKK95],
and more recently constructive methods [SJK97], among many others. Despite the success
of nonlinear control theory, the linearization method is still widely used due to its sim-
plicity and the availability of many design tools. It is a fact that linear methods perform
well and most of the engineering applications are based on linear methods, including gain
scheduling and adaptive control [rW95, RS00], which are widely used in practice. The
main drawback of the linearization method lies in the difficulty in estimating the region
where the local linear approximation is valid. An early and influential approach to this
problem consisted in decomposing the nonlinear system into a linear and nonlinear part
in a feedback interconnection. This approach, developed in the 1960s and 70s, became
known as “absolute stability theory” [AG64, NT73, Pop62] and still attracts considerable

attention. See for example [HHLO04], [DHTZ09], [WIOv98], and references therein. The



seminal papers of Zames [Zam66al, [Zam66b] considered sector bounded nonlinearities and
introduced the small gain theorem to stability analysis and feedback stabilization for a
class of nonlinear systems under input/output or operator descriptions. The notion of
passivity [Wil72a, Wil72b, HM76] contributed further to stability analysis of nonlinear sys-
tems along this thread of research by stating similar results in terms of state space models.
Later developments in nonlinear control focused more on state-space systems, including
feedback linearization [Isi89], nonlinear observers [AK99, Raj98, XG89], and optimal and
robust control [TA92, TK95, vdS92], in addition to the aforementioned references. It is worth
mentioning that the notion of input to state stability (ISS) surveyed in [Son07] provided
a way to merge the state-space description with the operator approach in study of nonlin-
ear system stability, and led to the small gain theorem for nonlinear state-space systems
[IMH92, JTP94]. It is important to note that all nonlinear control methods, to this date,
are only applicable to certain classes of nonlinear systems. There is no universal method
that can be applied to all nonlinear systems. This is in stark contrast to the linear methods
that are applicable to all linear systems.

A linearization-based method that has been very effective in engineering applications
is gain scheduling. Gain scheduling consists in designing several linear controllers (one for
each operating point of interest) that cover the system’s operating regions and implementing
them by interpolating the controller gains over this range rW95, RS00]. Although stability
of the system can be established for states near the operating condition, stability of the
gain scheduled nonlinear feedback system is usually derived by repeated simulations. Some
approaches that do not rely on simulations may be found in [SA90] and [LHCO1], where
the latter presents an alternative to gain scheduling and points to a view of gain scheduling
as a special type of a switched system. The main limitation of the gain scheduled design
is hinged to the limitations of the linear method where the domain of operation of the

nonlinear state-space is approximated by a set of linear regions.



The jet in cross-flow is an important fluid flow problem setup that is used as a model
for various engineering applications. We are interested in this problem setup since it can
be used to model film cooling of gas turbine blades although it is also used, among many
others, as a model for fuel injection systems, smokestacks in the atmosphere, and dilution
jets in combustors. Film cooling refers to the process of injecting cool air on the surface of
gas turbine blades through small holes. If it is done right, a thin protective layer of cool
air will form on the surface of the blades reducing heat transfer from the environment into
the surface of the blade, allowing the turbine to operate at a high temperature without
damaging the blades.

The jet in cross-flow is described by the 3D incompressible Navier-Stokes (N-S) equa-
tion, a non-linear, partial differential equation (PDE) that describes the conservation of
momentum of a fluid. Although it is not yet known if this equation has a unique, con-
tinuously differentiable solution, it is routinely approximately solved by direct numerical
simulation (DNS). A DNS is basically a set of coupled discrete-time ordinary differential
equations (ODESs) obtained by temporally and spatially discretizing the N-S equation. Due
to the fine spatial discretizations required to obtain meaningful DNS solutions, the number
of ODEs is typically in the order of millions. This poses a challenge for control system
design, as well as understanding the dynamics of the jet. We focus on control design and in
particular, model based control design, which in the context of flow control includes: Ad-
joint based iterative optimization and estimation (or model predictive control) and Riccati
equation based feedback control and estimation. The survey paper [KB07] and the book
[Gun03] provide a good overview of these two approaches.

We follow the path of Riccati equation based feedback control and estimation via re-
duced order modeling. It is possible to project the ODEs to a lower dimensional subspace
by expressing the solution obtained by DNS as a series expansion of a small number of
basis functions, typically less than 100. The POD/Galerkin method achieves this reduc-

tion and the resulting low dimensional model is termed a reduced order model (ROM).



Feedback control design is then carried out based on this ROM and finally the controller

is implemented in the full order DNS.

1.2 Overview of Contributions

This dissertation focuses on the design of sequences of linear controllers that semi-
globally stabilize sector-bounded nonlinear systems. We propose a linear controller design
method (state and output feedback) for the regional control of sector-bounded nonlinear
systems. Under an e-cover assumption on the location of the operating points in the state
space, we complement the linear design with a switching strategy to stabilize the system
semi-globally [AGA13]. We also present a controller design method (state feedback) for
quadratic nonlinear systems [AG12]. Preliminary results were applied to a driven cavity
problem [AGA11].

For the jet in crossflow problem, we investigate the construction of a ROM for control
system design. To our knowledge, this is the first investigation of the jet in cross-flow where
the POD expansion is augmented with a control mode. The purpose of our controller is
to reduce the perturbation energy of the flow which in turn should reduce mixing of the
cold and hot fluids. In this sense, our controller stabilizes some unstable operating point
that has desirable cooling characteristics. We are able to stabilize the ROM flow to a
steady state, and when implemented in the DNS simulation, it achieves stabilization for
a period of time before diverging to a limit cycle. This highlights the difficulties that are
encountered when designing controllers based on ROMs and implementing them in full

dimensional models.

1.3 Organization of the Dissertation

In Chapter 2 we survey the systems theory background material that will be used
throughout this dissertation. They include stability, signal and system norms, linear matrix
inequalities, and switched systems. In Chapter 3 we develop the linear feedback stabiliza-
tion methods that form the main part of the first part of this dissertation. Two methods

are presented, one based on generalized sector-bounds and the other on the polytopic de-



scription of a quadratic nonlinear system. In addition, the switching strategy is described
and simulation results for a simplified fluid convection model are presented. In Chapter
4 we employ the well-known POD/Galerkin model reduction method to obtain a ROM of
the jet in cross-flow problem amenable to feedback control design. The controller designed
in Chapter 3 is implemented and the results are discussed. Finally, Chapter 5 contains the

conclusion of the work as well as a recommended agenda for future research.



Chapter 2

Background Material

2.1 Systems
This chapter covers standard material and many parts have been quoted from [Kha02].
In this work our main concern is to analyze and control physical phenomena that can be

described by a finite number of first order ordinary differential equations (ODEs)

.Ctl :fl(t,l'l, ey T, Upy .. ,um)

‘/’tn :fn(t,xh-..,xn,U/l,...,U/m). (21)
Often there is another set of algebraic equations related to (2.1)

hn :hl(twrla sy Ty ULy - - 7um)

Yp =hp(t, 21, . T, Ury o Uyy) (2.2)

that consist of variables that are of particular interest for analysis or control. By defining

vectors

xl(t) ul(t) yl(t) fl(tvxvu) hl(t7x7u)

T (1) Uy () Yp(t) fult,x,u) hy(t,x,u)

where z(t) is called the state, u(t) is called the input, and y(t) is called the output, we may

write (2.1) and (2.2) in a more compact notation.



Definition 1 (Nonlinear state-space system). A nonlinear state-space system is a set of
differential equations consisting of a dynamics equation with an initial condition and an

output equation

T = f(t,z,u), (0) = xg (2.3)

y = h(t,z,u) (2.4)

We use the notation ¢(t,x¢) to denote the solution to (2.3) at time ¢t with initial
condition xy. For details on existence and uniqueness of solutions of ordinary differential
equation see [Kha02] and [MMO07], among others. In this dissertation we will mostly work

with the following special cases of the nonlinear state-space system:

1. Autonomous nonlinear system: When f(-) and h(-) are not explicit functions of time,

i.e., time only enters through the state.

&= f(z,u), z(0)=x

y = hlz,u) (2.5)

2. Linear time varying system (LTV): When f(-) and h(-) are linear functions.

& = A(t)x + B(t)u

y=C(t)xr+ D(t)u (2.6)

3. Linear time invariant system (LTI): When f(-) and A(-) are linear functions and do

not explicitly depend on time.

Tz = Ax + Bu

y=Cx+ Du (2.7)



An alternative representation of an LTI system may be obtained through the Laplace

transform. The Laplace transform of a single variable function f(t¢) is defined as

F(s) = /OOO f(t)e *tdt.

It f (t) has a well defined Laplace transform, it is given by

sF(s) — f(0).
Therefore, the Laplace transform of (2.7) is

sX(s) —xg = AX(s) + BU(s)

Y (s) = CX(s)+ DU(s)

In the special case of 2o = 0, we have the input/output description of (2.7)

where G(s) = C(sI — A)™' B + D is called the transfer function of (2.7).

2.2 Lyapunov Stability

The method developed by the Russian mathematician Lyapunov (1857-1918) for study-
ing stability of differential equations is fundamental for much of modern stability analysis.
It is not only used for analysis, but also for control system design. The simplest notion of

stability is the one related to stability of equilibrium points.

Definition 2 (Equilibrium point). A point x(t) = x. in the state space is said to be an

equilibrium point of the autonomous system

&= f(x)



if and only if it has the property that whenever the state of the system starts at x., it

remains at x. for all future time.

According to the definition, the equilibrium points of (2.5) are the real roots of the

equation f(x.) = 0. This is made clear by noting that if
iTe = f(me) =0

then it follows that z. is constant and, by definition, an equilibrium point. Without loss
of generality, we assume that 0 is an equilibrium point of the system. If the equilibrium
point under study, ., is not at zero we may define a new (shifted) coordinate system

xs(t) = z(t) — =, and note that

s(t) = &(t) = f((t) = fls(t) +xe) = fulzs(t)), 25(0) = 20 — e

The claim follows by noting that fs(0) = f(z.) = 0. In summary, the study of the zero
equilibrium point of z4(t) = fs(xs(t)) is equivalent to the study of the nonzero equilibrium
point z, of & = f(x(t)). We now define what is meant by stability of an equilibrium point

of an autonomous system.
Definition 3 (Stability of equilibrium point). The equilibrium point x = 0 of (2.5) is

e Stable, if for every e > 0 there exists a 6 = 6(e) > 0 such that

|z(0)|| <& = |lz(t)|| <€ VE>O0.

e Unstable if it is not stable.

o Asymptotically stable if it is stable and & can be chosen such that

|lz(0)]] < d = tlim z(t) = 0.



The following result is a particular version of Lyapunov’s stability theorem. It char-
acterizes the stability of an equilibrium point in terms of a scalar ‘energy function’ that
decreases along every trajectory of the system. To state the definition we first assume that
in (2.5), D is an open and connected subset of R” and f : D — R" is a locally Lipshchitz

map.

Theorem 2.2.1 (Lyapunov asymptotic stability theorem). Let z = 0 be an equilibrium
point of & = f(z), f: D — R", and let V : D — R be a continuously differentiable function

such that
1. V(0) =0

2. V(z) >0 in D\ {0}

3. V(z) <0 in D\ {0}
then x = 0 s asymptotically stable.

Since Lyapunov’s stability theorem presents only sufficient conditions, the main dif-
ficulty in applying the theorem boils down to finding Lyapunov functions and there is
no general systematic procedure for constructing Lyapunov functions. For linear systems,
quadratic Lyapunov functions are necessary and sufficient to prove stability.However there
are no such results for nonlinear systems. Backstepping [KKK95] and feedback passiva-
tion [SJK97], among others, are systematic design methods for certain classes of nonlinear
systems.

Often it is not enough to determine if an equilibrium point is stable. Having an idea of
the set of initial conditions that converge to the equilibrium is also important. The region

of attraction (RoA) makes this idea explicit.

10



Definition 4 (Region of attraction). Let the origin x = 0 be an asymptotically stable
equilibrium point for (2.5). The region of attraction (RoA) of the origin of (2.5) is defined

by the set

RoA = {xg € D : ¢(t,xp) is defined V¢ > 0 and z(t) — 0 as t — oo}

The RoA is an invariant set that is typically difficult to represent and much effort has
been devoted to methods for estimating the RoA [Bla99, GTV85, CT89].
In addition to an equilibrium point, a periodic solution is an important structural

property of a system that characterizes oscillatory behavior.

Definition 5 (Periodic solution). The solution x(t) is a nontrivial periodic solution if it

satisfies

x(t+T)=az(t), Vt>0

The ‘nontrivial’ quantifier is included in the definition to exclude constant solutions

corresponding to an equilibrium point.

2.2.1 Quadratic Stability

The notion of quadratic stability was introduced in [Bar85] and has been thoroughly
studied in the literature since then. It has found substantial applications in H., control
problems and in determining stability margins for a variety of linear systems (uncertain,
uncertain LTV, and interval systems). For a good overview see [Cor94] and its bibliography.
We are motivated to introduce the quadratic stability idea and use it to study uncertain

LTV systems described by state equations of the form

T = (A + BlAtC’l)x + BU,

ATA, <8I, 6>0 (2.8)

11



where x(t) € R" is the state, u(t) € R™ is the control and A, € R"*% is a matriz of
uncertain time-varying parameters. The notation A, € A(0) is also regularly used. In this

case,

A(0) :={A: : 5(A) <6}, 0>0 (2.9)

is the set of admissible ;.

Definition 6 (Quadratic stability). The uncertain linear time-varying system (2.8) (with
u(t) = 0) is said to be quadratically stable if and only if there exists a P > 0 and a
constant o > 0 such that for any admissible uncertainty A, the Lyapunov derivative for

the Lyapunov function V(x) = 2T Px satisfies

V =2:"P (A4 BIAC) z < —a||z(t)]]?

for all state variables x(t) € R™ andt € R. The system is said to be quadratically stabilizable
if there exists a state feedback control u(t) = Fx(t) such that the closed loop system is

quadratically stable.

Remark 1. The concept of quadratic stability requires the existence of a fized quadratic

Lyapunov function for all possible choices of the uncertain parameters.

Since it is very difficult to compute the RoA, we introduce a tractable estimate for it

which we call region of quadratic attraction.

Definition 7 (RoQA). The system (2.8) is said to admit a RoQA of Q-weighted size €,, > 0
at the equilibrium point x, = 0, if there exist square matrices P > 0 and () > 0 such that
the Lyapunov derivative of the Lyapunov function V]z(t)] = ||z(t)||% = x(t)T Pxz(t) satisfies

V(t) <0 forallt >0 and zo € Bo(em), xo # 0.

Regarding feedback stabilization, the following notions are important since they quan-

tify the stability properties of a closed loop system [Kha(2]. If a nonlinear system is

12



stabilized via linearization, then the RoA may be infinitely small. In this case, feedback
control achieves local stabilization. If the feedback control guarantees that a certain set is
included in the region of attraction or if an estimate of the region of attraction is given, the
feedback control achieves regional stabilization. If the origin of the closed-loop system is
globally asymptotically stable, the control achieves global stabilization. If feedback control
does not achieve global stabilization, but can be designed such that any given compact
set (no matter how large) can be included in the region of attraction, the feedback control

achieves semi-global stabilization.

2.3 Norms for Signals and Systems
The norm function, [|s|, is used to measure the size of a signal. It satisfies the following

three properties:
1. ||s|| > 0 and ||s|| = 0 if and only if s = 0.
2. ||s1 + so|| < ||s1]| + [|s2]| for all s; and ss.
3. |Jas|| = |a|||s]| for all a € C.

For the space of piecewise continuous square integrable functions, L5, the norm is defined

Isll, = / st de.

A fundamental question that arises in the study of systems described by ODEs or transfer

by

functions is the following: If we know that the input signal has some property, what can

we say about the output signal? For example, if the input u(t) € Lo, is y(t) € Lo also?
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In this dissertation we will only make use of the H ., norm. If we let T" be the Lyapunov

stable linear system (i.e., all the eigenvalues of A have strictly negative real parts)

Tz = Ax + Bu

y=Cx+ Du

or its corresponding transfer function T'(s) = C'(sI — A)™' B + D, then the H-norm of T

is defined as

T3 = sup T[T(s)]
Re{s}>0

where 7 (+) is the maximum singular value or equivalently as

Y
[T = sup Ll
0<||ul|,<oo [l

(2.10)

As such, the H,, norm measures how much a system amplifies the £ norm of an input
signal. In addition, it is a fundamental tool in small-gain stability arguments. Essentially,
these arguments prove stability of a feedback loop if the product of the H., norm of the
components in the feedforward and feedback paths is less than unity.

The following is a version of the Kalman-Yakubovich-Popov (KYP) lemma which can
be found in [DP00], among others. This version is known as the strictly bounded real
lemma and it characterizes the H.,, norm of a system in terms of an algebraic Riccati

inequality.
Lemma 2.3.1 (Strictly bounded real lemma). Suppose that T(s) = C(sI — A)™*B + D,

then || T ||, < 07, if and only if there exists a matriz P > 0 such that

ATP + PA+62CTC PB+ 62CTD
<0. (2.11)
BTP 4+ §2DTC P2DTD — 1
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2.4 Linear Matrix Inequalities and Schur Complement

A Linear Matrix Inequality (LMI) has the form

m
F(z)=Fy+ Y a;F; >0,
i=1

T
where z = {Tl xm} € R™ is the vector variable and F; = FiT eR™™ ¢=0,...,m
are given symmetric matrices. LMIs appear in many control problems, from Lyapunov sta-
bility constraints to controller synthesis to interpolation and system realization problems.
The book [BGFB94] is a good reference and contains a wide variety of control problems

that can be posed as LMIs.
Nonlinear (convex) inequalities arising in control problems can be converted to an LMI

using the Schur factorization. First, let M be a 2 x 2 block matrix,

C

If D is square and nonsingular, then it is straightforward to verify that

A B I BD'| |A-BD'C 0 I 0
C D 0 1 0 D| |D'C I

The matrix A— BD~'C is called the Schur complement of D in M, and this decomposition

motivates the strict Schur complement formula stated next.

Theorem 2.4.1. Given any symmetric matriz

A B
M =

BT D
The following are equivalent
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(a) M >0
(b) A~ BD'B” >0 and D > 0

Now it is clear that the LMI

Q) S(x)
S(z)" R(x)

>0

is equivalent to the set of nonlinear inequalities
R(z) >0, Q(z)— S(x)R(z)"'S(z)" > 0.

We will make use of this result whenever we deal with the algebraic Riccati inequalities

that arise in the system analysis and controller synthesis problems.

2.5 Switched Systems

Systems described by continuous and discrete dynamics are called hybrid systems.
While the study of continuous and discrete dynamics separately is well documented, hybrid
systems have attracted attention until relatively recently. Most of the material in this
subsection can be found in [vdSS99], [Lib03], and their bibliographies.

The continuous dynamics may be represented by a nonlinear state-space system or any
of its special cases. The discrete dynamics may be represented by a state-space model too,
but instead of the state being in R™, it lies in a finite or countable set {q1, g2, . ..}

Switched systems are a subset of hybrid systems (switched systems differ from hybrid
control in the level of analysis of the discrete dynamics), and consist of continuous-time
systems with isolated discrete switching events. They have received renewed attention
recently and become a very active area of research as illustrated by [BL99] and [DBPLO00],
both of which appear in special issues on hybrid systems,[LA09], [HaPH10], [SWM™07], the

textbook [Lib03], and references therein. Concretely, they consist of two main ingredients:
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e A family of indexed dynamical systems:

i=f(z), peP (2.12)

e A switching signal (piecewise constant function of t):

o:[0,00) =P (2.13)

These two ingredients are combined into the ODE

i = f,(x). (2.14)

to obtain a switched system. In addition, the initial condition of each indexed dynamical
system is given by the reset map. The reset map may generate discontinuous system
trajectories in the state-space, and if it does, these jumps are called impulse effects. In
case that the reset map is the identity, the initial condition of the p!* system is equal to
the value of = of the system which was previously active. Figure 2.1 illustrates a scalar
system with an impulse effect at t = ¢; and without at ¢ = t5. In this investigation we only

consider the identity reset map. Finally, the switching signal is typically characterized as:
e Autonomous: The location of switching surfaces in the state-space of x or rules on
the switching signal are predetermined.
e Controlled: Chosen by the designer to achieve a desired system behavior.

More details on the switching signal that we consider in this investigation will be presented
in the next chapter. The previous concepts are shown schematically in Figure 2.1 to

illustrate the main features of a switched system.

To provide some context to our method, we now present a few results on stability of

switched systems. Although there are several approaches to prove stability of switched
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Figure 2.1: A scalar switched system
systems which include commutation relations [DLM99] and dwell time concepts [Mor93],
the results we present in this dissertation are based on Lyapunov arguments.

For studying uniform stability (with respect to o(t)) of the switched system, Theorem

2.2.1 may be extended to take the following form.

Theorem 2.5.1 (Stability theorem for switched systems). If there exists a positive definite
function W : R™ — R and a positive definite function, V : R — R, whose derivative along

solutions of all systems in the family (2.12) satisfies

V = aa—‘;fp(x) < —W(zx) Yz, Vpe P (2.15)

then the switched system (2.14) is globally uniformly asymptotically stable.

If a common Lyapunov function cannot be found, it is still possible to prove stability
of the switched system using several Lyapunov functions. However, stability properties of
the switched system generally depend on the switching signal . There are many results

in this direction but we leave them out as they are outside the scope of this dissertation.
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Chapter 3
Linear Feedback Stabilization for
Classes of Nonlinear Systems

In this chapter we propose an approach for the design of feedback controllers for two
classes of nonlinear systems: Autonomous sector-bounded nonlinear systems and quadratic

nonlinear systems. We refer to the design methods by:
1. Generalized sector-bound
2. Polytope

Both design methods are intended for feedback stabilization to an equilibrium point. In the
first method, our approach consists in modeling the sector-bounded nonlinearities as time-
varying uncertainties. The second method exploits the form of the Lyapunov inequality
obtained when the Lyapunov function is quadratic, and the system involves quadratic non-
linearities. While both methods rely on quadratic forms for Lyapunov function candidates,
we will see through a simulation result that the conservativeness of the results differs.

In addition to the regional controller design, we propose a scheduling or switching ap-
proach for regional stabilization. This solution is inspired by the success of gain scheduling
as an effective method for the control of nonlinear systems. However, classical gain schedul-
ing doesn’t satisfactorily address the stability of the closed loop system when the state is far
away from the equilibrium point. To address this shortcoming, we combine the insight from
absolute stability theory with the gain scheduling method. As mentioned in Section 2.5,
both switching and hybrid control are regarded as viable control strategies for a variety of
systems. In our specific design, when the initial state of the nonlinear system is outside the
estimated RoA of the desired equilibrium point, the notion of centered-e-cover is proposed
and assumed. This notion will be made explicit later, but in general terms the assumption

is that the RoAs of different equilibrium points overlap one another. An equilibria path
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lying in this centered-e-cover will then be programmed and a sequence of linear controllers
can then be designed to steer each initial state to the desired operating point along the
equilibria path, thereby regionally stabilizing the nonlinear state-space system. Roughly
speaking, in the context of switched systems, the e-cover condition effectively determines
the switching signal, and the stability of the switched system (which is equivalent to the

nonlinear system in this region) may be established by the theorems in Section 3.1.2.

3.1 Generalized Sector-bound Method

With this method, the error residue resulting from linearization is treated as unmod-
eled nonlinear dynamics, and an H., robust controller is synthesized to not only stabilize
the linearized state-space system, but also enlarge the estimated RoA quantified by an
e-distance. However, caution needs to be taken not to treat the unmodeled nonlinear
dynamics as exogenous uncertainties. In fact, the uncertainty induced by the regionally
bounded modeling error is dependent on the state of the linearized system. A formula to

compute the e-distance is derived under both state feedback and output feedback control.

3.1.1 Stability Analysis

Consider the autonomous nonlinear system

= f(x), z(0)=x, (3.1)

Without loss of generality the equilibrium point is assumed at the origin, i.e., f(0) = 0. To
analyze the asymptotic stability of the equilibrium point z, = 0, we rewrite the nonlinear

system (3.1) as
l’(t) = |:A + BlAt (I - DHAt)il Cl} ZL‘(t), JZ(O) = 2o, (32)

for some admissible A; = A[z(t)] that is continuous and satisfies A(0) = 0 by an abuse of

notation. The set of admissible A; will be made precise in the development of this section.
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The dynamics #(t) = Az(t) with A € R™*" represents the linearized system at z, = 0. The
dimensions of By, C1, and Dy are n X my, p; X n, and p; X mq, respectively. Although A,
is a nonlinear map: R™ — R™1*P1 it can be treated as a time-varying gain dependent on
the state x(t).

Asymptotic stability for nonlinear systems specified in (3.1) has had a long history for
which Lyapunov theory has provided the foundation. If A is a stability matrix, then the
solution z(t) to (3.1) approaches zero asymptotically provided that xg is in the RoA of the
origin. However, local asymptotic stability does not allude to the size of the RoA. That
is, local asymptotic stability provides no estimate for the region of the initial condition xg
that ensures asymptotic convergence of the solution x(¢) to the equilibrium point z, = 0.
The difficulty may lie in the notion of asymptotic stability which is typically difficult to
quantify. For this reason we consider the notion of quadratic stability stated earlier in

Definition 6.

Definition 8 (Quadratic Stability). The system (3.2) is said to be quadratically stable if
there exists a P > 0 and a constant o > 0 such that for each admissible Ay, the Lyapunov

derivative of the Lyapunov function V(x) = z Pz satisfies
V =22"P(A+ BiA (I — DiiA) ™ Cy) 2 < —az(t))? (3.3)

for all state variables x(t) € R™ and t € R.
The notion of region of quadratic attraction (RoQA) is also important.

Definition 9 (RoQA). The system (3.2) is said to admit RoQA of Q-weighted size e, > 0
at the equilibrium point x, = 0, if there exist square matrices P > 0 and () > 0 such that
the Lyapunov derivative of the Lyapunov function V[x(t)] = ||z (¢)||% = z(t)T Px(t) satisfies

V(t) <0 forallt >0 and zo € Bg(em), To # 0.

The notion of quadratic stability is stronger, and thus more tractable, than that of

asymptotic stability which helps to estimate the size of RoQA. Furthermore, the H., norm
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can be used to characterize quadratic stability as it was shown in [KPZ90]. For a given

transfer matrix 7'(s), recall that its He-norm is defined by

T3 := sup T[T(s)] (3.4)
Re{s}>0

where (-) is the maximum singular value. Denote
A(0) :={A; : T(Ay) <0, A(0) =0}, >0 (3.5)

as the set of admissible A;. Consider the case when T} (s) is a real rational transfer matrix

given by
Ti(s) := Dy + Cy(sI — A)"'By. (3.6)

The next lemma will be useful to streamline the arguments to be developed. It essentially
establishes an H.-norm equivalence between proper and strictly proper transfer matrices

in terms of an algebraic Riccati inequality (ARI).

Lemma 3.1.1. Consider the transfer matriz T1(s) in (3.6) where A is a stability matriz

and define 0, := || T1||3... For each positive 6 < by, 6o(D11) < 1 holds and

A=A+ 6B, DI — 6Dy DY)1Cy, By = By(I — 6°DY,Dyy) Y2,

Cy = (I — 6Dy D)2y,

are well-defined. Denote Ty(s) = Cy(sI — A)"'By. Then ||T\||n.. < 67! if and only if

T4 |l < 671, which is equivalent to the existence of a solution Py > 0 to the ARI
AT Py 4+ PsA + PsB, BT Py + 8°CTCy < 0. (3.7)

Proof. We prove by invoking Lemma 2.3.1 which establishes that |73, < 67!, if and
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only if there exists a matrix Ps > 0 such that

ATPs + PsA+ 02CTCy,  PsBy + 62CT Dy,
<0. (3.8)
BT Ps + 82D7,Cy 82DT. Dy — 1

By Schur complement the above is equivalent to the ARI
ATPs + PsA+ 6°CTCy + (PsBy + 6°C{ D) (I — 6° DY, Dyy) ' (B{ P5 + 6*D{,Cy) < 0.

Let R = I — 62Dy DY,. Then R™! is well-defined by da(Dy;) < 1. We now rewrite the
above ARI as

Ps(A+ 6B DL R'Cy) + (A+ 8*B,.DI,R™*C)" Ps + PsB,(I — 6*D,D1,) ' B] Ps

+ 82CT (I + 6*Dyy (I — 6*DI D) DI)C < 0
By noting I + 62Dy, (I — 6°D1,Dy1) DY, = (I — 62Dy, DE) 7L, there holds
PsA+ ATPs + PsB, BT Ps + 6*CTC, < 0

which is equivalent to ||71|[3.. < 6~! by Lemma 2.3.1. O

We now connect the notions of quadratic stability and RoQA of the time varying system

(3.2), with the nonlinear system (3.1).

Theorem 3.1.2. Consider the nonlinear system (3.1) which admits a representation in
(3.2) for some Ay = Alx(t)] € A() and some stability matriz A. Let Ti(s) be given in
(3.6), Ty(s) = Cy(sI — A)~'By be the same as in Lemma 3.1.1, and P > 0 be the solution

to the ARI in (3.7) where 6, = | T1||ln = |11l and 8 € (0, 6,,) is a parameter. Define
o(e) == max {G[A(z)] : 2" Pz <%} (3.9)
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Then ¢(g) is a continuous and monotonically increasing function of €. If there exists a
solution ¢ > 0 to § = ¢(e) and a unique solution €, > € to 0, = @(,), then ro = 0
is regionally asymptotically stable with RoQA of P-weighted size e, for some P > 0. If

o(€) < &y, for alle > 0, then the nonlinear system in (3.1) is globally asymptotically stable.

Proof. The continuity of ¢(€) follows from the continuity of A(-) while the monotonicity

of ¢(e) follows from the definition in (3.9). For convenience, denote

w(t) = A (I — Dy A) ™ Cra(t),

z(t) = Chz(t) + Dyw(t). (3.10)

Then @(t) = Az(t) + Byw(t) by (3.2). Substituting the expression of w(t) into that of z(¢)

yields

Z(t) = (] + DllAt (I — DllAt)il) leE

= ((I — DHAt) (I — DllAt>71 + DHAt (I — DllAt)il) Cll' == (] — DllAt)il Cll‘.
As a result, there holds
w(t) = Az(t). (3.11)

The relationships derived above can be expresses as the feedback system in block diagram
(a) of Figure 3.1. In light of Lemma 3.1.1, stability of A and the hypothesis on ARI (3.7)
imply stability of A and 0" = ||T4|[3.. < 6~' which are equivalent to I — 6>Dy; DT, > 0

and ||T}|j.. < 6~'. More importantly there holds the following set equality [Che97]:

S:={A+BA (- DA O T(A) < 5}

- {A +BAC: F(A) < 5} =3 (3.12)
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Tl(S) Tl(S)

(a) (b)
Figure 3.1: Equivalent feedback systems for stability analysis

The nonlinear system in (3.1) can thus be equivalently transformed to
i(t) = [A + BlAtCﬂ 2(t), A, =Al(), A(0)=0. (3.13)

Let w(t) = Az(t) and 2(t) = Ciz(t). Then @(t) = Ax(t) + Byb(t) that results in an
equivalent feedback system in block diagram (b) on right of Fig. 1. Consequently, the local
asymptotic stability of the nonlinear system in (3.1) with RoQA of P-weighted size ¢ is
in turn equivalent to that of the nonlinear system in (b) of Figure 3.1 with RoQA of the
same P-weighted size e. Now set § € (0,4,,) as a parameter with 6! = ||T||s. Assume
that there exists a solution € > 0 to § = (e), i.e., a(A;) < 6 V x(t) € Bp,(¢) and that
there exists a unique solution ¢, > ¢ to d,, = p(em), i€, E(At) < Oy YV 2(t) € Bp(em).
Setting the Lyapunov function as V/(t) = ||lz(t)||3, with P; > 0 the solution to the ARI in

(3.7) leads to
V(t)=2t)" |ATP; + PsA+ Ps(BACY) + (Blﬁtél)TPg] x(t). (3.14)

Since for each pair of matrices (Mj, M..) with compatible dimensions, there holds M, M, +
MIMT < MyMT + MTM,. Taking My = PsB, and M, = A,C) yields

Vt) < a(t)T (ATRS + P;A+ P;BBTPs + élTAz“Atél) z(t). (3.15)
It follows that if 0 # z¢ = x(0) € Bp,(€), then by the assumption that there exists a
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solution € > 0 to = () and ARI (3.7), we have
V(0) < af (ATP5 + PyA + BB BT Py + 6°CT C*l) 20 < 0. (3.16)

The condition 7(A,) < § V x(t) € Bp,(¢) implies that ||f(z(t))| is bounded over z(t) €
Bp,(€). Consequently ||| is bounded for z(t) € Bp,(¢). Since V is continuous and V (0) <

0, 3 t; such that
V(z(t)) < V(zg) <e? < e (3.17)

for all t € [0, t;]. and hence x(t;) € Bp,(¢). Now consider the nonlinear system (3.1)
for t > t; with the initial condition z; = x(t;) € Bp,(¢). The preceding process can be
applied to conclude x(t) € Bp,(g) for t € [t;, 2t;] due to the independence of ¢ for f(-).
By induction, x(t) € Bp,(¢) for all t > 0. The local asymptotic stability of the equilibrium
point z, = 0 follows which admits the RoQA of the Ps-weighted size €. Since § € (0, d,,)
can be chosen arbitrarily close to d,,, the size of the RoQA can be increased to arbitrarily

close to &,,. Finally if (3.9) holds for all € > 0, then 7(A;) < J,, Vz(t) € R™ by the fact

Ps > 0. Hence € = oo can be taken for which the global asymptotic stability holds. O

The strictly increasing 0(e1) in (3.9) is assumed for the simplicity of the proof. Indeed
Theorem 3.1.2 holds even if this assumption is violated in which case ¢,, can be taken as

the minimum among all the solutions {e,} satisfying d,, = d(s).

Remark 2. Theorem 3.1.2 shows that the nonlinearity of the system (3.1) captured by
Ay in (8.2) via linear fractional transformation (LFT) can be regarded as time-varying
uncertainty for stability analysis. However, it is important to note that it cannot be treated
as an exogenous uncertainty due to the dependence of A, on the state vector x(t). For
this reason the estimate for the size of the RoQA in Theorem 3.1.2 is the largest possible

in the best of our knowledge and in light of the existing results on quadratic stability for
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time-varying uncertain systems. It is interesting to observe the consistency between the

equivalence of ||T1|jp. < 67 and ||Ti||n. < 0% and the set equivalence (5.12) in the

proof.

Clearly for a given nonlinear system in (3.1), the representation in (3.2) is not unique.

One way to search for such a representation is to set
f(.l’) = [A + El([ — EQ)flCl] T
where F; and FE, are both bounded functions of x according to

E1 (t) Bl

B (#)T Ez(t)T] <4, {BlT DY, }

Es(t) Dy,

V z(t) € Bp,(em) and for some given By, Dy, and Ps > 0. The above can be simplified, if

FE, and E5 are linear, i.e.,
E(t)=| ®x(t) Pyz(t) --- Ppa(t)
for some constant matrices {®;}. Tt follows that &, = \/Amin(P5)d,, With (3.9) replaced by
0 =max {T[A(z)]: z €R" & 2" Pz <&l = Auin(P5)05 ), (3.18)

because the strictly monotonicity holds.
The RoQA in Theorem 3.1.2 has an elliptical region. If a spherical region is preferred,

then the following result will be useful in estimating the size of RoA.

Corollary 3.1.3. Under the same hypotheses/conditions as in Theorem 3.1.2, the ori-

gin of the nonlinear system (3.1) is asymptotically stable with the spherical RoA of size

\/ﬁ max{l, \/ )\min(P6)}-
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Proof. In light of Theorem 3.1.2, Bp,(g,,,) is the RoQA. Thus for the solution trajectory
z(t) to (3.1) with z(0) = 2o € Bp(em), V(t) = [|2(t)||3, > 0 and V(t) < 0forallt>0
whenever z(t) # 0 where Ps > 0 satisfies the ARI (3.7) with 0 arbitrarily close to d,,. It

follows that

V(t) = x(t)TR;:v(t) < ngxo < )\maX(P(;)||x0||2 < 5;

for all t > 0, provided that ||zo|| < em/v/Amax(Fs). Consequently the set

B (2n/ v/ Auax (P3)) € B (€) (3.19)

that concludes the asymptotic stability of z, = 0 with the spherical RoA of size €.,/ 1/ Amax (F5)-
On the other hand, since P > 0, there exists a nonsingular matrix S such that P = ST'S.
Denote Z(t) = Sxz(t). Direct calculation shows that, by monotonic decreasing of V (t) =

|Z(t)||* to zero, there holds

le ()" = 2(t) 2 (t) = 2(t)" Py '#(t) < Amax(P5 ) [2(0)]1*
< Z(0)1*/ Amin (P)

S Hx0”2)\min(P5)/)\max(P6) S 52

m?

provided that ||zo|| < £/ Amin(Ps5)/ v/ Amax(Ps5). As a result, the set

B (5mwmm(g) /wmax(Pg)) C B, (). (3.20)
Hence the solution trajectory x(t) converges to zero asymptotically, if the initial condition
xo belongs to either the set in (3.19) or the set in (3.20) by Theorem 3.1.2. O

Our results in this section have an intimate relation to the classical nonlinear stability
results [Zam66a, Zam66b] by Zames, i.e., the small gain theorem. Indeed the stability

results of Zames are established for static sector-bounded nonlinearities in the input-ouput
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framework while our results in Theorem 3.1.2 and Corollary 3.1.3 are applicable to dynamic
sector-bounded nonlinearities embedded in the state-space model. Although our results are
more conservative due to the dependence of the sector-bounded nonlinearity on the state
variables, they provide a feasible procedure to cope with more general type of nonlinearities

involved in the state-space model.

3.1.2 Feedback Stabilization
The nonlinear system under consideration is described by the nonlinear state-space

model N:

&(t) = fle@), u)], y(t) = hlz@),ult)], x(0) = o, (3.21)

where z(t) € R" is the state vector, u(t) € R™? is the control input, and y(t) € RP? is the
measured output. Without loss of generality the nonlinear control system in (3.21) assumes
the origin as the equilibrium point, i.e., f(0,0) = 0. The problem of feedback stabilization
aims at design of a state or output feedback controller such that the equilibrium point is
asymptotically stable.

We start by rewriting the nonlinear state-space model in (3.21) as

T A  Bs By .
- —|— At(I - DllAt) |i Cl D12 1 5 (322)
Yy Cy Doy Dy,

where z(0) = xy and Ay = Alz(t),u(t)] € A by an abuse of notation. Note that A, also

satisfies

At'x(t):O,u(t):O = A(0,0) = 0. (3.23)
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Realization matrices (A, By, Co, D93) can be obtained via linearization as

L, A L Ofw)
(9x z=0,u=0, ’ au z=0,u=0

o Oh(z,u) Don — Oh(z,u)
’ Ox x=0,u=0, . ou z=0,u=0

with A € R™™" By € R"™™2 (5 € RP2*" and Dy € RP2*™2, The dimensions of By, Cf,
and Dq; are n X mq, p; Xn, and p; X my, respectively, and those of D15 and Ds; can be easily
determined based on (3.22). The nonlinearities of (3.21) are captured by A; = Alx(t), u(t)]
that is a nonlinear map: R"™ x R +— R™1*P1,

Our approach to nonlinear stabilization is again based on the notion of quadratic
stability and by treating the nonlinear term A, = Afz(t), u(t)] as bounded time-varying
uncertainty which is now dependent on both the state and control input. For convenience,

denote

o= | 7P| O s — A { B, B, } . (3.24)
Doy Doy Ca
It is assumed that (A, Bs) is stabilizable, (Cy, A) is detectable, and Dy = 0. Further
assumptions on the plant data will depend on the computational method chosen to solve the
H . synthesis problems that follow, and generally there is a trade-off between computational
complexity and restrictions on the plant data.
Our first result is concerned with stabilization of the nonlinear system in (3.21) under
linear state feedback control as illustrated in block diagram (a) of Figure 3.2. We assume

that R = DL, D5 > 0 and

A — jbd] BQ
rank =n+myVweR. (3.25)
Cy Dss
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(a) (b)
Figure 3.2: (a) Nonlinear system with linear state feedback; (b) Equivalent loop

Theorem 3.1.4. Consider the nonlinear system in (3.21) that admits the representation
in (3.22) where Dyg = 0, Dyy = 0 and Cy = I. Let F be the stabilizing state feedback gain
and TF(S) =Dy + (Cl + DmF)(SI —A— BQF)ilBl. Then

S = (i%f||TF||HOO> >0 (3.26)

exists. Let (A, By,Cy) be the same as in Lemma 3.1.1 and Dyy = (I — 62Dy, DT,)~1/2Dy,
for some parameter § € (0, 6,,) arbitrarily close to 0,,. Then there exists an X > 0 to the

following ARI:
ALX + XAp — X(ByR'BY —672B,BI)X + CECRr < 0 (3.27)
where Ap = A — ByR'DLCy, Crp = (I — DyyR'DT)Cy, and R = DT, Dyy. Let
u(t) = Fz(t), F=—-RYDLC, + BI'X), (3.28)
be the state feedback control law. If there exists an €, > 0 such that
olA(z, Fr)] <4, YV x € Bx(en), (3.29)

then the nonlinear system in (3.21) under the state feedback control law (3.28) is regionally
asymptotically stable with RoQA of X -weighted size e,,. If (3.29) holds for all x € R",

then the nonlinear system in (3.21) under the state feedback control law (3.28) is globally
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u(?) ()

Figure 3.3: Equivalent LF'T state feedback system

asymptotically stable.

Proof. The representation in (3.22) can be used to aid feedback stabilization. Denote

w(t) = Ay(I — D1 A) HCra(t) + Digu(t)], (3.30)

Then w(t) is bounded for all z(t) € Bx (), (D11A:) < 7(D11)d < 1in light of (3.29) and

the fact that 0 > 0 can be made arbitrarily close to d,,. Hence w(t) can be rewritten as

The dynamic equations in (3.22) can now be described equivalently by

&(t) = Az(t) + Biw(t) + Bau(t), (3.33)

where w(t) = Ayz(t) and y(t) = x(t) is the measured output. This gives rise to the block
diagram in Figure 3.3 where G/(s) is the same as in (3.24) except that Dy; = 0, Doy = 0,
and Cy = 1.

Since u(t) = Fz(t) is the state feedback control law, the block diagram in Figure 3.3 is
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equivalent to the one in (b) of Figure 3.2 and thus

fg(G, F) = GH(S) + Glg(S)F[I — GQQ(S)F]71G21(S). (335)

As a result the dynamic equations in (3.33) are changed to

&(t) = (A+ BoF)x(t) + Biw(t), (3.36)
2(t) = (Cy + Do F)x(t) + Dyw(t), (3.37)
w(t) = Avz(t), Ay = Alz(t), Fx(t))]. (3.38)

Hence the closed-loop stability for the nonlinear feedback system in block diagram (b) of

Figure 3.2 is identical to that in (a) of Figure 3.1 with T} (s) replaced by
Tr(s) = Fo(G, F) = Dy1+(Cy + D1oF)(sI — A— BoF) ™' By. (3.39)

A similar method to the proof of Theorem 3.1.2 can be employed to eliminate Dy; # 0 by

noting the following set equality similar to (3.12):

Sp = {A+ BoF + BiA, (I — DuA)~H (Cr+ DioF) : 5(A) < J}

= {A + BQF + BlAt<él + DlgF) : E(At) S (5}

We thus have an equivalent feedback system in block diagram (b) of Figure 3.1 with 7} (s)

replaced by

TF(S) = (él + D12F>(Sl —A— BQF)_lél. (341)

In light of the H ., control theory and Lemma 3.1.1, the existence of a solution X > 0 to the
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ARI in (3.27) implies that ||Tx|j3.. < 6~ that is equivalent to | Te||2.. = | Fo(G, F)||n. <
5~1. Local asymptotic stability of the origin for the closed-loop system thus holds which
admits RoQA of X-weighted size ¢, under the condition in (3.29) in light of Theorem
3.1.2 by setting V(t) = ||z||% = z(t)" Xx(t). Global asymptotic stability of the closed-
loop system follows as well if the condition (3.29) holds for all € R that completes the

proof. n

The result of Theorem 3.1.4 can be stated in terms of an algebraic Riccati equality
(ARE), rather than ARI. However the ARI is more convenient to deal with the case when
D15 does not have full row rank or even D5 = 0. For this reason, the LMI method is
preferred [GA94, Gah96].

Similar to Theorem 3.1.2, ,,, can be obtained via the monotonically increasing function

¢(e) = max {F[A(z, Fz)]: 2" Xz <} (3.42)

If ¢(e) is strictly increasing, then ¢(g,,) = d,, has a unique solution &, for the given §,,.
Otherwise d(g;) = d,, may admit more than one solution in which case &,, can be chosen
as the minimum of the solution set {¢;}. How to pick a suitable value for ,, depends on
the form of A;. The simplest case is when A; is a linear function of z(¢) and w(¢) in the

form of

A= | Da(t) + Tiut) - Ppz(t) + Vhu(t) |- (3.43)

More complicated ones may involve high order terms or even transcendental functions of

x(t) and u(t). For A; in (3.43), it can be shown that a suitable value for &, is given by

I
Em = 5m/ Amax Xt { I FT } . (3.44)
F
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K(s) Fiu(G, K)

(a) (b)
Figure 3.4: (a) Nonlinear system with linear output feedback; (b) Equivalent loop

In the case when A is a stability matrix and F' = 0, or u(t) = 0, the above reduces to
Em = OmA/Amin(X) by Amax (X1 = 1/Anim(X), that agrees with the result in Section
3.1.1. The following result provides the spherical size of the RoA. Its proof is skipped since

it is similar to that of Corollary 3.1.3.

Corollary 3.1.5. Under the same hypotheses/conditions as in Theorem 3.1.4, the ori-

gin of the nonlinear system (3.1) is asymptotically stable with the spherical RoA of size
\/#(X) max{l, \/ )\min(X)}'

We now consider stabilization of the nonlinear system in (3.21) under output feedback
control as illustrated in block diagram (a) of Figure 3.4.

While Lemma 3.1.1 served as a useful method to simplify stability analysis in Section
3.1.1 and state feedback synthesis, we prefer to invoke the loopshifting and scaling argument

[SL88] for output feedback synthesis. Consequently we assume that Dy; = 0,
D{Q |:Cl D12:| = |:O [m2:| ) Dy, |:B{ DQTJ = |:0 [p2:| .
Let the strictly proper stabilizing controller K (s) be described by
T(t) = Agi(t) + Bry(t),  u(t) = Cri(t). (3.45)

Then the closed-loop transfer matrix Tor(s) = F¢[G(s), K(s)] with G(s) in (3.24) is given
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-1
A BQCK Bl
Tor(s) = {Cl DIZCK:| sl — . (3.46)
BKCQ AK BKD21

The significance of the transfer matrix Tor(s) will be made clear in Theorem 3.1.6. Define

G = (i%f HTOFHHOO) >0 (3.47)

that exists. By standard H theory, || Tor||,, < 6~' for some parameter § € (0,d,,), if and

only if there exist X > 0 and Y > 0 to the following ARIs

AY + YA — (ByBY —6°B,B]) +YCTCY <0, (3.48)

ATX + XA - (CTCy — 8*CTCy) + Y B BlY <0, (3.49)
respectively, which satisfy the coupling condition:

sIX
> 0. (3.50)

The stabilizing output feedback controller is given by

A = U Y AT + 62X (A+ LCy + BoF)Y + XB,BY + cTo,y)(vh) =,

1 1
By = 5U—1XL, Ck = EFY(VT)‘I, (3.51)

where VUT =1 —672YX, F=-BIY~! and L = - X"1CT.

Theorem 3.1.6. Consider the nonlinear system in (3.21) that admits the representation
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in (3.22). If there exists an e, > 0 such that

x
oAz, Ck2)] < 0 V¥ € Bp(em) (3.52)
T
1X
with P = |° , then the nonlinear system in (3.21) under the output feedback con-
ur X,

troller K(s) is regionally asymptotically stable with RoQA of P-weighted size e,,. If (3.52)
holds for all z,& € R™, then the nonlinear system in (3.21) under the output feedback

controller K (s) is globally asymptotically stable.

Proof. Similar to Theorem 3.1.4, the dynamic and measurement equations in (3.22) can be

described equivalently by

#(t) = Ax(t) + Biw(t) + Boult) (3.53)
z(t) = Chz(t) + Diau(t) (3.54)

where w(t) = Ayz(t). This gives rise to the block diagram in Figure 3.5.

wt) )
G(s)
K(s

u(t) e y(t)

Figure 3.5: Equivalent LF'T output feedback system

With the controller realization given in (3.45) and G(s) in (3.24), the block diagram in
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Figure 3.5 is equivalent to the one in (b) of Figure 3.4, and thus

fg(G, K) = G11 + GlzK[I — GQQK]71G21 (356)

As a result the dynamic equations in (3.53) are changed to

i(t) = Ax(t) + BoCri(t) + Byw(t) (3.57)
Z(t) = BgChx(t) + Agi(t) + Bg Dayw(t) (3.58)

Define augmented state matrices as

A _ A BQCK ’ B— Bl 7
BxCy, Ag By Dy,
C= {01 DlQCK] : (3.60)
Then is clear that
Tor(s) = Fo(G,K) =C(s] — A)*lB (3.61)

Hence the closed-loop stability for the nonlinear output feedback system in block diagram
(b) of Figure 3.4 is identical to that in (a) of Fig. 3.1 with T3(s) replaced by Tor(s). In

light of H . control theory, the existence of a solution P > 0 to

ATP + PA+ 6PBBTP +6C7C < 0 (3.62)

is equivalent to || Toe|l,, < 67! By standard H., theory, we may restate (3.62) in terms

of the two ARIs in (3.48) and (3.49), plus the coupling condition in (3.50) that simplifies
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the computation of the RoQA and also allows us to compute the stabilizing controller.

A A

X U Y V X U I 0
Partition P = and P~! = . Define R = and S =

UT X, VT Y, I 0 Y V

then SP = R. Assume that the controller order is not smaller than n. Hence U has more

?

columns than rows, which allows us to assume that U has full row rank. This implies that
R has full row rank too. Due to SP = R, S also has full row rank. Now multiply (3.62)

and P > 0 by S on the left and ST on the right to obtain

SATRT + RAST + 6RBBIR” +5SCTCST < 0 (3.63)

SRT >0 (3.64)

Note that the inequalities (3.62) and P > 0 are preserved since S has full row rank. After

some algebra, recalling YX +VUT =T and defining

L=X"'UBg (3.65)

F=CgVTy! (3.66)

we conclude that (3.63) and (3.64) may be written as

(A+ LCY)TX + X(A+ LC) AT £ X(A+ LCy + ByF)Y + UAgVT
+
A+ (X(A+ LCy+ ByF)Y + UAVTT (A+ ByF)Y +Y(A+ ByF)T
X(By 4 LDs)(By + LDy»)"X X (B, + LDy)BT .
By (B, + LDy)TX B, BT
cro, CT(Cy + Do F)Y .
<
Y(Cy + D F)TCy Y (Cy + Dy F)T(Cy + Dy F)Y

(3.67)
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X I
| >0 (3.68)
1Y
oM
Now we use the fact that if r < 0VaxeR"then
ML, Moy,
T\ My My I T
x; 0 = Mllxl < 0.
ML, Msy| |0
My Mo L : .
So < 0 implies M;; < 0, the same argument may be applied to obtain that
ML, Moy,
My My L S
< 0 implies Myy < 0. Therefore, (3.67) implies
ML Moy
(A+ BoF)Y +Y(A+ BoF) + 6B, BY +6Y(Cy + D1oF)'(Cy + D1oF)Y <0 (3.69)
(A+ LCy) X + X(A+ LCy) + 6X(By + LDy )(By + LD2)TX +6CTC, <0 (3.70)
Now multiply (3.69) and (3.70) by 8§ and define Y = §Y and X = 6X to obtain
(A4 ByF)Y + Y(A+ ByF)' 4+ 2B BT + (O, + D1oF)T(Cy + Dy F)Y <0 (3.71)
(A+ LCy)TX + X(A+ LCy) + X(By + LDy )(By + LDo))"X + 62CTCL <0 (3.72)
Next we use the well known fact that for any F',
(A+ BoF)Y + Y(A+ BoF) 4+ 62B,B] + Y (Cy + D12 F)'(C) + Dy F)Y >
AY + Y AT — (ByBf — 8*B,B]) +YC{ 1Y (3.73)
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and a dual version of it to conclude that (3.70) and (3.69) imply

AY + Y AT — (By,BY — 6*B,BT) + YCTCY <0 (3.74)

ATX + XA — (CTCy - 6*°CLe)) +YBIBYY <0 (3.75)

It is claimed that if X and Y satisfy (3.48), (3.49), and (3.50), then an output feedback
controller can be synthesized. First we set F = —B3Y ! and L = —X~!'CJ. By the well
known fact quoted above, if X and Y satisfy (3.48) and (3.49), then with our particular
choice of F and L, (3.69) and (3.70) are also satisfied. Since (I —Y X)~! exists, there exist
U and V such that VUT = I —VX. A particular choice is U = [ and V = [ — YX.
Now set Bx = U™'XL and Cx = FYV~T which also satisfy (3.65) and (3.66). Now the
diagonal blocks of (3.67) are negative definite and we only need to compute Ax. We choose

Ak such that the off diagonal blocks are zero so that (3.67) holds. Hence

Ag = —U YA + X(A+ LCy + ByF)Y + 6X(By + LDy)BY +6CT(Cy + Dy, F)YY)V T
(3.76)

which simplifies by the assumptions on the plant realization. Specifically, P > 0 is con-

X U
structed as P = where Xy = —07'UTY(VT)~!. Local asymptotic stability
vt X,

of the origin for the closed-loop system thus holds which admits RoQA of P-weighted size

€, under the condition in (3.52) in light of Theorem 3.1.2 by setting

Global asymptotic stability of the closed-loop system follows as well if the condition (3.52)

holds for all x,z € R™ that completes the proof. O

Remark 3. As mentioned previously, the LMI approach to controller synthesis places the
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least amount of restrictions on plant data. In fact, it only requires that (A, By) be stabilizable
and (Cy, A) be detectable. The solvability conditions, (3.48), (3.49), and (3.50), too have

an equivalent description in the ARE approach. We refer to [LHO6, Gah96] for further

reading.

For A; with the form in (3.43) with u = Ckz, it can be shown that a suitable value

for ¢, for the output feedback case is given by

I 0 I 0
Em = 6m/ )\max 7)_1 . (377)
0 Cx 0 CT

The following result provides the spherical size of the RoA. Its proof is skipped since it is

similar to that of Corollary 3.1.3.

Corollary 3.1.7. Under the same hypotheses/conditions as in Theorem 3.1.4, the ori-

gin of the nonlinear system (3.1) is asymptotically stable with the spherical RoA of size

\/);%X(P)max{l,\/m}'
3.2 Polytope Method

We consider quadratic nonlinear systems of the form

i(t) = f(z,u) = Az(t) + Bu(t) + Q[z(t), u(t)], (3.78)
where Q[+, ] is the quadratic term given by
T Nyz T M, ul' Kyu
Qlz,u] = + u+
2T N,z «T M, ul' K,u

In this method, we exploit the well known fact that an affine function is negative definite

over a polytope if it is negative definite on its vertices, see for example [HB76]. As pointed
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out in [ACMO7], this property of convex functions is useful for stability analysis of quadratic
systems, since the Lyapunov derivative of a quadratic system is negative definite over a
polytope if it is negative definite on the vertices of the polytope. For the controller design

we will use the following two equivalent descriptions of the polytope, P,

P:{x:ajrxﬁl,jzl,---ﬂ} (3.79)

= conv {:1:'(1), o ,x(p)} (3.80)

where 2 is the " vertex of P, conv{C} is the convex hull of the set C, and aj is a
row vector (not the j* element of vector a’). The first description corresponds to the
solution of a set of linear inequalities while the second to the the convex hull of the finite
set {x(l), e ,x(p)} [BV04]. For this method, it is difficult to explicitly provide an expression
for A(t) as we did in (3.5) since the bounding set consists of an intersection of sets. We
point out that a similar design procedure was presented in [AAA107]. However, the work in
[AAAT07] did not consider systems that are quadratic in the input, i.e., the term involving

Theorem 3.2.1. Let 0 >0, and A = {x :x € P, Fx <¢6}. The system (3.78) is quadrat-

ically stable if there exist Y = YT and Z s.t.

Y >0 (3.81)
2" (NYY + M, 2) 5K,
sym(AY + BZ) + sym : + sym S lZ)<0,i=1,...,p
2@ (N,Y + M, Z) 5K,
(3.82)
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a;Ya; <1, j=1,...,q (3.83)

—82I  Z
<0 (3.84)
7T —y

with RoQA Bp(1), where P =Y ~'. The stabilizing gain is given by F = ZY 1.

Proof. Let V(x) = 27 Px. The Lyapunov derivative of V is given by

2 (Ny + MiF + FTK,\ F)
V=al | ALP+ PAp+sym | P : . (3.85)

T (Nn + M,F + FTKnF)
Now we pre and post multiply

SCT (N1 —+ MlF -+ FTKlF)
ALP + PAp +sym | P : <0 (3.86)

«" (N, + M, F + FTK,F)

by P~! and subsitute Y = P~! and Z = FP~! to obtain the equivalent expression

IT (N1Y+M12) ZETFTKl
sym | AY + BZ + : + sym : Z | <O. (3.87)
2T (N,Y + M, 7) 2TFTK,
If there exists a polytope P with vertices {x(l), e ,:L‘(p)} such that
2O (NYY + M, Z) K
sym | AY + BZ + : +sym|o]| P | Z]<0,i=1,...,p
2O (N,Y + M, Z) K,
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then V < 0V 2 € A. The inequality V < 0V 2 € A under the hypothesis of (3.88) on
the vertices of P is due to the fact that (3.87) is an affine function of z (see theorem 1
in [HB76] or [BV04] for more general results) and due to Fz < 6 ¥V x € A. Therefore,
if (3.81) and (3.82) hold, then V' < 0. To determine the RoOQA we need to ensure that
Bp(1) is contained in A. Condition (3.83) guarantees that Bp(1) C P (see Section 5.2.2 in
[BGFBY4]). In addition, F'x < § V¥V x € Bp(1) must hold. In order to guarantee that this is

indeed the case, we require that
FP'FT = FYFT < §? (3.89)

again, by the argument in Section 5.2.2 of [BGFB94]. Since FYFT = ZY~1ZT we can

write (3.89) as an LMI by Schur complement to obtain (3.84). O

An obvious disadvantage of this method is that the number of vertices that describe a
polytope grows at O (2"). Therefore p = 2". This means that this method is only tractable

for systems with a rather small number of states.

3.3 Equilibrium Path Design

The methods for analysis and synthesis described in Sections 3.1 and 3.2 provide re-
gional stability results. However, if the initial condition is outside the RoQA of the desired
operating point then system stability and feedback stabilization cannot be claimed. For
practical problems this is an important issue. We address it in this section.

Consider the nonlinear system (3.21). In light of Theorems 3.1.4 and 3.1.6, a feedback
controller can be designed such that the operating point (z., u.) is regionally stable. Now
the problem is to determine when the nonlinear system (3.21) can be semi-globally sta-
bilized, i.e., given each initial condition zy, does the state vector z(t) — z. as t — 007
Apparently it is not possible for us to use a single fixed linear feedback control law to
achieve semi-global stabilization. Therefore, our approach is the use of switching control

laws and the stability results from Section 3.1.2. This leads to the following definition.
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Definition 10 (Centered-e-Cover). The state-space associated with system (3.21) is said
to have a centered-e-cover, if the center of each RoQA is contained inside a neighboring

RoQA.

We exploit this idea in the following manner: If the system (3.21) has a centered-e-
cover, then each initial state xy can be attracted to the center of the next RoQA (that
is closer to the origin or the desired operating point) by an appropriate state or output
feedback control law. The requirement in this path is that the center of the i*» RoQA must
be inside the domain of the (i + 1) RoQA. This is illustrated in Figure 3.6 for a path

divided into two sections, one corresponding to €; and another to €.

4o
P Sam Ty (0)
s 7
// / ® \
|
// S 161
/ \ \/
/ \\ //\
/ \
i \
| \
I }
\ L1
\ 1
\ 1
\ /
\ /
\ /7
N 7
A 7z
AN L€

Figure 3.6: Equilibria path program example

Hence the following holds.

Theorem 3.3.1. Suppose that the state-space associated with the system (3.21) admits a
centered-e-cover. Then there exists a linear time-varying state feedback control law such

that the system is semi-globally stable for each initial condition x.

It is important to emphasize a few key points in our proposed method related to the
switched systems investigated in the literature and in our brief overview in Section 2.5.
The family of indexed systems that we consider consists of the local description of the
nonlinear system about the selected equilibrium point. Controller design is carried out
based on the local linearization about the selected equilibrium point. The switching signal

is most appropriately characterized as autonomous since switching depends on the location
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of the state vector in the state-space. Therefore, roughly speaking, the e-cover condition
effectively determines the switching signal. In contrast to Theorem 2.5.1, we do not consider
a single common Lyapunov function to prove stability of the switched system. Instead we
establish the stability of the switched system by the Lyapunov arguments in Theorems 3.1.4
and 3.1.6 and the e-cover condition. This allows us to use different Lyapunov functions
(one per operating point) to prove stability. It is also interesting to note that the switched

trajectory is continuous but may be non-differentiable at the switching instants.

3.4 An Illustrative Example
Consider a two spatial-dimension fluid convection problem with quadratic dynamics

and linear measurement equation as it appears in [Bew99].

T = O'(.f‘g — fl)

To = —ZE’Q — J_Illfg,
Ty = —bT3 + 71Ty — b
Y= T2 (3.90)

l gravity To

Figure 3.7: Fluid convection loop
Physically, z; is proportional to the intensity of the fluid motion, Z5 is proportional
to the lateral temperature fluctuations in the fluid, and z3 is proportional to the verti-
cal temperature fluctuations in the fluid. The control input is the loop Rayleigh num-

ber, u, and is proportional to the heating rate at the bottom of the convective sys-

47



tem. Laboratory scale parameter values ¢ = 4, b = 1 jand u = 48 ensure the sys-

tem operates in the chaotic regime as shown in Figure 3.8. We consider two unsta-

T
ble operating points (7, a¢") = Q\/b(r— 0 o —1) —1} ””) and (20, a”) =

T
[\/b(f —1) \/b(f —1) _1} ,f) which physically correspond to the fluid moving with

a constant clockwise velocity.

30 -
— N
S—
20 8

10

—10

—20

_30 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

Figure 3.8: Convection loop in chaotic regime

We will design a state and output feedback controller using the sector-bounded nonlin-
earity method, and a state feedback controller using the polytope method. Before designing
the controller we notice that z;(t) is always stable and tracks Zo(t) asymptotically. This
special structure of the dynamics suggests us to only consider stabilization of the (Zq, Z3)
subsystem. In addition, designing a controller only for this subsystem results in less con-

servative estimates of the RoQA for the sector-bounded method.
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By defining z = & — Z, and v = u — @, the nonlinear state-space model (3.90) at z. is

rewritten into

1 -z, 0
T = r+ E(t)r + u
Tey —b —b
0 —T1
where E(t) = . We compute the bound
T 0
! 2 10 2 r
E®#)E(t) = xy <01 ¥V x(t) € B(0) (3.91)
01

and note that for this example, A, is a linear function of z(¢). The control objective is to sta-
T T
(1 _

bilize the system to Ze {6.8557 6.8557 —1| and thento ) = 71084 7.1084 —1

. The state trajectory for the state and output feedback case is shown in Figures 3.9(a)
and 3.9(b), respectivel}; The initial condition for both the state and output feedback case
1s |8.61 6.43 —1.11} .

We see from Figures 3.10(a) and 3.10(b) that the main difference between the state and
output feedback controller is the transient performance and the more conservative RoQA
for the output feedback controller. In the case of the latter this is clear from the equilibria
path which requires more switches than the state feedback case. In fact, for output feedback
we have only illustrated the first half of the equilibria path (from Z, to :fél)) in order to
keep the figure clearer.

For both cases there is a tradeoff between ¢,, and the RoQA of x5 and z3. If 9, is
chosen near its maximum, then the RoQA of x5 and x5 will shrink too much. We therefore

chose a value roughly a third of the maximum for ¢,,; this choice provided a good tradeoff

for this example.
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(b) Output feedback.

Figure 3.9: Closed loop equilibria path trajectory

We now design a state feedback controller via the polytope method. Although for the
sector bounded approach we have to design the controller only for the (Zs,Z3) subsystem
mainly due to a vanishing RoQA, for the present Tmethod we consider the whole state
vector. The initial condition is [6.81 6.53 —0.67| and the state trajectory is shown in
Figure 3.11.

From Figure 3.12 we can see that the controller only requires two switches to steer the

(2)

state to Te . In addition, the initial condition of the third component of the state vector

is farther away from the equilibrium value compared to the previous design method.
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(b) Output feedback.

Figure 3.10: Closed loop equilibria path trajectory in state-space
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Chapter 4
Application: Fluid Flow Control

The efficiency of a gas turbine is closely related to the temperature at which it operates;

essentially, efficiency is improved at a higher operating temperature as shown in Figure 4.1

1000 — Hydrocarbon
stoichiometric
900 [— limit
800 [—
700 |— Ideal performance b
. 600 |—
Specific VonDhain (190} 2 Year 2000+
core 500 |—
ower
p h 400 Whittle (1937) e Increased flowpath 7
p * Reduced leakage
Ib/sec 300 * High temperature materials
* Improved cooling effectiveness

200 S Sowim
100

gl —wr]| - | | | | | |
1200 1600 2000 2400 2800 3200 3600 4000 4400
Turbine rotor inlet temperature - °F

Figure 4.1: Increased turbine inlet temperature improves cycle power output

Usually the operating temperatures are in excess of 1600° F and it is not surprising
that this situation poses a difficult challenge for the design of materials that are able to
withstand these high temperatures. An alternative to material design is film cooling. Film
cooling refers to the process of injecting cool air on the surface of components, we focus on
the turbine blades, through small holes. If it is done right, a thin protective layer of cool
air will form on the surface of the blades reducing heat transfer from the environment into
the surface of the blade, allowing the turbine to operate at a high temperature without
damaging the blades. A schematic of a typical blade with film cooling holes as it appears in
[Lab06] is shown in Figure 4.2. A comprehensive overview of the technology can be found

in [BT06].
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Figure 4.2: A typical blade with film cooling holes

Since we are trying to modify the natural flow of the gas turbine fluid, our problem falls
into the category of fluid flow control problems. Fluid flow control problems are classified
into two: passive and active (GeHPB9S|. In a passive flow control problem, the flow field
is modified through a control device that does not require external energy; for example,
the roughness, shape, or curvature of a wall. In an active flow control problem, the flow is
modified through a device that does require external energy; for example, suction/injection

of fluid at a boundary. We focus on active flow control, in particular, feedback flow control.

[ Fluid Flow Control J

|

Active

| Passive
( Open Loop 1 ( Closed Loop 1 Surface rough-
. Optimal Control, ness, shape,
{ Optimal Control J { LOR. H.. J or ot
optimization

Figure 4.3: Fluid flow control classifications
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There are several approaches to the film cooling problem. We approach it as a velocity
tracking problem. The reason is that roughly speaking, we wish to prevent mixing of the
coolant and combustion fluids so that the coolant remains close to the wall where it is
injected. Although there is no consensus on what the best measure of mixing is, the kinetic
energy of the flow seems to be a good choice (see chapter 5 in [AK03]). In general, as shown
in [AKBO1] for the Poiseuille flow problem, an increase in kinetic energy may serve as an
indicator of increased mixing and vice-versa. If we can find some desired steady flow and
design a controller that reduces the energy of the perturbation to this steady flow, then can
expect that mixing will be reduced and that the coolant and combustion fluids will remain
separate. A valid and obvious criticism is that we do not take into account the temperature
dynamics of the flow. Indeed this is a valid criticism and in this investigation we design a
feedback controller based only on the flow dynamics. However, at the end of this chapter
we provide expressions for the mathematical form of the temperature dynamics and the
difficulties they pose for control design. How to incorporate the temperature dynamics is
part of a future research agenda.

In the literature there are many works concerned with stabilizing a perturbation of
a flow to an equilibrium point. For example, [AR10] studies the linearized dynamics of
flow past a flat plate and the stabilization of unstable steady states. The application is
to regulate vortices in separated flows behind low aspect-ratio wings. The work [MIH12]
analyzes the transition from steady to unsteady flow of a jet in cross-flow. It applies
the tools of linear stability analysis to characterize the critical value of blowing ratio that
destabilizes the flow from an equilibrium point. Investigating the growth of T'S waves in the
linearized Navier-Stokes equation, and their attenuation to a steady state using feedback
control is considered in [OSH11]. In [BSS09], a feedback controller is designed for to stabilize
a linearized open cavity flow to a steady flow. Global modes, POD, and balanced POD
modes are used as expansion bases for model reduction and their performance is compared;

the conclusion is that balanced POD modes provide the most effective approximation for
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this problem. The article [Rav07] considers feedback stabilization of flow past an airfoil by
POD/Galerkin model reduction. The feedback controller stabilizes the ROM solution but
it stops short of implementing the controller in the DNS simulation.

This chapter presents the continued work in flow control based on the linearization

method based on the ROM, which complements the existing work in the literature.

4.1 Modeling the Fluid Flow System

In this investigation we will consider a simplified geometry called a “jet in cross-flow”
to model the film cooling setup. It consists of a computational box of dimensions 17D X
10D x 3D with a cross section in the zy plane along z = 1.5D shown in Figure 4.4. The

variables in this setup are shown in Table 4.1.

Symmetric boundary

Jet profile

<
N
8 J Inflow profile

6.5D D

17D

Figure 4.4: Jet in cross-flow setup

Table 4.1: Jet in cross-flow variables

Symbol Variable
U Free stream cross-flow velocity
V Peak inflow velocity of jet

D Jet diameter

o Inflow boundary layer thickness
1 Fluid viscosity

p Fluid density

v % Kinematic viscosity
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Fluid flow modeling is a well known subject so the following material is standard.
Nevertheless we point out that we closely adhere to [AKO03] in this section. We are interested
in the behavior of a fluid contained in the spatial domain €2, which in our case is associated
with the geometry in Figure 4.4 in Cartesian coordinates. At every time instant ¢ > 0, and

to every point p € () we assign a velocity to the fluid,

T
u=|u(x,y,zt) vix,yzt) wxyzt)|

which is a vector valued function u : Q x R, — R3. We also associate a density to the
fluid, p: @ x Ry — R, and a pressure P : Q x R, — R; both are scalar valued functions.
Since we are studying gas turbines that operate at a low Mach number (the ratio of the
flow velocity to the local speed of sound), we may assume that p is constant. Furthermore,
the fluids we deal with are Newtonian. Hence we consider the Navier-Stokes (N-S) and
continuity equations for an incompressible Newtonian fluid as the fluid flow model. The
N-S equation for three spatial dimensions is a set of three coupled, non-linear, partial

differential equations that describe conservation of momentum:

ot ox dy 0z  pOr p\0x2 Oy> 022

ov ov ov dv  10P LH (821) 0%v 821))

ot " Yar TVay TVe: T ooy T p\a2 T o T
ot or " dy Yoz T pOz p\0x2 Oy* 022)

The continuity equation is an additional constraint that describes conservation of mass,

ou v 0w
or Oy 0z
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These four equations are written compactly as

ou 1 JT—
- . S = 4.1
8t+u Vu pVP—i—qu (4.1)

V-u=0. (4.2)

Since there are 6 variables and 3 dimensions (length, time, and mass), the Buckingham
7 theorem can be invoked to characterize the jet in cross-flow with the 3 independent

dimensionless parameters shown in Table 4.2.

Table 4.2: Jet in cross-flow dimensionless parameters

Symbol Dimensionless Parameter

Re = % Free stream Reynolds number

Rejer = % Jet Reynolds number

R = UL Velocity ratio

o)

The equations can be non-dimensionalized by selecting a characteristic length scale [
and a characteristic velocity scale U. We choose | = D and U = U,,. By substituting the

nondimensionalized variables denoted by

w ;- P
U, _pU27

into the N-S and continuity equations we obtain the nondimensionalized N-S and continuity

equations
ou’ , , 1
u-Vu =-VP + —Vi&/ 4.3
ot’ + + e (4.3)
V-u=0 (4.4)
T
where u' = (2 2Lt V(Y 2 ) Wy, )| - From now on we drop the

prime notation (') when referring to the nondimensionalized variables.
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4.1.1 Boundary Control

The boundary of Q is denoted by I' and is composed of I'™®) T') and T'®. The
boundary I',, includes walls, I'; is the inflow, and I'. is the boundary to which the control
signal, ¢;(t), (or jet) is applied. Note that there may be more than one input, for instance,
if we wish to consider jets in different parts of the spatial domain. Consequently we have

Dirichlet boundary conditions of the type

Ghi(x), xeT¥9te(0,T),i=1,...,m
u(x,t) =< ao(t)hy(x), x eI te(0,7) (4.5)
0, x €™ ¢t e (0,7T)

However, in this dissertation, we will only present results for one jet actuator, although the

theory holds for multi-input systems.

4.2 Numerical Implementation

The question “Does the 3D incompressible Navier-Stokes equation possess a unique,
continuously differentiable solution at high Reynolds number?” is presently not known
[Doe09]. However, the fact that several numerical methods converge to an approximate
solution has motivated the use of the direct numerical simulation (DNS) as an engineer-
ing tool. In addition, comparison between experimental results and numerical solutions
suggests that DNS simulations are reliable models for studying flow dynamics. To solve
the discretized N-S equation we use the hybrid staggered/semi-staggered finite difference
algorithm described in [BA11]. This algorithm uses the fractional step method to advance
the solution in time in two steps: 1) A semi-staggered grid structure is used to discretize
the momentum equations and solve for an intermediate velocity with the pressure gradient
term absent, and 2) A staggered grid is used to discretize the Poisson-Neumann equa-
tion that adds the pressure gradient to the projection step. This method combines the
favorable features of the staggered grid and semi-staggered grid approaches. All the com-

ponents of velocity are stored at the cell vertices and pressure is stored at the cell centers.
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The momentum equations are discretized at cell vertices thus providing a consistent dis-
cretization of the diffusive and convective terms as the boundaries are approached. The
projection method effectively evolves the discrete-time system of equations, while ensuring
a divergence-free velocity field is obtained. The discrete divergence and gradient operators
of the projection step are constructed on a staggered gird layout leading to the exact sat-
isfaction of the discrete continuity equation. It is important to note that the solution of
the Poisson-Neumann equation in the projection step is free of any spurious eigenmodes.
The code has been validated through the following benchmark problems: Taylor-Green
vortex problem, driven cavity, flow past cylinder, and flow in a 90° curved tube. In addi-
tion, it is capable of solving the discretized Navier-Stokes equation in a parallel computing
environment.

A simple grid independence study (using the problem setup described in Section 4.5)

was carried out using the grids illustrated in Table 4.3 and Figure 4.5.

Table 4.3: Grid sizes

Grid Size

1. Coarse 623,322

2. Medium 971,152
3. Medium-Fine 1,240,512
4. Fine 1,479,072

Figure 4.6 shows the profile of the time averaged u component of velocity at x = 4
(downstream and not too far away from the jet). The data corresponds to a time average
over a window of 60 time units after roughly 7 flow-throughs so that the results correspond
to a statistically steady-state solution. We note that the numerical solutions obtained from
grids 1-3 appear to converge to the solution obtained on the fine grid. Since there are not
much computational savings between the medium-fine and fine grids, we choose to model
the flow problem using the fine grid. In fact, using 8 Intel XeonE5620 2.4Ghz, 12M cache

processors, it took about 8s to advance the solution one time-step.
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Figure 4.5: Grids used for grid-independence study
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Figure 4.6: Time average of u component of velocity at x

4.3 Model Reduction for Flu

Solving the discrete N-S equation provides us with valuable data, but does not give us

too much insight into the dynamics of the system. It was this fact, as well as investigations



for a proper statistical framework in which to study turbulent flows, that motivated the
search for mathematical techniques that would aid in the analysis of the dynamics of fluid
flows. The proper orthogonal decomposition (POD) coupled with the Galerkin projection
turned out to be a very useful model reduction tool. POD is also known as Karhunen-
Loeve expansion, principal component analysis, and total least squares estimation; for a
detailed treatment of the Galerkin projection using POD see [HLB96, Kir00, Sir87] and the
references therein. The key idea, as expressed in these references, in the model reduction
framework for fluids is to adopt a dynamic systems approach similar to the Eulerian view-
point of fluid dynamics. The state of the fluid at a given time is specified everywhere in
the spatial domain of interest by a single point in a suitable phase space. This phase space
turns out to be the reduced order model (ROM). As the dynamical system evolves, its
solution describes a path or trajectory in this phase space, each point of which corresponds
to a new velocity field in the physical domain. An explicit relation between physical space

and phase space is provided by a modal decomposition such as

u(x,t) = Z a; (t)i(x). (4.6)

where a;(t) evolve in a phase space. A nice consequence of the ROM is that it also provides
us with a method to construct models suitable for feedback control. It is important to
point out that most of the results of this section are either known or easily derived from

the known work. ROMs of various forms exist in the research literature.

4.3.1 Computing the POD Basis

In this subsection we closely follow [Fah00]. We assume that the flow field solution,

u(x,t), belongs to the L? Hilbert space of square integrable functions, i.e.,

(u,u) := /Qul" u(x,t) - u(x,t)dx < co. (4.7)
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We associate with the inner product (-,-) the norm [|u|| = /(u,u); notice that the inner
product is a function of t. Therefore we may express any flow field solution as a linear

combination of basis functions

oo

u(x, ) = Y ai(thi(x). (4.8)

i=1

If, in addition 9; satisfy (;,%,) = 0;;, where ¢;; is the Kronecker delta, then a;(t) may be

determined by «a;(t) = (u, ;). This means that we may write (4.8) as

u(x,t) = > (u,9)9i(x) (4.9)

=1

At this point it is not clear how to choose the basis functions {1;};~, although intuitively
we would like them to be optimal in some sense. We delay the discussion on how to
compute these basis functions to address an important issue that frequently arises in fluid
flow problems.

Usually a transformation of the (z,y, z) coordinates to a new coordinate system given
by (&1, &2, £3) simplifies solving the N-S equations numerically. In our case, we must solve the
N-S equation on a nonuniform (and potentially non-orthogonal depending on the geometry
of the problem) grid given by (z,y, z), but instead of solving it on this grid, we transform
(x,y,2) to (&1, &, &), which is the coordinate system of a uniform/orthogonal grid. Such

a transformation is represented by the multivariate function ¢ : R® — R3 and is written as

51 = Cl(xaya Z)
52 = CQ(x7y7 Z)
53 = C3($,y, Z)'
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By applying the change of variables from multivariable calculus, it can be shown that

/ u~ud§:/ u - ulJ|dx
Q§UF5 Qul’

g da da
ox dy 0z

where |J| = det(J,) and J. = e G2 Jaa | s the Jacobian matrix of the transformation
z y z
Ocg Ocg Ocs
oz oy 0z

c. By defining the J weighted inner product

(u,u), = / PRCURTGRINEY

we can see that (u,u) = (u,u), which is useful for computing these values numerically.
We now return to the question of computing the basis functions. We are looking for

{;};=, that solve (4.10)

min

ey (i, ;) = ij. (4.10)

Z w,;)9;(x

Given our discussion on the coordinate transformation, we state an equivalent problem to

(4.10) that is given by (4.11):

2

Mg

min

11
(W3, i), ¥i(x)

(Y, ;) , = dij. (4.11)

Jj=1

However, we will only search for a finite number of basis functions, {%;}._,. We start our
derivation with a given solution flow field ensemble U = {uy, ..., uy}, where u; := u(x, t;),

xe QUIT.
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Definition 11 (POD problem). Given U, find orthonormal basis functions {1;};_, that
solve

N 2

min

anin > (%1 %5), = 5 (4.12)

Z (wi,95) ,¥;(x)

1 7j=1

J

Definition 12. A solution {¢1,...,¢,} to (4.12) is a POD basis of order n and

Uuror = {¢.,....¢,} (4.13)

Since the data U comes from DNS, instead of solving the POD problem, we will solve
a discretized POD problem. First, define the finite dimensional state vector corresponding

to the velocity field obtained by DNS

2= | () | eRM (4.14)

where M corresponds to the number of degrees of freedom in the the spatial variables. The
notation u*)(¢;) should be read as the finite dimensional column vector corresponding to u
component of velocity obtained from a DNS simulation with M degrees of freedom (discrete
spatial points) at 7" time. From now on we think of the solution flow field ensemble, U, as

the set of vectors ) e RM i =1,...,N.

Definition 13. Let the solution flow field ensemble U = {a: } be given. We denote
X = |0 @ ... pN| eRM*N (4.15)

as the snapshot data matriz of U.
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In order to state the solution of the discretized version of (4.12), we specify the dis-

cretized version of the inner product (u,u); as (z,20)) = 2@" J2® and the norm

Hx(")HJ = \/<\/7x(i), ﬁx(i)>. The matrix J is M x M positive-definite diagonal (hence
symmetric), where the entries on the diagonal represent the “volume” of each grid-cell in
the (z,y, z) coordinate system.

Define ¢ € RM and 2 € RM as the discretized version of ¢; and u; respectively.

The discretized version of (4.12) is given by

2

sit. (09, V) =5y (4.16)
J

N
min

{e0} i3

=3 (2,69 60
j=1

Using the fact that (z(®), 2 > = (20, JzD), we rewrite (4.16) as

2

min

T _ . @)
{o0} 2 V—Z< 167} 7

(¢, JpD) = 6, (4.17)

in order to formulate it in a matrix approximation context as in the following lemma.
Lemma 4.3.1. Let U with snapshot data matriz X be given. Then (4.17) is equivalent to
solving

2
min H\/FX - \/3<1><1>TJXH st TP =1, (4.18)
F

where ¢ = {gb(l) o ... ¢(n)] and ||-|| s the Frobenius norm.
Proof. First, note that
POTIX.; = <¢<1>T JrWeM 1 ¢@T 1oMp@ 4. 4 g J$<1>¢<n>>

n

— Z <x(i)7 J¢(j)> el (4.19)

=1
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N
then we use the relation || X% = 32 || X.,/|* to show that the problems are equivalent. The
i=1

notation X.; denotes the it" column of X. O

Problem (4.18) is a special case of the minimum rank approximation problem in linear
algebra

min || X = Y% s.t. rank(Y) =n (4.20)

YEQ:EIWXN

which is solved by means of the singular value decomposition (SVD).

Theorem 4.3.2 (SVD for real matrices). For every real M x N matriz A, there exist
orthogonal matrices U € RM*M gnd V. € RVN (UTU = Iy = UUT and VIV = Iy =
VVT) such that

A=USVT

S1 0
where § = | € RM*N r = rank(A), S, = diag(o;) € R™", i = 1,2,...,7 and

0 0
o1 > 09> ...>0.>0.

We call o; the ith singular value of A. The vectors u; and v; are the ith column of U
and the jth column of V respectively and are referred to as the ith left singular vector and
the jth right singular vector respectively. They are also often referred to as Schmidt pair.
An important property of the SVD of a matrix is that it provides a dyadic decomposition

for it,

r
2 T

A= ;U V; -
=1

This decomposition provides a canonical description of a matrix (also called reduced SVD)
as a sum of r rank-one matrices of decreasing importance as measured by the singular
values. The dyadic decomposition is essential to the computation of the POD basis as we

will see next.
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Theorem 4.3.3. Let A =USVT € RM*N and k < r = rank(A), then

min (A~ B, = A~ A =

(4.21)
rank(B)<k

where Ay = Zle ouvl is the dyadic decomposition of A.

Theorem 4.3.3 shows that the solution to (4.18) is given by a truncated singular value
decomposition (TSVD). The next result provides the method for constructing the POD

basis functions.

Theorem 4.3.4 (Computation of the POD basis). Let U with snapshot data matriz X be
given. Compute SVD of VJX, VJX =USVT. Then the POD basis ® is given by

@ — J_1/2 |:u1 Ug - - un:| . (422)

Furthermore there holds the tail equality

N
2
- _ v _ 2
mq%nH\/jX VIod JXHF Y o (4.23)

j=n+1
where o; are the singular values of VIX.

Proof. By Theorem 4.3.3 we know that the solution to (4.18) is given by a TSVD of v/ JX

of order n, ie., VJX = U,S,V.I. Now we just need to solve for ® in
VIodT JX = VJo(V o) 'VIX = U,S,VF (4.24)
which is the second term of (4.18) . Since VJX = U,S,V."

Ve Jo) =U,Ur =1, (4.25)

68



and = J~1/2 {Ul e Un} satisfies (4.24). O

Remark 4. Depending on the spatial discretization and number of snapshots that have
to be collected, the size of vV JX may become too large for the computation of its SVD.
In this case we have to compute v JX = USVT indirectly, by the so called method of
snapshots [Sir87]. The limiting dimension for the computation is N, i.e., as long as we can
compute the SVD of an N x N matriz, the computation of the SVD of \/JX is possible.
In addition, we suggest the following procedure to implement the method of snapshots: By
taking “blocks” of data at a time, it is possible to compute SVDs of data sets that may not

completely fit in computer memory.

1. Partition v/JX into b blocks

VIX = |VIX, VIXe - VIXeo VIX,

where the number of columns of each \/JX; block should be chosen such that each

VIX; fits in the computer memory.

2. Compute the covariance matrix

X{Jx, - X[JX,
C=X"JX=| o ert

XgJXl XgJXb
one block at a time.

3. Compute TSVD of C, i.e., C = XTJX = (USVH)T(USVT) = VS*VT. Note that
Ve RV*" and S € R
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4. Compute ® one block at a time.

Vi
o= JVAXVST = g {Xl Xb} ST =TT POV 4+ X)) ST

Vi

A similar discussion applies to the construction of temperature POD modes. In fact,

the POD modes for temperature may be viewed as a d = 1 "flow field’ ensemble.

4.4 Computing the Reduced Order Model

Computing the ROM will consist in performing a Galerkin projection on the N-S equa-
tion to derive a set of ODEs. Before computing the ROM though, we need to take care of
how to include the boundary control terms. To achieve this we propose a modal expansion

of the form

n m

u(x,t) = Z a;(t)@i(x) + ao(t)ho(x) + Z & (t)hy(x) (4.26)
i=1 i=1

where ¢;,7 = 1,...,n are homogeneous on the boundary POD basis functions and h, and
h;,i=1,...,mare divergence-free extensions of the boundary conditions in (4.5) (i.e., they
match boundary conditions on I' and are divergence free in 2). Since there is no danger
of confusion, we refer to the boundary conditions and their divergence free extensions by
the same symbol. While in the literature there are several methods on how to compute
these extra modes, for example [NTM04a|, [KSOEO08], [NTM04b], [BGL06], and [Rav07],
we take a slightly different route.

First, we call Wypae (X, 1) an unactuated solution when it is obtained with the boundary
conditions &(t) = 0V i and ag(t) = ag. We call u,e, (x,t) an it actuated solution when it
is obtained with the boundary conditions & (t) = ¢;, ¢;(t) =0V j # i and ao(t) = ag. The
term hy(x) is taken as the time average of an unactuated solution and h;(x) is taken as

the time average of Uge, (X, 1) — Wypnact (X, ).
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Second, while (4.26) is a useful expansion, we would prefer divergence-free extensions
of the boundary that are orthonormal to the POD basis. We denote this orthonormal

expansion as
u(x, ) = Y ai(t)i(x) + ao(t)ho(x) + Y ci(t)hy(x) (4.27)

i=1 =1

where hy(x) is the inflow boundary mode and h;(x) is the i*" control mode. We use the

following procedure to compute the POD modes, inflow, and i"* control mode:

1. Let X denote a snapshot matrix corresponding to

u(x, t) — ao(t)ho(x) — Z & (t)hy(x). (4.28)

Note that X is homogeneous on the boundary.

2. Obtain the POD basis functions corresponding to X by the method in Section 4.3.1,

i.e., SVD factorization of X. The POD basis will be zero on the boundary by con-

struction.
3. Compute hy = ho— Y11 (Bo 1)
: 07 Jho—x7—, (Ro; )5l

1=1,...,m

" (higy ) =300 (hihj—1)hy—
Compute h; = Jo ( ¢J) i =3 (i1 )by

> h
b =327 (i )5 =372 (hishy—1 )by’
Note that the inflow and control modes are orthogonal to the POD basis by the construction
in step 3. A standard Galerkin projection with POD basis functions, inflow, and control
modes can be carried out to derive the ROM. This is done by projecting the N-S equation

to the i POD basis function using the inner product that we defined earlier

ou

— - dx + / u-Vu- ¢;dx = —/ VP - ¢;dx +/ iV2u - @idx. (4.29)
Q 815 Q Q Q Re
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Using integration by parts on the term [, #-V?u - ¢;dx, i.c

ERVI Gidx = — ! ( / Vu - ¢idx — / Vu-Vd)idx)
q Re Re \ Jr Q

and noting that the POD basis functions are divergence free and homogeneous on the
boundary, i.e.,

Q Q T

we obtain

B_u ¢;dx + / u-Vu-¢;dx + 1 / Vu - V@;dx — / Vu-¢;dx | =0. (4.30)
015 Q Re Q r

Since the POD basis functions are homogeneous on the boundary, fr Vu-¢;dx = 0. Finally,

we substitute u with its truncated modal decomposition

Uron(x,t) = Za] ) (%) + ao(t)ho(x) + D ¢;(t)hi(x)

=1

(4.31)

and insert it into (4.30) to obtain the following terms:

Time derivative

n

Q 8uR0M Cidx = Zdj(t) (05, i) + ao(t) (ho,d:) + Z ¢(t) (hy, ¢)

=1

= (t)
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Convection

/UROM Vuron - ¢idx = <Z a;(t)e; - Vzak )i, d ) (Z a;j(t)e; - Vao(t)ho, ¢z>
+ (Z a;(t)g; - Vch(t)h;ﬁd)i) + (ao(t)ho ' VZ%@)%‘,@)

j=1

Cj (t)hja ¢z>

cj(t)h; - Vag(t)hy, ¢z’>

NE

+ (ao(t)hg - Vao(t)ho, ¢;) + <Go(t)ho -V

+ ( Cj(t)hj . Vzak(t)¢k7¢z> + (
( ¢j(t)h; -V Z cr(t)hy, ¢z)

n

:Z Zak (@; - Vi, d:) + aolt Za] (¢, - Vhy, ;)

]:

3

NE
[ \gERS

+

n n

+ D a;(t) Ck(t)(¢j'th7¢i)+a0(t)zaj(t)(h0'V¢j7¢i>

j=

Diffusion

/QVUROM : V¢de = <i aj(t)quj, V¢1> + ((Io(t)Vho, V¢1) + <i Cj (t)Vh], V¢Z>

n

= > a;(t) (V$;, Vei) + ap(t) (Vho, Vi) + D ¢;(t) (Vhy, V)

j=1 j=1
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Finally we obtain the nonlinear state-space model:

X = Ay + Bu+ : + : + : + agD1X + agDoti + Dsag + Dyag
YT N,.x I M,u ul K,

(4.32)

where

1 1
" Re " Re
Ni,, = —(#;-Vér, i), M, = — (¢; - Vhy,¢;) — (hy - V;, i),

Kijk = - (h] ’ th7¢l> >D1ij = - (hO : V¢]a¢z) - (¢] : Vh07¢z) 5

_ 1
D2¢j = - (hO : Vh]a¢l) - (hJ ’ Vh07¢z) 7D3i = _§ (Vh07 V¢Z)7

Ay = (V¢;,Vei), B = (Vh;, V),

-D4- - - (hO : Vh07¢l> )

It is clear that x(t) € R™ is the state vector consisting of {a;(¢)}!, as its elements, and
u(t) € R™ is the input vector consisting of {¢;(¢)}", as its elements. Recall that the
boundary and control modes are orthogonal to the POD basis, thus canceling the corre-
sponding terms in [, 8“;% -¢Wdx. For this investigation ao(t) will always be constant as
it corresponds to a time-invariant inflow.

Regarding the output equation, we assume that the output measurements only have

access to the velocity field information at a few points, say at p points, in the domain.

Therefore for i = 1,2,--- | p, using the POD expansion, we have
u(xi, 1) = a;(t);(x;) + ao(t)ho(x:) + Y _ ¢;(t)hy(xi)
j=1 j=1

= [¢1<Xi) ¢n(xi)]X+ho(Xz’)a0+ {hl(x,-) oy (xg) | U
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With

$1(x1) -+ Pul(x1) ho(x1) hy(x;) -+ hp(xi)
C, = : : , Oy = : , and Cy = : : ;

A1(xp) 0 Pulxp) hy(x,) hi(x,) -+ hp(xp)

the output equation then has the form

Yy = Cl)z + Cgao + Cgﬂ.

4.4.1 ROM Error Analysis

The relative error difference between the DNS and ROM solution that we focus on is

the same one that we consider for the POD problem, i.e.,

N
> [ apns(t:) — wron(t:)||* dx
=1

N (4.33)
;f [upns ()| dx

It is important to note that due to the inclusion of the inflow and control modes, the modal
expansion in (4.31) is not optimal in the POD sense. To see this, remember that {¢x};_,

solves the problem

2

{g}iﬁl <uz — g (t)hp(x) — Y @(t)ﬁi(x)) — Z a;(t)¢;(x) (4.34)
but not
{gil}izp <uz- — ag(t)hy(x) — Y ci(t)hz-(x)> =D a;(t)g;(x) (4.35)
=l i=1 i=1 j=1 J

which is the expansion we finally use, i.e., Urom.



However, as seen from the simulation results presented in this section, the error between

the DNS and ROM solution is small enough to proceed with the controller design.

4.5 Fluid Flow System in Open Loop
We now show DNS and ROM simulation results for the system in open loop. The
simulation results correspond to Re = 650 and R = 1 (u = 1,60 = 1). The inflow

boundary condition is given by the Blasius solution and the jet inflow by
4
v(r)=R(1- r2) e~ (a7)

where r is the distance from the jet center. This expression is intended to model the
parabolic velocity profile of pipe Poiseuille flow and is used in several studies, including
[BSSHO09] and [MIH12].

After about 7 flow-throughs, snapshots were collected and the POD and control modes
were computed using Theorem 4.3.4 and the method outlined in Section 4.4. A total of
180 snapshots with a sampling period of At = 0.0665 were collected to compute the POD
basis; this spans about 3.5 shedding cycles. The energy distribution in the POD modes is
shown in Figure 4.7. We note that the singular values appear in pairs, a characteristic of
flow systems with traveling structures [DKKO91].

Although most of the energy is contained in the first 8 modes as shown in Table 4.4,
we investigate POD expansions of 16 and 32 modes. It is important to recall that here we
are reporting the % energy captured by the POD modes with respect to the homogeneous
on the boundary snapshots. Shortly we will consider the more appropriate error as defined
in (4.33).

In Figures 4.8, 4.9, and 4.10 we plot the Ay-criterion as defined in [JH95] and [CBAO05]

of the first 16 POD modes and the inflow and control modes. The As-criterion is a measure

76



|
0 5 10 15 20 25 30 35 40
Mode ¢

Figure 4.7: Energy in o;
Table 4.4: Energy captured by POD expansion

n % Energy
61.4

4 80.4
92.9

16 98.1

32 99.7

64 100

used to identify vortices and is defined as the second eigenvalue of S? + Q2 where

S == (Vu+Vvu")

N — N~

Q== (Vu-vu').

From the figures we can see the features of the coherent structures of the jet in cross-flow

such as the horseshoe vortex, jet shear-layer vortices, and wake vortices.
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(8) 67 (h) o5

Figure 4.8: Ao-criterion of POD modes (Ay = —0.06)
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(b) 10

(c) ¢11 (d) ¢12

(e) 13 (f) ¢14

(8) 915 (h) ¢16
Figure 4.9: Ao-criterion of POD modes (Ay = —0.06)
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(a) ho (b) hy

Figure 4.10: Ag-criterion of control modes (Ay = —0.06)

Figures 4.11 and 4.12 show the x and y component of velocity at different time instants.
A quick look at the figures confirms that for the considered time period there is a good
match between the ROM solution (n = 32) and the DNS solution. However, high frequency
features start to appear around ¢ = 3 and become more pronounced as time advances. As
expected, the same behavior is noted for the n = 16 ROM.

It is important to note that the fidelity of the ROM solution tends to decay as time
advances. This becomes evident when the time history of x(¢), or POD coefficients are
visualized. Figures 4.13 and 4.14 show the time history of x(¢) as well as the projection of
the DNS data to the POD coefficients {a;(t)}>>,. First, we notice that the ROM and DNS
solutions match well at the beginning, and the time at which the DNS and ROM solutions
start to diverge depends on the mode number. For example, the 7 mode matches well up
until ¢ = 5, while the 1% mode starts to diverge around ¢ = 1. The figures also show that
the amplitude of the higher modes grows in the ROM solution, while they stay ’small’ in
the projected DNS data. This behavior helps to explain the appearance of high frequency
features in the flow in both Figures 4.11 and 4.12. We also plot the same data for n = 16
in Figure 4.15 and note the same kind of behavior. It is well known that ROMs usually
diverge to a limit cycle not present in the original data as time advances, this has been

reported in [CWRMO04], [MKO02], and chapter 5 in [Row02], among many others.
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Figure 4.12: y-component of velocity. Left: DNS. Right: ROM.
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—X1—X2— X3 X4 —Xs—X6—— X7 X8

1 T T 2 T T

Figure 4.13: ROM (solid) and DNS (dotted) solution, n = 32

The error for the n = 16 model, as calculated in (4.33), is By = 1.99 x 107* and the
error for the n = 32 model is B, = 1.95 x 10~%. In addition, we plot the error in (4.33)
as a function of time (i.e., the sequence) in Figure 4.16. Two observations that we obtain
from that plot are that the difference in energy captured between a 16 and 32 order model
is not significant and that the difference is larger for low values of ¢. As time increases the

error seems to converge to the same values for both n = 16 and n = 32.
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Figure 4.14: ROM (solid) and DNS (dotted) solution, n = 32

An additional property that we verify is the behavior of the correlation matrix

(T (t)dt [ a(t)an(t)de
. Jo a2(t)ax(t)dt [ aa(t)as(t)dt
|y an(ar(t)dt [ an(t)as(t)dt

84
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Jo az(t)an(t)dt (436)
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‘75(175(27)2375“ —Xs—X6—— X7 X8

1 T T 2 T T

Figure 4.15: ROM (solid) and DNS (dotted) solution, n = 16

Figure 4.17 shows the structure of R for the DNS simulation projection with n = 16,
and Figure 4.18 shows the structure of R for the ROM with n = 16. It is evident that the
coefficients are not uncorrelated. The reason is that the inclusion of the inflow and control
modes modifies the properties of the POD decomposition. As noted earlier, the inflow and
boundary modes are computed after the SVD of v/ JX is computed, and so, appending the
inflow and boundary modes to the POD modes matrix & modifies the properties of the

SVD expansion.

85



05 | | | | | | | |

Figure 4.16: Error between DNS and ROM solution

2 4 6 8 10 12 14 16 18

Figure 4.17: Correlation matrix R, DNS, n = 16
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2 4 6 8 10 12 14 16 18

Figure 4.18: Correlation matrix R, ROM, n = 16

4.6 Feedback Control of Fluid Flow System

Following the discussion in the first section of this chapter, we approach the film cool-
ing problem from a feedback control point of view and as a velocity tracking problem.
Specifically, we are interested in stabilizing the flow to a certain desired operating point,
(Xd, Uq). As we will see, this operating point may not be stable, especially for high enough
values of velocity ratio, R.

The first step in the design process is to define a new system, called the perturbation

system, with (g, Ug) as its origin. Let y = Y — {4 and v = @ — 4. Then we have

X(t) =X — Xa
x| [xina u” Ky
= Ay + Bu + : + : + : + agDyX + agDoti + Dsag + Dya?
YN, X YT M,a 'K, u
XdTNlid- Xo Mg ul Kytg
— | Axa + Bag + : + : + 1 | +aoDiXa + agDyitg + Dsag + Daag
Xgan(d_ X5 Mg ul K, g
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i | e
=|A+aDi+ | © |+ X
XalNo|  |uq My
-XdT]\ZII ﬂgKl YT Ny YT Miu uT Ku
+ | B+ agDq + : + | u+ : + : + : (4.37)
I M, ul K, YT N, x I M,u uT K u

where N; = NI + N; and K; = KI' + K;. We finally obtain the system

X(t) = fOxuw) = A(Xa, ua) X () + B(Xa, Ua)u(t) + Qx(t), u(t)] (4.38)
where
G N, uy M{ X5 M, e
A=A+aD,+| |+ : ,B=B+aD+ |  |+| |,
Xa Nn g MY Xa M, uy Ky,

and Q[, -] is the quadratic term given by

XTle XTMlu UTK1U
Qlx,u] = I : +

XTNnX XTMnu uTK,u

Note that x4 and @, are constant, hence A(-) and B(-) are time invariant. We could also
consider stabilization to a trajectory, xq4(t) and @g(t), in which case A(-) and B(-) will be
time varying.

We may now apply the stabilization and equilibria path programming results from the

previous chapter to the perturbation system in (4.38). The first issue we deal with is which
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operating point to pick. Using the MATLAB function fsolve we numerically solve

f()_(,a,(lo) =0

in (4.32) with w = 1 and ay = 1 to obtain the desired operating point )‘(&1). To obtain the

second operating point, )Zfiz), we set & = 1.0010 and ap = 1. The values of the states for

both operating points are shown in Tables 4.5 and 4.6.

Table 4.5: Operating point )Zl(jl)

State | Value State | Value
x| 0.1804 x| 00112
x| -0.2973 x| 0.0201
x| -0.0015 X [ -0.0013
X || 0.0420 X | 0.0289
X || 0.0219 x| 0.0177
x| 00690 || xS || 0.2212
X | 0.2815 x| -0.4283
X || 0.3764 X | -0.1707

Table 4.6: Operating point )Z((f)

State | Value State | Value
x| 0.1804 x| o.0112
X |l -0.2073 x| 0.0201
x|l -0.0015 | | %) | -0.0013
X || 0.0420 X5 | 0.0289
X || 0.0220 | o.0177
X -0.0601 || x| 0.2215
X | 02816 | | x|l -0.4271
XY || 0.3767 x| 01713

With an operating point identified, we now study the stability of the operating point.
Figures 4.19 and 4.20 clearly show that if the ROM is solved with a small perturbation to
x(0) = )Z(l) or x(0) = )2512), then the resulting solution eventually leaves the operating point

and so this shows that both operating points are unstable.
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Figure 4.19: ROM solution with yo = Xz(i)
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Figure 4.20: ROM solution with yo = ij)
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We also note that both solutions are very similar since Xfi ) and Xfi )

other. To verify our intuition, Figures 4.21 and 4.22 show the eigenvalues of the matrix A
of the perturbation system at y
the right hand side of the imaginary axis reveal that the selected operating point is indeed
unstable. The role of the feedback controller then is to shift the unstable eigenvalues to the
left hand side of the imaginary axis and to enlarge the RoQA of the perturbation system.

Figures 4.23 and 4.24 show the location of the eigenvalues of the matrix A + BF of the

perturbation system at

(1)
d

—(2)

(1
Xé) and X, ,
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respectively. The feedback gain F is designed using

are very near each



the method in Section 3.1. The ROM solution of the perturbation system clearly depicts

the stabilizing effect of the controller as shown in Figures 4.25 and 4.26.

10

—8F -

—1 ] |
Y01 o2 0 0.2 0.4 0.6 0.8 1
R(A: (A))

Figure 4.21: Eigenvalues of A (perturbation at )Z((il))

10

— O L |
~04 02 0 0.2 0.4 0.6 0.8 1
R(A: (A))

Figure 4.22: Eigenvalues of A (perturbation at )222))

We can see from Figures 4.25 or 4.26 that the RoQA is fairly small. This means that to
stabilize the ROM, a fairly large number of switches will be required if the initial condition
is far away from yy. However, this method provides us with an estimate of the RoQA
while a simpler linearization study only provides asymptotic results, i.e., the RoQA may

be vanishingly small.

91



10

.
8 B
.
6 o
4+ o |
& of i
Q L4
%: O e . °
< -2} & |
&
4 -
—6| o |
.
—8| B
.

9 -8 -7 -6 -5 -4 -3 -2 -1 0
R(\ (A + BF))

Figure 4.23: Eigenvalues of A+BF (perturbation at )‘(((11))

10

S(\i (A + BF))
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-0 -9 -8 -7 -6 -5 -4 -3 -2 -1 0
R(\i (A+ BF))

Figure 4.24: Eigenvalues of A+BF (perturbation at )Zf))

Figure 4.28 shows a two stage equilibria path simulation, from Y, to )Zfil) and settling

at )2&2). The initial condition for the simulation is shown in Table 4.7 is computed via our
controller design method and lies in the maximized RoQA. The location of )‘(512) is chosen

such that )‘(fil) lies in the RoQA of )ZEZQ). The switch occurs at t = 12 and appears clearly in

the plot of the control signal.
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Figure 4.25: ROM solution in closed loop (perturbation at )Zél))
Table 4.7: Initial condition for switched system simulation, Y
State | Value State | Value State | Value State | Value
X1 0.1807 X5 0.0215 X9 0.0108 X13 0.0183
X2 -0.2974 X6 -0.0688 X10 0.0197 X14 0.2212
X3 -0.0015 X7 0.2815 X11 -0.0003 X15 | -0.4296
X4 0.0419 X8 0.3763 X12 0.0286 X6 | -0.1657
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The result presented in Figure 4.28 corresponds to the setup shown in Figure 4.27 (a).

Once a state feedback F' has been designed, it is inserted into a DNS simulation as shown

in Figure 4.27 (b) and (c).

The jet inlflow boundary condition is implemented as

o(r,t) = a(t) (1 —r?) e

4
o7) |

The results of the ROM and DNS in closed loop (implementation 1) are shown in Figures

4.29 and 4.30. There is a noticeable difference between the ROM and DNS solution starting
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at around ¢t = 2 and from then onwards the DNS solution leaves the operating condition.
In this sense, the behavior between the ROM and DNS solution is the same as in open
loop, eventually the ROM solution loses fidelity. The solution using DNS implementation
2 behaves similarly in the first few units of time, but the control signal calculated in this
setup diverges from the signal ¢;(¢) of Figure 4.27 (a) . After about ¢t = 2 the control signal
behaves erratically which illustrates the difficulty in implementing the control signal from

the ROM to the DNS simulation.

all) [ ) X0

F(X7 Xda ﬁd)

(a) ROM in closed loop

e (t) u(t)
— %—'{; = f(u,a(t) F—

(b) DNS closed loop implementation 1

c1(t) u(t)

83—1; = f(u,ci(t))

F(X, Xa, Uq) X (u, ¢;)

(c) DNS closed loop implementation 2

Figure 4.27: DNS closed loop implementations
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Figure 4.28: ROM solution in closed loop and input signal
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Figure 4.29: z-component of velocity in closed loop. Left: DNS. Right: ROM.

97



Figure 4.30: y-component of velocity in closed loop. Left: DNS. Right: ROM.
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4.6.1 Temperature Dynamics

In this section we give a brief introduction to a future research direction that in-
corporates temperature dynamics for controller design. The temperature of the fluid is
modeled as a passive scalar field, T'(x,t), and it satisfies the scalar “one-way-coupled”

non-dimensional equation

2 2 2
8_T+<8T or aT) 1 (aT 0°T aT) (439)

to—Fw—| = + =+

ot ox dy 0z RePr \ 0z?> = 0y*>  02?
where Pr is the Prandtl number. In a similar manner to the computation of the velocity
POD basis functions, we compute the temperature POD basis functions {T, }J 1» Where

n is not necessarily the number of velocity POD basis functions. The following truncated

modal decomposition is used to represent the temperature
Tron (x,1) Zb (4.40)

We note that there are no control modes since the controlled variable is the boundary
velocity, not the temperature of the fluid. We then carry out a Galerkin projection by

inserting (4.40) into (4.39) to obtain the following equations:

/ 8TROM Z b —bi(t),
0

OTroM - 8Tk - OTy,
/QUROM Z@] (%] o ) +ao ) bi(t) (huOW,Ti)
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OTrowm - = 8Tk e T
/ﬂ vron—3, Tidx =Y a;(t) ) b ()(@] o >+ao b (t) (tha—y,Ti>

j=1 k=1 k=1
i s Ty,

+ S o) [ hy &E T,
>3 m( 2 )

T rom . % E)Tk ITy,
/QwROM 92 Tde = ZCLj(f) ( ) (gbwj 02 ) + CloZbk ( wo a Tz)

and

82TROM 82TROM GQTROM el 82T» 62T- 8 T
Tidx = j ! J T;
/Q( o2 T y? T 22 ) i0X Zbﬁ(t) ( or2 T Oy T Oz 2’ >

j=1

Finally we obtain the nonlinear state-space model for the temperature dynamics:

LTy u’ H,
b=Lb+ | : |b+]|  |b+alb (4.41)
X Ty u'H,,
where
k 0*T;, 0°T 0T JTy, 0T} JTy,
Li‘ = J T; Gk u v w T
y pcvz(ax2+a arxs ) (gbﬂa T, T Oug )
0T} dTy, JT}. oT; oT; oT;
H, =1hy, h, hw,—.T; |, and I;; = [ hyy—=2 + hyy—2 + hy—=, T,
ik (Ja+aa+aaz’)an J <°8x+°8y+ oa )

and b(t) € R™ is the temperature state vector consisting of {b;(¢)}.”, as its elements. The
structure of (4.41) complicates the design of a feedback controller since the control input

enters as a coeflicient of the state.
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Chapter 5
Conclusion and Future Work

We have developed a design methodology for state and output feedback stabilization
of nonlinear sector-bounded control systems in state-space form. In the tradition of the
absolute stability problem, we have represented the nonlinear system with an LFT of
the linearized part and the nonlinear error dynamics. This LFT representation enables
the use of H-based robust control to stabilize the nonlinear system and to maximize
the estimated RoQA. Each operating point of the original nonlinear system is regionally
stabilized by a linear controller that has been designed to solve a H,-norm problem and this
strategy maximizes the estimate of the RoA of each stabilized operating point. The overall
design consists of a sequence of linear controllers implemented in a switching strategy that
regionally stabilize the desired equilibrium under the assumption that the system admits a
centered-e-cover. If this assumption is satisfied, then the switching controller will achieve
semi-global stabilization of the nonlinear system. A formula to compute the e-distance was
derived under both state feedback and output feedback control. Roughly speaking, this
provides a quantifiable region where the linearized representation of the system’s dynamics
is valid.

We then applied the control strategy to a ROM of the Navier-Stokes equation. We
designed a two path switching controller that successfully stabilizes the ROM to an operat-
ing point and then implemented it in DNS. The controller that was designed based on the
ROM was able to stabilize the flow to the selected operating point in DNS for a short time
period until the DNS solution diverged to another operating condition. This highlights the
difficulties encountered when a controller is designed for a ROM and then implemented on

the full system.
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Future work

Perhaps the most pressing issue is to obtain a better model than the current ROM,
especially if it will be used for controller design. From the results obtained in Section 4.6,
the current ROM provides useful physical information, but is not sufficient for controller
design. It is clear that a feedback controller design based on the ROM does not perform
as well as expected in DNS. For linear models, the balanced POD method has provided
promising results and a nonlinear version of this method has been investigated in [LMGO02]
which may provide a path to obtaining better models for control design.

Closely related to the modeling problem, is incorporating the temperature dynamics for
control design. We have sketched out the form of the ROM that includes the temperature
variable and have pointed out the difficulty in designing a controller since the input enters
the state equation as a coefficient of the state. Investigating this issue would undertake a
considerable amount of effort but would provide more natural results since the controller
design is based on temperature too, which is ultimately the main concern of film cooling.

Another future research problem is to consider switching at non-equilibrium points.
The main idea is to construct linearized models at arbitrary points in the state space. This
would probably relax the e-cover condition and allow the designer to apply the controller
design to more general classes of systems. A gain scheduling approach that explores this
idea is the so called “velocity-based linarization” described in [LL9S].

In addition, a more complete control strategy should consider performance issues of
the transient response. Currently, the transient behavior is not part of the design but it

should be considered for practical applications.
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