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ABSTRACT

Diffusion under controlled conditions is one of the
most important processes employed in the manufacture of
semiconductor devices. The diffusion cof group III and
group V impurities in semiconductor material has been a
subject of considerable work. It has been known for many
years that diffusion in silicon at high concentrations,
say 1021 cm—3, produces impurity profiles that differ
significantly from those predicted by a simple theory.
This difficulty hinders the work of those engaged in the
design of modern semiconductor devices, such as transistors,
solar cells and integrated circuits, for which accurate
process prediction is desirable.

The object of this research is to develop and study
the models describing a constant source diffusion process
which will accurately and efficiently predict the results
of such a process. The effect of the internal electric
field produced during the diffusion is analyzed using a
quasi-static approximation for the holes and electrons.
The use of both Fermi-Dirac and Maxwell-Boltzmann statistics
is discussed. The assumption of charge neutrality is
investigated under typical diffusion conditions. At
relatively higher surface concentrations, in addition to
the internal electric field, several other effects must

be considered. In the present work, a model for arsenic

diffusion in silicon is proposed which takes into account
vi



the degeneracy of the carriers, partial ionization of the
impurities, single acceptor level vacancies and the
internal electric field.

The transport process for holes, electrons and im-
purities is described by the flux equations, the continuity
equations and Gauss' law. Although simplifying assumptions
are made, the resulting partial differential equations
are highly nonlinear, and a numerical scheme must be used
to solve the problem. An efficient computer program
based on a quasi-linearization technique is written to
obtain the impurity profiles from the processing data.
Several other computer programs are used to investigate
different models.

It is found that the internal electric field enhances
diffusion at high concentrations. The electric field
profiles are reminiscent of those obtained in a high-low
junction. It is noted that the field varies almost
linearly near the surface and then reaches a maximum value.
Charge neutrality under typical diffusion conditions is
found to be an excellent approximation. The results ob-
tained using Fermi-Dirac statistics show that the use of
classical statistics yields an underestimate of the
impurity concentration values. At higher concentrations,
incorporation of partial ionization, vacancies and
degeneracy significantly affects the results obtained.

There is a good agreement between the model and experimental
vii



results based on neutron activation analysis. However, the
impurity profiles strongly depend on the value of the in-

trinsic impurity diffusion coefficient.

viii



CHAPTER I

INTRODUCTION

The term "diffusion", when applied to semiconductor
device fabrication, is used loosely to describe impurity
atom motion in a semiconductor at elevated temperatures.
Diffusion under controlled conditions is one of the most
important processes employed in the manufacture of semi-
conductor devices. In order to fabricate a device with a
certain set of parameters, it is very important to be able
to control the impurity diffusion profiles in the semi-
conductor wafer. The need for suitable models describing
the diffusion phenomenon is evident.

In most practical situations, a constant source
diffusion, a drive=-in diffusion, or both are used. In the
first case, surface concentration is held constant during
the diffusion, whereas in the second case, the source is
removed and redistribution takes place under the condition
that the impurity atoms can neither enter nor leave the
semiconductor wafer. In theory, it is possible to synthe-
size any given arbitrary profile compatible with the two-
step process, by generating a proper control function [1].
However, in practice the direct profile resulting from the
above two processes may be acceptable. We will mostly
concern ourselves with the constant source diffusion
process. In this process, the impurity atoms are intro-

duced into a flowing inert gas, which deposits these atoms

1



on the surface of the semiconductor wafer. A desired
surface concentration of the impurity atoms can be main-
tained. 1In practice, this value very often is equal to
the solid solubility value. As the impurity atoms cross
the surface and move into the semiconductor, some or most
of them ionize depending on the concentration. If the
motion of these ions were essentially the same as the
motion of neutral particles, the flux fc or the number of
ions crossing a unit area in a unit time, will be given by
Fick's law. For one-dimensional motion, and assuming

parallel plane geometry,

£ = -D dc(x,t)

o] c X (1.1)

where D, is the diffusion coefficient or diffusivity and c
represents the concentration of ions. The ions also

satisfy a continuity equation given by

of
c 3C _
-a?—‘l'g—-—Gc (1.2)

where Gc is the net generation rate for ions. Assuming
that all the impurity atoms ionize when they enter the
surface, we can equate Gc to zero. Combining (1.1) and

(1.2) then yields:



This is called the simple diffusion equation. The solution
to (1.3) for a semi~infinite solid under the constant source

boundary conditions

c(0,t) = C0 (1.4a)
c(o,t) =0 (1.4b)
c(x,0) = 0, x >0 (l1l.4¢c)

is given by the complementary error function

c(x,t) = C, erfclx/(4D,t)1/?] (1.5)

0

where D1 is the value of Dc for the above diffusion step.
The boundary conditions for the drive-in diffusion

are given by

c(x,0) = cl(x) (1.6a)
93c(0,t) _
== 0 (1.6b)

c(e,t) =0 . (1.6c)



The solution to the diffusion equation in this case is [2]

_ (x-i;)2 _ (x+z;)2
1 w 4D,t 4D, t
c(x,t) = 173 f cl(c) e + e 1dc
2(ﬂD2t)
O
(1.7)

where D2 is the value of D, for the drive-in cycle.

In the two-step diffusion process cl(x) is given by
(1.5). If the diffusion time for the first step tl is
such that Dt

171
for cl(x) yields the Gaussian solution [3]

<< D2t, the delta function approximation

2C D.t 4Dt
clx,t) = —2 (212 ? (1.8)
2

for the two-step diffusion profile.

It has been known for many years that the results of
simple diffusion theory do not agree with experiment except
at low surface concentrations [4]. This departure, to some
extent, can be explained by the presence of an internal
electric field which arises because of a mismatch in the
diffusion coefficients of the impurity ions and the mobile
carriers. For example, when arsenic atoms enter the solid,
most of them ionize because of the high temperature,
resulting in positive ions aﬁd electrons. The electrons
tend to diffuse away from the ions due to a much higher

diffusion coefficient. Since both species carry electrical



charge, an electric field develops which tends to retard

the motion of electrons and enhance the motion of ions.

The incorporation of this electric field in the model yields
impurity density profiles which are closer to experimental
results. However, the general differential equations
governing field-aided diffusion are quite nonlinear and
complex and a need for simple models soon becomes evident.
Most of the models found in the literature assume local
charge neutrality and are valid for nondegenerate conditions.

local charge neutrality has

th

In Chapter 2, the assumption ©
been examined with reference to a quasi-static approxi-
mation for both nondegenerate and degenerate statistics.
The field~aided diffusion theory described above, in
itself, is inadequate to explain the experimental observa-
tions at relatively higher concentrations. At such high
concentrations the effect of defects in the lattice becomes
very important. Before considering the defects, it will
be instructive to briefly discuss various mechanisms of
diffusion in semiconductors [5]. Ring mechanism and
direct interchange of neighboring atoms have been con-
sidered improbable. A "direct interstitial"” mechanism
has been suggested in which a lattice atom leaves its
regular substitutional site and becomes an interstitial.
One of its nearest neighboring substitutional atoms moves
into the vacancy left behind by the first atom. Then the

first atom, now at the interstitial position, moves into



the vacancy left behind by the second atom thus completing
the cycle of indirect exchange. However, it can be argued
that even such an interchange would be less likely than a
vacancy mechanism. Defect-aided mechanisms are more
probable in silicon and germanium. Most important of them
are vacancy and interstitialcy (or indirect interstitial)
mechanisms. In the vacancy mechanism the host atom is
missing from its regular site and this enhances the im-
purity diffusion. In the interstitialcy mechanism, the
interstitial atom chooses to move by pushing one of its
nearest neighbors into another interstitial site and it
itself takes up the substitutional site. Group III and
Group V elements form strong covalent bonds with silicon
and germanium atoms. This results in their existence
being almost entirely in the substitﬁﬁi;;;i“for;; A con-
sequence of this is that they diffuse predominantly by
either a vacancy or an interstitialcy mechanism. A
definite statement about the mechanism, however, can not
be made. A number of experimental techniques have
demonstrated that vacancies and presumably interstitials
may exist in different charge states. The effect of
strong doping on self and impurity diffusion is closely
tied to the acceptor and donor actions of the vacancies
and interstitials.

An excellent review on diffusion mechanisms and point

defects in Si and Ge can be found in [6]. It has become



customary to classify impurities as "slow" and "fast"
diffusors. Diffusion coefficients of slow diffusors are
10-100 times higher than self diffusion coefficients.

Fast diffusors usually diffuse several orders of magnitude
faster than slow diffusors. Group III and Group V elements
are typical representatives of slow diffusors. It is
generally assumed that the diffusion mechanism involved in
slow diffusors is a simple vacancy mechanism. A quantita-
tive model for diffusion of these impurities was proposed
by Swalin. His model seems to support vacancy mechanism in
Ge and donor impurity diffusion via vacancies in Si. It
however does not explain acceptor impurity diffusion in Si,
for which Seeger and Chik have proposed the interstitialcy
mechanism discussed before. An explanation in favor of
donor impurity diffusion in Si, via vacancies, is that the
Coulomb interaction between positively charged donors and
negatively charged vacancies leads to an increased
probability of finding a vacancy near a donor impurity,

and therefore enhances the impurity diffusion.

A simple way to see how a vacancy may act as an
acceptor is as follows [7]. There are four covalent bonds
missing at the sight of a vacancy. This gives rise to a
strong change in the valence electron distribution in the
vicinity of the vacancy and leads to a lattice distortion.
From a scattering theory point of view, it means that an

atomic scatterer is missing in the lattice. This results



in the introduction of some bound states in the band gap.
The vacancy may trap electrons from the valence band in
these localized states. When a hole ig introduced because
of the electron making a transition to one of the localized
states from the valence band, the vacancy becomes negatively
charged because of the trapped electron and thus acts as
an ionized p-type impurity. As discussed by Seeger and
Chik, concentration of acceptor type defects is increased
by n-type doping and decreased by p-type doping. Thus,
diffusion via vacancies should be faster in n-doped
material, and slower in p-doped material compared to the
intrinsic material.

Evidence indicating that vacancies act as acceptors
is found in the data obtained from irradiated Ge by Cleland,
Crawford and Holmes [8]. In this study, the effect of y-
radiation on electrical properties of Ge was studied.
Results indicate that exposure of n-type Ge 0 y-rays
decreases the extrinsic electron concentration. Valenta
and Ramasastry [9] have explained the effect of heavy
doping on self-diffusion of Ge by assuming that vacancies
act as acceptors. Agreement for n-type data was fair,
whereas p-type data did not agree that well. The dis-
crepancy was not attributed to the above assumption,
namely, that vacancies act as acceptors, and it was
concluded that Ge self diffusion probably occurs via

vacancies. The doping effect on impurity diffusion in Ge



is also in general agreement with vacancy model of
diffusion. Because of the low concentration of point
defects, it has not yet been possible to detect directly
the presence of point defects in Si and Ge in thermal
equilibrium at high temperatures.

Two classical models of the energy levels of vacancies
and interstitials are that of James and Lark-Horowitz
{10], and of Blount [11l]. In the first model, inter-
stitials act as donors and vacancies act as acceptors. In
Blount's model on the other hand, interstitials and
vacancies may act as both acceptors and donors. This is
favored for the interstitialcy mechanism proposed by Seeger
and Chik to explain the impurity diffusion of Group III
and Group V elements in Si, whereas the fact that double
negatively charged vacancies can exist is a point in favor
of the James and Lark-Horowitz model.

With the above background in mind, the diffusion
phenomenon will be discussed in the subsequent chapters.
The object of the present research is to develop the models
describing the diffusion phenomenon which include the
effects of internal electric field, vacancies, partial
ionization, and degeneracy of carriers. In Chapter 2,
field-aided diffusion is discussed under degenerate and
complete impurity ionization conditions. The assumption
of local charge neutrality is investigated. In Chapter 3,

Hu's theory of impurity diffusion [12] is applied to



arsenic diffusion in silicon under general conditions.
Numerical computation of impurity profiles and results
are discussed in Chapters 4 and 5, and the conclusions

summarized in Chapter 6.
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CHAPTER 2

FIELD-AIDED DIFFUSION

In an intrinsic semiconductor, at thermal equilibrium,
holes and electrons are produced in equal numbers by
thermal processes. When impurity atoms are introduced,
they ionize and alter the concentration of majority carriers
(e.g. electrons for an n-type impurity). As a result, the
majority carrier concentration increases and due to re-
combination the minority carrier concentration decreases.
The product pn remains constant at thermal equilibrium for
a nondegenerate semiconductor. When the semiconductor is
out of thermal equilibrium, it is necessary to consider
the motions of electrons, holes, and impurity ions
simultaneously, because the charge density at any point
is a function of the concentrations of these species.

The analysis in the present work is restricted to the
case of a constant band gap semiconductor at a constant
temperature. It is also assumed that the impurities are

singly ionized.

2.1 Transport Equations for Nondegenerate Case

For a semi-infinite solid, a one-dimensional diffusion
process for x>0, t>0 is defined by the flux equations,
continuity equations, Poisson's eguation, and appropriate

boundary conditions.
11
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The flux equations for an arbitrary carrier are given

by

£, = -D, 32+ 2 u, aF (2.1)
where o represents the concentration of an arbitrary
carrier (n, p or ¢ for electrons, holes or impurity ions,
respectively), Da is the diffusion coefficient, My is the
mobility, E is the electric field, and Za takes on the
value +1 or ~1 for a positive or negative carrier charge,
respectively.

The continuity equation for the carrier a is
9o _ o
9% - - % 4 g (2.2)

where Ga represents the net generation rate of the carrier.

Using the nondegenerate Einstein relation

kT (2.3)

QtIQU
i
l
i
<

and assuming 100% impurity ionization, which implies that

G =G_ =G, (2.4)

the general equations can be written as
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%%2%[Dp§§__\%‘_]+c (2.5a)
g_% = g_x [D_ %i‘. + D{‘,THE] + G (2.5b)
Poisson's equation yields

%% = % = % (p-n+z c) (2.6)

where p represents the charge density. Note that Zc =1
for donors and Zc = -1 for acceptors. The permittivity e
will be assumed constant.

The net generation rate G may be represented by the

Shockley~Read-Hall model

pn-n’
G = - ‘ (2.7)
T (p+ni) +'rp (n+ni)

where ng is the intrinsic concentration of electrons and
holes, and Tp and T, are the lifetimes of holes and

electrons, respectively.

The boundary conditions are governed by the kind of
diffusion process. In most of the work, for simplicity,
a constant source diffusion will be assumed in which case

the boundary conditions are given by
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c(x,0) =0 , x>0 (2.8a)
p(x,0) = n(x,0) = n , x>0 : (2.8Db)
E(o,t) =0 (2.8c)
c(0,t) = Co (2.84d)
90maj (0481 Do 5c(0, ) (2.80)
39X Dmaj X :
aami’;}io't) =0 (2.8f)
where amaj and @ in 2re majority and minority carrier con-

centrations, respectively.

2.2 Previous Work

The effect of the electric field on the transport
process was first considered by Zaromb [13] and Smits [14].
Their work was based upon two major assumptions.

1. The material is charge-neutral at every point so

that

|

0. (2.9)

m|o

= p—n+Zc c
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2. It is assumed that pn = ni. Strictly, this rela-
tion is only valid in thermal equilibrium for a nondegener-
ate semiconductor.

The electric field can then be expressed as

E=-2_V —1 3¢ (2.10)

c T \[————-““' X
c2 o+ 4ni

QO

An expression similar to (2.10) was derived by Kurtz
and Yee [15] who neglected the effect of the minority
current. They pointed out that an effective diffusion

constant D can be defined when (2.10) is used in the

eff.
flux equation for the impurity atoms (2.1) to give

_ - 2c
fc = Deff 5% (2.11)

where

D =D_ (1 + c

eff c
dcz + 4ni

Substitution of (2.11) into the continuity equation yields

). (2.12)

dc _ 3 _ c ) 2E 2.13
5% = [D, (1 + ) =1 . ( )
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Lehovec and Slobodskoy [16] have obtained an approxi-
mate solution to the above equation for a constant source
diffusion into an otherwise intrinsic semiconductor. They
also provided the "corrections" to the surface concentra-
tion by extrapolating from the tail of the impurity
distribution using a complementary error function.

Bordina et al. [17] have discussed the influence of the
internal electric field by assuming that it may be taken
as uniform. They then conclude that an effective doubling
of the diffusion coefficient takes place in a region where
c >> n;.

Vas'kin et al. [18] have treated impurity diffusion
into a semiconductor uniformly doped with an impurity of
the opposite type under the assumption that the local
electric field can be represented by an average field
defined in terms of a weighting function. Shaw and Wells
{19] have analyzed the same problem without making the
above assumption and have obtained numerical solutions for
the impurity distributions. Klein and Beal [20] have
discussed the case of simultaneous diffusion of oppositely
charged impurities.

Nuyts and Van Overstraeten [21] have calculated the
impurity diffusion profiles in silicon taking into account
the diffusion of the base impurities. They have also
discussed the use of degenerate statistics and partial

impurity ionization although no computations have been



17

made incorporating these aspects. Hu and Schmidt [22]
have also calculated constant source diffusion profiles,
and have analyzed the effect of the internal electric
field on a sequential diffusion process.

Quasi-static Approach. The general problem of the

previous section was investigated by Perritt [23] and later
by Widiger [24], without making the two major assumptions
discussed earlier in this section. A quasi-static approxi-
mation was formulated under the following assumption.

In a semiconductor, even at diffusion temperatures,
holes and electrons have a much larger mobility than the
impurity ions. Thus the time required for an impurity
ion distribution to change to a particular profile is many
orders of magnitude larger than that required for the holes

13 times

and electrons. Dp and Dn are approximately 10
larger than D,. The electrons and holes therefore re-
adjust almost instantaneously, staying in a steady state
determined by the impurity ion distribution. In thermo-
dynamics this is referred to as "quasi-static equilibrium."
The equations governing diffusion under quasi-static
approximation were developed by Widiger who assumed the SRH

model. A more general way to derive these equations is

given in Appendix A. It is first assumed that

2.2:.3—13.:0

5t 5 . (2.14)
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It can then be shown that regardless of the form of G in
(2.5a) and (2.5b), and using only these two equations,

we obtain

n=n, exp(%;) (2.15)

e}
]

n, exp(- %;) (2.16)

which, of course, implies that

N

pn = n, .

The general problem under quasi-static approximation thus

reduces to

dc _ 9 __ e _ _¢ c
3t ~ 3% Pc 3x Vo E] (2.17)
82¢ e
.__2_ = E— [n—p-—Zc c] (2.18)
IxX
where
—_— -~ ﬂ-

Note that elzctrostatic potential ¢ has been assumed to

be zero at x+» for convenience, where the material has
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been chosen to be intrinsic. It may also be noted that

using (2.15) and (2.16), (2.18) can be written as

2
2¢_e : -
— == [2n, sn.nh(%.;) z, cl . (2.20)

The boundary conditions for the above problem for a

constant source diffusion are

c(0,t) = C, (2.21a)
82008 _ (2.21b)
c(o,t) =0 (2.21c)
(o, t) = 0 (2.21d)
c(x,0) = 0, x>0 . (2.21e)

It is seen that as a consequence of the law of mass
action pn = ni, the generation term G becomes zero if SRH
model of (2.7) is assumed. This fact, however, is not
required in the above model.

The quasi-static problem has been investigated and
impurity profiles calculated using numerical techniques for
a constant source diffusion [24], drive-in diffusion [25]

and two-step diffusion processes [26].
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It is interesting to note that if local charge
2

neutrality is assumed in Poisson's equation, i.e. 3—% = 0,
X
then
Z
_ R § Coc
b = VT sinh ( > ) . (2.22)
Thus,
-V, Z
E:—%—%:——.—E_—g—_.a_.c_. (2.23)
N 20
c” + 4n;
i
Substituting (2.23) into (2.17) yields
bc _ 2 ac
3t X (Deff Bx) (2.24)
where
= c
D =D_ (1 + ) . (2.25)

eff c \ﬁ;{f:“;;g
This result has beeh obtained previously in (2.11) and
(2.12).

Some important points may be noted at this stage. As
is evident by (2.15) and (2.16), the law of mass action
pn = ni still holds during the diffusion, although strictly
speaking the system is not in thermal equilibrium. This

is a consequence of the assumptions made in quasi-static

approximation. In the charge neutrality approximation, the
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2

term 3—% has been neglected only in Poisson's equation.

It isa:asy to see (Section 2.4) that if this term is also
neglected in the transport equation, the two equations
decouple and the simple diffusion equation is obtained.
As pointed out earlier, all the above results are valid
only under nondegenerate conditions. Finally it may be
noted that (2.24) is in such a form that for a constant
source diffusion the variables can be separated, as was
shown by Shaw and Wells (Section 4.5). It appears that
(2.24) is not separable for drive-in diffusion boundary
conditions. An alternative formulation of the charge

neutrality approximation of (2.24) in terms of ¢ (instead

of ¢) is discussed in Section 2.4.

2.3 Transport Equations for Degenerate Case

In this section the transport equations for the
degenerate case will be discussed. Holes and electrons in
this case are described by Fermi-Dirac statistics and
instead of the classical Einstein relation, its generalized
form must be used. For concreteness, a donor type diffus-
ion will be assumed.

The flux equations are still given by [27]

£ =-D R4+, pE (2.26a)
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= - on _
£ =-D_ 8-y nE (2.26b)
£ =-p 22, CE (2.26c)
c c 9x uc - -<0bC

The continuity equation for impurity ions with 100%

ionization is

¢, _S-9 . (2.27)

At this stage we make the following two assumptions.

1. The flux for minority carriers (holes) is zero,

£ =0 . (2.28)

Note that the continuity equation for holes then implies

Since holes readjust almost instantaneously, this implies
%% = Gp = 0. This, however, need not be assumed for the
derivation that follows.

2. The flux for the impurity ions equals the flux

for the majority carriers (electrons),

f, . =£f . (2.29)
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Again, using the continuity equations for impurity ions

and electrons, this implies that éi%%EL = Gn’ If quasi-
static conditions were assumed it would imply %% = —Gn.

It will be shown later that the above two assumptions
imply that the quasi-Fermi levels for holes and electrons
are equal.

The first assumption, using (2.26a), yields

u u
1 %E = BE E = - BE %% .
X
P p p
Integrating, we have
TS "Pp1oap
b (x) = - J Y dx = I " 5 Y dx (2.30)
X x P
where ¢ (») = 0 has been chosen for convenience. For a

parabolic density of states, the generalized Einstein

relation gives

D F (n)
p _ kT “1/2
Tl ) (2.30)
P 1/2
with

Ev(x)-Efp(x)

where Ev(x) is the top edge of the valence band and Efp is

the quasi~Fermi level for holes.
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Also,

p = NV Fl/z(”p) . (2.32)
Therefore,
dp (2.33)

o7

Dividing (2.32) by (2.33) and substituting in (2.31) we

obtain

Using this, (2.30) yields

o d
o) = [ KL R ax = KLy (e)-n ]

e e P
X
where
() = Egl=)Ee = - Eﬂ -
"o KT kT i
with
Ef—E ()
. (2.34)
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Note that thermal equilibrium conditions have been assumed
at X+, Eg and Ec(x) represent the band gap and the

bottom edge of the conduction band, respectively. Thus,
es Eg eé
which gives

E
_ - e% _ -
P =N, F (- 5% R—,% n:) . (2.36)

Turning to the second approximation, we have

b .
-DC -a—}—{ + uc cE = Dn X ]Jn nkE . (2.37)

Now, at typical diffusion temperatures, Mo > Mg and n = c

so that uy RE >> g CE. Also, Poisson's equatigp“gives

c=n_p_§__%3 . (2.38)

Thus, (2.37) becomes

3
_ an ap €9 ¢ _ .p 9N %
Do gx ¥ Pe3x ¥ Be e ax3 Dhax T ¥n B3k - (2.39)

The first term in (2.39) drops out because Dn >> Dc' Using

(2.32) and (2.35) we can write
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dp _ -ep F--1/2(np) ¢ e
ox kT Fl/z(np) ax

|
aIS

3
ox '’

since np is a large negative quantity. Substituting in

(2.39) we obtain,

st e te as Do ady
X Dn ox Dn ox Dn e 8x3
Dc kT .
where o =z has been used. Observing that M, n >> HP

c
the above equation simplifies to

D
£
D

3
% . (2.40)
X

3¢
noox

Uhf
oo
%l
om

o]
o

Now, considering the quantity on the r.h.s., it is noted

3
that D, << Dn' and if it is assumed that 3—% is not very
9xX

large, the r.h.s. can be neglected in comparison to other
terms. Physically, this means that the gradient of the
charge density should not be extremely large. Thus, we

obtain

or,

_ nlan
¢(x) = [ — 5 3% dx . (2.41)



27

Using the generalized Einstein relation

()

n _ }—{E Fl/z(n)
Mnooo© Fo1/2(m

where
- Efn(x)-Ec(x)
TI(X) = kT [4
and
n = NC Fl/z(n) ’ (2-42)

we can integrate the r.h.s. of (2.41) to obtain

9 4 .. (2.43)
which gives
(2.44)

= ed
n=N,Fy, Gg*ag) -

It may be noted that (2.35) and (2.43) imply that

or,
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This result is not surprising because (2.41) could have
been written directly if the thermal equilibrium conditions
were assumed at the outset. Present analysis, however,
gives a better insight of the approximations involved.
Substituting (2.36) and (2.44) back into the Poisson's
equation (2.38), and combining the flux and the continuity

equations we obtain

bc _ 2 p 2 as
3 - 3% P 3x t M © % (2.45)
2y e 5
€ INF + F - - -
el [Ne Fy/5 (VT ng)= Ny Fp/p v, T RT ni)
- C] . (2046)

It is noted that under typical diffusion conditions the
argument of the second Fermi function in (2.46), which
represents the minority carriers, is a large negative
gquantity and hence the Fermi function can be approximated
by an exponential function; thus

£ o

E
g - d.q4) =N exp(- g2 = n;) exp(- &)

N_F (- n.
v "1/2 VT T i v P

= -4
= ny exp ( VT)



29

where

E E
n; =N, Fp (- E% - n;) = N_ exp(- E% = ny) (2.47)

has been used. Instead of (2.46), we may then use

2

3¢ _ e $ - - _

2 % [N, F1/2(vT + n;) = n; exp( v, cl .
(2.48)

Note that if the first term is also expressed by Maxwell-

Boltzmann statistics (nondegenerate case), we obtain

R

+ n.)

$
i _Nc exp(v;) exp(ni)

¢
Ne F1/2 (V;

¢
n, exp(v—)
where

n, = Nc Fl/z(“i) = Nc exp(ni)

has been used. For nondegenerate conditions, therefore,

(2.48) reduces to

39 -8 ik (3 -
. - [2ni 51nh(v ) cl
X T
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which is the same as (2.20) of the previous section.
The boundary conditions and numerical solution to
(2.45) and (2.48) will be discussed in Chapter 4.

We now consider the problem of finding Nc’ N.. and ny

Y

The effective density of states Nc and Nv are given by

*
27KT m
N = 2(—1y3/2 (2.49a)
o] 2
h
X
21KT m 3/2
N_ = 2(—=2P) (2.49b)
v h2

* * )
where m and mp are density of states effective masses of
electrons and holes, respectively. In general, knowledge

* *
of m and mp at typical diffusion temperatures is poor,

although it is possible to extrapolate from the results

obtained at lower temperatures [28]. A way to circumvent

* *
the problem is to avoid the direct use of m, and m_ in

P
(2.49).

For an intrinsic material,

n, = Nc Fl/z(”i) . (2.50)
Data for the intrinsic carrier concentration ni(T) is
known experimentally [29]. It is easy to show that

1 N

= 1 v
Bp = 3 [Eg(e) + Eg(=)] + 3 kT 1n () (2.51)



since the material is intrinsic as x+~. Using (2.34) and

(2.51), the value of nj in (2.50) may be computed as

n, = - =2+ 317 (-B) . (2.52)

*

n’ is a relatively weak

The ratio of effective masses, m;/m
function of temperature [30] and therefore Nc computed
using (2.50) should give a better value than that using
(2.49a). Data for Eg(T) used in (2.52) is also known

experimentally [31].

2.4 Degenerate Case Under Charge Neutrality

The degenerate quasi-static formulation for a donor
type impurity diffusion yields (2.45) and (2.48), repeated

here for convenience.

5c _ 3 [p ¢ 1)
3t 9x [Dc 5x T He © ax] (2.53)
332 =% IN_F (2— + n.) - n., exp(- 2y - ¢l
3x2 € c 1/2 VT i VT
(2.54)
32
If it is assumed that ——% =0, i.e. p(x) = 0, every-
oX

where in the semiconductor, then

E = - 3% = constant
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and, because of the boundary conditions

E(~,t) = 0

¢(°°rt) =0,

we obtailn

]
o

E(x,t)

it
o
.

¢ (x,t)

Thus (2.53) and (2.54) decouple and the classical diffusion

equation
1
at c 3x2
is obtained.
2
In this section, instead of assuming that 3—% = 0 in
X
both (2.53) and (2.54), we neglect it only in Poisson's
2
equation, i.e. we assume that E—% << n, p or ¢. The egqua-
9xX
tions under charge neutrality thus become
e 2l 2%, 2cas (2.55)
) o] 2 Me e 3x 9%
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2
T VT

c =N A n;) - n; exp(- ) (2.56)

c F1/2 \'
Unlike the nondegenerate case of Section 2.2, E here can
not be expressed entirely in terms of c. Nevertheless, it
is possible to obtain a single equation in ¢. Differentiat-

ing ¢ from (2.56) and substituting in (2.55), we obtain

D 2
3¢ _ "¢ 3¢, 2 3%,
IE ‘—i'—r— fl(¢) ('a'f) + D f2(¢) (axz) (2.57)
where
¢ $_
Fozpalvg ¥ ng) + F-1/2(vT +ong)
f1(¢) = (2.58a)
¢ -9
F—l/Z(V; + ni) + Fl/z(“i) exp ( VT)
and
F-l/z‘%" +ong) 4 Fl/2(%—' +ony)
£,(8) T T . (2.58b)
) - ¢

Now, if a normalization

(2.59)

-2 >
I
<P~

is used, (2.57) becomes
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. ) . ) -
%% = D_[£, () (—%-}%)2 + £,(4) (i-x_gl)] (2.60)

where fl(¢) and f2(¢) are the functions defined by (2.58a)
and (2.58b) with ¢/V, replaced by .

Boundary Conditions. Considering a constant source

diffusion, the boundary conditions are given by

c(0,t) = C0 (2.61a)
c(e,t) =0 (2.61b)
c(x,0) = 0, x >0 . (2.61c)

The boundary conditions in terms-@f. ¢ are. easily obtained

as

$(0,8) = ¢, (2.62a)
:b(w,t) = 0 (2.62b)
:1;(x,0) = 01 x>0 (2.62(’:)

where 0 is computed by solving the implicit algebraic

equation

Cy = N F1/2(¢0+“i) - n, exp(-¢4) - (2.63)

R T SR S,
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Transformation. It will be shown in Section 4.5 that

the partial differential equation of the form (2.60) is
separable for the constant source boundary conditions given
above. Thus, just like the nondegenerate case of Section
2.2, the degenerate case also yields an equation which is
separable although the dependent variable now is ¢ instead
of ¢c. The electric field here can not be expressed entirely

in terms of ¢ but may be easily computed as

E = -3 (2.64)

Reduction of the Equation for Nondegenerate Condi-

tions. TFor nondegenerate case, all the Fermi functions

reduce to exponential functions and (2.57) reduces to

D 2
3¢ _ 2 c 94,2 2%

2¢
1 + exp(- =)

v

T

This equation in terms of ¢ is an alternative to the charge
neutrality formulation in terms of c discussed earlier

in Section 2.2.

2.5 Discussion

In this Chapter impurity diffusion into an intrinsic
semiconductor was discussed under nondegenerate and

degenerate conditions. Formulations resulting from the
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assumption of local charge neutrality were presented. In
each of the cases the diffusion model is described by
either a single or a set of differential equations. The
numerical procedures to solve these equations are dis-
cussed in Chapter 4. 1In Chapter 5 numerical results are
presented and the formulations compared to each other.

It is found that under typical diffusion conditions, local
charge neutrality turns out to be a good approximation.
This provides the basis for the model to be discussed in

the next Chapter which includes the effect of vacancies.



CHAPTER 3

DIFFUSION VIA VACANCIES

The models for field-aided diffusion discussed in
Chapter 2, although applicable to both acceptor and donor
type impurities, yield results which do not agree with
experiment at higher concentrations. When defects such as
vacancies and interstitials are considered, it becomes
necessary to specify the kind of impurities. 1In silicon,
vacancies are believed to be responsible for donor type
impurity diffusion, whereas interstitialcy mechanism is
favored for acceptor type impurities [6]. In this Chapter,
diffusion of arsenic in silicon is discussed and a vacancy

mechanism is assumed.

3.1 Previous Work

Several models for arsenic diffusion in silicon have
been proposed. Hu [12] has considered an impurity-vacancy-
semiconductor system. The flux equations have been
systematically derived from thermodynamical considerations.
Local charge neutrality has been assumed in the theory.
Analysis without this assumption becomes very complicated,
and does not seem to have been tried in the general case.
However, based on the discussion from Chapter 2, it may be
expected that local charge neutrality should be an

excellent assumption even in the present case. Prior to

37
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the publication of the above theory, using some other
arguments, Hu and Schmidt [22] had analyzed As diffusion
in Si. The equations used there were later justified by
Hu. Nevertheless, there was some arbitrariness in the
computations of Hu and Schmidt because of a factor g,
which was assumed to be 100. As discussed by Nuyts and
Van Overstraeten [32], the above value of B is unrealistic.
Also, the analysis assumed nondegenerate conditions and
complete impurity ionization, although the general theory
of impurity diffusion proposed by Hu is not restricted to
these conditions. Hu and Schmidt have pointed out that the
validity of their model breaks down at high surface con-
centrations because there is no limit to the enhancement
effect due to vacancies. It should be interesting to find
out if the same result is obtained when partial ionization
is taken into account and Fermi-Dirac statistics are used.
In the model proposed by Chiu and Ghosh [33], two
energy levels have been attributed to the vacancies in an
attempt to explain the decrease in the diffusion coefficient
of As in Si at very high concentrations. They have reported
excellent agreement between the theory and experiment
except for short diffusion times. In their analysis, how-
ever, as many as four constants were matched numerically,
having assumed that the impurity diffusion coefficient

ratio in extrinsic to nearly intrinsic silicon is given by
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= fgh

UIU

where £, g, and h are contributions due to vacancies,
cluster mechanism and internal electric field, respectively.
The analysis again assumes nondegenerate conditions and
complete impurity ionization. The cluster mechanism
mentioned above needs some explanation. In order to
explain the retardation of diffusion observed experimentally
at higher concentrations, it has been postulated that As
atoms start forming clusters as the concentration goes up.
Two models have been proposed. The As-complex considered
by Fair and Weber [34] consists of two As atoms, whereas

in Hu's cluster model [35], it consists of four As atoms.
For chemical reasons, only one such complex rmay dominate

in a certain temperature range. However, there is still

an uncertainty as to which model actually applies. Hu's
model gives a good fit to the experimental vapor pressure
data. Fair and Weber have claimed that their model gives
better results at shorter diffusion times compared to Chiu
and Ghosh who have used Hu's cluster model. It should be
pointed out that Fair and Weber have included the influence
of partial impurity ionization through an empirical equa-
tion. Also, in addition to using nondegenerate equations,

they have approximated the electric field by

7;4

9C

X

T

E == —
e

Qi+
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As can be seen from (2.23), the above equation is wvalid
only for c >> 2ni, and at typical diffusion temperatures,
this inequality is easily violated.

Nuyts and Van Overstraeten {32] have applied Hu's
diffusion model to the diffusion of phosphorus in silicon.
They also restricted their analysis to nondegenerate
conditions and assumed complete ionization. Contrary to
the comment made earlier in the Chapter that interstitialcy
mechanism is favored for acceptor type impurities, they
assumed vacancy mechanism to be valid for simultaneous
diffusion of boron in silicon.

As the impurity concentration becomes higher and
higher, the discrete impurity energy levels separate out
and start forming energy bands. This is, of course, a
consequence of Pauli's exclusion principle. Under such
conditions, strictly speaking, it is not sufficient just
to replace Maxwell-Boltzmann statistics by Fermi-Dirac
statistics and neglect the impurity band formation. Two
of the theories dealing with these impurity bands have been
proposed by Kane [36] and Morgan [37]. Jain and Van Over-
straeten [38] have used these models and have analyzed the
diffusion problem by writing the overall diffusion co-
efficient as

D =D D

As iAs Def ev Dcf
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where the factors on the right hand side correspond to the
intrinsic As diffusion coefficient, electric field,
vacancies and cluster formation (using Hu's cluster model),
respectively. They have claimed a good agreement between
the theory and experiment.

Of all the above models, Hu's diffusion model has a
very strong point in favor of it, in that it evolves in a
very systematic and general way from the fundamentals of
thermodynamics. The generality of the results does not
seem to have been utilized completely. In this Chapter, As
diffusion in Si is analyzed using Hu's theory. The partial
ionization of the impurity atoms is taken into account,

and Fermi-Dirac statistics are used to describe the carriers.

3.2 The Diffusion Model

The following major assumptions are made at various
stages in the development of the model.

1. The temperature during the diffusion is held
constant.

2. Vacancies act as single level acceptors.

3. Local charge neutrality is assumed.

4. Vacancies have very little effect on the Fermi
level. Conversely, the Fermi level determines the con-
centration of vacancies.

5. Fermi-Dirac statistics are used to describe the

carrier densities. However, the formation of impurity
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bands is ignored. Constant band gap and electron affinity
are assumed.

6. In order to better understand the influence of
carrier degeneracy and partial ionization, cluster forma-
tion of As atoms is not considered.

7. Vacancy production due to plastic deformation is
neglected.

8. Quasi-thermal equilibrium is assumed so that
Efanf and Efp=Ef.

Under these assumptions, according to Hu's theory

[12], we have

=n*yV

Dc = Dc ;—; (3.1)
_ *

DV = DV (3.2)

where D, represents the impurity diffusion coefficient and
D: is its value at infinite dilution of impurities with
vacancy at its thermal equilibrium concentration. D, .
D;, v and v* are the corresponding diffusion coefficients

and concentrations for vacancies. The flux equations

are given by

= pr Vv 3c
f, = -D, % (l+31nc) = (3.3)
v
2 1n vy
_ * v v 3¢ _ ,* av
fv Dv c 9 1lnc X Dv oxX (3.4)
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where Yo and Y, are the activity coefficients given by

~ 1+z
Yo T I¥¢ (3.5)
146

where ¢, £, t* and £* are defined by

E.~E
1 exp(—gf—z) (3.7)

L= gc

E¢-Ey

£ =g, exp(4z—) (3.8)

E _-E.
-1 D i
* =
4 =l exp ( T ) (3.9)
E.-E
_ iV
g* = 9y exp(————T ) . (3.10)

In writing (3.1)-(3.4), it has been assumed that the con-
centration of impurity-vacancy pairs is much smaller than
the vacancy concentration. The impurity concentration has
also been assumed to be small compared to the concentration
of the host lattice atoms. In the above equations, Eges

E and EV represent the Fermi level, donor energy level,

DI
and vacancy energy level, respectively. Ei represents
the value of the Fermi level which would yield equal con-

centrations of holes and electrons. Also, 9. and g, are

degeneracy factors for the donor and vacancy levels. Thus,



44

*
+
Yy, = 1+t = . (3.11)
1+ g—1 exp (——— D_ f)
C kT

Differentiation w.r.t. x gives

e+ g, explgp 2l 2 (3.12)
where
. Eﬁ;Ec . (3.13)
If
E —E
= exp (—=— kT ) << 1,

then (3.12) can be approximated by

9 1In Y
c . an
=% = = - (3.14)
It will be shown later that the term %% is proportional to

the electric field. From (3.12) and (3.3) it is evident
that as the Fermi level goes above ED' the term involving
the electric field becomes less significant. At 1200 ¢,
the above inequality is well satisfied for E f > 0.38 eV.

For donors £ >> 1, and (3.6) can be written as
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1+ gy exp(ni+e )

- \'4
Yy Iy exp(n+ev) (3.15)
where
e = Ec_EV
v - kT
and
_ Ef-Ec(m)
N3 kT .

Note that at typical diffusion temperatures Eg is about

0.8 eV for Si and E, = Ec - 0.4 ev. Therefore, nothing

\)
can be said about the magnitude of 5*.

In computing the flux of total impurities fc’ the
theory has taken into account the fact that a certain
fraction of donor atoms may remain neutral, some may be
charged positively and some of these may form pairs with
the charged and neutral vacancies. Within the semi-

conductor, there is no generation of the total impurities.

The continuity equation thus yields

LoP)

9€ 4+ L =9 . (3.16)

@
@
"

Substitution of (3.3) in (3.16) gives
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*
9C D

R o
FY )

2 V($S + ¢ 20)] (3.17)

3 ry(lc
X X

X

<

%*
where (3.14) has been used. Note that v is independent
of x.

The continuity equation for vacancies is

ot
t o = G, (x,t) (3.18)

ol

In general, GV may not be zero. This term may be caused,
for example, by plastic deformation. A mismatch in the
size of diffusing impurities and the host lattice atoms is
a major cause of dislocations. Substitution of (3.4) into

(3.18) yields

9 1n v *
AV _ ) * v VvV

As discussed by Hu and also by Nuyts and Van Overstraeten
[32], quasi-equilibrium condition for vacancies under
typical diffusion conditions is a good approximation.

Thus, assuming %%-= 0, (3.19) yields

9 In v
) * \4 * dv, _ _
X [Dv v X + D, ax] - GV(X) *

Integrating both sides from x to «, and noting that as

* v .
X+o, V*v 1l.e. o= + 0, and yv+l, we obtain
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+ 9 1In(v v) ©

X

Integrating once again,

D
X \"4 X

*
Note that yy < 1, and D, is large [32]. The mismatch
in the radii of As and Si atoms is very small resulting
in a small generation term GV. Thus, if the integral on

the r.h.s. can be neglected, we simply have

v e Y, (3.21)

ac * 3 -1 ,(3c on
— = ~ -_— 4 e . .
ot Dc X [Yv (ax ¢ ax)] (3.22)

3.3 Computation of the Fermi Level

The unknown n appearing in (3.22) can be evaluated
using the condition of local charge neutrality. Then,
(3.22) with suitable boundary conditions describes the

transport problem. Local charge neutrality implies

n-p-c v = 0 (3.23)
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+ - .
where ¢ and v are the ionized donor atom and charged
vacancy concentrations, respectively, with v  given by

[12]

= v 5
v Vl+€

= v (3.24)

1 + g, exp(—n—ev)
Since £ >> 1, v = v. However, this concentration itself
is so small compared to other terms in (3.23) that it can

be safely neglected [12].

The electron and hole concentrations are given by
n =N, Fl/z(n) (3.25)
and
where €g is the normalized band gap. For donor diffusion,
-n- -1
(-n eg) <<

and

p = Nv exp(—n—eg) . (3.27)
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For partial ionization, the ionized donor concentration is

given by [12]

+
¢ = c = (3.28)
d
1 + 9 exp(n + ET)

where Ed = EC--ED is the ionization energy. Note that for
sufficiently negative values of n, c+ = ¢ and we approach
the 100% ionization case.

Substituting (3.25), (3.27) and (3.28) into (3.23)

with 9. = 2 we obtain

C = 0

T IF 2exp(n+ed7

N, Fl/2(”) - N, eXP(—n—eg)

(3.29)

Thus, (3.29) can be used to evaluate g.

3.4 Summary of the Problem i

We must solve the partial differential equation
(3.22) where n is obtained using (3.29). The values of
Nc and NV are found, as in Section 2.3, by using the

equations

n.

1
N_ = (3.30)
c = Fy,,0n;)

=2
i

n, exp(ni+eg) . (3.31)
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Also, Yy and n are given by (3.15) and (3.13).
For a constant source diffusion the boundary condi-

tions are

c(0,t) = Cg
C(‘”rt) =0
c({x,0) = 0, x>0 . (3.32)

These will be transformed in terms of suitable variables

at a later stage.

3.5 Form of Impurity Flux With and Without Vacancies

Using (3.3) and (3.14), the impurity flux with

vacancies can be expressed as

Vo3 4 o amy (3.33)

When the vacancies are in quasi-equilibrium, using (3.21),

Now,
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on _ 3@ (EEZEE)
X X kT
kT o5x kT

where E is the electric field. Thus, we obtain

Dc ac e
fo = = v, bax ™ xr °F
* x
= %—— (-D_ %% + u_ cE] (3.34)
v
*
* eDc

where e = 7T has been used. Comparing (2.26c) and

(3.34) we see that the forms of the flux equation are

similar except for the factor l/yv. This can also be

viewed as a change in the impurity diffusion coefficient
D

which now becomes 79 . In other words, the impurity

v
diffusion coefficient is now proportional to the vacancy
concentration v. At low donor concentrations Yy - 1, and

(3.34) reduces to (2.26c).

3.6 Transformation of the Equations

The equations summarized in Section 3.4 can be
transformed into a simpler form. It is possible to
substitute for the derivatives of ¢ in (3.22) using
(3.29). An equation entirely in terms of the dependent

variable n is then obtained. Noting that
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*

£ =g exp(ni+ev) '

v

(3.22) can be written as

* %
D, &
3c . (_C - oc 3n an, 2
3T (1+g* ) exp(n-n;) [2 3= o0 + c(3y)
2 2
9 C 3 N
+ —5 +cC -] (3.35)
9X ax2

where (3.15) has been used. Also, (3.29) gives

c=[1+ 2 exp(n+ed)] [Nc Fl/z(") - N, exp(-n—eg)].

(3.36)

Differentiation of (3.36) yields the following expressions:

=% _ 3 ¢l(n) (3.37)
where
$,(n) =N F—l/z(“) + N, exP(“n~eg) + 2 N, exp(n+egy)

x {F (n) + F (n)3} (3.38)

1/2 -1/2

3Cc _ 3n
=L e, () (3.39)
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and

2
2
oX 0X

where

$,(n) = N, F_3/2(n) - N, exp(-n-eg) + 2N, exp(ntey)

x {F (n) + 2F_ (n) + F_ ()} . (3.41)
1/2 1/2 3/2

Now, substituting (3.37%), (3.39), and (3.40) in (3.35),

after some lengthy manipulation, we obtain

¢, (n) 2 ¢,0n)
n o_ - any2 73 Al 1
3t = D expln-n;) [ (5% 317;7'+ (a 2) ¢4 (n) ]

[+%)

(3.42)

Q

X

where
¢5(n) = N, Fl/z(“) * 2Ng F_y/o(n) + N Fo3/2n)
+ 2exp(ntey) {4 N F1/2(“) + 4 N F_l/z(n)

+ Ny F_y () = Ny expl-n=c_)) (3.43)
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94(n) = N Fl/z(") + N, F—l/z(“) + 2exp(n+ey)

x {2N Fl/z(n) + N, F—l/z(") - N, exP(—n—cg)}

(3.44)
and
* *
Dc £
D = — - (3.45)
1+¢

At this point, it is convenient to make a transformation

of the dependent variable,

n=19v+n, , (3.46)

p = 21 (3.47)

With this transformation (3.42) becomes

2
oY _ o0, 2 37y
st = DL G 500 + (=5) £,00) 1] (3.48)

where
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) ¢5(¥+n,)
and
) ¢4(¢+ni)
fz(ﬂ’) = exp(vy) W (3.50)

Thus, the problem has been reduced to solving (3.48).
The boundary conditions for the constant source diffusion,
given in Section 3.4, can be easily written in terms of Y

as

v(0,t) = y, (3.51a)
Pp(=,t) =0 (3.51b)
v(x,0) =0, x>0 (3.51c)
where Vo is computed by solving the equation
Cy = [1 + 2exp(xp0+ni+ed)] [N, F1/2(u’0+“i)
- N, exp(—wo-ni—eg)] =0 , (3.52)

which follows directly from (3.36).
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3.7 Discussion

It can be noted that the partial differential equa-
tion (3.48), and the boundary conditions (3.51), are of the
same form as those obtained in Section 2.4 except that
instead of the variable ;, we now have . Therefore, the
numerical solution to (3.48) can be found exactly in the
same manner. As shown in Section 4.5, a transformation of
the variables can be used to separate the variables. The
resulting ordinary differential equation can be solved
efficiently by using a numerical technique. The results

are discussed in Chapter 5.



CHAPTER 4

NUMERICAL ANALYSIS

The models discussed in the previous chapters result
in a set of partial differential equations. These equa-
tions are highly nonlinear, and it may be extremely
difficult, if not impossible, to find a closed form solu-
tion. A numerical solution is the only viable alternative.
There exist a number of methods to solve a boundary value
problem [39]. In the present case, a quasi-linearization
technique is used. The partial differential equations are
first transformed into ordinary differential equations by
discretizing the time step. The process then consists of
reducing the set of ODE to successive approximate sets of
linear equations which can be solved more easily using an
iteration scheme. A desired accuracy can be reached by
repeating the process of linearization.

In this Chapter, a general method for solving coupled
nonlinear ODE is first presented. The treatment closely
follows that of Widiger [24]. The procedure is then
applied to individual cases discussed in the previous

chapters.

4.1 Discretization of Independent variables

To facilitate the numerical techniques, the independent

variables have to be discretized, thereby yielding sets of

57
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difference equations. The variables in the present case

are ti and xj, defined by

t
I

(i—l)At + t0’ i = l’---'n

(j-1)Aax j=1,...,m

»
i

where At and Ax are chosen to be fixed for simplicity.

The discretization of t transforms the PDE into an ODE at

a certain time step. The abruptness of the initial condi-

tion at the surface can be dealt with by assuming a non-

zero starting time to.
The time derivative is approximated by a two-point

implicit scheme,

PE(Ey)  E(tg)-£ty )

ot - At *

The procedure then is as follows. Once time t is
discretized, the PDE is transformed into an ODE at a time

ts. If the solution to the ODE is known at time t._ the

l 14
ODE can be solved to yield the solution at time t, .
Beginning with i=1, the above step is performed for each

time increment, until the desired final time is reached.

The solution of the ODE is discussed in the next Section.
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4.2 General Quasi-~linearization Technique

The quasi-linearization technique is based on Newton's
approximating procedure for finding the roots of an
arbitrary function. Given a function f(x), it is desired

to find the roots X of the equation
f(x) =0 . (4.1)

An initial guess x0 to the correct value of the root is

made. Thus
0
f(x +Ax) =0 (4.2)
where
x,. = xo + AX .

Expanding (4.2) by a Taylor series about xo, we obtain

2

Lenx®ax? + ... =0

£(x%) + £'(x%)ax + z

The above equation is to be solved for Ax to determine the
true root. The problem can be simplified by truncating

the series after the linear term; then

£(x%) + £ (xDax = £x%ax) = 0 .
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The approximate solution to Ax, denoted by Axl, can then
be found by solving

f(xo) + f'(xo)Axl =0,

thus yielding a better approximation to X, as

0
1_ .0 1 _ O_f(x()) (4.3)
£'(x7)
One can now start with x0 as the initial guess and find xl

which is closer to the true root. The process can then be

1+l substituted in place of x* in the next

repeated with x
iteration until the desired accuracy is achieved.

" T'nis process, of course, is not guaranteed to work.
The function must satisfy certain properties and the initial
guess must be sufficiently close to the desired root. How-
ever, if the function has only one root and the iteration

procedure converges, the true root will be approached.

Consider now the problem

fl(yl’.'.'yn,y]'_’...’yr'l’yi'_'...'y;'l,X) - 0

Il
o

fn(yl,...,yn,yi,...,yé,yi,...,yg,x) (4.4)

or, expressed in matrix notation,
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fly,y',y",x) =0 (4.5)

The primes indicate derivatives with respect to x, and fi
represents a known, algebraic function of its arguments.
Thus (4.4) is, in general, a set of ordinary, coupled,
nonlinear differential equations with dependent variables
Yyreees¥p and independent variable x. The solution for y
is desired. An initial guess, yO, is first made. A set
of linear equations with a dependent variable Ayl can be
derived by expanding (4.4) as a power series in terms of
the dependent variables and their derivatives about the
initial guess yo. The resulting equations truncated after

the linear term yield for the i'th equation,

0 0 0
n 23f.; n oJf,; n Jf,;

fg + 3 5;% Ay%" + 3 5§%-Ay§' + I 5§i-Ay% =0
3=1 Y3 j=1 °Y; j=1 ?¥;

(4.6)

where fg represents the value of fi evaluated at the initial
guess yo. In matrix notation, the equations can be

written as

0 1

A” ay ™" + BOAyl' + COAyl = D0 (4.7)

where



62

afg 3fg
A - :
3 £0 5 £0
—"_rl" . e @ "'—_|n'r -
- ayi ayn (4.8a)
afg afg
™ Ner ¥ e o o __—T -y
9Yq 3y
BY - :
afg afg
L 5;{ .. 5§g J (4.8b)
0 0
) 3f, 3f; _
9Y4 Y,
cl - .
afg afg
- e e — (4.8C)
ayl Byn
and
S
...fl
p? = : = -¢% . (4.84d)
_fo
| n

The set (4.7) is a set of coupled, linear, ordinary
differential equations, which when solved, yields Ayl.

Once Ayl is known, the improved initial guess is given by

Yl = YO + Ayl . (4.9)
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It has been assumed for the time being that the boundary
conditions have been taken care of in a similar fashion.
They will be dealt with explicitly later on.

It should be pointed out that f is a known function,
and hence all of its partial derivatives in (4.8) are

known. Thus AO, BO, C0

yor yO.

to solve (4.7). Once yl is found as in (4.9), the above

and D0 are all known functions of

, and yo". It is therefore simple, in principle,

procedure can be repeated with all the zero superscripts
replaced by one superscripts. The process can be repeated
until the desired accuracy is attained.

For i'th iteration, (4.7) can be written as

.2 i+l . i+l . . :
al oy ptday L, ol it pl (4.10)
dx

The derivatives involved in Al, Bl, ¢! and D' are evaluated

at each point using a five-point polynomial approximation
scheme. As mentioned before, the variable x has been

. . . i+
discretized. To find the derivatives of Ayl l, the

following three-point approximations are used.

dgq q - q
k _ 9x+1 k-1
dx 2AX (4.11)
d2 - 29, + q
9 941 k k-1 (4.12)
2 2 ‘

dx AX
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Here, k denotes the discretization index of the x coordin-

ate. Using (4.11), (4.12) in (4.10) we obtain

i+l i+l i+1 i+l i41
ad AYpgp = 28Y Tt Ay 4 . Bl AYps1 ~ DYy
k sz k 2AX
i i+l _ od
+ Ck Ayk = Dk

Simplification of the above equation yields

i i+l i i+l i i+l _ i
ap Yyl t B AY T R v Ay ) = Dy

where

1 ,i 1 .i
“k T 2 Ay * 33x% Bk

i 2 i i
Br = - —£_ A + C
k 2k k
i_ 1 ,i 1 i
Y = 2 Ay "~ 3ax By
AX

If the solution to (4.14) is assumed to have a form

i+l i i i+l
DY T = 9 T oM Yy

then the substitution for Ay;ii in (4.14) gives

(4.13)

(4.14)

(4.15a)

(4.15b)

(4.15c)

(4.16)
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i i i ivl i i
U BYRaT t By T v M DAY T Ay 9 =

|
o)
=

Repeated substitution yields

i+l

[ai i i
k+1l

i i
kT (B o bl ay
i

i i i i i i, _

. i+l | . . . . . . .
Since Ay;+i is finite, this equation is easily satisfied

by letting each term in the brackets to be zero. Then,

i o.i ipioy -1 i
hy = (Bp - vp hi_p) " oy (4.17)
i 1,4 (-1 ,ni i i

Thus, if hi and g; are known for a particular Xy s they can

be found for the next X by uéing (4.17) and (4.18).

+1
Note that k is the position index whereas i is the itera-
tion index. For a particular time step, and for a given i,
computations are done for all k. The iteration index i is
then changed till a desired convergence is reached. The

time index is next changed and the entire process repeated

until the final time is reached.



66

4.3 OQuasi~static Problem

The problem stated in Section 2.3 can be simplified
by normalization of the variables. Let x, t, ¢ and ¢
represent the normalized variables. Then a normalization

scheme is as follows,

>

c=n,
6 = Vp ¢

e V ~

T

X = X

e n;
£ = Ve £ ' (4.19)

eD n, '
c i

With these substitutions, and defining

Q

g = -2 (4.20)

i

the quasi-static equations for the degenerate case become

~ ~ A

8¢ =8 (2c ;¢ & (4.21a)
ot X 9X IxX

27 (¢+n ) - N

aﬁg - l/2 ( ) - exp(-¢) - c . (4.21b)
3% Fi/200;

For notational simplicity the normalized variables will be

denoted by ¢, ¢, x and t in Sections 4.3 and 4.4.
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With the discretization of the time coordinate (4.21)

becomes
a%s _ Frypletny)
ax?  Fpsm)
d dc
ax Gt

where the notation

has been

Now

c(x,ti)

¢(x,ti)

c(x,ti_l)

used.

+ exp(-¢) + ¢ =0

d¢, _ c-N _
°c3qx " -0

the function f can be written as

_ L2 F (¢+n.) -
d¢ _ _1/2 L4 exp(-¢) + c

ax?  Fiy2(ny)

a’c a%s . de c . N

___+c—£+___i—.___+__
2 dx dx At At

dx dx

(4.22a)

(4.22b)
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vy ¢
y = = (4.24)
Y, c

For the nondegenerate case [24], the second term in the

expression for f, becomes exp(¢) instead of

1
Fl/2(¢+ni)/Fl/2(ni). Corresponding changes for this case
can be easily made in the expressions below. For the

vector f above, the matrices Al, Bl, C* and D' are given

by
~ [~ ~
2, 9f, | 1 0
Al = a¢" i =
of 9f
2 2
i 557 | c 1] (4.25a)
ol - p— 1
afl Bfl 0 0
3f, 3f, dc  as
| 00 ' oc' J . dx dx (4.25Db)
-~ I -~ -
3f, of, ) F_l/2(¢+ni) ) o) 1
i 50 Yo _ Foo_(ng =P
™ = = 17241
¥, 2 0 a% 1
3¢ oc L dx2 At-

(4.25¢)
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2 F +n.
[ -fl- - d 3 + %/2(t n;) ~ exp(~-¢) - ¢
. dx 1/2' "4
pt = =
-f —._._dzc—c ___.d2 _.(.1.9.9.?_+S_-§__
| 2] | dx ax dx dx At At |
(4.254)

where for simplicity, superscripts i have been suppressed
in ¢ and c.
The flow diagram of the numerical method is shown in

Fig. 4.1.

4.4 Boundary Conditions

Normalized boundary conditions for the constant

source diffusion are

c(0,t) = 8

20(0,t) _
X

C(wrt) =0

p(»,t) =0

c(x,0) =0, x >0 ., (4.26)
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( stare )

'

Select the starting distribution,

c(x,to).

N(x) = c(x)

Y

Solve (4.22) for new g{x) and ¢(x). |

(see Fig. 4.2)

¥

Has the final time been reached?

No

Yes

e )

FIGURE 4.1. Flow Diagram of the Numerical Method
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Notice that the only parameter in the above conditions,
other than the dependent and the independent variables, is
the normalized surface concentration B. A series of solu-
tions over a range of B will, therefore, give a general
solution to the quasi-static problem.

After the time is discretized, the boundary conditions

for the ordinary differential equations become

c(0) = B

d¢ (0) _

dax =0

c(=) =0

p(=)y = 0 . (4.27)

These boundary conditions can be satisfied in the i'th

iteration by requiring that

act*lo) = 8 - ¢t (o)

dA¢i+l(0) - dgi(O)
dx dax
Aci+1(m) - Ci(w)
i+l i
Ao () = =97 (=) . (4.28)



72

If the initial guess is picked such that

c%0) = 8
c0(°°) =0
39(=) = 0

then the desired boundary conditions can be met by merely

requiring that

actt oy = o

ane o) _ _ ast(o)
dx dx

Acl+l(w) = 0

ap (=) =0 . (4.29)
Numerically, it is impractical to extend the x-coordinate
to infinity. Therefore, a distance L is chosen which is
large enough to approximate infinity and the boundary con-
ditions are applied at x=L. If the distance L corresponds

to the m'th point, the boundary conditions become



73

Aci+l = 0
i+l i+l i
A¢2 A¢l _ d¢1
Ax dx
Ac1+l =0
m
i+l _
dé]
Note that the quantity In has already been determined

while finding the matrices A, B, C and D.
The procedure for solving (4.10) is as follows. If

it is selected that

-1 0
i
0 0
and
i
A Eﬁl
i X dx
9] = (4.31b)
0

then Ayi+l given by (4.16) will satisfy the surface
boundary conditions of (4.30). Using (4.17) and (4.18)

hl and g; can then be generated for k = 2,...,m. Choosing

K

. 0

ayitl = (4.32)
m 0
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will satisfy the boundary conditions at x=L, given by
(4.30), and (4.16) will generate Ay]i{+l for k = m-1,...,1.

The technicque for numerically solving the problem
described here is summarized in the block diagram given
in Fig. 4.2. In the actual program many of the functions
represented in the block diagram have been combined for
better computational efficiency.

The normalized boundary conditions for drive-in

diffusion are given by

ac(0,t) _
X

30 (0,t) _
X

it
=]

c(=e,t)

¢(°°lt) =0

c(x,0) No(x) , x>0 (4.33)

where No(x) is the normalized starting distribution for
the drive-in diffusion. Note that the first boundary
condition is obtained because the flux of the impurity

atoms at x=0 is zero. Thus,



(o)

4

Make an initial guess

i=i+l
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i Determine gi and h;, k=2,...,m using (4.17) and (4.18).l

0
yk' k=1,...,m.
i=0
¥
dyi dzyi
Find T and 3 for all k Solve the
dx linear
, . difference
using 5-point method. Egs. (4.13)
B e R
I Find Ak’ Bk' Ck’ and Dk for all k. |
\
l . i i i ) I
Find Qs Bk’ and Yk for all k using (4.15).
| . |
l Determine gi and hi using (4.31) or (4.39). I

¥
Set Ay;+l = 0 as in (4.32).

i+l

Determine Ayk , k=m-1,...,1 using (4.16). ,

No

i+l _ i i+l
yk = Yy + Ayk for all k.l

)

J

—_ — —

FIGURE 4.2.

Has sufficient accuracy been reached?

Yes

( mice )

Flow Diagram of the Iteration Procedure
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Do ax 2

- u,, CE(0,t)
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=0 . (4.34)

The semiconductor material as a whole may be assumed to be

charge neutral. The total charge Q per unit area is given

by

e[E(o,t) - E(0,t)]

Equating Q to zero and noting that E(~,t) = 0, we have

E(O,t) =0 .

(4.35)

Thus (4.34) yields the first boundary condition.

Proceeding as we did earlier in the Section, instead

of (4.28), we now obtain

aact*o) _ _ act(o)
dx ax

ase o) _ _ ast(o)
dx dx
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Aci+l(w) _ci(w)

i+l

06t (@) = —pt () . (4.36)

If the initial guess is picked such that

then the desired boundary conditions will be met by merely

requiring that

anc** o) _ _ act(o)
dx dx
daseitto) _ _ astco)
dx dx
e+l ie) = o
2ty = 0 . (4.37)

Instead of (4.30), in this case, we now have

i+l i+l
Ac, - 4cy ~ c

o
e

|

Q,
=

AX
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i+l i+l i
A¢2 A¢l _ d¢1
’ AX - dx
Ac1+l =0
m
i+l _
A¢m =0 . (4.38)

-1 0 |
hi =
1 (4.39a)
0 -1
_ ;-
d¢
Ax —2L
i dX
9] = .
1
px 51 (4.39b)
Rkt ) - 398

Note that (4.32) remains the sgsame.

4.5 Quasi-linearization Technique for a Scalar Equation

As discussed in Sections 2.4 and 3.6, the partial
differential equations describing the diffusion process

can be written in a general form

3
d

<

_ 3¢, 2 )
= DI£;(9) (5 + £,(9) == 1 (4.40)

t

where fl(¢) and f2(¢) take different forms. The boundary

conditions are of the form
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$0,t) = b,
d(=,t) =0
$(x,0) =0, x>0. (4.41)

A transformation of independent variables (x,t) -
(y,1), similar to the one suggested by Shaw and Wells [19],

is chosen so that

X
y:
/4Dt
T =%t . (4.42)

The dependent variable in terms of these new independent

variables then becomes
¢’(xlt) = V[Y(xlt)l (x,t)] . . (4.43)

Note that the variable v used here is not to be confused
with vacancy concentration, a notation used in Chapter 3.

Now,

3¢ _ 3v 3y , 3v 3t
ax Yy 9oX T

=1 _ ¥ (4.44)
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Similarily,
2
a2 L vy
ax2 oy vaDT oy ax
2
l 3°v
= —5 (4.45)
4D 3y
and
3¢ _ 9V 3y . 3V 3t
ot 3y ot T 9
= - ¥ 3v v
27 3y + = (4.46)

Substituting these in (4.40) we obtain

2
Iv IV 9V, 2 IV
4t T 2y 3y + fl(v) (3§ + fz(v) ;;5 (4.47)

and the boundary conditions become

v(0,t) = ¢

V(e,t) = 0 . (4.48)

Notice that the last two conditions in (4.41) reduce to

a single condition in (4.48).
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Because of the form of the equation and the boundary
conditions, it is easy to show that v is independent of =1,

in which case (4.47) reduces to

2
dv dv, 2 dv _
2y ay + fl(v) (5§ + fz(v) 5—7 =0 , (4.49)
Y
with
v(0) = 9
v(ieo) = 0 . (4.50)

Notice that the only parameter in the above problem
is 90" Thus, solutions v(y) known for all possible values
of ¢O constitute a general solution to the problem. Once
v(y) has been computed using a numerical procedure, ¢ (x,t)

can be obtained for a given x and t by using

X )
/ADE

. (4.51)

P (x,t) = v(

A simple way to find ¢ (x,t) from v(y) is to interpolate
6 (x,t) according to the equation x = /4Dt y.

The gquasi-linearization technique discussed in
Section 4.2 can be used directly to solve (4.49). Since
only one equation is involved, the matrices and vectors

reduce to scalars. The y coordinate is uniformly
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discretized and the final point m, corresponding to a
distance L sufficiently large to adequately represent
infinity, is chosen.

Let i denote the iteration number and k the point in

the y direction. Applying the definitions of Section 4.2,

we have
f(v",v',v,y) = 2 dv. + £, (v) (92)2 + £,(v) (QEX)
VoYY Yay T 1 dy 21V T2
(4.52)
and
_ of
A = Frriie fz(v) (4.53a)
p =3 __ 2y 4 2f () (4.53b)
IV 1 °
2 arf as
_9f _ (dv 2 dv, 2 1
c=%=-CP & G & (4.53c)
D= ~f = -2y & - £ (v) (-d-Y-)Z—f(v)Qf—Y (4.53d)
Y 3y 1 ay 2 dyz : .

For simplicity, superscripts and subscripts have been

omitted in the above expressions; e.g. A actually is Ai ’
. of of
. i .
v actually 1is Vi etc. Also, v and v ! which occur

in the expression for C, are found by analytic differentia-

tion.
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Note that for different problems only the quantities
A, B, C and D need be changed. The rest of the procedure
described here remains unaltered. This, of course,
assumes that the problem and the boundary conditions are

in the given form. Applying the results of Section 4.3,

i i+l

i+l _ i _
avi T = gy - hy vy (4.54)
where
Dy = Yy -1
Ik T GT _ T 1 (4.55a)
k - Yk k-1
and
Ot.l
i _ k
k -~ Yk Pk-1
where
i i
. A B
a; = 'k 5 + 2§ (4.56a)
(Ay) y
i
. 2 :
B; = - Akz + ci (4.56b)
(ay)
i i
. A B
i k k
vl o= - . (4.56¢)
ko (ayp) 2 2Y

The boundary conditions chosen for difference variables are
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i i
hl = gy = 0 | (4.57a)

and
Av;+l =0 . (4.57Db)

This assumes that the initial guess is constrained to
satisfy the boundary conditions.

The computation procedure is the same as that shown
in Fig. 4.2 except that various expressions are replaced
by the ones above. An initial guess vg for all k is made,

+l is found, and the new initial guess

the correction Avi

Vi = vg + Avk ’ (4.58)

is used to restart the procedure which is repeated until

sufficient accuracy is obtained.

4.6 Application to the Charge Neutrality Approximation

The method discussed in the last section can now be

applied to solve the equations of Section 2.4. We have

F_3/p(Ving) + F_y 5(vin,)
F_l/z(v+ni) + Fl/z(niféxp(-v) T,

Al(v)

fl(v) = (4.59)

and
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(v - F—1[2(V+”i) + F1/2(V+ni) _ A3(v)
2 F—l/z(v+”i) + Fl/z(ni)exp(—v) - Aé?v)

(4.60)

where Al' A3 and A2 represent the numerators and denomina-

tors of fl(v) and f2(v), respectively. Thus,

df da dlz

B PN S I W (o R R PO O B (4.61)

df daa dx

o2 = Dy 2 - A w21 Dyl (4.62)
where

dAl

I = F_5/2(V+ni) + F_3/2(v+ni) (4.63a)

dAz

I = F_3/2(v+ni) - Fl/z(ni)exp(—v) (4.63b)

dA3

I = Fog plving) + F_1/2(vny) (4.63c)

The quantities A, B, C and D are now known and the procedure

of the previous section can be applied.

4.7 Application to Vacancy-aided Diffusion

The diffusion process in this case is defined by the

equation
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