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Abstract

The problem of computing linear convolution is a very important one because
with linear convolution we can mechanize digita filtering.
The linear convolution of two N-point sequences can be computed by the cyclic

convolution of the following 2N-point sequences. The original sequence padded with N

zero's each. The cyclic convolution of two N-point sequences requires N?
multiplicationsand N(N - 1) additions for its computation.

A very efficient way of computing cyclic convolution of two sequences is by
using the Polynomia Residue Number System (PRNS) technique. Using this technique
the cyclic convolution of two N-point sequences can be computed using only N
multiplications instead of N? multiplications. This can be achieved based on some
forward and inverse PRNS transformation mappings. These mappings rely on additions,
subtractions and many scaling operations (multiplications by constants). The PRNS
technique would lose a lot in value if these many scaling operations were difficultly
implemented. In this thesis we will show how to calculate cyclic convolution of two
sequences using the PRNS technique based on forward and inverse transformation
mapping which rely on complement operations (negations), additions and rotation
operations. These rotation operations do not require any computational hardware.
Therefore the complicated hardware required for the scaling operations has now been

substituted by rotators, which do not require any computational hardware.

vii



Chapter 1

| ntroduction

In this era of digital communications and information technology the area of
Digital Signal Processing (DSP) assumes a very prominent place. The problem of
computing linear convolution within this area is very important one because, we can
mechanize digital filtering using linear convolution.

Consider two N-point sequences
A=(a,,a,a,,...,ay,) ad B=(b,,b,b,,.., by ,).
Their linear convolutionis A(X)B(x) where
A(X) = héé__laixi and B(X) = Né;lbi X .

i=0 i=0
The above linear convolution can be computed by the cyclic convolution of the two 2N-
point sequences A'=(a,,a,,a,,...,a8y.,,0,0,0,...,0) and B'=(b,,b,,b,,...,b, ;,0,00....,0).
The cyclic convolution of A'and B' is

<A (XB'(X) > .,

Where< P(X) >,,, denotes P(x) mod Q(x) and where

N1 2Nl
A(X)=g ax + g ox ad

i=0 i=N
 2N-1

N-1
B()=ahx + g ox .

i=0 i=N

Then A(X)B(X) =< A'(X)B'(X) > .. ,



A very efficient way for computing the cyclic convolution is by using the Discrete
Fourier Transform (DFT).

The Residue Number System (RNS)[1] has been gaining unparalleled importance
in the area of Digital Signal Processing (DSP). This integer-based number system offers
parallel, carry-free, high-speed arithmetic. Unlike the traditional system this integer-
based number system also offers many properties like the error detection, error correction
and fault tolerance, which makes it very attractive to be implemented in digital systems.

As based on the above- mentioned properties and features of RNS, this system is
implemented in various areas of Digital Signal Processing like digital filters, convolution,
correlation, DFT, FFT computations [2]-[13], and direct digital frequency synthesis [14]

The continuous and enduring work in the area of the RNS has led to the
development of various other systems based on RNS like the Quadratic Residue Number
System (QRNYS) [15]-[16], [7], [17]-[18], the Quadratic Like Residue Number System
(QLRNS) [19], the Modified Quadratic Residue Number System (MQRNS) [20], the
Polynomial Residue Number System (PRNS) [21]-[22], [9]-[10], the Multi-Polynomial-
Channel PRNS (MPCPRNS)[23] and the two-level binary RNS with pairs of conjugate
moduli [24]. All these systems are being employed in the area of DSP to reduce the
computational complexity while at the same time trying to achieve maximum parallelism.

A very efficient way of computing cyclic convolution of two sequencesis by
using the Polynomial Residue Number System (PRNS) technique. Using this technique
the cyclic convolution of two N-point sequences can be computed using only N
multiplications instead of N® multiplications. This can be achieved based on some

forward and inverse PRNS transformation mappings. These mappings rely on additions,



subtractions and many scaling operations (multiplications by constants). The PRNS
technique would lose alot in value if these many scaling operations were difficultly
implemented. In this thesis we will show how to calculate cyclic convolution of two
sequences using the PRNS technique based on forward and inverse transformation
mapping which rely on complement operations (negations), additions and rotation
operations. These rotation operations do not require any computational hardware.
Therefore the complicated hardware required for the scaling operations has now been

substituted by rotators, which do not require any computational hardware.

1.1 Organization of the Thesis

Chapter 2 provides the basics of Residue Number System (RNS). Chapter 3 introduces
the Polynomial Residue Number System (PRNS). Chapter 4, the main chapter of the
thesis, presents the efficient cyclic convolves which are implemented using the PRNS
technique which relies on forward and inverse transformation relying on complement
operations, additions and rotations which do not require any computational hardware.
This chapter also provides the background in diminished number system, which is
extensively used in the forward and inverse transformations. Finally chapter 5 provides a

conclusion.



Chapter 2

Residue Number System

In this chapter, the theoretical background for RNS[1] is presented. We will also discuss

the representation, processing, conversion and RNS arithmetic in this chapter.
2.1 RNS Definition and Representation

The Residue Numbe System([1] is an integer system capable of supporting paralld,
carry-free, high speed arithmetic.

Mathematically it can be defined by aset S={m,,m,,m,,....m.} . Theset S iscaled the
set of moduli. The moduli m;,m,, m;,...,m, are positive integers such that (m,,m,) =1
(where (a,b) indicates Greatest Common Divisor (GCD) of aand b) for it j (i.e. the

moduli are pairwise relatively prime or relatively primein pairs).

N
LeMbe M =Qm =m.m,.m,...m (2.1

i=1
If X (X1 z, where Z_={012,...,M - 1)) isanumber to be represented in RN'S, then
the N-tuple (X, X,,X,,..., Xy ) iS the representation of X in this system. This N-tuple
consists of the integer remainders that result from dividing X by each one of the N
moduli.

X; = X'mod m, (2.2



2.1.1 Weighted to RNS Conversion

In order to convert the number X from the weighted system into the RNS, we divide X by
each of the RNS moduli and obtain the remainders. The set of remainders represent the
number X in the RNS.

X =<X>_  if X>0 (2.3

X =<M-|X|>, if X<O0 (2.4)

where < a > indicatesamod b

2.1.2 Dynamic Range of the RNS

A
Let Mbe M =( m , and then if the system supports only unsigned numbers, the

=1
dynamic range (DR) is,

DR= [0 M-1]. (2.5)
If the system supports signed numbers the dynamic range (DR) is

DR=[-M/2 M/2 1] if M is even (2.6)
DR=[-(M-1)/2 (M-1)/2] if Misodd 2.7

2.1.3 RNSto Weighted Transformation

There are two basic techniques for converting from RNS to the weighted system.
0 The Chinese remainder Theorem (CRT)
0 TheMixed Radix Conversion (MRC)

2.1.3.1 Chinese Remainder Theorem

Let XT [0,M] be represented as

RNS
X ® (X, Xpy Xgyees Xy ) (2.8)



The CRT reconstruction of X from its residues is as follows
X=<XM,L +X,M,L, +..+ X ML, >,

or

N
X =< é. XiMiL >y (2.9)

i=1

A M 1
whee M =Qm; M, =—; L, =<M, " >m

i=1l m| I
An dternate form of the CRT equation is
X=<<X;L, > M+<X,L,> M, +.+<XL,> M >,

or

N
X=<Q <X;L >y M, >, (2.10)

i=1l

A M 1
whee M =Qm; M, =—; L, =<M, ">m
i=1 mi

2.1.3.2 Mixed Radix Conversion Technique

The CRT conversion requires arithmetic mod M in obtaining the weighted result. Thisis
an extrarestriction and requires special hardware to perform the arithmetic operations
mod M. The Mixed Radix Conversion (MRC), on the other hand, does not have this
disadvantage. It also permits simpler magnitude comparison.

Let XT [0,M] be represented as

RNS
X ® (X, Xyy Xgyeeey Xy )
The Mixed Radix Conversion formula is the one shown below

X =X +m. X', +m . m,. X', +...+ m.m,.m,...my . X' (2.11)



where X', X',, X', .., X', are called the mixed radix digitsand X', 1 Z, .

The mixed radix digits can be expressed as functions of the residues. The mixed radix

digits for a4-moduli RNS are given by:

X=X

X, =<m (%, - %) >, (2.12)
X'y=<mimy (% - mX'p- X'y ) >,

X =<mmm (%, - mm Xy -mX,- X ) >

2.2 Arithmetic Operationsin RNS

2.2.1 Addition

The addition operation between two numbers X and Y in the RNS as defined by the
moduli set S is performed as follows.

Let

RNS

X ® (X, Xyy Xgyeeey Xy )

RNS
Y® (yl’y27y3""’ yN)

The following equations describe the inputs X,Y in the N-channels
X=gqm+x , Y=q,m+y,

X=q,m, +x, , Y=q,m,+y,

.............. (2.13)



The result of the addition is then

RNS
Z® (z,2,,7,..,2,)

and the components of the result in the RNSdomain aregivenby z =<x +y, >m ,

1£i £ N.

The following equation describes the result Z in the N-channels

Z=(0+qy)m + (% + )

Z=(0, +q;)m, +(X; +Y,)

(2.14)

Z=(qy +dy)my +(Xy +Yy)
2.2.2 Subtraction

In the case of performing subtraction, let

RNS

X ® (X, Xyy Xgyeey Xy )

RNS
Y® (Y1,Y2: Yz Vo)

The following equations describe the inputs X,Y in the N-channels

X=qm+x , Y=gm+y,

X=0,m, +x, , Y =0,m,+y,

.............. (2.15)

X=0ymy +Xy Y =0yMy+yy

The result Z is given by



RNS

Z® (z,2,,7,..., Z)
and the components of the result in the RNS domain aregiven by z =<x - v, > O
z=<x+(-y)>, ,1£i£N.
2.2.3 Multiplication
The multiplication operation in the RNS is analogous to the addition and subtraction
operations. Theresult Z=X x Y can be expressed as
Z=qmgd, m +qmy, +q; mx +(xy,) (2.16)

Thisisequivalentto <Z > =z =<xCy, > ,1E£i£N

2.2.4 Divison

The division operation is not carried out directly in the RNS computations. Thisis
because RNS is defined over integers while the division operation in not closed over
integers.

2.2.5 Multiplicative Inverse

The multiplicative inverse of a number X with respect to the modulus is the number X *
such that

<XIX> =1 (2.17)
2.2.6 Fermat’s Theorem

The fermat’ s theorem states that for a given prime number k <a* >, =<a>,. (2.18)
If a® Owhichimpliesthat inverse of a is defined and is finite then multiplying both
sidesof 2.18 by a *two times yields the following resuilt.

<a'> =<a“’>, (2.19)



Chapter 3

The Polynomial Residue Number System
(PRNYS)

The PRNS[21] provides an efficient and faster implementation of multiplication of two
polynomials of degree (N - 1) mod (x" +1) over amodular ring Z,. The multiplication
iscarried out in N parallel multiplications involving no additions instead of N 2
multiplications and N(N-1) additions.

Consider P(m) to be a finite structure having (N-1) order polynomials with coefficients
in Z_. A PRNS(N) isomorphic mapping f, of P(m) onto Z" 2meme...meexistsif
thepolynomial x" +1 isfactorizable into N distinct first degree factorsin Z_ .

We now discuss the PRNS forward mapping which is used to transform coefficients of a

polynomial into the PRNS domain.

3.1 Forward Mapping

fo i AX) =a, +a1x+...+aN_lxN'l<:DN A (X) (3.1
=@g.a10mm8y.)

with & =<< A(X) > 1) >, =< A(r;) >.,i =01..,N- 1

where r, aredistinct rootsof x" +1° Qin Z_..

xM £1° (X- r)(x- ) (x- 1y, 1 Z,,i=012,.,N-1

We now discuss the PRNS inverse mapping which is used to transform the valuesin

PRNS domain into the native form.

10



3.2 Inverse M apping
fy A (X) = (@5, 8 0,) e Ba® AX)=a, +a,X+..+a, X" 3.2)

where A(X) =8 & Q(¥)

i=0

and Q (X) = N '(@+r " x+1,2x% + ..+ 1 (W2 xN2 g p (VD N1y

The coefficients a, are given by

a, °<N™'@,rg +a,r,' +..+a, ryy)>.;i=012,.,N-1

In the PRNS domain the rules of addition remain unaffected but the multiplication is

carried out as shown.

(a9, 3 ,a,....an-1)00, by 5,0, by - 1)

= (<(agho) >m, < (a1b1) >m,< (@20) >my-- < (aN-1DN- 1) >m)
(3.3
The equation mentioned above demonstrates that product of two polynomials of (N-1)

degree requires N multiplication mod m performed in parallel and there are no addition
operations performed, if polynomial product is performed in Z" . The same polynomial
product < A(x)B(x) > ., would require N * multiplications and N(N-1) additions mod
m, if performed in P(m).

The polynomial product is obtainedin Z isin one level as opposed to multiple levels

required in P(m).

Lemma 3.1:

11



x" +1  can befactorized into N distinct factorsin Z as
XN +10<(X- r)(X- r)..(x-ry,) > ifardonlyif N|(p -1)/2i=12,...,Lwhere
a | brepresents “adividesb”; where N and m are positive integers with a prime

decompositionon m given in terms of powers e, of its prime factors p,, as
m= p?pz ps’...pt with N < p;.

Similarly for x™ - 1, the necessary and sufficient condition for its factorization

becomes N |(p, - 1,i =12...,L . For both cases the factorization is not unique. There

are (N!)-* different waysto factorize x" +1 into N distinct first-degree factors.
Theorem 3.1:

If the polynomial x™ +1 can be factorized in N distinct factorsin Z,, then the

mapping f, of P(m)onto Z" satisfies the following :

i) f, isone—to-oneand onto
ii) for A BT P(m)
fu(A+B) = fy (A + fy(B) (34)
fu(AB) = fy (A). Ty (B) (35)
Exampletoillustrate < A(X)B(x) >, ,, in Z,
Let A(X) =a, +a,x+a,x* +a,x° ad
B(X) =b, +b,x+b,x* +b,x°
Here A(X) = 2+3x +4x? +5x°

B(X) =6+ 7x+8x* +9x°

12



Lem=17

Rootsof x*+1=<0>_ aer,=2r, =151, =9r, =8
AX) % 95®@ (a5, 8, ,a,.85)

a, =< A(r,) >,=<2+3*2+4*2° +5% 2°> =13
a, =< A(r,) >;=<2+3*15+4*15” +5*15° > =6
a, =< A(r,) >,=<2+3*9+4*9* +5*9° > =3
a;, =< A(r;) >,=<2+3*8+4*8 +5*8° > =3
Therefore A(X) % 925® (a,,a, ,a,,a,) = (136,33
B(X) % 994® (b by , b,,b;)

by =< B(r,) >,=<6+7*2+8*2° +9*2® > =5

b, =< B(r,) >,,=<6+7*15+8*15° +9*15° > =3
b, =< B(r,) >,,=<6+7*9+8*9* +9* ¢ > =2

b, =< B(r,) >,,=<6+7*8+8*8° +9*8° > =14
Therefore B(X) % 925® (b, b, , b, ,b;) = (5,3,214)
C(x) =<< A B(X) > .., >, %I5® (¢, ¢;,C,,C;)
Co =< ayby >,,=<13*5>.=14

c, =<a b >.,=<6*3>_=1

c, =<a, b, >,=<3*2>_=6

Cc, =<a,b, >,=<3*14> =8

Therefore C(x) %9845® (c,,c, ,c,,C;) =(14,1,6,8)

13



Inverse transformation to get (c,,c,,C,,C;)
The inverse roots are given by
t=2"=9

Verification:

<2*9>.=<18>.=1

rrt=15"=8

Verification:

<15*8>,=<120>,=1

Verification:

<9*2> =<18>.=1

Verification:

<8*15>,=<120>,=1

Thevalueof 4" is13

Verification:

<4*13>,=<52> =1

Co =<4 (Cols” + €11y " +Co1, "+ Co15°) >y
=<13(14+1+6+8) >,=3

C, =<4 (crgt H e It gl T) >y,
=<13(14* 9+1* 8+ 6* 2+8*15) > =7

e A-lf A2 x -2 x . -2 £ -2
c, =<4 (Coro TG TG, +Gl )>17

14



=<13(14* 9* +1* 8% + 6* 2% + 8*15%) >.,=16
Cy =<4 (Coly” + i1, + Gl + oty %) >
=<13(14* 9° +1*8° + 6* 2° +8*15°) > =15
Therefore C(x) = 3+ 7x +16x* +15x°
Verification:
Finding the product of << A(X)B(x) > . >, using the traditional multiplication
technique

2+ 3x+4x® +5x°
6+ 7x+8x? +9x°
12 +18x + 24x* + 30x°
- 35+14x + 21x* + 28x°
- 32- 40x +16x? +24x3
- 27 - 36x - 45x* +18x°
3+ 7x+16x* +15x°

15



Chapter 4

Efficient Convolvers Using The Polynomial
Residue Number System Technique

In this chapter we will discuss the implementation of efficient convolvers using the
PRNS technique. These cyclic convolvers are based on PRNS forward and inverse
transformation mappings, which rely on complement operations(negations), additions and
rotation operations. These rotation operations do not require any computational hardware.
This way the complicated hardware that would otherwise be required to perform the
scaling operations has now been substituted by rotators that do not require any
computational hardware.

At first the problem of performing < A(X)B(x) > , , using a 3-moduli RNS using the set
{m,, m, m;} and PRNS techniques is addressed.

Consider the polynomials A(x) and B(x) where,

A(X) = a, +a,x +a,x* +...+a,x’

B(X) =b, +b,x +b,x* +...+ b, x’

< A(X)B(x) > ,_, represents cyclic convolutions of sequences (a,,3,,...,a;) and
(by.by..... by)

For x® - 1 to have eight distinct rootsin Z_, each prime factor p of m must be such so
that8| p- 1 or p- 1=8k wherek isainteger. Therefore p =8k +1;(by lemma 3.1)

We are going to investigate moduli of form 2",2" +1,2" - 1. We are using these moduli

because the processing using these moduli is ssimple and efficient.

16



Moduli of theform 2" are not appropriate because the only prime factor is 2 but
21 8k +1.
Moduli of the 2" - 1 would be appropriate if each prime factor is of the form 8k+1,
thereby making number 2" - 1 of form 8k+1.
If 2" - 1 was of the form of 8k+1 then
2"-1=8k +1

2" =8k+2

2" -2
8

k =

2" 2
=55

:2n-3_ 1
4

= not an integer or K is not an integer
Hence moduli of theform 2" - lare also not appropriate
Regarding the moduli of form 2" +1 consider the following sets [24]
S ={2"+12°+1,2° +1,2" +12° +1..}
S, ={2*+1,2° +12"° +12" + 12" +1,...}}
S, ={2* +12% +1,2° +1,2® +1,2%* +1,..}
S, ={2® +12* +12% +1,2®° +12" +1...}
S, ={2"° +12% +1,2*° +12" +12" +1,.)}

In general

S ={ al numbersNk,dsuchthat N, , =2 %" +1k=04123,...}, where d=1,2,3,...

17



The exponents of two of the numbers of the §; set posses the following properties.

Property 4.1 : Exponents of adjacent numbers in any set set Sydiffer by 2°.

This means that exponents of adjacent numbersinsets S,,S,,S;,S,, S.,... differ by
2,4,8,16,32,...

Property 4.2 : A number 2" +1 belongstotheset S, if andonly if <n>_, = 2%t

This means that the binary exponents (i.e. the exponents of 2) for numbers of the sets
S.S,,S,,S,,S....., are of the form 2k+1,4k+ 2,8k+4, 16k+8, 32k+16.....

Lemma4.1: The first number in any set S, set isacommon divisor of all the numbersin

the same set.
Theorem 4.1: Any two numbers of the form 2" +1 arerelatively primeif and only if they

belong to two different S, sets.
We see that each element of theset S, has 2! +1=3 asaprimefactor but 31 8k +1.
Hence, it is not possible to choose moduli from set S .
In the similar fashion each element of set S, has 2° +1=5 as a prime factor but
51 8k +1. Thus, it is not possible to choose moduli from set S, .
Therefore we are now left with sets S, with d 3 3.
The polynomial x° - 1 can be factorized as
x®-1=(x*-D(x* +1)
= (X" - P(x* +(x" +1)
= (X- D(x+ (x> +Y(x* +1) (4.1)

We will now calculate the roots of the polynomial x® - 1.
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Rootsof x*+1in Z, ae2"?and - 2"
Verification:
< (2"?)? +1>, =<2"+1> =0
<(-2"%)%+1>, =<(-D*(2"?)*+1>, =<12"+1>, =0
Another form of rootsfor x* +1in Z_, are 2"? and 2"
Verification:
< (2"?)? +1>, =<2"+1> =0
<(2%%)2 +1 > =< 22" +1 > =< (2")® +1 > 0 =<(- 13 +1>, =<-1+1>, =0
Rootsof x*+1in Z , are 2"'* - 2"* 2% and - 2°
Verification:
<" +1>, =<2"+1>, =0
<(-2"H* 41>, =<(-D*(2"")*+1>, =<12"+1>, =0

< (23n/4)4 +1>2n+1 —< 23n +1 >2n+1:< (2n)3 +1 >2n+1:< (_ 1)3 +1>2n+1:< - 1+1>2n+1: 0

(-2 41>, =<(- 927 +1>, =<1(2") +13,,, =<(- )7 +1>,  =<-1+1>, =0

Another form of roots for x* +1in Z , are 2"'*,2%"* 2°"*and 27"
Verification:

n/4\4 _ n _
< (2 ) +:I'>2”+1_< 2 +1>2”+1_ 0

< (23n/4)4 +1>2”+l =< 23” +l>2n+1:< (20)3 +1>2”+1:< (_ 1)3 +1>2”+1:< - 1+1>2”+l: 0

< (25n/4)4 +1> =< L +1>, =< (2n)5 +1> =< (- 1)5 +1>,,,=<-1+1>, =0
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< (27”/4)4 +1>2”+1:< 27n +1>2“+1:< (2”)7 +1>2“+1:< (- ])7 +1>2“+1:< - 1+1>2”+1: O
Hencetherootsof x®-1 arel, -1, 2"/2, 2302 pni4 2374 5nldgng p7n/4,
X2 = 1= (X- 1)(X- 1)(X- 1,)(X- r)(X- 1) (X- rg)(X- T)(X- ;)

:(X' 1)(X_ (_ ])(X' 2n/2)(x_ 23n/2)(x_ 2n/4)(x_ 23n/4)(x_ 25n/4)(X_ 27n/4)

4.2
One such appropriate multimoduli PRNS set is the set
R={m,m,,m;}
={2"* +1,2" +12"* +1} ,n =8k + 4,k =1,2,3,... 4.3
Verification:

Since n=8k+4, m,1 S,

Now n- 4=8k andn4notodd b m1 S .

Also n- 4=8k and <8k >,=01 2P m | S, (using property 4.2) and

<8k >,=0! 4P m | S,(using property 4.2).

Therefore m; belongsto some S,;setwith d 2 4.

Weadso seethesince n+4=8k +8 andn+4 notodd P m,1 S (using property 4.2) and
<8k+8>,=01 2b m,I S, and <8k+8>,=01 4b m,| S,(using property 4.2).
Therefore m, belongsto some S;setwith d 3 4.

The exponent differencein m, and m,is n+4-(n-4) = 8. The two moduli m,, m, do not
belong to the same S, set since the difference in adjacent exponents in any of the S, set

with d 3 4 isgreater than 8 (using property 4.1). Hence it can be concluded that

m, ,m, belong to two different S, setswith d 3 4.
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The modulii m,, m,, m, satisfy the requirements of theorem 4.1i.e. m;,m,, m, belong
to different sets, thus we can conclude that m,,m,, m, are pair wise prime.

Three such setsare

R ={2°+1,2" +12%° +1} (4.4)
The dynamic range is 36 bits this is of medium range.

R, ={2*°+12* +12* +1 (4.5)
The dynamic range is 60 bits which is of large range.

R, ={2* +1,2* +12% +1 (4.6)
The dynamic range is 84 hits which is considered very large.

4.1 Diminished —1 System

We now present the basics of the diminished-1 system for processing mod 2" +1. This

system is going to be used in the later part of the thesis.

Let A bean integer such that Al Z,,, where Z ={0.1,2,....2"} (thering of integers

241
mod(2" +1)). Then A needs n+1 bits for its representation.

The following shows the correspondence between normal and diminished-1
representation [25]-[26] .

Table 1 Diminished -1 System

A Diminished —1 of A (A-1)
0=000...000(n+1 bits) 100...000=2" (n+1 bits)
1=000...001 00...000=0

2=000...010 00...001=1

3=000...011 00...010=2

4=000...100 00...011=3
2"=100...000 11...111=2"-1
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As seen fromthe table on previous page, the diminished —1 representation of the number

Ois 2" and requires n+1 bits for the same. For non-zero numbers we require only n bits

for representation.

4.2.1 Arithmetic Mod (2" +1)

When performing arithmetic mod (2" +1) by using the diminished —1 system, all
input operands are in diminished —1 form and the results are returned in diminished -1
form as well.
Addition mod (2" +1)

Let A,B beintegerssuchthat ABT Z, . If A=B=0then <A+B>, =0
If A=0and B* Othen <A+B>, =B
If AtOand B=0then <A+B>, =A
If A Oand B* O then <A+B>, iscariedout asfollows
Compute the diminished — 1 form of A,B
AYYi® A- 1
B3%9%i® B- 1
Add the n-bit numbers A-1 and B-1; Complement (negate) the carry-out, end it around
and add it back. The obtained result will be the diminished —1 formof <A+B>_, .
Example:
Let A=(10),,, B=(13),,

Toperform <A+B>,, |

A=10= (1010), %9#4® (1001), = A- 1
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B =13=(1101), %¥#i® (1100), = B- 1

Adding A-1 and B-1 we get

1 0 0 1
1 1 0 0
1 0 1 0 1
| 0
0 1 0 1

(0102), =5=dm- 1of 6.
Negation mod (2" +1)
Let Abelongto Z,,,.If A=0then <- A>  _ =0.Forthegenera casewhen
A Othecomputationof <- A>_ _ iscarried out as shown.
AYYi® A- 1
Take the 1's complement of A-1. The obtained result will be the diminished —1 form of

<-A>

2"+
Example.
Let A=(10),,
Toperform <- A>_,
A=10 = (1010), %:9%4® (1001), = A- 1
A-1=(0110), = 6 =dm- 1formof 7.
Scaling by power of 2mod (2" +1)
Let Abelongto Z,, .If A=0then <2A>_ =0. Forthegeneral casewhen
A Othe computation of <2“A>_, _iscarried out as shown.

ALYTI® A- 1
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Rotate the number A-1 k bits to the left where the bits shifted out of the left end and

shifted into the right end are complemented. The obtained result will be the diminished -1

k
formof <2"A> .

Example. Let A= (10),,

3
Toperform < A* 2 > i

A=10= (1010), ¥%9%® (1001), = A- 1
1001 % ¥5%234'%54® 1100 % 9994Y435® 1100 = (1011), =11 (diminished —1 of 12).

4.2 Carry Save Addersand Carry Propagate Adders

We now present the basics of carry save and carry propagate adders. These adders are
used in the later part of this chapter.

Carry Save Adders (CSA) are also called 3-2 counters. They are implemented for
addition of three n bit numbers to produce a sum and a carry output. The CSA does not
propagate carry bits. An nbit CSA consists of n independent full adders.

The carry and sum bits are added using the carry propagate adder(CPA).

X3 X2 X1 X0
Y3 Y2 Y1 YO
73 72 71 70
FA FA FA FA
o | s | s | [e]ls]| [a]|s9 |

Figure 1. Carry Save Adders and Carry Propagate Adders
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4.3 PRNS Transformation in z,, with n=4

4.3.1 Forward Mapping

We will now present the forward mapping using the diminished —1 system.

Let A(X) =a, +a,x+a,x* +a,x°> +a,x* +a,x’ +a,x’ +a,x’

Applying eq 3.1 to the above equation we have,

Q=< tata, ta, ta ta tag ey >,
(4.7)
a; -ty -ayta-azta - a, >2n+1
(4.8
a, =<a, +a,2"*+a,2"+a,2°"? +a,2" +3,2°"? +a,.2°" +a,.2"""* >
(4.9)
a; =< ao + a1.23n/2 + a2'23n +a3.29n/2 + a4'26n +a5'215n/2 +a6l29n +a7.221n/2 >2n+1
(4.10)
a:l =< ao + a:L.2n/4 +a2.2n/2 +a3.23n/4 +a4.2n + as.25n/4 +a6.23n/2 +a7.27n/4 >2n+1
(4.11)
a; =< ao + a:L.23n/4 + a2-23n/2 + aS'29n/4 + a4.23n + a5.215n/4 + aG-29n/2
+ 8.7.221”/4 >2“+1
(4.12)
a’(; =< ao + a1-25n/4 +a2-25n/2 +a3'215n/4 +a4.25n +a5.225n/4 +a5-215n/2
+ 8.7.235”/4 >2“+1
(4.13)
a’; =< ao + a:L.27n/4 +a2-27n/2 + aS.221n/4 +a4-27n +a5-235n/4 +a6.22ln/2
+ a7.249n/4 >2"+1
(4.14)
The above set can be re-written as
B =< tata, ta ta ta ta +ay >, (4.15)
8 =<8y~ & +a,- A +a, - Ag+as - Ay >, (4.16)
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a, =<a, +a.2"%+a,.2" +a,.2".2"% +3,.2*" +a,.2".2""? +a,.2"

+ a7 .23n'2n/2 >2n+1

a, =<a, +a,.2"2"% +a,2*" +a,.2"".2"% +a,.2°" +3,.2"".2""? + 3,.2"

+ a7 .210n.2n/ 2 >2n+1

a, =<a, +a.2"" +a,.2"* +a,.2""" +a,.2" +4,.2".2"" +3,.2".2""?

n »3n/4
+a,.2".2 >

a; =< ao + a1.23n/4 + a2.2n.2n/2 +a3.22n.2n/4 +a4.23n +a5.23n.23n/4 +a6.24n.2n/2

5n Hn/4
+a,.2>".2 >
a =<a, +a,2"2"" +a,27.2"% + 2,2 2""* +a,2" +a,.2".2"" +a,2"".2"?
+ a7 .28n.2nl4 >

2"+1

a, =<a, +a,.2".2""" +2,2"2"% +2,2".2"" +8,2"" +2a,.2".2°"" +4a,.2".2""

12 4
+a, 22" >

In the diminished —1 system

- a=a where a represents a bit by bit complement of a.

Also

<29 >, =1if k=even

<2 > -1 if k=odd

41

Using the above two results the set of equations are rewritten as follows

Q=< trata,tata tatas vt >,

q =<gytarta,tastq, tastagtar >,

a, =<a,+a.2"?+a,+as.2"?+a,+a..2"? +as +a;.2"%* >
2 4 2"+1

a, =<a, +a1.2"’+a +a,2"%* +a, +as.2"* +as +a,2"%* >,
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(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)



a, =<a,+a.2""+a,2"? +a,2"" +a, +as.2"* +as.2"? +a;.2""" >
a; =<a, +a1.23n/4+52.2n/2 +a3_2n/4 +a4 +55_23n/4 +a6_2n/2 +57.2n/4 S
a, =<a, +a.2"" +a,2"2 +a:.2"" +as +a,.2"" +a:.2"% +a,.2""" >
a, =<a, + a2+ 22" +a:.2"" +as +a,.2"" +8,.2"% +a,.2"" >

Effects of multiplying a variable with powers of 2.

2"+1

2"+1

2"+1

2"+1

(4.27)

(4.28)

(4.29)

(4.30)

We rotate the equivalent number of bits as many positions as exponent of 2 indicates to

the left and complement the other shifted bits.

Consider thefollowing k* 2"

Let k=1101 and n=4.

1

1
01}
0 [1

Ol

0 |
1
0

Consider the following k* 2"*
Let k=1101 and n=4.

1]110]1
17107111
1010

Consider thefollowing k* 23"*
Let k=1101 and n=4.

1]1ol1
-T1|110
1]/00 (1

Figure2. Effects of Multiplying a Variable by Powers of 2

We now run an example to illustrate the forward mapping using carry save adder trees,

carry propagate adder and diminished-1 system.
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Let A(X) =a, +a,x+a,x> +a,x°’ +a,x* +a,x’ +a,x* +a,x’
=2+3x+4x* +5x° +6x* +7x° +8x° +9x” in Z,, domain

Here 2" +1=2*+1son=4.

The values of coefficients of powers of x are

a, =2=0010

a, =3=0011

a, =4=0100

a, =5=0101

a, =6=0110

a, =7 =0111

a, =8=1000

a, =9=1001

The diminished —1 values of the above coefficients are

a, =1=0001

a, =2=0010

a, =3=0011

a, =4=0100

a, =5=0101

a; =6=0110

a, =7=0111

a, =8=1000
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4.3.1.1 Methodology Adopted in Perfor ming the Calculations of
Coefficient ValuesUsing Carry Save Adder (CSA) Treel Carry
Propagate Adder (CPA)

The 3-to-2 counter calculates the sum and the carry of each row of selected bits indicated
by abox. The sum is placed in the same bit position but the carry is placed in the next
higher bit position. The carry generated by the highest order bits is complemented and
placed in the lowest bit position ( thisis indicated by the arrow in the diagram).

In the initial state there are 8 rows. Using two sets of four carry save adders we transform
then into 6 rows. These 6 rows are reduced to 4 rows using two sets of four carry save
adders. The 4 rows are then reduced to 3 rows using one set of carry save adders. The 3
rows are transformed into 2 rows using one set of carry save adders. These two rows
contain the sum and the carry bits.

Thefinal sum and the carry are added using the CPA. Here again the end around carry

generated is complemented and added to the lowest order bit.

Detailed description of calculation of a .

a, =<a, +8.2"" " +a.2"% +8,2"" +a, +as.2""" +g,.2"2 +a,.2"" >,
Cdculation of a, 2°"*

a, =0010

23n/4 — o34/ _ 53

We rotate the right most bit to the left and complement the other bits.

Therefore a, 2°"* = 0110

Calculation of a,2"2

a, = 0011
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a, =1100
2n/2 = 24/2 - 22
We rotate the last two right most bits to the left and complement the left most bits, which

are placed in the right.

Therefore a,2"'% = 0000

Cdculation of a,2"*
a, = 0100

2n/4 - 24/4 - 21
We rotate the last three right most bits to the left and complement the left most bit, which

is placed in the right.

Therefore a, 2"* =1001

Calculation of as

a, = 0101

We calculate as by performing bit-by-bit complement.
Therefore a, =1010.

Calculation of as2%"*

a; = 0110

as =1001

23n/4 - 23"4/4 = 23
We rotate the right most bit to the left and complement the other bits shifted to the right.

Therefore as2*"* =1011
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Calculation of a,2"'?

a, = 0111

2M2 =42 =22

We rotate the last two right most bits to the left and complement the left most bits, which

are placed in the right.

Therefore a,2"? =1110

Calculation of a;2"*

a,, =1000

a; = 0111
2n/4 - 24/4 - 21
We rotate the last three right most bits to the left and complement the left most bit, which

is placed in the right.

Therefore a-2"* = 1111

These values are used in the implementation using the CSA tree/CPA shown on page 37
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We evaluate the value of a; (eq. 4.23) using the CSA tree/CPA implementation with a set

of 3-to-2 counters.

Sum of CSA's 1-4
Carry of CSA’s 1-4
Sum of CSA’s5-8
Carry of CSA’s5-8

Sum of CSA’s9-12
Carry of CSA’s9-12
Sum of CSA’s 13-16
Carry of CSA’s13-16
Sum of CSA’'s 17-20
Carry of CSA’s 17-20

Sum of CSA’s 20-24
Carry of CSA’s 20-24

CSA’s 1-4

CSA’s5-8

CSA’s9-12

CSA’s 13-16

CSA’s 17-20

CSA’'s21-24

—M

0 (0 0)( 1) )
O1(/0] 1| O
0JloJlJlL
8 1 8 (])_ >8—to-6 Reduction
oJJLyLo)
0O 1 1 1
1 0 0 0 J
(0 1(0])(0)( 0] )
O (0O]]21( 1|11
\O_/i’\_lJ_l’ _tO- H
o111
(1 J{oJ{ o]l 0/
0 )(0)(0)[ 0] |
1 |01l 1]|LO
- N ;
\1_, i, _1/ _1‘ 4-to-3 Reduction
1 0 0 10
1(/0fl Of 1
0 |1 17041 3-to-2 Reduction
0 JI0J{( 1)L O
0O 1 1 O }
1 0 0 1 20 CPA
0O 1 0 O O
| 1
1 0 0 1 =9 = Diminished -1 of 10

a, =<2+3+4+5+6+7+8+9>_=<27> =10

The result we have from CSA tree reduction is the diminished —1 form of 10i.e. 9

Figure 3. Forward Mapping

(Figure Continued)
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We evaluate the value of a, (eg. 4.24) using the CSA tree/CPA implementation with a set
of 3-to-2 counters.

8-t0-6 Reduction

~/

J

> 6-to-4 Reduction

> 4-to-3 Reduction

O e o et b el e o oo

HI—‘I—‘E—‘OO&—‘[HOI—‘][OOO][OOI—‘]OO[I—‘OH][OI—‘O]

o ol e G X e (Y o e T

olo HEle - He e e Ok ~eodeod

S
1 10 } 3-t0-2 Reduction
o)
1
1 1
| 0
1 1 0O O = 12 = Diminished -1 of 13

a, =<2-3+4-5+6- 7+8-9>,=<-4> =13
The result we have from CSA tree reduction is the diminished —1 form of 13i.e. 12

(Figure Continued)
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We evaluate the value of a, (eq.4.25) using the CSA tree/CPA implementation with a set
of 3-to-2 counters.

8-t0-6 Reduction

Jo olo v o v o)

(0]( 0] 0
11/0( 1
(1) 1)( O
(1])( 1)( 0
0jl1||] O
(1JLOJ LY
1 0 O
1 1 1 J
e 3
1 (00|l /L O
%:O\_l, L0 >G-to-4 Reduction
1 (1)(0) 1[0
10|l O] O
(LU UL O )
O 1] ) O
1 1) 1]] 0[O » 4-to-3 Reduction
o] 2
1 0 1 O’_O J
1] 2] 1f 1
O [1]]0f] O]l 1 }3—'{0-2 Reduction
LJLUJLOLO
0O 0 1 O } oA
1 1 0 1.0
0 1 1 0 O
| 1
1 1 0 1 = 13= Diminished -1 of 14

a, =<2+3*4+4* 47 +55 42 +6* 4° + 7% 4° +8* 4° +9* 4" >, =<189326 >,,= 14
The result we have from CSA tree reduction is the diminished —1 form of 14i.e. 13

(Figure Continued)



We evaluate the value of a; (eq.4.26) using the CSA tree/CPA implementation with a set
of 3-to-2 counters.

(0 )0)(0)[1) )
0 ] 0|l O
o)l
8 ﬂé‘ 2 >8—t0-6 Reduction
0 (]l ofly
1 0 0 O
O 0 0 1 J
TﬂTT )
0O [10]0]l1
L&i (0 N 6-to-4 Reduction
0 (1)(0)( 1)1
11(0(0|lO
o JloJ{oJ{1)
(0 )0 ) 1)( O
1 001111101 Y 4t0-3 Reduction
oJJT] o)
1 0 0 1 _0 J
0 ][o ][ 1]( 0]
O [0fjl1])j0olt1 } 3-to-2 Reduction
0 J0J1JLO)
0O 1 0 1 }CPA
0O 01 0 1
0 1 0 1 O
| 1
1 0 1 1 = 11 = Diminished -1 of 12

a; =<2-3%4+4%4%2 - 5543+ 6% 4* - T*4° +8% 4% - 9* 47 > .=<-120586 > ,=12
The result we have from CSA tree reduction is the diminished —1 form of 12 i.e. 11

(Figure Continued)
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We evaluate the value of a; (eq.4.27) using the CSA tree/CPA implementation with a set
of 3-to-2 counters.

(01(0)(0)( 1] )
O1Jl1(0]||l1
()
2 a g-) é M 8-t0-6 Reduction
0 JloJ{1]Lo]
0O 0 0 1
1 1 0 0 J
(1 )(0](0)( 0] Y
O [2 {111
1#&\2, L0 8 6-to-4 Reduction
1 (0)(T (1.0
O (0]l 0|l 1
1l lajla),
T \(T\(1)
1 1010 O_,/O M 4-to-3 Reduction
DO
o 1 1 1 1 )
o l[1][1][ 1)
1 |00} 0]LO } 3-to-2 Reduction
d J1 L)L)
1 0 0 O }CPA
O 1 1 1 1
1 0 1 1 O
| 0
0 1 1 1 =7 = Diminished -1 of 8

a, =<2+3*2+4*2° +5*2° +6* 2* +7*2° +8*2° +9* 2" > . =<2048>,=8
The result we have from CSA tree reduction is the diminished -1 form of 8i.e. 7

(Figure Continued)
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We evaluate the value of a; (eq.4.28) using the CSA tree/CPA implementation with a set
of 3-to-2 counters.

> 8-t0-6 Reduction

e ol o Ho o)

J

\
)

> 6-to-4 Reduction

[ o o

\
\
)
Y~

4-to-3 Reduction

oJo|

bo
SN AN

3-to-2 Reduction

CPA

\

RO Rk O

OI—‘HEAOOI—‘[I—‘OH:[HI—‘O][OHO]I—‘ I—‘[I—‘i—‘H][OOO]
HHO[OHI—‘O[OHO[HHI—‘][OOI—‘]I—‘ H[OOO][OI—‘O]
oo ol rlolelr Ho rldrlo Wik vk w Jo » d

— O

0O 1 O = 5= Diminished -1 of 6

a;,=<2+3*8+4*8>+5*8°+6*8" +7*8° +8*8° +9*8" > =<21228314>.=6
The result we have from CSA tree reduction is the diminished =1 formof 6i.e. 5

(Figure Continued)
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We evaluate the value of a; (eq.4.29) using the CSA tree/CPA implementation with a set
of 3-to-2 counters.

(0)(0)(0O) 1] )
110fl 1| O
Ll
L1fojf1}f © 8-to-6 Reduction
11/0]| 1| O
oLy
0O 0 0 1
O 0 1 1 )
0 11O 1) Y
1 |11]/0]|l O[LO
&éé :O >6-t0-4 Reduction
O (2)[{1)f 0L 1
OfllOof|l Off 1
0JloJ( 0( 0 )
1)1} 0] 1
1 1]j1})0L0 " 4-to-3 Reduction
OJJLo Ly
0 0 0 1 1)
olf1][o]f O
1 (1]/0] 1110 }3-’[0-2 Reduction
0 JIJLULD
1 1 0 1
00 1 01 H om
1 0 0 1 O
| 0
0O 0 1 O =2 = Diminished-1 of 3

A, =<2-3*2+4%2%- 522 +6%2%- 7*2°+8%2°- 0% 27 > =<-796> =3
The result we have from CSA tree reduction is the diminished -1 form of 3i.e. 2

(Figure Continued)
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We evaluate the value of a; (eq. 4.30) using the CSA tree/CPA implementation with a set
of 3-to-2 counters.

8-t0-6 Reduction

Ho oloo oo 1)

(0](0](0
11/0||l O
0 JL0J( O
(0(1)( 1)
10| 1
0 J1JO)
1 1 1
0O 0 O J
(11(0]( 1) A
O (11} 0ll1
O:Qﬁo :1 N 6-to-4 Reduction
1 |0}f1]( 0[O
1)1} 1|0
O JOJ 1L )
olf1)f1)1
0 [10J 0l Y 4t0-3 Reduction
I o
O 1 1 0_-1 )
11][12](0]f 0
O [01]l2l41 } 3-to-2 Reduction
A Lo LD
0O 1 1 O
1 1 0 10 H om
1 0 0 0 O
| 0
0O O 0O O = 0= Diminished—-1of 1

a*7 =<2-3*8+4*82-5*8% +6%8%- 7*85+8*8° - 9*§g’ > ,=<-16984342 > =1
The result we have from CSA tree reduction is the diminished =1 formof 1i.e. O
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4.3.2 Inverse M apping

We now present the inverse mapping based on the result obtained in chapter 3 section 2

, =<8 (agry° O tayr, Fagr +a,r, taglhy ag tagr;’) >, (4.31)
8, =<87(ayfy  +ayl tagr, +ag tar, tagls +al tar) >, (4.32)
8, =<8 (Mot +ar, Ayt +ar tagrs +ars tar’)>,, (433
A, =<8 (Al ar A, +agr +ar, tag agy +a,r ) >, (4.34)
a, =<8 (a,ry" Yragrt agnt raprt vagrst ragrgt vart) >, (4.35)
85 =<8 (agfy * Al +ar, + et ar,” tagls tar, tal;)) >, (4.36)
a, =<8 '(agry° Ctayr, tagr +a,r, tagh tag  tar,t) >, (4.37)
a7 =< 8'l(a;r0_7 +a‘;.r +a2 + a‘3r +a‘4 +a5 +a6 +a7 7 )> (438)

Calculation of Inverses of the roots

-1 -1 _
<I’O >2”+1_<l >2”+1_1

_1 _
<h 2"+1 <( 1) >

=-1

2"+1

-1 /2y-1 3n/2
<r, >, =<2y >, =27

2 2" +1

Verification:
n/2 A3n/2 _ 4n/2 _ 2n _ ny 2 _

<27".2 >2”+1_<2 >2"+1_<2 >2”+1_< (2 ) >2"+1 <( l) 241 =1
-1 _ 3n/2y - _ ~h/2

STy 2, =< (2 ) Zona= =2

Verification:
3n/2 An/2 _ 4n/2 _ 2n _ ny 2 _

<272 >2"+1_<2 >2”+1_<2 >2"+1_< (2 ) > <( 1) N+ =1
-1 _ n/4y-1 — n7n/4

<1y >2“+1_< (2 ) >2”+l_ 2
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Verification:

n/4 A7n/4 _ an/4 _ 2n _ ny 2 _ 2
<2727 > =<2 > =27 >, =<(27)" >, =<(D°>

2"+ 2"+
-1 _ 3n/4y-1 _ ~5n/4
ST 2, =< (277) 2" 2
Verification:
3n/4 A5n/4 _ 8n/4 _ 2n — —
<2 > | =< 2> =<2 > =< (2")? >, =<(-1)?>
-1 _ 5n/4y-1 _— n3n/4
<Te Zpy=< C Z o™ 2
Verification:
5n/4 A3n/4 _ 8n/4 _ 2n —
<272 Z =< 2 Z g =< 2 Z oS (2 ) Py = =<(- :D
-1 _ niay-1 _ oni4
<f >2“+1_< (2 ) 2”+1 =2
Verification:
n/4 An/4 _ 3n/4 - 2n _ ny2 —
<272 >2"+1_< 2 >2"+1_< 2 >2"+1_< (27) >2"+1 =<(- 1)

Calculationof <8* >

2"+1

-1 — 2“ +2 — nn-1 — n n-1 — n-1
<2t>, =t =2 =241 2 =2
Therefore
< 8-1 2n+1_< (2 ) 2n+1: (_ 2!‘]—1)3 —_ 23n—3 - 22n.2n—3

Summarizing the above results

< ro-l >2”+1::L
<r, ! > =" 1
< r2—1 >2n+l= 23n/2
< r3—1 2n+1_ 2n/2
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-1 _ An7n/4
< r4 >2“+1_ 2

-1 _ ~5n/4
<Ts >2"+1_2

-1 _ ~n3n/4
< 's >2”+1_ 2

<r-1> _2”/4

<8-1 > ) - _ 22n.2n—3
2'+1

Applying these set of results to the inverse transform equations in diminished —1 system.

8, =<-2"2" (8, + & +a, ta ta, ta tagta) >,

a, =<- 22n.2n—3(a’c‘) - a + a;_zsnlz +a;.2n/2 + a;.27n/4 +a;.25n/4 +a€_23n/4

n/4

+a,2"") >

2"+1

a, =<-2"2"3(ay +a, +a,.2*" +a,.2" +a,.2""? +a,.2%"% +a,.2%"?
+a,2"%) >
a3 =< - 22n.2n—3(a3 _ a:[ +a;.29n/2 + a;.23n/2 + a;‘1.221n/4 + a;-215n/4 +a;.29n/4
+a,.2""") >

2"+1

a, =<-2"2"%a; +a +a,2" +a,.2" +a,.2" +a,.2" +a,.2"" +a,.2") >

2"+1
a5 =< . 22nl2n—3(ag _ a; +a;l215n/2 + a;.25n/2 +a:.235n/4 + a;.225n/4 + a’;.215n/4

* ~5n/4
+a,.27"") >,

a5 =< - 22n.2n—3(a€; + ai‘ + a;29n + a; .23n + a2.221n/2 + a;.215n/2 + a(’;.29n/2

* ~3n/2
+a,.27"") >,

a7 =< - 22n.2n—3(a:)‘ _ a; +a;.221n/2 + a;.27n/2 +a;.249n/4 +a;.235n/4 + aé.221n/4

* 57nl4
+ a7'2 ) >2"+1

Applying the following two results to the above set of equations we get

<-b>, =<b>, where b represents a bit by bit complement of b.
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(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)



<2 >, =lifkiseven
+1

=-1lifkisodd
8, =<2"%(ao +a, +a +as +a4 +as +ac +ar) >
0= otas 2tas 4 tas etar) >,

a, =< 2n-3(ao+al* +a*2_2n/2 +5_3_2n/2 +a2_23n/4+a;_2n/4 +56.23n/4

—* An/4
+a7.2" )>2"+1

3 A m At A At o2 Lo N2 | * onl2 2 and
a, =<2"(a +a ta,ta, +a, 2" +as2" +a,.2"* +ar.2"%) >,

a, =< 2”‘3(50+a§ +52_2n/2 +a;.2n/2+a2.2n/4+a;.23n/4+56.2n/4

=" 53n/a
+a7.2™" )>2n+1

3 —* — —_ —%* " * * *
a,=<2"(ao+aitar+as+a, +a; +a; +a;) >,

a, =<2"%(@o +a, +a,.2"% +as.2"? +a4.2%"* +as.2""" +a;.2%""

* ~n/4
+ a'7'2 ) >2"+1

3,7 * * 7" oni2 * Ani2 | = Ani2 * ~n/2
a, =<2" (a0 tai ta, ta; tas2" " +a.2" +as.2" " +a,2"%) >,

a, =<2"3(ap +a; +a..2"* +a;.2"? +a4s.2"* +as.2%"* +a,.2"*

* ~3n/4
+ a7'2 ) >2“+1

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

The a; coefficients (i=0,1,2,...,7) from the example carried for forward transformation in

diminished —1 system.

a, =1001
a =1100
a, =1101
a, =1011
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a, = 0111
a, = 0101
a = 0010
a;, = 0000

4.3.2.1 Methodology Adopted in Perfor ming the Calculations of
Coefficient Values Using Carry Save Adder (CSA) Tree/ Carry
Propagate Adder (CPA)

The 3-to-2 counter calculates the sum and the carry of each row of selected bits indicated
by abox. The sum is placed in the same bit position but the carry is placed in the next
higher bit position. The carry generated by the highest order bits is complemented and
placed in the lowest bit position ( thisis indicated by the arrow in the diagram).
Intheinitial state there are 8 rows. Using two sets of four carry save adders we transform
then into 6 rows. These 6 rows are reduced to 4 rows using two sets of four carry save
adders. The 4 rows are then reduced to 3 rows using one set of carry save adders. The 3
rows are transformed into 2 rows using one set of carry save adders. These two rows
contain the sum and the carry hits.

The final sum and the carry are added using the CPA. Here again the end around carry

generated is complemented and added to the lowest order hit.
Detailed description of calculation of a.

a5 :<2n-3(50+a’1 +a;.2n/2 +53.2n/2 +54.23n/4+55.2n/4+a;.23n/4 +a;.2n/4) >

2"+1
Calculation of ao

a, =1001



We calculate ao by performing bit-by-bit complement.

Therefore 5; =0110.

Cdculation of a,2"'?
a, =1101

2n/2 = 24/2 - 22
We rotate the last two right most bits to the left and complement the left most bits, which

are placed in the right.

Therefore a,2"'* = 0100

Calculation of as2"?

a, =1011

as = 0100

Therefore as2"2 = 0010
Calculation of a;2%"*
a, = 0111

a. =1000

234 = g4l = 8

We rotate the right most bit to the left and complement the other bits shifted to the right.
Therefore a,2°"* = 0011

Calculation of as2"'*

a, = 0101

as =1010

45



2n/4 - 24/4 = 21
We rotate the last three right most bits to the left and complement the left most bit which

is placed in the right.

Therefore as2"* = 0100

Calculation of aj2%"*

a; = 0010

2314 = ¥4/ = 28

We rotate the right most bit to the left and complemert the other bits shifted to the right.

Therefore a,2°"'* = 0110
Calculationof a;2""*
a’, = 0000

2n/4 = 24/4 = 21
We rotate the last three right most bits to the left and complement the left most bit which

isplaced in the right.
Therefore a,2"'* = 0001
Summarizing the above results
a, = 0110

a, =1100

a,2"'? =1101

as2"? = 0010

2,24 = 0011
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as2"* =0100
a;2°"* = 0110
a;2"'* = 0001
After performing the CSA tree/CPA implementation (shown on page 53) using the above

calculated values the final result is obtained after we multiply the answer obtained by

2'(2™3 = 2% =2) in asimilar method as shown above.
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We evaluate the value of a, (eg. 4.47) using the CSA tree/CPA implementation with a set
of 3-to-2 counters.

(0)(1)(1)(0) )
o|lo0(l1](1 3-to-2 Reduction
(0 JL0J(1J( 0
2 é 8 8 4 8t0-6 Reduction
1ol Lo
1 1 0 1
1 1 1 1 )
)11\ (1))
oflofl1ijfofia
é é \L 0 » 6to-4 Reduction
1 (0][0][01[0)
11|01
EBEBIER|END
01(11(0)[0)
0 é é i /é 4-to-3 Reduction
1 101 0
11100 ]||1
O (1(l1]|/l0fL1
(1JoJJjLoJ
1 1 1 O }
1 0 0 1 o JL&A
1 0 0 O O
| 0
0O 0 0 O

[0]lo]O]1 |} 2™3 = 2*3 = 2'tranfomation

0001 = 1 = diminished -1 of 2.

Figure 4. Inverse Mapping

(Figure Continued)
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We evaluate the value of a, (eg.4.48) using the CSA tree/CPA implementation with a set
of 3-to-2 counters.

> 8-to-6 Reduction

AN

Y 6-to-4 Reduction

> 4-to-3 Reduction

3-to-2 Reduction

CPA

SV

HOO[HOl—‘H[OI—‘(DZ[I—‘I—‘q[OI—‘i—ﬂHI—‘[I—‘HO][OI—‘O]
OOI—‘[OI—‘OO[OOO[I—‘OI—}[HOI—‘}HO[OI—‘O][I—‘I—‘H]
ql~ Hele =l elrle = ddolodr ofe o oo d

~hgodorrdebdordr b dorlkodood

|_\
o
o

[0]0[ 10 |} 2™* =2%* = 2'tranfomation

0010= 2= diminished —1 of 3.

(Figure Continued)
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We evaluate the value of a, (eg. 4.49) using the CSA tree/CPA implementation with a set
of 3-to-2 counters.

> 8-t0-6 Reduction

N

6-to-4 Reduction

el- rlofelo Ho mHle Jorfor Hlo = r)
Je5olb-b Ho ko ko rfE ok

oova[aoona[on—\H[Hn—\o][lal—w—\]pla[n—\pp][n—\oo]
on—\l—\[aoow[ooo[v—xov—\][pHO]HO[OHO][HOH]

1 S 4-to-3 Reduction
1 J
1 } 3-to-2 Reduction
0
0 0 1 } CPA
1 0 1
| 0
0 0 0 1

[0]lo[1]1 |} 23 = 2*% = 2'tranfomation

0011 = 3 = diminished -1 of 4.

(Figure Continued)
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We evaluate the value of a, (eg. 4.50) using the CSA tree/CPA implementation with a set
of 3-to-2 counters.

(01(1)(1)(0] )
11{1({0}lO
SBICHERIEN
101 >8—to-6 Reduction
11111
o]l
1 0 1 O
1 0 0 0 J
(0)(0)(0)( 1))

1 /110l 0O
ééi,_l, 3 6-to-4 Reduction

1 (1)(0)1)[0)
11101({1]]|0
(L)loJ{oJ{0])
CRIEAIERIE

1 11101110 Y 4103 Reduction
(1J{0oJ{o]Lo]

1 0 1 O/’QJ
olfol]{fo]fo0

1 (0fl1(/0]LO } 3-to-2 Reduction
(0 J1J10JLOJ
0O 0 0 O }CPA

O 1 0 0 1

0O 1 0 0 1

| 1
1 0 1 O

[ofJ1]0]o0O |} 23 = 2*3 = 2'tranfomation

0100 = 4 = diminished -1 of 5

(Figure Continued)
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We evaluate the value of a, (eg. 4.51) using the CSA tree/CPA implementation with a set
of 3-to-2 counters.

> 8-to-6 Reduction

> 6-to-4 Reduction

= ool de Admk dle ~er k= 3

b ob LG ek dooHo bk Jo ok dornd

OOH[OHoo[l—\HO[OOH][ooo]oo[ooo][ooo]
OHI—‘[I—‘OOI—‘[OHI—‘[OOO][I—‘I—‘H]OO[HI—‘I—‘][OOI—‘]

0 4-to-3 Reduction

0 J

1 } 3-to-2 Reduction
0

0 0 } CPA

1 1

(@)
(@)
[ERN

[0T1T0T1] } | pr =+ = piiranfomation

0101 =5 =diminished —1 of 6

(Figure Continued)
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We evaluate the value of a, (eg.4.52) using the CSA tree/CPA implementation with a set
of 3-to-2 counters.

(0)[1)(1)(0) )
1{{1}{0(|0
O LLILOJLO)
0110 1}(0 > 8-t0-6 Reduction
Ofl0]]1fl12
L0JLLJ0JLO)
0O 1 1 O
0O 0 0 1 J
(1)(1)(1)(0] )
O [1]]0]0}]l4
é%&é 3 6-to-4 Reduction
0 (0)(1(0Y)[T1)
Oll1(11(0
(0 JLOJI0JL 1],
O)O)IYO
1 1111001101 Y 410-3Reduction
oJoJ[1]Lo
0O 1 0 1 1 J
1{(0{{1]|0
O (O]]1]/0(L1 } 3-to-2 Reduction
(JLo) ey
0O 1 0 O }CPA
1 0 1 1 0
0O 1 0 1 O
| g
1 0 1 1

(0]1]1]0 |} 2™2 = 2+2 = 2'tranfomation

0110 = 6 =diminished -1 of 7

(Figure Continued)
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We evaluate the value of a, (eg. 4.53) using the CSA tree/CPA implementation with a set
of 3-to-2 counters.

o)1) (1)(0) )
ol10(l1](]1
(LJLLJ{ 0|1}
é 8 é i > 8-to-6 Reduction
LoJJ{a]lLo]
0 1 0 O
0O 0 1 1 J
(1)(0)(0)(0]
O |11([{111(l1a
0 % % % % 3 6-to-4 Reduction
0|/11(/0]||0
LoJloJ{1)(1]))
R RIERIERR
1 é 8 8 /8 y 4-to-3 Reduction
0 1 1 1.1
offolf1)[1
1 |0f||0]|O0]LO 3-to-2 Reduction
Q) JjLl
1 1 0 O } oA
O 0 1 1 1
1 0 0 1 1
| 0
0O 0 1 1

[0]1]1]1 |} 2™3 = 2*3 = 2'tranfomation

0111 =7 =diminished -1 of 8

(Figure Continued)



We evaluate the value of a, (eg. 4.54) using the CSA tree/CPA implementation with a set
of 3-to-2 counters.

> 8-to-6 Reduction

-

Jelodk o odn o

> 6-to-4 Reduction

P O][I—‘ P O]I—‘ |—\[o o I—‘][O P I—‘]

G o9kl Jo ole o =9
~rHrbdkrlooHkod

|_\

4
1

> 4-to-3 Reduction

3-to-2 Reduction

[HOHH[I—\I—\I%I—‘O

oy wyw Ry

CPA

LSS

o
I—‘OO[I—‘OHH[OH
Ol—‘H[Ol—‘OO[OO
H~ o

ob b

[EEN
=
o

(1]o]o]o |} 2™3 = 2*3 = 2'tranfomation

1000 = 8 = diminished -1 of 9
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We now demonstrate an example to perform a cyclic convolution of two sequences.

Consider the following two polynomials.

A(X) = 2+3x+ 4x* +5x° +6X* +7x° +8x° + 9x’

and B(X) = 2+ 7x+11x? + 3x® + 6x* + 8x° +14x% + 9x’
Wewill calculate < A(X)B(x) >, , inthering Z,,  wheren=4
Step 1.

Caculationof a; ,wherei =0123,...7

From the calculations performed in pg. nos. 35-42 we have the following results (in

undiminished form)
a, =10

a, =13

a, =14

a; =12

a, =8

a, =6

a, =3

a, =1

Step 2

Calculationof b ,wherei =0123,...7

Here
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Calculation of b, using eq.4.23
by =<2+7+11+3+6+8+14+9>,
=9
Calculation of b, using eq.4.24
b, =<2- 7+11- 3+6- 8+14- 9>,
=6
Calculation of b, using eg.4.25
b, =< 2+(7%2%)- 11- (3* 2°) +6+(8* 2°) - 14- (9% 2°) >,

=<2+28- 11- 12+6+32- 14- 36>,
=12

Calculation of b; using eq.4.26
b =<2- (7*2%)- 11+(3*22) +6- (8% 22)- 14+ (9% 2%) >,

=<2- 28-11+12+6- 32- 14+36>,
=5

Calculation of b, using eq.4.27
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b, =<2+ (7*2") +(11*2°) +(3* 2°) - 6- (8*2")- (14*2%)- (9*2%) >,

=<2+14+44+24- 6- 16- 56- 72>,
=2

Calculation of b, using eq.4.28
by =<2+ (7% 2%)- (11* 2%) + (3* 2')- 6- (8% 2°) +(14* 22) - (9% 2) >,

=<2+56- 44+6- 6- 64+56- 18>
=5

Calculationof b using eq.4.29
by =< 2- (7*2Y) +(11* 2%)- (3*2°)- 6+ (8% 2') - (14* 2%)+(9* 2°) >,

=<2- 14+44- 24- 6+16- 56+ 72>,
=0

Calculation of b, using eg.4.30
b, =< 2- (7%2%) - (11* 22)- (3*2') - 6+ (8* 2°) + (14* 22) + (9* 2) >,

=<2- 56- 44- 6- 6+64+56+18>
=11

Summarizing the above results
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Step 3.
Caculationof ¢ =<a *Iby >.,wherei =0123,...7
Co =<10*9>,
=5
c, =<13*6 >,
=10
c, =<14*12> .
=15

C, =<12*5>,

c, =< 8*2 >17

C, =<6*5>,

C, =<3*0>,

=0

c, =<1*11>,

=11

Step 4.
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Calculationof c,,wherei =0123,...7
Calculation of c,using eg.4.47
Cc, =<2'(-5- 10- 15- 9- 16- 13- 0- 11) >,
=12
Calculation of c,using eq.4.48
c, =<2'(-5+10+ (15* 2%)- (9* 2°) + (16* 2°) + (13* 2") - (0*2%)- (11*2") >,

=<2(-5+10+60- 36+128+ 26- 0- 22>,
=16

Calculation of c,using eg.4.49
C, =<2'(-5- 10+15+9+ (16* 2°)- (13* 2*)+(0* 2%) - (11* 2%) >,

=< 2(-5- 10+15+9+64- 52+0- 44>,
=5

Calculation of c,using eq.4.50
C, =<2'(-5+10- (15* 2%)+(9* 2%)+ (16* 2") + (13* 2°)- (0* 2")- (11*2%) >,

=< 2(-5+10- 60+36+32+104- 0- 88>,
=7

Calculation of c,using eg.4.51
c, =<2'(-5-10- 15- 9+16+13+0+11) >,

=2

Calculation of ¢, using eg.4.52
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C. =< 2'(- 5+10+ (15* 22) - (9% 2%) - (16* 2%) - (13* 2') +(0* 2°) + (11* 2}) >,

=< 2(-5+10+60- 36- 128- 26+0+22>,
=15

Calculation of cyusing eg.4.53
Ce =<2'(-5- 10+15+9- (16* 2%) + (13* 2%)- (0* 2%) +(11* 2%) >,

=< 2(-5- 10+15+9- 64+52- 0+44 >
=14

Calculation of c,using eq.4.54
c, =<2'(-5+10- (15* 2*)+(9* 2%)- (16* 2")- (13* 2°) + (0* 2") + (11* 2°) >,

=< 2(-5+10- 60+36- 32- 104+0+88>,,
=2

Therefore < A(X)B(X) >, =12+ 16x+5x° + 7x° +2x* +15x° +14x° + 2x intherin
-1 g

Z

2" 41
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Verification of the result obtained

2+ 3x+4x% +5x3 +6x* +7x° +8x° +9x’
2+ 7x+11x% + 3% +6x* +8x° +14x° + 9x’

4+ 6x +8x? +10x3 +12x* +14x° +16x°® +18x’
14x+ 21x* + 28x% + 35x* +42x° + 49x° + 56x” + 63x®
22x% + 33x% + 44x"* +55x° +66x° + 77x” +88x° + 99x°
6x3 +9x* +12x° +15x° +18x" + 21x® + 24x° + 27x"°
12x* +18x° + 24x° + 30x’ +36x° +42x° + 48x"° + 54x™
16x° + 24x° +32x" + 40x® + 48x° + 56x™° + 64x™ + 72"
28x° +42x" +56x® + 70x° + 84x™° + 98x™ +112x™* +126x™
18x" +27x® +36x° + 45x™° + 54x™ + 63x*? + 72x"* +81x"

4+ 20x+51x% + 77x° +112x* +157x° + 222x° + 291x” +331x® + 319x° + 260x'° + 270x™" + 247x"? +198x™ + 81x™

<4+ 20x +51x* + 77x7 +112x" +157x° + 222" +291x" +331x° +319x° + 260X° + 270X ™" +247x"* +198x"° + 81X > , |
= 335+339x + 311x° + 347> + 350x* +355x° +303x° + 291X’

< 335+ 339x +311x” + 347x% + 359x* + 355%° + 303x° + 291x’ > .

=12 +16X +5x2 + 7x> + 2x* +15x° +14x° + 2x’
Hence the result.



Chapter 5

Conclusion

In this thesis we presented an approach to calculate the cyclic convolution of two N-point

sequences using the PRNS techniques relying on the forward and inverse mappings. The

approach relied on the fact that by keeping the roots and inverse roots of x° - 1strictly as
powers of 2 we were able to substitute the complicated scaling computations by addition
and rotation operations. The rotation operations do not require any computational
hardware.

The cost of computing the cyclic convolution of the sequences
A=(a,,a,,8,,a,,a,,8,8,,a,) and B=(b,,b,,b,,b,,b,,b,,by,b,) isthe following.

If the computation is to be performed in the ring of the integers mod 2" +1, every
mapped coefficient a; requires 6n full adders or (3,2) counters and a carry propagate

adder (CPA). Since the sequence has eight such coefficients the total cost will be 48n

full adders and 8 CPA's. Another 48n full adders and 8 CPA's will be required for
mapping the sequence B = (b,,b,,b,,b,,b,,b ,b,,b,) into (by,b;,b,,b;,b,,b.,b;,b)).
We would require 8 multipliers mod 2" +1 for performing the multiplication's in the
PRNSdomaini.e ¢ =<a b >, _ wherei=0123...7. Following this we would have
to have the inverse transformation transforming the sequence (c,,c;,c,,c;,C;,Cs,Cq,C,)
into the sequence (c,,c;,c,,C;,C,,C:,Cs,C,). The computation of every coefficient c,

requires 6n full adders and one CPA. Since there are 8 such c, coefficients the total cost
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would be 48n full adders and 8 CPA's. The overall cost would now be 144n full adders,
24 CPA's and 8 multipliers modulo 2" +1.

The obtained terms c,,c,,¢,,C;,C,, C;,C,,C, are the terms of the cyclic convolution. If the
same computation was performed without using the PRNS technique the hardware
requirement would be 64 multipliers modulo 2" +1 and following them each term of the
cyclic convolution c, is the summation of 8 terms. A CSA tree/CPA realization of each
such term requires 6nfull adders and one n-bit CPA. Since there are 8 such terms the
total hardware cost would be 48n full adders and 8-n bit CPA’s. Therefore the total cost
of the nonPRNS technique is 64 multipliers modulo 2" +1, 48n full adders and 8-n bit
CPA’s.

Considering that every modulo 2" +1 multiplier consists of approximately n? full adders

and every n-bit CPA consists of n full adders, the total cost in terms of full adders for the

two techniques are.

For the PRNS technique we need (144n + 24n+ 8n?) full adders = (8n? +168n)
full adders.

For the non-PRNS technique the requirements becomes (48n+8n+64n?) full
adders = (64n* +56n) full adders.
For any valueof n3 3
(64n? +56n) > (8n? +168n)

Therefore the PRNS technique provides significant savings over the traditional one.
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The following table shows the cost in terms of full adders of computing the cyclic

convolution of the two 8-point sequences using each one of the techniques for various

values of n.

Table 2. Comparison of PRNS and non-PRNS Technique

n Number of full adders required for Number of full adders required for PRNS
non-PRNS technique. technique.

4 1248 800

8 4544 1856

12 11232 3168

16 17280 4736

20 26720 6560

From the above table it is evident that as the value of n increases the full adders

requirement in case of PRNS based technique is quite less compared to the nonPRNS

based technique.
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