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ABSTRACT

In recent years, there have been several theories
developed to derive the Landau phonon-roton spectrum for
superfluid liquid helium.

The various methods are pr e 

sented in a unified manner which brings out their co m 
plete equivalence.

Arguments are given which seem to

indicate that a modified version of the Bogoliubov
approximation for a weakly interacting gas may be equiv
alent to the density variable approaches,

pioneered by

Nishiyama, Berdahl and Bloch, Bogoliubov and Zubarev
and Sunakawa and co-workers.

In these theories, density

is used as a coordinate to describe the fluid.
first two theories,

(BZ),

In the

the single particle Bose operators

are expressed in terms of density and another variable
which are consistent with their basic commutation rela
tions.

In the latter two, a current operator is intro

duced which with the density form a closed algebra.
is shown that the variables, density and current,

It

give a

complete description of a system of spinless, identical
bosons.

At T=0K,

a particular choice of the algebra con

taining only the longitudinal component of the current
describes the fluid in a simple way.

For a Bose system,

there exists an irreducible representation of this algebra
which leads to all the density formulations mentioned
above.

In the first two theories, we verify the structure
v i ii

of the current operator by explicitly calculating it and
comparing it with the irreducible form.

With this

demonstration, the formal equivalence of these formula
tions is established.

Connection is also made to a

modified version of the Bogoliubov approach via a unitary
transformation.
The BZ formalism leads to a non-Hermitian Hamiltonian
which contains only a finite number of interaction terms,
while that of Nishiyama or Sunakawa is an infinite series,
Hermitian Hamiltonian.

An appropriate mathematical

framework for dealing with the non-Hermiticity of the BZ
Hamiltonian is employed to develop schemes for studying
the elementary excitations of the Bose fluid.

The

energies of the ground and first excited states, the
liquid structure factor,

the number of particles in the

zero momentum state, and the two roton scattering ampli
tude are derived in "perturbation"

theory.

A finite

temperature matrix Green's function theory is also
developed.

The excitation energy and the liquid structure

factor are calculated from it in a straightforward way.
These results are applied to compute numerically the
excitation spectrum of the superfluid liquid helium using
the experimental structure factor as the only input into
the computation.

The dependence on the unknown helium

interatomic potential is th .s eliminated.

Comparison of

this with other calculations and with experiment are
ix

discussed in detail.

The development given here can also

be applied to other boson systems such as the charged
Bose gas.

x

CHAPTER I
GENERAL INTRODUCTION
12 3
Liquid helium ' ’ has been a source of constant
amazement for physicists since Kamerlingh Onnes first
4
liquified helium (He ) in 1908.
Under its own vapor
4
pressure, He becomes a liquid at 4.2K and remains a
fluid even down to absolute zero.
The other stable iso3
tope of helium, He , can be liquified and also remains
fluid down to OK.

These liquids solidify only under

pressure requiring approximately 25 atm.
atm.

for He'*.

for He4 and 30

Classically, all motion stops at absolute

zero and so all substances should solidify, but in co n 
trast, quantum mechanically this is not expected.
4
London has shown that the quantum zero point motions in
He

3

and He

zero.

4

cause them to remain fluid even at absolute

This is because their atomic masses are small and

their interatomic forces are weak.

In other inert gases,

the atomic masses are larger and the zero point motions
are insufficient to keep these substances fluid.

While

hydrogen has a very small atomic mass, the interactomic
forces are strong and thus it solidifies at low tempera
tures.

The isotopes of helium are the only known sub

stances which have the property of remaining liquid down
to absolute zero and are thus the only quantum flui d s .

1

2

While the two isotopes of helium have many simi
larities, there is one important difference.
spin zero boson while He

3

He^ is a

is a spin one-half fermion.

The Pauli exclusion principle forbids fermions from
occupying the same single particle state but allows
bosons to do so.

This property seems to give rise to

characteristic differences in the properties of these
4
two liquids. For example, liquid He undergoes a phase
transition of the second kind at T=2.18K whereas liquid
3
He undergoes no such transition in this temperature
range.

Below this transition temperature (T^), known as
4
the 1 point, liquid He
(referred to as He II) has
several remarkable properties, the most remarkable of

which is superfluidity^ —

the ability of a liquid to

flow without noticeable friction through a narrow
capillary or slit.

Other properties of He II include

very large thermal conductivity,

6

the fountain effect

7

(creation of a pressure differential by a temperature
gradient) and the propagation of well-defined temperature
3

waves, known as second sound.

None of the above
3
properties have been observed for liquid He m the above

mentioned temperature range. Only recently, it has been
3
found that He does show superfluid properties in the
millidegree range.

Einstein

9

observed that an ideal, non

interacting Bose gas with the same mass and density as
4
, .
He possesses a phase transition at about 3.2K, close to

3

superfluid transition temperature for liquid He II.

This

transition corresponds to a macroscopic occupation of the
zero momentum state; at T=0K, all the particles in a free
Bose gas occupy the zero momentum state and at T
state is not occupied by any.

X

this

An ideal Fermi gas shows

no such transition and one is led to suspect that super
fluidity is a direct consequence of Bose statistics.
Superfluidity of He^ in the millidegree region is supposed
to come about because of the formation of Cooper pairs.
In order to explain the early experimental results
for He II, Tisza'*'0 proposed the two fluid m o d e l .

London'*-'*'

proposed the point of view that while liquid He II could
not be treated as an ideal Bose gas, a large condensate
fraction still existed which was responsible for its
superfluidity.

He argued that a macroscopic fraction of

the atoms are in states which have very narrow wave
packets in momentum space and this ordering perhaps is
the explanation of the superfluid effect.

Tisza suggested

that He II consisted of two mutually interpenetrating
fluids, the "superfluid" of density p
fluid" of density pR .

s

and the "normal

While the superfluid corresponded

to the condensate in momentum space and was in a single
macroscopic quantum state, the normal fluid carried all
the thermal disorder or entropy.

The superfluid was

assumed to flow without resistance through narrow
capillaries for example.

The major successes of this

4

model were the explanation of the fountain effect and
the prediction of second sound which were discovered
O
eight years later by Peshkov.
Landau

12

was not satisfied with this interpretation

of the superfluid state and

in 1941 he presented an

alternative theory in terms

of quasi-particles.

For a

weakly excited state, the system can be described by a
set of distinct elementary excitations.

Each excitation

behaves like a quasi-particle, capable of motion through
out the system. Landau's excitation model modified Tisza's
in the sense that at absolute zero, the superfluid in
cludes the whole liquid and

not just the condensate.

normal fluid corresponds to

the "gas" of elementary

excitations.

The

The existence of a condensate was not im

portant and in fact, Landau's model could apply just as
well to Fermi systems, as was done by Landau himself to
explain some properties of simple metals.

Denote by

e ( k ) , the dependence of the energy of an elementary excita
tion on its momentum k.

For small values of the m o m e n 

tum, the energy spectrum is easily determined.

It is

known that at very low temperatures (T<<T^), the specific
3
heat of liquid He II varies as T . This is characteristic
of long wavelength excitations which in a liquid corre
spond to longitudinal sound waves.

The corresponding

energy is linearly dependent on the momentum,

5

e(k) = Jrfck,

phonons

,

where c = 238 m/sec, the velocity of ordinary or first
sound.

He found that e (k) could not depend linearly on

momentum for all k and explain the experimental results
for specific heat for larger temperatures
varied as exp(-a/T).

Landau

12

energy spectrum given in Fig.

(T>1°K), which

therefore proposed the
1.

For low temperatures

(T<T^), only the phonon and roton regions contribute to
the thermodynamic q u a n t i t i e s .

The energy in the roton

region can be represented by a parabola of the form

e (k) = A q +

(k-kQ )^/2ii,

rotons,

where kQ is the value of the momentum for which e(k)

is

a minimum.
The concept of elementary excitations can be applied
only if few of these are present so that their inter
action energy is small compared to their own energy.
Then the excitations can be treated as an ideal gas.
Since many phonons and rotons can be excited for a given
k, they must obey Bose statistics.

For T < T ^ , Landau

treated the phonons and rotons as two independent ideal
gases and calculated the thermodynamic quantities of
interest.

From the experimental results for the low

temperature specific heat, he fitted the roton parameters,

6

and found

AQ/kB = 9.6K,

kQ = 1.95 A _ 1 ,

y = 0.77 m ^

It was not until 1957 did Palevsky et al_.

13

.

first

demonstrated the existence of such well defined excita
tions in helium.

The positions of the sharp peaks in the

scattered neutron distributions as a function of energy
for fixed momentum transfer define the dispersion curve
for these excitations.

From the most recent neutron

scattering data of Cowley and Woods,

14

the roton par a 

meters are found to be

AQ /kB = 8.65K,

kQ = 1.91 A - 1 ,

y = 0.16

,

remarkably close to those predicted by Landau in 1947.
The concept of elementary excitations is, however, not
applicable near the X-point because a large number of
elementary excitations are expected to be present.
While the experimental observations of the energy
spectrum are in qualitative agreement with Landau's c o n 
jecture for all momenta up to the roton region,

for

larger momenta the spectrum flattens out into a plateau
region as was suspected by Pitaevskii.

15

Also, it is

found that there are at least two branches in the
spectrum of e x c i t a t i o n s . ^

7

There are several first principle microscopic
theories all of whose aim is to derive the Landau
spectrum; they may broadly be classified into two types.
One, which employs a particle description, initiated by
B o g o l i u b o v ^ who treats the system as a weakly inter
acting gas.

The second class of theories employs a

collective description of the fluid, using density as a
variable.

All these microscopic theories will be briefly

reviewed in the next Chapter.

In Chapters III and IV,

we will consider these microscopic theories in more
detail.

In the following Chapters we will develop

perturbation expressions for all quantities of interest
and derive the excitation spectrum of liquid helium.
In the last Chapter, we will summarize the results.

CHAPTER II
REVIEW OF MICROSCOPIC THEORIES OF MANY BOSON SYSTEMS

A.

Weakly Interacting Gas

The first attempt to construct an ab initio field
theoretic description of the excitation spectrum of He II
was developed by B o g o l i u b o v ^ in 1947.

This theory

attempts to incorporate the exact results for a non
interacting Bose gas, namely the macroscopic occupation
of the zero momentum state.

For a weakly interacting

gas, it can be argued that there must be come particles
in the zero momentum state despite interaction.

The

Hamiltonian in second quantized form is

H "l *¥■ < ak + an

* v'*>apVq-kVk
(2 .1 )

where a^ and a^ are boson creation and destruction
operators for a state with momentum k.

The first term

in (2.1) represents the kinetic energy while the second
term represents the two-particle interactions where V(k)
is the Fourier transform of the interaction potential,

V (k) =

d 3r e ~ l k r V ( r ) .

8

(2.2)

The commutation relations satisfied by the Bose operators
are

~ 6k,k*

Iak ' a k ,]

= 0

(2.3)

Bogoliubov introduces the approximation

a

o

= a + = /N"
o
o

where N q is the number of particles in the k=0 state to
incorporate in his theory the assumption of the macro
scopic occupation of the k=0 state.

This assumption
*f*

"f*

violates the commutation relation a a -a a =1 but this
o o o o
is not expected to be serious in view of the fact that
+
N o=aQ ao >>l.

Then he separates out the terms containing

aQ and a* in the Hamiltonian,
the following form:

(2.1), and rewrites it in

10

(2.4)

where

2' a.+a, = N-N
k k

o

The prime here means that terms with zero subscripts are
omitted from the suns.

The assumption of the existence

of the condensate leads to two types of interactions.
The first type represented by H q involves besides the
kinetic energy of the particles, processes containing
interactions between excitations of pairs of opposite
momenta, and some residual interactions.

The second

type denoted by Hj involve interactions among three and
four excitations in contrast to the original one given
by

(2.1).

The pair excitations contained in HQ if

treated in perturbation theory give rise to divergences.

A Bogoliubov transformation compensates for these
"dangerous" diagrams.

17 18
'

This is equivalent to

summing the divergent perturbation terms to give a con
vergent result.

The transformation is

(2.5)

11

2

2

and its Hermitian conjugate, where u£-v£=l and this
maintains the Bose commutation relations for the new
■j*
operators
Substitute (2.5) into (2.4), and
choose
*|>

and

such that the coefficients of the terms
-J.

vanish.

This leads to the required diagonal-

ized form,

Ho = V

M k ) a + a k + Eq

(2.6)

where

u

2

v2

e(k) =

n

;

2mX£

4 m N

1

X? = (1 + - y 9

K

V(k))"1/2

K k n
(2.7)

and

E. = =•

(£ (k) -

2m

N
^ V(k))
ST"

+ V(k=0) N-(-^ 1)
2?r

(2 .8 )

H q now describes a new set of non-interacting Bose quasi
particles which incorporates the effects of all of the
kinetic energy and parts of the interaction in
so that e(k)

(2.1),

is the lowest order approximation to the

excitation spectrum.

Using model He

4

interatomic

12

potentials, this is found to be in qualitative agreement
with the experimental results.
represented by Hj in Eq.

The remaining terms

(2.4) lead to three- and four-

quasi-particle interactions.

However, the dependence

on N q is a major drawback to this theory, as it seems to
be arbitrarily introduced in the theory with no straight
forward experimental determination of its value.

For a

discussion of the various approaches to the elimination
of N q from the Hamiltonian,

see Chapter IV.

There are still several other difficulties remaining
with this form of the Hamiltonian, even if one assumes
N q is known.

For instance, each term in a perturbation

expansion for the energy of excitation is divergent if
the fluctuations of the number of excitations in the k=0
state are neglected.

Lee, Huang and Yang

19

were able to

develop a low density expansion for a hard-sphere boson
gas.

Brueckner

20

was able to obtain an exact convergent

result in the high density limit for the ground state
energy of a charged Bose gas by summing one- and two-ring
diagrams in the original representation of the system
given by the Hamiltonian H q in Eq.

(2.4).

This method

has been extended to the first excited state of a charged
Bose gas by Ma and Woo.

21

For liquid He II, the number

of particles in the zero momentum condensate is less than
10% as we will show later and it appears that the
Bogoliubov approximation may not apply in this case.

13

The most commonly used approach to the description
of the Bose gas is the Green's function formalism.

In

this approach one does not apply a Bogoliubov transforma4*

tion but works with the operators ak ,a^ directly.
Beliaev

22

developed a matrix Green's function approach to

take proper account of the particles in the condensate.
The perturbation theory is a double expansion in the
interatomic potential and the condensate density.
Hugenholtz and Pines

23

obtained an important relation

between the self energy and the chemical potential to all
orders in perturbation theory.

They also showed that the

energy spectrum of the exact Green's function was gapless,
unlike a spectrum with a gap obtained by Girardeau and
Arnowitt,

24

and Luban.

25

The only exact result known is

that the spectra of the single particle Green's function
and the two-particle density correlation function are
identical in the long wavelength limit to all orders in
perturbation theory.
and Nozieres.
Martin

28

26

This was first proved by Gavoret

Huang and Klein

27

and Hohenberg and

have also reached the same conclusion.

Though the weakly interacting Bose gas is not a
realistic model of liquid He II due to the large deple
tion of the zero momentum condensate in this model,

it

does contain many features of the Landau quasi-particle
model and at the same time illustrates the difficulties
of explaining the properties of the condensed Bose fluid

14

in such a theory.

In the Bogoliubov approximation, the

particle field operator iMx)

is written in the form

£0+<f> (x) where <j>(x) is the field operator for particles
not in the condensate and £ refers to those in the
o
condensate.

For finite temperatures and non-uniform

systems, the Bose condensate is assumed to be present and
so the ensemble average <^(x)> remains finite in the
thermodynamic limit.

The condensate wave function is

denoted by

V (x) = <\p (x) >

and is a c-number function of x. This function is analogous
to the gap function in a superconductor.

The existence of

the condensate wave function is a consequence of long
range order in the system, first described by London.'*'
Penrose,

29

and Penrose and Onsager

30

introduced ¥ (x) to

describe the Bose condensate for liquid He II.

They

showed that the one-particle density matrix p^(x,x') =

•j*

(x)^(x,)> has a non-zero asymptotic limit

(x-x'-*00) if

the zero momentum state is macroscopically occupied.
Yang

31

generalized this to the concept of off-diagonal

long-range order (ODLRO) in the one- and two-particle
density matrices as a criterion for superfluidity as well
as for superconductivity.

Girardeau

32

has conjectured

that for Bose systems with an attractive interaction a

15

type of Bose condensation where the particles occupy a
large number of momentum states may be possible.
a non-uniform system, Gross

33

and Pitaevskii

34

For

independ

ently derived a non-linear differential equation which
Y(x) must satisfy.

Anderson

35

has shown that the assump

tion of the quantum fields of the particle having a mean
value, treated as a macroscopic variable directly leads
to important equations describing the dynamics of super
fluids and superconductors.

This shows the importance of

the macroscopic occupation of a single quantum state in
the description of a superfluid.
Cummings and Johnston

36

have given an alternate

interpretation of Bose condensation.

The amount of con

densate in the zero momentum mode of He II is less than
10% as will be shown later.

Using the Penrose-Onsager

description of the one-particle density matrix p^(x,x')
(=p | ^ (x,x')+p|(x,x')) defined in terms of particle
operators,

p|^(x,x')

due to condensation into the zero-

momentum mode can therefore be at most of the order of
10%.

But the ground state of helium is 100% superfluid

and is in a single, pure quantum state and as such they
expect a more appropriate definition of p | ^ (x,x') would
give a complete factorization.

They prefer the point of

view that ODLRO in superfluid helium is not intimately
connected with a condensation into any single momentum
mode as it is with "coherent" excitations above the

16

normal fluid ground state in such a w a y as to lower the
ground state energy.

They propose to describe the

ground state via the coherent states developed by
Glauber

37

and Sudarshan

magnetic radiation.

38

for the theory of electro

These coherent states are composite

states of indefinite particle number.

Such states in

corporate fluctuation in particle number and have proven
necessary in describing the lambda transition.

Recall

that all second order phase transitions are described
near T^ by an order parameter which is zero above and
non-zero below the transition point.

It has been shown

that an ideal Bose gas with an external symmetry-breaking
field can be described by coherent states.

This type of

symmetry breaking was introduced in the theory of Bose
condensation by Bogoliubov.

39

This has also been

discussed for a free Bose gas by Casher and Revzen,
't Hooft and de Boer,

41

and Johnston.

42

40

The extension

of this to an interacting Bose gas has not been ac
complished to the best of our knowledge? for a complete
review of these developments concerning Bose condensation
see de Boer.

43

While the discussion of a weakly interacting Bose
gas is important, one must look for an alternate approach
to describe He II which does not depend on Nq explicitly.
The approach which seems to have been most successful is
that of collective variables.

The single particle

17

operator

is eliminated and a density operator is used

instead.
sort.

There are currently two developments of this

The first, is to introduce approximate trial wave

functions and apply the variational principle to deter
mine the ground and excited state energies.

The second

is to express the Hamiltonian in terms of a density
variable directly.

These two developments will be

discussed in the next two sub-sections.

B.

Approximate Wavefunction Approach

1.
Bijl

44

Bijl-Feynman Approach

in 1940 developed the first quantum theory of

the excitations that was later shown to exhibit both the
phonon and roton aspects.
Feynman

45

In a series of articles

gave very plausible reasons for the appropriate

form of the wavefunction of a single excitation,

<2 *9 >

= Z

i

where $ is the exact ground state wavefunction and the
sum is over all atoms.

The requirement that ^

F

be an

eigenfunction of the total momentum P = -ijrf I
l ^ ^ ^
corresponding to the eigenvalue #ic implies f(r)=e1^c*r .
Using

F

as a tria l function in a variational calculation

of the energy gives an upper bound for the excitation

18

energy.

Note that this wave function is just a coherent

superposition of plane waves.

E F (k)

where S(k)

The resulting energy is 45

* 2k 2
2mS (k)

(2 .10 )

is the ground state liquid structure factor.

The radial distribution function

l^l2 d 3r 3 ...d3rN

(2 .11 )

is related to S(k) by

(2 .12 )

S (k) = 1 + p [g(r)-1] e i k *r d 3r

p=N/ft is the number density.
experimentally by both X - r a y ^
techniques.

49-51

S(k)

can be measured
and neutron scattering

It is a measure of the diffraction

produced by a sample under study compared to the diffrac
tion that would be produced by an ideal gas

[see Ref.

14 for a complete review of the experimental techniques
used to measure S(k)].
results for the energy
Ep(k)

Comparison of the experimental
14 52
'
with Eq.

(2.10) show that

is a good representation of the energy in the low

k region but is almost twice as large as the experimental
result in the roton region.

19

Feynman and Cohen

53

(FC) improved this theoretical

description via the wave function with the introduction
of b a c k f l o w .

They were led to this wavefunction by a

physical argument that local particle current must be
conserved in the motion of an excitation through the
liquid.

Hence, there must be backflow of atoms around a

moving atom.

This is incorporated in

(2.9) by adding to

the plane waves contributions from other atoms in the
liquid.

Miller, Pines and Nozieres

54

have given a simple

microscopic description of this phenomena.

The backflow

around any given atom is nothing but the motion of the
self-energy cloud arising from the interaction between
the "bare" excitations described by the Feynman wave
function.
One way to incorporate backflow into the trial wave
function is to write it in the form

ik*r.
= Z e
k

where h(r)

{exp[i

Z

h(r. 1 } +

i

(2.13)

13

is to be determined by the variational

principle for the energy.

When

(2.13)

is used in a

variational principle, the resulting equations are
complicated and seem impossible to solve.

The only

practical way to obtain numerical results is to choose
a dipolar form, h(r)

= Ak-r/r

variational principle.

and determine A by the

This structure of h(r)

satisfies

20

the current conservation requirement for large r.

To

simplify the problem, FC chose an alternate, simpler
wavefunction

¥. = £ e
k
i

ik»r.
1 [1 + i A

£ ic*r. ./r?.]<t> .
j/i
13
^

(2.14)

To obtain numerical results, FC had to approximate the
three and four particle distribution functions in some
scheme and thus the result was no longer a variational
bound.

Using the experimental results for S(k) of

Goldstein and Reekie,

46

FC obtained a roton minimum of

11.5K which compares favorably with the experimental
value, 8.65K.
Burke et_ al.

A later recalculation of the integrals by

55

indicate that the FC results may not be

as good as first thought, but this is probably due to
the large number of approximations which must be made to
obtain numerical results.
In terms of the Fourier transform of the density
pk '

p

,
= —
/N

-+
i k •r .
£ e
X ,

(2.15)

1

the Feynman wavefunction has a simpler interpretation.
The unnormalized wavefunction is

(2.16)

21

where <J> is the ground state of the interacting Bose
assembly.

This choice of the wavefunction implies that

Pk couples the ground state to a unique excited state
and is exact in the small momentum region.
et al.

54

Miller

have shown that the FC wavefunction ma y also be

written as
->■ 4K

=

{pk

K

"

Z

q^-k

47TA T *

q

P -crpk + a H

q K+q

*

( 2 *17j

This equation shows that the backflow term corresponds
to a term which allows for superposition of single and
double quasi-particle excitations in the wavefunction.
K u p e r ^ using Rayleigh-Schrodinger, and Jackson and
Feenberg

57

using Brillouin-Wigner perturbation theories

obtained similar quasi-particle wavefunctions of the form

i

v- = {p./s(k)1/2 +
i c,^
p.. p /
k
Kk
2
k + q fq k+q -q

[S(q)S(k+q) ]1 / 2 }4>

Miller et al^.

54

(2.18)

have concluded that the dipolar form of

the backflow is justified in describing the phonon-roton
interaction but will not be valid for values of k larger
than that at the roton region where the long wavelength
approximation breaks down.

In this region, Pitaevskii

has shown that the energy spectrum reaches a threshold

15

22

for the decay of one excitation into two.

Since the

Feynman wavefunction is a long wavelength approximation,
such an approach does not seem appropriate in this
region.

In fact none of the collective theories can

explain this plateau region or the second branch.

It

was recognized only recently that an arbitrarily weak
attractive coupling could give rise to bound states of
roton pairs.

58 59
’

In the Feynman language,

for momenta

larger than the roton momentum, multiple-roton excita
tions ought to become an important process and Ruvalds
and Zawadowski
processes,

58

have given a procedure to deal with such

including final state interactions.

For a

complete review of a two-roton bound state problem and
its experimental verification,

2.

see R u v a l d s . ^

Method of Correlated Basis Functions

The principles of the Feynman-Cohen theory have c ul
minated into a very sophisticated formalism pioneered by
F e e n b e r g . ^ . In this formalism, one begins with the
construction of a complete set of "correlated basis
functions"

(CBF), consisting of a set of model functions.

There are two types of correlating
in use.

functions presently

The first developed by Jackson and Feenberg^^

(JF) uses the exact ground state wavefunction <|> as the
correlating function.
T

Jastrow

( r .n

,1 44,62,63

(BDJ)

The second uses a Bij1-Dingleu
.
type wavefunction as an approxima-

23

tion to the real ground state.

The JF approach is

similar to that of FC in that they use the single phonon
wavefunction

! k >

*

p k

< { > / S ( k ) 1

/

2

( 2 . 1 9 )

along with the two phonon functions

[ k

+

q

,

-

q

>

=

P k

+

P

4 > / [ S ( k + q ) S ( q )

] 1

/

2

.

( 2 . 2 0 )

The Brillouin-Wigner perturbation correction to the
single-particle excitation energy to second order in
1//N is given by

E

( k )

=

^

(

k

)

+

t : 2

( k )

+

0

(

1

/

N

2

)

- 1/?
y
1; k [ 6 H | k + q y-q> [2
" 7 q7iQ E(k)-EF (q) -EF (k+qf

f

2

6 H

E

5 7

=

H

-

E

O

-

E

„

(

r

k

)

.

( 2 . 2 1 )

The matrix element cannot be evaluated exactly and one
must resort to an approximation scheme such as the convolution approximation

5 7

for the three-particle distribu

tion function, thus obtaining

24

<k |6H |k+q,-q>

=

• [S (k) S (q) S (k+q) ]"1/2
2m/N

[£•(£+q)S(q) - lc*q S(k+q)

- k 2S(q)S(k+q)] .

(2 .22 )

Lee

64

and Lai et al.

65

have extended the JF method

to higher orders involving four excitations with the aid
of the convolution approximation and have taken account
of the lack of orthogonality between different states,
Eqs.

(2.19) and

(2.20).

Lee and L e e ^

have considered

an improvement of the second order calculation beyond
the accuracy of the convolution approximation, but they
have applied their results to evaluate the dispersion
spectrum in the low k limit only.
evident that the use of

(2.22)

all the contributions to E(k)

in

From this work it is
(2.21) does not give

to order 1/N.

There are

other contributions of unknown magnitude to this order,
unlike in the theories to be discussed presently.
The alternate formalism uses the BDJ trial wavefunction as the startinq point.

6 3 67 *76
''

The ground

state is described by

<|> =

I!
■i

-i

exp lj U (r± .) ]/ [
n exp U(r
)d^r.d3r_
nm
1
2
J
1 tn< n
(2.23)

where U(r)

is the correlation function determined by

minimizing the expectation value of the Hamiltonian.
The variational problem of calculating the energy by
optimizing U(r)

can only be done in principle because

many problems arise in obtaining numerical results.

A

great simplification results if one works only in the
uniform limit

[a=l-g(0)<<l,g(r)

tion function defined by Eq.

is the radial distribu

(2.11)].

This limit should

apply for weakly interacting systems and possibly for
liquid He II.
power series in

The advantage of this limit is that a
(1//N) can be developed for various

quantities of interest and g(r) can be used as an in
direct variational f u n c t i o n . ^ ^

Since the BDJ trial

functions are not exact, there are corrections to the
variational energy of the same o r d e r . ^

^

The dominant

corrections arise from the three-phonon component which
is absent in the BDJ wavefunction space and are found by
applying ordinary perturbation theory in the phonon space.
The excitation spectrum through second order in

(1//N)

26

»kEB ( H
E l v (k> = - — 555—

2 2
q^ 0 d W / k 2 ) (l-xq ) (1-Ak+(J)

(2.24a)

E

(\c\

= ip T

I<-q,k+qI6H13c>I2
E B (k)-E3(q)iEB (k+q)

E l p (k> - 2

-

I

q

< 2

2 0

' 2 4 b >

where

A

K

=

(1 +

V(k))“ 1/2

and P stands for principal value.

(2.25)

A^ is the lowest

order approximation to the structure factor S(k).

The

matrix elements must be evaluated with the use of the
convolution approximation for the three-particle distribu
tion function and are given in Chapter III.

Since ED (k)
D

is the same expression for the energy as was originally
obtained by Bogoliubov

17

with N q replaced by N, it is

usually referred to as the Bogoliubov spectrum
E q s . (2.7) and

(c.f.

(2.25)).

The liquid structure factor S(k)
momentum distribution function n(k)

77—80

81 82
'
can also be

evaluated using the wavefunction approach.
distribution function g(r)

and the

is given by

The pair

27

a 2 [ |¥ (r ,...,rN )|2d 3r - .. .d3rM
g(rl 2) = l i
1----- " 2 'S'. 3--- H
1
l'Mr]L,,...#rN ) | d r 1>( *d rN

(2.26)

j

and the one-particle density matrix in terms of w a v e 
function is

N V(r,r2 ,...,r

(r1 ,r2 ,...rN )d3r2 .. .d3rN

P1 (r-rl) =
¥ (r1 # .../rN )|2d 3r 1 . .*33rN

(2.27)

The occupation number for the state of momentum k is
obtained from

n (k) =

P l (r)e"l k *r d 3r .

(2.28)

In the BDJ wavefunction space,
proaches to obtain results from Eqs.

there are two ap 
(2.26) and

(2.27).

The direct method is difficult numerically because of the
multi-dimensional integrations.
applied by McMillian

81

This approach has been

and Schiff and Verlet

82

to c a l 

culate N q /N, the fractional occupation of the zero
momentum state.

Here n(k=0)=No . They chose to approxi

mate U(r) by

U(r)

= -

(a/r)n

(2.29)

28

McMillian has used a Monte Carlo integration method and
obtained a minimum energy, density, and Nq /N for a =
O
2.7 A and n = 5. Both his calculation and that of
Schiff

and Verlet give a value of approximately

N q /N.

This value is at

other estimates.

83*86

0.11 for

least twice as large as the
Hohenberg and Platzman

87

suggested

that Nq/N can be measured by neutron scattering at high
momentum transfer so scattering could be considered to
4
take place from single He atoms.
In that case there
would appear a smeared-out delta function superposed on
a broader neutron scattering curve.

The most recent

analysis of the high momentum transfer neutron scattering
data of Cowley and Woods,

14

indicate an upper bound of

Mook

et_ al.

86

and Harling

.03-*-.06 for N q /N.

estimate seems to be 0.024+.01.

86

The best

While the values of

Nq/N are lower than previous calculations, these
experiments do prove the existence of a well-defined
condensate for liquid He II.
Another approach to perform the integrals is to
obtain an approximate relation between g(r) and U(r)
which is more convenient computationally.

The best

known of these are the B B K G Y , the hypernetted chain,
and the Percus-Yevick equations.

S(k) has been cal

culated by all of these approximate equations and the
results are in reasonable agreement with experiment.
Instead of reviewing all the previous calculations of

88

29

S ( k ) , one calculation by Reatto and Chester
particularly enlightening.

77

is

The Percus-Yevick equation

can be solved exactly for the hard sphere potential

v(r) =
'r;

{ » r < 2.9 |
1
0 r > 2.9 A

and the resulting S(k)

is in very good agreement with

the experimental results
indicate that S(k)

47

for He II.

This seems to

is comparatively insensitive to the

details of the potential and probably the wavefunction.
The agreement between the experiment and other calcula
tions of S(k) cannot, therefore, be taken as strong
evidence that the ground state wavefunction is well
represented by a Jastrow wavefunction.

C.

Collective Variable Field Theories

An alternative to the method of approximate wavefunctions is to describe the Hamiltonian directly in
terms of collective variables.

This was first applied

to a system consisting of a large number of fermions by
Tomonaga,

89

Bohm and Pines,

90

and Zubarev.

91

The

application to many Bose systems was developed by
Nishiyama,

92-93

and co-workers

Bogoliubov and Zubarev

95-96

94

(BZ), Sunakawa

(S), and Berdahl and Bloch.

approaches fall into two subclasses.

97

The first,

These

30

developed by BZ, use

as the only variable and the

transformation from the particle coordinates representa
tion to the new variables is n o n - c a n o n i c a l .

The re

sulting Hamiltonian is then quantized and is explicitly
non-Hermitian and contains only a finite
of interaction terms.

(three) number

The approach of Nishiyama and S

is to introduce a variable canonically conjugate to
and thus the Hamiltonian is Hermitian.

A notable

feature of this form of the Hamiltonian is that it con
tains an infinite number of interaction terms.

Berdahl

and Bloch have given a generalized density and phase
variable theory which includes both the non-Hermitian
(BZ) and Hermitian

(Nishiyama)

Hamiltonians as special

cases.
The BZ paper contains man y n e w concepts, both
mathematical and physical.

It is the first approach

which depended on N instead of NQ in contrast to the
Bogoliubov formulation.

The idea of using density as a

variable for describing the superfluid is very physical
but it means in mathematical terms the introduction of a
"wave functional" of density.
attempts^**

There have been several

to develop a theory based on the non-

Hermitian BZ Hamiltonian.

Hirokie

98

formulated an

approach which introduced a positive definite metric to
make the Hamiltonian Hermitian but also obtained an
infinite number of interaction terms and an arbitrary

31

cut-off wave vector to insure conservation of particle
density.

Chan and Valatxn

99

showed that there existed

a canonical, non-unitary transformation which transforms
the BZ Hamiltonian into the Hermitian form of Nishiyama.
Straley100 developed a matrix Green's function formalism
but did not take into account the non-Hermiticity of
the Hamiltonian.

The most successful work has been that

of Rajagopal and G r e s t , ^ ^ who in the spirit of B Z ,
chose to leave the Hamiltonian non-Hermitian and dealt
with the non-Hermiticity appropriately.

They have

employed the necessary mathematical formulation to
handle the non-Hermitian Hamiltonian and have calculated
the ground and first excited state energies, the liquid
structure factor, and the two-roton scattering amplitude
to second order in

(1//N).

The fourth order correction

to the ground energy has been calculated by Grest and
R a j a g o p a l . T h e y ^ 0^ have also developed an appropriate
Green's function theory for HBZ and obtained from it the
excitation energy and the liquid structure factor to
second order in

(1//N).

The two Hermitian approaches are essentially similar
and can be discussed together.

Nishiyama

92 93
'
introduced

the phase variable <J>(x) which is canonically conjugate
to p(x).

The early developments of this work

92

have

largely been overlooked due in part to the unnecessary
complications of a cut-off wave vector which he has

32

incorporated into his theory.

Berdahl

104

has recently

given a very clear derivation of the Hamiltonian in this
formulation which has been of enormous value in clearing
up the difficulties of Nishiyama's original works.
the other hand, Sunakawa

On

(S) chooses to follow Landau

12

and introduced a velocity operator v(x) which is also
canonically conjugate to p ( x ) .

After a careful compari

son of the Hamiltonians derived by S, and that given by
Berdahl, the two formulations are found to be identically
equal.

The velocity operator v(x)

is found to be

proportional to the gradient of the phase operator ij>(x).
For this reason,

in all generality, one need consider

only the S Hamiltonian in detail.

The S Hamiltonian is

Hermitian with an infinite number of interaction terms
and as such, great care must be exercised in applying
perturbation theory to a given order in

(1//TT) .

S have

derived a modified Brillouin-Wigner perturbation theory
for the second order correction to the excitation
spectrum.

Using a model interatomic potential, they

have obtained excellent agreement with experiment; however, Grest and Ra]agopal

102

have shown that S have

omitted terms of the same order which are not negligible.
Rajagopal, Bagchi and Ruvalds

105

have calculated the two

roton scattering amplitude while the ground and first
excited state energies and structure factor through
second order in

(1//N) was calculated in Ref.

101.

It

33

has been noted

102

that each term in a perturbative ex

pansion for any quantity of interest will contain
divergences which must be added carefully to obtain
convergent results.
second order in

It has been shown that through

(1//N), the results from the BZ and S

formulations for all the above mentioned quantities are
completely equivalent.1^1

This equivalence has been

extended through fourth order for the ground state

102
energy. -

The ground and excited state energies ca l 

culated by a variational-perturbative procedure based
on the method of CBF has also been shown to be equivalent
to that obtained by these formulations through second
order.

76

Lee

73

has proved that the ground state energy

obtained from the Bogoliubov theory

17

is also equivalent

to the above calculations.
Berdahl and Bloch

97

have generalized the density and

phase variable approach of Nishiyama which includes both
the Hermitian and the non-Hermitian formulations.

An

important contribution of this work is that the eigen
values of their non-Hermitian Hamiltonians

(for which

BZ is one special case) are shown to be r e a l , and the
same as those of the Hermitian Hamiltonian of Nishiyama,
which is another special case of their general analysis.
This approach will be discussed in more detail in the
next Chapter.

34

A recent approach to non-relativistic quantum
mechanics, that of current algebra, can be used to shed
more light on the collective variable methods.
and Sharp

XO 6

Dashen

have shown that one can give a complete

description of a system of spinless bosons or fermions
by introducing density,
basic variables.

p ( x ) , and current, J (x) , as

These variables obey well established

equal time commutation relations and the Hamiltonian
can be expressed in terms of the new v a r i a b l e s .^ '106-110
It has been shown

103

that the BZ and S Hamiltonians are

the result of two different manipulations of the operator
J ( x ) , but are both completely equivalent.

Since the BZ

Hamiltonian contains only a finite number of interaction
terms and since its eigenvalues are real, we find it
much easier to use it in the calculation of physical
quantities of interest,

if one can handle the non-

Hermiticity.
The basic outline of the remainder of this work is
as follows.

In Chapter III, we will discuss the

generalized density and phase variable method of Berdahl
and Bloch and show that the eigenvalues of the BZ
Hamiltonian must be real.

We will give a derivation of

the BZ and S Hamiltonians via current algebra and also
discuss the interrelationship of all the density variable
theories.

In Chapter IV, we will show that a modified

form of the Bogoliubov weak coupling approximation is in

35

some sense equivalent to the collective variable
theories.

A formulation of the proper mathematics

necessary to handle the non-Hermiticity of the Hamil
tonian is given in Chapter V.

Calculations of physical

quantities of interest in ordinary Rayleigh-Schrodinger
perturbation theory are given here.

A temperature

dependent matrix Green's function theory is developed
using the BZ Hamiltonian in the same Chapter.

In

Chapter VI, a calculation of the excitation spectrum for
liquid He II is given which eliminates the dependence
4
on the unknown interatomic He potential in favor of the
experimentally measured S(k).

Previous numerical cal

culations are compared with this result.

The entire

analysis shows that all the collective variable

field

theories are completely equivalent but the BZ Hamiltonian
is the easiest to handle in practice.

We conclude by

giving a brief summary of the present work in Chapter VII.
In an Appendix,

the energy of excitation calculated to

second order in

<1//N) in our BZ formalism is shown to

be equivalent to that derived by a modified version of
the Bogoliubov theory.

CHAPTER III
DENSITY AS A VARIABLE

A.

General Discussion

We consider a system of N identical spinless bosons
interacting through a two-body potential V( |x-x'|)
enclosed in a volume ft.

To describe such a system, it

is customary to introduce a set of canonically conjugate
field operators <Mx) and ij^(x) which obey the equal time
commutation relations,

[if>(x) , / ( x * ) ]

[iMx),<Mx')l

= 6 (3) (x-x')

=

,

[ / ( x ) ,^+ (x’)]

= 0 .

(3.1)

The Hamiltonian in terms of these operators is

d^x

+ |

(x)

d^x d^x'

(x)

(x) ^

(x') V (|x-x' |)\p (x') \p (x)

(3.2)

This Hamiltonian is the coordinate representation for the
one given in Chapter II, Eq.

(2.1).

Berdahl and Bloch

suggested that it is possible to replace these two
36

97

operators by a new pair, ^

(x) and ip2 (x) , respectively,

which are not necessarily adjoints of each other.

One

need only demand that they satisfy analogous equal time
commutation rules,

(3.3), and appear in the Hamiltonian

in the specified way shown in Eq.

[^( x ) ,ip2 (x1)]

iS

(3.4).

We thus demand

(x-x1)

(x) ,^1 (x*) ]_ = [^2 (x) ,ty2 (x ') 1_ = 0

(3.3)

and

H = #^/2m

d 3x $ip2 (x)

(x)

d 3x d 3x' ip2 (x)\p2 (x' )V( |x-x' |

(x') ^ (x)

(3.4)

The correspondence ip (x)+i|;^ (x), ^
an isomorphism.

(x)-*^ (x) now establishes

This isomorphism can be effected by a

similarity transformation

where S is a non-singular operator not depending on the
coordinates, x.
for S.

Later, we shall find an explicit form

Since ^ 2 (x) i s not necessarily the adjoint of

^ ( x ) , this H may not be Hermitian.

These new field

operators will be used to introduce density and phase
as variables in a unified manner in the next section.

B.
Since He

4

Density and Phase Variables

is a quantum liquid at T=0K

under normal

vapor pressure, it seems reasonable to describe the
system in terms of a density variable p ( x ) , where

p (x) = i|j+ (x )iM x ) •

(3.5a)

This, being a physical variable,

is a Hermitian operator.

In terms of the new field operators,

it then follows

from the isomorphism established above that

p (x) = i|;2 (x)^1 (x)

(3.5b)

and this is required to be Hermitian.

In view of this

remark, we may now express i|>^(x) and 4>2 (x) in terms of
the Hermitian operators

p

(x) and <J)(x) as follows

97

:

39

and

^ 2 Y> (x) = P1 _ Y (x) e" 1<,)(x) .

(3.6)

Here y is an arbitrary c-number and <J>(x) is called the
phase operator.

The superscript y (in (3.6)) emphasizes

the dependence of the field operators on y.
tion relations given in Eq.

The commuta

(3.3) are satisfied if <}>(x)

and p(x) are canonically conjugate variables,

i.e.,

they satisfy the equal time commutation relations,

if

97

[<j> (x) ,p (x') ]_ = - i 6 ^ ( x - x ' )

[<j) (x) ,<J) (x') ]_ =

[ p

(x)

, p

(x') ]_ = 0 .

(3.7)

The commutator between the density and the gradient
of the phase at the same space-time point will be im
portant in the subsequent discussions.
dimensional delta functions, using

In terms of one

(3.7),

[Vj(f> (x) ,p (x) ]_ = -iS ' (0 ) 6 (0 ) 6 (0 ) .

(3.8)

It can be a r g u e d ^ ® that since the 6-function is an even
function of its argument,
origin should be zero.

its derivative evaluated at the

Even though 6(0)

is infinite, the

product 6' (0)6(0)6 (0) can be regarded as the limit of the

40

product of two Gaussians times the derivative of another
Gaussian evaluated at the origin.

If the width of the

Gaussian is not zero, the value of the product at the
origin is zero.

The undefined right hand side of

(3.7)

is the limit of this sequence and can thus be taken to
be zero.

With this remark, the operators $<p (x) and

p(x) can be assumed to commute.
Substituting

(3.6)

Hamiltonian in the form,

+

i

(

l

-

Y

)

^

p

( x )

into

(3.4), we obtain the
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* ^ 4 >

( x ) + y

( 1 - y )

( V p

(x)) 2

p

~

1

(x) }

(3.9)

3
where N= d x p(x) and V(0)
at x = x ' .
of

In the derivation of

(x) and

noted that

is the interaction potential

p

p

(3.9), the commutability

(x) has been used.

^(x)

It should also be

is only a formal operation which may

not be well-defined in general.
We observe here that a pair of new variables are
introduced in place of the old pair, both of which obey
the same set of commutation relations.

We also observe

41

that in Eq.

(3.9) the terms contained in {•••} represent

the kinetic energy whereas the last two terms together
represent the interparticle interaction.
contrast to the Bogoliubov

1 6

This is in

Hamiltonian, Eq.

(2.4)

where the kinetic energy is simple in its structure
whereas the interaction terms become complicated when
the operators corresponding to the zero momentum state
are singled out.
There are only two choices of y which are of
importance as the foregoing discussion shows.
H

Requiring

(y )

to be Hermitian leads one to choose y=l/2.
In this
•j*
case, <J>2 (x)=i|> (x) and
(x) =ij; (x) and the Hamiltonian
reduces to the Nishiyama result.
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This form resembles

the wavefunction for a classical fluid.
maining difficulty is the

p

"''(x) term.

The only re
It is usually

assumed that the density fluctuation operator

p ' ( x

)

=

p ( x )

-

|

p '

,

(x),

( 3 . 1 0 )

N
-1
is small compared to ^ for Bose systems and p
(x) can
then be formally expanded in powers of J2p'(x)/N.

This

choice of an expansion parameter is quite arbitrary but
is convenient since ^ has a fixed, known value for the
system.
about

N

One could have also chosen to expand p ^(x)
where N

o

is the number in the zero momentum

42

condensate, but it is not as advantageous since N q is
not known precisely.

If p ^(x)

is expanded as indicated,

the resulting Hamiltonian will contain an infinite number
of terms.
system.

Note that p ^(x)

is not defined for a Fermi
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The second choice of interest for y would be one
which would eliminate the p ^(x) term in H
criterion leads to the choices y=0 or 1.

.

This

We will show

in a later section that either choice immediately leads
to the BZ Hamiltonian.

We first show that the eigen-

values of the Hamiltonian H

(y)

are real and independent

of4= y. 97
By choosing y appropriately, one Hermitian and many
non-Hermitian Hamiltonians can be derived.

In view of

the isomorphism established earlier, a similarity
transformation must exist which connects the fluid
operators for different y.

If the different Hamiltonians

for different y's were Hermitian, then this transforma
tion must necessarily be unitary.

In the present case,

this is not so and hence the transformation is nonunitary.

Berdahl and Bloch

97

have derived such a

transformation S:

(x)

and

(3.11)
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^2Y) (x) = S ^ ^ s " 1 ,

(3.12)

with S given by

g(Y) _ eYW ^ w _ _|d 3x p (x) Jlnp (x)

where w is unique up to an additive constant.

(3.13)

Such a

transformation was earlier derived by Chan and Valatin
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who sought a similar connection between the Nishiyama
(Y=l/2)

and BZ

(Y=0)

Hamiltonians.

The important point

to note about this transformation is that Eqs.

(3.4) and

(3.12) together imply that

H (°) = g(Y)“l H (Y) s (y ) _

(3.14)

This shows that the eigenvalues of the Hamiltonians are
independent of y *

Moreover

is Hermitian, and

therefore the eigenvalues of all the various non-Hermitian
Hamiltonians are real and equal.

This point will be

important in our later discussions.
From this analysis, we see that the Hamiltonian can
be described in terms of density and phase variables.
Two useful Hamiltonians emerge.
Hermitian formulation

The first is the

(y = 1/2) which leads to an infinite

series Hamiltonxan originally defined by Nishiyama.
The second

92

(Y=0) leads to the Berdahl-Bloch non-Hermitian

44

formulation.
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No other choice of y is of interest as

the corresponding Hamiltonians would have the worst of
both the above two cases, viz. infinite series and nonHermiticity.

One should, however, be aware that no

mention has been made of the validity or uniqueness of
the manipulations or for that matter,

if <j>(x) and p (x)

give a complete description of the system.

In fact, it

will be shown that <|>(x) , p (x) are not a complete set of
variables with which to describe the system in the sense
of Dashen and S h a r p . V < j > ( x )
complete.

and p(x) are however

Since the Hamiltonian can be written in terms

of $<p (x) and p (x) only, this will suffice for most
purposes.

These points will be discussed in the next

section, using a different approach to the problem,
that of current algebra.

C.

Currents as Coordinates

In this section, we reformulate non-relativistic
quantum mechanics in terms of currents and density.

Our

main aim is to show that one can give a complete desc r i p 
tion of a system of N identical,

spinless particles in

terms of the variables, number density,
current density, J ( x ) .

The

p ( x ) , and the

analysis given here follows

closely the work of Dashen and Sharp'*'^ who were inter
ested in hadron currents but treated the non-relativistic
problem as a m o d e l .
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For the moment,
identical,

let us consider a system of N

spinless bosons and use the standard field
•j-

operators i|>(x) and ip (x) .

In the usual second quantized

formalism,

P (x) = ipr (x) ip (x)

J(x) = 2M

,

(x) [ ^ ( x ) ] - [ ^ + (x)

(x)} .

(3.15)

The algebra satisfied by these operators is specified by
the commutation r e l a t i o n s :

= 0

[p(x),p(x')]

[p (x) ,J.(x') ]

= -i

K

-A m

3x

[<5

= -i £ - A t (S(3)
U , (x) ,J. (xOl
1
3
m 3x3

+ i

(x-x*) p (x) ]

k

( x - x 1

)J.

( x ) ]

-Ar [S(3) (x-x’)J.(^)]
3x

J

(3.16)

These follow from the commutation relations
i|
j (x)

t
and ip (x) .

(3.1)

for

We may here draw attention to the fact

that four operators p , J replace the two operators ip,
• j*

ip

in contrast to the phase variable theories.

Con
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sequently, we also have ten distinct commutation rela
tions, Eq.

(3.16), among the new variables.

It will be

shown that an irreducible representation of this algebra
of operators corresponds to the algebra of phase variable
theories.

This fact will bring out the difference

between the rotational and irrotational states of the
fluid in a succinct way.
To prove that o(x) and J(x) give a complete descrip
tion of the system, one must show that all states of the
system span a single irreducible representation of this
algebra.

According to Schur's Lemma, the space of states

will span a single irreducible representation if and only
if every operator 0 which commutes with all the c o 
ordinates is a multiple of the identity.
Following Dashen and S h a r p , w e
operator,

note that any

0, is a function of the fields iMx)

"f*
and ip (x) .

This is a consequence of the fact that for the system
under consideration the canonical fields ip (x) and ip (x)
are irreducible.

Next we note that if 0 commutes with

p(x), then it is invariant under the unitary transforma
tion

U(A) = exp(i

where A(x)

A

(

x

)

p

(

x

)

d

3 x )

,

is an arbitrary function.

formation U(A), the fields satisfy

Under the trans
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U(X)^(x)u" 1 (X) = e " lA(x)ip(x)

V(X)ipf (x)U^1 (X) = e lX(x)ij>+ (x)

.

(3.17)

If

U(A)0(iJ;,4> + )U~ 1 (A) = 0

,^f )

(3.18)

for all A , then it is easy to see that 0 can depend on
*f*
+
^ (x) and ip (x) only through the combination ip (x)ip(x) =
p(x).

Thus,

only of

p

if 0 commutes with p(x),

(x) and the vanishing of

it is a function

[J^(x),()l_ implies

that

[Jk <*>,0]_ = -i P(x)

(j^-)

= 0 .

(3.19)

oX

Use is made of the second relation in
this relation.
tive.

(3.16) in deriving

Here j— — r- denotes the functional deriva'
op (x)

But

9

(
(^

<S0
’ - 0

is equivalent to the statement that 0 depends only on
the total number of particles,

N =

d^x p(x)

4b

and is therefore a c-nun}ber.

The proof is now complete

and p(x) and J(x) give a complete description of a system
of N identical, spinless particles.

Note that the six

commutations among the components of the current
operators are not used in this proof.

At this point it

may be remarked that ct>(x) and p (x) do not satisfy the
completeness property but ^<t> (x) and p (x) will, as
discussed in the previous section.

This statement may

be verified by an argument similar to the one given here
for p, J.

In passing,

it may be observed that for a

system of spin 1/2 particles, the additional vector
operator f (x) = 1/2 ip”*"(x) oiMx) where 1 (x) is the spin
density is needed to give a complete description of the
system.
The Hamiltonian

(3.2) can be expressed in these

variables by using the identities,

^P(x)

+ ^

J(x) = 2*+ (x) [ ^ ( x ) ]

$p(x)

-

J(x) = 2 [ ^ + (x)]iMx)

and

to obtain

(3.20)

49

H

= !;|d3x [^ < x) - i r J(X)I

d 3x d 3x'

[?p(x) +

p (x) V( |x-x' l)p(x')

t

1 •?»!

-jNV(O)

(3.21)

The problem now reduces to finding an irreducible re
presentation of the algebra

(3.16).

This will be

discussed in the next two subsections.

D.

Derivation of the BZ Hamiltonian

Grodnik and Sharp"^^ have shown that the algebra
(3.16)

is satisfied by choosing operators that act in

the function space ^{ptx)},

p

op

(

x

)

'

H

p

(

x

)

}

=

p

( x )

¥

{

such that

p

( x )

)

6

-|j$p(x)

+

F

t

p

(x)

>

m

P

(x)>

where ? is any functional of p ( x ) .

( 3 . 2 2 )

This functional is

needed to distinguish a Bose from a Fermi system.

They

have shown that one can choose F=0 for a boson system.
This choice leads to a representation for the density
operator G (x,x') =i|'' (x)^(x') which is consistent with the
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Bose statistics.

We will subsequently show that this

representation describes only the irrotational flow,
thus reducing the number of independent operators to
two, the density and the current along the direction of
motion of the particle.

The commutation relations among

the components of the current operator are zero.
Hamiltonian

(3.21)

The

then reduces to

d^x d ^ x 1 p(x)V(|x-x'j)p(x')

-jNV(O)

.

(3.23)

Note that H given by Eq.

(3.23) no longer depends on the

ill-defined operator p ^(x), as in the case 7=0 of Sub
section B.

Introducing the Fourier components,

p (x) = ^ + p ' (x)

k

6

-7— r~ =

and

1 ^ , 9
L -Z

„i£*x
e
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1_
k^O

d 3x p'(x)el k x

i/n

=

P

(3.24)

-k

the Hamiltonian can be rewritten as

H "l'

1 *sr

<-

+ —
E1
/N k lfk 2 ,k3

+

V(k)

+ ^ v ( k >V - k 1

+ pk

t

1 2

(.N ~-1.)p V (k=0) -

3'

+ e - (k.-k0 )p .
2m
1 2
3

E ' V (k)
k

.

— 2_—
Pk 1 pk

-r

(3.25)

is the Fourier transform of the interatomic poten-

N

tial and p=— .

\

Introduce

^k ( 9p-

K

” 2 p- k }

^-k

(3.26)

and note that

[V

pk ,]- = ^

6k,k' ? lW

Write H in terms of it and p^

'
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]- = 0 *

:

(3.27)

This is the same Hamiltonian derived first by BZ.
They,
£
however, introduced the variables p. and -r—
directly
k
aP]c
into the Hamiltonian by a non-unitarv transformation
from the coordinate representation to these new variables.
H g Z as given by (3.28) is explicitly non-Hermitian as
~V'j* ->•
->
Rjc=“R_]c ana t*ie term '^2 >Rk p-k + p-k k l*Rk ^ gives rise
to non-Hermiticity.
One can now define new Bose operators:

pk = /xk

\

(3-291
k

1
b^ and b^ obey the usual Bose commutation relations and
"

1*
.
b^ is the formal adjoxnt of b^.

This transformation is

designed to diagonalize the first term in Eq.

(3.28).
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This is slightly different from the original work of B Z ,
who quantized p, and
— , but the final results are the
K
opk
same.

Substitute

(3.29) into

(3.28) and choose X^ so as

to diagonalize the first term in

X

=

(3.28):

V (k))"1/2 .

(1 +

(3.30)

n k

Then

«BZ = Ho + H I '

with

Ho = Eo +

EB (k)bkb k ■

Hl = k 1 (kj,k 3 V

k 2+ k 3'3

[Y“ 3> (klk 2k 3 )bk 1bk 2b k 3

+ y^3) tklk2k3)t»;ibj2bj3 +

+ Yi 3 ) <k1k 2k 3 )b!kab!

] ,

(3.31)

where

W 2k 2
EB (k) = h r

■

(3 -32 a)

Y< 3' (k,k k 3 ) = £ a
1 i i
^ 4m

(NXk Xk Xk )'1/2
Z
k2 k3
p (123)

'

(k 1 '*2 )(Xk +1)(Xk 2+1)Xk

Yb * (k ik 2k 3 )

24m

^ k ^ k ^ k ^

(3.33a)

±/2 p( ^ 23)

(kl ‘k 2 )(Ak -1)(Xk “1)Ak
•
1
2
3

(3.33b)

[P(123) here stands for the three cyclic permutations of
4

*

->•

1

->■

2 9 3^ * ^

2
< ^ 2^3> ■ Is <N \

(Xk 3+ 1 )Xk 1 +

+ 0 v * 3 )Xk

V

k

3>'1/2l(V

iV

(V

1>

l(^ l ‘^ 2 )Xk 3 (Xk 2+1)

^ k 3+ 1 )l

= symmetric in

(Xk 1“ 1))

(k2 ,k3 ) .

(3 .33c)

= symmetric in

(3.33d)

We have thus shown that a representation of the current
algebra

(3.16), which is consistent with Bose statistics

leads immediately to the BZ Hamiltonian.

It should be

noted that this derivation is totally different from the
original one given by BZ.
energy, E

The lowest order excitation

(k), is the same as the one derived earlier

13

by B o g o l i u b o v , ^ Eq.

(2.7) with N q replaced by N.

This

was the first work where N q was replaced by N in the
excitation spectrum.
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It is of interest to note that

the interaction terms, even though non-Hermitian, con
tain only three quasi-particle interactions.
In Chapter II, a variational-perturbative correction
to the first excited state energy was given using the
method of CBF and BDJ wavefu n c t i o n s .

In these formula

tions certain matrix elements given in (2.24) evaluated
in the convolution approximation are found to be related
to

Yb^d as was °bserved by L e e ^
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<k,q,-k-q| 6h | 0 > = 6

(k,q,-(k+q)) ,

<-q,k+q| 6H|k> = 2 >'j3 ) (k,q,-(k+q)) .

E.

(3.34)

Derivation of the Sunakawa Hamiltonian

Instead of looking for a representation for J(x)
in the density wave functional space as was done above,
let us consider a slightly different approach followed
by Sunakawa

et ctL.
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Following Landau,

12

it is

possible to define a velocity operator

J(x) = j

[p(x)v(x)+v(x)p(x)] .

(3.35)

The commutation relations that p(x') and v(x) must
.. *
.
96,105
satisfy are given by

= -i | 4 r 6 (3) (x-x‘)
m 8X 3

[v. (x) ,P(x')J
3

p (x1) [v. (x) ,v . (x ') ]_ = i ^ 6 ^3 ^ (x-x') [$ x v (x) ],
1

J

(i,j,k) cyclic

“

III

.

These follow as a consequence of the algebra

K

(3.36)

(3.16).

The

commutator between the density and velocity at an equal
space-time point is zero, by an argument identical to
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that given earlier for the commutator of V<(>(x) and p (x)
Ey similar arguments in the previous section one can
show that v(x) and p(x) give a complete description of
this system.

H _ £

The Hamiltonian is thus

jd 3x

[?p(x) . H .

E^p (x) +

p(x)* (x)] ^

p(x)v(x)]

d 3x d 3x' p (x)V( |x-x* |) p (x') - y NV(0)

(3.37)

Now p

-1

(x) is expanded in powers of p'(x)/p as discussed

in the second subsection of this Chapter.

In terms of

the Fourier components of p^ and v^ ,

vk =

v^Nm
Q

,3 -»■/ x -ik*x
d x v(x) e

and

•> / x
1 „,
v(x) = --- Z' V
m^N k

e

ik*x

the resulting Hamiltonian is:

(3.38)

Sb

Hs ■ Eo + 1'

[k

k

v * - k +

2’
/N k1 ,k2 ,k3

+ —

‘V

’s ' V

1 2

- £

3

* i v <k>> v - k 1

^

[~~v , *p.

2m

"kl

J

p—

0

-v

3

+ fer (&•,*£,)

2

< =5 >p + 2 .
vN

6k 1+k 2+ ...+Jp + 4 ,3 k l ' V <

1 2

.

*■

.

k ^ ,k j » • • •

Pk 1 Pk 2 " ‘Pk p+4

'

(3.39)

Since v^(x) does not commute with Vj(x')»

it is very

difficult to proceed without making further simplifica
tions.
at T=0K

We are interested here in the superfluid state
at rest, and so we can restrict our discussion

to irrotational velocity fields

^ x v(x) = 0 .

(3.40)

The extension to rotational fields will be discussed in
a later subsection of this Chapter.

In this restricted

subspace, the commutation relations among p^,and v^ are
given by

[pk 'pkJ- =

^vk 'pk^-

[vk ,vk .]_ = 0 ,

^k k 1 *

(3.41)
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In this subspace,

is canonically conjugate to p^.

We can introduce creation and annihilation operators for
the excitations as before:

vk =

(B

k

where

2 / 5^

and

-B*)
“k

■f-

(3.42)

k
i*

obey Bose commutation relations and B^

is the Hermitian conjugate of B^.

This transformation

enables us to diagonalize the quadratic form in
p^.

The Hamiltonian expressed m

H = H
S

O

+ Ht

I

1*
terms of B^ and B^ xs

,

Ho = Eo + ? V k,BkBk •
Here E„(k)
B

and E

BZ theory, Eqs.

and

(3-43)

B
are the same as those defined in the
o
(3.22a) and

(3.22b) respectively.

In

contrast to the BZ theory, Hj is Hermitian and is an
infinite series in powers of

(1/^N).

Only the first two

terms will be presented here.

h‘
3) =
1

k 1 ,k2 ,k 3

+£ +J

1 2

5
3'

{gai3>(klk 2k 3 )BkK 1B kK 2 BkK :

+ g^ ) (k 1k 2k 3 )Bk 1B -k 2B - k 3 i + h *c * '

f3 -4 4 >

t>u

(3)
where the g^a ^ 's can be shown to be related to the

Y (3>-S of Hbz101;

ga

*klk 2k 3*

2 *Ya ^ k lk 2k 3* + Yb ^<k xk 2k 3 ^

gb 3) (klk 2k 3) = I (Y<!3) (klk 2k 3} + Yd 3) (kik 2k 3 ))

(3.45)

The biquadratic interaction can be written as

H I4 ’ =

X

lg^4 ) (kxk q ) < B

k1 ,k2 ,q

a

1 1

B

Kl+q
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B

2 q

B

K1

2

+ 4B* . B .

^ B.+ . B. B,
kx+q -k2+qB.k2B.kx + 6B.+
kx+q
k2+q ^ k2

+ + +
+
+
+
+
+ 4B. B ' B . . B, , + B '
B.
B . B ' )]
1 2 ” 2 q 1 q
k x+(3 k 2~q
1
2

+ 2b £ Bk + |))
2 2
where

.

(3.46)

b±

a^

ga

(k k a) =

1 2q

^

(x

X

X X

48mN u k1+qAk2- q l 1Ak2'

[k2+k2+q2+q- (i^-j^)]

.

One aspect of this Hamiltonian is worth noting here.
(3)

Hj

has the interesting property that, formally,

H < 3)

=

(HjZ + H ® Z t )/2

(3.48)

jQ17
n nX
where H_
is the interacting part of H_„ and h “
X
DA
X
formal adjoint.

In Eq.

is its

*t* "f"

(3.46), the terms BB, B B and

B B arise from normal ordering of operators, and their
coefficients are clearly seen to be divergent.

In an

actual calculation of physical q u a n t i t i e s , it has been
shown that these are cancelled by similar divergences
arising from terms elsewhere.

'^ 2

These terms are

thus not "dangerous" as those appearing in the Bogoliubov
4 -u
16
theory.

The derivation of this Hamiltonian is markedly
different from that of HB Z *
v(x)

In this case, the variables

and p(x) were also shown to be complete, but no

attempt was made to find a representation for v(x)
terms of p (x) and 6/<5p (x) .

in

Instead, we restricted the

discussion to irrotational flow with an auxiliary co n 
dition and then quantized the operator v(x) directly
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expanding the p” 1 (x) term in a power series.
sulting Hamiltonian is Hermitian.

The re

In view of these

comments, the representation of the quasi-particles in
these two theories are different.

In the S-theory their

mutual interactions involve arbitrary numbers of quasi
particles whereas in the BZ-theory,

the interactions are

confined only to three quasi-particles but with the
important aspect of being non-Hermitian.

F.

Interrelationship Between Theories

In this section, we show that all collective
variable approaches discussed thus far are completely
equivalent.

It has already been noted that the phase

variable theories, that of Nishiyama
Bloch

(y=l/2) and Berdahl-

(y=0) are related by a non-unitary transformation.

In fact, it was shown that all these Hamiltonians, H
Eq.

(3.9), have the same

real eigenvalues.

section, we will show that H
valent to Hg , and that H ^

i

s

(Y )
1

In this

completely equi

is equivalent to HB Z .

Any

expression for the current operator must be an irreducible
representation of the algebra of currents.

Since all

these theories aim at describing the properties of
superfluid helium, we expect the different expressions
for the current in the various theories to belong to a
single representation.

By explicitly calculating 3 (x)
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in all the theories, we establish the above remark.
In terms of the field operators, ^j(x)
one can define a current operator,

and ^

(x) ,

in analogy with Eq.

(3.15), by

J(x) = 2^1 (^ 2 (x) [ ^ 1 ( x ) ] - [ ^ 2 (x)]^ 1 (x)} . (3.49)

Using the density and phase variable expressions for
^(x)

and if>2 (x), Eq.

J (Y)(x) * £

(3.6), we obtain

[p(x)$<Mx)

-

$p(x)

] .

(3.50)

First consider the case ^=1/2, which corresponds to
the Hermitian formulation of Nishiyama, where, we obtain

3 (1/ 2 ) (x) = £ p (x)^(x)

.

(3.51)

In the restricted space where ^xv(x)=0, comparing this
with Eq.

(3.35), we obtain

v(x) = | ^<j>(x)

.

(3.52)

With this identification, the Hamiltonians H^ 1//2^,
and H g , (3.37), are seen to be identical.

(3.9),

It should be

noted that the phase variable approach restricts the

64

space where only irrotational flow can be described
while the velocity operator approach can be more general.
Thus in this restricted space, the two Hermitian formula
tions are equivalent.
Now consider the case y=0 in the Berdahl-Bloch
formulation, where we obtain

J ( 0 ) (x) = £ [p(x)V<f>(x) - i j - V p f x ) ] .

(3.53)

This current must be equal to the Grodnick and Sharp form
for identical,

spinless bosons, Eq.

(3.22), because we

seek a unique irreducible representation of the algebra;
we thus obtain the relation

^

(x) = ^

S p W

With this choice, H ^ ,
Eq.

(3.23).

i <5/6p(x)

•

(3-54)

Eq.

(3.9), is the same as H_„,
b<u
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It had been noted previously
that cj>(x) =

leads to the BZ Hamiltonian, but it was not

shown that this choice is consistent with Bose statistics
as had been demonstrated here.
It is of interest to examine further the expressions
(3.28)

for H_„ and
Dct

(3.39)

for H_.
O

As both were derived

from (3.4) one could ask the question:
relation between

and v^ which would make H0Z identically
-V

equal to Hg .

is there a

-V

Since both R^ and v^ obey the same
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commutation relations with
(Eq.

(3.27) and Eq.

and among themselves

(3.41)), one could look for a linear

relation between R^ of the BZ theory and
theory but the dependence on

of the S

could be more complex.

We now make a correspondence between R^ and v^,:

—r

V,

\

(P)

0^

-

Z

(— )Poi P)

.

(3.55)

must be a function of p^ only so that the commuta

tion relation
(3.28)

(3.27)

is obeyed.

and equate Hgz to H g .

series in powers of
power in

Substitute

(3.55)

into

Since H g is an infinite

(l/v^N) , equating terms of the same

( l/v'N) , we can determine 0^

.

After a little

algebra, one obtains
w 00

->■

_

vk = ''k+ 5

1

p=l

<-V
/N

I'
k i'***'k p+i

k+k^^t.. .+kkp+r
M_Ll ,0

(3.56)

Vl
2-V
This series can be summed and we obtain

vk “ \

2 **kp -k ■ 2lQ

d 3x tp_ 1 (x)^p(x)]e“ ik#x

(3.57)
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In coordinate space

(3.58)

Using this in

(3.35),

3<x) = i t i p <x)

(3.59)

which is the same result as

(3.22).

Thus the velocity

operator v(x) used by Sunakawa gives the same expression
tor J(x)

as employed in the BZ formulation.

The two

Hamiltonians are just the result of two different m a n i 
pulations of the operator J ( x ) , both consistent w i t h the
basic commutation relations.

Tsu-Shen Chang

109

has used

a different set of manipulations and has also obtained an
infinite series Hermitian Hamiltonian.
expand p” ^(x)

first in

He chose to

(3.21) and then used the Grodnick

and Sharp form for J (x), Eq.

(3.22).

This is clearly an

alternative manipulation of the same Hamiltonian that
gives the Sunakawa result.
+
A simple relation between the operators b^, b^ and
Bk' Bk can now 1,6 esta^ l ls^ e^*
function in

First, use the delta

(3.56) to simplify further Eq.

(3.56).

Then,

This is equivalent to the similarity transformation
(3.12) discussed earlier.
The other choices of y in Eq.

(3.9) also lead to

non-Hermitian Hamiltonians but they are of no particular
interest as they may also contain infinite number of
-► (y \
terras.
If one chooses <t>(x) so that J 1 (x) , Eq. (3.50)#
leads to the Grodnick and Sharp form, Eq.

(3.22), the

■i
(y )
P (x) term in H
is eliminated and one once again
obtains HBZ»
We have thus made a connection between all the
collective variable field theories that describe irrotational flow at T=0K.

To describe the temperature depend

ent properties of liquid He II, one needs to incorporate
rotational flow as well which requires one to find another
irreducible representation of the current algebra differ
ent from (3.22).

While little work has been done in this

area, we would like to discuss the recent work of Yee
in this direction.
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G.
Yee

108

A General Comment on Rotational Flow
discussed the extension of the current

algebra approach to describe rotational flow.

By intro

ducing an additional current, the new excitations in
volving velocity fields supporting rotational motion can
be accommodated.

Let ^(x) describe the irrotational

flow and lc(x) , the rotational flow; then

D(x)

(3.61a)

k(x) = £ a (x)^y (x)
m

(3.61b)

The new pair of variables a(x) and y(x)

represent another

simple realization of the current-current commutation
relations if

[a(x),y(x')]_ =

[a (x) ,a (x') ]_ =

i 6 (3)(5-x‘)

[jj (x) ,y (x') ]_ = 0 .

(3.62)

Also the four variables must mutually commute if the two
currents are to describe different degrees of freedom
of a hydrodynamic state of the fluid.
This introduction of two independent currents to
describe a many-particle system is due to the use of
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macroscopic variables.

From a microscopic picture, only

the total current J(x)=;j(x)+k(x) must be conserved.

The

velocity operator can be identified by writing J(x)

in

the form (2.18) with the result,

V(x) = | ^<J>(x) + ^pTx) 0(x)$n(x)

.

(3.63)

The Clebsch formulation of the classical fluid dynamics
leads to a similar decomposition of the velocity field
and this has been shown to be u n i q u e . ^

Equation

(3.63)

is the quantum analogue of the Clebsch form of v ( x ) .
The Hamiltonian can be expressed in terms of these
variables but a practical quantization scheme for these
new variables is not presently available.

This is one

area in which new work is needed.
In summary, in this Chapter, we have shown the
explicit connection between the Hamiltonians of Bogoliubov and Zubarev, Sunakawa, Nishiyama, and Berdahl and
Bloch.

While the expression for the current is the same

for all, the manipulations leading to the Hamiltonian
are different.

Introducing J ( x ) , (3.22), directly into

the Hamiltonian

(3.21) eliminates the p_ 1 (x) term and

thus the Hamiltonian has a finite number of terms.
on the other hand one expands p *(x)

If

in a power series

and then introduces the Grodnick and Sharp form for J ( x ) ,
one obtains an infinite series Hamiltonian.

In the BZ,
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and phase variable approaches, the description of an
irrotational fluid is automatic, while this condition is
usually imposed in the S formulation.

An extension to

rotational flow due to Yee is described.
tains only a finite number of terms,

As H_„ conBZ

it is the easiest

of all formulations to apply in practice.

We will con

sider a modified Bogoliubov approximation in the next
Chapter and show its equivalence to the collective
variable field theories presented in this Chapter.

The

mathematical formulation necessary to handle the nonHermiticity of H_,_ is given in Chapter V.

CHAPTER IV
THE BOGOLIUBOV THEORY FOR A WEAKLY INTERACTING GAS

In Chapter II, the traditional Bogoliubov approxima
tion for a weakly interacting gas was developed and the
related problems indicated.

In this Chapter, we consider

various approaches to modify the original theory so as
to eliminate the dependence on N q and their connection
if any to the collective variable approaches discussed
in the previous Chapter.

In Bogoliubov's theory, one

treats the k =0 state in a special way and then makes a
canonical transformation to take into account the strong
correlations between states of opposite momenta.
thus obtains new single particle
states.

One

(or quasi-particle)

This theory is very different in its approach

from the density variable approaches of BZ and S, in
which the operators b^, b^ and Bk , B^ are the sums of
products of two single particle operators.

It is known

that the single-particle states and the low lying collec
tive phonon-like states of this system have the same
spectra in the limit of small wave vectors
Nozieres

26

).

It has also been shown by Lee

(Gavoret and
73

that the

second order in (1//N), the ground state energy of the
traditional Bogoliubov theory is equivalent to the BZ
and S ground state energy and to the ground state energy
calculated by a variational-perturbative procedure based
71

72

on the method of CBF in the uniform limit.

We will here

show that in contrast to the discussion of the ground
state energy, a calculation of the excitation energy
based on this approach

73

exhibits a divergence and as

such it is not equivalent to the excitation energy ob
tained in the collective variable theories.

This is

because the fluctuations in the occupation of the k =0
state are not treated properly.

When these fluctuations

are properly treated, we show that this approach is
equivalent, however, to the collective variable theories
discussed in Chapter III.

This is in spite of the

difference in the structure of the operators in these
theories, viz. in the Bogoliubov theory one has a single
particle operator while the operators of the density
variable approach are products of two single particle
o perators.
As discussed in the second Chapter, Bogoliubov ob
served that for a weakly interacting gas, the zero
momentum state should be macroscopically occupied.

To

incorporate this fact, he introduced the approximation
a =a =v/N— , where N
o

o

o

o

is the number of particles in the
c

4-

zero momentum state.

The terms containing a

o

and a

o

are

then eliminated from the Hamiltonian and the result is
Eq.

(2.4).

To compare this result with that of other

approaches, one must eliminate the dependence on N q .
Following Lee,

73

define a new parameter 3(<1) by

73
N-N
3 = -jj-2-

;

N q = N(l-B)

.

(4.1)

This parameter is to be determined self-consistently at
the end of the calculation.

The Hamiltonian can then be

written as

+ Hx + H2 ,

H = H

(4.2a)

K 2k 2

H

o

= '4-~— ~ V (k. =0) + £
Z
1

, n

,
ki

K1

2m

t

a, a,
kx

+ p I' Vfkj^) [ak a. + i (afc a _ k +aj a* )] ,
1 1

1

1

1

1
(4.2b)

Hl =

(« ’1/2 k j k 2 V ( k l ) ‘^ 2a-k iak l+k 2+a,'l+k 2a - kiak 2 1'

(4.2c)

and

H2 ' M

k ,k‘ k 3 V(kl)^ 2^ 3 ak 3-k1ak 1+k2-Pe
k x?0
I (ak 1a-k1+ak1a-k1>1+

Z*
k ,k

I" V(kl>
1

1/2 I d-6) 1/2-l)

V(k ) [a£ a . a.
, +a!
. a*
a. ].
L
2 K1 K1 K2 K1 K2 K1 2
(4.2d)
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The primes on the sums mean that terms with zero sub
scripts are omitted.
order 1/v^N while

We note that
is of order

is formally of

(1/ i/n ) .

Note also that

this treatment neglects the fluctuations in the number
of particles in the zero-momentum state, a point we will
return to subsequently.
To diagonalize Hq , we introduce a canonical trans
formation,

ak = V - k

“ vk“k -

ak = V - k

‘ vk°k •

(4-3)

Here u^, v^ are taken to be real and spherically symmetric
2
2
such that u^-v^=l, and a^,

1*
rules as a^ and a^.

+

obey the same commutation

One finds that H q can be diagonalized

by choosing

(1+Xk )
uk = T T T T l
k

(1-A )
'

172

vk =

(4*4)

k

where we have expressed the coefficients in terms of the
parameter A^, introduced previously, Eq.

(3.30).

After

some algebra, we obtain the results

Ho = Eo + ?' E B (k)“k “k '
JC

<4 ‘5 >

"1 =

W

V

5

<W 3 >

< \ \ 2\ 3

(3)
+
+ 0tk 1 ak 2 ak 3 ) + gB(b) (klk 2k 3 ) (ak 10t-k 2a- k 3

+ a+
3

a^k av ) } .
2 1

(4.6)

g
Here E_(k)
B
in Eq.

and

o

are the same as those defined earlier

(3.32a, b ) .

The coefficients g i ^ KX of this
b (a, d )

theory are related to the corresponding ones of Sunakawa
theory

(Eq.

(3.45)) via:
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These relationships follow after a bit of rearrangement
of terms.

in terms of the new operators is quite

complicated and we will not give it here, as it is not
important in our present discussion.

Note that the

lowest order excitation energy is just the Bogoliubov
spectrum Eg(k) with N q replaced by N.

This is the same

expression as was derived by the collective variable
approaches.
To calculate any quantity of interest, a perturba
tion scheme must be developed as the Hamiltonian
cannot be solved exactly.

Since H

o

(4.6)

has the structure of

the Hamiltonian for an uncoupled set of oscillators, we
treat it exactly and the terms H. 0 are treated as
1 fz
perturbations.

The vacuum state

defined by a^|0>=0.

|0> with energy E Q is

To second order in

(1/»^?J) , the energy

of the first excited state is found by treating H^ to
second order and

E.[2) =

to first order,

+ H 1 — ”—

Eo
O 2) + e 22 (k)

where

H x lk>

(4.8)

The last two terms in each of these two equations are
the contributions from <k l ^ l l o .

Eq ^

is the ground

state energy which was also calculated by Lee.
to second order in

73

(1//N), we need to calculate 3.

Thus
The

parameter 3 can be determined by calculating the number
of particles in the zero momentum condensate as follows.

Recall that the occupation number for a state with k^O
is obtained by

(4.11)

n(k) = <akak >

f
In terms of the new variables 0^ , 0^ one has

n(k) = < « \ a ! k-vk ak )(uk a.k -vk a+)>

(4.12)

To lowest order, we thus have

(4.13)

But since this holds only for k^O, we must add the con
tribution from the k =0 state,

2
(4.14)

where C is to be determined by the normalization condi
tion,

E n(k) = N
k

Thus

.

79

(4.15)

Obviously, C is equal to Nq , the number of particles in
the zero momentum state.

To lowest order, we thus ob 

tain,
2

(4.16)

Using

(4.16)

for $ and substituting into the expression

for the ground state energy,

(2}

, Eq.

(4.9), Lee

73

has

shown that the ground state energy to second order in
(1/VN)

is equivalent to that obtained by a variational

perturbative procedure based on the method of CBF in the
uniform limit.

It is equivalent also to the ground state

energy calculated using the BZ or S Hamiltonian, Eq.
(5.16).

Brueckner

20

obtained the same result for a

charged Bose gas by summing one- and two-ring diagrams
for Hq and treating

2 by a canonical transformation.

A careful analysis of e 2 (k), however,

shows that

for liquid He II it does not exhibit the correct linear
dependence for small k.
like 1/k as k->-0.

In fact, £ 2 (k), in

(4.10), goes

This problem arises because we have

neglected the fluctuations of the number of particles in
the zero momentum state.

The Hamiltonian,

not conserve the total number of particles.

(4.2), does
It is not

evident that since N is large, this non-conservation
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arising because of N q , would cause difficulties.
above calculation shows however,

The

that one cannot neglect

this aspect, even though the calculation of the ground
state energy seemed to indicate the correctness of
neglecting such fluctuations in N q .

One often imposes

a subsidiary condition to take account of this.

We will

now discuss two methods to obtain a number conserving
analysis of this Hamiltonian.

The first method, imposes

the condition that

< N '> = N-N

o

where

(4.17)

and <•••> denotes expectation value in the ground state.
A chemical potential y is then introduced as a Lagrange
multipier, and the effective Hamiltonian is

H' = H-yN'

(4.18)

The chemical potential is given by

dE

o

y " air

(4.19)
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where E Q is the ground state energy.
computed using

(4.17).

N Q is explicitly

One then proceeds as before to

diagonalize Hq - N ' , but now

will be different

because they would involve y.
carried out by Woo and Ma

21

This analysis has been

for a charged Bose gas.

They showed that the ground and first excited state
energies through second order agree numerically

(within

1%) to that obtained by the method of C B F 75 and the
collective variable t h e o r i e s . T h e

explicit connection

for arbitrary potentials has not been established.

It

appears that the agreement with other theories of the
ground state energy,

(4.9), in which fluctuations in the

k =0 state were not considered now seems accidental.
The second approach which does not involve an
effective Hamiltonian has recently been suggested by
Berdahl 1^4 and Rajagopal .
112

The total number operator

can be written in the form

N = V*o

+ ?' ak ak •

(4-20)

To take into account the fluctuations in the number of
particles in the zero momentum state, at least to order
(1/N), write
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aQ S

a

(N -

!■

4*kr1/2

= N 1 / 2 (1 “ I n

•

Note that while a
above expression

s ' akak + •••>
k

must commute wit h a

•

<4 -2 1 >

+
(p^O), the
p

(4.21) does not do so.

This scheme

may be taken to be in the same vein as the original
Bogoliubov theory.
into the Hamiltonian

Introduce this form of aQ and aQ
(2.1), and obtain

104

H = HQ + H x + H 2 + •••

(4.22)

where
W 2k 2
TT _ V, *
1 .+ n
Ho " £ T 5 T W

+

A N(N-l) Tr/1. _ ftX
IQ,
v <k i"0)

v ( k l ) [ak 1ak 1+ \

^ k ^ - k ^ k ^ - k ^ 1 '

(4.23)

Hl = ^

k ^ k 2 V<kl>I^ l +k 2a -ki ak 2+a,'2a k iak l+ k 2 ]

'

(4.24)

and
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H2 *

v ( k i>aL 2 ak 2 ‘< 1 ak,+
1 \

k r li
k2

<ak a -

(k1^ + k 2 )

+ ak a-k ^

1

K1

1
2

+ 2lT

Z*
k 1k 2k 3

a + a,_
V ( k , ) a+‘ a'
a
1 k2
„ kk^ k -~, - k n k.+k^
3 3 1 2

kj/O

(4.25)

The remaining terms of the Hamiltonian, which contain
products of five or more operators are of higher order
in

(l/v'ft) .

The constraint k^?*+k2 on the first term in

H 2 is needed to leave the Hamiltonian Hermitian; other
wise, non-Hermiticity would arise in view of the comment
made after Eq.

(4.21) and the constraint given here is

designed to eliminate this.
transformation

Introduce the canonical

(4.3) as before and diagonalize Hq .

It

is easy to show that u^ and v^ are still defined by Eq.
(4.4) and Hq , H^ are unchanged from
respectively.

(4.5) and

(4.6)

The term H 2 will, however, differ from

that derived earlier.

The Hamiltonian

(4.22) contains

an infinite number of interaction terms unlike the
previous case.
second order in
to first order.

To calculate the excitation energy to
(l/v/N) treat H^ to second order and H 2
The result is

The second order correction to

(2)

is still given by

(4.9) and as such is equivalent to the method of CBF and
BZ theories.
B
e2 0 0

The expression for the excitation energy,

not only has the correct linear behavior as k -*0

but is also equivalent to the method of CBF and collect
ive variable theories.

This equivalence has not been

shown previously and so we present it in Appendix A.
The integrals in (4.26) are each individually convergent
since

-*■! as k^-*-°°.

As k-*-0, the contributions from

and H 2 both go like 1/k but these contributions together
cancel each other.
B

It can be shown, however, that

0 2 (k)-»-k as k-*-0, as expected.

The number of particles in

the state k has been calculated to second order by
Berdahl
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but it will not be given here.

It may be
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pointed out that this expression also coincides with
that obtained using the collective variable theories.
It thus appears that this version of the Bogoliubov
theory leads to the same results as the collective
variable theories.
We now show that there exists a unitary transforma
tion between the two Hamiltonians Hg, Eq.
Eq.

(4.25) and H g ,

(3.45), and thus show the equivalence between the

Bogoliubov single particle description and the collective
variable description.

This transformation suggests it

self in view of the following observations.

Both of

these Hamiltonians are Hermitian and are described by
operators which obey the same closed algebra.

Both con

tain the same number of operators and as such a one to
one correspondence can be expected to exist.
Consider a unitary transformation,

_
10
-10
B, = e
a. e
k
k

B+ = e i0

e '16

(4.27)

= e 10 H„ e “10
B

(4.28)

such that

H

S

where 0 is Hermitian.

One standard procedure often
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used to obtain 0 is to expand e

6 , so that Eg.

i.0

in a power series in

(4.28) becomes

H s = h b + i(0,HB ]_ + i2 [e,[0,h b i j _ + ••• .

(4.29)

Expand 0 as a power series in (1//N) and equate terms of
equal powers of

(1//N)m in both sides of Eq.

lowest order, we find,

in view of the relations

between g ^ jb) and g<f>b)

19

=

W

-

kl
j
,

^k

f k£

lW

(4.7a,b)

\

m l / 2

k3 % < $ 2* 3 .t

^k

2

To

,

M

+

^ k

(4.29).

+ T ~ ” “ T~" + T

3

k2

k3

Xk 1

V " -T

)

Xk 1Xk 2Xk 3

j
.

<av a -k a-k "a-k a-k ak ) + • • • •
K1
2
3
2 ^3 1

(4.30)

Since both the Hamiltonians are infinite series in
(l/»/tJ) , it is difficult to obtain 0 to an arbitrary order
in

(1//N)

explicitly by this method even though it can

be computed in principle for any given order.

We propose
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instead, to derive expressions for both the density,

p^,

and velocity, v^, in terms of the operators ak *ak and
equate them to the corresponding expressions, Eq. (3.42)
f
written in terms of Bk ,Bk . This would establish a
*f*
*f*
connection between ak *ak and Bk 'Bk as wel1 as the two
Hamiltonians to a given order.

The Fourier transform

of the field operator rp (x) is given by

<Mx) = -^77
n

ak e l k *X

•

(4.31)

k

In momentum space, the density p (x) = \p (x)ip(x)f becomes

Pk = / i p apap_k

( 4 ‘ 3 2 )

Isolating the aQ and a^ terms, and using

(4.21), we can

express the result in terms of the new operators,

'

W

B-k> = pk*> =
1
+ —
^

(V

“-k)

+
E ' [ (u u . +v v , )a a,
p
p p-k p p-k
-p k-p

"t* *f*
- v u , a a,
- u v , a a ,,]+•••
p p-k p k-p
p p-k -p p-k

. (4.33)

The relation to the left in the above connects p^ to
the operators in Sunakawa theory, Eq.
Eqs.

(3.15) and

(3.35)

(3.42).

Comparing

for 3 (x), we can obtain formally

an expression for the velocity operator v(x), in terms
+
of the field operators ip(x) and ip (x) ,

v(x) =

[^iln^(x) - $£ni{J+ (x)]

.

(4.34)

In momentum space, we have

v. =
k
2

(p/ft)1/2 [d3x e “ l k 'x
1

-k
2N

k^

4

ak

1

1

[&n(l + i— E ' a e l p *x
/N P
p

+ *'m) - *n ( 1 + k
E' a-PP e i ? ’*
*/n p

* 5n I' ak, ak, + " • > !

<4 -35 >

1
where use has been made of (4.31) and the terms with aQ
•f*
and aQ have been separated out as above.
Using the
representation

2

£n(l+x) =

we obtain

x*

. x

3

x

4
+ •••

,
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t

In terms of the new v a n b l e s

and Eq.

(3.42) we

then have

B -

-

k

1

<

t

t

»

1 / 2 , E 'k

{ K , e 1 + c

1'2
[ 2 ( u lc

+

(uk

1

1

V k

- U lc

v k )0tk

^

“v k

v k > (ot- k

2

2

2

1

1

2

“ -If

1

1

L

1

+

***

2

a -k

2

“ a v

1

ak

2

•

(4.37)

+
The pair of Eqs.

(4.33) and

in terms of the variables

a^.

found to be consistent with
second order in

(4.37) thus define B^,
These expressions are

(4.27) and

(4.30) through

(l/vlSf) as they must be, and hence also

establishes the equivalence of the two Hamiltonians to
the same order.

We should state that we have not carried

this program to any higher order.
From the above demonstration,

it appears that H_

13

and Hg are related by a unitary transformation and possess
the same energy spectra.
the Gavoret and Nozieres

From this we may deduce that
26

result may hold for all

values of k; that is, the spectra of the single-particle
states and the low lying collective states are identical,
since the Bogoliubov description is a particle descrip
tion and the Sunakawa description is a density variable

90

description.
order

(1/N)

We have proved this result at least to
for all k.

C HAPTER V
A METHOD OF ANALYSIS FOR H D(7
BZ
A.

General Discussion

In this Chapter, we develop the mathematical
structure required to handle the non-Hermitian BZ
Hamiltonian.

We should mention that the method employed

here exists m

the mathematical literature

113

and has

been formally employed on at least two occasions that we
.
.
know of m

. ,
,
114,115
many-body physics.

, 100 .
Straley
has

argued that the BZ theory is similar in some respects
to the Dyson theory

116

of spin wave interactions in the

theory of the Heisenberg ferromagnet, where a nonHermitian Hamiltonian also plays a significant role.

In

this connection, we should mention that there is also a
Hermitian Hamiltonian that was developed by Holstein and
Primakoff
actions.

117

which contained an infinite series of inter

In a sense, the Sunakawa theory parallels that

of the Holstein-Primakoff theory while the BZ formalism
parallels Dyson's.

Dyson derived a mathematical method

for dealing with his non-Hermitian Hamiltonian by intro
ducing an indefinite metric.

We will employ an essen

tially similar method, except it has a simpler structure
because of the nature of the BZ Hamiltonian.
The basis for the formulation given here may be
found in Ref. 113, to which the reader is referred for
91

92

details.

In this work, we quote only the relevant

parts of the formal theory.
Schwinger

118

One may also refer to

for an application of this procedure to

quantum mechanics in general.

If the eigenfunctions of

H q z and H ^ z are s i m p l e , then they obey the equations'*'®'*'

HBZ I^ n > = En 1'i’n >

<¥

'

or e<3uivalentlY

'

or equivalently

|h * = <Y |E*
n 1 BZ
n1 n

and

•j.

Du

^

n

= E*
~>
n J <I>n

<<fn 1 BZ = <# n lE1 n*

(5.1)

where the star denotes complex conjugate.
of

(Hb z -E) and

(HBZ~E) acting on

|¥> and

If the ranges
|$> respectively

are c l o s e d , then the right eigenvalue En of HBZ is equal to
~*
its left eigenvalue E n , and correspondingly the right
f
*
eigenvalue En of HfiZ is equal to its left eigenvalue En The corresponding right eigenfunctions

**•
A
#

of HBZ and its left eigenfunctions <$^1 , <<J,2 l • ••• to"
gether form a biorthogonal, complete set

(a similar

statement holds for the right and left eigenstates of
+
hb z >

:
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(5.2)

and

(5.3)

This is a simpler version of the general theory of nonHermitian operators, which seem to us to suffice for our
purposes.

This assumption parallels closely the theory

of the Hermitian operators,

in particular of H c .

The

first assumption of simple eigenfunctions is not an
assumption at all in the light of the discussion in
Chapter III.

It has already been shown that the eigen4*

values of H g are the same as those for Hgz or HB Z , i.e.,
En=En .

However,

for purposes of generality, based on

the mathematical assumptions introduced above, we
develop a method of computing the eigenvalues of both
Hgz and H0Z which we will show explicitly to be equal
without first assuming their equality.

The eigenvalues

of HBZ thus admit of the usual interpretation of being
"energy eigenvalues".
We therefore observe that a complete theory can be
developed either by using |4'> and H
with < $ |, or by using
|.

BZ

in conjunction

|$> and H__ in conjunction with
BZ

This aspect also leads to a consistent definition

of the Heisenberg representation for operators acting in

the appropriate space.

We shall use this in a later

section for developing a matrix Green's function theory
for hb z «103

First, we consider a modified Rayleigh-

Schrodinger perturbation theory in the next section.

B.

Modified Rayleigh-Schrodinger Perturbative
Method for HBZ

Clearly the Hamiltonian

(3.31) cannot be solved

exactly and so a perturbation theory must be employed.
One scheme is almost suggestive at once because the H q
part of H

is Hermitian and has the structure of the

Hamiltonian for an uncoupled set of oscillators.
we have a vacuum state

Hence,

I
R
|0 > with energy E q and such that

bjt |0>=0 which is satisfied by the function

*o = exptJ -Kr

(1_ ir’V
- k 1 •
K

t5-4)

It's adjoint is of course < 0 1= < 0 1 because H q is

1

*

Hermitian and has the property <0|bk=0.

Also, the set

of states of H q form a complete set which we shall
therefore use to set up a perturbation scheme for HB Z .
We have the following well-known facts

95

<0 |b, b, b * tb* 10>
1 2 1 2

kl'ki k2,k2

kl'k2 k2/kl^

etc.

(5.5b)

We alao note that

<0 IHb z I0> = <0| h J k |0> = E® .

(5.5c)

We begin by examining in detail the first and the third
of the equations given in
script n in

(5.1) .

Henceforth the sub

(5.1) stands for the n'th excited state.

We treat Hj as a perturbation on H q and we write

E

= E * 0) + E (1) + •••
n
n

n

1
$ >> =
‘ r
n

E

n

' r
n*

I

.

+ I
| * < D > + ...
1 nn

= E (0) + E * 1 * + •••
n
n

We obtain from (5.1) and

(5.6a)

r

.

(5.6) the equations:

(5.6b)
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(H o n

'

E
n

> +

(Ho-E^0)) | ^ 2) > +

(H_-E(1)) |¥ (0)> = 0 ,
I n ' n
'

(HI-E ^ 1) ) l^n 1 )>“EIJ2) 14'n°)> = 0 *

(5.7)

(Ho-En 0 ) )l$n 0>> = 0 '

(Ho- E ^ 0) ) |^ 1> > + (H^-E^0) ) |$^0) > = 0 ,

(H - E (0)) |$(2)> + (H*-E(1*) |$(1 )> - E (2) |$(0)> = 0 ,
o n
'n
I n
'n
n ' n

etc.

(5.8)

From the first of Eqs. (5.7) and
Hermitian,

1

> and

(5.8), since H q is

are just n-free oscillator

states with their energies equal:

|Y<0)> = n b* 10> [Perm (6
}]"1/2 =
n
i=1 k i
k i ,k;.

< $ (0>| = n < 0 1b,
n
issl

[Perm { 6,
i

| ^ 0)>
n

, }]~1/2 = < ¥ (0) I
j
n

and

E (°) = E (0 ) = E® + Z
n
n
o x=l

E „ ( k .)

.

(5 .9 )
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Perm {6

. } stands for the permanent of the kronecker
i' j
delta's 6, , . From (5.7) and (5.8) we immediately
i' j
obtain

E * 1 * = <$
n
n

|h

(0)>

1 11 n

= E (l)*
n

(5.10)

The last statement follows in view of the above observation.

But since Hj

•j(and Hj)

is a cubic polynomial in b

+
and b , and since the oscillator states of different
occupation of levels are mutually orthogonal, we see that

E (1) = 0 = E ^ 1)
n
n

.

(5.11)

Also

E

n

-H

o

. < ; u > i . < ; « > i Hl

,
n

(5.i2)

o

where P stands for a projection operator which excludes
the

14'n°)^

< $ n 0 ) l states:
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P = 1 - i ^ 0)> « ^ 0) | .

For the states

|$ ^
n

E

n

> and

-H

(5.13)

of H* , we also have
bl

n

o

<;<» i - < ; « )

(5.12-,
hi
n

—rl
o

where P* stands for a projection operator which excludes
the 1^ ° ^ /

states:

P* = 1 - \t>^0)><y^0) | .

(5.13*)

The second order energy can be obtained from either set
of states:

n

n

1 I gTO)_H
n

E (2) =
n

n

11 n

o

■>?-'--- hJ |4>(0) >
l;E ^ (0)_H
I n
n
o

= e (2)*
n

(5.14)

Since the entire p-oscillator states form a complete set,
one could write these explicitly:
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E * 2* =
£ ' <4> ^
n
{p}
n

|ht |¥
I P

> < £ ^ | h J ^ *°*>(E *°*-E
P
n
n
P

j”1

(5.15)

where the prime indicates exclusion of the n-particle
intermediate states.

We give below a few examples to

display these results.

1.

Ground State Energy

Here n = 0 , and so

Ei 21 = < 0 iHi z
E w n-Hr H i |0> •
O
O
From

(2.31), we know that P can only be a three-particle

state arising from the bbb and b b b

terms in Hj.

Since E ^ = E B , we obtain
o
o

e

<2) = <0|

I

6j>

k lfk 2 ,k 3

°

5
x

f
2

5 b

3'

kl

2

b

b

3

b4 b4 bk- ^ 3 ) ( 4 k2k3»l0>

=

6

£•

kirk2 ,k3

6,

V

*

V

^

V

^ 1fl 3>(k]!^1C3 ^ b )(klk 2k 3 )

3 EB<kl*+EB (k2)+EB <k3>
(5.16)

100

Explicitly this is seen to be

~ (2)

, ms well as real, as

expected from the discussion of Chapter III.
agreement with Berdahl and Lee

76

This is in

as well as the result

based on the Bogoliubov formulation of Chapter IV and
the method of CBF discussed in Chapter II.

The fourth

order corrections are given in Ref. 102.

2.

First Excited State

Here

l¥l0>> = bk |0>

E l0) = E o + V

e

'

<$ 10 ) 1 = <0|bk '

k> '

'2> = <o|bk Hj T j y —
Hx b+|o> .
1
O
J
.

Carrying this out explicitly, we observe that
(3)
and y^
terms in H^. whereas
/31
/3 \
<0|b. H t would involve only yj
and
y' terms and we
K X
a.
C

would involve only

(3)

obtain finally

E l2> = '

W

*

3

'5 S^

2

+S 3'S

^i3> <k lk 2k 3 )Yb 3>(kik 2k 3) lEB <k 1 )+EB <k 2)+EB (k 3>]‘ 1

< 0 1b.b, b, b, b * b * b * b.+ |0>
1 k kj k 2 k 3 k^ k£ k^ k 1
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+ P

Z

Z

k irk 2

k ’,k^

6r>- ,r* r>!
2+ f

6■> ->■
!+ 2

-*
'0

Y^3 ) (kk1k2)yj3)(kk^kj)[EB (k)-EB (k1)-EB (k2>]"1

< 0 lb-k b ,
1

b*
2

b* , |0> .
1

2

In view of the symmetry properties of the y's and the
inner products, we obtain finally,

e 1<2)

= E < 2)
O

+

e

2

(k)
y<3)(kk1k_)y^3 ) (kk.k.)

e2(k) =

2P k l A 2

- 18

£' 6
k r k2 W

v

w

v

r

y^3)(kk.k9)yi3)(kk.k^)
f L.
— ______Hr— ± .g
k '5 V k >+EB <kl)+V V
(5.17)

In the above equations, P stands for the principal value,
Since the y ^ ' s

are of order (1//N) the correction to

the lowest order energy is thus a power series in (1//N),
~

(2 )

A similar procedure leads to the result E^

12)

It should be pointed out that in view of the
structure of the y

(3)

's for those potentials for which a

finite Fourier transform exists and such that A. -♦■I as
ki

k^-*-00, these expressions are convergent.

This imposes a

102

condition on the potential that V ( k 1 ) asymptotically
behaves like

(s>0)

for large k ^

sufficient condition for convergence.

This is a
This approach is

thus applicable to soft core models of the helium poten
tial, the charged Bose gas in the high density limit,
but does not apply to a hard sphere Bose gas, since in
this case its Fourier transform does not exist.

It can

also be noted that if one were using the Sunakawa
Hamiltonian,

(3.43), then one would have to include
(3)
and first order
I
(4)
to obtain the result (5.17).

second order contributions from H
contributions from

In using the S Hamiltonian, care must be taken as each
contribution to the second order correction to the
energy will diverge whereas the sum of all contributions
of order

(1/N)

detail in Ref.

is convergent.

This is discussed in more

101.

The first order correction to the first excited
state wave function is given by

y ‘3 ) <k,k2k 3 )bj b£jbJ b £ | 0 >

W

+V

k2>+V

k 3'
,'j3) (kk1k 2 )blklblk 2 |°>
E B ( k)-EB (k1 ) - E B (k2 )

8

(5.18)

The important point to note here is that this wave
function has been shown

96

to explicitly contain backflow

This result is particularly interesting because backflow
first introduced on purely physical grounds by Feynman
and Cohen

53

and as discussed in the second chapter,

arises here as a result of ordinary perturbation theory.

3.

Liquid Structure Factor

A second quantity besides the energy which is
measurable is the ground state liquid structure factor
S(k).

It is a measure of the correlation between posi

tions of the atoms in the fluid and is defined by

S(k) = <G|pk p^|G>/<G|G>

where

(5.19)

|g > is the exact ground state of H_._f <G| its
x5/»

counterpart.

Expanding

(5.12), we have

|G>, <G| to order

(1/N), as in

104

This expression does not agree with the result of
119
Kebukawa
who included only the contributions from
(3)
Hj
in the Sunakawa formalism and obtained a divergent
result.

When one adds the contributions from

his result, one obtains

to

(5.20), which is convergent in

the light of the previous discussion.

4.

Momentum Distribution Function

A third quantity of interest is the momentum
distribution function in the ground state.

This would

verify the presence of off-diagonal long range order in
the one-particle density matrix.

Due to the presence of

interaction, all particles are not expected to be in the
zero-momentum condensate at T=0K
interacting system.

in contrast to the non

The momentum distribution was first

derived by Bogoliubov using his field theoretic method,
which had explicitly built in the zero momentum condensate.

Zubarev

119

derived the same result using the

BZ formalism with N q replaced by N.
derivation of this result.

We give here a

The lowest order wave func

tion using the BZ analysis is given by

(5.4).

particle density matrix is defined by Eq.

The one-

(2.27).

Using

d> from (5.4), we can obtain n(k) to lowest order in a
o
(1/N) expansion.
of

as defined in

(2.15)

is a function

(r^,r 2 »• • • and the normalization integral from

(2.27)

is easily evaluated,
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{ " • • { U J 2 d 3r^* • *d^rN =

where f^=(l-

).
JC
in (2.27), write

exp (| Z* fR )

(5.21)

To evaluate the remaining integral
in the form

,-> -y
c l k 'r l
.
N
iS-J.
Pk =-- 5-=--- + i - Z e
3
/n
/N j=2
+
->
(r +r')
and make the transformation r. (i^l)->-r. + —
■—

1

~y

integral.

~y

1

2

in this

-y

Defining r=(r1~ r p

and noting that p^(r=0)=

N/fi, we obtain

pl (r) " U +
n
exp [jT Z ' f
k

|
N
i k » ( r .- r .)
Z
e
1 3 ]
i>j =2

,
v ? N
ik*r .
[exp (^ Z' f, cos -4—
Z e
3)
w k
K
j=2
,
- exp (i- Z' f
k

N
Z

ilc*r.
e
3) ] .

(5.22)

j=2

To lowest order in 1/N, one notes that all terms in the
expansion of the exponential in the first factor and
only the term

^ i *17
Z'
f, f,
(cos —
2 !tr k lfk 2 K1 k2
.

N
i (k, -r.; + k 0 *r^ )
. I , e
1 ]1 2 ]2
3l,3 2-2

k *r
cos

~ = ------ 1)

^
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in the second factor contribute.

After some algebra one

obtains,

’l (r) = TJ +

- 5-

h

K

is jf

fk (1+fk+fk+ ” '> (oos2 T T * 1>+0(Sf>

(1- ^ > 2 xk (1-cos * • * > + * £ >

•

(5.23)

The occupation number n ( k ) f Eq.

(2.27), in the momentum

space is thus

“ (*) ■ 1N - i s 1 (1- f " )2V
P
P
+ |

(1- j-)2 Ak +
k

{k,o

.

(5.24)

The probability distribution function for the single
particle momentum, k, is thus

N
W(k) = jjS 6 (3) (k) + ---------(1- ±_) 2 x. + .. .
N
4 (2 tt ) p
k
K

(5.25)

where
N

r

= 1 " ¥

1 ' (1_ r ~
P

p

)2 x P+<,(^7 ’ •
^

N

(5-26>
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This result agrees with the result of Zubarev
Eq.

(4.15).

120

and

Thus even though the theory does not assume

the presence of particles in the zero momentum state,
this feature is found in a natural way in this formalism.
Higher order corrections to N q/N are difficult to
evaluate in this formalism because the BZ formulation
does not have an operator form for the occupation num
ber.

This is available in the phase variable approaches

as was shown by Berdahl

104

or xn the Bogoliubov formula

tion as discussed in Chapter IV.
ions to Nq /N

Higher order correct

are easier to derive in these formulations.

C.

Scattering Theory

Based on

H__
BZ

A n elegant formulation of scattering theory in a
general fashion may be given via the Lippmann-Schwinger
equation for the T-matrix.

121

We will present here a

suitable modification of this theory for our purposes.^®*'
The fact that one has a "biorthogonal expansion" in
terms of

<$| ) or (|$>, <¥ |} for a simple operator

(with closed ranges)

enables us to express the resolvent
+
operator assocxated with HBZ or H BZ xn the form

G(z) = I |¥a > (E - z )"1 <*a l
^ a

and

where z is a complex number and

stands for a set of
4*
labels characterizing the eigenstates of H__ or H' .
BZ
BZ
a

Equivalently, we have,

(HBZ-z)G(z) = 1 = G(z)(HB Z -z)

.

(5.28)

Let us introduce the resolvent operator associated with
the Hermitian part Hq :

<Ho - z )Gq (z ) = 1 = G o (z )(H q - z )

.

(5.29)

Rewriting H _ = H +H , we have an equation for G ( z ) :
Jd Z O
X

G(z) = G

O

(z)+G

O

(z)H G(z)
X

.

(5.30)

Introduce a T-operator in the usual way:

G (z) = G 0 (z)+Go (z)T(z)G 0 (z)

so that if \V

is an initial state and

state, the scattering amplitude is
taken to be the energy of the initial
state.

From

(5.31)

(5.31) and

Schwinger equation:

is a final
with z

(or the final)

(5.30) one has a Lippmann-
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T(z) =

H j + H j G q (z )T( z ) .

(5.32)

Had we used the second of the equations in

(5.28), we

would have an equivalent T-operator, denoted for the
sake of clarity by T, w h i c h would obey the equation

T(z) =

Hj + Hj Gq (z )T(z ) ,

(5.32')

corresponding to

***

^

i

G(z) =

Gq (z ) + G(z)H^ Gq (z )

G(z) =

G q (z ) + Go (z )T(z )Gq (z ) .

,

(5.30')

and

(5.31')

These two formulations should yield the same physical
scattering amplitude for this theory to be of any
physical significance for our problem, when one calculates <4,f |T|4>i>.

This can also be verified term by

term in perturbation theory.

However,

it is expected to

hold on general grounds following the discussion in
Chapter III.
We shall present a complete calculation of the
scattering of two excitations of initial momenta p and
p' going into a final state with momenta p+q and p'-q in

110

perturbation theory.

I V

The initial state is

= bpbp' l 0> E IP»P,:> =

l$i >

(5.33a)

and the final state is

< * f | = < 0 lb p + q b p » - q - <P+q»P, - q |

where q^(0,p'-p)

and p^p'.

=

<Vf\ '

(5.33b)

Since Hj is cubic in b,b

operators, the first term in (5.32) would yield zero.
So, we iterate

(5.32) once and consider the new equation

as our starting point:

T =

(Hj +H j G ^ j ) +

(Hj G ^ j ) Go T .

(5.34)

The lowest order scattering amplitude is then

<P+qfP'-q|T|p,p’> = <*f| H I
E2

-

J
i o f V ^ V
E 0 —il
2
O

~H o

•

Here E 2°^=E®+EB (p,)+EB (p)=E^-»^Bfe>+q)+E^(p,-q) .

<5-35)

This calcula

tion is motivated by the recent conjectures on the nature
of the roton-roton coupling, especially since it has
been demonstrated

58

that an arbitrary wea k attractive

coupling gives a bound state of two rotons.

Ill

All the contributions to the scattering amplitude
(5.35) arise from processes which involve a virtual
excitation in the intermediate state.

In Fig. 2, we

. .
(3)
exhibit the y
vertices of HBZ diagramatically.

The

processes contributing to the scattering amplitude are
shown in Fig. 3.

The calculation of <p+q,p'-q|T|p,p'>

is straightforward and the final result cam be expressed
as

6
< ® f |HIGoH I |4'i> =

I A.
i=l

(5.36)

,

A 1 = 4rc3) (P+P''-P'-P'>^3) (p+p',-p-q,-p'+q)

[EB (p)+EB (p')-EB ( p + p ' ) r 1

,

(5.36a)

a 2 = 4t c 3 ) ( p '~q 'q '~p,)ya 3 ) ( p , q '~p~q)

(EB (p)-EB (p+q)-EB (q)]"1 ,

(5.36b)

a 3 = 4Y(? )(p+qr-qr-p)y^3) (p'/-qr-p’+q)

[EB (p')“E B (p,-q)-EB (q)]'1

,

(5.36c)

A4 = 4 y ^ 3 ) ( p + q r - p ' f - p - q + p ' ) y ^ 3 ) ( p , q - p ' , - p + p ' - q )

[EB (p)-EB (p'-q)-EB (p-p'+q )]_1 ,

(5.36d)
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A 5 = 4Yq 3 ) (p'-q#“P , - p ,+q+p)Yj 3 ) (p',-p-q,-p'+p+q)

[Eg(p')-Eg(p+q)-Eg(p-p'+ q )]~1

(5.36e)

a 6 = ” 36Ya 3 ) ( p 'p '»*P“P ' ^ b 3 ) [p'-qrp+qf-p-p')

[Eg(p+p1)+Eg(p+q)+Eg(p'-q)l” 1

(5•36 f )

Here we have made use of the permutation symmetry of the
Y

(3)

s.

It has been shown in Ref. 101 that this result

agrees completely with a similar calculation based on
the Sunakawa Hamiltonian given in Ref.

105.

As an interesting example of the usefulness of this
formulation, consider the special case of two rotons
scattering into two rotons.

In the center of mass frame

where p + p '=0 and q is such that
k

o

|p+q|= |p'-q|=kQ , where

is the momentum at the roton minimum, we have

A 1=Ag=0.

After some algebra, it can be shown that the

total scattering amplitude is

—

5-ieia —

8mk E„(2p+q)
(5.37)
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If one now follows the arguments given in Ref. 105, and
uses the experimental excitation energy and structure
factor for EB (k) and X^, respectively, A is in fact
negative for all values of q and therefore this process
has an attractive component.

This is quite suggestive

of a bound state for the process, as was first surmised
by Ruvalds and Zawadowaki.
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The actual strength of the

interaction is in fact too strong and renormalization
of vertices and roton propagators become important.
For a complete discussion of this, see Ref.

D.

105.

Finite Temperature Theory Based on H0Z

In order to develop a finite temperature theory, we
must define the statistical operator P
with H g g .1®1 '103

, associated

Formally, this can be done because we

have assumed that the ranges of
closed.

op

(HfiZ-E) and

t
(HBZ-E) are

Thus,

“ Be
PoP = S | V
a

e

~

i
=

<5 -38 >

With respect to this p 0p* the thermodynamic averages of
physical quantities may be defined:

Tr{Pop x}
<X> = 1"fr'Tp "T ~'
op

where

(5.39a)
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(5.39b)

Again it must be stressed that the biorthogonal set of
states must be used consistently, as for example in the
definition

(5.39b) of the trace.

use only the complimentary set,

Henceforth we shall
|rifct> and <$a l«

We

could, of course, use the equivalent complementary set
I V

and “V
Since the BZ Hamiltonian does not conserve qua s i 

particle number, a matrix Green's function must be
employed.

22

We will first define the "Heisenberg

representation" of b,

and b, by observing that in the
k

Schrodinger representation, the equations of motion of
a one-particle state are

(5.40)

The solutions of these differential equations are easily
found since H_,_ is independent of the time:
Da

and
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<9

b

(t) | = <9

O

, iHBZ t/)(
(0) |e

(5.41)

where the subscript S stands for the Schrodinger picture.
The time rate of change of the matrix element of
any dynamical variable 0 g in the Schrodinger picture is
easily found with the help of Eq.

(5.40):

<4 s ( t ) | o s | v s ( t ) >

- <JS (t>lit ° g l * s ‘t) >

+ I)f

^s(t)'10S'HBZ1-l'1's<t)>

•

(5-42)

The first term on the right hand side is that part of
the change in the matrix element that arises from any
explicit dependence that

may have on the time and

the second term is that caused by the change of the state
vectors with time.
Eq.

Substitution of Eq.

(5.41)

(5.42) gives:
iH
t/K
-iH„„ t / K
fF < t s (0 )|e 82
°g e
82
|»g (0 )>

into
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iH

■ < * s (0)|e

t/K 30

BZ

-iH

~ S e

,
iH
+ iK <» S « » | t e

t/K

BZ

t/K

l»s (0)>

-iH
°g e

t/K
BZ

.HB Z ]j*s «»>.

(5.43)

It is convenient to define time-dependent state vectors
through

iHBZ

t^ Ll

lVH (0)> “ IYs (0)> = e

K s (t)> ,

and

<«„(0)| - < * _ ( 0 ) |

, 'iHBZ

- < * e (t)|e

BZ

t/tl

.

(5.44)

The time dependent dynamical variable is thus defined as

iH
0H = e

t/K

0g e

“ iH__ t/K
BZ
.

(5.45)

The subscript H denotes the Heisenberg picture.
resulting equation of motion for 0

The

(dropping the H for

convenience),

it 0 = It 0 + IJT t°,HBz'-

•

<5 -46 >

Had we chosen to employ the other complementary set,

|$>
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and <'ir|, the equations would contain H^_ instead of
BZ

BZ

.

The final results in either development must be equiva
lent .
We can now define matrix Green's functions in a
consistent fashion;

for example, the one-boson matrix

Green function may be defined as

i# G ( k t ; k ' t ') = Tr {PQp T[*k ( t ) ( f )] }/Tr{PQ p } ,

(5.47)

where T is the time ordering symbol and

(t) is a

column matrix,

bk <t)
iktt)

\

(5.48)

= i

In a straightforward way, one can show by working in
terms of states of H B Z , { |¥> r <4>|), or of H B Z , {|$>,
< ¥ |}, if one employed the operators acting on the
appropriate set, the usual properties of G(kt;k't')
follow that it is a function of

(t-t') and that it obeys

the periodicity condition in the complex time domain.
One can then proceed to develop a Fourier series
representation as for the usual temperature dependent
Green's function.

122

The Dyson's equation obeyed by G

becomes a single matrix equation after using

(5.46).

In
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momentum space

G(k,w) =

(with k = k '), we have

G°(k,u))+G°(k,o)) Z(k,<tf)G(k,a))

But the Green's function for the
(described by

.

(5.49)

"unperturbed"

system

H q only), G°(k,w), is d i a g o n a l :

G ° 1 (k/a>) =

[Ka)-EB (k)+in )-1 ,

G ° 2 (k,u)) =

[-)i(o-EB (k)-in ]-1 .

(5.50)

The self-energy matrix I can be derived using a
diagrammatic method involving linked cluster expansion
as was done by Straley10^ for T = 0 K

even though he ob

served that the non-Hermiticity of H__ implies that the

BZ

usual "time reversal" and "crossing" symmetries do not
hold.

His analysis is essentially correct even though

he did not properly take into account of the biorthogonal
set.

One could calculate the lowest order corrections

to £ by summing the bubble graphs, Fig. 4 where the
vertex functions must be interpreted in the light of
Fig. 2.

The theory given here is also valid for non

zero temperatures.

In the present work, we employ an

equation of motion method
matrix.
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to evaluate the self-energy

The equation of motion for G(kt;kO)

gives rise

to terms involving new Green's functions containing three
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operators in view of the structure of H_,_.
BZ

We then

derive equations of motion for these and linearize them
by using the familiar factorization method.
cedure leads, to order

This pro

(1/N),

y^ 3) (kk1k 2 )y^3) (kkxk 2 ) [1+ 21^ ^ ) ]
V<d+E b (k1 )+Efi(k2 )+i n

Y^3) (kk1k 2 )Y<^3) ( k k ^ ) [l+2nB (k1 )]
+2 Z'

K w - E b (k1 )-EB (k2 i+in

Y<!3) (k1kk2)Y(J3) (kxkk2) [ngtk^-ngO^]
-4 E '

Kw+EB (k2 )-EB (k1 )+in

(5.51a)

z 12 (k,u ) = - ( ! '

y^ 3)

(kk1k2) [ 1 + 2 ^ ^ ) ]

kl
[(Kto+EB (k1 )+EB (k2 )+in )”1

+

(-J<a)+EB (k1 )+EB (k2 )-in)“ 1 ]

-4 E 1

Y(j3) (k1kk2)Y<^3)
(k2kkx) InB (k1)-nB.(k2)]
1 2 yd
Xoj+EB (k2 )-EB (k1 )+xn

(5.51b)
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S'

s 2 1 (k,w) = -6

y ^ 3) (kk1k 2 )yj3> ( k k ^ ) [l+2n B 0cx ) ]

kl
[ (Xw+Eb (kx )+Eb (k2 )+ i n )_1

(->la)+EB (k1 )+EB (k2 )-in)'"1 ]

+

.

^ 3>
k

'
W
I V ' l W ' i 1
-Hu+Eg (k2 )-Eg (kx )- m

(5.51c)
and

Z2 2 (krw+in) =

(kr— ay-in)

,

(5.51d)

with

k 2 = -k-kx

Here nB (k) =

.

[exp($EB (k))-l]~^.

It should be observed

that this finite temperature theory is not valid for all
temperatures.

As the Hamiltonian describes only an

irrotational fluid, the finite temperature extension
given here is only valid when the superfluid density is
much greater than the normal density,
for instance, Ref.

1).

i.e., T<0.5K

(see

The rotational states of the

fluid are important for higher temperatures and this
Hamiltonian does not incorporate these processes.

The

12 1

finite temperature theories based on both the Nishiyama
and Sunakawa Hamiltonians have this similar limited
range.

The extension to all temperatures of the

Sunakawa Hamiltonian by Kebukawa

119

is thus not correct,

as was shown in Ref. 102.
The excitation spectrum is given by the poles of G
which occur for

det| [G°(k,o>)]“ * - Za 3 (k,u>)| = 0

(5.52)

i.e.,

-[#oo

+

- j

( E 1 1 (k,oo)

[E0 (k) + j

- S 22 (k ,oo)) ] 2

(^(k,^)

+ E 22 (k ,oo)) ] 2

- Z 1 2 (k ,oo) £21 (k ,oo) = 0 .

Straley 100 has noted that every vertex

(5.53)

of every graph for

1/2

£ 0 contains a factor which is small of order k '
a$

if

any one of the momenta k entering the vertex is small.
Since every self-energy diagram has two vertices with the
external lines, Fig. 4, Ea ^(k,oo)~k in the long wavelength
limit.

Therefore the solution of Eq.

(5.53) will not

display a gap, in contrast to some other approaches to
the excitation spectrum of a Bose system.

24 25
'

To order

122

(1/N), the excitation spectrum at T=0 K

is given by

tfu)=E(k) where

E (k) = E 0 (k) + e 2 (k) + Ofij)

.
e2 (k) - 2 p ^

(kk.k )YJ 3) (kk.k,)
-E-nn---EB-(k-1)^EB (k2i
Y < 3) (kk.k )y <3) (kk.k.)

18 ^

E(kJ+EB <k1 )+EB (k2 )

•

(5.54)

Note that this is a transcendental equation for E ( k ) .
The ground state liquid structure factor S(k) at T=0K
can also be derived in terms of this matrix Green's
function ,^83 because

S(k) = <Pk (0+ )p£(0)> » Xk <(b k +b^k )(bk +b_k )>

= A

lim
K T +0

lim,
Z
G~(kt?kO)
t+0 a , 3=1
0

It is well-known that

.

(5.55)
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1

00

lim G(kt;kO) = - —
t->-0+

da) Im G(k,w) [l+n(u))]

(5.56)

where n(w) = l/(exp $Jtfu>-l).

Thus,
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S(k) = -X.

lim
T+0

l f00

+- J
—

du Im G

act (krw) [1+n (10) ]

du Im G ° 6 (k.,(o)Ze Y (k,u))GY a (k.fa))

00

[1+n(w)]}

(5.57)

where one must sum over repeated Indices.
(5.57) can be evaluated using

In principle

(5.49) directly.

are here interested in computing S(k)

But we

to order 1/N only.

This involves only the diagonal elements of G in (5.57)
and we obtain after some algebra

S(k) = Xk + S 1 (k)

S, (k) = 36A,

£'
k

K1
y{
a 3) (kkxk 2 ) ^ 3) (kkxk 2 )
tEB (k) +Eb (kx )+Eb (k2 ) 1 [E (k) +EB

+Eg ( k ^ )

['fi3 , <k k ik 2 >''a3 >(kkik 2 >

+6 \ ? '

1
+ y £ 3) (kk1k 2 )Y(53) (kk1k 2 )] [E(k)+EB (k)]_1

[ (Eg (k) +EB (kx )+EB (k2 ))_ 1+(E(k) +Eg ( k ^
\

+EB (k2 ))“ 1 ] .

(5.58)
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It should be noted that Eqs.

(5.54) and

(5.58) reduce to

the Rayleigh-Schrodinger results when E (k)-*-En (k) on the
right hand side.

These equations will be used in the

next chapter to evaluate the excitation spectrum for
liquid He II.
In summary, in this Chapter we have developed a
mathematical formulation which is necessary to handle
the non-Hermiticity of the BZ Hamiltonian.

We have

developed a modified Rayleigh-Schrodinger perturbation
theory and calculated the ground and first excited state
energies, the liquid structure factor and the two roton
scattering amplitude to second order in

(l/»/lJ).

We also

found the momentum distribution to lowest order and shown
the presence of particles in the zero momentum conden
sate, though no assumption about its presence is made in
this theory.

We have developed a temperature dependent

matrix Green's function theory; the self-energy matrix is
calculated to second order.

The excitation spectrum and

liquid structure factor are deduced from this Green's
function theory.

These expressions will be used to

discuss the excitations of liquid helium in the next
Chapter.

CHAPTER VI
EXCITATION SPECTRUM OF LIQUID HELIUM II

The excitation spectrum, the liquid structure
factor, and the occupation number which were calculated
in the last Chapter can be numerically evaluated for
liquid He II if the interatomic potential were known.
There are many empirical formulas for V(r), all con
taining a hard core.

This means that their Fourier

transforms do not exist.

One could use a soft core

potential as Sunakawa et all.
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have done but there are

at least two free parameters which must be included,
namely, the height of the soft core and its range.
such, the resulting expressions for E(k)

As

and S (k) would

depend on these parameters critically and any comparison
with experimental results would not be unequivocal.
only hope seems to be that

The

which contains all the

dependence on V(k), is the lowest order approximation to
the experimentally measurable S(k).

If this is somehow

exploited in the actual numerical computations, one would
have some reliable answers.

But first, we would like to

show that E(k) derived in the BZ formalism is correct in
the low k limit, in the sense that it goes over to the
Feynman result.

2 2
It is well-known that Ep(k)=J< k /2m s (k)

gives the

correct sound velocity for liquid helium, and it is
125
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interesting to examine if the corrections to E_(k) using
our formalism give this result for k-K).

From

(5.17) or

(5.54), we have

E (k) = EB (k) + e2 (k) + 0(±£)

- E* (k> +

= E

(k) + E
F

(r - -

s W >

+ £’ (k)

S. (k)
.
(k) -4--- + e_(k) + ()(— ■)
B
\
2
N2

(6 .1)

In the long wavelength limit, the last two terms can be
reduced further using the expressions given in Chapter
V , and we find explicitly,

E (k) « Ep (k) + i- 0(k3 ) .

(6.2)

Thus E(k) derived from the BZ or S formalism approaches
the Feynman expression, Ep(k),

for k-*-0, as it should.
i

It should be noted from

(5.20) or

(5.58) that

not have the same slope as S (k) for k-*-0,

102

does

as has been

96
assumed by Sunakawa et a l .
To evaluate E(k)

for all k, let A^+Sfk)

remaining integrals for

(k) and

in

in the

(6.1).

This

substitution leads to an expression for E(k) with errors
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of order

2
(1/N ) only and we can evaluate E(k)

of the experimental structure factor S ( k ) .

in terms

The error

incurred in using S(k)

instead of

appearing in Eq.

should be no larger than the

(6.1)

experimental error in E ( k ) .

in the integrals

A similar procedure has

also been suggested by Nishxyama.
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In evaluating E ( k ) ,

we will use the Brillouin-Wigner type perturbation ex
pansion for e2 (k) and S ^ k ) ,
respectively.

Eqs.

(5.54) and

(5.58),

One feature of this calculation is the

appearance of E(k)

in the expressions for the excitation

spectrum (5.54) and structure factor

(5.58).

To evaluate

the integrals, change the integration variable
k^-k/2.

to

The resulting integrands will contain no

singularities for all E(k)

°—1

kQ=1.9A

less than E_(k)
r

and 2E_(k ),
F

O

, which are satisfied for the phonon-roton part

of the spectrum of our interest.
S(k) has been measured experimentally by both X-ray
and neutron scattering techniques.
that S(k)

It should be noted

is quite difficult to measure accurately and

problems arise in normalizing it.
(FC) have shown that S(k)

14

Feynman and Cohen

should satisfy the normaliza

tion condition

r°°

-2tt2P = I

53

k 2 [S(k)-l]dk .

(6.3)

o
For liquid helium at normal vapor pressure, using the
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O _ T

known density p, the left side is equal to -0.43A
PC and Jackson-Feenberg

57

culations, used an S(k)
°-3
+0.44A
.

.

(JF), in their original cal

for which the right side gave

There are at least three probable reasons for
(1 ) the data used in the evalua

obtaining this result:
tion was taken at 2.06K,

(2) some arbitrary extrapola-

°_1
tion had to be made for k<0.9A
as k-*-0 at T=0K,
°-l
up to 6A
.
Meyer,

47

and, lastly,

as S(k) must go to zero
(3) S (k) was measured only

By using the more recent data of Achter and

Fig. 5, we can eliminate the first two.

new data was taken at T=0.79K
it and the T= 0 K
°-l
k<0.4A
.

The

and the difference between

result should only be in the region

In this region, we extrapolated the result at

°-l
k=0.4A
linearly to zero, so as to give the correct
sound velocity.

These data, however, only went up to

°-l

k=:4.5A

; for larger values, we let S (k) equal its

asymptotic value of unity.
normalization integral
°-3
value of -1.3A
.

The evaluation of the

(6.3) using this S(k) gave us a

This integral is found to be very

sensitive to the exact structure of S(k)

for all k.

To

check whether the contributions for k values greater than
°-l
4.5A
are important in the evaluation of the integrals
in

(6.1) we used a model

96

S(k) which oscillated about

its asymptotic value for large k.
combination of integrands in

It was found that the

(6 .1 ) when integrated did

not depend on the asymptotic form of S(k) but each
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integral in

(6.1) did.

Thus we conclude that the major

errors incurred in this calculation of E(k) are related
to the experimental uncertainty in S(k) only and is
probably of order 5%.
Thus using S(k), Fig. 5, from Achter-Meyer's recent
X-ray scattering experiments, we evaluated E(k) at normal
vapor pressure.

The results are given in Fig. 6 .

comparison, we have also recalculated E(k)
formula, Eq.

(2.21), using this S(k).

For

from the JF

Note that our

result is better in the low k region and also has a lower
BZ
roton minimum, Aq =12.3 k

JF
compared to Aq =12.9K.

Our

°-l
result is, however, larger in the maxon region, ksl.lA
.
°-4
The region from 0.4+0.8A
, in which both our result and
JF are lower than the experimental results of Cowley and
Woods
S(k)

14

is of interest.

Hallock

48

has recently measured
o-l
at very low temperatures from k=0 to 1.1A
and his

results are also shown in Fig. 5.

Note that in this

region, Hallock's data is lower and shows signs of a
soft shoulder first predicted by Miller et al.

54

This

difference is not explained but is large enough to make
our results for the energy agree better with experiment
in this region as E„(k) would then increase.
r

not measure S(k)
evaluating E(k)

Hallock did

for all k, so his data is not useful in
for any k.

For values of k larger than

k , the momentum at the roton minimum, neither our calo'

r

culation nor the JF result bends to form the plateau
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which is obtained experimentally.

This is because

these calculations do not include higher order inter
actions which become important for k larger than kQ .
The probable sources of error in our approximation are
thus the uncertainty in S(k) and contributions from
terms of order

(1/N ) which probably become important

for larger values of k.

While the agreement with experi

ment is only fair, it seems to be the best such theoreti
cal calculation involving experimental S(k).^^^

The

other types of numerical evaluation of E(k) are based on
model potentials with at least two free parameters.

96

One could also evaluate N /N by a similar method by
o
replacing

with S(k)

in

(5.26).

we find N q/N to be negative

We have done this but

(~— 0.3).

We believe this to

be a result of the sensitivity of the integral to the
exact structure of S(k)

for all k.

We are at this time

unable to draw any further conclusions about this result.
This seems to be similar to the difficulty encountered by
FC, JF and the present authors in computing

(6.3).

CHAPTER VII
SUMMARY AND CONCLUDING REMARKS

In this work, we have reviewed several approaches
which attempt to derive from first principles the
elementary excitation spectrum of superfluid liquid
helium.

We have shown that several seemingly different

microscopic descriptions for a system of spinless,
identical bosons are equivalent.

The most widely known

of these is that initiated by Bogoliubov,

17

who employed

a weakly interacting gas as a model for liquid helium.
While liquid helium does differ from this problem in that
the particles are strongly interacting at short d is
tances, the excitation spectra should be similar at
least in the phonon region.

This description has one

unattractive feature in that it depends directly on the
assumption of a macroscopic occupation of the zero
momentum state.

This dependence can be eliminated in

several ways as is discussed in Chapter IV, by the
introduction of new variables.

Choosing to describe the

fluid in terms of a density variable, one can eliminate
the dependence on the single particle operators of
Bogoliubov.

There are several variations of this theme,

which are summarized in Table I.

In Chapter III, we have

shown that all of these are not only equivalent but also
give a complete description of the system. The Bogoliubov131
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Zubarev approach is one that is of particular interest
to us here.

Since

itcontains only a finite number of

interaction terms,

it seems to be the easiest to apply

in perturbation theory if one can handle its nonHermiticity.
In Chapter V, we have given briefly the necessary
mathematical formulation to handle the non-Hermiticity
of the BZ Hamiltonian.

This is done via the introduction

of a biorthogonal set of wave functions.
order in

Through second

(1/y^T) , which is a high density expansion, we

have calculated the ground and first excited state
energies, the liquid structure factor, and the two-roton
scattering amplitude.

The results are convergent and

equivalent to that obtained
tonian.

We have also

using the Sunakawa Hamil

shown that this method is not in

consistent with the notion of the presence of particles
in the zero momentum state, which is expected on general
grounds based on the ideas of off-diagonal long range
order in the single particle density matrix of the boson
system.

Thus even though the theory does not assume

the presence of particles in the zero momentum state, as
in the Bogoliubov approximation, this feature is present
in the formulation.

We have also developed a temperature

dependent matrix Green's function theory which should be
valid for T<0.5K.

At larger temperatures, one must

include rotational modes of the system which are not
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described by the BZ Hamiltonian.

From this theory we

obtain expressions for the first excited state energy
and liquid structure factor to second order in (l/i^J)
in a Brillouin-Wigner type perturbation theory.
The most important feature of any theory of super
fluid liquid helium is that it should give a fair
description of the phonon-roton spectrum which is
determined experimentally.

In view of the importance

of this aspect, in Chapter VI, we have given a detailed
account of the various experimental works and their
relation to our and other calculations.

Our calculation

incorporates the experimental structure factor and
eliminates all the dependence on the unknown interatomic
helium potential.

We have shown that our expression for

the excitation spectrum is exact in the low k limit but
only in fair agreement with experiment in the roton
region.

For comparison, we reevaluated the excitation

energy given by Jackson and Feenberg and found that
result to be in qualitative agreement with ours.
In conclusion, we comment on two important areas for
future work.

The first is experimental.

As our calcula

tion of the excitation spectrum indicates, the structure
factor must be known very accurately at low temperatures
for all values of k.

The present discrepancies in S ( k ) ,

°-l
particularly in the region of 0.5A
and less, seems to
have large effects on the calculation of E ( k ) .

At this
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time, it is not clear which set of experimental results
are more accurate.

The second is theoretical.

As noted

earlier, the present discussion is limited to low
temperatures

(<0.5K) as the Hamiltonians only describe

irrotational fluids.

An extension to incorporate the

microscopic rotational flow in the description of the
system is essential for higher temperatures.

These

states are important for improving the theory for the
entire range of temperatures both below and past the
transition temperature.

As noted, only a formal attempt

in this direction has been made by Yee.
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APPENDIX A
EQUIVALENCE OF DIFFERENT FORMS FOR THE SECOND
ORDER CORRECTION TO THE EXCITATION ENERGY

There have been several expressions for the second
order corrections to the ground and the first excited
state energies given in the text.

The equivalence of

the ground state energies are discussed by Berdahl.
E ^ 2 ) B , Eq.
by L e e .73

104

(4.9) was shown to be equivalent to e ^ 2 ^CBF
Their equivalence to e ^ 2 ^BZ Eq.

been demonstrated by Berdahl and Lee
Rajagopal and G r e s t . I t

76

(5.16) has

(2) S
and to E^
by

has also been established

that e 2B F (k) = eB Z (k) = e 2 (k).7^'^B ^

The connection to

£
e 2 (k), Eq.

(4.26) is new and is given here.

Recall Eq.

(5.17)

for eB Z (k),
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s can be expressed in terms of
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It is also useful to rewrite
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In the third and fifth terms use the identities
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Use has been made of the following relation :
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where ffk^)

is any function which depends only on the

magnitude of kj..

Using this property again, one can show
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(All) is convergent
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14.

k^-*-00) , change the integration variable k^-*— k^-k and use
(A9) to show that the right hand side of

(All) vanishes,

Thus

e®Z (k) = e®(k)

the desired result.

,

(A12)

This demonstration shows that the

Gavoret-Nozieres result is valid for all k to order 1/N.

TABLE I
Description of the Hamiltonians
Hamiltonian
1)

Bogoliubov-Zubarev

Variables
P(x),

TptxT

Current

m [p(x) H

Basic Vertices
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4s y(dfbfCfd)
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Sunakawa
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J p(x)?*(x)

p(x), *(x)

£ (p (x)$4(x) -

• g (a,b)' 9a

#

(Hermitian)

3)

Nishiyama

same as (2)

(Hermitian)

4)

Berdahl-Bloch (y M )

$p(x)}

(non-Hermitian)

Y-0 ,1 : same as (1)

Y#0,Js,l: infinite
number
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Modified Bogoliubov
Eq. (4.22) (Hermitian)

f (x),

(x)

C+t (x) (fy(x))-(^+ (x))♦ (x) ]
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FIGURE CAPTIONS

Figure 1

Excitation spectrum of superfluid helium as
proposed by Landau.

The small momentum

excitations are phonon-like, and the spectrum
exhibits an energy minimum corresponding to
roton excitations at higher momenta.
Figure 2

The bare vertex functions in the BogoliubovZubarev Hamiltonian, Eq.

Figure 3

(3.31).

Diagrammatic representation of scattering
amplitudes for two excitations with initial
momenta p and p' respectively, going into a
final state involving two other excitations
designated by momenta p+q and p'-q.

Since

the Bogoliubov-Zubarev Hamiltonian only con
tains the three-excitation vertex, the inter
action is mediated by a quasiparticle e x 
change .
Figure 4

Lowest-order contributions to E 0 for nonOtp

zero temperatures.
Figure 5

The experimental structure factor versus k
for liquid He II.

The solid line

(--- ) is the

result of an X-ray scattering experiment by
Achter and Meyer (Ref. 47); this curve is extra
polated to zero so as to give the correct sound
velocity.

The dashed line
153

(---) is the
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observations of Hallock (Raf. 48), also by Xray scattering.
Figure 6

The excitation spectra of liquid He II.

The

curve F is Ep(k) evaluated using the Achter
and Meyer structure factor, the curve BZ
is calculated from the Brillouin-Wigner
perturbation expansion

(6.1).

For compari

son, JF is the Jackson-Feenberg second order
Brillouin-Wigner perturbation expansion,
(2.2d), reevaluated using the Achter and
Meyer S(k).

The dashed line is the experi

mental results of Cowley and Woods

(Ref. 14).
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