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ABSTRACT

Filtering and control techniques are developed for use in large-
scale stochastic systems with particular attention focused on the in-
formation flow constraints which are often present in such a system, A
decentralized filter having complexity constraints is derived using a
variational approach and the relationships of thisg filter to the cen-
tralized Kalman filter are investigéted. In particular it is shown
that the decentralized filter can be designed by employing a computa-
tionally simple modification to the standard Kalman filtering Riccati
equations. Qualitative aspects of the filter's performance are given
in terms of an observability condition, and quantitative performance
data are generatcd for the case of state estimation in a two-~area
electric power system.

In the decentralized control of large—-scale stochastic systems,
complexity constraints are imposed on the structure and a variatijonal
approach is used to develop necessary conditions for optimality. An
apparently new derivation of the separation principle for centralized
information patterns is employed to investigate the applicability of the
separation principle for decentralized information patterns.

A design methodology is developed for an interaction modeling
approach to decentralized controller design and the structural aspects

of the local controllers are considered in detail.



CHAPTER I

INTRODUCTION AND PROBLEM FORMULATION

Systems engineering encompasses a wlde range of general problem
areas which can be both theoretically interesting and of practical
importance. From one viewpoint, the central problem of interest to
the systems engineer is that of controlling a given system. That is,
a plant or collection of interconnected components which under "ideal
operating conditions' is capable of performing some desired task, has
been designed and is to be put into operation in the real world. The
control design problem is then to design an auﬁiliary system which
enables the plant to operate in the real world in a manner which in
some prespecified senge is optimal or at least satisfactory. The de-
sign of such a controller must, of course, be carried out subject to
certain constraints. Figure 1.1 gives a schematic representation of
this very general problem and serves to introduce some of the notation

used throughout this paper.

CONTROLLER CONSTRAINT LIST

(To be designed) 1. Economical?
2. Realizable?
3. Reliable?

m y 4, Plant stresses
acceptable?
PLANT
(Fixed) — T T T"| PERFORMANCE MEASURE
(3

Fig. lL.1 General control probhlem.

-1~



4g indicated in the above figure, y represents the obscrvations
which are available to the controller for use in generating thc con-
trol signal, m.  Loosely speaking, the control problem is then to
determine a functional relationship between the observations and the
control which satisfies the constraints and gives a satisfactory value
of the performance measure. Solution of this design problem may pro-
ceed either analytically or experimentally with experiments being
carried out on: (1) the actual system, (2) a physical prototype of the
actual plant, or (3) a mathematical model simulation on a computer.
Usually the most economical of the experimental methods 1s the simu-—
lation of the system on a mathematical model. Most successful design
schemes utllize a combination of simulation and analytically based
techniques. Of course, in order to carry out such schemes, it is
necessary to develop reasonably accurate mathematical models of the
process to be contreolled.

A system model, P is developed primarily from an understanding

M’
and mathematical formulation of the fundamental physical processes
taking place in the actual system. Of course, the extent of this un-
derstanding and the subsequent mathematical formulation varies consider-
ably depending on the processes involved. For example, Iin the aero-
space area the basic processes are usually amenable to analysis by
Newtonian mechanics and are well understood. Contrasted to this is

the Fourdrinier process of papermaking in which the underlying physical

processes are extremely complicated and knowledge is primarily of an

*
empirical nature [1] . However, regardless of the state of knowledge

*
Square brackets are used to denote the references listed in the
bibliography at the end of the paper.



concerning the process, boundaries of the system model must eventually
be drawn somewhere and hence, in general, it is not possible to model
all aspects of the system. Therefore, modeling uncertainties arise In
addition to the uncertainties which are present due to the action of
the real world environment on the system. These unmodeled forces and
real world action on the plant are primarily unpredictable and unmea-
surable in the real system and therefore must be modeled through some
statistical means. This random character of the signals which affect
the system will lead to a performance measure which is a random vari-
able depending on the particular sample path taken by the stochastic
procesgses. Thus, in ﬁgis stochastic setting, it is necessary to use
some statistically based measure of the performance. This is usually
accomplished by using the mathematical expectation or variance of the
original performance measure. Therefore, after the modeling phase has
been completed, the control problem takes the general form shown in

Figure 1.2,

CONTROLLER | __ _ __ _| CONSTRAINT LIST
(To be designed) 1. Economical?
2. Realizable?
3. Reliable?
m y 4. Plant stresses
acceptable?
PLANT MODEL
y=Ey(m,%) — — — =1 PERFORMANCE MEASURE
T E J=g(J)
SAMPLE SPACE

Fig. 1.2 General control problem after modeling.



Fundamental knowledge of physical processes is primarily embodied
in the differential equations derived from limiting arguments based on
a macroscopic view of the process and in the various conservation i;ws
of physics [2-3]. A large class of processes may be represented via
elements from the class of smooth dynamical systems [4]. For systems
of this type, it is well known that a basic unifying concept is that of
state [4]. After choosing a representation of the state, the system
operator, ?M, may be decomposed into a dynamical operation followed by
a memoryless functional relationship. That 1s, letting x represent the

state of PM and t ¢ [to,tf] the system operation can be described by

x(t)

f

x(m[tost], E[tost]) x(to), t) (1.1)

il

y(t) = ¥(x(t), m(t), E(t), t) (1.2)
wherein

mle ,t] = ((m(0), D¢ © elt ,e])

and similarly for E&.

Roughly speaking, the state of the system is the Information -
required in order to compute the system output at time t, based on
knowledge of all inputs over the interval [t,,t,] and the state at
time t, . Interest in this paper centers essentially on systems in
which the state space is finite dimensional, although some of the re-
sults are potentially useful in suitable discretizations of infinite
dimensional systems. Thus, the systems of interest here are those
described by ordinary differential equations.

As noted in the above the constraints of the control problem

play an important role and can not be overlooked if the control system



is to be useful in the real world. There are a number of constraints
which may be present in a typical design problem. The primary focus

in this research 1s on constraints which reflect the.fact that in a
practical system there may be limits on the amount of information which
can be transmitted within the system. That is, we are intereated in
systems which are informationally decentralized in the sense that there
is no central agency which is capable of processing all of the obser-
vations obtained from the system. This regsearch area appears to be one
of the most interesting and at the same time potentially useful of the
regsearch areas in the control of interconnected large-scale systems.

During the past several years, problems related to the control of
large-scale systems have begun to attract a considerable amount of
theoretical interest (see e.g. [5-8]). This interest and the concomi-
tant classificationrof system control problems on tlie bases of system
size and cémplexity stems primarily from the fact that the implemen-—
tation of a controller derived from a straightforward application of
existing stochastic optimal centrol theory often requires a prohibitive
amount of data handling and computational capability.

Much of the research to date in large~scale gystem control has
focused attention on problems arising in what might be called the
"planning phase" of controller implementation. For example, the con-—
cept of e-coupling [6] apparently arose out of the desire to approxi-
mate the solution of the requisite Riccati equations by a sequence of
solutions to decoupled equations of lower dimensionality. Of course,
such a technique is primarily computational in that the resulting con-
troller structure is the same as that dictated by standard stochastic

optimal control theory. Thus, the problem of managing the on-line



information flows remains. Controller design subject to constraints on
the allowable information flow is that aspect of large-scale system
control which is of interest in this paper.

The concept of decentralization [9] affords a technique for alle-
viating the on-line data handling requirements and has been the subject
of extensive discussion in the literature of management science, econo-
metrics, and organization theory (see e.g. [9-16]). Recently, as is
evidenced by [17-21], interest in decentralized confrol and filtering
structures has been shown in both the practical and theoretical control
literature.

From a practical point of view this interest stems from the fact
that many industrial processes are inherently 1argé—scale and the large
amount of data processing required by conventional stochastic control
make these techniques impractical. In addition, improvements made in
minicomputer technology have provided process control with an attractive
alternative to completely centralized control structures. These im-
provements which have been launched by advances in MOS/LSI electronic
technology have made the small computer very attractive for localized
filtering and control operation under the supervision of a large central
computer [22-23].

Theoretical interest in decentralized structures is sparked by
the basic objective of this decentralization; viz., the efficient dis-~
tribution of the information processing and computational effort in-
volved in controlling the system leads to non-standard control and
filtering problems. That is, an effective decentralization results in
a structure involving multiple controllers each with different infor-

mation on the system. Using the method of classiflication proposed In



Ho's survey of generalized control theory [24], design of decentralized
control structures falls most naturally in the team theory class. In
other words, the multiple controllers in the decentralized structure
have the common goal of extremizing a common overall performance index.
Specifically, in thils paper consideratiom is given to plants
which can be effectively modeled as a given* collection {Si: i=1,2,..N}
of N interacting dynamical subsystems, Si' On the given time interval

[to’tf] each subsystem is described by the Ito equation model [25-27]

Si: dxi(t:UJ) = fi(xi(t’w), Ui(t,w), mi(t,m)s t)dt + dwi (1.3)
ui(t,w) = Li(x(t,w)) _ (1.4)
dyi(t,w) = Hi(zi(t,m))dt +dng (1.5)
2, (£,0) = [x}(t,0)  ul(e,0)] (1.6)

wherein for each t E[to,tf] and each & in the underlying probability

space, 2, xi(t,m) is the n_-vector valued state of Si’ ui(t,m) is the

i

pi—vector valued interaction input to Si derived from the other sub-

systems, yi(t,w) is the q,-Vvector valued observation available at Si’

mi(t,m) is the r,-vector valued local control input to subsysten Si’

LA is the local plant disturbance noise and n, the local observation

1

noise at Si' The initial state, xi(to, *}, is assumed to be a gaussian

o
random vector with mean X and covariance L The noise processes

o
io

are assumed to be gaussian white processes with zero means and

*

Une can envision situations in which it is of interest to determine
aopt tmal decompositlons of a system into subnystems., However, throogh-
out this paper [t {s assumed that the decompositlon ls given.



covariances Wi and N, respectively. Various independence agsumptions

i
between the stochastic variables will be necded. Unless otherwise
stated to the contrary it will be assumed that the noise processes in

S, are stochastically independent from those in S

" for all i¥j and that

J
for i=3 the plant disturbance noise and observation noise are indepen-
dent. All noise processes are assumed to be independent of the initial
state, and the initial state of Si is assumed to be independent of the
initial state of Sj for all i#j. Finally, without loss of generality,
it is assumed that the observation noise processes are nondegenerate
and thus the Ni i=1,2,...N are positive definite.

From equations (1.5~1.6) it is seen that in general we assume
that the local observations at subsystem Si consist of partial obser-
vations on the local state vector and the interaction input to Si' In
addition, from (1.3) and (1.4) it should be noted that we are assuming
that the control signals are localized. ' That is, the control input to
Si influences the state of Sj j#i only through its influence on the
state of Si and the subsequent effect of x; on xj. This would appear
to be a valid assumption for a reasonably large class of systems.

It is often necessary to consider the n-vector valued composite

' N

state vector, x = [x] xJ ... xﬁ] s D giglni , and to use the projec-

* n_o_nj
tions PX it R'> R'! defined by the rule
]

X,i

N
s .
R" and iggﬁ‘ are different objects but are trivially isomorphic and

hence no distinction is made between them. For brevity we usually write

k" in place of jﬁlkni.



Clearly, the matrix representation of PX i on the canonical bases for
]
R" and R is given by

[0 0...0I O...0 0]
ny

wherein Ini ig the canonical representation of the identity on R"1 and
the O0's are appropriately dimensioned null matrices. Since no confusion

is likely to result, no distinction is made between Px 1 and the matrix
]

representation given above. Another map which is useful notationallj

in R™ into (0 0...x, 0...0 D)

is the map from R to R™ which takes Xy 1

N
in igani where the nonzero entry appears in the i-th position. It is
readily seen that the canonical representation of this map is PX i"
»

Similarly it is often necessary to consider the vector valued
composite ogservation y = [yi Yo oo yﬁ]'eiEJqu, and the projection
PY,i: Rq(=iQ1Rgi)+ Rgi. A corresponding convention is followed for
the composite control vector, me Rr(=igﬁRri) » and the projection PM,i'

4 schematic representation delineating the structure of the
systems considered in this paper is given in Figure 1.3 in which only
the plant and the probability space are shown and the stochastic signal
Ei is used to represent (wi, ng’ xi(to, *)). Note that essentially no
loss of generality is entailed in the agssumption that the interconnec-

tion grid is static——if this is not the case the interconnection dynam-

ics may be incorporated into a fictitious (uncontrolled) subsystem.



: PROBABILITY SPACE

! 3

SUBSYSTEM Sl SUBSYSTEM 32 SUBSYSTEM SN

£0 By £,5 Hy £ By

PLANT !

*1 Y1 X Yy *N UN

o e e ke B PR Y e R S e e e e e . .k

STATIC * INTERCONNECTION GRID
I {Li:i=1,2,...,N}

u, = Li(x)

— =y p——

Fig. 1.3 A large-scale stochastic system.

The information describing a system of the above form is most

naturally composed of three classes: (1) subsystem model data IMD =
i
{fi, Li’ Hi}’ (2) statistical parameters representing knowledge con-

0 o0
cerning the.stochastic processes IPDim {xi, Ei, Wi, Ni}" and (3) on-

line data obtained from cbservations on the operating system, IOD (t)=

{yi(t), mi(t)} . Data from classes (1) and (2) can be used in the

Static is used here in the sense of nondyramic. This, of course, does

not eliminate the case wherein the Li.are time-varying.

10



11

"planning" or pre-operational phase of controller implementation; where-
as data from class (3) can be used only in the on-line phase. One can,

~ of course,.consider an adaptive situation in which éﬁ—line measurements
are utilized to improve the controller performance. However, the deci-
sion rule or strategy used in implementing this adaptive procedure must
be designed in the planning phase using only information from classes
(1) and (2).

The viewpoint taken in this paper and the constraints imposed on
the various controller structures are motivated by problems from the
areas of electric energy systems, transportation systems, and process
control systems. In each of these areas problems having the structure
outlined above can occur quite naturally. The electric utility in-
dustry with its more than 3000 interconnected subsystems, its numerous
power pools, and wide diversity of owners truly constitutes a large-
scale system. Many proposed urban transportation systems incorporate
a large numbe; of privately occupied vehicles driven at relatively
high speed under computer control on a single automated guideway. If
one formulates the control problem for such a transportation system as
that of maintaining a prespecified pattern or spacing between the
vehicles, a system having essentially the above structure results. Of
course, in the process control area the various processing stages are
usually carried out in unit operations wherein each unit or subsystem
has its own local controller. Thus process control problems fit quite
naturally into the above structure.

In the majority of system monitoring and control technlgues, it
is necessary to estimate the state of the system from nolsy output

signals. Chapter II focuses attention on this filtering problem and



it 1s shown that under certain natural complexity constraints the de-
centralized filter can be realized via a computationally simple modi-
fication of the standard Kalman filtering Riccatl equation computations.
In addition, it is noted that this filter is equivalent to the Kalman
filter subject to appropriate "local modeling" of the interactions as
white nofse processes. O0f course, the optimal decentralized filter is
suboptimal relative to the filter utilizing centralized information and
this motivates the discussion of methods for evaluating this subopti-
mality. It is shown that for time~invarlant systems if a certain
observability condition is satisfied, then the degradation of the
filter performance due to decentralized iInformation approaches a
bounded steady state value,

In Chapter ILII the control problem is considered. Ag in the- -
case of the decentralized filter, complexity constraints are imposed on
the controller structure and a variational approach is used to derive
necessary conditions for the optimal parameters. A simple and apparent-
ly new derivation of the separation principle for centralized informa-
tion patterns is given and the applicability of a separation principle
in the decéﬂtralized case is discussed.

In an engineering approach to problems of decentralized control,
one often takes the approach of modeling the iInteraction. Then the
problem of controller design is localized~-for example, the infinite-
bus analysis of electric power systems. This approach is considered
in Chapter IV and it is shown that a controller having a particularly
attractive structure results if the interaction models are taken from
a certain class. The structural properties and a design procedure for

controllers based on this technique are considered. 1Tn Chapter V

12



conclusions and suggestions for further research are given.
In addition to some Important intermediate results, the
appendices give performance data for the application of the decentral-

ized filter to a two—area power system.

13



CHAPTER It

DECENTRALIZED FILTERING VIA CONSTRAINED FILTERS

1. Llntroduction

One ¢f the fundamental problems confronting any decision maker is
that of processing information obtained from observations which are
corrupted by unknown and unmeasurable signals over which he has no con-
trol. This very old problem in systems-science can be traced to Gauss
In his astronomical studies [28~29} and continues to be the subject of
a large amount of research--see [30] fqr an execellent bibliography on
this subject.

The modern approach to state estimation received its initial
impetus from Wiener [31] and Kolmogorov [32] in their studies during
the early 1940's. With the advent of the state concept in the early
1960's Kalman [33] and Kalman and Bucy [34] extended the Wiener-
Kolmogorov results and devised efficient algorithms for the digital
implementation of the estimator.

From the control viewpoint, interest in state estimation stems
from the fact that in order to accurately control a system it is often
necessary that accurate estimates of the system state be available.
Thus, estimation is usually a first step in the implementation of a
control strategy. Moreover, it has been shown [35-37] that in the case
of linear systems, gaussian noise processes, quadratic performance
functionals, and centralized information patterns the optimal controller

structure consists of a conditional mean estimator in ecascade with the

“14-
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optimal deterministic controller. Recently, Brooks [38-39] has formu-
lated the stochastic control problem as a minimum norm problem in Hil-
bert space, and has extended the separation theorem to the case In
which the only requirements on the stochastic processes are that they
have finite Hilbert norms and independent increments. Uowever, i coen-—
tralized information pattern is assumed. The case of nonclassical in-
formation patterns has been studied primarily by Witsenhausen [40] who
has shown that in general the separation theorem does not hold In these
cases. Nevertheless, in this chapter the filtering problem is con-
sidered separately from any control strategy. Justification for such
an -appreach in the light of Witsenhausen's results are: (1) in a number
of applications one 1s interested only in tracking the state of the
system and thus the control problem does not enter into comnsiderationm,
and (2) even though the separation theorem may lead to suboptimal con-
trollers, it may be the best feasible approachy viz., a controller
structure in which the controller and filter sections can not be de-
signed separately may be too difficult to implement.

In this chapger as well as the majority of the remainder of the
paper variational techniques are employed to determine the optimal
element in a class of structurally constrained filters. The original
stochastic optimization problem is reformulated into a deterministic
optimal control problem via the following steps: (1) choose a class of
implementable filter structures, (2) parameterize this class of struc-
tures, (3) reformulate the cost functlonal and system dynamics in terms
of the parameters, and (4) regarding the parameters as control varl-
ahles, apply techniques from deterministle control Lheory to derive

necessary conditions for optimality.
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This approach has been used by Athans and Tse [41] to give a
direct derivation of the optimal linear centralized filter. An obvious
advantage of such an approach is that the resulting filter structure
is implementable. As a matter of fact this approach is fn the same
spirit as that of Johansen [42] and Sims [43] and allows one Lo place
complexity constraints on the resulting filters. An obvious disadvantage
to such a technique is the fact that unless the optimal unconstrained
fiiter lies in the chosen class, the resulting filter will be sub-
optimal relative to this unconstrained filter. In addition, even though
the structural class is implementable, the optimal element may not exist
or if it does exist the conditions specifying this element may be too
complex to use as design tool.

For completeness, ease of reference, and to illustrate the vari-
ational technique, the chapter begins with a direct derivation of
the optimal filter under the centralized information pattern in which
the information

N

4 y
L0 2 42y o Y Tep

UI_ (£}
i oD,

is available at a central location. Next, a natural class of complexity
constrained filters is introduced for the case of completely decen~
tralized information and it is shown that the optimal filter imr this
class can be obtained from a computationally simple modification of

the standard Kalman filtering Riccati equation computatioms. Evaluation
of the performance of this decentralized filter is then considered and
it Is shown that for time invariant systems a certain observability
condition guarantees that the performance loss due to decentralization

approaches a bounded steady state value.
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I1. The Centralized Filter [41]

Consider the classical case in which the plant Is linear, the

cost functional quadratic, and the information pattern centralizoed.

That is, for each i=1,2,...,N

fi(xi’ s My, t) = Aixi + Liiui + Bimi (2.1)
N
Li(x) = Z; Lijxj (2.2)
j=1
j#i
Hi(zi) = Hizi {(2.3)

wherein Ai’ Bi’ Hi’ and Lij i,3=1,2,...,N are appropriately dimen-
sioned matrices with real-valued entries which are continucus on the

interval [to,tf]. The loss function which is to measure the filter

performance is defined by

2
J(t) = &1 |e(t, -)IIQ} (2.4)

wherein the estimation error, e(t, "), is the random variable defined
by

e(t,w) = x(t,w) - é(t,m)

%(t, -) is the filter output, ¢ is the a priori expectation operator,
and Q@ is an nxn positive definite matrix. The centralized information
pattern implies that there exists a single filter which has information

Ic(t) as defined in the previous section.
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Using the above subsystem dynamics and the fact that the composite
state vector can be written
N

X = 2: P! .x
& %1

it is readily shown that the dynamics for the overall process are given

by
Ax(t,w) = A x(t,w) + Mm(t,w)]ldt + dw (2.5)
wherein
N
= ¥ +
A z; PX,i(AiPX,i LiiLi)
i=1
" N
m = P! B.m
& K1
]
and w=[w] wj ... wﬁ]

Note that since the information is centralized, the filter has the
necessary data from which to construct A and M. Similtarly the equation

describing the observation process, (2.3), may be written

dy(t,w) = H x(t,w) dt + dn (2.6)
wherein
N 1
- ] 1 )
H = Z PY,iHi[PX,i Li]
i=1
1
and n=1I{nd ... n&]

As before, the centralized information pattern implies that the on-line

data, (t), and the model parameters are available to the filter and

IOD_
i

enable it to form the above composite observation vector.
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Now let the class of implementable filters be those that are

linear, smooth n—-th order dynamic systems which give unbtased estimates.

That is, the class of filters is specified by

F: xlt,w) = F xt,w) + € mlt,w) + G y(t,w) (2.7

wherein F, G, C are continuous real-valued matrices on [to,tf], and

&Elet, )} =0 Vorele ] (2.8).

Using (2.5) and (2.7) it is easily shown that the estimation error

satisfies

e(t,u) = Felt,s) + (A-F-GH)x(t,u) + (I-CIM(t,w)
+ w - Gn

(2.9)
Recall that the expectation operation represents an integral and
under certain reasonable conditions (see [78], p. 46) commutes with the

operation of differentiation with respect to the parameter t. Thus

Erelt,)} = &let,")} (2.10)

Now, if d?{e(t, “¥} = 0 for each t g[to,tf] then for each t it follows
that & {e(t,*)} = 0 and hence from (2.9), (2.10), and the fact that

w and n are zero mean processes it follows that a necessary condition

for unbiased estimates is

0 = (A-F-GH)@{x(t, )1+ (1-0) Lm(t, )



Therefore, in general, necessary conditions for unbiased estimates are

F=A-GH
(2.11)
C =1
In addition, letting t=to in (2.8) results in the condition
x(t_sw) = x° Y wel . (2.12)

On the other hand using conditions (2.11) and (2.12) in (2.9) it

follows that

Etelt, )= F&lelt,))
Elelt, (e = 0.

Therefore, conditions (2.11) and (2.12) are also sufficient for un-
biased estimates. Thus the class, g-, of filters over which the
optimization is to be performed is characterized by the stochastic
differential equation

x(t,0) = A x(£,0) + Giy(t,w) ~ H ;l(t,m)}"' Bt ,0)

° (2.13)

x(t_>w) = X VY wed

wherein the filter gain, G, remains to be chosen in an optimal manner
relative to the loss functional defined in (2.4). To this end, let V(t)
denote the covariance of the estimation error. Since the estimates are

unbiased, V(t) is given by

vit) = &lelt,-)e'(t,")} (2.14)

Using the well-known fact that x'Ax = Trace(Axx') we have for each

tlL [Lu'tfj
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2 )
Etllete;, )]y} = exla Elele e (e, 1)

and therefore

]

J(tl) tr{QV(tl)} (2.15)

In order to formulate the optimization problem in a control-
theoretic setting it is useful to derive a dynamical equation which
reflects the effect of the parameter G on the error covariance. Note
that

v(t) = Glelt,de'(t,") + e(t, )e(t, )} (2.16)
and that for the case of unbiased estimates (2.9} becomes
e(t,w) = (A-GH)e(t,w) + w — Gn (2.17)

Therefore using the fact that the expectation is a linear operator,

the first term in (2.16) can be written
Eie(e,de'(t,)} = (A-GNV(L) + & {(w-Cn)e'(t,*)} (2.18)

Proceeding formally,solutions to (2.17) can be written in terms of the

state transition matrix, ¢, as

t
e(t,w) = o(t,t ) (x(t_.w)~ x°) + j; #(t,t) (w-Gn) (1)dr  (2.19)

o

Using (2.19) and the fact that w and n have independent increments and

*
are stochastically independent from the initial state it follows that

E{(w-Gn)e'(t,*)} = [W + GNG'1/2 (2.20)

*
Recall that w and 1 are assumed to be stochastically independent.

21
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The second term in (2.16) is the transpose of the first and thus col-
lecting the results of (2.18) and (2.20) in (2.16) yields the desired

dynamical equation
V(E) = (A-GH)V(E) + V(t) (A-GH) + W + GNG (2.21)
The boundary condition for (2.21) may be obtained from (2.14) and (2.12)
(e ) =Blelt , e (£ ,*)}
s @0x(t )~ (x(e_, ) —x®) }

or using the covarjance of the initial state of each Si and the fact

*
that these initial states are gaussian and independent there results

o
2’ . oay

e

0

V(¢ ) = Block Diag. {z;, x X

} =3¢

N (2.22)

Therefore the problem of optimizing the filter gain G may be
recast as that of minimizing the cost, J, given in (2.15) subject to
the dynamical equation (2.21) -(2.22) with G being regarded as a con-
trol input. This technique therefore allows one to convert the original
stochastic optimization problem on the n-dimensional state space, Rn,
to a deterministic optimization problem in the nz—dimensional state

space, Rann, and is similar in spirit to earlier work of the author

[44-48) relative to the control of monlinear stochastic dynamical

*

The assumption of independence between the initial state of Si and 8§
for i#j is, of course, not necessary here but will be useful in Lhe ]
decentralized case.



23

systems+ (see also [49]). In summary, the reformulated problem takes
the form of a standard control problem in which there is only a penalty
for the terminal (t=t1) state: viz,
¥ Minimize  J(t;) = trace {QV(&))} (2.15)
Subject to:
V(t) = (A-GH)V(E) + V(t)(A-GH) + W + GNG (2.21)
v(e ) = £° (2.22)

by choosing G from the set of continuous real-valued

nxq matrices on [to’tf]'

At this point one could write the coordinate~wise equations
contained in (2.21) and apply Pontryagin's principle [50] to obtain
necessary conditions for the optimal filter gain, G*. However, Athans
[51] has provided a notationally useful matrix minimum principle which
makes it possible to apply Pontryagin's results directly to problems in

which the state is most convenlently regarded as a matrix.

To apply this formalism to the above problem let P denote the nxn

costate and ¥ the Hamiltonian for the above problem. Thus we have

¥ = trace {V{t)P'(t)}

= tr{(A-GH)VP' + V(A-GH)'P' + WP' + GNG'P'} (2.23)
S -y ' - o triqv(c D}
By 0 By =3 V(t,) 1 (2.24)

*The primary difference is that this reformulation applied to nonlinear
systems leads to deterministic optimization problems on an infinite

dimensional state space.
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gy — oY - 70
V= , V(to) = I (2.25)
and
= (2.26)
=G

First consider the differential equation for the costate. From (2.23)

and the gradient matrix results of [51] it follows that

2 - - + P(A-GH)
(2.27)
and 3 tr{QV(tl)} = Q
av(tl)

Therefore from (2.24) the costate is specified by the differential
equation
P{t) = —-{A-GH)P(t) - P(t)(A-GH)'

P(tl) =Q

Clearly, if P is a solution to (2.27) then P' is also* and therefore
by uniqueness " of sclutions to (2.27) [52] it follows that P is a
symmetric matrix. Moreover, since Q is positive definite it follows
that P is also (see Appendix A).

To obtain the necessary conditions for G* note that the Hamil-

tonian can be written

¥ =¥+ er {GNG'P' ~ GHVP' - VH'G'P'}

wherein wo does not depend explicitly on G. Applying the gradient

matrix results of [51] and using the fact that P and V are symmetric

*
Recall that Q is symmetric.
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yields

a¥

°G = 2PGN ~ 2PVH' (2.28)

2l

Thus from (2.26) and (2.28) a necessary condition for G to be optimal 1is
% 1
P(GN -VH ) =0 (2.29)

and since P and N are positive definite the necessary condition (2.29)
is equivalent to
=1

*
G = VH'N (2.30)

*
Finally, using the above G in the dynamical equation (2.21) it follows

that V evaluated along the optimal trajectory is given by

1

V = AV + VA' - VH'N "MV + W , V() = 1°

(2.31)

Equations (2.30) and (2.31) together with (2.13) are, of course, the
well~-known equations specifying the Kalman filter for centralized in-

formation patterns.’

IIL. A Decentralized Filter

The optimality of the Kalman filter derived above when the class
of implementable filters is expanded to include any for which the out-
put is a measurable function with respect to the g-algebra generated by
the past data is well known (see e.g. [53]). This fact is, of course,
not evident in the above derivation since the cléss of filters over
which the optimization is carried out is restricted a priori.

liowever, there are certain disadvantages that place some con-

straint on the implementation of the filter. For example, suppose Lhat
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a decision maker, DMi’ located at subsystem Si desires an estimate of

the local state. Two important factors involved in determining the
capability of DMi to obtain accurate estimates of the local sLate are:

(1) the information, TI)M (t), availlable at S, and (2) the computational
i

resources available at Si' Concerning (1), a multitude of cases cxlat

1

relative to the classes of information introduced in Chapter 1. That

N
pM,* ‘op,* lep tje1
k| k| J

is, a number of relations between I, (t) and (I
are possible. A natural assumption is that

ED 0D

LDM.(C) B IMD}J I Wi _(t)
i i i i

i.e. DMi understands (has a model for) and observes his local sub-
system.
Relative to (2) consider the case in which the information pattern

has the form

IDMi(t) = IMDU IPDU IM(t) UIODi(t) : (2.32)
where N
I = Y .hyp,
j=1 "]
N
Ipp = Y Ipp,
j=1 7]
and. N
I.(t) = Um, (t)
M j=1 J

In cother words, DMi has complete knowledge of the dynamics of the
overall system, the control inputs, and statistical parameters de-

scribing the stochastic processes—-I1 M (t) is deftefent relative Lo

Dy



centralized information only because of the absence of some of the on-
line data. Assuming that DMi has unlimited computational resovurces,

the best estimate of the local state by DM

1 is obtalned as the pro-

Jjection

H

-

of x onto the i-th state space, Rni, with x being generated by the
filter of section I with H in (2.12), (2.30-2.31) replaced by H, =

Hi[Pi i Li]'. Computationally this filter is essentially* as diffi-
b ]

cult to implement as the centralized filter since DM, must solve a

i
Riccati equation of the same dimensionality as in the‘centrélized case
and must implement a dynamical system (2.12) of the same dimensionality
as the overall system.

In addition to the computational difficulties discussed above,
the information pattern in a number of applications is much smaller
than that given in (2.32). In this section we begin by placing ex-
plicit constraints on the filter structure to reflect factors (1) and
(2). Then the variational technique is employed to derive the.optimal
filter in the chosen class. The information pattern chosen 1is the
basic '"localized" pattern

IDM_(t) “ L U Lo U IOD.(t) (2.33)
i i i i

and the computational resources available are assumed to be sufficient

to implement a dynamical system of order n., the order of the local

*
For a comprehensive study of the computational effort involved in

implementing the centralized filter see [54]. Some results are
available on reducing the computaticnal effort [55].
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system. Thus, in the ahsence of any interconnections, DM, is capable

1

of performing optimal filtering on S The collection of local fllters

i'
is regarded as a decentralized filter for the overall system and hence

the cost functional 1s defined by
2
5= @tllete,]l)

wherein the fact that each DMi i=1,2,...N is only interasted in esti-

mating his local state is made explicit by assuming

o

a o
= ——
Q=10Q, + Q,+ Q
-]
with each Qi an n xn. symmetric positive definite matrix and + denoting

the direct sum of the Qi'é. An alternate expression for Q is

N

- '
Q 1Z=:1 x,1%%x,1

and thus using the linearity of the expectation operation the overall

cost, J, can be written
N
J=20 09 : (2.34)

where

2
Jj_:éo{’ ,ei(t’.)l IQ].’
i
and the estimation error, ei(t,') is the random variable defined by

e (6,7) = x,(£,7) - x,(£,")

with ;i(t,') the local filter output at Si'
Now the class of implementable local filters is chosen to be

those that are linear, smoocth ni-th order dynamic systems which give

28
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locally unbiased estimates. That is, the local filter class is speci-

*
fied by
F x, (e} = Fox (£) + C;m, (£) + Gy, (£) (2‘.35)

wherein Fi’ Gi’ Ci are continuous real-valued matrices on [to,tf], and

Ele ()} =0 Vtelt .t (2.36)

The optimization problem is then to find an element from this class of
filters which 1s optimal relative to the loss function in (2.34).
First consider the characterization of the locally unbiased filter.

From (2.1), (2.35) and the definitions of e, and ﬁi it follows that

&= Fyey + (APy o+ LygLy - PPy ~GRx

(2.37)

+ (Bi - Ci)mi + Wi - Gini

Therefore using an argument similar to that leading to (2.11) and (2.12)

+
the necessary conditions for unbiased estimates are

(Ai - Fi)PX,i + L, L, -GH,=0

1174 ii
Ci = Bi (2.38)
xi(to,m) = x?_ YV weh

*
For ease of writing, explicit notation indicating sample path depen—
dence will be dropped in the sequel.

Concerning the special agsumption that the local control for S, does
not feed directly to S, (j#i), note that if this assumption doed not
hold then there will,ifi .general, not exist a locally unbiased filter
under the information pattern of (2.33). If one increases the infor-
mation set to include the control inputs that feed directly to Si, then
it may be possible to obtain unbiased estimates.
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On the other hand, using conditions (2.38) in (2.37) 1t follows that
these conditions are also sufficient for locally unbiased estimates.

The first condition In (2.38) can be considered In more detail

by partitioning Hi conformably with [Pk iE Li]'. This partition 1s of
]

the form

wherein Hil and Hi are q xo, and Q%P4 matrices respectively. Using

2
this partitioning and the detailed structure, (2.2) of Li’ the first

condition 1in (2.38) becomes

and (2.39)

(Lii - GiHiZ)Lij =0 3=1,2,...N j#i

The questions of existence and uniqueness hinge on the second
condition in (2.39). Relative to the question of uniqueness it is

advantageous to define the class of surely locally unbiased (S5.L.U.)

filters characterized by the subset, rz, of n xqi matrices defined by

i

Now define the subspace 522 of n gpi matrices by

i
gi = {0: OLij =0, Vj=1,2,...N/{i}}

and the subset Pi of n,x 4 matrices by

i

r, = {Gi:(EIOEQPLﬁ ~ GH , + 0 =0}



Note that the second acndition of (2.39) is equivalent to Pi. Also

since Oeﬁzg it follows that T °C Pi. Thus, if DM, has perfect know-

i
ledge of the interaction maps, {Li

i
5 i=1,2,...,N/{1}} , for S, he can
(potentially. , at least) use this information to do better than the
5.L.U. class of filters. However if DMi does not have enough confidence
in the Lij data and at the same time places great importance on obtain-
ing unbiased estimates he may choose to optimize over the class of
surely locally unbiased filters (this class may, of course, be empty).
In the following, attention 1s focused on the 5.L.U. case. Regarding
the existence of a member of the S.L.U. class, a special assumption is
now made which will be sufficient to guarantee this existence. Unless

explicitly stated to the contrary, this assumption will be used through-

out the remainder of the paper.

ﬁiZ ASSUMPTION: Por each i=1,2,...,N assume that qi>pi and that H

i2
has full rank, Py

Comments: Recall that 9 is the dimensionality of the output space of

the on-line information available to DMi and that this output consists

of information on the local state and the interaction input to Si' ﬁ12

satisfying the above assumption means Iintuitively that DMi can cbserve
all of the interactions to Si' These interaction observations may be

mixed with observations on the local state through H This assump-

i1l®

tion allows us to assume without further loss of generality that ﬁiz

has the form

Py (2.40)
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since if this is not the case there exists a nonsingular P, XP, matrix

Zi and a nonsingular q%q, matrix Z2 such that

o _ _-l-
Hio = Zy'Hyp2q

wherein sz is of the above specified form ([56], Thm. 4.1, p.52).

-1 -1 = -1 =
Then the replacements L i Lii 1° L{+ Zl Li’ ngr 22 ny» Hil 22 Hil,
and G +G122 convert the original problem into an equivalent problem in

which Hi2 has the structure given in (2.40). Of course once GiZZ has

been computed it is a simple operation to compute the desired Gi'

Now partition G, to conform with the structure in (2.40)

i
~ '
Gy= [Gy1 1 Gy,

and ﬁil to conform with the structure of Gi' That is

= H
Hi]_ = [__.E!:_]
Rk

Then from (2.38), (2.39) and the definition of the S.L.U. class of

filters it follows that this class is characterized by the relations

Fg = Ay~ Lyy By = Gyp Bys

c, = B, (s.L.U)
x,(t ,w) = x° v Q

i O" 1. w €

The filter gain, G,,, remains to be chosen in an optimal manner

12

relative to the loss functional in (2.34). The development here

proceeds along the same lines as those for the centralized case. First,



note from (2.37) that in the case of 8.L.U. the error e, evolves accord-
ing to

éi(t) = Fiei(t) + wi _ Gi’li

¥

and therefore the overall error, e a {=1 Pi 184 evolves according to
» .

a(t) = Felt) + w (2.41)
wherein N
F= ) P! FP
& Kitxd
N N
w = 2: (w i)
i=1

Note that since % is a linear transformation on the composite process,

T
n']l, it inherits all of the statistical properties of this process.

[w'

Namely, w is a zero mean white gaussian process which is stochastically

independent of the initial state. Morecver, letting ﬁi denote the

1N1Rpi) it follows that wi and wj are stochasti-

cally independent for i1#j. Therefore, proceeding in a manner similar

components of w (in

to that used in the development leading to (2.21), it is readily showm

that the error covariance satisfies the differential equation

V(L) = FV(t) + V(L)F' + W (2.42)

V(t0)= £° = Block diagonal {Z;: i=1,2,...,N}

=R:1Px1 1 Tx,1

with

. . N
W= &'t = lex’i(wi +GNCDPL .
i:
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Clearly, as can be verified by direct substitution, the solutiocn to

(2.42) can be written as

N
v(e) = P! V. (&)P -
() }E& X,1v1¢EPx 1

where each Vi(t) is a solution to

: = ' 1
v,(t) Fivi(t) + Vi(t)Fi + Wi + G N,GJ (2.43)

i
local filter and thus

Note that the V, In (2.43) is the error covariance for the i-th

J; Gy ,t) = £r{Q.V, (6}

Therefore since the error for the decentralized filter is the sum (2.34)

of these local costs with each Ji>0 and independent of G,, for j#i, it

j2
follows that the original problem is equivalent to N local problems of

the form

% ' *
f?z : Find Giz such that for each t; E[to,tf] Ji(Giz,tllsJi(Gizytl)

for every Gi2 in the set of continuous real-valued nix(qi—pi)
matrices, subject to the constraint (2.43) with
G;= [Lyy  Gypl

Fy= 8y = LygHyy — Gyl = Ay = Gl s

To progress toward the variational solution to 9, partition
the observation noise vector, ni’ to conform to the partitioning of Gi'

Corresponding to this partitioning the covariance matrix, N takes the

i,



form |
|

N = Nil I Ni3

i "T"T;""

Ni3 | a2

and thus the differential equation (2.43) for V, can be written

i
- - - -
= - - L ] +
vi (Ai GiZHiB)Vi + vi(Ai GﬂHiB) 4 wi
¥ 1 ) T
GiaMi9Cin ¥ GioNyalyy ¥ LyiNy4650 (2.44)
5 :
wherein Wi Wi + LiiNilLii°

Note that except for the terms involving N. g, (2.44) has the

same form és (2.21). Therefore if N 0, then the solution to the

13"
local filtering problem can be obtained from (2.30) and (2.31) by making

(o) O

- % —
the replacements A+ A G *Giz, H> HiS’ N 4N12, W+ Wi, vV sV L7+ Ei,

i? i?
and Q +Qi.

Now consider the case in which Nis#O. Since this development
proceeds along the same lines as that leading to (2.30) and (2.31),
only the highlights will be given and the similarities between (2.44)
and (2.21) will be exploited. Forming the Hamiltonian as in (2.23)
note that the only difference is in the terms involving NiB' Since

these terms are not explicit functions of Vi, the equation for the co-

state will be the same as in the N13=0' However, as noted above in the

discussion of the Ni3=0 case this costate equation is the same as (2.27)

with the above replacements. Therefore the discussion following (2.27)

is applicable to this case. Next the gradient matrix results can be
*

applied to yield the necessary conditions for G12

It is readily seen

that
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— = _ '
P(Gy Ny, + LyNyg - VyHiS)

from which it follows that Giz is given by

*
G,, = (V,H

12 )N (2.45)

i 13 ii i3

Substituting (2.45) into (2.44) and applying some algebra it can be

shown that Vi is given as the solution of the Ricecati equation

. -1
1
V A vri + v, Ai ViHi3N12H 3'vi + w (2.46)
- 8]
Vi(to) = Iy
wherein
AN A+ N..NIg.-nm
i A Ly ( 3 i2 13 11)
and
*
Wo s W L Wy - N13N1;N13)L .

Therefore the local filter from the surely locally unbiased class is
specified by (2.35), (2.45), and (2.46). Writing (2.35) in detail

yields

% = Aix + Ly - 11" ) + Bym+ 6 12050 — Byqy)

~

xi(to)Hx

i
o
i (2.47)

A schematic representation of this local filter, égz, together with Si
is shown in Figure 2.1. For convenience, it is assumed in the construc-
tion of this figure that the measurement matrix, ﬁiz’ has the canonical

structure given in (2.40).

If the system measurement matrix ﬁiZ does not have the canonical
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LOCAL FILTER 5’1

Fig.2,1 Subsystem Si and its Local Filter gi
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structure, then the following procedure must be implemented in the

optimal gain calculations, and subsequent construction of the filter.

Step 1. Find the Z; and Zzlsuchlthat Z;l Hy, Z, has the structure given
in (2.40).

Step 2. Make the replacements L.+ L, Z;, L ZIILi’ N, +z;1Ni(z;1),’
By 278

Step 3. Identify H N N N from the follcwing+

11° By Nygs Nyps Nyg
:
N SN L S e SN e I I
el - obwr, Uw -
i3 |U45Py i3 : 2 417P4

Step 4. Solve for Gg using the above replacements in (2.45) and (2.46).

* 0. —
Step 5. Compute Gi = [Lii G_}Z2

Step 6. Implement the dynamical systeﬁ++

-
A Lad o~

w* —
X, = Ajxg b Bymg 4 Gy, - Hygxg)

- _.0
xi(to)—xi

It i8 interesting to .consider some special cases of the above
results. For convenience consideration is limited to systems in which

ﬁiZ has the canonical structure. TFirst, as a partial check on these

+bf course, these identifications are made on the ﬁil and Ni which
result after the implementation of Step 2.

++, -
The original ”11'
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results, suppose that Hil= 0 and 711= 0. That 1s, complete nolse-free

observations of the interactions are available. In thls case Nil= a,
* -1
= = = = '
N13 0, Ai Ai, W Wi, and GiZ V1H13 12° Therefore the filter 1s the

"standard" filter for Si obtailned by regarding the interaction input as
a known control input. This i3, of course, as it should be.

Secondly consider the more interesting case in which Hil= 0 and
N13= 0. That 1s, complete nolsy observations of the Interactions are
available and the noise corrupting the interaction measurements is inde-
pendent of the noise corrupting the partial measurements of the local
state. In this case A: W = Wi + Li NilLii’ and G 19= ViHi3 ;; .
G:Z, in this case is the "standard'" gain that would

Therefore the gain,
be obtained by ignoring the fact that observations of the interactions
are avallable and modeling the interaction as a zero mean white gauss—
ian process with the same statistics (Nil) as the cobservation noise,
njpe corrupting the interaction measurements. Once this gain has been
calculated the interaction measurements are treated as if they were
noise—-free and are fed directly to the filter. This observation indi-
cates to some extent the nature of the approximations inherent in this
class of complexity constrained filters. Since the interaction is a
linear transformation on the composite state, x, which evolves according
to (2.5), it follows that the interaction input to Si is actually a
colored gaussian process. However, as noted above, the filter effec~
tively "thinks" that the interaction input is a white noise process

and therefore expects the leocal state to be more rapidly changing. This

will lead to higher gains than those obtained for the local filter which

takes the dynamics of the other subsystems into account (the filter
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discussed at the beginning of this section). In the next section a
more analytically based discussion of the filter performance relative

to the centralized filter is given.

IV, Performance of the Decentralized Filter

This section is motivated by the fact that although the above
filter is optimal within the surely locally unbiased class of filters,
it is suboptimal relative to less restricted classes. This subopti=
mality stems primarily from the decentralization of two baslc sources
of information. Namely, (1) each DMi uses only the local model data,

I » and local process data,

MD » In designing the local filter, and

T
i PD;

(2) each DHi processes only the local observations with the information
relative to the remainder of the system limited to the on~line inter-
action observations. The trade-offs here are that (1) reduces the com-

plexity of the filter that DM, must implement and (2) reduces the comr

i
plexity of the communication system connecting the DMi——indeed, the
only communication between the DM's is the '"naturally" occurring com-
munication in the underlying system.

In view of the above there exist several filters with which it
is natural to compare the decentralized filter in evaluating the trade-
offs. Relative tae (1) it is natural to consider the local filters
individually and compare them with the local filters designed under
the information pattern IDM1= IHDLJIPDLJIODi(t), and concerning (2) to
regard the collection of local filters as a single decentralized filter

for the overall system and compare it with the filter designed under

the information pattern Ic= IMDLJIPDLJIOD(t).



For both of the above comparisons it 1s possible to use the

Riccatl equations involved in computing the error covariance. Consider,

for example, the case in which the collection of local filters is re~
garded as a single decentralized filter for the overall process. In
measuring the performance loss engendered by decentralization, it is

natural to define the cost increase by
A L J
I(e) = Jp(t) - J.(6)

wherein JD and JC are respectively the cost assoclated with the decen-—

tralized and centralized filters. 1In termsAof the associated error

covariance matrices, Vb and VC the cost increase may be written

AT(t)

tr {QAV(t)}

with

AV(L) VD(t) - Vc(t).

. . - . . +
The associated Riccati equations for the error covariances are

. % % -1 *
= - ]
Vi = AV, R VA - VR Ny, BygVy H W (2.46)
p 0
with vi(to)- T;
N
— T
Vp = Zi X,iviPx,i
and . .
V = AV +VA' - VHET MY +W (2.31)
c [ad C c C
with o
= 1
Velted= 2, Px,i By Py

It is assumed throughout the present discusston that the measurcement
malrlces have been pul Into canonical form.

41
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For the case in which the system is time=invariant It 1s of
interest to determine conditions under which the increase in cost
approaches a steady state value and does not grow without bound. In
order for this cost increase to be bounded it suffices for the error
_ covariance Riccati equations (2.31) and (2.46) to possess steady state
solutions. It is well known [34] that sufficient conditions+ for an
equation of the form (2.31) to possess a steady state solution can be
phrased in terms of the fundamental concept of observability [57].
Namely, 1f the pair [A,H] is observable then (2.31) possesses a steady
state solution. Since the structure of (2.46) is the same as that of
{2.31) it follows that (2.46) has a steady state solution provided the
pair [A:, HiB] is observable. Now, it can also be shown that [A,H] is
observable if and only if [A+KH, H] 1is observable for every matrix K.
Thus, recalling that (see (2.46), p.36) A: is defined in terms of the

fundamental system matrices as

* -1
Ay = Ay — LygHyp b LyNiaVio Byg

it follows that a sufficient condition for the existence of a steady
state solution to {2.46) is that [Ai - LiiHil’ HiB] be an observable
pair.

In order to collect and summarize the main results of this

chapter the following theorem is presented.

+Somewhat weaker sufficient conditions have been established. In this
regard see [58-60].
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THEQOREM 2.1: Suppose that the following assumptions are true

(Al):

(A2):

(A3):

(A4):

Then

(a)

(b)

()

SYSTEM MODEL: The system is modeled by (2.1)-(2.3) and for each
subsystem q,> p; and ﬁiZ has full rank, p,.

INITIAL STATE STATISTICS': For each i=1,2,...,N xi(to,') is

o

i
x(e50) | %5(e ), and x(e) | [w’ n'1'o(e).

gaussian with mean x, and covariance z: and for i#i

NOISE STATISTICS: For each i=1,2,...,N ni and w, are Zero

mean white gaussian processes with covariance matrices Ni and Wi
respectively and for each t E3[1:0,tf], wi(t,')‘L ni(t,-), and

ﬂi(t,') l_ﬂj(t,'), wi(t,') l_wj(t,') for all i#j.

COST FUNCTIONAL: The filter performance is measured by

3e) = Et)|xe,) - x(t,)]| 3}

o o

o
wherein q = Ql+ Q2 + ...+ Q

N with each Qi positive definite.

The class of surely locally unbiased filters is nonempty and the
optimum element in this class may be constructed by the imple-
mentation of steps 1-6 of the design procedure on page 38.

After steps 1-3 have been implemented, the filter performance
may be assessed by solving the Riccati equation (2.46).

If in addition to (Al)-(A4) the system is time invariant and
when the system is reduced to the canonical form (via steps 1-3)

the resulting pair [Ai- Hi3] is observable, then there

Liitygo

+Fur brevity, x ly is used to denote that the random variables x and y
are stochastically independent.



exists a steady state value for the error covariance and in this
case the performance degradation due to decentralization

approaches a bounded steady state value.

V. Extensions of the Filter

As in the case of the critvnilzed Information pattern, the filter
derived in this chapter may be cxtended in at least two directions. In
the case of nonlinear systems one can utilize the decentralized filter
by linearizing about the best estimate of the local state.

The other extension Involves systems for which in addition to the
white noise disturbances there are "semi-stochastic" disturbance inputs
present which represent additional uncertainty. Typical of this class
is the one which can be modeled as the solution of an unforced system

subject to random initial conditions. That is, disturbances of the form

i i¥i ' (2.48)

with Yi(to) a gaussian random vector with mean yz and covariance EYO.
i

Consider an extension of the model of Chapter I of the form

= Aixi + L

x, (% FBymy Tovyt vy (2.49)
with v, given by (2.48) and for all 1,i=1,2,...,N Yi(to)l_wj(t),

vyt Lng(e)s (e _]_xj(to), and for ifj v, (t ) _l_'yj(to).

In most cases of practical interest the disturbance, )&, can not be
measured and hence the observation .equation remains as

vy = Hilxi + Hizui + i (2.50)
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The decentralized filter can be extended to handle this case.
Furthermore, certain structural and computationai simplifications
which are important from an implementation standpoint can be shown to .
exist. In particular, one can show (see Appendix E) that the filter

can be reduced to the form shown in Figure 2.2 in which

o _ - v -1
Gip = (VyqHjq = Ly Ny INGo
@, = 0, -V .H'N 't s
i i~ Y13%13%12M13%
V., = Q. MAQ'
i3 Xy i Yq
Q. = 0,0 Q (t)y=1
' 1%y, Yo
(') =(A*—'3 n' N ln Y +T.Q Q (£)=0
X, i 1174342713 *x iy, ' Tx, o0
i i i
M, = -M.Q' H'.N-YH..Q M M (t) = z°
i i°x,137127i3*x, i > "itTo Y
i i i
-1
s, = Q_Q
1 Vs

~ %
with V4 and Ai given in equation (2.46). Note that the upper section
in Figure 2.2 is the local filter for the case in which there are no Yi

disturbances.
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Fig, 2,2 Subsystem Si and its local disturbance filter.
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CHAPTER III

DECENTRALIZED CONTROL VIA CONSTRAINED CONTROLLERS

I. Introduction

As noted previously, one of the fundamental problems of aystem
science is that of controlling a given system in such a way that it gives
acceptable performance even in the presence of unmeasurable and unpre—
dictable disturbances. A lunar spacecraft's booster stage is required
to inject the spacecraft into a precise orbit around the Earth even in
the presence of random wind gusts and other meteorological phenomena.
Similarly, an electrical utility is expected to meet its load in the
presence of an essentially random load demand.

In this chapter attenticn is focused on the problem of decentral-
ized control of large-scale interconnected systems subject to a single
quadratic performance functional. Thus, the problem falls in the area
of team theory. The system structure is the same as that considered
earlier in which the overall system consists of a collection of N inter-
acting dynamical systems each having its own local controller which has
a subset of the total system information set from which to determine its
control signal.

For completeness and in order to compare the variational derivations
of the centralized and decentralized controllers, the chapter begins with
a brief derivation of the centralized controller via the variational
approach. A nonlinear two point boundary wvalue problem is derived which
specifies the optimal system parameters, and it is shown that the optimal
parameters can be obtained by solving two single point boundary value

problems. That is, a form of the separation theorem is developed

—47-
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using variational techniques. Following this discussion, the decentralized
case 1s considered by means of the same technique and it 1s shown that the
optimal controller within the chosen implementable class can agaln be
obtained through the solution of a two point boundary value problem. The
approach taken is similar to earlier work of Chong and Athans [61l]. How-
ever in [61] the detailed structure of the overall system was not con-
sidered and in addition the.complexity constraints did not play the role
that they do in this paper.

The necessary conditions which must be satisfied by the optimal
system parameters are utilized to investigate the applicability of the
separation principle in the case of decentralized information. Finally
a suboptimal controller based on the decentralized filter discussed pre-
viously and the decentralized output feedback controller of Appendix B

is proposed and discussed.

II. The Centralized Controller

In this section consideration is given to the classical stochastic
control problem in which the plant is linear, the cost quadratic, the
noise processes gaussian, and the information centralized. Thus, com-
bining the-subsystem dynamics as before there result the aquaticns des-

cribing the composite dynamics and observations.

¥ = AXx + Bmn+ w (3.1)

vy =Hx +n (3.2)

wherein A is given in (2.5), H in (2.6), and B is defined by

N
BQEP' B

P
121 x,1 "1 "M,1
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The controller performance is to be judged via a performance functional

of the form
tg
5= &It +f Hx@ 112 + {12 a3 (.3
Q" )y Q

wherein Qf, Q, and M are given matrices with Qf and Q positive semidefinite
and M positive defintte. The stochastic optimal control problem is to

find an element in the class of implementable control laws which minimzes
the performance functional, J,

The class of implementable control laws is chosen to be the class
consisting of an n-th order dynamic estimator followed by a memoryless
linear transformation. Thus, using previous results on unbilased estimators,
it follows that the class of implementable controllers is characterized
by the equations

m(t) = D x (t)
; = Ax + G{y~Hx} + Bm(t) (3.4)

- _ .0
x(to) = x

wherein D and G are continuous real-valued matrices on [to,tf]. fheae
matrices are to be chosen in an optimal manner relative to the performance
functional defined in {3.3). A schematic representation of this structure
1s given in Figure 3.1.

To reformulate the above stochastic optimization problem on the
n—-dimensional state space into a deterministic optimization on the finite

dimensional state: space RZDXR2n

, 1t is useful to define the state vector
v' 4 [x' é']. From (3.1), (3.2), and (3.4) it follows that this vector

evolves according to the stochastic differential equation

v =Av + W (3.5)
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CONTROLLER

Fig. 3.1 Structure of the constrained controller.

with

GH { A+BD-GH

&]

For notational purposes it is convenient to utilize the projections

1
I
.1
S
t
=
- —

and

£t
n

Py and P2 from R™xR" to R" defined by

Pl(x) = X Pz(x) = X,

' v ?
where x = [xl x2] £ RPXRF. It then follows that the cost functional

of (3.3) may be written as
t

f
J = g{v'(tf) Efv(tf) +)[ v'(t)ﬁv(t)dt} (3.6)

t
o
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wherein

- 1
Qe = P1QcP,

L I ]
2D MDP2 . Finally, letting the 2nx2n matrix

V{(t) be defined for each t e[to,tf] and each (G,D) by

- 1
and Q= PIQP1 + P

V(L) = £lv(t) v (t)} (3.7)

it follows that the cost can be written
t

f
J = tr{QfV(tf) +J Qv{t) dt} (3.8)
to
and that the dynamical equation having V as its solution is
[ ] — —' —
V=AV+VA + VW

where

and

Thus (3.8) and (3.9) can be regarded as a reformulation of the

original problem into the deterministic optimization problem

&P, Minimize J as given by (3.8) with ﬁf and Q as given in (3.6)
subject to the dynamical comnstraint (3.9).

Necessary conditions for the optimal G and D gain matrices can be
obtained via the matrix minimum principle. In the application of this

principle it is useful to note that A and W can be written
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A=a_ + (P1+Pzi BDP, + P;GH(PI-PZ) (3.10)
and .

7 =0 +p,cRcE, O (3.10)
wherein Kb and ﬁo are independent of the gain matrices, G and D, and the
Pi are the matrix representations of the projections defined above.

To apply the minimum principle to the control problem,éi?let the

2nx2n matrix, Z, represent the costate and | the Hamiltonian for é;b.

Thus,
Y o= tr{%2'+ Qv}
= tr{AV + VA + ﬁ)z' + QV} . (3.12)
. _ _3_]2‘ - _a -
Z = -5 2ty av(tf)tr{QfV(tf)} (3.13)
& _ _a_Lk - o
v = V(to) -V (3.14)
and
ReLA [ CL'Z B (3.15)
Ee] P D|_ow

Firat consider the differential equation specifying the costate. From
(3.12) and the gradient matrix results [51] it follows that

5432+ zE
AV Q+AZ+ ZA

a - _ -
and E?th)tr{qfv(tr)} = Q. Therefore from (3.13) it follows that Fhe

costate is given as the solution to the matrix differential equation

- 7 -

7 = -3z - ZA - &
_ (3.16)
Z(tf) = Qf

Clearly, for each A the solution of (3.16) 1s a symmetric matrix since

if Z is a solution to (3.16) then so is Z'.
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Now using (3.12), the definitions of Q, A, W, and the gradient matrix

results [51] it is readily shown that

3y . o ' '
=5~ = 2B' (P +P,)ZVE, + ZMDP,VP,

_a—'}l= 1 _ LI |
3G 2P22P2GN + ZPZZV(P1 Pz) H .

Thus, the conditions for the optimal G and D can be written

D(P,VP,) = v 1’ (P1+P2)ZVP; (3.17)

LI B |
PZZV (Pz-Pl) HN (3.18)

n

T
(PZZPZ)G

wherein V and Z are solutions to

i

— -' —
V=R + VAR +W, V()

"
<

(3.9)

‘ 7z = -7k~ 3z -8, z(t) = G, (3.16)

Equations (3.9) and (3.16-3.18) consitute a two-point boundary value

problem which when solved yields the optimal parameters, c* and D¥.

I1I. A Separation Principle

In general the solution of multidimensional nonlinear boundary
value problems of the above type is a difficult computational problem.
However, for the above problem it is possible to determine the optimal
parameters by solving two single point boundary value problems of the
Riccati type. This, of course, is the essence of the separation
principle of stochastic control theory. This principle has been studied
by a number of researchers [35-40] and is included here primarily for
completeness and to indicate an avenue of approach for the decentralized

case, The derivation given is simple, straight-forward rigorous, and
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to the author's knowledge has not been published in the literature.

The result 1s limited, of course, by the fact that the controller is
restricted a priorl to be linear and hence the fact that the controller
obtained is optimal over alarger class cannot be claimed using this
development. The derivation is essentially one of verifying that a
certain pair satisfies the above necessary condition.

To this end consider the pair (Go' Do) defined by the following

P |

G0 = KoH N (3.19a)
with K0 given as the solution of the Riccati equation
K =AK +KA -KHF1HE +w K (t) =7J° (3.19b)
) ) o o o) *“o o *
and
- ol
D0 = ~-M "B Bo (3.20a)
with 60 given as the solution to
6 =-a'e -0A+63BM B0 | 3.20b
o o o o o~ @ (3.200)
eo(tf) = Qf

Note that G0 and D0 are continuous.
It will now be shown that the pair (GO,DO) gsatisfies the necessary

conditions (3.9) and (3.16)-(3.18). To aid in the discussion it is

useful to define the sets

e

S, {v: (G,D) continuous and V satisfies (3.9)}

[~

S, {z: (G,D) continuous and Z satisfies (3.16)1}

and the maps Fl’ and Fz taking 2nx2n matrices into nxn matrices and

defined by the rules
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where

Va1 1 Va2

Using the above nomenclature we have the
Lemma 1:

{a) If Ve S, then Fl(V) is a solution to

1
o
ryeey) = §

}l(V) = (A-GDr (V) + rl(V)(A-GH)' + W + ch¢'
(b) If Z € 82 then FZ(Z) is a solution to
r(2)(ty) = q

F,(2) = -T,(2) (a+BD) ~ (A+BD) | r,(z)-q - DD’

Prcof: Part (a) follows immediately by writing (3.9) in detail and

using the definition of T Part (b) follows tn a similar fashion

1.
using (3.16) and the definition of P2.
The essence of the above lemma is that the composition map of

Fl with the solution operator of (3.9) is invariant with D and the

composition map of I', with the solution operator of (3.16) is in-
2

variant with G. Now use the pair (Go’no) defined in (3.19) and

(3.20) to define the '"'sections" of S1 and 52 by

A
sl(co) = Wesl. G=G°}



1]

8,(D,) = (2e8,: D = D_}

and
§,(6) = {Ves (6 ): T (V) = K}
S,(D ) = {ze$,(D): T, (2) = 6}

From the above definitions it follows that
Lemma 2:
(a) §,(6)) = 5,(6)
(b) S,(D)) = 5,(D)
Proof:
(a) Clearly EI(GO)stl(GO) and therefore assume that VeSl(Go).

Then V satisfies (3.9) with G = Go and some continuous* D. Therefore

by lemma 1, Pl(V) satisfies
_ o
Fl(V)(to) =7
™ ] - !
I‘l(V) = (A-—GOH)I‘l(V) + PI(V) (A—GOH) +HHG NG
and using the definition of G we have (Fl(V) = Pl)

' '
= - w-1 - N1
Fl ATl + FlA + W KoH N HFl Plﬂ N HKO

Teel
+ KHN HK
o o
From the definition of K0(3.19b) it follows that Pl - Ko satisfies
1
(r-K) = A(Ty~K ) + (I}-K )a

- 'F-1 "§-1 -
+ (K,-T)H N1 BK_ + K H N~ H(K_-T;)

*
For brevity, in the sequel we denote "D is continuous" by DEEZL and
"G is contipuous" by cedY.
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with the initial condition (PI-KO)(to) = (. Hence (Pl-Kb)(t) = 0
for all t e[t ,t.] and thus V ¢ §l(c°). This establishes (a). Part
(b) follows in & similar fashion.

From lemma 2 and the definitions of Go and D0 we have the follow-
ing useful

Lemma 3:
’ 11—
(a) 1If (6,D) e {6} x ) , then G, = Iy (V(D)u'F-1

1

(b) 1If (G,D) € G « {DO}, then D = M B'rzcz(c))

Proof: Let De@and V(D) the corresponding element in Sl(Go). By
lemma 2, Fl(V(D))= Ko from which (2) follows by the definition of Go'
Part (b) follows from the corresponding (b) of lemma 2.

The above simple results can be used to establish an ilmportant

result leading to the separation theorem. That is,

Lemma 4:
(a) If (G,D) e {Go}x@ then V;, = V,,
(b) If (G,D) ¢ Yx (D} then Z,, = -Z,,-

Proof:
(a) Clearly Vlz(to) = V22(to). Writing (3.9) in detail, applying

some algebra, and the definition of Fl(V) vields

. U
(Vy5=V;9) = (Vy5=V, ) (A+BD-G_B)+(A-G _H) (V,,-V,,)
! . |
- - Tt
+ (V,,-V;,)(G H) + G NG, r,(ma'e]

| - -— | R |
Now by lema 3, G_ = I'y(V)H 1, and thus 6 N6, - I;(MHG =0,
which establishes (a).

Part (b) follows in a similar fashion.
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Now it 1is an easy computation to establish the fact that (GO,DO)

satisfies the necessary conditions (3.9), (3.16)-(3.18).

(G,D) =

(3.9) and (3.16). From lemma 4

0 _ yo o _ _
Vig = Vyp 0 Zyp =2

and

Iy (v = v~ V5

+ z°

o
I‘(Z)-Z 21

11
Therefore from lemma 3

= (u°
Go (vll

D

= - 0
° M B (Z + 2

o
22

21

Choose

(Go’Dn) and let V°,z° be the corresponding soluticms to

it follows that

o -1
v21) HN

Now use the above results to write

-1 04,05
M B (P1+P2)Z v PZ

and

o..0 l'_l
P,ZV(P,-P;) H N

and hence (Go’Do) satisfies the

(3.9), (3.16)~(3.19).

© 470

0
-1 's (Z 2+ 500 Vo,

-1 o
-M B (z +Z 1)v22
Dong

0 (y® _ u® vy w1
Zga(V1y ~ Vi) N

[}
z9, €

necessary conditions for optimality

The importance of the above result lies in the separation

principle which it provides.

That 1s, in designing the controller-

filter pailr the controller section may be designed by solving (3.20b)



59

and the filter section by solving (3.19b). Note that the optimal
controller gain, Do, depends only on the parameters describing the
deterministic aspects of the control problem and is independent of
the statistical parameters describing the noise proéeases and the
initial state uncertainty. As is well known the controller gain is
that gain which solves the deterministic control problem relative to
the cost functional formed by removing the expectation in (3.3). In
a similar vein, the filter gainm, Go’ is independent of the particular
cost functional matrices and depends only on the statistical para-
meters describing the noise processes, the initial state uncertainty,
and the plant dynamics. It can be noted from a comparison of (3.19)
and (2.30-31) that the filter section is merely the filter section

developed in Chapter II.

IV, A Decentralized Comtroller

If there are no complexity constraints imposed, the above controller
is optimal-even when the class over which the optimization is performed
1s not restricted a priorl. However, in a large number of cases there
are overriding technical and economical considerations which preclude
the use of the above centralized controller. Therefore, in this sec-
tion, we investigate the design of controllers for large-scale systems
subject to '"matural" information flow and complexity constraints.

Specifically, it is assumed that the information available to
each controller consists of the local parameter and on~line data. That
is

I, (t) =1 U I U L., ()
DM, MD, s 0D,

The complexity constraints placed on the controller are that it consists



of a collection of N local filter~controller pairs wherein the filfer
section 1s allowed to be an ni—dimensional dynamical system. In addi-
tion, the requirement is imposed that the estimates are surely locally
unbiased. Furthermore, it 1s assumed throughout that the subsystem
measurement matrices have been put into canonical forﬁ+. Finally, the
local control input, ™y, to Si is constralined to be a linear transforma-
tion of the locally estimated state. Thus, in'effect, it 1is assumed
that each DMi has enough resources to.implement the locally optimal

controller when the Interactions from other subsystems are known to be

Zexo.
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From the above constraints and the results of Chapter II, it follows

that each local filter-controller pair has the form given in Figuré 3.2,

—Ii J“i (‘11’ ny) Ii

LOCAL FILTER

H

Fig. 3.2 Local filter-controller structure.

+A noted in Chapter II_this assumption entails no further loss of
generality after the H,, assumption has been made.

y i m
SUBSYSTEM §, Lo (rig. 2.1) I
*
Gia ™ Cyo



For the structure of subsystem 5, and the local filter section, consult

i
*

i2 i2
the filter gain may be designed independently of the controller gain,

Figure 2.1 and replace G,, by G,, ~- that is we are not assuming that

Di'
Using the equations describing the.subsystems and thelr local
filter-controller pairs, the following equations describing the total

system state can be derived.

X = ALx+ A12x + w (3.21a)
X = A21x + A22x + n | (3.21b)
where
A ¥ o
A1 = i§11’x,i<*‘11’ x,1 F Tyaly) (3.21c)
A N
A2 = E P, 1B1P1Fx, 1 (3.214)
1=1
A N T
A Yo
f22 = izlPx,i(Ai_LiiHil +BDy - G H ) P, (3.21f)
- A N L
no= izlpx,i(l‘iinil + G ong9) (3.21g)

The parameters (GiZ’Di) i=1,2,...,N are to be chosen to minimize the
cost functional of (3.3) wherein the cost matrices Qf, Q, and M have

the special structure

6l



Proceeding as in the centralized case it follows that the cost may

be written

te

J = tr{GfV(tf) + J Q v(t)de} (3.22)
t
Q

with
- ]
U = F1Q°
] 1 N L T
5 = D.M,D,P P
Q =P, Q) +PF, igl P, 1P1MPiPy 4F2 -

In (3.22) the 2nx2n matrix state, V, evolves according to
. - .
V=AV+ VA + W (3.23)

with V(to) = y° (as 1in (3.9) and E,ﬁ given by

]

2110

and
N(e) = &MT (1))

N ? 1 1 1 1
L P Fuaias ¥ TaaMis%i + Gy Figlyy

]
+ Gy Nyp Gy2) Py
Now equations (3.22) and (3.23) are of the same form as their
counterparts, (3.8) and (3.9), in the centralized case. Thus the
application of the minimum principle in the decentralized case will

follow the same lines as for the centralized case. The results of

this application are
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V=AV+VA +W (3.25)
40
V(e ) =V
. _ 1 -
7 =-28-A2Z =0 | (3.26)
2(te) = Qg
D.(P .P.VP.P .) = -M1p P +P_)ZVE P (3.27
1 By, 1F2VEPy ) = M "ByP (PyHP)ZVRP +27)
P G P2V TR P 3.28
(®r.1 2ZP2P 37652 = By 4Fp2V(R,~P)) P 4PaNyp  (3.28)
-1

1P22P2Px 1%11%19N49

Equations (3.25)-(3.28) consitute a two point boundary value
problem whose solution leads to the optimal parameters, (GIZ,DI)
i=1,2,...,N. These equations are similar in form to the correspond-
ing equations (3.9), (3.16)-(3;18) for the centralized case., However,
in contrast to the centralized case, the computations inherent in the
above equations apparently can not be separated. A logical conjecture
in this regard would be that the optimal filter gains are those of the
optimal decentralized filter of Chapter II. In an attempt to verify
this conjecture using an argument similar to that of Section TII,
part (a) of lemmas 1-3 go through with only slight modifications. It
is at lemma 4 that one encounters difficulty. For this choice of
12 = Va2r

In the absence of a separation principle for the above problem,

filter gains it is apparently not the case that V

one is faced with the difficulty of solving (3.25) - (3.28) via an

iterative technique such as the successive sweep method [62]. That
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is, after an initial approximation+, (ng, D:) has been obtailned,

equations (3.25) and (3.26) are integrated to obtain Vo, z®. From

v° and z° one then uses (3.27) and (3.28) to compute the new approxi-

1

mation (Giz' Di} and the process is repeated until a satisfactory

approximation i1s obtained.

V. A Decentralized Controllexr for Time-Invariant Systems

The solution of the above two point boundary value problem re-
presents a considerable computational effort and hence a controller
based on this approach will, in general, be difficult to design. 1In
the Interest of obtaining controllers for which the computational
requirements are more modest, one can combine the decentralized
filter of Chapter II with the decentralized output feedback controller
of Appendix B to obtain a local controller of the structural class

indicated in Figure 3.2. This corresponds to setting G to the value

12

computed using (2.45) and then designing the D, gains using the tech-

i

nique of Appendix B. There are two basic approaches to the computa-

tion of the Di'

Approach 1: The controller gains are computed using Dy = - F

i
*
wherein Fi is given by (B.31~B.33) after making the replacements

N

)
A+ 1-—>;1 Px’i (AiPx’i + LiiLi)

+As an example of an initial approximation, one might choose the optimal
decentralized controller based on the assumnption that the subsystems
are decoupled (i.e. assume Ly = 0, i=1,L,...,N)., If the system is
lightly coupled, then this initlal approximation should be close to
the optimal values. In addition this approximation is relatively easy
to compute since it can be determined from N separate solutions of
local optimizations.
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Approach 2: The controller gains are computed using Di =2 - Fi wherein

the FI is given by (B.31-B.33) after the following replacements are

made

A -~ K:-l'l-—:—-Al-g (3.21 C-f)
721y 22
.y -
P B
Bi -+ _¥.L¢j:..._.i._.
-?x,i B:l. -

The first approach can be comsidered to be a result of applying
the separation principle. That is, a filter is designed to give an
estimate of the state and in the subsequent design of the controller
gains it is assumed that the state is available--equivélently the
filter dynamics are not taken into account in the design of the con-
troller gains. Since the second appreach does account for the filter
dynamics, it is potentially more accurate but at the same time involves
a larger computational effort since the effective order of the system

has been increased from n to 2n.
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The performance of the controllers designed using the above tech-
niques can be evaluated using (3.22) and (3.23). The mean square per-—
formance of these controllers will, of course, be suboptimal. However,
certain important advantages are present which should be considered.
Among these are, (1) the filter gains and controller gains are com-
puted separately with the only iterative part being the computation
of the D, gains, (2) the iterative process in computing the D, involves
the solution of algebraic equations rather than differentiallequations,
(3) the resulting controller gains are constant, and (4) stochastic
effects are accounted for in the filter design while the aystem coupl-
ing is accounted for in the computation of the controller gains. The
application of the above design techniques to the development of a
load frequency controller for a two-area power system is currently
under study [63]. The results of this study will be reported elsewhere

[63-64].
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CHAPTER IV

DECENTRALIZED FILTERING AND CONTROL VIA INTERACTION MODELING

I. Introduction

The technique proposed in Chapter III provides a method for the
centralized design of a decentralized controller. This approach has
the advantage that once the class of implementable structures has been
chosen the solution of the requisite nonlinear two-point boundary value
problem leads to a controller which is optimal within the chosen class.
Thus, once the implementable class has been sufficiently delineated,
the design is (conceptually) straightforward. However, the techniques
of Chapter III have certain disadvantages. Among these are: (1) the
controller is decentralized only in the on-line phase, (2) efficient
distribution of the computations required in the design of the local
controllers is difficult to obtain, (3) the computational burden on the
central agency is of considerable* magnitude, and (4) the only coordination
between the decision makers is in the planning (gain computation) phase
of controller implementation with no tramnsfer of informaﬁion allowed
during the on-1line phase.

The above disadvantages stem primarily from the nature of the
coordination between the DM, and the resulting task assigned to each DM

i i°
Namely, if the DMi agree to allow the design to be carried out by a

*As a point in fact, the computatlonal effort involved is larger than
that required in designing the gain matrices for the centralized con-
troller. This 1s not an unexpected result since more stringent con-
straints have been imposed on the controller in the decentralized case.

-7~
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central agency, then they effectively relegate themselves to the task
of merely implementing the controller gain matrices. Thus, while the
approach given in Chapter III succeeds relative to the objective of
distributing the on-line control effort, it does not achieve an effi-
cient distribution of the decision making.

A computationally effective method of distributing the decision

making effort is to assign a local control problem to each DM How-

in

ever, due to the localized nature of the basic information pattern

I = L__ {J IMDKJ IOD () >

i i i i

each DMi does not possess the necessary information with which to
carry out the solution of a local control problem. The deficiency in
the basic information pattern stems from the fact that it does not con-
tain a characterization of the interaction pfocess. This is represen-
tative of what Mesarovic [65] calls internal system uncertainty.

Now from a central vantage point it is clear that if all local
controllers use linear control laws, then the interaction process is
a colored gaussian process which is dependent on the local state. If
the information available to DM, 1s enlarged to include all the dynamics

i

and control laws of the other subsystems then DMi can characterize the

interaction input to 5, and utilize centralized control theory in the

i
design of the local controller. However, such an approach will lead to
extremely complicated local controllers in addition to requiring an

extensive communications complex to implement this enlarged information

pattern. In addition, to implement such an approach some ordering must

be placed on the times at which each DM makes a decision. For a rather



complete discussion of these team decision problems the interested
reader should consult the work of Chu and Ho [66-67]. In this chapter
we take a decidedly engineering approach and do not consider the team-

decision-theoretic aspects of the design problem,

IT. iInteraction Modeling

In this chapter each DMi is allowed to characterize his uncer-
tainty regarding the interaction process by choosing a model from a
particular class of interaction models. Two general classes of uncer-
tain processes are (1) processes with a set membership constralnt and

(2) proéesses generated by stochastic differential equations. In (1)

knowledge of the uncertain process conslsts only of the information that

it lies in some known (usually convex) sét and satisfies certain
regularity conditions. The control of systems having set constrained
disturbances has been recently reported by Glover and Schweppe([68] and
Bertsekas and Rhodes [69].

In this chapter we consider interaction models from class (2)
for which the information requirements lie somewhere between those of
class (1) and the true stochastic interaction process. The models
chosen are motivated by the "infinite-~bus" concept which is often
utilized in the analysis and design of load frequency controllers for
interconnected electric power systems*. If one regards the frequency

deviation of the other areas as the interaction variable, then the

*

For a detailed account of the ramifications of this assumption in the
design of a load frequency controller for the deterministic case the
interested reader should see [70].
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infinite-bus assumption is equivalent to choosing an interaction model
of the form

ui(t) =0

To reflect the fact that the deviation may be an unkuown constant, the
initial conditions for the above model can be assumed to be gaussian
with appropriate mean and covarlance.

Generalizing the above situation, we assume In this chapter that
the interaction model consists of a differential equation with random
initial conditions and possibly driven by white gaussian nolse processes.
Specifically, the interaction models are taken from the class of pro-

cesses of the form

o
~
rt
S
Ii

Fibi(t) + gi

e
—~
T
ot
t

= Tibi(t)

with bi(to,-) a gaussian random variable with mean bg and covariance,
Zg, and Ei a white gaussian noise process with zero mean and covariance,

Ci'
of the initial state of Si and the initial state of the interaction

It is assumed that the noise process is stochastically independent

model.

Utilizing this model for the interactions, DM, 's image of the

i

overall process becomes

Si: xi

Aix + Liiu + Bim + w

i i i i

b

1= Feby v &y

ug = Tyby

Yy = Byp ¥y b Hppuy oy
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Taking the observation model into account and substituting into the

above equations for u DMi's image of the overall process becomes

i’

v .

Si' xi = Aixi + LiiTibi + Bimi + wi
b, = Eb, + E (4.1)
vy = Hygxy v Hy,Tyby +omy

To further specify the local control problem for DMi’ we assume that
the local cost functional is that part of the overall cost functiomal

which depends explicitly on x That is,

il
&1 BF tfIl 115 + 11 [1Z
J, = &= (e + f x, (t) + | [m (0)]|2 dt}
i e, ‘. i Q, iy
(4.2)

Therefore, from the viewpoint of DMi, the task is to determine a control

Y
law which minimizes J, subject to the constraint S

i i’

I1TI. Local Controller Structure and Design Aspects

In this section attention is focused on the local control problem
as viewed by DMi through an interaction model of the form given in Sec-
tion I1. 1In addition to developing a design procedure for the local
controller, it is shown that the local controller has a particularly
simple structure.

Now, from the viewpoint of DM& the problem as specified by (4.1)
and (4.2) is a standard problem in centralized stochastic control theory.
Thus the results of Chapter II imply that the separation principle is
applicable to this problem,, and hence that the controller consists of

a Kalman filter followed by the optimal controller for the deterministic

system. In the following we investigate the detailled structure of cach



of these subsystems of the local contreller.

A. Controller Subsystem

The controller subsystem 1s the optimal controller for the deter-—
ministic system and is therefore the solution to the deterministic
optimization problem

P 2 e
- = 2 2
c i Minimize Ji ||xi(tf)||Q + “/P llxi(t)llq |lmi(t) llM dt
f,i t, i i

(4.3)

subject to

e
I

i Aixi + LiiTibi + Bimi (4.4

o
il

F.b (4.5)

From the results of Section IIT, ChapterITI, the solution is

given by

1

mi(t) = -M; ﬁiP Ei(t) (4.6)

with P the solution to the Riccatl equation

. = ATt - n T w1 ] - 0

P Ai P PAi +_PBiMi BiP Qi (4.7)

P(tg)= Qg 4

and

A, 4L, ,T B

B, = _1__.:__12_;_] RS J e B IR
Lo 1 F 0

5 - '?;__L_____ = Qf,il 0 (4.9)

Q= ' - o Qe = T
L0 1« O ! 0 r O

p— ' ' T

X, = ( xg bi ]
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Now, because of the special structure of the matrices Ki’ Ei’ 51,
and af 1 in the above, the computations for P can be simplified consid-
] .

erably, [71]. Partition P to conform with the partitioning of Ki and

note that the special structure of Ei leads to

-1,
m = =M Bi(Pl

N + Plei) (4.10)

1*1
and thus P22 1s not explicitly needed in the formation of the control
law. Thus if P and P are not coupled to P

11 12 22 22

need not be computed. Examining (4.7} in detail it is seen that P

in (4.7), then P

11
and Pl2 can be computed as solutions to the differential equations
éll = —AlPll - P A + PllBiMilBipll Qi (4.11)
1;12 = (PllBiMilBl " APDPg TPy T Pyl (4.12)
with Pll(tf) = Qf,i , Plz(tf) =0

It is interesting to note that the feedback gain, MilBipll’ which

controls the amount of local state feedback is the same gain as would

result if one neglected the interactions. Also note that P,. may be

11
computed independently of P12 and then used in the computation of P12'
This simplifies the controller design considerably. Therefore the
controller subsystem of the local controller has the structure shown in
Figure 4.1 wherein P11 and P12 are obtained as the solutions of (4.11)
and (4.12) and [ ﬁi Gi ]' is the estimate provided by the filter to

be discussed in the next subsection.
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Fig. 4.1 Structure of the controller section.

B. Filter Subsystem

The filter subsystem consists of a Kalman filter for the

stochastic system model

A.X + L,.T.b, + B m, +w
i i

We
It

i = A%y 117424 i
b, = B+ E (4.13)
vy = Hypxy o+ O Hy,Tby vy

wherein m, is regarded as a known deterministic signal.
First consider the case in which the driving noise, Ei’ to the
interaction model is zero. For this case it can be shawn {72-73] that

the optimal egtimates can be generated by the stbchastic differential

equations
X, = 8%+ Glyy - H¥ P+ Bm
. (4.14)
bi = aihi + Bi{y. Hilx 1
with xi = ii + Sbi
- i " - 30
and xi(to) = xi(to) s bi(to) bi .

From (4.14) it can be seen that the optimal state estimates are generated

by a system having the structure shown in Figure 4.2.
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Fig. 4.2 Structure of the filter section.

The parameters in the above structure are given by [72-73]

E=-1 TR -1 - -1
Gy = PNy 5 =V%
1 (4.15)
= IIRTH it = = - T} 0
By = (Ppiiy + BN a=F, — B(H,, + H,,S)
with
) 1
- v '
Pp_=AP + PA! PHEILNICH P+ W (4.16)
b~ Fi'% (4.17)
vV = (A PHE' NV + (LT -P AN MV, (4.18)
x it f417 V% 1171 T Txi1lt 417w
) _ 1 _
= _ 13t TR
M M(Vx“il + VbHiZ)Ni (Hﬂvx + Hizvb)M (4.19)
= ! = !
P~ V% , Py = VY (4 .20)

By | [ T 5,

75



76

subject to the initial conditions

i
™3
il
[

Px(to) Vb(to)

0 (4.21)
X
bi

il
o

Vx(to) M(to)

Comparing the specification for G, in (4.15) and P_ in (4.16)
with equations (2.30) and (2.31) it should be noted that the upper sub-~

system in Figure 4.2 is the interaction—-free filter for S That is,

i.
it is the filter designed for Si based on the assumption that ui=0.

In summary, for the case in which Ei=0, the local controller structure
has the form shown in Figure 4.3. The design procedure for the sub-

systems in this figure is contained in equations (4.11), (4.12),and

(4.15)-(4.21) and may be organized as follows.

DESIGN PROCEDURE

Step 1: Design the interaction-free section using (4.11), (4.16) with

= ° = H? —1
Px(to) zi s, and Gi Px_HilNi

Step 2: Determine an interaction model of the form

bi = Fibi » Uy = Tibi

with bi(to) gaussian with mean bg and covariance Eg .

i
Step 3: Design interaction section by covering the computational

lattice shown in Figure 4.4,
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Fig. 4.3 Structure of the local controller.
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Fig. 4.4 Lattice of design computations.
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In the case presented above it was assumed that the noise driving the
interaction model 1s identically zero. It is possible to remove this re-
striction but apparently [72] at the expense of losing some of the simpli-
city of the filter structure. That is, 1f the noise, Ei’ is not identically
zero then apparently one camnot separate the filter into subsystems of
the form shown in Figure 4.3--note that the two sections shown in this
figure are not only dynamically separated but are alsoc separated relative
to the gain computations, However even for the case in which Eyg ¢ 0 it is
possible, using the transformation discussed in Appendix C to obtain a
structure having a form similar to that in Figure 4.3.

To treat the case £y # 0, return to (4.13) and define

i
el 0: Fi ' il 42
°
W= -wi] 2°= X ° n=n
] | =
£y 017 1
i
Sl P A
0
L.

and note that (4.13) can be written as

X = Ax + m{t) + w

L]
y = x4 n (4.13)

Comparing-(4.l3') with (2.5) and (2.6) 1t is noted that the filter for
the process described by (4.13) is given by (2.30), (2.31) and (2.13).

Therefore the filter equationé can be written



Xy = Agxy + (LGB ) Tyby + 61 (vy-Hy%y) + Bymy

By = (F;-GyH, T )by + Gy ly, ~ Hyuxy)

Now define

~ r*:l. (Lii-Glaiz)Ti:]

A
0 Fy - GyHy T,

and make the A-based transformation of Appendix C

1
At At

v=T lxi bi]

to obtain (see example in Appendix C)

vy = Agvp R By 4 (G + Ty,6,) (yy-By g (v =Ty 5v5))

vy = o%vy + Gylyy - By (v;-Ty,v,))
with

o = Fy - GHy,Ty

;‘1 = vy~ Tiovs

b, = v,
and

Tyy = A4T19 = Ty (Fy=GoH o Ty) ~ (L 4=G4H )T,

TlZ(to) =0

(4.22)

(4.23)

(4.26)
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The filter described by (4.23-4.26) has the structure shown in Figure 4.5.
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Fig. 4.5 A partially decoupled filter for 51#0.

Two basic differences should be noped between Figures 4.2 and 4.5:
(1) the upper section of Figure 4.5 is not the interactlon-free section
of Figure 4.2 since the gain G1 + TlZGZ is not the interaction~free gain,
and (2) the residuals (r) depend on both ﬁi and b, in 4.5 whereas in

1
4.2 the residuals are independent of Bi' Thus, in computing the residuals,
the filter of Figure 4.5 requires a bidirectional channel between the
two sections whereas the filter of Figure 4.2 requires only a unidirectional
channel.

These additional communication requirements coupled with the fact

that the gain computarions require the solution of a higher dimensional
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Riccati equation make the filter for the case Ei ¥ 0 more difficult to
implement. However, there 1is a potential tradeoff present here which
should be considered in the application of these results. Namely, 1if

Ei is assumed to be zero, the interaction section of ;he filter will
eventually begin to ignore the residuals and may therefore diverge [74].
More specifically, note from (4.16) and the definition of B that if the
interaction model is stable then Vb + 0 ag t +» gnd thus B + 0 as t =+ =,
In contrast, if Ei # 0, then the noise covariance driving the term W in
the Riccati equation will cause the gain,'Gz, in the interaction section
to reach a steady-state* nonzero value and hence the filter will continue
to "look at" the interactions. For systems in which the interaction
model 1s of low dimension (e.g. Infinite bus models in power systems),
the increased complexity engendered by assuming gi # 0 will probably not
be large and hence for this class of systems it will probably be best

to Include a noise driving term in the interaction model.

*
Assuming that the system model is time invariant and observable.



CHAPTER V

CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH

The research initiated in this paper has provided the following

specific results:

(1)

(2)

(3)

A formulation of the decentralized control and filtering problems
for large-scale stochastic systems with particular emphasis on the
information flow constraints which are often present in such
systems has been developed.

A derivation of the optimal decentralized filter within a certain
class has been given together with a delineation of the conditions
under which such a filter exists. The structural and design aspects
of this filter have been interpreted in terms of the standard cen-
tralized Kalman filter. In particular it has been shown that sub-

ject to some computationally simple modifications, algorithms avail-

.able for the design of the standard filter may be utilized in the

decentralized case. A qualitative discussion of the filter per-
formance has been given together with an observabllity condition
which will insu?e that the error covariance is asymptotically
stable. In addition to fhese qualitative results, quantitative
performance data have been generated for the case of state esti-
mation in a two-area power system.

A simple and apparently new derivation of the separation theorem
of centralized stochastic control theory has been provided. This

result, which is of Interest in its own right, has been used to
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investigate the applicability of the separation principle for the
class of controllers introduced in Chapter III.

(4) A modeling approach to decentralized controller design has been
introduced via a particular class of interaction models. The
structural and design aspects of the resulting localized controller

have been investigated in considerable detail.

This author believes that the developing area of decentralized
filtering and control structures offers a number of possibilities for
further researchi In relation to the work presented here some of these
are: ‘

(1) A quantitative study of the performance of the decentralized
filter for particular system classes. A study of this type is
currently in progress for the case of a two-area power system.
Preliminary results from this study are given in Appendix D and
will also be presented in [75]. Work is also in progress in
investigating the performance of an extended version of this
filter when applied to a nonlinear system {79].

(2) The assumption regarding the rank of ﬁiz is somewhat restrictive
and thus it would therefore be useful to study the case in.which
the surely locally unbiased class is empty. A study of the amount
of improvement obtained by allowing filters that are outside the
5.L.U. class would also be of interest.

(3) In the more difficult area of decentralized control a numerical
study of the controllers based on the interaction modeling tech-
nique would certainly be a suitable project at the master's level.

This study for the particular case of interconnected power systems
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could use the results of Chapter IV to extend earlier work in [70]
to the stochastic case,

(4) While the interaction modeling technique results in controllers
having a simple structure, the large—scale/decision theoretic
aspects of this approach have not been investigated in this paper.
Relative to choesing the interaction models it would be of interest
to determine conditions under which there exist optimal {(in an
aﬁpropriate sense) interaction models. For example, under what
conditions does the class of interaction models admit a Nash,
Pareto, etc. equilibrium.

(5) The control and filtering structures investigated in this research
are very close to being‘completely decentralized. Thus an important
agpect of decentralized structures has been omitted. WNamely, we
have not considered the possibility of allowing the local controllers
to communicate with each other. It should be noted that any in-
vestigation of such structures must include some cost of communi-
cation in the performance functional. This aspect of such a study
would probably increase the difficulty of this investigation by a
considerable amount—--one of the major problems appears to be the
determination of a cost functional which accounts for the communi-
cation costs and at the same time is amenable to analytical work.
The author is not aware of any previous research in this particular

*
area of decentralized structures .

*
A possible exception to this is the very recent work of Aoki [20]. How-
no communication costs are accounted for in this work.
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APPENDIX A

In this appendix we establish conditions under which the costate
matrix, P, used in the derivation of the filter is positive definite.

Recall that P is the solution of an equation of the form ,

P(t) = ~& P(t) - P(t) i - Q tele,t,]
P(t;) = Q

where A=A~-GH.

Assuming that A, G, H, Q, Ql are given continuous real-valued
matrices on {té’tll we first establish a closed form sclution for the
above matrix differential equation. To this end let Z be defined by the
rule

Z(t) = P(t1 - t) tefo, tl—to]

wherein P is the solution to the above matrix differential equation.

From the definition of Z it follows that

Lemma 1l: Z is the solution to

L2 - A*e) 2(t) + 2(0) AM () + QF tel0,t-t ]
with

2(0) = q,
and 85(t) = K'(ty-t),  Q¥(t) = Q(t,-0).
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Proof: From the definition of Z and P it follows that

dz dP
-1 55

dt l=t1—t

= (1) -A (t,~t) P(t;~t) - P(t;-t) K'(cl—t)
_Q(tl"t)

M) zee) + ze) A% @) + Q)

and Z(0) = P(tl) = Ql'

Therefore Z(t) can be written (see [5Z) p. 58) as

1 t
z(t) = ¢7(t,0) Q4" (£,0) + j e" (e, Q" (0 (e, D
0

where

*
L (e, = AT® o (e,m), ¢ (nyn) = L.

Hence the definition of Z ylelds the following expression for P

BP(t) = Z(tl—t)

= ¢*(t1-c,0) Q, ¢*'(t1-t,0)
t,.—-t
1 * *
+ J ¢*(t1—t,c) Q (o) ¢ '(tl-t,o)dc
0

From the definition of ¢) it follows that it is the transition matrix of
some system and is therefore of full rank. Hence the followlng result

is obtained relative to the positive definiteness of P.



Lemma 2:

(1) If Qy is positive definite and Q positive semidefinite then P is
positive definite for all ts[to,tl].

(2) 1f dl is positive semidefinite and Q positive definite then P is

positive definite for all te[to,tl).
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APPENDIX B

A Decentralized Output Feedback Controller

for Time-Invariant Linear Systems

I. Introduction

The computational effort involved in designing the constrained
controller of Chapter III is quiﬁe large and would be prohibitive for
most practical systems. One of the major reasons for this difficulty
is the apparent lack of a separation principle whereby the controller
and filter gains can be designed separately. Thus, instead of two
single point boundary value problems the design requires the solution
of a single two point boundary value problem with its attendent com-
plexities.

Of course, an engineering approach to this difficulty is to cobtain
at least a preliminary design by invoking the separation principle.
While the results obtained in this appendix are approached from a
slightly more general viewpoint they are applicable to the above engi-
neering technique. In this appendix a methoed is presented for design-
ing a decentralized controller with constant output feedback gains for
linear time-invariant systems. Necessary conditions for the optimal
feedback gaine are obtained in terms of the correlation matrix of the
initial state.

To obtain an efficient derivation of these resuits it is advantageous
to first extend some earlier results of Levine and Athams [77]. 1In [77]
Levine and Athans derive a set of necessary conditions for the optimal

gain matrix F for the system



x(t) = A x(t) + B m(t) (8.1)

y(t) = H x(t) (B.2)

where the control, m, is constrained to be a time-invariant trans—

formation of the output. That is,

m(t) = - F y(t) (8.3)

and the associated cost is the quadratic form

o0

J = 1/2 I Hx(t)“é + ||m(t)||: dt (B.4)
o
From (B.l) and (B.2) it 1s noted that we are considering deterministic
systems in this section. However, in order to obtain an F which is
not dependent on the initial state x(0), it is useful to employ the
artifice of assuming the initial state to be a random variable. Levine
and Athans assumed a particular probability distribution for x(0) and
then minimized the expected value of (B.4) with respect to F. In this
appendix the results in[?ﬂ'will be generalized in two ways:
(1) It will be shown that the necessary conditions for F may be
obtained in terms of the correlation matrix,-E{x(O)x'(O)}
so that the optimal feedback matrix, F*, does not depend
explicitly on the exact distribution of x(0).
(2) The results will be extended to the multicontroller case.
Together these two generalizations provide a technique for designing

a decentralized controller for systems with information flow constraints.
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IT. Extension to Arbitrary Correlation Matrix

The cost in (B.4) can be written as

o

J=x (0) [1/2 J ¢’ (£,0) (QHI'F'MFH)o(t,0)dt]x(0) (B.5)

o)

where ¢ is the transition matrix for the undriven system
x(t) = [A - BFH]x(t) (B.6)

Considering x(0) to be a random vector and modifying the cost to be the

expected value of (B.5), we have
A 1
Jl = E {x (0)sx(0)} (B.7)

where S 1s defined to be

S = 1/2 J o' (£,0) (Q + H'F'MFH) o(t,0) dt

o

Using the matrix identity x'Ax = tr{Axx'}, J; can be written as
I, =E {er Sx(0)x'(0)}

and since S is deterministic and the trace uperaﬁor linear, Jl can be

aimplified to

3, = tr {sK} ' (B.8)

where Xb is defined by

X = E x(0)x'(0)) . (8.9)

The results in [77]were derived for the cost Ja = tr{8} and are

therefore valid for any distribution of x(0) for which X, = 1.
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Suppose now that Xb = ¥ where W is any positive definite’ symmetric

matrix. Define T by the relation++

w1/2 -1

T = ( ) (B.10)

and note that the vector

z(t) & 1 x(r) (B.11)
has initial correlation matrix

E{Z(0)2'(0)} = E{Tx(0)x' (0)T} = T E{x(0)x'(0)}T (B.12)

= TWT = I

Moreover, Z satisfies the differential equation

1

Z(t) = TAT — Z(t) + TB m(t) (3.13)

and the output, y, of the original representation can be written in

terms of Z as

y(£) = ur ! z(t) | (B.14)

Finally the original cost in (B.4) can be written as

J=1/2 J [2'(v) (r™l Y z(e) +m'(e) M m(t)] dt (B.15)

Q

with the control still constrained by (B.3).

+It is possible to drop the constraint that X be positive definite,
but the proof is too lengthy to present here. The derivation can be
obtained for example by paralleling the original proof given in 77.

+ho1/2
w1/2

is the (unique) positive definite symmetric matrix satisfying

W% e



Now because of (B.12), the results from [77] may be applded to the
reformulated problem consisting of (B.13)-(B.15). Application of these
results yields the following set of necessary conditions for the optimal
gain matrix, F*:

0 = K*[rar! - TaF*HT Y] + [marl - wFtHT ) K 4 v lo Tl 4

T F* M Fart (B.16)
0 = L¥[zar™t - teFET Y] + [Tar”! - mEtErY) LF 41 (B.17)
Y YL A e T | e A e (B.18)

Introducing the transformations
K = TK'T (8.19)
L =1t (B.20)
and using the symmetry of T and T_l it is easy to verify that

(B.16)~(B.18) are equivalent to

0=K[A-BFEH +[A-BFH'K+Q+HF MC (B.21)
0=L [A-BFH"'+ [A~-BFH|L+W (B.22)
F=M1 8" ki [ea]™t (B.23)

Thus equations (B.21)-(B.23) represent the necessary conditions for
XO = W, which is the desired generalizatiocn. If W= I the equations

reduce to those derived in [77].

III. Extension to the Multicontroller Case

The system model to be considered here is given by
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N
x(t) = A x(t) + ) B, m, (t) (B.24)
1=1

with the constraint that each of the N controllers satisfy
mi(t) = - Fi yi(t) i=1,2,100N0 (B.ZG)

The assoclated cost functional for this system is assumed to be

m

—

o

N ¥
[x' (t)ax(t) + 12-1 m, (€) M,m (£)] dt (8.27)

The results of the previous section will now be used to obtﬁin some
necessary conditions for this more general problem.

First assuming that an optimal set of gain matrices'{FI:iﬂl,Z,...N}
exist, consider the system in which {Fi: i=1,2,...N/{j}} are held con~-
stant at optimal values and only F, is considered to be free. Im this

i
case the system (B.24) and (B.25) can be written as

x(t) = ij x(t) + By m, () (B.28)
yj(t) = Hj x(t) (B.29)
A, 8 s BF H
wherein Aj A~ 121 i F1 Wy
i#]

Furthermore, the associted cost for this modified system can be written

as

J. = E{1/2 J (' (&) Qux(e) + mj'(t) My, (6] de) (B.30)

o
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with Qj defined by

N ]
~ A t_%x *
Qj fq+ } BF, MF H,
i=]1
1]

and x{0) is assumed to be a random vector with correlation matrix XO.
Applying the results of the previous section to this problem, the

%
necessary condltions for Fj are given by

4
. - - ' & %
0=K A+ A" K+ +H, F,. MF._ H
Q 3 MyFy By
0=LA'+AL + X

- 1
=yt

] t‘—l
;=M By KLHE [HjLH}

3

with A defined by

N
~ ~ o *
A=A, ~BF, H =A -~ B,FY H,.

37501 151 £17

Now since the term

- N 1

3 %! * "k *
= H,F, M,F

Q + Hij MijHj qQ + 121 {Fy M FH,

is independent of j, it follows that the necessary conditions for the

N gain matrices F: are given by the N42 equations

0=kA* +4 K +q+ ‘f a'F* (B.31)
er L Mafa M y
*'
0=La" +A"L+x (B.32)
* _ -1 ' -1
Fr = M_'B'KLH, [H,1H =1,2...,N B.33
%
with A defined by
N
* *
A =A- ] BF/H

i=1
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A generalization of the algorithm presented in [77] for solving (B.21)-
(B.23) is presently available [63] for solving (B.31)-(B.33).

Questions regarding the existence of F: and stability of the re-
sulting system are open. It ié clearly true that 1if an FI exists and
if the system is stablilizable by a decentralized control, then the
optimal output feedback, F;, will result in a stable system. Aoki [19]
has obtained some results relative to the stabilizability by decentralized
output feedback. However, the stabilizability question is still not

completely resolved,
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APPENDIX C

A Decoupling Transformation

In this appendix a transformation which is potentially useful for
decoupling the dynamics of composite systems in a prespecified manner
is introduced and discussed. Consider a composite system described by

the following state equations

xl = Allxl + A12x2 + bl

(c.1)

n

g = Agp¥xp t Ayx, + b,

x
_ .0 _ .0
xl(to) =% xz(to) X,

wherein for each t elt ,t.], xi(t) is an n, vector (i=1,2) and the
matrices Aij’ i,j=1,2 are continuous and have the appropriate dimensions.

Now consider the transformation, T: RMx 872 5 R™! x R™ defined

by :
I T
T = 1 1 __12 (c.2)

Tor | T2 Ta1Typ

where Ii: Rni.+ R™  is the identity for i1=1,2, and le, T21 satisfy

the differential equations

A22 + T12A21T12 - A12 (C.3)

T

Tyy = (Bgy = Ay Tio)Tyy = To (Agy + Th0850) — Ay

12 = A1T12 ~ Tio
C.4)

Tiplt) =0 5 Ty(e) =0

Lemma 1: Under the transformation, T, the differential equations (C.1)

are equivalent to



oAt + B _ .o
Y15 411¥1 1 v yy(e) = x)
7. = A + b = x0
Yo = Ay, t by > Yy(t)) =%,
with AY A AY = A
117 A T Tipfar o Bgp T Ay — AT,
*
and b =T5b1 .

Proof: Let x be the solution te (C.1l) and y=Tx. Then we have
= (T + TA)x + Tb

Now from the definition of T it follows that

(T)ll =0
(T) gy = Typ = ATyp = Tyohpy + T1ohpTyy = A12
(Thpy = Ty = (Ayp=Ap T950Tyy — Tny(Byg + Typhyy) — Ay
(T)gy = (Byo= Ay Tyo00Ty Ty = By Ty Ty + Ty Typ) ~ Tpy (4
and
- A +T. A=A
(TA)p9= Ay + Typhyy = A
(TA) 1 ,= Ay, + Tip8y,
F3
(TA) 5= Toyhqp + 291
(TA) 5= Tpyhye + (Ty + Ty Ty504,,
Therefore
. *
(T + TA),, = Ay,
T+ TA).. = ACT
( )12 = 291712
(T+ TA).. = AT
T+ TA),p = ATy,
. * + 7T
(T+TA),, = A (I, +T,T,)

12 12 22

)

104
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*
and hence All | 0
- % * '
T 4 TA=AT , with A = |l
| *
0 | A22
. *
Then y=ATx+ Tb
* *
=Ay +b

i

and clearly since T(to) I the above initial conditions hold.
Another interesting property of the T defined above is that it has
a simple inverse which is easily computed once T is known.

Lemma 2: The transformation defined in (C.2)-(C.4) is nonsingular and

its inverse is given by
I _
-1 Iy + Ti9To ) ~To

T =
- l
Ty1 L L2

Proof: By diréLt computation we have TT“l = I, and T_lT = I.

Example: Consider the case in which A21= 0. Then from (C.4) we have

TZl(t) = 0 for all t and from (C.3) le is the solution of

Tip = 893715 ~ Tyoh9p ~ 4y,
le(to) =0
F 3 _ * _
A1y = Ay s Agp = Ay
. ' ot
0 { 1



Appendix D

An Application of the Decentrallzed Filter

In Chapter II qualitative aspects of the filter performance were
discussed and it was shown that for time invariant systems the performance
losg of the decentralized filter attains a bounded steady state value 1if
the pair [4; - L11H11'H13] is observable for each 1 = 1,2,...,N. In this
appendix quantitative performance data are generated for the case of
state estimation in a two-area power system.

In this preliminary study the two—-area power system has been represented
by the simple model shown in Figure E.l1. (See e.g. [80] or [8l] for a
development of this model). Here the local state vector for each area
was taken to be x; = [Afi APy AXEi] and the interaction input was chosen
to be the tie-line power. Consistent with standard practice in the
electric power industry it was assumed that the observations available at
each area consisted of noisy measurements of the local frequency deviation
and the tie line power.

In this model the "synchronizing coefficient", Tips 18 directly re-
lated to the amount of interarea coupling. Therefore in this preliminary
study attention was focused on determining the effect of this parameter
on the normalized performance loss

J-3
P.L. & % x 100%

c
wherein JD(JC) is the cost of estimation using the decentralized (cen-
tralized) filter. Figure E.2 shows the results obtained from this study.
Note that these results are consistent with what one would expect in-
tuitively in the sense that as T12 + 0 the system becomes decoupled and

the optimal centralized filter should approach two local filters of the

-106-
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form used in the decentralized filter, Thus one would expect le to have

the effect shown in Figure E.2,
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| |
| APDl-Disturbance I
| MGy |

c | 1 1K,y |

P e .
| 1l + BTTl 11 + BTpl |
| Governor Turbine~ |
] Generator | APt ie,1 = u; |
| AREA 1 |
\ ] ]
+
2ﬂT12 /
A A ]
| L ? |
P | E2 |

c2 ‘II' 1 » 1 __ES¥L___,____~k__+__.Af

| T+ aTg, 1+ T, | 1+sT, | 2
- Governor Turbine-

| 1/R2 Genersator ~ Disturbance l
1 I
I |
| AREA 2 [

— —— — — A — — — —— — s b i, p— — —— | ——t  — — — —— it —— ——

Fig.D.1 Two-area power system model.
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PMAX = ,60p.u.

T = P cos8 §

12 MAX

§ = Power angle = 30°
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Fig.D.2 Percentage performance .loss vs. aystem coupling,



Appendix E

In this appendix details involved in simplifying the structure of
the decentralized filter for disturbance inputs of the form given in
Section V, .Chapter II are given. To this end consider the model in

1 1
. '

(2.48-2.49) and define x; = [xi vi] , X = [x1 Xy oo xN] « Then the

subsystem model becomes

A T L B
g . > | i___1) : _id 1 1
540 % = |9 6, gt “i+[o “‘1"'[0
= Ai Xy + Lii uy + Bi o, + vy _ (E.1)

s - -
=Hyyoxg FH, W Ay (E.2)
uy = Li X (E.3)

wherein ii is an appropriately modified version of Li'

Therefore the resulting augmented system (E.1)~(E.3) can be put into
the form treated in Section I1I. Note that all of the statistical
assumptions regarding xi(to,-), Wi; and ny remain true for S. In addition,

if the system without disturbances satisfies the H assumption, then so

12

will § and hence, without further loss of generality, it can be assumed
that the measurement matrices are in canonical form. For ease of writ-
ing let My denote the optimal S.L.U. estimate of ii and apply the results
of Section III to obtain

By = A

g = Agng F Ly gy Hgu+ B

m + G

14 (E.4)

12(3’12 13”1)

wherein
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~ 1
Gyp = (VyHyg = Lyy 13’“
v =i v. evit-ve o+
g =AYy P VA - VH NV F W
or o [hapdo] M
- 11 HiB{ 0 ﬁ
: 13
* -1 o -
Ay = Aj+ L (N, N Hig-Hpp)

and

~% - - 1
Wy =W +L, Ny - N13N1%N13)

=
VoY
o
S’
n

——

L %Y

funts |

o 1o
L
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(E.5)

(E.6)

(E.7)

(E.8)

(E.9)

(E.10)

Equations (E.4 - E.10) provide a solution for the case in which

disturbances of the above class are present.

simplify the filter along the same lines as in Friedland [72].

Moreover it is possible to

This has

important implications relative to the computational aspects of the

filter implementation. To obtain these simplifications note that

* )
AT W
Ay [_0- —!'5_] » Wy [(ﬁ' 5{]

and let

]
v o |tartss
1 v iy |
43 T2

It can be shown {[72] that
- L]
v, =V, + QMO

where Gi satisfies (2.56) with
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N
- 1 0
Vi (to) = [-(.;!?_0—]

and V, satisfies (E.6) with

i
-
e ]

Yq
and
R * - 0
§- Gy - VAN O, oy - [3] (E.11)
oy o]
¥ = -MQ H13N12H13QM » M(t)) = ):Yi- (E.12)
From the defipition of Gi it follows that 612 =0 and ¥, = 0.

Thus, partitioning Q to conform with the partitioning of EI (Q'=[Qx QY])

it follows that Qx’ QY’ and M are given by

- %* -
Q. = (4 - V11H13N12H13) Qe + T4Q Qlty) =0 (E.13)
Q =6 t) = E.
L= 0,0 Q (t) (E.14)
* o]
and Bt = - MO H N H QM M(t ) = E’Yi (E.15)
Writing (E.5) in detail it follows that G:Z is given by
(v )N
*
12 1
V13H13N12

Thus, using (E.16) the filter dynamical equation, (E.4), can be written

(“; : x4

x, = Aixi + riYi + Lii(yil ilx ) + Bimi + (E.17)

L] _1 -
(VigHyg = LNy NG (7yp - Bygxy), X (€) = x7
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- - vor 1 _ - o
Yo = 0gvy F Vg aNpOyomlis 29)e vs(E) = vy (E.18)
*
Now define x; as the estimate given by the local '"disturbance-free"

filter,

ok * * - -1 *
x; = Ay xg + Loy (yyy-Hyyx) +Bymy + (Vo H oLy N, NG (Y, 5-H, 4%))

* _ .0
xi(to) = % (E.19)
and let
*® -
Xy =X + SYi (E.20)
ith § = Q'1 (E.21
W Qx Y .21)

It is easy to show from the definition of S, Qx’ and QY that
. * ~ t -
§ = (a] - viluiSNi;HiB)s - se, +T, (E.22)

From the definition of x,, Ei and (E.22) it is straightforward to

A
show that ey = Xy X

satisfies the stochastic differential equation

. -~ ] —

ey = [Ay - LygHyy - (VR - LiiNiBJNi;HiBJEi (E.23)
ei(to) = 0 with probability one.

and hence

ei(t) = 0 (wpl) (E.24)
It follows from (E.20) and (E.24) that

- = = *+S-

¥NTETXY Yy

and thus the filter has the simplified structure givem in Section V,

Chapter II.
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