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ABSTRACT

Classical control has developed many methods for determining
compensating filters for control systems. Most of these methods
use a frequency domain approach and involve trial and error in order
to determine filter parameters. These procedures usually involve
increasing the order of the system.

Unlike classical control theory, the compensating procedures
in modern control theory do not allow an increase in the number of
system states. The optimal control approach involves feeding back
all the system states. This has been recognized as unrealistic in
many situations. Hence, work has been expanded into determining
observers or Kalman filters which estimate unmeasurable states and
into determining suboptimal control laws which feed back only mea-
surable states. When the optimal solution is either impossible,
or very difficult to compute, the question: "How close to optimal
is a suboptimal control?" can be difficult to answer. This leads
to the desirability of being able to estimate the ratio of the
optimal cost to the cost when a suboptimal control law is used.

One method of doing this is to determine a lower bound on the
ratio. A general theorem is presented that specifies such a lower
bound, which 1s easily determined using only a frequency domain
description of the system. The lower bound given by this theorem
is then used to develop a compensation algorithm for a unity feed-
back single-input, single-output linear system. The algorithm can

be entirely implemented on a digital computer, but as with many

vi



other search routines, the results are sensitive to the initiali-
zation procedures. Hence it is necessary to try several starting
points. Sufficient conditions for the lower bound to be a lower
bound on the ratio of the cost of the optimal system to the cost
using a suboptimal control law are established., When checked, these

conditions offer a means of improving (increasing) the lower bound.
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I. INTRODUCTION

Classical control has developed many methods for determining
compensating filters for control systems. Most of these methods use a
frequency domain approach and involve trial and error in order to
determine filter parameters. These procedures usually involve in-
creasing the order of the system.

Unlike classical control theory, the compensating procedures in
modern control theory do not allow an increase in the number of system
states, The optimal control approach involves feeding back all the
system states. This has been recognized as unrealistic in many
situations. Hence work has been expanded into determining observer
or Kalman filters which estimate unmeasurable states and into deter-
mining suboptimal control laws which only feed back measurable states.
When the optimal solution is either impossible or very difficult to
compute, the question: '"How close to optimal is a suboptimal control?"
can be difficult to answer. This leads to the desirability of being
able to estimate the ratio of the optimal cost to the cost of a sub-
optimal control law purely as function of the suboptimal control.

Classical control is concerned with the frequency domain and
transfer functions while optimal control deals with the time domain
and matrix manipulation. As might be expected this difference is
somewhat artificial and recently much work has been devoted to joining
the classical and optimal control approaches. Several researchers
have attempted to determine universal closed-loop pole configurations

for optimal single-loop control systems. Kalman [ 5], studying the



"inverse problem of control theory", determined a frequency domain
condition on an optimal feedback system. From the results of Kalman's
paper, specific procedures [ 9] have been developed to determine
frequency domain feedback compensations. Continuing along these lines,
Canales [ 3] has presented a lower bound on the suboptimality of a
particular feedback control law from only frequency domain information.
Canales' work might lead to a design procedure except for a severe
restriction on the GH(jw) plot. In order for the lower bound to be
applicable, it is required that Re{GH(jw)} < 0, for all real w which
rules out most interesting problems.

In the sequel a general theorem is developed which includes
Canales' results as a speclal case. The lower bound given by this
theorem is then used to develop a compensation algorithm for single-
input, single-output linear systems. The algorithm can be entirely
implemented on a digital computer, but as with many other search
routines, the results are sensitive to the initialization procedures.
Hence it is necessary to try several starting points. Sufficient
conditions for the lower bound to be a lower bound on the ratio of
the optimal to the suboptimal control are established. When checked,
these conditions offer a means of improving ( increasing) the lower

bound.



II. DERIVATION OF LOWER BOUND ON OPTIMAL CONTROL

FROM COST OF HOMOGENEOUS SYSTEM

Before we deal with the suboptimal control problem, it will be
helpfur to develop several relationships between the cost of the
optimal control problem and the solution of the homogeneous system.
Toward this problem we will consider the following controllable linear

time-invariant system
x(t) = Ax(t) + Bu(t); x(0) = x, (1I-1)

and A and B are constant n*n and n*1l matrices,

where x(t) = —9x(t
dt

respectively, with the quadratic cost functional

J(x,u) = fox' (£)Qx(t) + u' ()u(t)de (11-2)

(the prime denotes transpose). The restriction that Re{A(A)} < 0
(this symbol denotes that the real part of each eigenvalue of the
matrix A be less than zero) will be imposed throughout this section.
However, no assumption is made on the definiteness of the matrix Q.
The only condition imposed on Q at this time is that Q be a symmetric
matrix.

The following theorem is useful for determining the cost of the
control law u(t) = O for all real t > O.

Theorem II-1

Let x(t) be given by

x(t) = Ax(t); x(0) = xp (11-3)



where A is a constant n*n matrix with Re{A(A)} < 0. If H satisfies the

matrix equation,

A'H + HA = -Q (11-4)
then
Ty(xg) = £ox' (©)Qx(t)de = x}Hx, (11-5)
Proof: Let M be any constant symmetric matrix. Then
—-:—t [x' (E)Mx(£)] = X' (E)Mx(E) + x' (£)Mx(t) (11-6)

Taking the integral from 0 to T of both sides of equation II-6 and

letting T approach infinity results in

Lim £ <Sx' (0)Mx(e) 1dt = Lim S [’ (£)Mx(e) + x' (£)Mk(e) 1de

Integrating the left hand side and using the definition of x(t),

equation II-3, in the right hand side of equation II-7 gives

lim x' (£)Mx(t) T. 1lim f:[x'(t)A'Mx(t) + x'(t)MAx(t)])dt

T 0 T
lim x' (T)Mx(T)-xMx, = lim /ox' () [A'M + MA]x(t)dt (11-8)
T~ T+ O

But Re{A(A)} < 0, which requires 1im x(T) = 0. Using this information

T-+o0
equation II-8 requires

0 = xjMx, + I:x'(t)[A'M + MAlx(t)dt (11-9)



Now consider the quantity
I(xg) = £ X' (E)Qx(e)dt (11-10)

Adding equation II-9 to equation II-10 produces

T(xg) = STx' (£)Qu(e)de + 1 x' () [A'M + MATx(E)dE + xjpexg

fox'(t)[A'M + MA + Q]x(t)dt + xéMx0 (II-11)
Hence for M = H where H satisfies equation II-4 it is true that

Jp (%) = xpHx,
Since this is equation II-5 the theorem is established.

End of Proof

There is widespread knowledge that for positive semidefinite
Q matrix in the quadratic cost function, equation II-2, a unique
solution exists to the optimal control problem. The situation where
Q is not restricted to be positive semldefinite is not as familiar to
most control engineers, However, this case has been well documented.
The following theorem provides necessary and sufficient conditions for
the existence of a minimum of the cost functional.

Theorem II-2 (Willems [10])

Agsume that the system described by the dynamical equation

X = Ax + Bu 1is controllable. Then the following four conditions are

equivalent.
1, J’:x'(t)Qx(t) + u'(t)u(t)dt > 0 (11-12)

for every pair (x,u) constrained by the dynamical equations



and x(0) = x(T) = 0,

2. V= inf fox' (£)Qx(t) + u' (t)u(t)dt < —= (11-13)
uek,

where x(t) and u(t) are constrained by the dynamical equation

and x(0) = x; and lim x(t) = 0.

oo
3. There exists a real symmetric solution, K, to the
algebraic Riccati equation
A'K + KA - KBB'K+Q =0 (11-14)

4. The frequency domain inequality

I+ W(jw) = I+ B (-jul -A"72Q(Ijw -A)"'B > 0  (1I-15)

holds for all real w.

Each of the above conditions implies the other. 1If these con-
ditions hold, then there is exactly one solution, denoted by K*, of
the matrix Riccati equation, equation II-14, which has the additional
property that Re{ A(A*)} < 0, with At = A - BB'K*. Moreover,
vt = xpKtx,. If it is true that Re{ A(A*)} < O then a minimum,
J*(xo), of J(x,u) equation I1I-2 exists for all xg, with J*(xo) =
x6K+xo. This minimum is uniquely attained by the feedback control

law

up(t) = -B'Kx,(t) (1I-16)
where x4 (t) is given by the differential equation
X, (t) = Ax, (t) + Bu,(t) = A¥x_(t)

(11-17)
x*(O) = X



Proof: For a complete exposition the reader is referred to Willems
[10; Theorem 2, Theorem 4, Theorem 5, and Theorem 7].

End of Proof

The following theorem provides a relationship between the fre-
quency domain characteristics and the time domain response of a linear
system. A similiar theorem is presented by Brocket [ 2]. Though the
proof of Theorem II-3 is essentially the same as Brocket's, the
situation is slightly different; thus the complete proof is presented.

Theorem I1I1-3

Let u(t) be a Fourier transformable function, and let the pair

(x,u) be related by the following differential equation

x(t) = Ax(t) + Bu(t); x(0) =0 (11-18)
1f
-a%I :TW(jw ) i_a%l (11-19)

for all real w where
W(w) = B'(-jul -A")"'Q(juI -A)"'B (11-20)
for some symmetric matrix Q then
-aff:u' (t)u(t)dt < f:x'(t)Qx(t)dt < S ut (u(e)de (11-21)
provided the indicated integrals exist.

t The notation M >N where M and N are n*n matrices means

that the matrix M - N is positive semi-definite.



Proof: Since x(0) = 0 the Fourier transform of x(t) is
X(jw) = (Jul - A)"'B U(w)
Applying Parseval's relation [ 7] results in
f:x'(t)Qx(t)dt = —%; {:x'(—jw) QX {(jw)dw
- —%; 70" (=3w) B' (~JuI-A") " Q({uI-A) " BU(fu)du
From equation II-20 it is seen that
Fx' (D)Qx(E)dE = =L /70 (~u) W(jw) U(w)dw
But the use of equation II-19 results in

2 2
o] a3

S0 (-3w) UQw)de < S7x'(£)Qx(t)de <

{:U'(—jw)U(jw)dm

2n 27

Using Parseval's relation of this expression gives
[- -] ® oo
—a2/ u'(t)u(t)de 5_fox'(t)Qx(t)dt < agfou‘(t)u(t)dt
0 =

This is the same as equation II-21; thus the theorem is established.

End of Proof

Now that the background work has been completed, the major
results of this section can be presented. Each of the preceeding
theorems will be used in the proof of Lemma II-1l and Theorem II-4.
However before presenting these theorems several conditions will be
defined which will be beneficial in the statement of the following
lemma and theorem.

These conditions are as follows:



Cl. A matrix H satisfies the equation
A'H + HA = -Q (11-22)
C2. A matrix K satisfies the algebraic Riccati equation
A'K + KA - KBB'K = ~Q (11-23)
and Re{A(A-BB'K)} < 0.

C3. .The quasi-Schwarz inequality
® - 2 ” . -
¢ %y (£)QUx, (E)-x, (£) ]dE)? < | 7 % (020 (6) de] (11-24)
| £ [ (0) -3, (£ 17 QUx, (£)-3, () e |
where x,(t) is the solution to the differential equation
Xx(t) = [A - BB'RIx, (t) ; x%,(0) = %

for K satisfying condition C2 and xh(t) is the solution to

the differential equation

X, (t) = Ax (£) 5 x.(0) = xp

holds at X, ( note that if the Q matrix is either non-negative

or non-positive definite, this condition reduces to the Schwarz

inequality and holds for any arbitrary X, ).

C4. The inequality in the frequency domain
21 < W(jw) < olI | (11-25)
holds for all real w where

W(iw) = B'(-juI - A")"1Q(jwI - A)~1B (11-26)
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With the definition of these conditions completed, Lemma II-1
will now be stated.
Lemma TI-1
Consider the following controllable time-invariant system
x(t) = Ax(t) + Bu(t) ; x(0) = x, (11-27)

where Re{A(A)} < 0 with the cost functional
J(x,u) = f:x'(t)Qx(t) + u' (t)u(t)de (1I-28)

If conditions Cl and C2 hold, then the following two results are

true.

Rl.

I (% (£) 4w (£)=0) = J (xp) = xhHx, (11-29)

where xh(t) is constrained by the equation

x () = Ax (£) ; x,(0) = xg (11-30)
R2.
min J(x,u) = J(x,(t),u, (t)) = Ju(xg) = x§Kxg (11-31)
4 ueL2
where
ug(t) = -B'Kx, (t) (11-32)

and x,(t) and u,(t) are related by the dynamical equation
x, (t) = Ax,(t) + Bu,(t) ; x,(0) = xg (11-33)

Proof: The requirements that Re{A(A)} < 0 and that condition Cl hold
satisfies the hypothesis of Theorem II-1; hence result Rl is true.
Condition C2 invokes all results of Theorem II-2 and hence, result R2,

End of Proof
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Lemma II-1 and the conditions previously defined simplify the
presentation of Theorem II-4.

Theorem II-4

For the system and cost functional presented in Lemma II-1,
if in addition to conditions Cl and C2 being valid, conditions C3

and C4 hold, then the following result is implied:
The optimal cost J, (x ) is bounded from below by the inequality
( B 1 ) n
Ty o Jh(xo), _%E_zgﬁ Jh(xo) for Jh(xo) >0
J.x) 2 < - ¢ 1 - (11-34)
min li;zg%

J (xq), 1 J. (x0) ]| for J, (xg) < O
1+ g3 0 g Tl h(x0)

nmin

“

for any a% <1 and a% satisfying equation II-25.
Proof: Theorem II-2 gives W(jw) > ~I. Thus there exists a% <1
such that the equation II-25 is satisfied.

In order to show that the rest of the theorem is true, consider

the scalar x;(t)Kx*(t). Its derivative is

d
dt

(x, (£)Kx, (t)) = X, (£)Kx, (t) + x, (t)Kk, (t)

Taking the integral of both sides of this equation gives

(v o]

fo L (kx (03 = Jo[i;(t)xx*<t) + x!(OKx, (t)] dt (I1-35)

Integrating the left hand side of equation II-35, noting that

lim x,(T) = 0, gives the following

T->00



P T
J d x! (£)Kx (t) dt = 1im J d x) (t)KRx (t) dt
0
0

dt T dt

- 11: x;(t)Kx*(t)

= 1im x;(T)Kx*(T) - x;(O)Kx*(O)

T

= - 1 ]
xoKx

Using this result and the definition of %,(t), equation II-33, reduces
equation II-35 to

“x{xg = [ Tul()B'Kx, (£) + X (E)A'Ka, (6)

+ x! (E)KAx_(t) + x[(£)KBu, (t)] dt
- f: x! (t)[RA + A'K - KBB'K] x_(t) - u!(t)u_(t) dt

The last step makes use of the fact u*(t) = -KB'x,(t), equation II-32.
Noting how Q is defined in equation II-23, gives

xjKx, = f:x;(t)Qx*(t) + ul(t)u, (t) dt

Letting xl(t) = x,(t) - xh(t) produces

xpkag = /7 Tx (£) + 1 (£)1°Qlx, (6) + 1, (] + ul(D)u, (6) de

I %! (£)Qr (£) de + S [x] (00, (0) + x) (£)0x, (0)] dt

+ f:xi(t)Qxl(t) + ul(t)u, (r) dt

12



= foxﬁ(t)Qxh(t) dt + Zfoxﬁ(t)Qxl(t) dt
+ f:[xi(t)Qxl(t) + ul(B)u (¢)] dt

Applying the quasi-Schwarz inequality, equation II-24, yields

xjKx, > foxt'l(t)Qxh(t) dt - ZMJ’:x}'l(t)Qxh(t) dt 'lfoxi(t)Qxl(t)dtl

+ I7x1(0)Qxy (£) dt + Tul (Bu, () dt (11-36)
0 0

At this point the proof will be divided into four parts. For cases

a and b it will be assumed that
I %} (£)Qx (&) de 2 0 (11-37)

Condition C4 and Theorem II-3 imply

Pl (B)u,(e) de > —5— £ (0 () de

2

Hence equation II-36 can be rewritten, using this inequality, as

xoKx, > f:xt'l(t)Qxh(t) dt -z\ﬂf:x];(t)Qxh(t) de|” If:x; (t)Qxl(t)dtT

03

* [ 1+ ] £} (£)Qx, (0) dt (11-38)
2

In light of equation II-37 let

y2 = f:x{(t)Qxl(t)dt

13



Case a: Assume

p2 = I % (6)0x, (€) de > 0

Now rewrite equation II-38 in terms of y and p. The result is

xfKxg 2 02 = 2oy + (14 —1) v2 = £,0(1) (11-39)
a
2

The minimum of fl(y) can be determined as follows

df L (1) - {1+°%

Y- 20 =0
dy o2 ] °
2

This requires

Substituting into f,(y) gives

2(1% a%
fr0v ) = | 1- + p?
1+af 1+ al
1 02

"T+a3 (1I-40)

Since J*(xo) = xéKxO and Jh(xo) = p2, then under these conditions
equation II-39 and II-40 imply
T (xq) > ——d— I, (xq) (11-41)
k\h07 h'#0
1+ af

for Jy(x¢) > 0 and f:xi(t)Qxl(t)dc > 0.

14



Case b: Assume
-p2 = f:xﬂ(t)oxh(c)d: <0

Rewriting equation II-38 in terms of y and p gives

x}Kxg > -p2 ~ 2py + [1 + ]Y2 = £,(y) (11-42)
b ]
The minimum of this function occurs at
2
a
- 2
Y = p
min 1+ a%
The value of f2(Ymin) is
a? a
£ (Ypyg) = |1 - — L) 5
1+af 1+0a3
1 + 202 2
= =2 (-2)
1+ a‘%

This equation and equation II-42 establish the relation

1 + 203
Jalxe) 2 ——— J (%) (11-43)
1+a§

for Jh(xo) < 0 and f:xi(t)Qxl(t)dt‘1 0.

For cases ¢ and d the condition

1%} (0%, (£)dt < 0 (11-44)

will apply. For this situation Condition C4 and Theorem II-3 give

-a} STul()u (0)de < £x](0)Qx; (t) de (11~45)
0 0

15



which imples
| foxi(t)Qxl(t) dt] < u%fou;(t)u*(t) dt (11-46)

Hence equation II-36, II-45, and II-46 require that

xgKxy > foxﬁ(t)Qxh(t) dt - ZaTM/IIOxﬁ(t)Qxh(t) dt

+ (1-af ) Slui(t)u,(e) de (11-47)

Since

fou;(t)u*(t) dt >0

for all real u*(t) let

-3
¥2 = fou;(t)u*(t) dt
Case c¢: Assume
2 cu|
p foxh(t)Qxh(t) dt > 0

Now rewrite equation II-47 in terms of p and v.

xoKxq > p2 ~2a1py + ( 1-0% W2 = fs(y) (11-48)

The function f;(y) is obviously a quadratic equation whose graph
opens upward as long as u% <l. Note that the coefficient of y2 being

greater than zero is consistant with Condition 1 of Theorem II-2 which

requires not only that
0
) )
foxl(t)Qxl(t) + u*(t)u*(t) dt > 0

but that for every pair (x(t), u(t)) such that x(0) = x(T) = 0 the

equation

: |f:u;(c>u*(c)d:|'

16



{)’Tx'(t)Qx(t) + u'(t)u(t) dt > 0

be true for all T > 0. The minimum of fa(y) can be determined by

setting the first derivative to zero which gives

RS
Y = p
min l-a%
At v = Ymin the value of f;(y) is
Za% a%
E3y,, )= |1~ + p?
min 1-af 1-at
1-2q2
- 2
2

(11-49)

Again since J, (x,) = xoKx, and Jh(xo) = p2, equation II-48 and II-49

imply that

1-2a}
J, (xq) > — J, (x,)
* V07 0
l—a% h

for Jh(xo) > 0 and f:xi(t)Qxl(t) dt < 0.
Case d: Assume
—p2 = [ x'(£)Qx’ (£)dt < 0
P 0xh( )Q h( )
Rewriting equation II-47 in terms of y and p gives

xjKxg > -p2 - 2000y + ( 1-af )y2 = £,(y)

(1II-50)

(11-51)

17
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As in case c, the graph of this quadratic function, f,(y), opens

upward as long as a% < 1 and the minimum value of the function occurs

at

The value of fu(y) at vy = Ymin is

Zaf af
£, (y N ) = [-1- + p2
min 1l - a% 1l - a%
1
= ( -p?) (11-52)
1- a%
Equations II-51 and II-52 imply
J, (xg) > J. (xq)
* 1 - (1% h
for Jh(xo) < 0 and fox{(t)Qxl(t) dt < 0.
Combining case a and case c implies
1 1 -202
J, (x,) > min J, (x ), — J. (xq)
* 070 — ’ 0
1 +a§ b 1- a% h
for Jh(xo)-i 0 and combining case b and c gives
1 + 202 1
J*(XO) > min 7 Jh(x ) > Jh(xg)
1+ aj 1 -ag

whenever Jh(xo) < 0; thus the theorem is established.

End of Proof
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Theorem II-4 places a lower bound on the optimal control in terms
of the cost of the homogeneous system ( control law u(t) = 0 for all
t > 0). This result will prove to be invaluable in establishing a
lower bound on the ratio of a suboptimal control to the optimal control.

The suboptimal control will be considered in the following chapter.



III. LOWER BOUND ON OPTIMAL COST FROM

COST OF SUBOPTIMAL CONTROL LAW

In this section the suboptimal feedback control law will be
studied, Consider the controllable and observable linear time-

invariant system

T: x(t) = Ax(t) + Bu(t) ; x(0) = x

y(t) = Cx(t) (I11-1)

where A, B, and C are constant matrices of the following respective
dimensions: n*n, n*r, and s*n. Thus x(t) is an n-vector; u(t) is

an r-vector; and y(t) is an s-vector. The control law
uD(t) = -DxD(t) (I11-2)

where xD(t) is the state trajectory of system I when u(t) = uD(t)

and D is a constant r*n matrix, will be referred to as the suboptimal
feedback control law. In all cases considered it will be assumed that
the application of the control law uD(t) results in a stable closed
loop system. The system I, equation III-1, with the control law
uD(t), is schematically displayed in the block diagram of Figure 1.

The problem is to compare the cost, JD(xo), of system I when the

control law is uD(t), equation III-2, to the cost, J,(xg), of system E

when the optimal control law is used for a cost functional given by

J(y,u) = f:y'(t)y(t) + u'(t)u(t) dt (I11I-3)



Xp
V(t)=0 u(t) | x(t) x(t) v(t)
B f;(‘)dt F‘-l/: c
- +
| A <:—7
] ﬁ::z'

Figure 1. Block dlagram of suboptimal feedback system

For system I and the above cost functional, the optimal control
exists, is unique, and is given by
u, (£) = — B'Kyx,(t) (I11-4)

where K; is the positive definite [ 2] solution of the matrix Riccati
equation

A'K + KA - KBB'K = -~ C'C (I1I-5)
and u,(t) and x,(t) are the trajectories of system I with the control
law in equation III-4, as was indicated in Theorem II-2. Furthermore
when u(t) = u,(t), then the cost for the optimal system is given by

J* (XO) = X(“)K*xo (III"G)
A. Derivation of Lower Bound

Before considering the main theorem of this chapter it will be
useful to obtain an auxiliary result. The following development will
be useful in establishing Theorem III-2,

Theorem III-1 If the constant matrices A, B, and C and constant

symmetric matrices Q and L, whose dimensions are n*n, n*r, s*n, n*n
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and n*n, respectively, satisfy the matrix equation

A'L + LA - LBB'L + C'C = Q (I11-7)
then
B'@L(-S)Q¢L(S)B = [ B'Qi(—s)LB - 171 { B'L@L(s)B - I]
+ B'¢£(-S)C'C¢L(S)B -1 (I1I-8)
where

¢L(s) = (sl - A+ BB'L) !

Proof: Consider the matrix identity
-sI + sI + LBB'L = LBB'L

Subtract equation III-7 from this identity. After collecting terms,
the result is

(-sI -A' + LBB')L + L(sI -A + BB'L) = LBB'L + C'C - Q
Pre- and post-multiply this equation by B'¢£(-s) and ¢L(s)B,
respectively, to get

B’LQL(S)B + B'¢£(-S)LB = B'¢i(-s)LBB'L¢L(8)B

+ B'¢£(-5)C'C¢L(S)B - B'¢£(—s)¢L(s)B

Rearranging terms and adding and subtracting I from this equation
results in
B'¢'(~ P B=[B'¢0'(-s)LB~I] [B'Ld B-1
L( s)Q L(s) [ L( s) ]I L(s) ]

+ B'¢£(-S)C'C¢L(S)B -1

which is the same as equation III-8.

End of Proof
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The primary objective is to compare the cost of a suboptimal
linear control law to the cost of the optimal control law for system E.
Canales [ 3] derived an expression for a lower bound for ratio of the
optimal to the suboptimal cost. Though the case he presented is more
limited, his theorem suggested the proof of the following theorem.

The difference between Canales' theorem and Theorem III-2 arises out
of the general nature of Theorem II-4. Theorem 11-4 expresses a
relationship only between the optimal cost and the cost of the homo-
genous system. However, the following theorem,which relates the
optimal cost and cost of suboptimal control law is a direct result of
Theorem II-4.

Before stating Theorem III-2 it will be convenient to define
several conditions which will be useful in the presentation of the
theorem. These conditions are as follows:

CCl. Given the system I, a n*n symmetric matrix L where D = B'L,
and X)) the quasi-Schwarz inequality

(f:xtlx(t)qxl(t) dt)? < | f:x,;(t)Qxh(t) del*| /7x] (£)Qx, (£) c(lﬂl_g)
where

Q =A'L + LA - LBB'L + C'C
xh(t) = @D(t) Xy
x,(t) = ¢D(t) R(t) x,

R(t) = -BB'( K - L) ¢K(t)

K is the solution of the Riccatti equation
A'K + KA - KBB'K = -C'C
¢K(t) is the transition matrix for the closed loop

optimal system ( l.e., O.(t) = exp[(A - BB'K)t]),
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and ¢D(t) is the transition matrix for the closed
loop suboptimal system ( i.e., ¢p(t) = exp[(A-BD)]).
hold at x;.
CC2. Given the system I, the feedback control law in equation

I11-2, €, x5, and a8 n*n symmetric matrix L, it is true that

if x)(P - L)x, > 0, then xj(L - eP)x0 >0

or (111I-10)

1f x§(P - L)x5 < 0, then x]{(2 - €)P - L]x, > 0

where P is the solution to the linear matrix equation
PF + F'P = -C'C - D'D (II1-11)
for

F=A-BD (I11-12)

CC3. For the system I and the feedback control law in

equation III-2, the inequality in the frequency domain

—afl < W(jw) < oll (I1I-13)

holds for all w where
W(s) = [B'¢B(—8)D' - I] [D¢D(s)B - I]
+B'¢6(-5)C'C¢D(S)B -1 (III-14)
with ¢D(s) = (sI - A + BD)"!

With these condition defined, Theorem III-2 may now be concisely
stated as:

Theorem III-2 Given system L, the cost functional of equation III-3,

and the suboptimal (stable) feedback control law of equation III-2,
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if there exists some symmetric matrix L and some scalar ¢
such that D = B'L and conditions CCl and CC2 are satisfied, then the
cost, JD(xo) of the system using the suboptimal control law uD(t)

bounds from below the optimal cost, J,(x;) by the following equation

1 + eal 1 - (2-€)af
J*(xo) > min —————;—- JD(xO), " JD(xo) (II1I-15)
1 + o 1 - af

for any a% <1 and a% such that condition CC3 is true.
Proof: Substituting the feedback control law uD(t), equation III-2,

into the system equation, equation III-1, gives

xp(t) = (A - BD)xp(t) = Fx(t) 5 x,(0) = x

yp(t) = Cxp(t) (II1-16)

The cost functional, equation III-3, is revised as follows

IpGep) = Ty (e) ,up(e))

f:x[')(t)C'CxD(t) + %! (6)D'Dx_(t) dt

foxD(t:) [c'C + D'D] x.D(t) dt

Since by hypothesis the eigenvalues of matrix F have negative real
parts, Theorem II-1 indicates the cost associated with the system in
equation III-16 and the cost functional given above is
JD(XO) = bexQ (I11-17)
where P satisfies the equation
PF + F'P = -C'C - D'D (I11-18)
Note that P is positive definite since C'C + D'D is positive definite

{2].

Now define an n*n matrix Q by the following equation
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Q = LA+ A'L - LBB'L + C'C
where L is some symmetric matrix such that D = B'L. Rearranging this
equation and adding and subtracting LBB'L results in
L(A - BB'L) + (A' - LBB'")L + LBB'L + C'C = Q

or using the definition of F gives

LF + F'L = Q - LBB'L - C'C (II1-19)
Subtracting equation III-19 from equation III-18 and noting that
LBB'L = D'D gives

(P~-L)F+F'(P -1L) = -Q (I11-20)

Letting

N=P -1 (111-21)

in equation III-20 gives
NF + F'N = =Q (111-22)
Now consider the optimal system for which the control law is
u, (t) = B'Kx,(t), where K is the solution to equation III-5. Add
and subtract the terms LBB'K and KBB'L from the left hand side of
this equation to get
K(A - BB'L) + KBB'L + (A' - LBB')XK + LBB'K - KBB'K = -C'C
Again using the definition of F gives

~ KBB'L ~ LBR'K + KBBK - C'C

KF + F'K

(K- L)'BB'"(K~-1L) - LBB'L - C'C
Subtracting equation III-19 from this equation results in
(K-LF+F'(K-L)=(K-L)'BB'"(K-L) - Q

or letting
M=K-1L ' (I11-23)



glves
MF + F'M - MBB'M = -Q (II1-24)
Note that F - BB'M = A - BB'K, hence Re{A(F - BB'M)} < 0 as was
indicated in the opening of this chapter.
Equation III-22 and III-24 satisfy condition C1 and C2 of

Theorem II-4. Since condition CCl is assumed, if it can be shown that
—a?2I < B'(-jul - F')"1Q(jwl - F)B < o2I (111-25)

then the results of Theorem II-4 may be invoked. But by theorem III-1
it is evident that equation III-25 is equivalent to equation III-13,

hence it is established that

( [ 1 1 - 2af )
min — xoNx,, > xgNx, | for x Nx;, > 0
) 11+ ay 1- o0
XgMx, > r : (I111-26)
1+ 203 1 )
min ———2- xgNx " x(',NxO for x['JNxo <0
\ xl + az 1- o] J

for any a{ < 1 and a% satisfying equation III-13.
Consider equation III-26 for the case x'Nx > 0. Making the

substitution M = K - L and N=P - L gives

1 1 - 2a%
x9(K - L)xy > min ——; x(')(P - L)xo,———-?- x(')(P - L) Xy

which results in

r1+e:oz% b l—(2—e)a% a%
*)Kx, > min x'lé’x0 + x(') (L-eP)x ), x(')Px0+____xé (L-eP)x,

1+a3 1402 1- of 1-af

1+t:ot:2Z l—(Z—e)a%

> min x§Pxg, —————— x(PXg (I11-27)
1+a? 1 -a?
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for any € such that xj(L - eP)x; > 0 and x3(P - L)x, > O. Making the

substitutions M = K - L and N = P - L for the case x)Nx; < 0 gives

1 + 2a3 1
xp(K - L)xy > min |——— x,(P - L)xof——-——- xé(P - L) X4
1+ a% l-a%
which implies
1 + caf a%
x'Kx, > min |—— x'Px, + — x'[(2 -¢)P - L] x_ ,
00 1+ a% 00 1+ a% 0 0
1 - (2 -€)ai af
J 1 - -
T2 xOPx0 + I—:—;;-xo[(Z e)P - L] Xg
1 1
1 + ea3 1- (2 - ¢€)a
> min x)\Px, , x!Px (III-28)
kd , X05%g 2 0" *o

for any € such that xa[(z - g)P - L]x0 > 0 and xo(P - L)x0 < 0,
Equations III-27 and III-28 complete the proof of the theorem.

End of Proof

Note that Theorem III-2 as stated is dependent on the initial
condition. If one can find a set of L matrices and some ¢ independent
of x, such that conditions CCl and CC2 hold for ¢ and some L in the
set for every x;, then the deperndence on x; in equation III-15 can be
removed., Theorem III-2 completes the theoretical development.
However, there is one matrix identity which will often be helpful in
understanding the results. That identity [10] is

C,(sI - A+ BB'L)"!B = C,(sI - A)~!B [I + B'L(sI - A)"!B]!
(I111-29)

where the constant matrices A, B, C, and L are of the respective
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dimensions n*n, n*r, s*n and n*n. This identity can be used to express
the closed loop frequency inequality, equation III-13 in terms of an
inequality on the open loop transfer function. Though the preceeding
theorems can be used for a general multi-input, multi-output system,

in the sequel only single-input single-output systems will be

considered.

B. Suboptimal Single-input, Single-

output Feedback Systems

Up until this point multi-input, multi-output systems have been
considered. Unfortunately such systems do not lend themselves to easy
manipulation and display. For this reason only single-input, single-
output systems will be discussed in the sequel.

For a single-input, single-output system several interesting
relationships exist between the matrix description, Figure 2a, and
the frequency domain representation, Figure 2b, of the system. Some

of the relationships are [ 9] these:
G(s) = C(sI - A)”!B (I11-30)
G(s)H(s) = D(sI - A)"1B = B'L(sI - A)"1B (11I-31)

and for the closed loop system this relationship is:

G(s)
1 + G(s)H(s)

G (s) = = C(sI - A + BD) !B (1I1I-32)
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v(t)=0 u(t) x(t) - y(e)
+
B c P>
Py S |
A
pap'L [l
(a)
V(ju)=0 U(jw) Y(jw)
. G(Jw) -
H(jw)
(b)
\

Figure 2. Block diagram of single-input, single-output system
(a) Time domain representation

(b) Frequency domain representation.

Consider W(s) given in equation III-14 as

W(s) = [B'@D(—S)D' - 1] [D¢D(S)B - I}

(111-33)
+ B @D(-S)C C¢D(s)B -1



where

¢ (s) = (s - A + BD)~! (I1I-34)
From equation ITII-32 it is seen that
Gc(s) = C¢D(5)B (I11-35)

and combining equation III-31 and equation III-29, assuming
C2 = B'L = D, results in
G(s)H(8)

op(s)B = -
Dop(e)B = —— (11I-36)

Hence for the single-input, single-output system, W(s) can be written

using equation III-32 thru equation III-36 as

1

G(-s)H(-s) 1 [ G(s)H(s)
W(s) = [1 + G(=8)H(-8) ~ | | 1 + G(s)H(s) ~ 1]

+[ G(-s) ]f G(s) ]_1
1 + G(-s)H(-8)] (1 + G(s)H(s)

+ frracbees) frechi

(1 + G(-s)H(-8)) (1 + G(s)H(s)

1G(s) |2
* T+ c(a)HE |2 L

oy . 1+ |6(s)]? -
W(s) = o L (111-37)

Several interesting results can be derived using equation 1II-37.

Consider equation III-13

~a? < W(jw) :_ag (111-38)
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for all real w. If equation III-38 hoids for some control law uD(t)

with ay = a, = 0, then this implies (equation III-37) that

1+ |6(jw)|?
[T+ c@EmH@w[Z =1 (1I1-39)

But if all the conditions of the theorem are satisfied, Theorem III-2
implies the optimal cost is related to the cost of the system using

the control law uD(t) by equation III-15, which in this case implies
J*(xo) 3_ JD(XO)
But since J*(xo) is the minimum, it is true that

Jalxg) < JD(XO)
Hence

J*(xo) = JD(xO)

This is explained by noting that equation ITI-39 is Kalman's equation
for optimality [ 5] as indeed it should.
One additional point should be mentioned about W(s). Note that

1 _ 1
[1+ G(s)H(s)[2 = [Tp(s)]2

where Tp(s) in "classical control" language is the "return difference"

for control law uD(t), and

G(s) 2
1 + G(s)H(s) = IGC(5)|2

where, as above, Gc(s) is the closed loop transfer function for

control law uD(t). Hence W(s) can be written as



W(s) = |G (s)|2 + — L1 — -1
ITD(S)Iz

Considering this equation for the case of equation III-39 it is easy

to show that for an optimal system
Ty |2 > 1

for all real w. This is another one of Kalman's results [ 5]. 1In
"classical control” it has long been known that this is a necessary
condition in order for the sensitivity to changes in plant parameters

to be decreased by a feedback control.

C. Constant Cost Ratio Loci

in the Frequency Domain

In classical control work frequency domain plots play a large
role in the compensation of a control system. Such plots as Bode
plots and Nyquist plots are used to estimate time domain behavior
of a system from general time domain-frequency domain relationships.
A common starting point in the frequency domain analysis is the open
loop transfer function for a unity-feedback control system.

The lower bound developed in Theorem III-2 provides a means of
estimating how optimal is a unitv feedback system from a Nyquist
plot. Consider the locus of all points in the Nyquist plane which
result in a given ratio of Jx(xy) / JD(xo). These loci are
determined from Theorem III-2 by equality for the inequality

(equation III-15),
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-a% < W(jw) j_a% for all real w , (111I-41)

where W(jw) is given as in equation III-37,

_ 1+ le@wy|?  _ 1I-
WO) = G |2 ' (111-42)

(H(jw) = 1). The loci of constant ratio will be determined in two
parts. First assume that the lower bound is determined by the

equality on the a, side of equation III-41,

W(jw) = a? (1II-43)
and the ratio J,(xg) / JD(xo) = k, where k, 18 a scalar constant.

This requires that

1+ ea% .
= 2
1+ a%
1+ el = kyp(l+ af)
(L-¢) = (k, -€) (1L+a)) (I111-44)
Letting
a= (1 - ¢€)
(II1-45)
b = (k2 - E)

and noting from equation III-43 and equation III-42 that

1+
2=
l-l-a2 |1+

34
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equation III-44 reduces to

1+ |G 2
a=b [-IT—;_—(I;—G%% ] (I1I-46)

Let x = Re{ G(jw)} and y = Im{G(jw)}, then

= 1+x2-§-y2
a b[(l+x)2+y2]

a + 2ax + ax?2 + ay2 = b + bx? + by?

(@a-b)x2+ (a-b)y2+2ax=">b-a

24 ==t —— +y2 = -
et e Y TGz !
2 2
x +-33) + y2 = a -1 (1I1-47
[ a—b] Y (a-b)?2 )

The use of the definition of a and b given in equation III-45 and

equation III-47 gives

2
1-€)2
x + L€ +y2 = _(_.__).._.2_ -1 (I1I-48)

Now assume that the lower bound is determined by the equality
on the a, side of equation III-41,

-a§ = W(iw) (I1I-49)

and the ratio J*(xo) / JD(xo) = k,, where k, is a scalar constant.

The problem requires that



1~ (2 - e)u%

1-af
1-(2-¢€)?=k@Q0-a)
(L-¢€)=(2-% -¢€) -ad) (I1I-50)
Letting
a=(1-c¢)

(I1I1I-51)
b= ((2-k -¢)

and noting from equation III-49 and equation III-42 that

1-a2 =

1 + [G{{w 2
1 1+ G(jw)iZ

equation III-50 reduces to

Since this is the same as equation II1I-46, the loci for a constant
ratio are given by equation III-47. Substituting the definition of

a and b, equation III-51, into equation III-47 results in

- 2 _
x - |Tey2 o | L-E)2 (I11I-52)
1 -k 1-k

If the right hand sides of both equations are positive, equations

III-48 and II1-52 represent acentric circles in the Nyquist plane.
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For the ratio k, the circles 1lie in the left half plane, approaching
a center at —1.0 with a radius of zero as k; approaches zero and
approaching a center at -« with an infinite radius ( the imaginary
axis) as k, approaches 1. In the case of ratio k;, the circles are
a mirror image of the results for k, . The case ¢ = 0 is shown in
Figure 3. The effect of €, for 1 > ¢ > 0, is to move the center of

each circle closer to the imaginary axis and to decrease the radius.
D. Second Order Example

In order to illustrate some of the preceeding concepts, consider
the following example. This example was first used by Canales [ 3]
as an application of the lower bound derived by him.

Problem 1: Given a system described by the differential

equations (Figure 4)

x(t) + 4x(t) = u(t) (I11-53)

y(t) = 2x(t) - x(t) (111-54)
the control law

u(t) = -ay(t) (111-55)

and the cost functional
J = f:[uz(t) + y2(t)] dt (111-56)

choose a value of a such that the performance of the system is
near the optimal performance (when all the state variables are

fed back).
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Figure 3. Constant cost ratio loci in the frequency domain




v(t)=0 u(t)
+ 28-1
8+4

~> y(t)

Figure 4. System for Problem 1

Solution: For this problem it is obviously desirable to determine
a lower bound on the ratio of the optimal cost to the cost of control
law in equation IIT-55., Such a lower bound is given by Theorem III-2.
This lower bound is determined from the following equation (III-15)

1 + ea} 1-(2-¢)?

Jp(xg) > min | ——— Jo(xq) , Jp (xp) (I11-57)
1+aZ O 1- o D

where J_(x;) is the cost for the optimal system, JD(xO) is the cost

for the suboptimal control, af and a3 obey (equation III-13)
—o? < W(iuw) < of (111-58)
and W(juw) is defined in equation III-37 by

1+ |G(s)|2
W(s) = -1 (I11-59)
|1 + G(s)H(s) |2

For the system in equations III-53 thru III~55, G(s) and H(s)

are given by

2s - 1
G(s) =

(I11-60)
82 + 4
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H(s) = « (I1I-61)
Substituting equation III-60 and III-61 into equation III-59 and
evaluating at s = jw, results in
4w? + 1 + (4 - w?)?

W(jw) = -1
(4 - w? —a)2+ 4a2w?

w* - 4w? + 17
- -1 (I11-62)
w* + (402 + 20 - 8)w? + (a2 -8a + 16)

In order to determine an a% and a% which satisfy equation III-58,
it is desirable to determine the extrema with respect to w of W(jw),
equation III-62. This can be accomplished by determining the
extrema of

w + aw? + b

W, = -1 (I11-63)
o + cw? + d

The extrema are characterized by the first derivative's being zero, or

dWE (4w3 + 2aw) (u'* + cw? + d) - (w* + aw? + b)(lm)3 + 2cw)
= =0

dw (w* + cw? + d)2

Simplifying and collecting terms gives that any extremum is located

at w2 = 0 or at the solution of the quadratic equation in w2,

(c - a)w"* + 2(d - b)w? + (ad - be) = 0 (I1I-64)
Note that since w is a real number, any solution w? of equation III-64
that is negative is an extraneous root. Equations III-63 and III-64

imply that the extrema of equation III-62 are located at w2 =0 or



at the positive solutions for w2 of the equation
(4a? + 20 - &)u™ + 2(a2 - 8a - Dw? + (7202 - 2a + 72) =0
(III-65)
The value of these maximum and minimum are found by evaluating
equation III-62 at each of the extrema. Letting —a% equal to the
smallest of 0 or the minimum of W(jw) and u% equal to the largest

of 0 or the maximum of W(jw), a program was written to evaluate

1 and 1 - 20§

1+ a% 1 - a%

over the range of a for which the closed

loop system, equations I11I-53 thru III-55, is stable ( 0 < a <4).

1 1 - 2a?
In the sequel the functions ————— and ——1 4111 be referred to
1+ a? 1-af

as az—bound and ul-bound, respectively. Note that the az—bound and
the aj-bound correspond to the two parts of equation III-57 for

€ = 0. Hence if there exist any € > 0 such that all the conditioms
of Theorem III-2 are satisfied, then the minimum of the a,-bound
and a;-bound is less than the ratio Ju(xy) / JD(xo). The results
of the program are plotted in Figure 5 and tabulated in Table 1 in
the Appendix. Line a in Figure 5 represents the aj-bound, while
line b is the a,-bound.

Before it can be stated that the min of a,-bound and a,-bound
is less that the ratio of J*(xo) / JD(xo) for a feedback law o, it
must be shown that there exist an € > 0 such that all the hypotheses
of Theorem III-2 are satisfied for that value of a. The needed
conditions in Theorem III-2 are in the form of inequality constraints

on the initial conditions, and hence, best handled in a state
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variable format. One state variable representation of the system

in equations III-53 thru III-55 is

x(t) = Ax(t) + Bu(t)

(I11-66)
y(t) = Cx(t)
where
0 1 0
Am , B = ,and C = [-1 , 2] (III-67)
-4 0 1
with the feedback control law given by
u(t) = -Dx(t) (1I1-68)
where
D = aC (III"69)

There are two conditions which need to be established. These
are that there exist a symmetric matrix L satisfying D = B'L such
that 1) the quasi-Schwarz inequality 1s satisfied for each initial

condition and 2) equation III-10,

xg(L - €P)xy > 0 1if x3(P - L)x; > 0

or (111-70)

x6[(2 - e)P -L] >0 Iif xa(P - L)x, <0

where P is the solution to the linear matrix equation
PF + F'P = -C'C - D'D (I11-71)
for

F=A- BD (III-72)
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is satisfied for each initial condition. Since D = B'L and D also

satisfies equation III-69, it is true that

B'L= C

or

[ 1y, 112]
[0 1] = [-1 2]
1,2 13

This equation requires that

B -0
L = (I11-73)
-a 20

where B may be any real number. The matrix P,

P = 1 12 (111-74)

is determined by using equation III-67, III-69, II1I-71, and III-72

as follows

o]
]

A - BD

-(4 -o) -2a



F'P + PF = - (C'C - C'C

= -(1 + a?)c'C (I11-75)
“2py, (4 - o) Ppy T 2Py, TRl m o)) - (1+a2) o
P11- 20p;p- Py (4 - @) 2pyp — 4opy; -2 4

This matrix equation implies that Pyys Pypo and P,, are given by

the solution to the simultaneous equations
=2(4 - a)py, = -(1 + a?)
2pyp - b4apy, = -4(1 + a?)

P11 - 2epyp - p22(4 = o) = 2(1 + a?)

Hence
1 (1+ az)
P12 7
2 (4 - a)
68 - a
Py = ——— (1 +a?) (111-76)
ba(s - a)
and
17 - 4o
Pppg = (1+ a?)
ba(h - a)

The quasi-Schwarz inequality as given for Theorem III-2 (condition

CCl) is

f:x{(t)Qxl (t) dt|

SOx(6)Qx, (£) dt)? < | sox (£)Qx, (t) dt
( 0'h ' o'h (111-77)
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where

Q = A'L + LA - LBB'L + C'C (I11-78)
xh(t) = <l>D(t)x0 (I11I-79)
xl(t) = ¢D(t)R(t)x0 (I1I-80)

R(t) = -BB'(K—L)¢K(t)

K is the solution of the matrix Riccati equation
A'K + KA - KBB'K = -C'C (I11-81)
¢K(t) is the transition matrix for the optimal closed loop system
(
( i.e. QK(C) = exp[(A - BB'K)t] ), and ¢D(t) is the transition matrix
for the closed loop suboptimal system ( i.e. QD(t) = exp[(A - BD)t]).

This condition will be established in parts.

First determine ¢D(t).

2 (s) = (sI - A+ BD)"! = (sI - F)!
[ s -17]-1
L 4=a s+20, _
rs+2a 1]
= | -4ta 8

g2 + 2as + 4 -a

[ s-a-b 1 7
(s-a) (s-b) (s-a) (s-b)
= (I11-82)
-ab 8

| (s-a) (s-b) (s-a) (s-b) |

where a and b are the roots of the charateristic equation ( i.e.,

(s-a) (s-b) = s2 + 2as + 4 -a). If a is not equal to b, then
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NORS S UND)

-
—beBt + aePt o8t _ bt
- 1 (11I1-83)
a-b
-abedt + abebt ae®t - pePt )
Now consider
= ]
M(t) ¢D(t)Q¢D(t)
- 1
¢1, 9 9 4 ¢ ¢,
...¢12 ¢22 i q12 q22 ¢21 ¢22
o i
m, my
= (I11-84)
| ™12 W22

where

2 2
My = 4197 F 295,04, F 95505,

mpp = 413911912 F Q201950 by0¢0y] + 5,854, (III-85)
m,, = q,.¢2, + 2q,,6,.,0,, + q,,¢3
02 = 411%72 12912922 F 92293,

Using the values for ¢ and ¢22 given in equation III-83,

11’ 4’12
equation III-85 expands to
1

(a-b)2

{b2[q11 + 2q;,a + qy5a ] elat

o,

-2ab[q,, + q,,(atb) + q,,ab] e(ath)

+ az[q11 + 2q12b + q?2b2] e2bt



1
(a-b)?

- 27 .2at
12 {-blq,, + 2q,,a + q,,a°] e

+ (atb) [q;, + q,,(ath) + q,,ab] e(atb)t

-a [q,; + 2q;,b + q;;b?] e?bt } (I11-86)

1
my, = ——— [q;; + 2q,,a + q,,a’] e2?
(a-b)?

t

-2[q,, + q,,(a+b) + q,,ab] el(a+b)t

2
-i-[q11 + 2q,,b + q22b2] e bt }

In order to evaluate equation I1I-80, ¢K(t) must be determined.

Assume the solution to the Riccati equation, equation III-81, is

k k
11 2
K= ! (111-87)
ki,  kyy
then
be(s) = (sI - A + BB'K)"!
& -1] 71
r-S + k22 1W
= [ klz S
s2 + k,,s + 4 + k.,
s—-c—d 1

(s8-c) (s-d) (s-c) (s-d)

-cd 1
(s8=c) (s=d) (s-d) (s~d)
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where c and d are the roots of the closed loop characteristic equation
for the optimal system (i.e., (s-c)(s-d) = 82 + kyps + 4 + Ky,).

If ¢ 1s not equal to d, then

o (£) = 451[ox(s)]

~deCt + cedt eCt - eJt
=1 (I11-88)

c-d | -cde®t + cdedt ceSt - dedt

For B as given in equation III-67, K as given in equation III-87,

L as given in equation III-73, and ®;(t) given as

$r11 K12
o) = | °
P21 $K22

the evaluation of equation III-80 proceeds as follows;

R(t) = BB'(K - L)@K(t)

(kyp=119) Oy 1+ Ckpp=155) 8%, (kyp=1y5) Oyt (kap=152) 0o

= (II1-89)

For ¢K(t) given in equation ITI-88, r,, and r,, can be written

as follows:
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[-dQky 5= 1;,) = cd(iy,= 1,,)] eSF

+ lelkym 1y,) + cdlig,- 1,,)] %

(I11-90)
1 ct
T22 = g lkiom 1y Foeligym 1)) e
= [kypm 1y, + dlikgp= 15,01 et
Let Mya110 Mapyar Mobi1e Moarzr Mabio® Mabi20 Moazz» Mabap» and Mypop
be defined by
- 2at (atb)t 2bt
By " Man® e * Mobi®
- 2at (atb)t 2bt
Bip ® Ma1n® F Mgpy,° *Mopi2®
2at

- (atb)t 2bt
ma2 = M, 05,8 F Mgpase + M0t

and equation III-86. Let R » R s R , and R be defined by
cpp d21  c22

r.. =R et 4R edt

21 c2] d21

(I111-92)
= ct dt
1 PP Rczze + Rdzze

and equation ITI-90. Then, the 2-1 element of the matrix product

Wy ,T9 m,,r
M(£)R(t) = 12722 (111-93)

my2T2) my2F2
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is given by

+b+e)t
oD r =M e(Za+c)t: + M R e(a b+c)
22 21 2a22 c21 ab22 c21

M e(2b+c)t + M R e(2a+d)t:
2b22 c21 2a22 d21

e(a+t>-|-d) + M R e(2b+d)t
ab22 dz21 2b22 d21 (111_94)

with the other elements given by the same equation with an appro-
priate change of subscript, and the 2-1 element of the matrix

product

2
M22721 My2521%22

R' (t)M(t)R(t) = (I11-95)

2
my2%21T22 D,2%22
is given by

+b+c)t
mrr =M R R e(2at2e)t 4y R R e(a )
22 21 22 2822 c2l1 c22 ab22 ¢21 ¢22

M e(?_b+2c)t+M R R el(2atcH)t
2b22 c¢21 c¢22 2322 d21 c22

+b+ctd) +ctd)t
M R (@ +M_ R R elPbtetd)
ab22 d21 c22 2b22 d21 c22

+ M e(Za+c+d)t + M
2822 c2l1 d22 2a22 c21 d22

+o+ +2b)t
e(2b ctd)t + M R R e(Za 2b)
2b22 ¢21 d22 2a22 d21 d22

o (atb+ctd) t

+ M

+b+2d) t
M_ R R )2 b R R (220t
ab22 d21 d22 2b22 d21 d22

with the other elements in equation III-95 given by appropriate
change of subscript.
Now determine the matrix Q. The matrix Q 1s given by equation

III-78 with the values of A, B, and C as in equation III-67, the
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control law in equation III-68, and L as given by equation III-73.

Hence
0 -4 B - B -al|0 1 -a -1

Q= + - [-a 2a] + [-1 2]
1 0j|l-a 2a -a 2a||-4 0 2a 2

or

-a2 + 8a + 1 202 - 8u - 2 + B
Q= (I11-97)
202 - 8a - 2+ B -4a? - 20 + 4
Define a matrix T by
xgTxg = [ %! (£)Qx, (£)de
= xa(foM(t)R(t) dt) x,
a matrix U by
' e [x! -
xOUx0 foxh(t)Qxh(t)dt (I11-98)

xb(fZM(t) dt)x,

and a matrix V by

xjxg = £ x! (£)Qx, ()t

xy (/R ©M(DIR(E) de)x,

The solution of the Riccati equation was algebraically determined as

10.4960 0.1231
K = (111-99)
0.1231  2.0606
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and a program was written to determine the elements of the matrices
T, U, and V for any a and 8. Hence the quasi-Schwarz inequality is

reduced to the condition that
(xaTxo)z < | =x§uxg]|| x&Vx0| (I1I-100)

holds for all initial conditions of interest. The magnitude sign

on the right hand side of equation III-100 makes the condition diffi-
cult to check. This problem is removed by squaring each side of
equation ITI-100. The equation which 1s used to determine the truth

of the quasi-Schwarz inequality is
(x8Txq) " 5_[x6Ux0)2(x6Vx0)2
or, equivalently, the polynomial

T(xy) > O (III-101)

where

= 2 2)2 2 2)2
T(x,) (unx1 + 2u XX, + u22x2) (vux1 + 2V %%, + szxz)

- 2 2 -
(£33 + [, + £y 0% %, + t,,x2)¥ (11I-102)
for
*
xo =
X2

Equation IIT-101 uses the facts that u;, = u,, and Vip = Vo, (note

that t,, ¥ ty,).
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Now the conditions needed to establish that the minimum of the
ay~bound and the a,-bound does indeed constitute a lower bound on
the ratio of the optimal cost to the cost for the control law
u(t) = -bx(t) can be restated as follows:

Sufficient Condition

There exists a set of matrices, SL' such that B'L = D for

every L € SL’ and that for each initial condition, x,, there

exists some L € SL such that equation III-70 is satisfied

for some € > 0, and that equation III-101 simultaneously

holds for that L and x,.
It is important to note that the above condition indicates it is not
necessary that for all initial conditions a single L exists for
which equation III-70 and III-101 simultaneously hold, but that for
each initial condition, some L exist for which both equations hold.
However, if such an L exists, then the Sufficient Condition 1is indeed
satisfied.

In Figure 5 the peak in the a,-bound occurs near o = 0.92
and as can be seen this is the largest value of the minimum of the
a¢y-bound and az—bound. Hence o = 0.92 18 the best value predicted
by the bound of Theorem III-2 for the feedback coefficient in
Problem 1. It is hence desirable to show a priori that the a,-bound
is indeed a lower bound on the ratio of the optimal cost to the cost
of the control law u(t)=-ay(t) when o = 0.92. This will be estab-
lished by verifying the Sufficient Condition for a set of a up to

a = 0,95, The Verification Procedure is outlined as follows:

[N
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Verification Procedure

For a given value of a
1. Choose a set of matrices, S, such that if L is an element

of S, then L satisfies D=B'L( i.e., equation III-73,

L = (I11-103)
-a 2a
deines the matrix L).
2. For each L € S and for each ¢, > 0 and ¢, > 0 elements
of some choosen set, Se, determine the range of inital con-

ditions such that whenever x3(P - L)x, > O then
xB(L-elP)xO >0

or if x5(P - L)x, <0 then (11I-104)
xa[(z ~ €,)P - L]x0 >0

3. For each L ¢ S calculcate the matricas T, U, and V
defined in equation III-98 and determine the range of
initial conditions for which equation III-101 is satisfied.
4, 1If there is a set SL( €1» €,) contained in S such that
for every x, there exist some L an element of SL for which
steps 2 and 3 simultaneously hold, then the Sufficient
Condition is satisfied. Furthermore if €, is the minimum
value of €, Or €, used to obtain set SL( €15 82), then the
lower bound may be improved by letting ¢ = €, in equation

*

I11-57.



The above procedure is easily stated, but the means of determining
the desired set is by no means clear. First a means of determining
the set of initial conditions in step 3 will be presented. Consider

the expanded form of equation III-102,

8 7 6,2
T(xo) = 1%y + T X)X, + T,X X3 + 1

2

1)\:B-t-'txx—"-l-T

3.5
+ TgXR{Xy + TeX)X; 7%1%3

where the 1, are defined by equivalence with equation III-102.

i

In factored form this equation is

8
T(x,) = T4 El (x, - rixl) (III-105)

where the r, are the roots of the polynomial

8 7 6 5 L 3 2 1
Tgx® + T,x’ + TgX + ToX + T, X + T5X + T,X + T,X + Ty = 0

Now for any initial condition such that x, = x°x,, equation III-105

can be written as

8
T(xq) = Tex? T & - ry)
i=1

Hence it is seen that T(x;) > 0 for every x; and x, such that

X = X°X) if

8
T,=Tg [[ (x-1) >0 (1II-106)
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For tg > 0, if there are no real r; then equation ITI-106 is satisfied;

if there are two real r;, say r, and r, with r, < r then equation

1 2’

II1I-106 is satisfied for x < r, and x > fz; if there are four real T

say r, thrur,, withr, <r, <r, <r , then equation III-106 is

2 3 y?

satisfied for x < r,, r, < x < r,, and x > r,; etc. For 1, < 0 the

8
set of x's for which equation III-106 is satisfied will be the closure
of the complement of the above set of x's for an equivalent number of

real roots. Now consider the determination of the sets in step 2. A

similar procedure with the expanded matrix equatiens listed in step 2

will yield the desired set of initial conditions for each €, and ¢,

in that step. The only difference is that the involved equations are

quadratic,

For the system given in equations III-66 and I1I-67, L given by
equation III-73, Q as determined in equation III-97, and K given in
equation III-99, a digital computer program was written to perform
the indicated task in the Verification Procedure. The results of
step 4, as indicated by this program, are accumulated in the appendix,
Table 2, and show that at least up to the peak at a = 0.92, the a,-
bound does indeed constitute the desired lower bound. The improved
bound resulting from considering equation III-57 for non-zero e 1s
presented in Figure 5 as curve c. One should not attach any signi-
ficance to the shape of this curve since no attempt was made to find
a best €., But curve c does show that by considering the matrix
information, it is oftenm possible to improve the frequency domain
bound.

The Verification Procedure is an involved task--especlally the

verification of the quasi~Schwarz inequality. It is hence worthwhile
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to note that for the case where the Q matrix, equation III-78, is
either positive or negative semi-definite, the quasi-Schwarz inequality
becomes the Schwarz inequality and holds in general for all initial
conditions. Hence for any such Q matrix it is only necessary to find
an €, and €, which éacisfy equation III-104 for all x,. From equation
III-97 it can be seen that for 0 < a < 0.78 the Q matrix of Problem 1
can be made positive definite for several choices of B. For any

such B note that it is not necessary to calculate the solution to

the Riccatl equation, or to chtaln any transistion matricies in

order to verify the lower bound or determine a value of € to improve
the lower bound. The result +ill be improved as long as an e, > 0

and €, > 0 exist, which satisfies equation III-104.

The foregoing procedure established the validity of the bound
predicted by Theorem II1I-2 for all values of a up to a = 0.95. It
would be interesting to see how these values compare to the minimum
of the actual ratio of the cost of the optimal system to the cost
of the system using the feedback control law uD(t) =Dx(t) where
D = B'L. For a second order system such a comparision is easily
made. First of all, note that the cost of the system using the
control law uD(t) is given in the proof of Theorem III-2 as

(equation III-17)
— ]
JD(xo) = xOPxo

where P satisfies equation II1-18, For Problem 1 the matrix P as a
function of o is defined by equation III-76, Now note that the cost

of the optimal system is given by equation III-6 as



J* (xo) = x(',l(*xo

where K, 1s the solution of the algebraic Riccati equation, equation

III-5. Hence the ratio J*(xo)/JD(xo) can be written as

[ ]
I, (x0) %K, %o

JD(xo) xéP X,

2 2
kllxl + 2k12xlx2 + kzzx2

= > (I11-107)
P11X] + 2p)o%yXy + Ppyx3

12 P11 Pyp
X, = y K = , and P = (II1-108)

ko Ky, P, Py

Setting the partial derivative with respect to x, of equation III-107

1

equal to zero characterizes the extremum points with respect to X,

to obey

(ky3Pyp = Py, 12)x + (kR 1Pyy = Py Ky )% X, + (RyyPyy -~ Py, 22)x =0

if X, is not equal to zero. Solving this equation for X, in terms of

x, results in

L
—

il
N
-1}

|

b b 2 c ' -
. \/ ( -2 ] -y, (111-109)

where

= k

]
|

11P12 ~ Pk,

b =k ,Pyy P11k,

¢ kP, TPk,
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Defining d by

b b |2 ¢ k
4= 2 t.\l[ 2&]-—3— (I111-110)

then substituting equation III-109 into equation III-107 results in

the extremum with respect to x, being given by

1

Jp(xy) Kk, d% + 2k,,d + k,,
- : 12 (I11-111)
Jpxy)  pyd° + 2py,d + py,

Following the same procedure for the partial derivative of equation
ITI-107 with respect to x, results in exactly the same equation for
the extremum with respect to x, as equation III-111. Hence the two
solutions (equation III-110) of equation III-111 correspond to the
maximum and the minimum of ratio J*(xo)/JD(xo). In the sequel the
minimum of this ratio will be referred to as the Riccati bound. The
Riccati bound for the system in Problem 1 is shown as curve d in
Figure 5. The data used to construct curve d is tabulated in Table 1
of the appendix.

Now consider a second problem. The system to be considered is
a unity feedback system whose closed loop transfer function is the
same as that of Problem 1.

Problem 2: Given a system described by the differential equations

(Figure 6)

R(t) + 2(a - Dx(t) + (G ~ a)x(t) = u(t) (I1I-112)

y(t) = 2x(t) - x(t) (111-113)
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v(t)y=0 % JOR 28 - 1 v
82 + 2(a - 1)s + (5 - a) _7

Figure 6. System for Problem 2

the control law
u(t) = -y(t) , (I1I-114)

and the cost functional
J = f:[uz(t) + y2(t)] dt

choose a value of a such that the performance of the system is near
the optimal performance ( when all the state variables are fed back).
Solution: This problem can be solved in a manner exactly analogous
to Problem 1. In order to apply Theorem III-2, the function W(s)
must be determined. For this system the associated transfer functions
are

28 - 1

G(s) = (III-115)
g2 + 2(a - 1)s + (5 - a)

and
H(s) = 1 (I11-116)
Substituting equations III-115 and III-116 into equation III-59 and
evaluating at s = jw gives
w* + (4a? - 6a - 2)2 + (a2 - 100 + 26)

W(jw) = : -1 (I1I-117)
w* + (ba? 4+ 20 - 8)2 + (a - 8a + 16)
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In order to choose a value of a, and a, in equation III-58, it is
necessary to determine the extrema over w of equation III-117. By
redefining the values of a, b, ¢, and d in equation III-63, equation
I1I-64 implies that the extrema are all located at w? = 0 or at the

positive solutions for w? of the equation
(4o = 3" + 2(a - 5)w? + (17«2 - 106a + 88) = 0 (11I-118)

The maximum value and minimum value are found by evaluating equation
ITII-117 at each of these extremum, Again let —a% equal the smallest
of 0 or the minimum of W(jw) and a% equal the largest of 0 or the

maximum of W(jw); a program was written to evaluate ———l;-(az-bound)

1l + a%
1 - 20¢
and — (a;-bound) over the range of a, for which the closed
l-a

loop system, equation III-112 thru equation III-114, is stable
(0 <a <4 )., The al-bound ( curve b) and the az—bound (curve a),
as calculated by the FORTRAN routine, are plotted versus o in Figure 7,
and the data is tabulated in Table 3 in the appendix.

Since the open loop system is different from that of Problem 1,
it must again be verified that the sufficient conditions of Theorem
III-2 are satisfied for all values of o of interest., A state variable
representation of the system given in equations III-112 thru III-114
is:

x(t) = Ax(t) + Bu(t)

(ITI-119)
y(t) = Cx(t)

where
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0 1 0
A= , B = » and C = [-1 2] (III-120)
-(5- a) =2(a-1) 1

with the feedback control law given by

u(t) = -Dx(t) (I11-121)

where
D=2¢C (111-122)

As with Problem 1, in order to verify that the minimum of the a,-bound
and o,~bound is the desired lower bound, it is necessary to show that:
there exists a set of L matrices, where D = B'L, such that at each
initial condition for some L in the set 1) the quasi-Schwarz inequality
holds, and 2) equation III-70 is satisfied for € > 0. 1In order to show
the second part, the matrices L and P are needed. The matrix L satisfies

B'L = D and equation III-122 gives that D = C. Hence

8 -1
L = (I11-123)
-1 2

where B may be any real number. The matrix P is specified by equation
III-71 or in this case

F'P + PF = =2C'C (II1-124)

where F = A - BD. If P is given by

P = (I11-125)
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then equation III-124 requires that

- 1
P2 4 - o
I1I-1
p = 68 - o (I111-126)
11 2a0(4 - a)
p = 17 - 4a
22 2a(4 - a)

The equations used to determine the quasi-Schwarz inequality in
Problem 1 can also be used for this case. Since the closed loop system
for Problem 1 and Problem 2 have the same equation, the transition
matrix ¢,(t) in Problem 2 is unchanged from that of equation III-83.
However, the solutions to the Riccati equation and the Q matrix are
different from those used in Problem 1. The Q matrix is given by
the operations in equation III-78 using the values of A, B, C, and L
given in equation III-120 and equation III-123 or

2(5 - a) bo + B - 12

Q= (111-127)
bo + B - 12 2(3 - 4a )

If

K, = (I11-128)

is the solution of the algebraic Riccati equation ( equation III-81)
for the values of A, B, and C given in equation III-120, then the

elements of K, are the solution of



ki, + 2(5 - a)k;, -1 =0
kyp = 2(a = Dk = kypkyy = kyp(5-3) =2 =0
k3, + 4(a - Dky, - 4 - 2k;, = 0 (I11~129)

which result in a positive-definite K,.

For the values of A, B, and C given in equation III-120, the
value of D in equation III-122, the value of L in equation III-123,
the Q matrix in equation III-127, and the value of K, determined
from equation 1II-129, equations III-77 thru 11I-96 were used in a
digital program to determine the matrices T, U, and V defined in
equation III-97. These values were then used to obtain Tx given in
equation III-106. The Verification Procedure was again carried out
for o up to a value of 0.95, The results of step 4 of the Verification
Procedure are tabulated in Table 4 in the appendix. The improved
bound resulting in this process is plotted as curve c in Figure 7.
The final curve, curve d, in Figure 7 represents the Riccati bound
as calculated from equation III-110 and III-111 for K, determined
from equation I1I-129 and P given in equation III-125. This infor-
mation is also presented in Table 3 in the appendix.

Several interesting results are noted by considering Figure 5
and Figure 7. First of all, note that the minimums of the al—bound
and a,-bound lie well below the actual lower bound (Riccati bound)
for all stable values of «. In addition it can be seen that the
peak of the predicted lower bound occurs near the peak of the actual
lower bound. Hence at least for these problems the hound of Theorem

III-2 gseems to be a reasonable means of chooslng the parameter «.



One should be cautious to note that the two problems are different,
even though the closed loop transfer function of the two problems are
the same., As a result there is a slight difference in the predicted
value of the best a in the two problems. For Problems 1 the deter-
mined value of o was a = 0.92, while in Problem 2 the result is

« = 0.96. For the two problems there is a different point of view.

In Problem 1 the plant is held constant ( hence the optimal system

1s fixed) while the control law up(t) = -ay(t) is varied. In Problem 2
the control law uD(t) = -y(t) 1is held constant while a plant parameter
is varied. This difference affects the shape of the curves in Figure 5
and Figure 7. In each case the a,-bound imposes the lower bound for
values of o larger than about 1,2. However in Problem 2 ( Figure 7)
the a;-bound starts to increase after a = 2. This can be understood

in 1light of Figure 3, as the frequency response does not enclose the
point (1,0) in the Nyquist plane for values of a < 2. It crosses the
(1,0) point at « = 2. and encloses the (1,0) point for values of a >2.
It appears from the available data that for o > 2 the verification of
the lower bound will require a negative € (equation III-57), resulting
in a decrease in the predicted lower bound ( possibly to zero or less)

over this range of a,
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IV. APPLICATION OF LOWER BOUND TO SERIES COMPENSATION

OF A UNITY FEEDBACK CONTROL SYSTEM

The calculation of the lower bound determined in Theorem III-2
is easily accomplished for any linear control system from only fre~-
quency-domain information about the open loop system. For a single-
input, single-output unity feedback system, the bound can be deter-
mined simply by using an overlay (Figure 3) on the G(jw)-plane plot
of the system. The problem arises when one wishes to verify that
the suboptimal system satisfies the necessary conditions of Theorem
I11~-2. The Verification Procedure involves determining a state
variable representation, calculating the L and Q matrices, and
determining for what values of x, the quasi-Schwarz hold ( condition
CCl, Theorem I1II-2). This process approaches the impossible (unless
the Q matrix is either positive or negative semi-definite) as the
order of the system increases. Unfortunately the G(jw) plot of many
useful systems lies in both the left half and right half of the G(juw)
plane (this requires an indefinite Q matrix), resulting in a diffi-
cult Verification Procedure. However one should not let this problem
prohibit him from obtaining useful results from the predicted bound.

By considering Figure 3, one can see that improving the pre-
dicted bound for a well-behaved unity feedback system is synonymous
with improving the gain margin and/or the phase margin. In addition,
unlike the gain and phase margins, the predicted bound of Theorem
II1I-2 takes into consideration the entire locus of G(jw) in the com~

plex plane. One way in which the predicted bound might be used is



for series compensation of unity feedback systems. An algorithm for

doing this is presented in the following section.
A. Presentation of the Compensation Algorithm

It has been suggested [ 9] that the time response and relative
stability of the linear regulator is desirable as a solution to many
problems. Much work has been devoted to the design of systems whose
response approximates that of the optimal system. Suboptimal systems
which estimate unmeasurable states and systems whose response is
optimal for some subset of the state variables of the problem have
been designed with no means of determining how chose the final result
is to the optimal system. The bound determined by Theorem 1T1I-2
suggests a measure of the suboptimality of the designed procedure
but unfortunately the sufficient conditions are difficult to verify.
However, for a unity feedback system, we are assured that for a well-
behaved system the higher the lower bound, the better the gain and
phase margin. Hence for a unity feedback system the following pro-
cedure for determining a series compensation is proposed. A block
diagram of the compensated system is shown in Figure 8 where Gp(s)
is assumed to be the plant and Gc(s) is the compensator which is

to be determined.

V(s)=0 . U(s) Y(s)
ﬁ G (s) —) Gp (5) ->

Figure 8. Series compensated unity feedback system
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In the rest of this chapter, the term "predicted lower bound " is
used to indicate the bound predicted by Theorem III-2 for € = 0.

Compensation Procedure

1. Choose a structure for the compensator, and initialize

all compensator parameters.

2, Determine the predicted lower bound.

3. Vary each of the compensator parameters in some orderly

fashion; and determine the predicted lower bound at each

step.

4. Redefine compensator parameters to be the values which

obtain the highest predicted lower bound, and repeat step 3

until the precedure converges.

There are of course several problems which can develop with the
above process. Two of these problems might be local minimum (or
sensitivity to initial parameters of the compensator) and non-
convergence in step 4. The first problem can usually be handled by
considering several starting points. The second can often be solved
by considering system constraints. In fact if there exist some con-
straint (such as bandwidth) , it would be desirable to incorporate
it into the determination of a compensator.

The equation needed to determine the predicted lower bound are
equation III-115 (for & = 0)

1 1-2a2

Jn (%),

J*(xo)'l min JD(xo) (1v-1)



equation III-113
fa% < W(@Ew) < a% (Iv-2)

and equation III-42 (H(jw) = 1 for all w)

1+ |6(jw)|?
W(jw) = -1 (1Iv-3)
|1 + 6(jw) |2
As was done in section D of the last chapter, the quanity ———l———-will
1+ a3
1 - 2a¢
be referred to as the o,~bound, while the function -———— will be

2
1+ o)
called the a,~bound.
Using equation IV-1l, IV-2, and IV-3, a subroutine can be written
to calculate the predicted lower bound, given the open loop poles and

zeroes of the transfer function
G(u) = G.(Jw) € (Ju) (1v-4)

A generalized flow chart of such a routine is given in Figure 9
(a, b, c).Notice that two provisions in addition to the determination
of the predicted lower bound are provided by this routine. One is a
gsection to determine if the close loop system would be stable. This
is accomplished by examining the minus one crossings of the Re{G(jw}}
to see if the Nyquist plot encloses the minus one point. If the
system proves to be unstable, the bound is returned as a negative
number. A second section was provided in order to penalize the pre-
dicted lower bound when some prespecified inequality constraint is
not met., This second provision may or may not be used depending on

the particular problem at hand. No provision was made to consider

71



@ Input poles Initialize:
and zeros SFREQ=0.1
SPROD=1.1
SEND=1000.
Set flags:
ISIGN=0
ISIGNR=0
RMIN=1,0
v
[ 52 .{s-(o,smo)
v
Evaluate:
G(S)th(s)Gp(s)
_®
X=Re{G(S)}
Y=In{G(S)}
(14X)2 + Y2
R=
1+ %2 +7Y?
v
IFLAG=3
R=2-R no
IFLAG=2
| . yes
es
RMIN=R
SFMIN=SFREQ
JFLAG=IFLAG o

Determine actual
—p| value,CAV, of any
constraint

Figure 9a. Generalized flowchart of subroutine to determine

the predicted lower bound
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@

X crosjji/:}/,r

IF
Y changes
sign

IF

yes yes

| ISIGN=1

IF

-1+40 point
ISIGNR=1 lies to the right
of G(jw) plot
IF
Y .. preceding -1
SFREQ=SFREQ*SPROD crossing of X
T 5 indicates
no -1+j0 point
lies to the right
of G(jw) plot
ISIGN=0
Figure 9b. Generalized flowchart of subroutine to determine

the predicted lower bound (continued)
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CAV=CDV

Print
message

STABLE ) es  [UNSTABLE
SYSTEM SYSTEM
RMIN=RMIN ggz * RMIN=-RMIN g%% *

Output RMIN
FREQ,and IFLAG
RETURN

Note, CDV is desired value of constraint. As shown here, the actual
value is constrained tn be less than the desired value; if the
opposite inequality is reeded, it is necessary only to take the
reciprocal of the * statewents.

Figure 9c. Generalized flowchart of subroutine to determine

the predicted lower bound (continued)
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the folding of the alabound that can occur when the plus one point

is enclosed by G(jw) plane plot. This was deemed unnecessary since
this condition reflects itself as local minimum. This subroutine can
be used to evaluate the predicted lower bound of step 2 and step 3 in
the Compensation Procedure.

There have been many search routines developed which would choose
the best set of compensator parameters in order to obtain the maximum
predicted lower bound. However, a straight-forward approach was
taken in the examples in the following section. Each parameter or
set of parameters were varied in turn by some determined increment. *
Step 4 then simply sets the variable parameters to those which gave
the largest predicted lower bound. Convergence is accomplished by
decreasing the increment of change each time no improvement is

made in the predicted lower bound.
B. Application of the Compensation Procedure

The procedure presented in part A can be used to compensate
control systems. For each problem in which the subroutine of Figure 9
is to be used, it will be necessary to choose these parameters:
initial starting frequency, SFIRST, the terminating frequency, SEND,
and the multiple step size, SPROD. For some problems, system con-
straints need to be specified and incorporated into the program,

After the above program parameters have been selected, one then
needs to choose the structure of the compensator and initialize

all the structural parameters. The parameter variation procedure
can then be programmed and the problem run on a computer. The above

process 1s probably best illustrated by a few examples.
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Example 1

Problem statement for Example 1: Consider the unity feedback system
of Problem 2 given in section III-D. Choose the parameter a using
the algorithm outlined in section IV-A.

Solution: The form of Problem 2 is not quite that shown in Figure 8.
However if G(jw) in equation IV-3 is taken to be the plant transfer
function, the algorithm in section IV-A may still be used. The plant

transfer function for Problem 2 is given in equation III-115 as

28 - 1

G(s) =
82 + 2(a - )s + (5 - a)

Using this equation and the subroutine of Figure 9 (without any
constraints), the algorithm of section IV-A was programmed as a one-
parameter search. The FORTRAN results indicated that the best choice
of a was a = 0.96422, for which the predicted lower bound was 0.53199.
The program was written in double precision and executed in about
13 seconds CPU time on the IBM 360/65. These results agree with those
in section III-D. A Nyquist plot of the tramnsfer function is shown
in Figure 10 (a and b). The frequency 0.49 is marked. This is the
frequency at which the o,-bound is equal to 0.53199. Further insight
can be obtained by comparing Figure 10a to Figure 3 in Chapter III,
In this case the predicted lower bound is obtained by determining the
largest constant ratio circle which can be contained inside the fre-

quency response of Figure 10a.



G(jw) - Plane 7 Im
1,957

1,977

(a)
G(jw) - Plane
1,19 *Im
0,935
- 0'5
— " 0.1 Re
9,7
6,91
_0.5 - 14.68
(b) 3,85

Figure 10. Nyquist plot of system in Example 1 for a = 0.96422
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R(s) E(s) v, (s) o(s) C(s)
¥ | 0 = o —

Figure 11. Block diagram of the System considered in Example 2

Example 2

The transfer function of a given power amplifier and motor com=-
bination, which is to be used for shaft position control in the con-

figuration shown in Figure 11, is found to be

0(s) 250
(IV-5)

]

Gp(S) =

V4 (s) s(l + s/10)

This specific example was first used by Dr. V. W. Eveleigh [ 4]

for which he determined using classical techniques the lag compensator

1+ s5/1.25
Gc(s) = — (1v-6)
1 + s/0.02
and a lead compensator
1+ s/30
G.(s) = ———— (1v-7)
1+ g/225

in order to obtain a 50° phase margin.

Problem statement for Example 2: GCiven the plant transfer function

in equation IV-5 and the compensator structure
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Pc S + z.
Go(8) = — — (1v-8)
z, s + Pc

choose the compensator pole, Pe>s and zero, Z.» by using the algorithm
of section IV-A.
Solution: This problem is of the same form as that in Figure 8. Using
the algorithm of section IV-A and a subroutine (with no constraints)
such as that presented in Figure 9 (Gp(s) is given in equation IV-5 and
G.(s) is given by equation IV-8), a two-parameter search routine was
programmed in order to find an appropriate choice for z, and p..
Several interesting aspects occur in this problem.

For some initial choices of p, and z, the algorithm converged to
a local minimum at

1+ s/1.2375

Go(s) = (Iv-9)
1 + s/0,016875

Note that this compensation is very close to the lag compensation in
equation IV-6. For the uncompensated system the predicted lower bound
was 0.02321, while the compensation in equation IV-9 gave 0.3778 for
the predicted lower bound. Hence this local minimum indeed offers
considerable improvement (in the sense of predicted lower bound) over
the uncompensated system, However there is very little difference
between the result for the compensator of equation IV-9 and the clas-
sically determined compensation of equation IV-6, whose predicted
lower bound is 0.3725. The frequency response of the uncompensated
system and the system compensated by the compensator in equation IV-9
are shown in Figure 12. From this plot it is seen that for the com-

pensated system the gain cross over frequency (frequency at which gain



100.0 10.0 _ 1.0 0.1 911 0.01

180°

a -~ Uncompensated system

b - System compensated by compensator
in equation IV-9

Figure 12. Polar plot for local minimum of unconstrained
system in Example 2
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equal 1) occurs near w =3,4, at which the phase margin is about 51°.
The frequency response of the system, using the compensator of equation
IV-6, is approximately the same as curve b in Figure 12,

For other initial choices of P. and z. the algorithm did not

c

converge, For each step in the search procedure, changes in the

values of p, and z, were able to improve the predicted lower bound.

c
Some of the frequency response plots of these steps are shown in
Figure 13. 1In this figure, curve a is the frequency response of the

uncompensated system, curve b is determined for the compensator

1+ 8/25.5
G.(s) = (1v-10)
1 + 8/156
curve ¢ results when the compensator is
1+ 8/26.5
Gc(s) = — (1v-11)
1 + s/357
and curve d becomes the frequency response when
1 + s/10.03
Gc(s) = (Iv-12)

i+ s/1,123,818.5

The predicted lower bounds are 0.0232, 0.3474, 0.5734, and 0.9996,
respectively. The gain cross over frequencies are approximately
52 rad/sec, 86 rad/sec, 92 rad/sec, and 241 rad/sec, respectively,
while the phase margins are approximately 11°, 51°, 75°, and 90°,
respectively., It is seen that the increasing improvement in the
predicted lower bound results in increasing the system bandwidth

and phase margin. Because of noise or some system limitation this



100.0

10.0 1,0 0.1 0.01

180°

195°

Figure 13.

Uncompensated system

System compensated by compensator
in equation IV-10

System compensated by compensator
in equation IV-11

System compensated by compensator
in equation IV-12

Polar plot of intermediate compensators
in search routine for the unconstrained
system of Example 2
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is unacceptable for many systems. One is thus led to seek some means
of imposing system constraints into the search procedure. One means
of doing this, if the bound is exceeded, is to multiply the predicted
lower bound by the ratio of the desired value of the constraint to
the actual value of the constraint before the choice is made as to
the best parameter values in step 4 of the Compensation Procedure
of section IV-4. 1If the bound is not exceeded no change 1s made in the
predicted lower bound.

Using the procedure outlined above, the gain cross over frequency
was constrained to occur at 80 rad/sec. The algorithm then converged

for all initial values of p,. and z_ tried. The best compensator found

C

was

1+ s8/33.44
Gc(s) = (IV-13)
1 + s/800.7

for which the predicted lower bound was 0.61623. A frequency-domain
polar plot for the plant in equation IV-5 with the compensator in
equation IV-13 is given as curve b in Figure 14. Curve a again re-
presents the uncompensated system.

Instead of constraining bandwidth it might be desirable to con-
strain the phase margin to be less than some value, say 50°. Using
the same procedure as for the bandwidth constraint, a program was
written and executed. However the resulting system had a phase
margin of nearly 70° and was unacceptable. The constraint was
strengthened by multiplying the predicted lower bound by the ratio
of the desired constraint minus half the actual phase margin to

half the actual phase margin. The resulting compensator then was



100.0

180°

195°

Figure 14.

240° 255° 270°

Uncompensated system

System compensated by compensator
in equation IV-13

System compensated by compensator
in equation IV-14

System compensated by compensator
in equation IV-7

Polar plot of compensators for constrained
gystem of kxample 2

84



85

1+ s8/36.45
Ge(8) = —m8 (1v-14)

1+ 8/202.3
The frequency response is shown as curve c of Figure 14, from which
it can be seen that the phase margin is approximately 51°. The
frequency response of the classically determined lead compensator,
equation IV-7, is shown as curve d in Figure 14.
Example 3

As a final example, consider the 18 order stiff sample data
system shown in block diagram form in Figure 15 (a,b, and ¢). This
block diagram represents a highly accurate positioning system for
which it is desired for the gain to be greater than 10® for all
frequencies less than 0.2 rad/sec in order that the steady state
error will be small. The high values of gain cause difficult pro-
blems in determining a stable system. Compensation of such a system
by any method is no simple task.
Problem statement for Example 3: For the system whose block diagram
is shown in Figure 15, determine a digital compensator using the
algorithm outlined in section IV-A.
Solution: The system as shown in Figure 15 is not in a form that
can be easily handled by the prescribed algorithm. In order to get
the system into more of a tactful form, it is reduced using block
diagram reduction techniques to that shown in Figure 16 where
5
k TTa - s/zi)
i=1
G(s8) = (Iv-15)

15
s2 TTa - s/py)
i=1




input
command

K=1600

kK -+ L s +28

_4 1 - e-s‘l‘
Ts

First order
hold

T = —=—

120

0 =

1667

s + 1667

J2

J3

Figure 15(a).

Block diagram of system for Example 3

L

98



Ky = 7.76 * 105

6
<J1: 10 1 s R, (s+67) | 3 _@
| 8% + 1500s + 10° 12 s+1 s + 3940 D

J = 918
DA=3

J5

J6

O

Caf .
Cap

Figure 15(b). Block diagram of system for Example 3 (continued)
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.001 lo—d 1

1.41

s + 23.8

2 ,2 2 2
wlamlb s + Zlecs + “le

w% (s?2 + 2Lwy s + m%a)(s2 + 2Cwyys + m%b)

c

M
s

W
1 s? + Zszs + w?

2

2

|-

2.76 * 10°

1
- 2 2
\N—'w (s +ZCw3+w3) r

3

G

w, = 103
L = 0.05 wla = 2,070 wlc = 1,695
wyp = 39,000 w, = 3,520

Figure 15{(c).

Block diagram of

system for Example 3. (continued)

output
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input +

command

Figure 16.

with

T -gT
1-¢8
- 4 G(s)
Ts
zero order
hold
T = —
120
Reduced block diagram for Example 3

P, = -1,991.4 + j 45,786.3
P, = -1,991.4 - § 45,786.3
Py = -176.01 + j 3,515.51
P, = -176.01 - j 3,515,511
Py = -88.1 + j 1,965.13
Pg = -88.1 - j 1,965.13
p, = -4,020.12
Pg = -1,641.60
Py = -655.9 + j 637.9
Py = -655.9 - j 637.9
P = -99.67 + j 401.96
Py, = -99.67 - j 401.96
Py = -125.55 - j 94.4

= -11.84

output
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and

zy = -~12,

= "67.

z, = -169.5 + j 1686.5

z, = ~169.5 - § 1686.5

z = "28.

K = 1600

The z-transform of the system shown in Figure 16 can be taken

using the standard z-transform technique [ 6, 8] and results in the

system shown in Figure 17a where

where

16
kg(M TT (z - )
i=1
D(z) =
15
(z-1)2 ] (z - )
i=1
a) = -0.9170 * 1078 + j 0,6140 * 10~7
a, = -0.9170 * 1078 - § 0.6140 * 10~7

a, = -0.1204

a, = -0,1240

a, = -0.3767
a, = -0.3767
a, = 0.2823
ag = 0.1145
a, = 0.2401
a, . = 0.2401

+ § 0.1967

j 0.1967

+ j 0.2973

j 0.2973

10-14

*

* 10”2

*

10-2 + § 0.3481 * 10~2

*

1072 - § 0.3481 * 10~2

(Iv-16)
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command

command

D(z)

a.

Uncompensated system

D_(z)

-—* D(z) =

output

Figure 17.

Block diagram of z-plane system of Example 3

b.

Compensated system

-0.4264 + { 0.09003

-0.4264 ~ j 0.09003

0.2481 + § 0.2487

0.2481 - j 0.2487

0.9061

-0.9170
-0.9170
-0.8753.
-0.1030

0.2473

*

*

1078 + § 0.6140 * 1077
1078 - § 0.6140 * 1077
1073
1073

1072 + § 0.6013 * 10-?
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0.2473 * 1072 - j 0.6013 * 102

w
o
]

By = -0.3567 + j 0.1635

~0.3567 - j 0.1635
By, = -0.3767 + j 0.2973
B8,, = =0.3767 - § 0.2973
= 0.5727
= 0.9048
B, = 0.9048

B,. = —-6.8364

g(T) = 0.6747 * 107"
and

K = 1600.

Numerical problems oc:ur in the determination of the z-plane zeros.
These problems were eliminated by writing FORTRAN routines for externded
precision arithmetic [ 1]. By this means it was possible to carry all
calculations to 45 significant figures of accuracy.

The system shown in Figure 17a is similar to that for which the
compensation algorithin of section IV-A was derived. Hence a series
digital comvensator was added ( see Figure 17b), and the compensaticn
procedure of section IV-A was used. The structure of the digital
' compensator was chosen as
(1 -0ay)@Q =0p) (z-8)(z - By)

D, (z) = (IV-17)
Q-8)0=-8) (z-0a)(z-0o)

92



The above redefines the problem of Example 3 as follows: For the
system shown in Figure 17b (D(z) is given by equation TV-16), choose

a set of parameters ( Byr By g ab) for D.(z) given in equation
IV-17 by using the algorithm of section IV-A. 1If the digital transfer
function

D(z) = D_(2) Dp(Z)

is used in place of G(3) in equation IV-4, the algoritnm of section
IV-A can be used directly as long as D(z) is evaluated for values of

2z on the unit circle, or if the transformation

is used; then the transfer function is evaluated for w-plane values
along the imaginary axis [ 6, 8)]. Using the more stringent constraint
that the gain remain greater than 10® for all w-plane frequencies
below 0.001, the problem was programmed using double precision and
executed for several different starting values of G Gy Ba, and Bb.
In order to decrease the number of arbitrary parameters to be se-
lected, the starting compensator was chosen so that initially o = ap=
By = Bb = n, where n is some real number. From equation IV-17, it is
seen that this initial compensator is then unity regardless of the
value of n. Some means needs to be determined in order to specify this

initial value. One method of selecting an initial compensator is to

start with a parameter value, which is near a critical frequency such

as: the frequency which determines the predicted lower bound, or where

some constraint is imposed (for this problem at w = 0,001). There is,

of course, no set rule which will work for all systemé, and one must
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use the experience gained as work progresses on a problem.

The scarch routine constrained the z-plane poles of the com-
pensator to lie inside the unit circle in order that the system
would be stable. The manner in which the search was conducted is
sketched in the sequel. Two convergence factors Ap and Az were
chosen, and the magnitude of each pole determined. If the poles
are real, then the predicted lower bound 1is calculated by using
for a_ and a, in equation IV-17 each of four possible sets for

a

= ! t|2 = 112
a, and o) determined by o a, * | aa| Ap and o = o [ab| Aps

where o]

a aad af, are the last values of a

a snd Oy, The largest pre-
dicted lower bound is chosen. The term, predicted lower bound, as
used here 1indicates ouly the number given by using the subroutine
outlined in Figure 9. Without further investigation no other meaning
can be given to this term for the system being discussed. If the
poles are complex, then the four points which are used are the angle,
increased and decreassd by an amount Ap for constant magnitude of

the two poles, and th2 magnitude of a_ and « increased and decreased

a b?

by an amount Iaalz A A means 1s provided which allows the poles to

b’
change from real to complex or complex to real. If none of the four
points provides any improvement in the predicted lower bound, the
convergenre factor Ap is divided by 2 and the process repeated. After
the poles have completed one step, the zercs are ther varied in
exactly tlie same manner as above, except 4,, Ba, and By, are used
instead of Ap, Bas> ard By. The entire process is continued until

both convergence factors A_ and 4, are less than some chosen value.

|4
The best value for the predicted lower bound for all initial

values of poles and zeros considered resulted when
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0.9985 + 3§ 0.1092 * 10~3

R
[
n

0.9985 - § 0.1092 * 10~

Q
o
]

0.9980 + j 0.4074 * 107?

o™
[}
|

0.9980 - j 0.4074 * 10-3 (1v-18)

oW
o
{1

The CPU time for the problem to converge varied depending on the
starting point and nearest local minimum, but a typical value was
between one and two minutes on the IBM 360/65. The value of the
predicted lower bound using the compensator given by equatioms
IV-17 and 1V-18 is 0.2806 while the predicted lower bound for the
uncompensated system was only 0.0456. A Nyquist plot of both the
uncompensated system fcurve a) and the system compensated as indi-

cated above (curve b) is given in Figure 18.
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Figure 18. Nyquist plot of system given in Example 3



V. CONCLUSIONS

The work up to Theorem III-2 is devoted to determining a lower
bound on the ratio of the optimal cost to the cost of a suboptimal
control law. This bound is easily determined using only a frequency
domain description of the system. However, the verification that
the bound is actually a lower bound on the ratio of the optimal cost
to the cost using a suboptimal control law can be a difficult task.

For a class of system determined by the positive or negative
semi-definiteness of a certain matrix (Q-matrix, see condition CC1,
page 23), it is relatively easy to verify the validity of the deter-
mined lower bound. This class of problems has the characteristic
that the Nyquist plot lies completely in elther the left half or
the right half of the G(jw)=-plane. The lower bound can then be
verified and even improved by testing the positive definiteness of
some easily determined matrices. The main problem for this case
may be the determination of the state space representation of the
open loop system.

In the case where the Nyquist plot crosses the imaginary axis,
it becomes necessary to examine a condition (the quasi-Schwarz con~
dition, equation III-9) which is difficult to verify for arbitrary
initial values of the state variables. Regardless of this fact, several
interesting results can be obtained by considering the derived lower
bound.

The work after Theorem III-2 presents conclusions and applications

derived by considering the lower bound. It is demonstrated that for



some systems, even though the Nyquist plot crosses the imaginary axis,
it 18 possible to veriiy all sufficient conditions to insure that the
derived lower bound represents a lower bound on the ratio of the
optimal cost to the cost for a system using # suboptimal control law.
Most of the work presented after III-2 is confined to single-input,
single-output unity fecdback systems. For s:ich systems, the lower
bound can be determined simply by using an overlay (Figure 3) on

the Nyquist plot of the system.

An alporithm is presented which will determine a series com-
pensator for a unity feedback system. The compensator is chosen
to give the largest predicted lower bound. Under certain circum-
stances thze algorithm terminates with a compensator which is close
to that which might bn designed using classical control techniques.

There are many other possible uses for the lower bound derived
in Theorem III-2, Onec such use is as an estimate of how optimal is
a suboptimal control law. This could be helpful in determining the
desirability of using an observer or adding physical equipment in
some process in order to determine unmeasursble or difficult-to-
measure states. The lower bound would provide a measure of how much
was to be gained by increasing the complexity of the system.

The cobvious problem is the difficulty in verifying the validity
of the lower bound. Additional work is needed in this area to deter-
mine if there exists a large class of problems for which the suffi-
cient conditions of Theorem I1I-2 hold in guneral. Many other areas
of investigation are open, ranging from application to interpretation

of the results implied by Theorem III-2.
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Table 1. Calculated Bounds for Problem 1 -
Section III-D

Riccati
] alwbound u2~bound bound
0.25 1.0 0.05833 0.4541
0.5 1.0 0.2274 0.7692
0.75 .1.0 0.4641 0.9122
0.8 0.999 0.50346 0.9222
0.85 0.9857 0.5320 0.9263
0.9 0.9542 0.5457 0.9250
0.95 0.9038 0.5440 0.9188
1.0 0.8367 0.5294% 0.9085
1.05 0.7559 0.5119 0.8950
1.1 0.6641 0.4947 0.8788
1.15 0.5631 0.4773 0.8606
1,2 0.4545 0.4612 0.8409
1.25 0.3389 0.4449 0.8200
1.5 -0.3295 0.3676 0.7075
1.75 -1.1337 0.2978 0.5951
2.0 -2.0668 0.2353 0.4916
2.25 ~3.1267 0.1801 0.3994
2.5 ~4,3125 0.1324 0.3182
2,75 -5.6238 0.09191 0.2470
3.0 ~-7.0605 0.05882 ' 0.1846
3.25 -8.6224 0.03309 0.1297
3.5 -10.3095 0.01471 0,08131
2.75 ~12.1216 0.002676 0.03832



102

Table 2. Step 4 of Verification Procedure for Problem 1-
Section III-D ( page 55)

0.25

If B = 11.5950 the matrix P - L and the matrix L - ¢,P are
positive semi-definite for ¢; = 0.1087 and T, > 0 for all x.
The improved bound using € = €, in equation III-57 is 0.1607.

0.5

If B = 9,7254 the matrix P - L and the matrix L - €P are posi-
positive semi-definite for €; = 0.3518 and T, > O for all x.
The improved bound using € = €, in equation III-57 is 0.4992.

0.75

If B = 8.6440 the matrix P - L and the matrix L - €,P are
posit;ve semi-definite for e, = 0.5442 and T, > O for all x.
The iuproved bourd using e = € in equation ¥II—51 is 0.7557.

0.80
For B. = 5.5285 if B8 = B, the matrix P -~ L and the matrix L - ¢,P
are positive semi-definite for €; = 0.4057 and T_ > 0 for
~42.60 < x < -0.1566 and -0.03268 < x < 20.23. Por B, = 7.58
if B8 = 8 the matrix P - L and the matrix L - e I are positive
semi-definite for ¢, = 0. 5224 and T, 2 0 for x < 0.4952 and
x > 1.078. The union of these sets covers all x. The improved
bound using € = 0.4057 in equation III-57 1is 0.7050.

0.85

For B8, = 5.5363 if B = B, the matrix P - L and the matrix L - €,P
are positive semi-definite for e, = 0.4070 and T, > O for

x < -16.20, for -i2.63 < x < ~0.9844, and for -0.3824 < x.

For slight perturbation from B a repeated real root for equation
III-105 occurs near -0.983. For B, = 6.559 if B = B, the matrix
P - L and the matrix L - ¢;P are positive semi-definite for

= 0,4735 and T, > 0 for x < -0.9964, for -0.9050 < x < 3.84,

and 134.6 < x. ”ﬁe improved bound using e = 0.4070 in equation
I11-57 is 0.7225.

= 0,90

For B, = 4.5401 f B = B, the matrix P - L and the matrix L - e,P
are positive semi-definite for €; = 0,3324 and Tx > 0 for

x < =-11.33, for -11.31 < x < -1.642 and for -1.63 b4 < x. For
slighf perturbation from 81 a repeated real root for equation
ITII-135 occurs near -1.64. For B, = 5.5627 if B = B, the matrix
P - L and the matrix L - ¢;P are positive semi-definite for

€y = 3.4070 and T, > 0 for x < =55.12, for -24.94 < x < -1,699,
and for -1.588 < x. The improved bound using € = 0.3324 in
equation III-57 is 0.6967.
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Table 2. (continued)

o = 0.95
For By = -0.5510 if B = B, the matrix P - L is positive semi-
definite and if », = x,[ x 1]' then xé(L - € P)x0 > 0 for
-4,258 < x < 0.8088 whenever €.= 0.0. For this value of B
T, > 0 for x < -16.71, for -8.313 < x < -2.264; and for
—5.261 < x. A siight perturbation in f, results in a repeated
root of equation III-105 near -2.263. For B, = 3.553 if B = B,
the matrix P - L and the matrix L - ¢,P are positive semi-
sefinite for €; = 0,2518 and T, > 0 for x < -31.59, for
-30.63 < x < -2.439, and for -3.209 < x. For g, = 5.605 if
B = B, the matrix L - ¢,P and the matrix (2 - ¢,)P - L are
positive semi-definite for e; = 0.4060 and e, = (.9892 and
Ty > J for x < -9.17, for -1.8044 < x < 13.14, and for
56.62 < x. The ‘mproved bound using € = 0.0 in equation III-57
is 0.5440.
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Table 3. Calculated Bounds for Problem 2 -
Secticn III-D

Riccatdi
o al-bound uz—bound bound
0.25 1.0 0.03577 0.4736
0.5 1.0 0.1760 0.7652
0.75 1.0 0.41%7 0.9016
0.8 0.9948 0.4609 0.9124
0.35 0.9769 0.4972 0.9180
0.9 0.9442 0.5212 0.9190
0.95 0.8967 0.53i5 0.9156
1.0 0.8367 0.52%4 0.9085
1.05 0.7680 0.5242 0.8986
1.1 0.6943 0.5188 0.8865
1.15 0.6187 0.5134 0.8726
1.2 0.5438 0.5078 0.8575
1.125 0.4714 0.5021 0.8416
1.5 0.1827 0.4717 0.7580
1.75 0.03717 0.4378 0.6790
2.0 0.0 0.4 0.6088
2.75 0.02318 0.3577 0.5463
2.0 0.07362 0.3193 0.4882
2.75 0.1332 0.2577 0.4314
3.0 0.1932 0.20600 0.3721
3.25 0.2498 0.1285 0.3063
3.50 0.3014 0.07692 0.2286
3.75 0.3480 0.02439 0.1307
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Table 4. Step 4 of Verification Procedure for Preblem 2-~
Section II1-D (page 55)

0.25
If B = 14.82 the matrix P ~ L and the matrix L - e,P are
positive semi-definite for e, = 0.2157 and since the Q matrix
is pos:tive definite Ty > 0 %or all x. The improved bound
using ¢ = €y in equation III-57 is 0.2446.

0.5
If B8 = 11.81 the matrix P - L and the matrix L - e¢.P are
positive semi-definite for €., = 0.3970 and since tﬁe Q matrix
is positive definite T, > 0 %or all x. The improved bound
using ¢ = €, in equation III-57 is 0.5031.

0.75

If B = 9.00 the matrix P - L and the matrix L - ¢,P are
positive semi-definite for €, = 0.4903 and since the Q matrix
1s positive defiaite Ty > 0O for all x. The improved bound
using < = el'in equation III-57 is 0.7921

0.8

For B, = 6.7428 if B = B, the matrix F - L and the matrix L - «,P
are positive semi-definite for ¢, = 0.4067 and T, > O for

-11.12 > x, for -9.034 < x < -1.0122, and for -0.9701 < x.

For B, = 7.9914 if 8 = B, the matrix P - L and the matrix L - ¢,P
are positive semi-definite for €; = 0.4714 and T, > O for
-0,9186 > x, for -0.8906 < x < 1.165, and for 29.37 < x. The

improved bound using € = 0.4067 in equation III-57 is 0.6801,

0.85

For B8; = 6.4278 if B = B, the matrix P - L and the matrix L - ;P
are positive semi-definite for e, = 0.4073 and Ty > O for
-11.11 > x, for -10.43 < x < -1.4592, and for -1.3591 < x.
For B, = 7.6134 if B = B, the matrix ¥ - L and the matrix L -
are positive semi-definite for e€; = 0.4744 and T, > O for
-49.61 < x < -14.92 and for -13.85 < x < 5.6. Tha improved
bound using € = 0.4073 in equation III-57 is 0.7C20.

bt}
-

0.9

For By = 3.8877 if B = B, the matrix I - L and the matrix L - «,P
are positive semi-definite for e€; = 0.2534 and T, > O for

-8.79% > x, for -7.626 < x < -1.9279 und for -1.5274 < x.

For a slight perturbation from B, a repeated real root for
equation III-105 occurs near -1.9276. For B, = 5.0169 if

B = B, the matrix P - L and the matrixz L - ¢,P are positive
semi-definite for €; = 0.3324 and Ty » 0 for x < -11.61, for
-11.57 < x < -1.94, and for -1.94 < x. The improved bound

using € = 0.2524 in equation III-57 is 0.6425.
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Table 4. (continued)

a = 0.95
For B; = 0.5 1f @ = 8, the matrix P - L and the matrix L - ¢,P
are positive seri-definite for e; = 0.0 and T, > 0 for
x < -15.02, for -10,06 < x < -2.427, and for -2.423 < x. For
a slight perturbation from B, a repeated root for equation II
III-105 occurs near ~2.425. For B, = 5.892 the matrix P - L
and the matrix L - €,P are positive semi-definite for e; = 0.40G50
and Ty > 0 for x < -9.571, for -1.890 < x < 12.80, and for
52.53 < x. The {improved bound using € = 0.0 in equation III-57
is 0.5315.
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