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ABSTRACT

By varying the parameters a and b of the ultraspherical rational
function, one may obtain the Chebyshev rational function for a given n
and modulus k used in the magnitude function of the elliptic filter.

In addition, these parameters may be varied to obtain a variety of

other low-pass filters, band-pass filters, and filters with constant

magnitude.
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CHAPTER 1

INTRODUCTION

The optimal approximation to the ideal low-pass filter that is
realizable is the elliptic filter, which is described in Chapter 1I.
The development of the elliptic filter to fit a set of prescribed
tolerances requires the calculation of a modulus k and a certain amount
of knowledge of the properties of the Jacobi elliptic functions, which

are rather complex functions, to say the least.

In this development a generalization of the elliptic filter is
considered which allows one to find directly the optimum filter for a
given set of specifications and, moreover, the mathematics involwved
avoids the use of the elliptic functiona altogether. The varifation of
the two parameters involved in the generalization allows one to obtain
a wide variety of filters other than the elliptic filter. Some of these
filters are entirely different in natyre from the low-pass filter from
which they come., For example, in addition to low-pass filters, the
generalization includes high-pass, band-pass, and cases in which the

amplitude function is constant.



CHAPTER 11
OPTIMAL LOW-PASS FILTERS

A. Low-Pass Filters.

The ideal amplitude response A(w) of 8 low-pass filter 18 defined

by

Aw) = K, jo] < o

(2.1)

=0,|UJI>(.DC,

where K is a positive constant and we ie the cut-off frequency separat-
ing the pass-band 0 < w < w, from the stop-band w > w.. An approximation
A(w) to the ideal response satisfles the conditions

A sA(w) =1, |ow| s uw,
(2.2)

Aw) < Ay , o] 2 w,

where Ay, A; < Ay, w,and wy = ay are specified, and A(w) 1is & mono-

tonically decreasing function in the transition interval, w, < w < wy.

The specification Ag is generally much lees than A, , so that the cut-off
point, defined for the nonideal case as that value w. at which A(w)
attains 1//7 times its maximum value, i# also in the transition inter-

val unleas A, < A,,, /2.

An often used approximation to the ideal response is the ampli-

tude function

A{w) =

, (2.3)
+ ¢ £(u*)



where ¢ 18 a real constant and f(u’) is relatively small in the pasa-
band and relatively large in the stop-band. From (2.3) it is clear
that A(w) £8 an even function, as 18 required of the amplitude, 1If
A(w) is the amplitude function of a finite filter it is necessary that
f{uP) be either a polynomial or a rational function.

The order of complexity n of A(w) is defined as half the degree
2n of f(uP), if f(uw?) 18 a polynomial, and as half the degree 2n of the
numerator or denominator, whichever is of higher degree, if f(u?) is a
rational function. For a given order of complexity and a given set of
specifications A,, Ay, w,, w,, the function A(w) is gptimal if the

length w; = wy, of the transition interval is minimum.

B. All-pole Filters.

If f(u?) Iin (2.3) 1s restricted to be a polynomial the transfer

function H{(s) which ensues from A(w), that is,

H(jw) = ACw) 30

is a constant divided by a polynomial in s. Hence its zeros are all
infinite, and finite critical frequencies thus are all poles. Such a
filter 1a called an all-pole filter,.

In this case (f(w*) a polynomial) it is known [1] that the

optimal A(w) occurs when
f(uP) = Cp2 (w), (2.4)

where Cn(m) is the Chebyshev polynomial of degree n of the first kind,

defined by

Ch(w) = cos (n cos~! w). (2.5)



The Chebyshev filter is characterized by an equiripple resaponse in the
interval 'wl < 1, and a monotonically decreasing response for le > 1,

The ripple width is 1 - 1//1 + ¢, since the maximum value of A(w)

given by (2.3) and (2,4) 1s 1, occurring at zeros of Cp(w) (which are

all on -1 <w < 1), and on (-1, 1) the minimum value of A(w) occurs
when C,(w) = 1. Since |Cn(w)| > 1 for all |m] > 1, the response A{w)
is monotonic decreasing on (1, =),

A generalization of the Chebyshev filter has been recently de-

veloped [2], (3], in which
fP) = [Fow))?, (2.6)

where Fnaﬁn) is related to the ultraspherical polynomial Pn(a’a)(m) of

degree n, by

Fna(w) - Ti-%!-a_): Pn(a’a)(w); n= 0319230.'; a> -1 (2-7)

where P“(a’a)(w) is the special case b = a of the Jacobi polynomial,
(+a), < (-n) 1) C—l'w)k
+a -n)k (at+brot
Pa®"®) (o) = =0 Z k k> 22, (2.8)
k=0 kt (1+a)k
and
(a)k = G(O""l)---...(a‘*’k-l), k = 1’2,3’--.,
(2.9)

@, = 1.

The ultraspherical filter reduces to the Chebyshev when a = -1/2. It

also includes, among others, the Butterworth filter (a — =) defined by
£(®) = o™, n=1,2,3,... (2,10)

Some properties of F“a(w) are as follows, for n = 0,1,2,..., and

a> -1:

a
Fo (1) =1, (2.11)



k
d a (n - k + D)(2a + n + 1)k atk
—_— . () = F (w)
dok 2501 + a), n-k
(2.12)
n 2 k, k = 0,1,2,...’
(2a + n)F,"(w) = (28 + 2n = 1) w F 20 (w) - (n - 1) Fply(w),
(2.13)

n=2.

Also, since the Fna(w) are known to be orthogonal on -1 < w < 1, all

their zeros must occur there,

C. The Elliptic Filter

If f(v®) Iin (2.3) 18 a rational function, then A(w) = 1 at the
zeros of f(uf) and A(w) = 0 at the poles of f(uf). Hence, by selecting
the zeros to be in the pass-band and the poles to be in the stop~band,
a better approximation to the ideal response can be achieved than for
the case f(uf) a polynomial.

If f(u?) 18 a rational function of complexity n, then it is

known [4] that the optimal case is the elliptic filter, described by

f(u?) = R,®(w) (2.14)

where Rp{(w) is the Chebyshev rational function defined by

(n/2) #)
Ry(w) = 11 a - =~ L) T 2,4,6,... (2.15)
im1
and (n/2]
Rp(w) =w 0 72 'i“ﬁ y » P = 3,57,... (2.16)
i=1

([n/2] is the greatest integer < n/2.,) 1In both cases the positive zeros

of R,(w) are given by



wy = VK an L5, (2.17)

where j = 1,3,5,.¢e¢, n = 1 if n is even; J = 2,4,6,.4., n = 1, 1f n is8

odd, and sn u is the elliptic sine function,

en u = ein @, (2,18)
where u and @ are related by
dx
u(k,p) = Ji e 15 (2.19)
Finally, K is defined by
K = u(k,n/2), (2.20)

where k is a real number, 0 < k < 1, called the modulus. (For a dis-
cussion of the elliptic filter, see for example, [5], pp. 607-614.)

The Chebyshev rational function exhibits the equiripple property
on the interval 0 < w < c, where ¢ = ,/k < 1, 1Its positive zeros are

all on (0,c) and its extremum values there are ¥5, given by

(n/2]
5 = k™* [sn izi—ﬁ—llﬁ] °. (2.21)
i=1

These occur at the points

PJ = ﬁ’nﬁ (2.22)

n’

where j = 2,4,6,..., n - 2, for n even, and § = 1,3,5,..., n - 2, for n
odd. Also, for n even, Po= 0 is a maxima. Therefore, on 0 s @ < c,

we have
1

+¢"6

< A(w) < 1 (2.23)

From (2,15) and (2.16) it is evident that the pocles and zeros of



Rp(w) are reciprocals of each other, and that

Ra(l/w) = 1/Ry(w). (2.24)

Hence A(w) is equiripple also in the band w = 1/c > 1, assuming its

minimum valiue of zero at the poles lhnj of R ,(w) and its maximum value

1
of ———-——e gt the points I/PJ; that is, for w > l/c,

A+ e¥s9

0% A(w) < 1 . (2.25)

J1I +e9/89

For the elliptic filter the order of complexity is the subscript
n ou Rp(w). Since it is the optimal filter, the transition interval

length 1/c = ¢ ia & wminimum for a given A,, Az, and n.

D. Procedure for Finding the Elliptic Filter Response

For a given n, A;, and A;, the procedure for finding A(p) in the
elliptic filter case 1s aomewhat involved. From (2.23) and (2.24) we

have

(2.26)

from which we obtain

@ NA-ADHT-8H
A A ’

g .ﬁi.:&'_AL
MVT - AT

(2.27)

Hence we select €“ as given by the first of (2.27) and seek a modulus

k so that the second of (2.27) ias satisfied. Since A; < A) <1 it 1s



clear that 5 may vary from 0 to 1, The range of k is also from 0 to 1,
If k = 0, by (2.19) we have u = ¢ and by (2.20) we have K = /2, From

(2.21) these yield § = 0, From (2.18) and (2.19) we have
sn K = gin n/2 = 1,

and {f k -~ 1, we have from (2.19) and (2.20), K - ®. Therefore, for j

and n positive integers,

sn -HS,_ sn K = 1. (2.28)

Therefore, by (2,21) we have 1f k = 1, then § = 1,

Since § varies continuously from O to 1 as k ranges over (0,1),
then given any §, from (2.27) we may find a corresponding k., Graphs of
5 versus JE'= ¢ are shown in Figure 2-1 forn = 2,3,..0..,9, and JE
ranging from ,92 to 1, As 18 seen from the graphs for these values of
n and for § near 1, the choice of k may present arithmetical difficul-
ties since k cannot actually attain the value 1, Once k is found we may
determine K by (2.20) and, subsequently, the wj from (2.17). These then
determine the Chebyshev rational function R,(w).

Examples of elliptic filter amplitude responges for n = 4 and

n=26, ¢= 2,195, and k as indicated, are shown in Figures 2-2 and 2-3.
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CHAPTER III

ULTRASPHERICAL RATIONAL FILTERS

A. The Ultraspherical Rational Function

The elliptic filter has the optimum ampliitude response but as
the previous chapter suggests the task of finding the proper modulus
k and obtaining A(w) may be a prodigious one., The work could be short-
ened and the theory made easier to comprehend if it could be shown that
the Chebyshev rational function 18 a special case of a well-known set of
functions having well-established characteriatics, As was pointed out
in section B of the previous chapter, this was accomplished in the case
of the Chebyshev filter when it was shown that C,(w) was the special

case a = -% of the polynomial Fna(w), based on the ultraspherical

polynomials.
To coneider the possibility of generalizing the Chebyshev ra-

tional function Rp(w) in a useful way, we observe, hy (2,15), that for

n/2

n even,
n/a -Tr‘
( - oy )

(-1)
i=1
R, (w) = o 7a . (3.1)

w? ?lr(u;_" wyf_y)
-1

Since Fna(w) for n even {s an even polynomial of degree n, it may be

written in the form
n/a

') = ay [ @ - @),
i=]

or

12



13

n/2 1 a
)| (w? - u51,1) = = F. (W), {(3.2)
=1

where a, is the leading coefficient and wgy_; are the zeros. If the
wyi_y were the same as the zeros wyy_.; of R ,(w) then evidently (3.1)
could be written R, = G,, where

(-1)“’9 Fna(w)

Cprw) = wh an(llw) '

(3.3)

An analysis for the odd case leads to the same result 1f n/z is re-
placed by [n/a].

In (3.3) we have one parameter, a, to vary in attempting to
match the right and left members, We could match one coefficient on
each side by selecting a, but this would not be sufficient in the general
case to match the other coefficients, since one coefficient could be
changed by scaling without changing the equiripple properties which
characterize the Chebyshev rational function. 1In view of this, we are
led to consider, as a possible generalization of R, (w), the functionm,

which we define as the ultraspherical rational function,

-1 P21 E 2 ()
fn(ﬂ-;b;UJ) = wnF a(b/w) ’ (304)
n

where a and b are real, and n = 2,3,4,... . The cases n = o and n = 1
are trivial (f, = 1, f;, = w) and have no counterpart in the R,(w), as
may be seen from (2.15) and (2.16). Evidently f,, has the same general
form as R,, its complexity is the same, its poles and zeros are recip-

rocals of each other; and, like R,, it satisfies the relations

£ (a,b;1) = (-1) 1831 (3.5)



fa(a,b;1/w) = 1/£ (a,b;w).

(3.6)
Alternately we may write (3.4) in the form
(_1)[“/2] Pn(a’ﬂ)(bw)
f.(a,b;w) = (3.7)
" W Pn(a’a)(bhu)

where Pn(a,a) {(w) is the ultraspherical polynomial defined by (2.8).

B. Determination of the Parameters

For purposes of comparing the Chebyshev rational function with

the ultraspherical rational function we may write (2.15) and (2.16) in

the form
( 1)[“./2]( n o, n-a n-4 )
Rn(w) - L= w Y gaw + sanne
1+ U'lu-’z + Ugw‘ + sserne
[n/a]
S
= [n/ﬂ] i=0 , I = 2,3,4,---, (308)
Z oiwai
i=o

where (—1)101 = gum of all the wja taken 1 at a time, 1 = 1,2,3,...,

[n/2], and o, = 1,

The ultraspherical polynomials may be written in the form (see

for example, [6]), p. 277)

[n/z]
i n-ai
p (3:8) oy o :E: (-1) r(a+n:13 [(2a+2n-24) x , (3.9)
= it{(n=-21)1 2

r{2a+n+l1) I'(a+n-1)

and hence by (3.7) we may write
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[n/2)
[n/a] n-z21
£ (a,b;w) = izo (3.10)
[n/z]
i
An-ai o
i=0
where
i
-1 -
An-ai - (-1)" n! '{atn) [(2a+2n-21+1) ) (3.11)

2(11) (n-21)! I'(a+n-i+l) T'(2a+20)b°1
We have normalized f“ by dividing the numerator and denominator by

[(a+ntl) r(2a+2n)bn

2™ nl r(2atntl) T(atn)

to make A, = 1. The expression (3.11) may be simplified, {f 2 is not a

negative integer, to the form

(1! a! rlatn) Cat2n-21) (3.12)
11 (n-21)! [(a+n-1) [ (2a+20)b° L

An—ai =

For R,(w) and fn(a,b;w) to be identical it is necessary that

303=A »

gy = A
1 n N~

-3
or

Ge = - n! I'(a+n) "(2a+2n-1)
b 2(n-2) ! T(atn) [ (2a+2n)b® °’

o = n! [(a+n) T'(2a+2n-3)
2 4(n-4)1 T'(atn-1) I"(2a+2n)b*

These reduce to

- - ni{n-1)
o1 2(2a+2n-1)b2 °*

(3.13)
o = n.n-1){(n=-2)(n-3)
2 " 8(2a+2n-1)(2a+2n-3)bd °
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from which we may solve for a and b, obtaining for n = 4,5,6,...,

a = (n-2)(n-3)(2n-1) o - 2n(n-1)(2n-3) op (3.14)
2{2n{(n-1) og - {n-2){n-3) 012]
and
2 e (1=2)(n-3) g - 2n(n-1) o (3.15)

8 o1 03

The cases n=2 and n=3 are special cases since for these values of n,
03 =0, (This is true also for oy, 1 = 3,4,...,[n/2].) Hence, by the

first of (3.13), we have

(2a + HP = - - . 0 2,
O
(3.16)

(28 + 5)bP = ~ = , n = 3.
J,

Thus, for these cases, a and b are not unique.
If we clear (3.10) of complex fractions by multiplying the
numerator and denominator by the least common denominator of A,_,i,

the result is

(-1)["”(%&“ + Bn-nwn-a + Bpgw 4 ...) (3.17)

Bn + Boguw® + Bu_ ut + ...

fn(a,b;w) =

The coefficients B, 5 are tabulated in Table I for n = 2,3,...,9, and

are given in general by
(_1) [n/z] ni bn-a [nhl]

Pnatnss) T T ) L0/

- g-lzi n! (2a+2n-21-1)(2a+2n-2i-3),..(2a+2u-2[n/2 1+1)bm-ei

Bhai i
it (n-24)1 2

t =0,1,...,[nfa)] - 1.



TABLE 1

COEFFICIENTS IN £, (a,b;w)

Bhsg Bn.s Bn-y Bpg
-1
a+ -3b
+ -12 (a + %) b3 3
-20 (a + %) b 15b
-60 (a+%)(a+%) B 90 (a+-72'-)b= -15
-84 (a+%)(a+%) b8 210 (a + %) b -150b
=224 (a+-g-)<a+—21-)(a+ -12—3) bé 840(a+%)(a+ 1—2-) [ad -840(a+-g-) b2 | 105
-288 (a+ lz']")(a+lé2)(a+-122) b7 |1512 (a+lzl)(a+1—23-) b -2520(a+%)b3 945b

L1
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Examples of ultraspherical rational filter amplitudes are shown
in Figures 3-1 and 3-2 for values of a and b calculated from (3,14)
and (3.15) for given elliptic filter amplitudes. In Figure 3-2 the

effect on the ripple width of varying € 18 illustrated.

C. Bounds on the Parameters

It is sufficient, of course, for R, and f; to be identical if,

in addition to (3.13), we have
Ui = An.gi » i = 3,4,5,0..;[“/2] (3.18)

for the values of a and b given by (3.14) and (3.15). For the cases
n=2,3,4, and 5, (3.18) 1is trivially satisfied since both its members
are zero. For cases n = 6,7,8, and 9, (3.18) has been demonstrated to
be true for various moduli k, and {s here stated as a conjecture.
Specifically, the conjecture is that (-1)i times the sum of all the
wjz, given by (2.17), taken 1 at a time, 1s equal to Ap.zi, 8iven by

(3.12). PFor example, for n = 6, we have

gz = -k sn? % sré %? sn® %? - ~15
(2a+11) (2a+9) (2a+7)b®
where
2 _
a = Llof - 450
100 - 204"
ba-kl"lba ,
20,05
K K 5K
o, = —k.(éna i sn? 5t sr® 7r-) ,
op = lc"(emp %—sn‘ 36—“1'81'1'%'3:13 -S-é(--!- srf 36—!(5119 -5-65) .
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It is not difficult to establish (3.18) for the limiting cases,
k = 0 and k = 1, which also serve to establish the bounds on a and b.

If k = 1, we have,by (2.28), that wy = 1, and hence
i
Oi = ("1) ([n{a]) H i= 0,1,2,--;,[“/3]- (3-19)
Also for this case, by (2.15) and (2.16) we have

Rp (w)

1, n even

w, n odd.

H

Let us now consider the function £, for the case a = - [a/a] and

b =1, for which we have by (3.12),

D T (0 - [0 T (2o - 2[nfs; - 21)

Apoy 17 (n-21) 'T (n - [nfa) - 1D T (2n - 2[n/2)) ° (3.20)
If n = 2m, then [n/a] = m, and (3.20) becomes
Ay _ (-l)i(Zm)! ' M T (2m - 21)
=21 T i T 2m-21) ! T (@- 1) T m
i DY @nm - 1) ¢
1! (2m - 21) (m - 1 -1) !
(-1)i m !
“*1V (@ - 1) !
i m
ot (3
i {[n/a]
-t (ive)
- oy (3.21)

If n =2m + 1, then [(n/a) = m and for this case also (3.20) becomes

(3.21).
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Hence the limiting case k = 1 corresponds to the values
a ==[nf2a], b =1, and for this case (3.18) holds.

For k = 0, we have snK = ain % = 1 and since sn JnE = sin -ZLE is
bounded, we have by (2.17) that wy = 0. Therefore, for this case o; = o,

i=1,2,...,[nfa]l. Hence by (3.8) we have
R (w} = oP" (3.22)

and thus for k = 0 the elliptic filter becomes the Butterworth filter.
Let ues now consider what happens to a and b when o4 - 0. From

(3.13) it is clear that for this case either a - =, or b = », or both.

It is known (see for example, {7}, p. 573) that for k sufficiently near

zero, we may approximate sn u by
Bn u =~ sin u - % (u - 8in u cos u) cos u, (3.23)

Since in this case, K ™ A we may approximate o, by

2’
01=-me=-Zkan’{E
] ]
~ - ak, (3.24)
where
- dm
o z gin® T (3.25)
]
The summation is on j = 1,3,..., n -1 if n i8 even and on §J = 2,4,...,,

n-11f n is odd. Also we may write
op ™ Bi® (3.26)

where 8 1s the aum of all the products taken twoc at & time of the func-

,
tions {sin’ %}, where ] ia as described above, Hence we have
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P = 28 + z sin® "ZL:- (3.27)
3

where the summation is as in (3.25).

We may find the sums of the series defining ¢ and 8 by the known

formulas
a sin%necos%(n+1)9
z cos r 8 = 1 , (3.28)
=1 sin 2 8
sin? 6 = 2 - % cos 26, (3.29)
sin® 8 = 3 - L cos 26 + L cos 46, (3.30)
8 2 8

The results are, for both n even and n odd,

n o® - 3n
@ =7, B=T. (3.31)

Therefore, for k sufficiently small, we have oy & -n % and

gy ™ (¥ - 3n) % . Hence we have

T, 2 2n
7#~n 3 (3.32)

and hence, by (3.14), we have for the limiting case,
1
4 = = 2 (3. 33)
Also, substituting (3.32) into (3.15), we have
~ 1

and hence if k - 0, then b —~ =,
In summary, for the ultraspherical rational function to be the

Chebyshev rational function, the parameters lie in the range
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-[nfa} <« a < - % ,
l <« b <€ =
corresponding tc the range of the modulus,
1 > k > 0.
In particular, k = 1 corresponds to a = -[n/a] and b = 1, in which case

fn = Ry = 1, n even

n odd.

w,

The case k = 0 corresponds to a = = % and b - », in which case
£n2 = R 2 = oM.

It is interesting to note that the limiting case a = - % is also
the case for which the ultraspherical polynomial Fna(m) becomes the

Chebyshev polynomial C,(w).

D. The Ripple Width

In the case of the elliptic filter and the ultraspherical filter,
when a and b are chosen by (3.14) and (3.15), the ripples are equal in
the pass-band and in the stop-band. The ripple width on 0 < w £ C= N

is given by
RW_=1-4 =1 »« —m>—- (3.35)
andonm2;:1-=~E1-

RWg = A, 1 (3.36)
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The values of A, and A; come from (2.26) and the deviation 4 1s given by
(2.21).
In the case n even, we may determine the ripple width in terms of

n, a, and b, since Iin this case we have

1

A, = A(D) = , (3.37)
Y1+ € fni(a,b;0)
and
6 = f,(a,b;0). (3.38)
For n even, by (3.10) and (3.12) we have
-1 n/a

£ (a,b;0) = L—)J’-An

where A, = 1, and
(D™ nir@+a)T (28 +n)

Ao = (3/a)T T (a + n/a) I (2a + 2n)b" °
Hence we have

5 nl ' (a+n)T (2a + n) (3. 39)

=(n/2)! T (a + n/a) T (2a + 2n)b" *



CHAPTER 1V

OBTAINING THE ELLIPTIC FILTER

A. Graphs of the Parameters

As we have seen in Chapter 1I, the deviation & varies continuous-
ly from O to 1 as the modulus k of the elliptic filter varies from O to
1. A graph of § versus ¢ = Ji'was given in Figure 2-1.

It is also possible, for 0 < k < 1, to calculate g, and gz for
various values of n and use the results to obtain a and b from (3.14)
and (3.15). Since each k corresponds to a §, it is possible to plot
graphs of § versus b and § versus a in this manner. Graphs of § versus
b, for n = 4,5,...,9, and for 1 < b < 1,24, are shown in Figure 4-1;
and graphs of § versus a for n = 4,5,...,9 and various ranges of a, are
shown in Figures 4-2, 4-3, and 4=4, This information may also be used
to plot graphs of a versus b, which are shown for n = 4,5,6, and 7 in
Figures 4-5 and 4.6,

Hence it is possible to select a given modulus k, 0 < k < 1, and
order n, and from the graphs obtain the corresponding a and b, From
Figure 2-1, the values of k and n determine §, which then may be used
in Figure 4-1 to obtain b, and in Figures 4-2, 4-3, or 4-4 to obtain a,
Alternately, the knowledge of b and n may be used {n Figures 4-5 or 4-6
to obtain a. (Graphs for higher values of n could be plotted if
necessary.)

For example, suppose it is given that n = 4 and JE = ,97, or
k = ,941. From Figure 2-1 we find that § = ,26, Then from Figure 4-1

we have b = 1,182 and from Figure 4-2 we have a = -1.685, As a check

26
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we see from Figure 4-5 that 1f a = -1.685, then b = 1.180, which checks

to two decimal places.

B. Procedure for Finding the Elliptic Filter

In this section we shall consider a direct method of obtaining

the optimal (elliptic) filter from a given set of specifications., Sup-
pose that it 1is desired to obtain a magnitude function of minimum com-
plexity whose graph lies in the shaded area shown in Figure 4-7, with
transition interval specified by ¢. Since we know that such an optimal
filter is the elliptic filter, the problem is then that of finding an
appropriate a and b with which to construct the ultraspherical rational
function fh(a,b;w) for a minimum n,

From the given values of A, and Ay we calculate ¢® and &% given
by (2.27), and from the calculated value of § and the known value of c,
we may select from Figure 2-1 the minimum n which either achieves or
betters the given ¢, Using the known values of § and n, we obtain the
appropriate value of b from Figure 4-~1, and the appropriate value of a
from one of Figures 4-2, 4-3, or 4-4. Alternately we may obtain a from
the knowledge of n and b by using one of Figures 4-5 or 4-6. (A more
complete set of graphs could be drawn by considering values of n beyond
n =9, It should be noted that an elliptic filter having n = 9 is com-

parable, in fact superior, to a Chebyshev filter of order 18.)

C. An Example

To illustrate the method of obtaining the parameters a and b
which yield the elliptic filter for a given set of epecificationa, as
shown in Figure 4-7, let us consider the following example. Suppose it

is desired to obtain a magnitude function of an optimal filter having
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A1 - .9’
Aa = cl’ (4.1)
99 < c « 1.

By (2.27) we have

@ - YA -ADA AT g

Ay Ay

and
52 = M V1 = M o487,
A, 1 - AR

or § = ,221., From Figure 2-1 it is seen that the minimum n for this
value of 6 and the given c is n = 6, (This value actually corresponds
to ¢ = .9945, whereas n = 5 ylelds only ¢ = ,986.) From Figure 4-1 we
have b = 1,066 and from Figure 4-3 we have a = -2.,47.

Hence the elliptic filter satisfying the specifications of (4.1)

has magnitude function given by

Aw) = 1 (4.2)

J1 + 4.819 £,5(-2.47,1,066; w)

A plot of this function is shown in Figure 4-8, where it may be seen that

the equiripple property is present and that (4.1) is satisfied.

D. The PATERN Search Strategy

Another method of obtaining the elliptic filter by varying the
parameters a and b is to use the computer to exploit the fact that the
elliptic filter is the optimal filter. This may be done by using a com-
puter program which determines one or more parameters which minimize
some pre-selected cost function. This is done by computing the cost
for & wide range of parameters and selecting the ones which preoduce

the miniwmum cost.
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Such a program is the PATERN search strategy (8], which is avail-

able at the College of Engineering, Louisiana State University. In
order to use Patern in a digital search, three programs are required

besides subroutine Patern as shown in the Macro flow chart, which

followa.
MAIN PROGRAM
Contains the overall logic peculiar
to the particular study being made., It also
defines all the initial search Parameters and
calls Subroutine Patern.
I o 2
l :
PATERN

Optimization Subroutine which conducts the search
specified in the main program and RETURNS only after the

optimum answer has been determined,

T T ]

PROC. BOUNDS

Subroutine called by Patern. Subroutine called by Patern
It contains the particular function to determine if a particular set
to be searched. Given a value for of search parameters have vioclated

a set of search Parameters PROC any constraint.

calculates a corresponding value
of cost = f(P).

The subroutine Patern contains all the necessary logic required
to perform a particular optimization. It is essentially self-contained
and is in ready-to-use form, However, PROC and BOUNDS are both sub-
routines which are written particularly for the problem under study.

A set of filter specifications is given in Figure 4-7. One is

asked to determine A(y) such that
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Apax = Alw) 2 Ay, |w| <c ,

(4.3)

Alw) s A' » |w‘ z l »

c

for the smallest possible value of %. (Since winimizing % results in an
optimal filter.)

A{w) 1is written 1in the form

Aw) = L (4.4)
.\/1 + ealfn(ﬂnb;W)]'
where
(-1 0721 F_%(bw)
fa(a,biw) = —— ’ (4.5)
w F_ (b/w)

as previously defined, is the ultraspherfical rational function with a
and b real, and n = 2,3,4,... .

We define cost as

Cost -%+ 1z, - A )+ |z - Al (4.6)

where for any particular value of a and b,

Z, = minimum value of A(w) in 0 < @w < ¢

Z, = waximum value of A(w) in w > % .

Since PATERN calls for PROC and Proc calle for Cost, then subrou-
tine Patern conducts the search to find the best a and b, such that the

cost becomes minimum. Minimum cost results Iin IZ1 - Al‘ and lzz - A,l
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virtually going to zero, which guarantees (4.3) to be satisfied; also
% has the smallest value which results in the optimal filter.

The cost function may be weighted, equally or otherwise, in order
to improve the output results, The constraints for subroutine BOUNDS

are

12212A1, O(W‘ﬁc,

o
A
')
m
'y
e
v
i

E. An Example

To illustrate the method of obtaining the parameters a and b
which yield the optimal filter for a given set of specifications, let
us use A; = .98 and A; = 075 for N = 5; as an input data. The output
afrter 281 functional evaluations with cpu-time equal to one minute and

nine seconds 18 as follows:

Cost = 1,04802
a =-1.67656
b = 1,12964

c =,k = .955344
Z, = A, = 978727
Zg = Ag = .075

e = 1.64311

A plot of this specification is shown in Figure 4-9.
By (2.27), for A, = .98 and Ay = .075 we have § = .1225 and
¢ = 1,64311. From Figure 4-1, for n = 5, we have b = 1,128, and from

Figure 4-2 we have a = -1,68 which shows a very small difference. A



plot with the above specifications is shown in Figure 4-10, and 1is

virtually identical to that of Figure 4-9,

40
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CHAPTER V

VARIATIONS OF THE PARAMETERS

A, Varying the Parameter a

We have observed in the previous chapters that in order for the
ultraspherical rational function to be the Chebyshev rational function,
the parameters a and b must be given by (3.14) and (3.15), and the

ranges on these parameters must be given by

- [nf2] s a < - % ,
(5.1}
lsb<=,
These correspond to the range on the modulus k given by
l2kz0. (5.2)

By (3.4) we see that the zeros of f,(a,b;w) are the zeros of
Fna(bm), and that their nature (that is, real, imaginary, etc.) 1s deter~
mined by the parameter a, The parameter b is merely a scale factor as
far as the zeros are concerned. This may be seen by examining the case

b =1, for which the zeros are those of the ultraspherical polynomial

’
F“a(m). If w, 1s a zero of the ultraspherical polynomial, then u /b is
a zero of the ultraspherical rational function f,(a,b;w). Hence, if

b > 1, the real zeros are shifted toward the origin and, if 0 < b < 1,

they are shifted toward infinity. 1In this section we consider the

43
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effect on the zeros of varying a for a fixed b and in section C we con-
sider variations in b,

Let ua consider first the case for the extreme values b = 1 and
b - o, which b may assume in order that R, = f . If b « =, no matter
what value a has, the ultraspherical rational filter becomes rhe
Butterworth filter, as was pointed out in Chapter 1III. For the case
b = i, if a > -1 we know that the zeros of f are all real and on
(-1,1), since this is true of the ultraspherical polynomial zeros,
Hence A(w) for this case will resemble the elliptic filter magnitude
except that the ripples will be unequal.

If we define the ultraspherical polynomial for a = -1 by

PV ) = 1tm B (B0 ()

a—-1
then by (2.8) we have
n (l:g) N
— n! k! T(k)
and hence
Pn(""‘)(l) - 0. (5.4)

Therefore by (3.7) we see that {f b = 1, a = -1, then w = 1 is a zero
(and a pole) of f,. Thie agrees with the known property of the ultra-
spherical polynomials that for a > -1, the zeros migrate toward -1 as a
decreases. (This may be developed by using oacillation theory. See
for example, (9], Chapter 10.) Figure 5-1 shows the case a = -1, b ¢ 1,
where b is chosen small enough to shift the zercs into the range w > 1.
Information concerning the nature of the zeros as a changes may

be obtained by using Descartes' rule of signs, which states that the
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number of positive zeros of a polynomial equals the number of variations
in sign of its coefficients minus a nonnegative even number,
For b = 1, the coefficients in the numerator of £, as given in

(3.12) may be written A, = 1 and

i,
Ap.zy = (-1)" ne 1 (5.5)
1! (n-21)!(2a+2n-1)(2a+2n-3),..(2a+2n-21+1)2
for 1 = 1,2,...,[n/3]. Let us define the quantity
aj=-n+3+2;3=01,2,...,[n/0a] - 1. (5.6)

Then we see that A, = 1, A,_, contains (a - ap)(-1)}, A,_, contains
(a - ag)(a - a;)(~1)®, A,_q contains (a - ag)(a - a,)(a - az)(-1)*, and
in general A,_zi contains i factors, (a - ay), (a - a,), ..., (a - aj.,)
as well as the factor (-l)i. Hence if a < ag, all A,_,{ are positive
and have no varlations in sign. Thus it a < a,, then f, has no positive
zeros., Since f; is even it follows that it has no negative zeros either,
and except for the zero, w = 0 in the odd case, none of the zeros of f
are real.

I1f a9 < a < a;, then Ap = 1,but all the Ap_ i for i 5 1 change
signs. Thus there is for this case one variation in sign and hence f,

has one positive zero. Continuing in this fashion we have that
a < ag (5.7)
implies no variation in sign,
aj., <a<ay;J=12,...[nfa] -1 (5.8)

implies j variations in sign, and
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a > a (5'9)

[n/al-1

implies [n/a] variationa in sign.

Since the amplitude function A(w) reaches its maximum value of 1
at the zeros of f, and its minimum value of Q0 at the poles (the recipro-
cals of the zeros) of f,, it is evident that the parameter a may be

varied to completely change the nature of the filter. For example, if

a<ag <=3 {no variations),
ag < a < a = - % (1 variation),
a; < a {2 variations).

Hence if a < - %, fo, has no real zevce; if - % <a< - %, f, has one
positive zero; and 1f - % < a, f4 has elther two or no positive zeros.

In this simple case (n = 4), we may show that for b = 1, and
- % < a < =2
there are no positive zeros., They are all complex. Also if
-2 < a< =1

there are two positive zeros, one on w > 1 and one on 0 < w < 1,
Finally, as is generally the case, if a > -1, all four zeros are real
and on -1 € w < 1. The positive zero for the case - % <a<ae % is
on w> 1.

The cases where the zeros of f,; are on the interval w > 1 we

have A{w) achieving its maximum value of 1 on w > 1. Also since in
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this case the poles of f, are on (-1,1) and for these values of w we
have A{w) = 0. Thus the nature of the filter is completely changed
from the low-pass characteristic to a band-pass characteristic,

These different cases of a for n = 4, b =1, and ¢ = 1 are shown
in Figures 5-2 througa 5-7. 1In Figure 5-2 we have two cases of a > -1
which resemble the elliptic filter magnitude but are not equiripple.
The zeros of f, are all on (-1,1). In Figure 5-3, we have -2 < a < -1
in which case one zero i8 on w > 1 and one i8 on (0,1). One pole is
thue on (0,1) and one on w > 1. The filter in thie case passes two
bande. Figure 5-4 illustrates the case - %-< a < =2, All the zeros
are complex so that f, does not attain its maxima of 1 or its minima
of O at real values of w. In thie case a = ~2,4 i8 near the break-
point a = «2.5, at which f, degenerates tO'it, an lnverse Butterworth
function. Hence A{(w) resemblea the high-pass inverse Butrerworth
order of 4.

Figure 5-5 shows the case - % <a<- % for which the only real
poaitive zero of f, is on w > 1. Hence the maxima A(w) = 1 is achieved
on w> 1 and the minima A(w) = O ia achieved on (0,1). Finally Figures
%. All the zeros of fg are imaginary

so that A(w) = 0 and A(w) = 1 are not achieved for real w, The values

5-6 and 5-7 show the case a < -

of a in these figures are -3.8 and -4.2, which are on opposite sides of
a = -4, The filters are different in nature also. The value a = -4 is

a speclal case resulting in

wt + 6uf + 1

£4(-4,130) = T eF T = 1 (5.10)

The zeros are reciprocals as may be seen by the symmetry of the coeffi-

cients. Since the poles are reciprocals of the zeros, the function
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degeneratea to f, = 1, as indicated. Hence the cases 1In Figures 5-6
and 5-7 represent approaches to A =:Jé- from two different directions.
2

Finally in this section we consider the case a = - for which

Py
2!
as has been previously observed, the ultraspherical polynomial becomes

the Chebyshev polynomial Cp of first kind. That is,

02 gy

1
f (- -,b;u}) 3
"2 @ Cn(b/w)

(5.11)

Hence if b = 1, since a > -1, the zeros of f,, are on (-1,1) so that the

L
filter resembles the elliptic filter except that the ripples are unequal.
Since a = - % corresponds to b = « in the elliptic case, we should ex-

pect the ripples to tend toward equality as b increases. Also as b in-

creases, the amplitude approaches the Butterworth amplitude, as has

been previcusly noted, A graph of case a = - %, b=1, ¢ =1 is shown
in Figure 5-8 and for b =1,8 in Figure 5-9.
In this case of the Chebyshev polynomials, the zeros are known

to be

@i-un

=L cos
Y% 2n ’

(see for example [10], page 175) and the values of f, at the origin

are given by

£ (- %,b;o) =0, n odd

n/fa
- £ n even,

- 2
211 1 bn
Thus by varying b we may adjust the zeros and for n even contrel the

starting point of the amplitude function,
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B. The Break-Points

Ag indicated in the previous section there are a number of break-

pointe aj, given by
aj = =n + j +% ’ j = 0,1,2,.0.,[“/31 - 1’ (5-12)

which divide the a-axis into {ntervals on each of which the nature of the
zeros of f, is different, We consider in this section what the nature of
the filter is when a assumes the values of the break-points.

If a = 8ln/al-1 = (nfa)] = n - %, then as may be seen from the form
of f, given by (3.1/), all the coefficlents Bp.3i are zero except

Bn-a[n/a ]+ Hence in this case we have

f,(a,biw) = J% , n even
w
(5.13)
= :;a ’ n odd
w

This results in the high-pass inverse Butterworth as in the case
a = «2.5 discussed in previous section for n = 4, Other examples of

this case are

a= - % ; mo= 5,6,
a= - % ; n= 1,8,
a=_L21-; n=9,10-

Most of these may be readily checked from Table I of Chapter II1.

For the case

% ®%n/alea T [n/a} - o - %
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all the Bp-51 except the last two (1 = [n/a],[n/2] - 1) are zero, so

that
e - (_1)[n/ﬂ] (—Biwa + BO) . n even
n Bamn-g + Bown ? *
(5.14)
[n/s]
NG By + Biw) . o4a.
Bswn_a N Biwn']‘

Hence fn has zeros for n even at

=t [ZBo _+ g
i Ba n

and poles at

w=%Y3b J: .

The other poles are at w = 0 and the other zeros are at infinity. For

n odd, fn has a zero at zero and zeros at

w =3 :%1_=fjﬁ/b./n- .

The finite poles are at

w=2=%3bJn143 .

The other poles are at w = 0 and the other zeros are at infinity.
Hence the nature of the filter is radically changed at these
two break-points. A similar situation exists at the other break-points
where one or more of the Bp.g4 will be zero.
As an example, let us consider the case n = 6 for which the break-
11

pointa are ag = - 5 & ==-—2, and ag = - %. By Table 1 of Chapter III

we Bee that f“ for these cases are given by
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11 8b*w* - 12b3gR + 1
fa (- D) = gpTyf - 120808 + F °
9 6b3yf + 1
fe(' E}b;m) = bbﬂ”F + "F ’

fal - %,b;w) = é’ .

Thue in each case fg has degenerated from a sixth to a lower degree

numerator.

C. Varying the Parameter b

As we noted in Section A, the parameter b is a scale factor as
far as the zeros of the ultraspherical rational function is concerned.
The zeros of f,(a,b;w) are those of the ultraspherical polynomial mul-
tiplied by %. Hence if b is Iincreased from the value that ylelds the
Chebyshev rational function for a fixed value of a, the ripples become
unequal and the zeros shift toward the origin. The poles, of course,
shift toward infinity. If b decreases, the zeros shift toward in-
finity and the poles shift toward the origin.

Hence if a is such that all the zerva of f,, are real and on
(-1,1), it ie poesible to decrease b to shift any given number of the
zeros into the interval w > 1., Then A(w) attains its maxima A(w) = 1
at one or more points in w > 1 and attains its minima A(w) = O at one
or more points in (~1,1), and thus the nature of the filter is entirely
changed. For example, in Figure 5-10 the case n = 6 is shown for
€ = 2,25916, a = -2.4761, and b = 1.066, which is the elliptic case.
Also in Figure 5-10 the parameter b is changed to ,366, which shifte

all the zeros into w > 1 and changes the filter to a high-pass filter,
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A case where b is sufficiently small to shift only one zero ilnto
w > 1, resulting in a band-pass filter is shown in Figure 5-11. Other
interesting cases are shown in Figure 5-12 where b is selected to shift
pcles very near zeroa, and in Figure 5-13, where a variety of responses
is obtained, In Figure 5-14 we see the progress toward the Butterworth
filter from the elliptic filter as b is increased. Finally in Filgure
5=-15 we see the case where b 18 sufficiently small to shift all the
zeros for n = 4 to w> 1.

Let us now consider the extreme value a = -[n/a] on the a-b
curve. For this value of a the corresponding b is 1, resulting, as we
saw In Section C of Chapter 1II, in fr=1, for n even and f=@, for n

odd, If b¥1l,; we have, by (3.21), for the general case when a=-[n/f2],

i -ai
An-ai = (-1) ([nm) pat (5.15)
i
Hence we have for this case,

f,(-{n/a],b;w)

b2aP - 1 (n/a)
( _— ) , N even

(5.16)

[}
£
_——
o
i
'
)
=
[
—
~
=)
~
n
-
o
o]
= W
(=%
-

Therefore for this case, all the zeros (except w = 0 in the case n odd)

occur at w = f 1 and all the poles (except w = @ in the case n odd)

bl
occur at w = ¥ b, Hence we have a phenomenon somewhat like that of the
Butterworth filter in which all the zercs are concentrated at a single
point. If b > 1, then A(w) attains its maxima A = 1 at & point on

(0,1) and attains its minima A = 0 at a point on w > 1. Moreover 1if

n is large, A tends to be flat in the vicinity of its maxima and
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minima. If b < 1, the positions of the maxima and minima are reversed,
The maxima occurs at a point on w > 1 and the minima at a point on
{(0,1).

By (5.16) we may calculate A(Q) for a = -[n/a}, obtaining

A(D) = 1 s n even

J1 + €2b-20

(5.17)
n odd

Hence if b is small (near 0), in the even case, A(0) is small and the
maxima occurs on w > 1. The minima occurs on (0,1). Also for w —+ =,
we have f, — bn, which is small, eo that A(w) tends toward a number

near 1. This is a high-pass filter, an example of which is shown in

Figure 5-16, for n = 4, b= .5, If n i8 odd and b small, the same

type A(w) arises except that A(0) 1 and A(») = 0. An example of this
case is shown In Figure 5-17, for n = 7.
The case n = 4, b = 1.5 is shown in Figure 5-18, where it may be

seen to resemble the Butterworth filter. It attains A = 0 at a finite

W

point, w = 1.5 and attains A = 1 at w = 5. For w large, A - 0 for thie
case.

A case where b < 1, but very near 1 is shown in Figure 5-19,
which 1{llustrates what happens when the poles and zeroce are chosen
close together (b near 1).

The other extreme, & = -%, on the a-b curve is of course the
cage when the ultraspherical polynomial becomes the Chebyshev poly-
nomial. 1In this camse all the zeros of f, are real and b may be varied

to shift them either toward or away from the origin. This case was

discusaed in Section A of this Chapter.
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CHAPTER VI

CONCLUSIONS

The ultraspherical rartional function includes the Chebyshev
rational function used in obtaining the elliptic filter magnitude
response for appropriate values of the parameters a and b. By using
the graphs relating a and b to the modulus k, the deviation §, and
to each other, one may obtain directly the elliptic filter for a given
set of tolerance., No trial and error procedures are required in the
process.

The ultraspherical rational filter is more versatile than the
elliptic filter. By varying the parameters a and b from their values
which yield the elliptic filter, one may obtain other low-pass filters,
such as Butterworth, for example., In addition, other filters may be
obtained, such as high-pass, band-pass, and filters having comstant

magnitude responses,
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