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surface to the vertical sidewalls. Figure 8.2(c) shows in more detail the transition region 
from the sidewall to the bottom of the microhole: it reveals this transition to be as sharp 
as at the top rim. Instead of being perfectly smooth, a sidewall roughness is generated by 
the molding process, with a series of circumferential striations perpendicular to the 
molding direction. Overall, Fig. 8.2 demonstrates that a multitude of sharply defined, 
high-aspect-ratio, microscale features in Pb can be successfully generated in parallel by 
micromolding with LiGA fabricated Ni inserts, and illustrates the potential of high 
temperature micromolding for metal-based HARMS fabrication. 
 

 

 

 
Fig.  8.2  Morphology of molded Pb plate: (a) a low magnification SEM micrograph 
(the circle highlights a defective Pb microhole due to a defective micropost on the 
insert)  

(a) 

Fig.  8.1  Ni insert condition after repeated Pb micromolding runs in the 
temperature range of 30-220oC: (a) a low magnification SEM micrograph (the circle 
highlights a defective Ni micropost); (b) a higher magnification SEM micrograph of 
a typical Ni micropost 
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Figure 8.3(a) shows the measured total compressive force on the Ni insert, P, versus 

the insert displacement, d, into the molded Pb plate, again at 41°C. The P-d curve is 
initially concave upwards with P increasing rapidly with increasing d. Thereafter there is 
a slowdown in force increase with further increase in d and a curvature change to convex. 
As d increases even further, P becomes approximately linearly proportional to d. Figure 
8.3(b) shows a series of measured P-d curves with molding runs at temperatures ranging 
from ~30oC to ~120oC. At all temperatures, the measured P-d curves exhibit the same 
general features as described in Fig. 8.3(a). The maximum molding force, observed at the 
maximum molding depth of 500µm, is seen to decrease monotonically with increasing 
molding temperature. In order to understand experimentally observed trends for 
compressive molding forces and companion stresses during molding, some simple 
modeling is undertaken next. 
 

 
 

(b) 

Fig.  8.2 (continued) (b) a higher magnification SEM micrograph of a typical Pb 
microhole; (c) a higher magnification SEM micrograph of the sidewall to bottom 
transition within a Pb microhole 
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Fig.  8.3  Measured Pb micromolding response: (a) a typical force versus depth curve 
obtained from a Pb molding run at 41°C; (b) molding force versus molding depth 
curves obtained from Pb molding runs at temperatures ranging from 31°C to 118°C 



 95

Development of a Simple Model: Ball Indentation Stresses 
 

A. Basic Approach 
 
To gain some appreciation of the physics underlying the response of molding force 

to micropost depth, one could undertake a stress analysis of the process. As has been 
done for ball indentation, it may be possible to track the stresses that accumulate as posts 
are pushed into a plate with finite element analysis (FEA). However, even with FEA 
using advanced contact elements (e.g., Refs. 24, 25) and the considerable computational 
capability accessible today, such a stress analysis is an extensive undertaking for post 
indentation. In the first instance, this is because of the unusually high stresses and stress 
gradients initially produced by a post compared to a ball (e.g., Fig. 8.4 for the normal 
contact stress for a post, cσ , positive when compressive). In the second, it is because of 
the nonlinearities attending the varying contact regions with friction present, friction 
being of considerably more importance for a post than for a ball. In the third, it is because 
of the more extensive yielding and larger plastic strains accumulated with post 
indentation (the yield region for a post at the maximum penetration is about twice the size 
of that for a ball with the same contact radius). As a result, here instead a simpler, albeit 
approximate, approach is adopted. This approach draws on the physical understanding 
already available for a ball pressed into a half-space. By paralleling this spherical 
indentation process, some appreciation of the physics involved in the present molding 
process is gained. Accordingly, next ball indentation is briefly reviewed (see Ref. 26 for a 
more complete exposition). 
 

 

Fig.  8.4  Elastic contact stresses for rigid frictionless punches indenting an elastic 
half-space: (left) contact stress for a strip punch normalized by the value at the 
center of the punch as a function of the normalized contact coordinate, x/a; (right) 
contact stress distributions close to the point of maximum stress concentration 
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In Fig. 8.5, the response of an elasto-plastic half-space to normal indentation by a 
relatively-rigid ball is summarized. The ball has radius R and is under an increasing 
compressive force P acting in the z-direction (see sketch in the initial elastic region of 
Fig. 8.5). This P produces contact over a circle of radius a. Hence the average contact 
pressure produced is 2 . p P aπ=  By definition, p is the Meyer hardness. In Fig. 8.5, this 
hardness dependence on contact extent is tracked from an elastic stress state, through an 
elasto-plastic state, to a state termed fully plastic. In what follows, the response in these 
states is described by drawing on results in the literature. 

 
 
B. Elastic Response 
 
When the rigid ball is frictionless and the half-space is purely elastic, the dependence 

of the average contact pressure on the contact radius is, from Hertz 27,  

 2

4  ,
3 1

E ap
Rπ ν

=
−

 (1) 

where E is the Young’s modulus of the half-space and ν  is its Poisson’s ratio. 
Friction can increase p of Eq. (1) by at most 5% for a given a 28. Consequently Eq. (1) is 
adopted here irrespective of the level of friction present. 

  2a

Fig.  8.5  Response of an elasto-plastic half-space to ball indentation: the normalized 
contact pressure versus normalized contact radius curve is a fit to numerical results 
of pFEA and given in Eq. (6). Different indentation regimes are illustrated in the 
sketches within the graph 
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The limit on the use of Eq. (1) can be found by determining the pressure that first 
induces local yielding. This yielding occurs at a point on the z-axis beneath the ball. 
Analyzing the interior stresses, using either a Tresca or a von Mises yield criterion, 
furnishes the pressure at yield Yp  and its location Yz as functions of Poisson’s ratio 29,  

 
( )

( )

20.866 0.59 0.36 ,

0.382 1 0.87 ,
Y Y

Y

p     

z a   

σ ν ν

ν

= + +

= +
 (2) 

where Yσ  is the yield strength. The fit for Yp  implicit in Eq. (2) is accurate to within 
0.1%. 

The indentation response depicted in Fig. 8.5 actually corresponds to that for a 304L 
stainless steel ( = 193E GPa, = 0.28, = 243Yν σ MPa). This choice of material enables 
the use of previous FEA results for the hardness once yielding commences (from Ref. 30, 
henceforth denoted pFEA). Consequently Eq. (2) has 1.1Y Yp σ= as the limit for purely 
elastic stresses. Then the companion value of (a/R)Y follows from Eq. (1). Thus 
throughout the elastic state 

 1.1 ,
YY

p a a
R Rσ

⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (3) 

for .Yp p≤  This response shows as a curve in Fig. 8.5 rather than a straight line because 
of the log scale employed on the horizontal axis. 
 

C. Plastic Response 
 
Once the contact pressure exceeds Yp , yielding commences. The ensuing plastic flow 

is taken to be governed by the hardening curve from uniaxial tension testing of 304L 
stainless steel in pFEA. One possible equation for such a curve has ( ) ,n

Y Yσ σ ε ε=  
where ,σ ε are uniaxial stress and strain values, respectively, =Y Y Eε σ  is the uniaxial 
yield strain, and n is the strain hardening exponent (typically 0 1 2n≤ ≤ ). This equation 
suggests the form for the fit used here for p early in the elasto-plastic state. 

Tabor 31 was first to appreciate that, as loading force and extent of indentation are 
increased; the plastic response in ball hardness tests could approach a self-similar state. In 
such a self-similar state, yield region extents in both the horizontal and vertical directions 
approach respective constant factors times the contact radius (indicated in the sketch in 
the fully plastic region of Fig. 8.5). This expectation is confirmed experimentally 32 and 
analytically in pFEA to within about ±30%. Given a degree of self-similarity, Tabor also 
expected that the hardness p should approach a steady-state response, provided it could 
be normalized by an appropriate flow stress. This flow stress has to reflect the fact that, 
with work hardening (n > 0), the stresses within self-similar yet expanding yield regions 
continue to grow as loading force increases. To this end, Tabor chose a representative 
flow stress Fσ  as given by the uniaxial σ ε−  curve for the indented material at a 
representative flow strain Fε . He further chose Fε  to reflect experimentally-obtained 
strain values near the edge of contact, thereby capturing the increases in both stress and 
strain that occur with further indentation. Approximately Tabor’s choice results in 
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5 .F a Rε ≈  Then Fσ  follows from the uniaxial stress strain curve. With this flow stress, 
Tabor experimentally finds that typically 

 2.8,
F

p
σ

=  (4) 

in what he terms the fully plastic state. This value is also confirmed analytically in pFEA. 
Here, then, the following normalized hardness p  and contact radius a  are adopted 

for the entire hardness curve (Fig. 5): 

 , .
YF

p a ap =   a
R Rσ

⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (5) 

The first of these follows from Eq. (4), with the added proviso that F Yσ σ≥  because now 
the flow stress is being used throughout. The second simplifies initial elastic response as 
in Eq. (3). With the normalizations of Eq. (5), the entire hardness curve computed in 
pFEA can be fitted to within 1.5% by the following expressions: 
for elastic stress states ( )0    1 ,a≤ ≤  
 = 1.1 ;p a  (6a) 
for early elasto-plastic stress states ( )1  4 ,a  ≤ ≤  

 4 91.1 ,   ;np a   n = a=  (6b) 
for late elasto-plastic stress states ( )4  16 , a  ≤ ≤  

 
392.8 1 ;

8 16
ap ⎛ ⎞= − −⎜ ⎟

⎝ ⎠
 (6c) 

and for fully plastic stress states ( )16 , a≤  
 2.8.p =  (6d) 
The fit of Eq. (6) is what is actually shown in Fig. 5. 

It is possible to adjust the fits in Eq. (6) somewhat for other values of Poisson’s ratio 
(recall 0.28ν =  in pFEA, hence effectively in Eq. (6)). One uses Eq. (2) to alter the 
common coefficient in Eqs. (6a, b), then adjusts the exponent in the second of (6b) so that 
its magnitude matches that of Eq. (6c) at 4.a =  This results in exponents ranging from 
about –2/9 to –5/9. No further adjustments need be made. This is because 1/ 2ν →  
underlies Eqs. (6c, d), irrespective of its elastic value. This is consistent with the accepted 
model of plastic flow as being incompressible. 

While Eq. (6) is based on a theoretical determination in pFEA, there is nonetheless 
some experimental support of its validity 31 32 34. Typically experimental results are within 
5% of Eq. (6): this is shown for seven different metals and for a range of indentations 
spanning both elasto-plastic and fully plastic response. 

As a final comment on Eq. (6), it is noted that pFEA also carries out its finite 
element simulation assuming complete adhesion of the ball with the half-space. This 
interface condition represents an upper bound on the possible effects of friction. Even so, 
p  values do not vary much, consistently shadowing the curve shown in Fig. 5 and being 

about 3% above it. In all, then, Eq. (6) can be expected to be applicable to quite a wide 
range of metals and indentation conditions. Next, therefore, adaptation of the ideas 
underlying Eq. (6) to the post micromolding experiments of Section II is sought. 
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Development of a Simple Model: Post Indentation Stresses 
 

A. Basic Approach 
 
The experiments of Section II involved right circular cylinders as indenters. 

Furthermore, the experiments of Section II in effect tracked stresses as an array of such 
Ni microposts was pressed into a Pb plate. The model developed here simplifies the 
experimental configuration by considering the stresses produced as a single rigid post is 
pressed into a Pb half-space. Some justifications of these simplifications follow. In these 
and subsequent justifications in this section, simplifications that introduce 10% or less 
error are judged to be acceptable. 

First, the center-to-center spacing of the posts in the experiments is 8R, where R is 
now the radius of a post. Later in this development, stresses at a radial distance of 2R 
away from the center of an isolated post are used. When response is elastic, the stresses at 
such a location stemming from an additional rigid post 8R away from the original are less 
than 0.2% of p, where 2 = p P Rπ  is now the average pressure on a post (the value of ν 
taken here is 0.44 for Pb) 35 36. When the response is elasto-plastic, no analysis would 
appear to be available. However, as a rough estimate of interaction effects, the elasto-
plastic response to spherical indentation can again be considered. From pFEA, at a radial 
station 6 times the contact radius (cf. 8R – 2R), stresses in the fully plastic state can be 
estimated as being less than 5% of p. Both of these estimates, then, would suggest that 
interaction effects can reasonably be ignored for the present experimental configuration, 
and just a single indenting post modeled. 

Second, to be relatively rigid during elastic and elasto-plastic indentation, both the 
Young’s modulus and the yield strength of the post need to be an order of magnitude 
larger than those of the material being indented. Over the range of temperatures treated in 
the experiments, the E for Ni is greater than that for Pb by at least a factor of 12, while 
the Yσ for Ni is greater than that for Pb by at least a factor of 50 21. Both of these factors, 
then, support treating the post as rigid. Experimental observations of Ni microposts after 
repeated indentations into Pb also support such a simplification. 

Third, the plate material beneath the deepest penetration in the experiments still has a 
thickness greater than 50R. If the plate is treated as being of this thickness and resting on 
a frictionless rigid surface, by reflection this configuration is tantamount to having an 
additional indenting post, aligned with the original but opposing it in direction, acting at a 
depth of 100R. Stresses from such a second post in the vicinity of the original post are of 
the order of 10-4 times those of the original post 35. Hence treating the plate as a half-
space is reasonable. 

In Fig. 8.6, the response of an elasto-plastic half-space to normal indentation by a 
rigid, right circular, cylinder is shown schematically. This response is in terms of the 
average contact pressure p acting as the depth of penetration d increases. As in Fig. 8.5, 
elastic, elasto-plastic, and fully plastic states can be identified. Responses in these 
different states are developed primarily by drawing on results in the literature and 
analogous results for Fig. 8.5. 
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B. Elastic Response 
 
When the cylinder is frictionless and the half-space purely elastic, the dependence of 

average contact pressure on penetration depth is, from Boussinesq 37,  

 2

2=     .
1

E dp
Rπ ν−

 (7) 

Friction on the end of the cylinder for the Poisson’s ratio of ( )Pb = 0.44ν  only increases 
p of Eq. (7) by 0.5% 38. Consequently friction effects on the end of the cylinder are 
ignored henceforth. 

The flat-ended cylinder in Boussinesq 37 has sharp corners. This leads to the contact 
stress distribution 2/ 2 1 ( / ) ,c p r Rσ = −  where r is the radial coordinate 
(0 ,  Fig. 6).r R≤ <  That is, a contact stress which is singular at the edges of contact. 
While this singularity is integrable and accordingly the resulting p is probably acceptable 
in the relation of Eq. (7), the associated stresses are useless in themselves for determining 
the pressure first producing yielding, and hence the limit on the use of Eq. (7). Needed 
instead is a stress analysis which takes into account the finite, albeit small, radii of 
curvature that are actually present on the corners of the posts in the experiments. 

Apparently no such stress analysis is available in the literature for a cylindrical 
punch. However, there does exist an analytical determination of the contact stress for a 
rigid strip punch with a flat and two quarter-circular edges (as in sketch included in Fig. 
4). This analysis is provided by Steuermann 39 (here as reported in Ref. 40). Moreover, it 

Fig.  8.6  Schematic of the response of an elasto-plastic half-space to post 
indentation: the normalized molding stress versus normalized indentation depth 
curve delineates the various indentation regimes, which are illustrated with the 
sketches within the graph. The indentation depth is not drawn to scale 
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can be expected that this plane strain analogue of the actual, axisymmetric, post 
configuration shares the same contact stress distribution (on normalizing by 0 ,p  the 
pressure at the origin, and exchanging the horizontal rectangular coordinate, x of Fig. 4, 
for the radial coordinate, r of Fig. 8.6). This expectation stems from asymptotics which 
show it to be asymptotically true near the edges of contact 41, from a common cσ  for a 
roller and a ball 27, and from a common cσ  for a flat-ended strip and a flat-ended cylinder 
42  37. Accordingly the contact stress of Steuermann is adopted here for elastic response. 

From Steuermann (Eq. (35), Ref. 40), the average pressure under a rounded strip, 
/ 2 ,p P a=  is given in terms of the contact extent 2a by 

 
2

1 0 0 0

0

cos 1 ,
4

cE a a a ap
r a a a

−
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎢ ⎥= − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

 (8) 

where 2 0a  is the contact flat extent and r0 the edge radius (Fig. 4), while 
12 2(1 ) / (1 ) /c p pE E Eν ν
−

⎡ ⎤= − + −⎣ ⎦  is the Young’s modulus for contact (this last does take 
into account the compliance of the strip thus post, the latter entering through the post 
elastic moduli, ,p pE ν ). The contact stress distribution leading to Eq. (8) is more 
conveniently expressed by mapping the horizontal coordinate with = cos .x a θ  Then 

( )= ( ) =c c cxσ σ σ θ  with 

 ( )
( )

0cos cos
0 0

0
0 0 0

sin + sin sin= 2  sin  + ln ,
2 sin sin + sin

c
c

E a
r

θ θ
θ θ θ θσ θ θ

π θ θ θ θ

⎧ ⎫⎡ ⎤−⎪ ⎪⎢ ⎥⎨ ⎬−⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭
 (9) 

where ( )1
0 0= cos a aθ −  (Eq. (9), Ref. 40). In Fig. 4, a plot of the contact stress of Eq. (9) 

is given for rounding typical of the Ni microposts used in the molding experiments 
( )0 0 ~ 0.03 ,r a  and material properties representative of the Ni posts and Pb plate in 
these experiments (at 31oC on the point of yield). As noted earlier, it features an 
unusually sharp stress peak near the edge of contact (by symmetry, there is a second such 
peak at x = −a). Over most of the contact region (99.9%), the contact stress in Fig. 8.4 
coincides with its singular counterpart, the two being indistinguishable on the scale of 
Fig. 8.4. Eventually, as the edge of contact is approached, the two have to diverge, as 
illustrated on the expanded x-scale in Fig. 8.4. 

In order to obtain the contact pressure producing first yielding, ,Yp  the peak contact 
stress attending Eq. (9) needs to be determined. By differentiating Eq. (9), this can be 
shown to occur at ,*=θ θ  where *θ  satisfies 

 0 *
0 *

0 *

tan + tan2 = tan   ln ,
tan  tan

θ θθ θ
θ θ

⎡ ⎤
⎢ ⎥−⎣ ⎦

 (10) 

* 00   .θ θ< <  The corresponding stress concentration factor is ( )= .T c *K pσ θ  
First yielding can be expected to occur beneath the peak stress. The stress 

distribution near this peak is similar to the plane-strain Hertzian distribution for contact 
with a long roller. Both share the same asymptotic behavior as the edge of contact is 
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approached ( )( )1 as .-x a  x a− →  Thus when both are given the same peak value, they 

are almost indistinguishable for contact between the location of the peak stress and the 
edge of contact (see expanded x-scale in Fig. 8.4). Inside the peak stress location, they 
differ (Fig. 4). Nonetheless it would seem reasonable to approximate the contact stress of 
Eq. (9) by a Hertzian distribution near its peak. Then the interior stresses beneath the 
peak are available 43.  

The stresses in Ref. 43 vary with Poisson’s ratio. Here, ultimately the results of the 
plane strain analyses in Refs. 40 and 43 are to be applied to the axisymmetric post 
configuration representative of the experiments in Section II. To this end, 1 2=ν  is 
taken because this value makes the out-of-plane normal stress in plane strain coincide 
with its axisymmetric counterpart. With 1 2=ν , first yielding using the Tresca criterion 
occurs when 43 

 5 at = 0.786
3

Y
Y Y

T

p =  z a,
K
σ

∆  (11) 

where 1 cos ).*a = a( θ∆ −  
In general, to determine actual values of Yp  requires Eqs. (8)-(11) be solved 

simultaneously. This requires an iterative approach because, with conforming contact, a, 
and hence TK , depend on the load. Here, however, the relatively sharp corners involved 
enable a simpler solution procedure. For 0 0 1 10,r /a    ≤  Eq. (10) gives 0= 5 6*θ θ  (to 
within 0.1%). Furthermore, with this *,θ  if at yield 

 0
0

0

5 1= = ,
3 10

Y
Y

c

r  
a E

σθ θ π
⎛ ⎞⎛ ⎞

≤⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

 (12a) 

then the following approximate results hold (to within 0.2% for Yp ): 

 9 50= , = .
10 27T Y Y Y

Y

K  p
θ

σ θ  (12b) 

In Eq. (12b), the pressure has been adjusted so that the cylinder and strip share a common 
0p  using values for flat-ended indenters because of the small radii of curvature of the 

posts. For the post configuration of the present experiments, Yθ  is indeed less than 1/10, 
and the determination of first yielding follows directly from Eq. (12). 
 

C. Plastic Response 
 
Pressures exceeding Yp  of Eq. (12), with consequent plastic flow, occur very early 

on in molding experiments because of the high TK  involved (e.g., Fig. 8.4). Again, as the 
loading force and extent of indentation are increased, the plastic yield region beneath a 
post can be expected to approach a self-similar state (indicated in the sketch in the fully 
plastic region of Fig. 8.6). Since here the indentation radius is fixed, self-similarity means 
a yield region with constant horizontal and vertical extents. Unfortunately, there would 
not appear to be either experimental or analytical confirmation of this expectation in the 
literature at this time. Absent such information, the only estimates that would seem to be 
available for the extents of this steady-state yield region are from ball indentation results. 
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The analysis of pFEA showed that the yield region in the fully plastic state is 
approximately a semi-ellipse with horizontal minor-axis extent two times the contact 
radius and vertical major-axis extent three times. Thus here it is assumed 

 '2 , 3 , = ,
4Y Y Y Yr  R d   R d dπ

≈ ≈  (13) 

where ,Y Yr  d  are the radial, vertical yield region extents beneath a post in the fully plastic 
state. To simplify balancing forces subsequently, this elliptical region is replaced by a 
rectangular region of the same area and radial extent, but depth '

Yd  (see Fig. 8.7). 
 

 
Now to estimate the forces acting in molding experiments, estimates are needed for 

the resisting pressure on the base of the approximate yield region, ,bσ  and the resisting 
shears on the side of this region, sτ  (Fig. 8.7). In addition, there are resisting frictional 
shears on the sides of a post, fτ  (Fig. 8.7). In combination, these tractions provide the 
resisting force. 

To estimate the resisting pressure, again ball indentation results are drawn on. From 
pFEA, at '= Yz d  on replacing a with R, 

Fig.  8.7  Cross section showing the force balance used during post indentation in the 
fully plastic state: the self-similar yield region in front of the advancing post is 
judged to be semi-elliptical from pFEA and further simplified to be rectangular in 
shape. Resisting pressure on the base of the, ,bσ  and resisting shears on the side of 
the yield region, sτ , are estimated from pFEA. Frictional shears, fτ , on the side of 
the post are characterized by an effective friction coefficient f 
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27 9= 1 .

4 40b Y
r   
R

σ σ
⎡ ⎤⎛ ⎞−⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
  

This distribution understandably has a peak value under the center of the indenting ball. 
Here peak values can be expected to occur under the corners on the indenting post. Thus 
here the peak stress distribution of the ball is maintained but shifted in location to r = R. 
One stress distribution that does this, and which also has zero slope at r = 0 as must be 
the case by symmetry, is: 
for 0 2,  r  R≤ ≤  

 
27 71 9=  ;

4 80 40b Y
r + 
R

σ σ
⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
 (14a) 

for 2 2 ,R   r  R≤ ≤  

 
27 9=  1   1 .

4 40b Y
r
R

σ σ
⎡ ⎤⎛ ⎞− −⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
 (14b) 

Of course, Eq. (14) is but one adaptation of base pressure from ball to post indentation: 
others could certainly be made. 

On the sides of the yield region, the average shear stress is also estimated from ball 
indentation results of pFEA. On the sides of the post, a representative shear stress is 
estimated using Coulomb’s law and assuming normal stresses there are of the order of the 
yield strength. Thus 

 1=  , ,
4s Y f Y = fτ σ τ σ  (15) 

where f is an effective friction coefficient. 
Now balancing forces on the post, and the approximate yield region in advance of 

the post, gives  
2

2 2 2

0

 = 2 + 3 + 2 ,
R

b s fR p rdr  R Rdπ π σ π τ π τ∫  

on using Yr  and  '
Yd  of Eq. (13) as yield region extents. In this force balance, any 

contributions from tractions on 2 ,  = R  r  R z d≤ ≤  have been taken as negligible. 
Substituting Eqs. (14) and (15) then gives 

 = 8.8 + 2 ,
Y

p d  f
Rσ

⎛ ⎞
⎜ ⎟
⎝ ⎠

 (16) 

for the contact pressure or molding stress in the fully plastic state. 
Analogous to hardness testing by spherical indentation, it may be possible to 

introduce a flow stress for the molding process to effect a coalescing of results for 
materials with different strain hardening rates. However, given the approximate nature of 
Eq. (16), such an endeavor would seem premature at this time. Accordingly, here the 
following simple normalizations are adopted for the molding pressure, p , and depth, d : 

 = ,  = .
Y

p dp  d
Rσ

 (17) 

Then from Eqs. (7) and (16), the following results are obtained: 
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for elastic stress states ( )0   ,Y  p p< <  

 = ,p kd  (18a) 
where = ,Y Y Yp  p σ  Yp  being from Eq. (12), and ( )2= 2 1 ;Yk E π ν σ−  

for fully plastic stress states ( ) ,pp   p<  

 = 8.8 + 2 ,p fd  (18b) 
where pp  is the pressure level at which fully plastic response commences, as judged 
from experiments. The expressions in Eq. (18) for molding with cylindrical posts are the 
counterpart of those in Eq. (6) for hardness testing using spherical indenters. 

It is possible to devise transition fits for elasto-plastic stress states, similar to those of 
Eq. (6), for inclusion in Eq. (18). This exercise would also seem to be premature at this 
time. However, some comments on this elasto-plastic transition are appropriate. 

Once yielding commences, the indented material can be expected to soften. Then, 
absent any other physical effects, the slope of the p  versus d  curve should lessen and 
possibly flatten, similar to Eqs. (6b, c). With the molding process, though, there is a load 
level in the elasto-plastic region at which the indented material makes contact with the 
sides of the post (see sketch in Fig. 8.6). At this point, response stiffens and the p  versus 
d curve can be expected to be concave upwards. Ultimately this “grabbing” of the post 
should occur over a constant fraction of its length with a consequent steady increase in p  
with d  as in Eq. (18b) (see fully plastic region of Fig. 8.6). Initially, when grabbing 
commences in the elasto-plastic region, the fraction of the post being grabbed can be 
expected to change with depth.  This implies a steeper slope for the increase in p  versus 
d  with grabbing in the elasto-plastic region than in the fully plastic (see elasto-plastic 
region of Fig. 8.6). Though a more precise quantification of such grabbing effects is 
beyond the scope of the present simple model, molding experiments can nonetheless be 
expected to qualitatively reflect such grabbing, and indeed they do (see Fig. 8.3(b)). 

To quantitatively compare the foregoing modeling with experiments requires tensile 
properties of Pb in addition to the force versus depth measurements of Section II. 
Attention is given to the determination of these tensile properties next. 
 
Tensile Testing at Elevated Temperatures 
 

A. Experimental Procedures 
 
In addition to Yσ of Pb for comparison with Eq. (18), the ratio Y c/Eσ and hence E of 

Pb is needed to use Eq. (12). Although room temperature values of these quantities are 
available in handbooks, elevated temperature values would not appear to be. Tensile 
testing was therefore conducted on the same Pb plate materials used in the micromolding 
experiments and over the same temperature range. 

The tensile testing of Pb bar specimens was carried out on the MTS858 single-axis 
testing system used in the molding experiments. A pair of hydraulic wedge grips, 
MTS642, was used for specimen holding. Rectangular bar specimens were prepared 
following standard testing protocols 44. The bar specimens had an overall length of 
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200mm and a thickness of 6.25mm. Length and width of the specimen gage section were 
respectively 50.0±0.1mm and 12.50±0.25mm. A MTS632.26F-20 axial extensometer was 
used to measure the specimen extension. The extensometer had a gage length of 8mm, a 
maximum extension and compression of ±1.2mm, an accuracy of 0.02% full scale, and a 
maximum operating temperature of 150oC. 

To determine the Young’s modulus, each tensile test consisted of multiple partial 
unloading-reloading cycles, carried out before the ultimate tensile strength of the test 
specimen was reached. In each unloading-reloading cycle, the unloading segment was 
performed with a prescribed unloading rate in the force-controlled mode, and the 
reloading segment was performed with a prescribed displacement rate in the 
displacement-controlled mode. Displacement rates for the first two reloading segments 
were 0.05mm/min and 0.10mm/min, respectively. The other reloading segments were 
executed with the same displacement rate of 0.5mm/min. Three unloading slopes from 
each experimental σ-ε curve were averaged together to obtain E. The Pb modulus 
measurements were checked by measuring the modulus of Al 1100H (99.9%) with 
specimens of identical geometry. The Pb yield strength σY was obtained from the 
experimental σ-ε curves at 0.2% strain offset using the measured E value. 

A series of such tensile tests were carried out at temperatures ranging from ~20°C to 
~120°C. The tensile testing temperatures were chosen to be close to (within 2oC) the 
temperatures at which Pb micromolding runs were carried out in this range. Tests at 
higher temperatures were not conducted due to operating temperature limitations of the 
extensometer. The temperature of the Pb bar specimens was controlled by wrapping a 
resistive heating tape around the entire specimen. The resulting elevated temperature was 
measured by attaching a K-type thermocouple onto the specimen surface. The bar 
specimens were heated until a steady state temperature was reached before tensile testing 
began, with a typical temperature variation of ±3oC. At each temperature, two or three 
tensile tests were performed following the foregoing procedure. 

 
B. Experimental Results 
 
Typical tensile testing data are illustrated in Fig. 8.8. Figure 8.8(a) shows three σ–ε 

curves measured in the strain range of 0<ε<0.015 and at 41oC corresponding to T = 0.52. 
Unloading-reloading cycles are shown in Fig. 8.8(a). The sharp bend over of the σ–ε 
curves at the onset of plasticity coupled with the relatively slow increase in σ as ε 
increases supports the usual view that Pb is approximately an ideally-plastic material. As 
shown in Fig. 8.8(b), however, significant strain hardening is clearly evident over a more 
extended strain range of 0<ε<0.08. The variability of the three σ–ε curves shown in Fig. 
8 is typical of the other tensile experiments. 

Figure 8.9 plots measured Yσ  of Pb as a function of temperature, and shows it to 
decrease smoothly with increasing temperature. A decrease in Yσ by roughly a factor of 2 
is observed as temperature increases from ~20oC to ~120oC. Figure 8.9 also plots 
measured E of Pb as a function of temperature, and shows a slight decrease as the 
temperature increases. The measured value of the Young’s modulus for Pb is 17.7GPa at 
22.5oC, higher than the handbook value of 16.1GPa 36. A range of modulus values of Pb 
is reported, from 13 to 20GPa, depending on the impurity content 45. Considering the 
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foregoing, the discrepancy between the presently measured E of Pb and the handbook 
value may be due to impurity content. To check that the value of E obtained here was 
indeed appropriate for the Pb involved, the modulus of Al was measured using the same 
test procedures. This measurement gave E=71±4GPa for Al 1100H, in agreement with 
the handbook value for the modulus of 70.6GPa 36, thereby confirming the 
appropriateness of the E measured for Pb here. 
 

 
Using the measured values of Yσ and E, the ratio of Yσ /E ranges from ~3.3×10-4 to 

~2.0×10-4 as temperature increases from ~20oC to ~120oC. These low values of the 
uniaxial yield strain are as expected for Pb and indicate the low strain level at which 
plasticity commences for Pb. The ultimate strengths σU for Pb at various temperatures 
were also obtained from these tensile tests 46. These show a decrease in σU with 
increasing temperature comparable to that for Yσ , indicating that strain hardening of Pb is 
fairly insensitive to temperature in the range tested. 

 
Comparison of Experiments with Modeling 
 

To compare measured P - d curves of Section II quantitatively with the model of 
Section IV, the total molding force P is converted to a molding stress p for a single 
micropost. This is done by dividing P by the total number of posts on the insert and the 
nominal cross-sectional area of one post ( )2 , = 100 m .R Rπ µ  The so-calculated molding 
stresses can then be considered for elastic and plastic response in turn. 

To gauge the extent of elastic response using Eq. (12) requires the strain /Y cEσ  and 
the normalized edge radius 0 0 .r a  The first of these follows from the experiments of the 
previous section (together with Ep = 200GPa and νp = 0.31 36, and continuing to take 

0.44ν = for Pb at all temperatures). For the second, in the present case 0 0- ,a R r=  and 
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Fig.  8.8  Results true stress versus true strain curves corresponding to three 
separate tensile tests on Pb bar specimens at 41oC in the strain range of 0-1%ts of 
Pb tensile testing: (a); (b) true stress versus true strain curves obtained at 41oC in 
the extended strain range of 0-6%  
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the edge radius is estimated from SEM micrographs of a vertical cross section of a post 
which give 0 = 3 ? m.r µ  A median value of 0 0 = 0.03r a is thus taken. Using Eq. (12) 
with this median value gives =Y Y Yp p σ  in the range  
 0.013 0.016,Y  p   ≤ ≤  (19) 
as T varies from 118ºC down to 31ºC. These low values are a direct result of the high 
stress concentrations associated with the post indentation geometry (KT = 130 at 118ºC to 
KT = 102 at 31ºC, the latter being illustrated in Fig. 8.4). The lowest, normalized, molding 
stress measured in all tests conducted is = 0.03p . Thus there are no experimental values 
for comparison with Eq. (18a), and the elastic state in the experimentally measured p - d  
curves is essentially nonexistent. This conclusion stands even when the wide range of r0 
estimates (2–4 mµ ) is admitted (the range in Eq. (19) becomes 0.010-0.019), and 
indicates that the experimental P-d curves shown in Fig. 8.3 reflect completely elasto-
plastic and fully plastic responses. 

After a transition through elasto-plastic stress states, p enters the fully plastic state. 
The simple model of Section IV suggests that the molding response should be described 
by Eq. (18b). If the effective coefficient of friction, f of Eq. (18b), can be taken as 
independent of temperature in the range tested here, then Eq. (18b) has that p max at the 
maximum molding depth ( )= 5d  should be a constant. That is, pmax should be linearly 

proportional to .Yσ  Figure 8.10 shows the dependence of pmax on the different Yσ  values 
corresponding to the various molding temperatures (the Yσ values shown in Fig. 8.9). The 
predicted linear dependence agrees with the experimental data to within experimental 
scatter for all temperatures. 
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Young’s moduli of Pb as a function of 
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Fig.  8.10  Measured maximum molding 
stresses, at a molding depth of 500µm, 
versus measured Pb yield strengths. 
Data shown span molding runs and 
tensile tests conducted in the 
temperature range of ~30-120oC 
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A further consequence of Eq. (18b) is that p - d curves approach a single straight 
line when the indentation response becomes fully plastic. Using the normalization of Eq. 
(17) together with the Yσ  values of Fig. 8.9, experimental data shown in Fig. 8.3(b) are 
re-plotted in Fig. 8.11. Comparing Figs. 8.3(b) and 11 reveals that, in the fully plastic 
state (that is, in the range of 2< d <5 judging from data shown in Fig. 8.11), the molding 
response is significantly closer to a single straight line in the latter figure. In Fig. 8.3(b) at 
maximum d, the range of P divided by the mean P is 57%. In Fig. 11 at maximum ,d  the 
range of p  divided by the mean p  is 12%. Thus the simple normalization of Eq. (17) 
leads to a coalescence of molding data with nearly a factor of 5 less variation, in support 
of Eq. (18). The variation remaining after this normalization is comparable to the scatter 
in the Pb yield strength measurements. 
 

 
Also apparent in Fig. 8.11 is that the lines in the fully plastic state are nearly parallel. 

This further supports f being independent of T for the ranges of temperatures considered 
here. Given this, it is appropriate to try and actually fit Eq. (18b) to the experimental data, 
the one parameter to be so determined being f. Using average p  for a given d  from Fig. 
11 results in  
 0.5.f ≈  (20) 
This fitted value of f does not seem to be physically unreasonable. Figure 8.12 shows 
how p  of Eq. (18b) with f of Eq. (20) compares with an average molding response, 
obtained by averaging all experimentally determined molding response curves shown in 
Fig. 8.11.  Considering the adaptation made of the spherical indentation results of pFEA 
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to the present case of post indentation, the agreement between Eq. (18b) and the 
experimentally-determined average p - d  curve in the fully plastic region of 2< d <5 is 
certainly somewhat fortuitous. Nevertheless, it is believed that the main physical 
arguments underlying the simple model, namely that the molding response in the fully 
plastic regime is dominated by a self-similar plastic zone advancing with the micropost 
together with frictional stresses on the side of the micropost, do find support from the 
experimental evidence. 
 

 
 
Conclusion 
 

While the simple model presented here is consistent with micromolding and tensile 
testing results on Pb, further experimental verification should be conducted by 
performing similar experiments on different materials. To our knowledge, no such data 
exist in the present literature. Assuming, then,  the applicability of the simple model to 
other materials, the average molding response curve shown in Fig. 8.12 offers some 
guidance to micromolding of metals other than Pb. 

First, Fig. 8.12 shows that the contact pressure p required to reach the fully plastic 
state (d/R~2) is ~11σY. Assuming an effective friction coefficient twice that estimated in 
the present experiments, this implies that, to indent to a similar ratio of depth to lateral 
dimension, the yield stress of the material making up the mold insert should be ~16 times 
higher than the material to be molded at the molding temperature. The molding 
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temperature of choice, therefore, reflects a balance between variation of yield strength 
with increasing temperature for both the insert and the material to be molded. 

Second, the increase of p with increasing molding depth d in the fully plastic state is 
proportional to the effective friction coefficient f generated by insert-metal contact on the 
sides of the insert. Thus higher f leads to higher required σY for inserts. Furthermore, the 
morphology of the sidewalls of the molded microholes consists of a series of 
circumferential striations perpendicular to the molding direction (as in Fig. 8.2(c)), and 
this is suggestive of repeated “stick-slip” events. Such “stick-slip” events are generated 
by insert-metal friction, and the resulting striations markedly increase sidewall roughness 
of molded features. The increase in sidewall roughness is undesirable for metal-based 
micro-optical devices. These considerations suggest that engineering insert surfaces to 
minimize friction may have beneficial effects, and accordingly the influence of 
temperature and insert-metal friction on molded features merits further study. 

Third, the present simple model is based entirely on continuum mechanics, and 
contains no characteristic length scale. The reasonable agreement between the 
micromolding and tensile experiments on Pb and the model suggests that continuum 
mechanics gives a satisfactory description at the length scale of the present experiments 
(feature size ~200µm, negligible interaction between features), though this is something 
that should be confirmed by a full FEA of micropost indentation. As the spacing between 
molded features decreases, a full FEA model of the molding process would also be most 
helpful in tracking interaction effects. As the characteristic size of the molded features 
themselves decrease, for example from tens of µm down to the nm scale, it is an open 
question whether the present continuum mechanics model would remain satisfactory. As 
the technology of micromolding advances into the realm of nanofabrication, these issues 
deserve to be examined. 
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CHAPTER 9.  GLOBAL CONCLUSIONS 
 

Micro-electro-mechanical-systems (MEMS) and microscale mechanical and 
chemical devices have been researched for over two decades, hailed for their tremendous 
market potential, and riled for not having fulfilled the more exuberant predictions of 
success. Despite these ups and downs, commercial products employing MEMS and 
microsystems have nonetheless emerged in our everyday lives. Examples include 
automotive accelerometers and various sensors. 

It is safe to state that, at the present time, products employing silicon based MEMS 
are far more developed as compared to microsystems built from metal-based microscale 
structures. This more advanced state of silicon MEMS technology results from the 
existing prior art, which is the fifty-year investment into fabrication of integrated 
electronic circuits. However, it is believed that metal-based microsystems enjoy some 
inherent advantages over silicon-based microdevices, especially in the area of harsh-
environment-compatible devices. Examples include, but certainly not limited to, devices 
subjected to high temperatures (micro heat exchangers), placed in contact with corrosive 
chemicals (micro chemical reactors), and under high mechanical stresses. It is believed 
that one important factor to commercial realization of metal-based microdevices is 
efficient and economical fabrication. 

As stated in the introductory part of this dissertation, several approaches to 
fabricating metal-based microscale structures are being researched in Europe, the U.S., 
and elsewhere in the world. Techniques such as micromilling and micro-electrical-
discharge machining have shown potential as well as limitations. It is probable that no 
one technique will become the panacea for fabricating metal-based microdevices. Instead, 
researchers worldwide constantly add new tools to the arsenal of metal microfabrication. 

This dissertation represents some initial steps taken on a new path toward efficient 
and economical fabrication of metal-based microscale structures, an attempt to add one 
more tool to the metal microfabrication arsenal. The demonstration of successful 
micromolding of aluminum at ~450oC in this dissertation is, to our knowledge, the first in 
the world, and demonstrates the potential of high temperature compression micromolding 
for fabrication of metal-based microdevices. 

The completed work shown in this dissertation also serves to highlight the unfinished 
business regarding high temperature compression micromolding of metals. Improving the 
high temperature bulk mechanical properties of the mold insert, increasing the high 
temperature stability of nanostructured ceramic coatings, and understanding 
quantitatively the mechanics of micromolding constitute the obvious challenges in the 
course of perfecting this micromanufacturing technique. 

This dissertation also serves to point out one trend in microsystems research, which 
is the need for a truly interdisciplinary approach. The ultimate success, or failure, of 
metal-based microdevices will be judged in the market place, and depends critically on a 
combination of two factors. One is economical device fabrication, which relies on 
materials science and engineering. The other is innovative device design, which relies on 
chemistry, physical, and mechanical engineering principals. These two factors may also 
be interdependent. The realization of these visions will not occur instantly and will serve 
as an inspiration to others embarking on this exciting journey. 
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