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Abstract
The nucleon pair shell model (NPSM) is casted into the so-called M-scheme for the cases with
isospin symmetry and without isospin symmetry. The odd system and even system are treated on
the same foot. The uncoupled commutators for nucleon-pairs, which are suitable for M-scheme, are
given. Explicit formula of matrix elements in M-scheme for overlap, one-body operators, two-body
operators are obtained. It is found that the cpu time used in calculating the matrix elements in

M-scheme is much shorter than that in the J-scheme of NPSM.
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I. INTRODUCTION

Collective motions in nuclei, such as collective vibration, collective rotation, backbending
phenomenon, giant resonances, etc. of medium and heavy nuclei, are extremely important.
How to describe the collective motions of nucleus is a fundamental problem in the nuclear
structure theory. Since nuclear shell model[l, 2] includes all the degrees of freedom, it
can be used to describe the collective phenomena technically[3]. With the development
of the computer, the shell model Hamiltonian can be diagonalized in the model space up
to about 10'°[4]. But even for medium and heavy nuclei, the shell model space is about
10* — 10*®[5], and the modern computer fail for all of these cases. Therefore, to apply the
shell model theory to medium and heavy nuclei, an efficient truncation scheme is necessary.
The interacting boson model (IBM)[6] made a great success in nuclear structure theory[7-
12], in which the valence nucleons pairs are treated as s bosons (with angular momentum J
= 0) and d bosons (with angular momentum J = 2). The vibrational spectrum, rotational
spectrum and -unstable spectrum are corresponding to the U(5), SU(3) and SO(6) limits
in the IBM.

In 1993, a new technique, the generalized wick theory has been proposed to calculate
the commutators for coupled operators and fermion clusters by Chen et al.[13, 14]. Based
on this new technique, a nucleon pair shell model (NPSM) has been proposed[15], in which
the building blocks of the configuration space are constructed by nucleon-pairs instead of
the single valence nucleons. Because of the success of the IBM, the shell model space was
truncated to the SD pair subspace, which is the so-called SD-pair shell model(SDPSM).
Previous works show that the collectivity of the low-lying states can be described very well

in the SDPSM[16-19]. The quantum phase transition and the properties of the critical point



symmetry can also be reproduced very well in the SDPSM[20]. In 2000, new version of the
NPSM was given by Zhao et al.[21], in which the odd and even systems can be treated on
the same foot. The NPSM was extended to include isospin symmetry in Ref. [22, 23]. The
formalism in the NPSM with particle-hole coupling was also developed|24]. However, due
to the cpu time in calculating the matrix elements increase drastically with the number of
nucleon pairs, the maximum number of nucleon-pairs that the NPSM can handle is 5[25] for
identical nucleons system. Therefore, an efficient method to calculate the matrix element is
necessary in the NPSM.

In general, the shell model basis are constructed in the so-called J-scheme[26] or the M-
scheme[27]. Most of the large-scale shell model basis are constructed in M-scheme, since it
does not need to calculate the 9j symbols and coefficients of fractional parentage[28]. The
old versions of the NPSM is constructed in J-scheme, and one has to re-couple and sum over
all of the intermediate quantum numbers in calculating the matrix elements. This procedure
is too time consuming. Because of the advantage of the M-scheme, it is interesting to cast
the NPSM in the M-scheme, and this is the aim of this paper.

The paper is organized as follows. In Sec.III, the NPSM in M-scheme for the case without
isospin symmetry are given; the NPSM in M-scheme for the case with isospin symmetry are

presented in Sec.IV, and a brief summary and discussion are given in Sec.V.

II. THE HAMILTONIAN, E2 TRANSITION OPERATOR AND M1l TRANSI-

TION OPERATOR

As in the J-scheme, we still use a Hamiltonian consisting of the single-particle energy
term Hy, and a residual interaction containing the multipole pairing between like nucleons

and the multipole-multipole interaction between all nucleons,
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H="Y (Holo)+V(0)+ ) mQk-Ql, (1)

o=T,v

Ho(0) =Y €afta, V(o) =D GuoAT- A+ "k Q- Q)
s t

a
n

Qt = Z(Ti)tyt(eiﬁbi),

where ¢, and n, are the single-particle energy and the number operator respectively, and

the pair creation operator is

A =3 yoleds) (€L x Cf) (2)

Notice that the structure coefficients yo(cds) depend on the Hamiltonian to be used and are

in general different from those in the building blocks, y(cds), in Eq. (8).

The second quantized form of Q' is given by Eq.(13) with the coefficients ¢(cdt) equal to

~

v cd
Q(Cdt) = (—)C_E%Cz%?d_%Acdt<Nlc|rt|Nld>, (3)

Ao = 3 [14 (=),

where N is the principal quantum number of the harmonic oscillator wave function, such
that the energy is (N + 3/2)fuwy and [, and [, are the orbital angular momentum of the s.
p- levels ¢ and d, respectively.

The general form of the two-body realistic interaction in shell model as shown in the

following can also use in this algorithm.

Vir(j1j2J3J4) JTH, - JT/ . .0
v=>_ > (A7 (G1g2) x AT (fsja)) (4)
TR AR AR

The E2 and M1 transition operators are

E2 = ,Q% +¢,Q2,



T(M1) = T(M1)z +T(M1),, T(M1)= \/g(gzLﬂLgsS), (5)

where e, and e, are effective charge of the protons and neutrons, while g; and g, are the or-
bital and spin effective gyro-magnetic ratios. The total orbital angular momentum operator

L and total spin S can be identified with collective dipole operators,

Ly = Q) =Y q(cd)P}(cd),
cd

S0 = Q) =37 q (cdV) P (cd) (6)

with

lcd1l
g(edl) = (—1)!+1/2d S &) :

N[

¢ (cdl) = (=1)F/>4edid : (7)

N[ =
[N

III. NPSM IN M SCHEME WITHOUT ISOSPIN SYMMETRY

In this section, the uncoupled commutators, matrix elements for one-body operator and
two body operator for the case without isospin is given in M-scheme. The odd system and

even system are treated on the same foot.

A. TUncoupled commutators for nucleon pairs

As in the old version of the NPSM, the collective nucleons pair with angular momentum

r and projection m, designated as A”T, is built from many non-collective pairs A’ (cd)! in

v

the single-particle orbits a and b in one major shell,

A= ylabr) A7l (ab) (8)

ab



where y(abr) are structure coefficients satisfying the symmetry

y(abr) = —(=)""*"y(bar) (9)
Non-collective pair A’f(ab) is
Apiab) = (CTx ") = Y O b, Ot O, (10)
Mea,Mp

where CJ7 is a single particle creation operator, which create a nucleon in j orbit with

projection m, and C77 - is a Clebsch-Gordan coefficient. The time-reversed form of the

single annihilate operator CY, is
G4, = (—)C, (11)
The time-reversed form of a collective pair is
=" y(abr)A(ab) (12)
ab
=— Z y(abr)(C* x C*)"
A multipole operator or one-body operator QY is denoted by
= 3" aledn)(Ct x C, (13)
g(edt) = —(=)" x q(det)
The coupled commutators between two collective pairs is denoted as
[A", A1) Z to sl AL, A (14)

Some crucial coupled commutators in the NPSM, taken from Ref.[13], are listed in the fol-
lowing. The coupled commutator between colective pair annihilation operator and colective

pair creation operator is given by

(A7, A = 276,00 > _ y(abr)y(abs) — P (15)

ab



where P! is a new one-body operator.
ros

t
P! = 473 Z y(abr)y(bds) (C¥ x C*)E (16)
abd d a b

The coupled commutator for collective pair and multipole operator would be given by,
A7, QT = Ary (17)

A ! . . . 1 . . . .
where A7, is a new colective pair annihilation operator, which is

By using Eq.(15) and (17) the coupled double commutator can be obtained,
[A”, [A’%,ASW] =B (19)
where B'% is a new collective pair,

z—Zy aar ) (2())

y'(ad'r}) = 2(aa'r]) — (=) 2(dar)),

X e s t r, t 1
2(aa'r}) = =47ty y(ab'ry)y(abry)y(bY's) x
oo a b b a d b
where £ = /2t + 1. And the coupled commutator between single particle and one-body

operator was given by eq.(2.11a) in Ref.[21], which is

(€7, Q, = (=) q(j, 5 t)= (21)

%>| ~>



The uncoupled commutator for nucleons pairs, which can be used to constructed the

NPSM in M-scheme, are obtained from the coupled commutators, which is

(AL A (22)

:(_)T—H Z 6—,“0!6”6 [Ag, A%]
af

==Y O WA AT,

to

Based on Egs.(15)-(21), the uncoupled commutators in M-scheme can be obtained. The
uncoupled commutator between colective pair annihilation operator and colective pair cre-

ation operator is given by
A}, ALY (23)
Yl A
=20,.40,1. Zy (abr)y(abr) — (=)™~ “ZC;EZ P!

where P! is a new one-body operator, which is given in Eq.(16). The uncouple commutator

for collective pair and one-body operator would be given by,

(A7, Q5] (24)
:(_)T—i-m Z C: Tm to [AT7 Qt]%’

r’'m/

>,
where A", is a new collective pair, which is
= Zy (dar") A",/ (da) (25)

y'(dar') = z(dar’) — (=) (adr’),



z(dar") :ffZ( rrmem! crtm? Z y(abr)y(bdt)

r —m,to

d a b

By using Eq.(23) and (24) the uncoupled double commutator can be obtained,

[A“ (A Af,ﬂ] (26)
I ST I | A [ 47

r’m’
=) B
= -
r’'m/

/ . . . . .
where B” , is a new collective pair, which is

,_Zy aa'r})A”,  (aa") (27)

y'(ad'r)) = z(ad'r}) — (—)“+“I+T’lz(a'ar§),

2(aa'r}) 4m~ksz AT 0O om Y (@B )y (abri)y (bY's)

bb’

By using Eq.(24) recursively, the uncoupled double commutator between pair annihilation

operator and multipole-multipole interaction operator can be obtained, which is

>[4, @2]. ) (28)
T
— )T AT
ST,
where A7 is a new collective pair, which is given by,
= " y'(abr) Ay, (ab) (29)
ab

y'(abr) = [h(abr) — (=)*""*"h(bar)]

10



r t 7 r t r

h(abr) = 27'7(2t + 1) Y _ y(ddor)q(dobt)q(dat)
ddo bd do| |[d b a

The uncoupled commutator between single nucleon annihilation operator and one-body

operator can be expressed as,

[y Q0] (30)

~

1
=-> (9! “mo o q(jj't)C7,

And the uncoupled double commutator for single nucleon can also be obtained, which is

[Cfno, a5, A7) (31)
=SNG, [0 140 1]
R Frét re oS 1 ,
=4 Z( TR+ mote _mmej’" Tmo’to P Zy (r'bri,)y(bjs) cr,.
o - /
r'm’ ] r b

By recursive applications of Eq.(30), we can obtain the uncoupled double commutator be-

tween single nucleon operator and multipole-multipole interaction operator, which is
S [[Cﬂ' CANEN (32)

—Z ' '2t+1 Ta(7Da( ') Chg

B. commutators in M-scheme

The odd system with 2N + 1 nucleons and even system with 2/N nucleons are treated on
the same foot. The creation operator coupled successively to the total angular momentum

projection M is designated by

N
AT(TomO, . ,erN)M = A:g;f . A”T ATNT M = Zml (33)

mpy’

11



with the convention that

) 1 for even system, mg =0
ANl = (34)
C;EBOT for odd system, ro = j

The annihilation operator A, is defined as following

my’

A(’l"omo, Ce ,erN)M = Ago . A:ﬁl LAY M = Zmz (35)

the convention of A} is similar to that of Eq.(33). Then one can get the commutator

between the annihilation operator A,; and pair creation operator, which is

S
[A(’f’om(), Ceey erN)M, Arrﬂ (36)
N
E |:S057’k, O m A0, - o T 1M1, TR 1M1, -+ s TNTIUN ) M—m
or 1
+ E E Aromo,---, T, o T 1M1, Th 1 15 - - - s TNTIUN ) M—m

t
+ E P x A(Tomm---,Tk—lmk—l,rkﬂmkﬂ,---,TNmN)M—mk

to

where ¢ = 25" y(abry,)y(abs), the summation runs over i is from k-1 to 0 or 1, corresponding
to the odd system or even system respectively, Az,_ represents a new collective pair (i # 0)

or a single nucleon (i = 0),

Ay = [ T, ) (37)

)
i M

the explicit form of the new pair has already been given in Eq.(26) and (31), and P! has
been given in Eq.(23). Using Eq.(36), we have the commutation relation between pairing

interaction and the annihilation operator Ay,
[A(’f’om(), e ,erN)M, AST . As] (38)

N
= E [goérk,sémk,mA(romo, ey SMyy o TNMN ) M
k=1

12



0or1l

/ /
+ g g A(Tomo, ..., TG, o T 1M1, Tl A MU 15 - - -, TNTIUN, ST 0
i=k—1 rimim
t
+ g P’ x A(Tomm---7Tk—1mk—177nk+1mk+lv---aTNvasm)M—mk-l—m
tom

The commutator between one body operator and the annihilation operator A,; is ob-

tained,

[A(T(]m(b ey TNmN)M7 er] (39>
0or1l

= Z Z A(Tomo, rimaq, ... ,r;m;, e ,erN)M_U
k=N 7 mj,

where summation runs over k is from N to 0 or 1, corresponding to odd system or even

system, respectively, and A:i“;ﬂ represents a new collective pair (k # 0) or a single nucleon

A= A% Qo) (40)

the explicit forms of the new pair have already been given in Eq.(24) and (30).
The commutator between multipole-multipole operator and the annihilation operator Ay,

18

[A(romo, ..., rvma)an Y _(=)7QLQ",] (41)
0or1l
= Z {A(Tomoahmh---7(7"kmk)Ba---77“NmN)M
k=N
0or1l

+ Z Z Z(—)"A(romo,rlml,...,rgm;,...,r;m;,...,erN)M

i=k—1rim, o
! !
T

+ Z Z (=)7Q" , x A(romo, Timy, ..., My ., TNN) Mo

o rmy
where summation range over k(i) is from N(k — 1) to 0 or 1, corresponding to odd system

or even system respectively, and r,mj (rim}) represent for a new collective pair (k # 0) or a

13



single nucleon (k = 0),

A:n;c;c = [A%,. Qo (42)
Al = AT QL]

the explicit form of new pair have already given in Eq.(24) and (30). (rpmy)p denote a new

collective pair (k # 0) or a single nucleon (k = 0) obtained by uncoupled double commutator,

(505 = S [ERCAR (43)

(A7 Vg = [Cf;m, (A Aiﬂ]

the explicit results have been given in Eq.(28) and (32).

C. DMatrix elements of overlap and interactions

An N-pair or N-pair plus one single nucleon state in m-scheme is designated as
la, My > = |romo, r1mq, ... rymy; My) (44)
= Al(rgmg, rimy, ... 7amy)|0)

where rqgmg represents 1 in even particle number system or a single nucleon in odd particle

number system, a denotes the additional quantum numbers
a = (romo,...,ry,my) (45)

It is interesting to note that « is redundant, since it’s already been included in the total
projection number M.
For proton-neutron coupled system, the basis are constructed by coupling the protons

and neutrons to the state with total projection number M,
| v, My Myy; M) = |ovy, M) |a, M) (46)

14



The overlap between two states is a key quantity, since the matrix elements of one-body
and two-body interaction can all be expressed as a summation of the overlaps. From Eq.(36),

we can get the overlap between two states,

<0|AM1AE\42|0> = (Topto, T1jt1, - - TN pN; Mi|Sovo, s1v1, ..., SnvN; Ma) (47)

N
= Z |i2 Z y(abrk)y(absN)érk,sNéuk,,,N
k=1

ab

X <7’0M0 e TR 1 Tt e 1 - - - TN My — VN|80V0 o SNovN—1; Mo — VN>

’ot . .
X <7’0u0 Ty e Te—1 =15 Te+1Mk+1 - - - TNUN; Ml — l/N|S()I/0 .. SN—1VUN-1; M2 — VN)

One can see that although the overlap is still calculated recursively, the most time consuming
factor, the re-coupling of the angular momentum, is not needed. The summation over the
projection p; of the new pair is redundant, since it is a constant value p; + pr — vn. The

overlap for one pair state in M-scheme is same as that in J-scheme, which is

(ripa|sivr) = 200 5, 0p1,00 Z y(abri)y(absi) (48)
ab

The overlap for one pair plus one single nucleon is given as following,

(Topo, T[S0, S101) (49)

:267”1781 5/1/1,1/1 5T07805M0,V0 Z y(abrl)y(absl)
ab

S1 To Q@
JM
+4r151§ Croporipm SOVOSME y(asory)(argsy)
T So J

where 7(sg) denote the single nucleon, and the summation over projection M is redundant,

and it should be pg + p41.

15



The matrix elements of a pair creation operator AT between two states differing by one

pair is equal to an overlap,

(rofto, - - -, T iN| AL S0V, - -+, SN_1VN_1) (50)
=(Topo; - - -, TNIN|S0V0, - - -, SN—1VN—1, SV)
Using Eq.(38), the matrix elements for the pairing interaction can be written as
<7’0u0, 7“1,u1, e ’I“NIUN; ]\4|/15Jr . AS|S()I/0, S1V1,...,SNVUN; M> (51)

N
:Z [805rk,s5uk,u<7”o,uo---Sﬂk---TNMN;M\SOVO---SNVN;M>
k=1
0or1

+ Z Z (roptg ... Pips . ..smu .. rnun; Mlsovg . .. syvn; M)

i=k—1 r/ulm

where the summation over the projection m in the second term represents the projection of

pairing interacting >_ A%TA% | and the summation over the projection p of the new pair is
m

redundant, it should be a constant value pu; + pp — m.

By using Eq.(39), the matrix element of one-body operator can be written as

<T0:u07"'7TNMN;M1|QZ|SOV07'"78NVN;M2> (52)
0or1l

= Z Z (Tofhoy - - oy PRy, - - TN My — TSol, - - ., SV Mo)
k=N v/ u),

where the summation over the projection p) of new pair is redundant, and it should be a
constant value py — o.

The multipole-multipole interaction is given by

Q- Q' => (-)rQ, Q" (53)

o

By using Eq.(41), the matrix elements of the multipole-multipole interaction between like

nucleons is

<7’0/~L07 co o TNUNG M‘Qt : Qt\SOVo, ..., SNVN; M) (54)

16



0Oor1l

= Z [<7’0Wl0,...,(Tkmk)B,...,TNmN;M‘Sol/(),...,SNVN;M>
k=N

0or1l

/ / / / . .
+ E E g ) (romao, .., T My - Ty M sovg, - Syvn M)

i=k—1rim] o
/ /
T

where the summation over the projection p}, () of new pair is redundant, and it should be
a constant value up — o (g + o).

The matrix elements of multipole-multipole interaction between proton-neutron can be
expressed of the product of matrix elements of the multipole operator for protons and

neutrons,

(M, My; MIQ"(v) - Q'(m)| My, My M) (55)

—Z )7 (e, M| Q% ()] ey, M) (e, M| QY (v)] vy, M)

D. Diagonalization of the Hamiltonian

In this part, a general Hamiltonian are considered, which consist of the single-particle
energy term Hy, and a residual interaction containing H (o = m or v) for identical particles
and interaction between proton and neutron H,,,

H =Y (H(o)+ H(0)) + Hn, (56)

o=T,V

HO(U) = Z 6a,crﬂa,cru

a

where €,, and n,, are single-particle energy and the number operator respectively. The
Hamiltonian can be diagonialized either in the non-orthonormal basis |o,, M,o,M,; M), or
the orthonormal basis [, M,,, &,M,; M). For both neutron and proton basis, the orthonor-

mal basis [{,M,) (0 = m or v) can be expanded in terms of the non-orthonormal basis

17



|y My),

€M) = Z Zé\fLU|O‘JMU> (57)

where the coefficients Zé\fj’% are found in the following way. Suppose that Zé\f" is an or-

thonormalized eigenvector of the overlap matrix Ao,
AV, = (o' My|aM,) (58)
corresponding to the eigenvalue Ay, ¢ . Then

Zerng = 2o,/ At g, (59)

In the orthonormal basis the eigenvalue equation of the Hamiltonian for a given angular

momentum z-component M can be written by the matrix equation
(HM — EyD)yp™ =0, (60)

where I is the unit matrix and 9™ is a column vector. The matrix elements of the matrix

H are given by
(6 My, &My MIH|§, My, & My M)

= [55;,577 (& M| (Ho(v) + H(v))|&M,) + (7 <> v) | 6ag a1, 001z, 0,

Suppose that zbé” = 1%4 (€,M,,, €M) is the eigenvector of the matrix HY corresponding to
the eigenvalue Ey,, 8 =1, 2,.... Then the eigenfunction of the Hamiltonian with definite

M is

‘Bv M> = Z ¢g/[(£uMu7£7rM7r)|£uMuag7rM7r> (62>

My & Mr

18



By using Eq.(57), eigenfunction can be expressed in terms of the non-orthonormal basis,

B.M) = Y ) (&M, & M) 2 ZM |y, M, M)
EMyEr Mn

= Z XéM(OKVMVOKﬂ—Mﬂ—)‘OCVMuaaﬂMW> (63)

oy Myor M

IV. NPSM IN M-SCHEME WITH ISOSPIN SYMMETRY

In this section, the NPSM with isospin symmetry in m-scheme is presented. The uncou-
pled commutators, and matrix elements of one-body operators and two body operators are

presented. The odd system and even system are treated on the same foot.

A. Uncoupled commutators for nucleons pairs

We begin by introducing the notation for system with isospin. The creation operator of a
nucleon in a state with total angular momentum j, projection of angular momentum m, the
isospin ¢ and projection of isospin 7 is designated as C%!f. Now we can build non-collective

pair creation operator,

AJTH(ab) = (€ x €T (64)
J ata
= Y it Corratin Gt < ot
MaMy
TaTh
where a represents j, and t,, and C77 . is the Clebsch-Gordan coefficient. The single

annihilation operator can be introduced as CJ¢_ = (CJt)T. The time-reversed form of single

annihilation operator is

Cit. = (=yt e, (65)

19



The commutator between single nucleon operator in coupled form is given by
(C, CP)nE = 8.500708;0,0tut, V20 (66)

The non-collective pair annihilation operator is given by A’ (ab) = (A’LT(ab))', and the

corresponding time-reversed form of pair annihilation operator is designated as,

AT (ab) = (=) AT (ab) (67

—m—-T

= —(C*x Ok
The collective pair creation, annihilation and time-reserved form operators are
AT = 37 y(abI T) AT () (65)
AT = Zy (abJT) AT (ab)
AT — Zy (abJT) AT (ab)
where y(abJT) is the pair structure coefficients, and has the symmetry as
y(abJT) = (=)' Py (baJT) (69)
The collective multipole operator is defined by,
Zq (abJT)QIL (ab) (70)
= " qlabIT)(CF x COIE

The uncoupled commutators for collective pairs can also obtained through coupled com-
mutators. The coupled commutators in the NPSM with isospin symmetry have already been

carried out in Ref.[22]. The uncoupled commutator between two collective pair can be given

by

nT1 U TY r—p,sv " t1—T1,t272

[Artl AStQT] )r+t1+u+7-1 Z CJm CTT [Artl’ AStQT];}nj; (71>
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= 20,504,450, 07, 7 Z y(abrty)y(absts)

ab

_\rHtitptT E Jm TT JT
+ 4( ) Cr—u,suctl—ﬁ,tg'rgpmr
Jm
TT

where the summation run over projection m and 7 are redundant, since it is a constant value
m=v—pand 7 =75 — 7, and P’T is a new one-body operator,

11 o
a Ja Jo T1 .
(CH x C)IT (72)

A A B tl
PIT =3 "jshity{ 2 2 x> y(abrty)y(bdsty)
b

1
da tg T - S J jd
2
The uncouple commutator for collective pair and multipole operator is given by,
rt1 l
(AL, Q2] (73)
== () RO Ol A
JT
where A7T _is a new pair, which is
AT ="y (dadT)(Cx ) (74)
da
Y (daJT) = 2(daJT) + (=)’ Iz (ad JT)
1 1 ; .
L - 5 U Ja Jb T
AdaJT) = #itt, { 2 2 : > ylabrity)q(bdits)
ty T S ° g J Ja
2
By using Eq.(71) and (73) the uncoupled double commutator can be obtained,
(75)

|:A7"iti [Arktk Alsjﬂ]

WiTi? HETE
_ § E N\J+T+rg+rittg+ti—v—n ~lm/ t'r’ Jm TT JT
- 4 ( ) ' ! Crk—,u,k,suCtk—Tk,tnori—ui,lm’Cti—Ti,t’T’]B—m—T
Im/ Jm
'’ Tt
where the summation runs over projection m/, 7/, m and 7 is redundant, and B’ is a
new pair,
(76)

JT

BT = Zy'(aa’JT)(C’“ xC")"
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y'(ad JT) = z(ad' JT) + (=)t 2 (ad' JT)

L) (1,
A a8 o k a8 A i
Aad' JT) = iy 8liyiidt { 2 2 22 S ylablrt)y(a'brity)y (0'bst)
A I S
2 2
Ja Jy Tk | Jar b T

s [T I J Ja
We can also obtain the uncoupled commutators between the single nucleon operator and
multipole operator,

[0305(7)_0 ? Q‘;?:;] (77)

A A

cr T T ]2t2 : ;
:( ]2 t2 2200 mojzcrctj(; 70,t2T2 qu((jotO)(‘]T)]ﬂ?)Ci?n T

Base on Eq.(77), the uncoupled commutator between single nucleon operator and
multipole-multipole interaction operator is given as,

> () [[Oﬁéao,@ifs] X, (78)

aT2

= Z(—)jo_l(—)to_t gjz i 3%2 i 3 q((joto) (1) jat2) g ((1t) (Joto ) jata) C0%0.
It

The uncoupled double commutator for single nucleon operator can also be obtained,

[ctt A7), Ai;] )
T 1/ m /! TAkglAtAktAf/
=4 Z Z l+ . t e an“k Mk, sucfk Tk> tnCJO mo,lm/ Cto —70,t'T ’7 T
Jm Im’/
T '+
1 1
5 5 t Tr S [
X X Z y((IT)brity)y (b(joto) st) T
t ot 3 Jo J

where the summation over projection m, m’, 7 and 7’ is redundant.
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B. commutators in M-scheme

In this section, the odd system with 2N + 1 nucleons and even system with 2N nucleons
are treated on the same foot. The configuration space of the NPSM are constructed by
collective pairs. And the creation operator with specific total angular momentum projection

M and total isospin projection 7 are designed as

AT(EO, e ,]I‘N)MJ = AT(TomOtOT(), Ceey 'I"NmNtQTQ)Mﬂ- (80)
tot t1t tNT
_A:gog'o A:ﬁqi—l . ATmNNjﬂ\'rN’ (8]‘)
N
M-S r=3n
i=0 =0

where the ry express all quantum number of this pair, and the convention used for the

operator A7o1 is given as following,

1 for even system, mg =0, 70 =0
Arotot — (82)

moTo

C'f,fj for odd system, ry = j

The annihilation operator is designated by

A(II‘Q, e ,]I‘N)MJ = A(’r’omotQT(), e ,’T’NmNtQTO)Mﬂ— (83)
rot 1t rnt

_ATr(ZQ(ﬂ)'Q ATrlbli'l . ATr]LVNI7YN7 (84)

N

TED IR

i=0 i=0

where the convention of A}9 is similar to that of Eq.(80). The time-reversed form of
A(rg,...,ry)mr is redundant in this model.

Then we can obtain the commutator between the annihilation operatorA(ro,...,rn)n.r
[A(I[‘(), Iry,... )MT 5 AStT] (85)

N
= E [<P5m,s5mk,u5tk,t5tk,nz4(ﬂ"0, sy L1, TRy, - - - 7EN)M—V,T—77

k=1
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0orl
+ A(]I‘()?"'7]ri7"’7]rk—17]rk+17"'7EN)M—V,T—T]

g Il ot
i=k=1 rim ti7]

E E it
+ P 170 X A I['(],. sy M1, Tt - '7EN>M—mk,T—Tk

lm/ t/ !
where ¢ = 2> y(abrity)y(abst), summation over i is from & — 1 to 0 or 1 corresponding to
ab

odd system and even system respectively, and r’ is a new collective pair Azfi, (1 #0) or a

single nucleon operator C’:r‘;)géé (1 =0), and can be obtained from the double commutator by

Tt rit; T s
A, = Azl AR AT (86)

m;T; m'r’[ M Tl )

the explicit form of the new pair has been given in Eq.(75) and (79), P% _, has been given
in Eq.(72).
By using Eq.(85), the commutation relation between general pairing interaction and

A(rg,...,rn)nm - is obtained by

[A(II‘Q, P >EN)M,T ,AStT . ASt] (87)

N
- Z |}05rk,35mk,m5tk,tétk,nA(I[‘Ov A 7$7 MR I[-]\[>]\4,T

or 1
+ E E AEO””? "7]rk—17$7]rk+17"'7]rN>M,T
1= rimim ti7/n
2: 2: 1w
+ P o X A EOa"'7]I‘k—17$7]rk+17'"7EN)M—mk+m,T—Tk+n
Im'mt't'n
The commutator between one body operator and A(ro,...,ry)a - is obtained, which is

[A(]l“o, .o ,]l"N)M, Q?;;?] (88>

0or1

/
= E E E A(E(]v]rlw"7]rk7"’7EN)M—o,T—17
k=N rim] T,

where summation over k is from N to 0 or 1 corresponding to odd system or even system

respectively. 1) represents a new collective pair A il (k # 0) or a single nucleon operator
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Ak = LAzt QI (89)

mk'r My Ty
The explicit form of the new pair has been given in Eq.(73) and (77).

The commutator between the general multipole-multipole operator and A(ro,...,rnx)m -

is obtained by

[A(E()a s 7EN)M,T 72( )U+nQ Q]ta n] (90)
0or1l "
= Z |:A(I[‘0,II‘1, ey (]I'k)B, e ,II‘N)M
k=N
0or1l

U+ / /
+ E E E E nAEOamla'">Eia'-'>mk>"-aEN)M,T

i=k—=1 rim} t/r] on
l l / /
TR Lo Th

+ Z Z Z(—)U—Fan_ta_T X A(I['(], Iy,... ,]I';c, A 7EN)M—0,T—17

/ ! ! !
"My T 0T

where summation range over k(i) is from N(k —1) to 0 or 1 corresponding to odd system or

even system respectively. r} (r}) represents a new collective pair (k # 0) or a single nucleon

(k=0),
Arllstk —=[A ATk ]
myT, METE?
it rit; jt
Am; /T [A iTi? QJO’ 7]] (91>

The explicit form of the new pair has been given in Eq.(73) and (77). (ry)p denotes a new
collective pair (k # 0) or a single nucleon (k = 0), and can be obtained by uncoupled double

commutator,

()5 = O | [ (92)

(A;I;Iilffk) |:C7]no’ [Armkk’ Airﬂ]
The explicit results have been carried out in Eq.(75) and (78).
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C. Matrix elements of overlap and interactions

A N-pair or N-pair plus one single nucleon state in M-scheme is designated as
la, MT > = |rg, 11, ..., TN; M, tau) (93)
= Al(rg,rq,...,T5)|0)
where 1) represents a pair with angular momentum 7, angular momentum projection my,
isospin t;, and isospin projection 7, ro denote 1 in even system or a single nucleon in odd
system, a denotes the additional quantum numbers.
a = (romotoTo, - -, "N, MNINTN) (94)

It is interesting to note that « is redundant, which contain 4N quantum numbers and have
already been included in the information of total projection M and 7.

The overlap matrix element is a key quantity, since the one and two-body interaction
matrix elements can be expressed as summation of the overlaps. From Eq.(85), the overlap

can be obtained by

<0\AMZTIAEMTTT\O> = (ro,...,rn; Mimi|s0, . .., 8N; M, 7)) (95)

=(ropotoTo, - - - TNUNENTN; MiTi|Sovohono, - - -, SNVNhono; M,y T,)

N
{2 Z y(abrktk)y(abSNhN)éT’k,SN(SMk,VN 5tk,h1\r 5Tk777N
k=1 ab

X <]I‘0 e g1, Cfy1 ... TN Ml — UN,T] — ’/]N‘SO o8N MT — UN, Ty — 77N>
0or 1l

IDIDD
i=k—1 riu, tr]

/ . .
X <]I‘0... ]I‘Z-...I['k_l,I['k+1...I['N,M1 — UN,T] _nN|$0---$N—17Mr — VN, Ty —7]N>

where 7, and s, denote the angular moment of the k-th pair, and u, and v, denote its

projection of angular moment, t; and h; represent the isospin, and 7, and 7 stand for its
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projection. Although the overlap matrix elements formula in M-scheme is still written in a
recursive way, it does not need to recouple the angular momentum and isospin. It is easy to
show the total angular momentum projection M; should be equal to M,, and total projection
of isospin 7; should be equal to 7. Notice that the summation over the projections of the
new pair, u; and 7/, are redundant, which should be a constant value p; + px — vy and
T; + T — M, respectively, since projection is a scalar. The overlap for one pair is given by
using Eq.(95), which is

<E1‘$1> = 25?1,815u17l/15t17h157'17771 Z y(abrltl)y(abslhl> (96>
ab

Since there is only one pair, the overlap formula is equivalent to the formulae for the case
of N = 1 in J-scheme. The overlap for the one pair plus one single nucleon is given as

following,

(ro,r1; MT|80,81; MT) (97)

:257‘1,81 5#17111 6151 sha 57'1 Ul Z y(abrltl)y(abslhl>

ab
l ri—v t’ t Im t'r! S0—/ h flsAliilillfl
+ 42 +r1— 1 +t1— mCm . smCtl - hlmcr(()) H& Ctoo 7-?)(3 A :
So ho
t/ !
1 1 ; l

Y a 1 T S1
X 2 2 1 Z y((Soho)brltl)y(b(Toto)Slhl)

hi ¢ ) ’ To So Jb

where (%) denotes the single nucleon.
It is easy to show that the matrix elements of a pair creation operator A5 between two

states differing by one pair is equal to an overlap,

<I[‘0,I[‘1,...,I[‘N|AIS/ZT|SO,S1,...,SN_1> (98)

:<]I‘0,]I‘1, . ,TN/J,N|$0,$1, e ,SN_1,$>
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Using Eq.(87), we can have the matrix elements of pairing interaction,

(ro,T1,...TN; ]\47‘|AStT - A0, 81, ..., 85 MT) (99)

N
= Z [¢5Tk755uk7m5tk,t57k’n<]I‘0 oo STy MTlsg .. o8y MT)

k=1
0orl

+Z Z Z C ST MTl8 .. 8N MT)

i=k—1 ripm ti7in
where the summation over the projection m and 7 in the second term standing for the
projection of pairing interacting G > Afﬂ]Afén, and the summation over the projection
and 7/ of new pair is redundant, which should be constant values p; + pp —m and 7, + 7, — 7,
respectively.

By using Eq.(88), for the one-body operator matrix element we have

<IK'0...E’N;MlTl‘Qg:;?‘So...SN;M2T2> (100)

0orl
/
= E E E (vo... rp...vn; My — 0, 71 —n|$o ... 855 M)
k=N v} uj th,7
where the summation over the projection y; and 7;, of new pair is redundant, which should
be a constant value p; — o and 7, — 7, respectively.

By using Eq.(90), we can obtain the matrix elements of the multipole-multipole interac-

tion between like nucleons,

(ro...,Tn: M7|Q" - Q¥|sy. .. sn: MT) (101)
0or 1
- Z [<EO“‘(Ek)B"~EN§MT|$0...SN;M7->
k=N
0or 1

+Z ZZZ ) N ey .. T, oy M T . sy MT)

i=k—1 rim} tir] on
l l
My, tT,

where the summation over the projection pj, (u;) and 7, (77) of the new pair is redundant,

since it should be a constant values jui, — o (pu + o) and 7, — 1 (73 + 1), respectively.
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D. Diagonalization of the Hamiltonian

In this part, a general Hamiltonian are considered, which consist of the single-particle

energy term Hj, and a residual interaction V',

H=Hy+V (102)

= -3 Z > [N (JT)Ne(JT)] ' JT {ab; JT|V |ed; JT)
JT 0,1 a,b,c,d
JU 00
3 [(eifetidle¥ehi
1 — dap(—) 7+

Nu(JT) = 1o,

where (ab; JT'|V|cd; JT) are two-body matrix elements. The Hamiltonian can be diagonial-
ized either in the non-orthonormal basis |a, 7, M), or the orthonormal basis |, 7, M). The

orthonormal basis |£, 7, M) can be expanded in terms of the non-orthonormal basis |a, T, M),

&7 M) =" 27, 7, M) (103)

a

where the coefficients ZE(T;V[ ) are found in the following way. Suppose that ZéTM) is an

orthonormalized eigenvector of the overlap matrix ATM)
ATM) = (o 7, Ma, T, M) (104)
corresponding to the eigenvalue A;ps¢. Then

Zgam — Zgam /At (105)

In the orthonormal basis the eigenvalue equation of the Hamiltonian for a given angular mo-

mentum z-component M and isospin z-component 7 can be written by the matrix equation
(H — Ean)p™) =0, (106)
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where I is the unit matrix and 9™ is a column vector. The matrix elements of the matrix

H™) are given by
(€, m, MIH|{, 7, M) = (¢, 7, M|(Ho + V)|€, 7, M) (107)

Suppose that zb(TM ¢gM) (&,7, M) is the eigenvector of the matrix H™) corresponding
to the eigenvalue Erp,, 8 =1, 2,.... Then the eigenfunction of the Hamiltonian with

definite 7 and M is

8,7, M) = Z@WM (&7 M)[¢,7, M) (108)
By using Eq.(103), eigenfunction can be expressed in terms of the non-orthonormal basis,

18,7, M) = Zw &7 M) 20,7, M) (109)

V. DISCUSSION AND SUMMARY

The NPSM is casted in the M-scheme for both even and odd systems under the assump-
tions that all nucleon pairs are collective and for given angular momentum 7 there is only
one collective pair Al. The cases with isospin symmetry and without isospin symmetry are
all discussed. If there are more than one type of collective pairs with given angular momen-
tum s, we only need to introduce an additional label to distinguish them. The NPSM in
M-scheme can also be easily extended to include the non-collective pairs.

It is known that all the matrix elements in the NPSM in J-scheme can be expressed as the
summation of overlaps between two N-pair basis. The formulas to calculate the overlaps
have to sum over all the intermediate angular momentum quantum numbers J; and the
quantum numbers of the new pairs. Therefore, the cpu time used in calculating the overlaps

increases drastically with the number of nucleon pairs.
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FIG. 1: The average cpu time used in computing one overlap matrix element against the number
of pairs are presented. The overlap in J-scheme are calculated in the subspace with total angular

momentum J = 0 and J = 2. The overlap in M-scheme is for the states with M = 0.

From our previous discussion, it is known that the formula in calculating matrix elements
in M-scheme do not contain the summation of the intermediate quantum number, it is
interesting to see the validity of the NPSM in M-scheme. To this end the average cpu
time used in computing the overlap versus number of pairs is presented in Fig.1, in which
the average cpu times of 16 overlaps between the basis constructed by identical D(J = 2)
collective pairs are presented. As example, only the results for the systems without isospin
symmetry are presented here. Since the cpu time is too small to be obtained for the systems
with the number of the collective pairs smaller than 4, we set them all to be equal to
1072 second per matrix element. And for the system with N = 7, the average cpu time
in calculating the overlap in J-scheme is too time-consuming to be obtained, its cpu time
is estimated through the recursive formula of the overlap and the average cpu time of the

overlap for the system with N = 6. Fig.1 shows that the average cpu time of overlap matrix
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element in M-scheme is indeed much smaller that those in J-scheme. For example, the

average cpu time for the system with N = 6 is about 10? seconds in the M-scheme, while it

is about 10° seconds in the J-scheme.

M Number of states

-10 1
-9 1
-8 3
-7 4
-6 8
-9 10
-4 16
-3 18
-2 25
-1 25

J-scheme M-scheme
J Number of states M Number of states
10 1 10 1
8 2 9 1
7 1 8 3
6 4 7 4
5 2 6 8
4 6 5 10
3 2 4 16
2 7 3 18
0 5 2 25
1 25
0 30

TABLE I: Number of states for 5 collective pairs in SD subspace.

in J-scheme, while the right one is for the case in M-scheme.

The left column is for the case

To see the difference of the configuration space between M-scheme and J-scheme, the

number of states for the system with N = 5 collective S(J = 0) and D(J = 2) pairs are

presented in Table.l. It can be seen that the number of the states in J-scheme is much smaller

than those in the M-scheme.

As a simple example, the pairing plus quadrupole-quadrupole interaction is employed to
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FIG. 2: The low-lying spectrum of '°Nd. The experimental data are obtained from Ref.[29].

describe the low-lying spectrum of 1**Nd in SD-pair subspace.

F= Y Q- Q (110

o=T, v

H, = Hy, — Goe AVTAO) — G, ADT AR _ 1 02()?

Hoy =Y e.CiCy

a

AOF — Z g(cl x C1)Y

a

AP =% "g(ab2)(C] x Cf)?
ab

where Hy, is the single particle energy term, and Gq, G, k are the monopole pairing, the
quadrupole pairing and the quadrupole-quadrupole interaction strength, respectively. And
the exactly form of ¢(ab2) have been given in Eq.(3). As an approximation, in this test the

S-pair structure coefficient is chosen to be y(aa0) = 3%—, where v, and p, are occupied

and empty amplitude obtained by solving the BCS equation, while the D-pair structure
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coefficients are obtained from the commutator,
2o _ pt _ L2 ot
A% = D = £[Q* 5] (111)

The calculations are carried out in the model space spanned by 1f7/2, Ohg/a, 1f5/2, 2p3/2,
2p1/2, Uiy orbitals for neutrons and Ogr/2, 1ds/2, 1ds/a, 2512, Ohi1/2 orbitals for protons,
taken above the closed core '32Sn. The single-particle energies are adopted as '33Sn and
133Sh experimental data[29-31].

By the best fit to the experimental level energies in collective SD-pair subspace, the
model parameters with Go, = 0.14 MeV, G, = 0.07 MeV/ré‘, Go, = 0.12 MeV, Gy, =
0.04 MeV/ry, kr = k,=0 and k = 0.17 MeV/r} are obtained. As shown in the Fig.2, the low-
lying spectum of 1*°Nd are reproduced by NPSM. Effective charges of E2 transition operator
are chosen as e, =2.3e for protons and e, = 1.5e for neutrons. Some B(E2) transition are

listed in Table.Il

TABLE II: B(E2) calues for 9Nd.

B(E2;J; — J; (eb)?

Ji—=Jr B(E2)ep®  B(E2)npsm® B(E2)sag—18M°

27 — 07 0.563 % 0.002 0.573 0.560
47 —2f 0.819 + 0.038 0.804 0.810
67 — 47 0.980 £ 0.09 0.844 0.883
07 — 2 0.208 £ 0.009 0.016 0.071
27 — 47 0.095 £+ 0.028 0.0 0.033
25 —2{ 0.034 £ 0.007 0.001 0.073
25 — 0f 0.015 £ 0.0009 0.0 0.012

2 Reference [29, 32]. P Present calculation. ¢ Reference [33].
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From above analysis, one can see that although the number of the states in M-scheme is
larger than those in the J-scheme, the cpu time is much smaller in M-scheme than those in
J-scheme. And it is challenge to use the M-scheme to study the nuclei with more valance

nucleons.
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