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ABSTRACT

A brief history of 1 is given, and one proof that 7

is transcendental is presented,



That the ratio of the length of 2 circle to its
dismeter is 2 constant value for any cirele has been under-
stood since ancient times. The value of this ®atio is
denoted by the Greek letter 7, 1In its long history,
attempts have been made to find the value of W and to comstruct
a square having an area equal to that of a given circle,
‘ For a circle of diameter one, the circumference will
be of length 77; and, since the area of such a circle is QE,
the desired square is one of side QE o A segment of length 7
gilves rise to the construction of a segment of length ﬁfﬁ,
and bisecting thils segment would give the length of the side
of the desired square. Thus, early attempts to consbruct
a segment of the same length as the circumference of = circle
are equlivalent to attempts to gquare the circle.

Thereis a2 value for o of 256/81 recorded as early as
1700 BC, and Bibliecal references to the value 3. Attempts
by Hipplas of Elis, Antiphon, Bryson, and Hippocrates of Chion
to determine the value are known. These early attempts were
made by means of Euclidean constructions. The methods. of
Antiphon and Bryson are still to be found in elementary
geometry textbooks. They consist of inscribing regular polygons
with successively grezter numbers of sides in 2 cirecle and
circumseribing similar polygons about the circle, thus
vielding approximations for the ares of the circle.

Notable among the Greeks who studied the problem was

1



Archimedes, who, by inscribing and circumseribing polygons
of 96 sides, arrived at 3 1/7 as an upoer bound and 3 10/71
as a lower bound for 7.

Later Greeks to consider the problem included Hipparchus
and Ptolemy, both of whom compiled tables of chords of a
circle, the latter expressing 7 in sexagesimal measure as
39813" or 3 8/60 3/3600 or sbout 3.14166.

In India, the value 62832/20000 =  3.1416 may have been
discovered as early as 500 AD by Aryabhatta.Bhaskara, born
in 1114 AD, offered 3927/1250 as an exact value for 7.

It has been conjectured that the value of Brahmagupte, {10,

was derived from the approximation

J 224x = 2+x/(224%)

by setting a=3 and x=1,

Chinese approximations to 7 date from the twelfth
century EC when Chou-Kong set 7 equal to 3. Chang Heng
(78-1%9 AD) believed that the ratio of the ciréumfernnce
squared to the perimeter squared of the circumscribed square
is 5/8, or that 7 is |10. Wang Fau gave the value 142/45,
or about 3.1555. The method of approximating 7 by imscribing
regular polygons was used by Liu Hui to derive the value

157/50 or 3.14%. 1In the fifth century AD, Tsu Ch'ung-chih



arrived at the limits %1.415926 snd »1.415997 for 107 and
took 22/7 and 355/113 to be aporoxim=te values,

In the Middle Ages, Leonzrdo Pisano arrived at the limits

1440/458% , approximately Be 1427, and.&##ﬁ%ﬂﬁ%%, or about

5.1410, as limits for 7. These compare Lavorably with the
Archimedean limite of 33,1428 and 73,1408, Pissmo took 7F to be
1440 /458

A%t about the beginning of the seventeenth century, Adriaen
Anthonlsz rediscovered the value 355/113%, possibly by taking
the arithmetic mezns of the numerators and denominators of
333%/106 and 377/120, lower and upper limits for 7 which he
arrived at by the Archimedean method.

Vieta (1540-1603%) found an infinite sequence of operations
by whleh 7 could be expressed. Given a polygon of n sides
and a polygon of 2n sides, both inscribed in the same circle,
he showed the ratic of the area of the first polygon to the
area 0f the second to be the gsame as the ratio of the

supplementary chord of the side of the first to the dismeter

of the circle, This yielded the exoression:
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He also used the Archimedean method wi z to
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Adrianus Romanus (1561-1615) c@mpmteékﬁ”ﬁo fifteen places
usling polygons of 15-224 gldes, andﬁudalph von Ceulen
(1539-1610) computed 77 to' 35 places, "a fact thet was thought
to be o noteworthy as to lead ﬁm T being called the
Imdolphian number, a name 5t111 used in Germany,"e

Snellius (1580~1626) arrived =zt ansrrower limits without
incrémsing the number of sides of the polygong by use of two

theorems equivalent to the inequality:

]

(28ine +tane) < © < 3/(2 m@moi}@)‘

et

Using hexagons he arrived at narrower limlts then Archimedes

had with polyg@ms of 96 sides, snd he computed 7 to 34 places

with a2 polygon of 2 20 gldes, compared with Ludolph's fourteen
Dlnces,

Christian Huyghens (1629-1665) published sirxteen theorems
: proved by geometrical processes but did not find a methdd of
constructing a segment of length 7 . By use of polygons of 50
ai&em he calculated 7 to nine decimal places.,

Another approach to the problem by seometrlecal processes
was the attempt by Descartes to construct the dismeter of a clrele
given 2 segment to be taken as the length of its circumference.
While he was able to construct a sequence of segments the lengths
of which approasched that of the diameter, he was able to solve
the problem for all praectical purvoses without Bolving the

ideal vroblem,



With the development of analysis emphasis shifted from
geometrical determimations =nd straight edge and compass
congtructions to an interest in the analytical expression of

M in infinite series or products. John Walllis (1616-1703) showed

that
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which had been communicated to him by Lord Brouncker,.

The series

-l - 7
tan T X = X - &i.+ gi‘,... (=1 €x < 1),
3 5

discovered by James Gregory inm 1670 and by Leibniz in 16?5,
yields 2 series for ‘“T/4, but "i% converges so slowly as not to
be convenient in pr&ctic@.“ﬁ By teking x to be {1/% rather than
1, 2 more rapidly convergent series for 77/6 is obitained, which
Abraham Sharp used %o compu%é T to 72 decimal places. By use of
the series
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Newton set x = % and computed 7 to fourteen places.

Buler, in 1737, formulated the additlon formula

tan™* (1/p) = tan™1 (1/(p+a)) + tan™t (a/(p2 pa+l))

and derived formulee for tan-l(x/y) in special cases which led

1o the series

T - ten™l (3)+ tan™t (1/(204)) + tan~L(1/(2:9))+ ... )

In 1706 Machin srrived at the formula

4 tan~L (1/5) - tan™% (1/239)

]

4(1/5 -(1/3°57) + (1/5°5°) = (L/7°50) 4 eus )

~(1/239 - [1/3°2397) + (1/5°239°) - (1/7°239") +...)

and T was computed to 100 decimal places. In 1719 delagny computed
T to 127 places, Vega computed 7 to 140 places using a formula

due to Euler,

-

1l

T 25 ten "L (1/7) 4 2 tan"t (3/79)

2 tan~t (1/3) + tan™t (/7 »

and corrected the 113th place of delagny's value., In 1847 Clausen

used Machin's formulz and the expression
T= o2 ten™t (1/3) + tea™t (1/7)

to compute T to 248 places, after Rutherford's computation of 77
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to 208 places (of which 152 were correct) and the earlier czlcu-

lation of 77 to 200 places by Zacharias Dase using

%; - ten”? (%)'f tan~l (1/5) 4 ten~1 (1/8).

The degree of accuracy increased to 440 places (Ratherford),
530 and 607 (Shanks), and in 1873-4 to 707 places (Shanks, using
Machin's formula),

Desplte the amount of time and effort svent on these
successive approximations to 7, the expressions arrived at
for 7 shed no light on the question of squaring the circle.
One of the more important steps which did have bearing on thet
question was the discovery of the relationship between 77 and e,
the base of the natural logarithm, It was by use of Maclaurin's

series for ex, cos X, and sin x that the formula due to Euler,

el = cos x + isinx

was derived., Setting x =7 in this last equation yields

ei—rr: -l’

e relationship which was "indispensable later on in making out
4

the true nature of the number 77 "
Jo Ho Lembert in 1766 published two theorems, the first that
if x is rational and not zero then e* is not rational; and the

second that if x is rational and not zero then tam % is not

rational, He drew these conclusions by use of Euler's continued



fraction
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From these theorems he coneluded that 7/4 is irrational, Lambert's
proof wes not rigorous, but Legendre did prove rlgorously that
T and 'zT2 are Llrrationaly, Hermite also proved that W’anﬂ'ﬂg
are irrational, his proofs "containing the germ of the later
proof of the transcendency of e and 7f¢“5
In 1840 it was proved by Liouville that neither e nor @2
wes a2 root of a guadratic equation with rationsal coeflficlents,.
In the ssme year he proved the existence of numbers which are

not algebrale, that is, not roots of polynomlials with rational



coefficlients. He used two different methods of vroofl, one of
which is presented in reference (3)s Cantor's proof of the

existence of such numbers, known as transcendental, appeared

in 18T4. Since there sre countably many rationsl numbers there

are countably many roots of polynomlals with rationsl coefficients,

that 1s, countably meny algebraic numbers., However, there sre
unecountably meny real numbers, thus transcendental numbers
wust congtitute the excess,

The problem of the possibility of squaring the cirele ag 1t

P

was origlinally posed wms a question of the possiblility of a

P

Fucllidean construction using straight edge and compass., Such

congtructions determine points by three methods: the intersection

of two lines; the intersection of 2 circle with a line; and
the intersectlion of two circles. L8 Cartesisn coordinates csume

e

into use 1t became possible to express these figures by equations

P

in two wvarisasbles and to determine thelr points of intersection
by solving simultaneous equations. Thus any vossible Fupiidesn
construction (which consists of a2 finlte number of spplicetions

of the three meth@ds of determinstion) muwst slso be expreszible

by & finite number of ratlonsl operations and square root operations

off the coordinates of the points from which the determination is
to be made. Additionally, any point determinable by such methods
will have coordinztesd whieh will be roots of polynémials of
degree a power of two, with coeffieclents which are rationsl
funetions of the coordinastes of the gilven polints, T Jhws only

certain clesses of algebralc nunbers are determinasble by
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clagsleal constructions and no transcendentsl number will be
determinable by such methods,

In 187% it was demonstrated by Hermite that the number e
lg transcendental, that is, Tthet, there is no equation of the

form

, . 2, vee n o _
Qo*‘al@ + e + c e = @

where the Qi'S are integers, In 1882 Lindemenn extended Hermite's

proof to a moke generzl theorem, that no equation of the form

Kk, k K B, m m
0 ;cg+cl(a“+@ 2+*~'+@m)+cg@ 3+@2+"u@%1)+-~

o .

can hold where the coeffielents are integral and the exponents

algebraic, Thus the equation @1ﬂ;~l = O implles that 11 is

tr

jae)

nsgcendental and this implies that 17 1s transcendental, The
proofs of Hermite and Lindemann use methbds of complex
integration, The latter proof was simplified by Welerstrass in
1885, and other provofs that M 1s transcendental were published
by Stieltjes (1890), Hilbert, Hurwitz, Gorden, and Mertens
(1896), and Vanlen (1900), With the proof that M is not an

algebralc number the impossibility of squaring the circle

was demonstrated,
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One proof of the transcendency of 1 is that of Gordon,

presented in reference (3}, It begins with the assumption that
7 is algebraie, from which it follows that il is algebrale, From
an equation with integral coefficilents of which IT is = root, an
equation of the form

A~+&Ei+ 6824—®gﬁ~k e 4 @En = O
ig comstructed in which symmetric funetions of ;CiBix are
integral and A 1s 2 positive integer. A function ¥(xz) is constructed
g0 that the non-zero sum

(p-1) (o) (p+1) (np+p-1)
P (0Oy+F (0)+F (0) + eoetp (0)

multiplied by eamch side of the eguation gives the sum of a
fraetion and an integer not zero egqual to zero. Such an equation
1s impossible, the agsumption that M is algebraic is contra-
dicted, and it is shown that 77 is tronscendental,.

Slnce some use ls made of symmetric functions it is wuseful
to note that a symmetric funection in n independent variables is
one which "is unsltered by the interchange of any two of the
variablem‘“é The sum of the cubes of each of the variables, for
example, is symmetric in those variables. There are n elementary
symmetric functions of Kl’ Ka, ssey Kn* The k th elementary
aymmetric funetion of the n variabl@@ Ls the sum of products of

k distinet Tye Az an exsmple, glven three variables X1y ¥py end

%% the elementary symmetric functions are

11
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Also, glven any symmetric function of TqsKos ees 5 Ty it can be

expressed as sums or products of the n elementary symmetriec
2, .2, .2

funetions of the n variables. The expression R e S

+ Xyxexe  1s symmetric in the three varisbles; 1t is equal to

— 2 —_
(Zi.ﬁi) - §;ri + > Ty e
1 2 3

The gemeral theorem is proved in reference (2).

Lo

s wlth the assumpiion

The proof that T is tronscendental be
that 7 is algebraie, that is, that there 1s 2 polynomial in
% with integral coefficlents of which 7T is & root. From this
polynomisl 1% is possible to arrive at an equation with integral
coefficlents of which i-Mis 2 root.

Suppose P(x) is the polynmomial of which 7 is a2 root. Then

o

Q(x) does not necessarily have integral coefficlents. Suppose
n n-1
Q(W) - &nM *‘&ntlx +~...4.alww+&o -
Then Q(x) is defined to be the polynomisl arrived at by

vefficlents of Q(x). Then Q(x)T(x) 1s given by

eh
Fs
¥
42}
]
o
By

conjugating

e Qn E——
(2,2,) 7 4 (2.8, )4 5.8 gen-1 5 S
n*n n®n-1/+ 8pdy.1) 3 4’(Hm*lanm1u+&ﬂ&nm2+~anammg)xan"z‘
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But apey = |ey|® and apa, 4 epa

ha
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#

Q(x) are integers times powers of

algebraic, iT is algebralc.
el - # ]

sre free to B

el

8

G(Xwal)(xuae)(x~aﬁ) ees (x
where the numbers
¢, C2Za By peses

=
3 21

% f"xi

£

are integers, the noitation
elementary symmetric function o

Tactorization we see that one of

@fﬂ;l = 0, the eguation

(1ee H(14e 2)eee (1

"

must hold. Multlplying this out y
6333. 1 ﬁ« Lot SIB Ei.

® & @ b
This can be raduced to the form
B B B
A+e~+@2-kw*+&ﬂ -

where none of B ,,.,,B, are zero

+8n-1%g.0 4

5 real coefflcients which,

s

2 $0 the product

o
-

slnece the coefficlents of

1, are integers. Thus if 7T is

ume that I is a root of the equation

(c#0)

-8 ﬂ b~
Calag *tra,
g

rafeo to the &k th

-
o

ring

ml,ag,,..,mﬁ. From the
2 -5 »
21985900098y 1S M and since

o
e g

+e ,MJJ) - O

ields an equation of the form

ta aqta., Bt a

:L 2+@l ;‘),\._,‘,—\»@1 &
= 0.

0

and where A 1s an integer
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greater than or equal 0o one.
The elementary symmetric functions of ﬂax, @ag,...@ Ca_
i p
ers slnce they may be expressed ag powers of ¢ Limes

elementary sy

metric Tunctions of a.,8.,eees8_, and these
1252 e

products are xﬂtol ers., To prove that the elementary symmetric

functionsg of GBl,GEQ,...,GHn we show that the sums of products
taken p together of a+b letters EysXpsesesX 39T s s Ty may be
expressed in terms of elementary symmetric functions of the
separate sels Xy, Lo, awey g and yq, Tos sees Ty A simple
example may serve to clarify the proof. If we are given two

sets X, X and ; and the elementary symmetric function
1 2 le /2 ‘
é}@ﬁﬂf XXXy Fq + Xy p+ Tp¥ + %oV 2 +T17 2
we can express this asg
e O P VIETE VeSS we
m»j_w;g"i‘(»l+~g)(ﬁi+’d’g)*‘¥lu’”2 a.Z@ 1

IThe prooef is a generalizatlion of this exwample, Eyj%(m,y) is

N ,
denoted the p“h elementary symmetrical funetion of the x's and

v's; tmrég’xi, the r th elementary symmetric funetion of the
x's; and by giy, the 8 th elementszry symmetrie function of the

v's, where r<a, $<b end p=a +b.

Case one oceurs when p<a; 1t is seen that %}(x,y) muist
contain in each separabte product of which it is composed at
most p fectors from either the set of x's or the sed of v'e
(at most b factors from the set of y's if b=p). Thus,

%;(x,y) is either
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or

2 x o+ K2y+.““V
P p-1 1 =

Case two, for which p=2sa, yields

e DI

-»[,:)T) - s up“& a‘"’l x }?""ﬁu"““l y s s 9

the serles concluding with g%b Xkb vy for v p, or with
?y for b Zp,
J
These give all the possible products of » of the lefters

Tl wees Kgo Flo eecoy ¥ps Thus, the symmetrie functions of

[

the letters in the union of the two sets may be expressed in
terms of the elementary syvmmebric funeltions of the letters in
the separate sels.

The demonstration may bhe @xt@na@& by sn inductlon argument
to elementary symmetrlie functlons of letters in any number
of sevparate selg.

The CEi'% are geparated into sebts zccording to the number
of Oaﬁ‘a that form them; if CBs :'C(ﬁil*‘ﬁig'* cu e +—air) £ 0
and CBj = ﬁ(ajl‘kﬂjg +—...*—ajr) Z 0, then CBsy and OBy are
members of the ssme set, Symmetric functions of the Cﬁi’a in
one sed are symmetric funetions of the Uaj'ﬁ themselves and
hence may be expressged in terms of the elementary symmetric
funetions of the ij‘ﬁ‘ Since these are integers, it follows

that

of the CBi'S in separate sels are
integral,

It is now essentlal to consider the funection



b
Ay

Bo+D-1 - ,
CHPTT (=) (m-Bp) 00t (x-B)) P

i

. : o 1, -
for p prime and greater than all of A, n, C, ]G ﬁq@g-'-bm\ .

By appropriaste manipulstion of this function we will counstruct

B B B
. . . 1 2 ~n
an integer which when multiplied by A+e lye “+ve pe
=

will give ﬁhe sum of & non-zero intezer and a fraction. It is
necesuary to counslder several different ways of expressing
P(xz) in the course of these mmnipulation3~ By sepsrating an*ﬁml
into G@“l « o™ e see

- n ; D
(x-B1) (x-Bp) *++ (xz-B_))",

and multiplying out the last portionm of the expression gives

w2

F(x) = ((Cx)™ —qp(ox) ™t +qp(on) ™% L., +(-1

§
M
2
e

-

is an integer. F(x) mey be expressed

thus g

3
3

where ¢
o

28 & polynomisl in x of degree np+p~l where the coefficients of

a2ll powers of x less than p-l are zéro, Further, the coefficlents

which correspond to powers of x between p-1 and np+p-1l are integers

i

divided by (pek)d iy othatedey o os cnd wo g,

st Pl nptp=1
i e i e e L e it L W
Flz) = Gy + Oy beee o+ Cpp g X

where ¢, 1s an elementary symmetric function of the gq. times

o
a power of C times 1 or ~l,devendinz on k, 2ll divided by the

Tt

quantity (p-1)1! .

Since F(x) ig such = polynomisl, we see that the derivgtives
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F'(0), F"(0), F'""(0), wus , ¥ (0)

are all zero and the higher derivaetives evalusted =t zero

3
(np+p-1)

i £ T !
¥ (0) (np+p-21)! Coprp-l,
But since ¢, is an integer times 1/(p- l)' these derivatives at
k (p-1)
zero are integers, F (0) is not divisible by p since Uy
. n, . s ;
is the product CTB B,*°° Bn,whjwh is not zerg and since we
agsumed that p was =2 prime grester than the absolute value of

this product. However, for the derivatives of order greater than

-1, ki cp = (ke/(p-1)2) ° w (w an intezer)

% (1r-1)(1c-:3)~-~p§m-1}i . w
o) I

which ig an integer multiple of p.

F(x) may be written as (“~B )’J ”l(x) where Gi(m) is defined

for each 1 to be F(x)* (m~E1) 2, Any derivative of this product
mey be expressed as the finlte sum of derivatives of ®K(K) and
(X~Bi)“ as follows:



s (a-) ()
(d> (G(x)) : ((K~Bi)p) b
¢
| u= 0

d
where (u\ ig defined as d!/(w! (da-u)l).

Makinpg wse of this product rule, we see that

(p=-1)
F'(Ei)a F‘“(Bi)y 608 2 F (B-&) (lé_ﬁ.én)

e

mast vanish.
He next conglder the &@r@yyativeﬁ

RIS (VST

(p+1) p+1>
F (By) = 1 De Gﬁ,‘(ﬂi)’
L4
(npp-1) np+p=-1 (np-1)
i (Ei) =\ np-1/ p! G, Bs)
The series for these derivatives collaspse in each czse Lo a

. . . . \ T
single term because except for the pth derivative of (E~Ei)9,
the derlvatives of this expression are zero at Bi’ The pth
derivative 1 D!

The sume
B n (p+l)

b

ZE; F(p)(ﬂi), EZ‘ F (Bi)’ ses 3 j;: M(mp*pﬁl)_

im0 i= 1

teke the form

B
=

E; P D e~
Q\O\) pe Gy (15?*31} = (O)pl 2 G4(Bq)s

e

ot
i
od

(B

1)
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0 ,
4l p+l -
7 <1> 2 (B = <1>J = &y ' (By),

AD4 D=1 (ap-1) _ (np+p-1 n (np-1)
ZE: np-1 e G () = | np~-1 / ! :g: G (B Y .
3 3 i1 i i

The value 1/(p-1)! is o factor in each of the derivatives of

1,

each of the @i(m) 80 1t may be factored out of each sum. What
remeins in each sum is o symmetric funcition in the CBi'g, that is,
an integer., We are left, then, with p intepers hl, hg, ‘e hﬂ

multiplied respectively by

b Pi s [o+2\ _pi s ees 5 BD4D-1 !
( > p-1)4 (\l > (p-1). np-1 ) (p-1)1 .

bus each of the sums is an integer multiple of De
Fext, we make the definition
Kp = (p-1)! ¢ +De € 4 weo +{np4p-1)! ¢ s
D=1 J npsp-1

I —
where C) is the coefficient of ¥ in F(x). Since

(p-1) (p) (np+p-1)
Kp = 7 (0) 47 (0) + eus +7 (o),
we note that Kp is an integer not divigible LY De

We shall now consider what happens when the equation

B B B

“y
Ata l*e T A see t e =0

is multiplied by Kp. Since P was chosen greater than A, Kp*i



i an integer not divisible by p.

B (l€<m<n),

no4+p=-1 ek t
e, 2 @
) ( t= O T )

Tor ezch of the e

Bm - >
Ep e ( r o1
which when the series are multiplied yields an infinlte geries
of the form
np+p-1
r -
B =1 T ;
Z “L ‘va {Em 4‘ rﬂfﬁ + f(r““l) Bm + LI +I‘g

I'm D]

= &
T+ 1 (r+1)(E+2)

T+l 2
B BT L. .}

However, this serlies mny =2lso be expressed as

(ap+p-1)
F(Bm) + P (Bmn) +P"(Pm) +...4F (Bm)

nptpel 7 5
+ > c. Em, B Bm™ oue «
Tm D=1 OB )T {rvli(r+ 2y

We seek & bound for the latiter part of this series snd find

e Bu ) Bm Bm® .ii gz\er Bmf\@gl [3m[?
T+l (r+l) (r+2) & T4 (rel)(re 2)

oo
Cr Bm r EE: Qﬁmﬁt
t= 07 ®F

<
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his bound 1 dependent on m, However, for any m,

nptp-l (o ‘ \nw+p~1 » '
) Bm Bm — ,
2 [or Bm@‘ e e 2 ’o BxT!
r= p-1 ' rEp-l T ‘
[Bmi

< e o R {Flﬁmﬁ+lﬂl;)({§m +18,))




(|Bnl +[Baf) § °

But thiz is bounded by

T B ~
e TPt cmeeR-l S(B #(By (B [32]) ++r (B |maD) ]

D=l)s.

=]

where B is the maximum mf[Bli,lBQI, wes »13n[ . This is of

2

the form P+QP /(p-1)! where P and Q are independent of p and m,
We have shown

By B, Bs B
Ep(A+e +e "te " 4eee +2

(p=1) (p) (np+p-1)
= Kpit+ 2 (F (Bm) 4 T (Bi) & seet ¥ (Bm))
1

where LE<nP«QP/(p-1)! and the preceding portion of the sum is
2 non-zero lnteger, Since P was restricted only in that it had
t0 be prime and greater than A, n, C, and lﬁmﬂ h? *e* Bn{, such
an eguatlon may be derived for any p no metter how large. But

e 1
o Lnat

npe ? ¢ 1
(p~l§l

choosing p sufficiently 1s

would necegsitate thet the sum of 2 non~zero integer and =
fraction less 1in absolute value than one be zero, It 1s poszsible
o0
to choose such a p since the series EZO (0%/(n-1)1) converges
mm

. . ) ! : - . )

for all @ =snd thus %ggm(% /(n-1)1Y= 0, The subseguence {w*/(p~l)l§
mast have the game limit as p-—De, It is, however, contradictory
that the sum of = non-zero integer and a fractlon smaller than

one should be zero. Thus no equation of the form
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A +e + 8 T sae 4 @
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can nold and the sssumpltion that M is

sebrale has been disproved.
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