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Introduction

A recent motivation in studies of condensed phases has been the ability to link
microscopic and quantum phenomena with the characteristics of bulk materials. Physical
observables such as electrical conductivity, electromagnetic absorption, color, and magnetic
phenomena differ between macroscopic bulk materials and their nano-sized equivalents. The
ability to predict changes in physical observables through computational and theoretical models
has motivated many to develop methods to address the computational challenges that arise from
large quantum systems.

One such problem which arises in condensed matter studies involves clusters. A cluster
is an aggregate or collection of atomic or molecular species. A cluster can range from a simple
system of two atoms to a nano-sized water droplet. In clusters, electron-electron correlation and
the inclusion of finite temperature effects on atomic positions are difficult for many quantum
mechanic models to address. Due to the many-bodies involved in large clusters, there exist
many global and local minima to identify and explore. As cluster size increases, these minima
increase drastically, lending a need to develop fast, precise, and accurate computational methods
to study these large systems.

A potentially useful method to study clusters is the Feynman path integral formulation of
quantum mechanics.' In this formulation, electron-electron correlations are taken into
consideration as well as the ability to sample different geometries. Another major advantage to
the path integral method is the simultaneous treatment of electronic and geometric degrees of
freedom. That is, the electronic and geometric optimizations can be calculated independent of
one another. Conventional electronic optimization methods require a converged energy or a set

of forces to change geometries.

(2]



One method to solve the path integral is to use Monte Carlo sampling.> However, the
Fermi density matrix poses a difficult problem for Monte Carlo sampling. The problem arises
when a matrix product of the electron-electron correlation results in a negative value to be added
to the entire summation for the quantum mechanical partition function. The Monte Carlo
sampling method does not take into account these negative matrix products, and so large
statistical errors can occur. This so-called sign problem has frustrated the path integral approach
in determining the partition function for a many-body system.z'4

One promising method to overcome the sign-problem was developed by Hall.” This
method involves recasting the partition function into a basis representation and dividing the paths
into small imaginary time intervals. A path will spend some imaginary time in one many-
electron state, have a transition to another state, spend some imaginary time in that state, have a
transition to another state, etc. Each transition is called a kink, and therefore the entire method is
called kink-based path integration (KBPI).

This method has been applied to several different physical and chemical systems.>”
From previous studies, it has been shown to be very reliable. As an extension to test its
reliability, the KBPI method has been applied to boron and boron mono-substituted nitrogen
clusters. The electronic and geometric degrees of freedom were studied for each cluster. For
each cluster size, an anion and cation form was also studied. From this, the adiabatic detachment
energies were determined and the nature of the chemical bonding for boron and boron mono-

nitrogen clusters were explored.

(3]



Feynman Path Integral

Formalism of the quantum propagator

The time-dependent Schrodinger equation for a non-relativistic particle in a one-

dimensional potentional V(x) is

2 2
Hy (et =2 CVED |y ey e,y = in V8D (L.1)
2m  Ox ot
which can be rewritten as
.0
(zha—Hjl//(x,t) =0 (1.2)

If we define a solution to (1.2) with a function K(x,z,;x;,t;), where K is the subsequent

Green function or propagator of the Schrodinger equation,' then (1.2) becomes
., 0 .
(zha—HjK(x,t;xi,ti)=zh§(x—xl.)5(t—t,.) (1.3)
where ¢ is the Dirac delta function. For the following initial condition
K(x,t, +0;x,,t,)=0(x—x,) (1.4)

It follows then that (1.3) shows that

(m% - Hj [ K Gotsx,t )y (o1, = ih [ S(0e—x,)S(t = 1) (x,,t,)dx,

= inS(t 1w (x,1,) =0

(1.5)

Thus,
p(x0) = [ Ko tx, )0 (x,,1, ), (1.6)
K(x,t,;x3,t;) 1s the probability amplitude for a transition from an initial position x; and time #; of the

particle to a new position x at later time .

(4]



If the solutions to the stationary wavefunction ¢,(x) and the corresponding eigenvalues E,
are known, then an explicit form for the propagator can be found. For a complete system of

stationary wavefunctions and ¢ > ¢;, K can be expanded in the basis such that

K(xtix,1) = Y a,0,(x)e " O ~1) (1.7)

To ensure propagation forward in time, the stepfunction is taken such that &(r) = 0 for <0 and
O(t) =1 for t > 0. From (1.7) it is explicitly taken that the expansion coefficients depend on

initial time and position. Because of the initial condition given in (1.4), we have

S(x—x,)=Y a,(x,,1)p, (x)e_éE"t" (1.8)

Since the left-hand side of (1.8) is time-independent, it follows that

1

a, (1) =a,(x)e " (1.9)

1

and it follows that

S(x—x)=2 a,(x)p,(x) (1.10)

The closure relation indicates that (1.10) can be fulfilled by
a,(x,)=p,(x,) (1.11)
Therefore, K(x,t,;x;,¢;) can be represented in terms of the eigenfunctions and eigenvectors of the

underlying Hamiltonian

i
—E,(t=t;)

K(x,155,,) = O =1,)) 0, (x)p, (x)e " (1.12)
In bra-ket notation, this result can be rewritten as

(5]



i

K(x,t;x,,1,) = z¢: (x)p,(x)e "
LB, (1)
=2 (n|xi)e " (x]m)
e
)

= (e " x e 7
x,)=(x[U,t)x,) (1.13)

E,(1-1;)

= (ol "]

From (1.13) it follows then that the propagator is simply the time development operator

- LA (1)
Ott)=e (1.14)
for ¢ > ¢ in the x representation. The propagator can also be found written as

e (t-t;)

K(x,t;x.,tl.)=<x|e h |xi>z<xt|xl_tl_> (1.15)

where the time development operator is implied. The notation of (1.15) is that of the Heisenberg
representation of quantum mechanics. In this representation the physical state vectors are time-
independent and the operators carry the time-dependence, whereas in the Schrédinger
representation the wavefunctions carry the time dependence and the operators are time-

independent.

(6]



Path integral formalism

If the time-interval is sliced into two parts, then the wavefunction is first propagated until
the first time interval and then propagated until the end of the second time interval. That is, if ¢,
1s inserted, then

w () = [ K t55,8)w (01, )dx,

1.16
w(x,t) = J.K(xat;xvtl)l//(xl’tl)dxl ( :

Combining gives
w(x,,t,)= j j K(x, 155, 1)K (3,13 %, 8w (%, 1, )dox. dx, (1.17)
Generalizing to a time interval of (n + 1) equal parts with a specified 4¢ gives

K(x,tyx,t) = [ [dxd, od, x[Ketx,,8,)K(%,08,5%, 158, KOnat5x,6)] (1118)

1

Equations (1.17) and (1.18) can be viewed as the transition from an initial position and time to a
final position and time is the result of the transition from the initial state to all possible
intermediate states for each specified time interval until the endpoint is reached. More formally,
this can be considered to be integration over all possible paths between the initial state and
ending state.'

For a specified time interval from ¢ to ¢, the propagator can be calculated. From (1.15)
and Taylor expanding the exponent, the propagator is

L At

K(xj+1,tj+l;xjatj):<xj+l e’ xj>
;<xj+11 [:IAI‘)C]>

%) (1.19)

Using the following definition for the delta function

(7]



L 1.20
5()(: _ x!) — LJ‘e—lk(x—x )dk ( )
2

Equation (1.19) becomes

1 *i[’()‘ﬁl’xj) l
K(xjﬂ,tjﬂ;xj,tj):% e’ dp—%At<x

Hlx,) (1.21)

Jj+l

The Hamiltonian operator is the summation of the kinetic 7 and potential } operators, and the
kinetic and potential operators are functions of the momentum p and position x operators,
respectively. If the momentum and position dependencies can be fully separated and all

operators are Taylor expandable, then the last term of (1.21) becomes

<xj+1 ﬁ‘xj>:<xj+l f(ﬁ)+l}(fc)‘xj> (1.22)

It then follows for the kinetic part of the summand

7)) x,) = [dp'apx,. [N o' [F(5) p)p|,)
= [dp'dp(x,.,| p')5(p' - PT(p)p|x;)

= [dp(x, | P)T (D) p]x,) (1.23)

<xj+1

With the normalized momentum eigenfunction

(x|p)=—=¢" (1.24)
the following is obtained

T(p)dp (1.25)

<xj+1 f(f’)‘ x(/> = %

(8]



For the potential part, a similar treatment results in the following

< ]+1

x,) =V (x)3(x,, —x,)

= L egp(xwix’f)V(x dx
27h / (1.26)

Note that on the left-hand side are operators and on the right-hand side are functions. Combining

gives
P( Xi+l r)
K(x]+l’ ;+1’ Jj° /) _J. dp

i 1 *P(Xm_ ,) P(,l ,

——At| — e’ T(p)d, +— Vix,)dx,
. &mj (P)dp+——[e' (x,) J

= e 1 At k)

"o po

Atﬁozmj @ fep{ 5y =x) = MeH (2, x, )]} (1.27)

Here it is noticed that the propagator between state intervals is no longer associated with the
Hamiltonian operator, a relic of quantum mechanical representation of a particle, but the
Hamiltonian function, a descriptor from classical mechanics. Thus, the last step indicates that
contributions to the propagator can be viewed in terms of the momentum of a classical particle
moving from an initial position and time to an ending position and time.

The Hamiltonian path integral is obtained by evaluating (1.18) with (1.27) and taking the

limit n — oo

. n n d ;N
K(x,t;x,,1,) = lgx;j]]:l[dxkjll:l[%eXp{%;[pj(xj+l —xj)—AtH(pj,xj)]} (1.28)

where xo = x; and x,+; =x. In the limit n — oo, the integrand goes from being a complex function

of all coordinates and momenta to the whole trajectory. Thus, the exponent becomes

(9]



. < (X i+ _x‘) Loy Nt ’ ’
hmzA{p/ S Hpyx)) | = [ d o)) — H(p(),x(0')] (1.29)
Equation (1.28) can be rewritten in the following abbreviated, symbolic form
K(x.t;x,,t,) = [ Dx[ Dp exp{; [ arpayie) - H(p(t'»x(f))]} (1.30)

where Dx and Dp stand for the products of differential lengths and differential momenta,
respectively.

Equation (1.30) is the path integral formalism of quantum mechanics. It allows the
calculation of the propagator, and thus the solution to the Schrédinger equation, in terms of a

path integral over classical trajectories.

Connecting classical trajectories with the quantum propagator

At this point, it has not been indicated that the momentum is the canonical conjugate to
the coordinate. Therefore, though the exponential integrand looks like the classical action, it
cannot be expressed as such in the general case of the path integral. However, if the Hamiltonian
depends on the momentum quadratically, it can be shown that the path integration over the
momentum can be performed and the action appears.

Let the Hamiltonian be the following special case
p 2
H="—+V(x) (1.31)
2m

Equation (1.28) can be expressed as

n

. " d i3 (X0 —%) P;

k=1

[10]



Using the following integral relation for Gaussian integrals

b
I+we—ap2+bp+cdp — \/Eeéla“ (133)
o a

the p-integration can be performed with the following results

n—>00

n+l 2
. m 2 - Lo~ m| X =X
K(x,t;x,,t.) =1lim dx, exps—AtY | —| L—2L| —V(x. 1.34
(%,65%,,1,) [éﬁmj j£] foxp- 242( v J (»} (1.34)

Performing the limit gives

n+l

ic, |m. . m )2
K(x,t;x;,t,) = IDx exp{%'[[ dt {3)5(; ) — V(x)} X ll—{g(%zhimj (1.35)

The Lagrangian is defined as
N M
L(x,x) =3x -V (x) (1.36)
and the action is defined as
SLx(0)] = [ LOx(e), 5’ (137)
Therefore, (1.35) can be rewritten in terms of the action
K(x,t;x;,t,) =N I Dy et T _ I pxer (1.38)

where for this case

j ? (1.39)

A problem arises in (1.39) when the limit is taken. The value is complex and becomes infinite
when the limit is evaluated and the time interval is made infinitesimal. This problem is

bypassed, however, in physical systems since physical systems require a normalized propagator.'

[11]



Thus the propagator K has been reduced to a path integral by using a Hamiltonian which
is quadratic in p. Equation (1.38) indicates that the probability amplitude for going from an
initial state to a final state is given by the Lagrangian phase summed over all possible trajectories
from the initial state to the final state.

It should be noted that the previous formalisms were all undertaken with the
consideration of a one-dimensional particle. The extension to N dimensions is not a difficult task

and obtains similar results so long as the dependencies expressed previously are maintained.

Connecting statistical mechanics with quantum mechanics

To go from (1.32) to (1.34), an integration on an oscillatory integrand over an infinite
interval was performed. The mathematical trick used was the Gaussian relation (1.33).
However, to apply the relation the imaginary time interval i4t was treated as if it were real.
More formally, (1.32) was analytically continued into the complex plane by setting the time
interval At — iAt” where At is either positive or negative. Thus, time was set ¢ — it, and
velocities set [ — -[J. This is a Wick’s rotation which allows the action to be expressed in

terms of Euclidean space.
S, = j (%xz + V(x)Jdt (1.40)
The propagator becomes

1
K (etx,.1)=N[ Dxe"” (1.41)

l

Equation (1.41) looks very much like the partition function in statistical mechanics. The

partition function Q from classical mechanics is

[12]



dp d _
0,(T) = IH%e H(pyoa,) kT (1.42)

where p is the momentum, ¢ is the general coordinate, k3 is the Boltzmann constant, and 7 is the
temperature. The quantum statistical partition function is similar to (1.42). Instead of being an
integral over phase space, the quantum statistical partition function is the trace of the Hilbert

space, or the sum of the diagonal matrix elements

0,.(I) = Tr(e—ﬁ/kBT ): Tr(e—l-"l(iz,)%)/kgr ): Z<xi ‘e—ﬁl(ﬁ,fr)/kgT xj> (1.43)
J

Note that the x-operator is used instead of the general coordinate so that the system is quantized
canonically.
The propagator, (1.15), and the quantum statistical partition function look very similar.

Define the trace of the time development operator as the quantum mechanical partition function.
N s (t-t;)
0,, =Tt{U(t.t,))=Tr ¢ * (1.44)

If the time interval of the quantum mechanical partition function is continued to the negative
imaginary value, than the quantum statistical partition function emerges

ih
t—t, =———=-ih
T B (1.45)

where f is the Boltzmann factor. This result directly links the path integral formalism with

statistical mechanics.

[13]



Kink-Based Path Integral

The previous formalism of the Feynman path integral utilized a position representation.
However, one of the inherent problems of using the position representation is the necessity to
solve a quantum problem involving atomic positions with electron-electron correlations.”” In
order to avoid said problem, finite basis sets will be utilized. Finite basis sets have been shown
to produce accurate results for many systems.® Reproduced is the complete formalism of the

KPBI method.’

Formalism with fixed atomic positions

Assume a set of finite, orthonormal, N-particle states. In terms of these states {a;}, the
partition function can be written
_ ~pH | _ -pA
0-Tie )—Z<0‘j e |a;) @.1)
J
This can be discretized using the Trotter theorem
0= limQ(P)
o= 3 ot o -2 Ja, ),

JisJ2sJ3s 0P

P
exp(—éHj‘ a; >

The introduction of P allows temperature approximations for the matrix elements. The sign

exp[—éH]‘aij... 2.2)

x <a.iP

problem can be easily seen in (2.2). Each matrix element can be either positive, negative, or
zero. This means that some summands may be negative. Thus, during a Monte Carlo
simulation, the sign of the estimator for Q can alternate signs, which leads to large statistical

errors. To overcome the sign problem, expand (2.2) by recasting the sum over the matrix

[14]



products as a sum with all matrix products of equivalent bases, a matrix product with one basis

different from another, etc.
_ B ’
O(P) = ZBO{ B ‘exp( o H j‘ a, >}
+ ZZB ‘exp( %HJ‘ a, >} y [<a/2 ‘exp{—éHJ‘ a, >} (2.3)

x{<ajp ‘exp[—%Hj‘(zj1 >T +...

This is a kink expansion where the first term is the zero kink term and the second is the two kink
term, etc.”1? Let
e=pIP (2.4)
x; = <aj ‘exp(— gHX aj> (2.5)
= (e, |exp(- gH)( aj> 2.6)

Then (2.3) can be rewritten as

o= S 1S [T ]IS [115 e @0

n=2\_i=l k=1 1,=0

where the first term is the zero kink term and jp,; =j;. Since there are () ways to organize n

kinks at P sites, the location of the first kink can be chosen. This rewrites (2.7) as

o -3+ 52 TS j(H ,k j

i=l

P-nP-n—l, P-n-l,—l, —.1L (2-8)
D ID I X A
=01, ,=0 g
Let
S, =1+, +...1; (2.9)

Then (2.8) is

[15]



P-n-S;

o)=Y +Z§[ﬁ2 o D

=l Jj;

(i )5

=0 =0
Consider the summand of the second summation. Assume that x LEX E.

P-n P-n-8;

SUx bn)y=> ...

=0 1,=0

b

L, L P-n-S,
zxj,, xjnfl e sz Ji

Using the identity

It is determined that

- le
1 __ N
le
xP—n—S3+l _ xP—n—S3+1
_ i J2
le - xfz
P-n—S;+1

=S({x,},2,n)

2 .
_2 Jk1
) ) ( )

=1 . — X

L -,

A general form of S({x;},n} can be developed. Assume that

il PnS+1

S(tx V,i—
’ PTG, )

Ln)=

The next summation in (2.11) is

[16]

P-n-S,

x; (2.10)
X and let
(2.11)
(2.12)
(2.13)
(2.14)



Pn— S3+l ] xP n—=S;+(i-2)

S({xj}aian): Z z ( )
1.=0 k=1 A .
! Hm¢k x/k x/m
P=n=5;,
I .
= zxj[S({xj}al_Ln)
1,=0
P_n_S3+l i-1 x[A:'*I’l*Sl-*lﬁ»(i*Z)
J— Z xll jk
- Ji i—1 ( )
=0 kel Hm¢k i =X,
P-n—8;, ,+1
X
1 _ Ji
: P—n—-58,+(i-2)
-1 i .
_ lz xjk xJ/:
- i-1 ( ) ¥
k=1 =X, :
Hm;tk x“ me 1— Ji
xjk
i1 Pon=S;.+(i-1) i1 2 PonSiHi-2)
_z Jk Je 7k
CETLL ) S, - T )
ST - ) Sy —x T b =g, (2.15)
Now
i-2
xjk I Ii ()C —x )
i -2 P—n—S;~1;+(i-2) P—n—5;,,+1 i1 m=i \ Ji T
X. X. X . l X .
_ Jk Jk _ Jk > Ji
(e, =2, T ) TT...( ) &, - T )
=X, =X Hm¢k i =X, Hm¢,- X TXg ) X T X Hmk X =X,
i-2
xfk i-1 (X X )
Pn=Si+(i-) m#i N Ji Jm
By X, 11 (2.16)
L0 = ) = T )
Hm#i xji _xjk k=t xjk _x./i Hm#k xjk _xjm
P-n=S,,,+(i-1) . Hi—l ( _ )
_ xjk 1 m#i xji X,
- i ( )xi—Z
Hm¢i Xjg =X ) T K H’-l i
m#k
xjk
Now

e, -,
[ — X, = (2.17)
H _

[17]



i—1
This is an i-2 order polynomial in x, . Consider the function y(x) = Zlk (x), which is an i-2
k=1

order polynomial in x. Since /;(x; ) = x;l_z Oy, » y(x) is an i-2 order polynomial that has the value

i-2 . : : . . . .
x; " atthe i-1 points x; ,x, ,...x, . Since y(x) is an i-2 order polynomial, it follows that

i—1
D 1, (x) = x! . Therefore,

k=1

RS H;; (xjf — X, ) 1

x5 2 e [i- (2.18)
m#k xj‘
Evaluating (2.15) with (2.17) and (2.18) gives
; Pon=S;,+(i~1)
S({x;}in) =Y —2 (2.19)
k=1 Hm¢k (xjA - ij )
Thus, by induction, it is shown that
i p-l
S({x;},n) = — (2.20)
k=l Hk::m (x/k X )

Consider the case when some x ;, are equal. Let xy occur twice in the following sum

P-m—k-S, P-m-k-S,_, P-m—k-S, P-m—k-S,—j

P—m P-m—k
LLxe Doxt Y xp Dlxrx Yx) Y xl (2.21)
k=0 1,=0 I,=1 1,=0 j=0 i=0
The identity
M ‘ M-k . M . M-k ,
L)Xy X =D X0 DX (2.22)
k=0 [,=0 k=0 [,=0
Thus (2.21) becomes

[18]



Zm:x({ Doxi (2.23)

If there are s identical x, it can be shown that

P—-mP-m-S, P-m-S, P-m—S; P-m=S,
535300 S I
=0 k=0 k3=0 k,=0
P—mP-m-S, P-m-S, P-m=S; _, P=m—5, P-m—k
PP D IERED DI
k=0 k=0  k3=0 ka=0 k=0 =0
P-m k, - k=S, o P—m=S;
EDRID) Z > Zx,
k=0  k=0k=0  k_=0 1=0 (2.24)

Where the identity Z Z/ oy —ZJ Nzk_ was used. Define a new identity

kg k=S, k—=Si, 2

W(s,k,)= ZZ 3 (2.25)

k=0 ky=0 Ky =0

It is asserted that W (s,k,) = (k I 1). If W(s—1Lk, —k)= (k Jhts 2) then

s (k, -k -2)!
W(Sk) Z(k —ky+5— 2) Z( s 1+S )
i (s=2)(k, —k))!
k, +s-2)! k,+s—-2)!
Z ( ! z( ! (2.26)
Tk (=D i (s = 2)(k)!
_ z( ok ) s—=1+k,
s—1
where the last identity is taken from Gradshteyn and Ryzhik."" Thus, (2.24) becomes
P-m P-m—k, 1 P-m ds—l ' P-m—k,
= .. s—1+k; kg xl = xkﬁ—s—l xl 227
2Lt D= L 2 (227)

This indicates that there are m distinct x; , each occurring s, times. Evaluating (2.19) with

(2.27) gives

[19]



P-n+m-1

m 1 ds/k -1 o m .
S ifolty [} . = . 4“‘ JA— 2'28
(b mis,3) 11;[ (s;, —D! dxi:k Y ;Hz#(xj, —xﬁ) o

When the derivatives in (2.28) are evaluated recursively, the final expression for the partition

function is

oP) =5+ Y

n=2

( 1z Jx(l}jrn,_,kHJS({x,},n,m,{s,}) (229

Considering non-fixed atomic positions

Equation (2.29) is the result when considering fixed atomic positions. The addition of
geometric degrees of freedom is fairly straightforward.” In the Born-Oppenheimer

approximation, Q is given by

0= [dR" Y (jlexp(-BH R ) /) (2.30)

where there are N atoms, N, electrons, and {| j> } 1s a set of electron orbitals. Each electron

orbital is expressed as an anti-symmetrized product of one-electron orthonormal spin-orbitals

such that
|j>:A(¢jl’aﬂ’ jZ’ajZ""¢jNeajN€) (2.31)
The spatial orbitals [ can be expressed in terms of a set of atom-centered orbitals {| )(l.> }.

14,)= Zj:cijlm (2.32)

For Hartree-Fock orbitals, at any given geometry an orbital will be a unitary transformation of an

arbitrary starting set of orbitals {| ;(i> }

[20]



\¢Z’F>=§Uﬂ¢?> (233)

") = A B B ) =[UT ) (234)
From (2.34), it can generalized that an arbitrary unitary transformation is | j> = ‘ Uj°> . Noting that

the trace of a matrix is invariant with respect to unitary transformations, "

0= [dR"Y(j* |exp(~pHR"))| ;")

o [dR™ 3 (U} |exp(-pHR ™| o
j
The proportionality constant is dependent on the number of possible unitary transforms.
If the Hartree-Fock-like approximation is made
(J]exp(=BH(R™))|k) ~ exp(-SH(R™ )5, (2.36)
then (2.35) becomes
e | dRN;Zexpl‘ PHRY) 0, ] 2.37)
J

Thus, the Hartree-Fock approximation removes electron-electron correlation. However, it is
desirable to include not only the geometric degrees of freedom but also electron-electron
correlation. So, writing the Born-Oppenheimer approximation in terms of the KBPI formalism

gives

o) | dRN{zx;’<RN>+z§[ 1S 110
| - r (2.38)
XZ d — x}/ — }
1)'d T, RY)—x, (RY))”

i#l

In moving forward, consider two assumptions: (1) the most important paths with two kinks

consist of alternating ground and excited states and (2) the lowest energy state is non-degenerate.

[21]



Let n be the number of times the lowest energy state appears. Then (2.38) becomes

N p P/2 P dn—l . m m tgj n;
oP) = J.dR o +22 2n(n—1)! dx!™ o ZZ [ jH[ j

n=1 n=0n,=0 ('xo - xj)

pi2p gm l‘é "
=|dR" xo + —x(f*lz -
J. J

mlﬁdx (xo_xj)
P/2P dm—l

_ N P L P-1ym

= [dr {xo +;n!—dxm4 X, 1“0}
P/2 1 | P—n+m m

= [dRYxr + Y = Zn P-Dlx, "7 d” p
= nli (P—n+m)! dx;

The binomial factor accounts for the number of different configurations the excited states can

(2.39)

appear in the path, and the factor of two comes from the choice of the state being in either the
ground or excited state.

It can be empirically shown that the most important term in (2.39) in the sum over m is
the m = 0 term. The ratio ofthem=1tom=01s

(n—1)x,nI

(P—n+DT, (2:40)

Where

lEd_xor = Z[ ] (2.41)

/

For small ¢, (2.5) and (2.6) can be approximated to the second-order expansion of the exponent

[22]



X, :<O|exp(—5H] >z1—gE0

1
I/T)|~r——
B/~ ——
(n=Dx,nl} n(n-1)
(P-n+DI, PAE (2.42)

where AE)p; is the MP2 correction to the Hartree-Fock energy and AE represents a typical
difference in energy between the lowest energy state and one of the excited states appearing the
sum for I'y. Typically SAE >> 1, thus it is shown in (2.42) that the greatest contribution to (2.39)
is the m = 0 term.
Evaluating (2.39) at the m = 0 gives
P/2 P
0" = dRN{x(f + Z( jx;’-"rg} ~ [aR"{(x, +T)" (2.43)
n=1 n
where it is assumed that the sum on n converges quickly so that the sum can be extended from

P/2 to P. For small ¢,

0 ~ [dR™ {1 2(E, + AE )" | (2.44)
<E> - 8;nﬂQ = <E° + AEMP2>RN - <EMPZ>R~’V (2.45)

where the subscripts indicate we are averaging over the geometric degrees of freedom. Thus,

from (2.45), it is shown that if only the m = 0 term for paths of alternating ground and excited

states are considered then the energy result should be the same as the MP2-level result.
Equation (2.45) is only useful if the initial guess for the lowest energy state corresponds

to a Hartree-Fock solution for the given geometry. If this is not the case, then it becomes
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necessary to extend (2.39) for m > 0. By examining (2.39), this case will include I';, the first
derivative of I'y, and higher order derivatives of I'. However, it has been shown that larger
corrections to (2.45) include only I'; terms.® Though a more general formula including all
possible I',, and m order derivatives, for convenience only derivatives up to the second order are

included. So under these considerations, (2.39) becomes

P/2 n 1 (P 1)'XP n+m !rn—ml—wm
O = [dR*{x{ + 0
© I R Vo Z J(P—n+m)! (n—m)!}

nlan

P/2 1 P 1 | P-1-k 'Fk+lrn —1-k
:JdRN{xo + n ]( )xo " }

nln' (P—n—k)  (k+1)!
P/2-1 P/2 P'(n 1)|xP 1- k1—~k+11—wn 1-k
k01 n= k+1 K(n-1-k)(P—-n— k)'(k+l)'}

_ JdRN x(‘)" +P/2—1P/2—k—1 P!(n_,_k)!xg—l—krokurln
o = Knl(P-1-k)!(k+1)!

= [dRY{x] +

(2.46)
Using the following approximation
P/2—k- 1(n+k)|1—*n dk P/2-k-1 . dk ol . k!
1—1}1+ ~ FnJr - 2'47
prt n' dFlk nz(; lk HZ(; 1 (1 _ Fl )k+1 ( )
Equation (2.46) becomes

0" =[dr" {xo +PZ/2( j (IFOF]Jk}szRN{xO+1F°F1JP} (2.48)

The above approach can be generalized to paths including more than one excited state
between each occurrence of the lowest energy state. Henceforth, an excursion is the portion of
the path between two occurrences of the ground state energy. An excursion contains one or
more excited states. A weighting function can be developed to associate the lowest energy

dominated (LED) set of paths with a particular excursion j. The weighting function is
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t, t, ...t
W]‘ = 0a”0a z0 (249)

(xg =x,)(xg —x,)...(x —x,)

where the excursion j is defined to include the excited states a, b, ..., z. Then

) 5
- NP $P d" P-1 n n; ”’Z,-”f
Oup = [dR" 137 +2 (n—Dldx " ZZ“'({nj}jHWf 20+ An({n,}) 2.50)

n=1 nony J

where 2n+ An({n,}) is the number of kinks for a particular set of excursions. If the initial states

are well chosen, then the contributions from excursions with greater than one excited state per
excursion should be much less than the contributions from the one excited state per excursion set

of paths. That is, the following approximation can be considered

1 1
m ~ P (2.51)
Therefore, (2.50) is rewritten as
On ~ | dRN{x(‘f n Iﬁg ;il ;111 x;;’-lrg} (2.52)
where
r,=> & +y fo,ticlox +... (2.53)
T X=X, G (g = x;)(x = x,)
Equation (2.53) can be rewritten with the following matrix identifications.
oilo;
W), = e (2.54)
M = @y 233
L, =Te(W, + Wy, -My+W,-M,-My+..)=Tr(W, +(I -M,)™") (2.56)
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To infinite order, this sums all possible excursions from the lowest energy state with the
provision that the contributions from excursions with different numbers of states is a rapidly

decreasing function of the number of states involved in the excursion. With

d )
L=, =Tr(, + (I - M) B (2.57)

Xo

Equation (2.52) becomes

(R Lo VL fme NGRE
Oy = [dR {xﬁl_rj } [ar {[xO(U)+1_FI(U)]} (2.58)

This is the kink-based path integral (KBPI) formulation to quantum calculations.
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Computing the Kink-Based Path Integral: An Adaptive Approach

The kink-based path integral formalism can be numerically solved using Monte Carlo
integration. Monte Carlo integration allows sampling of the geometric degrees of freedom and
electronic degrees of freedom as well as the kinks. An adaptive approach can be constructed
such that the initial states are obtained using a Monte Carlo simulation. Then, the different V-
electron states which appear during the simulation are used to update the estimates of the ground
and excited states. Therefore, the estimates for the ground and excited states evolve according to

the statistical sampling of the different N-electron states.

Optimizing the Monte Carlo

First, let us revisit the result of the previous chapter.

_ N 1—‘0 ' o N FO(U) "
Oy = [dR {[XOJFI—FJ } [ar {(xO(U)+—l_FI(U)) } (3.1)

Equation (3.1) shows that the partition function is related to the ground and excited states. These

states could be very large in number and thus computationally taxing to solve with a Monte
Carlo algorithm. Secondly, as noted previously, a completely exhaustive sampling would be
inefficient since only a subset of the states will contribute significantly to the partition function.
Therefore, it is desirable to develop a Monte Carlo sampling procedure that will limit the number
of excited states used to those with significant contributions to the partition function.

Label the excited states in order of decreasing magnitude of [tg i/ (xo — xj)], or

approximately an excited state’s contribution to the MP2 energy. Then, divide the excited states

into groups of NV, states where group 1 corresponds to excited state 1 ... N,, group corresponds to

[27]



excited states Ny + 1 ... 2N,, etc. If there are M, such groups and letting QO zp(n,) be the result

using only the first n, groups of excited states, O;zp becomes

Ouip = Ouin (M)
= 01y (M )= 0,y (M, +1)+ 0, (M, +1)
=01 M )= 0,0y M, = D))+ [0 (M, ~1) =0,y (M, ~2)]+
et [00 () = 0,1 0]+ 0, (0)

=AQ, s (Mg) +AQ 1 (Mg —D+...A0,;, () + AQ,;, (0)
(3.2)

Mg
= Z AQ; i ()
j=0
Thus, j can be sampled during a Monte Carlo procedure. For reasonably ordered states, this
summation ought to converge for relatively small j and the matrices involved in evaluating
AQ, -, (j)are manageable.
Equations (2.56) and (2.57) involves the matrix inversion (/ — M)~ . Matrix inversions

scale K? in the dimension of matrix K."* This computational obstacle can be overcome by
replacing the inversion step with a matrix multiplication.

First, rewrite equation (2.54)

W = Loty _{ Lo J ly; =1 f 33
( °)ff_¢<xo—xi><xo—xj)_ o= x) Ay =xy) ) 7 .

Equation (2.56) becomes

[=f,e(l+M,+M, - M, +..)-f, =F, - +f, - f +f, - F,+..=F, -(F, +f, +..) (3.4)
where

f,=M"-f, =M, (3.5)
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Therefore, I’y can be generated iteratively until a convergence tolerance is reached. Convergence
is only guaranteed when M is positive, as is the case in most physical systems. A similar

treatment is applied to equation (2.57)

I :;_Oro:go’(fo+f|+~--)+fo'(go+g|+~--) (3.5)
where
9o =i f
0= a0 ) (3.6)
gn :fn—l'EMO_'_gn—l.MO (37)

Under these conditions, the energy estimator is obtained

P
Eesl :_i xO + FO
dp 1-T,

1 d r, \
=——1] X, +
Pde 1-T,

(. .G "I 4T (1-T,)+ T,V (1-T,)
°1-T, x, +T, /(1-T))

(3.8)

where the primes denote differentiation with respect to ¢.

The series for 'y, I';, and the energy estimator are alternating series. These could pose a
potential computational challenge."” The following relation to determine convergence was
established as workable based off previous studies

I=(1-M,)-(1-M,)™" (3.9)
fo - 1-f,=f,-(1-M,)-(1-M,) ™" -f, (3.10)
fE=(F, —f)-(F, +f, +F, +...) G.11)

Thus, a specific convergence tolerance can be specified for (3.11) such that when reached the

iterative procedure is truncated.
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Roundoff error can be numerically avoided as follows. Since x; a #;; are directly

proportional to &, then it follows that

fn = \/ZfO

g =g, (3.12)
n \/;
J 1 (3.13)
EMO EMO =;M0
0 (3.14)
L=y 21, (3.15)
1—‘1 =go'zAn+fo'zgn (3 16)
ry =t > f, +f,->f) 617

1
I

’
0

[(@))

|

Sampling the Monte Carlo

-zf;+f(;-zgn+@0-zf,;+fo-z@;} G18)

Sampling unitary transformations U was accomplished in the following way. Two
orbitals [; and [}; were randomly chosen from the list of single particle orbitals. A new pair of

orbitals was formed via a simple unitary transformation

¢, =@, cosO+¢,sinb (3.19)

¢! =—¢,sin@+ ¢, cosd (3.20)

with 8 sampled randomly from 0O to 2.

In previous work only single and double “excitations” from the ground state were
considered as candidates for kinks.”” That is, the difference between the ground state and an
allowed excited state is the transfer of one or two electrons from occupied orbitals to unoccupied
orbitals. The following scheme was therefore used for addition and removal of kinks. After

sampling the rotations during the first Monte Carlo pass, the ground state was identified and
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remained unchanged during the simulation. A list of states corresponding to double and single
excitations was constructed and used for the remainder of the simulation. A value of N, = 10 was
used and at each Monte Carlo pass included an attempt to increase or decrease by 1 the value j in
(3.2).

Lastly, each Monte Carlo pass included an attempt to move each atom in turn, as in a
standard Monte Carlo simulation. When an atom move was attempted, the single particle states
were no longer orthogonal; the orbitals were orthonormalized using the Gramm-Schmidt

method.'®
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Application of KBPI to Boron and Boron Mono-nitrogen Clusters
The adaptive KBPI method was applied to small boron and mono-nitrogen-substituted

boron clusters. The full intention is to study the geometric and electronic structure of the

clusters. The electron affinities were obtained by studying the anion, cation, and neutral forms of

the clusters.

Introduction

The electron affinity is the energy required to adiabatically detach an electron from a
chemical species. That is,
X 2>X+e
It can be determined by subtracting the total energy of the anionic species from the total energy
of the neutral species. The electron affinity for the cation can also be determined similarly.
The clusters studied were B, and B,.|N where n is 2, 3, and 4. A previous DFT study has
identified the different semi-stable isomers for these clusters.'® Figure 1 reproduces these

geometries.

1.57
149 J

—o—2

o o 1]
" —J

Figure 1. The different isomers of boron clusters being studied
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The KBPI method is best suited to study the geometry at the global minima. Therefore, it
is expected for the KBPI method to return the geometric results of the lowest energy isomer from

the DFT studies.

Method

The basis functions used in this study were from the 6-31G basis set.'” The basis set was
orthonormalized in GAMESS, giving an initial guess of the ground state energies.'® Previous
work has indicated that only the 0-kink and 2-kink contribute significantly to partition function,
and therefore to conserve computational resources this study only considered 0 and 2 kinks in the
path.””  Each simulation ran for 5,000 Monte Carlo passes. In general, it was found that the
energy estimate converged between 2,000 and 2,500 passes. The statistical inefficiency was
calculated for each Monte Carlo simulation.”” In general, it indicated fast convergence with most

of the Monte Carlo passes contributing significantly to the final estimate.

Results

The total energy was determined for each cluster and is given in Table 1. Also in Table 1
are the average bond lengths and angle between bonds and the electron affinities for the neutral

and cation species.
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Cluster Total Energy Electron Affinity Average Average Relative
(Hartrees) (Hartrees) Bond Length (A) Angle Geomtery
By -81.3652, 0.0024 1.57, 180° Linear
B, -81.3672, 0.0314 1.57, 180° Linear
B, -81.19815 1.57, 180° Linear
By -79.5413, 0.0054 1.55; 60° Trigonal
B; -79.5465; 0.0045 1.55; 60° Trigonal
B;" -79.5896, 1.55, 60° Trigonal
B4_ '7534926 00096 1 521 90° Square
B, -75.3578, 0.011, 1.52, 90° Square
B, -75.3692, 1.52, 90° Square
BN -79.0431, 0.0035 1.47, 180° Linear
BN -79.04565 0.0414 1.47, 180° Linear
BN" -79.0869, 1.47, 180° Linear
B,N -74.04525 0.018, 1.45, 60° Trigonal
B,N -74.0632 0.040, 1.45, 60° Trigonal
B,N" -74.1034, 1.45, 60° Trigonal
Bi;N° -63.01344 0.0025 1.43, 107° Tetrahedral
B;N -63.01564 0.007, 1.43, 107° Tetrahedral
BN | -63.0230, 1.42, 11750 | |rieonal
pyramidal
Table 1. The data for each cluster. Subscripts represent statistical error.
Discussion

From Table 1, it is easy to discern which electronic structure is preferred. For diatomic
boron, B; neutral is preferred. According to classical molecular orbital theory, in B, all of the
molecular orbitals are occupied. Removing an electron from the diatomic is thus energetically
unfavorable since the removal would disrupt the symmetry of the orbitals. This is why the
energy required to remove the electron is large in comparison to the anionic diatomic. Other
similar trends can be explained for the other clusters. Since the adiabatic detachment of an
electron indicates a pattern expected from considering molecular orbital theory, it is shown from
this study that the bonding nature of boron clusters is dominated by covalent interaction.

For geometries, it is worth noting that our results for boron clusters correlate very well
with a previous DFT study.'® For the boron mono-nitrogen clusters, there is one interesting
result. According to Table 1, B3N clusters prefer to possess tetrahedryl geometries as opposed to
planar geometries. This so-called “caging” can be attributed to the electronegativity of nitrogen

versus boron. The neutral B;N forms the tetrahedral. The anion carries the extra electron on the
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borons through resonance. The cation removes an electron from the nitrogen. This free radical
is more trigonal pyramidal due to the free radical’s interaction with the B-N bonds. That is, from
valence shell electron pair repulsion theory, the free radical does not repel the covalent B-N bond

enough to force a tetrahedral geometry.

Conclusion

The adaptive KBPI method has been applied to boron and boron mono-nitrogen clusters.
The results found can be explained using descriptions borrowed from simple molecular orbital
theory, thus indicating boron and boron mono-nitrogen clusters to be dominated by mostly

covalent interactions.
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